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EURISTICS FOR STOCHASTIC SCHEDULING AND THE CONTROL OF QUEUEING NETWORKS 

Project Summary 

The use of stochastic. models for scheduling problems far from making the problems 
arder,: tends to make them more tractable. This is illustrated by our results on the 
cheduling of jobs on parallel machines with the weighted flowtime as objective 
riterion: While the deterministic problem is NP-hard, we proved that a simple, easily 
pplied heuristic (Smith's Rule) is very close to optimal in the general stochastic 
etting. 

By continuing to focus on heuristics we plan to tackle three further stochastic 
cheduling problems of practical importance: Scheduling of parallel machines subject 
o due dates, preemptive scheduling of parallel machines, and scheduling of machines in 
eries (flowshops). We shall again attempt to use the least restrictive assumptions on 
Tocessing time distributions. 

A deeper level of understanding for the dynamic optimal simultaneous operation of 
everal machines is suggested in the new "Restless Bandits" model of Peter Whittle. 
hittle suggests a Lagrangian relaxation and a priority rule which generalizes the 
attins' index of bandit problems as upper and lower bounds for an optimal policy. 
Ether important recent results on control of queueing networks are those obtained by 
r.M. Harrison and L.M. Wein, using Brownian control problems as approximations. 

We hope to prove Whittle's conjecture that his bounds are asymptotically optimal. 
and to discover a strong connection between Whittle's approach and that of Harrison and 
rein. Based on these results we should be able to derive some new heuristics and to 
prove their asymptotic optimality. 
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I. THE PROPOSED RESEARCH 

1. INTRODUCTION  

1.0. PRELIMINARIES  

This proposal is for the continuation of our research on "Turnpike 

heuristics for stochastic scheduling and control of queueing networks" 

funded by the NSF grant ECS-8712798 for two years, from September 1987. 

The outline of that predecessor research was presented in our February 

1987 proposal (appendix A). Although the predecessor grant period still 

has eight months to run, we were successful beyond our hopes in our 

research so far: Of the four research topics outlined in the proposal we 

completed and significantly extended the first topic, and we made 

substantial progress on topics 3 and 4. incorporating research on some 

new, unforeseen and exciting results of Peter Whittle which enhanced the 

significance of our program. We are satisfied with our general research 

direction and the current proposal reflects this continuity in direction, 

though our general outlook on the scope of the research has widened 

considerably. 

The current proposal consists of Four parts. In the introduction we 

state our view of the research area, our general research philosophy and 

our broad interests and survey related material. Our progress on the 

research so far is reported next. This is followed by six research 

topics which we currently intend to pursue within the research area. We 

conclude the proposal by a section on expected impact. 

We tried to make this proposal as self contained as possible, but, 

for brevity, we have avoided repetitions from the predecessor proposal. 

We attach the predecessor proposal for further background, as well as the 

referee reports, our progress report. and published papers and technical 

reports as appendices. 
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1.1 MOTIVATION AND GENERAL OVERVIEW 

Scheduling problems of many types and forms occur in almost all 

fields of application. Typical examples are job shop scheduling in 

manufacturing, scheduling of hospital operating theaters in the service 

industries, production planning and project scheduling by management, 

ranking and selection of research and development projects, time sharing 

and software and hardware scheduling in data processing, and control of 

communication networks. 

In recent years several stochastic scheduling models have been 

developed in addition to the older deterministic models, because they 

provide a more realistic and more general description of jobs, of 

policies and of problems. In stochastic scheduling, jobs are described 

by stochastic processing times. This implies unpredictable completion 

times and requires online decisions and dynamic scheduling policies, 

rather than static predetermined schedules. Our research addresses such 

problems. 

The addition of random job arrival time extends stochastic 

scheduling to apply to queueing models. With arrivals, the single 

machine scheduling problem becomes the control of a single server queue, 

flowshops become tandem queues, and jobshops become queueing networks. 

We hope that our research will bridge some of the existing gaps between 

scheduling and the control of queueing systems. 

Stochastic scheduling problems are in general very hard, and optimal 

solutions have so far been obtained only for very specific relatively 

simple models, usually under the assumption of some special probability 

distributions for the processing times, most notably exponential 

distributions. In order to handle practically meaningful problems we 
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have from the outset decided to give up on the search for optimal 

solutions. Instead we wish to concentrate on heuristics, which are more 

tractable and which have the additional advantages that they require less 

data, require no distributional assumptions, and are more robust. 

The study of heuristics has a twofold thrust - inventing heuristics, 

and assessing their performance. In looking for heuristics we focus on 

priority rules. Some of these are rather straightforward e.g. SEPT 

(sortest expected processing time first) or Smith's rule; others are much 

more sophisticated, e.g. Gittins index priority rules for bandit 

problems, and, most recently, index rules obtained by Jngrangean 

relaxation of "restless bandits". In assessing the performance of 

heuristics we are interested in two types of closeness to optimality: 

- the expected value of the objective is close to optimal; we call 

this approximate (value) optimality. 

- the actions taken are optimal most of the time; we call this 

turnpike optimality. 

We have tried so far to tailor our research methods and theoretical 

tools to apply to as wide a range of applications as possible. The 

general type of applications we have in mind are stochastic flow systems 

through which several classes of jobs move, while being operated on 

singly by independent but simultaneous processors. Our aim is to obtain 

(perhaps somewhat weaker) results which apply to a wide range of these 

problems, in preference to stronger results that apply to only a few. 

1.2. FORMULATION AND OUTLINE  

Extensive progress has been made in stochastic scheduling over the 

last two years and a large number of papers extending existing results 

and looking at new problems have appeared. Our own results presage a new 
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direction in that research, by presenting a worst case analysis of a 

heuristic for a stochastic scheduling problem. Significantly, we have 

addressed a problem whose deterministic version is NP-hard, and we have 

dispensed with all the assumptions usually made on distributions - our 

results hold for any processing time distributions. Also, as we 

predicted (predecessor proposal topic 1), the worst case performance of 

the heuristic (Smith's rule) in the general stochastic case is much 

better than in the corresponding deterministic problem. We believe that 

our general approach can be used to obtain heuristics with similar good 

worst case behaviour for several other stochastic scheduling problems of 

practical importance. These include parallel machines with arrivals, 

parallel machines with due dates, and preemptive scheduling of parallel 

machines (research topics 1 and 2). 

One motivation for our research was to gain insight on systems which 

operate simultaneously on several stochastic jobs. Our results do indeed 

give a clear picture of how stochastic jobs are processed by parallel 

machines. We shall try to obtain similar insight into the other (much 

more complex) basic model of simultaneous operation, namely machines in 

series - flowshops or Tandem queues (research topic 3). 

Our deeper and more ambitious research goal has been to bridge the 

gap between stochastic scheduling and the control of queues and queueing 

networks. Two important recent developments in the field may contribute 

towards this goal: Peter Whittle's restless bandits [Wht188], and 

Harrison and Wein's heuristics for control of queueing networks based on 

the solution of Brownian control problems [HaWe87.88, Wein87,88b,c,d,89] 

In the predecessor proposal we have stressed bandit processes as an 

important paradigm for stochastic scheduling and the control of queueing 

networks (predecessor proposal research topic 3, current proposal 
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research topic 4). Our "branching bandit processes" [WeisSSa] capture 

most of the features of a queueing network, with the notable exception 

that they allow only one of the processors (servers) of the network to be 

active at any time. In his "restless bandits" paper Whittle suggests a 

heuristic for the simultaneous operation of several standard bandit 

processes. We are currently trying to prove that these priority index 

heuristics are, as Whittle conjectures, asymptotically optimal (research 

topic 5). Further we hope to obtain priority index rules for the 

simultaneous operation of several branching bandit processes. Such 

priority rules would constitute a heuristic for the control of a queueing 

network (this is essentially what we proposed in our predecessor proprsal 

topic 4, see current research topic 6). We conjecture that these 

heuristic rules will bear a close resemblance to the heuristic rules 

recently developed by Harrison and Wein. In establishing the connection 

between the two approaches we also hope to be able to investigate the 

question of asymptotic optimality of the heuristics of Harrison and Wein, 

which is open at the moment (research topic 6). 

From the technical point of view, research on deterministic 

scheduling models generally lies within the theory of combinatorial 

optimization; stochastic scheduling typically requires the methods of 

stochastic optimization (stochastic dynamic programming, Markov decision 

processes, optimal control) and of queueing theory. Our research so far, 

on scheduling of parallel machines, has included a mixture of 

combinatorial optimization and stochastic optimization techniques. The 

results constitute to our knowledge the first worst case analysis of a 

stochastic scheduling problem. We hope to analyze machines in series via 

a Markov renewal process - this will be an extension of our approach to 

parallel machines. We shall require some additional probabilistic 
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techniques in our research on restless bandits and on queueing networks.. 

To prove Whittle's conjecture we intend to use fluid approximations to 

restless bandits and then apply large deviation theory. To establish a 

connection between Whittle's and Harrison and Wein's aproaches we shall 

require a less crude diffusion approximation to restless bandits. 

1.3 SURVEY OF RELATED RESEARCH 

We survey research related to our new proposed areas of research and 

recently published work. Additional references are given in the survey 

and bibliography of the predecessor proposal. 

(I) Deterministic and stochastic scheduling - static models. 

A recent survey by Lawler, Lenstra, Rinnooy Kan and Schmoys [LLRS 

89) gives a fair picture of research trends in the theory of 

deterministic scheduling. While optimal algorithms and complexity 

results continue to appear. e.g.: [FeGr86, GaTW88, DuLe89, LaMa89, 

SiWa89], the emphasis has shifted towards pseudopolynomial algorithms, 

heuristics, approximations and bounding methods; see for example - 

[CaPi88, AdBZ88], for some search and bound techniques on job shop 

problems, [MoSi87, PoWa87] for decomposition pseudopolynomial approach, 

and [HaSh88, VLAL88] for some heuristics, the latter paper employs 

simulated annealing. In evaluating such heuristics the emphasis seems to 

have shifted from worst case analysis [KaKy86] to probabilistic analysis 

[BrDo86, FrRi86,87, CoLR88]; the latter has the disadvantage of 

artificial modelling assumptions but seems to give a more realistic (and 

optimistic) idea on the performance. 

There has been a proliferation of new results in stochastic 

scheduling in the last couple of years; an extensive though incomplete 

list is [PiWeSS, KuWa85, BoFo86, FoSu86, WiPi86, WeVW86, Kaem87, PiWe87, 
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CFGW87, Righ88, PiRa 88, Fros88, XuMK89]. All of these results with the 

notable exception of [WiPi86] and [WeVW86] make very strong 

distributional assumptions, e.g. exponential, nonoverlapping, two point 

discrete. We mention that [WeVW86] contains the remarkable result that 

SEPT (Shortest Expected Processing Time First) minimizes expected 

flowtime on parallel machines under the assumption that processing times 

of different jobs can be stochastically ordered. 

All these papers on stochastic scheduling contain exact optimality 

results. With the exception of [Nago88] in which a probabilistic 

analysis of a heuristic is performed, we are not aware of any performance 

analysis of a heuristic for stochastic scheduling problems, prior to our 

own research on worst case analysis of Smith's Rule [CoHW89, Weis88b,c]. 

In the predecessor research period we investigated P1 2 w.C. - 
J J 

minimization of (expected) weighted flowtime on parallel machines. Some 

of the relevant references on this topic are [Smit56] - formulating 

Smith's rule which is optimal on one machine, [EEIs64] - analysing 

Smith's Rule as a heuristic for parallel machines, [Sanh76] - a 

pseudopolynomial algorithm, [LeRB77, GaJo79] - NP-completeness proof, 

[KaKy86, WHLL88] - worst case deterministic performance analysis of Smith 

Rule, [Kaem87] - some stochastic scheduling results. 

An interesting analysis of the worst case performance of a heuristic 

for PII2 w.
J
T3  - minimizing total weighted tardiness on parallel machines 

(deterministic) is given by Arkin and Roundy [ArRo88]; we discuss this in 

research topic 1. 

(II) Flowshops and Tandem Queues. 

Minimization of makespan on the 2 machine infinite buffer flowshop, 

F211C 	is solved by Johnson's rule [John54], the blocked 2 machine 

flowshop F21nowaitIC 	is solved as a special 0(n
2) travelling salesman 
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[LLRS85]. Every other flowshop problem seems to be NP-hard (see [CaJS76, 

Rock84a,b]). A number of papers characterize solvable special problems 

and derive bounds and heuristics - a good overview and a unified approach 

to most of these results is given by Monma and Rinnooy Kan [MoRi83]. 

Stochastic versions of flowshop scheduling problems are even harder. 

Earliest results concerned F2 lexponential jobsIC , where Johnson's rule max 

applies [Bagg70. CuDu73, Weis82]. Further results were obtained in 

[Pine82a,b, FoSu86, WiPi86, BoFo86]. While dealing with special cases 

and making strong distributional assumptions, these papers point at some 

reasonable rules of thumb for flowshops with or without blocking. Two 

aspects - optimal order of jobs and optimal order of machines are 

considered. Additional insight into the order of machines in series is 

obtained in papers discussing tandem queues by Wolff and others [TeWo74, 

Wolf82, PiWo82, GrWo88] by Whitt [Whit85] and recently by Wein [Wein88a]; 

see also [LaNe80. Taka85, SuDi86, ScA187, BiTi88, DaFr88, MaS188]. 

An important property of flowshops and tandem queues is 

reversibility: Ordering machines in reverse orders does not affect the 

throughput under some general conditions; this is discussed by Yamazaki 

et. al. [YaSa75, YaSK 76, YaKS85], Dattatreya [Datt78] and Muth [Muth79]. 

When processing (or service) times are exponential, an even stronger 

property holds - for any arrival stream, with infinite buffers, the 

system output is independent of the order of the machines; this was shown 

by Weber [Webe79], an alternative proof was given by Lethonen [Leth86], 

and an extension to blocking systems was found by Chao, Pinedo and Sigman 

[ChPS88]. 

Muth [Muth73.77,84] describes some of the structural relations 

between processing times, blocking times and idle times for machines in 

series, and derives some Markov renewal underlying processes. This 

motivates some of our research on topic 3. 
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Kelly [Ke1182b] discusses asymptotic behaviour of flowshops, as the 

number of machines becomes large. 

(III) Bandit problems. 

Gittins' formulation of families of alternative bandit processes and 

his priority policy solution by the Gittins index [CiJo74, Citt79], has 

solved Bellman's [Belm56] multiarmed bandit problem; see also [NaGi77, 

GiNa77]. It was several years before it was realized that the Gittins 

index also solves the problem of the control of the M/G/1 queue with 

nonhomogeneous customers [VaWB85]. Thus it subsumes all the results of 

Klimov [Klim75,Klim78], Sevcik [Sevc74], Harrison [Harr75], Tcha and 

Pliska [TcP177] and Meilijson and Weiss [MeWe77]. Prolific literature on 

the topic has appeared since, including two books: [BeFr85] and Gittins' 

own book [Gitt89]. Some interesting developments are [Ke1181, G1az87], 

while [ChKa86, Ka1186, KaVe87] discuss calculation of the index. Recent 

work by Karatzas [Kara84] and Mandelbaum [Mand86,87], is impressively 

technical and extends the theory to continuous time. 

Whittle has been responsible for much of the development of bandit 

problem theory, by his alternative optimality proof of the Gittins index 

[Wht180], and by his extension to open processes [Wht181]. This was 

extended by Lai and Ying [LaYi88] and by Weiss [Weis88a], who consider 

more general arrival patterns. Recently Whittle has come up with the 

restless bandits model [Wht188]. We think this is a most significant 

development; it motivates our research topic 5 and parts of topic 6. 

Sometimes an intriguing question is whether a given problem and 

solution can be cast as a bandit problem with a Gittins priority index 

solution. We mention [Ke1182a, Smit78, NaWe82, KaDe84, BrYe87,89]; we 

shall investigate this in research topic 4. 
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(IV) Stochastic Flow Systems, Queueing Networks and Brownian Networks. 

The literature surveyed in (I,II) and parts of (III) is of somewhat 

limited scope. Deterministic scheduling problems as in (I,II) are 

formulated as static problems - once the data is given a single optimal 

schedule is sought. The stochastic problems are more dynamic in nature - 

since information accrues with time, decisions have to be made 

dynamically; nevertheless the problems in (I,II) are ordered in space and 

time in such a way that a dynamic programming Markov decision problem 

formulation is usually possible. Stochastic flow systems such as 

queueing networks are much more complex than that: Things which happen 

simultaneously are not well ordered (as they were e.g. for machines in 

parallel or machines in series), and complex feedback phenomena abound. 

Literautre that deals with manufacturing systems from a more global 

view point is too wide and varied for us to attempt a comprehensive 

review and we mention just a few approaches we are aware of: Work of 

Gershwin and others [KiGe 83, Gers86,87] work by Kumar and others 

[AkKu86, BiKu88, PeKu89, KuSe89], work by Soiberg, Nof and Barash 

[Solb77, NoBS79, Solb83], work by Ho, Suri and others [HoCa83, TsBA86, 

Ho87, CaHo87, Su7n88], work by Buzacott, Yao and Shatikumar [BuSh80,85, 

ShSu87, YaBu86], by Stecke and others [StMo85, ShSt86] and by Seidman and 

Schweitzer [ShSS84]. 

Queueing networks [Ke1179, Walr88, GePu87, Wht186], provide the most 

versatile models for analysis and control of manufacturing systems. 

Increasingly important tools in their study are diffusion approximations, 

as described by Iglehart and Whitt [IgWh70, Whit74], Lemoine [Lemo78], 

and Reiman [Reim84], and fluid approximations as described by Mitra and 

by Alan Weiss [Mitr88, Weis86]. 

Harrison and coworkers [Harr85,88, HaWi86a.b, HaMa86] have used 
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diffusion approximations to formulate Brownian control problems which are 

analogous, and which approximate, problems of optimal control of queueing 

networks. Wein and Harrison have in a series of papers solved these 

Brownian network control problems [HAWE87,88, WEIN87,88a,b,c,d,89] and 

obtained through them some very promising heuristic rules for the control 

of the original queueing networks. Our research topic 6 is largely 

motivated by the work of Wein and Harrison. 

(V) Software, workstations and expert systems. 

A significant recent trend has been the appearance of software tools 

In the form of specialized workstations and expert system shells which 

bring much of the modern theory of queuing, production planning, and 

flexible manufacturing techniques within the grasp of practitioners. We 

mention a few of the available systems that we are aware of without 

quoting exact references. In the area of queueing networks there are 

ONA-queueing netowrk analyzer, developed by Ward Whitt, PANACEA developed 

by Debasis Mitra, Q+ developed by Ben Melamed, all of them from Bell 

Labs, MANUPLAN developed by Rajan Suri, Larry Ho. and Diehl, and QUANTRON 

developed by Austin Lemoine at Ford Aerospace. In production planning 

and manufacturing we mention XCELL developed by Conway and Maxwell of 

Cornell, COSMOS a production planning tool developed by Muckstadt and 

Jackson of Cornell, GINO a general optimization tool developed by 

Liebman, Lasdon, and Schrage and GENSCHED an expert system shell 

developed by John Gilmore of.Georgia Tech Research Institute. 



12 

2. PROGRESS SO FAR 

2.0 SUMMARY OF PROGRESS  

In this part of the proposal we summarize our progress so far on 

research supported by the predecessor NSF grant ECS-8712798. In this 

preliminary section we list papers and reports, we cross reference them 

with the research topics, we summarize personnel participation, and we 

refer to the predecessor proposal reviewers' comments. A topic by topic 

more technical discussion follows. 

The following papers and reports contain the research undertaken so 

far; we attach those in appendix D. 

- Papers which predated the support period: 

(1) "The Largest Variance First policy in some stochastic scheduling 
problems" (with Michael Pinedo). Operations Research  35 pp 884-891 (1987). 
This paper underwent minor revisions in the grant period. 

(2) "Branching bandit processes". Probability in the Engineering and  
informational sciences  2 pp 269-278 (1988). This paper underwent some minor 
revisions in the grant period. 

(3) "Scheduling stochastic jobs with a two point distribution on two 
parallel machines" (with Ed G. Coffman, Jr. and-Micha Hofri). Probability 
in the Engineering and informational sciences  3 pp 89-116 (1989). This 
paper underwent a major revision with some new proofs in the grant period. 

- New reports written during the grant period: 

(4) "A worst case analysis of Smith's rule for scheduling parallel 
machines to minimize weighted flowtime" (with C.C. Huang, C.L. Li. S. Liu, 
M. Pinedo, J. Song). 

(5) "Approximation results in parallel machines stochastic 
scheduling". Submitted to Annals of Operations Research  special volume on 
Production and Planning edited by M. Queyranne. 

(6) "Turnpike optimality of Smith's rule in parallel machines 
stochastic scheduling". Submitted to Mathematics of Operations Research. 

- Work in progress: 

. 	(7) "Asymptotic optimality of an index policy for restless bandits - 
(with Richard R. Weber) in preparation, not attached. 
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Classified by research topics we have: 

Predecessor Topic 1 (parallel machine batch scheduling): Paper 1, 

reports 4, 5, 6. 

Predecessor Topic 2 (Preemptive Scheduling): Paper 3. 

Predecessor Topic 3 (Branching Bandit Processes): Paper 2. 

Predecessor Topic 4 (Control of queueing networks): Preliminary work in 

report 7. 

The personnel working on this research included, beside myself, Dr. 

Richard R. Weber of Cambridge University, England, and three graduate 

students. Dr. Weber has visited Georgia Tech for two weeks in March 1988 

and will revisit in April 1989. Work with him is on Whittle's restless 

bandits conjecture. The student Chieng Chiu Huang has been working on 

the research for over a year; he was working on worst case analysis of 

Smith's Rule (deterministic) and is currently working on flowshop 

scheduling. The student Richard Griffin has started work recently on 

some bandit problems, and the student Michael Cole is in initial stages - 

he will work on scheduling problems of AGV's. 

For the sake of continuity I am attaching reviewers' reports on the 

predecessor proposal in appendix B. I was fortunate to have an 

outstanding set of referees. Many of their perceptive comments have 

served to guide me in my research and to rethink my goals. In hindsight 

I am very happy (as I am sure the referees will be) that some of their 

misgivings about the feasibility of the proposed research were proved 

wrong, and that our results so far correspond and exceed what we 

proposed. I also hope that our results so far and what we propose to do 

is of greater practical value than some of the referees were led to 

believe by the predecessor proposal. 
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2.1 PREDECESSOR TOPIC 1: PARALLEL MACHINES STOCHASTIC SCHEDULING 

In our research on this topic we have completed all the goals set in 

the proposal, confirmed all our conjectures and in fact obtained wider 

results: We proposed to investigate the performance of the SEPT 

(shortest expected processing time first) heuristic for the expected 

flowtime objective; we did in fact obtain results for Smith's Rule 

heuristic with the expected weighted flowtime as objective. Weighted 

flowtime as an objective is more useful in applications [CoMM67]; we also 

note that the deterministic parallel machine weighted flowtime problem is 

NP-hard [LeRB77,GaJo79]. 

We consider n jobs requiring processing times X 1 , 	X
n 

distributed (independently) as Fi  ,,,,, Fn
. These are processed by M+1 

parallel identical machines. Let C 1, 	C
n 

denote the completion times 

of these jobs (which are random, they depend on the random processing 

times and on the scheduling strategy). With these completion times we 

associate the objective 2 w.
J
C.
J 
 (weighted flowtime). Smith rule is to 

start the jobs in the order 1,...,n where w 1/E(X1 ) > w2/E(X2) > • • • 

wniE(Xn) " 

In comparing SR - Smith Rule, to OPT - the optimal strategy we have 

shown [Weis88b]: 

M2 	w 	-2  
(1) E (2 wjCi lSR) - E(wiCjIOPT) 	

(w)max D2(M+1) 

Let L be the (random) number of times that an optimal strategy 

chooses to start a job not according to SR. We have shown [Weis88c]: 

	

w 	 w 
(2) E(LIOPT) 	M2 (17) 	D

-2 
 / (Altd min  wmin

(m) 

_2 110 
In these bounds, D ■5 ) are quantities obtained from F 1 	F

n 
2 
5 is the supremum of the expected squared remaining processing times 
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(tails) from these distributions; 	(m) is the infimum of the expected. 

minimal positive remaining processing times for any subset of M jobs; 

the other constants depend on the means and the weights and are self 

explanatory. These bounds have the following consequences: Assume that 

the distributions F
1 
	F

n 
are uniformly bounded in some sense, so 

that the above bounds do not grow with n; then (1) and (2) yield 

asymptotic optimality of SR as n 	; we call (1) approximate (value) 

optimality, (2) turnpike optimality. 

Note that we need only to assume that the distributions are 

uniformly bounded; one way to assure that is for example to assume that 

all the hazard rates are bounded from above and from below by A > X > 0; 

another example is discrete NSU random processing times with uniformly 

bounded p's and a's. We do not assume that the actual job processing 

times are bounded, and indeed as n 	we will almost surely have 

jobs with unboundedly long and unboundedly short processing times. 

In contrast to this asymptotic behaviour we note [KaKy86, WHLLSS] 

that for the deterministic problem the worst case of the ratio 2 w.C.ISR 
J J 

/ 2 w.0 'OPT is —1.20. We believe that this contrast between the worst 
J 

case performance of a heuristic in the deterministic and in the 

stochastic case is typical and will be found in most scheduling problems; 

this seems to us to be of great practical importance. 

Also of practical importance is the fact that our analysis did not 

require any specific assumptions on the form of the processing time 

distributions. 

The results (1) and (2) are quite innovative: 

(a) To the best of our knowledge (1) constitutes the first worst 

case analysis of a heuristic for a stochastic scheduling problem. 

(b) The turnpike optimality indicated by (2) says essentially that 
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the SR-heuristic provides the optimal scheduling decision most of the 

time. We know of no similar results in the (deterministic or stochastic) 

scheduling literature. 

The derivation of (1) and (2) is quite straightforward, but it 

provides a great deal of insight into the problem - we outline some of 

the ideas and insights here: 

A Markov Renewal Representation of Parallel Machine Processing.  

Assume jobs are started in the order J(1) , 	J(n). Let be Tj_i  

the instant at which the processing of job J(j) starts. Let D
1j-1 

Dmj_i  be the remaining processing times on the other machines at 

this time, ordered by size. Then [Weis88b] (T ;I) } form a Markov 

renewal process [Ci0z87]. In fact, 

T. - Tj_ l  = Aj  = minfXj ,Dij_ i  , 	Dmj _1 1 

and Dij ,...,Dmj  are obtained by ordering (Xj ,Dij_ 1 ,...,Dmj_ 1 ), 

discarding the smallest , and subtracting A. from all the others. 

If job processing times are iid from a distribution F then D. 

has stationary distribution which is that of an ordered M-sample from 

the equilibrium distribution of F. 

Decomposition of Weighted Flowtime:  

It is easy to see [Weis88b,c] that 

n
n n  

(3) 2 w.C. = 1 2 ( 2 w i. (k) ) X 	— 2 w 	X . - 2 D..-I  ) 
1 	 j=1 k=j 	JO) 114-1  j=1 JO) 	JO) 	i=1 1 J 

Note that the first summand is the weighted flowtime for a single 

machine, with M+1 fold speed. Hence the second summand is the effect of 

splitting the processing between M+1 parallel machines. 

1 	 1  
Let e. = - 2 Di j 

 

M(M4-1)  
( 2 D..)

2
, j= 0,...,n, that is, S. is 

M  i=1 	 1=1 

the sample variance of the components of Dj . It is easy to see 

[Weis88b,c] that 
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n M 	 n 
(4) 	2 2 2 X

JO)
D 	= M 2 X-  + M(M+1) S

2 
- M(M+1) S2 . 

	

j=1 i=1 	 j=1 

Note that on the right hand side the only term which depends on the order 

J(1) 	J(n) is S
n

. 

Expected Weighted Flowtime, when Weights Equal Mean Processing Times 

Let pj , of  be the mean and variance of Fj , J=1,....n. Let II 

be any nonpreemptive work conserving scheduling strategy. Using (3) and 

(4) we show [Weis88b,c] that 

2 
1 

(5) E( 2 w.C.III) - =-----4 

	

) ( 2  PP

2 	

2  /I ' ) 	2(M+1) 2  Pj2 - (1 	2)  j=1 	
z(M+1 

j=1 	j=1  	 j=1 	p. 

	

- 1182 	s  Nr 21 171  

	

2 o 	̀ n' J 

In this formula, the first term, which is 0(n2 ),  is the weighted 

flowtime for a single machine with M+1 fold speed. It depends on first 

moments of the distributions only. The second term, which is 0(n), is 

the effect of splitting the processing between M+1 machines. It 

depends on the first moments and on the coefficients of variation of the 

distributions only. If the coefficients of variation a.
2 
 /4.

2  
 are small 

J J 

(e.g. for deterministic jobs) then splitting increases the expected 

weighted flowtime. If a.
2 
 /4.

2  
 are close to 1 (e.g. for exponential 

J J 
2 

jobs) splitting has no effect. For aj
2 
 /pj  larger than 1, (e.g. 

hyper-exponential or DFR jobs) splitting decreases the expected weighted 

flowtime. This corresponds to the heuristic observation that parallel 

processing or processor sharing is advantageous when jobs are 

over-variable. 

The last two summands in (5) are 0(1) under the assumption of 

uniform boundedness of F l ,...,Fn. They correspond to the initial 

conditions and to the terminal conditions of the machines. Most 
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remarkably, the expected weighted flowtime depends on the strategy If . 

only through the last term. We have therefore succeeded in isolating end 

effects in the schedule, and to show that apart from these end effects 

the expected weighted flowtime is of very simple structure, and is 

independent of the strategy. 

The special role of the weights w j  = A (or wj  = X ) has also 

been noted elsewhere [FnFI64, KaKy86, ArRo88]. 

2.2 PREDECESSOR RESEARCH TOPIC 2: PREEMPTIVE SCHEDULING.  

We have obtained results which parallel those of topic 1, for the 

following very simple preemptive scheduling model: A set of identically 

distributed jobs are to be scheduled on two parallel processors. Each 

job requires an amount of processing X, where X = 1 with probability p, 

and X = k+1 with probability 1-p (k > I). This is a model for jobs 

which consist for example of an inspection (duration 1) and, with 

probability 1-p, a repair (duration k). The decision here is whether or 

not to preempt jobs after the initial time period. This problem is in 

fact quite hard to solve optimally. The natural heuristic (which is 

optimal for one machine) is to always preempt in problems with p > 1  

never to preempt in problems with p < 	We We have shown approximate and 

turnpike optimality of these policies [CoHW89]. 

2.3 PREDECESSOR RESEARCH TOPIC 3: BRANCHING BANDIT PROCESSES. 

Most of the work on this topic has been performed prior to the 

funding period [Weis88a]. 

We have considered the following model for a queueing network. 

There are several types of customers which move through several nodes of 

the system; combining these we have classes i = 1,..., L each 
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representing a customer of one type at one of the nodes. When a customer 

in class i receives service he occupies the server for a random 

duration V
i' at the end of which a reward C i 

is generated and the 

customer disappears, to be replaced by N ii ....,N iL  descendant customers 

of types 1 	L  The descendants represent the new node to which the 

customer may move, possible splitting of the customer into several jobs, 

change of the customer's class, and external arrivals. Linking arrivals 

to the class which is served is an important feature of this model. 

Rewards are discounted. 

We analyse this model under the very strong and unrealistic 

limitation that there is only a single active server in the system and so 

at any moment in time only a single customer, of a particular class, is 

being served, while all the other customers are frozen, 

Under this limitation, the problem of how to schedule the single 

active server's work has a simple solution: We show how to calculate a 

priority order of classes, and prove that an optimal policy is to serve 

at any moment one of the customers in the highest nonempty priority 

class. 

2.4 PREDECESSOR RESEARCH TOPIC 4: CONTROL OF QUEUEING NETWORKS. 

Our purpose here was to extend the model of predecessor topic 3 to 

simultaneously operating servers. Whittle's paper on "restless bandits" 

[Wht187] indicated how this could possibly be done. Following the 

appearance of this paper we have concentrated on proving Whittle's 

conjecture in this paper, and on the application of similar ideas to 

"restless branching bandit processes". This work is in progress and is 

described in research topics 5 and 6. 
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3. THE RESEARCH TOPICS  

3.0 OVERVIEW 

We divided the proposed research into six topics. The first three 

are within the scheduling area, the last three are on stochastic control 

of queues and queueing networks. Within these we are confident about 

topics 1 and 2. Topic 3 is new to us, we have some preliminary results 

but no great expertise. Topic 4 is outstanding in that it may lead to 

problems outside of queueing and scheduling. the work in topic 5 is in 

progress; we are fairly confident that we should get at least some 

partial results. We hope these will lead to results on topic 6 which is 

more speculative. There is a wealth of problems here which we mention, 

probably more than we can work on in three years. In addition, 

stochastic scheduling and control of queues are areas of vigorous 

research, and we believe will become even more so in the near future. We 

therefore foresee that we will get a great deal of stimulation from other 

researchers. I am confident that we will find much that is of interest 

and of importance (theoretical and practical) to work on. 

3.1 RESEARCH TOPIC 1: PARALLEL MACHINES STOCHASTIC SCHEDULING.  

We shall be looking at three problems which extend our results so 

far. 

(i) Performance of Smith's Rule in an M/G/C system. 

It is known that Smith's rule or, as it is called in the queueing 

literature, the "cµ-rule" is optimal for minimizing the expected weighted 

holding costs in an M/G/1 queue with several classes of customers (this 

is a special case of the control of the M/G/1 queue, [VaWBS5]). The "cp" 

rule is in general not optimal for C parallel servers, it is not even 

known whether it is optimal for an M/M/C queue with several customer 

types [KeYeS5]. 
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Comparison of the single server queue with C-fold speed to the queue 

with C servers again shows (as in the batch case) that a possible region 

in which "cu" is not optimal is at the end of each busy period. On the 

other hand it seems that the "cp" rule may be optimal if there is a large 

number of customers waiting in the system. 

We conjecture that end effects of busy periods account for the non-

optimality of the "cp" rule. We therefore hope to prove for M/C/C, C>1: 

Conjecture 1, approximate value optimality: 

E (holding cost per busy periodl"cp") - E (holding cost per 

busy periodlOPT) S K. 

Conjecture 2, Turnpike optimality: 

If there are more than N
o 

customers in the system, then "cµ" is 

optimal. 

We conjecture that under suitable conditions K and N
o 

are 

independent of the busy period length and hence "cp." converges to optimal 

as the traffic intensity approaches 1. 

(ii) Scheduling parallel machines with-due dates. 

Arkin and Roundy [ArRo8S] have examined the problem of scheduling 

deterministic jobs on parallel machines with due dates, where the 

objective is to minimize weighted tardiness. they assume that the weight 

of a job is proportional to its processing time; this is plausible in 

some cases, when holding costs relate to economies of scale. They 

propose the following family of heuristics: Let d i  be the due date of 

job i, Xi 
its processing time, s

i
= d

i
- X

i 
its latest untardy start date; 

schedule jobs in increasing order of -rs i  + 	 0 < r < I. 

We noted the special role of using the (expected) processing times 

as weights in section 2.1 (predecessor topic 1). Arkin and Roundy use 



22 

the special properties of this case to obtain bounds on the worst case 

performance of their 7-family of heuristics for the deterministic 

problem. We shall attempt to perform a worst case analysis for the 

stochastic problem. 

(fit) Improved turnpike results. 

Our results [Weis88b,c] have been to show that in the optimal 

schedule of a batch of jobs with stochastic processing times, the 

expected number of times that a job is started not according to Smith's 

rule is bounded by a constant, independent of the size of the batch. 

It would be interesting to show that this result holds in the almost 

sure sense, rather than in expectation, that is to say, this number of 

times is bounded almost surely by a constant. 

Our intuition is that the following is true: There exists an N o 

 (independent of batch size) such that if there are more than No  jobs 

left to schedule it is optimal to start the next job according to Smith 

rule. This conjecture cannot be derived merely from our results on 

expected turnpike optimality. It would however follow directly from the 

extension to almost sure turnpike optimality. 

Existence of such an N
o 

would be very useful for the analysis that 

we propose on scheduling the M/G/C queue. 

Admittedly, we have not been able so far to prove existence of such 

an N
o 

or obtain almost sure bounds even for the simpler problem of 

preemptive scheduling in Coffman, Hofri and Weiss [COHW89]. We 

nevertheless believe it to hold at least for many special cases. 

3.2 RESEARCH TOPIC 2: PREEMPTIVE SCHEDULING ON PARALLEL MACHINES. 

Preemptive scheduling of jobs on a single server, to minimise 

expected weighted flowtime, is solved by the following Gittins index 
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priority rule [Gitt82] : Let a job require processing time X. 

distributed like F, and assume the job has already received processing 

for a time x, and is not yet finished; call x the age of the job. The 

Gittins index of the job, at age x, is: 

fx y
dF(t) 

v(x) = max 	  
y>0 g (1-F(t))dt 

If jobs j= 1 	n have processing durations X 1 	 Xn , 

distributed like F
1 
	Fn, and if x 	x are the jobs' ages, and 

w
1 
	wn  are their weights, calculate we l (xl ),...,wnun(xn), and then 

schedule the job with highest value of we i (xi ) first. 

This rule is in general not optimal for parallel servers [CoHW89]. 

Our aim is to show that it provides a good heuristic; in other words, if 

jobs are started on the parallel machines according to the Gittins 

priority rule the schedule is close to optimal. 

In [CoHW89, see also section 2.2] we proved approximate (value) and 

turnpike optimality for the simplest nontrivial case: 2 machines, 

identical jobs with Xi= 1 or k+1 with probabilities p, 1-p: preemption 

of a job is allowed only after 1 time unit. 

To illustrate how difficult it is to analyse optimal policies (as 

opposed to a given heuristic) we pose the following question: In the 

context of Coffman, Hofri and Weiss, is it true that the optimal policy 

would never preempt a job during its (deterministic) last k time units. 

We tried very hard to answer this question. We have absolutely no idea 

how to approach it and cannot conjecture the answer. 

Our analysis of the Gittins index heuristic will proceed in well 

defined stages, by looking at a sequence of problems of successively 

greater generality. 
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- Analyze the Coffman. Hofri, Weiss model with more than two 

machines. 

- Analyze i.i.d. jobs with X = 1 with probability p, X = 1+V 

with probability 1-p where V > 0 is a random "tail" job. 

- Analyze i.i.d. jobs with X = 1, k+1, k+E+l (k,e > 1), with 

probabilities p,q,l-p-q. 

We shall use a combination of the methods of [CoHW89,Weis88b,c] 

described in sections 2.1, 2.2 for these problems; nevertheless none of 

these three problems is straightforward, and each may require its own 

"trick". 

If we can get satisfactory answers for these models, we hope to be 

able to approach the general case of jobs with artibrary distributions, 

and preemptions allowed at any time, or at any integer time unit. 

3.3 RESEARCH TOPIC 3: MACHINES IN SERIES - FLOWSHOPS AND TANDEM QUEUES. 

There are two aspects to machines in series: In the deterministic 

scheduling literature they are called flowshops, in the queueing 

literature they are called tandem queues. Extensive literature exists on 

both; see section 1.3. Scheduling of stochastic jobs on machines in 

series is in an inbetween area between the two. Problems here are very 

hard, especially when more than two machines are involved. We will look 

at cases of both finite and infinite waiting space. 

(i) Machines in series with blocking:  

We assume M machines in series, each with a capacity of one job 

(finite buffers can be replaced with 0-processing time machines), and an 

infinite number of jobs in front of the first machine. When processing 

times are exponential, the system can be represented by a Markov chain; 

the state lists each machine as working, idle or blocked [LaNe80, 



25 

MaS188]. The difficulty here is the large state space. An alternative 

approach suggested by Muth [MuthS4] avoids some of this difficulty. and 

is not limited to exponential processing times. 

Following Muth we define: Let T be the time when job j starts 

on machine 1. Define 0 = D lj  = D2j_ 1  S D3j_2  Dkj_m_14  such that 

job j-k+1 starts on machine k at time T j  - Dkj_k4.1 . Let Dj  = 

co 
(D ,D . 	 ). Then {Tj ,12j } j_o  
lj 2J-1 	mj-M+1 	

form a Markov renewal process. 

This approach is somewhat analogous to our Markov renewal formulation of 

parallel machines in [Weis88b.c], see section 2.1. 

So far we used this formulation to obtain some preliminary results 

on the optimal order of machines, when jobs are identically distributed. 

Our assumptions on distributions are fairly general - we assume that 

processing times on the different machines are LR ordered. 

We will also investigate questions of ergodicity, and methods for 

calculating steady state behaviour of this Markov renewal formulatin. 
(ii) Machines in series, no blocking:  

We shall look at the processing of a batch of n jobs, with 

stochastic processing times, on M machines in series. This problem 

lies between deterministic flowshop scheduling and tandem queues: 

Processing times are stochastic, but there are no random arrivals. We 

want to obtain some qualitative results: E.g. - if one machine is slower 

than all the others, with mean J.L. then the makespan is asymptotically 

np + 0(1); if machines are balanced the makespan is asymptotically np + 

°(TT). Such results are not prominent in the literature - we hope they 

will enable us to come up with good practical scheduling heuristics. 

3.4 RESEAECH TOPIC 4: BANDIT PROBLEMS. 

Much research has been done recently on bandit problems, extending 
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the theoretical basis and putting it on a rigorous footing; we surveyed 

some of this work in the introduction, section 1.3. 

We would like to further explore two directions: (i) new 

applications and related problems; (ii) a classification of problems 

according to the underlying Markovian structure. 

In the first direction, we note that the proliferation of recent 

research failed to bring up many new applications: Most of the applied 

results were known prior to the Gittins index formulation. On the other 

hand, several new results have recently been obtained which appear to be 

related to the Gittins index but they do not fit into the current 

framework of bandit problems. Here are a few: 

Problem 1: Jobs with wait related processing times. 

Jobs are to be scheduled on a single machine to minimize makespan or 

flowtime. Initial processing times of the jobs are X 1 ,...,Xn , but 

these times increase linearly at rates a 1— ..,an 
> 0 as the jobs wait 

for processing, so that if job i is started at time t it will require 

processing time Xi  + ai t. Arrivals may also occur. The makespan 

problem has been solved [BrYeS7,89], and the solution looks like a 

Gittins priority rule. However it is not clear how to formulate this 

problem as a bandit problem. The flowtime problem appears very hard. 

Problem 2: A batch broadcasting problem.  

Transmitters 1. 	k receive requests for broadcast as Poisson 

streams with rates A l 	X. At each decision moment a transmitter is 

chosen and a single broadcast is sent to all its requests simultaneously, 

lasting a time exp(A). How is the transmitter chosen to minimize average 

wait (or average number of requests in the system)? The solution appears 

to be: Serve longest queue first. It is not clear whether this can be 

formulated as a bandit problem. 
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Problem 3: Scheduling of a single repairman. 

A series system has n components which stay "up" for exponential 

times with rates p i ,...,pn  and then require exponential repair times 

with rates X 1 ,...,Xn. A single server is available to do the repairs, 

(preemptively) and it is desired to schedule him so as to maximize the 

steady state availability of the system. The optimal policy is to repair 

always the best component (smallest 1.1.) [Smit78, KaDe84, NaWe82], the 

proof is surprisingly hard. 

In a similar problem let the system be general with penalty cost 

rates for failed components. If all A l  = 	= An  a priority solution 

seems to exist even for generally distributed repair times; a bandit 

problem formulation is not known. 

Problem 4: Bandit processes with constant death.. 

Consider a standard bandit problem, consisting of n arms described 

by a family of alternative bandit processes X l (t),...,X
n(t), with 

discount rate a. It is well known that this is equivalent to an 

undiscounted problem, in which at each decision moment there is a 

probability of a that this is the last decision, all arms "die" after 

this decision and the "game" ends. A different version is to assume that 

following each decision, each of the arms (or each of the unactivated 

arms) has a probability a of disappearing and never reapppearing, 

independent of all other arms. Similar problems were posed in the 

general dynamic programming context [Ross83]. We do not know whether 

this problem has a "nice" solution. Indepently disappearing bandits are 

a special, simple, case of "restlessness" - more general restless bandits 

are the subject of research topic 5. 

The motive to investigate these four problems and related problems 

is twofold: We may improve our understanding of bandit problems which 



28 

are basic to our research. We may also be able to generalize some of the 

results on these problems which are important in practice. 

Our second research direction is less well posed. In dynamic 

programming there is a classification of problems into discounted, 

positive, negative, and average reward. A similar classification can no 

doubt be made for bandit problems; in fact various results in the 

literature can be classified as applying to one or the other of these 

models. However there has been no consistent attempt to pursue this 

classification in bandit problems. In particular, we want to identify 

the differences between recurrent and transient systems. This is 

motivated by our topic 6. 

3.5 RESEARCH TOPIC 5: RESTLESS BANDITS. 

Whittle [Wht188] has recently considered the following 

generalization for bandit problems: There are n alternative bandit 

processes with states described by X l (t) ..... X
n
(t). At any moment in 

time exactly m of these are made active, the remaining n-m are 

passive. Both active and passive arms change states, according to 

P(X.(t+1)1X.(*active), P(X.(t+1)1X.(*passive) and collect rewards 

g(X (*active), g(X.(t),passive) respectively. The problem is to 

choose which arms to activate at any time to maximize expected long term 

average return. This generalizes the standard bandit problem in that m 

arms (and not just one) are activated, and in that passive arms are not 

frozen, but may change state and generate rewards. Unlike the standard 

bandit problem which has a priority type optimal policy, the restless 

bandit problem does not have a nice, easily structured solution in 

general. 

Whittle proposes to relax the condition that m arms exactly are 
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active and to require instead only that the long run average of the 

number of active arms, m(t), be equal to m. The relaxed problem has a 

simple solution: All states are partitioned into active and passive, to 

provide the optimal solution to the relaxed problem. The method of 

obtaining this solution is to attach a Lagrange multiplier to the 

constraint, and view its value as a subsidy for keeping an arm passive. 

Whittle also shows how to obtain a priority policy for this problem: 

By varying the value of the Lagrange multiplier (the subsidy) every state 

will cross at least once from passive to active; the value of the subsidy 

at which the state crosses serves as its index; the index policy 

activates at any time the m arms whose states have the highest indices. 

The relaxed and the index solutions provide upper and lower bounds 

for the optimal solution. Whittle conjectured that if. min = 0 remains 

constant while m, n 	00, the long time average reward per unit time 

per arm, for all three solutions, converges to the same value. 

So far we have obtained some partial results on this conjecture. We 

have shown that the relaxed optimal value (the upper bound) converges to 

optimal. We have also shown that the index policy value (the lower 

bound) converges to optimal if all the arms are moving between only two 

possible states. 

On the full problem we made some progress. We assume that all the 

arms are identical, moving between k possible states, and that 

transitions happen in continuous time. We let (n,z
1
,...,zk) denote the 

system state where n is the number of arms and z
i 

the fraction of 

arms in state i. We can now define a fluid approximation [Mitr88] to 

this problem, under either the relaxed or the index policy. The fluid 

approximation satisfies z(t) =z(t) in the relaxed policy case, z(t) 

= Q(z(t))z(t) in the index policy case, where Q*, Q(z(t)) are Markov 
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transition rate matrices under these policies. We show that both these 

sets of equations have a fixed point w* which is unique and is the same 

for both. We also know that z(t)
* 

as t --)03 in the relaxed 

case. 

What we still need to show is that z(t) --ior as t --)00, for any 

starting point z(o) in the index policy case. If that is proved then 

by the theory of large deviations [Alan WeisS6] the two policies converge 

to each other. 

The question of whether z(t) --iow*  (global asymptotic stability of 

the equations z(t) = Q(z(t))z(t) ) may however turn out to be very hard. 

3.6 RESEARCH TOPIC 6: CONTROL OF QUEUEING NETWORKS. 

Whittle's ideas on restless bandits capture the essential step in 

how to move from a single server to a multiserver problem. Our aim is to 

extend his results and make them apply to control of queueing networks. 

It should be noted first that this application and/or generalization 

is not straightforward. 

Consider scheduling n jobs on m parallel machines. Here m jobs are 

made "active" while the other n-m remain passive (and in this case 

frozen). If we relax the constraint of m servers, and allow m(t) 

servers, the whole problem disappears: Clearly, make m(t) = n until 

all jobs are finished, m(t) = 0 thereafter. The difficulty is that 

this is a transient MDP problem, not a recurrent one as in Whittle's 

work. If arrivals are allowed (scheduling of the M/G/C queue), the 

problem is the same: Use m(t) = number of customers in system; keep 

E(m(t)) = m by having m(t) = 0 during idle periods. We hope however 

to get results similar to Whittle's when the traffic intensity is close 

to 1. In that case the analysis via fluid approximations will be much 
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too crude but we may be able to analyze the system through diffusion 

approximations. 

A possible extension of Whittle's restless bandits is to include 

several constraints (rather than one constraint, on the number of active 

arms). These may enable us to model more realistic and complex queueing 

networks. 

The possible use of diffusion approximations and the heavy traffic 

conditions point in the direction of Harrison and Wein's research 

[HaWe87,88, Wein87,88b,c,d,89]. We also note that the heuristic policies 

which we expect to get through our approach may resemble those of 

Harrison and Wein, by specifying priority ordering of classes. Although 

the approaches are quite different, results from both approaches may 

complement each other. For instance, we hope to be able to supply 

asymptotic optimality proofs by using our approach. 



32 

II. EXPEC1ED IMPACT. 

1. PI ASSESSMENT OF EXPEL 	ED IMPACT 

The research which we propose is of theoretical, basic research 

nature. In formulating it we were motivated not so much by any single 

applied or theoretical problem but by our general assessment of what the 

broad issues and prospects in stochastic scheduling are. In this 

assessment we considered both the requirements from the shop floor and 

the scope and limitations of available theory. 

We are well aware of an alternative, practice oriented approach to 

scheduling research. There the analyst enters at the plant level. 

studies the environment and identifies its needs, proposes a solution 

strategy, and builds a model which is tailored to these needs. designs 

implementation, develops software and goes into the cycle of performance 

evaluation and modification. The usefulness of this approach is 

universally agreed upon. One should not however lose sight of some of 

the advantages which the theoretical approach offers, namely greater 

generality, freedom from the host of idiosyncratic encumbering details 

involved in every specific practical environment, and greater flexibility 

in applying more advanced theory. 

We see a threefold impact for our type of proposed research: In 

advancing the theory of scheduling; in providing the practitioner with 

new insights, simple rules, and useful paradigms; and in generating 

algorithms which make better use of a broader range of system 

characteristics. We outline these three aspects now. 

From the theoretical aspect. we feel that the proposed research as 

well as our results so far are both significant and innovative and we 

expect them to have a large impact on research in the area. We have 

introduced worst case analysis of stochastic scheduling heuristics and 
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have successfully employed techniques of combinatorial optimization in 

conjunction with stochastic modelling. We believe we will find new 

extensions to existing theory of bandit problems, notably in developing 

Whittle's restless bandits - this will have a general impact on the 

theory of stochastic optimization. We also think that our work will have 

significant connections with other current work on approximations to 

discrete event stochastic systems such as fluid approximations and 

diffusion approximations. 

Next we hope to have some impact on practitioners. To illustrate 

this impact consider our results on near optimality of Smith's rule. If 

a scheduler is faced by a problem of scheduling jobs on parallel 

machines, with weighted flowtime (i.e. job dependent linear holding 

costs) as an objective, our result is that Smith's rule (which he will no 

doubt be using anyway) is near optimal. If processing times are only 

known approximately and can be treated as stochastic, Smith's rule is in 

fact even closer to optimal than in the deterministic case. He can 

therefore dispense with costly attempts to find the (NP-hard) optimal 

schedule. If he would care to delve deeper into our results he will be 

able to see where and when (close to the end of the schedule) to modify 

Smith's rule to get even closer to optimal. More important, our results 

tell the scheduler that he needs to consider only the mean predicted 

processing time of each job for his near optimal schedule- features such 

as distribution variance (which has a large effect on the system 

performance) need not be considered (or measured) when devising the 

schedule. If in addition to weighted flowtime there should be (as is 

always the case in practice) other objective considerations (e.g. due 

dates, production smoothing) the robustness of Smith's rule makes it a 

good basis for modification into an acceptable good heuristic, and our 

explicit formulas for the (approximate) weighted flowtime may help in the 
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evaluation of such modifications. 

Another type of impact on the practitioner is provided by new 

paradigms. We feel that bandit processes, branching bandit processes and 

restless bandits are useful paradigms for the scheduler to keep in mind 

in his modelling efforts. 

Finally, we propose to obtain some algorithms to calculate priority 

ordering of jobs. These will hopefully use data which is readily 

available, e.g. mean processing times, arrival rates, routing 

information, but which has not often so far been utilized to 

algorithmically produce schedules. 

We believe that our research is extremely timely now. Over the past 

two years some very promising techniques for production scheduling, 

optimal control of queueing networks, and control of communications 

networks have emerged. These tackle very hard problems at a level of 

Sophistication well beyond that of techniques previously available. We 

hope that our research will fit in with these exciting new developments. 

At the same time the appearance of expert systems and of specialized 

workstations in scheduling, production planning and queueing is 

revolutionizing the workmode of the practitioner. These workstations 

create a tremendous demand for optimization algorithms, which they can 

readily absorb, and they promise to shorten the gap between theory and 

practice in the area. 
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2. LETTERS OF SUPPORT FROM INDUStRY  

Letters of support from industry for the proposed research have been 

solicited by Dr. Ira Pence, Director of the Materials Handling Research 

Center at Georgia Tech. All the companies approached have expressed 

interest in the research, and a desire to be kept informed about its 

progress with a view towards closer cooperation. Communication with 

these companies will be kept via their membership in the MHRC. 

Letters of support are attached in the following pages from: 

- IBM 

- Litton 

- Motorolla 

- Xerox. 



International Business Machines Corporation 

April 14, 1989 

Thomas J. Watson Research Center 
P.O. Box 218 
Yorktown Heights, New York 10598 
9141945.3000 

Dr. Ira W. Pence Jr., Director 
Material Handling Research Center 
Georgia Institute of Technology 
765 Ferst Drive N. W. 
Atlanta, GA 30332-0205 

Dear Dr. Pence, 

Thank you for sending me a copy of DR. Gideon Weiss' proposal entitled 
"Heuristics for Stochastic Scheduling and the Control of Queueing 
Networks". Yes, he is addressing an important, unsolved aspect of 
manufacturing. Yes, we are interested in what he is doing. 

The manufacturing process by nature consists of a series of stochastic 
operations whether a job shop, flow line or some combination of both. 
One of the major challenges facing manufacturing is the planning and 
scheduling of production in such an environment. 

One approach to solving this problem would be to reduce the variability 
of the operations involved. Unfortunately, technologies and products are 
changing so rapidly that operations never have a chance to "settle 
down". In some industries a stable process may well be an obsolete one. 

Given that manufacturing processes will continue to be of a stochastic 
nature, it is imperative we learn to "live with them". Dr. Weiss' 
proposed research should help us understand how to do this. It is my 
understanding that up to this time there has not been significant 
research in this area. Although there are many papers with "stochastic" 
and "scheduling" in their titles, they assume away most of the normal 
manufacturing line complexities. 

Please keep us advised of Dr. Weiss' progress. There are several people 
here in Manufacturing Research who wish to follow his work. 

Regards, 

Robert R. Leavitt 
Senior Engineer, Manufacturing Research 



Litton 
Industrial Automation Material Handling Div. 

2300 Litton Lane 
Hebron. Kentucky 
41048 

606 586-9800 

April 11, 1989 

Professor Donald Gross, Director 
Division of Design and Manufacturing Systems 
Engineering Directorate 
National Science Foundation 
1800 G Street, NW 
Washington, DC 20550 

Dear Professor Gross: 

The work Dr. Gideon Weiss is doing at Georgia Tech and has 
proposed to continue ("Heuristics for Stochastic Scheduling and 
the Control of Queuing Networks") will be of direct interest to 
us. The process of extracting material from an AS/RS is 
inherently stochastic, yet our customers need to have reliable 
scheduling models. 

To the extent Dr. Weiss is successful we will be able to use his 
results, both internally and on behalf of our customers. This 
type o work deserves your support. 

Sinc 

4 el5heL. 	 P.E. 
Directo

l757
r 

Management Information Syst ms 

SLP/d1t0030T 

cc: John Mueller 



April 12, 1989 

Professor Donald Gross, Director 
Division of Design and Manufacturing Systems 
Engineering Directorate 
National Science Foundation 
1800 G Street, NW 
Washington, D.C. 20550 

Dear Professor Gross: 

Electronics manufacturing is marked by uncertainty in the length of time required in 
many of its operations. Thus, the stochastic scheduling models which Dr. Gideon 
Weiss proposes to study as part of his proposal research "Heuristics for Stochastic 
Scheduling and the Control of Queueing Networks" are of interest to Motorola and to 
the Corporate Manufacturing Research Center. 

iven our thrust into our flexible manufacturing configurations for our factories and 
emphasis on quality, the problems of dynamic scheduling are becoming increasingly 
important. - 

We will be following Dr. Weiss' work via our membership in the Manufacturing 
Research Center and the Material Handling Research Center at Georgia Tech and will 
consider incorporating his heuristics in our internal scheduling algorithm. 

Sincerely, 

William M. Beckenbaugh, Ph.D. 
Director 
Corporate Manufacturing Research Center 

WMB:mb 
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1. INTRODUCTION: 

Many of the commonly occurring scheduling problems, in 

manufacturing, transportation, service and communications are notoriously 

difficult to solve optimally with deterministic data. (Lawler, Lenstra, 

Rinnooy Kan and Schmoys, 1989). Stochastic scheduling problems, in which 

data such as procesing times are subject to unpredictable, random 

fluctuations, are occasionally easier to solve than their deterministic 

counterpart (Weiss and Pinedo 1980, Pinedo 1983) - more often though 

their optimal solution is no less hard. Furthermore, the amount of data 

necessary to implement an optimal solution in the stochastic case is 

usually well beyond what is available in practice. It is for this reason 

that heuristics are of crucial importance in scheduling, both 

deterministic and stochastic. 

A major challenge with heuristics is how to assess their 

effectiveness. Two approaches have been used to evaluate heuristics for 

deterministic scheduling problems: worst case analysis (Graham 1976, 

Kawaguchi and Kyan 1986), and average case (probabilistic) analysis 

(Frenk and Rinnooy Kan 1987). Worst case analysis gives an absolute 

bound on performance, and needs no assumptions; however, the worst case 

performance of a heuristic is often unacceptably bad, while the actual 

experience with the heuristic in practice may be excellent. 
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Probabilistic, average case performance, of a heuristic is usually a more 

realistic measure of how it will perform in practice; however, it 

requires an assumption on the probability distribution of the population 

of all problems, which clearly is not part of the model within which the 

heuristic performs: faced with an instant of the problem, the average 

case analysis has no relevance. These difficulties, are not a result of 

faulty or incomplete analysis; they seem to be inherent to the use of 

heuristics. 

For some time I have thought that these difficulties are much less 

acute in stochastic scheduling. Informally speaking, there are several 

closely linked arguments that point in that direction: (a) in performing 

a worst case analysis of a heuristic for a stochastic scheduling problem, 

the expected performance is an average over the distribution of 

processing times for each instant. This averaging may yield a worst case 

performance which is similar to average performance in the deterministic 

case. (b) The anomalies and erratic behaviour of optimal schedules, as a 

function of small changes in the data, which are exhibited by 

deterministic scheduling problems (Graham 1976) are unlikely to occur 

with stochastic data. (c) Consider the gap between the optimal policy 

and a heuristic, for a deterministic problem. With less information the 

problem becomes stochastic and the performance of both the optimal and 

the heuristic policies deteriorates. However, the heuristic may be more 

robust than the optimal policy and the gap may close up. (d) There is a 

well known equivalence in some optimization problems between uncertainty 

and discounting. For discounted problems myopic heuristics usually 

perform very well. One could hope for *ke.similarly good performance for 

stochastic problems. 
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The question is how to make use of these vague arguments to obtain 

concrete results. Our analysis shows how this can be done for the 

problem of scheduling stochastic jobs on parallel machines to minimize 

expected weighted flowtime, with Smith's rule as the heuristic. 

We consider two aspects of the comparison between heuristic and 

optimal policy: the values of the objective functions, and the actions 

themselves. To compare the values of the objective functions we derive a 

bound on the difference between the expected value of the objective 

function under the heuristic and under the optimal policy. This bound is 

then used to obtain the worst case performance of the huristic. Under a 

wide range of plausible assumptions (see paragraph below), we obtain that 

the worst case performance ratio converges to 1, at a rate of 

1 + 0(1/n
2
), as the number of jobs n 	00; the determinstic worst case 

ratio in contrast is 1.20 (Kawaguchi and Kyan 1986, Weiss et al 1987). 

We refer to this result as "approximate optimality". To the best of my 

knowledge this result is one of the first worst case analyses of a 

heuristic for a stochastic scheduling problem (see Coffman, Hofri and 

Weiss 1989 for an earlier example). 

To Compare the actions taken by the heuristic and by the optimal 

policy we derive a bound on the expected number of times that the 

heuristic may choose an action which is different from that taken by the 

optimal policy. Again, under a wide range of plausible assumptions this 

bound grows much more slowly than n, as the number of jobs n —) m. We 

call this result "turnpike optimality". Loosely speaking, a heuristic 

has a turnpike optimality property if it takes the optimal action most of 
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the time; the concept is used in dynamic programming (Shapiro 1968). To 

the best of my knowledge the use of the turnpike optimality concept in 

scheduling theory is quite novel (see Coffman, Hofri and Weiss 1989 for 

an earlier example). 

Turnpike optimality may be of more importance than approximate 

optimality in scheduling theory. Often when a scheduling problem is 

solved, the schedule is implemented for only part of the time horizon, at 

which point unexpected changes necessitate resolving the problem; this 

cycle of implementing only the initial section of a solution and 

resolving with new data is repeated again and again throughout the plant 

operation time. Under these conditions turnpike optimality of the 

heuristic may imply that one is actually using the optimal action for the 

current data at any point in time. 

Most of the exact optimality results in stochastic scheduling 

require very specific assumptions on the processsing time distributions: 

exponential distributions, finite support distributions, increasing 

hazard rate distributions, stochastically comparable distributions. An 

important feature of our results is that, since we talk only of 

approximate results, we do not need to make any assumptions about the 

processing time distributions. The bounds we derive on expected objective 

function difference, and on expected number of non optimal actions hold 

for any distributions. We do however need to assume some form of uniform 

boundedness on the distributions as the number of jobs n 	° to obtain 

asymptotic approximate optimality and turnpike optimality. Nevertheless, 

there is a huge difference between assuming uniform boundedness in the 

stochastic case and in the determinictic case: In the deterministic 
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case, uniform boundedness means that all jobs are between some lower and 

upper bound, and one can not have arbitrarily long or short jobs as n —> 

co. In contrast, in the stochastic case, uniform bounds on the 

distributions, for example in the form of uniform bounds on some moments, 

means no such thing - one can have arbitrarily short or long jobs when 

moments are bounded, and in fact as the number of jobs n 	the 

longest and shortest jobs will as a rule approach zero and infinity 

respectively, which corresponds to real data behavior. 

The proof of the approximate optimality result appears in an earlier 

paper (Weiss 1990). In the present paper we include the approximate 

optimality result (theorem 1) and the turnpike optimality result (theorem 

2). We rederive the proof of theorem 1 (in a slightly strengthened 

form), both for the sake of completeness, and because the proofs of the 

two theorems are too intricately related to be able to present the 

turnpike theorem on its own. The earlier paper contains much additional 

material on the processing of stochastic jobs on parallel machines. 
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2. PROBLEM DESCRIPTION AND BACKGROUND.  

A batch of n jobs (customers, tasks) is to be processed by M+1 

identical parallel machines (servers, processors). Job j requires 

processing time X., to be provided by any one of the machines, where 

the value of X. is specified by a probability distribution F., and 

the X.'s are drawn indepent of each other and of the schedule; a weight 

w. is associated (as holding cost per unit time) with job j. Under 

some arbitrary scheduling rule let C. be the completion time of job j; 

the cost of the schedule under this rule is the (random) weighted 

n 
flowtime 	2 w.C.. 

j=1  J J 

The general problem of minimizing the expected weighted flowtime is 

intractable. A simple plausible heuristic is provided by Smith's Rule - 

order the job starts by decreasing weight to expected processing time 

ratio. For the unweighted flowtime (w.=1, j=1 ..... n), this rule boils 

down to SEPT - shortest expected processing time first. 

A large body of research has been devoted to this problem and its 

various special cases. It is known that SEPT (Shortest Expected 

Processing Time First) and SR (Smith's Rule) minimize expected flowtime 

and weighted flowtime respectively, on a single machine (Smith 1956, 

Conway, Maxwell and Miller 1967). For parallel machines, SEPT minimizes 

expected flowtime in many important special cases, notably when for all 

i,j )C1 
 . and X.

J 
 are stochasticaly comparable (that is either X.

1 <-S  X. T  j 

or X. <-ST 1 
X., alternatively, either F.(x) > F.(x) for all x or 

1 	j 

F.(x) > F.(x) for all x - Weber, Varaiya and Walrand 1986). 
J 	1 
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Deterministic processing times, exponentially distributed processing 

times, and processing times which are distributed like tails of a single 

increasing hazard rate distribution are among the special cases of this 

remarkable result (McNaughton 1959, Bruno, Downey and Frederickson 1981, 

Glazebrook 1979, Weiss and Pinedo 1980, Weber 1982). In general however, 

SEPT may fail to be optimal (Pinedo and Weiss 1987, Coffman, Hofri and 

Weiss 1989). Minimization of weighted flowtime on parallel machines, for 

deterministic processing times X. and general weights w., is an 

NP-hard combinatorial optimization problem (Lenstra, Rinnooy Kan and 

Brucker 1977, Carey and Johnson 1979), and very little can be said about 

optimal strategies for the minimization of expected weighted flowtime in 

the stochastic case (Kampke 1987). 

The use of Smith's Rule as a heuristic can be quite inefficient - a 

worst case analysis shows that for deterministic processing times the 

ratio R 	(2 w.
J
C.
J 
 1 SR) / (2 w.

JCJ 
 . 1 OPT) can be as high as 1/2+V/2 === 

1.20 (Kawaguchi and Kyan 1986, Weiss et al 1987). This worst case 

occurs when the weights w. are very nearly proportional to the 

processingtimesX.,and it involves a very large number of very short 

jobs and = 0.3 M very long jobs. 

Notwithstanding all these results, this paper was written to show 

that in a very general framework Smith's Rule provides a satisfactory 

solution to the problem. 

The following intuitive discussion captures the essence of the 

problem: The argument in favour of SEPT (as well as for Smith's Rule), 

is that at the beginning of the schedule there is a large number of jobs 

waiting (the weighted cost rate of waiting jobs is high), and SEPT (or 
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Smith's Rule) tend to reduce the number of jobs (the cost rate of the 

waiting jobs) fastest. This argument suffices to prove optimality for a 

single processor, and it applies to parallel processors as well. For 

parallel processors there exists, however, a counter argument: Towards 

the end of the schedule, as jobs are completed, there are no more new 

jobs to start and the processors fall idle one after the other; this 

means that processing at the end becomes inefficient and this of course 

has an effect on the objective function. 

To find the optimal solution requires (among other things possibly, 

though we believe that this is the only thing that needs to be 

considered) striking the right balance between reducing the cost rate 

fastest in a myopic way (Smith's rule), and between trying to plan in 

advance for a schedule completion which reduces the inefficiency periods 

to a minimum. Note that in some cases the right balance is to ignore the 

end effects, and use Smith's rule - for instance, as mentioned above, for 

unweighted flowtime and stochastically comparable jobs. SEPT is optimal. 

In contrast, if the weights are proportional to the expected processing 

times than Smith's rule is vacuous and the right balance is to 

concentrate only on the end effects. In this latter case, the 

minimization of the weighted flowtimes is equivalent to minimizing the 

sum of squares of the M+1 makespans (times at which the last jobs are 

finished) of the M+1 machines (see Weiss 1990). In particular, for 2 

machines it is equivalent to minimization of the makespan of the last 

machine, Cam, which is NP -hard. Frenk and Rinnooy Kan (1987) show 

that LPT (longest processing time first) is a good heuristic for 

minimizing makespan in the deterministic case; similar arguments show it 
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to be a good heuristic for reducing the inefficiency periods at the end 

of the schedule for our weighted flowtime problem. Striking the right 

balance is then, perhaps, choosing the time when to switch from Smith's 

rule to LEFT. 

On the other hand the inefficiency at the end of the schedule is a 

boundary effect and is of marginal value. In particular under plausible 

assumptions its magnitude may remain bounded or at most grow only slowly 

as the number of jobs n, and the total length of the schedule, grow. 

Therefore, if, as we believe, this end inefficiency is the only reason 

that Smith's rule is not optimal, then we should be able to show that it 

is asymptotically optimal, and that asymptotically it is used by the 

optimal policy almost all the time. Indeed, in this paper, by studying 

the weighted flowtime on parallel machines we are able to quantify this 

end effect, find conditions under which it remains bounded as n 	03, 

and thus get bounds on the expected difference in the objective function 

value between Smith's Rule and the optimal strategy, and bounds on the 

expected number of jobs which the optimal strategy does not schedule 

according to Smith's Rule. 
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3. THE MAIN RESULTS 

Forjobsj=1,...,nweassumetheprocessingtimesX.ai-e 

nonnegative random variables drawn from distributions F.. We let F. . 
J 	 J 

1 - F. and assume F. have finite means A
j 
 and variances a

i 
2 . 

We require the following quantities, defined in terms of the 

processing time distributions: 

b,2 .rilaxsup4(x-v)2 cw.wif.(v) 1 v > 0, P.(v) > 0 } 	(1) 
1(j<n 	s 	 J 	J 	 J 

OM= 	min 	inf{fc°  F. (x+v0) •...• F. (x+v ) dx / P. (v ) •...• P. (v M) 

jo ----- jm o Jo 	 im 	m 	Jo ° 	im  m 

	

1 vo 	v
M 	' 
> o f

j0 
 (v

° 
 ) > o, ..., F. (v

M 
 ) > 0 1 	(2) 

roughly these measure respectively how long and how short remainders of 

jobs can be: Consider looking at any of the jobs, at any time during its 

processing, when it is not yet completed, and take the expectation of the 

2 i square of its remaining processing time; D is exactly the supremum of 

this quantity over all jobs and all times. Thus b2 provides for any 

busy machine at any time an upper bound on the ecpectation of the square 

of the time until the machine becomes available. Consider an instant at 

which k of the machines, k S M+1, are busy, with a subset of k jobs 

that have received varying amounts >0 of processing up to that instant 

and have not yet been completed, and look at the expectation of the 

minimum of the remaining processing times of these jobs; 6 (M) is the 

infimum of this quantity over all subsets of jobs and all previous 

processing times. 	(m) provides a lower bound on the expected time from 

the instant at which a macine becomes available until the next instant 

that a busy machine becomes available. 
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In addition we need the following quantities which depend also on 

the weights: 

w. 
CL) 	= max --"L  1/ max 	1<j<n L.  

4. 	:= min 4. 
min 

1<j<n 

(A/2-) 	= min 1 111- V  - -11  1 
g min 	ixj  pi  gi  

we assume that 52< 03 and o(M)  > 0 . 

We will consider two classes of strategies: /I
0  includes all 

nonpreemptive, work conserving (i.e. use no inserted idle time), 

nonrandomizing strategies which base decisions at time t on the history 

of the schedule up to time t. II includes all nonpreemptive strategies 

which allow insertion of idle time as well as randomization and which 

base decisions at time t not only on the history of the schedule up to 

time t but also on the actual realized values of remaining processing 

times and inserted idle periods which occupy the machines at time t. In 

other words, when using strategies in IT, the processing times of jobs 

become known at the moment that their processing starts; similarly, the 

lengths of inserted idle periods are known at their start. 

Assume now that M+1 machines are available to process jobs 1 	 

starting at time O. The performance of Smith's rule ascompared to the 

optimal policy is summarized by the following two theorems: 

Theorem 1 - Approximate Optimality (Weiss 1990):  For any strategy 

TI 

2 	w 	- 
2(M+1) E( 2 wiCi  1 SR ) - E( 	wiCi  1 r ) < 	 (T)mx D

2 
 (6) 
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Theorem 2 - Turnpike Optimality: For any strategy w E 110  such 

that 

E( 2 w.
J
C.
J 
 I SR ) - E( 2 w.

J
C.
J 
 I a ) > 0 

( 7 ) 

let L be the number of times that r starts a job not according to 

Smith's Rule. Then 

m2 	_ 
E( L I r ) < 	

(µ)max  D2 / (AIi) min  Amin  (5 (M)  . 	(8)2  

For practical purposes one is usually interested only in the smaller 

class of strategies, Uo . However, we need Theorem 1 to hold for II in 

order to prove Theorem 2 for Uo . It is easy to construct counter 

examples to theorem 2 in the class of strategies ff. We take a close 

look at the two classes of strategies in Section 5. 

The bounds provided by theorems 1,2 are ablolute, and hold for any 

set of weights and processing time distributions. The main interest in 

these bounds is when the number of jobs n --> 03 . A favorable situation 

in that case is when the bounds in (6), (8) remain bounded as n 07. 

If the bound in (6) is bounded by a constant as n 	03, and if A.,w. 
J J 

are bounded from below, so that E(2w.C.1w) = O(n
2
) then 

J J 
E(2w.C.1SR) 

J J 	 1 
R

1 
 - 

E(2w.C.I0PT) 
- 1 + 

 
J J 

Similarly, if the bound in (8) is bounded by a constant as n -* c0, then 

R
2 
- E(# non SR opimal decisions) 	of  

n 

There exist many practical scenarios under which the values of 15 2 

 and of (5 (m) , remain bounded for any number of jobs n. These include 

the following: 

(a) If all the jobs belong to a finite number of types K, 

-2 
summarized by processing time distributions F1, 	F

K' 
and if D < co 
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and b (M)  > 0 for a set of jobs which includes M+1 jobs of each type, 

D2  then D and 5 (m) are finite and remain fixed as n grows. 

(b) If the hazard rate functions of the processing time 

distributions are all uniformly bounded by some upper bound value X and 

some lower bound value X, then 0 < 2
2
, and (5 (M)  > 	1  

, 
(M+1)X 

(c) If all the jobs have NBU (New Better than Used) type 

processing time distributions (X is NBU if X-sIX>s is stochastically 

smaller than X for all s>0), then 52 < max(p. 2+c.2), so it is enough to 

assumethatp..anda.2 are uniformly bounded for all n. The 

condition of NBU can be weakened to NBUE (X is NBUE if E(X-sIX>s) < 

E(X) for all s>0), and in addition, E((X-s ) 2 Is>0) < E(X2) for all s>0. 

(d) If the processing times have lattice probability distributions 

with a common time unit T, that is all processing times are discrete 

random variables with values 	 then o (M)  > T. 

In all these special cases it is still possible to have jobs which 

are long or short without any bound (with obvious exception of (d) for 

short jobs); the bounds are only on the probabilities. 
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4. APPROXIMATE OPTIMALITY OF SMITH'S RULE 

In this section we summarize some of the results about expected 

weighted flowtime and prove Theorem 1. For more details and additional 

results see Weiss, 1990. 

Consider the schedule obtained by starting the jobs in the order 

I(1) ..... I(n), without preemptions and without inserted idle time. In 

the formulation of theorems 1,2 we assume that all the machines become 

available at t=0. More generally, we now assume that the machines may 

become available at different times. Let U 00  < 	< UMO  denote the 

ordered times at which the M+1 machines become available initialy - we 

M 
shall assume throughout that 	2 U.

10 
 = O. For j = 1 ..... n let U0 . < 

1=0   

< Umj  be the ordered times when the machines become available after 

the completion of jobs I(1),...,I(j); the starting time of job I(j) 

(the j'th job to start) is Uoj_ 1 . We have the recursion: 

(Uoj ,...,Umj ) = Order Statistics of (Uoj_ i+XI(j) ,Ulj _ i  ..... Umj _ i ) 	(9) 

For j=0 	n 	denote D. j 
	U.. =U 

-UOj' 
 i= 1,...M. Denote by 

i  

Sj
2 

the sample variance of Uoj  . 	Umj  (or of 0,D1j  .... ,Dmj ) 

2 	1  Sj  = M. Dij
2 	1 RpT171-( 2 Di ,)

2
. 

