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SUMMARY 

Theoretical models of carrier transport in thin semiconducting 

slabs assume symmetrical structural and electrical properties at the 

boundary surface planes. In general such models are physically unrealis­

tic for thin heteroepitaxial films since the substrate is an integral 

part of film growth and application. This work develops a theory of 

electrical conduction in nondegenerate, single crystal, semiconducting 

films on insulating substrates which removes the limitation of symmetri­

cal surface scattering and space charge layers. The theory is used to 

interpret the reported electrical properties of thin epitaxial germanium 

films. The results of a supplementary study of sputtered germanium and 

gallium arsenide films are also presented. 

In the theoretical development the Boltzmann transport equation is 

solved using Fuchs' indices of surface scattering and space charge poten­

tials computed by numerical integration of Poisson's equation. The de­

rived distribution function is incorporated into an integral expression 

of hole and electron conduction as a function of film thickness and elec­

trical surface parameters. Limiting forms of these general expressions 

are derived for the flat band condition and for extrinsic n- and p-type 

films. 

The theoretical expressions for the flat band and extrinsic film 

conductivity are numerically integrated and the results are displayed in 

the form of normalized conductivity versus thickness curves. The flat 
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band results show a decrease in film conductivity as the asymmetrical 

surface scattering becomes more diffuse and film thickness approaches a 

mean free path length. Conductivities of extrinsic films with accumulated 

and depleted surfaces are a function of film thickness, the asymmetrical 

surface scattering and the degree of band bending at both the interface 

and outer film surface. Significant changes in film conductivity occur 

for strongly accumulated or depleted films when the ratio of film thick­

ness to the effective Debye length is less than 10. 

The numerical results are employed to interpret the reported elec­

trical behavior of two series of epitaxial germanium films having differ­

ent bulk carrier concentrations. Agreement between the theoretical and 

experimental data is obtained in each case for the conductivity versus 

thickness dependence and the established bulk and surface characteristics 

of germanium. 

An experimental investigation of the structural and electrical 

properties of gallium arsenide and germanium films grown by radio fre­

quency sputtering supplements the theoretical analyses. Deposition param­

eters using polished (0001) sapphire substrates include sputtering rates 

of 150 to 380 angstroms/minute, substrate temperatures of 350 to 550°C, 

_3 
argon pressures of 4.5 X 10 Torr and target potentials of 3200 volts. 

Germanium was also sputtered onto freshly cleaved (111) calcium fluoride 

at temperatures below 300°C. Film thicknesses lie between 0.079 and 5.45 

microns. Although the films exhibit structure ranging from amorphous to 

highly oriented, fibrous growth, the electrical transport properties are 

inferior to properties reported for similar films grown by other deposi­

tion techniques. 



NOMENCLATURE 

film thickness 

lattice constant 

lattice translation vector 

acceleration 

area 

arbitrary function of integration 

location of potential extremum 

electric field 

Young's modulus 

surface electric field 

extrinsic Fermi level 

intrinsic Fermi level 

perturbed distribution function 

equilibrium part of perturbed distribution function 

f - fo 
perturbation part of perturbed distribution function f 
v positive, negative 

see Equation (10) 

occupation index of ionized acceptors, donors 

space charge functions 

arbitrary function of integration for v positive 

arbitrary function of integration for v negative 

current 



XI 

NOMENCLATURE (Continued) 

J Jacobian 

k Boltzmann's constant 

K integral function 

I distance between potential arm midpoints 

L effective Debye length 

L ,L integral function for v positive, negative 

L Debye length 

m effective carrier mass 

n concentration of electrons 

n bulk electron concentration 
o 

n. intrinsic carrier density 
1 J 

N ,N concentration of acceptors, donors 

p concentration of holes 

p bulk hole concentration 
13 

P,Q phenomenological index of percent of specular scatterin; 

P. input power 

q electronic charge 

Q surface charge density per unit area 
tJ 

% Hall coefficient 

T absolute temperature 

u dimensionless potential 

u dimensionless bulk potential 
D 

u, dimensionless extremum potential 
d 

u„ dimensionless surface potential 
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v velocity 

V voltage 

V r effective bias voltage developed in rf sputtering 

Vu Hall voltage 
n 

w specimen width 

w potential arm width 
a ^ 

Greek 

m 

rectangular coordinate parallel to film surface and monitor' 
ing field 

rectangular coordinate parallel to film surface 

rectangular coordinate normal to film surface 

a fraction of absorbed black body radiation 
a 

af,a average coefficient of thermal expansion for film, substrate 
X. o 

lattice misfit 

A, dislocation spacing 
d 

AN surface excess electron concentration 

AP surface excess hole concentration 

e dimensionless energy parameter 

sn permittivity of free space 

e emissivity 
e 

s dielectric constant 
r 

T index of refraction 

\ carrier mean free path 

X spectral transmittance cutoff wavelength 
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bulk mobility 

charge density 

an Stefan-Boltzmann constant 

a„ bulk conductivity 
B 

o~ film conductivity 

isotropic relaxation time independent of energy 

X. correction factor 
1 

electrostatic potential 

bulk electrostatic potential 
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CHAPTER I 

INTRODUCTION 

Previous theoretical treatments of carrier transport in thin semi­

conducting slabs assume symmetrical structural and electrical properties 

at the planar boundaries. This assumption is not valid, however, in device 

applications employing thin heteroepitaxial films grown and used in con­

junction with an underlying substrate. Crystallographic studies and elec­

trical measurements reveal distinct differences between the interface 

region and the outer film surface. The thin slab model cannot adequately 

characterize the asymmetrical nature of the film. The objective of the 

present investigation is to develop an analytical description of electrical 

conduction in nondegenerate, single crystal semiconducting films without 

being limited to symmetrical surface scattering and space charge layers. 

Three phases, including analytical formulation, numerical computa­

tion and film deposition/analysis delineate the research program. Maxwell 

Boltzmann statistics and phenomenological indices of surface scattering 

are employed to generate solutions of the first order transport equation. 

The potential distribution associated with the space charge layers of 

thin films is obtained by numerical integration of Poisson's equation. 

The perturbed distribution function is incorporated in an integral expres­

sion of film conductivity. Computer solutions are obtained for families 

of realistic surface parameters to sharpen insight into the thickness de­

pendence of surface effects and to tabulate data for subsequent comparison 
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with the reported properties of epitaxial germanium films. An experimental 

investigation of the structural and electrical characteristics of semi­

conducting films grown by radio frequency sputtering supplements the theo­

retical analyses. 

The remainder of Chapter I introduces the historical background 

associated with thin film analysis and deposition. The relationship is 

stressed between this background and the scope of the present theoretical 

and experimental research. 

The theoretical analysis is contained in Chapters II, III and IV. 

