or publication
ial

I agree that permission

oy

s 4isssrtation may be granted by

;
3
..m
:
-
m

circulation in scodadance with its
Ate Division vhen such
N It 4s) understood that any ecopying from, or publication
_ invbdlves potential finanoial gain will not
be allowed without written permisaion.

sh from,
nse direction it was witten, or, in his abaense,

paterials of this type.




RESONANCES IN TWO-LAYER COILS

A THESIS

Presented to
the Faculty of the Graduvate Diviasion
by
Nicholas John Exarchou

In Partial Fulfillment
of the Boqniromenfs for the Degrees
Doctor of Philoasophy
in the School of Electrical Enginsering

Georgla Institute of Technology
February, 1959



i

RESONANCES IN TWO-LAYER

Approved:

COILS

Date Approved by Chairman:
. Yoo

- . AN
..//.Kd"- . - ( / e ‘//

s




i1

Acxuomemw

1 am very thankful to Dr. B. J.'ﬁasher for having
been my thesis advisor and for having oriented my efforts
1n a certain area of work out of which the present sub ject

emerg&d. His guidance, advice, and auggestions were indis-

r:iipenaable for the satisfactory progress of this research.




i1ii

LIST QF TABLES

Table Page

1. Comparison between Caleulated and
Messured ¥"S/‘¥‘ Ratios for Different
E/ﬁ Ratios -] =] L] L L] L] a L] ] -] a L a o L] a a o 59

2, Comparison between Calculated and
Measured Resonant Frequencies of
TWO-:LBYBI‘ 001180 * - L] + - " o - .w L o » & o L] 96

3. Specifications of Two-layer Colls
Tested o a L] L] - L] » - l L ° L] L] L] & k- L & -] o 115

4. Specificationsz of Nontwo-layer
Colls Tested . ¢« «+ + ¢« ¢ ¢ o &« o o » = ¢ o » o 118




Figure

100

11l.

120

13.

LIST OF ILLUSTRATIONS

Impedance-frequency Characteristic
of 3Single-layer Air-core Coil Wo. C-1-26.

Impedance-frequency Characteristic

of Single-layer Afr-core Coil No. C-1-120 .

Different Types of Two-layer Colls,

Impedance~frequency Characteriatic
of Two-layer Type M-closed
Air-core Coll No. €-21. . . . . .

Impedance-frequency Characteristie
of Two-layer Type M-open
Alr-core Coll No, CG-21. . . . . . . . . .

Impedance-~frequency Characteristic
of Two-layer Type M-closed
Air"‘core 0011 NQ- 0—250 - - - . * Ll . -

Impedance-frequency Characteristic
of Two-layer Type S-closed
Air-core Coil No. C-122 .

Impedsnce-frequency Characteristic
of Two-layer Type 8S-open
Air-ecore Coil No. C-122 .

Impedanclerequency Characteristic
of Three-layer Air.core Coil Fo. C-3-18 .

Impedancéerequency Characteristic
of Four.laysr Alr-core Coil No., C-4-17.

Impedance-frequency Characteristic
of 8ix-layer Air-core Coll No, C-6-11 , . .

Illustration of Method of
Measuring Impedasnces., . . . . . . .

Incorrect Methods of Using Vacuum Tube
Voltmeters and Signal Generator

Page

10

11

12

13

14

i5

18

19

iv




Figure
14.
15.
16.

17.

18,

19.

20.

22.

23,

24,

Amplifier Circuit .
Section of a Two-layer Type M Coll.

Typicel Varlation of First Resonant
Frequency with Coil Length for a
Type M Coil . . . . . ..

Two-layer Type M Coil Terminated in
an Impedance of Value Zg. e e e

Distribution of RMS Voltage between
Layers along Length of Type M-closed
Air-core Coil Ko, C-25 at the Frequency
of Its First Parsllel Resonsance . . .

Distribution of RMS Voltage beltween
Layers along Length of Type M-closed
Alr.core Coil No. C-25 at the Frequency
of Its First Serles Resonence . . . . .

Distributlion of RMS Voltage between
Layers dlong Length of Type M-closed
Air-core Coil No. C-25 at the Freguency
of Its Second Parallel Resonance. .

Digtribution of RMS Voltage between
Layers along Length of Type M-closed
Air-core Coil No. C.25 at the Frequency
of Ity Second SBeries Resonsnce. .

Distribution of RMS Voltage between
Layers along Length of Type M-closed
Air-core Coil No. C-25 at the Frequency
of Its Third Parallel Resonsnce . .

Distribution of RMS Voltage between
Layers aslong Length of Type M-closed
Air-core Coll Bo. C-28 at the Frequeney
of Its Third Serles Resgonance

Distribution of RMS Voltage between
Layers along Length of Type M-open
Alr-core Coill No. C-25 at the Frequency
of Its First Seriles Resonance . .

30

26

45

44

45

46

47

48




Figure
25

26

27

26

29

30

31
32
33

34

35

36

Diastribution of HMS Voltage between
Layers along Length of Type M-open
Air-core Goil No. C-25 at the Frequency
of Its First Parallel Resonance . . . .

Dlstribution of RM3 Voltage between
Layers along Length of Type M-open
Alr-core Coil No. C-25 at the Frequency
of Its Second Series Resonance. . . . .