11 	 ) i1 

It is easily seen that the completion of job I(j) is at 

_ 1  M 	 1 M + — 
CIO) - M+1 2 X

I(k) 	M+1 
XI(j) 	M+1 	ij-1 

. 
k=1 	 i

2
1
D 
 

Directly from (11) we get: 

Lemma 1:  The weighted flowtime can be decomposed as: 

(10) 
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n 	 n n 	 n 	 M 1 	 1 
I(k) ) XI(j) + M+1 .

2
i
w
1(j)

(M X
I(i) - .

, Dij_ 1 ) (12) 
j!1

w
j
C
i 

= M+1 
j
:
1
( w 	

Jk
!
j=I 	 1.1 

By examining the recursive relations between the D..'s the lj 

following key formula emerges: 

Lemma 2: The job remainders D.. are linked by the relation: ij 
n M 

2 2 2 X 	D.. = M 2 X. 2 + M(M+1) S02 - M(M+1) Sn2 (13) 
j=1 i=1 I(j) 1J-1 	j=1 

	

Proof: For two machines we have Dlj 	IXI(j) - D1j-11;  squaring 

and adding over j gives (13) for M=1. For M>l, (13) is obtained by 

applying the argument to each pair of machines, and summing over all 

pairs, see Weiss 1990 for more details. 	 ❑ 

We now consider the special case of w. = p.. Taking expectations 

over (12) and (13), we have: 

Lemma 3: For any nonpreemptive work conserving strategy r E ff, 

1 	12 	1 	2  	2 E( 2 p.C.1 r) = 	 (14) 2(M+1) ` 	2 	4j 	2(M+1) ` uj j=1 	 j=1 	j=1 	 j=1 

M 	M 	2 1 r) - -S + -E(S 
02 2 	n 

Proof: The main step in the proof of Lemma 3 is to note that 

E(Xi(j)Dij_ i ) 	E(Dij _i  E(X,
(j)

1D ii _ l ) = 	 (15) 

E(Dij_ i  E( E(Xi(j) 1I(j))1 Dij _ 1 ) = 

E(D ij_ i  pm) ) 

The second equality holds since Dij 1  is a function of 

XI(1)  , 	XI(j_ 1)  only, and so E(X i(j) 1 I(j), D ij_ 1 ) 	E(Xico l I(j)). ❑ 

The remarkable thing about formula (14) is that the only term in it 

which depends on the schedule r is E(Sn
2); furthermore, the rest of 

the expression depends only on the first two moments of the distributions 

F
. . 
	F

n  
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A direct corollary to Lemma 3 is: 

Corollary 4: Let ► , ► ' C U be two strategies, and asssume that 7 

2 is work conserving. Assume also that S = 0. Then 
0 

m2 _2  
E( 2 4.C. 1 r) - E( 2 4.C. 1 7' ) < 	E(Sn2 1 	) < 2(M 	1) D2  

j=1 	 j=1 

Proof: By Lemma 5 (in the next section) it is possible to construct 
0,0 

a strategy 7' which is randomizing but does not use inserted idle time, 
0,4 

such that I(1),...,I(n) have the same distribution under 7' as under 

rr ' , and 

n 	 n 
E( 2 4.C.1 7' ) < E( 2 4.C.1 7' ) 

j=1 	 j=1 

Hence 

E( 2 4.C. 1 7 ) - E( 2 4.C. 1 7' ) < E( 2 4.C. 1 it ) - E( 2 4.C. 1 7' ) 
j=1 	 j=1  J J 	 j=1  J J 	 j=1 

= 	E(Sn2  1 it ) - 	E(Sn2  1 7' ) < 1-1E(Sn2  1 ir ) 	 (17) 

- 
By definition (1) and the assumption that S 0

2 
= 0, we get E(Dij2  ) < D2  

for all i,j which by definition (10) implies the second inequality in 

(16). 	 ❑ 

From this point onwards we will assume that the jobs are ordered by 

Smith's Rule, that is wl > 	
> wn 

41   

For any strategy we can rewrite the weighted flowtime as: 

	

n 	w
n  n 
	n-1 wk  wk+1  k 

w.C. = — 2, 1.L.L, 	2 (— 	 4.C. 

	

j=1 	J 	4n j=1 	k=1 4k /1k+1 j=1 

It is now easy to obtain: 

(18) 



Proof of Theorem 1:  We use (18) to write: 

n 	 n 
A = E( 2 w.C. 1 SR ) - E( 2 w.C. 1 r ) 

	

j=1 j J 	 j=1 J 3  
w 	n 	 n 

= -In- {E( 2 p.C.1 SR ) - E( 2 p.C. 1 r )} + 
Pn 	j=1 J 3 	 j=1 3 J  

n-1 w
k 

w
k+1 	

k 	 k 
2 (-- - -----) {E( 2 p.C.1 SR ) - E( 2 p.C.1 r )) 

k=1 Pk Pk+1 	j=1 3 3 	 j=1 3 J  
k 	 k 

We note that 2 p.C.1SR and 2 p.C.1 it are the weighted flowtimes 
j=1 	 j=1 3  

(with weights p. ), of jobs 1,...,k, which are scheduled by SR in 

that order with no inserted idle time. Under r they are scheduled not 

necessarily in the order 1 ..... k, and the schedule may include inserted 

idle periods, which consist of those jobs j > k which r has started 

before the start of job k, as well as additional idle periods inserted 

by r prior to the start of job k. Nevertheless, the scheduling 

strategy provided by r for jobs 1,...,k is in R. Since SR is work 

conserving for every set 1, 	k  we can apply Corollary 4, and, noting 

wn 
 that — 	
w 

> 0 and lc w- -1-1.1 > 0, we get: 
An - 	Pk Pk+1 

-1 wk  wk+l 
A < 

w 
{ -E + 

n 
2 — 	 M2 -2 

))  
''nn k=1

( P
k Pk+1 	

2(M+1) 

which collapses to (6). 	 ❑ 

17 

(19) 

(20) 
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5. DISCUSSION OF STRATEGIES  

We take a closer look at strategies, starting with the wider and 

more complicated class of strategies U. Consider a strategy v C U. To 

describe v we need to describe how a schedule is constructed by v. 

The construction of a schedule by it consists of a sequence of decisions 

on job or idle period starts, and updates of state. We use the following 

state desctiption: s = (t,d,N,H) where t is the time; d = do  ..... dm  

isthemachineavailabilityvector,whered.=0 indicates that machine 

i is available at t while d. > 0 indicates that machine i is not 
1 

available at time t and will only become available at time t + d i  - 

recall that strategies in IT can make use of the values of remaining 

processing times, in other words, the values d i  are deterministic and 

known; N is the set of as yet unstarted jobs, on which the current 

information is summarized by F. the distribution of X. for j C N; 

Finally, H is the history of the schedule up to time t, which 

includes the start times of the jobs and the allocations of the machines 

over the period prior to t and also any additional information that it 

may use, excluding predictive information about the X., j C N - in 

particular H may include the information which is used by v to 

randomize decisions. 

The initial state is s = (t 0 ' d,N,H) where t0 
 is the schedule 
 

starttime,daretheinitialmachineavailabilties,withd.1  =0 for 

at least one machine, N = (1,...,n) includes all the jobs, and H is 

empty. At a decision time let the state be s, and at least one machine 

is available, with i 0 
 the available machine with lowest index. The 

decision will make machine i 0 
 unavailable for a time T. to be 
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determined by the decision. Based on the state s, and possibly using 

randomization, r will choose a job to start from N. or will choose an 

idle period. If an idle period is chosen, then T will be the length of 

this idle period, which will be generated from some distribution G 

determined by r according to s. If job j C N is chosen to start 

thenT=X.is generated from F.. In either case, the value of 

becomes known immediately. Following the decision by r the state 

is updated: let At = min(T,d i ,i 	is), then t := t+ At; d i  := d i  - 

At, i X i
0'  di 

 •= d. + T - At; N := N - {j} if job j was chosen, 
0 	0 

N := N if an idle period was chosen; finaly H is updated to indicate 

the allocation of machine i 0  and the job start if a job was started, 

and new information regarding future randomization may be added. 

We shall add three provisos on decisions: 

- If all the machines are available, a job has to start. 

- We assume that for any state s, T > 0, and the time until the 

next decision, At, satisfies E(At lAt > 0) > 6 (M) (in the case of 

randomization this has some complicated implications on G - however, we 

shall have no trouble verifying the condition for the schedules which we 

use in the proof). 

- We assume that if N = 4), an idle period of length T = max 

(ds  ..... dm) is inserted. 

The schedule is complete if N is empty and all machines are 

available. The proviso that not all the machines can be idle assures 

n 
that the length of the schedule is no more than 2 X. and therefore has 

j=1 

finite expectation. The lower limit on E(AtIAt>0), assures that the 
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number of decisions taken to construct the schedule has a finite 

expectation. The third proviso makes the schedule complete at the 

completion of the last job. 

The class of strategies H is much simpler than R. The 
0 

description is similar except that all the features regarding 

randomization and insertion of idle time are excluded. 

The next Lemma on the construction of strategies with no idle times 

is crucial to the proof of Theorems 1 and 2. 

Lemma 5:  Let v' C If be an arbitrary strategy which uses inserted 

idle time, then there exists a strategy r E II such that v is 

randomizing but does not use inserted idle time, and such that the order 

in which jobs are started, 41) 	I(n), has the same probability 

distribution under v' and v. Also, for all j=1 	n  E(Ci lv) < 

E(Ci lv'). 

Proof:  We prove the Lemma by describing the strategy v. We 

describe v by showing how a schedule is constructed by v. In addition 

to the state of the schedule constructed by v, which we denote by 

s = (t,d,N,H), we shall make use of an auxilliary state, 

s' = (t',d',N',H'), which will simulate the schedule constructed by v'. 

Initially we will have t = t' = t 0 , and s = s'. Subsequently we shall 

use 7' to update s' and use s' to update s. Starting from the 

initial states at time t0  we will make a sequence of decisions and 

updates, in such a way that both s' and s get updated at every 

decision, and we have always t' > t, N' = N, and both d and d' have 

at least one available machine. Assume that following a sequence of 

decisions we have states s, s'. We use s' to obtain the decision 
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taken by w', we generate a machine time T, and we update s' 

accordingly. We then update s: If the decision of 7' is to start an 

idle period, the state s remains unchanged. If the decision of r' is 

to start job j C N', we start job j on the machine with lowest index 

available in d, we use the same value of X. as realized in the 
J 

update of s', that is we use a machine period r = T', and we update 

s accordingly. 

We note the following: Whenever s is updated, it is by assigning 

a job to an available machine; hence the schedule described by the state 

s uses no inserted idle time. At a decision state s, a sequence of 

one or more decisions which are taken by w' determines which job is 

chosen to start out of N; these decisions depend on the state s and 

the auxilliary state s' but are otherwise nonpredictive, thus the 

choice of job j is randomized but nonpredictive; the assumption of the 

lower bound 6 (M) assures that the randomization process has a finite 

expected number of steps. Once the job j is chosen, its processing 

time X. is generated by F. in the update of s. We let the state 

describe the schedule generated by 7; we have seen so far that r is a 

randomizing strategy using no inserted idle time, for scheduling the jobs 

1,...,n. If we think of s' as part of the state history H, then it 

is clear that w C U. It is also clear from the construction that s 

is a state which also describes a schedule, namely a schedule constructed 

by w'. Moreover, for every realization of this construction, the order 

in which jobs start, I(1),...,I(n), is the same for the two schedules 

described by s and by s'; this proves the statement that the job 

starting orders have the same distributions under both strategies. It 
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remains to show that E(C.I 	) < E(C.I r' ). At any state s define u 

as the ordered vector of t+d o ,t+d i ,...,t+dm , and define u' 

analogously for s'. Initially, at t=t'=t0 , u = u'. We claim that 

thereafter, after each joint update of s' and s, u < u'. this is seen 

inductively: If r .  chooses inserted idle time, only u' changes, and 

it has its smallest component increased and then all its components 

reordered; this can clearly not reduce any component; if r' chooses a 

job, the same T is added to the smallest component of both u and u', 

and then they are both reordered, but then u' dominates u before 

reordering, and therefore also after the reordering. Since u' 

dominates u at every decision, job j starts earlier in s then in 

s',and,a-fortioriE(Cdr ) < E(C.I r' ). 	 0 

Immediately from Lemma 5, we have: 

Corollary 6:  The optimal schedule in II does not use inserted idle 

time. 

Corollary 7:  Allowing randomization in II or in II0  does not 

improve the optimal schedule. 

Proof:  Since the optimal policies use no idle time, the number of 

possible actions at a decision moment is at most n, and there are n 

decisions to be taken in the whole construction of the schedule. The 

proof is by backwards induction. 	 0 
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6. TURNPIKE OPTIMALITY OF SMITH'S RULE:  

The role of D2  and of 45 (M) :  

In the proof of Corollary 4 we saw that under every work conserving 

M  strategy 7r, if S
0
2  0 then for all j, E(S

j
2 
 I y) < ---D2  ; thus M+1 

2 D puts an upper bound on the expected remaining processing times at 

each decision moment. The inequality (16) which is proved in corollary 4 

was used in the proof of Theorem 1 and will also be used in the proof of 

Theorem 2. 

On the other hand, consider the j'th decision moment of a strategy 

rr E
0 
 at which job e starts its processing, and assume that all the 

other processors are occupied, so > 0, i=1 	M  Then directly Dii_ l  

from the definition 

E( min( Xy  Dli _ 1 , 	Dmi_i  )) > o (M) 	 (21) 

This puts a lower limit on the expected time between decisions, for every 

rr E II0 ' This is required in the proof of Theorem 2, but not in the proof 

of Theorem 1. 

Proof of Theorem 2:  

Let y E IT0 
 be a strategy which outperforms SR so that (7) holds. 

Rewriting (19) we have: 

n 	 n 
0 > E( 2 w.C. I r ) - E( 2 w.C. I SR ) 

	

j=1 3 J 	 j=1 J 3  

wn 

	

n 	 n 
= — {E( 2 p.C.1 r ) - E( 2 p.C. I SR )1 + 

il n 	j=1 J J 	 j=1 J J  

	

n-1 wk wk+1 	k 	 k 
2 (— -----) {E( 2 p.C1 r) - E( 2 p.C.I SR )1 

	

k=1 Pk Pk+1 	j=1 	"I 	 -= i 3 3 
JI 

	

Consider the jobs 1 	k whose completion times appear in 

(22) 

k 
E( 2 p.C. 17r). The strategy r provides a srategy in II for scheduling 

j=1 	J 
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these jobs which possibly uses some inserted idle times in the form of 

processing times Xt  where job R is started by v before job k, and 

R > k; v also uses randomization in scheduling jobs 1,...,k, since 

their order may be determined by the values of the inserted jobs R. For 

k = 1 	n-1, let 7(k) be the randomizing work conserving strategy 

for scheduling jobs 1 	k which is constructed in Lemma 5 from v. 

We rewrite (22) 

w 	n 	 n 
0 > - 12  {E( 2 µ.C. v ) - E( 2 A.C. I SR )1 + 

An 	j=1 J J 	 j=1 J J  

n-1 w
k wk+1 	

k 	N k 
2 (-- ----) {E( 2 A,C,I v(k)  ) - E( 2 A,C,I SR )} + 

k=1 Ak Ak+1 	j=1 ' J 	 j=1 ' J  

n-1 w 	w 	k 	 k 
2 ( k 	1(44 ) {E( 2 A.C.I 7 ) - E( 2 A.C.1 ;, k)  )} 

k=1 Ak µk+1 	j=1 J J 	 j=1 J J 	( 

We now apply corollary 4 to v (k)  and obtain a bound on the first two 

summands as in the proof of Theorem 1. This gives us the following 

inequality which must hold for any v which outperforms SR: 

M2 n-1 w, wi„.1  

(µ) max b2 
	2 (1%. 	L ) {E( 2 A.C.I r ) - E( 2 A 4Ci l ; 

2(M+1) 	
(k))1 

k=1 Ak Ak+1 	j=1 	 j=1 

We now obtain a lower bound on the difference between r and v(k) . 

Denote by la  the indicator of the event that r starts job R 

before job k - recall that SR is characterized by I tk  = 0 whenever 

R > k. Condition now on I
Pk 

= 1 for some R > k, and on the state of 

the schedule constructed by v, at the instant that the service of job 

Q starts. Let d 1  ..... dm  be the availablility vector of all the other 

machines, it consists of remaining processing times of jobs which have 

had some known amount of service, and of the full processing time of jobs 

which start simultaneously with job R. Let T = Min(Xedi,...,dm). 

( 23 ) 

(24) 
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Since w E II0  is not predictive, the remaining processing times are 

distributed like F.(x+v)/f.(v) where v is the amount of processing 

already received by job j, and so the time until the earliest next job 

start has expected value of at least (m) . Removing the processing of 

job R from the schedule will not increase any job completion time 

within jobs 1,...,k, and at least one job (either k or some job k' 

with k' < k) will start earlier by T. So the expected saving in the 

weighted flowtime (with weights p.) conditional on I
Pk = 1, where R > 

k. is at least pmin
(m) 

The saving by removing a job P which w has inserted in front of 

job k appears to count only once for every k. However, it is easy to 

construct w
(k) 

in several stages, starting from the schedule under w, 

and at each successive stage removing the last inserted idle job. Each 

such a removal will reduce the expected weighted flowtime of the sum over 

1 	k at least by the above amount. Note however, that if several 

idle jobs were inserted simultaneously, the removal of all of them from 

the schedule may have the same effect as to remove only one. So we can 

only assume an improvement of p
min 

6 (M)  / (M+1) in the expected sum 

over 1, 	k for each event rek  = 1, where R > k. 

We have thus shown: 

(25) 

E( 2 µ.C. ly ) - E( 2 p.C. Ir 	) > 2 P(Ipk  = 1) pmin  6 (M)/(M+1) 
j=1 	 j=1  J J 	(KJ 	P>k 

Using the lower bound on e
w--k wk+1 and summing over 
41( Pk+1 

k=1,...,n-1, we have: 

n-1 w 	w 
2 f 	 fE( 2 4.C.I r ) - E( 2 4jCj I r(k) )} > 	 (26) 

k=1 µk µk+1 	j=1 	 j=1 

n-1 
2 2 P(I k  = 1) (A/111) min  pmin6 (M)/ (M+1) 

k=1 P>k 



But 

n-1 
E( L I 	) < 	2 2 P(Inc  = 1) 

k=1 e>k 
and substituing (26), (27) in (24) the theorem follows. 

26 

(27) 

a 
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6. DISCUSSION  

We discuss briefly some related problems and directions for future 

research. 

An explicit formula for expected weighted flowtime. Our results are 

based on various formulas which we derived for expected weighted 

flowtime. The most general form is obtained by substituting (14) into 

(18). We have, if jobs are started in the order 1,2,...,n: 

n
1 	

n 
E( 2 w.C. 1 M+1 machines) = mil.  E( 2 w.C. 1 One machine) + 	(28) 

j=1  J J 	 j=1 J J  
2 

M 
2(14+0  2 w,p, (1 	' 

J 

2  ) + 
M 
 2 _. .(E(S.

2
) - E(Sj_

1
2)1 

J  j=1 "I  4 	C

i

. 	 j=1 I.4. 3 

The first term is the weighted flowtime on a single, M+1 fold speed 

machine; it depends only on the first moments of the processing time 

distributions, it is of order 0(n
2
), and it is minimized by SR. The 

second term is composed of per job delays caused by the parallel 

processing; it is a function of the means and the variances of the 

processing times, it is of order 0(n), and it is independent of the 

schedule. The last term is the intractable part which may depends on the 

full description of the processing time distributions as well as on the 

schedule. For large n it may however exhibit some limiting steady 

state behaviour. 

Preemptive scheduling of a batch of jobs on parallel machines.  

Preemptive scheduling of a batch of jobs on a single machine, to minimize 

weighted flowtime, is optimized by using a Gittins index policy (Gittins 

1979, 1982). On parallel machines this suggests to schedule at any 

moment the jobs with the highest Gittins index as a suboptimal heuristic, 
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analogous to the use of Smith's Rule in the nonpreemptive case. A very 

special case of i.i.d jobs with a two point distribution on two parallel 

machines has been analyzed by Coffman, Hofri and Weiss 1989. It would be 

interesting to generalize these results. 

Scheduling of a stream of arriving jobs. If jobs with various 

processing time distributions arrive at a single server in independent 

Poisson streams, then Smith's Rule and the Gittins index policy remain 

optimal (see Sevcik 1974, Klimov 1974, Harrison 1975, Meilijson and Weiss 

1977, Gittins and Nash 1977). Using these rules for parallel servers 

provides suboptimal heuristics. Clearly, there is now a nonoptimal end 

effect at the end of each busy period, as well as inefficiencies within 

each busy period which arise whenever the number of jobs falls below the 

number of mechines. Nevertheless it may be possible to bound the worst 

case behavior of these heuristics. 

Extensions to control of queueing networks. In Weiss (1988) Gittins 

type priority rules for scheduling customers in a queueing network which 

is served by a single server (the server jumps between the nodes of the 

network and provides preemptive service) are derived. These may provide 

some heuristics for more conventional networks in which all the nodes are 

served simultaneously by several servers in parallel. 

Restless Bandits. Whittle (1988) has recently considered some 

generalizations of Gittins' original Bandit process model. In scheduling 

terms these can be expressed as including several parallel servers as 
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well as exogenous changes in waiting jobs. Whittle suggests a Gittins' 

type heuristic for these processes, and conjectures that under the 

appropriate asymptotic conditions these may converge to optimal. Weber 

and Weiss (1990) discuss conditions under which the conjecture holds, as 

well as some counter examples. Our results in this paper provide a 

special case for which Whittle's conjecture holds. 

Queueing network heuristics based on diffusion approximations.  

Recently Wein (1987) has derived some heuristics for the control of 

queueing networks by considering heavy traffic conditions and using 

diffusion approximations. Some parts of these heuristics appear to be 

priority type rules to schedule several types of customers. It is 

intriguing to try and find a possible connection between our current 

work, Whittle's conjecture, and Wein's results. 
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Abstract 

We consider M machines in tandem with an 
infinite supply of jobs and no intermediate 
storage, and look for the order of the machines 
which will maximize the throughput. We show that 
if processing times on the machines are 
comparable in the sense of likelihood ratio, then 
it is optimal to use slower machines in the first 
and last position than in the second and 
penultimate positions. For 3 and 4 machines 
this implies bowl shape order of the machines. 
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1. INTRODUCTION :  

We consider a flowshop of M machines in tandem (series), with no 

intermediate storage between machines. An infinite supply of jobs are 

available in front of the 1 st machine. The amount of processing 

requiredbyjobjonmachineiisX ij
_We assume that all X..'s ij 

are independent random variables, and that for a fixed i, i=1,...,M, the 

processing times of all the jobs, j=1,2,... on machine i are 

identically distributed, that is
1  

ij X., i=1, 	M  Because there is 

no intermediate storage, blocking of machines can occur - machine i is 

blocked if job j has completed its processing on machine i, but 

machine i+1 still contains job j-1. Blocking as well as processing 

time determines the throughput of the flowshop - the amount of blocking 

may depend on the order in which the machines are arranged. The problem 

is to find the permutation of machines which will maximize the 

throughput. 

This problem has been investigated by several authours, see among 

others Hillier and Boling (1967), Yamazaki and Sakasegawa (1975), Muth 

(1984), Pinedo (1982), Yamazaki,Sakasegawa and Shanthikumar (1989). 

Analitical as well as numerical work has indicated some general 

principles for ordering the machines: For 3 machines Yamazaki and 

Sakasegawa (1975) have shown that if the X i 's are comparable in the 

sense of stochastic ordering then the best order is to put the two 

slowest machines first and last, and the fastest machine in the middle. 

This gives rise to the "bowl shape" order (sometimes also called 

SEPT-LEPT) - arrange machines in order 1,...,M with 

E(X1 ) > E(X2 ) 	E(Xm_ i )> E(Xm)< E(Xm+i ) 	E(XM). 



On the other hand, if there are 3 slow machines (processing time 

f=exp(1)) and a number of very fast machines (processing time--,=0), the 

fast machines can be considered as providing finite buffers for storage 

of jobs, and the optimal solution is to have the slow machines in the 

first, middle and last position, with the buffers divided equally between 

them (Pinedo 1982). This gives rise to a "saw tooth" order. It is very 

difficult to determine in general when one or the other of these rules 

provides a valid optimal order. Perhaps the principle formulated by 

Yamazaki et al, "Slow machines should be kept as separate as possible" is 

the best general rule. Yamazaki, Sakasegawa and Shanthikumar (1989) have 

carried out extensive numerical work to support this rule. 

In the present note we give an elementary and brief proof that if 

the processing times on the first two and last two machines are 

comparable in the sense of Likelihood Ratio Ordering then the optimal 

schedule is to have X
1 

> X
2 

and -MX_-1 < Xm . For 3 and 4 machines 
LR 	 LA 

this implies bowl shaped order. We note however that for 4 or more 

machines this does not necessarily imply that the overall slowest two 

machines are placed in positions 1 and, we have currently no Mj-1 

proof of this stronger conjecture. 

Let X and Y denote continuous nonnegative random variables with 

densities f and g. We say that X is larger then Y in the sense of 

likelihood ratio ordering, denoted by X > Y if 
LR 

(Y)  g(x) f(x)  < f g 	for all x < y. (y) 

Recently Shanthikumar and Yamazaki (1989) have derived results 

similar to ours, using different methods. 



2. FORMULATION AND NOTATION :  

.th 
The j 	cycle of machine i consists of a positive proitessing 

period Xij , followed by a nonnegative blocking periodB u  followed by 

a nonnegative idle period I..; we call H.. = 	 3 X.. 1j  + B 1
.. the ij

th 

 3 3 3 3 
holdingperiod;wecallC

1
..=X

1
..+B

1
..+I 1..the ij

th 
 cycle. Note 

that machine 1 is never idle, machine M is never blocked. In what 

follows we use for convenience the index j to label the cycles on 

machines 1,...,M, which overlap the period H u . To make this precise 

if lj labels the processing of job j' on the 1 st  machine then ij 

labels the processing of job j'-i+1 on the i
th 

machine. We shall 

name the ij
th 
 processingcyclejobJ

ij
_Figure 1 illustrates 

processing on 4 machines. 

C . 	
j
. 

	 C1j+1 

X. Bij_ l  X lj  
Xlj+1 

X
2j-1 

X2j B2j 
I
2j 

X2j+1 

X3j-1 
B 	. 
33-1 

I 	. 
3J-1 

X
3j 

X3j4.1  

X4J-1 X4j I 	. 
4j 

X4j+1 

Figure 1 : 4 machines flowshop. 

Let the start time of J 11 
be S

11 
= O. We now define several 

quantitives which enable us to express starting times of the jobs 

	

recursively, we denote the star 	 1j 	 Define D.. for 13 	 13 

i = 1,...,M, j = 0,1,... by 

S.. = S . - D.. 	 (2.1) 

	

1J 	1J 	ij-1 

Note that Du  = 0, D2j  = 0, and, by the labelling convention, D..13 > O. 



Let R
ij 	l 

X.
j 
 - 

Dij-1' 
 then job J

ij is completed at time 

S
lj 	ij 	l 

+ R 	= S.j 
	ij + X 	 -(2.2) 

Let Gi . = 	max {Rk .}, i = 2 ..... M, G li  = G2j  then job J. 	is 
i-1<k<M 

held, by its own processing or by being blocked until time 

We then have 

S + Gi , 	max {Sk . + Xki }. 
i-1<k<M 

(2.3) 

S..
ij+1 = Sljij . + G 	 for i = 1, 	M 	(2.4) 

	

= max {Sk4
' 
 + Xkj } 	i' = max{1,i-1} 	(2.5) 

i'<k<M 

In particular we see by comparing (2.4) and (2.1), (with j+1 

substituted for j in (2.1)), that 

	

D.. 	G . - G. 

	

ij 	lj 	ij-  

We also note that machine i will be idle following departure of job 

Jij for the duration 

Note that : 

I.. = D. 	. - D i j . 
ij 	1+1j 	ij 

D. 	> D
ij 	

i = 1,...,M-1. 

In addition to Likelihood ratio ordering we shall also use the more 

common relation of stochastic ordering. We say X > Y if P(X > a) > 
ST 

P(Y > a) 	for all a, or equivalently, if E[h(X)] > E[h(Y)] for all 

nondecreasing functions h. We note that X > Y implies X > Y. In 
LR 	 LR 

what follows we will require the following lemma : 

LEMMA 1  (Brown and Solomon 1973) 

Suppose X,Y are independent and X > Y. If h is a real valued 
LR 

function satisfying h(x,y) > h(y,x) whenever x > y then 

h(X,Y) > h(Y,X). 
ST 



3. MAIN RESULT :  

We will first investigate the effect of pairwise exchange_in the 

processing times of JM- 11 and  JM1 on the starting times of all the 

succeeding jobs. We condition on the values of D. 0 , i = 1,...,M and 

Xij  for all pairs ij except XM-11.XMl. Letsij(c,y)besiivillen 

XM-11 = x, Xml  = y. We now compare S..(x,y) with S..(y,x). Note that 

	

13 	 13 

the following Proposition deals with deterministic, non random 

quantities. 

PROPOSITION 1 :  

If x > y then S..(x,y) > Sij (y,x). 

Proof : 

Substitute j = 1 in (2.5) to get 

_ x,y) = max{ max {Xkl-Dk0}'x-DM-10'3r 
Si_ 

	= l ''''' M  ( 
i'<k<M-2 

Si2( y,x) = max{ max 
i'<k<M-2

{Xkl-Dk0}'Y-  

	

DM-10'x-DM0} 	i'= max{l,i-1} 

as defined, Dij  < Di+1j . Hence Si2(x,y) > S i2 (y,x). We proceed by 

	

induction, suppose Sij (x,y) > S ij (y,x) for i = 1, 	M then 

Si•+1
(x,y) = max {Xkj  + Sk_ ij (x,y)} 

i'<k<M 

Sij+1
(y,x) = max {Xkj  + Sk_ ij (y,x)} 

i'<k<M 

implies Sij+1 (x,y) > S ij+1 (y,x). 

We now consider the implications of the proposition on for 

stochastic processing times. Let X > Y, then by Lemma 1, 
LR 

S..(X,Y) > S..(Y,X). 	 (3.1) 13 	- 13 
ST 

Since (3.1) holds conditionally for any fixed values of D io  and Xij , 

ij A M-11, Ml, it also holds unconditionally. 

If for some j0 , we choose. X, and X 	Y then a pairwise M 130 	
Mi0 



exchange will result in S.. which is stochastically smaller, for all j ij 

> .10 . Hence, S ij  is stochastically minimized if we choose -Xm_ ij  ti Y, 

xm, X for all j. We therefore have: 

PROPOSITION 2:  

Assume X > Y. Let schedule A have Xm_ ii  Y, and Xmj ti  X. 
LR 

Let schedule B have X.ti X, and X. 	Y. Let schedules A and 

B be the same for all other jobs. Then for i = 1,...M, j = 1,2,... 

we have: 	< Sg 
ij 	ijST 

Proof: Consider a problem in which we have the freedom to choose 

separately for each j between two possiblities: Either have Xm_ ij 

 Y, X. 	X, or have Xm_ij  X, Xmj  Y. Let IT be an arbitrary 

schedule for this problem. Then we can change IT by a series of 

pairwise exchanges of Xm_ij andmj  to schedule A in such a way as to 

stochastically decrease all S..'s at each exchange, and at the same 
ij 

time we can change II into schedule B in such a way as to 

stochastically increase all S..'s. The proposition follows. 	 ❑ 
lj 

We now want to discuss the effect of using schedule A or B on 

throughput. There are several ways to define throughput in our context. 

One general approach is to define the stochastic throughput function 

n 
X. =  	for i = 1 	M 	(3.2) 
in 	S

i 
 
n+1 

Here Xin is the (random) number of jobs through machine i per unit 

time, measured up to the time of start of the n+1
st 

cycle on machine 

i. It is easy to see that 

n-i+1 Xin > X
ln  > 
	X.n 	in+i-1 

(3.3) 

Clearly if a steady state throughput is reached as n —400, then all the 



X. 's will converge to it so they are all asymptotically equivalent. By In 

proposition we have: 

A X 	> X. in - 	in 
ST 

(3.4) 

We can now state: 

THEOREM 1 :  

If X
l' 

X
2 

are comparable in the sense of likelihood ratio, and if 

Xm_i , Xm  are comparable in the sense of likelihood ratio, then the 

schedule which achieves the highest steady state throughput will have 

machines 1,2 and machines M-1,M ordered so that: X 1  > X2  and X
m  

-  
LR 

LRXM-1 

Proof : As n —"op for any permutation of the machines there will 

exist a limiting value of the throughput. By (3.4) the optimal order 

of the machines will have XM 
 > X

M-1 
 . By the reversibility property of 

LR 

flowshops (Yamazaki and Sakasegawa (1975), Muth (1979)) the limiting 

throughput is the same if the order of all the machines is reversed. 

Therefore the optimal will have X 1  > X2 . ❑ 
LR 

For the case of 3 and 4 machines Theorem 1 states that "Bowl 

Shape" ordering of the machines maximizes throughput. 

4. DISCUSSION :  

(a) The above results can be generalized somewhat by introducing 

stochastic order relation between vectors of random variables (see Ross 

1983). We say the vector X is jointly stochastically larger than the 

vector Y, X > Y, if for all nondecreasing functions h, E(h(X)) > 
ST 

E(h(Y)). We note that this definition implies that if H(X) is a vector 



valued function, such that H(X) is componentwise increasing in X, then 

X > Y implies H(X) > H(Y). 
ST 	 ST 

It is straight forward to show that the lemma of Brown and Solomon 

(Lemma 2) extends as follows : 

If H(x,y) > H(y,x) componentwise for x > y, and if X,Y are 

independent univariate random variables such that X > Y then H(X,Y) 
LR 

> H(Y,X). 
ST 

Using these wider definition we Gee that proposition 1 implies a 

strengthened version of (3.1), namely 

S(X,Y) > S(Y,X) 
ST 

For any vector of job starting times, say 

= (S11 --SM1' S12--SM2 
	Sln 	S ) Mn

. 
 

Extending the definition further (Ross 1983), we say that a 

parametric family (stochastic process) {X
a

}
aEA 

(Y
a

1
aEA 

if 
ST 

Xil ,...,X. > Y. 	Y
1.1.1 

for any finite subset 	
n

1 
C 
A. Then - 

n ST 1 

we have that if X > Y then 
LR 

{S..(X,Y)} i=1 	> {S..(Y,X)}. ij 
M  ST ij 	i 	M .  

j=1,2,... 	 j=1,2,... 

(b) The above extension immediately yields that the throughput functions 

X. 	are jointly stochasticaly ordered, that is (3.4) can be written 

A 	 B 
fX-di

= 
1 , 	m 	1 {x.n/i=1 	m. 

ST  
j=1,2,... 	j=1,2,... 

Furthermore, we can now introduce an alternative type of throughput 

function : 

Xi (t) = sup1j1S ij+Xij  < 	/ t 

A.(t) is the number of jobs per unit time that were completed on machine 



10 

i up to time t. Since all X i (t) are monotone functions of the 

S..'s, we have 
ij 

A 	 B 
{X.(0}. 	 {X.(01. 

1.1,...,M 	1=1,...,M .  
ST 

t > 0 	 t > 0 

We have not made explicit use of the assumption that )C 	are ij 

i.i.d.. Thus at first glance it may seem that it is enough to require 

for theorem 1 that X .> X2 . for each job j=1,2, 	 without assuming 
1SLR 

X
lj 

=== X
1 ,  X2j 

24 X2 (and similarly for M-1,M). This however is not the 

case — our proof is based on a pairwise exchange argument between XM_lj 

and Xmi_ l , that is we exchange processing times of two different jobs. 

It is easy to see by counter examples that the assumption of identically 

distributed processing times on the various machines cannot be totally 

relaxed. 
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Abstract 

We investigate the optimal allocation of effort to a collection of n projects. 

The projects are "restless" in that the state of a project evolves in time whether 

or not it is allocated effort. The evolution of the state of each project follows a 

Markov rule, but transitions and rewards depend on whether or not the project 

receives effort. The objective is to maximize the expected time-average reward 

under a constraint that exactly m of the n projects receive effort at: any one time. 

We show that as m and n tend to infinity with min fixed, the per-project reward 

of the optimal policy is asymptotically the same as that achieved by a policy 

which operates under the relaxed constraint that an average of m projects be 

active. The relaxed constraint was considered by Whittle (1988) who described 

how to use a Lagrangian multiplier approach to assign indices to the projects. 

He conjectured that the policy of allocating effort to the m projects of greatest 

index is asymptotically optimal as m and n tend to infinity. We show that the 

conjecture is true if the differential equation describing the fluid approximation 

to the index policy has a globally stable equilibrium point. This need not be the 

case, and we present an example for which the index policy is not asymptotically 

optimal. However, numerical work suggests that such counterexamples are 

extremely rare and that the size of the suboptimality which one might expect is 

minuscule. 

FLUID APPROXIMATIONS; GITTINS INDEX; LARGE DEVIATION THEORY; 

MULTI-ARMED BANDIT PROBLEM; STOCHASTIC SCHEDULING. 

* Postal address: Cambridge University Engineering Department, Management Studies Group, 

Mill Lane, Cambridge CB2 1RX, U.K. 
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1. Restless Bandits 

Whittle (1988) has recently studied an interesting generalization of the classical multi-armed 

bandit problem. The classical problem concerns n projects, the state of project i at time i being 

denoted zi(t). At each time t just one project is to be operated. If project i is operated then a reward 

gi(xi (t)) is received and the transition Mt) -+ xi (t+1) follows a Markov rule specific to project i. The 

n-1 projects which are not operated produce no reward and their states do not change. One thinks of 

a gambler who at each turn can pull exactly one of the n arms of a multi-armed bandit, or slot-

machine, and who desires to maximize his time-average reward by an optimal sequence of pulls.. 

Gittins (1970) (see Gittins and Jones (1974)) showed that an index policy is optimal for this 

problem. The Gittins' index, denoted by v i(;), can be calculated for each project as a function of the 

label i and state ; alone ; the optimal policy is simply to operate the project of greatest index. 

Whittle has studied a variation in which two generalizations are introduced. Firstly, at each 

moment exactly m of the projects are to be operated. Secondly, those n—m which are not operated 

may nevertheless contribute reward and change their state. A project is said to be active or passive 

depending upon whether or not it is operated. It is because passive projects may change state that 

they are called restless bandits (since we are now thinking of a multi-armed bandit machine for which 

even those arms which are not pulled change state). Whittle gave several examples of problems which 

are nicely modelled as restless bandits, for example the exhaustion and recuperation modes of n 

workers, where in must always be active. Here a change of state corresponds to a change of a worker's 

physical condition. A change of state may also correspond to a change of information. One might 

gain different information when making a project active than when making it passive. For example, 

projects might deteriorate in an unobserved manner when not made active. We might think of m 

helicopters trying to keep track of the positions of n submarines. 

For simplicity of exposition we suppose that all projects are of the same type: they have the 

same finite state space, with states labelled {1, ..., k), and change their state according to an identical 

Markov rule. It is convenient to formulate the model in continuous time. We suppose that following 

entry to state i the next potential change of state occurs at a time which is exponentially distributed 

with mean 1. At that time the project moves to state j with probability Pii (a), where action a=1 or 2 

denote respectively that the active or passive action was being applied to the state just prior to its 

potential change of state. Note that the diagonal entries of P(a) arc not necessarily 0, so the project 

may not actually change state. This unifortnization device is a standard idea in the study of Markov 

processes and simplifies the analysis. We shall also suppose that the transition matrices are such that 
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the states form a single closed class regardless of the policy employed. Reward is earned at a rate g(i,a) 

whenever the project is in state i and action a is taken. 

If one were attempting to maximize average reward over the infinite horizon for a single project 

the solution would be found from the optimality equation 

7 + max { g(i,a) 	> Pi i (a)f(j) }, 
a=1,2 	 i=1 

and 7 would be the time-average optimal reward. Consider now the optimality equation obtained if 

the reward received when taking the passive action is subsidised by an amount v. 

(1) 7(v) + 	= max 9(0) + 	Pii(l)f(i) 
i=1 

+ g(i,2) + 	Pi5(2)/(j) ) 

One thinks of v as a subsidy which is paid for taking the passive action. It is intuitive that as v 

—co it is optimal to make all projects active and as v +oo it is optimal to make all projects 

passive. The proportion of time for which it is optimal to take the passive action increases in v. One 

can interpret v as the Lagrangian multiplier associated with a constraint that the passive action be 

taken for a proportion of the time 1—a, 0<a<1. This leads us to consider a problem in which the 

constraint is relaxed to demanding only that the number of projects to be made active satisfies 

Em(t)=an in time average. It is clear that the policy which maximizes the average reward subject to 

this constraint satisfies (1) when v is pitched at the right level. A subsidy policy is defined by Whittle 

as a policy induced by (1) for some value of v and which resolves any tie between the terms within the 

maximization operator by choosing the passive action. However, except for a finite number of values 

of a, for which the non-randomizing v-subsidy policies are optimal, the appropriate subsidy v will be 

such that the active and passive actions are equally attractive for some state i. By appropriately 

randomizing the choice of action in this state a stationary policy is obtained for which the constraint is 

satisfied. Denote by r(a) the maximum average reward that can be achieved under the relaxed 

constraint; this can be expressed as (Whittle, Proposition 1) 

(2) r(a) = inf { 7(v) — v(1—a) }. 

(n) 
Clearly nr(a) is an upper bound for R opt (a), The maximal average reward to be obtained from n 

projects subject to the more demanding constraint that exactly m=an are to be made active at all 

times. The policy which achieves the value nr(a) simply applies the same policy to each project 

independently, making each project active, passive, or perhaps randomizing between active and passive 

actions, on the basis of the state of the project alone. We call this policy, which is optimal under the 

relaxed constraint, the relaxed-constraint optimal policy, or more briefly the relaxed policy, and denote 

it o' rei . 
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[Remark. If a and n are such that an is not an integer, then we interpret the constraint m=an 

as demanding that Laid projects be made active, n—rani projects be made passive, and the remaining 

project be made active with probability an—janj. This is consistent with the idea that the resource 

available for applying active actions is continuously divisible. This interpretation also avoids technical 

issues that are not central to our discussion.] 

Whittle defines the index v(i) for a project in state i as the least value of the subsidy v for 

which it could be optimal in (1) to make the project passive in state i. It turns out that this index 

reduces to the usual Gittins' index in the case that the passive projects do not change state and yield 

no rewards. If indexing is to be meaningful it should induce a consistent ordering, meaning that if it is 

optimal to make a project passive when the subsidy is v then it is also optimal to make it passive for 

all v f >v. The concept is formalized in Whittle's definition of indexabilily. 

Definition. Lei D(v) be , the set of states for which a project would be made passive under a v-

subsidy policy. The project is indexable if D(v) increases monotonically from 0 to {1, k} as v 

increases from —oo to +oo. 

Whittle's index policy, denoted Grind , is the one which at all times makes active the in (=an) projects 

of greatest index (where this is interpreted according to the remark above). For this policy we denote 

(^) the time-average reward for a problem with n projects by R ind (a). Clearly 

() 	(^) 
Rind(a) 	Ropt(a) < nr(a). 

One expects that under the relaxed policy the optimal reward per project will be close to r(a) and the 

policy will be nearly optimal. This is Whittle's conjecture, namely 

Conjecture. (Whittle (1988)) 

(4) 
(n) 

R ind(a)/n -4  r(a) as n, m -* oo,  m=an. 

Because it is possible to compute the v(i)'s the Tudex policy is easy to implement. The truth of the 

conjecture would make the index policy an attractive policy for the constrained problem, since we could 

be sure that for large n it nearly achieves a reward of nr(a); this is also a quantity that can be 

computed. 

The conjecture is plausible since, as n increases, one expects a weaker coupling between the 

states of distinct projects. If the relaxed policy is applied to n projects then the equilibrium number in 

(3) 
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/47,)i(a)/71 + (r) = max {.` (I/n) >2 xr„ a,) + Eaf(X) a 
1=1 

state i will be binomially distributed as B(nr i  , nir i (1—ir ; )), where 	is the proportion of time a 

single project spends in state i. If the initial distribution is the relaxed policy's equilibrium distribution 

and one starts to apply the index policy then, at least initially, the relaxed and index policies will differ 

in the actions they take on a number of states whose expected value is only 0({n), and the expected 

difference in reward per project between the policies will be OW 471). Since actions don't differ very 

much the equilibrium distribution of the index policy will also have about nr i  f O(fii) projects in 

state 1. 

However, we have discovered that conjecture (4) is false and we show this in section 4 using 

ideas from the theory of large deviations and a specific counterexample. The counterexample was by 

no means easy to find. We still believe the conjecture to be true in most circumstances. Section 3 

describes an analysis of the index policy using the theory of large deviations. In it we give a sufficient 

condition for the truth of (4). Section 2 begins the paper with a proof of a positive result: that the 

second inequality in (3) is an equality to within 0(iii). Thus for large n imposition of the more 

demanding constraint does not lead to substantial reduction of reward per project. 

2. The asymptotic reward of the optimal policy 

We begin by showing that asymptotically nothing is gained by the relaxation of the constraint. 

Asymptotically the optimal reward per project is the same for the constrained and relaxed problems. 

Theorem 1. 

(5) 
(n) 

It o pt (a)1 n 	r(cx) as n, m oo, m=an. 

Proof. Let ir be the equilibrium distribution for the state of a single project when the relaxed 

policy is employed. Consider the expected-average-cost optimality equation for the constrained 

problem. 

Here x i  denotes the state of project i, ai  denotes the action taken for that project, and X 1  denotes the 

state of project i subsequent to the next potential transition (which occurs after time exponentially 

distributed with mean 1/n), x , XE {0, k}" , aE{1,2)" . Assume data in the problem is such that ir 

is rational and n is such that nr is vector of integers. Let n i (x) denote the number of projects in state 

i. Suppose the state x is such that the number of projects in state i is exactly n i (x)=-- nr i  Then, 
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application of the relaxed policy satisfies the constraint that exactly m projects will be made active. 

Suppose now that the relaxed policy is applied to every project; denote by a: the action applied to 

project i. Moreover, suppose that for a time b the constant action a7 is applied to project i even if that 

project changes state. The expected number of potential state changes which occur during this interval 

of length b is nb. The expected reward obtained during the interval is bounded below by 

r(a) n nb 2  G, where G =2m az a 1  g(i,a) 1. Clearly the policy is suboptimal, so 

(6) lep)g (a) + f(x) .> 	br(c) n — nb 2  G + Ea./(X 6 ) }- 

Here 4 is.  the state of the project i after time b. Define, for any two states x and y, the distance 

d(z, y) as the minimal number of components in which x and y can be made to differ by permuting the 

components of y: this is d(x,y):=(1/2)E i  I n i (z)—ni (y) I. Note that n i (X6 )= Y1 -F• • • + Yk  where Yi  has 

a binomial distribution B(n j (x), P i (a j , 6)) and P i (a j , 6)= a ( I+ b P i (a j ) + 6 2  .1) ; (a j )12! + • • - ) 

denotes the probability with which a project in state j is in state i after time b given that the fixed 

action aj  is applied. From this, and the fact that n i (x)=nr i , it follows that the expected value and 

variance of 4 are ni (x)-1- no(b) and —25 n; {1—Pii (aj )} + no(b). By the central limit theorem and 

the fact that d(•) satisfies a triangle inequality, it follows that Ed(x, X 6 ) < no(b) + A 4716 for some A. 

Suppose we could show that there exists a B>0 such that f(y)—f(x) > — Bd(x, y), for any x 

and y. Then from (6) we would have 

(7) r(a) > ionp),(a)/n > r(a) — bG — B{o(b)15 + A1 ,575}. 

By taking b sufficiently small and then letting n-- ► co (through a subsequence for which n7rEZ k ) the 

right hand side of (7) has a limit greater that r(a)—e, for any c>0. This would prove the theorem. 

Since d(•) obeys a triangle inequality, it suffices to prove the claim of the above paragraph to 

consider z, y such that d(r,y)=1. Suppose this is the case and that x and y differ on project i. We 

use a coupling argument: suppose that in state y we apply to each project exactly the same action 

which crept  applies to that project in state x. We continue to do this until there is a potential change 

of state for project i. This occurs after a time which is exponentially distributed with mean 1 and we 

deduce from the optimality equation 

(8) f(z) - 1(y) 	—G + Ea{ f(x)-f(Y)}, 

where X and Y denote the states of the projects at the time of the first potential change of state for 

project i. Now d(X, Y)<1. Moreover, there is always some probability, say at least 0>0, that X i = Yi 

 and therefore that d(X,Y)=-.0. Thus from (8) , we have 
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min 	{1(z) — 1(01 > — G + (1-0) 	min 	{ f(z)—f(y) ), 
z,y: d(r,y)=1 	 z,y: d(s,y)=1 

which implies f(x)-1(y)) > —G10, completing the proof of the theorem. 

3. A sufficient condition for asymptotic optimality of the index policy 

In this section we consider the index policy, (r ind , applied to a collection of n projects. Let 

zn(t)=(z„i(t), 	, z,, k (t)) be a state for the system, where zni (t) denotes the proportion of projects in 

state i. Possible transitions of the process are of the form z n 	zn +(l/n)eii , where e15  is a vector 

with —1 in the i'th component, +1 in the j'th component and 0's in all other components. Consider a 

policy in which the m=an projects of greatest index are made active. We extend the definition of the 

index policy by stating that when an is not an integer then Lan] projects of greatest index are made 

active and then one further project, with a greatest index amongst those remaining, is made active 

with probability an—Lan]. Let and denote the transition rates from state i to j under the 

active and passive actions respectively. For convenience, we have chosen to write the transition rate 

matrices so that (q!ii), and (q.1) have columns summing to zero (which is contrary to the usual 

convention for Markov processes, but convenient in this exposition). The remainder of the paper does 

not employ the uniformization, but works directly with the transition rates. Define for any numbers a l 

 and a2 , and 1<i< k, 

= min{ zi  , max { 0 , 	E z„ 
h=i+1 

1—ui (z) = min{ zi  , max { 0 , 1—a — E zh  }iZi. 
h=1 

0 1 (z, at , a2) = ui (z)a l  + (1— u i (z))a 2  

Here u i (z) and 1—u i(z) are the probabilities that a project which is selected at random from amongst 

those which are presently in state i will be made active or passive. Under the index policy the 

transition rate associated with eii  is nqii (zn)z ni , where 

•• 

(9) qii (z) = 4,;(z, glii , ej i) = 	u i (z)q iji 	(1—u i (z)) q:1 1 }. 

Define the path z(t) starting at z(0), E zi (0).1, by the differential equation 

(10) dzIcIl = E q.„(z)z i e, ;  = Q(z)z, 
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or equivalently, dz i /dt = E qii (z)z i  — E qp (z)z i . This is the fluid approximation for z„(0. 
tOi 	 tOi 

A sufficient condition for the asymptotic optimality of the index policy can be stated as follows. 

Theorem 2. Let it be the equilibrium distribution of a single project operated under the relaxed-

constraint optimal policy. Suppose that the differential equation (10) has no limit cycles, nor do its 

solutions behave chaotically. Then if the projects are indexable, (10) has the unique fixed point r and 

z(t)-+r for all 40). Furthermore conjecture (4) is true: RLn)d (a)/n r(a), as n and m increase to 

infinity with m=an. 

Firstly, we prove a lemma which shows that indexability implies that it is a unique fixed point. 

Consider a single project. Suppose it is indexable and that, without loss of generality, v(1)<•-•<v(k). 

Let cr(i3 O) be the policy which takes the passive action in states 1, ..., i-1, the active action in states 

i4-1, •••, k, and which takes the passive and active actions in state k with probabilities B and 1-0 

respectively, 0<0<1. Let a(i 3 O) denote the time-average proportion of time that the active action is 

taken using policy c•(i3 O). 

Lemma 1. Suppose the project is strictly indexable, such that v(1)<.-• <v(k). Then a(i 3 O) is a 

strictly decreasing function of 0. 

Proof. y(v) is a convex, piecewise-linear, increasing function of v. This follows from the fact 

that the in the set S of stationary nonrandomizing policies, a policy 0- ES has a reward function, say 

7.7 (v), which is linear in v and -y(v) = m ax { 7 0 (v) }. Also, 7(v) is strictly increasing for v>v(1). 
yes 

By indexability and the definitions of v(i-1) and v(i) we have that 

7,7(0) (v) = 7(v(i-1)) 	(v—v(i-1))(1—a(i 3 O)) and 

7,,(0) (v) = 7(v(i)) 	(v—v(i))(1—a(i,1)) 

are both subgradients to 7(v) at v=v(i). Hence 

7 ( , (0) = 7( v(i-1 ) ) 
	

v(i)— 	—1))(1—o (1,0)) 

Now since v(i-1)<v(i), 

(12) 	 7,,(0)(v(i -1 )) = 7( , (i)) + 	-1 —v(i))(1—a(i,1)) < 7(v(i-1)). 
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So (11) and (12) imply a(i 3 O)>a(i,1). Now suppose that r °  and 7r 1  are the equilibrium distributions 

of policies c•(40) and er(i,1). The equilibrium distribution induced by 0.(i3 O) is a linear combination of 

71.°  and r i , namely r °  =(1— p)r °  + p 71- 1  , where p =0 71- ti)  / {0 r + (1— 0)71) . Note that 

irf=altr!/{041-(1-0)7rn. Thus a (i3 O) =1 — (r ei  + +4_ 1 + 4) is the ratio of two linear functions 

of 0 and is therefore monotone as 0 goes from 0 to 1. Since a(i 3O)>a(i,1) it must be strictly 

decreasing. This proves the lemma. 

We shall also make use of the following theorem, due to Alan Weiss (1988), which states that on 

average zn  does not much differ from a fixed distribution C. 

Proposition. (see Weiss (1988) Theorem 2) Suppose there exists a probability distribution 

such that for every initial probability distribution z(0) the fluid approximation dz/dt= Q(z)z has 

C, and the transition rates g ii(z) are bounded and Lipschitz-continuous. Then for every e > 0 

there exist positive constants c 1  and c 2  such that for any initial state z i,(0) 

- 
(13) 	 li rn 	f P( 	

rtc2 
zn(u)—CII2 >e ) du < c i e 	. 

t--occ 

Weiss' proof of this result follows the ideas in Freidlin and Wentzell (1984), where similar theory 

is developed for diffusions, rather than Markov jump processes. We have stated Weiss' proposition in a 

form in which we will use it. In fact, we can also have state dependent exogenous arrival and 

departure rates, provided these are also Lipschitz-continuous. 

Proof of theorem 2. Note that our gii (z) are indeed Lipschitz-continuous. Observe also that in 

state zn (t) the index policy has instantaneous reward per project of Eo i (zn(t), g(i,1), g(i,2)), where we 

use the function eh that was defined at the start of this section to evaluate the reward obtained by the 

mixing of active and passive actions. Similarly, if x is the equilibrium distribution of the state of a 

single project under the relaxed policy then r(a)=Ech , ; (7r, g(i,1), g(i,2)). Clearly ¢ i (::„(1), g(i,1), 

g(i,2)) is a continuous function of z over a compact region. Suppose for the moment that (10) has the 

unique equilibrium r. Since we assume (10) has no limit cycles or chaotic behaviour it must be that 

for any initial distributions z(0), z(i)- ► r as t--000t Taking C=.7r Weiss' proposition implies that the 

difference between r(a) and en d(a)/n can be bounded by 

2 max I g(i,a) I eie n
et  + 
	sup 

tot 	 E I OA; 90, 1 ), g(i,2))-0 i (r, g(i,1), g(i,2)) I . 
z z 42<e 

This may be made smaller than any arbitrary lb by first choosing e such that the second term is less 
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than n/2 and then taking n large enough that the first term is also less than 71/2. 

The proof of the theorem is completed by showing that Q(z)z has the unique zero Q(7)7r=0. 

Note first that Q(7r)/r=0, since (from (10) and the following line) this is simply a statement of the 

balance equations for the equilibrium distribution of the relaxed policy. Similarly, if (;-r- were a 

second probability vector such that Q(()C=0, then ( would have to be the stationary distribution of 

some other policy of the form o(i3 O), such that a(i3 O)=a. But this would contradict lemma 1. Hence 

Q(z)z=0 has the unique root z=ir. This completes the proof of theorem 1. 

4. Suboptimality of the index policy 

It has been established that conjecture (4) is true if the differential equation for the fluid 

approximation has an equilibrium point which is globally stable within the k-1 dimensional space of 

probability vectors. Indexability was used as sufficient condition to guarantee uniqueness of the 

equilibrium point. In this section we begin by showing that even if it were known by some other 

argument that the equilibrium point is unique, indexability is a necessary condition for the stability of 

that point. Although lemma 2 is interesting in itself, the main reason for its presentation is in order to 

explain how the question of the stability of the equilibrium point of (10), which is apparently a 

nonlinear differential equation, reduces to a question of the stability of a linear system. In the second 

part of this section we use these ideas to explain a counterexample to (4) that occurs because the 

equilibrium point is unstable. 

Lemma 2. Suppose that for a given a the stable point of (10) is the equilibrium distribution 7, 

and i is a state such that, 0<a i (70<1; uj (ir)=0, j<i; ui (r)=1, j>i. Suppose that z °  and 7r 1  are the 

equilibrium distributions of policies o(i 3 O) and o(i,1). Recall that o(i 3 O) is the nonrandomizing policy 

which takes the active action in states , k, and the passive action in states 1, , i-1. cr(i,l) is 

the nonrandomizing policy which takes the active action in states i+1, 	, k, and the passive action in 

states 1, 	, i. Then in order that z(1)—,71- for all z(0) it is necessary that a(i,1)<a(i 3 O). Equivalently 

this is 

(14) 	 a(i,l) = 4 1 4+•••-4-7- 2 = a(i3 O). 

Note that (4) might be true for some values of a and untrue for others. Condition (14) must 

hold if (4) is true for any a between a(i,l) and a(i 3 O). If (4) is true for all a then indexability is 

required. 
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Proof. Let VI be the Ith column of the matrix (q;5 ). In a region Ci , defined as the closure of 

the set { z: 0<u i (z)<1, Ez i =i }, equation (10) can be written 

	

dz(t)I di = 	b, where 

b = (1 —ce) 

(15) 	 A i  = ( 	— 	1 • • 	— 	1 	— 	I q ik  — 	), 

and A i  is a matrix partitioned by columns. Interestingly, (10) in just a linear differential equation in 

region C. Indeed dzI di is linear in z in each of k regions, C1 , Ck. We can eliminate z i  from the 

right hand side of (10). (This is a consequence of the fact that z is constrained to the k-1 dimensional 

subspace of probability vectors.) Let A. be the (k-1)x(k-1) matrix formed from A i  by deleting the 

i'th row and column and let 7 and Tr-  be k-1 dimensional vectors formed from z and r by deleting the 

i'th component. From d(7—'?"70/di=A ;(7-71) we see that if z(t)-or for all z(0) then A i  must be a 

stability matrix. Thus the eigenvalues of A i  must have negative real parts. Using the fact that 

_ q k = 2 
gi n. / Egir.kf-1 

)/,r,-1, k=1,2, 

we can eliminate and q! from (15), to get .A i = Q ;  B; , where 

= 	I 	I q7--1i ql+ii 	) 

B1 = 4-1 	71/7! I ••• 1 r 1 /iri I 1' 0 / 741 '••1 1' 0/ 72 ) - 

Here Bi  is the sum of the identity matrix and a rank-2 matrix having all its first i-1 and last k—i 

columns identical. Q.  is a Metzler matrix (of negative diagonal and nonnegative off-diagonal entries) 

and has nonpositive column sums. Therefore its Perron-Frobenius eigenvalue is nonpositive. In fact, 

this eigenvalue cannot be zero, for if >0 were the corresponding eigenvector we would have 

Q(rr)( 1 , 0, ,G)T =0, which contradicts the irreducibility of Q(1r). hence the real 

parts of the eigenvalues of Zi must negative and Q 1  is a stability matrix. A necessary condition for a 

dxd matrix to be a stability matrix is that its determinant have the same sign as (-1) d  (since this has 

the sign of the product of the real eigenvalues when all are negative). Therefore clet(B i ) is necessarily 

positive. It is not hard to show that det(B i)=(1-4—• • • —4_ 1 — irl +j — • • • —71)/47r!, which is 

positive if and only if (14) holds. This completes the proof of the lemma. 

Consider now the problem described by the following data in which k=4. All the following 

matrix calculations were carried out using the software PC-MATLAB 3.10. 
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(qp) 

qi) 
(

i  

- 

= 

. 5 

0.5 

1.0 

1.0 

-2.5 

0.5 

1.0 

1.0 

0 . 0025 

-0.2825 

0.28 

0 

0.5 

-56.5 

56.0 

0 

0 

0 

-2.0 

2.0 

0 

0 

-2.0 

2.0 

1.0 

0 

1.0 

-2.0 

1.0 

0 

1.0 

-2.0 

g(j,l) = 

g(j,2) = 

0 

10 

10 

10 

10 

10 

1 

0 

In states 1, 3 and 4 the transition rates are the same for both passive and active actions. In state 2 the 

passive rates 4, are chosen to be 200 times the active ones qz i . The reader can check that projects are 

indexable and that as the subsidy for passivity increases from -oo through the values -10, 0, 9 and 

10, the set of states which ought to be made passive, D(v), increases monotonically by the addition of 

states 1, 2, 3 and 4 in that order. Suppose a is chosen so that the relaxed-constraint optimal policy 

makes state 1 passive, states 3 and 4 active, and state 2 passive or active with some probabilities 9 and 

1-0. Then 

X2 

-3.0 

-55.0 

1.0 

-0.0025 

-2.28 

2.0 

0.9975 

0.72 

-2.0 

    

A2 is not a stability matrix since its eigenvalues are -7.4037 and 0.0618 ± 3.9670 i. This leads to a 

counterexample to conjecture (4). Suppose we take a =0.835. For this value of a the relaxed policy is 

passive on state 1, active on state 3, and active and passive on state 2 with probabilities 

916200/925153 (=0.990323) and 8953/925153. (=0.009677) respectively. The equilibrium is 

7r=(0.1644, 0.0973, 0.3281, 0.4102). 

For this value of a the solution to (10) does not tend to it as t--400. Numerical integration of 

(10) shows that the fluid flow approximation for the index policy actually tends to a limit cycle of 

period 1.6384498 in which the state for which 0< tt i (z)<1 alternates between state 1 and state 2. So, 

in contrast to the relaxed policy, projects in state 1 are sometimes made active. The proof which Weiss 

12 



gives for the proposition in section 3 can be adapted in an obvious way to a version in which the 

assumption that z(t) tends to a unique equilibrium, Q(C)(=0, is replaced by the assumption that z(i) 

tends to a unique limit cycle for all initial probability vectors z(0). It can then be shown using 

arguments similar to those in section 3, that the asymptotic average reward per project of the index 

policy is the reward obtained by averaging the reward function around the path of the limit cycle. For 

our data this integral comes to 10-1.26577x10 -4 . Clearly the relaxed policy achieves an average 

reward of 10. Thus the index policy is asymptotically suboptimal, by the tiny amount of 0.0012%. 

5. Conclusions 

For the data of the counterexample in section 4 there is a heuristic policy which is 

asymptotically optimal. Suppose that m/n=cr and the relaxed policy takes the active and passive 

actions in state 2 with probabilities 1-0 and 0. Suppose there are n 2  projects in state 2. Consider the 

policy which makes min{ (1-0)n2, m} of these projects active, and then makes enough of the 

remaining projects in states 1 and 3 active, to bring the total number of active projects to exactly 

m=an. (Which projects in states 1 and 3 are made active does not matter since the transition rates do 

not depend on the action taken in these states.) The resulting Markov process is a migration process 

and satisfies detailed balance equations. So one can find expressions for the equilibrium distribution 

and show that it has asymptotically the same proportions of projects in each state as the relaxed 

policy. 

Conjecture (4) is always true when k=2. In this case the regions C 1  and C2  have a single point 

as their boundary. The trajectories of dz/dt must enter one or the other of these regions and never 

leave it. The only behaviour consistent with this is z(t)--.7, so the conditions of theorem 2 are met. In 

fact, for the case k=2 we have derived expressions for the equilibrium distribution of the index policy. 

One can give a direct proof of the truth of conjecture (4). It turns out that the asymptotic difference 

between 142(a)/n and r(a) is even less than 0(1/{5.). 

Our counterexample had k=4 and it is not clear whether there might a counterexample with 

k=3. Certainly it will be harder to discover such an example, since we can show that when k=3 

indexability always implies the stability of Ai. Thus the equilibrium point of (10) is at least locally 

stable. 

By randomly generating values for the active and passive matrices, Q1  and Q2 , we have found a 

number of counterexamples for k=4 and k=6. In our earliest experiments we generated the off-

diagonal entries in these matrices as uniform random variables in [0,10] and then multiplied the 

columns by random factors. Roughly 90% of the test problems were indexable, but in a sample of over 

13 



twenty thousand test problems no counterexample to the conjecture was found. Counterexamples were 

finally discovered by restricting attention to test matrices for which Q t  and Q2  differed in just one 

column, as in the example of section 4. Our thinking was that for this very specialised case a proof of 
F 

the conjecture or a counterexample might more easily be discovered. The experiments were rewarded 

with counterexamples. While we did not try to accurately estimate their frequency, our impression is 

that counterexamples were produced for less that 1 in 1000 test problems. The size of the asymptotic 

suboptimality of the index policy was no more than 0.002% in any example. Of course one should not 

place too much emphasis on results which depend on the way test problems are generated. We may be 

missing a class of examples for which the degree of suboptimality is greater. A better understanding 

might lead to more dramatic counterexamples, but the reasoning that led to the counterexample in 

section 4 does not seem to help. Nonetheless, the evidence so far is that counterexamples to the 

conjecture are rare and that the degree of suboptimality is very small. It appears that in most cases 

the index policy is a very good heuristic. 
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Abstract 

We consider scheduling a batch of jobs with 
stochastic processing times on parallel machines. We 
derive various new formulae for the expected flowtime 
and weighted flowtime under general scheduling rules. 
Smith's Rule, which orders job starts by decreasing 
ratio of weight to expected processing time provides a 
natural heuristic for this problem. We obtain a bound 
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Introduction:  

One of the simplest yet most useful results in scheduling theory is 

that flowtime (sum of all the waiting and processing times of all the 

jobs) is minimized by the SPT (Shortest Processing Time First) rule. 

This result holds for a single processor (Smith, 1956) as well as for 

parallel processors (McNaughton, 1959). For the often more applicable 

weighted flowtime objective function (where the waiting and processing 

times are weighted by different cost per unit time for each job) the 

optimal sequence of jobs on a single processor is in decreasing order of 

weight to processing time ratios (Smith, 1956), the so called "Smith's 

Rule". Minimization of weighted flowtime on several parallel machines 

is, however, an NP-hard combinatorial optimization problem for any fixed 

number of machines greater than 1 (Carey and Johnson 1979, Lenstra, 

Rinnooy-Kan and Brucker 1977). Scheduling the starting times of the jobs 

according to Smith's rule provides a suboptimal heuristic for this 

problem, whose worst case performance is 1.2071 times the optimal value 

(Kawaguchi and Kyan 1986, Weiss et al. 1987). 

In the present paper we examine a stochastic version of these 

problems, where we assume that the processing requirements of the jobs 

are not known in advance but are drawn from some known probability 

distributions. The single processor results generalize easily to 

stochastic processing times: SEPT (shortest expected processing time 



first) and Smith's Rule (decreasing order of weight to expected 

processing time ratio) respectively minimize the expected flowtime and 

the expected weighted flowtime. 

Results for parallel machines are much more complex. SEPT remains 

optimal for flowtime in a wide range of problems, though the proofs are 

no longer elementary. SEPT is optimal when job processing times are 

exponentially distributed (Bruno, Downey and Frederickson 1981, 

Glazebrook 1979, Pinedo and Weiss 1979, Weiss and Pinedo 1980). It is 

also optimal when the job processing time distributions are all of them 

tails of a single IHR (increasing hazard rate) distribution (Weber 1982). 

Both these results are special cases of the remarkable result of Weber, 

Varaiya and Walrand (1986) that SEPT is optimal whenever the processing 

time distributions of all the jobs are stochastically comparable in 

pairs. That result seems the most general possible. It does not extend 

to weaker comparison conditions, and SEPT fails to be optimal in general 

(see Pinedo and Weiss 1987 for counter examples). Very little can be 

said on optimality of Smith's Rule for expected weighted flowtime on 

parallel machines: Kampke (1987) discusses some special cases. 

If SEPT and Smith's Rule are no longer optimal on parallel machines, 

two questions arise: What is the optimal policy and how far are SEPT and 

Smith's Rule from it? 

On the first question, I believe the search for the optimal policy 

in the general case is futile. First, the problem is NP-hard; it seems 

likely that one can find a parametric family of distributions for which 

even minimization of expected flowtime is NP-hard. But the difficulties 

go beyond the computational effort involved: if SEPT or Smith's Rule are 

not optimal then the optimal policy may be extremely complicated to 



describe and to implement - it may involve dynamic scheduling with 

inserted idle time, and may depend on the entire processing time 

distribution of each job rather than on a few parameters. Needless to 

say, the data to estimate these distributions in such detail will rarely 

be available in practice. Pinedo and Weiss (1987) discuss some very 

simple problems which have quite complicated optimal solutions; it is 

easy to imagine problems with optimal solutions of almost any degree of 

complexity. 

How far SEPT and Smith's Rule are from optimal can be measured in 

two ways: in terms of the expected value of the objective function, or 

in terms of the differences between the policies (this difference can be 

expressed for example by counting the number of jobs which a realization 

of the optimal policy does not start according to Smith's Rule). In the 

present paper we give a complete answer in terms of the objective 

function. This answer is extremely favorable to Smith's Rule and SEPT. 

Using the weight, the mean processing time, and one additional 

simply calculated parameter of the processing time distribution of each 

of the jobs, we calculate a bound on the difference between the expected 

objective function values. As long as the values of these three relevant 

parameters remain bounded, the bound on the expected difference does not 

grow with the number of jobs n. Thus under the assumption that the 

weights and the processing time distributions of all the jobs satisfy 

some uniform boundedness conditions we have that even though the expected 

(weighted) flowtime will as a rule increase as 0(n2), the expected 

difference in objective value between SEPT (or Smith's Rule) and the 

optimal policy will remain bounded by a constant, independent of n. 

The uniform boundedness is clearly essential here, without it the 



worst case performance ratio for deterministic jobs is -1.2, so the 

difference is 0(n2). However, an assumption of uniform boundedness on 

processing time distributions is in general much less restrictive than 

for the deterministic case. In many problems all that will be required 

is uniform bounds on the means and variances of the processing times: 

this still permits any mixture of actual processing time values to occur 

and seems a reasonable requirement. 

The results of this paper are derived in sections 4-11. While 

deriving the bounds for the objective function we obtain some insights 

into the nature of parallel processing, and some useful formulas for 

expected flowtime and weighted flowtime. The results are summarized in 

section 2, and a plausibility argument is given in section 3. 

With the question of how well SEPT or Smith's Rule will do in terms 

of the expected value of the objective function settled, it remains to 

ask how different are the actual policies from the optimal. The 

plausibility argument indicates that SEPT may not be optimal towards the 

end of the schedule. We conjecture that SEPT and Smith's Rule have a 

turnpike property (for a definition of turnpike optimality, see Shapiro, 

1968) - asymptotically, for large n, most of the optimal decisions will 

be according to SEPT (or Smith's Rule). Such a turnpike result does 

indeed hold, and will be the subject of a forthcoming paper. A turnpike 

optimality result for a special case of a preemptive scheduling problem 

has been proven in Coffman, Hofri and Weiss (1988). 

We conclude this paper with a discussion of some possible extensions 

to preemptive scheduling problems, the relation to Gittins index, and to 

various control problems in section 12. 



2. Summary of Results  

Jobs 1,..., n require processing times X
1 
	X

n
, nonnegative, 

which are drawn independepently from some given probability distribution 

functions F
1 
	F

n 
but their actual values are not known in advance. 

Throughout this paper we assume that X 1 ,...,Xn 
are independent random 

variables, and that they are furthermore independent of when and how the 

jobs are performed, that is they are independent of the machines and of 

the schedule. We assume nothing special about the form of F I ,...,Fn ; 

We let p
1 
	p

n 
and a

1
2 
	ant be their means and variances, and 

assume finite third moments. Machines 0 	M first become available to 

start the processing of these jobs at times U00 , 	UMO' with 

U00 +...+ UMO= O. Jobs are then processed by the machines in parallel, 

with no preemptions and no inserted idle times. Let C 1 ,..., C1 be the 

completion times of the jobs. Two objective functions are of interest: 

n 
the flowtime 2 C. which is the sum of all the completion times 

j= 1  

(waiting plus processing times) of all the jobs, and, more generally, the 

n 
weighted flowtime, 	2 W.C. where the jobs are weighted by individual 

j=1  J J 

costs per unit time, W 1 ,..., W. Two policies suggest themselves for 

these objective functions: SEPT - start jobs in the order of shortest 

expected processing time first, and the so called "Smith's Rule" denoted 

by SR - start jobs in decreasing order of weight to expected processing 

time ratio. On a single processor. SEPT and SR minimize the expected 

flowtime and the expected weighted flowtime respectively. On M+1 

parallel processors this is not generally the case. 

In the present paper we prove that while SEPT and SR may not be 

optimal, they are very nearly optimal. In section 3 we give a 



plausibility argument for these results. 

The results in section 4 are combinatorial in nature and apply to 

any processing times X 1 	X
n
, deterministic or stochastic. 

(a) Decomposition of flowtime: Assume jobs are started in the 

order 1,...,n, with processing times X 1 ,...,X
n , and are processed by 

machines 0,...,M with no preemptions or inserted idle time. In analogy 

with the definition of U00 ,...,Umo  we define for any 0< m< n: Let 

Uom 	Umm  be the ordered times at which the machines complete the 

service of the first m jobs to star 	 i = 
Om' 

1 	M ( where m = 0,1 	n) - these are the ordered remaining 

processing times of jobs on the M busy machines, when a machine becomes 

available for the start of the m+l'st job. Then the weighted flowtime 

can be decomposed as: 

n 	 n 	n 
1 	 1 

j2 1 W.C . 
= 

M+1 j2 
1 
 ( k2 

j 
 Wk) X.  + 

"I  j
2 

 1 	 1 
W. (M X. - 	2Dij _ 1 ) §4(4.9) 

=== = 	J 	=1  

(b) The job processing time remainders D.., i=1 ..... M, 
ij 

j=0,1,...,n, can be calculated by a Markowian recursion: D
lj 	DMj 

are the ordered values of the M largest values minus the smallest value 

2 	1 	2 	1 among Xj ,Dij _ 1 ,...,Dmi_ i . Let Sj  = 1,71 	 RIRTTT( iyii )
2
, for 

0< j< n. Note that S .2.i  are the sample variances of Uoi ,...,Umi , (or 

equivalently of 0,D 1i ,...,Dmj ); in particular, S0, Sn
2  
 measure the 

"raggedness" of the beginning and the end of the multiprocessor schedule. 

The D. .'s satisfy the Key Formula: ij 

n M 
2 2 2 2 

X.Dii-1 	
0 

= M 2 X. + M(M+1) S
2 

- M(M+1) S
n
2  

j= 1 i=1 	 j=1 
§4(4.12) 



(c) Flowtime under SPT: If U00= 	= UMO= 0, and jobs are 

started according to shortest processing time first, then: 

n 	
1 

j=1 	j=1 
= 141-71- 1;1  (n-j+1) X. + 171.4 	in 

2 i U 	 §4(4.18) 
j=1 	 i=1 

In sections 5-8 we derive various formulas for expected flowtime and 

expected weighted flowtime, under various assumptions. Proceeding from 

the special to the general we obtain the following results: 

(d) If the job processing times X 1 ,...,X
n 

are independent 

identically distributed with E(X.) = p, Var(X.) =
2
, the expected 

flowtime is: 

n(n+1) 	n   E( 	C.) 	 M  
§5(5.6) 

j=1 
2 	

2 

2(M+1) 4  2(m+1) 	( 1  - a2) 

4 

2 
M SO 	M E(X3 )  M-1 (4

2
+a

2 )  
(71 M+1 342 	M+1 *1-

3 

	

+ 	( 	

2 
E(Sn) 
	

M E(x3)  M-1 (42 +a
2 

)2 ) 
2 	p 	M+1 342 	M+1 443 

where the first 0(n2) term is the single machine flowtime speeded up 

(M+1) times, the second 0(n) term incorporates steady state delays per 

job caused by parallel processing, the third 0(1) term corresponds to non 

steady state initial conditions, and the last term, which because of the 

limiting behavior of E(S
n
2  ) will under suitable conditions go to zero as 

n—° and hence be o(1), corresponds to non steady state final conditions. 