Integral expressions of electrical conductivity are derived in Chapter II. 

Chapter III discusses the computational procedures employed in the machine 

solution of these equations. Numerical results are presented in Chapter 

IV as generalized curves of conductivity as a function of film thickness. 

Chapters V and VI describe the experimental apparatus and techniques 

utilized to rf sputter germanium and gallium arsenide films. The elec­

trical and structural properties of these polycrystalline films are tabu­

lated in Chapter VII. Chapter VII also includes experimental results re­

ported for epitaxial germanium films. The theoretical curves of Chapter 

IV are tested against these latter experimental data. 

Historical Background 

1 2 
Review by Many, et al. and Frankl provide a practical background 

to the theoretical and experimental work that has been devoted to the 

study of surface effects in bulk semiconductors. In contrast, little ef­

fort has been directed specifically toward the transport analysis of thin 
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semiconductor films. The following sections summarize previous theoret­

ical and experimental investigations of the physical properties influencing 

the electrical behavior of thin films. Semiconducting films in the present 

work are grown by rf sputtering. Therefore, this deposition technique is 

reviewed in the concluding section of the historical background. 

Theoretical Research 

Surface Scattering. Electrical conductivity in a thin film is 

altered by surface scattering as the film thickness decreases to the order 

of the carrier mean free path length. Two types of scattering are iden­

tified: namely, diffuse scattering denoted by an effective termination 

of all carrier paths at the surface and specular scattering denoted by 

a reversal of only the normal component of carrier velocity. In describ-

4 

ing thin metal film resistivity as a function of thickness, Fuchs intro­

duced a phenomenological index P to represent the fraction of carriers 

undergoing specular scattering. Scattering at both planar surfaces was 

assumed to be completely symmetrical. Sondheimer successfully used a 

similar formulation to establish oscillatory behavior in film conductivity 

for transverse magnetic fields. Realizing that symmetrical scattering 

was unrealistic for single crystal metal films deposited on a substrate, 

Lucas generalized the theory for conditions of asymmetrical scattering 

at the substrate/film interface and the outer film surface. The details 

of carrier scattering are suppressed by the phenomenological approach. 

Along with the topographical disturbances of the surface regions, other 
o 

mechanisms such as surface electron-phonon interactions or scattering 

9 
by localized surface charges can contribute to semiconductor surface 
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diffusiveness Depending upon the particular scattering mechanism, 

additional surface parameters are required to define an angular dependence 

for the index P. Since quantitative knowledge of these parameters is 

not presently available, the number of independent variables for thin film 

surface scattering will be limited to the Fuchs-Sondheimer indices. 

Space Charge Layer. Another surface characteristic which should 

be utilized in a realistic modeling of thin films is the local distribu­

tion of allowed energy levels which differ from the bulk crystal levels. 

Because of the band gap, these levels, known as surface states, can readily 

modify the electrical properties of semiconductor surfaces. Early experi-

11 12 
mental workers " identified the states as either fast or slow according 

to the observed decay times in field effect experiments. More precisely, 

13 
Davison and Levine catalog surface states as intrinsic states arising 

from the various termination planes of the periodic crystal lattice struc­

ture and extrinsic states attributed to foreign atoms and molecules at 

the boundary or interface. A unique surface state distribution is typi­

cally deduced by correlating electrical and physical surface studies with 

14 
the computed properties of assumed state distributions. 

Occupation of surface states can create a surface charge that is 

balanced in equilibrium by an excess space charge distribution in the semi­

conductor. A space charge region may also be produced by electric fields 

arising from external electrodes. Garrett and Brittain and Kingston 

and Neustadter solved for the resulting field and carrier concentration 

in the space charge layer using Poisson's equation and nondegenerate sta-

17 
tistics. Their solution was reformulated by Greene, et al. to include 
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semiconductor slabs so thin that they were always within a symmetrical 

space charge layer. Theoretical potential expressions were also derived 

2 * 18 
by Frankl for the general thin film and Jerhot and Snejdar for films 

thinner than the Debye length. Numerical calculations for the symmetrical 

19 
space charge layer have been given by Sebenne and Balkanski. 

Brown's work on surface layers in npn structures indicated that 

20 
carrier mobility in the layer was adversely affected. Using a trans-

21 
formation of the Boltzmann transport equation, Schrieffer was first to 

22 
analyze this effect for a linear potential distribution. Mowery and 

23 
joldstein, et al. gave improved presentations of the carrier mobility 

in the surface region by numerically solving Poisson's equation for a 

semi-infinite crystal. The theory was later generalized by Greene, et 

17 
al. for symmetrical thin slabs, but no calculations were reported. 

Additional Topics in Semiconductor Transport Theory. Other semi­

conductor film transport phenomena include galvanomagnetic effects, aniso-

tropy effects and quantum effects. 

The theoretical analysis of carrier mobility in the presence of 

magnetic and space charge fields is particularly difficult because gal­

vanomagnetic effects emphasize the details of the band structure and sur-

24 

face scattering mechanisms. Petritz treated this problem by the arti­

fice of summing current contributions from the assumed distinct space 

charge and bulk layers of the sample. Solution of the general transport 

25 
equation was attempted by Zemel for a constant field and relaxation 

time. Effective Hall mobilities were computed to be approximately 13 

percent smaller than effective conductivity mobilities. Amith used a 
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linear truncated potential for the surface region of a thick sample and 

no space charge region for thin samples. Oscillatory behavior in the Hall 

mobility as a function of magnetic field was strongly damped for the thin 

film condition. While the theoretical applicability has yet to be demon­

strated, Hall data enjoy wide-spread experimental usage in literature de­

tailing the electrical properties of deposited films. 

The primary study of anisotropy effects in nondegenerate semicon-

27 
ductor films was conducted by Ham and Mattis. Numerical results were 

obtained for elliptical energy surfaces in the flat band condition where 

the energy bands were independent of position along the thickness dimen­

sion. In the extreme of completely diffuse and completely specular scat­

tering, the film conductivity generally depended upon the orientation of 

the film normal with respect to the crystallographic axes. It was esti­

mated that observation of the anisotropy require a ratio of film thickness 

to mean free path of roughly one tenth or less. 

Very thin continuous films display quantization of the levels of 

carrier motion along the thickness direction. Quantum effects have been 

related to transport phenomena in nondegenerate and degenerate semicon-
nn r\ Q 

ducting films by Tavger and Bezak, respectively. In both cases quan-

— f\ 
turn effects dominate for a potential well thickness of the order of 10 

cm at room temperature. 

Verification of either quantum or anisotropy effects by conductivity 

measurements is difficult because epitaxial films typically lack continuity 

when the thickness falls below a few hundred angstroms. Conduction here 

30 is best described by various tunneling processes. 



