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NOMENCLATURE
&
Al area occupied by phase 1
é A, area occupied by phase 2 . L
. A cross-sectional area
¢ A
o area-averaged void fractiomn, o = Kg
(o
é b length of the parallel plates :
: Q ;
. . . . . 2 .
2 B8 "flowing" volumetric concentration, g = :
;g | Q,*Q, .
T C1 constant defined_by equation (15), Chapter I '
% C2 constant defined by equation (16), Chapter I
: D diameter of circular pipe :
. 4A |
DH hydraulic diameter, DH = _F;
L two-phase Moody friction factor .
i G total mass flux, G = P1I1¥Pyd, %
. h distance between parallel plates .
} velocity for center of volume, j = j1+j2
_ 3
j superficial velocity for phase 1, j, =
1 1 A
. . . .9
i, superficial velocity for phase 2, i, = EE :
k parameter defined by equation (16), Chapter III .
| [ characteristic length
g (ﬂ—E pressure drop per unit length ¢
3 &
o pq density for phase 1 E
sy density for phase 2
%i
p mixture density




volumetric flow rate for phase 1

volumetric flow rate for phase 2

square root of the two-phase frictiomal pressure
drop to the frictional pressure drop that would
result if the liquid phase occupied the entire
pipe alone :

square root of the two-phase frictional pressure
drop to the frictional pressure drop that would
result if the gas phase occupied the entire

pipe alone

Reynolds number based on hydraulic diameter

V2
"slip" ratio, § = —
Vi
difference in specific velumes of saturated liquid
and vapor

specific volume of liquid
average axial velocity for phase 1
average axial velocity for phase 2
relative velocity, v = Fz-Vi
velocity for the center of mass
mixture kinematic viscosity
absolute viscosity for phase 1
absolute viscosity for phase 2
mixture absolute viscosity
X Martinelli parameter for viscous-viscous

Vv

(x,y,z) rectangular Cartesian coordinates
P,Q
. - 272




NOMENCLATURE
Appendix A

cross-sectional area of rectangular duct
coefficient defined by equation (26)
coefficient defined by equation (27)
width of the rectangular duct

depth of the less viscous phase
depth.of the more viscous phase
height of the rectangular duct
coefficient defined by equation
coefficient defined by equatibn
hyperbolic cosine function
hydraulic diameter

Moody friction factor

dimensional conversion factor = 32.174 lbm-ft/Ibf—sec2

location of the interface with respect to the
centerline

functions defined by equation (9)
absolute viscosity ratio, (uzfulj
variable defined by equation (20)
static pressure |

volumetric flow rate for phase 1
volumetric flow rate for phase 2

density for phase 1




Py density for phase 2

sh_ hyperbolic sine function

vy local velocity for phase 1 in z-direction
v, local velocity for phase 2 in z-directien
Hy absolute viscosity for phase 1

Uy absolute viscosity for phase 2

{(x,y,z) rectangular Cartesian coordinates

Yl,YZ variables defined by equation (23}




NOMENCLATURE
Appendix B

coefficient defined by equation
coefficient defined by equation
length of the interface
area-avéraged void fraction
coefficient defined by equation
coefficient defined by equation
hyperbolic cosine function
cotangent function

elementary cross-sectional area

bi-polar coordinates in Figure 8

.gravitational constant = 32,174 ft/sec2

pipe inclination angle

parameter defined by equation (3)
parameter defined by equation (4)
dummy integration variable

static pressure

volumetric flow rate for phase 1
volumetric flow rate for phase 2
density for phase 1

density for phase 2

radial lengths defined in Figure 8




pipe radius

hyperbolic sine function

angular measures defined in Figure 8
axial velocity for phase 1

axial velocity for phase 2

absolute viscosity for phase 1
absolute viscosity for phase 2
rectangular Cartesian coordinates
function defined by equation (14)

function defined by equation (15)




SUMMARY

The purpose of this thesis is threefold. First, the
proper definition for the mixture kinematic viscosity, Vi *
will be developed for stratified, horizontal flow systems.
Secondly, using this definition for Vs an appropriate
expression for the two-phase Reynelds number will be derived

which is used as the similarity parameter for modeling the

friction factor in two-phase, separated fliow. And thirdly,

a correlation is presented for predicting the volumetric
concentration in separated, two-phase flow.

The results of this analysis will show that the
two-phase friction factor reduces to the well-known pressure
drop correlation applicable to single-phase flow in terms of
the Moody friction factor and the Reynolds number defined in
this analysis. In addition, the author's void fraction
correlation will show that Hewitt's "triangular' relation-
ship for the volume flow rates, overall pressure drop, and
the void fraction, does not hold for laminar, horizontal,
stratified flows.

The three separated flow systems analyzed are: (1)
flow between wide, horizontal parallel plates; (2) flow
through horizontal, rectangular ducts; and (3) flow through
horizontal, circular pipes. 1In all three cases, the drift

or diffusion flow model is used to establish the correct




expression for the mixture viscosity. Experimental data
are used to test the validity of this analysis for predicting

the frictional pressure drop and void fraction. Excellent

agreement is shown between experimental and predicted

results.




CHAPTER 1

INTRCDUCTION

1.1 Significance of the Problem

The frequent occurrence of two-phase, single- and/or
two-component flow in pipelines is characteristic of many
modern petroleum, chemical, and nuclear systems. Two current
problem areas are the ability to accurately predict the
pressure losses and the volumetric concentration in these
pipelines. One of the flow regimes frequently observed is
stratified flow. This type of two-phase flow has been
demonstrated experimentally by several investigators [4,5,28,

33] and it is the subject of this work.