In section 5 we apply formula 5.6 to four examples of i.i.d. processing 

time distributions: deterministic, exponential, uniform, and DFR. 

(e) If the job processing times X 1 ,...,Xn are independent and all 

have the same mean, E(X.) = p, but may have different variances 

2 
Var(X.) = a., then for any work conserving (no inserted idle time) 



nonpreemptive schedule, the expected flowtime is: 

n 2 
2 a. 

n(n+1)n M 	IT'LL\ E( 2 C.) = 2(M
+1) +1) • 	2(M+1) 
 A (1 

j=1 	 n
2 

§6(6.1) 

_ M S0 	M  E(S2) 
 

2 p 	2 

  

  

In this expression, the only part which depends on the schedule is E(S
2
). 

Apart from that term and the initial conditions given by S o2  , the 

2 
expression depends only on A and on 2 afn. We show that in this case 

j=1 j  

minimization of flowtime is equivalent to minimization of makespan in L 2 . 

In the following results (f-i) the job processing times X 1 ,...,X
n 

are independent but follow general distributions F l ,...,F
n 

with E(X.) 

2 	3 
= p-

J
, Var(X.) = a., E(X.) < co. 

J 	J 

(f) For any work conserving nonpreemptive schedule the expected 

weighted flowtime, for weights which are equal to the expected processing 

times (W. = p j ), is: 

2 

	

n 	n 
   2 a. 	§7(7.1) 2 1 2  4  1  

( 	A.) 	2 	Ai 	204+1 ) j1 
E( 2 ..) = 2(M+1 ) 	

j=1 J J 	 j=1 j=1
4C 

 

M 2 
- 	So  + 

M 
 E(Sn

2 
). 

Again, the only term which depends on the schedule is E(S
2
). 

(g) We can rewrite the general weighted flowtime in terms of the 

weights µ 1 ,. ,µn :  

n 	W n w 	W n-1 
2 w.c.  = n 2 1.1.c. 	( n-1 	a) 2 A.c.  

j=1 " An j=1 	J 	An-1 An j=1 

W 1 	W2 	
1 

+ 	• - + ( 	) 2 u.C.. 
µ l 	A2 j=1 

§8(8.1) 

n 



n 	a.
2 

M  

2 W.A.(1 2(M+1) 	j j 	n.2 
j 1  

§8(8.2) 

W W 
Note that if jobs are indexed according to Smith's rule, that is —

1 > -2 

4 1 42 

W  > ---, then all terms in (8.1) are nonnegative. 
4nn 

If jobs are started in the order 1 	n then each subset of the 

form 1,...,k is scheduled with no inserted idle time, and by 

substituting (7.1) in (8.1) we get: 

E( 2 W.C.) = 	E( 2 W.C.I one machine) j=1 	M+1 	j=1  

n W. 
14 2 	---1 [E(S.2 ) -- E(S.T. )] J -  

+ -
2 	• 	- .I i= 1 	J 

In sections 9-11 of the paper we derive bounds on the performance of 

the SR heuristics: 

(h) Consider now several classes of strategies and let: 

0 - the strategy of starting jobs in the arbitrary given order 

1,..., n with no inserted idle time. 

1 - optimal list scheduling strategy. 

II2 - optimal dynamic scheduling strategy. 

IT
3 

- optimal dynamic scheduling strategy with inserted idle 

time. 

II4 - optimal dynamic scheduling strategy when the actual value 

of the processing time of a job becomes known when its 

processing starts. 

Then, 



10 

E(2 W.C.Iff
0  ) > E(2 W.C.Iff 1  ) > E(2 W.C.)Iff 2  ) 
	S9(9.5) 

> E(2 W.C.Iff
3 
 ) > E(2 W.C.1 114  ) J J   

(i) If we take the special weights A l 	An (7.1) holds for IT as 

well as 11
4 and so: 

0 < E( 2 	u - E( 2 	 M E(Sn2 Iff0 ). 	§7(7.10)A 
j=1 	 j=1 

Applying (7.1) and (9.5) for the subset of jobs 1 	k  where jobs 

1 	k are the first k jobs in the schedule under II ' for any fixed 

k, (1 < k < n) we get for an arbitrary strategy II from any of the 

classes of strategies in d: 

E( 2 A.C.111„,
u

) - E( 2 A.C.Iff 	M ) < - T E(Sk2  

	

ilT0 ). 	S7(7.10)B 
j=1  J J 	j=1 

where S
k as defined above is the sample variance of the times at which 

the machines finish jobs 1,..., k under Uo . 

(j) Let 

b2 = max 	max .1"  (x-s) 2  dF.(x) / (1 - F.(s)) 	S10(10.1) 

	

1<j<n s>0 	s 

The value 52 is an upper bound on the second moment of the remaining 

processing time of any uncompleted job. 

Then, if So  = 0, 

2 	M -2 E(Sk  ) < RTT- D 	k = 1 	n 	 §10(10.2) 

Combining (7.10), (10.2) and (8.1) we then have: 

W 	W 	W 
Theorem(§11,11.1): Let —1 > -2-> 	> 	then: 

	

4 1 42 	4nn 

m2 	W1 2 D E(2 W.C.ISR) - E(2 W jCj III4 ) 	2(m4. 1 ) 41  
J J 

§11(11.1) 
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3. A Plausibility Argument  

The main result of this paper, Theorem 11.1, is to show that the 

difference in the expected objective function when using SEPT or SR as a 

heuristic as against the optimal policy is, under suitable conditions, 

bounded by a constant. The suitable conditions are that there exists a 

uniform bound (as n-) on the second moments of residual processing time 

distributions, see (10.1) in the previous section for definition. This 

implies that the ratio 

R 
E(objective heuristic)  

 - 
E(objective optimal) 

converges to 1 as n-, whenever E(objectiveloptimal) --)co as n--30*. As a 

rule one can expect that 2C. and 2W.C. increase like. il(n
2
), in which 

J J 

case the uniform bound on the difference implies R = 1 + 0(1/n
2
). We 

now discuss the plausibility of such a result. 

As a first step we show how to obtain R = 1+0( -
1 	

behaviour. 
1,f-n 

Proposition 3.1:  Let E(X 1 ) < 	< E(Xn); Then 

SEPT) E(Flowtime 	 2nM E(max(X 1 ,...,Xn)) l 
R - 

 
(3.1) 

< 1+ 	  
E(FlowtimelOPT) 	E(nX1+...+Xn) - nME(max(X 1 ,...,Xn)) 

n 
Therefore, if 	2 (n-j+l) EX. 	Q(n2), and E(max(X 1 ,..., Xn)) ti  0(yr71) 

j=1 

then R = 1+ 0(.-‘-i  
n 

Proof:  Assume jobs are started in some arbitrary order 1,...,n and C
m 

is the completion time of the m'th job on the M+1 parallel machines. 

Since all the jobs 1 	m-1 start prior to job m, at time C
m there 

may be at most M jobs among 1,...,m which are still running, and 

these remaining jobs run for at most max(X 1 	X
m
). Thus the amount of 
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work done on jobs 1, 	m up to time Cm 
is at least 2. m  X - 1=1 i 

M max(X
1 ' 	Xm

), and with M+1 processors to do the work C m 
is at 

1 	 M 
least KITT- 2 i

m
1
Xi ITITI-max(X 1 	Xm). On the other hand, job m can 

1 start no later than FITT- 2 m  i=lxi M+1 Xm  and so it has to complete at 

1 	 M 
the latest by — 

M+1 2. m 1  X. + M+1  ----Xm 
 . We therefore have the celebrated 

1= 1  

result of Graham (1976) that: 

m 	 m 
1 	 M 	 M 

2 X 	--- max(X ,...X ) < C < — 2 X. + 	max(X,...,X) (3.2) 
M+1. , j 	

1 
M+1 	1 	m - m - M+1. , j 	M+1 	

1 	m  
j=1 	 j=1 

Summing over m=1...,n and recalling that E(ny...+Xn) is minimal if 

E(X 1 )<...<E(Xn), we have 

E(FlowtimelSEPT) < Tg7I-E(nx1+...xn) + Tgi-n E(max(X 1 ,...,Xn)) 

E(FlowtimelOPT ) > 1 	 Tgi-n E(max(Xi  ' 	Xn)), 

and (3.1) follows. 	 ❑ 

E(ny...+Xn) will be Q(n2) if jobs are i.i.d with finite mean 

E(X.) independent of n; if in addition we also have finite variance 

V(Xj ) independent of n, then E(max(X 1 ,...,Xn)) < 0(1./). Downey 

(1989) has recently shown that for i.i.d jobs E(max(X 1  ..... Xn)) < 

0(nl/k) if E(X
11) < 03. One can therefore perhaps expect that R = 1 + 

0(1/n). Similar behaviour can be argued for weighted flowtime and SR. 

It is therefore not surprising that SEPT and SR are asymptotically 

optimal under uniform boundedness conditions. However, we claim much 

faster asymptotics than the above proposition indicates. The 

plausibility argument in this section tries to explain that. 

Consider scheduling deterministic jobs to minimize flowtime. The 

flowtime on a single machine, when jobs are scheduled in the order 

1 	n is nX 1 
 +(n-1)X

2
+...+ X. In other words, during the processing 

of the 1st job, job 1. n jobs are waiting; during the processing of job 
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j. (n-j+l) jobs are waiting, and during the processing of the last job 

only one job is waiting. Clearly we need to have X 1  < X2 ... < Xn  for 

the optimal schedule. 

For parallel machines, almost the same argument works, though it 

needs to be taken from last to first (see Figure 3.1) 

Figure 3.1: Flowtime on Parallel Machines.  

Consider some schedule on M+1 parallel machines. Let J
1 
be the set of 

all the jobs which are last on their machines; J 2  all the jobs which are 

before last, etc.: Jk  are jobs which have k-1 jobs following them on the 

same machine. Assuming no idle times on any machine, the flowtime is: 

n 
2 2 kX.. We therefore want to have the M+1 longest jobs in J 1 , the 

k=1 jeJk  

next M+1 longest in J2 , etc; this yields the SPT schedule - start jobs 

according to shortest processing time first. 

This argument does not work for stochastic processing times since 

the sets J 1 ,J2 ,... cannot be assigned in advance. 

For the sake of completeness we mention an alternative approach for 

the deterministic problem: Let Tk  < Te  be instants at which machines k 

and E first become available; assume jobs are scheduled according to SPT; 

let nk , ns  be the number of jobs scheduled on machines k, P respectively. 

Replace Tk  by rk+A and rs  by Ts-A; this will increase the flowtime by 

A(nk-ns ). But A(nk-ns ) > 0 since under SPT, nk  > ns . An inductive 

proof for optimality of SPT follows easily from this observation. This 

proof method can be adapted to stochastic processing times and is used by 
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Weber, Varaiya and Walrand (1986) to show that SEPT is optimal if 

processing times are comparable with respect to the stochastic order 

relation >S1  (defined by X >sT  Y if P(X > x) > P(Y > x) for all x; 

equivalently, if E(H(X)) > E(H(Y)) for all nondecreasing H). 

We return to the plausibility argument: The argument in favour of 

SEPT (as well as for Smith's Rule), is that at the beginning of the 

schedule there is a large number of jobs waiting and SEPT (or Smith's 

Rule) tend to reduce the number of jobs (their cost rate) fastest. This 

argument suffices to prove optimality for a single processor, and it 

applies to parallel processors as well. For parallel processors there 

exists, however, a counter argument: Towards the end of the schedule, as 

jobs are completed, there are no more new jobs to start and the 

processors fall idle one after the other; this means that processing at 

the end becomes inefficient and this of course has an effect on the 

objective function. Thus it seems that one ought to try to reduce these 

inefficiency periods. Minimization of these periods is hard (in the 

deterministic case, for two machines, it is equivalent to minimizing the 

makespan which is NP-hard), and it is not achieved by SEPT. If anything, 

it is asymptotically best to use LEPT to minimize makespan and the 

inefficiency periods (see Frenk and Rinnooy Kan, 1987). Nevertheless 

this inefficiency at the end is a boundary effect and is of marginal 

value - in particular it does not grow with the number of jobs n, unless 

the lengths of the jobs grow with n. Our conjecture is that this end 

effect is the only counter indication against optimality of SEPT (or 

Smith's Rule). Making this statement precise is the idea behind this 

paper. 
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4. Decomposition of Flowtime and of Weighted Flowtime  

In this section we derive some useful formulas for decomposition of 

the flowtime and the weighted flowtime. Throughout this section we 

consider jobs 1 ..... n which require processing times X 1 
	X

n 
and are 

started in the order 1, 	n- jobs are processed without preemptions and 

with no inserted idle times. We let C
1 
	C

n 
denote their completion 

times. 

The results in this section are for deterministic processing times 

and are of a combinatorial nature. We later regard them as sample path 

identities for the stochastic case. Much of the insight in these results 

follows by deriving them in easy steps: first for 1, then for 2, and 

finally for M+1 machines. 

Case 1: Single Machine. 

The completion time of job m is Cm  = X1+...+ X. Adding up we get 

for flowtime and weighted flowtime: 

n 
2 C. = nX

1
+(n-1)X

2
+...+ X

n 
j=1 

n 	n n 
2 W.C. = 2 ( 2 Wk

) X
j 

j=1 J J 	j=1 k=j 

Case 2: Two Machines: 

(4.1) 

(4.2) 

We shall assume processing on the two machines starts at U0  < V 0 V0 

with U0 
 +V

0 
 0, = 0 and let D0 	0 = V -U0 ' Let Um  < Vm  be the times at which -  

the two machines complete all the jobs 1 	m and let D = Vm 
 -U 

m
. 

m  

Clearly, Um+Vm  = X 1  +...+ X
m . Job m+1 starts at Um

, and so: 

Cm+1  = Um+ Xmfl  = (Um+Vm)/2 - D
m
/2 + Xm+ , = 

1 = 	(X1+...+ Xm+1 ) + 	(Xm+ , -Dm ). 

(4.3) 
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Adding up we get: 

n 
1 

2 C. = — (n X 1+(n-1) X2  +...+ Xn) 
j=1 3 	2  

(4.4) 

+ 
1

((X 1 -D0 ) + (X2-D 1 ) +...+ (Xn-Din-1 )). 

and 

n 	n 	 1 

	

W.C. 	
1 	

2 
( 	W,) X. + 7.7 2 W 4  (X 

IC 	3  
3  

	

*=1 JJ 	j=1 k=j j= 1  
(4.5) 

We recognize the first part in these formulas as the flowtime 

(weighted flowtime) for a single machine working at twice the speed of 

(4.1), (4.2). The second part consists of individual job delays caused 

by parallel processing. 

We now consider the sequence of D
m
's. At time Um when job m+1 

starts on one machine, D
m 

is the remaining processing time of the last of 

the jobs 1 ..... m, which is running on the other machine. It is easy to 

see that 

Dm+1 = IXm+1-Dm 1. 	 (4.6) 

If X 1 ,..., Xn  are independent random variables, {D m} form a Markov chain. 

The awkwardness of absolute value in (4.6) disappears when we square 

and sum over m. 

2 D. = 2 (X.-D. )
2 

j=1 3 	j=1 	3-1  

from which we obtain the key formula 

n 	 n 
2 2 2 X.D. 	= 2X. +D -D 

2 
j= 1 J J - I 	j=1 	0 	n 

Case 3: M+1 machines 

(4.7) 

Let U00  < U10  K 	< UMO  be the times at which the M+1 machines 
M 

first become available. We assume 2 U. = 0. For m = 1 
0 

i=0 
n let 
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U
Om Ulm 	. , 

< 	UMm 
 be the times at which the M+1 machines complete 

the processing of jobs 1 	m- let D - U. -U 	i = 1 	 D
im 	im Om' 

m= 0, ...,n. 

Proposition 4.1: The flowtime on M+1 machines is 

n 
 C. 	1 

j=1 	
M+1 2 (n-j+

1 ) X. 	
1 

j=1 	
M+1 2  (MX. 	

2 D  

j=1 	
i=1 ii-l) 

and the weighted flowtime is: 

n 	 n n 1 	 1 
2 W 	- 	2 ( 2 W, )X. + 	2 W.(MX. - 2 D. 	) 

j=1 	- M4-1  j=1 k=j K j 	M+1 j=1 	 i=1 	-1  

Proof: 

Job m+1 starts at U
Om 
 and completes at Uom+ 

Xm+1. 
 We have 

m 	M 	 M 
2 X. = 2 U. = (M+1)U + 2 D im . 
j=1 	i=0 im 	 i=1 

Hence 

m+
C l_ —

m.11.1 

m+1 
X. + 

M x 1 

j=1 	M+1 m+1 
	14.4.1 2 D. im 

(4.8) 

(4.9) 

(4.10) 

and (4.8), (4.9) follow. 	 ❑ 

The MaticovianrecursionforD
im 

 , 1=1 , 	M is: 

Proposition 4.2: The values D
lm+1 < 	< DMm+1 consist of the ordered 

values of the M largest among Xm+1 . D lm ' 
	 DMm minus the smallest among 

Xm+1 .  Dlm 
	 D. 

Proof: Follows from the fact that the completion time of jobs 

1,..., m+1 on the M+1 machines occur at Uom  + Xm+1 , Ulm ,..., Umm . 
	❑ 

ThejohprocessingtimeremaindersD
im 
 ,i = 1 	M m = 0 	n can 

also be counted in a different way: Consider all the pairs of machines, 
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0 < k < e < M; for a particular pair k,e let n'(k,e) be the number of 

jobs performed on these machines. Let j' = 1,...,n'(k,e) be an index 

k 
countingthejobsintheirstartingorder,letX

(
.:
e)  be the processing 

times, and let D
(k:e) 

j
, 
= 0, 	n'(k,e) be the remaining processing 

times all relative to the pair of machines (k,e). We show: 

Proposition 4.3: There exists a 1-1 correspondence between the 

(k,e) (k,e) 
pairs 	 ) and the pairs (X.,D.. ) where j'= J -1 	 j 1j-1 

1 	n'(k,e), 0< k< e< M, and j= 1,...,n, i= 1,...,M. 

Proof: Consider (X ,D. 
j ij 	

) Le t k be the machine on which job 
-1 • 

j is processed, let e be the machine which at the start of job j has 

the remaining processing time Dij_ 1 . Consider the pair of machines 

k,e; job j is performed on one of them (in fact on k); let j' be 

	

(k, 	
J

e) 	(k,e) 
„ its index relative to the pair of machines k,e. Then (X.D.,

-1 
 ) 

is the pair which corresponds to (X.,D.. ). This correspondence is 
J ij-1 

clearly one to one. 	 ❑ 

In particular: 

We now show: 

n M 

o<ka<m 11; (.:; e1 j.-1  
2 E .i-1 = 2 	

D 
j=1 i= D 1 l 	

2 
 n'(k,e) (k,e) 

(4.11) 

2 	1 	 1  Proposition 4.4 - Key Formula: Let S. = 	2 D.  n 1 2 
j 	ij 	M(M+1) (  i=1 	 i=1 

(this is the sample variance of 0,D ij ,..., Dmj  or equivalently U0j ,..., 

Umj ), j = 0, 	n. Then: 

	

n M 	 n  2 
0 

2 2 2 X.Dij-1 = M 2 X. + M(M+1)S
2 
- M(M+1)S

2 

	

j=1  =1 1-1 	 j=1  

Proof: By proposition 4.3: 

(4.12) 
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n 	M 	 n'(k,R) 
2 2 2 X.D.„ = 2 2 2 	

2 	x(k.R) 

j=1 i=1 J 	 0<k<RM 	j'=1 	J 	- 1 

Applying (4.7) to each pair of machines this equals 

n'(k,R) (ic,e) 2 	(k 
0 
 ,e) 2 	(k,e) 1 2 1  

2 2 	{ 	2 	(X j 	
) + (D 	) - n'(k,R)) 

0<k<R<M 	j'=1 
 

(4.13) 

(4.14) 

The summation over all pairs (k,e) includes each X2 j = 	n, j , 

exactly M times. Also, D (k ' R)  equals U
k ' 0 

 -U 	for some pair of indices 
 

(k',R') so that going over 0 < k < e < M, 	goes over all the 

(k,e pairs; Similarly, Dn , (k
)
e)  equals Uk„n-Ue ,,n . Hence (4.14) equals 

n 
2 

M j1X'  0<k<R<M 2 2 I(Uk0-U20
)2 

U2n)2}  =  
(4.15) 

Expression (4.12) follows from the well known statistics formula: 

2 	(as-a
t
)
2 
= L 2 a

2 
- ( 2 a )

2 

1<s<t<L 	 s=1 s 	s=1 s  
(4.16) 

An Aside on SPT: 

The decompositions (4.4), (4.8) allow us to get explicit formulas 

for flowtime when jobs are scheduled according to SPT. We look first at 

two machines. We let U0  = 1/0  = 0, and for SPT we have X 1  < X2 	Xn . 

Then the jobs start on the two machines in alternating order, D I  < D3 

 <..., and D2 
< D

4 
<..., and the successive periods of length D. are 

consecutive and not overlapping, see Figure 4.1. 

'
D 	

2: 	4 1 
I

1 : 	
D 	

,D 

3 	
D
S 

X2  1 	x4 	I 
x i l 	x3  I 	xs 	I 	' 
Figure 4.1: SPT on two machines  
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More precisely, with Do  = 0, D1  = X 1 , and by induction D i+ , = Xj4.1 -Dj 

 (since if we assume D. = X.-D, 	then then Dj  < X. K 	Xj+1  ); 	also U. 	Vj 

 n-1 
j = 0,...,n-1. Hence 2 D. = U and 2 (X.-D. ) = V n

. V
n 

is however 
j=0 J 
	n 	j=1 	J-1  

the makespan and so, by (4.4) we have, for 2 machines. 

(FlowtimeISPT on 2 machines) = 	 (4.17) 

= 1 
	 1 
(FlowtimeISPT on 1 machine) + 	(MakespanISPT on 2 machines). 

On M+1 machines we have: 

Proposition 4.4: Let U00= 	= UMO= 0 be the starting times of the M+1 

machines, let jobs be scheduled by SPT so that X 1 
 <...< X

n
, and let U 

On 

<...< Umn  be the finishing times for the M+1 machines. Then 

n 	
1 	 1 C. - 	2 (n-j+1) X. 4. 	

2in 

J 	M+1 	- in 
j=1 	 i=1 

(4.18) 

Proof: We use (4.8) and (4.11). To obtain 2 2 (X 4 -D
i

. 	as in 
i 	4  

(4.8), we look at all pairs of machines (k,e). For a pair (k,R) we 

(k,R) 
calculate 2 (X(k, ,

R) 
 -D., 	). The n'(k,R) jobs on these two machines are 

j  
, 

again scheduled by SPT, so the sum equals the makespan V
(k R) 	

which 
n (k,R) 

is the finishing time of the later of these two machines. Summing over 

allpairsofmachines,UMn 
	 in 
getscountedMtimes,andingeneralUgets 

counted i times. The proposition follows. 	 ❑ 
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5. Flowtime for Random IID ,Jobs. 

In this section we consider jobs whose processing times X 1 ,...,Xn 

 are drawn independently from a common distribution F. For this case we 

obtain explicit formulas for the expected flowtime. We then apply these 

to get the expected flowtime for four specific examples of processing 

time distributions. 

We let 4 = E(X), 0
2 

= V(X) be the mean and variance of F, and assume 

E(X
3) < 03; for simplicity we also assume in this section that F is non-

arithmetic; we say that F is arithmetic (sometimes also called lattice) 

if it is concentrated on the set of points O,±A,±2A 	 see Feller 

(1971, p136), otherwise F is nonarithmetic. 

Imagine that there is an unlimited number of jobs which are 

scheduled on several parallel machines. The completion times of the jobs 

then form independent renewal processes. Consider an instant at which a 

job completion occurs on one machine, and examine the remaining 

processing times on the other machines. To be specific, let U io , 

i = 0 	M be the initial starting times of the machines, and assume 

that a job is completed on machine k at time u. Observing the other 

machines at time u (conditional on U
10 	 

UMO and on u), the remaining 

processing times on the other M machines, {D 1 ,...,Dml, are independent 

forward recurrence times of the renewal processes, and for u co they 

converge to M independent random variables identically distributed with 

the equilibrium distribution. Let D. denote a random variable from the 

equilibrium distribution; it has probability density function f e (x) = 

F(x)/µ (where f(x) = 1-F(x)), and 1st and 2nd moments (p 2+a2 )/24 and 

E(x
3 )/3p (Cox 1962). 
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Some care is needed in the preceding description: The independence 

hinges on the fact that we condition only on u. Independence still holds 

if we take the random instance U at which the completion of the jth job 

on machine k occurs, and condition on j. In contrast to this 

independence, if we condition on the event that the m'th job completion 

(counted on all the machines) occurs at time u (fixed or random), the 

remaining processing times on the other machines are no longer 

independent. Even conditioning on the event that the job completion at 

time u is of one of the first n jobs processed on all the machines 

destroys the independence; this point was raised by Van der Wal and 

Hordijk, (1987). Nevertheless, as m -3 ■ 03, the joint distribution of the 

remaining processing times on the other processors, D 1m  < 	< Dmm , 

converges to that of an ordered sample from the equilibrium distribution. 

To prove this convergence we need to examine the Markov chain of D
1m 

DMm' m = 0,1 ..... for iid X. Feller (1971, Chapter VI, Section II 

example f, p. 208) discusses the chain Dm+ , = 1Xm+l-Dm l, and Cox and 

Miller (1965, pp. 362-365) briefly discuss the multivariate chain; we 

were unable though to find a complete statement of the following theorem 

in the literature. 

Theorem 5.1:  For F nonarithmetic, DlmMm  converge in 

distribution as m -300 to D
103 . 
	DMco with joint probability density 

function fe(x) = MF(x 1 )... f(xm), x l  <... < xm . 
4 

Proof:  The proof is based on the approach in Feller, 1971, Chapter VIII, 

Section 7, pp. 270-274, which discusses ergodicity of Markov chains in 

discrete time with a general state space, and with a stationary 

transition kernel K(x,dy). Feller proves the following Theorem (Feller, 

op.cit, theorem 2): A strictly positive regular kernel K is ergodic if 



and only if it possesses a strictly positive stationary probability 

distribution a. We use an adaptation of this theorem to show that the 

chain Dim  C... < D 	ergodic with convergence to the stated 

distribution f 
e
(x). The proof requires the following steps: 

(i) It is easily checked that fe (x) is the density of a strictly 

positive stationary distribution for the kernel K. 

(ii) The kernel is regular (as defined in Feller, op. cit, 

definition 3) - this follows easily from the fact that our transition 

kernel operates like a convolution. 

(iii) While for general nonarithmetic F the kernel is not strictly 

positive (as defined in Feller, op. cit, definition 1) it can be shown 

that it is asymptotically strictly positive in the sense: 

Definition:  The kernel K(x,dy) is asymptotically strictly positive in n 

C RM  if for every e > 0 there exists N so that for all n > N, K
(n)

(x,I) > 

0 whenever the point x and the interval I satify: x E 0 n (0,1/e) M , I C 

0 n (0,1/e)M , and IPi (I)1 > E i= 1, 	M (Pi (I) is the projection of I 

on the i'th coordinate). This fact follows again from the convolution 

like nature of the kernel, utilizing a proof similar to Feller, Chapter 

V, section 4a, pp. 147-148. 

(iv) The proof of Feller's theorem 2 can be modified to work when 

strictly positive is replaced by asymptotic strictly positive. The proof 

works in RM  as well as in R. 

The proof is rather technical and given in the Appendix. 	❑ 

For the next proposition we consider the limits of E(2. 
1  D. ) and 1= in 

M 2 (2. D. ) as n--00. Since we have that (D
ln 	

D
Mn

) converge in 
1=1 in 

distribution to (D
le° ' 
	Dn.), weTilay 11 0 p e t ha t 1=11 e 11 t s of the  D in 's 

will converge to moments of Di.. Existence of moments of the D ime 's is 
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clearcut: E(Dk )< co if and only if E(D k)< co, which happens if and 
ico 

only if E(Xk+1 )< 00. However, existence of the moments and convergence 

in distribution does not in itself guarantee convergence of the moments. 

As is well known (Billingsley 1982), if E(Dico 
 )< co and D

in
distr 

Dim 

as n---4, 00 then a necessary and sufficient condition for E(D. in )  

E(D.
i 
 )isthatD.in 

 be uniformly integrable. A family of random 
co  

variables Z
a
, aeA, with distributions Fa

, is said to be uniformly 

integrable if 

lim sup f z dF
a
(z) = 0. 

a— aEA a 

Unfortunately we were unable to ascertain under what conditions uniform 

integrabilityofD.
n 
 holds. 

We note however two points: First, define 

(k) 	 1  D 	= sup 
1-F s 	

(x-s)
k 

dF(x) 	 (5.1) 
() 

s>0 

(we define a similar quantity 15
2 

in section 10 (10.1)). Clearly, the 

conditionth oisasufficieraconditionforDin to be 

uniformly integrable for all R < k. Second, consider the renewal 

process with intervals distributed like X, let D
t be the forward 

recurrence time for this process at time t. Then the Key Renewal 

di 
Theorem implies that D t—str

+ D. as well as E(D t ) ---i■ E(D.) whenever 

E(X
k+1

)< co. Thus the Key Renewal Theorem provides an indirect proof that 

if E(X
k+1 )< co then are uniformly integrable. The similarity 

be tween the forwardrecurrenc e timesEitandour D
in  

's leads us to 

believe that the condition b (k) < co is overly stringent and E(X
k+l )< 

 co 

may in fact be sufficient. 

n M 
We now turn to the value of E( 2 2 Di.-1  ) which appears in the 

j=1 i= , 1  



flowtime expression (4.8). By Theorem 5.1, if we assume uniform 

M 

	

integrability, E( 2 D. ) 	M (cr
2
+A

2)/2A as m 00. In fact the 
i=1 	1111  

convergence may be fast enough so that the deviations from the limit form 

a convergent series. We have: 

Proposition 5.2:  Under the assumption that D2. are uniformly 

integrable: 

n 	M 	 2..„ 2 
lim E 2 2 (D.. - 2e--) = 
n-om 	j=1 1=1 1J-  

S0 M(M+1)  0 	M2-3  ) 	M(M-1)(a2+A2 ) 2 

2 	V 6A
2 	

SA
3  (5.2) 

Proof:  We use the key formula (4.12), and take expectation on both 

sides: 

n M 2 
E 2 2 2 X.D 	= E{ M 2 X. + M(M+1)S

2 - M(M+1) S2  }. (5.3) 0 
j=1 i=1 	1j-1 	j=1 

On the left hand side we note that D. 	are functions of X 1 ,..., X. 

only and so (whether j is fixed in advance or dependent on D.. ), X is 
ij-1 	j 

cu s tr ibu tedlike F.i.ridependenta i....4,...,1,1, 1d. thEx .=1/  . 

Hence: 

n M 
n M(a2+42 ) + M(M+1)S(2)  - 2A E 	 1,1011+1)E S2 . 	(5.4) 

= 

It remains to obtain lim E S121 , which by theorem 5.1 and the assumption of 
n-300 

uniform integrablity is: 

1  
lim E S n2 
	1 
= EDT

00 M(M+1) 
E ( 2 D ico

)2 

n-° 	 i=1 	 i=1 

2 	M-1 	2 	M E(X3 )  M-1 a
2
+4

2 
2 = m+ , E(D.) - 	(E D .) = 	3A 	m+, (  2A  ) , 

(5.5) 

where the second equality follows by changing the summation of the 
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ordered sample to a summation over the unordered sample. The proposition 

	

follows. 	 ❑ 

We combine the preceding results to obtain the main result of this 

section: 

Theorem 5.3:  The expected flowtime of n iid jobs on M+1 parallel 

machines is: 

	

E( 
	n(n+1) 	n M 	

2 

j=1 c.) 

	

204+1 ) 4 	2(M+1) A ( 1  - 
A 

S
2 

M , 	

4

0 	M E(X3 ) 4.  M-1 (2
2
+a2 ) 2 1  

- 	1  4 	M+1 	2 ' M+1 443 	' 

2 
M 	

, 
 E(Sn j 	m Epc3 ) + 1,1-1 (µ2+a  )2 , + 	{ 

2 4 M+1 342 	M+1 	
44
3 I 

(5.6) 

Proof:  This Theorem is a special case of Theorem 6.1, and the proof of 

Theorem 6.1 applies. However, if we assume uniform integrability of 

D2.., j= 1,2 ..... then we can use the following argument, which is more 

instructive. We rewrite the decomposition formula (4.8) and take 

expectations as follows: 

n
1  E( 2 C.) = E 144.1  2 (n-j+l)  Xj  

j=1 	 j=1 

1 + E RTT 2 (M X. - 2 Di.) 
j=1 	1=1 

m 	M 
- E 

1TIT1 
2 ( 2 	 . D. 	- 2 D. ) 

. 	i1 	. 	103 j=1 1=1 	1=1 

1 

	

 M 	M 
+ E 	2 	( 2 D.. , - 2 	, M+1 

j=n+1 i=1 1J-I  i=1 ice ) . 

(5.7) 

Substituting the expected value of X., of D., and formula (5.2) we obtain 

Note that the first term in (5.6) is the single machine flowtime for 
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a machine with M+1 fold speedup. The second term contains an 1, 71.-ITti (1 - 

2 
a2

) 

delay per job that is the effect of parallel processing. If 
A 

processing could start from stationary conditions this would be all. It 

is seen from (5.7) that the last two terms are the effect of starting in 

nonstationary conditions and of ending in nonstationary conditions. By 

(5.2) the last term will converges to 0 as n -3 ■ 00 if we assume uniform 

integrability. The four terms are therefore 0(n2), 0(n), 0(1) and o(1) 

respectively. The whole expression is a function of p, a
2
, S

2
0 
 and E(S

2
). 

Only the last of these depends on the form of the distribution. 

Note: the assumption of uniform integrability which was used to 

prove proposition 5.2 is used in the above to verify that the last 

summand in (5.6) is of the order o(1). It is not used anywhere else in 

the paper. 

The following four examples further illustrate theorem 5.3. 

Example 1 - Deterministic Jobs:  X. = 1, so a2/p2 = O. Assume jobs start 
J 

with intervals of — between them at   + 
M+1 	 2(M+

M 
 1)' 2(M+1) 	M+1' 

2(M
M  
-1) 

4. 
 M+1 	 2(M+

M  2 	 -
1) 
 4_ MM1' note that the sum of starting times on 

++ 

the M+1 machines is O. Job completion times are at 
2(M+M 
	
+ 

1) 	M+1' 
M 	2  

2(M+1) 	
3 

+ M+1' 2(M
M 

 + 1) M+1 — 	
On a single M+1 fold speed machine 

+ 	 ' 

completions would be at 1 	2 	 Thus each job is delayed by 
M+1' M+1' 3 M+1'''' 

2(M+1) . This delay per job is the maximal possible for any distribution 

F. Note that here D
im  = M+1 

and S
2 
 = S

n
2  . See Figure 5.1. 

	

121416 	181  
1; 1 	1 	3 	1 	5 	1 	7 	1 	9  

0 

Figure 5.1: Deterministic Jobs on 2 Parallel Machines, n = 9.  

M 



exp(1) exp(1)I 	I 	exp(1) 
exp(1) 

E( 2 C.) - 
j=1 

n(n + 3 +1) 	
M(M+2) 

2(M+1) 
	

9(M+1) (5.10) 

The general formula is 
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(n+M1) 
E(2 Cj ) - n2(M+1

+ 
 ) 

 

(5.8) 

Example2-Exponentialjobs:X. - exp(1),  a
2
/II

2 = 1. Assume jobs start 

at 0. While the machines are all busy successive job completions occur 

with " exp(M+1) intervals, exactly as on a M+1-fold speed single machine. 

2 
— = - 1 There is no steady state delay per job - this is true whenever a2  1. 

Here we chose S
2
0 im 
= 0. Dim , i= 1,...M are an ordered sample from an 

exp(1) distribution, and Dim  - Di.. See Figure 5.2. 

exp(2) iexp(2)1 
	

exp(1) 

Figure 5.2: Exponential Jobs on 2 Parallel Machines, n = 4 

The exact formula is: 

n(n+1) 	M 
E(2 Cj ) - 2(m+1)  + (5.9) 

Example 3 - Uniform jobs: X "'U(0,2), E(X) = 1, a2µ2 
	1 
= 	For this 

distribution, D. has p.d.f. f e (x) = 1 - 1
-x, 0 < x < 2, and what's 

more, starting all the machines at time 0, the first job completion at a 

time > 0 already has D im  distributed like D i.; see Feller, op. cit, 

problem 22, p. 217. The delay per job is 1 ITI7M 17. The formula for the 

flowtime is: 

Example4 - 114Rjobs:HX.11ave a DHR (decreasing hazard rate, h(x) 

= f(x)/F(x) is decreasing), then a 2412  > 1. In that case the delay per 

job is negative. That is to say, the expected flowtime on M+1 parallel 
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machines is smaller than on a single M+1 fold faster machine. This 

agrees with the result of Weber (1982) that in preemptive scheduling of 

DHR jobs processor sharing is optimal. 

In general, the delay per job in comparison to a single M+1 fold 

2 
1.-F0,  faster machine is 	- (1 - 

a
In the above examples we looked at 

A 
2 a
2 	1 

 1 
3

. 

1, - 0 - 	>1. The first three examples are special in that Dim 
4 

actually become equal to D i., and so explicit formulas are obtained. 

6. Jobs with Equal Mean Processing Times 

In this section we consider jobs whose processing times X 1 ,...,Xn 

 are drawn independently from distributions F
1 .

.... F
n , all of them 

possessing the same mean E(X.) = A; the jobs may however have different 

2 variances, V(X.) a.. On a single machine, the expected flowtime is 

n(n+1) 
for every nonpreemptive work conserving schedule. The 2 

minimization of expected flowtime on M+1 parallel machines is hard - they 

do not fall under the category of stochastically comparable jobs (as in 

Weber, Varaiya and Walrand 1986) and of course the SEPT rule is 

meaningless for such jobs, since every policy is SEPT. Pinedo and Weiss 

(1987) show that in some cases LVF (Largest Variance First) is optimal, 

but not in general. 

We start by deriving a generalization of formula (5.6) for the 

expected flowtime. From this formula it becomes evident that the 

difference in expected flowtime between any two schedules lies in the 

"end effect" as conjectured in section 3, and this difference may be 

bounded by an 0(1) quantity. We then discuss a connection with the 

minimization of expected makespan, which emerges from the formulas. 



30 

Theorem 6.1:  The expected flowtime for n independent jobs with mean 

processingtimepandvariancescr
2- j = 1,...,n scheduled on M+1 

machines in the starting order 1,..., n is given by: 

n 
2 2 a. 

 

n(n+1) 	nM  
E( 2 C.) - 204+0 4 	2(m+1) 11 ( 1  

2 
j=1 

	

	 np 

S  

E(S2) 
 

2 
M 0 M 

2 	p • 

Proof:  We use the key formula (4.12), and take expectations on both 

sides, as in (5.3): 

n M 

	

n 
 j 	

2 	 2 E 2 2 2 X.D
i 	= E{M 2 X. + M(M+1)S

0  - M(M+1)Sn2  

	

l. 	(6.2) j=1 i=1 	-1 
j=1 

	

Conditional on j, X. is independent of D. 	and for all j, E(X.) = 4. 

2 	2 Hence, (with EX. = p2  + a.): 

M 2 (µ2+a2) ) 
n M 

E 2 	D. 
j=1 	M(M+1)  s2 	M(M+1)  Efs2 ) 	(6.3)  

2 	- 

j=1 1=1 ii-1 	211 	 2i 	0 	2p 	1. 

Taking expectations on the decomposition formula (4.8) we have: 

E( 2 C.) = E(g47.  2 (n-j+1) X. + 	2 X. 
j=1 	 j=1 	m +1  j=1 

1 n M 

M+1
2

,
D
ij-1 

j=1. 1=1 

Substituting EX. = p and (6.3) we obtain (6.1). 

(6.4) 

0 

As in (5.6), the first term in (6.1) is the expected flowtime for a 

single M+1 fold speed machine, the second term contains per job delays, 

with 2 ,u/n replacing a
2 for the average delay, the third term is the 

effect of initial conditions and the last term is the end effect of the 

idle times at the end of the schedule. Only the last term depends on the 

form of the distributions F
1 
	F

n
, and only the last term depends on 

(6.1) 

the schedule. 



31 

Consider any two scheduling strategies which are nonpreemptive and 

work conserving (i.e. do not allow idle time while unstarted jobs are 

available), no  and II, then: 

E( 2 C.I110) - E( 2 C.I11) 	.471
M  E(Sn

2  
1110 ). 

j=1 	 j=1 j  
(6.5) 

Expression (6.5) indicates that the difference in expected flowtime 

between any two schedules is bounded by a term which includes only the 

effect of the raggedness at the end of the schedule. We discuss bounds 

for this end effect in section 10. 

Since the transition probabilities of the Markov chain of D im 	 

MM are no longer stationary, the asymptotic behaviour of S n 
is no 

longer as simple as in the i.i.d. case. Nevertheless, it is clear that 

as n -*op, the dependence of Sn  on the first n0  steps in the schedule 

tends to disappear. 

From expression (6.1) it is seen that to minimize the expected 

flowtime is equivalent to minimizing E(S
n
2  
). 

Recall the definition of S
2 

(proposition 4.4); S2 is the sample 

variance of 0,D
1j 	

Dmj  or equivalently the sample variance of 

Uoi ,Uii ,...,Umi  and can written as: 

S. 
2 	1 

M 	
2 

- - 2 U. 	
1 	

( 2 IL.)
2 

j 	ij 
i=0 	M(M+1) 1=0 

We can now express the expected flowtime in terms of the machine 

completion times Uon  < U in  < ...< Umn : 

Proposition 6.2:  The expected flowtime can be written as: 

(6.6) 

n 
2 

2 cr. 

	

n 	 M 	 M 	 J 

	

1 	- 	„  E( 2 C.) = 7,7E( 2 U
2
._) - 2 

24 
 -z-- 	u

2 	n 
2 .- + p(1 j=

21 
2 ) 
	(6.7)  

i 

	

j=1 	'4-4 	i=0 in 	i=0 lu  np 
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M 	 M 9  

0' S2 
 

- m 	i Procd:ShIceweassurne 2 Ui0 	,1if
=0ehave So  -- --21r 	To obtain 

i=0 	 i=0 

an alternative expression for E(S
n
2  
) we note that 

so that 

M 	n 
2 	= 2X. 
i=0 in 	j=1 

(6.8) 

M  2 	 9 

	

- 1 
	

U-  1 	
1  

n ) 	E( M 	.2 in, 	1,vm 	E( 2 U. ) 2  E(S 	 = 
1=0 	

t +1) 	i-0 in  

	

1 	 1  
= 	E( 2 Ui

2 
 n ) m(m+p  E( 2 X.)

2 

i=0 	 j=1 

	

= M1 	 1 	 2 
2 Ui

2 
 n) 	

M(M+1) 
 (n

2
p
2
+ 2 a ; ). 

i=0 	 j=1 

Substituting in (6.1) we obtain (6.7). 

(6.9) 

0 

For two machines. M= 1, we have S
2 = 1-D2 where D

n
is the remaining 

n 2 n 

processing time between the last two completion times. The expected 

flowtime is: 

n 
2 2 a. 	2 	2 n 	

-1 J 	1 DO 	1 E(Dn )  

	

n(n+1) 	,. 	L 1  

	

E( 2 C. 	4  = 	g + n 714(1 
2 J 4 4 + 4 4 

	

j= 1 j 	 114 

on the other hand the makespan is: 

1 

	

C 	- 2 X. + D max - 2 	2 n j=1 

and so: 

	

E(C 	) = 	1 + 	E(Dn). 	 (6.10) 

Hence, minimization of expected flowtime is equivalent to minimizing 

E(D
2 ) while minimization of expected makespan is equivalent to minimizing 

E(D
n
). For many special cases, the same policy minimizes both. e.g. all 

the examples in Pinedo and Weiss (1987). For M+1 machines, we obtain: 

Corollary 6.3:  Minimization of expected flowtime is equivalent to 

minimization of the expected squared L 2  norm of Uon ,U in  , 	 Mn. 
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In other words, when all E(X.)=A, the minimization of expected 

flowtime is equivalent to a version of a stochastic makespan minimization 

problem. 

For the deterministic problem minimizing makespan on two machines is 

the same as minimizing Din , which is the same as minimizing Sn2 1 = 	2 or 

minimizing U
2 

+ U2
n 
 . For more than two machines several functions of 

On 	l 

UOn' Uln' ...,U
mn , the machine completion times, can be taken as 

generalizations of the two machine makespan. The natural one is to take 

C 	= max(Uon,...,Umn) = Umn , which is the L. norm of Uon. ...,Umn . 

M  

max 

However, the L2 norm, { 2 Ui
2
n
}
1/2 is also a sensible measure for machine 

i=0 

utilization. In the stochastic case the L. and L 2  norms are random 

variables and we can try and minimize their expectations; for L 2' as 

often happens, minimization of the expected squared norm is more 

tractable. Our result here is that for equal mean processing times it is 

equivalent to minimizing flowtime. 

7. A Special Case of Weighted Flowtime.  

In this section we consider jobs with general random independent 

processing times, X l ...,Xn  with distribution functions F I ,...,Fn , 

means A I  , 	
n 

and variances a
1
2 , 	

 
a2 . The simplicity of formulas 

(5.6) and (6.1) does not carry over to this general case. However, if we 

consider weighted flowtime with weights which are equal to the mean 

processing times, a straightforward generalization of (5.6), (6.1) is 

possible: 

Theorem 7.1: The expected weighted flowtime when C. - the completion 

time of job j, is weighted by Aj  - the expected processing time of job j 

is, for every nonpreemptive work conserving schedule: 
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1  1 2   1;1 	2 
E( 2 µ.C.) - 2(m4.1)  ( 2 Ai )

2 	
2 2  Wj 	2(14+0 . 	

a 
 j 

j=1 	 I  j=1 	j=1 	 j=1 

M 2 M - So  + E(Sn
2  

) 

(7.1) 

Proof: 	Assume first that jobs are started in the predetermined 

order 1,...,n. Taking expectations in the key formula (4.12) we have: 

n M 	 n 	 2 
2E( 2 	2 X.D.. 

-1 
 , ) = M E( 2 X. 2) + M(M+1) So

2  - M(M+1) E(Sn) (7.2) 
j=1 i=1 	1J 	 j=1 

Because the order is predetermined, and D. 	depends on X/ ....Xj_ l  

only, X. is independent of D ij _ 1 , i = 1,..., M. Therefore: 

n M 2 	 2 2 2 2 4. E D
i 	

= M 2 (11.+cf.
2 
 ) + M(M+1) So  - M(M+1) E(Sn2  ) 	(7.3) 

j=1 i=1 	i-1 	j=1 

Taking expectation in the decomposition formula (4.9) 

n 	 n n 
E 2 µ.C. 	1, 1 1  E ( 2 ( 2 pk) Xi } 

j=1 	 j=1 k=j 

n 	 n M 
+ — 4.E(X.) 

 

j=1 
2 	2 4. E(D j-1. ) Mm+1 j=1 	M+1 	, . 1= , 	i 1 

(7.4) 

n n 1 The first expectation is equal to 2 2 pk  pi  = 1 ( 2 4 i )
2 -

f 2 4
2
i , 

j=1 k=j 	 j=1 	j=1 

and further substitution yields (7.1). 

Consider now a more general scheduling rule, under which the jobs 

are started in the order J(1), J(2) ..... J(n), some permutation of 1 	 

n. Here J(1), J(2),... can be random, and the j'th job to start, J(j) 

can depend on J(1),... J(j-1) and on the values of X 1  . 	 X. 	on which 
J - I 

information is already available when the j'th job start occurs. 

The decomposition formula (4.9) now reads: 

n
1 
 n n 

j

2 
1
p 	C 	= j( j ) j(j) 	M+1 .2 1 

 ( 
k
2 
j 
p
J(k)

) X
J(j) j=== 

1 + 	2 p 1  (M Xj ,- 2 
j1 Jt" 	 i=1  1J 

(7.5) 



The expectation of the first term adds up to: 

1 	 1  
2(M+1) ( j2 

1  P
j
)2 	

 j 2(M+1) 
2

1

2
j 

Also, by conditioning, 

E(Xj ( j )D ij_1) = E[Dij_ i EfXj (j )lpii _11 ] 

= E[D.. 	E{ E(Xj(j) IDij-I .J(j)) ij- 

=Eft]. . ID 	1] = E(4 	D 	) 
1j-1 	JO) ij-1 	JO) ij-1 ' 

where the main point is that 

E(XJ(J) IJ(j). Dii- l ) = E(Xj(j)IJ(j)) = tijor 

(7.6) 

(7.7) 

The key formula (4.12) now reads: 

n M 
2 2 	2 (X.,D.._,) = M 2 X T

2  (,) + M(M+1)S2 - M(M+1) E(Sn
2  
), 

AJ) IJ I j=1 i=1 	 j=1 '" 

and taking expectations we have, by (7.6), 

n M 
2 

2 2 2 E(4„.,D 1 ) = M 2 (4.+a.
2 
 ) + M(M+1)S

2 
- M(M+1)E(Sn

2  
). 	(7.8) 

j=1 1=1 	Jkj) ij- j=1 J J 

Taking expectations in (7.5) and substituting (7.8) we again obtain 

(7.1). 	 ❑ 

Several corollaries are easily obtained here: 

UsingtheprocessingtimesX.ratherthantheirmeans.as weights 

we have: 

Corollary 7.2: For  the case when C., the completion time of job j 

is weighted by X., 

n  
E( 2 X.C.) = E( 2 4.C.) + 2 a. 

j=1 	 j=1 	j=1 

Proof:  Consider (7.5); clearly in the new expected objective 

2 
function E( 2 X 	) replaces E( 2 p 	X 	). at the same time, 

j= 1  
JO) 	 j=1 JO) JO) 

(7.9) 



36 

E X 
(-J(i)XJ(k) )  = 

E4LJ(j)/1J(k) ) for k > j, and E(X 	D. 	) = J(j) j-1 

E(ggi)Dij_ 1 ), so nothing else is changed. (7.9) follows. 	❑ 

With 1. as weight for C.., j = 1 	n  the expected weighted flow- 

time on a single machine is independent of the schedule. For M+1 

parallel machines we have in analogy with (6.5): 

Proposition 7.3:  For any two nonpreemptive work conserving strategies. 

II, 

E( 2 	 - E( 2 	 M -E(Sn2 i110 ). 
j=1  J J 	j=1 3 J  

(7.10) 

Proof:  By (7.1). 	 ❑ 

We discuss bounds for E(S
n
2  ) in Section 10. 

In analogy with proposition 6.2 we have: 

Corollary 7.4:  In terms of machine start times U00  <... < 	where 

1301Ui0=0 and finish times Uon 	< Umn : 

n 	1 1 M  E( 2 g.C.) = -f E ( 2 U i2  n) - -. 2 U i2  o  
j=1 " 	i=0 	i=0 

n 	 n 
1 	2 	1 	2 

	

+ -( 2  V.) 	
2 j=1 

- 	2  a. 
i=1 j 	 i  

(7.11) 

Proof: 	As in the proof of proposition 6.2, So  

n 
( 
j
2 

1
X 4 )

2
) 

n 2 
( j!,4j ) 

M 2 	1 	_2 = 	2 u 10 while i=0 

n 1 	2 

(7.12) 

❑ 

M 2 	1 	2 	1 = E(Sn) 	E(g 	2 	Uin m(m+1
=0

1
J  i= 

M 2 E( 2 U. 	1 - 	 ) 	M(M+1) - M 
=0 i 	in 

substituting in (7.1) we get (7.11) 

M(M+1) j
!

1
a
j 

we ightslij isequivalerato riththn i zati on a2E(U.2  
n
), as in section 

i=0 

6. Formula (7.11) for deterministic jobs appears in Eastman, Even and 

From (7.11) we see that minimization of weighted flowtime with 

M 

Isaacs (1964). 
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8. General Weighted Flowtimes. 

In this section we consider general independent jobs and general 

weights. We derive an expression for the expected weighted flowtime. 

This generalizes (7.1). (6.1) and (5.6). It does not however share the 

simplicity of the previous formulas. 

We start with the following useful decomposition. 

Proposition 8.1: For any numbering of the jobs 1....,n with fixed 

weights W 1  ..... Wn , and with random job completion times C
1, 	C

n 
we 

have, no matter what the strategy is: 

n 	W n 	n-1 WI, 	Wk+1 k 
2 W.C. = -2  2 	p.C. + 2 ( 	 ) 2 4.C. 
j=1 	J 4n j=1 	k=1 4k 	4k+1 j=1 

(8.1) 

Proof: immediate. 	 0 

We will use (8.1) in particular when one or both of the following 

two situations obtains: First situation - the indexing of the jobs 

1, 	n is such that the weight to expected processing time ratio is 

W
1n 

decreasing 	— >... > 	(in other words, 1,...,n is Smith's Rule 
4 1 n 

ordering); Second situation - the jobs are started in the order 1 	 

(in other words 1 	n is used as priority order for starting the 

jobs). In the first situation ivehavethat- 
W
—)> 0 in (8.1). 
(k Wk+1

Pk 4k+1 
k 

In the second situation we have that each of the summations 2 4.C. is 
j=1 

theweightedflowtime(withweights A.)of a subset of jobs 1 	 

which are scheduled consecutively with no inserted idle times. Both 

situations obtain only if jobs are numbered by and scheduled according to 

Smith's Rule. Under the second situation the results of section 7 hold 

for any subset 11 	k} and we have: 
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Theorem 8.2:  If jobs are started in the order 1 	 n, then 

2 
n 	 n - 	 n 	 a. M  E( 	..) = 	..(1 - -21 
j=1
WC  
J J 	M+1 

E
1
( 2 

W
.,
C
.) + 

2(M+1) 

	

j1 J 
 i 
	 j=1WA 

	

i  *3 	2 li. 
J 

n W. 
+ 	2 --1 [E(S.2) - E(Sj _

1
2 )] 

j=1 Pj 

•SI 

(8.2) 

Where C. are job completion times on a single machine, and E 1 
is the 

expectation for scheduling weighted flowtime on a single machine. 

Proof:  Take expectations on (8.1), and substitute (7.1) to get: 

n 	
, wn 	1 , 	,2 1 , 2  	2 M 2 M 2 E( 	W.C.) = — 	2. .) + - p. 	a. - -6 + -E(S )] 

	

j 	2(M+1) j=1 j 	2 0 2 n 
j=1 	Pn 

2tM+1) 
j1A  j 	2j=, 

n-1 W
k Wk+1 	1  2 1 k  2 	M 	k  2 M 2- 2 

4' 	(— 	 . - -6 + -t(S )] 
k=1 P  k 	µ1c+11 2(M+1) 	1 J  

( 2 4.) 	2.2 , 	 =1
2 aAj 	2(M+1)

j 	
j 	2 0 	2 k 

J=I 

W
n  1 	

n 	 k 
, 	

n-1 ,Wk Wk+1, 1 	, „ 
= — — 	2. .L. + 	 k 1, A 

J A
n 
M+1 1 	 J 

	

j=1 	k=1 Pk Pk+1 	j 1  

W
n  M  

	

2 	2 

	

. 	.  
n-1 Wk Wk+l 	

(A - a) 
M 	2 	2 

	

p
n 

2(M+1) j2=1( J11.- 	a.) 	(A„  k=1 	Pk+1 2(M+1) 	J 	J J- 1  

W
1 M 2 

n-1 Wk  Wk+1 M 	2 	Wn M 	2 
So  + 	(117: - 	E(Sk) + 	

E(S2) 

	

k=1 	K+1 

from which (8.2) follows. 	 0 

We note again the structure of the expected weighted flowtime on 

parallel machines: The first term is the expected value for a single, 

M+1 fold speed machine. The second is a delay per job created by the 

variance of the job's processing time. The third term is more awkward 

than is (5.6), (6.1) and (7.1), it is a function of the sample variances 

of the remaining running times at each job start or completion; in (5.6), 

(6.1)and(7.1)onlyandE(S2)appeared,nowalltheare 

present. 
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9. 	Some General Classes of Strategies.  

In sharp contrast to the deterministic case, for stochastic 

processing times there are several classes of strategies, which give 

different optimal solutions. We discuss these classes and their optimal 

solutions here. We start with definitions. 

IT-1 
- The optimal strategy in the class of strategies which pre-

assign jobs to machines. 

SR - Smith rule strategy. 

o 
- Some arbitrary list strategy. 

- The optimal list strategy; the class of list strategies 

includes all strategies which predetermine the order in which jobs get 

started, and jobs are then scheduled without idle times (work 

conserving). 

/7
2 
- The optimal dynamic work conserving strategy; optimal in the 

class of strategies which upon every job completion choose a job to start 

immediately, based on current state. 

II
3 - The optimal dynamic strategy with inserted idle time; a 

strategy in this class allows the insertion of idle time at each job 

completion, and allows the choice of the job to start to be delayed until 

the end of the idle time. 

- The optimal dynamic strategy when the actual value of each X. 

is revealed when the processing of job j starts. 

We briefly discuss If-I here. The following result appears in 

Rothkopf, 1966; for more recent related work see also Lehtonen, 1988. 

Proposition 9.1: The strategy 11 	is the strategy which minimizes the 

deterministic problem with A. replacing X.. The expected objective value 

of the former equals the objective value of the latter. 
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Proof:  Let Ji (1) , 	 J.(n.) be the jobs assigned to machine i in 

the order in which they start. Then: 

n 	 M n
i 

E( 2 W.C.) = E 2 	2 W T  ( . 1 	1, 

	

2 X T  () 	 (9.1) 
j=1 	 i=0 j=1 'i" )  k=1 

M n. 
j 

= 2 	2  W T /*I 	gr 
i=0 j=1 'i‘ J J k=1 

which is the objective value of the deterministic problem with processing 

times p.. 	 0 

Hence, the problem of finding II-1  for general expected weighted 

flowtime is NP-hard (Note! This is a stochastic problem which is 

NP-hard!). For the expected (unweighted) flowtime objective function, 

IT-1 is obtained by using the SPT schedule of deterministic jobs with 

processing times A l ,...,An  to get J i (j), j=1,...,n i , i=0 	M  We have 

directly from (4.18): 

Proposition 9.2:  Let A l  <... < An , then for So  = 0, 

n 	
1 n 
	 1 M 

E ( 2 C.I 11
-1 	

M+1 ) = 	2 (n-j+l)  A. + 	. 2 i E(Uin) (9.2) 
j=1  

	

j=1 
	M+1 

i=0 
es, 

where 'Uin are the machine completion times i = 0,..., M, ordered by: 

E(U
On 	• 

) < 	< E(UMn ) (in contrast to our usual order of machine 
-  

completion times Uon  < 	< Umn). 

Proof:  By theorem 9.1 we need to calculate the value for a deterministic 

problem, with processing times A i . (9.2) then follows from (4.18) 	❑ 

For jobs with equal expected processing times we have, if n = L(M+1) 

+ K, 0 < K < M+1, and So
2  
 = 0: 

1 n(n+1) 	1 M(M+1) T 	1 K(2M-k+1)  

j  
E( 2 CIff 1 ) - m- 	A + +1 2 	M+1 2 	 M+1 	2 

j=1 	- 

and if n is a multiple of M+1, 
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E( 	C111 ) 
	n(n+l) 	n M  

J.1  j -1 	2(M+1) 4  2(M+1) 4  

so, for jobs with equal expected processing times, using (6.1): 

(9.3) 

2 a.
2  2 

E( 2 C.IU 1 ) - E( 2 CJ I/I0 ) = al)  j171 143  
m E(Sn  
2 	4

I 110) (9.4)  

.1= 1  	 j= 1  

the difference is of order 0(n) and is typical for strategies which 

preassign jobs to machines. The reason for this is that if jobs are 

preassigned then when one machine completes all its processing, other 

machines will typically still have 0(yr7) jobs to run. 

Proposition 9.3:  For minimization of expected flowtime, E( 2 C.11/,) > 
j=1 	-I  

n 
E( 2 C.ISEPT). 

j=1 

Proof:  Consider the following strategy: Apply TL, to the set of n 

jobs, and start jobs accordingly. Whenever a job completes, consider all 

the remaining unstarted jobs, apply U_ I  to the remaining jobs, and start 

the next job accordingly. This iterated procedure is no worse than Ill 

since it minimizes over a wider class of possible schedues. But, for the 

minimization of E(2 C.) this iterated strategy is identical to SEPT. 

0 

In general, for weighted flowtime, IL I  is NP-hard and comparison 

with SR or with any other list strategy is not clearcut. We have in 

general: 

Proposition 9.4: 

EMJCJ ITL 1 ) 
E(2WiCJ III0  ) 

> E(IW.C.IU ) > E(2W.C.IU) > E(2W.C.IU ) 
> EPW.C.IU )  

1  E(2W.C.IUSR  ) 	
J J 	 (9.5) 

Proof:  The proof of the inequality for U-1 uses the same arguments as 



the proof of proposition 9.3. For all the other inequalities, the 

strategy on the right hand side of the inequality minimizes over a wider 

class of strategies than the one on the left hand side. 	 ❑ 

The following proposition is required later: 

Proposition 9.5: The strategy 114  does not use inserted idle time. 

Proof: Assume that under strategy 114  a machine becomes available at 

time t
0
. Let t

1 
	tM  with t

0- 
 < t

1- 
 < ...< t 	be the times at which 

the other M machines next become available, following t0 ; by our 

assumption t 1  ..... tm  are known at t0 . Assume that strategy 114  

inserts idle time at t
0 
 so that the next job start following t

0 
 is at 

to+A, with job j starting. Without loss of generality job j starts 

onthemachinethatbecameavailableat- t0 ; call that machine machine 

0. 

Assume first that t
0 
 +A > t

M
. Then the state at time t

0 
 +A is 

identical to the state at time t M  which is earlier by 6= (to+A-tm). 

Change the strategy 114  to 114 which is identical to 114  for t<tm , 

and for t>tm  it does what 114  does at t+S. This saves 6 on the 

completion time of each job that starts after to . 

Assume next that 
tk-1<t0+A<tk' 

for some k, l< k< M. Recall that 

job j is the first job to be started by 114 following t
0  and so 

between t
k-1 

and t
0 
 +A no jobs start or end, and machine 0 (as well as 

the machines freed at t 1, 	tk-1
) is idle in that interval. Modify II

4 

to U4 as follows: Instead of starting job j on machine 0 at time 

t0' 
+A start it on machine 0 at time t k-1 and then make machine 0 

idle from tk_ i+Xj  until to+A+X.. Otherwise let 11:1  be the same as 

114' This saves 6= (t0+A-tk-1 ) on the completion time of job j. 

Hence in either case, if 114 uses inserted idle time we find IT' 

which improves on 114
. The proposition follows. 0 
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10. Bounds for Tails of jobs  

In the expressions for flowtime and weighted flowtime in Sections 5-8 

the term E(S2n
), which is the expected value of the sample variance of the 

remaining processing times after U On'  appears. We now discuss bounds on 

this term. 

Theorem 10.1: Let S2 	and X1, 	Xn 
have distributions F1, 	Fn 

Let: 

-2  

	

D = max sup 	 1_F1 (s) f(x-s)
2 dF.(x) 	(10.1) 

J 

	

1<j<n s>0 	J 	s 

Then, for k= 1 	n under any nonpreemptive work conserving strategy 

	

2 	 M -2 

	

E(Sk 	) 	bTr D  (10.2) 

Proof: Consider any of the Dik , 1 < i < M, 1 < k < n. D ik  is a 

remainder of a job that was started prior to U ok , and has not completed 

its processing yet. If it is known which job D ik consists of, and how 

long it has been processed prior to UOk'  then the distribution of D ik 
is 

simply a tail of the distribution of this job. Condition on it being job 

j, and on job j having started at U ok-s: 

dF.(x) 

	

E(D2  ij,$) = E(D2 ID. = X -s, X.> s) = fc°(x-s)2  ---/--- 	( ik 	 j ik ik 	.3 	 1 1-F.(s) 10.3) 

Hence, 

E( 	< max sup f(x-s)2dF.(x)/(1-F.(s)) = D2 . 	(10.4) 
D2 ik) 

1<j<n s>0 s 

S2 = 1 	2 	1 1   D - - 
	(ill 

  D. ) 2 k M ill   ik M M+1 	ik = 	 = 

1 	1 	M  2 	 2 (1 	1444 ) 2 Dik  = 14.-T4 
1 	M 

2 Dik  
i=1 	 i=1 

(10.5) 

Now, 

and (10.2) follows. 	 ❑ 
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2 The following example shows that D may not be finite: 

Example 10.2:  X. are distributed like X, a random variable with 

a Weibull distribution, with shape parameter 0( a <1. Then F.= F, 

F(x) = 1 - exp (-xa  ) x > 0. 	 (10.6) 

In this case, Y= Xa  is distributed like an exp(1) random variable. 

Hence: 

E(X
k
) = E(Ykia ) = 	- 1) < co 

so that X has moments of any order. 

However, using integration by parts: 

fw  
 a 

e-x dx 
1  

1-F(s) 	: (x-s) dF(x) = 	  
e-s

a  

and using l'Hospital's rule, 

(10.7) 

(10.8) 

a 
e-s 

 

1 
lim s

1-a 
lim 	s 	 - lim  	 = co 	(10.9) 

s--)00 
e 
-s
a 	

--900 
	
- 

s 
as a-1

-- a a s3co 

and we see that for this distribution, D
(1) as defined in (5.1) is 

infinite. A similar calculation shows that D (k)  is infinite for all 

k> 0 when 0< a< 1, and is finite for all k> 0 when l< a. 	 ❑ 

More generally, for a distribution F with density f and hazard 

rate function h: 

f(x-s)dF(x) 	.183f(x)dx 

lim 
s  

- lim  s  - lim 	- lim 
1 	

(10.10) f(s) 	h(s) 
s— 	T(s) 	 T(s) 

and 

fw 
 a  
e
-x 

dx 
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f (x-s) 2dF(x) 

	

l im 	s  

	

s-goo 	F(s) 

fc°2(x-s)T(x)dx 	f21(x)dx 

- lim 	s 	 - lim 	s  
s— 	F(s) 	s— 	f(s) 

= lim 2F(s) 	lim 1 	
2  

(10.11) 
f (s) 

s— h(s) Ts4og(f(s)) 

so the finiteness of D(1) , D(2)  depends on the behaviour of h(s) and 

of ---log(f(s)) as s--)03. 
ds 

	

Even if D
(2)  is finite for each of the distributions F 	F 

1" n' 

it is possible that 5(2)  for the distribution F
n 

increases with n 

in such a way that D2 	co as n 	In many cases however, we can 

find simple bounds for the value of D 2 . We list some of these cases. 

Case 1: A < X. < B, the support of the distributions F 1 , 	F
n 

is 

bounded by B. In this case, clearly 52 < 
B2 . 

 

Case 2: The distribution of X., j= 1 ,...,n is one of F
1 	

F
L 

where L is fixed and does not grow with n, and D (2)  is finite for 

each of F 1 ,...,FL . This seems to be a plausible behaviour in practice. 

Notethatif(XF.00<1forall0<x<03,thenasomax(X.)—).03 

and min(X.) 	0, but 52 does not grow with n. 

Case 3: The distributions F
1 
	F

n satisfy, for every s>0: 

E(X
2
) > E((X-s)

2
(X>s) 	 (10.12) 

In this case: 

-2 	 2 	 2 2 D < max E(X.) = max (11.4-a.). 
1<j<n 	J 	1<j<n JJ 

The formula (10.12) defines a class of distributions which can be called 

"New better than used in second moments" (in analogy to NBUE New 

better than used in expectation, which is defined by E(X) > E(X-s1X>s) 

for all s>0). 
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Case 4:  The distributions F
1  ... Fn 

 are NBU - New Better than Used, 

defined by: 

P( X > x) > P(X-s>xIX> s) 	all x>0, all s>0 	(10.13) 

(10.13) implies (10.12) so Case 4 is a special case of 3, with the same 

bound. 

Case 5:  The hazard rate of each X. is bounded from below. 
J 
dF.(t) 

h.(t) - 	> X.. 1-F.(t) 

In this case X.-sIX.>s is stochastically smaller than an exp(X.) 
J 	J 

random variable, and so: 

-2 	2 D 	max -T  
1<jni Xj  

(10.15) 

11. Approximate Optimality of SR 

We now prove the approximate optimality result: 

2 
Theorem 11.1:  Let —1 > 	> -12, and let D be defined as in 

41 	Pn 

section 10. Then: 

n 	 n M
2 	W1 7 

1.1
2. , 

E( 2 W.C.ISR) - E( 2 W.C.117 4 ) 	2(14+11 4  

	

j=1 J J 	j=1 J J 	 ' 1 

Proof:  By (8.1) we can rewrite the difference as: 

W 	n 	 n 
A = ..1  {E( 2 p.C.ISR) - E( 2 II.C.117)) 

µn 	j=1 i J 	j=1 i J 4  

	

n-1 W
k Wk+1 	k 	

k 
+ 2 (-- - ----) {E( 2 I.L.C.ISR) - E( 2 p.C.III )1 

. , 	J J 4  

	

k=1 4k 4k+1 	j=1 J J 	J=I 

Under SR, for the problem of scheduling jobs 1,...,n with weights 

(11.2) 

W1 ....,Wn , jobs are started in the order 1, 	n  Hence, for every k. 

k 
E( 2 4.C.ISR) is the expected value of the nonpreemptive, no idle time 
j=1 J J 

list policy which starts the jobs in the order 1,...,k. 

(10.14) 
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k 
The value of E( 2 g.C.IU,) is more complicated. Here U4  schedules 

j=1  J J 

n 
all the jobs 1, 	n to minimize E( 2 W.C.) where no idle time is 

j=1 J J 

used (by Proposition 9.5), and where X. becomes known when job j is 

k 
started. If we now look at 2 g.C j  for the schedule given by U4 , we may 

j=1 

have jobs 1 	k started in some order different from 1,...,k (and 

random), and with some of the jobs j, j > k, inserted in between. Let 

11
4(k) denote the optimal strategy for jobs 1 	k with weights 

g1 ,...,pk . Clearly: 

	

k 	 k 
E( 2 p.C.IIT

A-1
) > E( 2 g,Cj IU4(k)) 

	

j=1 	 j=1 

Hence: 

W 	n 	 n 
A < 	{ E( 2 g.C.ISR) - E( 2 g.0 III ) } 

n 	j=1 	 .=1 	. 4 j 	j 

(11.3) 

(11.4) 

n-1 W 	W 
+ 	2 	- 	{ E( 2 i.C.ISR) - E( 2 p.C.111 (k)) 

k=1 Pk µk+1 	J=1 	
j=1 	4 

since all the policies in (11.4) are now nonpreemptive and work 

conserving, by (7.10) 

W
n M 	2 	

n-1 Wk Wk+1 M 	2
ISR) 

n 
A < — - E(S ISR) + 2 (— - 	 ) -f E(Sk  g 2 	n k=1 Pk Pk+1 

Bounding E(Sk ISR) by (10.2) 

	

Wn 	M2 - 
D
2 

+ 

n

2

-1 Wk Wk+l 	M2 - 

	

A < — 	 D2  
µn  2{M+1} 	 ( k=1 Pk Pk+11 2(M+1)  - 	. 	 -- ----  

M2 W1 fi 
2(M+1) p i  - 

(11.5) 

0 
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12. Discussion.  

In this paper we discussed the performance of Smith's Rule for 

nonpreemptive scheduling of a batch of jobs on parallel machines and have 

shown that its performance is very close to optimal. In the following 

discussion we briefly highlight the significance of our results, we list 

some possible extensions, and we explore some of the connections with 

other work in stochastic optimization. 

Worst case performance of stochastic optimization heuristics:  

Heuristics for deterministic combinatorial optimiization problems are 

assessed by considering worst case performance or average performance. 

The former is often much worse than the latter; however, for average 

performance one needs to assume a distribution on the population of all 

possible problems, which may not be acceptable. In stochastic 

optimization problems, a distribution on the population of possible 

problems is part of the model. Expected worst case performance is in 

fact an average over this distribution of problems. This may suggest 

that the use of heuristics for stochastic optimiization problems can be 

more successful than their use for deterministic problems. Our paper is 

a case in point for this. 

Preemptive scheduling of a batch of jobs on parallel machines.  

Preemptive scheduling of a batch of jobs on a single machine, to minimize 

weighted flowtime, is optimized by using a Gittins index policy (Gittins 

1979, 1982). On parallel machines this suggests to schedule at any 

moment the jobs with the highest Gittins index as a suboptimal heuristic, 

analogous to the use of Smith's Rule in the nonpreemptive case. It would 

be interesting to assess its performance. 

Scheduling of a stream of arriving jobs. If jobs with various 
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processing time distributions arrive at a single server in independent 

Poisson streams, then Smith's Rule and the Gittins index policy remain 

optimal (see Sevcik 1974, Klimov 1974, Harrison 1975, Meilijson and Weiss 

1977, Gittins and Nash 1977). Using these rules for parallel servers 

provides suboptimal heuristics. Clearly, there is now a nonoptimal end 

effect at the end of each busy period; nevertheless it may be possible to 

bound the worst case behavior of these heuristics. 

Extensions to control of queueing networks. In Weiss (1988) Gittins 

type priority rules for scheduling customers in a queueing network which 

is served by a single server (the server jumps between the nodes of the 

network and provides preemptive service) are derived. These may provide 

some heuristics for more conventional networks in which all the nodes are 

served simultaneously by several servers in parallel. 

Restless Bandits. Whittle (1987) has recently considered some 

generalizations of Gittins' original Bandit process model. In scheduling 

terms these can be expressed as including several parallel servers as 

well as exogenous changes in waiting jobs. Whittle suggests a Gittins' 

type heuristic for these processes, and conjectures that under the 

appropriate asymptotic conditions these may converge to optimal. Our 

results in this paper provide a special case for which Whittle's 

conjecture holds. 

Queueing network heuristics based on diffusion approximations.  

Recently Wein (1987) has derived some heuristics for the control of 

queueing networks by considering heavy traffic conditions and using 

diffusion approximations. Some parts of these heuristics appear to be 

priority type rules to schedule several types of customers. It is 

intriguing to try and find a possible connection between our current 

work, Whittle's conjecture, and Wein's results. 
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APPENDIX: Proof of Theorem 5.1.  

In this appendix we prove Theorem 5.1 about the convergence of the 

Markov chain Dim  ..... Dmm , for F nonarithmetic. The proof closely follows 

similar derivations in Feller (1971). We assume that the iid processing 

times distribution F is a nonarithmetic distribution. We let B = sup 

{xIF(x) < 1 } K co, and we let 0 = {y 1 ,..., ym I0 < y i  < y2  <... < ym  < B } 

C RM  be the sample space for D im ...., Dmm : we say I is an open interval 

in 12 if I C 0 is of the form (a 1 .p 1 )x... x(am ,Pm) and say III < e if 

< e ,  i= 1,  , 	 M, and 	III > e if 	'P i -ai l >e, i=1,...,M. Let 

7m(dy), m = 0,1,... denote the probability distribution of D
im' 
	Dmm , 

and let K(x,dy) denote the transition kernel of the chain, so that 

(Feller, Chapter VIII, Section 7, p. 270.) 

7m+1 (dy) = J K(x,dy) erm(dx), 	 (A.1) 

describes the one step Markov transitions, and let K
(n)

(x,dy) be the n 

step transition kernel, from 
rymto 

 irmi.n. 

For our process the one step transition is given by (here dx 

denotes an infinitesimal interval around x): 
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7 (dy
1 	

m

dy..) - i
I

rm(d(y.+u) , 	d(yM+u)) dF(u) 
o 

+ irm(du,d(y2+u) , 	d(yM+u)) dF(y l+u) 	 (A.2) 

+ f°  1-111 (du,d(y i+u) , 	d(yj_ i+u),d(y.34.1 +u) , 	d(yM+u)) dF(yi+u) 
o 

+ fym(du,d(y 1 +u) 	d(ym_l+u)) dF(yM+u). 
o 

for yl  <... < ym . 

We recall some of the definitions from Feller: 

Definition A.1:  (Feller, Chapter VI, section II, Definition 2, p. 207) 

A measure a is called a stationary measure for the kernel K if a = 

ao  = al  = ... am = am+
, = ... in the transition relation (A.1). 

Definition A.2:  (Feller, Chapter VIII, section 7, Definition 1, p. 271) 

A measure a is strictly positive in 0 if a(I) > o for every open 

interval in Q. 