7 

Experimental Research 

A great deal of research has been done on the preparation and 

structure of thin semiconducting films. The work which relates electrical 

properties to the thickness of nondegenerate epitaxial films is particu­

larly germane to the present investigation. 

31 
Marucchi observed that carrier mobility was directly proportional 

to germanium film thickness in the 0.1 to 1.0 micron range. Also working 

with thermally evaporated germanium on calcium fluoride, Sloope and 

Tiller ' ' made extensive structural and electrical tabulations for 

film thicknesses between 0.05 and 17 microns. A decrease in conductivity 

for thicker films was linked to a comparatively rapid decrease in defect 

densities associated with acceptor states. Silicon films in the micron 

35 
range were grown on sapphire by Dumin and Robinson using vapor phase 

deposition. Conductivity and mobility for both n- and p-type films grad­

ually increased as the film thickness increased from approximately two to 

"even microns. Comparable mobility results under similar growth condi-
rtf. o n 

tions were obtained for germanium on sapphire. Cullen, et al. grew 

silicon on spinel that featured a decreasing mobility for films thinner 

than three microns. Here size effects appeared to be outweighed by the 
increased impurity concentration. Although epitaxial semiconducting films 

38 39 40 41 42 43 44 
have been sputtered by glow discharge, ' ' ' ' ' ' low pressure 

45 46 47 48 
triode " and rf techniques, ' transport data as a function of film 

thickness have received little attention. 

A number of points are emphasized by the experimental work. First 

is the susceptibility of semiconductor films to impurity doping. Auto-

doping of silicon films by aluminum from a sapphire substrate occurs with 



49 the high temperature, vapor transport deposition. In addition impurities 

may be introduced by the vacuum ambient ' and the evaporating source 

52 
container. Structural defects introduce allowed energy levels in the 

band gap region which influence the electrical properties of semiconduct­

ing films. Finally, there is a significant lack of experimental results 

on the influence of surface states at either the interface or outer film 

surface. Preliminary studies have been undertaken for lead telluride 

53 54 55 
films and silicon MOS transistors. ' 

Both electrical and structural properties are sensitive functions 

of the various deposition parameters such as rate of deposition, method 

of deposition, substrate type and temperature, coefficient of thermal 

3 

expansion, etc. This sensitivity is commonly exploited in the experi­

mental definition of an optimum set of deposition parameters. 

Data on polycrystalline films have not been included in the above 

survey. The interfaces between the comparatively small crystallites (less 

-5 
than 10 " cm) introduce additional scattering and possible space charge 

or barrier potentials. ' ' Specific details on scattering and poten­

tial effects associated with the planar boundaries are not easily obtained 

under these circumstances. 

Characteristics of rf Sputtering 

Radio frequency sputtering is a versatile tool for uniformly de­

positing elemental or compound metals, semiconductors or insulators at 

rates which generally exceed several hundred angstroms per minute in argon 

59,60 n . , . £ ,61 
pressures of a few mTorr. Stoichiometry can often be preserved. 

The process is particularly useful in microelectronic circuit work requiring 
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multilayer sequential depositions. 

The circuit coupling the rf power supply to the target cathode con­

tains no dc current path. The application of a MHz frequency potential 

of a few kv not only sustains the plasma but also causes a self bias dc 

f\ "3 
component V to be developed on the target surface. The bias voltage 

is approximately one half of the cathode dark space peak to peak poten-

64 

tial. While the theories of the ion impact-target atom ejection mechan­

ism are diverse, it is clear that the emitted particles possess mean ener­

gies that are at least an order of magnitude greater than the 3kT/2 ener­

gies of thermally evaporated atoms. 

The relationship between the energies of the sputtered particles 

and the resulting film structure has not been clearly defined. Layton 

46 

and Cross have demonstrated that low pressure sputtering produces ger­

manium epitaxy at lower substrate temperatures than by other techniques. 

These results are tentatively attributed to an effective substrate clean­

ing rather than a high surface atom mobility. Mattox and McDonald sug­

gested that the film structure could be altered by the impact of energetic 

47 
atoms. Hyder's work appears to verify that some moderation of arriving 

particle energy is necessary for growing epitaxial gallium arsenide by rf 

sputtering. On the other hand, the study of epitaxial germanium films by 

Luby, et al. describes a reduction in imperfections and an improvement 

in carrier mobility as the condensing atom energy increased from 0.5 to 

4.0 kev. 

59 
Davidse notes that rf sputtering is also an effective method of 

developing a negative bias at the substrate. Bias sputtering dramati­

cally improves film purity where contaminants are loosely bound to the 
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growing film structure. ' ' Haq and Luby reported that the 

substrate bias was a primary factor in growing n-type germanium films. 

Domain of Theoretical Research 

Table 1 reviews the available solutions of the transport equation 

for thin semiconducting film geometries using nondegenerate statistics. 

The film surfaces are characterized by the surface potentials u and u 
b0 S2 

and by the surface scattering parameters P and Q. The potential at the 

film interior is given by u_.. As film thickness increases, this potential 

approaches the bulk value u . The subscripts A and p_ denote accumulation 

and depletion layers respectively. The shaded areas outline the domain 

of the present research. Blocks in this domain are further labeled by 

a code word derived from the leading letters of the adjectives describing 

the type of surface scattering and space charge layers. The code symbol 

derivation is shown in Table 2. The zero suffix designates completely 

diffuse scattering. 

Table 2. Derivation of Code Symbols Describing Film Surfaces 

Surface Scattering Space Charge Potential Layer Designation 
for 

Majority Carriers 

S_ymmetrical S_ymmetrical Accumulation 

Asymmetrical Quasi-symmetrical p_epletion 

Flat Band 



Table 1. Symmetries in Surface Potential and Scattering 
Utilized in Film Analyses 

SCATTERING 

POTENTIAL 

P = Q = 0 P = Q > 0 

ypTrmrmrn 
AF 'A 

P ^ 0 

Q ^ 0 

Ref. 
1,26,70 

Ref. 
26 

s0 s2 d 
Ref. 
17 

Ref. 
17 A. I 

ASA 

ASD % 
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The most general cases are AQA and AQD. Because the flat band 

case AF simply illustrates the introduction of asymmetrical surface scat­

tering, it is treated separately. Cases AQA and AQD are solved after a 

short description of the potential barrier and distribution function for 

space charge layers. The more symmetrical cases remaining in Table 1 are 

easily obtained from AQA and AQD by substituting the desired symmetries 

in potential and scattering. 

Domain of Experimental Research 

Experimental investigations of semiconducting film properties have 

traditionally involved electrical and structural measurements as a func­

tion of film thickness and the deposition parameters. Similar measure­

ments are utilized in the present research. Electrical data for semi­

conducting films on insulating substrates are obtained from measurements 

of the conductivity and Hall coefficient. Techniques of electron micros­

copy are employed in the structural analysis. 