1.2 Review of the Literature

A literature search with respect to horizontal, two-

phase flow in conduits revealed that a logical and general

method for accurately predicting the frictional pressure
drop and volumetric concentration does not exist. Numerous
good references [3,10,14,19,29,31] containing discussions of
horizontal flow correlations point out that most of these
correlations are empirical; therefore, they are subject to
the limitations of their own data,

Many investigators seem to rely on the work of

Lockhart and Martinelli [21] and Martinelli et al. [23] as




the classical approach to this problem. The correlation of
the latter was established by performing numerous experi-
ments in horizontal, circular pipes covering a wide range of
flow rates at atmospheric pressures. The experimental data
were separated into four basic groups depending on whether
each phase was flowing in the laminar or turbulent state.

The parameters @L and ¢G’ defined in the Nomenclature, were
determined and plotted against the Martinelli parameter, X,
which is a function of input system quantities and fluid
properties only. The Martinelli parameter for laminar-laminar

flow, X is also defined in the Nomenclature. Their corre-

vy’
lations for predicting the frictional pressure drop and the

void fraction are shown in Figure 1. Although the Lockhart-

Martinelli correlation gives good agreement in a number of
cases, it has been shown to be quite inaccurate in the case
of stratified fluid flow [2,5,8,11].

Another and more commonly used approach is to treat
the two fluids as if they were a homogeneous mixture with
appropriately defined mixture properties (i.e. mixture
density and mixture viscosity). Herein lies the major
problem. How does one define these mixture properties?

Many investigators [1,2,7,9,12,16,18,22,24,25,26]
have tried to establish a frictional pressure drop corre-
lation similar to that obtained in single-phase flow (in
terms of the Moody friction factor and the fluid Reynolds

number} by choosing arbitrary and artificial definitions
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Figure 1. Lockhart-Martinelli Correlation
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for the mixture viscosity to use in the definition of the
Reynolds number. Numerous definitions for this two-phase
viscosity are found in the literature and the researchers
all claim that their expressions are the proper definition
to use. Seven of the most publicized definitions plus a
Russian definition are presented below to illustrate the

wide variety from which one has had to choose, They are:
(1) (Owens [26], 1562}
(2) (Isbin et al., [18], 1957 and

McAddams et al. [24], 1962)

{3) (Cicchitti et al. [7], 1960)
(4) (Hagendorn [16}, 1965)
(5) (1-5)u1+6h2 (Bankoff [1], 1960)
(6) (1-8)ug+8u,C, (Dukler et al. [12], 1954 and

Ngyuen and Spedding [25], 1973)

(7 v;B + EE (Mamaev et al. [22], 1969)

hY
Ve
(8) “1[1+Xv‘g] (Davidson [9], 1948)
| £

where the mass quality, x, the volumetric flux concentration,
B, and the void fraction, o, are defined in the Nomenclature.
The parameter C2 is defined in equation (16}.

Notice that in every expression but (8), the mixture
viscosity reduces to the correct result at the extremes;

that is, when




and when

um=“2

(vm=v2]

Three of the previous expressions for the mixture viscosity
are plotted versus the quality in Figure 2 to point out the
large differences ome could encounter during any analysis
involving a definition for the viscosity depending on his
choice of equations (1) through (8). It is easily seen in
Figure 2 that the values can differ by a factor of 5 in the
worst case!

An entirely different and novel approach to the problem
of predicting the frictional pressure drop was undertaken by
bukler, Wicks, and Cleveland [12] in 1964 and rederived by
Ngyuen and Spedding [25] in 1973. Dukler et al. introduced
and developed a correlation through similarity analysis.
Their resulting expressions for the EBuler number and the

mixture Reynolds number are




(1~x]u1+xu2

Figure 2. Non-Dimensional Viscosity Ratio
versus Quality for (uszl) = 20.1
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As a consequence of this approach, the mixture density,

Prp> Was defined as
prp = (1-Blpy*Bp,Cq
and the mixtur§ viscosity, Upp, as
upp = (1-BJuq+8u,C,

where the constants C1 and C2 are given by

. dvG .
_ Vo2 dz. Ve, ReRy
€y = (%—) (a;;)(;g)[:"‘*]
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Dukler et al. considered four special cases and made
various assumptions in each case to evaluate C1 and CZ‘ The
two more important cases of interest are the case of flow
without "slip" and the case of flow with "slip'. In both
cases, Cl and C2 were assumed to be equal to one.

In Chapter II a brief discussion on the separated
flow models (i.e. the two-fluid model and the diffusion or
drift model) will show why Dukler's et al. method, as well
as the methods of many other investigators who used the
homogenecous model approach, are not consistent with these
models.

In 1967, Yu {33] did analytical and experimental
research on the two-phase frictional pressure drop in laminar,
stratified fiow in horizontal conduits of varying cross
Section. In his analysis he introduces the congept of an
apparent mixture viscosity which is very similar to the
author’s expression for flow in rectangular ducts in Chapter
IV. However, he did not use this definition to propose a
correlation for predicting the frictional pressure drop, nor

did he propose a method for predicting the void fraction.




1.3 Purpose

The purpose of this thesis is threefold: (1) to
develop the correct definition for the mixture kinematic
‘viscosity, Vi for stratified flow systems; (2) to derive
an appropriate expression for the mixture Reynolds number
which can be used as a similarity parameter for modeling
the friction factor in two-phase flow; and (3) to present a
correlation for predicting the void fraction in horizontal,
separated flow.

The results of this analysis will show that when the
Reynolds number similarity group defined in this analysis
is used, the two-phase friction factor reduces to the well-
known Moody friction factor applicable to single-phase flow
systems. Thus, the Moody friction factor in both tﬁo-phase
and single-phase flow can be correlated on the same diagram.

This confirms that the Reynolds number, as defined in this

analysis, is the correct similarity group to be used in

frictional pressure drop models.

Furthermore, the void fraction correlation as a
result of this analysis will show that the “triangular"
relationship claimed by Hewitt [17] does not hold for
separated, twonhase flow. Hewitt bases his "triangular"
relationship on three parameters: the individuwal volume
flow rates, the overall pressure drep, and the void fraction.
He claims that in order to calculate the void fraction, a

knowledge of both the volume flow rates and the overall




pressure drop must be known. In other words, according to

Hewitt, to predict any one of the three previously mentioned
parameters, one must know the other two parameters.
Experimental data are used to check the validity of

both the pressure drop and void fraction correlations.