Definition A.3:  (Feller, op cit, definition 3) The kernel K is ergodic 

if there exists a strictly positive probability distribution a on 0 such 

that "rn -) a independently of the initial probability moo . 

Dual to (A.1) we also look at the relation: 

Un+1 (x) = 	K(x,dy) Un(y) 
	

(A.3) 

which for our process has the form: 
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x 1 
U 	( 	 
n+ls

x  1 	x ) = 	Un(x 1-u x2-u 	 
xm-u) dF(u) 	 (A.4) 

0 

x 
+ f 2  Un(u-x 1 ,x

2x 1 ' 
1 

 

xM-x 1 ) dF(u) 

 

fxj+1  
x 	 -x ,u- , 	- 	xM-x 1 )dF(u) x. 

Un(x2-xi  
J 1 	

xi  xj+i  x l  

+ J  Un(x2-x i  ..... xm-x i ,u-x 1 ) dF(u). 
xM  

for x i  <... < xm . 

Definition A.4: (Feller, op cit, definition 3) The kernel K is 

regular if whenever U0  is uniformly continuous (so that for every e > 0 

there exists 6 > 0 such that if Hx'-x"11 < 6. x',x" e 0 then 

1[10 (x')-U0(x")1 < e) the whole family of functions U n , n = 0,1.... 

defined by A.3 is equicontinuous (so that for every 6 > 0 there exists 6 

> 0 such that if Ilx'-x"11 < 6, x',x" e 0 then IUn(x')-Un (x")I < E). 

Definition A.5: (Feller, op cit, definition 2) The kernel K is strictly 

positive if K(x,I) > 0 for every x e 0 and every open interval I C 0. 

To these we add: 

Definition A.6: The kernel K is asymptotically strictly positive if for 

every 6 > 0 there exists N such that for all n > N. K (n) (x,I) > 0 for all 

x 6 0 which satisfies 0 < x i  < 1/e, and all open intervals I, I C 12 which 

satisfy III > 6, and which are contained in (0,1/6)M. 



We want to prove that the chain D 1m  , 	DMm  is ergodic, with a(dx) = 

M! 
f(xm) dx for x e 0 as the limiting distribution. The proof 

A 

is in four steps. 

- a is a stationary distribution for the kernel K. 

- The kernel K is regular. 

- The kernel K is asymptotically strictly positive. 

- The above three points imply ergodicity 

The last point is an extension of Feller, op cit, theorem 2, p. 272 

in which asymptotically strictly positive replaces strictly positive. 

Proposition A.1:  The measure a(dy) = Mf(y i )... f(ym)dy,... dym  for 
A 

y e Q is a stationary measure for the chain D im ,...,Dmm , m = 	. 

Proof:  Substitute in the right hand side of (A.2) to obtain,for 

Y l <... <Ym : 

M! 
(-gdy i ... dyM) x ff(y i+u)... f(ym+u) dF(u) 
A 	 0 

+ f F

• 

(u) f(y2+u)... F(ym+u) dF(y l+u) 

+ J f

• 

(u) F(y 1+u)...f(y j 1+u) f(yj+1+u)...f(ym+u) dF(yj+u) 

+ f F

• 

(u) f(y i+u)... F(ym_ l+u) dF(yM+u) = 

= M--1 dy
1 . 	

dy
M 	

- d(f(u)f(y i+u)... f(ym+u)) M  
A 

MM = 171-dy, 	dym  f(y 1 )... f(ym ). 
A 



Proposition A.2: The kernel K described by (A.2) is regular. 

Proof: The proof for two machines (M = 1) follows Feller (op cit, 

example a, p. 272). Assume for given e > 0 there is 6 < 0 such that if 

Hx . -x"11 < 6 then 1Um(x . )-Um(x")1 < e. We now show that this implies 

(for the same e): lUrro_ 1 (x . )-Um+1 (x")1 < e. Assume x' < x". 

lUm4.1(x') -Um+1 (x")1 < 	 lUm(x .-Y) - Um(x" -3)1 dF(Y) 
0 

rx" 
lUm(Y-x . ) 	Um(x"-Y)I dF(Y) 

' 

+ 
 f

m  1Um(y-x . ) - Um(y-x")1 dF(y) 
" 

Note that for x'<y<x", 1(Y-x') 	(x"-Y)I 	 lx"-Y1 = 	< 5  

and of course 	1(x . - Y) 	(x"-Y)I < 5,  1(Y-x') 	(y-x")I < 6 . so that 

the whole expression is 	< f e dF(y) = e. 
This proof fails for M > 1, since the induction step involves 

U
m12 (y-x', x'- 1 ,...x') - 

Um12  (y-x", x"- 1x",...) and the distance in norm 

between the arguments may double. 

However, the proposition still holds, by a different proof. For e > 

0 let 6 > 0 satisfy: IIx'-x"II < 5 implies 1U0 (x . ) - U0 (x")1 < e. Use now 

6/2, and take any x', x" such that Ilx . -x"fl < 6/2. Consider Un (x . ), 

U
n  (x"). They equal the values of Uo 

evaluated at the points reached from 

x', x" after n transitions. Let X 1, 	 
Xn 

drawn independently from F  

be the random variables which define the n step transition (the 

processing times). Condition on X 1  = y l  ..... Xn  = yn ; define 3s1; 

(0,x 1
' ..... 	

o x'). x" = (0,x
1". 	and let xi +1 , x'; 4.1  be defined 

inductively as the vectors obtained by adding y i+1  to the smallest 
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components of xi, x': and reordering the M+1 components. Then H 	' xn - x1'1 11 

< 5/2. Obtain x', x" by subtracting the first component from the last M 
-n -n 

components of x'
' 
 x" 	Then Ilx . -x"11 < S. Hence, 

IU0-n 
 (x') - U

0 
 (x")I < e. 

n -n
. 	-n -n 	-n 

But 110 (xn) = Un(xily). U0 (xi'l ) = Un(xly). Taking expectations, we get 

lUn(x•) - Un(x")I < e. 	 ❑ 

Proposition A.3: The kernel K is asymptotically strictly positive. 

Proof: We give first the proof for 2 machines, M = 1. We proceed 

similarly to Feller (1971, Chapter V, Section 4a, pp. 147-148). Recall 

that y is a point of increase of a distribution F if F{I} > 0 for every 

open interval I containing y; a point of increase of K(x,dy) and of the n 

stage transition K (n) (x,dy) is defined similarly. Let e > 0 be given. 

We start by choosing b > min(B,l/e) such that b is a point of increase of 

F (for B finite take b = B). We take a fixed arbitrary x, x < min(b,l/e) 

< b. Clearly x is (the only) point of increase of K (°) (x,dy) and b-x is 

a point of increase of K
(1)

(x,dy). Also, if y < b is a point of increase 

of K(n) (x,dy), then y is also a point of increase of K (11-1-2) (x,dy). 

Hence, x (b-x) is a point of increase of K (n)
(x,dy) for all n which are 

even (odd). 

Since F is nonarithmetic we can find a point of increase of F, say 

a, such that 0 < kb-Pa = h < e, with k+R even. By considering x + X. + 
1 1  

X. 	- X. we see that x-h is a point of increase of 
R 	Jl 	3k 

K
(k+R) (x,dy), and of K

(n)
(x,dy) for n even, n > (k+P). Similarly, 

considering x+X. + ... + X. - X. - 	- X. , we see that x+h is a point 
J 1 	Jk 	1 R  

of increase of K
(k+e)

(x,dy), and of K
(n)

(x,dy) for n even, n > (k+P). In 

the same way, (b-x) - h and (b-x) + h are points of increase of 

K(n)
(x,dy) for all n odd, n > k+P+1. Next one sees that for n even, 



n > 2(k+R), all of 0 < x-2h, x-h, x, x+h, x+2h < b are points of increase 

of K(n) (x,dy), with similar statement for b-x. Take N = fhl (k+8); then 

for n even, n > N, all points of the form 0 < x f mh < b are points of 

increase of K(n) (x,dy) while for n odd. n > N, all points of the form 0 < 

b-x f mh < b are points of increase of K (n) (x,dy). Thus for n > N, every 

interval I of length > e > h within [0,b] contains at least one point of 

increase of K
(n) (x,dy), and has K (n) (x,I) > 0, as required. 

To extend the proof to M+1 machines, take some given n l 	 

yi ,...yw andu l ...um suchthatu.is a point of increase of 

K(ni ) (y.,dy), for the two machine transition kernel. Then for the M+1 

machine transition kernel K(x,dz). (u l ,u 1 +u2 	 u1
+u

2
+... + u ) is a 

(ni+...+nm ) 
point of increase for 

K(Y1' Yll-Y2 
	 y1+.••+ym ,dz). This is 

shown by induction: Assuming z (j-1) = (u , u +u 	.. u ++u. , u + 1 	1 	2... 	1... 	
J-1 	1 

...+u
j-1

+y
j

, 	u1+...+uj-1
+y

j
+...+y ) is a point of increase of 

(n 1+...+nj _ i ) 
K 	 (Y 1' 3'1 4-Y2 . 	 y1+.••+ym• dz). Then the nj  step transition 

from z(j-1) has z (j)  = (u 	u1+u2 	 u +...+u. , u +...+u., u +...+u.+ 1 	J-1 	1 	j 	1  

n44 ,•) as a point of increase. This is all that is necessary to go 

from 2 to M+1 machines. 

Proposition A.4: Propositions Al, A2, A3 imply ergodicity. 

Proof: This differs from Feller's theorem 2 (op cit) in that strictly 

positive is replaced by asymptotically strictly positive, and we prove it 

for R . Let then a denote the stationary measure. Let E denote 

expectation with respect to a. Let Uo  e C [-co,c0] (continuous with limits 

at ±010, hence uniformly continuous). By stationarity E(U 0 ) = E(U ) 

Also, EIUk
I decrease with k. since: 
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EIUkI = flf Uk_ i (y) K(x,dY) 1 da(x) 	 (A.8) 

luk_ 1 (y)1 K(x,dy) da(x) = ElUk_ 1 1 

so lim EIU
k
I = m exists. If U

0 
 is uniformly continuous this implies 

k-)11) 

that U
k 

are equicontinuous (proposition A.2) and so (by the selection 

theorem, see Feller, ditto, chapter VIII section 6 theorem 3) a 

convergent subsequence U 	V
0 
 exists. Applying the transition N times 

nk   

Unk+NN. By dominated (or bounded) convergence, E(U ) -, E(V0), and, 
nk  

EIU I  -30 EIVo l, similarly for Nix , and so: 
nk 

E(VN) = E(V0) = E(U0), EIVN I = 0/0 1 = m. 

We now show that this implies that V0  cannot change sign. By the 

definition of the stationary measure, similar to (A.8), EIVN I = EIV I 0 

is equivalent to: 

J If V0 (Y) K(N) (x.dY)I a(dx) = J f 1V0(y)1 K(n) (x , dy) a(dx). (A.9) 

Assume that V0 
 does change sign. Then by continuity (V

0 is continuous 

since UneC[-03,c0]) we can find e>0 and two open intervals 1 1 ,12  C i2 n 

(0,1/0M , such that 1I 1 1>e, 1I2 1>e and V0>0 on I i , V0<0 on 12 . 

By asymptotic strict positivity of K, we can find N such that for all 

x e it n (0,1/e)M, K(N) (x,I 1 ) > 0 and K(N) (x,I
2) > 0. But this 

contradicts (A.9). In particular, if E(U 0) = 0 then V0  E 0, and (by 

considering U0 
 (x)-m) in general, V

0  (x) E m. Hence, V0 is constant, 

and so are of course V 1 . V2 --  • This limit is independent of the 

subsequence, and so Un(x) -30 E(U0). In other words, if for any x we look 

at the sequence of distributions K (n) (x,dy), and take expectation, 

denoting the expectation by En , we have En(U0) -30 E(U0 ) for all U0  E 

C[-0,w]. But this implies K (n) (x,dy) ka(dy) at all points of continuity 

of a. 	 a 
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Abstract 
We present some of our own research and related results by other researchers. The emphasis is on how the theory of stochastic 
scheduling can provide insights and proper perspectives for the practitioner. We present one of the first examples in the literature of 
a worst case analysis of a heuristic for a stochastic scheduling problem, and introduce the new concept of turnpike optimality. We 
explore the theme of deriving sophisticated priority indices in scheduling situations of various degrees of complexity. We try to 
deepen our understanding of the complexities of simultaneous operations on the shop floor. 

0 Introduction 

Role of scheduling 
The scheduling of jobs and the control of their flow through a production 
process is essential to modern manufacturing. Increasing complexity of 
these processes, rising capital outlay and greater automation will make it 
even more crucial. 
Three distinct approaches to these problems are: 	deterministic 
scheduling theory, queueing networks and expert systems. 

Deterministic scheduling: 
problems are formulated and solved using the methods of combinatorial 
optimizailon, see Conway, Maxwell and Miller [1967], Baker[1974], Lawler 

et al.[1989] for introduction and survey; for recent significant work see 
Adams, Batas and Zawack[1988]. The difficulty with this approach is that 
problems are as a rule too big to be solved satisfactorily, especially since 
the static formulation necessitates frequent resolving. 

Queueing Networks: 
Scheduling is modeled as a dynamic and stochastic process, see Kleinrock 
[1976], Kelly [1979], Harrison [1988], and for recent progress Wein[1989]. 
The difficulty here is that many features of real problems lead to 
intractable models, and that the use of queueing networks for 
optimization rather than for modelling is currently still limited. 

Expert systems: 

Encompass all software based methods which are used to solve scheduling 
problems, including proprietary programs such as Optima [ ], generic 
hierarchical approaches such as Gershwin [1987], Leachman [ ], Roundy [ ], 
and plant specific programs. These include features such as consideration 
of data flow and user interaction which are ignored by the other 

approaches. The challenge here is how to incorporate enough modelling 
and algorithmic sophistication. 

stochastic scheduling: 

Is attempting to bridge some of the gaps between the three approaches, 
and in doing so it can provide some very useful insights. In the current 
note we present some of our own and others' results to illustrate this 

point. The emphasis is on heuristics and on approximations. One theme is 

our attempt to understand the complexity of simultaneous operation, as 
opposed to the ease in which a single processor can be optimized - we 
present our understanding of the simplest case of identical machines in 

parallel, as well as an approach for general networks. Another theme is 
performance evaluation of algorithms and heuristics in stochastic 
scheduling - we do some worst case analyses and introduce the concept of 
turnpike optimality. 

1. Single machine nonoreemotive scheduling 
We consider jobs which undergo a single processing stage. Job j arrives 
at time Aj waits for a duration Wi then starts its processing at time 
Si, for a processing duration Xi and is completed and departs at time C1. 

The flowtime of the system is often defined as the average of Cj - Aj - 
Wi • Xi, the sojourn time of job j in the system. The flowtime is one 
important measure of a system's performance. It may sometimes be 
possible to control the arrival times and the processing times of jobs -

however we assume here that this is not the case and the only control we 
have is in the order in which jobs are processed. Minimization of 

flowtime is therefore equivalent to minimizing the average or the sum of 
the starting times, the waiting times, or the completion times; we will 
consider the average waiting time in this section. 

A single processor is available to process all the jobs, and jobs are 
processed with no preemption. We will look at two cases: scheduling a 
batch of n jobs which are all available at time 0, and scheduling an 

infinite stream of jobs with Poisson arrivals. In both cases the flowtime 
is minimized by the SPT (shortest processing time first) priority rule. 
In a stochastic version of this problem, if Xj are only known 
stochastically, SEPT (shortest expected processing time first) minimizes 
the expected flowtime. 

While the rule is similar whether the processing times are known 
precisely or approximately, the expected flowtime is not the same. 	In 
this section we give some approximation formulas for the effect of lack 

of information on the flowtime. The results go back to Conway, Maxwell 
and Miller[1967]. to Cobham[1954) and to Schrage and Miller[1968] but 
they have been somewhat sharpened recently by Malloff[1988] and by 
Smith and Weiss[1988]. 

1.1 Batch lobs 
We shall assume the following framework - the processing times of the n 
jobs, X1,...,X0, are drawn randomly from a population with distribution F. 

let ml and a denote the mean and standard deviation of F. This 

assumption can often be made, even in deterministic scheduling, and in 

practice one usually has a fairly good idea about F which summarizes 
what Jobs the system handles as a rule. The scheduler has some 
information about the jobs, from which he can predict the jobs duration as 

Yi - E(Xilinformation). We assume that Yi Yn are again a random 

sample, from a distribution G with smaller variance than F (this 
assumption means that we have the same kind of random information on 

all the jobs). Using this information the scheduler sequences the jobs 
optimally from smallest to largest Yi. Taking expectation of the average 

waiting time, first conditionally on Y1 Y r, and then over Y1 Y n , one 
gets the following approximation formula: 

E(Average wait) zi (n-1) mi(1 - r d 	) 

where: 

	

a/rni 	Is the coefficient of variability of F. 

d Is a shape parameter of the distribution, defined by 

d a - MI - E(Min(X ,X2)) 

that is m1 . 2 is the expected value of the smaller of two independent 

observations from F. Typically, d a i  (for the exponential distribution 

	

d 	, for the normal distribution - d 	0.5642, for the uniform 

distribution - d - 0.5774). 
r is the correlation coefficient between the processing time Xj and 
the predicted processing time Yi. 

The two special cases of r 	1 and of r = 0 correspond to exact 

knowledge and to no knowledge at all about Xi Xn; In those two cases 
the formula is exact. For 0 c r c 1 the formula is only exact under linear 
model assumptions . one case of a linear model is when processing times 

are normally distributed. 

To examine the formula, we note that 0 < r 	1, d a , and (for positive 

random variables) usually a/m1:51. Hence, the ratio of average waiting 

time per job without information and with information is as a rule 	2; 
the value 2 Is obtained for instance for exponentially distributed 
processing times, when comparing full information to no information at 
all. We note that 2 is not an upper bound and examples of arbitrarily high 
ratios can be constructed, by using extremely over dispersed F. 

1.2 stream of Jobs 
An infinite stream of jobs are arriving at times 0 5 Al 5 A2 	, and 

require processing times X1,X2.... . We assume that AI,A2...• form a 

Poisson process with rate X, and that the X1,X2,••. 	are independent 
identically distributed from the processing time distribution 	F, 	with 
mean m1. Another parameter of F is relevant here, namely 
B-esssup(F)..5.....; loosely speaking, B is the longest processing time which 

jobs drawn from F are ever likely to have. We assume that the arrival 

rate X is smaller than the processing rate p-1/m1 so that the traffic 

intensity p-1/p. is less than 1, and therefore the process Is stable. We 

are Interested in the average walling time per job (as surrogate to 
flowtime). We note that in a more deterministic world, if arrivals are 

equally spaced and all service times are equal there is no waiting at all so 

long as pc'', so unlike the batch case, the waiting here is purely the 
result of stochastic variability. 

We again present an approximation formula for the effect of partial 
information on the average waiting time. This formula is based on heavy 

traffic arguments and holds as a-0, when the average number of jobs 

queueing for the processor and the average waiting time are very large. 

Full information in this case means that each job's processing time 
becomes known upon his arrival. For a Poisson arrival stream the optimal 

1 



policy is to start the shortest waiting job whenever the processor 
becomes available, that is the 	SPT rule. 	With partial information, 
predicted processing times replace the unknown processing times, that is 
SEPT is optimal. 	With no information, all policies lead to the same 
average waiting time, though policies may differ on other criteria. 	For 
instance, 	FIFO (first in first out) will give a smaller waiting time 
variance than LIFO (last in first out). 
The heavy traffic formula is 

E(waiting time( SPT)  
E(waiting time( FIFO) - mi 

An intuitive argument to derive this formula is as follows: by work 
conservation (that is no unnecessary idling of the processor), the amount 
of work in the system at any time t is independent of the policy, let S 
be the long time temporal average amount of work in the system. If no 
information is available on the job processing times then this amount 
represents an average of L(FIFO) = Simi jobs in the queue. If however 
information on processing times is available and long jobs have lower 
priority than shorter jobs, then in heavy traffic almost all the jobs 
queueing up will be B long, so the workload S represents only L(SPT) 
S/8 	waiting jobs. Applying Little's formula which says that L 
where W is the average waiting time of a job, yields the formula. 

The important thing to note here is that the ratio can be much higher than 
in the batch case, where 52 was typical; indeed, if job processing times 
are not essentially bounded, so that B-.., the ratio can be arbitrarily 

large as p-41. Of course one pays for the gain in average flowtime by 

extremely long waiting times of long jobs. 

2. Single machine preemptive scheduling 
We consider the batch scheduling problem of section 1.1, but we now 
allow preemption of jobs. In the deterministic case, when all processing 

limes are known in advance, it never pays to use preemptions - if a job 
needs to be preempted it should not have been started. In the stochastic 
case, when the processing time of a job becomes known only as it is being 
processed, we can make use of this dynamic information, and improve the 

flowtime by using preemptions. It turns out that there is a priority index 
which we can calculate for each job, and which changes dynamically as 
the job is processed. We describe this index and the resulting optimal 
policy next. This priority index is an example of a Gittins dynamic 

allocation index, which is defined for so called bandit processes, and 
solves the multiarmed bandit problem. We discuss the Gittins index in 
section 2.2, and return to it in later sections. For references on the 
scheduling problem see Sevcik[1974], Harrison[1975], Meilijson and 

Weiss[1975], for the bandit problems and the Gittins index see 
Gittins[1979,1989], and Whittle[1980]. 

2.1 	Priority index and optimal preemption of jobs 
Consider a job whose processing time X is drawn from a distribution F. 
Assume we have processed this job for a duration x and the job has not 
yet been completed; we call x the age of the job. The information which 
we obtained by watching the job for a duration x and knowing that it is 

not yet complete is summarized by the conditional distribution F(.)X=x). 
We may now decide to give this job an additional period of processing of 

up to y time units if required - of course the job may finish before using 
all of y. Define the preindex 

x+y 

F(1) 

	

v(x,y) = x+y 	 

f(1-F(t))cIt 

and the index for the job at age x 

v(x) = max v(x,y) 
Ys0 

In the batch scheduling problem, assume there are n jobs, with processing 

time distributions and current ages Let vi(xi) vn(xn) 

denote the current values of their indices. Then 
Theorem: To minimize expected flowtime it is optimal to always schedule 
the job with the highest current index. 

2.2 Bandit processes and the Gittins Index 

Consider n processes with states at time t, t = 0,1,- 

Xi(t), 	• 	• 	. 	Xn(t) 

at any lime t, exactly one of the processes, say i(t)=i, is made active; 
all other processes are passive. The active process undergoes a state 
transition according to Markov transition probabilities 

Pi(x,y) = P(Xt(t+1)-y1 Xi(t)-x) 
while the passive states are frozen - Xj(t+1)-Xj(1), jxi. 
A reward R(T) = Ri(Xi(0) is earned by the active process, the passive 
processes earn nothing. 

This system of n processes is called by Gittins a system of alternative 
bandit processes. The problem is to decide at each time point which 

process to activate, so as to maximize EDIR(t), where 5 51 is a discount 
factor. 

Gittins has defined his index for each of the processes as 

T- 1 

E( 1,51R ; (x,(0) lx 1 (0)-x) 
t -0 

T- 1 

E( 	lit IX1(0)-x) 

1-0  

where the maximization is taken over all possible stopping times (note 

that a stopping time t Is as a rule random - it can depend on where the 

process X,(t)  will go, for example, it may be the first time that the 
process enters a certain set of states). In words, the index expresses the 
maximal reward per unit time (both discounted) that can be achieved by 
the process, starting at state x, and choosing the best amount of time to 
stay active. Gittins has shown: 
Theorem (Gittins): 	The optimal policy is at any time to activate the 
bandit process with the highest index. 
The importance of Gittins' result is that the indices are calculated for 

each process separately, and do not depend on the other n-1 processes. 
The n dimensional problem of what to do in state Xt(t) X n (1) is 
uncoupled to solutions of n one dimensional problems. 
Gittins result solved Bellman's multiarmed bandit problem. As we can see 

it also applies to section 2.1, where the index of a job is an example of a 
Gittins index (with discount factor 1). It also solves Klimov's problem of 
the control of the M/G/1 queue and its extensions, as discussed in 
section 5. 
Whittle has given an equivalent formulation of the Gittins index, in terms 
of a "retirement reward'. For process i consider the problem of choosing 
at each point in time either to be active and collect the usual reward, or 

to retire and collect a retirement reward v. This is a Markov decision 

problem with optimality equation: 

V(x,v) 	max(Fli(x) + IP,(x,y)V(y • v), v) 

Whittle shows that the value v for which both actions are optimal when 

process i is in state x in the above problem, is vi(x). This alternative 

formulation is the starting point for restless bandits discussed in section 

6. 

3. machines in parallel 
In this section we look at the simplest situation when there is 
simultaneous processing of more than one job, the operation of M+1 

identical machines which are working in parallel. We consider a batch of 
n jobs, each of which can be done on any of the machines. In addition to 

flowtime, which we express as ICJ, we will consider minimization of 

two other objective functions: weighted flowtime ZajCj, where aj, the 

weight of job j, can be thought of as holding cost per unit time, and 
makespan Cma , max(Cj), the time needed from start to completion of 
the last job. 
These problems become hard on parallel machines even in the 
deterministic case. In the following discussion we believe we show that 
analysis of the stochastic problems provides an understanding of parallel 

operation and a more realistic evaluation of heurisitcs. 

3.1 	Deterministic scheduling of parallel machines. 
Flowtime on parallel machines is minimized by SPT as on a single 
machine. 
Minimization of makespan (which for a single machine is independent of 
the schedule) on parallel machines is an 	NP-hard combinatorial 
optimization problem. 	However there is little doubt that it is an 

extremely easy problem to solve satisfactorily: if n is small it can be 
solved enumeratively; for n moderate, polynomial approximation schemes 
exist; for n large, LPT is an excellent heuristic; in fact, for large n 
every non Idling schedule will be almost optimal in practice, since the 

only optimization involved is how to make the M+1 last jobs finish 

together, but the effect of M+1 jobs is usually negligible for large n. 
See Karmarkar and Karp [1982], and Frenk and Rinnooy Kan [1987] for 
details, we say no more on makespan here. 

Minimization of weighted flowtime on a single machine is achieved by 
Smith's rule: start the jobs in decreasing order of aj/Xj. The problem for 
M+1 parallel machines is however NP-hard. Smith's rule is a natural 

heuristic for this problem. Intuitively, what it does is to reduce the 
holding cost rate of the remaining jobs fastest, for one machine as well 
as for M+1 machines, except for the end of the schedule, when machines 
fall idle as the last M+1 jobs are completed, and processing becomes 

inefficient. This end effect is the source of the difficulty, as it is also 
for the makespan problem. Worst case analysis shows that the SR 
(Smith's rule) heuristic can be 1.20 times worse than the optimal 
solution, see Kawaguchi and Kyan [1986). 

3.2 	Optimality results for stochastic scheduling on parallel 
machines 
The most important exact optimality result for parallel machines is the 
following: 
Theorem (Weber, Varaiya and walrand (1986J): If the processing times are 
stochastically comparable random variables than SEPT minimizes the 

expected flowtime. 

We say X and Y are stochastically comparable If X5s-rY or Y5st -X; we 
say X Is stochastically smaller than Y, X5sTY, if P(X=t) 5 P(Y>t) for all 

t. 
This theorem subsumes several earlier results discovered for specific 
distributions. 
No general optimality results exist for the stochastic problem of 

minimizing weighted flowtime. If Smith's rule agrees with SEPT than it 
is optimal for exponentially distributed processing times; see Weiss and 

Pinedo[1980], Kampke[1987]. 
LEPT (longest expected processing time first) minimizes the expected 
makespan if the processing times are exponentially distributed, and for a 
few other special cases Weiss and Pinedo [1980]. Weber [19821, 

Limited as these results are, they seem to be fairly close to exhaustive -
we doubt whether there is much more to be discovered here. 

P(completion in (x,x+y))  
E(time used in (x,x+y)) 

vi(x) - max 
t>0 



3.3 Formulas for flowtime of machines in parallel 
Sections 3.3-5 are a summary of Weiss[1988a,198813]. 
3.3.1 	Expected flowtime for iid jobs. 
Consider a stream of jobs with processing times 	X1,X2,•••, iid drawn 

from a distribution F; let m1, a 2 , and ma denote the mean, variance and 

third moment of F. A set of M+1 machines become available to process 
these jobs at times UoosUjos•-sUmo, assume EUjo - 0. The stream of 

jobs is processed on the M+1 machines in parallel, and so the completion 
times of jobs on the different machines form M+1 independent renewal 

processes. Let Llo n SU inS-SUmn denote the times at which the M+1 

machines complete the first n jobs, let Din - Uin -  Ui-in,  M, and let 
1 	 1 

Sn -,76 E Uin2  - 

Theorem (Weiss 1988): As n-+-=, the remaining processing times of the 

last M jobs among jobs 1,...,n, D,n 	Dm', converge in distribution to an 
ordered sample from the equilibrium distribution of 	F 	with probability 
density function WO 	(1-F(t))/m 1 , if F is nonarithmetic. 
The expected flowtime of n iid jobs on M+1 machines follows from this 
theorem: 

n(n+1) 	n M 	a2 

	
M Sat 	E(s,2) 

E(ECj) 2(m+ .0  m1 + 20.41)  Mitt -  mi 2/ - 2- 	+ 2 m1 (1) 

Each of the four summands in this formula has a meaning: the first Is 
equal to the expected flowtime on a single machine with M+1 fold speed 
- that is a single machine that has the combined capacity of the M+1 

parallel machines; the second accounts for a constant delay per job that 
is the result of parallel processing - this delay equals the difference 
between the first moments of F and of f., we call it a synchronization 
delay; the third and fourth are contributions of starting conditions and 

ending conditions. As n-,00, the fourth summand 

M E(S o2 ) 	M rna 	M-1 mi 	n 2  2 
— — 

2 rni 	M+1 3m1 2 . M+1 4 
(1- 

 mi
7) . 
 

It one adds and subtracts this limit from the third and fourth summand the 
formulas' four pans have orders of magnitude 0(n 2), 0(n), 0(1), and o(1). 
Some specific examples of this formula are: 
(1) Constant processing times Xj=1. Here we assume that starting times 
of machines are staggered, with intervals 1/M+1: 

n  

	

E(EC) =
(n+M+1)
2(0+1) 	

(2) Exponential processing times, mean 1, all machines start at 0: 

n(n+1)  M 
E(ECj) 	 + 

2(M+1) 2 
(3) Uniformly distributed processing times, on 	(0,2), 	all machines start 
at 0. 

n(n+-32-M+1) m(m +2) 
E(ECj)- 	  

2(M+1) * 9(M+1) 
(4) Decreasing hazard rate jobs - these are jobs which as long as they are 
not completed, the longer you work on them, the longer their remaining 
processing time becomes. this is perhaps typical of R&D activities and 

not of manufacturing. Such jobs have a/m1>1. and so the synchronization 

delay is negative - in other words, it is best to process them in parallel 
and not one alter the other on a single machine. 
3.3.2 	Expected weighted flowtime 
Formula (1) exhibits a large degree of insensitivity to the assumption of 
iid processing times. If all jobs have equal first and second moments, no 
change is necessary; if the means are equal and variances differ, replace 

o 2  by 2,oj2 /n. More generally, we can get an expression for the expected 

weighted flowtime in the following special case 
Theorem (Weiss 1988): Let the processing times of the n jobs be 
independent random variables X 1  with means E(Xj) = 11p.j, variances aj 2 , 
and assume that the flowtime (completion time) of job j has weight 

111.1j, for j=1 n. Then 

1 	 m 
E(ECl/pj) 

=2(M+1) 
 (El/Ai)

2 
 + 2  E(1/u j )

2 
 - 2(M.1) 1.0)2 

M 	M - 	s 02 —
2 

E(S,, 2 ). 

Two things are remarkable about this formula: except for the last term, it 
depends on the distributions of the processing times only through their 
means and variances; and, more surprising, except for the last term, it is 
completely independent of the schedule. 

The essence of the following results is the way in which this formula 
pushes all the complications to the "end effects' term. 

3.4 	Approximate optimality 
We now present a bound on the difference between expected weighted 
flowtime under Smith's rule, and under any other schedule. We consider n 

jobs, with expected processing times 1/}ij and with weights aj, j.1  n. 

Define 

D 2  = max sup E((Xj-s) 2  1X3>s) 
l_Sjsn s 

In words, D 2  measures how large the square of the remaining processing 
time of an unfinished job is expected to be, at the most. 

Theorem (Weiss 1988): Let SR denote the use of Smith rule, and let ❑ be 
an arbitrary nonpreemptive scheduling strategy, then 

2 
E(Eaj CjISR) - E(EajCjln) 2(m+1)  r<ni % (al e.j) D2 	(2) 

This theorem holds for strategies it which allow the use of inserted idle 

time, and it holds in the case where the actual processing time of each job 

becomes known at the instant at which it starts being processed, and this 

knowledge can be used by II. 

We now assume that all aliij and 02  are bounded by a constant, 

independent of the number of jobs n. There are many practical examples 

when this assumption holds. Note that this is only an assumption on the 
distributions of processing times, and it does not mean that the actual 
processing times are bounded in any way. Under this assumption, the 

worst case ratio is 

E(Ea C ISR) 	 1 
1 + 0(w) 

E(ZajCjj11) 
which Is very different from the deterministic worst case ratio of 1.20. 

3.5 	Turnpike optimality 
In the last section we saw that the expected value of the objective 
function under Smith's rule is close to optimal. We now show that most of 
the time the optimal action is to follow Smith's rule. We call this the 
"turnpike optimality' property of Smith's rule in analogy with turnpike 
optimality in optimal control problems and in discounted dynamic 
programming. Turnpike optimality has to the best of our knowledge not 
been considered previously in scheduling theory; we believe it is of great 

practical importance. 
In the context of last section define 

s6(m). min 	In 	E(min(X lx-so,- • ..X
lm

- m)1X
)o

>so
,
- •

'
X

im
>sm) 

jo-11.1 so•••sm 

In words, 8(M) measures how small in expectation can the interval be from 

a time point when all M+1 machines are occupied by unfinished jobs, 

until one of the machines becomes available to start a new job. If the 

processing times have discrete probability distributions, then S(M) will 

simply be the unit of the discrete dist.raibkupt kioni  s. Let also: 

knati - max (1• 11) 

(ail/max - Max (ajp.iltj) i  

(Aalt)rn i a  - min 

I a 

 

Theorem (Weiss 1988): Let Flo be a nonpreemptive work conserving 

nonpredictive and nonrandomizing strategy. Let L be the number of times 

that no starts a job not according to SR. Then if 

E(lajCjISR) - E(EajC I II10)? 0 

that is Do is better than SR, then 

M2  
ENDO) S —2 (ail)max 0 2  knax (Aakt)nin 5(M) 

Again under reasonable assumptions this bound does not grow with n and 

so as n-4 ,-, 

E(L(rlo) / n 	0. 

4, machines in series 
Following machines in parallel, we now turn to machines in series (in 
tandem is the term used in queueing theory), or flowshops. In a flowshop 
of M machines, ordered 1,...,M, each job needs to go through the machines 
in that order. We will consider permutation flowshops, in which the jobs 
are started on each of the machines in the same order - there seems to be 
no advantage to doing anything else. Note that even though each job sees 
the machines as a series, the M machines of the flowshop are actually 
working simultaneously. The flowshop is much more complicated than 
machines In parallel, and we are much further from understanding it. In 
queueing theory tandem queues were investigated by Tembe and 
W0110[19741, Greenberg and Wolie[1988], Whitt[19851, and Wein[1986]. A 
very interesting paper with a lot of insight is Harrison and Wein[1988]. 

We make no attempt to discuss all this work here or to give an exhaustive 
survey. Our discussion is of two topics: probabilistic analysis of the two 
machine flowshop, using Johnson's rule and other rules; and choosing the 
order of machines in a flowshop with blocking. 

4.1 Two machine flowshop 
In a batch of n jobs, job j requires Al processing on machine 1, Bi 

processing on machine 2. We assume that Al 	A n  are drawn iid from a 

distribution FA, with mean mA, and Eli 	135 are drawn independent of 

A 1 	An 	and iid from a distribution Fe, with mean me. 	These 
distributional assumptions enable us to do a probabilistic analysis- of the 

system. We assume however that the actual values of Al 	An and 

Bt 	Bn are known to the scheduler, so we are analyzing a deterministic 
problems. Johnson's rule says: divide the jobs into two sets - those with 

A l  < Etj are scheduled first, according to SPT order of the Al, those with 
Al > Bj are scheduled next, according to LPT order of the Ell. 

Johnson's rule is the rule which minimizes the makespan of all the jobs. 
It achieves that by causing the least possible idling on machine 2. The 
problem of minimizing flowtime (and indeed almost every other problem 

on flowshops) is NP-hard. Perhaps because it is the only rule with some 

positive distinction, Johnson's rule is quite popular. 	Yet the following 
analysis shows that there is very little merit to the use of that rule. 
Consider first the case mA, < me. Then it is enough to do just a few jobs 

according to Johnson's rule and proceed arbitrarily thereafter, and with 
very high probability there will be no idling at all on machine 2, and the 
policy will achieve the makespan of Johnson's rule. 	In fact, for 
moderately large n, the makespan of a random order of jobs is n mA + 

0(1), and Johnson's rule is superfluous. The case me < mA is the same by 
reversibility (see Yamazaki and Sakasegawa [1975), Muth [1979)). 

In the case mA mB .m, we assume for simplicity aA aB - a. For 

moderately large n. the expected makespan is bounded below by n m + 

0.5642 'In a + 0(1). Johnson's rule achieves this bound up to an 0(1) term. 

However, to do so it builds up a queue of approximately N4 jobs between 
the two machines, which persists for more than half the makespan. Some 



simple heuristics can achieve the same makespan (up to order 0(1)), with 
a queue that is of order magnitude +. 1 n. A random schedule gives a 
makespan of n m + c "in d. 

4.2 Optimal order of machines with blocking 
We consider M machines in series with an infinite supply of jobs in front 
of the first machine, and no waiting room between the machines. The jobs 
are assumed to require iid processing times. A typical job requires 
processing for durations X1,...,44 on the M machines, which are assumed 
independent from distributions Ft FM. Jobs are fed into the system 
whenever the first machine is free. they move through the M machines 
and out. Because there is no waiting room there is no queueing but jobs 
may be blocked in one machine, after processing is complete, because the 
nest machine is not free. The problem is to choose the right order of 
machines, or in other words the right permutation of F1 FM. 
This problem has been studied by Yamazaki et al [1989], with the 
objective of maximizing the throughput of the system. The problem is 
very hard - all that can be proved is that under suitable conditions one 
should have slower machines in the first and last position than in the 
second and penultimate positions respectively (Huang and Weiss [1989], 
Shantikumar et at [1989]). It is clear that this problem does not possess a 
'nice" solution beyond the rule of thumb that "slow machines should be 
kept as separate as possible". 
However another objective here might be to minimize the average time 
spent by a job from entering the first machine until it leaves the last, 
that is the average wait or flowtime. We conjecture that for this 
problem, machines should be ordered from slowest first to fastest last. 

5 Queueing networks with a sinafe server  
In section 1.2 we considered jobs that arrive in a Poisson stream at a 
single server queue, and are processed with no preemptions; scheduling 
waiting jobs in this system according to SEPT minimizes the expected 
flowtime (in the form of the average waiting or sojourn time). If jobs 
incur different holding costs then scheduling them according to Smith's 
rule, or , as it is called in the queueing literature the "cµ rule", minimizes 
the expected weighted flowtime. For these two problems job j has E(Xj) 
and aj E(X j ) as priority index, and the optimal policy is a priority policy - 
at any decision time schedule the job with the highest priority. In section 
2.1 we considered scheduling a batch of jobs, when preemptions were 
allowed: We found that for job j of age xj we could calculate a priority 
index vj(xj), and the priority policy based on this priority index 
minimizes the expected flowtime for the batch. It turns out that the same 
priority policy minimizes expected flowtime also for a Poisson stream of 
arriving jobs, and that the weighted flowtime problem has ajvj(xj) as the 
appropriate index. In this section we generalize these models further. We 
start with Klimov's model on control of the M/G/1 queue, and we then 
present even more general branching bandit processes. One view of this 
general version is to regard it as a queueing network, with a single server 
that is moving around the nodes of the network. All these problems are 
solved optimally by a priority policy. 	The priority index for this policy is 
a Gittins type priority index, 	and the optimality results are 
generalizations of Gittins original results. 

5.1 Klimov's model for the control of the 	queue. 
Jobs of several types, denoted by k, k-1 K, arrive at a single server 
station, in independent Poisson arrival streams, type k have arrival rate 
X5, 7.50. A job of type k requires processing time of duration X5, with 
mean mk, all processing times are assumed to be independent. Jobs 
cannot be preempted while in process. On completing his processing, a job 
of type k may rejoin the queue, with probability Pkk, or rejoin the 
queue as a job of a different type, say type j, with probability Pki, or it 
may leave the system, with probability 1 - EjPki. A holding cost of ak 
per unit time is charged to any type k job in the system. The problem is 
how to schedule jobs for processing, so as to minimize the long run 
average holding costs (this is equivalent to minimizing weighted 
flowtime). Klimov[1974) solved this problem, using queueing theory 
techniques; Sevcik[1974], Harrison[1975], Meilijson and Weiss[1977]. Tcha 
and Pliska[1977] and Nash and Gittins [1977], and more recently Varaiya 
Walrand and Buyokoc[1985] and Weiss [1988] contain various proofs and 
generalizations, using Markov decision processes. 
It is easy to see that the problems of sections 1.2 and 2.1 are special 
cases: In the problem of section 1.2, every customer leaves the system 
when his service is complete. For the preemptive scheduling problem, 
assume job j requires processing time Xj which is discrete with P(Xj-x) 

Pj(x), and with P(Xpx) - 01 (x), 5-0,1.-•. We define (j,xj), job j at 
age xj, as a type - then the service time of this type is 1, and at this 
service end the job leaves the system (is completed) with probability 
Pj(xj)/0j(xj-1) and it turns into type (j,xj+1) with probability 
01(xj)/Cli(xj-1). 
Whenever a service is completed, the server is faced with a state given by 
nj nj< where nk is the number of type j customers in the system, and he 
needs to decide which of these to serve. At first glance this appears to be 
a formidable problem because of the large K dimensional state space. In 
fact the optimal policy is a priority policy, where the types have a 
priority index and at any state the optimal policy is to start serving one 
of the customers with the highest priority index among those in the queue. 
The priority index of a type k job is 

E(cost reduction j started as type  
v(k) - max 

E( T j started as type k) 

where one works on a single job, starting as a type k job with cost rate 
ak and through a possible sequence of type changes until a stopping time 

T, at which point if the job left the system the cost reduction is ak, if 
the job is now a type j the cost reduction is ak - aj. This is clearly a 
Gittins index. 
The above definition appears unsuitable for calculation. 	The following 
recursive procedure calculates the indices of types 1 ..... K: 
step 1 - Determining the highest priority type: For each type k calculate 
the expected cost rate reached at the end of 	X5, call it di (k), and 
calculate the ratio (ak - cli(k)) mk. Rename the type with maximal ratio 
type 1, it is the highest priority type and the ratio is its index. 
step r - Determining the rth priority type: Assume types 1 	r-1 have 
been determined as top priority types. For type k, k?_r, do: Calculate the 
expected time it takes lor a type k customer until it leaves the system 
or until it changes into a customer of one of the types r,r+1,...,K, call this 
expected time rj r (k). Calculate the expected cost rate reached at that 
time, call it dr(k). Calculate the ratio (ak - dr(k)) Ttr(k). Rename the 
type with maximal ratio type r. it is the r'th priority type and the ratio 
is its Index. 
These calculations are easily performed on the partitioned vector of cost 
rates, vector of mean processing times, and transition probability matrix. 
It is interesting to note that the arrival rates play no role in the index. 

5.2 Branching bandit processes 
The following problem formulation generalizes Klimov's setup 
considerably and recasts it in the form of bandit processes. We have a 
collection of bandit processes, as in 2.2. For simplicity we assume that 
these processes are iid, and that they move on a finite state space, with 
states 1,...,K. The state of the whole system can then be described at any 
time by n1 nit the number of arms in each of the states. At a decision 
moment an arm is chosen and made active,while all the other arms are 
passive. Say the active arm is in state k, then its activation (processing 
or any other interpretation) will last for a random duration Xk with 
distribution Fk, at the end of which a reward Rk will be earned (fixed or 
random), and the arm will be replaced by a new set of "descendant' arms, a 
random vector of arms. Nkl  N55, so that Nki is the number of 
descendant arms of type j. The passive arms remain frozen and earn no 
rewards. A discount factor (I is used to discount the rewards. It is 
desired to find a policy which will maximize the discounted sum of 
rewards. This problem was studied in Weiss[1988] where it is shown that 
priority order of the states exists, and can be calculated recursively, and 
the priority policy is optimal. 
The descendants mechanism of branching bandit processes enables the 
modelling of arrival processes more general than Klimov's model, such as 
batch Poisson arrivals, as well as control of arrivals by the scheduler. 
also it allows a job to split into several jobs. 
With a discount factor 	<1, 	the priority order of jobs is no longer 
independent of the arrival rates. If the discount rate is 1. one can add or 
eliminate Poisson streams of arrivals without changing the priority order. 

5,3 Queueing networks with a single server. 
A standard formulation of a queueing network scheduling problem, which 
is used to model flow of jobs in a factory, is as follows: The network 
consists of a set of nodes which may be grouped in subsets of nodes that 
one can think of as service stations. There are several types of jobs 
which arrive from outside. Each type has a specified entry node and it 
then follows type specific Markov routing through the nodes until it leaves 
the network. The sojourn time at each node is also a type specific random 
variable. One can now take each type-node combination and call these 
classes. A job of class k will be processed (at a specific node) for a 
random duration Xk with mean mk and variance 01, 2 , and on completion 
of this time It will become a class j job with a probability Pkj and leave 
the system with a probability 1 - LIP ki. Type or class specific holding 
costs are denoted by ak. 
In this form the problem looks very similar to the Klimov model. Indeed, 
if we make the (totally unrealistic) assumption that there is only a single 
operator in the whole factory and he moves about from node to node and 
can chose at any time which class to serve, while everything else is 
frozen, then we are back exactly to Klimov's model. In that case we know 
that there exists a priority order of the classes, and the single operator 
will always serve the top priority class jobs present in the system. To 
add a degree of realism to this we can endow this server with a service 
speed which is the combined speed of all the servers at all the nodes (as 
we did in section 3.3 when we compared M+1 parallel machines to an M+1 
fold speed single machine). Unfortunately it is not at all clear whether 
this single server network and its Klimov model solution is in any sense 
an approximation to the multinode multiserver queueing network. 
In reality the difficulties are first that service capacities at different 
nodes or service stations cannot be utilized anywhere else in the system, 
and second that at a single node when several jobs are present one cannot 
concentrate all the service capacity at this node (say 5 identical 
machines) on a single high priority job. Thus at each node we need to 
activate several jobs, as many as we have machines. Furthermore, while 
we allocate machines at one specific node, the changes in state at that 
node are also affected by similar activities at the other nodes. 
In the next section we consider restless bandits, where we activate more 
than one arm (analogous to several machines at a node), and where the 
states of passive arms are not frozen (perhaps related to activities at 
other nodes). 

6. Restless bandits  

6.1 	Formulation of restless bandits 



Recall the formulation of bandit processes in section 2.2. Consider again 
n processes with states at time t, t 	0,1,... 

X 1(0, 	- 	• 	- 	Xa(t) 
At any time t, exactly m of these processes, say ii(t), i2(t), 	Im(t) 
are made active; all remaining n-m processes remain passive. Active 
process i undergoes state transition according to Markov transition 
probabilities 

	

p j A(x, y ) 	pA(X0+1)-y[Xi(t)-x) 
and collects a reward 	RIA(Xj(t)). 
At the same time, passive process 	j 	undergoes state transition, 
according to passive transition probabilities: 

	

P;P(x,y) 	PP(X;(1+1 )-y1X;(1)-x) 
and collects passive reward RiP(X;(1)). 
The total reward at time t is the sum of the rewards of the m active 
and n-m passive processes. The problem is to operate the system so as 
to maximize the long term average expected reward per unit time. We 
denote this reward by ROPT(m,n). 
In what follows we will for simplicity assume (as we did in 5.2) that all 
the processes are identically distributed, and that they move on a finite 
set of states, 1 	K. We can then describe the system state by the 
number of processes in each of the states 1,...,K, as ni(1) 	riK(1), or by 
zaft) = zik(t) 	zkh(t), where Zkn(t) = nk(t)/n. 
Whittle [1988] introduced this model, and named it restless bandits 
because passive processes are not frozen. We gave some motivation for 
this type of model in the last section; Whittle lists some other 
applications. Unfortunately, the fact that m processes are activated 
simultaneously, and a-I ortiori the restlessness of the passive processes, 
make this problem intractable. 	It is no longer true that a priority policy 
is optimal, the solution has to be sought in the full 	multidimensional 
space, and there are no indications that the solution might have any "nice" 
features. 

6.2 	Whittle's relaxed problem and index policy. 
If one attempts to maximize the average reward from a single process, 
one obtains the optimality equation 

	

y • h(k) = max( RA(k) 	£PA(k,j)h(j), RP(k) + EPP(k,ph(j) ) 
the solution to which will optimally partition the states 1 K into 
active and passive and give an optimal average reward per unit time of y. 
Introduce now a "subsidy" for being passive of magnitude v, then 

y(v) + h(k) = max( RA(k) + EPA(k,j)h(j), v + RP(k) + £PP(k.ph(j) ) (3) 
where the optimal average reward y(v) and the partition of the states are 
now a function of the subsidy v. 
Whittle now introduces a relaxed problem: instead of having exactly m 
active processes at all times, allow any number m(t) of active 
processes at time t, but require that the long term average of m(t) be 
m. 
To solve the relaxed problem the subsidy v is treated like a Lagrange 
multiplier for the relaxed constraint, and the optimal reward per unit 
time for the relaxed problem is: 

RrtEL(m.n)= inf ( n 7(v) - v (n-m) ) 	 (4) 

Let v' be the value which minimizes (4). When (3) is solved with v• a 
partition of the states into active states, passive states, and one state 
which is randomized, passive with probability 0, active with probability 
1-0, is obtained. 
The relaxed policy operates each arm independently of all others, and 
makes it active or passive according to this partition. 
The subsidies can also be used to calculate an index for each state. for 
state k define the index v(k) as the smallest value of v such that in 
solving (3) with that value, in state k one is indifferent between active 
and passive. Note the similarity with Whittle's definition of the Gittins 
index in section 2.2, and the analogy between "retirement reward' there 
and "subsidy" here. 
The index policy is at any time 1 to activate the m processes with the 
highest indices. Denote by RiNO(m,n) its average reward per unit time. 
clearly, 

Rimp(m,n) ROPT(T.n) RrtEL(m,n) 

6.3 	Whittle's conjecture on asymptotic optimality 
In his paper Whittle conjectured that as n-+—, the three policies converge 
to the same reward per unit time per arm, that is 

I i m RiN0(m.n)/n = I i m RoPT(m,n)/n = I i m RPEL(m.n)/n 
n,== 	 n-+=. 

This problem was investigated by Weber and Weiss[1989], for iid 
processes on a finite state space with the following results: 
Theorem (Weber and Weiss 1989): Let a 	m/n, and let r(a) 
RREL(m,n)/n (note, this is independent of n). Then 

I i m RopT(m,n)n - r(a). 
n-4.= 

A sufficient condition for the second half of the conjecture is 
Theorem (Weber and Weiss 1989): If the problem is indexable, and if the 
fluid approximation of the system under the index policy is globally 
asymptotically stable, then 

m Rito(m,n)/n - 

The definition of indexability is: let v in (3) vary from -- to 	At v 

the partition is to have all the states active; at v the partition is 
to have all states passive. The problem is indexable if the change in the 
partitions is monotone throughout. 
The proof of the second theorem is based on studying the fluid 
approximations of the system under the relaxed policy and under the index 

policy. 	Under the sufficient conditions in the theorem these two fluid 
approximations converge to the same point. 	Some large deviation 
theorems are then used to show that the stochastic system stays close to 
this asymptotic point as n becomes large. 
Weber and Weiss construct a counterexample to the conjecture in general. 
However counterexamples of this kind seem very rare, and the asymptotic 
gap that they exhibit Is extremely small. 
In conclusion it seems that the index policy combined with the upper 
bound of the relaxed policy provide an almost picture perfect heuristic for 
the restless bandit problem. 

7. Fluid approximations 
Fluid approximations to queues, queueing networks or stochastic systems 
replace the stochastic systems by a deterministic trajectory which 
describes the motion of the mean of the stochastic system. Thus they 
agree with the stochastic system on first moments only. Fluid 
approximation are discussed in Kleinrock[1979] and in Newell [1982]. 
Mitra and A. Weiss[1988] have used them to analyze communication 
systems and derived large deviation results. Chen and Mandelbaum [1987] 
have investigated convergence of queueing networks to their fluid 
approximations. 	Recently Chen [1987] and Chen and Yao [19891 
investigated optimal control of fluid networks. 	The proof of Whittle's 
conjecture in the last section is based on fluid approximations. 
The following scheme seems natural: approximate a network scheduling 
problem by a fluid control problem, solve the fluid control problem, and 
use the solution to obtain a heuristic for the original problem. 
We feel that there is an intimate connection between fluid approximations 
and restless bandits, and that by exploiting it we may be able to 
investigate asymptotic behavior of such schemes. 

8 	Brownian Approximations  
Brownian or diffusion approximations replace a queueing network, with 
its jump transitions, by a continuous diffusion process. The 
approximation agrees with the system on the two first moments and is 
thus much finer than the fluid approximation (the latter is likened to the 
law of large numbers, the former to the more informative central limit 
theorem). Brownian approximations are a cornerstone of applied 
probability and the literature on them is enormous. Recently Harrison and 
Wein have used it to great effect in the theory of control of queueing 
networks. 
The scheme is again to replace the queueing network scheduling problem 
by a Brownian control problem, solve it, and reinterpret the solution as a 
heuristic for the original problem. Wein[1989[ has carried this scheme 
through and obtained extremely interesting results. Some of these involve 
priority rules, most are more subtle. The actual implementation of these 
schemes may be hampered by the excessively large dimensionality of the 
Brownian control problem. The results so far are however extremely 
insightful and will no doubt lead to significant progress. 
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We analyze the optimal preemptive sequencing of n jobs on two machines to 
minimize expected total flow time. The running times of the jobs are indepen-
dent samples from the distribution Pr(X = 1) = p, Pr(X = k + 1) = 1 — p. 
We verify that the shortest-expected-remaining-processing-time (SERPT) pol-
icy, which is optimal for independent and identically distributed (i.i.d.) run-
ning times with a monotone hazard-rate distribution, is not optimal for this 
distribution. However, we prove that if p 1/k, then the number of decisions 
where SERPT and an optimal policy disagree is bounded by a constant in-
dependent of n. For p < 1/k, we prove that the expected number of such deci-
sions has a similar bound. In addition, bounds on the expected increase in flow 
times under SERPT are derived; these bounds are also independent of n. 
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1. INTRODUCTION 

We consider an instance of a well-known problem in stochastic scheduling the-
ory: n 1 jobs are to be run on one or more identical machines operating in 
parallel. The running times X 1 , . ,X„ are not known in advance, but they are 
known to be independent samples from a given distribution G(x). The prob-
lem is to find a preemptive scheduling algorithm that minimizes the expected 
sum of finishing times (total flow time). 

The single-machine problem was solved by Sevick [12] for general G(x). 
Effectively, a ranking of jobs based on elapsed running time is calculated 
dynamically. At all times, the job assigned to the machine is one having the 
least rank. As a result of subsequent extensions to other stochastic optimiza-
tion problems, this rank is now known as a special case of the Gittins index [6]. 

Weber [13] solved the problem for two or more machines when G (x) has 
a monotone hazard rate. He showed that the dynamic SERPT (shortest ex-
pected remaining processing time) ordering of job assignments is optimal. This 
algorithm reduces to either non-preemptive sequencing or processor sharing 
according to whether the hazard rate is increasing or decreasing, respectively. 
The multiple-machine problem for general G(x) remains open and appears to 
be very difficult. In particular, no concrete measure of the complexity of this 
problem is currently known, e.g., formulating the problem as a "game against 
nature" [10] or finding an imbedded NP-complete problem have so far been 
unproductive approaches. 

The contribution of this paper is an analysis of the two-machine case for 
a distribution G(x) with a non-monotone hazard rate; we have chosen a dis-
tribution simple enough to be tractable, but one that models interesting prac-
tical applications. Specifically, G(x) is the two-point distribution PrfX = 11 = 
p and Pr (X = k + 11 = 1 — p with 0 < p < 1 and k ?: 2 an integer. The haz-
ard rate of G(x) is 

Pr(X =j+ 1) 

Pr( X > j] 

which is neither increasing nor decreasing if k 2. 
We study scheduling policies satisfying the two properties: 

(P1) Neither machine is allowed to remain idle while unfinished jobs 
remain. 

(P2) A job can be preempted only at the point when it has received its first 
unit of service and requires k units more, i.e., at the earliest point 
when it becomes known whether a job is short (requires only one time 
unit) or long (requires k + 1 time units). 
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It is not difficult to prove that (P1) is not restrictive, i.e., an optimal algo-
rithm with this property can always be found. We suspect that (P2) is also not 
restrictive. However, a proof of this appears difficult. 

In spite of the simplicity of the two-point distribution, subsequent sections 
show that the optimization problem remains nontrivial. Our main results are 
strong asymptotic characterizations of optimal and SERPT (shortest expected 
remaining processing time) policies. For p we prove a turnpike theorem; 
i.e., whenever the number of remaining, unstarted jobs is sufficiently large, 
SERPT decisions are optimal. For p < 1/k, we show that the expected num-
ber of decisions where SERPT is not optimal is bounded by a constant. We also 
bound the expected difference in flow times produced by optimal and SERPT 
rules. This asymptotic analysis of an approximation algorithm appears to be 
new in stochastic scheduling theory and to hold promise for the study of near-
optimal algorithms for similar problems. 

Our assumptions model inspection/service applications in which customers, 
devices, etc., are first inspected and then serviced, e.g., repaired, if necessary 
(an event of probability 1 — p). The constant inspection time is taken as the 
unit of time. We approximate the service time k as a fixed multiple of the 
inspection time, so our model applies primarily to situations in which the ser-
vice time is large compared to the inspection time. Other potential applications 
arise in computer systems, where the requirements of users break down into 
short jobs that can be processed very quickly by the operating system, and long 
jobs that require the operation of a programing system or a program created 
by the user. Sevcik [12] mentions other computer scheduling applications. 

The literature contains a number of results related to our problem within 
the general theme of parallel machines, given distributions of independent run-
ning times, and the objectives of minimizing either the expected sum (possibly 
weighted) or the maximum of finishing times. For example, see [1,2,4,7,8, 
14,15]. However, virtually all of the results to date are characterized by distri-
butions with monotone (possibly weighted) hazard rates or linear orderings by 
stochastic dominance. As a consequence, the optimal algorithms have all had 
a simple ranking structure, as in Sevcik's algorithm, where the rank of a job is 
determined by a relatively easily computed function of job and machine param-
eters. The ideas underlying these algorithms for the single-machine case were 
developed by Gittins [6] and were also suggested by the earlier work of Chazan 
et al. [3] and Meilijson and Weiss [9] on the scheduling of feedback queues. The 
results in this paper illustrate the substantial increases in the complexity of 
scheduling parallel machines, when the above simplifying distributional assump-
tions do not apply. 

The remainder of the paper is organized as follows. In the next section, the 
mathematical model is formalized. In Section 3, a turnpike theorem for the case 
p 1/k is proved. Section 4 deals with the case p < 1/k, and concluding 
remarks are given in Section 5. 
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2. DEFINITIONS 

We begin by defining the state space and the corresponding stochastic schedul-
ing process. Decision states occur only at integer points when one or both 
machines finish the first or last time unit of a job. They accumulate all of the 
available running-time information on which to base a scheduling (assignment) 
decision. For our problem, decision states are defined by triples (c,I,T), where 

(i) 0 5_ c k is the number of units of elapsed time already received by 
the job assigned to the occupied machine, if any. The null value c = 
X signifies that both machines are available for assignment at a deci-
sion point. 

(ii) I is a set, possibly empty, of positive integers indexing the unstarted 
or new jobs remaining. 

(iii) T is a set, possibly empty, of positive integers indexing the unassigned 
long jobs having already received their first unit of service (the last k 
time units of such a job is called a tail job). The sets / and T are dis-
joint. 

Figure 2.1 illustrates the scheduling process and many of the definitions to 
follow. Note that /, denotes the first time unit of and if is long, then 7; 
denotes its tail job. The symbol a is used frequently to denote a decision state. 

Observe that if 2 5 c k, then the occupied machine is running a tail job 
with k — c + 1 time units left to run; if c = 1, then a tail job is just being started 
on the occupied machine; and if c = 0 the first time unit of a new job is just 
being started on the occupied machine. Thus, decision states in which c = 0 or 
1 are immediately preceded by decision states in which c = X. 

The "standard" initial state is ( X, (1,2, ... ,n),0) where both machines are 
available and there are no partially run (i.e., tail) jobs. However, to simplify 
inductive arguments, it is convenient to allow more general initial states. In Sec-
tion 3, we allow any state (c,I,T), where III + T > 0 and c = X or 1 c 
k; i.e., either both machines are available or one of them is unavailable for the 
first k — c + 1 time units (as if it were finishing some artificial tail job). In Sec-
tion 4, we also allow c = 0, in which case the initial delay on the occupied 
machine is a random variable: it is 1 with probability p and k + 1 with proba-
bility 1 — p. Thus, c # X in the initial state may be interpreted as the elapsed 
time of some artificial new job which is running non-preemptively. 

Clearly, the states of the form (c, T), ITI > 1, and (c,/,(/)), III > 1, 
allow but one decision: assign a tail or new job, respectively. Final decisions 
take place in states of the form (c,/, 0), = 1, or (c,cb,T), ITS = 1. 

In the sample schedules under some policy A, let F1 , F2,Fn + r denote 
the finishing times of the n new jobs and the r tail jobs specified in the initial 

n+r 

state a = (c,I,T), III = n, ITI = r. The random variable A(a) = 	E de- 
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T5 = tail job in initial state 
/,- = initial unit of X;  
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Decision states: a0  = ( X,11,2,3,41, ( 51), 	a, = ( 1 , ( 1,2,3,4}, 0). 
= (2,(2,3,4),(11), 	a3 = (3, ( 3, 4 ), [ 1 )), 

	

64 = (X , ( 4 ),(1,3)), 	a5 = (1,(4),(3)), 	as = (2,0,(3)). 

Flow time = 6 + 2 + 7 + 4 + 3 = 22 

FIGURE 2.1. A sample function for k = 3 and initial state (X, (1,2,3,4), [5]). 

notes the total flow time (or simply flow time) under A. OPT refers to a policy 
that minimizes EA(a), where the expectation is over all X 1 , 	,Xn . 

We let f A  denote the decision rule of policy A; i.e., A's decision in state 
a = (c, I,T) is denoted by f A  (Cr) , which is an integer in / or T. If i = f A  (0) E 
I, then A makes an I-decision and assigns I, to an available machine; if i E T, 
then A makes a T-decision and assigns 7; to an available machine. (The choice 
between two available machines can be arbitrary, since it obviously has no 
effect on flow times.) 

Clearly, the order in which new jobs are selected for assignment is un-
important; such jobs are stochastically identical by definition. It is also clear 
that the expected total flow time starting in state (c, I, T) depends only on 
c, III, IT I. These observations are exploited in Section 4, where a simpler deci-
sion state is adopted. In particular, only the numbers of new jobs and tail jobs 
are combined with the elapsed-time parameter c in a decision state. The more 
detailed state (c, I, T) is used in Section 3, because it greatly simplifies the proof 
of the turnpike property for p 1/k. 

SERPT is an important policy to consider for our problem, because it is 
optimal when G (x) has a monotone hazard rate, and it is optimal on a single 
machine when ir;(1-1 is niir twn-nnint rlictrihntinn Cneriali7ed to mir ePtlin 
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SERPT reduces either to non-preemptive sequencing (NS) or to preemptive 
sequencing (PS). According to NS, once a job is assigned, it is run to comple-
tion without interruption. In all states (c, I, T), 1, policy PS always 
preempts a long job after its first time unit and assigns a new job in its place. 

NS applies under SERPT when k < EX (i.e., when the duration of a tail 
job is less than the expected total time of a new job), and PS applies when 
EX k. Since EX = 1 + (1 — p)k, we see that SERPT reduces to NS when 
p < 1/k, and to PS when p > 1/k. 

It is easily verified that SERPT does not minimize expected flow time in 
general. Indeed, for any 0 < p < 1/2 and k > 1, there are states in which 
SERPT decisions are not optimal. 

Example 1: Consider the initial state a = (X, (11,12,31). If p < 1/k, then 
SERPT reduces to NS and the sample schedules are those in Figure 2.2(a). OPT 
is shown in Figure 2.2(b) and yields E[NS(a) — OPT(a)] =p(k — 1). Note that 
state a is reached from the standard initial state (X, [1,2,3], 0) when the first 
two jobs scheduled are X2 and X3, and both are long. 

Example 2: Consider the initial state a =(X, (1, 2) , (3 }) which can be reached 
from (X, (1,2,3,4),cb) if 13 and /4  are assigned first and one of X3 and X4 is 
long and the other is short. If p 1/k, then SERPT reduces to PS, and if in 
addition p < 1/2, then we find E[PS(a) — OPT(a)] = (1 — p)(1 — 2p) > 0, as 
shown in Figure 2.3. 

There are many other examples showing that SERPT is not optimal. For 
example, the initial state in Example 1 can be generalized to a' = (X, ( 1), T) for 
TI 2 even. For p sufficiently near but still less than 1/k, we again obtain 

E[NS(a') — OPT(a')] > 0. Other examples will be given in the context of the 
analysis in Section 3. 

3. THE OPT AND PS POLICIES FOR p > 1/k 

Recall that in this section, if (c, T) is an initial state, then c # 0. In the induc-
tive proofs to follow, the size of a state (c,I, T) refers to its position in the lex-
icographic ordering of (1/1,1 TI). 

The asymptotic results in this section are considerably more precise than 
those for NS in Section 4. In particular, we show that, if p > 1/k, then all sam-
ple schedules under an optimal policy must have the general form illustrated in 
Figure 3.1. That is, a sample schedule must begin with at least n — k /-decisions 
in an initial region R 1 , end with only T-decisions in a final region R3, and con-
tain a region R2 between R 1  and R3, in which the remaining bdecisions and at 
most k T-decisions are made. Thus, since PS decisions differ from those of 
OPT only in the at most k T-decisions in R2, PS is an optimal turnpike policy. 

Example 3: It is tempting, perhaps, to conjecture that the region R2 always 
consists of at most one T-decision. A smallest counterexample is provided by 

f 1 A 51 1111 urhirh is rParhprl from flap etandarrl initial 
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NS(a) = 4k + 1 

X 1  k + 1 

X 1  = 1 

(a) SERPT = NS 

NS(a) = 3k + 1 

T2 
	

T3 

11 
	 / / / / / / 

X, = k + 1 

OPT(a) = 4k + 1 

T2 
	/ / //////  OPT(a ► =2k+2 

T3 
	

///// 

X 1  = 1 

(b) OPT 

EINS(a) — 	= p(k — 1) > 0 

FIGURE 2.2. Counterexample for p < 1/k; o-  = (X,(1), 2,3 I). 

state (X, 11,2,3,4,5LO) when /, and 12 are run first and X 1  and X2 are long and 
short jobs, respectively. An optimal policy can be worked out in the usual way 
by Bellman equations; a general solution for any initial state can be written, but 
the expressions are awkward and uninstructive and therefore omitted. A com-
plete analysis shows that for all 1/k < p < 1/(k — 1), k 7, OPT begins with 
a T-decision on one machine and two consecutive /-decisions on the other. If 
both of the /-decisions reveal long jobs (thus reaching a state a' = (3, 1' ,T') 
with IF = 1 and I T' = 2), OPT again makes a T-decision instead of the one 
available /-decision. That is, twice, when in a state with an 1-decision available 
(namely, states a and a'), OPT chooses a T-decision. 
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PS(a) ,-- k + 3 PS(a) = 2k + 3 

PS(a) = 4k + 3 

/1 T3 T2 //// 

/2 Ti ///////// 
X1 = X2 = k + 1 

(a) SERPT = PS 

1 
i //////// 

R3 
,_,..../... 

I 
t2 

//////// 

/////// 

FIGURE 2.3. Counterexample for 1/k -. p < 1/2; a = (X, (1,2 ), (3 )). 

OPT: 

PS: 

a 	R 1  

c-.-•"\-_,.____ 	 
R2 
-,... 	 

1 
//// II 1 
1 
0 ti 

1 
//// 

0 
1 

FIGURE 3.1. Sample schedules under OPT and PS. 
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To prove the properties implicit in Figure 3.1, we begin with two prelimi-
nary results having similar, essentially combinatorial proofs. Our first lemma 
shows that if p > 1/k, then OPT never assigns two tail jobs that begin at the 
same time, unless there is no new job waiting. 

LEMMA 3.1: If p> 1/k, then an I-decision is made by OPT in any state (1,1,T) 
with > 0. 

PROOF: The result is obvious if T = 0, so let 17'1 	1 and let (1, I,T) be the 
smallest state violating the lemma. Without loss of generality, let a o  = (1, 1, T) 
be the initial state at t = 0. At time k, OPT must reach the state a l  = (X, I,T — 

LID, where j = f(ao ). Since ao  is the smallest counterexample, at least one /- 
decision must be made at time k. Thus, if a2  denotes the state following a l  at 
time k, we can assume i =f (a2 ) E I, since the ordering of the two assignments 
at time k can be arbitrary. At the same time, f(o- i ) = / with 1 belonging to I —
(i} or to T — tjl. 

We now construct a policy A that reverses the order of T, and I,, but 
otherwise preserves the assignments of OPT. Figure 3.2 illustrates the con-
struction. 

For A's decision at time 0 in state a0 , we define the /-decision 

f A  (1,I,T) = i. 	 (3.1) 

ao = 	T) 
	 ai  = (X,/, T — 

OPT: J= I, or T, 

(kJ — lil,T — (j)) 

Or 

1k,1 — 	— Ill + 

ao 

0 
	

k 

(2,! — 

Frarruy 1.2. Comnaricon for lemma 1 1 
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For A's decision at time 1, we want a T-decision irrespective of whether X, is 
short or long; so we define 

f A (2,I — lil,T) f A (2,I — [i),T + 	=1. 	 (3.2) 

Apart from the above interchange of land T decisions, we want A to simulate 
OPT. For this purpose, we first set up the appropriate decision at time k, which 
again must be independent of whether X, is short or long. We define 

f A (k,/ — fil,T — [1]) -= f A (k,I — lil,T — [j] + 	= I, 	(3.3) 

where 1= f(X,I,T — 	(either I E I or 1E T). Finally, for states a reachable 
from ao , other than those in Eqs. (3.1)-(3.3), we define 

f A  (a) = f(a). 	 (3.4) 

It is clear from Eqs. (3.1)-(3.3) that in [0,k + 1] both A and OPT run 1,, 
and one time unit of X1  (either h, if 1 E I, or the first time unit of T1 , if 

1 E T). Thus, the decision state reached by A at the completion of T., is the 
same as the decision state reached by OPT at the completion of I,. By Eqs. 
(3.1)-(3.4), the only flow times that can differ under A and OPT are those of 
X, and X1 . A delays the flow time of X, by one time unit relative to OPT. But 
if X, is short, then OPT delays the flow time of X, by k time units relative to 
A. If X, is long, it has the same flow time under A and OPT. Then 

E[A(ao ) — OPT(ao )] = 1 — pk < 0, 	 (3.5) 

which contradicts the optimality of OPT. 	 ■ 

The next result shows that if p > 1/k, then OPT cannot make two consecu-
tive T-decisions if the first occurs in a state (c,n,r) with 2 c k and n 1. 
In the remainder of the paper, it is convenient to define 

c + 1 = X if c = k, 	c — 1 = k if c = X. 	 (3.6) 

LEMMA 3.2: If p> 1/k and OPT makes a T-decision in some state (c, I, T) with 
2 lc c k, 	1 and ITI 1, then OPT must make an I-decision in the next 
state, k — c + 1 time units later. 

PROOF: The result is trivial if TI = 1, so let 17'1 	2 and let (c,I,T) be the 
smallest state violating the lemma. Again, we may suppose without loss of 
generality that ao  = (c,I, T) is the initial state. Let f(ao ) = j, so that by as- 
sumption, in the next state a l  = (k — c + 2,1, T — [j)), we have / = f(a l ) E T 

Since ao  is the smallest counterexample, OPT must make an /-decision at 
time k in state a2  = (c,I, T — 11,1]). Let i = f (a2) E I. As in Lemma 3.1, we 
construct a policy A that reverses the order of a T and I-decision. Figure 3.3 
illustrates the construction. 
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= (k - c + 2,/,T - 1/1) 

T, 

0 
	

4 	 az 	- (j,/)) 
k - c + 1 

(k - c + 1,1 - (i),T - 

or 

- c + 1,1 - (i),T - 	+ (i)) 

( 7 0 

/////A/ 
	

7-, 

Ti  

0 k + 1 

Cc + 1,i - 

FIGURE 3.3. Comparison for Lemma 3.2. 

We define 

P(c,I,T) = i, 	 (3.7) 

P(c + 1,/ - [i),T) = fA (c + 1,I - (i),T + {i)) = j, 	(3.8) 

f A (k - c + 1,I - (1),T - 11)) = f A (k - c + 1,I - fi),T - [j] + fil) -= 

(3.9) 

and for states reachable from 00 , other than those in Eqs. (3.7)-(3.9), we 
define 

f A (a) =f(a). 	 (3.10) 

In analogy with Lemma 3.1, Eqs. (3.7) and (3.8) implement the desired inter-
change of I- and T-decisions, while Eqs. (3.9) and (3.10) assure that A other-
wise simulates OPT. It is easy to see that both A and OPT reach the same state 
at time k + 1. As in Lemma 3.1, the interchange of I- and T-decisions again 
produces the contradiction in Eq. (3.5). ■ 

OPT: 

A: 
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Our next result shows that if OPT assigns a tail job at some time I on 
one of the machines, then the time available to run waiting jobs in the inter-
val [t, t + k] on the other machine cannot be less than the number of new jobs 
remaining at time t; i.e., it must be possible during [t, t + kJ to run the initial 
time units of all new jobs waiting at time t. A weak turnpike property of PS 
follows immediately from this result: In any state (c, I, T) with I/I > k, an I-
decision is optimal. After combining this result with Theorem 3.2, we will 
obtain the stronger property. The number of times OPT makes a non-PS deci-
sion (i.e., does not preempt when at least one new job is waiting) is bounded 
independent of the initial state. 

THEOREM 3.1: If p _a 1/k and if OPT makes a T-decision in state (c,I,T), then 
I cc— 1 ifc*0 (by Eq. (3.6), c— 1 = k if c =X), and III s k — 1 if c = O. 

PROOF: Let (c,I, T) be the smallest state violating the theorem. If c = 0, then 
(c, I, T) must be preceded immediately by a state (X, I + [ / I, T) for some 1. In 
this case, we begin by modifying OPT so that it reverses the decisions in these 
two states; i.e., f(X,I + [1), T) =j E T and f(1,I + (1),T — 111) = I. Clearly, 
the flow times under OPT are unaffected and the violation of the theorem now 
occurs in the state (X, I + 111,T)(1I1 > k — 1 becomes 11+ > k). It fol-
lows that we may assume an algorithm OPT such that a o  = (c,I,T), c * 0, is 
the smallest initial state violating the theorem; i.e., I I > c — 1 and I TI 1. 

Since we are assuming I I > c — 1 and a T-decision at time 0, there must 
be at least one I-decision at time k in every sample schedule, for otherwise, 
Lemma 3.1 or 3.2 would be violated in a state reachable by OPT at time k. 
Since the order in which new jobs are assigned cannot affect expected total flow 
times, we may choose I, as an assignment made by OPT at time k in every 
sample schedule starting in state a0 . For the case (if it can occur) when OPT 
makes two assignments at time k, I, is taken to be the second assignment. 

Let j = f(o 0 ) be OPT's T-decision at time 0. As in Lemmas 3.1 and 3.2, 
we construct a policy A that simulates OPT except for an interchange of I- and 
T-decisions. We consider the cases c * X and c = X separately. Figure 3.4 illus-
trates the construction. 