It is important to recognize that the quantitative computation of 

the electrical conductivity of semiconducting films requires the specifi­

cation of a several parameters. The basic operating conditions and mater­

ial properties are determined by the film thickness a, Debye length L , 

effective mass m, intrinsic concentration n. and temperature T. The 

carrier mean free path X, bulk conductivity <j , surface scattering param-

eters, and the bulk, surface and extremum potentials are generally unknown 

for deposited films. Estimates of these unknown parameters are formed in 

the present research by comparing the theoretical and experimental thick­

ness dependence of electrical conductivity. The number of unknown 



13 

parameters can be substantially reduced if the film structure is inde­

pendent of thickness. Surface and bulk effects can then be isolated for 

thick films displaying primarily bulk conduction. Under such conditions 

field effect measurements supply experimental values for the degree of 

surface band bending, and Hall measurements yield values for the bulk 

carrier concentration. 

The electrical study is supplemented with a morphological analysis 

to determine the optimum deposition conditions and to define the film 

structure over a wide thickness range. Reflection electron diffraction 

and scanning electron micrographs are employed for structural investiga­

tions . 
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CHAPTER II 

ANALYTICAL FORMULATION 

The Boltzmann transport equation forms the basis for the theoretical 

analysis of electrical conduction in nonsymmetrical, single crystal semi­

conducting films. Scattering and space charge layers at film surfaces 

impose boundary conditions on the distribution function solving the first 

order transport equation under steady state conditions. The explicit ex­

pression of this distribution function in phase space leads directly to 

an isothermal film conductivity. The present chapter details the mathe­

matical procedure for nondegenerate semiconducting films. 

The chapter is introduced with a review of the mathematical opera­

tions leading to the solution of the transport equation. A particular 

solution is then obtained for the flat band condition with asymmetrical 

surface scattering. The remaining sections of the chapter deal with films 

having space charge layers. After discussing the potential distribution 

for these films, a general form of the distribution function is derived 

for the combined boundary conditions of arbitrary surface scattering and 

space charge layers. This distribution function is then substituted into 

integral expressions describing electrical conduction in accumulated and 

depleted films. The chapter concludes with the derivation of the conduc­

tivity expressions for extrinsic n- and p-type films. 



Transport Equation 

The Boltzmann transport equation can be used to determine the 

distribution function of holes and electrons in semiconductors. 

v 
(f " fo} m 

• grad f + a * grad f = - ^LJ V T 

where v is the carrier velocity, a is the carrier acceleration and T is 

the isotropic relaxation time. The distribution function f for nondegen-

erate statistics is expressed as the Maxwell Boltzmann distribution 

function 

/ m N 3 / 2 - ( SSL. . q Ai£l
 N. 

f0 = V MS J 6 ^ 2kT kT > > (2) 

where n. is the intrinsic carrier concentration, m is the effective mass 
1 ' 

of the carrier, k is the Boltzmann constant, T is the temperature, ty is 

the electrostatic potential and q is the electronic charge, plus a small 

perturbation f.. : 

f = fQ + f± (v,z) . (3) 

The film itself is geometrically defined as an infinite sheet of thickness 

a measured along the z-axis. Two electric fields are established in the 

sample —a z-directed space charge field E and a smaller x-directed moni-
z 

toring field E . The Lorentz force equation is used to write the carrier 

acceleration a — - qE/m in the absence of a magnetic field. 
Substituting for f and a in Equation (1) yields the first order 
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transport equation for electrons in semiconductors 

df E df f E v fn 

1 z 1 . 1 x x 0 , . . 
v

z 1 7 " q 7 S T + T = - q "Tr" - • ( 4 ) 

z 

It is convenient to choose a new independent variable 

2 2 
mv / \Jj f ^ m v 

6 = 2kl " VqkT " q kF ) = ikT " (U " V <5> 

Equation (4) can then be simplified by a similarity transformation which 

25 
changes the independent variables from (v ,z) to (v ,c) or (z,e). The 

° z z 
transformed equations are 

E Bf. ' f- ' v E f 
z 1 1 x x 0 „ % 

' q "m" — + T = " q —kT~~ ( 6 ) 

d f l ' f 1 ' v E fn as 
and v -^— H = - q — — — . 

z oz T
 M kT 

Both transformations have been employed in computing the electrical prop-

17 91 9 (\ 
erties of semiconducting films and surfaces. ' ' The initial problem 

therefore is to select the particular f1 solution of the transport equation 

that satisfies the boundary conditions for the film. Once selected, the 

film transport properties may be deduced from the computed current asso­

ciated with the monitoring field: 

p ̂  ? 
I (z) = - q •' ; . v f dv dv dv (8) 

x 'unit width J.»J x 1 x y z K ' 



Flat Band Film Theory 

In the flat band condition, the electrostatic potential is constant 

throughout the film thickness. Since E is zero, the perturbation part 
Z 

of the distribution function is given by Equation (7) without the trans­

formation primes. This is of the form of a linear first order differential 

equation with the following solution 
fz dz 

V E fQT " Jo TV 1 
f i ( V z ) = " « — 0 T " L1 + c ( v z ) e J (9) 

where C(v ) is an arbitrary function to be determined by the boundary 
Z 

conditions. Equation (9) can be written more specifically for the flat 

band problem as 

z 

f i + ( V z ) = ' fb [l + s + < v
z

) e ^ J for v
z - ° '> (10) 

a - z 

^"(v ,z) = - f [l + h"(v )e ^z 1 for v < 0 . (11) 

It should be noted that the solution f1 for the flat band semi­

conducting film parallels the solution for metal films. The major differ­

ence occurs in the statistics and in the properties of df./dv. 

The coefficients P and Q indicate the percent of specular scatter-

4 5 ing at the z = 0 and z = a surfaces. Applying these boundary conditions ' 

fl + ( vz' 0 ) = Pfl"(" V 0 ) (12) 



and + f- (v ,a) - Qf (- v ,a) , 
1 z 1 z 

(13) 

+ ives a set of equations which can be solved for g (v ) and h (v ) : 

+ (vz) -
[< 

-a 

1 - P) + P(l - Q)e TVz 

1 -
TV 

PQ e z 

(14) 

h (vz) = 
[< 

TV 
1 - Q) + Q(l - P)e ' z 

1 - PQ e z 

(15) 

Equations (2,10,11,14,15) are substituted into Equation (8) which in turn 

is integrated over z to obtain I , the total current per unit width in 
X 

the film. After straightforward integrations over v , v and z this cur­

rent is found to be 

- mv 

2 T E x U B/ + / m N% f 

I = q n . e a + 
x n m I 

(— v r r 
^ 2rrkT / Jr 

- a 
2kT / n Tv . + 

TV e (1 - e z ) g (v )dv ( 16) 
|Q Z 

z z 

I 
- mv 

TV e 2 k T (1 - e T V z ) h " ( v )dv 
z z z 

Making t h e t r a n s f o r m a t i o n 

e = 
mv 

2kT 
(17) 
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and defining 

k 
( kT x

; \ = T I. -r— j , (18) 

^ B = ^ <19> 

U
B 

and aB = q B̂ nie = q^n (20) 

gives 

-a - a 
2X/ne 

V ^ B 1 " £ J0
 e" ^ ,a

)[2-P-Q+(P4Q-2Rj)e
2^]de . (21) 

(1 - PQeXyne) 

Equation (21) expresses the current per unit width in the flat band case 

for thin semiconducting films with asymmetrical surface scattering. Ob­

serve when P = Q = 1, the integral goes to zero indicating no size effect 

for specular scattering. The special case of completely diffuse scatter­

ing, P = Q = 0, agrees with the expression previously derived by Many, 

1 
et al. 