Distribution of RMS Voltage between
Layers along Length of Type M-open
Alr-core Coll No. C-25 at the Frequency
of Its Second Parallel Resonance. .

Vector Diagram of a Two- layer Type

H 010865. COil . ‘. 4 s . + A . L] .

Value of Correction Factor K as a
Function of ths Ratlo of Goil
Diameter to Length. . . . . . .

Variation of the Frequency Ratios

and fg/f7 with
tﬁe %atio o Ql iength to D%ameter
for a Two- 1ayer Type M-closed Coil. . .

Type S-Open 3011 - . . - - » . -
Type S-closed Coll. . . . . . . . . . .

Impedance-fraquency Cheracteristic
of Two-laysr Type -¢closed Air-core
cOil NO a c"lh - ® - - - [ * - - 1) -

Impedance-rrequency Characterigtic
of Two-layer Type M-closed Iron-core
Coll No. C-14 . . . . . . . . . . ..

Impedance-freguency Characteristic
of the Low-voltage Winding of
Transformer No. Pelh, L . . . . .

Impedance~frequsency Characteristic
of the High-voltags Winding of
Transformer No. T- e e e v e

Page

50

.

52

53

58

60

62

70

76

77

79

80

vi




vii

Figurs Page

37 Impedance-frequency Characteristic
of the Low-~voltage Winding of
TI’&I’leomeI‘ Ho ) T-ao . » - » » . 3 - - 81

38 Impedance-frequency Characteristic
of the High-voltage Winding of
Transformer No. T-80, . . . . . . . . . . . . 82

39 Variation of Normalized Voltage
Ratio with Frequency of
Transformer No. T-14. . . . . . . . . . . . . 8%

40  variation of Normalized Voltage
Ratio with Frequency of
Trangformer No. T-80. . . . . . . . . . . . . 86

L1 Inpedance-frequency Charscteristic
of the Low-voltage Winding
Of TP&nSfOI‘mer NO e T-QO o . . - » - - - » - . 89

42  variation with Prequency of the
Impedance between the Iron-core
and One Terminel of the Low-
Voltage Winding of Transformer No. T=90 . . . 90

43  Cirecult Arrangement for Detecting the
Overvoltages Assoclated with the
‘Parallel Resonance of the Low-voltags
Winding of a Trensformer. . . . . . . . . . . 91

L} variation with Frequency of the «'s
Calculated from Zy, and zmin of Type
M-closed Coil No. Ga28. . . . . 103

45 Impedance-frequency Characteristic
of Type M Alr-core Coll No. C-21
Terminated In a Resistance of 2,000 Ohms. . . 107

L6 compariaon between Csleculated and
Meagured Impedance Values for Type
S§-open Coil No. ¢-122 . . . . . . . . . . . . 110

47 Comparison betwsen Calculated and
Measured Impedance Values for Type
S-Closed 0011 NOo 0-122 ) - - - » . . * » » . 110




TABLE OF CONTENTS

ACKNOWLEDGMENT , . . . . . . . . . .
LIST OF TABLES . . . . . . . ,
LIST OF JILLUSTRATIONS.
ABSTRACT . . . . . . . . ..
Chapter
I, INTRODUCTION.
1I. METHQD OF MEASURING IMPEDANCES., . . . . . . .
III. ANALYSIS OF TWO-LAYER TYPE M COILS, . . . . .

Simplified Analysis with Resigtance Neglected

Solution of Equation (7)

viiil

Page
ii

111
iv

lé
21

Analyslis with the Reslstance Teken into Account

Caleulation of Z

General Case: impedance of Other than
Zero or Infinite Value Is Connected
between the Cocll Layers

Selection of New Constants to Make the
Coil Equations Identical with Those
of a Transmission Line

Caleulation of Voltage between Layers at
Mid-point of Coil of Type M-closed
at First Serlies Resonance

Voltage between Layers Distributions salong
Coil Length of Colls of Types M-closed
and M-.open at Different Resonant
Frequencies

Vector Diagram of a Type M-closed Coil

Higher Resonances

IV, DETERMINATION OF RESONANT FREQUENCY
OrF TYPE S-OPEN COIL e e e e

V. DETERMINATION OF RESONANT FREQUENCY
QF TYPE S-CLOSED COIL . . . . . o s s e

61

69




Chapter

VI. RESONANCES AND OVERVOLTAGES IN
TRANSFORMER WINDINGS UNDER

NO-LOAD CONDITIONS. . . .+ « « « + + « + « « « 15
VII. CONCLUSION. . & & & v o 2 4 o« o = o o = « « =« 92

General

Limlitations

Validlity of Assumed Relatlon between
Flux and Current in a Coil
Bvaluation of Expressions for the First
- Resonant Frequency of a Type M Coll
Evaluation of the BExpression for ths
Absolute Value of the Impedance
of a Type M-closed Coll
Evaluation of Expression (47)
Limitations of Theory in Connectlon with
Higher Resonances of Type M Coils;
Evaluation of Expression (5L)
Termination of a Type M Coil in a Reslstance
Equal to Its Z_p_
Evaluation of the Expression for the
Regonant Prequency of a Type 3 Coil
Evaluatlon of the Expression for the
Impedance of a Type S-open Coll
Bvaluation of the Expression for the
Impedance of a Type B8-closed Goil