CHAPTER II

FLOW MODEL FORMULATION

2.1 General

The numerous analyses based on the area-averaged
separated flow model can be divided into two basic groups.
One is the two-fluid model which is formulated by considering

gach phase separately, whereas the second is the diffusion

or drift model which is formulated by considering the entire
mixture. It is this latter flow model which will be the
basis of the analyses in Chapters III, IV, and V to develop
pressure drop and void fraction correlations for horizontal,
separated flow.

Before discussing the drift model, a brief discussion
of the two-fluid model is included to point out the major

differences in these two models.

2.2 Two-Fluid Model

The two-fluid model is formulated by considering each
phase separately. Therefore, this formulation is expressed
in terms of six field equations: two continuity equations,
two momentum equations, and two energy equations.

This model will yield satisfactory results whenever

the two mixture components are weakly coupled, that is when

equalization of velocities does not occur [20]. This can be




expected whenever there is a large difference between the
densities and the velocities of the two components.

Thus, the model will be applicable to problems con-
cerned with the dynamics of the interface and other inter-
actions between the two phases. Since any formulation based
on this model is represented in terms of six field equations,
a mathematical analysis may be quite difficult; thus, it is
not an effective model for system dynamics analyses or for

determining mixture properties,.

2.3 Diffusion or Drift Model

In contrast to the two-fluid model, the diffusion or
drift model is formulated by considering the entire mixture,
Therefore, the resulting formulation is expressed in terms
of four field equations: three for the mixture plus the
void propagation equation for one of the phases [34]. As
peinted out by [20] the drift model follows the similar well-
established approach used to analyze the dynamic behavior of
chemically reacting binary mixtures. It is therefore

applicable whenever the two mixture components are c¢losely

coupled, that is, whenever they interact so that their

differences between the velocities and the other properties
are small., Hence, attention is focused on the relative
motion rather than the motion of the individual phases. And
the field equations must be based on the baricenter, or

center of mass, of the mixture.
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This last requirement that the conservation equations
be expressed in terms of the baricenter is where so many
investigators' formulations have been wrong. Although the
many traditional formulations were based on the three conser-
vation equations, they did not express these equations in
terms of the baricenter. Thus, one important consequence
from this is that the mixture properties were not properly
defined! 1In fact, various authors were forced to introduce
no less than four definitions for the mixture density [20].
And note that there are many more expressions for the mixture
viscosity similar to the eight expressions in Chapter I.

Therefore, in the following chapters,.the author will
show the correct and consistent approach to use in developing

a pressure drop correlation based on this drift model.




CHAPTER III

STRATIFIED, LAMINAR FLOW BETWEEN WIDE,
HORIZONTAL PARALLEL PLATES

3.1 Governing Eguations

The two-phase frictional pressure drop will be
analyzed analytically for the case 0of stratified, laminar
flow between wide, horizontal parallel plates., The flow
model is depicted in Figure 3. The basic differential
equation governing the laminar, horizontal, fully-developed

flow of an incompressible Newtonian fluid is

2
o=-g§+u(i§) (1)

Thus, for phase 1 and phase 2, respectively, one has

d dzvl :
- HE + Hl(—g;f) (2)

dzv

d 2
o A T pwe

or rearranging equations {(2) and (3), one obtains




b
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Figure 3. Separated Flow Model for Wide, Horizontal
Parallel Plates




k = %(gg) X

The solutions to equations (4) and (5) yield the
velocity distribution for each phase, respectively [2,22,32].
Note that the velocity distribution for phase 1 in Whitaker
[32] contains an error. The area-averaged velocity for each
phase is obtained by integrating the solutions teo equations
(4) and (5) over their respective depths, h1 and h2’ Thus,
the average velocities for phase 1 and phase 2, respectively,

become [22]:

2 — —
- - %-k(l-&)[té;a) R
1 (L-aju,+auy

Y1




{1-0)
(1_ajuZ+ah1

+

3u2

where o is defined to be area-averaged void fraction per

unit depth; i.e.

3.2 Velocity for the Center of Volume, j

The superficial velocity for phase 1 and phase 2,

respectively, is defined as

Substitution of equation (9) into equation (10) gives

hz(l-a)zk[(l-a) . 3 ]
2 Sy (1-5)u2+au1

I

nelk, & (1-3)

- +

Iy = AT

(1'a)u2+aul




The velocity for the center of volume, j, is obtained
by adding the superficial velocity for phase 1 and the

superficial velocity for phase 2; thus, j becomes

2 -3 =3 — =
hsk[(l—ql__+ a” . _3o(l-a)

Iy T T I tT
1 2 (l-a)u2+au1

1

or substituting for k defined in equation (6}, one gets

2 —3 3 —
. - . b dpy,(1-0)” 0" . 3a(l-o)
L 7@ (1—E)u2+au1]

3.3 Relative Velocity, v,

The relative velocity, L) is defined as the differ-
ence between the average velocity for phase 2 and the

average velocity for phase 1; i.e.

Substitution for ?2 and Fl defined in equations (7) and

(8) into equation (15} gives

2
h
r- 8K

R e o
Ha H1

or substituting for k from equation (6), L becomes




2 -2 - 2
_ h®,d o” (1-o0)
VI‘ =T TZ‘(H};‘) [112 Ul ]

3.4 Velocity for the Center of Mass, v

Zuber and Dougherty [34] have shown that the velocity

for the baricenter or the center of mass can be computed by

e = P17P)
Vi = j-atl—a][e—agw]vr (18)

Therefore, the defining equation for_vm becones

2 -3
_ h” . d 1-a)
m chag)[( vi *

after substituting equations (14) and (17) into equation (18).
Notice that in equation (19) the expression inside the
brackets must have the units of a kinematic viscosity. Hence,
one can define the mixture kinematic viscosity based on the
diffusion model, vy @S
53 3a(1-a)p

— .

