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Turbulence . . .

I know it, when I see it.

Anonymous
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SUMMARY

Turbulent �ows are ubiquitous, so understanding their nature and dynamics and the

ability to make de�nitive predictions about their behavior is of tremendous practical im-

portance. Substantial progress in this direction has been made recently using a dynamical

systems approach that exploits unstable non-chaotic recurrent solutions of Navier-Stokes

that are known as Exact Coherent Structures (ECSs). These solutions capture fundamental

features of classical empirically observed coherent structures in turbulent �ows and come

in the form of equilibria or periodic orbits. Numerical and limited experimental evidence

suggests that turbulence can be described as a deterministic walk between neighborhoods

of ECSs, with the turbulent trajectory following the stable and unstable manifolds of these

ECSs in a high-dimensional state space. This work focuses on exploring the relevance

and usefulness in a practical setting of an ECS-based description of turbulent dynamics

using direct numerical simulations (DNS) in Taylor-Couette �ow. A systematic approach

to �nding dynamically relevant ECSs is presented. We show that the ECSs that we have

computed play a dynamically important role, as their neighborhoods are visited frequently

by the turbulent �ow. Furthermore, it is found that bifurcations at which some of these

solutions (dis)appear correspond quite precisely to qualitative changes in the turbulent dy-

namics and/or relaminarization of the �ow.

xix



CHAPTER 1

INTRODUCTION AND BACKGROUND

Turbulence appears in astrophysics, biology, condensed matter, oceanography, meteo-

rology, and many other branches of science. Hence, understanding the nature and dynamics

of turbulence and the ability to make de�nitive future predictions is of tremendous practical

importance. Imagine, for example, being able to predict a hurricane or tornado right in your

neighborhood with ample time to evacuate. This scenario is the holy grail for weather fore-

casters. However, long-term predictions of the weather are dif�cult because of the scale of

the problem involved and the underlying governing equation. Weather forecasting requires

knowledge of billions of variables to predict future events to some degree of certainty. On

top of this dif�culty, the air in the atmosphere behaves like a compressible �uid and is

governed by the Navier-Stokes equation. This severely complicates the problem because

the Navier-Stokes equation is a nonlinear partial differential equation (PDE). As a result of

the nonlinear term, this equation exhibits sensitivities to initial conditions. This means that

two similar starting conditions can result in drastically different outcomes. Systems that

exhibit this sensitivity on initial conditions are called chaotic systems. When the pressure

and �uid velocity undergoes sudden chaotic changes, the behavior is called turbulence.

Turbulence is one of the greatest unsolved problems of classical physics. It is impos-

sible, except for special cases with little to do with turbulence, to arrive at an analytical

solution to the Navier-Stokes equation. For this reason, recent theoretical studies of turbu-

lence have traditionally relied on numerical simulations.

1.1 Classical coherent structures

Recurring structures are found throughout nature and are often observed in �uid �ows.

These repeating patterns have been called classical coherent structures in the �uids com-
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(a)

(b)

Figure 1.1: Flow past a cylinder produces a structure known as a von Kármán vortex street
at low Reynolds numbers. (a) Result of vortex shedding atRe = 140. This recurring
pattern is commonly observed in clouds in the atmosphere and in ocean currents. (b) At
Re = 10; 000, shapes similar to the von Kármán vortex street can be seen in the turbulent
�ow downstream. Photograph fromAn Album of Fluid Motionby Milton Van Dyke [1].
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(a)

(b)

Figure 1.2: Images by NASA show clouds forming von Kármán vortex streets in the
atmosphere as a result of wind �ow past an island.
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munity. Coherent structures can cover various length scales, from the size of a continent

down to the length scale of turbulent spirals found in a hot cup of coffee. The presence of

recurring motion in �uid �ows appears �eetingly in our daily lives; all we have to do is be

conscientious to notice it.