Application
APPENDIXES
I. LIST ARD DEFINITIONS QF SYMBOLZ . . . . . . . 113
II. SPECIFICATIONS QF TWO-LAYER COILS T®STED. . . 115

IIY. SPECIFICATIONS OF NONTWO-LAYER '
COILS TESTED. . . . . . .« + 4+ . . .+ 118

IV. RATINGS OF TRANSFORMERS CITED IN THE TEXT . . 120

BIBLIOGRAPHY .

v ITA » - » - - » - - L] . 1] o . Fl [ * » " - - - - - -



ABSTRACT

During the course of research on transformer windings
1t was acecldentally discovered that one of two particular
types of two-layer colls possesses wmsual resonant proper-
ties not shared by other coils; this coil has a multitude of
resonances in the frequency spectrum. By contrast, the other
two-layer type of coll has only one prominent resonance. The
number of resonances assoclated with each one of these two
different two-layer coils is not affected by opening or
closing the connection between the layers; the latter opera-
tion changes the type of resonance exlisting at a certailn
frequency. A parallel rescnance, for instance, is replaced
by a series one that appears at or near the same frequency
as before., A mathematlcal analyzis of those resonance phe-
nomene has been made and the results compared with experi-
mental @ata.

The approximate mathematical anslysis of the coil
agsocliated with the many resonances results ln a wave
equation; from 1t are obtalned an expression for the lowest
resonant frequency of the coll and other expressions Jjusti-
fying (1) the exlistence of overvoltages between the layers

under certain circumstances, and (2) the pattern of the

impedance-frequency curve obtained experimentally.




x1

The enalysis of the two-layer coll associated with
the single resonance indicates that its behavior 1s equiv-
alent to that of a series inductance-capacitance lumped-
element circuit when the comnection between the leyers is
open, and to that of a parallel inductance-capacitance
lumped-element circuit when the connection between the
layers is closed.

The analyses of the two-layer coils are restricted
to the case where the difference between the diasmeters of
the inner and outer layers is small.

8ingle-layer air-core coils have an Impedance-
frequency curve characterized by a portion in which the im-
pedance Increases gradually with frequency followed by an-
other portion in which the Impedance 1lnereases and decreases
sbruptly without following an orderly pattern.

A survey of resonances in transformer windlngs under
no-load conditions Indicates that, in general, although the
spectrum of the low-voltage winding has two prominent par-

allel resonances, the spectrum of the high-voltage windling

hes only one,




CHAPTER T

INTRODUCTION

Coils intended for alternating-current operation are
valued mainly fqr their inductive properties. In constructing
a coil, however, 1t 1s impossible to impart only inductance
to it; the end product will invariably have resistance and
capacitance also, The latter property is in sssence the over-
all effect of the Infinitely many elementary capacitances
that exist between any two points of its conductor material
end is referred to as "distributed capacitance."

As expected from theorstlical cgnsiderations based on
the exlstence of the above propertles, colls do display reso-
nances when tested at sufficlently high frequencies. Figures
1, 2, and 4 to 11 show typlcal experimental impedance-
frequency curves of a few different types of air-cored colls,

Single-layer ailr-core colils have, as in Figures 1 and
2, an impedance curve that lncreases gradually and linqarly
for a great portion of this phase, until a certain frequency,
which depends on the particular coll, is reached, Beyond
that frequency the curve adopts lmmediately an 1rrégular and
seemingly unpredictable pattern.

Four different types of two-layer colls are sxamined

and analyzed. Figure 3 illustrates how each one is formed.




The word "coil" is used here with an extended definition
that covera the cases of the two types, type M-open and
type S-open, in which the connection between the two layers
of turns is open.

A c¢oll of type M has many resonances. 1If the connection
between 1ts layers 1s closed, resulting in a coll of type
M-closed, its first resomance in the frequency spectrum is
a parallel one (as in Figs. I} and 6). If the connection
between 1ts layers 1s open, forming a coil of type M-open,
its first resonance is & series one (as in Fig. 5). A coil
of type 8 has a single resonance only. Figures 7 and 8 show
the impedance-frequency curves of types 8-closed and 3-open
respectively.

Flgures [} and 5, representing relations for the same
two-layér type M coil (No. C=21), show how an lmpedance-
frequency characteristic is altered when the Interlsayer con-
nection 1s opened. Parallel rescnances are replaced by serles
ones at almoat the same Irequencies; series resonances, how-
ever, are replaced by paerallel resonancea at different fre-
quencles. |

From an examinetion of Figures 4 and 6 wﬂich show
curves, identical in pattern, of type M coils of rectangular
and circular cross-sections respectively, 1t may be surmised
that the existence of multiple resonances does not depend on

the shape of the cross-section of a type M coll.

Figures 4 and 6 i1llustrate in turn the low- and high-




frequency aspects of the Impedance-frequency characteristies
of type M-closed colls. In figure L, at the low-freguency side
of the spectrum, a practically linear variation of Impedance
values can be observed. Such a variation would be expected,

at low fresquencises, of the Impedance of a coll having negli-
gible resistance. Figure 6 shows the typlcal high-frequency
levelling-off of the impedance curves of type M colls.