V2 (L-2)u,*omy

Equation (20) can be expressed as

+ I{o, properties}




where the function, I, which accounts for the interaction

between the two phases, becomes

1= - 8B —2 LR A,
(1~a)u2+mu1 1 2

3(1-3) (22-1) (py-py)

The absolute mixture viscosity, U, can then be

computed from

where the mixture density, P is defined as

P

= (1-a)oq*ap,

From an electrical analog, the kinematic mixture
viscosity defined in equations {21) and (22) can be thought
of as the sum of two "resistances" acting in parallel (i.e.

Lligl and %v) plus an interaction term, I, due to both
"re;istanceg." It is important to note that in all other
expressions for the mixture viscosity [1,2,7,9,12,16,18,22,24,
25,26] this interaction term has not been included. It is
readily seen in equation (22} that the interaction expression

is negligible whenever the void fraction, o, is very close




to zero or one, and whenever the difference between the
absolute viscosities of the two fluids is small. All other

cases must be determined from experiment.

3.5 Moody Friction Factor, fM

By considering a force balance on the flow system,

one can always write

(25)

A
A
=5 {—P-i-)

where P, is the wetted perimeter. By definition, the wall
shear stress, T,s Can be expressed in terms of the Moody

friction factor, fM’ as

v 2

B°n'm

Substitution of equation (27) into eguation (26)

gives

Rewriting equation (19) as




2 2
_ h®, dp, _ h% A
oV = T70) = 77(CH) (29)

and substituting equation (29) into equation (28), one gets
(30)

Multiplication of the RHS of equation (30) by one

(i.e. DH/DH, where D, is the hydraulic diameter defined to

H
be equal four times the cross-sectional area divided by the

wetted perimetcr) results in the following expression:

From Figure 3, one can write

Ac = bh, P, = 2b (32)
and substituting equation (32) into equation (31) gives the
following expression for the two-phase Moedy friction factor,
fM,:

fM = 96/ReH

where the mixture Reynolds number based on the hydraulic

diameter, Re is defined as

H’




(34)

Notice that equation (33) is identical to the equation
used for the case of single-phase flow through wide, hori-
zontal parallel plates when correlating the single-phase
friction factor with the fluid Reynolds number. Thus, by
appropriately defining the two-phase mixture kinematic
viscosity as in equation (16), the two-phase flow problem
reduces to a ""pseudo-homogeneous' flow with constant

properties.

3.6 Void Fraction Correlation

Recalling the definition of j, and j, in equations

(11) and (12), respectively, one can form the ratio,

j,/iqs i.e.

2@ . (1)

. @ [3u * — -

Ja QZ/AC _ Q, ) 2 (l—a)u2+aul

1 &A% a-mf L ECH—
1 (l-a)u2+aul

or, in terms of the "slip", ?2/51, one obtains




3u = -
2 (1 a)u2+au1

e |
127" (36)

/0D gy D, &
¥y (1-a)u,+ouy

or, in terms of the "flowing'" volumetric concentration, B,

one gets the following expression:

20 & . (1-%) ]

. o =
} Q, . 3, ) 2 (1—3)u2+mul
IR P B P s A1
FLM2 (1@

After algebraically manipulating equations (35), (36},

and (37), an expression of the following form can be obtained:

— =2, =3, =& _
A0+A1u+A2m +Asa +A4a =0 (38)
where the coefficients, Ai's, are given in equations (39),

(40), and (41) corresponding to the previous three different

ratios, jZ/jl, Vz/?l; and B. They are:

Moz Q
(ﬁ;) (QI)

o W2 Q,
- 4(EI)[HI'1](Q;J
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It is clearly seen from equations (39), (40), and
(41) that the void fraction, &, can be computed solely from
the input volumetric flow rates for each phase and their
respective properties. The void fraction does not depend on
a knowledge of the pressure drop. Therefore, the "triangular"

relationship as claimed by Hewitt {17] does not exist!
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CHAPTER 1V

STRATIFIED, LAMINAR FLOW THROUGH HORIZONTAL,

RECTANGULAR DUCTS

_4.1 General

The two-phase frictional pressure drop for stratified,
laminar flow through horizontal, rectangular ducts will be
analyzed analytically and then tested with the available
experimental data. The flow model is depicted in Figure 4.
The exact analytical solution for the velocity distribution
for each phase and their subsequent volume flow rates have
been derived by Charles and Lilleleht [3] and Yu [33]. It
should be noted that the Fourier coefficients A;n and B;n in

Yu's analysis are incorrectly printed.

4,2 Velocity for the Center of Mass, Vi

‘The theoretical volume flow rates for phase 1 and
phase é, respectively, have been derived by [5] and are

presented in Appendix A, equations (35) and (36). They are:

4 w
Q - li% I (537 ° (AL () {1-ch(nb ) }+B{(n)sh(nb )]
2, .3 o
3K137hy

and




Figure 4. Separated Flow Model for Horizontal,
Rectangular Ducts




(f-i—iT) >[AS (n) {ch(nb,)-1}+B}(n)sh(nb,)]
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Equations (1) and (2) can be rewritten as

o £, (n)
Q = - xap’idiza-m- T-g z [—5 ——-k—~]}

_ e f,(n)
Q, = - %kzabS{(-g)ZZa——-z—z-ﬁ 5 [..5 T“]}

a“b” n
where the functions fl{n) and fz(n) are defined to be

fl(n) = Ai(n){l—ch(nbl)}+Bi(n)sh(nb1]

fz(n) = Aé(n)[ch(nbz)-l]+Bé(n)5h(nb2] . - (6)

The functions Ai(n), Aé(n), Bi(n), and Bé(n) are defined in
Appendix A, equations (26}, (27), (28), and (29}, respectively.