Although turbulence appears chaotic, random, and erratic, it still maintains a propensity

to form distinct organized structures [2]. For example, �ow past a circular cylinder features

a structure called the von Ḱarmán vortex street, which is caused by vortex shedding and is

illustrated in Figure 1.1a. This �uid structure persists over a range of moderate Reynolds

numbers and can be found throughout nature. For example, Figure 1.2a is an image taken

by NASA1 and illustrates the von Ḱarmán vortex street forming in the atmosphere as the

wind blows clouds past a circular island off the Chilean coast. Similar structures are also

observed in the ocean. Figure 1.3 shows oil contamination forming a recurring pattern

as it �ows in an ocean current [1]. Interestingly, even a turbulent �ow past a cylinder at

moderately high Reynolds numbers can produce von Kármán vortex street-like structures,

as illustrated in Figure 1.1.

Another example involves water striders, which are insects that reside on the surface of

ponds, rivers, and even the open ocean [3]. Their bodies can glide across the surface of the

water using only surface tension to support their weight. They move across the water sur-

face using their legs as oars, much like rowers in a boat. After each leg stroke, two-headed

vortex pairs are created. Each two-headed vortex structure is roughly hemispherical and

is called dipolar vortices. Two photographs in Figure 1.4 show these two-headed vortices

in the strider's wake after multiple leg strokes. Similar structures are observed in turbu-

lent �ows. Dutch physicist Gertjan van Heijst and Jab-Bert Flór show bipolar vortices can

emerge from a turbulent jet [2, 4], which is shown in Figure 1.5.

Shear �ow is prevalent in �uid �ows and is a common mechanism for developing co-

herent structures through shear instability. A shear instability occurs when two �uid layers

1National Aeronautics and Space Administration
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Figure 1.3: The tankerArgo Merchantleaking oil into the ocean in 1976. The wake behind
the ship is reminiscent of Figure 1.2a and Figure 1.1. Photograph fromAn Album of Fluid
Motionby Milton Van Dyke [1].

Figure 1.4: Coherent structures are produced by a water strider moving across the surface
of a �uid. Reprinted by permission from Springer Nature Customer Service Centre GmbH:
Springer Nature Nature [3]The hydrodynamics of water strider locomotion, David L. Hu,
Brian Chan, and John W. M. Bush Copyright © (2003)
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Figure 1.5: A puff of a turbulent jet injected into strati�ed �uid slowly evolves and or-
ganizes itself into a coherent structure called dipolar vortices.Flow Nature's patterns: a
tapestry in three partsby Philip Ball Copyright © 2009 Philip Ball. Reproduced with per-
mission of the Licensor through PLSclear. (Photos: GertJan van Heijst and Jan-Bert Flór,
University of Utrecht.)
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Figure 1.6: A �ows path to turbulence as a result of the KH instability. The characteristic
wave-like coherent structure that is a hallmark of this instability is clearly visible. Even-
tually, the boundary layers interact in the �ow, which results in turbulence.Flow Nature's
patterns: a tapestry in three partsby Philip Ball Copyright © 2009 Philip Ball. Repro-
duced with permission of the Licensor through PLSclear. (Photo: Katepalli Sreenivasan,
Yale University.)
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moving at different velocities rub against each other, and the viscosity of the �uid is unable

to damp out the shear force between the two layers. One example of a shear instability

is the Kelvin-Helmholtz (KH) instability, named after the two prominent physicists, Lord

Kelvin and Hermann von Helmholtz, who studied the phenomenon in the nineteenth cen-

tury. The KH instability leads to the formation of wave structures at the boundary between

the two �uid layers. Eventually, the waves roll into vortices or billows that interact with

each other and then lead to turbulence [2]. Sreenivasan et al. captured experimental im-

ages shown in Figure 1.6 that illustrate a �ows evolution towards turbulence resulting from

the KH instability. Additionally, some of the cloud formations found in the Earth's atmo-

sphere result from the KH instability (see Figure 1.7A). Other celestial bodies in the solar

system, besides Earth, show similar structures that are a by-product of the KH instability.

For instance, Figure 1.7B shows cloud formations high in the atmosphere of Saturn that

demonstrate this coherent structure.

1.2 Dynamical systems & turbulence

Dynamical systems theory can explain why we observe coherent structures in a turbulent

�ow. More importantly, dynamical systems theory is powerful when it is applied to under-

standing complex nonlinear systems. For this reason, it has a rich history in mathematics

and has forked off numerous new �elds in science [5]. Two important �elds in particular

formed from the ongoing work in dynamical systems are chaos and bifurcation theory.