That the existence of the many resonances in two-layer
coils does not depend on a critlical placement of the two
layers with respect to each other was ascertained with the
following test: a special coll of type M-closed was constructed
having two layers of turns of circular cross-sections, of the
same length, but each one wound on a separate support; the
inner one was of considerabdly smaller dlameter than the outer
one so as to be capable of occupylng many different posaltions
fully or partly inside the other one. The multlple~resonance
pattern never falled to be observed as successlve tests were
performed for sach one of the meny different positions of
the Inner layer relatlvely to the other one. Three of the
previous many poaltions are of intarest;-theyiare:-the inner
coil is entirely outside the outer one, thelr axes being
approximately parallel; the inner leayer 1ls eccentrically
located with respect to the ocuter one; and, the axis of the
Inner layer 13 at an angle with that of the other one.

Figures 9, 10, and 11 show the lmpedance-frequency

curves of three-, four-, and six-layer air-core coils. Each




one has only one prominent parallel resonance. It appesars
from this established trend that the single-resénance pattern
iz typical of all coils having three or more layers of turns.

Electrical englineering textbooks and handbooks
describe how dlstributed capaclitance arises in coils and
they discuss the relative merits of a few ways of arranging
turns for produclng a minimum overall capacitance effect.
They usually refer to only one resonance in coils and they
preaent a8 an equivalent clrcuit for their representation
an inductor and capacltor in parsllel. No reference can be
found in these works to the fact that some two-layer colls
have many resonances,

In connection with methods of analyzing colls, the
followiﬁg two articles are noteworthy: the one by Blume and
Boya jlan (1) which offers a theory for single-layef colls
on an 1roﬁ-éore, and the other by Rudenberg (2) which presents
a theory for pancake-type colls. o

The sequence of figures 1, 2, and 4 to 11 displays
eloquently the general properties of layer-type colls., It
may be pointed out, in conclusion, that the properties of

two-layer type M coils are unique in resembling those of

a two-parallel-wire transmission line.
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CHAPTER II
METHOD OF MEASURING IMPEDANCES

The impedances that were measured were those of coils
and transformer windings. The measurements were extended to
the frequency of 10 mec. |

The measuring method employed 1s 1llustrated in Pligure
12. The procedure was as follows: the unknown impedance was
placéd in serles with a pure resistor of known value and this
combination of elements was connected aﬁross the amplifled
output (see Fig. 1l for wiring dlagram of wide band ampli-
fler) of a signal generator. The voltage across the two-
element circult was kept at 15 volts rms for all frequencles
beloew § mc and at not less than 7 volts rms for the remaining
frequencies of the spectrum. An oscllloscope was connected
across the output of the amplifier for ensuring through visual
checks that the voltage remained at all times sinusoidal as
desired. Two vacuum tube voltmeters were used: one was always
connected across both the resistance and the unknown Imped-~
ance; the other was connectedwacrossvthajelement, ragslatance
or unknown Impedancs, having:opa of its terminals connected
to the common "ground" side of the eircuit. When voltage

readings had been taken for-the-enﬁire-freQuency spectrum,

the positions of the two elements were interchanged and =
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new sequence of readlngs was taken, throughout the spectrunm,
of the voltage across the other element. In this way the
three "ground" terminals of the three voltmeters and of the
8ignal generator wore always connected to each other. The

unknown impedance was determined from the relation

1mpedance_(value of known )_vbltage across ilmpedance
in ohms “\reslistor in ohms/ voltage sacross resistor

The necessity of using such an indirect method
arises from the fact that when the three toround® terminals
of the three instruments are not connectsd to a common point,
the distributed capacitances of thelr power transformers
introduce into the clrcult unwanted electromotive forees
that alter the normal distribution of voltages between the
two elements. This difficulty would not arise 1f the three
instruments did not derive their power from the same supply.
Figure 13 shows four different improper methods of connecting
the voltmeters in the circuit; the gravity of the error of
using them cannot be overemphasized.

It may be added that slnce three voltage readings
were obtained at each frequency, though with two veltmetars
only and a transposition of elements, the result was equiva-
lent to having used the "three-voltmeter method." From the
data collected not only the absolute values of the imped-

ances could be computed but also thelr phase angles.
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CHAPTER IIX
ANALYSIS OF TWO-LAYER TYPE M COILS

The symbols that appear herein are defined in =

speclal section of the Appendix entitled "List and Defi-
nitions of Symbols." Figure 15 is to be consulted for a
visualization of the present situation,.

S8implified analysls with resistance neglscted.--The differ-

entlal squation that describes approximately the behavior
of two-layer type M colls 1s derived by two different methods,
The turn-to-turn in a lengthwlse direction capacitance is
neglected because tests on the inner layer alone of a two-
layer coll, befors the addition of the second layer, indi-
cats that the almost linear behavior, and therefore frae of
capaclitive effects, of the impedance of this single layer
13 maintained throughout the span of frequencles in which
the multiple resonances of the completed coll are manifested.
The results eppesring in Figures 1 and & are one example of
the validity of the above assumption.