Film conductivity af may be written in terms of the average cur­

rent as follows: 

= — f 
aE J 

I 
I„(z)dz = -2-CT_ = — 7 - T (-,\A„ ^. -J* 

' J 
X O 

(22) 
x aE x 



20 

P o t e n t i a l D i s t r i b u t i o n for Thin Films 

The fol lowing review of F r a n k l ' s s o l u t i o n of the p o t e n t i a l d i s t r i -

2 
bution for thin films introduces notation and background required in the 

subsequent analysis of cases AQA and AQD. 

As a semiconducting film becomes thinner, the space charge layers 

resulting from surface charge distributions extend over a considerable 

portion of the film thickness. Figure 1 shows a normalized potential 

distribution for a thin film. Initially, approximate functional forms-

21 
linear, exponential, etc.— were assumed for this potential. The more 

fundamental approach is to relate the net charge density to the electro­

static potential by Poisson's equation: 

v'*= v̂ = v̂  (p + V D + " VA~ "n) (23) 

where p is the charge density, e is the dielectric constant, e„ is the 

permittivity of free space, p and n are the hole and electron concentra­

tions, respectively, and N and N are the concentrations of donors and 

acceptors with the respective occupation indices f^ and f4 . With the 
D A 

nondegenerate conditions: 

E
F - E i 
kT u 

a = n . e =n.e (24) 
l i N y 

E. - E 
_i F 

kT -u 
and P = n i e = n e (25) 
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Figure 1. Quasi-symmetrical Space Charge Potential for a Thin Film 
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where E ~ and€. are the extrinsic and intrinsic Fermi levels, respectively, 
F 1 

and complete ionization of uniformly distributed donor and acceptor sites 

fD
+ - f/ = l ; (26) 

the normalized Poisson's equation for small E becomes : 
x 

J2 - q V r N^ NA 

±J i = x Te-
U + JD . _A . e

u i . ( 2 7 ) 
, 2 e € kT ; n . n . e J ' K } 

dz r o l i 

d 2 u 
2 2 

dz LD 

"1 

s i n h (u) - s i nh (u ) : , (28) 

where L defines the Debye length. 

r C ( kT 3 
L = I - ^ (29) 
D 2q2n. -

l 

The first integration is from the interior toward the surface with the 

inner boundary condition being 



du | 16 

~z lU = u ~°
 thick films ; 

du I 17 

J^ \ = 0 thin films 
u = u , 

d 

(30) 

The results of this integration are 

— = ± ^— [cosh(u) - cosh(uJ - (u- u,)sinh(u ) ] 2
 ; (31) 

dz L^ d a a 

sgn|F(u,u ,u ) 
du ' d B 

dz L D 

(32) 

It is necessary to select the sign of sgn according to the position in 

22 
the film and the relative magnitudes of the potentials u and u . The 

following signs are obtained for the positive z direction: 

(-) sign for 0 < z < d and u > u ; 

(+) sign for 0 < z < d and u < u.; 

(+) sign for d < z < a and u > u ; 
o Q 

(-) sign for d < z < a and u < u . 

Extended curves of F(u,uT>) have been developed for various semiconductor 
is 

surfaces and ranges of potential ' ' and some calculations for sym-

19 
metrical potentials in films have been completed. A second integration 

for the first layer gives: 

z •> u dD 

LD -u sgn|F(U,u u )| ; ( 3 3 ) 

bo 



± . f"" _ ^ L £ . (34) 
LD Ju sgn!F(U,ud,uB) | 

so 

Similar equations can be written for the second layer. Unfortunately, 

these equations must be evaluated numerically. The potential distribution 

can be found once u , a and either the surface potentials, E fields or 
D 

charge densities are specified: 

E = —~^~ I = — sgn|F(u ,u ,u ) I • (35) 
zg Sz ^ = ̂  qLD

 B I S' d' B ' ' '• ^ D ; 

^S = VoE
Z • W 
S 

If the surface charge densities Q and Q differ in sign, the 
i k 

thin film form of Equation (30) would no longer be applicable, and the 

resulting asymmetrical potential would be determined from a knowledge of 

2 
the two surface fields or the potential and field value at a point. 

Distribution Function for Arbitrary Surface Scattering 

and Space Charge Layers 

Solving the first order transport Equation (4) in the presence of 

a space charge potential distribution involves the transformation (z,e) or 

(v ,e). Unlike the flat band case, the velocity v is now position de-

pendent, and the integral form of the distribution function Equation (9) 

is the appropriate solution of the transformed Equation (7). Thus 



Equations (10) and (11) for the j layer bounded by z. and z. planes are 

represented as 

+ r + - L ^ . ^ - i 
f (z,0 = f, . 1 + g (c)e for v H ; (37) 
]_ D, z 

r . L (z.,z)-, 
fi (z,e) = fb; 1 + h (<r)e

 J i for vz < 0 ; 
(38) 

where 

+ r- Z. 
L (zrz ) = : J d z ~ _ . (39) 

z. /2kT , i 
T 7 — (c +u - uB)

2 

L and L signify integration over the positive and negative values of v 

as this information is suppressed in the transformation of (z,e) space. 

Additional features of the transformation are illustrated in the plots of 

(v ,e) and (u,e) spaces of Figures 2 and 3. Roman numerals partition 

various regions in the transformation space. 