From Figure 4, one can write




b, = 2b(1-3), b, = 2ba

and dividing the expressions defined in equations (1) and
(2) by the cross-sectional area, Ac, which is equal to 4ab,

one gets the superficial velocities for phase 1 and phase Z,

respectively, as

Qp 1. .2..8.2,, — 3 =1
iy 2 = - kU @IA-E) 5 T I ()
1 C 371 b a“b” nnn 1

_ 1, ,2,.,a.2— 3 21
JZ = = - —S-kzb {(b—) U"a—TI;"z'i ;gfz(n)} .

The defining equation for the velocity for the center

of mass can be obtained from

Thus, after substitution of equations (8) and (9) into

equation (10), one obtains

1

F1 F
-1 dp..2.1.72
P @ 5,

where the functions Fi and Fé are defined to be
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From equations (12) and (13) it is seen that the
functions F; and Fj depend on both the void fraction, o, and
the aspect ratio, a/b. The author chooses to express the

functions defined in equations (12) and (13) as

(15)

where the function F (see Appendix A, equation (31)) is

defined to be

Now, rewriting equation {11) as




one can choose to define the mixture kinematic viscosity for

the two-phase flow through horizental, rectangular ducts as

(18)

Equation (18) is in a deceivingly compact form, and
it appears as though no interaction term results similar to
that obtained in Chapter II1 for the case of flow through
horizontal parallel plates. However, this is not the case.
An expression for the mixture kinematic viscosity, Vs can
be obtained after some lengthy algebraic manipulations in a

form similar to the one for parallel plates. The result is

155
=l -
n 1 72

1 o3
=) I {
°n n

As before, the mixture kinematic viscosity can be thought

of as the sum of two "resistances'" acting in parallel plus

an interaction term.

4.3 Moody Friction Factor, fM

Recall from Chapter I1I, equation (28) that the Moody




friction factor is defined as

Rewriting equation

3p.v. v

-2 ) - e ank o (21)

and substituting equation (21) into equation (20) results in

(22)

Similarly, by multiplying the RHS of equation (22) by

one (i.e. DH/DH) and simplifying, one obtains fM as

where the mixture Reynolds number based on the hydraulic

diameter, ReH, is

Now, from Figure 4, one can write




A, = dab, P = 4(a+b) (25)

and substitution of equation (25) into equation (23) gives

g =96 B 421
M~ F 1+(%) Rey

where a/b is the aspect ratio. Equation (26) will be checked

with experimental data in Section 4.5.

4.4 Void Fraction Correlation

Due to the nature of the expressions defined in
equations (1} and (2), one cannot explicitly solve for the
void fraction, o, by forming any of the ratios (35731)>
(Gé/fi), or g. Although the problem is complicated by the
fact that the volume flow rates for each phase are dependent
on the system geometry and the void fraction, the infinite
series in equations (1) and (2) are in no way a deterrent to
the practical use of these theoretical expressions. These
series converge very rapidly; hence, only 4-10 terms were
needed to obtain an answer accurate to within 1/10,000th
absolute error. All machine computations were done on the
UNIVAC 1108 at the Rich Computer Center on the Georgia Tech

campus.

One simple but effective method which was used by

the author for predicting the void fraction is described here.




The functions F, and F, are computed as a function of the
void fraction, «, for a particular aspect ratio, a/b, and
for constant fluid properties. The void fraction is incre-
mented in steps of 0.05 covering the range from zero to one.
Then, the ratio B, which is the "flowing"™ volumetric
concentration defined to be equal to QZ/(Q1+Q2), is formed

for each void fraction from zero to one. Thus, B becomes

Q F,/u
(a) = o2 o 22
Tt Fy/ngtFy u,

or rearranging, one gets

F,(a}
B{a) = 2

(ﬁfoFl(a)+F2(a)

Therefore, for any selected aspect ratio, a/b, and
constant viscosity ratio, (uz/ul], the void fraction, a, can
be determined from equation (28) by knowing the input
volume flow rates for each phase and then computing the
"flowing" volumetric concentration, 8. It does not require
a knowledge of the pressure drop; therefore, as before, the
"triangular" relationship claimed by Hewitt does not exist!

The author has chosen to correlate a versus B because

upon inspection of the ratio FZ/F1 (or Fl/Fz), one can easily




see that its value ranges from zero to infinity (or infinity
to zero). This is not a physically appealing nor a
convenient range over which to interpolate any function.

The increment on the void fraction of 0.05 is small enough
so that interpolation using equation (28) is good to four

decimal places.

4.5 Experimental Verification

A search through the two-phase literature for.complete-
sets of experimental data subject to the earlier assumptions
of Section 4.1 yielded only the one data set of Hao-Sheng Yu
{33} with which to test the validity of this analysis.

Yu performed experiments with a light paraffin oil
and water in a 25 foot long rectangular duct of a/b = 2.0.
Measurements were made on the local pressure, interface
shape, flow rates, and fluid temperatures. With this data,
the Moody friction factor defined in equation (20) was
plotted versus the two-phase mixture Reynolds number defined
in equation (24). The result is shown in Figure 5. The
so0lid l1line in this figure is the theoretical result predicted

by equation {23); that is,

1
H

2 62.19213 Re

fM (29)

where the function F is equal to 0.68605 for an a/b = 2.0.

As before, notice that equation (29) is identical to
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Figure 5.

Two-Phase Moody Friction Factor
versus Mixture Reynolds Number
for Horizontal, Rectangular Ducts
of a/b = 2.0




the single-phase expression for predicting the friction
factor as a function of the Reynolds number. Thus, by
appropriately defining the two-phase mixture kinematic

viscosity in equation (18), the two-phase flow problem

reduces to a ''pseudo-homogeneous™ single-phase flow one.

Figure 6 is a plot of the predicted void fraction, a,
versus :he “"flowing'" volumetric concentration, B, defined in
equation (28) for an a/b = 2.0 by the author's theory
(solid line) and by the Lockhart-Martinelli correlation
(dotted line}. Notice that the experimental data are in
excellent agreement with the author‘s theory.