The first method for the derivation of the differ-
ential equation may be called "basic method" because it uses
as starting polnts for the caloulations nonspecialized ex-

pressions of electric laws. If Kirchhoff's law 1s used

around a loop from one end of the supply, along the outer
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layer of the coil, through the interlayer space, along the
inner layer, and back to the other end of the supply, the

following can be written:

an x
J = L4 d_ 32
[ [,
& o
=4[ :&ﬁ.dx + U —-J[.iﬁﬁ;xix
x 9X = 3Xx

Since the voltage drops along two adjacent portions

of the layers are equal and oppesite in phase, it is written

that

Y. 4. -
3x A = 5 Ldx

x

and

_jée dx + U (1)

Farsday's law of 1lnductlion must be used now. In prepa-

ration, the flux-current relstion needs to be gpecified;

magnetomotive force _ iZmdx _ ‘
P = reluctance = T Z“PA L (2)
p-A

No distinction between the currents in the two layers was

made because

It was sssumed in equation (2) that the reluctance of each

elementary coil partition dx is concentrated in the space dx




in the inside of the coll.
If equation (2) at first is differentlated with respect

to time and then used into Faraday's law, the following

seguence of results ensues:

3 .
1£L=2“PA%%

$odx=-ndx S <2t AL dx

des _ _

Lo-2p gt (3)

Qv

If equation (1) is differentiated with respect to

distance, there 1is obtained

4(Vopp) - BEQ v _
dx 2'&x dx ~0

The negative sign is due to the fact that x 1s-the lower
limit of integratlon. The zero occurs because the applied

voltage 1s not a function of the peosition x. From ‘the last

expression it follows that

dy a9 | |
Sx ~25 (W)

If equation (3) is substituted into squation {l4) 1t

is found that

v _ _ i
S rASE (5)

A relation Involving the displacement current between
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the layers is

o1 - _ d
ax_dxn C<ia;S%F
oL = ~(2v
dx ot (6}
A manlpulation of equations (5) and (6) gives
Bz'u- - 2 B?'v

which 18 the onse-dimensional form of the wave equation.

In the zecond method advantage is taken of the simi-
larity that exists between a two-wire transmission line and
a two-layer coil. This method may be called "transmission-
1line method" and 1t ylelds the desired result, equation (7),
quickly.

The inductance to be used here is obtained from an

approximate relation for the inductsence of a coll which is
2

I R O ) NV
B s AR )

. By differentlation of L. there is obtained:

dbr 4 2
it A

DLL"'c.~:a.n be wriltten as.iE:L; thus:
4Ll d
x

dlr
o ATpRA (8)
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The change in the voltage between the layers for two

positions spaced by dx is

S+r i =5‘
&n&r‘hXF&LT §t4frAdx

and finally

Q-

..
e R (s)

which is the seme result that was found previously. Equation
(6) is applicable again and, when used in conjunction with

equation (5), the wave equation (7) l1ls obtalned once more:

=4 m ﬁAC%}c‘l (7)

In the first method the need for declding what in-
ductance to use was by-passed by writing equation {2). In
egsence, however, the same assumptlon, concerning the choice
of reluctance path for the flux, was made both times. The
approach followed in the first method can be applied to the
cases of the colls of types S-open and S-closed,

8olution of eguation (7).~-If & harmonic variation with

respect to time 1s assumed for the voltage, then

U.—.VMS\nw't

and

Oy - s "
fg?i_ = VLNSL wt (9)
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If equation (9) is substituted Into equation (7), there is

obtained:

BZV Stmuw L . 2
(g;?. ) =VZsmuT S <42 ACWNE Vsinet

47V X 2 _
S A9 pACLY =0 (10)
For convenience a new constant R is defined as follows:
ka 22 |
= 4w’nl.u‘\C (11)
The general solution is
V o= BICOS}RI-% Ba simRx (12)

The boundary conditions for the case of the type

M-closed coil are

at x=0, YV = Vs and
at x :2) V =0
Therefore
-\ Y
7% L o)
and
V = VS coskx - 't\ii\.b‘ Sin\i:t (14)

According to the above equation the voltage between

layers at different points along the length of the coll l1s
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either in phase or out of phase by 180°; this solution has
been arrived at by neglecting R; if R had been taken into
account the phase of the voltage would have changed gradually
along the length of the coll.

It has been observed during this research that at the
first parallel rescnance the voltage distribution along ths
coll 1s approximately a cosine curve.

The frequency of the firsf parallel resonance can be

obtained by settling

SR
2 EAC L = T
Thus
W —— 1
4nEVpAC
and
T
Bl AT (13)
Since LT = 4-..&‘-2‘,,;\ (16)
and CT =CE (17)

S
4 7y (18)

Equation (15) 1ndicates that the frequency varies

inversely as the coill length; in view of the simplifying
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assumptions that were made in this analysis, the previous
statement 1s truse only for coils having a large ratio of
coll length to coil dlameter. Figure 16 shows & relation
that was obtained experimentally between "first resonant
frequency" and "coil length."

If a coll of type M-open is considered, the same
equation (18) willl result for the first resonant frequency
which, in thils case, will be for a series resonance.