Case 1 (c * X): For A's decisions at times 0 and 1, we define 

f A 	= 	 (3.11) 

f A (c + 1,I — fil,T) = f A (c + 1,I — (i),T + tip =1, 	(3.12) 

thus implementing the desired interchange, independently of whether X, is 
short or long. Now with one exception, let a' = (c', I' ,T') be any state reach-
able by OPT at some time t E (lc — c+ 1, . . . , ki. The exception occurs when 
c' = X, and hence t = k; in this case, a' can only be the first decision state at 
time k. (Recall that I, is assigned by OPT in the second state at time k, if both 
machines become available at time k.) 



Case 1: 	c # X 

///////r 

c — 1 
1 ,!' 
1 ,!' 

0 

k — c + 1 
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a' = (c',1', 

(c,1,T) 

OPT: 

A: 
//////// 

0 
	

k +1 
k — c + 1 

(X,1,T) 

OPT .  

 

 

Case 2: c = X 

A: 

J 

0 k 

J 

0 k 

For this case, J = 1, or T where / = 

FIGURE 3.4. Pairs of schedules for A and OPT under the contradic-
tion of Theorem 3.1. 

Note that OPT must reach a' from o-0  by I /I — I' I consecutive I-
decisions, where I /I — /' = t — ( k — c + 1) < c — 1. We define for each such 
state a' 

f A (c' — 	— (11,T') = f A (c' — 	— fil,T' 	(i1) = f(o'). 	(3.13) 

This definition reflects the fact that if A and OPT are to make the same deci-
sion at time t on the machine not running then the state under A must 
indicate that one fewer unit of time has elapsed for T:„ that has already been 
run, and that there is an additional tail job (Ti ) if running I, revealed X, as a 
long job. Note that if I — = c — 1 (i.e., t = k), then c' = X and c' —1 = k; 
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in this case, f(X,I',T')* i, since by assumption I, is the second assignment at 
time k. 

In states a reachable from a 0 , other than those in Eqs. (3.11)-(3.13), we 
define 

P(a) = AO. 	 (3.14) 

It is clear that, apart from the interchange in Eqs. (3.11) and (3.12), A simu-
lates OPT. In particular, the decision state reached by A at the completion of 
T, is the same as the decision state reached by OPT at the completion of I„ 
assuming the same sample of new jobs indexed by I. As in Lemmas 3.1 and 3.2, 
we obtain the contradiction in Eq. (3.5). 

Case 2 (c = X): By Lemma 3.1, OPT's two assignments at time 0 are T, and 
some new job, in that order. Let 1 = f(1,I,T — (j)) e I index the new job 
assigned at time 0. For A's decisions at time 0, we define 

f A (X,I,T) = 1, 	JA  (0,I — (il,T) = 1. 

For A's first decision at time 1, we define for each Z = q5,(1),(1),(i,1), the 
T-decision 

f A (X,I — (1,1),T + Z) = j. 

For A's second decision at time 1, we define 

f A ( 1 ,I — 	— (j)) = f A (1,1 — 	— 	+ Ili), 

f(2,I — 1 1 1,T — 

for the case when X1  is short, and 

f A (1,I — (0),T — tj) + (1)) = f A (11 — ti,1),T — 111 + (OD, 

=- f(2,I — (1),T — 	+ 111), 

for the case when X, is long. In both cases, the decision may be an /-decision 
or a T-decision. By inspection, it can be seen that A makes all of the assign-
ments made by OPT at times 0 and 1, for any given sample of new jobs. Policy 
A also assigns I, but delays the start of T., by one time unit. The remainder of 
the construction follows that of case 1. Again, A is uniquely defined and A and 
OPT converge to the same state after A completes T and OPT completes I,. 
We again obtain the contradiction in Eq. (3.5). ■ 

The next theorem further restricts the structure of OPT schedules when 
p> 1/k. With this added restriction a strong turnpike property can be proved, 
and a simple bound can be derived on the expected increase in total flow time 
incurred by PS. 
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THEOREM 3.2: If p> 1/k, then in any optimal decision sequence starting in state 
a, there are at most k T-decisions while at least one new job is waiting. In 
addition, 

	

E[PS(a) — °PT(a)] 5_ k(k + 1)/2. 	 (3.15) 

PROOF: By Theorem 3.1, an OPT schedule must begin with a region R I  con-
taining at least n — k new-job assignments before the first tail job is started, at 
t 1  say. A region R2 then extends from t 1  to the time 12 , when the last new job 
completes its initial time unit (see Figure 3.1). We now show that at most k tail 
jobs are started in R2. 

Let Ti , T2, . 	,TI be the starting times of tail jobs in R2 (T1 = 1' 1,71 < t2), 
in the order they are assigned. We assume I 2, since the first part of the the-
orem follows trivially from k 2 otherwise. We claim that 

< Tj  < Tj_1 + k, 	2 5_ j I. 	 (3.16) 

Lemma 3.1 establishes the first inequality TJ_ 1  < Ti . For the second inequality, 
suppose T, 	+ k. Then in the state (c,I,T) where the (j — 1)st tail job is 
assigned, the inequality I /I 	c — 1 must hold (see Figure 3.5). But if I /I = 
c — 1, then 	must be the time of the last T-decision in R2, and if I /I > c —1, 
then Theorem 3.1 is violated. Thus, Eq. (3.16) holds. 

Now if I> 2, then Eq. (3.16) along with Lemma 3.2 implies that at least 
one /-decision must be made between the (j — 1)st and jth T-decisions. Thus, 
on each machine in R2, T-decisions alternate with sequences of one or more 
consecutive /-decisions. Since at most k new jobs start in R2 (by Theorem 3.1 
applied to the first T-decision), there can be at most k tail jobs started in R2. 

This proves the first part of the theorem. 
For the bound given by Eq. (3.15), we observe that the expected flow time 

of short jobs according to PS is at most that according to OPT. Thus, we can 
obtain a crude bound by calculating a deterministic worst-case increase in the 
finishing times of long jobs. 

As illustrated in Figure 3.1, consider a sample schedule under OPT and the 
corresponding schedule under PS. It is easy to verify that we can transform the 
OPT schedule in R2 to the corresponding PS schedule in [t i  , t2 ] so that at 

(c,I,T) 

71-1 
	 Ti 

FIGURE 3.5. Example for Theorem 3.2. 
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most [ 	is added to the finishing time of each tail job in R2. Since 1 -. k, we 
2 

have an increase of at most k 2/2 in the flow times of tail jobs started in R2. 
Let in 1 tail jobs be started in R3 according to OPT. The starting time 

of the first tail job started in R3 is (2: let t. be the starting time of the second, 
if any. The above transformation from OPT to PS in general changes these 
starting times to t 3  and t, where t 3  + t3 = t2  + t2 (one starting time is shifted 
left and the other shifted right by an equal amount) and t4 — t3  < k. This cre-
ates no change in the total flow time of tail jobs starting in R3 if m is even, 
and a change of at most k/2 if m is odd. The increase in the total flow time of 
long jobs is therefore no greater than k 2/2 + k/2 = k(k + 1)/2. ■ 

In this section, our results have been based on the assumption that p> 1/k. 
This has been for convenience, since we could have also allowed equality, i.e., 
p ?._ 1/k. Lemmas 3.1 and 3.2 and Theorems 3.1 and 3.2 would then have been 
modified to state that there exists an optimal policy, rather than there must be 
an optimal policy with the claimed properties. With these changes, we can con-
clude that PS is a (strongly) optimal turnpike policy for all p .. 1/k. 

4. THE OPT AND NS POLICIES FOR p < 1/k 

The asymptotics in this section are obtained from direct calculations of expected 
NS flow times. Accordingly, we begin with derivations of the appropriate for-
mulas and a study of their properties. 

Given an initial state a = (c, I, T), the expected total flow time is a func-
tion only of c, n = 1/1, and r = I TI. In this section, we exploit this fact and use 
(c, n, r) as the decision state. Policy A is now defined by a simpler mapping 
f A , where P(c,n,r) takes on one of two values, one calling for a new-job 
assignment and the other for a tail-job assignment. The terminology of I- and 
T-decisions is used as before. For the purposes of this section, any order of 
selection from / and T may be assumed. Initial states (c,n,r) are general with 
n 0, r 0 (n + r > 0), and c = X or 0 c k. We call (n,r) the backlog of 
state (c,n,r). The level of (c, n, r) is simply n, the number of new jobs. 

Observe that states in which NS assigns a new job must have the form 
(c,n,O), i.e., no tail jobs are waiting to be assigned. Also, after the first new 
job has been assigned, the only states reachable by NS have the form (c,n,0), 
(c,n,1), or (X,n,2). 

Under NS, let Ci , i 0, denote the elapsed-time random variable in the 
state where the (i + 1)st new job is assigned. Co  corresponds to the initial state 
if there are no waiting tail jobs in the initial state. By the above observations 
it is easily verified that, for any given C o , (CE ; 0 i n — 1) is a finite, irre-
ducible Markov chain. However, the analysis of NS is more natural in terms 
of the remaining times on the occupied machine, when new jobs are assigned. 
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k — C, + 1 if C, * 0, and Di  --= 1 or k + 1 with probabilities p and 1 — p, 
respectively, if C, = 0. After calculating the conditional expected flow times 

ENS(n,r1d) = ENS(n,riD o = d), 

we then obtain 

ENS(c,n,r) = ENS(n,rlk — c + 1), 	c * 0, 	
(4.1) 

ENS(0,n,r) = pENS(n,r11) + (1 — p)ENS(n,rlk + 1). 

Before giving these calculations, we discuss briefly the properties of the 
chain 1D,J. With Do  given, the chain is defined by the recurrence 

Di+ 1 = 	— Xi-El 	i = 0,1,2,..., 	 (4.2) 

and is therefore a finite, irreducible Markov chain on the set {0,1, . 	k + 
Note that if k is odd, the chain is ergodic. If k is even, then the X,'s must all 
be odd (each is 1 or k + 1), and hence they create an alternating sequence of 
parities in the Di 's. Thus, the chain has period 2. A brief analysis of the limit-
ing distributions is given in the Appendix. This analysis shows that if 

EX 2  
=2 

—
1 [

-
1 

+ pp(1 — p)k 21= 	 
2EX' 

where 1/p. = EX, then as i 00, 

ED, — ■ a, 	k odd, 

ED, + 	 k even, 

where E., is the parity function, 	= +1, j even, and ki  = —1, j odd. As 
expected, a is simply the mean forward-recurrence time of a renewal process 
with intervals between renewals having the distribution of job running times. 

In calculating expected flow times, we condition on an initial resume delay 
d on the occupied machine and consider first an initial backlog of (n,0). It is 

1 
easy to see that the ith job, i 1, begins at time —

2 
d + 	— D,_, /2 

with the expected value 2 —
1 

[d + (i — 1)/µj — ED,_ /2. We add l/A to the lat- 

ter expression to obtain the expected finishing time of the ith job. Thus, for the 
expected total flow time, we have 

ENS(n,01d) = ENS(nld) 

rd+ (i_ 	El);_ t 	11 +  
= 

(4.4) 

(4.3) 
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In the summation of Eq. (4.4), it is convenient to add and subtract na/2 and 
put the result in the form 

n(  n + 3) 	
2  n 

	 1 
2 

ENS(n1d) = 	+ (d — a) — — hn (d), 
/2 4  

(4.5) 

where 

hn (d) = 	E(Di  — celD o = d). 	 (4.6) 

Before analyzing the function hn (d), we extend Eq. (4.5) to initial states with 
tail-job backlogs r 1. By the NS rule these tail jobs are run first. At the point 
when the tail-job backlog first reduces to 0, the initial resume delay D o  begins. 
Clearly, Do  is a deterministic function of the initial delay d. For 0 k, 
Do  = d if r 1 is even, and Do  = k — d if r is odd. If d -= k + 1, then Do  = 
k — 1 if 1 is even, and Do  = 1 if r is odd. We denote this relation by Do  = 
6(d,r), and define o(d,O) = d. The dependence on d and r will often be sup-
pressed when obvious in context. 

A calculation now shows that for r 1 and 0 d < k, 

1 
ENS(n,r1d) = 

4 
— 	

4 
[2d + (r + 2)k] + — (6 — d) 

(4.7) 

+ ENS(05) + 2 [rk — (6 — d)], 

where the first two terms on the right-hand side give the expected flow time of 
the first r tail jobs, the third term is the expected flow time of the n new jobs, 
assuming that the first new-job assignment is made at time 0, and the last term 
corrects the preceding term by adding n times the instant, [rk — (6 — d)]/2, 
when the first new job is actually assigned. An expression for d = k +1, 1 
can be found from Eq. (4.7) and 

ENS(n,r1k + 1) = (n + r)k + ENS(n,r — 111). 	 (4.8) 

We return now to an analysis of the asymptotics of the expected value 
hn (d) in Eq. (4.6). Define 

h(d) = 
2 

(d2  — 1 ) — 1±2-. EX 3  
6 

0<_d <—k+ l, 	(4.9) 

where EX 3  = p + (1 — p)(k + 1) 3 . In the Appendix, we prove the following 
result. 

THEOREM 4.1: If k is odd, then h n (d) h(d) as n 	co. If k is even, then 

h2n (d) h(d) + 	and h2n-vi(d)— ■  h(d)  —idµ  as n co. 
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The maximum of Eq. (4.9) is obtained at d = k + 1. For p < 1/k, a calcu-
lation yields the bound 

k + 2 
max Ih(d)I 

2 

Next, we prove two lemmas from which the asymptotic optimality of NS 
will follow easily. Lemma 4.1 eases the calculations in the proof of Lemma 4.2; 
this will be further explained just prior to the statement of Lemma 4.2. 

For the remaining results of this section, we define D(a), the final delay 
produced by NS starting in state a, as the delay on the occupied machine until 
the end of the schedule, measured from the time when the backlog first reaches 
(0,0); in other words, D(a) is simply the difference in machine finishing times. 
Note that final delays are distinguished from resume delays by the absence of 
a subscript. As before, D(n,r1d) and D(n1d)= D(n,0Id) are conditioned on 
an initial delay of d time units on the occupied machine. 

LEMMA 4.1: Let h(D(nld)) be the random variable given by Eq. (4.9) with d 
replaced by D(n1d). We have 

	

hn (d) + Eh(D(nld)) = h(d). 	 (4.11) 

PROOF: We write for any s 1 

n+s-1 

hn+s(d) E[ 	(D1 a)IDo = d], 
)=0 

n+s-I 
= hn (d) + E[ > (Di  - a)I.Dn (n + slc1)]. 

j=n 

But the second term on the right of this last expression is simply Ehs (Dn (n + 
sId)). Since D n  (n + std) and D(nId) are equal in distribution for all s 1, 
we have 

hn+s(d) = hn (d) + Ehs (D(nId)). 

Taking the limit s 00 through the even integers and applying Theorem 4.1 
now yields Eq. (4.11). 	 ■ 

The notation DnA (a) and D A  (o- ) extends our definitions of resume and 
final delays to an arbitrary policy A. For any policy A starting in state a, we 
define the modified flow time 

1 
A*(a) = A(a) - 

2 
 - h(D A (a)), (4.12) 

By Eq. (4.10), the expected difference in A(a) and A* (o- ) is bounded by 

(4.10) 

lEA*(o- ) - EA(o - )I < (k + 2)/4. 	 (4.13) 
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The usefulness of the new cost function stems from Eq. (4.13) and the fact, 
implied by Lemma 4.2 below, that its expected value is minimized by NS. 

From Eq. (4.11), we note that Eh (D Ns (n,r1d)) -4 0 as n 00. Thus, 
E NS* (n,r1d) ENS(n,r1d) as n 00 for any fixed r and d. The expected 
value of the flow time modification and the relation of Eq. (4.11) also have 
important consequences in the calculation of ENS*(n,r,d), which we now 
describe. 

Observe that ENS(n1d) fails to be an explicit function of n because of the 
term /i n  (d) in Eq. (4.5). However, if we further subtract lEh(D(nid)), 
then the two terms combine into —1 [hn (d) + Eh(D(n1d))], which by Eq. 
(4.11) is an explicit function of n. Since the subtraction of lEh(D(n1d)) from 
ENS(n1d) gives us ENS*(n1d) by definition (see Eq. (4.12)), we therefore 
obtain ENS* (n1d) as an explicit function of n, i.e., the right-hand side of Eq. 
(4.5) with h„(d) replaced by h(d). 

A similar statement applies to Eqs. (4.7) and (4.8) for r > 0, where the term 
—Ih n (o) appears implicitly. Here, subtraction of 

2 
—
1 

Eh(D(n,r1d)) = —
1 

Eh(D(n1(5)) 
2 

produces explicit functions of n in which 17,(S) is replaced by h(o). 
Under a given policy A, the state (c,n,r),n,r 1, is called a preemp-

tion state if a new job is assigned in that state. The corresponding decision, 
f A (c,n,r), is called a preemption. The following lemma proves that NS is 
optimal for the expected modified flow time, as well as supplying the bound 
needed for Theorem 4.2. 

LEMMA 4.2: If p <1/k, then for any policy A, we have 

E[A*(a) — NS*( a)] 	p A (a)(1 — pk)A, 	 (4.14) 

where p A (a) is the expected number of preemptions made by A starting in 
state a. 

PROOF: Based on a given policy A and an initial state a = (c, n, r), we de- 
fine a sequence of policies A , A2, ... ,A n+ i, where A 1  =- A, A„ 1 --= NS, and 

2 < j < n, is identical to A in states at level j or greater, but is identical to 
NS in states at levels less than j. We write 

E[A* (o- ) — NS*(a)] -= E E[A7 (a) — Ay, i (a)] 
	

(4.15) 
i=i 

To obtain a lower bound on E[Al (a) — Al +I (a)], suppose af  = (ci ,j,r,) is a 
preemption state under A, and hence A,. By definition of A, and A1+1 , policy 
A;  starts with a preemption in (ci,j,ri ), but is otherwise non-preemptive, and 
policy Ai+i  is simply NS in state a); i.e., Ay," (of ) = NS*(aj). 
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For the case 1 5_ ci  < k, and hence 1 7.5 d = k - ci)  + 1 s k, we write for A, 

EA; (aid = EAii ( ) - 
2 
-
1 

Eh (D A. (ai )). 

Since A i  begins with a preemption, we can substitute for EA,(cr,) as follows: 

EA: (of ) = j + r, + p NS(j - 1,ri ld - 1) + (1 - p)ENS(j - 1,0 + lid - 1) 

1 
- 

2 
 - Eh(D A J(cri ))• 

Next, by definition of 41 , we can substitute 

	

Eh(D AJ(o-j )) pEh(D(j - 	- 1)) + (1 - p)Eh(D(j - 	+ lid - 1)) 

into Eq. (4.16), and then subtract ENS* (j,rif id) to obtain 

E[A;(cr,) - A;+ , (of )] = j + + p ENS* (j 1,r,Id- 1) 

+ (1 - p)ENS*(j - 	+ lid - 1) 	(4.17) 

- ENS* (j,r,id). 

Similarly, for c1  = X, we obtain 

ELLI; (crii ) - A;+,(ai,)] = p[l + ENS*( j - 1,r,11)] 

+ (1 - p)[k + 1 + ENS* (j - 	+ 1)] (4.18) 

- ENS*(j,r,10), 

and for c, = 0, we have by Eq. (4.1), 

E[A; (a.,) - 24;.+1 (c5)] = p[j + rj  + pENS* (j - 1,r,10) 

+ (1 - p)ENS*(j - 1,rj  + 110)] 

+ (1 - p) [j + rj  + pENS* (j - 1,r1 ik) 	(4.19) 

+ (1 - p)ENS*(j - 	+ lik)] 

- [pENS*(j,r,11)+ (1 - p)ENS*(j,rii ik + 1)]. 

Using Eqs. (4.5), (4.7), and (4.8) with hn (S) replaced by h(o), we can evaluate 
the right-hand sides of Eqs. (4.17)-(4.19) as explicit functions of the parame-
ters and obtain the uniform bound 

E[A;(a,) - A .7±1 (a,)] 	1.1.(1 - pk). 	 (4.20) 

The calculations, although lengthy, are routine. In the Appendix, we show how 
the calculations can be done more simply by exploiting the fact that A, and 
A ., +]  differ in only one decision. 

(4.16) 



110 	 E. G. Coffman, Jr., M. Hofri, and G. Weiss 

Now let qjA (a) denote the probability that A, starting in state a, reaches 
one of the preemption states (c.,,j,ri ) at level j. Then 

E[A: (a) — 47, 1 (a)] 	JA (a)i.c(1 — pk), 	1 j n. 

and 

E[A* (a) — NS * (a)1 	— pk)Ze(a). 	 (4.21) 
J=- 1  

Since p" (a) =- > qjA (a), Eq. (4.14) follows. 	 ■ 
.i=i 

It is now easy to prove the main result of this section: Both the expected 
added cost of NS relative to OPT and the expected number of preemptions 
made by OPT are bounded by constants independent of the initial state. 

THEOREM 4.2: If p < 1/k, then for any initial state a, 

	

E[NS(a) — °PT(a)] 5_ (k + 2)/2, 	 (4.22) 

and 

p OPT( a ) k + 2 

 

(4.23) 
4(1 — pk) .  

PROOF: By Eqs. (4.10) and (4.12), we have 

	

IENS*(a) — ENS(a)l < (k + 2)/4, 	 (4.24) 

OPT*( ) — EOPT(a)1 	(k + 2) /4. 	 (4.25) 

From Eq. (4.24) and Lemma 4.2, we obtain 

ENS(a) s ENS*(o) + (k + 2)/4, 

EOPT*(a) + (k + 2)/4. 

Substitution of EOPT*(a) EOPT(a) + (k + 2)/4 yields Eq. (4.22). 
As above, we can apply Eq. (4.25), the inequality EOPT(a) ENS(a), 

and Eq. (4.24), in that order, to obtain 

	

EOPT*(a) — ENS*(0) (k + 2)/2. 	 (4.26) 

By Lemma 4.2, we have 

EOPT*(a) — ENS*(a) p °"(a)1.41 —pk). 	 (4.27) 

The bound given by Eq. (4.23) follows directly from Eqs. (4.26) and (4.27). 
■ 
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5. CONCLUSIONS 

A problem, which is arguably the simplest multimachine flow-time scheduling 
problem with job running times not having a monotone hazard-rate distribu-
tion, has been shown to have a surprisingly rich structure. In particular, it 
appears that the optimal policy cannot be determined by a "ranking function." 
Nevertheless, the SERPT rule was proved to be asymptotically optimal in a 
strong sense: the expected number of OPT decisions that are not SERPT deci-
sions is bounded by a constant independent of the initial state. An even stronger 
turnpike optimality was proved for the case p 1/k. Equally satisfying was the 
result (see Eqs. (3.3) and (4.22)) that SERPT yields an expected flow time which 
exceeds the optimal value by a bounded amount, independent of the initial 
state. 

There are several obvious challenges for future research: 

1. Prove that property (P2) of Section 1 is not restrictive. This should fol-
low from Bellman equations. 

2. Resolve the question of whether a turnpike theorem can be proved for 
NS as was the case for PS (see Theorem 3.2). 

3. Extend the results to 3 or more machines, to the expected makespan 
objective function, and to two-point distributions, where the larger 
point is not a multiple of the smaller point. 
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APPENDIX 

PROPERTIES OF (D, . Because of our present need for more indices, we will depart 
slightly from the conventions in Section 4. We use i and j, 0 j s k + 1, to denote 
delay states; and m and n are used as time parameters. 

Feller [5] has analyzed the chain Dn+1 = 1Dn — X n+ , when the Xn 's are i.i.d. with 
a strictly positive density on [0,co]. In our case, X„ is arithmetic, so Feller's formulas 
do not apply. On the other hand, [D,1 is a finite Markov chain, so geometrically fast 
convergence to stationary distributions is assured. Properties of [D n ) can be derived as 
follows. 

The given distribution of a job's running time, X, is Pr(X = 11 = p and 
Pr[X = k+ 1) = 1 — p. The chain [D,,) has values in 10,1, , k + 11, on the assump-
tion that 0 Do  < k + 1. [D, ] is easily seen to be irreducible; for k odd it is aperiodic 
(and hence ergodic), and for k even it has period 2. The transition matrix P = (pil l is 
given by 

i = 0, j = 1 or i = 1, 	,k+ 1, it —+ 1, j = i — 1 
2 

k 
i= 0, 	,k + 1,i#— +1,j=k+1-1 

2 

k 	k 
k even, i = — + 1, j = — 

2 	2 

otherwise. 

By inspection, a solution w = (7r 0 ,71- 1 , ,7rk+i ) to w = zP is given by 

A/2 i = 0, 

(2 — p)A/2 i = 1, 
7r, = (A2) 

(1 — 14u 2 k, 

(1 — p)p./2 i=k+ 1, 

where 1/A = EX = k + 1 — kp is the mean job-running time. For k odd, the distribu- 
tion of D, converges geometrically fast to w; for k even, the distribution converges 

	

E 	 — E 
geometrically fast to w (€), with 7r, (e)  = 27r, 1 + , , and to w ('), with 7r,(°)  = 

1 

	

2 	 2 , 
according as D, is even or odd, respectively. (Recall that E, is the parity function, = +1 
for i even, and E, = —1 for i odd.) By direct calculation, the first moment of w is a, 
as written in Eq. (4.3). The first moments of r ( e )  and x (0)  work out to be a — A/2 
and a + A/2, respectively. Hence, for k odd, ED, — ■ a as n — ■ co, while for k even, 

E(D,ID0 = d) • n+ d — 2 a as n — ■ co; again, these convergences are geometrically fast. 

— p  

Pi; = 

1 
(Al) 
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PROOF OF THEOREM 4.1. From the definition of h a (d) (see Eq. (4.6)), we obtain the 
recurrence 

k+ I 

hn(i) = i — a + 	Puhn-1(j). 	 (A3) 
j=0 

First, consider k odd. The geometric convergence of ED, to a as n —* 00 implies a 
CO 

similar convergence of E E(D„ — a ID°  = d) to a value, say h(d). Letting n 	oo 
n =0 

in Eq. (A3), we obtain the equations 

k+1 

h(i) =i—a+ 	pi,h(j), 	i = 0,1,...,k + 1. 	 (A4) 
=0 

To solve Eq. (A4), we define the differences A (i) = h(i + 1) — h(i). Exploiting the form 
of pi;  in Eq. (Al), we obtain 

A(0) = 1 — pA (0) — (1 — p)A (k), 

A (i) = 1 + pA(i — 1) — (1 — p)A(k — i), 	1:5 i k, 

which is solved by 

. 
A (i) = h(i + 1) — h(i) = — (21+ 1), 0 i < k. 

k+ 

It follows that h(i) — h(0) = — -2 , 0 	i 	k + 1. Also, 	 = 0 for all n, 
2 	 1=0 

k+1 

so that E 	(i) = 0. Thus, 
i=0 

k+ I 	
µ 

k + 1 

	

—h(0) = 	ri [h(i) — h(0)] = — 	702 , 
=0 2 

2 

	

= 	+ EX
3

. 
12 	6 

Theorem 4.1 follows for k odd. 
For k even, E(D,IDo = d) + n+d 

2 
— a geometrically fast, and therefore 

hn(d) + 	 Ern+d 
2 

 
1 

converges geometrically fast, to g(d) say. The sum is 0 for n even, and d  for n odd. 
Then as n oo. 

h2,(d)— ■ g(d), 

h2n+1(d) -4 g(d) — /12  Ed • 

Letting n co in the recurrence Eq. (A3), and noting that pu  = 0 for E, = Ej , we obtain 
the equations 
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k+1 

	

[g(i) — — 	(i — a) + 	pii [g(j) — — 	0 Is i k + 1, 

	

4 	 j=o 	 4 

from which, similar to the analysis for k even, we arrive at 

2 

2 
i even, 

g(i) — g(0) = 
02 	

2 
_ 	i odd. 

k+1 	 k+1 

	

Observing that E 71-e) k,(i) = 0 for all n, we have 	71- , e) g(i) = 0, and hence 
i=o 	 i=0 

k+1 	 k+1 

—g(0) = 	7r, e1 [g(i) — g(0)] = 	7r i(e) i 2  
1=0 	 i=0 	2 

k(k + 1)(k + 

6 	

2) 
2 

= 

2 

3  
ki 

—
6 

EX — ;. 

On substitution, we finally obtain g(i) = h(i) + 	—11 and, as n 	00, 
4 

h 2n (d)—v h(d)+ 

h2,7 +, (d) 	h (d) — d  • 
	 ■ 

PROOF OF EQ. (4.20) FOR 1 s Cj  s k. We need to prove that 

O = E[A;(n,r1d) —NS*(n,r1d)] a(1 — pk), 	1 s d k. 

The approach below, along with Eq. (4.1), is easily adapted to a proof of Eq. (4.20) for 
= X and = 0; the details are left to the interested reader. Accompanying the results 

below are figures describing schedules up through the first r tail-job assignments and the 
first new-job assignment. The dashed tail job is absent with probability p, and present 
with probability 1 — p. 

Case 1 (1 d < k): For r even, inspection of Figure Al shows that 

A = 
2 
— 11 — pk), r even. 

d 

NS 7 A T 
T 

 

	

T 	I  
T 	/1  	 

 

1 	d < k, r even 
d 

A / 	r 
T

1 I 	
i
r 	

T
1 	

I  
t  

FIGURE A . 1. 
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For r odd, we obtain with the help of Figure A2, 

0= r 
r  + 1 	(r — 

2 

1 
k + ri)p — (1 — p) 

2  

h(k — d + 1) —  hlk — d — 1) 	 h(d + 1) — h(d — 1) 
—p 	 + (1 	p) 	 . 

2 	 2 

d  

NS r 
T 	 T  

I T 	ill 

1 :5 d < k, r odd 
d 

1 
-J 

	1 
T 
	

T 
1 

FIGURE A.2. 

The last two terms express the difference in the flow time of the last n — 1 complete jobs; 
the running of these jobs starts on the average at the same time under both policies. Note 
that [h(i + 1) — h(i — 1)] /2 = pi and (1 — = 1.(1 — pk), so that 

r — 1 

	

A = (1 — pk) 	
2 	

pd + p + ptd — ttpk, 

— 

	

= (1 — pk) 	
2 1 + ii(13 + (1 — 10)cld. 

Case 2 (d = k): For r even, we obtain the same result as in Case 1, namely, 

A -
2 
 (1 — pk), r even. 

For r odd, Figure A3 shows that 

r +  1 	 h(k + 1) — h(k — 1) 
A = (1 	pk) 	(1 	p) + (1 	p) 

	

2 	 2 

	

={1 
	[r + 1  

(1 — p1/21, 
2 

= ( 1 - plO
[r 

 2 
1  

+ 	+ (1 — p)k)1, r odd. 

d 

NS Ir  %ATI  

T 

d = k, r odd 
a 

A %  
T  

FIGURE A.3. 
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A set of n, arms of type i, i = 1, . ,L, is available. A pull of arm of type i 
occupies a duration V, at the end of which a reward C, and N, 1 , ,N, L  new 
arms are obtained, while all other arms are frozen. A Gittins priority order of 
types is obtained and shown to yield the maximal discounted reward from this 
branching process of arms. 

1. INTRODUCTION 

choose the arms i(1), . . . ,i(t), ... so as to maximize { E atR(t) . Gittins [2] 
t=1 

has shown how to calculate an index v, = v,(X,(t)), which depends on arm i 
and its state alone, so that the optimal policy is always to choose among i = 
1, . . ,N the arm with the highest index. Many special cases, several extensions, 
and revisions of the original proof can be found in a series of papers by Git-
tins and some of his coworkers (Gittins and Glazebrook [4], Gittins and Nash 

In the classic multiarmed bandit problem there is a fixed set of N arms, which 
are in states Xi  (t), ,X N (t). At time t one of the arms, say i = i(t), is chosen 
and pulled. This yields an immediate reward, R(t) = R • ( X,(I)), and a Markov-
ian transition of arm i to state X, (t + 1), depending on X,(t) alone. Meanwhile, 
all other arms are frozen at X, (t + 1) = (t), j * i( t). The objective is to 

00 
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[5], Glazebrook [6], and Kelly [11]). Whittle [19] gives a different proof, and 
extends [20] the results to an "open" multiarmed bandit process, where in any 
interval (t, t + 1) new arms can arrive, in an arrival stream which is indepen-
dent and identically distributed (i.i.d.), independent of the control i(s) s s t. 
Varaiya et al. [18] give very direct proofs to the original theorems of Gittins and 
to the "open" process. More recently, Chen and Katehakis [1], Kallenberg [9], 
and Katehakis and Veinott [10] discuss the calculation of the index, whereas 
Glazebrook [7] presents a sensitivity analysis. In the present paper, we consider 
a more general "open" process in which the arrivals depend on the arm which 
is pulled. We follow throughout the approach used in Meilijson and Weiss [14], 
which contains results on the average cost criterion. The approach is also sim-
ilar to that of Varaiya et al. [18]. 

Consider the following model: Arms can be in one of a finite set of pos-
sible states, which we call types; let the type of an arm be denoted by I, I = 
1,2, ... ,L. Instead of listing the different arms and their states, the state of the 
system at any moment is given by (n 1 , . ,nL ), where n, is the number of 
arms of type i present. With an arm of type I, we associate a time VI , a reward 
CI , and arrivals Nu , j = 1, . . . ,L, so that pulling the arm keeps the system 
busy for a duration VI , at the end of which a reward C1  is received, and the 
arm is replaced by an integer number of new arms Nu , Nu  0, of types j, j = 
1, . . . ,L. We assume that given I, the durations, the rewards, and the descen-
dants j = 1, . . . ,L, are random variables with arbitrary joint distri-
butions, independent of all other arms, and identically distributed for the same 
/, / = 1, . . . ,L. Starting from some state (n 1 , ... ,nL ), we want to select a type 
of arm to pull and a policy which will tell us how to continue pulling arms, so 
as to maximize the sum of discounted expected rewards C i 's obtained over 
(0,03). We shall assume a constant discount rate 0, so that a reward C1  
received at I is worth e -°1 Ci  now. 

In Section 2, we derive some expressions for durations and rewards 
obtained by following priority rules. In Section 3, we use those to define an 
index, and prove that the optimal policy is to always pull arms of types with 
highest index available. 

The model of Whittle [20] is a special case of our model in which all the 
durations V1  are 1, and in which the arrivals Nu  consist of a transition of the 
arm of type I to an arm of a new type, and of additional arrivals of arms inde-
pendent of I or of the transition. 

2. DISCOUNTED TIMES AND REWARDS OF A PRIORITY POLICY 

With an arm of type i(i = 1, . . . ,L) is associated a reward 	a nonnegative 
duration V,, and a vector of integers N1  of the number of descendants of the 
arm, of types j = 1, . . . , L. The joint distribution of 1/i , j = 1, . . . ,L, is 
characterized by 

zi(s, 	, 	, Z, ) = E(e viZivil • • Zf fiL ), 	i = 1, . . , L. 	(1) 
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Throughout this section, we shall assume that 1, 	,L is a priority order, 
so that if the state at a decision moment is (n i , 	, nL), the arm chosen is of 
type 

i mint/In;  > 01. 

A typical sequence of decisions will start by pulling an arm of type i; for 
the sake of definiteness, we will assume arms are ordered within types and 
choose the latest arm of type i. The next decision will occur a time Ili  later, 
from a new state (N;1 , • • n1  — 1 + Nu, nr+i Nh+19 • - • ,t1L+ NIL). We 
assume the Na ,. ,NiL  new arms are again ordered and are all later than the 
original n 1 , , nL  arms, and when choosing an arm of any type, the latest is 
chosen (a LIFO policy, within types). If any arms of type 1 were created, the 
latest is pulled. Arms of type 1 (if there are any) will then be pulled in succes-
sion, choosing always the latest one, and creating new arms, for as long as any 
arms of type 1 are present, or indefinitely. When no more arms of type 1 are 
present, the latest arm of type 2 is pulled (if there is any), followed again by 
pulls of arms of type 1; the entire birth process of each arm of type 1 is cleared, 
moving on to earlier arms until again no more arms of type 1 remain, when the 
next arm of type 2, the latest created, is pulled. Following the pull of the latest 
of nk  arms of type k, arms of lower types are pulled until the whole birth pro-
cess of arms of types 1, . ,k — 1 is cleared; then a pull of the latest arm of type 
k and all its descendants of types 1, , k — 1 follows, until there are nk  - 1 
arms of type k left. Only when all arms of type k, and descendants of types 
1, . . . , k are cleared, can we move to the latest (if any) arm of type k 1, etc. 

Consider an ordered pair of types (i,j), where at time t = 0 the state con-
sists of a single arm of type i, and consider the sequence of arm pulls starting 
with the arm of type i, followed by arm pulls of types 1 9 . ,j until all arms of 
types 1, , j are exhausted for the first time, or indefinitely. Call this an (i,j) 
period. Let Tj  be the duration (possibly infinite) of an (i,j) period, and let 
Mijkyk = 1, . • . ,L, be the number of type k arms present at the end of the 
(i,j) period, where of course Mt*  = 0, k j, and where all these arms were 
created during the (i,j) period. The joint distribution of k 

... , L, is characterized by 

Gu (s, Z 1 , 	, ZL  ) = E (e 	 ). 	 (2) 

Define also 

( s, 	. • '4) = g, (s, Zi , - • , 	) • 	 (3) 

Proposition 1: The generating functions Gij  satisfy the recursive relation 

Gu (s,Z i  , . . . ZL  ) 	(s, 	, • • • , 	(s, Z1, • • • ZL  ), 	, • • • , 	)• 
ZAN 
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PROOF: The (i,j) period of duration T, will consist of an (i,j — 1) period of 
duraiton Tu_ 1 , at the end of which there will be M ii_ ij  type j arms; conditional 
on 	= m, these give rise to m 	(j,j) periods. Writing this out we get 

= 	 Ztrij-lk [E(e -sTij zpiii) 
k>j 	 1>j 

Gu-1 ( S, 1 , 1 , • • • 	GAS'', • • • ,1,Z,+ 1,• . • 

ZJ A-1,• • • ,Zz) 

which is the required result. 	 ■ 

The relations (3) and (4) enable us in principle to obtain the generating 
functions G, recursively: given G,,_ 1  for all i, we need to solve 

GAS, ZI • . • Z1, ) = Gjj-1(S,ZI,..., Zj- 1,Gjj( S, ZI,.. ., ZL ),Zj+l,... ,ZL),  

(5) 

and then obtain G„ for all i by substituting in Eq. (4). 
The random variables T„ and Afkm , k = 1,.. . ,L, give the duration of the 

(i,j) period and also the state at the end of the (i,j) period. Leta be the dis-
count rate, let C I , ... , CL  be the rewards of arms of types ,L, and let Wj  
be the total discounted reward accumulated in the (i,j) period. Define also 

= E( e 	= 

E(e -13v, ), 

= E(W,), 

du, = E(Wk,) = E(Ci e -13v'). 

Proposition 2: The expected discounted reward for period (i,j) satisfies the 
relations 

dy_ 1  + 	
d; 	

— -y4j), 	 (8)
1  — 

d = d 	
1 — 	

(9) JJ 	JJ-  1 	,y jj_i • 

PROOF: As in the proof of Proposition 1, decompose the (i,j) period into an 
(i,j — 1) period followed by Mii_ u  conditionally independent (j,j) periods, 
which we shall denote by superscripts 1, ... Let Wi1_ 1  and HT, , 
Wru - ',)  be the discounted rewards of these periods, discounted to the begin-
ning of these periods. We can write 

Wii = Wij-1 	 e -i37:1() )  Wi z)  
-4- 	+ 	+ •  

(6) 

(7) 
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We note that, conditional on the value of 	the pairs Tlik) , Wr are inde- 
pendent of 	and are independent of each other for k = 1, ... , 

and are identically distributed with the same joint distribution as the 
generic pair Tjj , Wli . Therefore, 

= dij_ 1  + E[e-13Tu -1 Et14V )  + e sTii" WJ: 2)  
e  cry)± 	wri,_,J) mu_ n 9  

= 	

- 

+ E[e-i3Tu-,  dij (1 + 	+ • • • + y 1ri-1J-1)1, 

= 4- 1 

= d iJ 

- 

1 + 

= 	+ 

d • 
	Efe -Mi --1 (1 — 7.1, 
1  — 

djj 

1  — 	
+ Gu-1(0, 1 , • • • ,G,i(13,1, • • • ,1),1, • • • ,1)1, 

dii 
ij-1 	tj) • 

1  

Substituting j for i in Eq. (8) and solving, we obtain Eq. (9). 	 ■ 

We now define the (i,j) priority index I,, as 

Iij
dii  

= 

Note that 

(1 — Tv )/ (3 = fl — E(e - '3Tu )1/13 = E(f e - .64  dt). 

Thus, the index I,, has the typical structure of a Gittins index, in that it is a 
ratio of expected discounted reward over expected discounted time, calculated 
for the duration 7;,, and relative to the priority order 1, ,L. 

Using Eqs. (8) and (9), we get 

= 
	

(11) 

if  

= 
 — 	

+ (1 	1  — 	)1
'  _

1 . 	 (12) 
1  — ij 	 1  —  

In Eqs. (11) and (12), we see that I,, is a convex combination of 	and Ijj  (or 
/11-1). In other words, the reward per unit time in period (i,j) is a weighted 
average of the reward per unit time in the initial (i,j — 1) period and the 
rewards of the (j,j) periods which follow it. We can reiterate Eq. (12) to get 

Iij =. 01 1 110 ± a2 120 	 ajlj0 ± ( 1  — a 1 • • • — 

0E(Ck e -"k) 	 f3E(Ci e -"1 
= 	 + (1 a l 	aj ) 	  

k=1 	1 — E(e -"k) 	 1 — E(e -s v, ) •  

1  — 

(10) 

(13) 
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3. THE GITTINS PRIORITY ORDER AND THE PROOF OF OPTIMALITY 

In Section 2, we have taken an arbitrary priority order and defined an index 4 
for each pair of types. We now define the optimal priority order, which we call 
the Gittins order. 

DEFINITION: The Gittins priority order of types is defined by 

3  Ill = /lo = max 4 ,  

Ill -= 	= max 4_ 1  
lsisL 

(14) 

Although the definition given by Eq. (14) appears to be implicit, it is obvi-
ous that the order can be calculated recursively, where type 1 is obtained by cal-
culating all the I, and choosing the maximal, and, having defined types 
1, 	, j — 1, type j is obtained by calculating the values of 4_ 1  for all i differ- 
ent from 1, 	, j — 1, and choosing the maximal; a tie-breaking mechanism for 
several maxima can be chosen arbitrarily. 

We also define the Gittins index of type j as 

Ii = 	 (15) 

THEOREM 1: The priority policy which uses the Gittins priority ordering is 
optimal among all policies. 

PROOF: Our branching bandit process problem is a semi-Markov decision prob-
lem, formulated as follows. The state is the vector of numbers of arms of var-
ious types: 

s 

The actions available at state s are 

J(s) = 	> 0). 

The transition from state s under action i will involve a duration 

T(s,i) = V, 

and a new state 

s' = (n1 + 	, 	, n, — 1 + N„, 	, n + N,L ). 

A reward C, will be obtained at the end of T(s,i). All rewards are discounted 
with continuous discount rate a > 0. 

Consider a general strategy 7r; let (s) be the process of states and deci-
sions induced by 7r, for an initial state s, and let V(ir)(s) be the total expected 
discounted reward under ir, for initial stage s. A nonrandomizing decision func-
tion f is a function from the states into the available actions, f(s) E J(s). A 
stationary policy is defined by a decision function f, if at all decision moments 
it ohne-wee ft cl• we note that nolicv by f' . and the nrocess it generates for ini- 
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tial state s by f"(s). T is a stopping time for the stationary policy f", if for 
every initial state s, T is a stopping time of f' (s). We denote by (f (7')  , 7r) the 
policy which does f up to T, and continues with 7. 

We wish to find an optimal policy r* such that V(7r* )(s) = sup V(7)(s). 

From the theory of Markov decision processes (Ross [16]), because the action 
space is finite, we know that there exists a stationary optimal policy. Furthermore, 
f is optimal if it is excessive, that is, for every decision function g and initial 
state s, 

V(g,f")(s) 	V(f")(s)• 	 (16) 

To prove excessivity it is enough to proceed as follows: for any g and so , if 
g(so ) = f(so ) there is nothing to prove. If g(so ) = i f(so ), look at 

h(s) = ti i E J(s) 

f(s) otherwise 

so that h(s0) = g(so ) = i. Let T be some (possibly infinite) stopping time, 
E(T) > 0, defined on f To show Eq. (16) for so , it is enough to show that 
for all s 

V(h,f")(s) < V(fm,h,f")(s), 	 (17) 

since iterating this m times gives 

V(h,f")(s) S V(f (nm,m, f")(s) 	V(f")(s). 	(18) 
re 

We now let 1, 	,L be the Gittins priority order, and let f be the priority deci- 
sion function 

f(s) = min(kink  > 0). 	 (19) 

We choose as Tthe stopping time Tf(s)f(s) onf °° (s); clearly E(T)-_ minE( Vk ) > 0. 
We now fix i, and show that Eq. (17) holds. If h(s) = f(s) there is noth-

ing to show; otherwise, the state s is 

s= (0, . . ,O, 	, n„ 	), 	n,n > 0, 	
(20) 

f(s) -= j < i = h(s). 

We now compare V(h,f")(s) to V(f (T) ,h,f")(s). The two processes gener-
ated by the policies are described first; see Figure 1. 

The policy (h,f")(s) will act as follows: it will choose the latest arm of 
type i, then all its descendants of types s j; this will take time T, with result-
ing state 

,h = 	. • • 5 0, ni, ?If+ , + Miji, i , ... 	- 1 + 	. . . . 
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FIGURE 1. Comparison of two policies. 

It will then choose the latest original type j arm, followed by its descendants 
of types j; this will take an additional time 7i, with resulting state 

s hf = (0, . . , 0, nj  — 1, 	+ Mill+1 + Mili -1-19 - • 	— 1 + 	+ MD, • • • ) • 

From time Ti  + TB  and state skf onwards, the policy will act as 
The policy (f (T) ,h,f )(s) will act as follows: it will choose the latest type 

j arm, and continue f for time T; that is, it will choose all descendants of the 
arm of types j, with a duration T, and resulting state 

sf = (0, ... ,O, n — 1, n ., ±1  + MJ,J+1, - • • ,n, + Mna, • • )• 

It will then do h, that is, choose a type i arm, and proceed with f'; that is, 
choose all descendants of i of types < j, with duration T, and resulting state 

Sfh  = (0, . . 	— 1, 	+ Mi„±i  + Mell+1  , 	,n, — 1 + 	— M,„ . . .). 

From time Tll  + T, and state S fh  onwards, it will act as f". Of course, the 
durations T, + Ti , Tv  + Ti  and the resulting states S hf,S fh  under the two poli-
cies have the same distribution. The total discounted rewards of these policies 
(where we let W denote the random reward of a policy) are: 

w(h , fo.)( s) = 	e -ar,; 	e -a(Tii+7:0 w(  fon )(s hf ),  

w(f cri h,f . )(s)  = wij  e -0 .7);wii  e -fi(rj+r,; ) w(f . )(sfh ). 

Taking expectations (with obvious use of independence), 

V(h,f")(s) = d, + -y u clll  + E, 

V( f (T) ,h, f ")(s) = dll  + yji cly  + E, 

where E is the expected value of the last term in Eq. (21), which is the same for 
both policies. We get (using Eqs. (9), (11), (12), and (14) 

(21) 

(22) 



BRANCHING BANDIT PROCESSES 	 277 

V(f (T) ,h,f")(s) - V(h,f')(s) = d11 + 

- yildii = (1 - -y u )dij  - (1 - 

= (1/0)(1 - -yu )(1 - 	- 

= (1/0)(1 - 150(1 - y u_ i ) 

x (/,i- i  - /,j_ i ) > 0. 

Note that in the above proof in Eq. (21), we allow the possibility of E(Ti ) = 
00, or P(7 < 03) < 1, or even P(Tii  < o) = 0. This does not affect the proof 
at all, since Tif  = E(e -'37:ii) is still well-defined, with the possibility of y ji  = 0; 
as long as E(Tn ) > 0, 1 - -y > 0 so Ijj  is well-defined; of course, if -y = 0, 
/if = Ocin 
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We consider a situation in which n jobs, requiring random amounts of processing, all with the same mean, are to be 
scheduled on m parallel machines with respect to one of two objectives: expected flowtime and expected makespan. We 
discuss optimality of the rule that says to schedule the jobs with the largest variance first (LVF). We show that for some 
very simple job length distributions, LVF minimizes both the expected flowtime and the expected makespan. 

[ n trying to solve scheduling problems with jobs 
whose processing times are not known precisely 

t advance but are drawn from given probability 
. stributions, researchers have concentrated on rules 
ised on the jobs' mean processing times. One natural 
)proach is to use the expected values as stochastic 
arrogates for the exactly known processing times of 
terministic jobs. Yet an essential role in stochastic 
heduling is played by the variability that such jobs 
troduce into the schedule: this problem feature is 
tter described by the variances than by the means 
the jobs. In this paper, we investigate scheduling 

les based on the variance of the distributions from 
rich the processing times of the jobs are drawn. 
Jobs 1, . . , n are to be processed without pre-
❑ptions on m parallel identical machines; job j re-
tires processing for a duration X, on one machine; 
, . . . , X„ are independent random variables. Jobs 
11 be completed at time C 1 , ... , G, which depend 
the X,'s as well as on the scheduling rule. Two 

mmonly used objective functions for this model are 
flowtime E c, and the makespan Crnax  = max C, 

d the resulting problem is to find schedules that 
nimize the expected value of either function. As is 
own, the longest-expected-processing-time-first ap-
)ach (LEPT) minimizes expected Cmax for exponen-
1 jobs or for remainders of independent, identically 
tributed (i.i.d.) decreasing hazard rate jobs (Bruno, 
twney and Frederickson 1981, Pinedo and Weiss 
80, and Weber 1982. In general, LEPT is a good 
t not optimal heuristic. Recently, in a remarkable 
per, Weber, Varaiya and Walrand (1986) showed  

that the shortest-expected-processing-time-first ap-
proach (SEPT) minimizes expected flowtime, E C,, 
under the very general condition that the job process-
ing times are stochastically comparable (stochastic 
comparison is defined by X EST Y if P(X > x) 
P(Y > x) for all x); this result generalizes previous 
work on the problem by Glazebrook (1979), Bruno, 
Downey and Frederickson, Weiss and Pinedo 
(1980) and Weber. 

In this paper we will look at the case in which all 
jobs have equal mean processing times, E(X 1 ) = • • • = 
E(X„) = 1. In this case SEPT and LEPT are of course 
meaningless, and we need to look for other features 
to compare jobs and to improve our intuitive under-
standing of the problem. 

For E(Xj) = 1 for j = 1, . . . , n we note, first, 
that, if we have a single machine, then E(E = 
n(n + 1)/2 and E(Cmax ) = n, independent of the 
schedule. Second, processing times are not stochasti-
cally comparable unless they are identically distrib-
uted. With equal means we naturally turn to the 
variances, and we find heuristic indications that the 
rule of LVF, largest variance first, provides good 
schedules for both objectives—expected flowtime and 
expected makespan. 

The reasoning is as follows: In minimizing make-
span, we are concerned about the possibility of being 
stuck with some long jobs at the end of the process, 
when some machines are idle and our total processing 
rate is lower than m; this situation seems to be more 
likely when the more variable jobs are left to be done 
last, so LVF is attractive. To minimize flowtime, our 

?tea classification: 592 priority scheduling by variance of stochastic processing time. 
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main concern in scheduling earlier jobs is to prevent 
delays to later jobs, of which there are a large number 
at the start of the schedule. If we schedule the m jobs 
with the largest variances first, we are likely to have 
the first job completion as early as possible, so LVF is 
attractive. 

We do not know how widely applicable this heuris-
tic is and in what situations it might supply the optimal 
policy. In this paper we examine some particularly 
simple special cases for which LVF is indeed optimal 
for makespan as well as flowtime. We chose these 
special cases because they lend themselves to easy 
analysis, rather than because of their practical impor-
tance. Nevertheless, we feel that they provide a strong 
case for the use of a LVF heuristic when the mean 
processing times are equal or nearly equal. (Pinedo 
and Wie 1984 discuss the performance of LVF for 
machines in series.) 

We consider three families of distributions. 

Class I 

Fi(x) = 1 — (1 — 2p,)e -x — 

= 1, 	, n. ( 1 ) 

Class II 

F,(x) = 1 — (1 — p;)e' — pxe -x j = 1, . . . , n. (2) 

Class Ill 

P(X; = 0)= pi  
P(X, = 1) = 1 — 2p, 	 j = 1 , • • • , n• (3 ) 
P(X, = 2) = p;  

In Sections 2 and 3, we will prove the following 
theorems. 

Theorem 1. Assume X, , . . . , X„ belong to one of the 
classes, I, II, or III. For m = 2 machines, LVF 
minimizes expected flowtime. 

Theorem 2. Assume X i , . , X, belong to one of the 
classes I or II, with any number of machines m, or to 
class III with m = 2 machines. Then LVF minimizes 
expected makespan. 

Each distribution in class I, II, and III is a mixture 
of 0 and the random variables Y and Z, in the 
proportions pi , 1 — 2p, and pf , if we assume that 
E( Y) = 1, E(Z) = 2 and for the three classes we 
have the following situations. 

Class I: Y exp(1), Z exp(1/2). 

Class II: Y 	exp(1), Z 	exp(1) * exp(1)(i.e., con- 
volution of two exponentials with mean 1). 

Class III: Y = 1, Z = 2. 
Thus E(X) = 1 for all j, and the variance V(X,) 
increasing in pi, specifically 

1 + 4p, 
V(X,) = {1 + 2p, 

2p, 

We shall refer to mixtures of 0, Y, Z in the genera 
proportions 1 — a—a, 0, a 0, 0 as class I' 
II', III'. 

In Section 4 we discuss three topics: preemptive 
scheduling of jobs of classes I-III, monotonicity oi 
E(E C„) and E(Cni.) with the parameters pf , anc 
robustness of the results under wider classes 01 
distributions. We indicate how the optimality of 
LVF extends to generalizations of both class I anc 
II distributions. On the other hand, LVF is no 
always optimal: in Section 5 we consider a generali 
zation of class III for which it is sometimes optimal tc 
alternate jobs with large and with small variances if 
the schedule. 

2. Minimization of Expected Flowtime 

In this section we prove Theorem 1. We also obtain 
as Corollary 1, Theorem 2 for the case m = 2. Then 
are m = 2 machines that become available at time 
—D0/2, Do/2. The jobs 1, . . , n have processing time 
• . . . , X,,, all of which belong to one of the classes 
I, II, III, with mixing parameters pi, ... , 	W( 
assume that Do  is a random variable belonging to the 
corresponding class I', II', III'. The jobs are started if 
the order 1, ... , n, with completion times C1 , .. . 
G. We shall see how the expected flowtime E(E Ck 
depends on p i , . . . , p„ and show that of all possibh 
permutations of the values of p,, . . . , p„ the one witl 
P1 3 P2 p„ minimizes the expected flowtime 
This result will prove the optimality of LVF among 
all permutation rules, and by using induction and the 
initial value, Do , will prove the optimality of LVI 
among all the nonpreemptive scheduling policies. 

Consider the schedule of jobs 1, . . . , k and le 
Uk Vk be the times at which the two machines finisi 
to process all these jobs. Also, let Dk = Vk Uk; ther 
Uk + Vk = X, ± Xk, job k + 1 starts at Uk, anc 
we have: 

Xk Dk 
Ck+1 = 	 Ak+1 

2 

k = 0, 	, n — 1, (5 

Dk +1 = I Xkl-1 Dk 
	 k = 0, 	, n — 1. (6 

class I 
class II 
	

(4; 
class III. 
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'he flowtime is 

n + 1 
Ck = 	X, + -

n 
X 2  

2 	2 

+...+-2    
	

-(Do  + . . + D„_,)/2 	(7) 

rid, since E(X,) = 1 for j = 1, . . . , n, 

n—I 

Ck) 
n(n 

4 
+ 3) 2  

E 	= 	 E( Dk), 
k=1 	 k=„0  

(8) 

to minimize expected flowtime we want to maxi-
die the expectation of 	Dk. 

It is easy to verify from (6) that if D o  belongs to 
ass I', II' or III' and X, for j = 1, . . . , n belong to 
e corresponding class I, II or III, then Dk for k = 1, 

n belong to the same class I', II' or III' with 
ixing probabilities 1 - ak  - (3k, ak, 13k. For classes 
, II', or III', define Xk and S k  as 0, 1, 2 according to 
nether Xk and Dk  are distributed as 0 or Y or Z, 
spectively, Note that 

Dk ) = E(E(Dk I Sk)) = E(Sk) = ak + 213k. 
	(9 ) 

e will now treat each class separately. 

ass I. Here Dk and Xk+i are each a mixture of 
ponential random variables with means 0, 1, 2. 
;phrase (6) as 

= max(Dk , Xk+ 1 ) - min(Dk, Xk+I). 	(10) 

call that if Y, Z are exponential with rates XI, X2 
id means 1 /A,, 1/X2 ) then min( Y, Z) is exponential 
th rate X, + A2, and max( Y, Z) - min( Y, Z) 
independent of min( Y, Z) and is distributed as 
P(X1) with probability X2/(X1 + X2) and as exp(X2) 
th probability X, /(X, + A2). Conditional on the 
lue of xk+, and S k  we find that (3k+1, the value of 
Sk+1 = 2), is 

Sk 

Xk+I 

0 1 2 
-1 = • (11) 

0 0 0 1 
1 0 0 2/3  

2 1 2/3 1 

;o, for S k  = 0 to hold it is necessary that S o  = X, = 

= X k  = 0, so, letting po = 1 - ao - (3o, 

Combining (11) and (12), we obtain a difference equa-
tion 

(3k+1 = 2/3 (3k  + 2/3  Pk+I + 1/3  Po • . • Pk+l, 	 (13) 

which is solved by 

2)k 	1 k  
(3k = 	 E (2M + 	. . Pi)( 32)k-j  

k= 1, 	n. (14) 

Substituting (14) in 

E(Dk) = 1 — Po • • • Pk + k 
	 (15) 

and adding, we obtain 

E(E Dk) n + 3(1 - ( 3- )00  - po  + 2 E pk  
k=0 	

2)n 	
12-  I 77 - 1 

E (2pk  + Po  . • • Pk)(  3) • 

n—I 

(16) 
k=   

Consider now a pairwise exchange between pk  and 
Pk+1, 1 k n - 1. Let A denote the value of (16) 
minus the expected value when Pk  and pk+ , are ex-
changed. Then 

A 	(2/3) n k(1 PO • • • Pk— I X Pk — Pk+1 

1, 	n - 1. (17) 

We see that A < 0 if n Pk, and E(E',::,; Dk ) can be 
increased by the pairwise exchange of pk  and pk+1 ; the 
maximal value of E(E'k'•:0' Dk ) is therefore obtained by 
the schedule that satisfies p, . . . p ry . This result 
proves Theorem 1 for Class I. 

Class II. Here Xk and Dk are each a mixture of sums 
of independent exp(1) random variables of which 
there are 0 or 1 or 2. Recall that if X, Y are distributed 
as Erlang with parameters k and 1, respectively (i.e., 
as sums of k and 1 i.i.d. exponential random variables) 
with rate 1, then max(X, Y) - min(X, Y) is a mixture 
of Erlangs with parameters 1, , max(k, 1). It is easy 
to verify that, conditional on the values of x k+ , and 
Sk we now get for Ok+1, the value of P(S k+, = 2), 
conditional on Sk and Xk-,1: 

S k  

Xk+ 

0 1 2 
(18) 

Ok+I = 0 0 0 1 

1 0 0 1/2 

2 1 1/2 1/2 

We now proceed as for case I; using (12) and (15) 
- ak - (3k = P(Sk= 0) = API . Pk. 

	(12) 	which still hold, and setting up a difference equation 



for 133k, we obtain 

13k =Oo + 	+ Po 	P., )0 
J=1 

k = 1, 	, n, (19) 

E(

n—I 
 E Dk 

k=0 

= n + 2(1 — ())00 — Po 2 
n—I 	n—I 	

1)"—k + E1  Pk - E1  (Pk + Po 	pk)(-
2 	

. 	(20) 
k=  

Define A as before, as the value of (20) minus the 
value obtained when Pk , pk+ , are exchanged; then 
A  = (1/2)n—k(1 	n  

PO • • • Pk—  I )(Pk — Pk+1) 

k = 1, 	, n — 1, (21) 

and the proof of Theorem 1 for class II follows. 

Class III. Let q, = 1 — 2p, for i = 1, . . . , n be the 
probability that X, is odd, and let qo  = ao ; we then 
have 

E(Dk I D k— I  even) = 1, 
E(Dk  I Dk— I odd) = 1 — qk , and 
E(Dk ) = 1 — ak-Iqk k = 1, . . . , n. 	 (22) 

To obtain ak  = P(Dk  = 1) = P(Dk  odd), we set up the 
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We see that E(E'kV, Dk ) is a symmetric function 
qo, q1, . . . , q„_, and any pairwise exchanges, or an 
permutations of q l , . . . , q,,.+1 , will not affect (25 
Thus the order of the jobs 1, . . . , n — 1 has no effe( 
on the flowtime. The only decision to be made 
which job to do last. We take a derivative with respe( 
to to get 

n—I 	 n—I 

	E E Dk =— 
E  (_2) r— I s(rn— 1) 

k=1 	 r=l 

= —an-2 < 0. 	 (2( 

Therefore, if p, > pn_,, so that 1 — 2p, = < q„_„ 
pairwise exchange between pn _, and p„ will increa1 

Dk ). By the symmetry, we can make a simile 
improvement if p, > pk  for any k = 1, . . . , n 

—Hence the maximum is achieved when p, 
min, =ckr1Pk • We have shown that the expected flov 
time depends only on the last job in the schedule, an 
is maximized if that job has smallest variance. Tht 
there are many optimal schedules. One of these opt 
mal schedules is LVF. This result completes the pro( 
of Theorem 1. 

Corollary 1. For m = 2 machines, LVF minimiz, 
the expected makespan for classes I, II and III. 

Proof. The makespan Cmax  is given by 

Cmax — 

X, + . . . + X,  + D, 
2 
	 (2 

k-  + 1 

following difference equation: 

ak = ak- 1(1 — qk ) + (1 — ak- ,)qk• 

We see immediately that 

= 
al = qo  + q, — 2q0 q1 , and 
oe2 = qo + 	+ q2 2q0q1 	2q0q2 

2q1q2 	4q0q1q2 • 

Letting ,c (k+1)  denote the rth symmetric 
q0 , . . . , qk , that is, 

so we need to minimize E(D,). For class I, by (14) ar 
( 15 ), 

E(D„) = 1 + (-23I00 — Po 

+3 - 2,
1 
 (2pk  + po  . . . pk )(-3) . 

1 	
2  n—k 

For class II, by (15) and (19), 
function of 

1 n  E(D„) = 1 + (-2  ),30 — po  . p, 

(23) 

(2 . 

54,k+1)  = 	. 	E 	qir  r = 1, . . . , k + 1, 

we find, by induction, the solution to (23) as 
k+ 1 

ak  = E (-2)-1,54,k+1). 
	 (24) 

r=1  

n 	 1  n—k 

+ 
1 

+ 	k ,d1  (Pk 	Po • • • Pk){ 	• 	 (2' 

It is easy to check by a pairwise exchange of pk ar 
Pk+1 that the corollary holds. 

For class III, we note that, as in (25), we have 

Substituting in (22) and adding up over k = 0, . . . , 
n — 1, we get 

E( 
 E Dk) = n 
k=1 

n+1 

E 	 (3 ' 
r=2 

n-1 

E(E Dk) = (n — 1) — 

k=1 

E (-2)''Sr . 
2 r= 

(25) This expression is symmetric in q,, . . . , q, and ther 
fore independent of the schedule. On the other han, 
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LVF (or any rule that puts p„ = mini k.,,Pk), maxi-
mizes E(E7,--; Dk). Hence, LVF minimizes E(D„), and 
the corollary is proved. 

3. Minimization of Expected Makespan 

In this section we prove Theorem 2 for classes I and 
II for any number of machines m. The proof for class 
III with m = 2 was given in Corollary 1. Assume 
the m machines are available originally at times 
U;,1)  Co'" ) , with E 02= 0, and with CO )  in 
class I' or II' for i = 1, . . . , m, according to whether 
the Ks are in class I or II. Consider jobs 1, . . . , k 
and let UV )  = ... U (km)  be the times at which the 
machines complete their processing, so that 

E 	= 	+ 	+ Ac. 	 (31) 

Define 

Ur )  — U (k2 i = 1, 	, m — 1, 	(32) 
Bk = Ur)  — Uk 

Clearly Cmax = U (,7) , and therefore the makespan is 

+ 	. + X, + BV )  + . . . /3 („`" -1)  
m 

= + . + 	+ D(,2 + 213tP 

+ . . . + (m — 1)Dn7 1) . 	 (33) 

We will show that exchanging Pk and pk +, when 
9k < Pk+1 will lead to all of D.,(1) , . , decreasing 
stochastically for j = k + 1, . . . , n, from which the 
theorem will follow. 

Consider again the schedule of jobs 1, . . . , k. At 
,ime UP one machine completes a job and is no 
onger occupied by any of jobs 1, . . . , k. The other 

— 1 machines are still occupied by the (> 0) 
-emainders of some of the jobs 1, . . . , k, whose 
iistributions belong to class I' or II'. Let SP , SP , , 

be defined as before for the m — 1 remainder 
obs, and define Nk as the number of b (es which are 
!qual to 2, for k = 0, 1, . . . , n. 

Proposition. For jobs of class I or II, let 

V' = Nk+, 	= N, Xk = 2, Xk-,1 = 1, and 

V" = 	= N, Xk = 1 , Xk-r- = 2; 

hen N" 	N' . 

Proof. Under these conditioning events, Nk±i can 
issume values N — 1, N or N + 1. For class I, 

straightforward calculation (Figure 1 ) shows 

p(N' = N + 1) 

(

2m — 2N — 2) 2 
 2m — N — 1 

2m — 2N 2m — 2N -- 2 
2m — N 2m — N — 1 

= P(N" = N + 1) and 

P(N' = N — 1) 

(N + 1)N  
2m — N — 1 (2m — 

N  
= P(N" = N — 1), 

2m —N  

(34) 

and the proposition follows. 
The proof for class II is less direct. Recall that, for 

class II, if X k  is 1, Xk is exp(1) while if X k  = 2, Xk is 
erlang(2), i.e., a sum of two independent exp(1) ran-
dom variables. So altogether, for N' and N", Xk and 
Xkl-i consist of 3 independent exp(1) random vari-
ables, each of the jobs k and k + 1 starts with an 
exp(1) duration (let X, Y denote these durations), and 
the third exp(1) random variable (let Z denote its 
duration) is added, after the initial exp(1) duration to 
(i) job k in the case of N', and (ii) job k + 1 in the 
case of N". We now use a sample path argument to 
show that N' N". At 0,2 1  we start X together 
with whatever m — 1 remainders are on the other 
machines. If X is not the first to end, so that another 
remainder job ends first, we start Y, together with X 
and m — 2 other job remainders; in this case the rest 
of the schedule has the same stochastic behavior for 
both N' and N" and they have the same distribution. 
If X ends first, we start Z in the realization of N' and 
Y in the realization of N". We continue the sample 
path argument with the assumption that Z in N' 
equals Y in N". Following X we now have Z (or Y) 
running together with m — 1 other job remainders. If 
Z (and Y) end first, the rest of the schedule has the 
same stochastic behavior for both N' and N" and they 
have the same distribution. If, however, another job 
ends first, then in the realization of N' we start Y 
immediately in parallel with Z and m — 2 other job 
remainders, while in the realization of N", Y is run-
ning in parallel to the other m — 2 job remainders, 
and Z is waiting for the completion of Y before it can 
start. 

Let g be the number of job remainders out of the 
m — 2 for which x = 2; then we have N" = N + 1 
while N' AT' , and the proposition is proved. 

Crnax. = 



2m-2N-2 
2m-N-1 

N+1  
2m-N-1 

N +1 	0 2m-2N  

2m-2N-2 
2m-N-1 

2m-N-1 	 2m-N 

N  
2m-N 

X k 
 a 2 	 X

k+1 	
1 

N ' 

2m-2N-2 
2m-N-1 

2m-2N 	 N + 1 

2m-N 	 2m-N-1  

N 	 2m-2N 

	

2m-N 	 2m-N 

N 
2m-N 

	

X k  si 1 
	

X k+1 	2  

N" 
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Nk-1 
	 Nk 
	 Nk +1 

	 Nk-1 
	 N k 	 Nk +1 

Figure 1. The distribution of N', N". 

This proposition supplies the crucial exchange ar-
gument to prove the theorem. Consider changing the 
order of jobs k and k + 1. Doing so will affect the 
makespan only if one of the jobs has x = 2 and 
the other x = 1. Doing k followed by k + 1 we have 
xk = 2, xk+ = 1, and Nk+, distributed like N' with 
probability pk(1 — 2pk,,); the probability that Nk+i is 
distributed like N" is analogously 14+,(1 — 2pk ). Re-
versing the order will add pk+I — pk to the probability 
of the first event and decrease the probability of the 
second event by the same amount. Thus, if Pk+, > Pk, 

reversing the order will decrease Nk+, stochastically. It 
is easy to see that M I  is stochastically increasing in 
Nk+i . So also is Nk+2, and so are the numbers of job 
remainders with x = 2 when 1, 2, . . . of the m — 1 
jobs remaining at M I  are completed. This result 
proves that the decrease in Nk+, will cause DJ' for k + 
1 j n and 1 i m — 1 to decrease stochastically. 
We thus complete the proof. 

4. Generalizations 

In this section we comment on the results of the 
previous sections and point out some possible exten-
sions. 

(a) Preemptive scheduling of class I and II. To min-
imize expected flowtime, it is clearly optimal to locate 
and dispose of zero duration jobs first, at no cost. If 
we were to minimize makespan, zero duration jobs 
would be irrelevant and could be scheduled anywhere; 
we can therefore assume we know which are zero 
duration jobs, and ignore them. The remaining jobs 
will then have x = 1 or x = 2, and will correspond to 
the model of Weber. The ensuing policies are highest-
hazard-rate-first for flowtime, lowest-hazard-rate-first 
for makespan. These policies differ from the LVF rule. 

(b) Dependence of expected flowtime and make-
span on p i , . . . p„. 

Corollary 2. For every permutation schedule, the ex-
pected flowtime is decreasing in each p, for j = 1, . . . , 
n for m = 2 machines and jobs of classes, I, II and 
III. For every permutation schedule the expected 
makespan is increasing in each p, for j = 1, . . . , n 
for m machines, and for jobs in classes I and II. The 
expected makespan is also increasing in p„ where n 
is the last job, for jobs in class III and for m = 2 
machines. 

Proof. The proof is conducted by taking derivatives 
of (16, 20, 26, 28, 29); we omit the details. The 
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lependence of expected makespan on PI , . , p,,_, for 
lobs in class III with m = 2 can also be fully analyzed, 
put it is not simply monotone. 

(c) Generalization of class I and class II. Theorems 
2 and 3 can be proved for a family of jobs X 1  , 	, 
whenever all the X's are a mixture of 0, Y, Z 
Ind have the same mean E(X) = 0, and either 
Y exp(1), Z exp(X), 0 < A < 1, or Y exp(1), 
7 - exp(1) * exp(A), A > 0. 

5. LVF Is Not Optimal for More General 3-Valued 
Distributions 

n this section we examine the case in which the 
V belong to a class of distributions that generalize 
;lass III. We find the policy that minimizes both 
!xpected flowtime and expected makespan; sur-
risingly, this policy is not LVF. Similar optimal 
mlicies for some other models have been obtained by 
'inedo (1981) and Weiss (1984). 

We take fixed 0, -1 < B < 1 and p1 , q, = 1 - 2p,, 
< q, <1 -101forj= 1,...,nandlet 

w.p. 	+ 2 - 
0 	1 - q, +  0  

2 
1 w.p. I - 2p, = q,. 	 (35) 

0 1 - q, - 0 
2 w.p. p, 	= 	 

2 	2 	• 

Tor this class we have 

7,(X) = 1 - 0, and 

(X.,) = 1 - g, - 0 2 . 	 (36) 

We note that if Pk ?'" p1, then Xk 	that is, Xk is 
tochastically more variable than X, (see Ross 1983, 
,ection 8.5 for definition). 

We will establish the following theorem. 

'heorem 3. For m = 2 machines, and for X„ . , X„ 
'istributed as (35), all with mean 1 - 0, and with 

P2 	. . . p„, the following rule minimizes 
xpected makespan and the expected flowtime: 

I) If 0 > 0, so that E(X) < 1, LVF is optimal-that 
is, the schedule 1, . . . , n is optimal. 

3) If B = 0, any policy that has n last is optimal. 
:7) If 0 < 0, so that E(X) > 1, the optimal schedule 

has the following structure: smallest variance 
last, largest variance before last, second smallest 
variance second before last, second largest vari-
ance third before last, and so forth-that is, the 
schedule . . . , 2, n - 1, 1, n is optimal. 

Proof. Let Do , DI, . . . , D„ be defined as in the proof 
of Theorem 1, with Dk in class III': 

74 	1  
k 	= 2 

1 - 2-yk = ak, 

71k 	1  
k 2 

with initial values for Do  given by qo  = ao and no, 
so that 

E(Dk ) = I - nk , and 	 (38) 
V(D k ) = 1 - ak - 

The following difference equations can be set up for 
ak  and nk: 

ak  = ak _ + qk  - 2ak-] 9k, and 	 (39) 

nk = ak-i qk + Onk - 1. 	 (40) 

Equation 39 is the same as (23), and has (24) as its 
explicit solution, in terms of q o , , qn ; Equation 40 
is solved by 

= kno  Ok -  I ao q i 	q2 	ak- i  qk, 	(41) 

and we get 

E(D,) = I - O nno E 	q) , 	 (42) 
J=. 

E(
' l 
J

Eo  D,) 

	

B" 
	 1 

= n 	no E - 	 (43) 

	

1 - B 	.1=1 

Recall that to minimize expected makespan we need 
to minimize E(D,), and to minimize expected flow-
time we need to maximize E(E,":01  D,). 

Let 81 (k, 1) be the value of E(E7=c1 4) minus the 
value with the order of jobs k and I exchanged, and 
let A m (k, I) be similarly defined for E(D n ). A schedule 
for which AF(k, 1) < 0 (A4,(k, I) > 0) for some pair k 
and 1 cannot be optimal for flowtime (makespan). 
Hence, A F(k, 1) 0 (Am  (k, 1) 0) for all k and m is 
a necessary condition for minimal expected flowtime 
(makespan). Using (42, 43) we obtain the following 
results: 

(k, k+ 1) = V-k-1 (9k+1 - qOak--1 

k = 1, . . . , n - 1, (44) 

AF(k - 1, k + I) 

= 19 "-k-1 (9k+1 -  qk-I)(ak-2( 1  - 9k + 0 ) 

+ qk( 1  - ak-2)) k = 2, .. . , n - 1, (45) 

= 

0 w.p. 

Dk = 1 w.p. 

2 w.p. 

ak + 71k  

2 
(37) 

ak - 71k  

2 
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and 

Am(k, 1) = —(1 — 0)A F(k, 1). 	 (46) 

	

For 0 > 0, (44) implies that q, 	. . . 	qi , is 
necessary for flowtime optimality, and, since this con-
dition uniquely determines the schedule, and an op-
timum exists, it is sufficient; this result proves (a) for 
flowtime. 

For 0 < 0, (44) and (45) imply the following optimal 
orders: 

For n even, q 	q n  _ 2 	. . . 	q2 	q I -?" q 3 ?"" • - • qn — 3 

qn-1. 

For n odd, qn 	q„_ 2 • • • 	q 3 	?*-- 2 = • • • qn — 3 ?-.- 

qn— I • 

This conclusion proves (c) for flowtime. 
The proof of (a) and (c) for makespan follows from 

(46). (b) was proved in Section 2. 
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INTRODUCTION AND RESULT 

A batch of n jobs is to be scheduled on a set of M+1 parallel 

machines. Job j requires processing time p. and has weight (holding 

cost per unit time) w., j=1,•••,n. For any given schedule let c. be 

the completion time of job j; then 2j 
1 	j 

	

w.c 	is the weighted flowtime 
=  

of the schedule; see Conway Maxwell and Miller [2]. The objective is to 

find a schedule to minimize it. 

McNaughton [8] shows that the optimal schedule is work conserving, 

that is no machine is left idle while any jobs remain to be started. 