In Figure 1, z, designates the common boundary between two layers 

having different forms of potential distributions. Carriers in the layers 

j and k have sufficient energy to reach the outer surfaces z. and z . The 
1 K. 

distribution functions for the layered structure are obtained from Equa­

tions (37, 38): 

+ r + "L (z,z.)^ 
fi (z'€) = fbi l + e. (Oe x ; ; (40) 
j DL J J 

r L"(z ,z)-, 
fx ~(z.€) = fbi 1 + h."(c)e _. ; (41) 
j 

(continued) 



UB" US 2 

Figure 2. Transformation Space for Quasi-symmetrical Potentials 
in Electron Accumulation 
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UB"US, 

Figure 3. Transformation Space for Quasi-symmetrical Potentials 
in Electron Depletion 
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+ r + -L (z ,z ) n 
f i , ( z > e ) = f

b | : + s k <e>e J j ' ( 4 2 ) 

k 

f l < z >0 = f j 1 + h ( € ) e k ,' . (43) 

+ - + 
Unknown functions g. , h. , g and h can be derived from the equations 

J J K k 

of scattering at the outer boundaries and continuity at the inner boundary 

+ \ (z.,€) = P fx (z.,e) ; <44) 

+ f "(z C) = Q f (z ,€) ; <45) 
Xk k Xk k 

L +(z.,c) = f + (z O ; (46) 
Lj J Xk J 

f (z.,e) - f (z-,c) • (47) 
£j J Xk J 

Solving Equations (44, 45, 46, 47) for the g and h coefficients obtains 

" [ L + ( z , z ) + L + ( z , , z . ) ] 
g . + = _ (1 - P) + P d - Q)e J L k J ( 4 8 ) 

J - 2 [ L + ( z z ) + L + ( z , , z . ) ] 
1 - PQe J 1 k J 

+ [L~(z z . ) + L ' ( Z , , Z ) ] 
h ' = - (1 - Q) + Q ( l - P ) e J *- k ' j y j

 L (Z , z . ) 
1 - " p K J . CAQ} 

1 - PQe J 1 k J 
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+ + - L+(z.,z ) . (50) 
gk = g. e j i , 

- L~(z ,z.) 
h " = h "e k J • <51) 
k i 

Electrical Conduction in Accumulated Films 

The distribution functions for various regions shown in Figure 2 

are given by Equations (40, 41, 42, 43) for the particular case of accumu­

lation layers. The complete film is divided as follows: 

u = u , z. = 0 ; 
1 so 1 

u. = u, , z. = d : (52) 
J d J 

uk = V > z
k
 = a • 2 

Layer 1 is bounded by u and u . Layer 2 is bounded by u and 

u . Otherwise for single layers, z. is an arbitrary boundary where specu-
b2 J 

lar scattering occurs. 

In region I, bound carriers in layer 2 undergo partially specular 

scattering Q at the surface z = a and specular scattering P = 1 at z. = 
^ J 

z.. With these substitutions, Equations (42,43) are the desired distribu­

tion functions. Carriers in region II are bound in layer 1 and layer 2. 

They experience partially specular scattering at z. = 0 and z = a and 

specular scattering at the respective inner boundary z.. Thus the distri­

bution functions for layer 1 in region II are found from Equations (40,41) 

for z = 0 and Q = 1 at z = z, . The expressions for regions I and II of 
i J k 
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layer 2 are identical. Finally carriers in region III are unbound and 

subject to partially specular scattering at both outer surfaces. The dis­

tribution functions are simply those of Equations (40, 41, 42, 43) with 

z .. substitutions of Equation (52). 
ijk 

Film current is computed by inserting the above distribution func­

tions into Equation (8) and integrating over the appropriate regions, 

layers, and velocity ranges: 

I = q 
x 

„E T ( n . e ) , m c72 2 x i 
kT 2nkT. 

2 2 
/mv mv , m ( x y_ \ 

r a r p p 2 " \ 2 k T 2kT J 
. . i ; v e e • 

J vd J X 

o m 

(53) 

" g e L • 

1 + 
h e 

dv dv dv dz 
x y z 

Again the v and v integrations are straightforward. The first term can 
x y 

also be integrated over v to yield 
z 

2^ 
q E Tn 

x J 
m 

AN AN, 

l^ + + a (54) 

where AN = (n - n ) dz ; 
J- »o B 

(55) 

AN (n - n ) dz . (56) 

The remaining 10 integrals are completed by transforming to (u,e) space 

and integrating over u. From Equation (33) which relates potential and 

distance, and for 
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K(u,u ) dU 

2\J^ % s sgn|F(U,ud,uB)|(e+U-uB)"2 
L (z,0) ; (57) 

the Jacobian of the transformation is 

_, . TkT 9K 
J(u,e) = 7—• 

m 3u 

(58) 

Collecting terms permits the final electron current expression for arbi 

trary surface scattering and quasi-symmetric accumulation layers 

(u_ = un - u ) to be expressed as 
S2 SQ B 

, E Tn__ /AN. AN-
2 x B 1 2 

I = q + + a 
x I ng ng 

(59) 

d-Q) I 
u -u -e B d e 1-e 

2K(ug ,-e+uB) 

de 

-2K(uc ,-e+uJ u -u . S ' B 
2 ( 1-Q e 2 

+ (1-P) J 
B d e 1-e 

-2K(-e+u u ) 
B SQ _ 

de 

-2K(-e+u u ) 
uR~uq / B sn 
B S0 (1-P e ° 

-e (2-P-Q) - 2(l-P-Q+PQ)e"L J - (P+Q-2PQ)e de 

V Ud 1-PQ e 
^TK] 

where [K] = K(u ,u ) + K(u ,u ). d bQ b2 d 

The current carried by holes is derived in a similar manner. The result 



for u < u < u < u is formally expressed by Equation (59) by substi-
S 2 SQ d B 

tuting p B, AP1, AP2, -(ufi-ud), -(ufi-us ) , K(ug ,e+Ug), -(Ug-Ug ) and 

K(e+uB,us ) for nfi, AI^, AN£, (Ug-ud) , (uB-ug ) , K(ug ,-e+u^, (UB~
U
S ) 

and K(-e+u_.,uc ) , respectively. 
B so 

17 
Greene, et al. give a current expression for the special case of 

thin semiconducting slabs with symmetrical scattering and symmetrical accu> 

mulation layers. Their Equation (3.5) follows directly from Equation (59) 

by setting P = Q, u = u and transforming K(u ,u ) to K(v ,v ). 
2 0 0 s d 

Electrical Conduction in Depleted Films 

The general procedure of case AQA is used to solve the depletion 

layer case. Referring to Figure 3, it is observed that carriers in region 

I of both layers have insufficient energy to reach the outer film surfaces 

Scattering is completely specular and the g and h coefficients are zero. 

Substituting P = Q — 1 in Equations (48, 49, 50, 51) verifies this conclu­

sion. Region II is rather more interesting because carriers can reach 

the outer surface for layer 1 but are specularly scattered in layer 2 

(up = u„ ^ i O . Mathematically stated, z. = 0, z. = d, and Q = 1 at 
S2 SQ B i j 

z in Equations (40, 41, 42, 43). In region III either outer surface is 
K-

available for scattering and the distribution functions are the same formu­

las used for case AQA region III. 