Figure 7 is a plot of the two-phase Moody frictiom
factor, fM’ versus the mixture Reynolds number using the
author's theoretical value for o from Figure 6 to evaluate the
kinematic mixture viscosity, Voo instead of Yu's experi-
mentally determined value. Notice that the resulting pressure
drop correlation in Figure 7 is better than the one in

Figure 6.




Lockhart-Martinelli—“\\\- "

o experimental data

Figure 6. Voild Fraction versus "Flowing"
Volumetric Concentration for
Horizontal, Rectangular Ducts
of a/b = 2.0 and [uz/ul) = 28.8
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Two-Phase Moody Friction Factor
versus Mixture Reynolds Number
for Horizontal, Rectangular Ducts
of a/b = 2.0 with a Theoretical
Value for a




CHAPTER V

STRATIFIED, LAMINAR FLOW THROUGH HORIZONTAL,
CIRCULAR PIPES

5.1 General

The two-phase frictional pressure drop for stratified,

laminar flow through horizontal, circular pipes will be
analyzed analytically and then tested with the available
experimental data. The flow model is shown in Figure 8. The
exact analytical solution for the velocity distribution for
the two phases and their corresponding volume flow rates has
been derived by Mamaev et al. [22]. Their analysis 1is

presented in Appendix B for reference.

5.2 Velocity for the Center of Volume, j

The theoretical volume flow rates for the two phases
have been derived by [22] and are presented in Appendix B,

equations (54) and {55). They are

Q




Separated Flow Model for
Horizontal, Circular Pipes




where the functions Fl and FZ’ defined in Appendix B,

equations (56) and (57), are

- ~—{6 -(3+251n e )51n2@ }- 251114@2

mAy ()

1,1 . 2 , 4
= ;{02 z(3+2sin"g,)sin2e,}+2sin 9, x

nlA(m
X f [ctgezch(mez) msh(mez)]ggtﬁgyd

The functions Al(m) and Az(m), also defined in Appendix B,

equations (36) and (37), are

8 mch(m@2](ﬁz-iz]—ctgezsh(mez)(1'&2)
SR (144, ) shim(n-26,) 1- (1+6,) sh(nm)

Apm) =

8 mch(m@l)(kl-ﬁl)-ctgezsh(mel)(R1-1)

- sh(mn)[

A, (m) : :
2 (f1,-1)sh(n(m-20,)]- (L+i)sh(nr)




Adding equations (1) and {2) and then dividing by the

cross-sectional area, A gives an expression for the

C)

velocity for the center of volume, j, as

R )
= + = - = - —_— It
J J1732 A Hy Hg 31 My Uy

2.4 2.
R® (47) 1-g, w510 0,51n20, 4 4
g

I, 1
+ (e D)y
Hp 2

where the integral terms, I1 and 12, are defined to be

i bt MAI (m)
- 2sin BZOI [Ctgelsh{mel)-mCh(mel]]EETﬁ}Tdm (8)

mA, (m)

e nos ® 2
I2 % 2sin OZOI [ctgezch(mez)-msh(mez}]S ) m . (9)

Rewriting j in terms of the functions Fl and F,, one obtains

5.3 Relative Velocity, v,

The average velocity for each phase can be computed as
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or expressing the average velocities in terms of Fl and F
one can obtain

R%(G2) F

_2 -
8]—12 5

Thus, the relative velocity, v_, is obtained by

subtracting equation (12} from equation (11); i.e.

2,d 2.
R*(F5) 13 sin 6251n292( 1 1
8 U, My k{3

-+
(1-0)uy ak,

1+

(15)




or using the definitions in equations (13) and (14), one gets

F
L

Ty (-@

5.4 Velocity for the Center of Mass, Vo
As in Chapter 111, the defining equation for the

velocity for the center of mass, L is

P, =P
v, T 3-8(1-8) (-2

m v

r
lTl

Substitution of equations (7) and (15) into equation (17)
results in
R (HE sinza sin20

l-a. o 2
—g (~—)[—-+m5 77

2 dp
G 4 FyF
— G 5 *5)




after substituting equations (10) and (16) into equation (17).
It is readily seen from equations (18) and (19) that

the expression inside the brackets has the units of a kine-

matic viscosity. Therefore, one can define the two-phase

mixture kinematic viscosity, Vyp» @S

1

. 2 .
— — sin“p,sin?o I. 1
Ao lta, o 2 20 1 1y, 1i 2y
v v Vo 3 v v, Vi VY,

or, in terms of the functions Fl and FZ’ as

F1,F
Y1

1
v

As with the other two stratified flow cases, the
kinematic mixture viscosity can be thought of as the sum of
two 'resistances"”™ acting in parallel plus an interaction
term, I, where this interaction term for horizontal, circular
pipes becomes

. 2 .
sin 6251n20 1 1 I1 I2

2
(o500 * (G
3w \)1 \)2 \)l \)2

5.5 Moody Friction Factor, f

M
Recall that the Moody friction factor can be defined

T T R
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or (expressing it in terms of the hydraulic diameter) as

= 2 AP
M E‘V_‘Z( 0Py -
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Rewriting equation (19) as

d

Spmvm\)m ~ _QP_
L

o il

R

and substituting equation (24) into equation (23} yields the

following expression for Iy

But, the hydraulic diameter for a circular pipe is

identical to the pipe diameter; thus, equation [26) becomes

64, -1

- m _
fM--—\?]-;ﬁ_‘ﬁ‘q'ReD.




This resulting equation is seen to be identical to the
equation used in single-phase flow. Therefore, by appro-
priately defining the two-phase mixture kinematic viscosity,
vy s ONCe again, the two-phase flow problem reduces to a
""pseudo-homogeneous'" single-phase problem. The validity of

this analysis and equation (27) is checked with experimental

data in Section 5.7.

5.6 Void Fraction Correlation

The procedure for predicting the void fraction, a,

in stratified flow through horizontal, circular pipes is the

same that was used in Chapter IV. It is not repeated here.
This method for predicting the void fraction is tested with

experimental data in Section 5.7.