As we have come to understand, turbulence is an example of a chaotic phenomenon.

The term “chaotic” refers to the property that two almost identical initial conditions can

have drastically different outcomes. In both chaos theory and popular culture, it is com-

monly referred to as the“butter�y effect” . In the Sci-Fi movie“The Butter�y Effect,” the

main character experiences multiple ripple effects in time when he alters speci�c moments

in his past, resulting in entirely different timelines for his future self. In this theory, a but-

ter�y �aps its wings, and due to the �apping wings, a hurricane forms on the opposite side
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Figure 1.7: The Kelvin-Helmholtz instability producing coherent structures in (a) clouds in
Earth's atmosphere. In (b) Saturn's atmosphere also exhibits similar recurring structures.
Flow Nature's patterns: a tapestry in three partsby Philip Ball Copyright © 2009 Philip
Ball. Reproduced with permission of the Licensor through PLSclear. (Photos: a, Brooks
Martner, NOAA/Forecast Systems Laboratory; b, NASA.)
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of the planet. The simple act of a butter�y �apping its wings leads to the development of a

hurricane and is the fundamental feature behind chaos: sensitivity to initial conditions.

Bifurcation theory focuses on the study of qualitative or topological changes in a gov-

erning system. More speci�cally, it centers on how small changes in parameters affect the

overall topological structure of the state space. Of special interest is when small changes

in the parameter cause sudden changes in the system's behavior. Poincaré demonstrated

in his �rst mathematical paper that abrupt changes in the geometric structure of the state

space could result from small changes in a parameter [6]. In this paper, he coined the term

bifurcation to describe the sudden change in system behavior [6].

Dynamical systems theory has led to a series of breakthroughs in how we perceive

some complex phenomena. At its core, dynamical systems theory relies on a geometrical

description to explain the behavior of complex systems described by nonlinear evolution

equations. However, the geometry used to explain these concepts is not the traditional

physical space we are familiar with. Instead, it is the geometry of objects in an abstract

space called state space that plays a crucial role in unraveling the hidden mysteries of the

system at hand.

1.2.1 Statespace

State space is a term that is used frequently in dynamical systems theory. It is essential to

fully understand the meaning of this term in the context of dynamical systems. State space

should not be confused with the `physical space' of the world around us. Instead, state

space is the collection of all possible states that the system can be in. For �uid �ows, the

state space is in�nite-dimensional.

To help build intuition on the concept of state space and comprehend why the state space

is in�nite-dimensional for �uid �ows, an example is provided. One way to demonstrate

that state space is truly in�nite-dimensional is to imagine a numerical grid in a 3D �uid

simulation. At each grid point in the physical domain, a vector exists corresponding to the
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Figure 1.8: A high dimensional column vector containing the entire domain's velocity
vectors stacked on top of each other. Hereur , u� , anduz are the vector components in
cylindical coordincates such thatu = ( ur ; u� ; uz), andx N represents theN th point in the
numerical grid.

velocity at that point. First, copy the velocity vector at grid pointx 1 to column vectora.

Next, we copy the next grid point,x 2, and stack its velocity underneath the previous entry

in a. This process continues until all grid points in the domain are covered. The �nal result

will be a column vectora containing all the velocity vectors in the entire domain for a

single point in time. The dimension of the vectora is directly related to the total number

of rows it contains. As a result, if the number of grid points is larger thanO(105), then

the vectora is high-dimensional. Figure 1.8 shows a turbulent “snapshot” in time and its

high-dimensional column vector. Column vectora will represent a single point in state

space. Therefore, the size of the state space in this scenario is equal to the number of grid

points times the number of vector components in the numerical domain.

However, with any numerical simulation, the grid resolution can easily be increased

or decreased. Increasing the grid resolution will cause the size of the column vectora to

increase. Simply doubling the number of points in the domain will effectively double the

size of state space. If one continues to increase the grid resolution up to the continuum

limit so that the state of the �uid is perfectly resolved, the vectora will become in�nitely
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long but will represent a single point in state space. It is understood that the world around

us is a continuum. Furthermore, �uid motion obeys the Navier-Stokes equation, which

is derived under the assumption that the medium is a continuum. Therefore, the state

space for �uid �ows must be in�nite-dimensional. For practical purposes, the state space

is considered high-dimensional. For the remainder of this study, the state space will be

addressed as being high-dimensional, but readers should understand that it is, in principle,

in�nite-dimensional.