Integration yields the electron film current for arbitrary surface 

scattering and quasi-symmetric depletion layers (u = u = u ): 
S2 SQ B 
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2 E x ™ B AN1 & N2 
I = q + + a 
x |nR n B 

(60) 

- \ (1-P) 

-ef 

-2[K(ud,u ) +K(- e +u B,u d)] 

B S2 e'* l-e ° ) de 

u -uQ , -2LK(ud,u ) +K(- e +u B,u d)j 
B S0 fl-P e ° 

-[K] -2[K] 
e"0| (2-P-Q) • 2(l-P-Q+PQ)e"LiVJ (P+Q-2PQ)e~"Li^] de"" ̂  

UB"US. 
1-PQ e 

-2LK. 

where [K] = K(u,,u_ ) + K(uQ ,uj . 
d SQ S 2 d 

The expression for hole current in depleted films with u_ > u_ > u, > u^ 
S 2 SQ d B 

is given by Equation (60) with the following substitutions: p_,, AP-, , APn, 
B i z 

"^UB_US ^ ' ~^UB"US ^' K(^e+UB,ud^ f ° r nB' A N 1 ' A N 2 ' ^UB~US ^ ' ^UB"US ^ ' 

K(-e+u u.), respectively. 

Direct comparison with the symmetrical slab equations of Greene, 

et al. is possible if the typographical sign error on the lower integral 

limit of their Equation (3.5d) is corrected. 

Extrinsic Film Theory 

It is possible to combine the hole and electron forms of Equations 

(22, 59, 60) and to achieve considerable computational convenience and 

physical insight by focusing attention on the extrinsic region where 

ju | = 2.0. Experimental results confirm that this is an excellent approx-

° 32 
imation for deposited germanium films below approximately 500 K. 
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The following sections detail the formulation for extrinsic films. 

Film Thickness 

The point of departure is the relationship between potential and 

distance expressed in Equation (32). With the aid of the following defi­

nitions : 

L, 
L = D 

[coshO-O ]e 
D 

(62) 

v = u - u , ; (62) 

3(v,ud,uB) = Jl [• 
cosh(v+u^) - cosh(uj) - v s i n h ( u D ) n | 

cosh(u ) 
(63) 

Equation (32) becomes 

d _ 
L J 

dv 
v sqn|3-(v,ud,uB) 

S0 

(64) 

The extrinsic space charge function for accumulated n- and p-type layers 

is easily derived from the large argument expansions of the hyperbolic 

functions: 

3+(M>hl>KD = Ji i M n |Udl"'UB 
(e' ' -l)e 

(65) 

To insure that depleted layers always remain extrinsic, the signs of u and 

u are required to be the same. Again employing the hyperbolic expansions 

with u , J = 2.0 gives the space charge functions for n- and p-types de-
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pleted layers 

3MM>dUKD fl - v u , - u. 
(e I l - l ) e + |v (66) 

The parameter sgn can be incorporated into the integration for the four 

types of layers. Equation (67) is the extrinsic equivalent of Equation 

(64) with the plus or minus superscript denoting accumulation or deple­

tion forms, respectively. 

0 
dv 

0 | 3 T ( | v | , | u d | , | u B | ) 
(67) 

Excess Surface Carrier Density 

The expression for excess surface carrier density Equation (55) is 

transformed to potential space by Equation (32): 

AN = '
d
 L n (e B - D du 

D B sqn F(u,ud,uB) 
S0 

(68) 

This result is generalized for extrinsic layers with the definitions of 

the preceding section: 

AN, ru 
1 

AP' 'B 

V , ± V + I u d l - I U
B I ^ A 

(e -1) dy 
± 

J (|v|,|ud|,|uB|) 

(69) 

Plus-minus signs again indicate accumulation and depletion modes. The 

latter integral is readily completed: 



= ±{ } L ? ~ ( | V S |,|U |,|U |) . (70) 
AP' Pg 0 

Extrinsic Case AQA 

Before deriving the expression of accumulated extrinsic film con­

ductivity, a brief discussion is appropriate concerning the K-type inte­

grals of Equation (57). For bound carriers these integrals become singular 

along the boundary v = 0 . The singularity is removed from the integrand 

by the transformations: 

uu = 2 \/e+u .,-û +v (electrons) ; (71) 
a a 

uu = 2 v/e+u -v-u, (holes) . (72) 
n u 

The process is illustrated below for accumulated electrons in layer 1: 

K(-e+u_,,u_ ) = 

2 ^ 8 + uS "UB 

- ^ . (73) B'~V 2\ /T J0 -,+ /UJ2 
3 (T - e+UB-VUd>UB 

The remaining 13 K integrals for holes and electrons in accumulation and 

depletion layers are obtained in similar fashion. 

Since P and Q are arbitrary, there is clearly no loss in generality 

by the following potential sequence for accumulated films: 

|u„ I > |u„ I > luJ > lu^l. Under these conditions the excess surface 
1 S ' SQ

 d B 

carrier and K integrals described above are substituted into Equations 

(22, 59). The resulting equation for the normalized electrical conductivity 
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of accumulated extrinsic n- and p-type semiconducting films is given by 

Equation (74). 

crf A(N,P) A(N,P) 
— = 1.0 + —, \ + —, r 
a B a ( n B ' P B } a ( n B ' P B } 

(74) 

JLL£ (1-P) 
' V - i u d 

U B I " I U S 

-e 
-2K 

e ( 1 - e 
PA) 

de 

" 2 KPA 
(1-P e P A ) 

+ (1-Q) 

U B | - I u d l -en " 2 V . 
e (1 -e ) d e 

U B ! - | U S I ( 1 - Q e Q A) 

-e 
•K 

(2-P-Q) + (P+Q-2PQ)e 
PQA" 

-K 
1-e 

PQA' 
de -i 

u „ I - u Cl-PQ e " 2 H 

where 

KPA = 
2\ /TT" 

n , p 

2 / e + K | - | u | 
dau 

v/e+|u | - | 

V = 

S ' ' U B 

2 \ /TT* 0 
n , p 

dou 

Kp QA 
2\ \fu 

n , p 

2ye+iusj-|uBi a y ^ s T K i 
do) P du; 

2/HuJ-kl J+ 2J^K 1-luJ 3+ 
B V ' B' 

? + = 3 + ( I T " e + K I - l « d l > ludl-luBi 



Extrinsic Case AQD 

In an analogous manner the extrinsic form of Equation (60) for 

depleted n- and p-type films is substituted into Equation (22). The n 

malized film conductivity for |u | > jujj > |u | > |u | is 
B 

0 

of A(N,P) A(N-,P)2 
= 1.0 + — 7 r- + —p r-

CTB a ( n B ' P B } a ( n B ' P B } 

n,P 

l u
B - I u

s _2K 
r 2 ~ e n P I \ H 

d-P) J e (1'e
 2K > d e 

I U B M U S Q I (1-P e PD) 