5.7 Experimental Verification

The only available set of experimental data subject
to the author’s previocus assumptions is that of Russell,
Hodson, and Govier [28]. Russell et al. performed experi-
ments with a fairly viscous o0il and water in a (.806 inch
I.D. horizontal, circular pipe. The Moody friction factor
was plotted versus the two-phase mixture Reynolds number.
The result is shown in Figure 9. The solid line in this
figure is the theoretical result predicted by equation (27).
The 1imited experimental data are in fair agreement with the
author's theory.

Figure 10 is a plot of the predicted void fraction
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Figure 9. Two-Phase Moody Friction Factor
versus Mixture Reynolds Number
for Horizontal, Circular Pipes




o experimental data

Figure 10.

Void Fraction versus "Flowing"
Volumetric Concentration for

Horizontal, Circular Pipes with
(uy/uy) = 20.1




versus the "flowing" volumetric concentration by the author's
theory ({solid line) and by the Lockhart-Martinelli corre-
lation (dotted line). Notice again that the experimental

are in better agreement with the author's correlation. Using

the author's correlation for a in the expression for the

mixture kinematic viscosity defined in equation (21), a
plot of fM versus the Re was obtained. The result is shown
in Figure 11.

Figure 12 shows the effect of this interaction term,
I, in the expression for Vo Notice the significant differ-
ences between the curves for the second and third definitions
in this figure. In the worst case, they can differ by as
much as a factor of 5!

Figure 13 is a plot of the average void fraction, a,
versus f for various viscosity ratios (pzful) ranging from
0.001 to 1000. This plot clearly shows that a can be
determined solely from a knowledge of input system quantities
and fluid properties.

Figure 14 is a plot of the functions used in computing
Voo Fl{a) and FZ(a) versus the void fraction for selected
constant viscosity ratios, ﬁz. These functions are defined
in equations (3) and'[4) of Section 5.2. The experimental

data used correspond to a p 20.1.

7 ~
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Figure 11. Two-Phase Moody Friction Factor
versus Mixture Reynolds Number
for Horizontal, Circular Pipes
with Theoretical Value for a




Figure 12. Non-Dimensional Kinematic Mixture
Viscosity versus Void Fraction
for Horizontal, Circular Pipes with
(u,/uy) = 20.1 and (py/py) = 834
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Figure 13.

Average Void Fraction versus
"Flowing" Volumetric Concentration
for Horizoutal, Circular Pipes

for Various Viscosity Ratios,
(szu]] = constant
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Figure 14. Punctions F. and F, versus the Void
Fraction‘fo} Selec%ed Constant Viscosity
Ratios, “2




CHAPTER VI

CONCLUSIONS

The following conclusions are made by the author as

a result of the previous analyses:

(1)

The diffusion or drift flow model is the proper
model to use for predicting the two-phase,
frictional pressure drop for the horizontal,
stratified flow of two Newtonian fluids with a
flat interface.

As a direct consequence from using the drift
model, the velocity for the two-phase mixture
must be defined in terms of the baricenter
instead of the center of volume; this results in
the proper definition for the mixture kinematic

viscosity.

The mixture kinematic viscosity, v,» can be

thought of as the sum of two "resistances"”

acting in parallel plus an interaction term

which can be neglected under special conditions.
The mixture kinematic viscosity together with the
baricenter velocity and the hydraulic diameter
define the Reynolds number for separated, two-

phase flow.




Using this Reynolds number as a similarity
parameter, the frictional pressure drop for

separated, two-phase flow can be correlated in

terms of the standard Moody friction factor.

Thus, the results of this analysis show that the
correlation for frictional pressure drop in
single- and two-phase flow are identical if the
two-phase Reynolds number, defined in this
analysis, is used as the similarity parameter.

In addition to the frictional pressure drop
correlation, the analysis developed in this
thesis yields an expression for the void fraction
in terms of known input parameters, that is,

flow rates, duct geometry, and fluid properties.
And finally, as a result of the author's analysis,
it can be concluded that the "triangular"
relationship claimed by Hewitt [17] does not hold
since both the frictional pressure drop and the

void fraction can be computed simultaneously

given the input parameters (i.e., flow rates,
duct geometry, and fluid properties of the

individual phases or components,
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APPENDIX A
SEPARATED FLOW IN A RECTANGULAR CONDUIT [5]

Charles and Lilleleht [5] have derived expressions
for both the velocity distribution and the volumetric flow
rates for the co-current laminar, stratified flow of two
immiscible, Newtonian fluids in horizontal, rectangular
conduits. Their analysis is presented in this Appendix.

The fiow model is depicted in Figure 4. The flow is
assumed to be fully developed and the interface between the
fluid layers is assumed to be smooth and horizontal. The

conduit is represented by ABCD and the interface by EF.

Fluid 2 flows above fluid 1, the depth being b1 and bz,

" respectively. The width of the duct is 2a. The (x,v,z)
coordinate system has the origin at 0 with the x-axis
coincident with the interface and the flow in the z-direction,

The basic differential equation governing the fiow of

both phases is

which may be written for each phase as




(2)

where v is the local velocity which is a function of both x
and y. The boundary conditions, which are similar to those
used in the previous studies [6,8]) of stratified flow in a

circular pipe, are:

x=+a, 'b15Y30

-a<x<a, y=-b,
V2=D when x=t+a, Oiyﬁbz

-a<x<a, y=b2

when -a<x<a

If a variable Vj is defined by the relationship




k.
v, o+ —Jz(xz—az) (11)

then substitufion for vj into the differential equation (2)

gives

The boundary conditions defined in equations (3) through

now become

V,=0 when x=*a, -b,<y<0

k
.. 1.2 2 _ -
Vl Z(X a”) when -a<x<a, bl

V,=0 when x=*a, 0<y<b,

k
_ 2
Vz— —=(x

2—az] when -a<x<a, y=b,

1 ) 2 2 )
VZFVI = 7(k1 kz)(x a®) a<x<a

Boundary conditions (13) and (15) give Vj = 0 when

x = +a and are satisfied by terms of the form




Y cos [Ei—g-ﬂ] | (19)

where Yj is a function of y only and i is an integer. Let

(2i+1)w
z2a

and substitute
V, = Yj cos (nx)

]

into equation (12); thus one gets

from which it follows that

Yj = Aj[n]sh(ny)+Bj[n)ch(ny] ' (23)

in which Aj(n) and Bj(n] are functions of n and, therefore,
of i but not of x and y. The solution may therefore be

written in the form

[ﬁj(n)sh(ny)+Bj(n)ch(ny)]cos(nx)




which may be considered as a cosine Fourier series, the two
coefficients being functions of y. Two of the six boundary
conditions have been used. Four remain, therefore, for the
evaluation of Aj(n) and Bj(n], j=1,2.