Hence, the problem is to chose a permutation which will give the optimal 

order in which to start the jobs. This problem is unary NP-hard for 

unrestricted M, binary NP-hard for fixed M > 1 (Problem SS13 in Garey 

and Johnson [5], Lenstra, Rinnooy-Kan and Brucker [7]). Sanhi [9] 

provides an O[n(n22
L

)
M+1

] pseudo polynomial time algorithm for the 

problem. Eastman, Even and Isaacs [3] derive some inequalities which can 

be used for a branch and bound scheme; see also Elmaghraby and Park [4], 

Barnes and Brennan [1]. 

Smith's [10] rule, which is optimal for a single machine, is to 

start the jobs in decreasing order of w
J
Jp.. We want to investigate its 

performance. In this we follow some conjectures and earlier attempts of 

Huang, Li and Pinedo [6]. 

Weiss [11] has recently looked at the stochastic version of the 

problem, when the processing times p, are unknown, and are drawn from 

some probability destributions F , j=1,•••,n. Under an assumption that 

the distributions (but not the processing times themselves) are uniformly 

bounded in some sense, he shows that the difference  between the ecpected 



weightedflmitimeusingSmith'srule(withE(ppreplacing P.), and 

using an optimal schedule, is bounded by a constant. Weiss also 

conjectures that Smith's rule has a turnpike property - it actually 

provides the optimal decision at most times. this suggests that Smith's 

rule is an almost ideal heuristic for the stochastic problem. 

In the deterministic case an assumption that all the processing 

times are uniformly bounded is untenable. In its absence the difference 

between weighted flowtime under SR (Smith's rule) and under OPT 

(Optimal schedule) is unbounded. The ratio is however bounded as we 

show: 

Theorem 1:  The ratio between I.n, w.c. under SR and under OPT 
J=I J J 

may approach but not exceed 1/2 + •1/2 = 1.2071... 

I.n  w.c. I SR 
R = sup ( 	J=1  J 	 ) = 	 (1) 

2j=1  wjcj  I OPT 



PROOF OF THEOREM 

The proof follows from a series of propositions. 

Proposition 1: R is approached when w. is nearly equal p. 

j=1,•• ,n. 

2.n  p.c. I SR 
R = sup ( 	J=1  J 	 I 14 ' n ' 13 1' ... ' Pn' w&l' ... ' wn Pn ). 

2 n  p.c j=1 j j 1 OPT  

Proof: Assume jobs are ordered so that w 1/p i  > --• > wn/pn . For 

any schedule write: 

	

n 	 w n 	n-1 	wk 	wk+1 2 w.c. = 	n  2 p.c. , + 2 ( 	 ) 2 p.c.. 

	

j=1 	Pn j=1 	k=1 	Pk 	Pk+1 j=1 

By (2) the ratio for 2 	w.c is a weighted average of the ratios for j=1 	j j 

2 	p.c 	(k=1,•••,n), under the original schedules SR and OPT. Note j=1 j j 

that SR for the jobs 1,•••.n with the weights w•••,w
n 

induces the 

SR schedule for the set of jobs 1,•••,k with the weights pi,•••,pk 

(in contrast, OPT will typically not be optimal for the k job problem, 

and it may insert idle times and not be work conserving). The 

proposition follows. 	 ❑ 

Proposition 2: Assume from here onwards that w.=p., j=1,•••,n. 

Then: 

	

max ( 2.n, p 
J 
 c. 	

I J= I 	
1 all schedules ) 

R = sup ( 	 J  	MJI.P 1 .'".13n  ) 	(3) 
min ( 2.n, p.c. 1 all schedules ) 

J=i J J 

Proof: Slight perturbations can induce w. p. such that the SR 
J J 

order is one which maximizes 2 	p.c . 	 ❑ j=1 j j 

Proposition 3: Let uo  < ••• < um  be the times at which the M+1 

machines finish all processing: let d i  = u i-u i _ i , i=1,•••,M; let 

2 	1 2 	1 
Sn 	

i=0 
  u i 	m(m+1)  ( 

i=0 
  ui) 2 

11 = 	2 di2 m(m+1)  ( 2 di )
2 

i=1 	 i=1 

(2) 



Then: 

2 	2 2 p.c = - 2 p + - 2 
u12 

jj2 . ,j2 	i 

	

j=1 	 J=I 	i=0 

	

, 	1 	, 
11

2 
2(M+1) (

j  2 1 
 Pj)2 
	j, 

Pj
2 	

'3 	
(4b) 

1 

This holds for all schedules, including schedules which are not work 

conserving, as long as all the jobs on each machine are processed with no 

idle time. 

Proof:  Consider scheduling jobs 1.••,k on a single machine in 

that order. Then: 

k 	k 	 k 	 k 
1 	 1 

2 Pc. = 2 13 .(12. 1  4-  "' + pj ) = "f ( 2  Pj )
2 	

f + 	pj
2 

 - 	(5) 

	

j=1 J J 	j=1 	 j=1 	 j=1 

This is independent of the order of the jobs and so holds for all 

schedules. Let j•••,j i be the jobs done on machine i, apply (5) 

and sum over i=0,••,M to get (4a). (4b) is obtained by substitution, 

since 2j=1 pj = 2i=0  u.. That the two definitions of Sn
2 

are 

equivalent is well known. 	 ❑ 

Proposition 4: R is approached when n is large and when all but 

p i ,"-,pm  are infinitesimaly small so that 2 i=m+1  pi  = M+1, while 

n 2 _ 
2j=M+1 Pj = u.  

Proof:  Substitute (4b) into (3) to get: 

	

1  	n 	12 1 „ n 	2 M 2 
2(M+1) ' -j=1 Pj) 

 + 
 f -j=1 Pj -4-  f'-'n  

R = su 	 M,n, 	--- 	(6 p ( 	1  	 f v  n 	12 , 1 .s. n 	2 „ M g  2 	Pl"Pn ) ) 
2(M+1) ‘ j=1 Pj )  ' f`j=1 Pj ' f=n 

where § 2  and S 2  are the max and min over all schedules. Rename 
n 

 
-n 

jobs 1,•••,M to be the last jobs to finish in the numerator. Replace 

each job j. PM, by many short jobs whose processing times add up to 

and consider the new problem with all the chopped up jobs scheduled 



in the same periods as the original jobs were. The only change in (6) 

will then be a reduction in 2
j=1 

p
j
2
, which will increase the ratio. 

Maximizing the numerator and minimizing the denominator over all possible 

schedules of the new problem may increase the ratio even further. The 

choice 
2j=M+1 pj 

= M+1 is done by resealing. 	 0 

Proposition 5:  Let p
1 
< ••• < p

m 
and define y and k by: 

M+1 + 2.
k 
 p j=1 j  

 Pk < Y 	
k+1 	

< Pk+1, 

(denote p0  = 0, pm+i  = co to allow for k=0, k=M; k is not unique if 

one or both of the inequalities hold as an equality, in such a case the 

stated result will hold for all k satisfying (7)). Then: 

R = max( 

	

M 	 M 
M1 + 2 p 	+ 	2p.2  
2 	. , 	

2 	1 
k 2 
	 2 

i 	 3 

1  

	

3=1 	 j=1 
k 	 M 	

1 M,k„P1 •••,pm) (8) 

2(k+1) (M+1 + 2 p.) + f 2 p. + 2 p. 
j=1 J 	j=1 J 	j=k+1 3  

Proof:  For the numerator, reconsider (6). If any of jobs 1,•,M 

start prior to u0 , the part performed before u
0 
 can be chopped up as 

in proposition 4, and a problem with a higher ratio is obtained. Hence, 

the only problems that need to be considered are problems for which 

2p.cismaximizedwhenallthejobsl,"•Jistartat 1, 
J=1 j j 	

u = 0  - 

after completion of all the infinitesimal jobs. The numerator for such 

problems is, by (4a): 

1 
2 p.c. = 2 2 p.

2 
 + — (1 + 2 (p.+1) 2 ) 	 (9) 

j=1 	
2 j=1 	2 j=1 

For the denominator, by work conservation of the optimal schedule, 

we can assume that jobs 1,•••,M are done on machines 1,•,M each job 

on a different machine, and that machine 0 which processes only 

(7) 



(10) 

0 

infinitesimal jobs, is the first machine to finish all processing at uo . 

If any job 1 < j < M does not start at 0 and is completed after u 0 , 

increasing u
0  and starting job j earlier reduces Sn

2 , and if the 

resulting schedule is not work conserving, further reduction of 

2j 1 j pcj 
 is possible. Hence, all jobs j=1,••-,M either start at 0 

=  

orcompletebeforeuw Itfollowsthatu.=y for i=0,--•,k, and, by 

( 4a): 

2 p.c. = 1 (k+1)  y
2  + 1 2 13,

2 
+ 	2 p,

2 

j=1 	 j=1 	j=k+1 

Expanding the ratio of (9) and (10) yields (8). 

	

j=1 	j=1  R = max ( 	 (11) 
M+1 , M+1 	

j 

	

k 	
1 	k 	2 1 k 

k+1 U-T--+  .1: 113j )+  2(k+1) (
j  2 1  P

j )  + -f 2
1  P

j2 -I- (M-k)X2 

1 M,k,p1,---,pk,X) 
Proof: Consider (8). pk+1 ,•••,pm  appear as 2. M  p + 

j=k+1 j 
2 	2 in the numerator, and as 2

j=k+
M
1 'j 

2  in the denominator. 
j=k+1 Pj  

Keeping the sum of squares constant, R is maximized when the sum is 

maximized, which happens when all the p. are equal. The value is then 

1 , 
X = - .L 

M 2 
M-k j=k+1 Pj 	Pk+1 Y. 
	 ❑ 

proposition7:Risachievedidieneachof. Pj  j=1,•••,k is at 

either the lower or the upper end of its range. 

Proof: Taking the derivative of the ratio in (11) with respect to 

pr  one finds that this derivative has the same sign as a convex 

parabola in p e , with a negative free term. Hence, the ratio is 

initially decreasing for pd0, reaches a minimum, and is increasing 

thereafter. 	 ❑ 

Propposition 6: R is achieved when 1)04= 	= pm= X. so that: 

k 	k M+
2
1 

2  P. + 	P-
2 	(M-k)(X2+ X) 



Proposition 8:  R is achieved as 

M+1 
2 + (M-k)(X2+X) 

M+1 R = max ( 	
(M+1)2 	

M, 0 < k M, X > 	) 	(12) 

2(k+1) + (M-k)X
2 

Proof:  Assume we have X > y > pk  > ••• > p l . If y > pe  > 0, by 

proposition 7, the ratio will increase if p e  is pushed to one end of 

its range. Four possibilities arise: (a) p e  is reduced to 0. (b) pe 

 is reduced until y hits the, value pk . (c) pe  is increased to y. (d) 

p 	is increased until y hits X. If (b) or (c) occur, reindex jobs to 

have pi 	< pk  = y, then reduce k until again y > pk , then use 

proposition 6 to change 13, k+1'•••'PM to a new common value X > y. If 

(a), (b) or (c) occur a modified schedule with p e=0 or with smaller k 

is obtained. Repeating for other y > p. > 0, leads to a schedule with 

pi= ••• = pk= 0, or to case (d). In case (d), k = M, and X = y = 

M+1 + 2.M1  13 4  

M+1
J=- 	 > p

m 
> ••• > p

1
. It is easy to see that for fixed M and 

X under these conditions, the ratio is maximized when 
M+1 

 -7-1  > X > M+1  104 , 

o  = P1 = *** = Pk-1 < Pk Pk+1 =  *** = p
m  = X and pk  = (k+1)X - (M+1). 

 

It is possible to show that pk=0 or pk=y is the only case that one 

needs to consider. However, instead of doing so it is shown in the next 

proposition that the ratio in case (d) is always less than the 

conjectured value of R. (12) follows. 	 ❑ 

Proposition 9:  Assume 0 = p 1= 	= 	 pk+1= ••• = pm= X 

and y = X. Then the supremum of the ratio is 4 (1 - 1./177) = 1.1716... 

M+1 
Proof:  Assume first that pk=0, and therefore X = K71.1-. Let R 

be the ratio as in (11). Since in the denominator u 0= ••• = uM 
 X, = X one 



can recalculate it using (4a). 

M+
2
1 

	

, 	+ (M-k) (X+X
2) M+1 = max k 	

2 I M ' k ' X  2 )  (M-k) X2 1 + 	(M+1) X2  

k+1 Substituting the value of X and then denoting a - 1,47E.1  we get 

	

1 fi 	k+1 1 fM+1 	(14+1 1 2 1  

	

, 	" 	M+1J kk+1 	kk+1J J  

	

= max k 	 M, k ) 1 k+1 1 fM+1 12 

	

(' 	M+1 J kk+1 )  

	

f  2 - a2 	k+1 	 2 - a2  

	

= max k  2 - a I M, k, 	) K max ( 2-a I° KaKi)  

= 4 (1 - V1177,). 

1  Let now 5 = pk/X, 0 < 5 K 1, then X - k+1-6  -6 , and 

M+1 
2  + (M-k) (X+X2) + 6X + 62X2  

= max ( 	  1 M. k, 0<6<1, X- 	) 

2 (M-k) x2 4_ (m+i) x2 4. 
2 

 1 52x2 

substituting the value of X, 

1 	k+1 -6 	M+1 	M+1 2 
f 	+ (1 	.1 )  (k.4. 5 + (ic.TT:g) ) 	50-5)X2 	1 

ii =  max k 	 M, k, 0<6<1) 

	

1 k+1 -6 1 f  M+1 	
2 

2 

	

( '
1 	

-f M+1 ) ‘k+1-6' 	- 1-6(1-6)X2 

-6 using the value a - k+1 M+1  and noting that deletion of the last term in 

the numerator as well as in the denominator increases the ratio, this is 

- 2 
< max (2 - a 	I 0 <a< 1 ) 

and the proposition follows 	 ❑ 
k+1 

Proposition 10:  For fixed M and k, let a = ITIT. Then the 

ratio is maximized by X = 	(1 + J 	) and 
k+1 

R = max ( 1 + 1 (] 1-a
2  -(1-a)) I M, k, a - 	) 

Proof:  Rewrite R in (12) as 

1 

	

R = max ( 1 + 	2a 

	

2 	   
1 X + 2a(1-a)  

and (13) follows by calculus. 	 ❑ 

(13) 

X - 



10 

Proposition 11: R = 1/2 + VDT 

Proof: Direct calculus from (13). 	 ❑ 

To summarize: The supremum R = 1/2 + 	is approached when 

w.'4., there is a large number of infinitesimaly small jobs adding up to 
3 J 

M+1 and with a negligible sum of squares, and there are M-k jobs with 

1 	1+a 	k+1 
equal processing times, X = -27e  (1 + j—T_Tt  ) , a - IT+  f , and, k and M 

are such that a L' vUT 
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We consider a situation in which n jobs, requiring random amounts of processing, all with the same mean, are to be 
scheduled on m parallel machines with respect to one of two objectives: expected flowtime and expected makespan. We 
discuss optimality of the rule that says to schedule the jobs with the largest variance first (LVF). We show that for some 

very simple job length distributions, LVF minimizes both the expected flowtime and the expected makespan. 

rn trying to solve scheduling problems with jobs 
whose processing times are not known precisely 

I advance but are drawn from given probability 
stributions, researchers have concentrated on rules 
Bed on the jobs' mean processing times. One natural 
)proach is to use the expected values as stochastic 
arrogates for the exactly known processing times of 
;terministic jobs. Yet an essential role in stochastic 
heduling is played by the variability that such jobs 
troduce into the schedule: this problem feature is 
Ater described by the variances than by the means 
the jobs. In this paper, we investigate scheduling 

les based on the variance of the distributions from 
Stich the processing times of the jobs are drawn. 
Jobs 1, . . . , n are to be processed without pre-
aptions on m parallel identical machines; job j re-
tires processing for a duration X, on one machine; 
, . . . , X,7  are independent random variables. Jobs 
11 be completed at time C,, . . . , C,„ which depend 
the X,'s as well as on the scheduling rule. Two 

mmonly used objective functions for this model are 
flowtime E c and the makespan Cmax = max C,, 

d the resulting problem is to find schedules that 
inimize the expected value of either function. As is 
own, the longest-expected-processing-time-first ap-
Dach (LEPT) minimizes expected C.„ for exponen-
I jobs or for remainders of independent, identically 
;tributed (i.i.d.) decreasing hazard rate jobs (Bruno, 
)wney and Frederickson 1981, Pinedo and Weiss 
80, and Weber 1982. In general, LEPT is a good 
t not optimal heuristic. Recently, in a remarkable 
per, Weber, Varaiya and Walrand (1986) showed  

that the shortest-expected-processing-time-first ap-
proach (SEPT) minimizes expected flowtime, E C; , 
under the very general condition that the job process-
ing times are stochastically comparable (stochastic 
comparison is defined by X -.CST Y if P(X > x) 
P(Y > x) for all x); this result generalizes previous 
work on the problem by Glazebrook (1979), Bruno, 
Downey and Frederickson, Weiss and Pinedo 
(1980) and Weber. 

In this paper we will look at the case in which all 
jobs have equal mean processing times, E(X, ) = . . . 
E(X,,) = 1. In this case SEPT and LEPT are of course 
meaningless, and we need to look for other features 
to compare jobs and to improve our intuitive under-
standing of the problem. 

For E(X,) -= 1 for j = 1, . . . , n we note, first, 
that, if we have a single machine, then E(E C 1 ) = 
n(n + 1)/2 and E(Cmax ) = n, independent of the 
schedule. Second, processing times are not stochasti-
cally comparable unless they are identically distrib-
uted. With equal means we naturally turn to the 
variances, and we find heuristic indications that the 
rule of LVF, largest variance first, provides good 
schedules for both objectives—expected flowtime and 
expected makespan. 

The reasoning is as follows: In minimizing make-
span, we are concerned about the possibility of being 
stuck with some long jobs at the end of the process, 
when some machines are idle and our total processing 
rate is lower than m; this situation seems to be more 
likely when the more variable jobs are left to be done 
last, so LVF is attractive. To minimize flowtime, our 

hject classification: 592 priority scheduling by variance of stochastic processing time. 
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The "Largest Variance First" Policy / 88 

main concern in scheduling earlier jobs is to prevent 
delays to later jobs, of which there are a large number 
at the start of the schedule. If we schedule the m jobs 
with the largest variances first, we are likely to have 
the first job completion as early as possible, so LVF is 
attractive. 

We do not know how widely applicable this heuris-
tic is and in what situations it might supply the optimal 
policy. In this paper we examine some particularly 
simple special cases for which LVF is indeed optimal 
for makespan as well as flowtime. We chose these 
special cases because they lend themselves to easy 
analysis, rather than because of their practical impor-
tance. Nevertheless, we feel that they provide a strong 
case for the use of a LVF heuristic when the mean 
processing times are equal or nearly equal. (Pinedo 
and Wie 1984 discuss the performance of LVF for 
machines in series.) 

We consider three families of distributions. 

Class I 

F;(x) = 1 - (1 - 2p;)e-x - pie-x12  

j=1,...,n. (1) 

Class II 

F,(x) = 1 - (1 - p,)e -x - pixe -x j = 1, , n. (2) 

Class Ill 

P(X;  = 0) = pi  
P(X;  = 1) = 1 - 2p;  j= 1, . , n. (3) 
P(X;  = 2) = 

In Sections 2 and 3, we will prove the following 
theorems. 

Theorem 1. Assume XI, . . . , X n  belong to one of the 
classes, I, II, or III. For m = 2 machines, LVF 
minimizes expected flowtime. 

Theorem 2. Assume X i , . . . , Xn  belong to one of the 
classes I or II, with any number of machines m, or to 
class III with m = 2 machines. Then LVF minimizes 
expected makespan. 

Each distribution in class I, II, and III is a mixture 
of 0 and the random variables Y and Z, in the 
proportions p„ 1 - 2p, and p„ if we assume that 
E( Y) = 1, E(Z) = 2 and for the three classes we 
have the following situations. 

Class I: Y exp(1), Z exp(1/2). 

Class II: Y 	exp(1), Z 	exp(1) * exp(1)(i.e., con- 
volution of two exponentials with mean 1). 

Class III: Y = 1, Z = 2. 
Thus E(IC;) = 1 for all j, and the variance V(X;) i 
increasing in p„ specifically 

1 + 4p, 
V(X;) = {1 + 2p;  

2p, 

We shall refer to mixtures of 0, Y, Z in the genera 
proportions 1 - a - 0, a 0, 0 0 as class I' 
II', III'. 

In Section 4 we discuss three topics: preemptiv e 

scheduling of jobs of classes I-III, monotonicity o 
E(E C.,) and E(Cmax ) with the parameters p„ anc 
robustness of the results under wider classes o 
distributions. We indicate how the optimality o 
LVF extends to generalizations of both class I an 
II distributions. On the other hand, LVF is no 
always optimal: in Section 5 we consider a generali 
zation of class III for which it is sometimes optimal tA 
alternate jobs with large and with small variances it 
the schedule. 

2. Minimization of Expected Flowtime 

In this section we prove Theorem 1. We also obtain 
as Corollary 1, Theorem 2 for the case m = 2. Then 
are m = 2 machines that become available at time 
-D0/2, Do/2. The jobs 1, . . . , n have processing time 
X i , 	, Xn , all of which belong to one of the classe.  
I, II, III, with mixing parameters p i , 	, pn . Wt 
assume that Do  is a random variable belonging to tilt 
corresponding class I', II', III'. The jobs are started it 
the order 1, . . . , n, with completion times C,, .. . 
C,,. We shall see how the expected flowtime E( Ck 

depends on pi , . . . , p„ and show that of all possiblt 
permutations of the values of p i , . . . , pn  the one wit1 

PI = P2 pn minimizes the expected flowtime 
This result will prove the optimality of LVF among 
all permutation rules, and by using induction and the 
initial value, Do , will prove the optimality of LVF 
among all the nonpreemptive scheduling policies. 

Consider the schedule of jobs 1, . . . , k and lei 
Uk Vk be the times at which the two machines finisr 
to process all these jobs. Also, let Dk = Vk Uk; ther 
Uk Vk = X, ± Xk, job k + 1 starts at Uk, anc 
we have: 

Xk - Dk 
Ck+1 =

2 
	  Ak±1 

k = 0, . . . , n - 1, (5) 

Dk+l = I Xk±1 	Dk 
	 k = 0, . . . , n - 1. (6) 

class I 
class II 
	

(4 
class III. 
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'he flowtime is 

=1 

n + 1 
C k 2 X

i  + -
2 X2 

+ . . + 
2 

 - Xn -(Do + . . . + Dn-1)/2 	(7) 

ad, since E(X,) = 1 for j = 1, . . . , n, 

k=1 
Ck) = n(n  4+ 3)  21  E(Elo  Dk), 

	 (8) 

) to minimize expected flowtime we want to maxi-
tize the expectation of Eic-O Dk. 

It is easy to verify from (6) that if D o  belongs to 
ass I', II' or III' and X, for j = 1, . . . , n belong to 
te corresponding class I, II or III, then Dk for k= 1, 

n belong to the same class I', II' or III' with 
[ixing probabilities 1 - ak - Ok• ak, 13k. For classes 
, II', or III', define x k  and bk as 0, 1, 2 according to 
hether Xk and Dk are distributed as 0 or Y or Z, 
spectively, Note that 

(Dk ) = E(E(Dk I bk)) = E(b k) = ak + 2fik• 
	 (9) 

Te will now treat each class separately. 

lass I. Here Dk and Xk+, are each a mixture of 
ponential random variables with means 0, 1, 2. 
ephrase (6) as 

= max(Dk  , Xk + 1 ) - min(Dk , Xk+1). 	(10) 

ecall that if Y, Z are exponential with rates A, A2 

nd means 1/A 1 , 1/A2 ) then min( Y, Z) is exponential 
ith rate A l  + A2, and max( Y, Z) - min( Y, Z) 
independent of min( Y, Z) and is distributed as 

:p(X 1 ) with probability X2/(X1 + A2 ) and as exp(A 2 ) 
ith probability Xi /(X1 + A 2 ). Conditional on the 
due of xk+, and bk we find that 13k+1, the value of 
Sk+1 = 2), is 

bk  
+1 = 0 

2 

[so, for bk  = 0 to hold it is necessary that So = x, = 
• = xk = 0, so, letting po  = 1 - a() — 130  

Combining (11) and (12), we obtain a difference equa-
tion 

Ok+1 = 2/3  tik + 2/3  Pk+l + '/3  Po • • • Pk+19 	 (13) 

which is solved by 

Ok = 	+ E (2p, + A . 
2) k 	1 k 	

• • P4-2)k-j  

	

k= 1, 	n. (14) 

Substituting (14) in 

E(Dk) = 1 — Po . • • Pk + Nk 
	 (15) 

and adding, we obtain 

n-1 	

= n + 3(1 - (-3 )/30 - Po + 2 E Pk 
k=0 	

2)" 	
n-1 

k=1 

- E (2pk + Po • • • Pk)(-
3
) . 	(16) 

n-i 	 2 
k=1 

Consider now a pairwise exchange between pk  and 
Pk+ , 1 k n - 1. Let A denote the value of (16) 
minus the expected value when pk and pk+1 are ex-
changed. Then 

A = ( 3/3)n -k(1 - po  . • • Pk-1)(Pk 	Pk+l) 

	

k= 1, 	, n - 1. (17) 

We see that A < 0 ifpk+ ,> pk , and E(Enk: Dk ) can be 
increased by the pairwise exchange of pk  and pk+1; the 
maximal value of E(Etk'I.,; Dk ) is therefore obtained by 
the schedule that satisfies p . . . p,. This result 
proves Theorem 1 for Class I. 

Class II. Here Xk and Dk are each a mixture of sums 
of independent exp(1) random variables of which 
there are 0 or 1 or 2. Recall that if X, Y are distributed 
as Erlang with parameters k and 1, respectively (i.e., 
as sums of k and 1 i.i.d. exponential random variables) 
with rate 1, then max(X, Y) - min(X, Y) is a mixture 
of Erlangs with parameters 1, , max(k, 1). It is easy 
to verify that, conditional on the values of x k+ , and 
bk  we now get for i3k+ , , the value of P(Sk+ , = 2), 
conditional on bk  and xk+1: 

bk 

Xk+1 

0 1 2 
13k+1 = (18) 0 0 0 1 

1 0 0 1/2 
2 1 1/2 1/2  

Xk+i 

0 	1 
	

2  
0 
	

0 
	

1 
0 
	

0 
	2/3  

2/3 	1 

We now proceed as for case I; using (12) and (15) 
- ak 	 P(bk = 0) = POP1 • • • P. 

	 (12) 	which still hold, and setting up a difference equation 



,, k+0 =  E 	E gi g  . • • 	r = 1, 	, k + 1, 

we find, by induction, the solution to (23) as 

k+ 
ak  = (24) 

r=1 

Substituting in (22) and adding up over k = 0, ... , 
n - 1, we get 

n-1 

Dk) (n - 1) — 

k=1 r=2 

(-2)'-251-" ) . (25) 
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We see that E( "k=1 Dk ) is a symmetric function c 
go , g„ . . . , g„_, and any pairwise exchanges, or an 
permutations of q1, q,,_,, will not affect (25 
Thus the order of the jobs 1, . . . , n - 1 has no effe( 

k = 1, . , n, (19) on the flowtime. The only decision to be made 
which job to do last. We take a derivative with respe( 
to g,,_, to get 

n—1 

	 E(E 	
n-1 

Dk ) = —E 
k= r=1 

= —an-2 < 0. 	 (2( 

Therefore, if pn  > p„_,, so that 1 - 2pn  = qn < qn-1, 

pairwise exchange between pn_i and pn  will increas 
Dk ). By the symmetry, we can make a similz 

improvement if p,, > Pk  for any k = 1, . . . , n - 
Hence the maximum is achieved when p„ 
min <kPk • We have shown that the expected flout 
time depends only on the last job in the schedule, an 
is maximized if that job has smallest variance. Thu 
there are many optimal schedules. One of these opt 
mat schedules is LVF. This result completes the proc 
of Theorem 1. 

Corollary 1. For in = 2 machines, LVF minimizi 
the expected makespan for classes I, II and III. 

Proof. The makespan Cmax  is given by 

+ 	+ X„ + D,, 
(2", 

2 

 

so we need to minimize E(D,,). For class I, by (14) an 
(15), 

E(Dn) = 1 + (-2)nSo - Po • - • Pn 
3 

n  
+ E (2pk + Po • • • Pk) 	k  

1 	
(2f 

k= 	 3 

For class II, by (15) and (19), 

E(D„) = 1 + (2Y130 Po 	Pn 

for (3k , we obtain 

/3k = ( k  -1)flo + 	o • • • pi )(1)k-j+1  \21 	 + P 	
\21 

E(

n— I 

 E D k) 

k=0 

	

= n + 2( 	

n—I 

1 - (-21 1)00 po 

	

+ E
1  Pk 	E1  (Pk + Po . • • Pk) 2

} k=  

rt— I 

(20) 

Define A as before, as the value of (20) minus the 
value obtained when n k, n k+1 are exchanged; then 

A = (V2)' k(1 - po ... pk-1)(pk — Pk+i) 

k = 1, . . . , n - 1, (21) 

and the proof of Theorem 1 for class II follows. 

Class III. Let g, = 1 - 2p, for i = 1, . . . , n be the 
probability that X, is odd, and let go  = ao ; we then 
have 

E(DkkIDk— even) = 1, 
E(Dk  I D k—i odd) = 1 - gk , and 
E(Dk ) = 1 - ak-)qk k = 1, . . . , n. 	 (22) 

To obtain ak  = P(Dk  = 1) = P(Dk odd), we set up the 
following difference equation: 

ak = ak-Ill - qk) + (1 — ak-l)qk• 
	 (23) 

We see immediately that 

ao  = go, 
a, = go  + g, - 2q0 q 1 , and 

az = qo + 91 + q2 2q0q1 2q0q2 
- 2g1 g2 + 4qoq1 92. 

Letting S; k+1)  denote the rth symmetric function of 
go , 	gk , that is, 

Cmax = 

+ E (Pk + Po • • • pk) 2  (—
n—k

• 
k=1 

1  n 

It is easy to check by a pairwise exchange of pk  any 
Pk+, that the corollary holds. 

For class III, we note that, as in (25), we have 

E( Dk) = n - E (-2)'Sr I) . 	 (30 

This expression is symmetric in q, . . . , qn , and there 
fore independent of the schedule. On the other hand 

(25 

n 	 n+1 

k=1 	 r=2 
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LVF (or any rule that puts p,, = 	 maxi- 
mizes E(E7,:ilDk).  Hence, LVF minimizes E(D,), and 
the corollary is proved. 

3. Minimization of Expected Makespan 

In this section we prove Theorem 2 for classes I and 
II for any number of machines m. The proof for class 
III with m = 2 was given in Corollary 1. Assume 
the m machines are available originally at times 
Col)  . Co° , with E = 0, and with t/ ((; )  in 
class I' or II' for i = 1, . . . , m, according to whether 
the X's are in class I or II. Consider jobs 1, . . . , k 
and let OP Ur be the times at which the 
machines complete their processing, so that 

	

= 	+ 	+ Xk . 	 (31) 

Define 

D(/‘ )  = Ur )  — 	i = 1, . . . , m — 1, 	(32) 
13 (P = Ur — Uk  

Dearly Cm. = U (:) , and therefore the makespan is 

+ . + X,  + /3 („1)  + • . X' )  
•-• max — m 

= X, + . . . + X, + D („1)  + 2V,P 

+ . . . + (m — 1)/X" - ` ) . 	 (33) 

We will show that exchanging pk  and pk+ , when 

lk < Pk+I will lead to all of D2 ) , . . , Dr' -1)  decreasing 
lochastically for j = k + 1, . . . , n, from which the 
heorem will follow. 

Consider again the schedule of jobs 1, . . . , k. At 
ime L/V )  one machine completes a job and is no 
onger occupied by any of jobs 1, . . . , k. The other 
n — 1 machines are still occupied by the (> 0) 
emainders of some of the jobs 1, . . . , k, whose 
listributions belong to class I' or II'. Let Oil)  , S(1,2), .. , 
r-1)  be defined as before for the m — 1 remainder 
obs, and define Nk as the number of (5 (k-' ) 's which are 
'qual to 2, for k = 0, 1, . . . , n. 

'roposition. For jobs of class I or II, let 

	

= Nk+I 	= N, X k  = 2, Xk-i- = 1, and 

yr" = Nk+liNk-1 = N, Xk = 1, Xk+ = 2; 

hen N" 3 5t  N'. 

'roof. Under these conditioning events, Nk+i can 
ssume values N — 1, N or N + 1. For class I, 

straightforward calculation (Figure 1) shows 

p(N' = N+ 1) 

(2m — 2N — 2) 2  
2m — N — 1 

2m — 2N 2m — 2N — 2 
2m — N 2m — N — 1 

= P(N" = N + 1) and 

P(N' = N — 1) 

—  (N+ 1) 
2m — N — 1(2m 	— 

N  ) 2  
= P(N" = N — 1), 

2m — N 

and the proposition follows. 
The proof for class II is less direct. Recall that, for 

class II, if X k  is 1, Xk is exp(1) while if X k  = 2, Xk is 
erlang(2), i.e., a sum of two independent exp(1) ran-
dom variables. So altogether, for N' and N", Xk and 
Xk4-1 consist of 3 independent exp(1) random vari-
ables, each of the jobs k and k + 1 starts with an 
exp(1) duration (let X, Y denote these durations), and 
the third exp(1) random variable (let Z denote its 
duration) is added, after the initial exp(1) duration to 
(i) job k in the case of N', and (ii) job k + 1 in the 
case of N". We now use a sample path argument to 
show that N' ,ST N". At US,L)  we start X together 
with whatever m — 1 remainders are on the other 
machines. If X is not the first to end, so that another 
remainder job ends first, we start Y, together with X 
and m — 2 other job remainders; in this case the rest 
of the schedule has the same stochastic behavior for 
both N' and N" and they have the same distribution. 
If X ends first, we start Z in the realization of N' and 
Y in the realization of N". We continue the sample 
path argument with the assumption that Z in N' 
equals Y in N". Following X we now have Z (or Y) 
running together with m — 1 other job remainders. If 
Z (and Y) end first, the rest of the schedule has the 
same stochastic behavior for both N' and N" and they 
have the same distribution. If, however, another job 
ends first, then in the realization of N' we start Y 
immediately in parallel with Z and m — 2 other job 
remainders, while in the realization of N", Y is run-
ning in parallel to the other m — 2 job remainders, 
and Z is waiting for the completion of Y before it can 
start. 

Let N be the number of job remainders out of the 
m — 2 for which x = 2; then we have N" = N + 1 
while N' EN, and the proposition is proved. 

(34) 



2m-2N-2 

X k • 1 X k + 1 • 2 

2m-N-1 	 2m-N 

N  
2m-N 

X k  • 2 	 X k  • 1 

N ' 

2m-N-1 

2m-2N-2 
2m-N-1 

N:  2m-N-1 

N+1 	0 2m-2N  

2m-2N 	 N + 1 

2"" 	

2m-N-1 

 N 	 2m-2N 
2m-N 	 2m-N 

N 
2m-N 

N" 

2m-2N-2 
2m-N-1 

The "Largest Variance First" Policy / 889 

Nk.i 	 N k 	 Nk 	 Nk 	 Nk  

Figure 1. The distribution of N', N". 

This proposition supplies the crucial exchange ar-
gument to prove the theorem. Consider changing the 
order of jobs k and k + 1. Doing so will affect the 
makespan only if one of the jobs has x = 2 and 
the other x = 1. Doing k followed by k + 1 we have 
xk = 2, 'a+ = 1, and Nk+i distributed like N' with 
probability pk (1 — 2pk±i); the probability that Nk+L is 
distributed like N" is analogously pk+ ,(1 — 2pk). Re-
versing the order will add n k+I - Pk to the probability 
of the first event and decrease the probability of the 
second event by the same amount. Thus, if n .r- k+1> Pk, 

reversing the order will decrease Nk+, stochastically. It 
is easy to see that IX2, is stochastically increasing in 
Nk+1. So also is Nk+2, and so are the numbers of job 
remainders with x = 2 when 1, 2, . . . of the m — 1 
jobs remaining at 1.a are completed. This result 
proves that the decrease in Nk+i will cause Dr for k + 
1.-5..j--.s.nand1.-s.i.m - 1 to decrease stochastically. 
We thus complete the proof. 

4. Generalizations 

In this section we comment on the results of the 
previous sections and point out some possible exten-
sions. 

(a) Preemptive scheduling of class I and II. To min-
imize expected flowtime, it is clearly optimal to locate 
and dispose of zero duration jobs first, at no cost. 
we were to minimize makespan, zero duration jobs 
would be irrelevant and could be scheduled anywhere: 
we can therefore assume we know which are zerc 
duration jobs, and ignore them. The remaining jobs 
will then have x = 1 or x = 2, and will correspond tc 
the model of Weber. The ensuing policies are highest-
hazard-rate-first for flowtime, lowest-hazard-rate-firs1 
for makespan. These policies differ from the LVF rule. 

(h) Dependence of expected flowtime and make-
span on p„ 

Corollary 2. For every permutation schedule, the ex-
pected flowtime is decreasing in each p, for j = 1, . . . 
n for m = 2 machines and jobs of classes, I, II an6 
III. For every permutation schedule the expecte6 
makespan is increasing in each p, for j = 1, . , r 
for m machines, and for jobs in classes I and II. Thu 
expected makespan is also increasing in pn , where r 
is the last job, for jobs in class III and for m = 2 
machines. 

Proof. The proof is conducted by taking derivatives 
of (16, 20, 26, 28, 29); we omit the details. The 
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dependence of expected makespan on p,, ... , pn- , for 
jobs in class III with m = 2 can also be fully analyzed, 
but it is not simply monotone. 

(c) Generalization of class I and class II. Theorems 
2 and 3 can be proved for a family of jobs X 1 , ... , X, 
whenever all the Ks are a mixture of 0, Y, Z 
ind have the same mean E(X1) = 0, and either 
Y ti  exp(1), Z ^ exp(X), 0 < X < 1, or Y ^ exp(1), 

- exp(1) * exp(X), X > 0. 

5. LVF Is Not Optimal for More General 3-Valued 
Distributions 

[n this section we examine the case in which the 
V, belong to a class of distributions that generalize 
:lass III. We find the policy that minimizes both 
!xpected flowtime and expected makespan; sur-
risingly, this policy is not LVF. Similar optimal 
)olicies for some other models have been obtained by 
'inedo (1981) and Weiss (1984). 

We take fixed 0, -1 < 0 < 1 and p1, qj  = 1 - 2p,, 
q, < 1 - 10 I forj= 1,...,nandlet 

0 	1 
0 

- 	+ 0 
• 

w.p. 	pj  + 	= 
2 2 

fj  = 1 	w.p. 	1 - 2M = (35) 

0 	1 
2 

- q, - 
w.p. 	PJ  2 2 

or this class we have 

3(X, ) = 1 - 0, and 

[(Xi) = 1  - 	- 02 . (36) 

We note that if pk pi , then Xk !v X j , that is, Xk is 
tochastically more variable than X, (see Ross 1983, 
Section 8.5 for definition). 

We will establish the following theorem. 

Theorem 3. For m = 2 machines, and for X 1 , 	, X, 
(istributed as (35), all with mean 1 - 0, and with 

p2 = . . . p„, the following rule minimizes 
xpected makespan and the expected flowtime: 

a) If 0 > 0, so that E(X,) < 1, LVF is optimal-that 
is, the schedule 1, . . . , n is optimal. 

b) If B = 0, any policy that has n last is optimal. 
c) If 0 < 0, so that E(X,) > 1, the optimal schedule 

has the following structure: smallest variance 
last, largest variance before last, second smallest 
variance second before last, second largest vari-
ance third before last, and so forth-that is, the 
schedule . . . , 2, n - 1, 1, n is optimal. 

Proof. Let Do , D 1 , . . . , D„ be defined as in the proof 
of Theorem 1, with Dk in class III': 

0 w.p. nk 	- + 	= 
ak  + nk Ay k  
2 

Dk = 1 

2 

w.p. 

w.p. 

1  - 2 1k = ak, 
nk 	1 - ak - nk 

(37) 

Ayk 
2 

with initial values for Do  given by qo  = ao  and no, 
so that 

E(Dk ) = 1 - nk , and 	 (38) 
V(D k ) = 1 - ak -  nk- 

The following difference equations can be set up for 
ak  and nk: 

ak  = ak-I + qk - 2ak-Iqk, and 
	

(39) 

nk = 	+ Onk-I • 
	 (40) 

Equation 39 is the same as (23), and has (24) as its 
explicit solution, in terms of qo , . . . , q„; Equation 40 
is solved by 

nk 
= 0 k00 ok-l aoq,  Ok- 2a  472 

	ak- 19k, 	(41) 

and we get 

E(D„)= 1 - 0570 - E 	 (42) 
j=1 

E( 

 n-1  
E 
j=0 

_ o n 	i 
= n  	(1 - 	 (43) 

1 - 0 	J= 

Recall that to minimize expected makespan we need 
to minimize E(D,,), and to minimize expected flow-
time we need to maximize E(E„nli ol  

Let A F(k, 1) be the value of E(E2,1 D,) minus the 
value with the order of jobs k and I exchanged, and 
let A m (k, I) be similarly defined for E(D„). A schedule 
for which Ap(k, 1) < 0 (Am(k, I) > 0) for some pair k 
and I cannot be optimal for flowtime (makespan). 
Hence, A F(k, /) 0 (A m (k, I) 0) for all k and m is 
a necessary condition for minimal expected flowtime 
(makespan). Using (42, 43) we obtain the following 
results: 

A F(k, k + 1) =(f/ i snk+1 	qk)ak-i 

k = 1, . , n - 1, (44) 

Ap(k - 1, k+ 1) 

= On-k-1 (qk+1 - 91,--1)(ak-2(1 - qk + 0) 

+ qk (1 - ak _ 2 )) k = 2, ... , n - 1, (45) 
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and 

Akr(k, = —(1 — 0)A F(k, 1). 	 (46) 

	

For 0 > 0, (44) implies that q,‘  q„_, 	. . . 	q, , is 
necessary for flowtime optimality, and, since this con-
dition uniquely determines the schedule, and an op-
timum exists, it is sufficient; this result proves (a) for 
flowtime. 

For 0 < 0, (44) and (45) imply the following optimal 
orders: 

For n even, q, 	q„, 	. . 	q2 	q,  ?••• q3 .?••• . . . q,_, 

qn-i. 

For n odd, q,, q„_2 	q3  q 	q2 
gr-1 • 

This conclusion proves (c) for flowtime. 
The proof of (a) and (c) for makespan follows from 

(46). (b) was proved in Section 2. 
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A set of n, arms of type i, i = 1,. ..,L, is available. A pull of arm of type i 
occupies a duration V, at the end of which a reward C, and Nii • • • yNiL new 
arms are obtained, while all other arms are frozen. A Gittins priority order of 
types is obtained and shown to yield the maximal discounted reward from this 
branching process of arms. 

1. INTRODUCTION 

choose the arms i(1), . . ,i(t), . . . so as to maximize { E ce iR(t)}. Gittins [2] 
r=i 

has shown how to calculate an index 1 ,, = v, (X i ( t)), which depends on arm i 
and its state alone, so that the optimal policy is always to choose among i = 
1, . . . ,N the arm with the highest index. Many special cases, several extensions, 
and revisions of the original proof can be found in a series of papers by Git-
tins and some of his coworkers (Gittins and Glazebrook [4], Gittins and Nash 

In the classic multiarmed bandit problem there is a fixed set of N arms, which 
are in states Xi  ( t),. . ,XN (t). At time t one of the arms, say i = i(t), is chosen 
and pulled. This yields an immediate reward, R(t) = R,(X,(t)), and a Markov-
ian transition of arm i to state X, ( t + 1), depending on X, (t) alone. Meanwhile, 
all other arms are frozen at X, ( t + 1) = Xi ( t), j * i(t). The objective is to 

OD 
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[5], Glazebrook [6], and Kelly [11]). Whittle [19] gives a different proof, and 
extends [20] the results to an "open" multiarmed bandit process, where in any 
interval (t, t + 1) new arms can arrive, in an arrival stream which is indepen-
dent and identically distributed (i.i.d.), independent of the control i(s) s -5_ t. 
Varaiya et al. [18] give very direct proofs to the original theorems of Gittins and 
to the "open" process. More recently, Chen and Katehakis [1], Kallenberg [9], 
and Katehakis and Veinott [10] discuss the calculation of the index, whereas 
Glazebrook [7] presents a sensitivity analysis. In the present paper, we consider 
a more general "open" process in which the arrivals depend on the arm which 
is pulled. We follow throughout the approach used in Meilijson and Weiss [14], 
which contains results on the average cost criterion. The approach is also sim-
ilar to that of Varaiya et al. [18]. 

Consider the following model: Arms can be in one of a finite set of pos-
sible states, which we call types; let the type of an arm be denoted by I, I = 
1,2, ,L. Instead of listing the different arms and their states, the state of the 
system at any moment is given by (n 1 , . ,nL ), where n, is the number of 
arms of type i present. With an arm of type I, we associate a time VI , a reward 
C1 , and arrivals Nb , j = 1, . ,L, so that pulling the arm keeps the system 
busy for a duration 1/1 , at the end of which a reward C1  is received, and the 
arm is replaced by an integer number of new arms Nb , 0, of types j, j = 
1, . . . , L. We assume that given I, the durations, the rewards, and the descen-
dants V1 ,CI ,Nb , j = 1,...,L, are random variables with arbitrary joint distri-
butions, independent of all other arms, and identically distributed for the same 
I, I = 1,.. . ,L. Starting from some state (n 1 , . ,nL ), we want to select a type 
of arm to pull and a policy which will tell us how to continue pulling arms, so 
as to maximize the sum of discounted expected rewards Crs obtained over 
(0,00). We shall assume a constant discount rate 0, so that a reward CI  
received at t is worth e - '31 C, now. 

In Section 2, we derive some expressions for durations and rewards 
obtained by following priority rules. In Section 3, we use those to define an 
index, and prove that the optimal policy is to always pull arms of types with 
highest index available. 

The model of Whittle [20] is a special case of our model in which all the 
durations V1  are 1, and in which the arrivals N1  consist of a transition of the 
arm of type Ito an arm of a new type, and of additional arrivals of arms inde-
pendent of I or of the transition. 

2. DISCOUNTED TIMES AND REWARDS OF A PRIORITY POLICY 

With an arm of type i(i = 1, . . . ,L) is associated a reward C-, a nonnegative 
duration Vi , and a vector of integers Ara;  of the number of descendants of the 
arm, of types j = 1, . . . ,L. The joint distribution of j = 1, . . . ,L, is 
characterized by 

	

= E(e-svinin • 	 = 1,... ,L. 	(1) 
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Throughout this section, we shall assume that 1, 	,L is a priority order, 
so that if the state at a decision moment is (n 1 , ... ,nL ), the arm chosen is of 
type 

i = min(j In)  > 0]. 

A typical sequence of decisions will start by pulling an arm of type i; for 
the sake of definiteness, we will assume arms are ordered within types and 
choose the latest arm of type i. The next decision will occur a time V later, 
from a new state (N,i , • • n, — 1 + Nil, n,+1+ Nn+i, • • - + NIL ). We 
assume the Ni 1i  ... , N, L  new arms are again ordered and are all later than the 
original n l , , nL  arms, and when choosing an arm of any type, the latest is 
chosen (a LIFO policy, within types). If any arms of type 1 were created, the 
latest is pulled. Arms of type 1 (if there are any) will then be pulled in succes-
sion, choosing always the latest one, and creating new arms, for as long as any 
arms of type 1 are present, or indefinitely. When no more arms of type 1 are 
present, the latest arm of type 2 is pulled (if there is any), followed again by 
pulls of arms of type 1; the entire birth process of each arm of type 1 is cleared, 
moving on to earlier arms until again no more arms of type 1 remain, when the 
next arm of type 2, the latest created, is pulled. Following the pull of the latest 
of nk  arms of type k, arms of lower types are pulled until the whole birth pro- 
cess of arms of types 1, 	, k —1 is cleared; then a pull of the latest arm of type 
k and all its descendants of types 1, 	,k — 1 follows, until there are nk  - 1 
arms of type k left. Only when all arms of type k, and descendants of types 
1, 	,k are cleared, can we move to the latest (if any) arm of type k 1, etc. 

Consider an ordered pair of types (i,j), where at time t = 0 the state con-
sists of a single arm of type i, and consider the sequence of arm pulls starting 
with the arm of type i, followed by arm pulls of types 1, . . . ,j until all arms of 
types 1, . ,j are exhausted for the first time, or indefinitely. Call this an (i,j) 
period. Let Tj  be the duration (possibly infinite) of an (i,j) period, and let 
Mut,' k = 1, ••• ,L, be the number of type k arms present at the end of the 
(i,j) period, where of course Milk = 0, k j, and where all these arms were 
created during the (i,j) period. The joint distribution of T,J ,M,, k , k = 
1, . ,L, is characterized by 

,ZL ) -= E(e'T 	• • • Zivirli). 	 (2) 

Define also 

	

G,0 (s,Z1, • • • ,ZL) = g,(s,Z1,...,ZL). 	 (3) 

Proposition 1: The generating functions 	satisfy the recursive relation 

G,J  (s, Zi  , 	, ZL ) = G,,_ (s, 	, • • • 4-1 I Gjj ( S,  ZI • • • ZL) , Zj+1 ,  • • • Z .L.) •  

141 
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PROOF: The (i,j) period of duration Ti  will consist of an (i,j — 1) period of 
duraiton 	at the end of which there will be Mii_ 11  type/ arms; conditional 
on Mo_ 1;  = m, these give rise to m 	(j,j) periods. Writing this out we get 

(s, Z 1 , 	, Z = E[e-sru-,  ll Z 	k [E(e-sTif ll  ZMii 

k>j 	 I>j 

,1,Zi+i, 	,Z , 

Zj+i, 	,4) 

which is the required result. 	 ■ 

The relations (3) and (4) enable us in principle to obtain the generating 
functions Q, recursively: given Gu_ i  for all i, we need to solve 

=- Gji_i(s,Zi,. • .,Z;_i,G,j(s,Zi,• • -, 4),Zi+1,• • • ,4,), 

(5) 

and then obtain G6 for all i by substituting in Eq. (4). 
The random variables T, and M,,k , k =1,... ,L, give the duration of the 

(i,j) period and also the state at the end of the (i,j) period. Let be the dis-
count rate, let C1, , CL be the rewards of arms of types 1, ,L, and let Wo  
be the total discounted reward accumulated in the (i,j) period. Define also 

titi =E(e-i'-u) = G, 	,1), 

1'i, = E( e -13 K ), 

dii  = 
(7) 

d,0  = E(Weo) = E(Ci e -° 17, ). 

Proposition 2: The expected discounted reward for period (i,j) satisfies the 
relations 

, 
dtJ 

 
= du-1+ , "" 	— 70, 	 (8) 

— 

1 — 
dii 

	YIl  = d. 	 (9) 11 - 	ji_i • 

PROOF: As in the proof of Proposition 1, decompose the (i,j) period into an 
(i,j — 1) period followed by 	conditionally independent (j,j) periods, 
which we shall denote by superscripts 1, ... Let kriu_, and HT, , 
W.,: m" -1j )  be the discounted rewards of these periods, discounted to the begin-
ning of these periods. We can write 

WJ = Wu- + 	ji) 	Wiz) 
e -0(Ti1 "  + • • • + Trii-lj-1))w(Mij U) l.  

(6) 
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We note that, conditional on the value of Mu_ ij , the pairs Tr, Wr are inde- 
pendent of Tij_ 1 , 	and are independent of each other for k = 1, . . . , 

and are identically distributed with the same joint distribution as the 
generic pair T,j , Wjj . Therefore, 

4 = 4_ 1  + E[e- fiTi-, E(WP e -0 7:rw jy) 
e  

E[e -(3Tu-, 	(1 + 	+ • • • + 7,7"-1-1-1 )], 

c 
J.' 	 Lie 	-1 (1 )1' 1 - -yjj 

+ 	 . • ,1),1, • • • ,1)), 

1  

Substituting j for i in Eq. (8) and solving, we obtain Eq. (9). 

We now define the (i,j) priority index hi  as 

n  di;  
- 	. p  

1  — yij 

Note that 

( 1  — 1(u)/0 = 	— E(e -'37;J))/13 = E(f e-13`dt). 

Thus, the index I,, has the typical structure of a Gittins index, in that it is a 
ratio of expected discounted reward over expected discounted time, calculated 
for the duration 7",, and relative to the priority order 1, . , L. 

Using Eqs. (8) and (9), we get 

= 4_1 -F 

-= d,j_i 

dij_ 1  + 

= 4_1  + 

dji  
1 — yjj 

clij  
(7ij-1 	71j) • 

■ 

(10) 

IiJ
= 1  — 7U-1 	+ (1 

1 — •y ei 1  — "Yu I "—I.  
(12) 

In Eqs. (11) and (12), we see that l ij  is a convex combination of /ii_ i  and /ji  (or 
/jj_ i ). In other words, the reward per unit time in period (i,j) is a weighted 
average of the reward per unit time in the initial (i,j — 1) period and the 
rewards of the (j,j) periods which follow it. We can reiterate Eq. (12) to get 

= 	+ azizo + • • • + %/Jo + ( 1 	• • • — %)Iio, 

0E(Cke 43vk) 	 0E(Cie -1317‘) 
= 	ak 	  + (1 	al • • • a ) 	  

k.1 	1 — E(e — O vk) 	 1 — Efe -'3 ' •  

(13) 
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3. THE GITTINS PRIORITY ORDER AND THE PROOF OF OPTIMALITY 

In Section 2, we have taken an arbitrary priority order and defined an index It., 
for each pair of types. We now define the optimal priority order, which we call 
the Gittins order. 

DEFINITION: The Gittins priority order of types is defined by 

In = = max ho , 

	

max I,,_,. 	 (14) 

Although the definition given by Eq. (14) appears to be implicit, it is obvi-
ous that the order can be calculated recursively, where type 1 is obtained by cal-
culating all the 40  and choosing the maximal, and, having defined types 
1, , j — 1, type j is obtained by calculating the values of for all i differ-
ent from 1, .. ,j — 1, and choosing the maximal; a tie-breaking mechanism for 
several maxima can be chosen arbitrarily. 

We also define the Gittins index of type j as 

I; = Ijj . 	 (15) 

THEOREM 1: The priority policy which uses the Gittins priority ordering is 
optimal among all policies. 

PROOF: Our branching bandit process problem is a semi-Markov decision prob-
lem, formulated as follows. The state is the vector of numbers of arms of var-
ious types: 

s = (nl, . • 

The actions available at state s are 

J(s) = 	> 0). 

The transition from state s under action i will involve a duration 

T(s,i) = V, 

and a new state 

s' = (n1 + A rn , • • • ,ni — 1 + Nu, • • • 9 ,4+ Nif.)• 

A reward C, will be obtained at the end of T(s,i). All rewards are discounted 
with continuous discount rate 13 > 0. 

Consider a general strategy r; let 7r(s) be the process of states and deci-
sions induced by 7r, for an initial state s, and let V(r)(s) be the total expected 
discounted reward under 7r, for initial stage s. A nonrandomizing decision func-
tion f is a function from the states into the available actions, f(s) E J(s). A 
stationary policy is defined by a decision function f, if at all decision moments 

ft VI' %UP note that noliev by f°' and the nrocess it generates for ini- 
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tial state s by f (s). T is a stopping time for the stationary policy fc° , if for 
every initial state s, T is a stopping time of f°' (s). We denote by (f (T) , 7r) the 
policy which does f up to T, and continues with 7r. 

We wish to find an optimal policy r* such that V( )(s) = sup V(7r)(s). 

From the theory of Markov decision processes (Ross [16]), because the action 
space is finite, we know that there exists a stationary optimal policy. Furthermore, 
f°' is optimal if it is excessive, that is, for every decision function g and initial 
state s, 

V(g,j')(s) < V(f°)(s). 	 (16) 

To prove excessivity it is enough to proceed as follows: for any g and so , if 
g(so ) = f(so ) there is nothing to prove. If g(so ) = i # f(so ), look at 

h(s) = t i i E J(s) 

f(s) otherwise 

so that h(so ) = g(so ) = i. Let T be some (possibly infinite) stopping time, 
E(T) > 0, defined on To show Eq. (16) for so , it is enough to show that 
for all s 

V(h,r')(s) 	V(fm,h,f°)(s), 	 (17) 

since iterating this m times gives 

V(h,f°)(s) < V(f (T) m,m,f')(s) 	V(r)(s)• 	(18) 

We now let 1, .. ,L be the Gittins priority order, and let f be the priority deci-
sion function 

f (s) = min(k Ink > 0). 	 (19) 

We choose as Tthe stopping time Tf( s)f( s ) onf °'(s); clearlyE(T) minE( Vk ) > 0. 
We now fix i, and show that Eq. (17) holds. If h(s) = f(s) there is noth-

ing to show; otherwise, the state s is 

s = (0, ... 	,n„...), 	> 0, 
(20) 

f(s) = j < i = h(s). 

We now compare V(h,f`°)(s) to V(f (7.) , h,f°')(s). The two processes gener-
ated by the policies are described first; see Figure 1. 

The policy (h,f`°)(s) will act as follows: it will choose the latest arm of 
type i, then all its descendants of types j; this will take time T, with result-
ing state 

S h = (0, 	ni, + 	, ni  — 1 + 	.). 
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FIGURE 1. Comparison of two policies. 

It will then choose the latest original type j arm, followed by its descendants 
of types -5. j; this will take an additional time 7:„ with resulting state 

s hf -= (0, ... ,O,ni  — 1, 	+ Mu/AA  + M.D./AA , . . • , ni  — 1 + Mui  + Alb, • • • )• 

From time Tu  + T.D  and state shf onwards, the policy will act as f 
The policy (f (7.) , h, f )(s) will act as follows: it will choose the latest type 

j arm, and continue f for time T; that is, it will choose all descendants of the 
j arm of types j, with a duration Tj  and resulting state 

sf = (0, .. . 9 0, n;  — 1, 	+ 	... ,n, + Mid i, . . . ). 

It will then do h, that is, choose a type i arm, and proceed with f'; that is, 
choose all descendants of i of types s j, with duration re, and resulting state 

sfh  = (0, . . , 0, ni  — 1, ni+i  + 	+ 	, . . . , n i  — 1 + Mll, — 	. . • 

From time Tif  + Tu  and state S fh  onwards, it will act as f" . Of course, the 
durations Tj  + + 7",i  and the resulting states S hf,S fh  under the two poli-
cies have the same distribution. The total discounted rewards of these policies 
(where we let W denote the random reward of a policy) are: 

W(h,f 00 )(s) = Wj + e ariWj e -13(Tu+TJJ)  W(f )(s hf), 

W (f (T) 	')(s) = Wii + e—ATil 	+ e-41(Til+Tu )  W(.f)(s fh  ). 

Taking expectations (with obvious use of independence), 

V(h,f")(s) =d u  + du  + E, 

V( f (T) , h, f ")(s) = 	+ 7././ du  + E, 

where E is the expected value of the last term in Eq. (21), which is the same for 
both policies. We get (using Eqs. (9), (11), (12), and (14) 

(21) 

(22) 
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V (f (T)  ,h, f")(s) - V (h, f )(s) = dii + 

-du  - 	 = (1 - 	- (1 - -yji )dii , 

= (1/(3)(1 - -y,i )(1 - -yi  )( if.;  - 

= (1/(3)(1 - 	- 

x (4_ 1  - 4_ 1 ) > 0. 

Note that in the above proof in Eq. (21), we allow the possibility of E(TE ) = 
co, or P (Tli  < co ) < 1, or even P(Tll  < co) = 0. This does not affect the proof 
at all, since -Kg  = E (e - (qv ) is still well-defined, with the possibility of -yji  = 0; 
as long as E(Tli ) > 0, 1 - > 0 so If/  is well-defined; of course, if = 0, 

/if = Mi./ • 
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We analyze the optimal preemptive sequencing of n jobs on two machines to 
minimize expected total flow time. The running times of the jobs are indepen-
dent samples from the distribution Pr(X = 1) = p, Pr(X = k + 1) = 1 — p. 

We verify that the shortest-expected-remaining-processing-time (SERPT) pol-
icy, which is optimal for independent and identically distributed (i.i.d.) run-
ning times with a monotone hazard-rate distribution, is not optimal for this 
distribution. However, we prove that if p 1/k, then the number of decisions 
where SERPT and an optimal policy disagree is bounded by a constant in-
dependent of n. For p < 1/k, we prove that the expected number of such deci-
sions has a similar bound. In addition, bounds on the expected increase in flow 
times under SERPT are derived; these bounds are also independent of n. 
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1. INTRODUCTION 

We consider an instance of a well-known problem in stochastic scheduling the-
ory: n 1 jobs are to be run on one or more identical machines operating in 
parallel. The running times X 1 ,.. ,X, 7  are not known in advance, but they are 
known to be independent samples from a given distribution G(x). The prob-
lem is to find a preemptive scheduling algorithm that minimizes the expected 
sum of finishing times (total flow time). 

The single-machine problem was solved by Sevick [12] for general G(x). 
Effectively, a ranking of jobs based on elapsed running time is calculated 
dynamically. At all times, the job assigned to the machine is one having the 
least rank. As a result of subsequent extensions to other stochastic optimiza-
tion problems, this rank is now known as a special case of the Gittins index [6]. 

Weber [13] solved the problem for two or more machines when G(x) has 
a monotone hazard rate. He showed that the dynamic SERPT (shortest ex-
pected remaining processing time) ordering of job assignments is optimal. This 
algorithm reduces to either non-preemptive sequencing or processor sharing 
according to whether the hazard rate is increasing or decreasing, respectively. 
The multiple-machine problem for general G(x) remains open and appears to 
be very difficult. In particular, no concrete measure of the complexity of this 
problem is currently known, e.g., formulating the problem as a "game against 
nature" [10] or finding an imbedded NP-complete problem have so far been 
unproductive approaches. 

The contribution of this paper is an analysis of the two-machine case for 
a distribution G (x) with a non-monotone hazard rate; we have chosen a dis-
tribution simple enough to be tractable, but one that models interesting prac-
tical applications. Specifically, G(x) is the two-point distribution Pr(X = 1) = 
p and Pr(X = k + 1) = 1 — p with 0 < p < 1 and k a 2 an integer. The haz-
ard rate of G(x) is 

Pr(X=j+ 1)  
Pr(X > j) 

j = 0 

1-j<k 

j = k 

which is neither increasing nor decreasing if k a 2. 
We study scheduling policies satisfying the two properties: 

(P1) Neither machine is allowed to remain idle while unfinished jobs 
remain. 

(P2) A job can be preempted only at the point when it has received its first 
unit of service and requires k units more, i.e., at the earliest point 
when it becomes known whether a job is short (requires only one time 
unit) or long (requires k + 1 time units). 
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It is not difficult to prove that (P1) is not restrictive, i.e., an optimal algo-
rithm with this property can always be found. We suspect that (P2) is also not 
restrictive. However, a proof of this appears difficult. 

In spite of the simplicity of the two-point distribution, subsequent sections 
show that the optimization problem remains nontrivial. Our main results are 
strong asymptotic characterizations of optimal and SERPT (shortest expected 
remaining processing time) policies. For p 1/k, we prove a turnpike theorem; 
i.e., whenever the number of remaining, unstarted jobs is sufficiently large, 
SERPT decisions are optimal. For p < 1/k, we show that the expected num-
ber of decisions where SERPT is not optimal is bounded by a constant. We also 
bound the expected difference in flow times produced by optimal and SERPT 
rules. This asymptotic analysis of an approximation algorithm appears to be 
new in stochastic scheduling theory and to hold promise for the study of near-
optimal algorithms for similar problems. 

Our assumptions model inspection/service applications in which customers, 
devices, etc., are first inspected and then serviced, e.g., repaired, if necessary 
(an event of probability 1 — p). The constant inspection time is taken as the 
unit of time. We approximate the service time k as a fixed multiple of the 
inspection time, so our model applies primarily to situations in which the ser-
vice time is large compared to the inspection time. Other potential applications 
arise in computer systems, where the requirements of users break down into 
short jobs that can be processed very quickly by the operating system, and long 
jobs that require the operation of a programing system or a program created 
by the user. Sevcik [12] mentions other computer scheduling applications. 

The literature contains a number of results related to our problem within 
the general theme of parallel machines, given distributions of independent run-
ning times, and the objectives of minimizing either the expected sum (possibly 
weighted) or the maximum of finishing times. For example, see [1,2,4,7,8, 
14,15]. However, virtually all of the results to date are characterized by distri-
butions with monotone (possibly weighted) hazard rates or linear orderings by 
stochastic dominance. As a consequence, the optimal algorithms have all had 
a simple ranking structure, as in Sevcik's algorithm, where the rank of a job is 
determined by a relatively easily computed function of job and machine param-
eters. The ideas underlying these algorithms for the single-machine case were 
developed by Gittins [6] and were also suggested by the earlier work of Chazan 
et al. [3] and Meilijson and Weiss [9] on the scheduling of feedback queues. The 
results in this paper illustrate the substantial increases in the complexity of 
scheduling parallel machines, when the above simplifying distributional assump-
tions do not apply. 

The remainder of the paper is organized as follows. In the next section, the 
mathematical model is formalized. In Section 3, a turnpike theorem for the case 
p > 1/k is proved. Section 4 deals with the case p < 1/k, and concluding 
remarks are given in Section 5. 
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2. DEFINITIONS 

We begin by defining the state space and the corresponding stochastic schedul-
ing process. Decision states occur only at integer points when one or both 
machines finish the first or last time unit of a job. They accumulate all of the 
available running-time information on which to base a scheduling (assignment) 
decision. For our problem, decision states are defined by triples (c, I, T), where 

(i) 0 c k is the number of units of elapsed time already received by 
the job assigned to the occupied machine, if any. The null value c = 
X signifies that both machines are available for assignment at a deci-
sion point. 

(ii) I is a set, possibly empty, of positive integers indexing the unstarted 
or new jobs remaining. 

(iii) T is a set, possibly empty, of positive integers indexing the unassigned 
long jobs having already received their first unit of service (the last k 
time units of such a job is called a tail job). The sets I and T are dis-
joint. 

Figure 2.1 illustrates the scheduling process and many of the definitions to 
follow. Note that denotes the first time unit of Xi , and if X;  is long, then T., 
denotes its tail job. The symbol a is used frequently to denote a decision state. 

Observe that if 2 s c k, then the occupied machine is running a tail job 
with k — c + 1 time units left to run; if c = 1, then a tail job is just being started 
on the occupied machine; and if c = 0 the first time unit of a new job is just 
being started on the occupied machine. Thus, decision states in which c = 0 or 
1 are immediately preceded by decision states in which c = X. 

The "standard" initial state is (X, [1,2, 	, nj ,c/)) where both machines are 
available and there are no partially run (i.e., tail) jobs. However, to simplify 
inductive arguments, it is convenient to allow more general initial states. In Sec-
tion 3, we allow any state (c, I, T), where I /I + I T > 0 and c = X or 1 5_ c 
k; i.e., either both machines are available or one of them is unavailable for the 
first k — c + 1 time units (as if it were finishing some artificial tail job). In Sec-
tion 4, we also allow c = 0, in which case the initial delay on the occupied 
machine is a random variable: it is 1 with probability p and k + 1 with proba-
bility 1 — p. Thus, c * X in the initial state may be interpreted as the elapsed 
time of some artificial new job which is running non-preemptively. 

Clearly, the states of the form (c,4),T), IT1 a- 1, and (c,/,0), III 1, 
allow but one decision: assign a tail or new job, respectively. Final decisions 
take place in states of the form (c,I,c1), 111 = 1, or (c, T), 1T1 = 1. 

In the sample schedules under some policy A, let Fl  ,F2 , . 	denote 
the finishing times of the n new jobs and the r tail jobs specified in the initial 

n+r 

state a = (c,I,T), 111 = n, 1T1 = r. The random variable A(cr) = 	F, de- 
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Sample values X1 X2 X3 X4 
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T5 = tail job in initial state 

initial unit of Xi  

= tail of Xi = k = 3. 

(Probability = p 2 (1 — p) 2 ) 

Decision states: 00  = (X, { 1,2,3,41, ( 51), 	a 1  = (1,11,2,3,41,0), 

02 = (2,12,3,41,111), 	03 = (3,[3,4},{11), 

04  = (X,(4),11,31), 	a5 = (1,141,131), 	06 = 	(/), 

Flow time = 6 + 2 + 7 + 4 + 3 = 22 

FIGURE 2.1. A sample function for k = 3 and initial state (X, [1,2,3,4], 
15 )). 

notes the total flow time (or simply flow time) under A. OPT refers to a policy 
that minimizes EA (a), where the expectation is over all X I , . , X,,. 

We let f A  denote the decision rule of policy A; i.e., A's decision in state 
a = (c, I, T) is denoted by f A  (a), which is an integer in I or T. If i = f A  (a) E 
I, then A makes an I-decision and assigns I, to an available machine; if i E T, 
then A makes a T-decision and assigns Ti  to an available machine. (The choice 
between two available machines can be arbitrary, since it obviously has no 
effect on flow times.) 

Clearly, the order in which new jobs are selected for assignment is un-
important; such jobs are stochastically identical by definition. It is also clear 
that the expected total flow time starting in state (c,I,T) depends only on 
c, III, IT I. These observations are exploited in Section 4, where a simpler deci-
sion state is adopted. In particular, only the numbers of new jobs and tail jobs 
are combined with the elapsed-time parameter c in a decision state. The more 
detailed state (c, 1, T) is used in Section 3, because it greatly simplifies the proof 
of the turnpike property for p 1/k. 

SERPT is an important policy to consider for our problem, because it is 
optimal when G (x) has a monotone hazard rate, and it is optimal on a single 
machine when G(x) is our two-point distribution. Specialized to our setup, 
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SERPT reduces either to non-preemptive sequencing (NS) or to preemptive 
sequencing (PS). According to NS, once a job is assigned, it is run to comple-
tion without interruption. In all states (c,I,T), III 1, policy PS always 
preempts a long job after its first time unit and assigns a new job in its place. 

NS applies under SERPT when k < EX (i.e., when the duration of a tail 
job is less than the expected total time of a new job), and PS applies when 
EX k. Since EX = 1 + (1 — p)k, we see that SERPT reduces to NS when 
p < 1/k, and to PS when p 1/k. 

It is easily verified that SERPT does not minimize expected flow time in 
general. Indeed, for any 0 < p < 1/2 and k > 1, there are states in which 
SERPT decisions are not optimal. 

Example 1: Consider the initial state a = (X,(1), (2,3)). If p < 1/k, then 
SERPT reduces to NS and the sample schedules are those in Figure 2.2(a). OPT 
is shown in Figure 2.2(b) and yields E[NS(a) — OPT(a)] =p(k — 1). Note that 
state a is reached from the standard initial state ( X, [1,2,31, q5) when the first 
two jobs scheduled are X2 and X3, and both are long. 

Example 2: Consider the initial state a = (X, [1,2), (3 )) which can be reached 
from (X, (1,2,3,4),0) if 13 and /4  are assigned first and one of X3 and X4 is 
long and the other is short. If p 1/k, then SERPT reduces to PS, and if in 
addition p < 1/2, then we find E[PS(a) — OPT(a)] = (1 — p)(1 — 2p) > 0, as 
shown in Figure 2.3. 

There are many other examples showing that SERPT is not optimal. For 
example, the initial state in Example 1 can be generalized to a' = (X, (1), T) for 

TI 2 even. For p sufficiently near but still less than 1/k, we again obtain 
E[NS(a') — OPT(a')] > 0. Other examples will be given in the context of the 
analysis in Section 3. 

3. THE OPT AND PS POLICIES FOR p > 1/k .  

Recall that in this section, if (c, I, T) is an initial state, then c # 0. In the induc-
tive proofs to follow, the size of a state (c,I,T) refers to its position in the lex-
icographic ordering of (III , T I). 

The asymptotic results in this section are considerably more precise than 
those for NS in Section 4. In particular, we show that, if p> 1/k, then all sam-
ple schedules under an optimal policy must have the general form illustrated in 
Figure 3.1. That is, a sample schedule must begin with at least n — k I-decisions 
in an initial region R I , end with only T-decisions in a final region R3, and con-
tain a region R2 between R 1  and R3, in which the remaining I-decisions and at 
most k T-decisions are made. Thus, since PS decisions differ from those of 
OPT only in the at most k T-decisions in R2, PS is an optimal turnpike policy. 

Example 3: It is tempting, perhaps, to conjecture that the region R2 always 
consists of at most one T-decision. The smallest counterexample is provided by 
the initial state a = (X, [3,4,5 ), [11), which is reached from the standard initial 
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X 1  = k + 1 

X, = 1 

(a) SERPT = NS 

NSIa) = 3k + 1 

X 1  = k + 1 

T2 
	

/ / //////  OPT(a)=2k+2 

1 1 
	

T3 
	

///// 

X, = 1 

(b) OPT 

E[NS(a) — OPT(a)I = p(k — 1) > 0 

FIGURE 2.2. Counterexample for p < 1/k; a = (X,[11,[2,3 I) . 

state (X,(1,2,3,4,51,0) when / 1  and /2  are run first and X 1  and X2 are long and 
short jobs, respectively. An optimal policy can be worked out in the usual way 
by Bellman equations; a general solution for any initial state can be written, but 
the expressions are awkward and uninstructive and therefore omitted. A com-
plete analysis shows that for all 1/k <p < 1/(k — 1), k ?:. 7, OPT begins with 
a T-decision on one machine and two consecutive /-decisions on the other. If 
both of the /-decisions reveal long jobs (thus reaching a state a' = (3, I' ,T') 
with I I' I = 1 and I T' I = 2), OPT again makes a T-decision instead of the one 
available /-decision. That is, twice, when in a state with an I-decision available 
(namely, states a and a'), OPT chooses a T-decision. 
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FIGURE 2.3. Counterexample for 1/k p < 1/2; a = (X,[ 1,2],[3 D. 
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FIGURE 3.1. Sample schedules under OPT and PS. 
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To prove the properties implicit in Figure 3.1, we begin with two prelimi-
nary results having similar, essentially combinatorial proofs. Our first lemma 
shows that if p > 1/k, then OPT never assigns two tail jobs that begin at the 
same time, unless there is no new job waiting. 

LEMMA 3.1: If p> 1/k, then an I-decision is made by OPT in any state (1,I,T) 
with 	> 0. 

PROOF: The result is obvious if T = 0, so let I TI 	1 and let (1,1, T) be the 
smallest state violating the lemma. Without loss of generality, let a c, = (1,/,T) 
be the initial state at t = 0. At time k, OPT must reach the state a, = (X, I, T — 
j}), where j = f(6 0 ). Since a0  is the smallest counterexample, at least one I-

decision must be made at time k. Thus, if 02  denotes the state following c, at 
time k, we can assume i =f(02 ) E I, since the ordering of the two assignments 
at time k can be arbitrary. At the same time, f(17 1 ) = 1 with 1 belonging to I —
(11 or to T — 

We now construct a policy A that reverses the order of Ti  and Ii , but 
otherwise preserves the assignments of OPT. Figure 3.2 illustrates the con-
struction. 

For A's decision at time 0 in state cr o , we define the I-decision 

f A ( 1 ,LT) = 1. 	 (3.1) 

a() = (1,1,T) 
	

a l  = (X,i,T — 111) 

OPT: J= I, or T, 

 

as  

 

(k,1 — {il,T — In) 
Or 

(k,I — (il,T — 111 + 3111 

A: 

    

     

      

0 
	

k 

(2,/ — (iI,T) 

FIGURE 3.2. Comparison for Lemma 3.1. 
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For A's decision at time 1, we want a T-decision irrespective of whether X, is 
short or long; so we define 

= .fA  (2,1 - ( 1 1,T+ tip = 	 (3.2) 

Apart from the above interchange of I and T decisions, we want A to simulate 
OPT. For this purpose, we first set up the appropriate decision at time k, which 
again must be independent of whether X, is short or long. We define 

f A (k, 1  - fiLT - 	= fA (k,I - (11,T -  (A+ (i)) = 1, 	(3.3) 

where I = f(X,I,T - 	(either 1 E I or / E T). Finally, for states a reachable 
from 'go , other than those in Eqs. (3.1)-(3.3), we define 

f A (a) =f(a). 	 (3.4) 

It is clear from Eqs. (3.1)-(3.3) that in [0,k + 1] both A and OPT run I,, 
7,, and one time unit of X, (either I,, if 1 E I, or the first time unit of T,, if 
/ E T). Thus, the decision state reached by A at the completion of T is the 
same as the decision state reached by OPT at the completion of I. By Eqs. 
(3.1)-(3.4), the only flow times that can differ under A and OPT are those of 
X, and Xi. A delays the flow time of X, by one time unit relative to OPT. But 
if X 1  is short, then OPT delays the flow time of X, by k time units relative to 
A. If X, is long, it has the same flow time under A and OPT. Then 

E[A(ao) - OPT(a0)] = 1 -pk < 0, 	 (3.5) 

which contradicts the optimality of OPT. 	 ■ 

The next result shows that if p> 1/k, then OPT cannot make two consecu-
tive T-decisions if the first occurs in a state (c,n,r) with 2 c k and n 1. 
In the remainder of the paper, it is convenient to define 

c+1=X ifc=k, 	c -1=k ifc=X. 	(3.6) 

LEMMA 3.2: If p > 1/k and OPT makes a T-decision in some state (c, I, T) with 
2 Is c k, I > 1 and IT{ 1, then OPT must make an I-decision in the next 
state, k - c + 1 time units later. 