The column vectora(t0) contains the entire physical �ow �eld at a given timet0 and

represents a single point in state space. As a �uid �ow evolves in time, the state vector

will change along with it. Therefore,a(t) is time-dependent and will trace out a unique

trajectory in the high-dimensional state space. At each point on this trajectory in state

space, a corresponding vector �eld, or state, is associated with it. Hence, the use of the

term “state space”.

Since the evolution equations describing the �uid �ow are deterministic, we can de-

scribe the trajectorya(t) in state space using a simple general formula

da
dt

= F (a; t);

whereF (a; t) is a vector �eld in the state space. This equation describes a dynamical

system. Consider a change of the notation fora(t) to a more familiar form. Leta(t) !

x (t), so x (t) now represents the column vector containing the entire physical �uid �ow

�eld at time t.

Exact coherent structures, turbulent trajectories, and heteroclinic/homoclinic connec-

tions coexist in the high-dimensional state space described above. In fact, all trajectories in

the state space can be described using the mathematical de�nition of a dynamical system.

Using the new notationx (t), a dynamical system is de�ned as

dx
dt

= F (x ; t) (1.1)
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wherex � x (t) is the current state andF (x ; t) is the time-t map for the system. For

�uid �ows, the Navier-Stokes equation can be recast into a dynamical system of the same

form as equation 1.1 whereF (x ; t) is the right-hand side of the Navier-Stokes equation

with everything moved to the right side, except for the time derivative of the �ow2. It is

worth noting that both the state space vectorx (t) and the vector �eldu (x ; t) in the physical

space contain the same information: vector �eld of velocities at a point in time. They both

represent the same object, exceptx is being used to represent a point in the state space,

while u represent the vector �eld in physical space3.

Given an initial conditionu(0), the governing equation (1.1) uniquely determines the

trajectory (solution)u (t) = f t (u (0)) in the state space, wheref t (u ) is the time-t map,

which takes stateu and evolves it forward in time byt. For example, exact coherent

structures correspond to unstable solutions with the following properties:

Equilibrium: u � f t (u ) = 0; 8t (1.2)

Periodic Orbit: u � f T (u ) = 0 (1.3)

Relative Equilibrium: u � R� f t (u ) = 0; 8t (1.4)

Relative Periodic Orbit: u � R� f T (u ) = 0 (1.5)

whereT is the period andR� is the rotation operator such thatR� u(� ) = u(� + � ). In

state space, it is the rule which smoothly advances a pointx to the point on the trajectory a

time t later.
2The term �ow will be used to refer to either a �uid �ow in the three-dimensional physical space or a

vector �ow in a high-dimensional state space. The usage should be clear from the context. However, the
author will be explicit about referencing state space or physical space to prevent contextual ambiguity.

3Vectorsx andu both represent the same object. The vectorx will be used for the vector �eld in state
space while the vector �eldu will refer to the object in physical space.
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1.2.2 Hopf's idea

Dynamical systems theory often aims to determine the long-term behavior of chaotic sys-

tems using geometrical and qualitative arguments. In many cases, the mathematical de-

scription of a dynamical system is assumed to be deterministic. The governing dynamical

systems equation fully determines a point's evolution in the high-dimensional state space

given an initial condition, thereby tracing a unique trajectory in the state space. Turbulence

in the physical space is associated with the emergence of a chaotic attractor in the state

space. Trajectories on the chaotic attractor meander in what appears to be an unpredictable

manner. However, this is not the case. The geometry of the attractor directly guides tur-

bulent evolution. Evidence suggests that turbulence lives in a chaotic saddle in the state

space [7]. In the 1940s, Eberhard Hopf suggested that turbulence can be thought of as a

deterministic walk through a �xed collection of patterns in the state space [8, 9]. It was this

idea that motivated a deterministic approach to tackling the problem of turbulence.