At low frequencies the voltage between the layers is
known to vary linearly with length; the llnear variation
can be obtained as a special case of the general solution

V(x) = \/5 Coskax "t:{,\.ﬁ’ sin R (1)

When the frequency 1s small the following approxima-

tions hold true:

coskx = |
Simkx ; ]QJC
tawk] = k{
Then V@t be comes
Ve = V-l - :jse k x

\)(:Jc)':\ls(\-—%) (19)

which is a straight-line relation.
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20

A
o



31

Anslysis with the resistance taken into

account,-~-The following
relations can be written:
oU - 4.2 " : _
‘ﬁ = 4 ]AA?T" + LR (20)
a' B

The time parameter can be elliminated with the as-

sumption of a sinusolidal variation for the voltage; it 1z
written then:

2
- e = (4 pACW - ROV
LY+ (4wpACa - RCw)V = 0 (21)
4V

= + (0\.——3\))\/:

The voltage equation is
Vo= BBCOS S -+ B4 sinpax

The following applles to the case of the M-closed
type of coil:

V(mg N Cos?x__

—;:WFQ. S't'Y\.?JC (22)
whers
& :4—~.-\.at».AC o (23)
R = RCw (2ly)
= a-hb

(25)
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The following is a modification of equation (20):

. 1 d.V
1) - Rtjudnip A dx (26)

Equation (26) in combination with equation (22) glves

i s
I(x) = ——ﬁ:—\ls (s‘mpx + t;\FP’ COSPI) (27)
For x=0 equatlion (27) becomes
_ _ _}u:C i
I - 15— ”F VS tan?{
8ince
. Vs
Z T,

it follows that
Z - + r E—ta“r\,E‘E
N } w C (28}

Calculation of IZJ .-«~The curve of Figure 6 depicts the

variation with frequency of the impédance of a type M-closed
coll. This impedance 1s theoreticslly the absolute value of
the expression of equation (28).

The following sequence of calculastions has as end
result the derivation of a formula glving the asbsolute

valus of 25 In terms of non-complex quantities.

It follows from equation (28) that
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2] = 2L ftangl @)

Since P:V -’3‘0 , 1t 1s advantageous to define two new real

constants « and B such that
P-gx=p (30)

The constants o and b were defined previously by the

equations (23) and (24).

If B and x are substituted intc equation (29) there
results

Zsl _ | o+ ga

()

"Ca'v\_()?:ﬂ - 8_0&)

The following identities are to be used:

Sw\,ﬂ. '0-'\- 9.
'to:ﬂ.(ﬁg. %KR) = OmE\&(ﬁQ 80&2.) 3 t;osg«.((tf -\-gﬁ—ﬂ%

5“%2(«1_ +3,BQ_J = S\?\%«Q cosg\aﬁg,—r Cosex.\xQS\wQ\é_ﬁE (31)
cos&(«ﬂ +$BQ’) = cosd ol cD323p9+s:nisz:nQéﬁQ {32)

The calculations for I’Em\(}sﬂ %,w?)l are:

Y an w |5W‘2" QCQSBQ X co Qw’\'q- Sh“Bgi
l (B - i E) |cos hwd Cos}Q+&sinﬂ\uQ&smﬁQ|

= “ Si“g“a"‘?'c“zﬁp- +eosdiulsind
Veoskouleos®Bl + sink«l sen?pl

V (Smg. o{h i - Smﬁﬂ]-l-(&me. (l +sindh 0{2)
V(H'S w23 D cos*Bl ’r(sm%"ua?.)(h cos"ﬁﬁ)
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|-t°““(£’£ "B“Q-)l = MQFM.}&“Z‘B_E +_§j&_ﬂ'f
qcoszﬁe +Wsing&ml_wm

- ‘Flnﬂzml + sintpl

s b2l + cos Pl

The expreasion for ZS\ finally is

Z

5

(33)

— \ch""-\; B> Istw-ﬂf‘uﬂ. + s‘m‘?‘ﬁf.
wC \lsimﬁ?‘uf +cos BY
Bquation (33) has a variation that is similar to
that represented by the curve of Figure 6. At low frequen-
cies sindwl 1s insignificant when compared with styﬁk and
mwﬁQ and thus the trigonometric terms govern the variation
of the function\Z%\; at high frequenciles sindxf becomes

much greater than one and then the term

PR U

sin L%l + cos"“'j?n.ﬂ

_.-.-"""'.-

approaches the value of one.

Equation (33) may hide the fact that a coll with
negligible resistance acts at low frequenciegs as an inductor.
The following simplifications reveal that the previous

expression is reducible at low frequencies to mL-r, 1r R

is neglected.

Ir RT=0 , then b=0 because
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b= RsCr
B
Since F:ﬁu;&haﬁ—}m, then w=0 , and
P = VEC = ~h:IiEJL~uJ

- P _yo+siniB) _ P

ZS g_}o W C \O +cosaﬁﬂ T wC tw“‘ﬁp'
«—L = Ja'ﬁ = LTCT e

Z,S "‘wc )3’?- (_;JC Ea Wy Q‘QC-‘-

2

and finslly

Z

5

ol

General case: an Impedance of other than zero or Infinlte

valus is connected between the cell layers.~-The clrcult

arrangement to be analyzed here 1s shown 1n Flgure 17. It
resembles the case of a transmission line terminated with
a load impedance. In imitation of the terminology used in
transmission linea, the end of the coll connected to the
power supply will be called interchangeably "“sending-end"
or "supply-end,® and the other end will be called "receiving-
end .M