PROOF: The result is trivial if I Ti = 1, so let DTI 	2 and let (c,I,T) be the 
smallest state violating the lemma. Again, we may suppose without loss of 
generality that 00  = (c,I,T) is the initial state. Let f(ao ) = j, so that by as- 
sumption, in the next state a l  = (k - c + 2,1, T - fjp, we have / =f(al  ) E T. 

Since Go  is the smallest counterexample, OPT must make an /-decision at 
time k in state a2  = (c, I, T - hi ,I)). Let i = f (a2 ) E I. As in Lemma 3.1, we 
construct a policy A that reverses the order of a T and /-decision. Figure 3.3 
illustrates the construction. 



ao = (c,1,T) 

= (k - c + 2,/, T - 1j)) 

T, 

T, 
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SCHEDULING STOCHASTIC JOBS 	 99 

(k 	c + 1,! — (i),T — (j)) 

Or 

(k - c + 1,1 - (i),T - (i) + (i)) 

ao

// ////  
Ti 

0 k + 1 

lc + 	(/1,T) 

FIGURE 3.3. Comparison for Lemma 3.2. 

We define 

f A (c,I,T) = 1, 	 (3.7) 

P(c + 1,1 - (11,T) = fil (c +1,1 - 11),T + (I)) = j, 	(3.8) 

f A (k - c+ 1,/- fil, T - 	= P(k - c +1,1 - (1), T- [j] + 	= 1, 

(3.9) 

and for states reachable from o -o , other than those in Eqs. (3.7)-(3.9), we 
define 

JA (a) =f(a). 	 (3.10) 

In analogy with Lemma 3.1, Eqs. (3.7) and (3.8) implement the desired inter-
change of I- and T-decisions, while Eqs. (3.9) and (3.10) assure that A other-
wise simulates OPT. It is easy to see that both A and OPT reach the same state 
at time k +1. As in Lemma 3.1, the interchange of I- and T-decisions again 
produces the contradiction in Eq. (3.5). ■ 

A• 
T, 
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Our next result shows that if OPT assigns a tail job at some time t on 
one of the machines, then the time available to run waiting jobs in the inter-
val [t,t + lc] on the other machine cannot be less than the number of new jobs 
remaining at time t; i.e., it must be possible during [t, t + k] to run the initial 
time units of all new jobs waiting at time t. A weak turnpike property of PS 
follows immediately from this result: In any state (c, I, T) with III > k, an I-
decision is optimal. After combining this result with Theorem 3.2, we will 
obtain the stronger property. The number of times OPT makes a non-PS deci-
sion (i.e., does not preempt when at least one new job is waiting) is bounded 
independent of the initial state. 

THEOREM 3.1: If p > 1/k and if OPT makes a T-decision in state (c, I, T), then 
(11:sc-1 ifc#0 (by Eq. (3.6), c-1 = k ifc =X), and111-5.k — 1 if c =- O. 

PROOF: Let (c,I, T) be the smallest state violating the theorem. If c = 0, then 
(c, I, T) must be preceded immediately by a state (X, I + (1),T) for some 1. In 
this case, we begin by modifying OPT so that it reverses the decisions in these 
two states; i.e., f (X, I + (1),T) = j E T and f (1, I + (I), T — (j)) = 1. Clearly, 
the flow times under OPT are unaffected and the violation of the theorem now 
occurs in the state (X, I + 111,T)(11! > k — 1 becomes II + (1)1 > k). It fol-
lows that we may assume an algorithm OPT such that ao = (c,I, T), c # 0, is 
the smallest initial state violating the theorem; i.e., I > c — 1 and T1 a 1. 

Since we are assuming I /I > c — 1 and a T-decision at time 0, there must 
be at least one I-decision at time k in every sample schedule, for otherwise, 
Lemma 3.1 or 3.2 would be violated in a state reachable by OPT at time k. 
Since the order in which new jobs are assigned cannot affect expected total flow 
times, we may choose I, as an assignment made by OPT at time k in every 
sample schedule starting in state 0 0 . For the case (if it can occur) when OPT 
makes two assignments at time k, is taken to be the second assignment. 

Let j =f (cro ) be OPT's T-decision at time 0. As in Lemmas 3.1 and 3.2, 
we construct a policy A that simulates OPT except for an interchange of I- and 
T-decisions. We consider the cases c # X and c = X separately. Figure 3.4 illus-
trates the construction. 

Case I (c X): For A's decisions at times 0 and 1, we define 

f A  (c,I,T) = 
	 (3.11) 

f A  (c + 1,1— (1),T) = f A (c + 1,1— [1),T+ 	=1, 	(3.12) 

thus implementing the desired interchange, independently of whether X 1  is 
short or long. Now with one exception, let a' = (c', I', T') be any state reach-
able by OPT at some time t E (k — c+ 1, , k). The exception occurs when 
c' = X, and hence t = k; in this case, a' can only be the first decision state at 
time k. (Recall that I, is assigned by OPT in the second state at time k, if both 
machines become available at time k.) 
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a' = (c',/', T') 
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For this case, J = I, or T, where / = f(X,1',T'). 

FIGURE 3.4. Pairs of schedules for A and OPT under the contradic-
tion of Theorem 3.1. 

Note that OPT must reach a' from a o  by III — I/1 consecutive I-
decisions, where 1 11 — I/' I = t — (k — c + 1) c — 1. We define for each such 
state a' 

f A  (c' — 	 — (i),T') = fA(c' — 	 — til,T' + {11) = f(a'). 	(3.13) 

This definition reflects the fact that if A and OPT are to make the same deci-
sion at time t on the machine not running 7,, then the state under A must 
indicate that one fewer unit of time has elapsed for 7;, that I, has already been 
run, and that there is an additional tail job (7',) if running I, revealed X, as a 
long job. Note that if III — I/' I =c-1 (i.e., t = k), then c' = X and c' —I = k; 

 

k + 1 

Ti 
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in this case, f(X,I' , T') # i, since by assumption I, is the second assignment at 
time k. 

In states a reachable from a o , other than those in Eqs. (3.11)—(3.13), we 
define 

fA (a) =PO- 	 (3.14) 

It is clear that, apart from the interchange in Eqs. (3.11) and (3.12), A simu-
lates OPT. In particular, the decision state reached by A at the completion of 
7, is the same as the decision state reached by OPT at the completion of 4, 
assuming the same sample of new jobs indexed by I. As in Lemmas 3.1 and 3.2, 
we obtain the contradiction in Eq. (3.5). 

Case 2 (c = X): By Lemma 3.1, OPT's two assignments at time 0 are 7; and 
some new job, in that order. Let / = f(1,I,T — (j)) E I index the new job 
assigned at time 0. For A's decisions at time 0, we define 

f A (X,I,T) = i, 	f A 	— 	Ti =/. 

For A's first decision at time 1, we define for each Z = c/),[i],(1),[i,11, the 
T-decision 

fA (X,I — (1,1),T Z) = j. 

For A's second decision at time 1, we define 

f A (1,/— [OLT — (j)) = fA (1,I — [OLT — (A+ (I)), 

= 	— [ 1 1, 7" — 

for the case when X, is short, and 

fA (1,I — [1,1),T — (j) 	[I)) = fA (1,I — [i,1),T — [A+ RI)), 

= f(2,I — [1),T — [A+ (1)), 

for the case when X, is long. In both cases, the decision may be an /-decision 
or a T-decision. By inspection, it can be seen that A makes all of the assign-
ments made by OPT at times 0 and 1, for any given sample of new jobs. Policy 
A also assigns I;  but delays the start of 7, by one time unit. The remainder of 
the construction follows that of case 1. Again, A is uniquely defined and A and 
OPT converge to the same state after A completes 7, and OPT completes 4. 
We again obtain the contradiction in Eq. (3.5). 

The next theorem further restricts the structure of OPT schedules when 
p> 1/k. With this added restriction a strong turnpike property can be proved, 
and a simple bound can be derived on the expected increase in total flow time 
incurred by PS. 
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THEOREM 3.2: If p > 1/k, then in any optimal decision sequence starting in state 
a, there are at most k T-decisions while at least one new job is waiting. In 
addition, 

E[PS(a) — ()PT(a)] 	k(k + 1)/2. 	 (3.15) 

PROOF: By Theorem 3.1, an OPT schedule must begin with a region R 1  con-
taining at least n — k new-job assignments before the first tail job is started, at 
t 1  say. A region R2 then extends from t 1  to the time 1 2 , when the last new job 
completes its initial time unit (see Figure 3.1). We now show that at most k tail 
jobs are started in R2. 

Let T1,72, 	,T1 be the starting times of tail jobs in R2 (71 = t i ,ri  < t2 ), 
in the order they are assigned. We assume I 2, since the first part of the the-
orem follows trivially from k 2 otherwise. We claim that 

7-,_ 1 <r < Tj_ 1  + k, 	2 5 j < /. 	 (3.16) 

Lemma 3.1 establishes the first inequality 	< TJ . For the second inequality, 
suppose r1 	 k. Then in the state (c,I,T) where the (j — 1)st tail job is 
assigned, the inequality III 	c — 1 must hold (see_ Figure 3.5)..But if I /I = 
c — 1, then 7J _I must be the time of the last T-decision in R2, and if III > c —
1, then Theorem 3.1 is violated. Thus, Eq. (3.16) holds. 

Now if 1> 2, then Eq. (3.16) along with Lemma 3.2 implies that at least 
one I-decision must be made between the (j — 1)st and jth T-decisions. Thus, 
on each machine in R2, T-decisions alternate with sequences of one or more 
consecutive /-decisions. Since at most k new jobs start in R2 (by Theorem 3.1 
applied to the first T-decision), there can be at most k tail jobs started in R2. 
This proves the first part of the theorem. 

For the bound given by (Eq. (3.15), we observe that the expected flow time 
of short jobs according to PS is at most that according to OPT. Thus, we can 
obtain a crude bound by calculating a deterministic worst-case increase in the 
finishing times of long jobs. 

As illustrated in Figure 3.1, consider a sample schedule under OPT and the 
corresponding schedule under PS. It is easy to verify that we can transform the 
OPT schedule in R2 to the corresponding PS schedule in [t 1 , t2 ] so that at 

(c,/, TI 

Ti 

FIGURE 3.5. Example for Theorem 3.2. 
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most [ 	is added to the finishing time of each tail job in R2. Since 1 -Lc k, we 
2 

have an increase of at most k 2/2 in the flow times of tail jobs started in R2. 
Let m a- I tail jobs be started in R3 according to OPT. The starting time 

of the first tail job started in R3 is t2: let t2 be the starting time of the second, 
if any. The above transformation from OPT to PS in general changes these 
starting times to t 3  and t, where 13  + t; = 12  + tz (one starting time is shifted 
left and the other shifted right by an equal amount) and t — 13  < k. This cre-
ates no change in the total flow time of tail jobs starting in R3 if m is even, 
and a change of at most k/2 if m is odd. The increase in the total flow time of 
long jobs is therefore no greater than k 2/2 + k/2 = k(k + 1)/2. ■ 

In this section, our results have been based on the assumption that p> 1/k. 
This has been for convenience, since we could have also allowed equality, i.e., 
p a 1/k. Lemmas 3.1 and 3.2 and Theorems 3.1 and 3.2 would then have been 
modified to state that there exists an optimal policy, rather than there must be 
an optimal policy with the claimed properties. With these changes, we can con-
clude that PS is a (strongly) optimal turnpike policy for all p a 1/k. 

4. THE OPT AND NS POLICIES FOR p < 1/k 

The asymptotics in this section are obtained from direct calculations of expected 
NS flow times. Accordingly, we begin with derivations of the appropriate for- , 
mulas and a study of their properties. 

Given an initial state a = (c,I,T), the expected total flow time is a func-
I  don only of c, n = I /I, and r = I TI. In this section, we exploit this fact and use 

(c, n, r) as the decision state. Policy A is now defined by a simpler mapping 
' fA  , where fA (c,n,r) takes on one of two values, one calling for a new-job 

assignment and the other for a tail-job assignment. The terminology of i- and 
T-decisions is used as before. For the purposes of this section, any order of 
selection from / and T may be assumed. Initial states (c, n, r) are general with 
n a 0, r 0 (n + r > 0), and c = X or 0 c k. We call (n,r) the backlog of 
state (c,n,r). The level of (c,n,r) is simply n, the number of new jobs. 

Observe that states in which NS assigns a new job must have the form 
(c,n,0), i.e., no tail jobs are waiting to be assigned. Also, after the first new 
job has been assigned, the only states reachable by NS have the form (c, n,0), 
(c,n,1), or (X,n,2). 

Under NS, let C,, i 0, denote the elapsed-time random variable in the 
state where the (i + 1)st new job is assigned. Co  corresponds to the initial state 
if there are no waiting tail jobs in the initial state. By the above observations 
it is easily verified that, for any given C o , (Ci ; 0 i n — 11 is a finite, irre-
ducible Markov chain. However, the analysis of NS is more natural in terms 
of the remaining times on the occupied machine, when new jobs are assigned. 
Thus, we define the sequence of resume delays Do ,D i , ,D„_1 , where D, = 
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k - C, + 1 if C, * 0, and D, = 1 or k + 1 with probabilities p and 1 - p, 
respectively, if C, = 0. After calculating the conditional expected flow times 

ENS(n,rld) = ENS(n,rIDo  = d), 

we then obtain 

ENS(c,n,r) = ENS(n,rlk - c + 1), 	c * 0, 	
(4.1) 

ENS(0,n,r) =pENS(n,r11) + (1 - p)ENS(n,rik + 1). 

Before giving these calculations, we discuss briefly the properties of the 
chain (D,}. With Do  given, the chain is defined by the recurrence 

D,+1 = 	- 	i = 0,1,2, ... , 	 (4.2) 

and is therefore a finite, irreducible Markov chain on the 	set 0,1, 	, k + 11. 
Note that if k is odd, the chain is ergodic. If k is even, then the X,'s must all 
be odd (each is 1 or k + 1), and hence they create an alternating sequence of 
parities in the D,'s. Thus, the chain has period 2. A brief analysis of the limit-
ing distributions is given in the Appendix. This analysis shows that if 

1 [1 
A 	

EX2 
2 

a = - - + µp(1  -p)k 2]= 
2EX' 

(4.3) 

where 1/p, = EX, then as i co, 

ED, -0 a, 	k odd, 

ED, + 	—2 a, 
	k even, 

where i t  is the parity function, Zi  = +1, j even, and 	= -1, j odd. As 
expected, a is simply the mean forward-recurrence time of a renewal process 
with intervals between renewals having the distribution of job running times. 

In calculating expected flow times, we condition on an initial resume delay 
d on the occupied machine and consider first an initial backlog of (n,0). It is 

easy to see that the ith job, i a- 1, begins at time 1 d + 	Xi  - Di_ 1 /2 

	

2 	isfs,-1 

with the expected value 
2 
-
1 

[d + (i - 1)/ A] - EDi_ j /2. We add 1/11 to the lat- 

ter expression to obtain the expected finishing time of the ith job. Thus, for the 
expected total flow time, we have 

ENS(n,01d) = ENS(nld) 

lsisn 

[ 	
2 	

+
d+  (i  - 1) - ED;_ 	1 

--] 

	(4.4) 
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In the summation of Eq. (4.4), it is convenient to add and subtract na/2 and 
put the result in the form 

ENS(n(d) = 
n( 

4 	
- 
2 
 (d - a) - -

1 
lin (d), 

n +  3) 	n 

11 	 2 
	 (4.5) 

where 

li n (d) = E E(D ;  - a !Do  = d). 	 (4.6) 
osisn-1 

Before analyzing the function hn (d), we extend Eq. (4.5) to initial states with 
tail-job backlogs r > 1. By the NS rule these tail jobs are run first. At the point 
when the tail job backlog first reduces to 0, the initial resume delay D o  begins. 
Clearly, Do  is a deterministic function of the initial delay d. For 0 d s k, 
Do  = d if r 15.1 is even, and Do  = k - d if r is odd. If d = k 1, then Do = 
k - 1 if r 1 is even, and Do  = 1 if r is odd. We denote this relation by Do  = 
(5(d,r), and define (5(d,0) = d. The dependence on d and r will often be sup-
pressed when obvious in context. 

A calculation now shows that for r 1 and 0 	k, 

1 
ENS(n,r1d) = 

4 
-
r 

[2d + (r + 2)k] + 
4 

 - (6 - d) 

(4.7) 

+ ENS(nio) + 2 [rk - (6 - d)], 

where the first two terms on the right-hand side give the expected flow time of 
the first r tail jobs, the third term is the expected flow time of the n new jobs, 
assuming that the first new-job assignment is made at time 0, and the last term 
corrects the preceding term by adding n times the instant, [rk - (S - d)]/2, 
when the first new job is actually assigned. An expression for d = k 1, r 1 
can be found from Eq. (4.7) and 

	

ENS(n,rik + 1) = (n + r)k + ENS(11,1" 1 1 1 )- 
	 (4.8) 

We return now to an analysis of the asymptotics of the expected value 
12,,(d) in Eq. (4.6). Define 

h(d) = 
d 

(d2  - 
6 

 -1) 	
6 

 - 12- EX 3 , 	0:5c15_k+1, 	(4.9) 

where EX 3  = p + (1 - p)(k + 1) 3 . In the Appendix, we prove the following 
result. 

THEOREM 4.1: If k is odd, then h„ (d) h(d) as n oo. If k is even, then 

h2„(d)-■ h(d) + Sd 4  and  h2n+i(d)-•  h(d) - Ed4 as n -0 co. 
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The maximum of Eq. (4.9) is obtained at d = k + 1. For p < 1/k, a calcu-
lation yields the bound 

k + 2 
max I h (d)1 

Osdsk+1 	 2 

Next, we prove two lemmas from which the asymptotic optimality of NS 
will follow easily. Lemma 4.1 eases the calculations in the proof of Lemma 4.2; 
this will be further explained just prior to the statement of Lemma 4.2. 

For the remaining results of this section, we define D(a), the final delay 
produced by NS starting in state a, as the delay on the occupied machine until 
the end of the schedule, measured from the time when the backlog first reaches 
(0,0); in other words, D(a) is simply the difference in machine finishing times. 
Note that final delays are distinguished from resume delays by the absence of 
a subscript. As before, D (n, rad) and D(nId) = D(n,Old) are conditioned on 
an initial delay of d time units on the occupied machine. 

LEMMA 4.1: Let h(D(n1d)) be the random variable given by Eq. (4.9) with d 
replaced by D(nad). We have 

	

h„(d) + Eh(D(nacI)) = h(d). 	 (4.11) 

PROOF: We write for any s 1 ----- 	- - _ 

n+s-1 

h„+,(d) =E 	(Di  — cx)ID0  = d], 
j=o 

n+s-1 

= h„(d) + E{ 	(Di  — a)ID„(n + sad)]. 
.1=n 

But the second term on the right of this last expression is simply Eits (Lon (n + 
sad)). Since D„ (n + sad) and D(nId) are equal in distribution for all sa- 1, 
we have 

hn+s(d) = h,,(d) + Ehs(D(hld)). 

Taking the limit s CO through the even integers and applying Theorem 4.1 
now yields Eq. (4.11). 	 ■ 

The notation D,11 (a) and DA  (a) extends our definitions of resume and 
final delays to an arbitrary policy A. For any policy A starting in state a, we 
define the modified flow time 

A*(a) = A(a) — — h(D A  (a)), 
2 

(4.12) 

By Eq. (4.10), the expected difference in A(a) and A• (a) is bounded by 

lEA*(a) — EA(a)I < (k + 2)/4. 	 (4.13) 

(4.10) 



108 	 E. G. Coffman, Jr., M. Hofri, and G. Weiss 

The usefulness of the new cost function stems from Eq. (4.13) and the fact, 
implied by Lemma 4.2 below, that its expected value is minimized by NS. 

From Eq. (4.11), we note that Eh(DNs (n,r1d)) 0 as n CO. Thus, 
ENS*(n, rld) ENS(n,r1d) as n 00 for any fixed r and d. The expected 
value of the flow time modification and the relation of Eq. (4.11) also have 
important consequences in the calculation of ENS* (n,rld), which we now 
describe. 

Observe that ENS(n1d) fails to be an explicit function of n because of the 
term — h(d) in Eq. (4.5). However, if we further subtract lEh(D(nId)), 
then the two terms combine into —1 [h„(d) + Eh(D(tild))1, which by Eq. 
(4.11) is an explicit function of n. Since the subtraction of lEh(D(nid)) from 
ENS(nid) gives us ENS* (nld) by definition (see Eq. (4.12)), we therefore 
obtain ENS* (n1d) as an explicit function of n, i.e., the right-hand side of Eq. 
(4,5) with hn (d) replaced by h(d). 

A similar statement applies to Eqs. (4.7) and (4.8) for r> 0, where the term 
--1/2,(&) appears implicitly. Here, subtraction of 

1 	 1 
Eh(D(n,r1d)) = -i Eh(D(n1S)) 

produces explicit functions of n in which h„(S) is replaced by h(6). 
Under a given policy A, the state (c, n, r),n, r 1, is called a preemp-

tion state if a new job is assigned in that state. The corresponding decision, 
P(c,n,r), is called a preemption. The following lemma proves that NS is 
optimal for the expected modified flow time, as well as supplying the bound 
needed for Theorem 4.2. 

LEMMA 4 2• If p < 1/k, then for any policy A, we have 

E[A*(a) —NS*(d)] a. p A (a)(1 — pk)A, 	 (4.14) 

where p A  (a) is the expected number of preemptions made by A starting in 
state a. 

PROOF: Based on a given policy A and an initial state a = (c, n, r), we de-
fine a sequence of policies A i ,A 2 , ,A„1 , where A l m A, A„±1 7-= NS, and 
AJ , 2 5_ j n, is identical to A in states at level j or greater, but is identical to 
NS in states at levels less than j. We write 

E[ir(a) — NS*(a)] = 	E[Ay (a) — A7 +1 (a)] 
	

(4.15) 
J=1 

To obtain a lower bound on E[A; (a) — A; 4. 1 (a)], suppose a j  = (c,,j,rj ) is a 
preemption state under A, and hence Aj . By definition of Ai  and policy 
A;  starts with a preemption in (c.i ,j,r;), but is otherwise non-preemptive, and 
policy Ai.4. 1  is simply NS in state a j ; i.e., A7+1 (aj ) = NS*(ai). 
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For the case 1 5_ 	k, and hence 1 d = k — + 1 k, we write for Ai  

EA; (ai ) = EA;(0.; ) — 
2 
—
1 

Eh(DA-1(00)• 

Since k begins with a preemption, we can substitute for EA ;  (a;) as follows: 

EA;(cr;)=j+ + pNS(j — 	— 1) + (1 — p)ENS(j — 1,r ;  + lid— 1) 

1 
— — Eh (D A  j(cri)). (4.16) 

Next, by definition of k, we can substitute 

Eh (D A  f(a.i )) = pEh (D(j — l,r, d — 1)) + (1 — p)Eh (D(j — 	+ lid — 1)) 

into Eq. (4.16), and then substract ENS*( j,rj ld) to obtain 

E[A:(crj ) — /17.,_ 1 (aj )] 	+ ri  +pENS*(j — 	— 1) 

+ (1 — p)ENS*(j — 	+ lid — 1) (4.17) 

— ENS* (j, ri l d). 

Similarly, for c; = X, we obtain 

E[A7(cr;) — 41+1 (a/ )] =p[1 + ENS* (j — 1,ri l1)] 

+ (1 — p)[k + 1 + ENS* (j — + 1)] (4.18) 

— ENS* (j,ri i 0), 

and for cj  = 0, we have by-Eq. (4.1), 

E[A; (cri ) — 47+1 (a/ )l = p[j + 	+ pENS*(j — 1,r l0) 

+ (1 — p)ENS*(j — 	+ 110)] 

+ (1 —p) [j + 	+ pENS*(j — 1, k) (4.19) 

+ (1 — p)ENS(j — 1,r, + 	k)] 

— [pENS*(j,r;11) + (I — p)ENS*(j,r,lk + 1)] . 

Using Eqs. (4.5), (4.7), and (4.8) with h„(6) replaced by h (6), we can evaluate 
the right-hand sides of Eqs. (4.17)—(4.19) as explicit functions of the parame-
ters and obtain the uniform bound 

E[A;(cri ) —4_ 1 (cri )] 	— pk). 	 (4.20) 

The calculations, although lengthy, are routine. In the Appendix, we show how 
the calculations can be done more simply by exploiting the fact that A. and 
Akfi  differ in only one decision. 

7)"""i4442- 

1123"-"435-1"f2'4'  
(4,12/Zed tel)z)ZAtel 
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Now let q,A  (a) denote the probability that A, starting in state a, reaches 
one of the preemption states (c,,j,r,) at level j. Then 

E[A7 (a) — ti;, i (a)] 	q.14 (a)1.4(1 — pk), 	1 s j s n. 

and 

E[A* (a) — NS*(a)] 	1.4(1 — pk) 	q.;4  (a). 	 (4.21) 
J=1 

Since pA  (a) = 	qjA  (a), Eq. (4.14) follows. 	 ■ 
,7 1 

It is now easy to prove the main result of this section: Both the expected 
added cost of NS relative to OPT and the expected number of preemptions 
made by OPT are bounded by constants independent of the initial state. 

THEOREM 4.2: If p < 1/k, then for any initial state a, 

E[NS(a) — OPT(a)] (k + 2)/2, 	 (4.22) 

and 

p OPT(a ) 	k + 2 

PROOF: By Eqs. (4.10) and (4.12), we have 

	

IENS*(a) — ENS(a)I s (k + 2)/4, 	 (4.24) 

	

IEOPT*(a) — EOPT(a)1 5 (k + 2)/4. 	 (4.25) 

From Eq. (4.24) and Lemma 4.2, we obtain 

ENS(a) ENS*(a) + (k + 2)/4, 

EOPT*(a) + (k + 2)/4. 

Substitution of EOPT*(a) 5_ EOPT(a) + (k + 2)/4 yields Eq. (4.22). 
As above, we can apply Eq. (4.25), the inequality EOPT(a) ENS(a), 

and Eq. (4.24), in that order, to obtain 

	

EOPT*(a) — ENS* (a) :s (k + 2)/2. 	 (4.26) 

By Lemma 4.2, we have 

EOPT*(a) — ENS*(a) p opT(a)A(1  _ pk). 	(4.27) 

The bound given by Eq. (4.23) follows directly from Eqs. (4.26) and (4.27). 
■ 

2A(1 — pk) •  
(4.23) 
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5. CONCLUSIONS 

A problem, which is arguably the simplest multimachine flow-time scheduling 
problem with job running times not having a monotone hazard-rate distribu-
tion, has been shown to have a surprisingly rich structure. In particular, it 
appears that the optimal policy cannot be determined by a "ranking function." 
Nevertheless, the SERPT rule was proved to be asymptotically optimal in a 
strong sense: the expected number of OPT decisions that are not SERPT deci-
sions is bounded by a constant independent of the initial state. An even stronger 
turnpike optimality was proved for the case p 1/k. Equally satisfying was the 
result (see Eqs. (3.3) and (4.22)) that SERPT yields an expected flow time which 
exceeds the optimal value by a bounded amount, independent of the initial 
state. 

There are several obvious challenges for future research: 

1. Prove that property (P2) of Section 1 is not restrictive. This should fol-
low from Bellman equations. 

2. Resolve the question of whether a turnpike theorem can be proved for 
NS as was the case for PS (see Theorem 3.2). 

3. Extend the results to 3 or more machines, to the expected makespan 
objective function, and to two-point distributions, where the larger 
point is not a multiple of the smaller point. 
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APPENDIX 

PROPERTIES OF (D„ 1. Because of our present need for more indices, we will depart 
slightly from the conventions in Section 4. We use i and j, 0 .s i, j s k +1, to denote 
delay states; and m and n are used as time parameters. 

Feller [5] has analyzed the chain D„, = ID„ — X„ 1 I when the Xn 's are i.i.d. with 
a strictly positive density on [0,0e]. In our case, X„ is arithmetic, so Feller's formulas 
do not apply. On the other hand, (Dn ] is a finite Markov chain, so geometrically fast 
convergence to stationary distributions is assured. Properties of (Dn ] can be derived as 
follows. 

The given distribution of a job's running time, X, is Pr(X = 11 = p and 
PriX = k + 1] = 1 — p. The chain IDn ] has values in (0,1, ,k +1), on the assump-
tion that 0 5 Dos k + 1. ID„) is easily seen to be irreducible; for k odd it is aperiodic 
(and hence ergodic), and for k even it has period 2. The transition matrix P = [pii ] is 
given by 

k 
i = 0, j = 1 or i = 1,...,k + 1, i # — 

2
+ 1, j = i — 1 

k 
i = 0,...,k + 1, i # 

2 
— +1,j=k+1— i 

k 	k 
k even, i = — + 1, j = — 

2 	2 

otherwise. 

By inspection, a solution w = ( 	, .. • , 7k-4-1) to r = rP is given by 

(A2) 

(1 — p)p./2 	i = k + 1, 

where 1/A = EX = k + 1 — kp is the mean job-running time. For k odd, the distribu- 
tion of D, converges geometrically fast to w; for k even, the distribution converges 

t 	 — E geometrically fast to w ( e ) , with r,(e)  = 2w,1 +, , and to .1- (`'), with r i(°)  = 2w, 1  
2 	2 `  

according as D„ is even or odd, respectively. (Recall that E i  is the parity function, E, = +1 
for m even, and E, = —1 for m odd.) By direct calculation, the first moment of w is a, 
as written in Eq. (4.3). The first moments of z ( e )  and r ( ° )  work out to be a — A/2 
and a + p./2, respectively. Hence, for k odd, ED„ a as n — * 03, while for k even, 

E(DR IDo= d) + tni-d a as n — • 00; again, these convergences are geometrically fast. 
2 

P 

- P  
Pij = 

(Al) 
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PROOF OF THEOREM 4.1. From the definition of h„ (d) (see Eq. (4.6)), we obtain the 
recurrence 

k+ I 

hn(i) = 	a + 	 (i)• 
	 (A3) 

i=0 

First, consider k odd. The geometric convergence of ED„ to a as n 	co implies a 

similar convergence of E E(D„ — ajDo  = d) to a value, say h(d). Letting n 	co 
n=o 

in Eq. (A3), we obtain the equations 

k+I 

h(i) = i - a + 	puh(j), 	= 0,1,...,k + 1. 	 (A4) 
j=0 

To solve Eq. (A4), we define the differences A (i) = h(i + 1) — h(i). Exploiting the form 
of p, in Eq. (Al), we obtain 

A(0) = 1 — pA (0) — (1 — p)A(k), 

A(i) =1 + pA(i — 1) — (1 — p)A(k — i), 	1 s_ 	k, 

which is solved by 

. A(i) = h(i + 1)- h(i) = 
2 
- (2: + 1), 0 	k. 

k+1 

	

It follows that h(i) — h(0) = — i 2, s 	k + 1. Also, E ri h„(i) = 0 for all n, 
2 	 1 

k+1 	
=0 

 

so that E ri h(i) = 0. Thus, 

k+1 	 k+1 

	

-h (0) = E ri [h(i) - h(0)] = - 	ri i2, 
=0 	 2 1=0 

2 

= + —IL EX
3

. 

12 	6 

Theorem 4.1 follows for k odd. 
For k even, E(D„IDo= 	+ Eni-d — ■ a geometrically fast, and therefore 

12,; (d) + 
Fl 
	Em+d 

2 Osmsn-1 

converges geometrically fast, to g(d) say. The sum is 0 for n even, and Ed for n odd. 
Then as n co. 

h2,,(d) -0 g(d), 

g(d) - Ed. 

Letting n 03  in the recurrence Eq. (A3), and noting that pu  = 0 for = tj , we obtain 
the equations 
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k+I 
[g(i) –  Eil= (i – a) + E pil l 4 	

g(j) – 
i=0 	4 

from which, similar to the analysis for k even, we arrive at 

0 :s 	k + 1, 

i even, 

g(i) – g(0) = 
(i2  — 1) 2 – 	i odd. 

k+1 	 k+1 
Observing that E e) h2n(i) = 0 for all n, we have E r:e) g(i)= 0, and hence 

i=0 	 i=0 

k+1 	 k+1 

–g(0) = E 7! el [g(1) – g(0)] = E r 1e) i 2  LL  
i=0 	 1=0 	2 ' 

k(k + 1)(k + 2) 2 	14 2  
= 	 A = — EX 3  – –it 

6 	 6 	6 

On substitution, we finally obtain g(i) = h(i) + ti  /L-44  and, as n cc, 

h2„(d) h(d) + Ed 114 , 

() 	() – Ed h2n+1 d hd 	 ■ 

PROOF OF EQ. (4.20) FOR 1 5 c, k. We need to prove that 

A = E[A;(n,rld)– NS"(n,r1d)] A(1 – pk), 	1 -5. clLs k. 

The approach below, along with Eq. (4.1), is easily adapted to a proof of Eq. (4.20) for 
c, = X and c, = 0; the details are left to the interested reader. Accompanying the results 
below are figures describing schedules up through the first r tail-job assignments and the 
first new-job assignment. The dashed tail job is absent with probability p, and present 
with probability 1 – p. 

Case 1 (1 Ls d < k): For r even, inspection of Figure Al shows that 

NS 

d 

1 d < k, r even 

A I I r 
I
T 

T 111 

d 

Ar A  r I 
I 	T T I r 1 	 

A = 2 – (1 – pk), r even. 

FIGURE A.1. 
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For r odd, we obtain with the help of Figure A2, 

d  

Ns r A T T r I/1  
T t  

1 < d < k, r odd 
d 

A /f V4 T  T 

 

T 	 

 

A = 
r 1 	(r

2 

 1 
k + cl)p — (1 — p) 

2  

13 
h(k — d + 1) — h(k — d — 1) 

 + (1p) 
h(d + 1) — h(d — 1) 

2 	_ 	 2 

FIGURE A.2. 

The last two terms express the difference in the flow time of the last n — 1 complete jobs; 
the running of these jobs starts on the average at the same time under both policies. Note 
that [h(i + I) — h(i — 1)1/2 = Ai and (1 — Ak) = A(1 — pk), so that 

r — 1 
A = (I — pk) — — pd + p + — Apk, 

r — 
= (1 — pk)[ 2 

2
1 + p.(p + (1 — p)d)]. 

Case 2 (d = k): For r even, we obtain the same result as in Case 1, namely, 

A = 
2
— (1 — pk), 

For r odd, Figure A3 shows that 

r even. 

d 
J NS r  A 

d = k, r odd 
a 

A T 
T 	I  

T I  
T 

r + 1 
(1 	(1 	

h(k + 1) — h(k — 1) A =  	pk) 	p) + (1 p) 
2 	 2 

	

= (1 — 

pk){r + 1 
	(1 — p)i.d, 

2 
— 

	

= (1 — pk)[ r 
2 1 
	

O + p + (1 — p}k1], r odd. 

FIGURE A.3. 

Accumulating the results above, we seen that Eq. (4.20) holds for 1 s cj  _ k. 
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Introduction:  

One of the simplest yet most useful results in scheduling theory is 

that flowtime (sum of all the waiting and processing times of all the 

jobs) is minimized by the SPT (Shortest Processing Time First) rule. 

This result holds for a single processor (Smith, 1956) as well as for 

parallel processors (McNaughton. 1959). For the often more applicable 

weighted flowtime objective function (where the waiting and processing 

times are weighted by different cost per unit time for each job) the 

optimal sequence of jobs on a single processor is in decreasing order of 

weight to processing time ratios (Smith. 1956), the so called "Smith's 

Rule". Minimization of weighted flowtime on several parallel machines 

is, however, an NP-hard combinatorial optimization problem for any fixed 

number of machines greater than 1 (Carey and Johnson 1979, Lenstra, 

Rinnooy-Kan and Brucker 1977). Scheduling the starting times of the jobs 

according to Smith's rule provides a suboptimal heuristic for this 

problem, whose worst case performance is 12071 times the optimal value 

(Weiss et al. 1987). 

In the present paper we examine a stochastic version of these 

problems, where we assume that the processing requirements of the jobs 

are not known in advance but are drawn from some known probability 

distributions. The single processor results generalize easily to 

stochastic processing times: SEPT (shortest expected processing time 
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first) and Smith's Rule (decreasing order of weight to expected 

processing time ratio) respectively minimize the expected flowtime and 

the expected weighted flowtime. 

Results for parallel machines are much more complex. SEPT remains 

optimal for flowtime in a wide range of problems, though the proofs are 

no longer elementary. SEPT is optimal when job processing times are 

exponentially distributed (Bruno, Downey and Frederickson 1981, 

Glazebrook 1979. Pinedo and Weiss 1979. Weiss and Pinedo 1980). It is 

also optimal when the job processing time distributions are all of them 

tails of a single IHR (increasing hazard rate) distribution (Weber 1982). 

Both these results are special cases of the remarkable result of Weber, 

Varaiya and Walrand (1986) that SEPT is optimal whenever the processing 

time distributions of all the jobs are stochastically comparable in 

pairs. That result seems the most general possible. It does not extend 

to weaker comparison conditions, and SEPT fails to be optimal in general 

(see Pinedo and Weiss 1987 for counter examples). Very little can be 

said on optimality of Smith's Rule for parallel machines. Kampke (1986) 

discusses some special cases. 

If SEPT and Smith's Rule are no longer optimal on parallel machines, 

two questions arise: What is the optimal policy and how far are SEPT and 

Smith's Rule from it. 

On the first question, I believe the search for the optimal policy 

in the general case is futile. First, the problem is NP-hard; it seems 

likely that one can find a parametric family of distribution for which 

even minimization of expected flowtime is NP-hard. But the difficulties 

go beyond the computational effort involved: if SEPT or Smith's Rule are 

not optimal then the optimal policy may be extremely complicated to 
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describe and to implement - it may involve dynamic scheduling with 

inserted idle time, and may depend on the entire processing time 

distribution of each job rather than on a few parameters. Needless to 

say, the data to estimate these will rarely be available in practice. 

Pinedo and Weiss (1987) discuss some very simple problems which have 

quite complicated optimal solutions; it is easy to imagine problems with 

optimal solutions of almost any degree of complexity. 

How far are SEPT and Smith's rule from optimal can be measured in 

two ways: in terms of the expected value of the objective function, or 

in terms of the differences between the policies. In the present paper 

we give a complete answer in terms of the objective function. This 

answer is extremely favorable to Smith's Rule and SEPT. 

Using the weight, the mean processing time, and one additional 

simply calculated parameter of the processing time distribution of each 

of the jobs, we calculate a bound on the difference between the expected 

objective function values. As long as the values of these three relevant 

parameters remain bounded, the bound on the expected difference does not 

grow with the number of jobs n. Thus under the assumption that the 

weights and the processing time distributions of all the jobs satisfy 

some uniform boundedness conditions we have that even though the expected 

(weighted) flowtime increases as 0(n
2), the expected difference in 

objective value between SEPT (or Smith's Rule) and the optimal policy is 

bounded by a constant, independent of n. 

The uniform boundedness is clearly essential here, without it the 

worst case performance ratio for deterministic jobs is -1.2, so the 

difference is 0(n
2). However, an assumption of uniform boundedness on 

processing time distributions is in general much less restrictive than 



for the deterministic case. In many problems all that will be required 

is uniform bounds on the means and variances of the processing times: 

this still permits any mixture of actual processing time values to occur 

and seems a reasonable requirement. 

The results of this paper are derived in sections 4-11. While 

deriving the bounds for the objective function we obtain some insights 

into the nature of parallel processing, and some useful formulas for 

expected flowtime and weighted flowtime. The results are summarized in 

section 2, and a plausibility argument is given in section 3. 

With the question of how well SEPT or Smith's Rule will do in terms 

of the expected value of the objective function settled, it remains to 

ask how different are the actual policies from the optimal. The 

plausibility argument indicates the SEPT may not be optimal towards the 

end of the schedule. We conjecture that SEPT and Smith's Rule have some 

turnpike property - asymptotically. for large n, most of the optimal 

decisions will be according to SEPT (or Smith's Rule). Such a turnpike 

result does indeed hold, and will be the subject of a forthcoming paper. 

A turnpike optimality result for a special case of a preemptive 

scheduling problem has been proven in Coffman, Hofri and Weiss (19SS). 

We conclude this paper with a discussion of some possible extensions 

to preemptive scheduling problems, the relation to Gittins index and to 

various control problems in section 12. 

2. Summary of Results  

Jobs 1,..., n require processing times X 1 	X
n, nonnegative, 

which are drawn from some given probability distribution functions 

F
1 
	F

n 
and are not known in advance. We assume nothing special about 

the form of F 1, 	Fil ; We let µl, 	pn 
and (7

1
2 

' '''
'n

2 
be their 

means and variances, and assume finite third moments. Machines 0 	 
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become available to start the processing of these jobs at times 

U00' 
	Umo, with U00  +...+ Ume 0 and q)  = 	/ M, and jobs are then 

processed by the machines in parallel, with no preemptions and no 

inserted idle times. Let C
1 	 Cn 

be the completion times of the jobs. 

Let U
On 	UMn be the times at which the machines finish their 

2 	2 	1 processing: let Sn  = ( 	Uin FITT  ( 21'01  Uin)21/M. Two objective 

n 
functions are of interest: the flowtime 2 C. which is the sum of all 

j=1 

the waiting times and all the processing times of all the jobs, and, more 

n 
generally, the weighted flowtime. 2 W.C. where the jobs are weighted by 

j=1  J J 

individual costs per unit time. W I 	 W. Two policies suggest 

themselves for these objective functions: SEPT - start jobs in the order 

of shortest expected processing time first, and the so called "Smith's 

Rule" denoted by SR - start jobs in decreasing order of weight to 

expected processing time ratio. On a single processor. SEPT and SR 

minimize the expected flowtime and the expected weighted flowtime 

respectively. On M+1 parallel processors this is not generally the case. 

In the present paper we prove that while SEPT and SR may not be 

optimal. they are very nearly optimal. Proceeding from the special to 

the general we obtain the following results: 

(a) If all the jobs are identically distributed, the expected 

flowtime is: 

E( 2 C.) 	
n(n+1) 	n M 	

2 

j=1 	2(M+1) P  2(M+1) P (1  - 2f)  
A 

2 
M SO 	M E(X3) M-1 (IL2+a2 )

2 

(__. 
2 p M+1 342 	M+1 

43  

2 	 2 
M E(Sn) 	M E(X3 ) 	M-1 ( 12+02 ) 

+ ( 	 + --- 	 ) 2 	p 	M+1 3112 	M+1 	3 44 

(2.1) 
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where the first 0(n2) term is the single machine flowtime speeded up 

(M+1) times, the second 0(n) term incorporates steady state delays per 

job caused by parallel processing, the third 0(1) term corresponds to non 

steady state initial conditions, and the last term, which is o(1) and 

goes to zero as n -* , corresponds to non steady state final conditions. 

(b) If all the jobs have the same mean, the expected flowtime is: 

n 2 2 a. 
n(n+1)  E( 2- 2( - 	u 	

n M 	j=1  
m+i) • 	2(M+1) 4 (1  

j=1 j 	 n p
2 ' 

M 
S

(2) 	M 
 E(S) 

2 

-  
2 p + 2 11  

(2.2) 

In this expression, the only part which depends on the schedule is E(S 2
). 

Apart from that term and the initial conditions given by So
2 
 , the 

expression depends only on p and on 2 cr./n. 
j=1 

(c) For generally distributed jobs, we can obtain the expected 

value of the weighted flowtime, if the weights are equal to the expected 

processing times: 

1 2 2 E( 2 p.C.) - 2(44.1)  ( 2 pi ) 2  + 2  2 pi 	2(4+1) . 2 cJi  
j=1 	 j=1 	 j=1 	 J=1  

(2.3) 

M 2 	M 	2
)  - — S + 	E(S . 2 0 	2 	n 

Again. the only term which depends on the schedule is E(S
2
). 

(d) Consider now several classes of strategies and let: 

17
0  - the strategy of starting jobs in the arbitrary given order 

1 	 n with no inserted idle time. 

17
1 - optimal list scheduling strategy. 

17
2 - optimal dynamic scheduling strategy. 
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I1
3 - optimal dynamic scheduling strategy with inserted idle 

time. 

if4 - optimal dynamic scheduling strategy when the actual value 

of the processing time of a job becomes known when its 

processing starts. 

Then, 

E(2jj0 ) > E(! W.C.Iff 1  ) > E(2 WC)(112 
 ) - 	j 	_ jj  

> E(2 WiCj (ff3 ) > E(2 WiCj iff4) 

(2.4) 

(e) If we take the special weights p l 	pn  (2.3) holds for Fro  as 

well as II4 and so: 

0 < E( 2 	) - E( 2 p.C.111
4  ) 
	

M 	2
n0)- 

j=1 	 j=1  
(2.5) 

Applying (2.3) and (2.4) for the subset of jobs 1 	k  1 < k < n 

we get for an arbitrary strategy II from any of the classes of strategies 

in d: 

M 	2 
E( 2 p.C.Iff,) - E( 2 µ.C.Iff) 	--2T E(Sk ilT0 ). 	 (2.6) 

j=1 	u 	j=1 

Here S
k 

is defined similar to S
n
2  
, as the sample variance of the times at 

which machines finish jobs 1,..., k under I/0 . 

(f) Let 

2 
D = max max f (x-s)

2 dF.(x). 
1<j<n s>0 	s 

(2.7) 

Then, if S
2
0 
 = 0, 

   

    



1 (g) Let — > 	> 	then we can rewrite: 
A1 - 11

2 

2 	An 

9 

W n 	W
n-1 

W n-1 
2 W.C.= 	g.C. + ( 	

n) 2 p .c  

j=1 	3 	Pn j=1 J 3 	lin -1 	Pn j=1 JJ 

W
1 	

W
2 	

1 

	

+ • • • + ( 	) 2 p.C.. 
Al 	P2 	j=1 J  3 

(h) Substituting (2.3) in (2.9) we get: 

E( 2 W .C.) - M+1  E( 2 W.C.1 one machine) 

	

j=1 	 j=1 

2 n 	 a. M 	A + 	W .g.(1 --7.J 

	

2(M+1) 	J J 	11.4 .1=1 	
J 

n W. 2 	2„ + 	2 	[E(S. ) - E(s._p j  2 j=1  

Combining (2.6), (2.8) and (2.9) we then have: 

Theorem: 

M2 	W1 -2 
. D 

	

E(2 W.C.ISR) - E(2 	 2(M+1) w J J 	 1 

(2.9) 

(2.10) 

(2.11) 

3. A Plausibility Argument 

The result of this paper is to show that the difference in the 

expected objective function when using SEPT or SR as a heuristic as 

against the optimal policy is, under some reasonable uniform boundedness 

conditions, bounded by a constant. In terms of the performance ratio 

R 	
E(objectivelheuristic)  

 - 
E(objective optimal) 

1 
this means that R = 1+0(72-). In this section we discuss the plausibility 

of such a result. 
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As a first step it is easy to see that R = 1+0( - 
1 
 1-). We use the 

Nrn 

following argument: Assume jobs are scheduled on M+1 processors in a 

particular given starting order. Consider a single processor which works 

at M+1 times the speed, and schedule the jobs in the same order. Then, 

for any realization, the completion times of each of the jobs on the M+1 

processors and on the single processor differ by no more than M1(M+1) 

times the length of a single job. We therefore have: 

Proposition: Let E(X 1 ) < 	E(Xn); Then 

R 	 nE( 	(Xi 	 Xn)) max E(FlowtimelSEPT) 	
1+ E(Flowtime OPT) 	E(nX

1
+ (n-1)X2+ 	 + Xn ) .  

If 	2 (n-j+l) EX. 	0(n
2
). and E(max(X i ...., Xn)) 	0(VrTI) then 

j=1 

R= 1+0( 1  --.). 
V' n 

A similar statement can be made for weighted flowtime and SR. We do 

not pursue this here since stronger results are derived in later sections 

of the paper. It is clear then that SEPT and SR are asymptotically 

optimal under uniform boundedness conditions: however, we claim much 

faster asymptotics than the above proposition indicates. The 

plausibility argument in this section tries to explain that. 

Consider scheduling deterministic jobs to minimize flowtime. The 

flowtime on a single machine, when jobs are scheduled in the order 

1 	n is nX 1+(n-1)X2
+...+ X. In other words, during the processing of 

the 1st job, job 1, n jobs are waiting: during the processing of job j, 

(n-j+1) jobs are waiting, and during the processing of the last job only 

one job is waiting. Clearly we need to have X 1  S X2 ... S X
n for the 

optimal schedule. • 



• • • 

• • • 

1 1 

For parallel machines, almost the same argument works, though it 

needs to be taken from last to first (see Figure 3.1) 

Figure 3.1: Flowtime on Parallel Machines.  

Consider some schedule on M+1 parallel machines. Let J 1  be the set of 

all the jobs which are last on their machines; J 2  all the jobs which are 

before last, etc.: J
k are jobs which have k-1 jobs following them on the 

same machine. Assuming no idle times on any machine, the flowtime is: 

n 
2 2 kX.. We therefore want to have the M+1 longest jobs in J 1 , the 

k=1 jeJk  

next M+1 longest in J2 , etc; this yields the SPT schedule - start jobs 

according to shortest processing time first. 

This argument does not work for stochastic processing times since 

the sets J1 ,J
2 — . cannot be assigned in advance. 

For the sake of completeness we mention an alternative approach for 

the deterministic problem: Let rk  < Te  be instants at which machines k 

and R become available to start processing jobs; assume jobs are 

scheduled according to SPT; let n
k' 
 ne  be the number of jobs scheduled on 

machines k, e respectively. Replace rk  by rk+A and Te  by re-A; this will 

increase the flowtime by A(nk-ne ). But A(nk-ne ) ,> 0 since under SPT, 

nk  > ne . An inductive proof for optimality of SPT follows easily from 

this observation. This proof method can be adapted to stochastic 

processing times and is used by Weber, Varaiya and Walrand (1986) to show 

that SEPT is optimal if processing times are stochastically comparable. 
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IlecallthatX.is stochastically greater than X., X. > 	X , if F. < F 1 	 j 	1 -ST j 	1 
	F. 

orequivaleralY.E11(X.)> Eh(X ) for every monotone increasing function 

h. 

We return to the plausibility argument: The argument in favour of 

SEPT (as well as -for Smith's-Rule), is that- at the beginning of the 

schedule there is a large number of jobs waiting and SEPT (or Smith's 

Rule) tend to reduce the number of jobs (their cost rate) fastest. This 

argument suffices to prove optimality for a single processor, and it 

applies to parallel processors as well. For parallel processors there 

exists, however, a counter argument: Towards the end of the schedule, as 

jobs are completed, there are no more new jobs to start and the 

processors fall idle one after the other; this means that processing at 

the end becomes inefficient and this of course has an effect on the 

objective function. Thus it seems that one ought to try to reduce these 

inefficiency periods. Minimization of these periods is hard (in the 

deterministic case, for two machines, it is equivalent to minimizing the 

makespan which is NP-hard), and it is not achieved by SEPT. If anything, 

it is asymptotically best to use LEPT to minimize makespan and the 

inefficiency periods (see Frenk and Rinnooy Kan, 1987). Nevertheless 

this inefficiency at the end is a boundary effect and is of marginal 

value - in particular it does not grow with the number of jobs n, so long 

as jobs remain uniformly bounded in some sense. Our conjecture is that 

this end effect is the only counter indication against optimality of SEPT 

(or Smith's Rule). Making this precise in some sense is the idea behind 

the proof in this paper. 
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4. Decomposition of Flowtime and of Weighted Flowtime  

In this section we derive some useful formulas for decomposition of 

the flowtime and the weighted flowtime. Throughout this section we 

consider jobs 1 ..... n which require processing times X 1 	Xn 
and are 

started in the order 1, 	n- jobs are processed without preemptions and 

with no inserted idle times. 

We let C1 ,...,Cn  denote their completion times. The results are for 

deterministic processing times and are of a combinatorial nature. We 

later regard them as sample path identities for the stochastic case. 

Much of the insight in these results follows by deriving them in easy 

steps: first for 1, then for 2, and finally for M+1 machines. 

Case 1: Single Machine. 

The completion time of job m is Cm  = X 1+...+ X
m
. Adding up we get 

for flowtime and weighted flowtime: 

n 
2 C. = nX

1
+(n-1)X2+...+ Xn  

.1= 1  

	

n 	n n 

	

2 	= 2 ( 2 W
k
) X

j 

	

j=1 	j=1 k=j 

Case 2: Two Machines: 

(4.1) 

(4.2) 

We shall assume processing on the two machines starts at U 0  < V 0 V0 

with U0  +V0 
 = 0, and let D

0 
 = V0 -U

0
. Let U

m 
 < V

m  be the times at which -  

the two machines complete all the jobs 1 	m and let Dm 
	m 
= V -U

m 
 . 

Clearly, Um+Vm  = X 1  +...+ Xm
. Job m+1 starts at U

m
, and so: 

Cm+1  = Um+ Xm+1  = (Um+Vm)/2 - D
m
/2 + Xm+ , = 

1 
= -2- (X 1 +...+ Xmi.1 ) + 

1 
 (Xm+ , -Dm). 

(4.3) 
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Adding_up we get: 

n 

	

2 C. - 1 	X+(n-1) X +...+ X) 

	

j=1 	- 2 	
1 	2 	n  

+ 
1

((X 1-D0) + (X2D 1 ) +...+ (Xn-Dn_ 1 )). 

and 

n n 
2 W.C. = 2 2 ( 2 W

k) X. + — 2 W.(X.-D. ) j=1 	j 
j=1 k=j kj2 	jjj-1 j=1 

(4.4) 

(4.5) 

We recognize the first part in these formulas as the flowtime 

(weighted flowtime) for a single machine working at twice the speed of 

(4.1), (4.2). The second part consists of individual job delays caused 

by parallel processing. 

We now consider the sequence of D
m
's. At time U

m when job m+1 

starts on one machine, D
m 

is the remaining processing time of the last of 

the jobs 1 	m  which is running on the other machine. It is easy to 

see that 

Dm+1 = IXm+1 -D m I. 	 (4.6) 

If X 1, 	
 
X
n 

are independent random variables, (I) m} form a Markov chain. 

The awkwardness of absolute value in (4.6) disappears when we square 

and sum over m. 

2 
2 D. = 2 (X.-D. )

2 

j=1 	j=1 

from which we obtain the key formula 

	

n 	 n 2 

	

2 2 	X.D. 	= 2 X. + D
2  - D2 

	

j=1 	j=1  J 	0 	n 

Case 3: M+1 machines 

(4.7) 

Let U
00 U10 
	... 
	

U
MO 

 be the times at which the M+1 machines 
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M 
start processing, with 

i-01 
 2 U. 0  = 0, and, for m = 1 	n  let Uom  < U lm  < 

< Umm  be the times at which the M+1 machines complete the processing 

of jobs 1 	n• 	let im = U im -U 

Proposition 4.1: 	The flowtime on 

Om' 	i 

M+1 

= 1 	M 	m = 0. 	 

machines is 

j!( MXi 	i!Ipii-l ) i 

2 	W .(MX. - 	2 D.. 	) 
j=1 	J 	i=1 	1J-I  

(4.8) 

(4.9) 

2 Cj 	2 	Xj  = 144.1 	(n-j+1) 	+ 
j=1 =1  

and the weighted flowtime is: 

n 	 n 	n 

M-11 

 

	

2 W.C. 	2 	7 	Wk)X + 
= M-1-1 	

( 

	

j=1  J J 	j=1 	k=j 	j 4  

Proof:  

Job m+1 starts at UOm  and completes at UOm  + Xm+1  . We have 

m 	M 	 M 
2 X. = 2 U. = (M+1)Uom  + 2 D. 

j=1 J 	i=0 	 i=1 

Hence 

- I  
m+1 
2 X. + 	X m+- 1 c m+1 	14+1 . 	.] 	M+1 	1 	M+1 

	

.1= 1 	 i
2
=1
Dim  

(4.10) 

and (4.8), (4.9) follow. 	 ❑ 

Themaricovialirecursionforp_i=1 	M is: 
im 

Proposition 4.2:  The values 
D1m+1 

<... < Dmm+1 consist of the ordered 

values of the M largest among Xm+1. D
lm' 	

Dmm  minus the smallest among 

D
lm ' 
	 D . 

Mm 

Proof:  Follows from the fact that the completion time of jobs 

m+1 on the M+1 machines occur at U + Xm+1' 
U
lm Om 	 UMm .  ❑ 
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The job processing time remainders D im , i = 1 ..... M, m = 0 ..... n can 

also be counted in a different way: Consider all the pairs of machines, 

0 < k < e < M; for a particular pair k.R let n'(k,e) be the number of 

jobs performed on these machines. Let j' = 1 	n'(k,e) be an index 

counting the jobs in their starting order, let X (1 : 8)  be the processing 

times, and let D(k,S)  . 	j = 0 	n'(k,e) be the remaining processing 

times all relative to the pair of machines (k.e). The set of D
(k, .S) 

 

j' = 0,1 	n'(k,e), 0 <k<S<Mis exactly the set D im  i= 1,....M. 

m = 0, 	n  To see this, consider m - 0. 	n-1, and look at the start 

of job m+1; assume it starts on machine k. On the other machines job 

remainders arerunning;assumeD
im  is running on machine 

e. Consider the pair of machines k.S, let j' be the index of job m+1, 

relative to (k,e) (in other words, job m+1 is the j' job that is started 

on the pair of machines k,E); then D im  is 
D(k,S) 	In particular: 

j' - 1 .  

n 	M 	 n'(k,e) 
2 	XD.. = 2 7 	2 	D(k : e)  
j=0 i=1 1J 	0<k<S<M j'=1 

(4.11) 

M 	 M 2 
M  Proposition 4.3 - Key Formula:  Let S. = — 2 D.

2 j 
	M(M+1) ( 2 D..) 2 

	

j 	. =, i 
11 	 i=1 1 J 

(this is the sample variance of O.D. . 	 D or equivalently U0 . 	 

	

ij 	Mj 	 j 

Umi ), j = 0, 1 	 n. Then: 

	

n M 	 n 2  
2 2 2 X.D

i 	= M 2 X. + M(M+1)S
02  - M(M+1)S2 

	

j=1 1=1 	j-1 
j  

(4.12) 

Proof:  By the above argument: 

	

n 	M 	 n'(k,e) 

	

2 2 	2 X.D. , = 2 2 2 	
2 	.. x(k,e) D  (k,e) 4  

j=1 1=1 j 	o<k<e<m 	j.=1 	'1 J' -.  
(4.13) 
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Applying (4.7) to each pair of machines this equals 

n'(k,e) (k,e) 2 	(k,e) 2 	(k,e) .2
} - (pn , (k.e) ) 

o<k<e<m 	j.=1 
(4.14) 

The summation over all pairs (k,e) includes each X .2j , j = 1 	 n. 

exactly M times. Also, D(k,e) equals 
Uk'o-US'o for some pair of indices 

(k',e') so that going over 0 < k < e < M, {k',e'} goes over all the 

(k.e pairs; Similarly, Dn , (k ) e)  equals Uk„n-Urn. Hence (4.14) equals 

M 2 X '
2  
4- 2 2  "U  -U 

)2 
- (U  kn en -U)2)  k0 eo j=1 	0<k<S<M 

(4.15) 

Expression (4.12) follows from the well known statistics formula: 

2 	(as-a t ) 2 = L 2 a2 - ( 2 a ) 2 

1<s<t<L 	 s=1 s 	s=1 s  
(4.15) 

An Aside on SPT: 

The decompositions (4.4), (4.8) allow us to get explicit formulas 

for flowtime when jobs are scheduled according to SPT. We look first at 

two machines. We let U0  = V0 , and for SPT we have X 1  < X2  <...< Xn . 

Then the jobs start on the two machines in alternating order, D I  < D3 

 <.... and D2 
< D

4 <..., and the successive periods of length D. are 

consecutive and not overlapping, see Figure 4.1. 

, 	Do 	• D, 

; D1 • `, D3 , 	
, D

5 
X2 
	

X
4 

X3 
	xs 

Figure 4.1: SPT on two machines  
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More precisely, with Do  = 0, D 1  = X I , and by induction D i+ , = Xj+I -Dj  

(since if we assume D. = X.-D. 	then D. < X. < X. 	); also U. 	= V. 
J 	J 	J-1 	J 	J 	.1 -1-1 	 J4- 1 	j 
n-1 	 n 

j = 0 	n-1. Hence 
j
2 D. = U

ri
, and 

j 
 2 

1
(K.-D. ) = Vn . Vn 

is however 
=0 3   

the makespan and so, by (4.4) we have, for 2 machines. 

(FlowtimeISPT on 2 machines) = 	 (4.17) 

= 1 
	 1 
(FlowtimeISPT on 1 machine) + (MakespanISPT on 2 machines). 

On M+1 machines we have: 

Proposition 4.4:  Let U
00 - 

- 	= U
MO 
 be the starting times of the M+1 

machines, let jobs be scheduled by SPT so that X 1 
<...< X. and let U 

On 

C...< Umn  be the finishing times for the M+1 machines. Then 

, 	n 	 1 	M 
j! I 	 J 	i=1 

C. 
	2  (n-j+1 ) X. 	M+1 	i in 

2 
j=1  

(4.18) 

Proof:  We use (4.8) and (4.11). To obtain 2 2 (X.-D.._,) as in 

(4.8), we look at all pairs of machines (k,e). For a pair (k,e) we 

calculate2( ,P: e) -Dcl ' e) ). The n'(k,e) jobs on these two machines are 
J - 1 

again scheduled by SPY, so the sum equals the makespan V n , (k
(k,R)

e)  which 

is the finishing time of the later of these two machines. Summing over 

allpairsofmachines,Ugetscountedimes.andingeneralU th gets Mn 

counted i times. The proposition follows. 	 ❑ 

5. Flowtime for Random IID Jobs. 

In this section we consider jobs whose processing times X 1  ..... X
n 

are drawn independently from a common distribution F. For this case we 

obtain explicit formulas for the expected flowtime. We then apply these 

to get the expected flowtime for four specific examples of processing 

time distributions, 
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We let 4 = E(X), a2 = V(X) be the mean and variance of F, and assume 

E(X3) < co; for simplicity we also assume in this section that F is non-

arithmetic. 

Imagine that there is an unlimited number of jobs which are 

scheduled on several parallel machines. The completion times of the jobs 

then form independent renewal processes. Consider an instant at which a 

job completion occurs on one machine, and examine the remaining 

processing times on the other machines. To be specific, let U io. , 

i = 0 	M be the initial starting times of the machines, and assume 

that a job is completed on machine k at time u. Observing the other 

machines at time u (conditional on U
10 	 

UMO and on u), the remaining 

processing times on the other M machines, {D 1m ,...,Dmm}, are independent 

forward recurrence times of the renewal processes, and for u -4 ,00 they 

converge to M independent random variables identically distributed with 

the equilibrium distribution. Let D. denote a random variable from the 

equilibrium distribution; it has probability density function f e (x) = 

F(x)/µ (where f(x) = 1-F(x)), and 1st and 2nd moments (4 2+a2)/24 and 

E(x
3
)/34 (Cox 1962). 

Some care is needed in the preceding description: The independence 

hinges on the fact that we condition only on u. Independence still holds 

if we take the random instance U at which the completion of the jth job 

on machine k occurs, and condition on j. However, given that the m'th 

job completion (on all processors) occurs at time u (fixed or random) on 

machine k, the remaining processing times on the other M machines are no 

longer independent; even conditioning only on m S n, where n is the total 

number of jobs, destroys the independence - this point was raised by Van 

der Wal and Hordijk, (1987). Nevertheless, as m -00p, the joint 
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distribution of the remaining processing times on the other processors, 

Dim  < 	< D. converges to that of an ordered sample from the 

equilibrium distribution. To prove this convergence we need to examine 

the Markov chain of D im ,..., Dmm , m = 0,1 , 	 for iid Xm
. Feller (1971, 

Chapter VI, Section II example f, p. 208) discusses the chain D m+ , = 

iXm+ ,-Dm i, and Cox and Miller (1965, pp. 362-365) briefly discuss the 

multivariate chain; we were unable though to find a complete statement of 

the following theorem in the literature. 

Theorem 5.1:  For F nonarithmetic D im 	D
Mm 
 converge in 

distribution as m -0 to DIcoDm.  with joint probability density 

function fe (x) = 	 f(xm), xi  <... < xm . 
A 

Proof:  The proof is based on the approach in Feller. 1971, Chapter VIII, 

Section 7, pp. 270-274. which discusses ergodicity of Markov chains in 

discrete time with a general state space, and with a stationary 

transition kernel K(x,dy). Feller proves the following Theorem (Feller, 

ditto, theorem 2): A strictly positive regular kernel K is ergodic if 

and only if it possesses a strictly positive stationary probability 

distribution a. We use an adaptation of this theorem to show that the 

chain Dim  <... < Dmm  is ergodic with convergence to the stated 

distribution f e
(x). The proof requires the following steps: 

(1) It is easily checked that f e(x) is the density of a strictly 

positive stationary distribution for the kernel K. 

(ii) The kernel is regular (as defined in Feller, ditto, definition 

3) - this follows easily from the fact that our transition kernel 

operates like a convolution. 
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(iii) While for general _F nonarithmetic the kernel is not strictly 

positive (as defined in Feller, ditto, definition 1) it can be shown that 

it is asymptotically strictly positive in the sense: 

Definition:  The kernel K(x.dy) is asymptotically strictly positive in 0 

C RM  if for every e > 0 there exists N so that for all n > N, K
(n)

(x,I) > 

0 whenever the point x and the interval I satify: x e 0 n (0,1/0 , I C 

St fl (0,1/6)M , and !Pi ( I)I > e i= 1, 	M (Pi (I) is the projection of I 

on the i'th coordinate). This fact follows again from the convolution 

like nature of the kernel, utilizing a proof similar to Feller, Chapter 

V. section 4a, pp. 147-148. 

(iv) The proof of Feller's theorem 2 can be modified to work when 

strictly positive is replaced by asymptotic strictly positive. The proof 

works in RM  as well as in R. 

The proof is rather technical and given in the Appendix. 	❑ 

n M 
We now turn to the value of E( 2 2 D.. ,) which appears in the 

j=1 1=1 1J-I  
M 

flowtime expression (4.8). By Theorem 5.1 E( 2 D im) 	M (a22)/24 as 
i=1 

m -400. In fact the convergence is fast enough so that the deviations 

from the limit form a convergent series. We have: 

Proposition 5.2: 

n M 	 2 2 
lim E 2 2 (D. 	- 	= j 1 	24 11-00 	j=1 1=1 1--  

S0 
 

- 
M(M+1)  0 	M

2 
 t(X

3 
 ) 	M(M-1)(c

2
+4

2
)
2 

2 	4' 
64

2  
84

3  (5.1) 

Proof:  We use the key formula (4.12), and take expectation on both 

sides: 
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n M 
E222X.D.,, I =E(M2X(M+1)S2 - M(M+1) S2  }. 	(5.2) 

J=1 i=1 	1J-' 	j=1 	 0  

On the left hand side we note that D 	are functions of X 1 ,..., X. 

only and so (whether j is fixed in advance or dependent on Dij_ 1 ), Xj  is _ 	_ 

distributed like F, independent of 	i=1 	 M with E X. = 4. 

Hence: 

n M 
i  24 E 2 2 Di 	=  n M(02  +42  ) + M(M+1)S(2)  - M(M+1)E S2 . J.1   

It remains to obtain lim E Sn
2  which by theorem 5.1 is: 

n-300 

2 	1 

	

 lim E S  	E ( 2D. ) 2 ri = 171 E 	M(M+1) 	. 	103 n- 	 1=1 

M 	2 	M-1 	2 	M E(X3) Ni- ,c7
2
+4

2,2 
= 10.1 E(D2)  - 1.14.1  (E D.) = 	34 	m.4.1 	24  ) . 

and (5.1) follows. 

(5.3) 

(5.4) 

0 

We combine the preceding results to obtain the main result of this 

section: 

Theorem 5.3: The expected flowtime of n iid jobs on M+1 parallel 

machines is: 

n(n+1) 	n M 	a2 E( 2 C.) 2(M+1) 4  2(M+1) 4  

S2 

- 
M / 0 	M E(X3) 
f t A 	M+1 342 

2 
M E(S) 

n 	M E(X
3 ) +.2 

2 	A 	M+1 34
2  

(1  - -7)  
A 

(4
2+02 )2 ,  

M+1 44
3 / 

M-1 (4
2
+a

2
)
2 

4.  
M+1 443 

(5.5) 

Proof: We rewrite the decomposition formula (4.8) and take expectations 

as follows: 



n 	 n 
E( 2 C.) = E — 2 (n-j+l) X. 

j=1 J 	M+1 j=1 	
J 

n 	 M 1 
+ E RTT  2 (M X. - 2 Dim) 

j=1 	' 	i=1 

w M 
1 

- E — 2 ( 2 D.. - 2 D. ) 
J 

	

M+1 	, 1=1  1J-1 	103 =1 1=1 	i=1 

m 	M 1 

	

+E 1 	2 	( 2 D.. , - 2 n M+1 j=n+1 i=1 1J-1  i=luicd. 
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(5.6) 

SubstitutingtheexpectedvalueofX_of Dm . and formula (5.1) we obtain 

(5.5). 	 0 

Note that the first term in (5.5) is the single machine flowtime for 

a machine with M+I fold speed. The second term contains an -71. T1, 11. (1 - 

2 
& delay per job that is the effect of parallel processing. If 
A 

processing could start from stationary conditions this would be all. It 

is seen from (5.6) that the last two terms are the effect of starting in 

nonstationary conditions and of ending in nonstationary conditions. By 

(5.1) the last term converges to 0 as n-Co, . The four terms are 

therefore 0(n2). 0(n). 0(1) and o(1) respectively. The whole expression 

is a function of p., a
2
, S0 

2 
and E(S

2). Only the last of these depends on 

the form of the distribution. The following four examples further 

illustrate the theorem. 

Example 1 - Deterministic Jobs:  X. = 1. so a
26.1.

2 
= O. Assume jobs start 

J 

with intervals of RTT- between them at 
20+

M 
 1)' 2(M+M  + 1) 	M+1' 2(M+M  + 1) 	M+1 

-M 	M 	 2(14.1.1)  + 14+1 ; note that the sum of starting times on the M+1 

M 	2 
machines is O. Job completion times are at 	M  + 	 + 2(M+1) 	M+1' 20+1) 	M-1-1' 

3 
2(M+1) M+1— 	

On a single M+1 fold speed machine completions would • 



24 

1 	2 	3 be at
M+1' M+1' M+1' ... 	 2(M

M 	
1) .  Thus each job is delayed by 
	This 

• 	 + 

delay per job is the maximal possible for any distribution F. Note that 

here D
im  = M+1 and SO

2  = Sn
2  . See Figure 5.1. 

	

1 	2141618 	1  

	

1 1 1 	1 	3 	1 	5 	1 	7 	1 	9 	1 

0 

Figure 5.1: Deterministic Jobs on 2 Parallel Machines, n = 9.  

The general formula is 

n(n+M+1) E(2 Cj ) - 2(m+i)  . (5.7) 

Example 2 - Exponential iobs: X. - exp(1), a2/p2 = 1. Assume jobs start 

at O. While the machines are all busy successive job completions occur 

with - exp(M+1) intervals, exactly as on a M+1-fold speed single machine. 

2 
— = - 1 There is no steady state delay per job - this is true whenever 
a2  1. 
P 

Here we chose S
2 	

im 

	

= O. Dim , 	 an i= 1,...M are 	ordered sample from an 0  

exp(1) distribution, and D im  - D. 	See Figure 5.2. 

exp(2) lexp(2)! 
	

I 
exp(1) 	(exp(1)( 

exp(1) 

exp(1) 
exp(1) 

Figure 5.2: Exponential Jobs on 2 Parallel Machines, n = 4 

The exact formula is: 

	

= DID-213 	M E(2 Cj ) 	
2(M+1) 	2' (5.8) 

Example 3 - Uniform jobs: X - U(0.2), E(X) = 1, a2/µ2 	1 = 	For this 

distribution, Dm  has p.d.f. f e(x) = 1 - 
1
x, 0 < x < 2, and what's more, 

starting all the machines at time 0, the first job completion at a time 

> 0 already has Dim  distributed like D im : see Feller, ditto, problem 22, 
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1 MM1. 
p. 217. The delay per job is 3 — 	The formula for the flowtime is: 

+ 

E 	C. 	
n(n + M +1) 	M(M+2) 

(j=1 ) 
I 	- 	  2(M+1) 	

+ 
9(M+1) (5.9) 

Example4-DHRiobs:IfX.have a DHR (decreasing hazard rate, h(x) = 

f(x)/f(x) is decreasing), then a2/p2  > 1. In that case the delay per job 

is negative. That is to say, the expected flowtime on M+1 parallel 

machines is smaller than on a single M+1 fold speed machine. This agrees 

with the result of Weber (1982) that in preemptive scheduling of DHR jobs 

processor sharing is optimal. 

In general, the delay per job in comparison to a single M+1 fold 

2 

M+1 	
a
2 

faster machine is 	(1 - 	In the above examples we looked at 
4 

 

2 a

A  

1 
' 	 i

-- 0, — 1, >1. The first three examples are special in that D 2 	3 m 

actually become equal to D i., and so explicit formulas are obtained. 

6. Jobs with Equal Mean Processing Times 

In this section we consider jobs whose processing times X 	Xn 

are drawn independently from distributions F 1 , 	Fn, all of them 

possessing the same mean E(X.) = p; the jobs may however have different 

variances, V(X ) = a
2. On a single machine, the expected flowtime is 

n(n+1) p for every nonpreemptive work conserving schedule. The 
2 

minimization of expected flowtime on M+1 parallel machines is hard - they 

do not fall under the category of stochastically comparable jobs (as in 

Weber, Varaiya and Walrand 1986) and of course the SEPT rule is 

meaningless for such jobs, since every policy is SEPT. Pinedo and Weiss 

(1987) show that in some cases LVF (Largest Variance First) is optimal, 

but not in general. 
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We start by deriving a generalization of formula (5.5) for the 

expected flowtime. From this formula it becomes evident that the 

difference in expected flowtime between any two schedules lies in the 

"end effect" as conjectured in section 3, and the difference is bounded 

by an 0(1) quantity. We then discuss a connection with the minimization 

of expected makespan, which emerges from the formulas. 

Theorem 6.1:  The expected flowtime for n jobs with mean processing time 

2 pandvariancescr., j = 1 	n scheduled on M+1 machines in the starting 

order 1,..., n is given by: 

2 a. 
.1  nM 1E=___ 

E( 	Ci i 	2(M+1) 	2(M+1) 	 2 ' 
) 

j=1 
	 np 

(6.1) 
p 	2 	p " 

Proof:  We use the key formula (4.12), and take expectations on both 

sides, as in (5.2): 

	

n M 	
n  2 	 2 	 2 

E 2 2 2 X.
pij 	

= E(M 2 X. + M(M+1)S0  - M(M+1)%). 	(6.2) 
j=1 i=1 	 1 	j=1 

Conditional on j, Xj  is independent of D ij_ i  and for all j, E(X.) . 4. 

Hence,  (withEX2 =p2 + 
J

: 
i  

n 
2 2 

M 2 (p +cr.) n M  
E 	D. j=1 	+ M(M+1)  s2 M(M+1)  (s2 )  

2 	2 	 (6.3) 
j=1 i=1 ii 	- 

	

-1 	
2p 	 2p. 	0 	41. 

Taking expectations on the decomposition formula (4.8) we have: 

E( 2 C.) = E(
M+1 

2 (n-j+1) X. + M+
m 
1 2 X. 