-K. 
(2-P-Q) + (P+Q-2PQ)e 

PQD" r 
-K 

1-e 
PQD' 

de 

u_ - u. d - P Q e " ^ 

where r- 2 ^ e + l U
d H U B 

KPD = 

2X Ju n ,p v / 2 v / e + | u - u 
S 0 B 

2 \ A + | u | - | 
bo 

Jn 

duo T dcu 
+ 

0 

K. 
PQD 2. /T 

n , p v 

M " d i - i u
B i 

duo 

2 \ / e + | u | - | u | 
b0 B 

duo 

2 A K I - K I r 2 \ A + K |.|u_i 3-s o ' '"B S 2 ' i B 

J' =J 
(JU 

4 - e + | u B | - | u d | | , | u d | , | u B 



CHAPTER III 

PROCEDURES OF NUMERICAL COMPUTATION 

The calculation of film thickness and conductivity for a given set 

of material and surface parameters entails several integrations that must 

73 74 
be numerically evaluated. McKeeman ' has derived a Simpson's rule for 

numerical integration that adaptively subdivides the interval of integra­

tion according to the integration tolerance and the integrand behavior. 

For a wide class of functions the algorithm gives results that are much 

more accurate than the specified error tolerance. The tolerance for 

-4 -2 
short programs was given the value of 10 . This was increased to 10 

for the longer routines. McKeeman's algorithm was incorporated into a 

series of programs for solving the conductivity expressions. All pro­

grams were written in Algol and run on a Burroughs 5500 computer. A brief 

description of the program construction for flat and bent bands follows 

a discussion of the techniques employed in dealing with improper integrals 

encountered during machine integration. 

Computational Techniques 

Several improper integrals are found in the numerical solution of 

Equations (22, 67, 74, 75) and these must be handled by special techniques 

Generally this involves the use of series expansions to approximate the 

part of the integral near singular points. For example, Equation (67) 

relating layer thickness of extrinsic films to surface and bulk potentials 



may be w r i t t e n as 

ivs 
,.01 , „ 0 

dv 
o |r( |v | , |u. | , |uR | ) | J.oi |r ( |v | , |u . | , |u . | ) | 

d V (76) 

While the second integral is readily integrated by the adaptive Simpson's 

rule, the integrand of the first integral becomes singular at the lower 

limit. The difficulty is circumvented by analytically integrating the 

small argument expansion of the space charge function near the singular­

ity. The operation is shown in Equation (78) for the second order expan­

sion given in Equation (77). 

K I - K I i i i , 
- U, + U_ J 

J ±(^|.|« d!.KI
)~ e 2 [|v|2±2|v|(l-e d B )]* . (77) 

^ ^ , „, . ± . / B1 • d 
dv 2 „ / . 0 1 + of + y/ .02oT+.0001 

= e " in {'- ' " ^ V -) (78) 
o \3 ( M , | u d | , | u B l ) 

where 

+ - u, + u. a = ± ^ _ e ' di i B' 

It is of interest to note that keeping terms to second order in the expan­

sion of the space charge function gave integrals that generally differed 

by less than 0.2 percent from values computed using a first order expansion 

Similar difficulties arise in computing integrals associated with 

the surface scattering parameters in Equations (74,75). Singularities 

develop for accumulated films when the following conditions are satisfied: 



w = 0 ; e = |u |-|u | ; (79) 

2 

T= e - hMu
dl • (80) 

Although integration over the entire uu range could be completed for both 

K and K no simple expansion is available at the point denoted in 

Equation (79). Hence the practical expedient of integral truncation is 

employed to remove a strip of width 26 centered at e = uD - u . A value 

of 0.01 was assigned to 6. Later calculation in which 6 decreased to 10 

indicated a typical change in the respective integration of less than two 

percent for film thicknesses of the order of 300 angstroms. The error 

rapidly became insignificant for thicker films. The singularity along 

the boundary described by Equation (80) is incorporated into the K . 

integration with a first order expansion of jF . 

J - ~ (oT - 3 Z) 2 (81) 

where 
I,, l _ l „ I g 

c~ = ± 2(e d - 1) 

3 = 2(e + |u d|-|u B|)
e . 

Equation (81) is substituted into an integral of the type shown below 

.5+' d(D 
+ J 

This yields the final form of K : 
r Ĉ A 
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+ 2 

/H 
J2/H 

v-lu» 
/H 

du) 

U d ! - | U B 

U S 2 ! - | U B 
dm 

+ 
+6 J 2 y e + | u | - | u J J J 

s o ' ' B 

Singularities developed for depleted films along the boundary 

riven by Equation (80). Here the space charge function written as 

r - \ (p2 - <»2y (83) 

is substituted into an integral of the form 

5 

5-

do) 

J' 

Th e final machine equations for K_^ and K after integrating near the 

singularities are expressed by Equations (84,85). 

+ 2 

KPD = 
L 4 ^ / j / 2 £ 6 - 6 ^ _ a r c t a n ^ P _ 6 j KPD = 2x/f7 

4 ^ / j / 2 £ 6 - 6 ^ _ a r c t a n ^ P _ 6 j 

2 ^ + | u d | -
i 

KI - 5 

dau 

^ y e + | U s j - | u B i 
du) 

2 / £ + | u | 
0 -KI 3" J0 *~ 

(84) 



KPQD = 
2X/T 

4 / J: 
—z arctan (-*-

2P8-5 
P-

2/e+|u |-|u A+l 
+ 2 duj 

/ 2 ./e+|u - u 
SQ< B 

SQ> B 
d(JD 

*Js+K \-K\ * S2' ' B 

(85) 

Finally in both bent and flat band calculations the upper integral 

limit of infinity was handled by simple truncation at a value of 10 for 

flat band and accumulated films and 20 for depleted films. Assuming the 

worst case of completely diffuse scattering the truncated tails must be 

less than 2 e and 2 e , respectively. Since the mean free path was 

typically smaller than the film thickness, the tails contributed less than 

0.01 percent to the normalized film conductivity magnitudes. 

Construction of Programs 

Computer formats featured conventional block construction. Blocks 

declaring procedures for calculating integrands and integrals preceded 

operational statements for data acquisition, iterative assignments and 

final computation and printing of results. Improper integrals appearing 

in Equations (22, 74, 75) were evaluated with the techniques described 

above. Additional tests were inserted into the bent band programs to 

check for the presence of bulk and surface degeneracy in the input data. 

The test criterion adopted was that the density of ionized donor or accep­

tor states for nondegenerate, extrinsic material be less than one tenth 

of the effective density of states at the band edge. The onset of 