The previously derived differential equatlon for a

two-layer coil of type M is

AV 4 (42 AT - RCw)V =0 (21)

d. =%
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Applied
Voltage

Receiving-end
Impedance

Figure 17. Two-layer Type M Coil Terminated
in an Impedance of Value 2Zy.
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A solution for the voltage is
V = Bacos‘:x + B451.'n‘33c

and a relation between the current and the veoltage is

I-- \ d.V
) R+ 54‘1\.?‘# Aw dx (26}
The boundary conditions are
V=V 1=1, at x=0 and
V =VR I = IR gt x:?‘
The following relations are also applicable:
V=12, =na NV =17, (34)

From a proper comblnation of some of the previous relations,
the expression for the coll impedance as considered from the
supply-end, to be called henceforth "sending-end impedeance,"

is found to be

. 2
Z i ZR__*_R-\'%?-W‘AP‘\&J ta.'npg
> P

V-Z Y 'tom,PQ_

(35)

The expression for ths voltage between two adjacent points

of the two layers ls

cAL2
Vo= Vscnst - Is Rtydnphw

P SIYLPDC (36)
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and the expression for the current in either laysr at a

distance x from the sending-end 1s

= P .
I=1 Cospx + R *%4'“2’“1\” VswaPx (37)

Selectlon of new constants to make the coll equations

identical with those of a transmission lins.--Judlicious

groupings of the coil parameters into new constants will
make the previous expressions for 1ts voltage, current
and sending-end lmpedance become identical with the corre-
gponding ones for a transmission line. That this can bs
achleved must be expected from ths fact that the voltage
and currsnt relations of both the coil and the tranamission
line stem from the same wave differential equation.

The new constants,iﬂ, and q s to be introduced are
defined as follows:

R 434 nwphow
F

4 = —4P (39)

2, =%

(38)

They correspond to those called "“characteristic impedance™
and "propagation constant® in a transmission line. The
constant p wes defined previously in equation (25).

If equations (38) and {39) are used in conjunction

with equations (35), (36), and (37) the following relations

enaue .’
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2z, =z Z&tZtankal

S o Zc*_th&“RqE (40)
\ = Vscosglc‘x — Iszoslmgﬂx (,-l-l)
1-= ISCOSQ\.c’I - _\éj;_simgﬂx (42)

The constants Z, and q can also be given in terms

of L_,C., and R,.as follows:

Z :‘\l RT;'-:}(:LT (43)
q = M_L*fjf;}_.:r)___é:_gi_ (hh)

If the last five equations are compared with the
corresponding ones for a two-wire transmission line, the
similarity between the properties of the latter and those
of & two-layer type M coll will become evident.

Caleculation of voltage between layers at mid-point of coil

of type M-closed at first series resonanca,--'i‘he relation

for the voltage between layers for a coll of type M-closed

is

\Y} .
V(x)= Vscospac -—ESFQ_—SW\'FX (22)

where P:W = ﬁ—/&.{x

At the first seriss resonsance

pl=m (45)
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and at the mid-point of the coll

_ 1 _Bt _
x=g et px=fi--F (16)
A substitution of relations (45) and (46) into equation
(22) gives

V(x) = Vg cos(ﬁa—é‘p()x -t\:if,ﬁﬂ“(ﬁ-}k)x
V(DC) = VSCQSﬁxCQsé’mx-}-\fss{\ﬁx 5:‘1\’6‘9(3; —

— t\iifﬂ_ sinﬁxcos}émx +%’mcosﬁxsiw\3mx

At this point it 1s convenient to calculate 'tcu\.f)‘?. separately:

o = : _ Lu(bQ_-'D(aQ_) _
JC 'Y\.FQ = tqﬂ(ﬁf?.-'&'x—?_) -CSOS(ﬁ.E-&%“A[) =
tanpl = SI“F’RC‘DS;&*Q -cos B slm&mg

? - COSﬁR COS%KR + S'n\_)B,E SEWJ:“Y.

The use of the relations )39_=1T and j?:x.-_%'} into this last

aquation gives

-tcvn.P?, =_£°STSL“:}«£ = —tawimg.=-*%_tﬂw\.‘?'»mg

tes 'ITU:»SEQ{E,

The calculation for the voltage at the mid-point of the coil

can be resumed now:

Y, (x =%) - Vsc.os -EIT-CQS émx + V, sin -g Si“r\a'o(x

Vs L Vs T
BT ORI A Tow T S R e
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V(:n=‘?_) =\, Sin oo +

3 Coslﬁbfx

Vs
&.twn.'?\.b('?.

tosﬂxmx

V(z) et _agosakX s -
A (50 vs sl AN e v o

The imaginary unit } is omitted now so that the absolute

value of the voltage ratioc may be found:

V('E" = §i _ Coshox
: = SL'Y\.QLO(I ta.anR

At the mld-point of the coil cx::c:ux-g_:- and the use of this

relation gives

V()