Recent theoretical and experimental work has revealed several classes of solutions of

Navier-Stokes, presently known as Exact Coherent Structures (ECSs)4, which capture fun-

damental features of observed coherent structures in turbulent �ows [10, 11, 12, 13, 14,

15, 16, 17]. These unstable solutions represent the collection of patterns referred to by

Hopf. ECSs have been found in plane Couette �ow [18, 19, 20, 21, 22, 23, 24, 25, 26,

27, 28], plane Poiseuille �ow [29, 30, 31, 32, 25, 33, 26], pipe �ow [34, 35, 36, 37, 38,

39, 40], Taylor-Couette [41, 42, 43], and Kolmogorov �ow [44, 45, 46, 47] in the form of

equilibria, periodic orbits, relative equilibria, and relative periodic orbits. ECSs correspond

to different types of recurrent solutions and come in many forms. Two commonly found

solution types are equilibria and periodic orbits. Readers may know these solution types

by other nomenclature; �xed or stationary points and limit cycles, respectively. In sys-

4The dynamical systems literature refers to invariant solutions by a variety of names, which refer to the
same geometric objects. Outside of the �uids community, unstable periodic orbits are called UPOs. By
de�nition, exact coherent structures are unstable solutions. Thus, unstable periodic orbits (UPOs) fall under
the category of exact coherent structures.
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Figure 1.9: A schematic illustrating turbulence from the perspective of dynamical systems.

tems with continuous symmetries, additional solution types are possible: relative equilibria

(REs) and relative periodic orbits (RPOs).

Hopf's idea helps explain why coherent structures are observed and why they often ap-

pear in �uid �ows. Coherent structures are observed frequently in turbulent �ows because

the turbulent trajectory in the state space is roaming close to one solution, then to another

solution, and to another one. Since ECSs are unstable, the turbulent trajectory in the state

space spends a fraction of its' time near one solution before eventually being pushed to-

wards a different ECS. This process is repeated continuously, and when observed in phys-

ical space, we call this phenomenon turbulence. Thus, ECSs connect �uid turbulence to

dynamical systems theory.

An ECS-based description of turbulence is portrayed as a cartoon schematic in Fig-

ure 1.9. This �gure helps illustrate and conceptualize the dynamics that are happening to

a turbulent trajectory as it wanders around in the state space. The turbulent trajectory (red

curve) roams the state space of the turbulent attractor, approaching ECSs (orange points)
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along the solution's stable manifold and then leaving their neighborhood following the un-

stable manifold. Heteroclinic and homoclinic connections (gray curves), which lie at the

intersection between stable and unstable manifolds, de�ne the dynamical paths that connect

neighborhoods of different ECSs. While the turbulent �ow is in the vicinity of an ECS, the

observer sees familiar recurring patterns (coherent structures). The long-term behavior of

the trajectory is dependent upon the dynamical connections between the solutions. These

connections between solutions guide the trajectory from one region of the state space to

the next. Therefore, �nding dynamically dominant ECSs and the dynamical connections

between them provides a means to make de�nitive future predictions.

Knowledge of the dynamical connections between ECSs allows you to forecast and

control system dynamics. Previously, heteroclinic connections have been successfully

computed between ECSs [48, 49]. Furthermore, recent experiments in Kolmogorov �ow

show a turbulent trajectory in the state space following the unstable (sub)manifold of one

of these equilibria [45, 49]. Moreover, both experimental and numerical data show a tur-

bulent �ow following the unstable (sub)manifold for a period extending beyond the linear

neighborhood of the solution. This discovery is signi�cant as it is the �rst experimental

evidence of a trajectory following an unstable (sub)manifold [49].

So far, we have portrayed an ECS to be relevant if the turbulent �ow comes close to it.

However, this is not correct. For periodic orbits, relative equilibria, and relative periodic

orbits, closeness does not imply dynamical importance. Instead, the turbulent trajectory

should come close to the ECS, but it must stay close to the solution and coevolve with it.

This means the turbulent trajectory should track or follow the ECS's orbit in the state space.

Therefore, in physical space, we observe features characteristic of the underlying solution

that turbulence is shadowing. That is, the turbulent �ow mimics the spatial and temporal

structure of the nearby ECS. When this situation occurs, it is called shadowing. When a

turbulent �ow shadows an ECS, then that solution is dynamically important.

The cartoon depiction in Figure 1.9 portrays the fundamental idea behind an ECS-based
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