Hence, by using the boundary conditions defined in
equations (14), (16), (17) and (18) in conjunction with

equation (24), the velocity distribution is cbtained as

o

16a” (-t
v, = —=— I ——=—% [A!{n)sh(ny}+B! (n}ch{(ny)icos{nx} +
10 i=o (2i+1) J J _

k.
+ Lb-a?) (25)

where the coefficients Aj(n) and B;(n) for j = 1,2 become
Ai(n) = mAé(n)

kzch(nbl)-kICh(nb2)+(kl-kz)ch(nbl]ch(nbz) 27
ch(nbl)sh(nbz)+msh(nb1)ch(n52)

As(n) =

klsh(nbz}+mk25h(nb1)+m(k1-k2)sh(nb1)ch{nb2)
(28)
CE[nbl)sh(n5274msh(nbl)ch(nb2)

Bj(n) =

mk,sh(nb, )} +k, sh(nb,)- (k;~k,)sh(nb,)ch(nb,)
(29)
ch (nb; )SH(Ab, ) ¥msh(nbd; JCh{Ab,)




A limiting case is of interest: if m = 1 and,
therefore, kl = kz, then the fluids 1 and 2 are identical as
far as the problem is concerned. If, in addition, bl = b2 =
b, then the x-axis lies equidistant between the top and bottom
of the conduit. With these substitutions, equation (25}

reduces to the expression derived by Cornish (8) for the

velocity distribution in single-phase flow given below as

16h2gc o (- l)n 1 Ch[nwx)

X
_"”3"-{ ) 1’3.-.[ 0o [ nﬁa]]] Zb)

8¢ op, 2 2
- Ti(ﬁgj(b -¥%)

and for the volumetric flux, Q, as

g
___TEcep
u (BZ)F ’
Cornish considered a conduit of width 2a and depth 2b and he
located the origin of his coordinates at the axis of the
conduit, with the x-axis horizontal, the y-axis vertical,
and the flow in the z-direction.

The volumetric flow rates, Ql’ and QZ’ are cbtained




by evaluating the integrals

Q

Q,

Substitution for vy and Vo from equation (25) into equations

(33) and (34}, respectively, gives

(EE%IJS[Ai(n)(l—ch(nbl])*Bi(n)éh(nbl)] .

(35)

(7157 " [A} () (ch(nb,) -1)+B (n)sh(nb,) ] -
2 3 :

with Ai(n), Aé(n], Bi(n}, and Bé(n) given by equations ({26)
through (29).




Expressions have been derived in open form for the

velocity distribution and the volumetric flow rates for the
stratified, laminar flow of two immiscible fluids in a
closed rectangular conduit. It is seen from the analysis
that the velocity distribution and flow rates can, there-
fore, be calculated from a knowledge of the physical dimen-
sions of the conduit, the fluid properties, the pressure

gradient, and the position of the interface.




APPENDIX B

SEPARATED FLOW IN THE LAMINAR REGIME
THROUGH A HORIZONTAL, CIRCULAR PIPE* [22]

The'system for the separated flow of two immiscible
fluids with a flat interface is shown in Figure 8. Fluid 1
forms the upper.layer and has a.density iess than that of
fluid 2. The flow is also assumed to be isothermal, fully
developed, with incompressible, Newtonian fliuids of constant
viscosities flowing in a constant cross-sectional pipe.

The basic differential equation governing this type of flow

has the same form in both phases; thus, for phase 1 and phase.

2, respectively, in rectangular Cartesian coordinates, it

becomes

2k
2 (2)

¥

*

It was discovered while examining the original work
that many typographical errors were present in the equations.
The author, together with his advisor, Dr. Novak Zuber, trans-
lated and verified their analysis, and corrected the
expressions containing the errors. Their analysis with
corrected equations is presented in this Appendix for refer-
ence. _ _




The quantities kl and kz are defined as

%(%%gpzcosvil (4}

where the angle v is the pipe inclination angle as measured
from the vertical axis. Hence, for horizontal flow,
(y = %}, the effects due to gravity forces on the flow are
zero.

| Since the rectangular coordinate system is not a very
convenient system to use with this type of flow system
geometry, equations (1) and (2) are transformed to the bi-
polar coordinate system, (e,0). Referring to Figure 8,
the bi-polar coordinate ¢ is defined to be ¢ = 1n(r1/r2),

and thus, (x,y) can be expressed in terms of (¢,0) as

a sh(e) _ _a sin®
ch(e)+coso’ Y ch(e)+cos0

X

Using these relationships in equation (5), for example:
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equations (1) and (2) can be expressed in terns of (e, 0) as

32V1 92V1 2k1a2
8
3e? 392 us[ ch(e) +cos932 (8)
and
? 2 2
9. 3V 2k & (9)
3e2 392 _p,[ch(& +cose] ?
The solutions to equations (8) and (9) yield the
| ocal velocity distribution for each phase, respectively.
Thus, one obtai ns
_ kit er N L 2C0S9
Ve>®e) = " TAMES®) * chioicosel (10)

and

2

VE>@> m mA7A2A18> T ch(0+cosl ety