	

j=1 	 j=1 	 j=1 

1 n M 

M+1
2 	2 D

ij-1
). 

j=1 i=1 

	

Substituting EX = p and (6.3) we obtain (6.1). 	 ❑ 

2 

M 
S0 
 M 

E(Sn) 

(6.4) 
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As in (5.5), the first term in (6.1) is the expected flowtime for a 

single M+1 fold speed machine, the second term contains per job delays. 

with 2 a.2 
 
ln replacing a2 for the average delay. the third term is the 

effect of initial conditions and the last term is the end effect of the 

idle times at the end of the schedule. Only the last term depends on the 

form of the distributions F 	Fn
' and only the last term depends on 

the schedule. 

Consider any two scheduling strategies which are nonpreemptive and 

work conserving (i.e. do not allow idle time while unstarted jobs are 

available). fro  and U. then: 

M  
E( 2 CIffo) - E( 2 

j=1 j 	j=1 	

2 (6.5) 

Expression (6.5) indicates that the difference in expected flowtime 

between any two schedules is bounded. We return to this bound in section 

10. 

Since the transition probabilities of the Markov chain of D im__ 

DMm are no longer stationary, the asymptotic behaviour of S
n is no longer 

as simple as in the i.i.d. case. Nevertheless, it is clear that as n 

co, the dependence of Sn  on the first n0  steps in the schedule tends to 

disappear. 

From expression (6.1) it is seen that to minimize the expected 

flowtime is equivalent to minimizing E(S
n
2  
). 

2 Recall the definition of S. in terms of Dij  i = 1. 	 M; S2 is the 

sample variance of O. D 1 . 	Dmj  and it is seen immediately that it 

can also be written as: 

S2 - l  2U2 	1  	 ( 2U. )2  
M  i=0 	M(M+1) 1=0 

(6.6) 
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We can now express the expected flowtime in terms of the machine 

completion times lion  < Uln 	Umn : 

Proposition 6.2: The expected flowtime can be written as: 

n 
2 2 a 

2 	
2 	

. n 	 M 1 	M  „ 	..2
0 	2  n 
	=1 ]  

E( 2 C.) - 757-E( 2 u. n) - 	i_o  1 2 u. + - p(1 	
nµ 

) 	(6.7) 

	

4 	 2 j=1 -1  - " 1=0 1  

M 	 M 9  
2 - I Proof: Since we assume 2 U 	= 0, we have S 	- 2 U" 	To obtain 

i-0 i° 	 0 - M 	i0' M. 

an alternative expression for E(S
n
2  
) we note that 

so that 

M 	n 
2U. = 2 X i_o  in 

j=1 
(6.8) 

0  2 	1 	M 	 1 
E(Sn) = RE( i2 

0 
 UZn) m(m+1)  E( 

i
2 U. 
	
= 

==0 

M 	 n 
1 	 1 

- -RE( 2 Ui
2 
 n ) m(m+11  E( 2 X,)

2 

i=o 	 i 	j=1 ' 

M 	 n 1 	2  
= RE( 2 Uin) m(m+1)  (n

2
g
2
+ 2 a

2
). 

i=0 	 j=1 ' 

Substituting in (6.1) we obtain (6.7). 

(6.9) 

For two machines. M= 1, we have S2 = 
1

-  D2 where D
nis the remaining n - 2 n 

processing time between the last two completion times. The expected 

flowtime is: 

2 a.
2  
 2 	2 

E( 2 C.) - 4 
n(n+1)  g + n (1 

1E11
) 	

1 DO 1 E(Dn)  

j=1 	
np2 ' 	4 µ 	4 

on the other hand the makespan is: 

1 	
j 	2 

n  
C = 2 - 2 X + D

n  max 	. =, 
JI 

and so: 

E(C 	) = T2-1- g + 	E(Dn). 	 (6.10) 
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Hence, minimization of expected flowtime is equivalent to minimizing 

E(D
n
2  
) while minimization of expected makespan is equivalent to minimizing 

E(D
n). For many special cases, the same policy minimizes both, e.g. all 

the examples in Pinedo and Weiss (1987). For M+1 machines, we obtain: 

Corollary 6.3:  Minimization of expected flowtime is equivalent to 

minimization of the expected squared L 2  norm of Uon .0ln 
	UMn . 

In other words, when all E(X.)=p, the minimization of expected 

flowtime is equivalent to a version of a stochastic makespan minimization 

problem. 

For the deterministic problem minimizing makespan is the same as 

1 minimizing D in , which is the same as minimizing S n
2 	

T = Dn
2  
 or minimizing 

U2On + U2  l . For more than two machines several functions of 

U
On' Uln' 	Umn, the machine completion times, can be taken as 

generalizations of the two machine makespan. The natural one is to take 

max 
C 	= max(U

On 	
Mmn) = Umn , which is the L. norm of Uon. ...,Umn . 

M 
However, the L

2 norm, { 2 Ui
2
n}

1/2 is also a sensible measure for machine 
i=0 

utilization. In the stochastic case the L. and L 2  norms are random 

variables and we can try and minimize their expectations; for L 2, as 

often happens, minimization of the expected squared norm is more 

tractable. Our result here is that for equal mean processing times it is 

equivalent to minimizing flowtime. 

7. A S ecial Case of Wei•hted Flowtime. 

In this section we consider jobs with general random processing 

times , X1'Xn with distribution functions F
I ,...,F

n , means µl' ' 	4n 

and variances a
2 

. 

	

	an. The simplicity of formulas (5.5) and (6.1) 
n 

does not carry over-to this general case. However, if we consider 



30 

weighted flowtime, with weights which are equal to the mean processing 

times, a straightforward generalization of (5.5), (6.1) is possible: 

Theorem 7.1:  The expected weighted flowtime when C. - the completion 

time of job j. is weighted by A i  - the expected processing time of job j 

is, for every nonpreemptive work conserving schedule: 

1 	 1 	2 	 2 E( 2 AC.) 
j=1  J J - 2(M+1) ( 2 Aj )2  2 2 Aj 	2(M+1) 

2
j j=1 	j=1 	 j=1 

(7.1) 

M 2 M - So  + E(Sn2  ) 

Proof: 	Assume first that jobs are started in the predetermined 

order 1....,n. Taking expectations in the key formula (4.12) we have: 

n M 2 2E( 2 2 X.D., 	) = M E( 2 X.2) + M(M+1) So  - M(M+1) E(Sn2  ) (7.2) 
j=1 i=1 	1J- ' j=1 

Because the order is predetermined, and 	depends on X / ,...Xj_ i  only, 

X. is independent of D i . -1 , i = 1 	 M. Therefore: 

n M 2 2 2 2 A. E D i 	= M 2 (A .+or.2  ) + M(M+1) So2  - M(M+1) E(Sn2  ) (7.3) j=1 i=1  	j-1 
j=1 J J 

Taking expectation in the decomposition formula (4.9) 

n n 
- lvrvf2 I, 1 X.I E 2 A.C. RITT E 	k rk , 	, J J 	 j j=1 	 =1 k=j  

(7.4) 

n M M n 	
1 + " 2 AE(X.) 	 A E(Di _ i ) Ti-11,

i= J 	J 	141-1 .4 
	-6 

j=1 	
; 	j  

n n n n 1 The first expectation is equal to 2 2 Ak  A. = 7z- ( 2 p.)2 	1  + 	2 A2 , 
j=1 k=J 
	2 

j=1 	j=1 

and further substitution yields (7.1). 

Consider now a more general scheduling rule, under which the jobs 

are started in the order J(1), J(2) 	 J(n), some permutation of 1, 	 

n. Here J(1). J(2),... can be random, and the j'th job to start, J(j) 

can depend on JOY,— J(j-1) and on the values of X 	., X
j-1  on which 



information is already available when the j'th job start occurs. 

The decomposition formula (4.9) now reads: 

n n 
1 . C 	. 	) X 	. 

. 	J(j) J(j) 	M+1 j
2
=1

( 
 k=j J(k) 	J(j) J=1 

n 	 M 
2 A . (M X . - 2 D.. ) M+1 	J(j) 	JO) i=1  1J- 1 j1 

The expectation of the first term adds up to: 

1  

	

n 	
n 

2 	1 	2 
( 2  A-) ----- 2  A i  2(M+1) 	j 	2(M+1) 

	

j= 1 	 j=1- 
 

d  

Also, by conditioning, 

E(X . D.. ) = 	E(X . ID . )] 

	

J(j) ij-1 	ij-1 	J(j) ij-1 

= E[D.E{ E(Xj(j) 1Dij-I ,J0)) Ipii_i/ ij-1 
(7.6) 

D.
i-1 

). ID. 	)] = E(PJ(j) l  
= Er 	E(Pj(j) 1.1-1 Dij-1  

where the main point is that 

	

E(Xj(j) IJ(j). D ij_ 1 ) = E(Xj(j) IJ(i)) = Ajoy 
	(7.7) 

The key formula (4.12) now reads: 
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(7.5) 

n M 	 2 
2 2 2 (X T(4)Dij_ i ) = M 2 X.2j 	+ M(M+1)So 

- M(M+1) E(S2), 
j=1 i=1 	 j=1  

and taking expectations we have, by (7.6), 

n M 
2 2 

j 2 2 2 E(A Tf .,D. 1 ) = A 2 (A.
J
+a.) + M(M+1)S

2 - M(M+1)E(Sn2  ). 	(7.8) 
j=1 i=1 	"

) 1- 
j=1 

Taking expectations in (7.5) and substituting (7.8) we again obtain 

(7.1). 	 ❑ 

Several corollaries are easily obtained here: 

Using the processing times X rather than their means A as weights 

we have: 
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Corollary 7.2: For the case when C.., the completion time of job j 

is weighted by X., 

n  
E( 2 X.C.) = E( 2 p.C.) + 2 a. 

2 
 (7.9) 

j=1 J 	 j=1 " 	j=1 

Proof: Consider (7.5); clearly in the new expected objective 

2 function E( 2 X 	) replaces E( 2 ;I
JO)

X
JO)

). at the same time. 
j=1 JO) 	 j=1 

E(Xj(i)Xj(k) ) = E(pj(j)pj(k) ) for k > j. and E(Xj(j)Dii_ l ) = 

E(pj(j)Dij_ 1 ), so nothing else is changed. (7.9) follows. 	❑ 

	

Withp.asweightforC.,j = 1 	n the expected weighted flow- 

time on a single machine is independent of the schedule. For M+1 

parallel machines we have in analogy with (6.5): 

Proposition 7.3: For any two nonpreemptive work conserving strategies, 

 II II 
0 

 

E(2 ..C.117 ) - E(2 p.C.111) < 2 	n o ). j j o   (7.10) 

Proof: By (7.1). 	 ❑ 

We discuss bounds for E(S n2  ) in Section 10. 

In analogy with proposition 6.2 we have: 

Corollary 7.4: In terms of machine start times U 	<... < U and 00 	- MO 

finish times UOn 	
< U : 

Mn 

n 	 M 	 M 
1 	 1 

E( 2 p.C.) = 2 E ( 2 U
2 	-2 in) - 	2 Uj2  o  

j=1  J J 	i=0 	i=0 

1 n 	2 1 n  2 + 2{ 2 p) - -2 2 cri  
j=1 J 	j=1 

(7.11) 

2 1 M  Proof: As in the proof of proposition 6.2. So  = 	2 ij i
2

M 	0 while i=0 

2 	1 	2   1  . E(Sn) = E(1-71i-0 TT 
	 (71 2  'ln 	M(M+1) j=1

X 
 J 

)
2

) 

1 	 1  
-

- 

—
1 
 E( 2 U. 

M(M+1) 	2 J )
2 

a 2 
2 

M 	in)2 	 ( 	M(M+1) 	J 1=0 	 j=1 	 j=1 

(7.12) 
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substituting in (7.1) we get (7.11) 	 ❑ 

weightsg.isequivalenttominimizaticalof2E(U
2
n
), as in section 6. 

i=o 

Formula (7.11) for deterministic jobs appears in Eastman, Even and Isaacs 

(1964). 

8. General Weighted Flowtimes. 

In this section we consider general jobs. and general weights. We 

derive an expression for the expected weighted flowtime. This 

generalizes (7.1). (6.1) and (5.5). It does not however share the 

simplicity of the previous formulas. 

We start with the following useful decomposition. 

Proposition 8.1: For any numbering of the jobs 1 	n with fixed 

weights W1 . 	W , and with random job completion times C
1 
	C

n 
we 

have, no matter what the strategy is: 

n 	Wn 
n 	n-1 Wk 	

Wk+l  k 
E W.C. = — 2 	A.C. + 2 ( 	 ) 2 A.C. 

	

j=1 J 4n j=1 	k=1 Pk 	4k+1 j=1 	J  
(8.1) 

Proof: immediate. 	 ❑ 

We will use (8.1) in particular when one or both of the following 

two conditions hold: The chosen order 1,...,n is such that the weight 

W 1  
to expected processing time ratio is decreasing - — >... > 	(in 

41 	P
n 

n 

other words, 1 	n is Smith's Rule ordering); the jobs are started in 

the order 1 	n (in other words, SR is applied). The first condition 

ensures that 	 0 in (8.1). The second condition ensures 
(

W
k 

W
k+1) 

 4k Pk+1 

From (7.11) we see that minimization of weighted flowtime with 

M 
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k 
that each of the summations 2 p.C. is the weighted flowtime (with 

j=1 

weightsppof a subset of jobs 1 ..... k which are scheduled 

consecutively with no inserted idle times. Both conditions hold only if 

jobs are numbered by and scheduled according to Smith's Rule. Under the 

second condition the results of section 7 hold for any subset {1, 	 

and we have: 

	

Theorem 8.2: If jobs are started in the order 1 	 n, then 

2 

	

1 	n 	 a. 

	

E(j1 W.C.) - 	E ( 
j
2 W.C.) + 

	

M+1 1 	1 	2(M+1) j  2 1 
 WjPj(1 	

P 	
(8.2) 

== =  

M n W. 
+ 	2 	[E(S.2) - E(S._.

2
)] 2 i=1  pi  

Where C. are job completion times on a single machine, and E l  is the 

expectation for scheduling weighted flowtime on a single machine. 

Proof: Take expectations on (8.1), and substitute (7.1) to get: 

n 	W 	 n 	 n 

	

E( 2
1 
 W.C.) - n  [ 

n 	
1 	( 2 

1 	j=1 

i , 1 2 .i. 	, 	2 

	

j=  J J 	Il 	2(M+1) ■

j=

i' ..IJ 	' "f -4  P i  
'' 

M 
n 

	

- 	

2 M 
2(144.11 

 j2 1 ' 
a 4  - - So2 
	M  + 	E(Sn2  )] 

) = 

n-1 Wk Wk+1 	1 	k 	 k 
+ 
 k!1

2   
(C 

- 

i-1.1:71-1
11.
-2(M+1)(

j!1 	j=1
Pi ) 2 + 1. 2 „.2  

k 

2(M+1) j„ a
i  - 

M  So
2 
 + 

M  E(Sk2 )] = 
1 

	

W
n 1 	

n 	n-1 Wk Wk+1 1 	k 
= 	E

1 
 ( j2 

1 
 p .0 .) + 

k=1 
 2 (P

k Pk+1
— 	w747T- E I  ( 

j
2 

1
p .0 .) 

	

p
n 

M+1 	= = 

	

Wn  M 	
n 2 	2 	

n-1 Wk W
k+1,  M 	k 

pn  

	

, 2 	2, 
+ 	2(M+1) i!, (Pj - aj )  + k=1  2  (T2 IC  '-- ITR  - 2(M+1) i: l Uij - aj )  

' -1-1 )  

	

_ /4/ 1 - 	,2 + , 
n1 (

W 	W 
k _ k+1 )  M'. 

E(S2) 
 + Wn M. E(

S2 ) 
P1 M - ' 

	

k=1 Pk Pk+1 2 	kJ pn 2 '. n) 
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from which (8.2) follows. 	 ❑ 

We note again the structure of the expected weighted flowtime on 

parallel machines: The first term is the expected value for a single. 

M+1 fold speed machine. The second is a delay per job created by the 

variance of the job's processing time. The third term is more awkward 

than is (5.5), it is a function of the sample variances of the remaining 

running times at each job start or completion; in (5.5) only S
2 
and E(S

2
) 

appeared. now all the E(S) are present. 

9. 	Some general classes of strategies.  

In sharp contrast to the deterministic case, for stochastic 

processing times there are several classes of strategies. which give 

different optimal solutions. We discuss these classes and their optimal 

solutions here. We start with definitions. 

II 1 - The optimal strategy in the class of strategies which pre-

assign jobs to machines. 

SR - Smith rule strategy. 

IIo 
- Some arbitrary list strategy. 

1 - 
The optimal list strategy; the class of list strategies 

includes all strategies which predetermine the order in which jobs get 

started, and jobs are then scheduled without idle times (work 

conserving). 

IT
2 
- The optimal dynamic work conserving strategy: optimal in the 

class of strategies which upon every job completion choose a job to start 

immediately, based on current state. 

if3 
- The optimal dynamic strategy with inserted idle time; a 

strategy in this class allows the insertion of idle time at each job 

completion. and allows the choice of the job to start to be delayed until 

the end of the idle time. 
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114  - The optimal dynamic strategy when the actual value of each X j 

 is revealed when the processing of job j starts. 

We briefly discuss 11_ 1  here. We are not aware of any previous work 

on this strategy. It is straightforward to see that 

Proposition 9.1: The strategy 17_ 1  is the strategy which minimizes the 

deterministicproblemwith.replacing Xi . The expected objective value 

of the former equals the objective value of the latter. 

Proof: Let J i (1) 	 J(ni
) be the jobs assigned to machine i in 

the order in which they start. Then: 

	

n 	 M n. 

E( 2 W.C.) = E 2 2 Xj.(k)  

	

j=1 	i=0 j=1 	i` ' k=1 

M n. 

= 22 n.(j) 2 4Ji(k)  i-0 j=1 	k=1 

(9.1) 

which is the objective value of the deterministic problem with processing 

times pc.. 	 ❑ 

Hence, the problem of finding IL I  for general expected weighted 

flowtime is NP-hard (Note! This is a stochastic problem which is 

NP-hard!). For the expected (unweighted) flowtime objective function, 

11
-1 

is obtained by using the SPT schedule of deterministic jobs with 

processing times 11 1 ,...,pn  to get J i (j), j=1,...,n i , i=0,....M. We have 

directly from (4.18): 

Proposition 9.2: Let p i 	< An , then for S(2)  = 0, 

1 	 1 
1 	in)  E ( 2 C.1 II 1 ) = 

	

M+1 2 (n-j+1) j  + M+ 	2 i E(U 	(9.2) 
j= 1  j 	 j=1 	 i=0 

where Uin 

	

are the machine completion times i = 0 	 M, ordered by: 

E(UOn ) 

	

	E(U ) (in contrast to our usual order of machine 
Mn 

completion times [Jon 	Umn). 
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Proof:  By theorem 9.1 we need to calculate the value for a deterministic 

problem, with processing times A.. (9.2) then follows from (4.18) 	❑ 

For jobs with equal expected processing times we have, if n = L(M+1) 

+K, 0 K < M+1, and So
2  

= 0: 

	

E( 2 C.Iff ) = 1 n(n+11
'--- 	

1 M(M+1)  , 

	

It 	
b 	

1 K(2M-k+1)  

j=1 
_1 - 1 	M+1 	2 	M+1 	2 	A  M+1 	2 

and if n is a multiple of M+1, 

n 
Er 2 . Iff 1 

- 
Plata 	n M  

' .11
c 

 j i  - 1' 	2(M+1) A 	2(M+1) A  

so. for jobs with equal expected processing times, using: 

2 
. n 	 n 	

= 	
E(SITL., 	

(9.4) 
) 

n M 	
2 a

J  
E( 2 C.IIL) - E( 2 C 4 1110 ) _ 2(141.1) j n 1 A 	M 	u 

2 	A 
j=1 J 	 j=1 ' 

the difference is of order 0(n) and is typical for strategies which 

preassign jobs to machines. The reason for this is that if jobs are 

preassigned then when one machine completes all its processing, other 

machines will typically still have 0(/71) jobs to run. 

n 
Proposition 9.3:  For minimization of expected flowtime, E( 2 ) > 

j=1 	-1  
n 

E( 2 C.ISEPT). 
j=1 

Proof:  Consider the following strategy: Apply 	to the set of n 

jobs, and start jobs accordingly. Whenever a job completes, consider all 

the remaining unstarted jobs, apply Ill to the remaining jobs, and start 

the next job accordingly. This iterated procedure is clearly better than 

II-1' But, for the minimization of E() C.) this iterated strategy is 

identical to SEPT. 	 ❑ 

In general, for weighted flowtime 	is NP-hard and comparison with 

SR or with any other list strategy is not clearcut. We have in general: 

(9.3) 

n 
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Proposition 9.4: 

E(2WjCj I/L 1 ) 
E( jCi 1110  ) 

< E(IW.C.Iff ) < E(2W.C.Iff ) < EMI .C.117 ) 
< E(2W.C.Iff ) 	2 	J J 3 	4 

E(2W 
j  .Cj Iffy) 
	j j 1 (9.4) 

Proof:  The proof of the inequality for -1 
uses the same arguments as 

the proof of proposition 9.3. For all the other inequalities, the 

strategy on the right hand side of the inequality minimizes over a wider 

class of strategies than the one on the left hand side. 	 ❑ 

The following proposition is required later: 

Proposition 9.5:  The, strategy 174  does not use inserted idle time. 

Proof:  Without loss of generality we can assume that (whether idle time 

is used or not) whenever a job starts it starts on the available machine 

which has become available at the earliest time. Consider any 

nonrandomising schedule under the assumption that processing times of 

jobs become known at the instant in which their processing starts. 

Assume that at time t
o 
a machine becomes available, and all other 

machines are busy. Let t
1 
	 t

m 
be the known times at which the other 

machines become available. Assume that idle time A is inserted and job j 

starts on the machine at t
o 
+ A; job j is the earliest job to start at 

time > to . Then A and j can be determined already at t
o , since no new 

information is obtained in (t 
o 
 , t0  + A). The machine will start job j at 

t
o 
+ A and finish it at t

o 
+ A + X.. The policy can now be modified as 

follows:startjobjatto;processiturailt04-x.;then let the 

machine be idle until t
o 

+ Xj  + A; release the value of Xj  at t
o + A; 

simulate the unmodified strategy otherwise. This is clearly a feasible 

schedule and it reduces C.. Hence inserted idle time is unnecessary in 

IT
4

. 0 
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10. Bounds for Tails of jobs 

In the expressions for flowtime and weighted flowtime in Sections 5-8 

the term E(S2
n
), which is the expected value of the sample variance of the 

remaining processing times after UOn' 
 appears. We now discuss bounds on 

this term. 

Theorem 10.1: Let S 2 =0, and X 	X have distributions F 	F 0 ' 	 n 	 1" n' 

Let: 

2 	 1  D = max sup 	fm(x-s)2 dF.(x) (s) .  

	

1Kj<n s>0 1-F J 	s 

Then, for 	k= 1,....n: 

2 	M -2 E(Sk) < 	D 

(10.1) 

(10.2) 

Proof: Consider any of the D . 	1 < i < M, 1 < k < n.D
ik  is a 

remainder of a job that was started prior to Uok, and has not completed 

its processing yet. If it is known which job D ik  consists of. and how 

long it has been processed prior to U
Ok' 

 then the distribution of D
ik 

is 

simply a tail of the distribution of this job. Condition on it being job 

j, and on job j having started at Uok-s: 

.x) 1. E(D2ikli.$) = 
_ E(Di2 k IDik  = X.-s, X.> s) = f(x-s) 2 	 

dF 

	

1-F.((s) 	(10.3)  

Hence, 

Now, 

E(qk maxmax .r(x-s) 2(1F.00/(1-F(s)) =D
2  . 

1<j<n s>0 s 

	

2 	1 	2 	1 1 S = 	- — 2 	
2 

	

k M 	Dik M M+1 	
Dik) 

1

2 D 	 (
=1 	 1=1 

M 	1 M 

	

1 	1 	2 

	

 
(1 	1441. ) 12 

1  D
ik  = 	ill Dik 

(10.4) 

(10.5) 

and (10.2) follows. 	 ❑ 
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Clearly, D
2 
 may by infinite for some distributions. We exclude such 

distributions. Also, one can choose F 1, 	F
n 

with n -3.00 so that 52 -).0) 

with n. In many cases however, we can find simple bounds for the value 

of D2 . We list some of these cases. 

Case 1: A < X
j B. the support of the distributions F 1 
	F

n 
is 

bounded by B. In this case, clearly 5 2  < B2 . 

Case 2: The distributions F
1 
	F

n 
satisfy, for every s>0: 

E(X
2
) > E((X-s) 2 fX>s) 

In this case: 

-2 	 2 	 2 2 D 	max E(X.) = max (1.+a.). 
1<j<n 	J 1<j<n 

Case 3: X. are NBU (new better than used). This implies Case 2. with 

the same bound. 

Case 4: The hazard rate of each X. is bounded from below. 

dF.(t) 
h.(t) - --1---- > X 

1 -F.(t) 	j  

then 	

J 	J 
.>s 	stochastical ly   s 	ler than 	 exp(X .) random 

variable, so: 	 D 
-2 < 
	

2  max  
1<j<n Xj  

11. Approximate Optimality of SR 

We now prove the approximate optimality result: 

W 
Theorem: Let — > 	

n 
an > ---, and let 52 be defined as in section 

4
1 

1 	 n 

10. Then: 

n 	 n M2 W1  
E( 2 W.C.1SR) - E( 2 W

j
C
j

111
4

) 	 D2.  
j=1 . 	j=1 	

2(M+1) A
1 

 Proof: By (8.1) we can rewrite the difference as: 

W 	n 	 n 
n 

A = —{E( 2 A.C.ISR) - E( 2 A.0 111 )) 
Pn 	j=1- J J 	j=1 j j 4 

 

n-1 W
k 

Wk+1 	
k 	 k 

+ 2 (— -----) {E( 2 A C !SR) - E( 2 A
j j 4 CIII)) 

k=1 Pk Pk+1 	j=1 
i i 	j=1 

(11.2) 
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Under SR, for the problem of scheduling jobs 1 	n with weights 

W1'" ,, 

 

W. W jobs are started in the order 1 	n  Hence, for everyy k, 

k 
n 

E( 2 A.C.ISR) is the expected value of the nonpreemptive, no idle time 
j=1 

list policy which starts the jobs in the order 1,...,k. 

k 
The value of E( 2 A.C.11/4) is more complicated. Here 114  schedules 

j=1 
n 

all the jobs 1 	n to minimize E( 2 W.C.) where no idle time is 
J. 1  J J 

used (by Proposition 9.5), and where X. becomes known when job j is 

k 
started. If we now look at 2 A.C. for the schedule given by 114, we may 

j=1 J 

have jobs 1 	k started in some order different from 1,...,k (and 

random), and with some of the jobs j, j > k, inserted in between. Let 

114(k) denote the optimal strategy for jobs 1,...,k with weights 

µl ,.. ,µk . Clearly: 

k 
E( 2 p.C.111 ) > E( 2 AC.Iff (k)) 

j=1 	J  4 	 j 	4 

Hence: 

W n 	 n 
A <E( 2 ji.C.)SR) - E( 2 A.0 	) } 

Pn 	j=1 	 j=1 	j 4  

(11.3) 

(11.4) 

n-1 Wk Wk+1 -----) 	
k 	 k 

+ 	(--- 	{ E( 2 A.C.ISR) - E( 2 A.C.11/ (k)) } 
k=1 Pk P1c+1 	J=1 J  	- 	j=1 J J 4  

since all the policies in (11.4) are now nonpreemptive and work 

conserving, by (7.10) 

	

A < n

• 

 M 
— --E(S2 
	

n-1 
ISR) + 2 (

W
--
k 
 - 

Wk+1  ----) M  E(S2  ISR) 2 	k 
n 2 	n k=1 Pk Pk+1 

Bounding E(S12c ISR) by (10.2) 

(11.5) 



A S!E. 	M2  -2 
. 2(M+1) D 	2  ( 

n-1 Wk w k+1) 	
M2 - 

D2  
k=1 Pk Pk+1 2(M+1) 

M2 W1  
2(M+1) pi D 

12. Discussion.  

In this paper we discussed the performance of Smith's Rule for 

nonpreemptive scheduling of a batch of jobs on parallel machines and have 

shown that its performance is very close to optimal. In the following 

discussion we briefly highlight the significance of our results, we list 

some possible extensions, and we explore some of the connections with 

other work in stochastic optimization. 

Worst case performance of stochastic optization heuristics:  

Heuristics for deterministic combinatorial optimiization problems are 

assessed by considering worst case performance or average performance. 

The former is often much worse than the latter; however, for average 

performance one needs to assume a distribution on the population of all 

possible problems, which may not be acceptable. In stochastic 

optimization problems, a distribution on the population of possible 

problems is part of the model. Expected worst case performance is in 

fact an average over this distribution of problems. This may suggest 

that the use of heuristics for stochastic optimiization problems can be 

more successful than their use for deterministic problems. Our paper is 

a case in point for this. 

Preemptive scheduling of a batch of jobs on parallel machines.  

Preemptive scheduling of a batch of jobs on a single machine, to minimize 
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weighted flowtime. is optimized by using a Cittins index policy (Gittins 

1979. 1982). On parallel machines this suggests to schedule at any 

moment the jobs with the highest Gittins index as a suboptimal heuristic, 

analogous to the use of Smith's Rule in the nonpreemptive case. It would 

be interesting to assess its performance. 

Scheduling of a stream of arriving jobs. If jobs with various 

processing time distributions arrive at a single server in independent 

Poisson streams, then Smith's Rule and the Cittins index policy remain 

optimal (see Sevcik 1974, Klimov 1974. Harrison 1975. Meilijson and Weiss 

1977. Gittins and Nash 1977). Using these rules for parallel servers 

provides suboptimal heuristics. Clearly, there is now a nonoptimal end 

effect at the end of each busy period; nevertheless it may be possible to 

bound the worst case behavior of these heuristics. 

Extensions to control of queueing networks. In Weiss (1988) Gittins 

type priority rules for scheduling customers in a queueing network which 

is served by a single server (the server jumps between the nodes of the 

network and provides preemptive service) are derived. These may provide 

some heuristics for more conventional networks in which all the nodes are 

served simultaneously by several servers in parallel. 

Restless Bandits. Whittle (1987) has recently considered some 

generalizations of Cittins* original Bandit process model. In scheduling 

terms these can be expressed as including several parallel servers as 

well as exogenous changes in waiting jobs. Whittle suggests a Cittins' 

type heuristic for these processes. and conjectures that under the 

appropriate asymptotic conditions these may converge to optimal. Our 

results in this paper provide a special case for which Whittle's 

conjecture holds. 
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Queueing network heuristics based on diffusion approximations. 

Recently Wein (1987) has derived some heuristics for the control of 

queueing networks by considering heavy traffic conditions and using 

diffusion approximations. Some parts of these heuristics appear to be 

priority type rules to schedule several types of customers. It is 

intriguing to try and find a possible connection between our current 

work, Whittle's conjecture, and Wein's results. 
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Appendix Proof of Theorem 5.1.  

In this appendix we prove Theorem 5.1 about the convergence of the 

Markov chain 
Dlm'''''  D- , for F nonarithmetic. The proof closely follows  mm 

similar derivations in Feller (1971). We assume that the iid processing 

times distribution F is a nonarithmetic distribution. We let B = sup 

fxIF(x) < 00 	03, and we let 0 = {y l  , 	 Ym I0 < y 1  < y2  K... < Ym  < B } 

C RM  be the sample space for Dlm 	 Dom , we say I is an open interval 

in 0 if I C 0 is of the form (a l ,Pdx... x(am .(3m) and say III < e if 

!Pi-ai l < 6, i= 	M, and III > e if 	 >6, i=1 	M 	Let 

7
m(dy), m = 0,1.... denote the probability distribution of Dlm Mm' 

and let K(x.dy) denote the transition kernel of the chain, so that 

(Feller, Chapter VIII. Section 7, p. 270.) 

7m4.1 (dy) = f K(x.dy) 7m(dx), 	 (A.1) 

describes the one step Markov transitions, and let K
(n)

(x.dy) be the n 

step transition kernel, from 7 111  to 7111411 . 

For our process the one step transition is given by: 

7m4.1 (dy, ,,,,, dym) = Trm(d(y i+u) , 	d(ym+u)) dF(u) 
0 

+ lim(du,d(y2+u),...,d(ym+u)) dF(y i+u) 
0 

(A.2) 

+ I 7m(du,d(y i +u• 	d(yi_
1
+u).d(yi+1+u) 	d(ym+u)) dF(yi+u) 

0 

+ 17m(du,d(y i+u) , 	d(ym_ i+u)) dF(ym+u). 

for y l  K... K ym . 
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We recall some of the definitions from Feller: 

Definition A.1: (Feller, Chapter VI. section II, Definition 2, p. 207) 

A measure a is called a stationary measure for the kernel K if a = 

a()  = a l  = 	am  = am+1  = ... in the transition relation (A.1). 

Definition A.2: (Feller. Chapter VIII, section 7, Definition 1. p. 271) 

A measure a is strictly positive in 0 if a(I) > o for every open 

interval in Q. 

Definition A.3: (Feller, ditto, definition 3) The kernel K is ergodic if 

there exists a strictly positive probability distribution a on 0 such 

that -r
n 	

a independently 

Dual to (A.1) 

n
+1 (x) = 

which for our process 

we 

K(x.dy) 

of the initial probability -r
o

. 

also look at the relation: 

Un(y) 

has the form: 

x i  

(A.3) 

U
n+1 (x 1 M) = I 	Un(x 1

-ux
2
-u 	xm-u) dF(u) (A.4) 

+ Un(u-xl .x2xl .....xm-x l ) dF(u) 

x l 

fxj+ , 
Un(x2x1 .....xj-xl .u-x 1 ,xj+1 -x l 	 xm-xl )dF(u) 

J • 
• 

+ J Un(x2-x l  ..... xm-x i ,u-x l ) dF(u). 
x
M 

for xl 	xm . 
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Definition A.4: (Feller, ditto, definition 3) The kernel K is 

regular if whenever U
o 

is uniformly continuous (so that for every e > 0 

there exists 5 > 0 such that if IIx'-x"H < 5, x',x" a R then 

lUn(2C)-U (x")I < c) the whole family of functions U. n = 0,1,... n 

defined by A.3 is equicontinuous (so that for every e > 0 there exists 5 

> 0 such that if Hx'-x"H < 5, x',x" e Q. then lUn(x')-Un(x")I < e). 

Definition A.5: (Feller, ditto, definition 2) The kernel K is strictly 

positive if K(x,I) > 0 for every x e Q and every open interval I C Q. 

To these we add: 

Definition A.6: The kernel K is asymptotically strictly positive if for 

every e > 0 there exists N such that for all n > N, K (n) (x,I) > 0 for all 

3cEilvalichsatisfies0<x.<1/e. and all open intervals I, I C Q which 

satisfy III > e, and which are contained in (0,1/e) M . 

We want to prove that the chain D im ,...,Dmm  is ergodic, with a(dx) = 

! M
M 

 
--F(x

1 
 ). 	f(xM 	 Q ) dx for x e as the limiting distribution. The proof  - 

is in four steps. 

- a is a stationary distribution for the kernel K. 

- The kernel K is regular. 

- The kernel K is asymptotically strictly positive. 

- The above three points imply ergodicity 

The last point is an extension of Feller, ditto, theorem 2. p. 272 

in which asymptotically strictly positive replaces strictly positive. 

Proposition A.1: The measure a(dy) = 1114{  P(y l )... F(yM)dy l ... dyM  for 

y e Q is a stationary measure for the chain D lm 	DMm' m = 0.1.... . 
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Proof:  Substitute in the right hand side of (A.2) to obtain,for 

Y 1 	Ym: 

dyM) x ff(y 1+u)... f(ym+u) dF(u) 
A 	 0 

+ 143  f(u) f(y2+u)... f(ym+u) dF(y l+u) 

+ Jr  f(u) f(y l+u)...F(yi-l+u) f(yi+1+u)...f(ym+u) dF(y+u) 

+J f(u) f(y i+u)... f(ym_ l+u) dF(yM+u) = 

M! 	 d - - 
= 	 dym 	(F(u)F(y i+u)... f(ym+u)) du 
A 

M!
g  = 	 dy, 	dym  f(y 1 )... f(ym). 
A 

Proposition A.2:  The kernel K described by (A.2) is regular. 

Proof:  The proof for two machines (M = 1) follows Feller (ditto, 

example a, p. 272). Assume for given e > 0 there is 5 < 0 such that if 

IIx'-x"II < 5 than lUm(xl-Um(x")1 < e. We now show that this implies 

(for the same e): IUm4.1 (x . )-Um_ 1 (x")1 < e. Assume x' < x". 

IUm+1 (x')-Um+1 (x")I S Ix  lUm(x'-y) - Um(x"-y)I dF(y) 

ix"ium (y-x. )  _ Um(x"-y)I dF(y) 

+ 	lum(Y-x' ) - um(y-x"), dF(Y ) 
x" 

0 
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Note that for x',Cy<x". 1(y-x') - (x"-y)1 S ly-x'l + Ix"-y1 = 	< 5 

and of course 	1(x'-y) - (x"-y)1 < 5, 1(y-x') - (y-x")1 < 6, so that 

the whole expression is 	S f e dF(y) = e. 
This proof fails for M > 1, since the induction step involves 

Um(y-xi. - Um(y-xl. and the distance in norm 

between the arguments may double. 

However, the proposition still holds, by a different proof. For e > 

0 let 5 < 0 satisfy: lix'-x"11 < 6 implies 1U 0 (x . ) - U(x")1 < e. Use now 

6/2, and take any x', x" such that Hx'-x"11 < 5/2. Consider U (x'). 
- - 	 n - 

U
n 
 (x"). They equal the values of U

o evaluated at the points reached from 

x'. x" after n transitions. Let X I __ Xn  drawn independently from F 

be the random variables which define the n step transition (the 

processing times). Condition on X 1  = y l  . 	Xn  = yn ; define xo = 

(0,x'  	
' 

x'), x" = (0,x"
1  
	x'r')andletx:.3: 	be defined 1 	n 	-o  

inductively as the vectors obtained by adding y i+1  to the smallest 

components of xi, x; and reordering the M+1 components. Then Ilxn - x' 1.111 

< 5/2. Obtain 	
-n 

x', x" by subtracting the first component from the last M -n  

components of x', xn. Then 111( 1.1-1g1 < 6. Hence, 1U0 (x') - U0 (xn)1 < e. 

But U 
o 
 (x') = U

n 
 (x'ly), U 

o 
 (x") = U

n 
 (x"iy). Taking expectations, we get 

n     

1Un(x . ) 	Un(x")I < 6 . 	 ❑ 

Proposition A.3: The kernel K is asymptotically strictly positive. 

Proof: We give first the proof for 2 machines, M = 1. We proceed 

similarly to Feller (1971, Chapter V. Section 4a, pp. 147-148). Recall 

that y is a point of increase of a distribution F if F{I} > 0 for every 

open interval I containing y; a point of increase of K(x,dy) and of the n 

stage transition K (n) (x.dy) is defined similarly. Let e > 0 be given. 

We start by choosing b Z min(B.1/e) such that b is a point of increase of 
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F (for B finite take b = B). We take a fixed arbitrary x, x < min(b,l/e) 

b. Clearly x is (the only) point of increase of K (°) (x,dy) and b-x is 

a point of increase of K
(1)

(x.dy). Also, if y < b is a point of increase 

of K(n) (x,dy), then y is also a point of increase of K(n+2) (x.dy). 

Hence, x (b-x) is a point of increase of K (n) (x,dy) for all n which are 

even (odd). 

Since F is nonarithmetic we can find a point of increase of F, say 

a, such that 0 < kb-2a = h < e, with k+R even. By considering x + X. + 1 1  

X. - X. 	- X we see that x-h is a point of increase of 
ik 

K(k+R)
(x.dy), and of K

(n)
{x.dy) for n even, n > (k+R). Similarly, 

considering x+X. 	+ X - X
il 

- . - X. we see that x+h is a point 
Jl 	Jk

iE 

of increase of K
(k+R)

(x.dy), and of K(n) (x.dy) for n even, n > (k+R). In 

the same way. (b-x) - h and (b-x) + h are points of increase of 

K (n) ( x,dy) for all n odd. n > k+2+1. Next one sees that for n even, 

n > 2(k+R), all of 0 < x-2h. x-h. x, x+h, x+2h < b are points of increase 

of K(n) (x.dy), with similar statement for b-x. Take N = 	(k+R); then 

for n even, n > N. all points of the form 0 < x ± mh < b are points of 

increase of K(n) (x.dy) while for n odd, n > N, all points of the form 0 < 

b-x ± mh < b are points of increase of K (n) (x.dy). Thus for n > N, every 

interval I of length > e > h within [0,b] contains at least one point of 

increase of K(n) (x.dy), and has K(n) (x,I) > 0, as required. 

To extend the proof to M+1 machines, take some given n 

nm , 	 ym . and u l ... um  such that u i  is a point of increase of 

K(ni ) (y i .dy), for the two machine transition kernel. Then for the M+1 

machine transition kernel K(x,dz), (u l ,u 1+u2  . 	 ul+u2+... + u ) is a 

(n i+...+nm) 
point of increase for K 	

(y1. 	
yi+...+yelz). This is 
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shown by induction: Assuming z( i-1) = (u u
1
+u

2 	 u1+...+u j _ i , u 1+ 

u 1+...+uj_
1
+yj+...+ym) is a point of increase of 

(n
1
+...+n

j-1
)

( 
K  

y i+..•+y•lz). Then the n j  step transition 

from z (J-1)  has z(j)  = 	ul+u2 ,..., u 1+...+uj_ 1 , u 1+...+12j , u 1+...411j+ 

yj+,....) as a point of increase. This is all that is necessary to go 

from 2 to M+1 machines. 	 0 

Proposition A.4:  Propositions Al. A2. A3 imply ergodicity. 

Proof:  This differs from Feller's theorem 2 (ditto) in that strictly 

positive is replaced by asymptotically strictly positive, and we prove it 

for R . Let then a denote the stationary measure. Let E denote 

expectation with respect to a. Let U 0  e C [-00,03] (continuous with limits 

at ±o, hence uniformly continuous). By stationarity E(U0 ) = E(U 1 )... 

. Also. EIUk I decrease with k. since: 

Mk , = flf Uk-1(y)  K(x • dy) 1 da(x) 	 (A.8) 

J J lUk_ 1 (y)1 K(x.dy)  da(x) = EIU _ I k 1 1  

so lim EIUk I = m exists. If U
o 

is uniformly continuous this implies 
k-i00 

that Uk are equicontinuous (proposition A.2) and so (by the selection 

theorem, see Feller, ditto, chapter VIII section 6 theorem 3) a 

convergent subsequence U
nk  Vo 

 exists. Applying the transition N times 

Uok+N  -i VN . By dominated (or bounded) convergence, E(Unk ) E(V
o ), and, 

EIUnk 1 -+EIV0 1, similarly for VN , and so: 

E(VN ) = E(V0 ) = E(U0 ). EIVN I = E1V0 1 = m. 

We now show that this implies that V o  cannot change sign. By the 

definition of the stationary measure, similar to (A.8), EIVN I = EIV0 1 

is equivalent to: 



53 

J.  If V0(y)  K(N) (x • dy)1 a(dx) = J J IV0(y)1 K(N) (x.dy) a(dx). (A.9) 

Assume that V0  does change sign. Then by continuity (V0  is continuous 

since UneCE-00,c0j) we can find e>0 and two open intervals 1 1 .12  C i2 n 

(0.1/0 14 , such that II 1 1>e
' 

II2 1>e and V0>0 on I 1
, V0<0 on I

2' 

By asymptotic strict positivity of K. we can find N such that for all 

x 6 0 n (0.1/e)1, K(N)
(x

:
I
1
) > 0 and K(N) (x,I2

) > 0. But this 

contradicts (A.9). In particular, if E(U0) = 0 then Vo  a 0, and (by 

considering U0(x)-m) in general, Vo(x) E m. Hence. V
o 

is constant, 

and so are of course V 1 , V2 .... . This limit is independent of the 

subsequence, and so Un(x) -Jo E(U0). In other words, if for any x we look 

at the sequence of distributions k(n) (x,dy), and take expectation, 

denoting the expectation by En , we have En(U0) E(U0) for all U0  6 

q-co,c0]. But this implies K (n) (x,dy) a(dy) at all points of continuity 

of a. 	 0 
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TURNPIKE OPTIMALITY OF SMITH'S RULE IN 
PARALLEL MACHINES STOCHASTIC SCHEDULING 

Gideon Weiss 
Industrial and Systems Engineering 
Georgia Institute of Technology 

Atlanta, GA 30332-0205 

1. INTRODUCTION  

A batch of n jobs (customers, tasks) is to be processed by M+1 

identical parallel machines (servers, processors). Job j requires 

processing time X., to be provided by any one of the machines, where 

the value of X. is specified by a probability distribution F., and 

the X.'s are drawn indepent of each other and of the schedule; a weight 

wj  is associated (as holding cost per unit time) with job j. Under 

some arbitrary scheduling rule let C. be the completion time of job j; 

the cost of the schedule under this rule is the (random) weighted 

n 
flowtime 	2 w.C.. 

j=1 

The general problem of minimizing the expected weighted flowtime is 

intractable. A simple plausible heuristic is provided by Smith's Rule - 

order the job starts by decreasing weight to expected processing time 

ratio. 

A large body of research has been devoted to this problem and its 

various special cases - we shall give a brief survey of the results 

presently. Notwithstanding all these results, we contend that in a very 

general framework Smith's Rule provides a satisfactory solution to the 

problem. In a recent paper (Weiss 1988) we have shown that the 

additional expected cost of using Smith's Rule, above the optimal cost, 

is negligible. In the present paper we prove a turnpike optimality 

result by showing that the expected number of times that it is optimal to 

start a job not according to Smith's Rule is negligible (for an earlier 

turnpike result, see Coffman, Hofri and Weiss 1988). 
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It is known that SEPT (Shortest Expected Processing Time First) and 

SR (Smith's Rule) minimize expected flowtime and weighted flowtime 

respectively, on a single machine (Smith 1956, Conway, Maxwell and Miller 

1967). For parallel machines, SEPT minimizes expected flowtime in many 

important special cases, notably when for all i,j X. and X are 

stochasticaly comparable (that is either X
i sT 

 X
. 

or X. < X., j ST I 

alternatively, either F i (x) Z Fi (x) for all x or F j (x) > Fi (x) for 

all x - Weber, Varaiya and Walrand 1986). Deterministic processing 

times, exponentially distributed processing times, and processing times 

which are distributed like tails of a single increasing hazard rate 

distribution are among the special cases of this remarkable result 

(McNaughton 1959, Bruno, Downey and Frederickson 1981, Glazebrook 1979, 

Weiss and Pinedo 1981. Weber 1982). In general however, SEPT may fail to 

be optimal (see Pinedo and Weiss 1987, Coffman, Hofri and Weiss 1988). 

Minimization of weighted flowtime on parallel machines, for deterministic 

processing times X. and general weights w , is an NP-hard 

combinatorial optimization problem (Lenstra, Rinnooy Kan and Brooker 

1977, Carey and Johnson 1979), and very little can be said about optimal 

strategies for the minimization of expected weighted flowtime in the 

stochastic case (Kampke 1986). 

The use of Smith's Rule as a heuristic can be quite inefficient - a 

worst case analysis shows that for deterministic processing times the 

ratio R = (2 wjCi I  SR) / (2 wiCi  I OPT) can be as high as 1.20 

(Weiss et al 1988). This worst case involves a very large number of very 

short jobs and z 0.3 M very long jobs. 

The following intuitive discussion captures the essence of the 

problem: The argument in favour of SEPT (as well as for Smith's Rule), 
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is that at the beginning of the schedule there is a large number of jobs 

waiting and SEPT (or Smith's Rule) tend to reduce the number of jobs 

(their cost rate) fastest. This argument suffices to prove optimality 

for a single processor, and it applies to parallel processors as well. 

For parallel processors there exists, however, a counter argument: 

Towards the end of the schedule, as jobs are completed, there are no more 

new jobs to start and the processors fall idle one after the other; this 

means that processing at the end becomes inefficient and this of course 

has an effect on the objective function. Thus it seems that one ought to 

try to reduce these inefficiency periods. Minimization of these periods 

is hard (in the deterministic case, for two machines, it is equivalent to 

minimizing the makespan which is NP-hard), and it is not achieved by 

SEPT. If anything, it is asymptotically best to use LEPT to minimize 

makespan and the inefficiency periods (see Frenk and Rinnooy Kan, 1987). 

Nevertheless this inefficiency at the end is a boundary effect and is of 

marginal value - in particular it does not grow with the number of jobs 

n, so long as jobs remain uniformly bounded in some sense. It appears 

that this end effect is the only counter indication against optimality of 

SEPT and of Smith's Rule. By quantifying this end effect we get bounds 

on the expected difference in the objective function value between 

Smith's Rule and the optimal strategy, and bounds on the expected number 

of jobs which the optimal strategy does not schedule according to Smith's 

Rule. 
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2. FORMULATION AND RESULTS 

For jobs j = 1,...,n we assume the processing times X j  are 

nonnegative random variables drawn from distributions F.. We let F. 

1-F.andassumeF.havefinitemeans. 4 3  and variances a.
2

. 

We require the following quantities, defined in terms of the 

distributions: 

2 .111axsup{f(x-v) 2 c1F.00 / F.(v) 1 v > 0, F.(v) > 0 	(1) 
1<j<n 

oW=mininf{ff(x+v,)....-P.0 
m 	

(v0) 	P. (v M) 
j0 — "I M 

	

o J 	uo 	 im J m  M 

1  vo 	vm  > 	f. o(v0 J 
 ) > o, 	f. (v

M 
 ) > o - o. 	 (2) 

J 
roughly these measure respectively how long and how short remainders of 

jobs can be. In addition we need the following quantities which depend 

also on the weights: 

w. 
(I) 	= max -I  

max 1<j<n 4j 

A. 4min 
1<j<n 

w. 	w. 
( 119) 	= min 1 1  - 	I 	 (5) 

	

A min 	ixj  pi  Aj  

we assume that p2< 03 and o (M)  > 0 . 

We will consider two classes of strategies: II00  includes all 

nonpreemptive, work conserving (i.e. use no inserted idle time), 

nonrandomizing strategies which base decisions at time t on the history 

of the schedule up to time t. IT includes all nonpreemptive strategies 

which allow insertion of idle time as well as randomization and which 

base decisions at time t not only on the history of the schedule up to 

time t but also on the actual realized values of remaining processing 

times and inserted idle periods which occupy the machines at time t. In 

(3)  

(4)  
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other words, when using strategies in 11, the processing times of jobs 

become known at the moment that their processing starts; similarly, the 

lengths of inserted idle periods are known at their start. 

Assume now that M+1 machines are available to process jobs 1 	 

starting at time 0. In a previous paper we have shown: 

Theorem 1: (Weiss 1988) For any strategy 'w C II 

M2 	w 	-2 
E( 2 wjCj  I SR ) - E( 2 wiCj  I 	) 	

2(M+1) (F)max D2 

In this paper we will show: 

Theorem 2: For any strategy r C Tfo  such that 

E( 2 wjCj  I SR ) - E( 2 wiCj  I a ) 	0 	 (7) 

let L be the number of times that 71-  starts a job not according to 

Smith's Rule. Then 

m2 w 	_o  
E( L 	) 	

gmax D
-  / 

(dµ )  min Amin 

	

. 	(8) 

For practical purposes one is usually interested only in the smaller 

class of strategies, 1T. However, we need Theorem 1 to hold for II in 

order to prove Theorem 2 for no . We do not know whether Theorem 2 holds 

for 11, it is quite plausible that it does not. We take a close look at 

the two classes of strategies in Section 4. 

2 There exist many practical scenarios under which the values of D 

and of (m) remain bounded for any number of jobs n. These include 

the following: 

(a) If all the jobs belong to a finite number of types K, 

-2 

	

summarized by processing time distributions F1, 	F
K' and if D < co 

and  (M)  > 0 for a set of jobs which includes M+1 jobs of each type, 

2 
then D and 5(M)  are finite and remain fixed as n grows. 
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(b) If the hazard rate functions of the processing time 

distributions are all uniformly bounded by some upper bound value 1■ and 

-2 2 	
and 

 
some lower bound value X, then D < 	d 45(X)  > 	

1  
,2'  

(c) If all the jobs have NBU (New Better than Used) type 

processing time distributions, and A.
J

. a 2 are uniformly bounded then 

2 
D is bounded by a uniform bound on A.

2
+ a.

2
. 

(d) If the processing times have lattice probability distributions 

with a common time unit T then b (M) > T. 

In all these special cases it is still possible to have jobs which 

are long or short without any bound; the bounds are only on the 

probabilities. 

2 
If D and (--

11,)max 
 have fixed upper bounds, and if 5 (M) , (Avt-rimin 

and Amin  have fixed lower bounds, independent of the number of jobs n, 

then as we let n we will have E(L) / n 0(ii) and EgwjCi lSR) 

/ E(2wjCi iv) 	1 + 0(12). 
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3. APPROXIMATE OPTIMALITY OF SMITH'S RULE  

In this section we summarize some of the results about expected 

weighted flowtime and prove Theorem 1. For more details and additional 

results see Weiss, 1988. 

Consider the schedule obtained by starting the jobs in the order 

I(1),...,I(n), without preemptions and without inserted idle time. Let 

U00 K 	K UMO  denote the ordered times at which the M+1 machines 

become available initialy - we shall assume throughout that 2 U i0  = 0; 
i=0 

for Theorems 1 and 2 we shall also require that U10  = 0, i = 0 ..... M. 

For j = 1 	n let U0 . K 	Ulu  be the ordered times when the 

machines become available after the completion of jobs I(1) , 	 I(j); 

the starting time of job I(j) (the j'th job to start) is U oi_ 1 . We 

have the recursion: 

(Uoi ,...,Umi ) = Order Statistics of (Uoi_ 1+XI(j) ,U1.1 _ 1 ,...,Umi_ 1 ) 	(9) 

For j=0 	n  denote D.. = U.. - UOj 	i = 1,...M. Denote by 

	

ij 	ij  

S.2  the sample variance of Uoi ,...,Umi  (or of 0,D1j ,...,Dmi ) 

M 	 M 
S 2  = 1-2 D..2  --1---i 2 D )2 . 
j 	Mi=1 li 	M(14+1)  i=1 ij  

It is easily seen that the completion of job I(j) is at 

- 	 + 	X 	
i 

1 k3 	M 	1 M ---- 	- CI(j) - M+1 2 
1 
X
I(k) 	M+1 I(j) 	M+1 	ij-1 .  2

1
D 

Directly from (11) we get: 

Lemma 1:  The weighted flowtime can be decomposed as: 

n 1 n n 	n 	 M 
2 w C. = 	2 ( 2 w 	) 

XI(. 
 + — 2 w . (M X 	2 	) (12) j 	M+1 	I(k) 	I() 	M+1 . i I(J) 	I(J) i=1

Dij-1  
j=1 	 j=1 k=j 	 J=I 

(10) 
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By examining the recursive relations between the D ii 's the 

following key formula emerges: 

Lemma 2: The job remainders are linked by the relation: 

n M 2 2 2 2 XI(j) Dij-1 = M 2 Xj
2 + M(M+1) S - M(M+1) Sn

2 (13) 0 
j=1 i=1 	 j=1 

Proof: For two machines we have D lj  = IXI(j) 	D1j-1 I: squaring 

and adding over j gives (13) for M=1. For MM. (13) is obtained by 

applying the argument to each pair of machines, and summing over all 

pairs. 	 ❑ 

We now consider the special case of w. = p.. Taking expectations 

over (12) and (13), we have: 

Lemma 3: For any nonpreemptive work conserving strategy w E 

n n 	1 n   E( 2 piCi 1 w) = 2(M+1) ( 2 pi )
2 
 + 2  2 pi2  204+

M 
 1)  2 aj2  (14) 

j=1 	 j=1 	j=1 	 j=1 

	

- M S 2  + M E(S 21 .r).-c, 	2 	n 
Proof: The main step in the proof of Lemma 3 is to note that 

E(Xi(i)Dii_ i ) = E(Dii _ i  E(Xi(j) 1Dij _ 1 ) 	 (15) 

= E(Dii_ l  E( E(X1(i) II(j))1 Dij_ 1 ) = 

	

= E(D 1.1. 	4 	) 
-1 I(j) 

The second equality holds since Dii_ l  is a function of 

X1(1)' 
	XI(i_ 1)  only, and so E(Xi(i) 1 1(j),  Dii_ 1 ) = E(Xi(i) 1 I(j)). ❑ 

The remarkable thing about formula (14) is that the only term which 

depends on the schedule at all is the last term E(Sn2); furthermore, 

the rest of the expression depends only on the first two moments of the 

distributions F 1 ,...,Fn . 

A direct corollary to Lemma 3 is: 
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Corollary 4: Let N. , 	 IT be two strategies, and asssume that r 

is work conserving. Assume also that S 0
2  = 0. Then 

E( 2pC. 1r) - E( 2pC 	) < M E(Sn
2 IT) < 2(mm+1) D_

2 
 (16) 

j=1 	 j=1 

Proof: By Lemma 5 (in the next section) it is possible to construct 

a strategy w' which is randomizing but does not use inserted idle time, 

such that I(1) I(n) have the same distribution under w' as under 

w' and 

n 	 n 
E( 2 p.C.I 	) < E( 2 µ•C.1  w' ) 

j=1 	J 	 j=1 	J  

Hence 

E( 2 p C. I w ) - E( 2 4 C. I w' ) < E( 2 p.C. I Tr ) - E( 2 p.C. I w' ) 
j=1 	 j=1 	 j=1 J J 	 j=1 

= 2 E(Sn2  I r ) - 11E(Sn2  I ;' ) < 12-1-E(Sn2  1 ir ) 	( 17) 

By definition (1) and the assumption that S02  = 0, we get E(Dij2) < b2 

 for all i,j which by definition (10) implies the second inequality in 

(16). 	 ❑ 

From this point onwards we will assume that the jobs are ordered by 

Smith's Rule, that is 
w

l 
A l 	An 

For any strategy we can rewrite the weighted flowtime as: 

n 	w n 	n-1 w 	w k 2 w .c  = n 2 	2  ( k 	k+1 ) 2 11.c.  

j=1 J j 	//n j=1 J J 	k=1 pk 41c+1 j=1 

It is now easy to obtain: 

Proof of Theorem 1: We use (18) to write: 

n 	 n 
A = E( 2 w.C. I SR ) - E( 2 w.0 1 ir ) 

j=1 3 3 	 j=1 3 J  
w 	n 	 n 

= --I1- {E( 2 p.C.I SR ) - E( 2 p.C. I v )1 + 
lin 	j=1 3 3 	 j=1 " 

n-1 w 	w 	k 	 k 
2 (!

11±1
) {E( 2 p.C.I SR ) - E( 2 p.CI 7 )}

k=1 ilk 	lik+1 	j=1 3  3 	 J•l =1 ii  

(18)  

(19)  



10 

	

k 	 k 
We note that 2 A,C.ISR and 2 A.C.I w are the weighted flowtimes 

	

j=1 	 j=1 

(with weights A. ), of jobs 1, 	k  which are scheduled by SR in 

that order with no inserted idle time. Under r they are scheduled not 

necessarily in the order 1, 	k  and the schedule may include inserted 

idle periods, which consist of those jobs j > k which w has started 

before the start of job k, as well as additional idle periods inserted 

by w prior to the start of job k. Nevertheless, the scheduling 

strategy provided by w for jobs 1,...,k is in U. Since SR is work 

conserving for every set 1, 	k  we can apply Corollary 4, and, noting 

w
n 	 wk wk+l 

that — > 0 and 
	
>0, we get: 

Wn 	 Wk 11k+1 
w
n 

n-1 w
k 

w
k+1 	M2   - 2 

A 	( 	+ 2 ( 
	)} 
	D2 
2(M+1) 

Wn k=1 Wk Wk+1 

which collapses to (6). 	 0 

(20) 
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4. DISCUSSION OF STRATEGIES 

We take a closer look at strategies, starting with the wider and 

more complicated class of strategies U. Consider a strategy rr E U. To 

describe rr we need to describe how a schedule is constructed by 7. 

The construction of a schedule by 7 consists of a sequence of decisions 

on job or idle period starts, and updates of state. We use the following 

state desctiption: s = (t,d.N,H) where t is the time; d = do ,...,dm 

 is the machine availability vector, where di  = 0 indicates that machine 

i is available at t while d. > 0 indicates that machine i is not 
1 

available at time t and will only become available at time t + d i 

 recall that strategies in U can make use of the values of remaining 

processing times, in other words, the values d i  are deterministic and 

known; N is the set of as yet unstarted jobs, on which the current 

information is summarized by F. the distribution of X. for j C N; 

Finally, H is the history of the schedule up to time t, which 

includes the start times of the jobs and the allocations of the machines 

over the period prior to t and also any additional information that iT 

may use, excluding predictive information about the  X., j C N - in 

particular H may include the information which is used by rr to 

randomize decisions. 

The initial state is s = (t
0'  d,N,H) where t0  is the schedule  

starttime,daretheinitialmachineavailabilties,withd1  .=-0 for 

at least one machine, N = {1 	n} includes all the jobs, and H is 

empty. At a decision time let the state be s, and at least one machine 

is available, with i 0  the available machine with lowest index. The 

decision will make machine i
0  unavailable for a time T, to be 
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determined_ by the decision. Based on the state s, and possibly using 

randomization, r will choose a job to start from N, or will choose an 

idle period. If an idle period is chosen, then T will be the length of 

this idle period, which will be generated from some distribution G 

determined by w according to s. If job j C N is chosen to start 

then T = X is generated from F.. In either case, the value of T 

becomes known immediately. Following the decision by T the state 

is updated: let At = min(T,d i ,i 	is), then t := t+ At; d i  •= di  - 

At, i 	i
0'  di 	

d. + T 	At; N := N - {j} if job j was chosen, 
0 

N := N if an idle period was chosen; finaly H is updated to indicate 

the allocation of machine i
0 
 and the job start if a job was started, 

and new information regarding future randomization may be added. 

We shall add three provisos on decisions: 

- If all the machines are available, a job has to start. 

- We assume that for any state s. T > 0, and the time until the 

next decision, At, satisfies E(At 'At > 0) > (5 (M)  (in the case of 

randomization this has some complicated implications on G - however, we 

shall have no trouble verifying the condition for the schedules which we 

use in the proof). 

- We assume that if N = 4), an idle period of length T = max 

(d0 ,...,dm) is inserted. 

The schedule is complete if N is empty and all machines are 

available. The proviso that not all the machines can be idle assures 

n 
that the length of the schedule is no more than 2 X. and therefore has 

j=1 

finite expectation. The lower limit on E(AtlAt>0), assures that the 
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number of decisions taken to construct the schedule has a finite 

expectation. The third proviso makes the schedule complete at the 

completion of the last job. 

The class of strategies !To  is much simpler than II. The 

description is similar except that all the features regarding 

randomization and insertion of idle time are excluded. 

The next Lemma on the construction of strategies with no idle times 

is crucial to the proof of Theorems 1 and 2. 

Lemma 5:  Let e E II be an arbitrary strategy which uses inserted 

idle time, then there exists a strategy v E II such that it is 

randomizing but does not use inserted idle time, and such that the order 

in which jobs are started, I(1) ..... I(n), has the same probability 

distribution under v' and v. Also, for all j=1. 	n  E(Ci lv) 

E(C 

Proof:  We prove the Lemma by describing the strategy v. We 

describe v by showing how a schedule is constructed by v. In addition 

to the state of the schedule constructed by v, which we denote by 

s = (t,d,N,H), we shall make use of an auxilliary state. 

s' = (t',d',N',H'), which will simulate the schedule constructed by e. 

Initially we will have t = t' = t0 , and s = s'. Subsequently we shall 

use v' to update s' and use s' to update s. Starting from the 

initial states at time t0  we will make a sequence of decisions and 

updates, in such a way that both s' and s get updated at every 

decision, and we have always t' Z t, N' = N, and both d and d' have 

at least one available machine. Assume that following a sequence of 

decisions we have states s, s'. We use s' to obtain the decision 
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taken by r', we generate a machine time T, and we update s' 

accordingly. We then update s: If the decision of r' is to start an 

idle period, the state s remains unchanged. If the decision of r' is 

to start job j E N', we start job j on the machine with lowest index 

available in d, we use the same value of X. as realized in the 

update of s', that is we use a machine period T = T', and we update 

s accordingly. 

We note the following: Whenever s is updated, it is by assigning 

a job to an available machine; hence the schedule described by the state 

s uses no inserted idle time. At a decision state s, a sequence of 

one or more decisions which are taken by r' determines which job is 

chosen to start out of N; these decisions depend on the state s and 

the auxilliary state s' but are otherwise nonpredictive, thus the 

choice of job j is randomized but nonpredictive; the assumption of the 

lower bound .5 (14) assures that the randomization process has a finite 

expected number of steps. Once the job j is chosen, its processing 

time X. is generated by F. in the update of s. We let the state 

describe the schedule generated by r; we have seen so far that r is a 

randomizing strategy using no inserted idle time, for scheduling the jobs 

1 	n  If we think of s' as part of the state history H, then it 

is clear that r C U. It is also clear from the construction that s' 

is a state which also describes a schedule, namely a schedule constructed 

by r'. Moreover, for every realization of this construction, the order 

in which jobs start, I(1),...,I(n), is the same for the two schedules 

described by s and by s'; this proves the statement that the job 

starting orders have the same distributions under both strategies. It 
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remains to show that E(C.I a ) S E(C I Jr' ). At any state s define u 

as the ordered vector of t+do ,t+d i ,...,t+dm, and define u' 

analogously for s'. Initially, at t=t'=t0 , u = u'. We claim that 

thereafter, after each joint update of s' and s, u S u'. this is seen 

inductively: If y' chooses inserted idle time, only u' changes, and 

it has its smallest component increased and then all its components 

reordered; this can clearly not reduce any component; if w' chooses a 

job, the same r is added to the smallest component of both u and u', 

and then they are both reordered, but then u' dominates u before 

reordering, and therefore also after the reordering. Since u' 

dominates u at every decision, job j starts earlier in s then in 

s', and, a-fortiori E(Ci l r ) < E(C. r' ). 	 ❑ 

Immediately from Lemma 5, we have: 

Corollary 6:  The optimal schedule in TT does not use inserted idle 

time. 

Corollary 7:  Allowing randomization in TT or in IT
0 
 does not 

improve the optimal schedule. 

Proof:  Since the optimal policies use no idle time, the number of 

possible actions at a decision moment is at most n, and there are n 

decisions to be taken in the whole construction of the schedule. The 

proof is by backwards induction. 	 ❑ 
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5. TURNPIKE OPTIMALITY OF SMITH'S RULE:  

The role of D2  and of 5 (m) :  

In the proof of Corollary 4 we saw that under every work conserving 

M -2 strategy w, if So2 = 0 then for all j, E(Sj2 1 r) RTID ; thus 

2 
D puts an upper bound on the expected remaining processing times at 

each decision moment. The inequality (16) which is proved in corollary 4 

was used in the proof of Theorem 1 and will also be used in the proof of 

Theorem 2. 

On the other hand, consider the j'th decision moment of a strategy 

r E IT at which job R starts its processing, and assume that all the 

other processors are occupied, so D ij_ l  > 0, i=1,...,M. Then directly 

from the definition 

E( min( Xe , D1j_ 1 , 	Dmj_i  )) > 5 (M) 	 (21) 

This puts a lower limit on the expected time between decisions, for every 

r E Ho . This is required in the proof of Theorem 2, but not in the proof 

of Theorem 1. 

Proof of Theorem 2:  

Let w E I/
0  be a strategy which outperforms SR so that (7) holds. 

Rewriting (19) we have: 

n 	 n 
0 	E( 2 w.C. I r ) - E( 2 w.C. I SR ) 

	

j=1 J J 	 j=1 3 3  - 
w 	n 	 n 

= -Li  {E( 2 g.C.I w ) - E( 2 g.C. I SR )} + 
gn 	j=1 J .3 	j=1 3 3  

n-1 w
k wk+1 	

k 	 k 
2 (---- -----) fE( 2 p.C.1 r ) - E( 2 p.C.1 SR )1 

k=1 gk gk+1 	j=1 J J 	j=1 J i  

Consider the jobs 1,...,k whose completion times appear in 

(22) 

k 
E( 2 gC. 1r). The strategy r provides a srategy in If for scheduling 

j=1 
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these jobs which possibly uses some inserted idle times in the form of 

processing times X e  where job e is started by v before job k, and 

R > k; v also uses randomization in scheduling jobs 1 	k  since 

their order may be determined by the values of the inserted jobs 2. For 
ISO 

k = 1,...,n-1, let v(k) 
be the randomizing work conserving strategy 

for scheduling jobs 1, k which is constructed in Lemma 5 from v. 

We rewrite (22) 

wn 0 — {E( 2 g.C.1 v ) - E( 2 11.0 1 SR )} + 
An 	j=1 3 	 j=1 

n-1 wk wk+1 
2 	 {E( 2 p,Ci l v(k)  ) - E( 2 g.C.1 SR )} + 

	

k=1 Pk Pk+1 	i=1  j 	
j=1  J J 

n-1 wk wk+1 2 e-- - 	{E( 2 g.C.1 v ) - E( 2 p ,Ci l v(k)  )1 

	

k=1 Pk Pk+1 	j=1 	 j=1 

We now apply corollary 4 to v (k) and obtain a bound on the first two 

summands as in the proof of Theorem 1. This gives us the following 

inequality which must hold for any r which outperforms SR: 

2  	( 	
(24) 

2(M+1)
A  M E  

	

(w 	w k _ k+1) {E( 2 p.c.1 r  ) 	E( 2 p.c.1 	11  
J J i  (k)" 37'12  > n-12 k=1 Pk Pk+1 	j=1 	j=1 

0,0 

We now obtain a lower bound on the difference between v and v (k) . 

Denote by Ilk  the indicator of the event that v starts job 2 

before job k - recall that SR is characterized by Ilk = 0 whenever 

2 > k. Condition now on Ilk = 1 for some e > k, and on the state of 

the schedule constructed by r, at the instant that the service of job 

e starts. Let d 1 	dM  be the availablility vector of all the other 

machines, it consists of remaining processing times of jobs which have 

had some known amount of service, and of the full processing time of jobs 

which start simultaneously with job 2. Let T = 

( 23 ) 
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Since T E U is not predictive, the remaining processing times are 

distributedlikeF(x+v)/f.(v) where v is the amount of processing 

already received by job j, and so the time until the earliest next job 

start has expected value of at least SM. Removing the processing of 

job R from the schedule will not increase any job completion time 

within jobs 1 	k  and at least one job (either k or some job k' 

with k' < k) will start earlier by T. So the expected saving in the 

weighted flowtime (with weights p i ) conditional on I nc  = 1, where R > 

k, is at Least. 15 (M) . 
Plmin 

The saving by removing a job R which T has inserted in front of 

job k appears to count only once for every k. However, it is easy to 

construct w(k) in several stages, starting from the schedule under w, 

and at each successive stage removing the last inserted idle job. Each 

such a removal will reduce the expected weighted flowtime of the sum over 

1 	k by the above amount. Note however, that if several idle jobs 

were inserted simultaneously, the removal of all of them from the 

schedule may have the same effect as to remove only one. So we can only 

assume an improvement of A
min 

o (14)  / (M+1) in the expected sum over 

1....,k for each event I Rk = 1 ' where R > k. 

We have thus shown: 

k 	 k 	 (25) 

E( 2 A C. Fn  ) - E( 2 A.0 17) 	2 P(IPk = 1) min b(M)/(M+1) j=1 	 j=1 	(k) 	t>k 

usingthelowerboundon— n and summing over 
(

k wk+1

Pk Pk+1) 

k=1 	n-1, we have: 

n-1 w. 	 k 	 k 
k wk+1 

2 ( — -----) {E( 7 A.C.I w ) - E( 2 A.C.( r 	)} j=1  J J 	(k) 	
(26) 

k=1 Pk Pk+1 	j=1 J   

n-1 
2 2 P(I RI(  = 1) (Alli) min  AminS (M) / (M+1) 

k=1 e>k 



But 

n-1 
E(L1r) = 	2 P(Itk  = 1) 

k=1 t>k 

and substituing (26), (27) in (24) the theorem follows. 	 0 
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(27) 
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6. DISCUSSION  

We discuss briefly our results, their significance, and possible 

directions for future research. 

Worst case performance of stochastic optimization heuristics.  

Heuristics for deterministic combinatorial optimization problems are 

assessed by considering worst case performance or average performance. 

The former is often much worse than the latter; however, for average 

performance one needs to assume a distribution on the population of all 

possible problems, which may not be acceptable. In stochastic 

optimization problems, a distribution on the population of possible 

problems is part of the model. Expected worst case performance is in 

fact an average over this distribution of problems. This may suggest 

that the use of heuristics for stochastic optimization problems can be 

more successful than their use for deterministic problems. Our paper is 

a case in point for this. 

Almost sure bounds. We have shown approximate optimality and 

turnpike optimality of Smith's Rule in minimizing weighted flowtime, in a 

very general setting. Without further assumptions on the processing time 

distributions, these results seem the best possible. Under more specific 

model assumptions it may however be possible to obtain stronger results, 

such as almost sure bounds on the difference in objective values and on 

the number of non SR optimal decisions, rather than bounds on 

expectations. 

An explicit formula for expected weighted flowtime. Our results are 

based on various formulas which we derived for expected weighted 
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flowtime. The most general form is obtained by substituting (14) into 

(18). We have, if jobs are started in the order 1,2,...,n: 

n 1  
E( 2 w.C, 1 M+1 machines) - 144.1  E( 2 w.C. 1 One machine) + 	(28) 

j=1 	 J.1  J J 

2 
n w. 

2(14+1) 2 vijPj (1 1  1 	 c/.2 	2  j=1j 	 J-1 

The first term is the weighted flowtime on a single, M+1 fold speed 

machine; it depends only on the first moments of the processing time 

distributions, it is of order 0(n
2
), and it is minimized by SR. The 

second term is composed of per job delays caused by the parallel 

processing; it is a function of the means and the variances of the 

processing times, it is of order 0(n), and it is independent of the 

schedule. The last term is the intractable part which may depends on the 

full description of the processing time distributions as well as on the 

schedule. For large n it may however exhibit some limiting steady 

state behaviour. 

Preemptive scheduling of a batch of jobs on parallel machines.  

Preemptive scheduling of a batch of jobs on a single machine, to minimize 

weighted flowtime, is optimized by using a Gittins index policy (Gittins 

1979, 1982). On parallel machines this suggests to schedule at any 

moment the jobs with the highest Gittins index as a suboptimal heuristic, 

analogous to the use of Smith's Rule in the nonpreemptive case. A very 

special case of i.i.d jobs with a two point distribution on two parallel 

machines has been analyzed by Coffman, Hofri and Weiss 1987. It would be 

interesting to generalize the results. 
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Scheduling of a stream of arriving jobs. If jobs with various 

processing time distributions arrive at a single server in independent 

Poisson streams, then Smith's Rule and the Gittins index policy remain 

optimal (see Sevcik 1974, Klimov 1974, Harrison 1975, Meilijson and Weiss 

1977, Gittins and Nash 1977). Using these rules for parallel servers 

provides suboptimal heuristics. Clearly, there is now a nonoptimal end 

effect at the end of each busy period; nevertheless it may be possible to 

bound the worst case behavior of these heuristics. 

Extensions to control of queueing networks. In Weiss (1988) Gittins 

type priority rules for scheduling customers in a queueing network which 

is served by a single server (the server jumps between the nodes of the 

network and provides 'preemptive service) are derived. These may provide 

some heuristics for more conventional networks in which all the nodes are 

served simultaneously by several servers in parallel. 

Restless Bandits. Whittle (1987) has recently considered some 

generalizations of Gittins' original Bandit process model. In scheduling 

terms these can be expressed as including several parallel servers as 

well as exogenous changes in waiting jobs. Whittle suggests a Gittins' 

type heuristic for these processes, and conjectures that under the 

appropriate asymptotic conditions these may converge to optimal. Our 

results in this paper provide a special case for which Whittle's 

conjecture holds. 

Queueing network heuristics based on diffusion approximations.  

Recently Wein (1987) has derived some heuristics for the control of 

queueing networks by considering heavy traffic conditions and using 
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diffusion approximations. Some parts of these heuristics appear to be 

priority type rules to schedule several types of customers. It is 

intriguing to try and find a possible connection between our current 

work. Whittle's conjecture, and Wein's results. 
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