QKQ a c:;sgn.%“

Vo |7 T el

V(gf - o vaﬂ _ cosg,,m—f'* = sind x4 _ cosQ\.‘%_i Cosﬂwﬂ'?.
Vo |2 i::“»:t PEN TSN

vid) | L oaswdS g_z -coshanl 5 b (coshund -1) —coshud

Vs 251\,2\%—&_ - 2 S‘\mQLZ—'Y'
‘“V(ﬁ - coshud =1 - cosf wd

Vs 2 sim % °;_‘E

1 |

Whenizg— is small enough for the relation
2

2
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to hold approximately true, the voltage ratioc becomes

VE) |,
Vo | T oxd (48)
It can be seen from either equation (h?) or equation

(48) that, under certaln circumstances, a considerable
overvoltage can be developed between the layers of a coll
of type M-closed, at its mid-point, at the first series
resonance. Laboratory experiments confirmed the existence
of overvoltages under conditlons as described previously.
Filgure 19, for instance, which gives the "voltage between
layers vs., coll length" relation for a certain type M-closed
coll at its first seriss resonance, indicates such an over-
voltage of 5.8 to 1.

Voltage between layers distributions along coil length of

colls of types M-closed and M-open at different resonant

frequencies.--Figures 18 through 23 are 1ln connection wilth

type M-closed coils and Figures 2l through 27 in connection
with type M-open coils. It can be notlced that the voltagse
distributions appearing in these figures are similar to

those that are known to exist, under identical clrcumstances,
along transmission lines.

Vector diagram of a type M-closed coll.--Figure 28 gives the

vector disgram of a type M-closed coll and also deflnes the
symbols used 1In it. Thls diagram indicates that thers is

symmetry, from an electrical point of view, between the




RMS Voltage between Layers/Applied RMS Voltage

0.8

0.4

B

0.1 0.2 0.5 0. 4 0.5 0.6 0.7 0.8 0.9
Distance along Coll from Supply End/Coil Length
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at the Freguency of Its First Parallel Resonance.

1514



RMS Voltage between Layers/Applied RUS Voltage

0 0.1

0.2 0.3 0.4 0.5 0.6 0.7 0.8
Distance along Coil from Supply End/Coil Length
Figure 19. Distribution of BRMS Voltage between Layers
along Length of Type M-closed Air-core Coil No., €-25

at the Frequency of Its First Series Resonancs.

0.9

i'44




RMS Voltage between Layers/Applied RMS Voltage

N

0.1

0.2 0.3 0.4 .5 0.6 C.7 0.8
Distance along Coil from Supply End/Coil Length
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along Length of Type M-closed Air-core Coil No. C-25
at the Prequency of Its Second Series Resonance.
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outside and the 1lnside layers. The following relations 1ln
connection with rms voltage values between different points

of the coil can be written:

VAK = VGK (11,9)
ik = Viu (50)
Vik = 2V {51)

BEquation (51) states that the voltage between adjacent points
of the two layers is equal to twlce the voltage from the

end point of the coil to the point on the outslide layer of
the two adjacent ones considered. This last relatlon has

a certain practical value: it allows an easy determination
of the voltage between the layers, when the lnner layer is
Inaccessible, with the measurement of a voltage on the

outside leyer.

Higher resonances.--The Irequencies of the higher resonances

of an alr-cored coil of type M are not always simple multl-
plés of the frequency of its first resonance, as is unreal-
istically indicated by the solution of the wave differential
equation, but are so only when the ratio of the coil length
to the coll diameter 1s, as found experimentally, larger
than about thirty. This divergence from the thecoretical
expectationa is.partly due to the faet that the end eff?cts
of the coil, both for the Inductance and the capacltance,

have not been taken inte consideration. & linear relation,

LT=4“3VEA’ betwesn inductance and length was used for the
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coll. This relation, which is theoretically valid only for
¢olls of Infinite length, can yield sufficiently accurate
results for relatively short coils if amended with a cor-
rection multiplier K so that f;=‘$fﬁgﬁdﬁ This multiplier

is & function of the coil length to diameter ratlo and 1s
defined graphically in Figure 29 (3). An examination of this
figure will reveal that if the length of a certain coll is
reduced, for instance, by one half, while its number of.
turns per unit length w and its cross-sectlional arsa A are
left unchanged, its inductance 1s reduced by more than one
half. Without the use of K, however, a computation for the
inductance of the previocusly halved in length coil will
yield a value half as large as before and not less than that
although it is less than that in reality. Resonant frequencies

computed from formulas (18) and (97) which are

|
f P — (18)
(B
and
) | '
o (97)
YL o
do not suffer 1n accuracy from the simplifications, the
omission of the dependence of the coil inductance on the
ratio of coil length to coll diasmeter and the assumptlon of

a constant value of capacitance ( between layers per unit

longth for any position along the coil, utilized in the coil
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analysis if correct values for L,and (4, such as values
obtained from bridge measurements, are used in these formulas.
In connection with the higher resonances, the use of ths
correction factor K in conjunction with equation (18) results
In a relation indicating that the ratio of the mfh resbnant
frequency to the first one is larger than m for coils of
ordinary dimensions having a relatively small ratio, less

than three, of length to diameter. If it is assumed that

at the w$h resonant frequency the directions of the currents
and the magnetlic flelds divide a coll effectively into m
smaller coils each |/mas long as the original one, then for
each component coil the total inductance is SIKmand the
total capacitance is %%.\(wtis the correction factor for

the smaller coil with length to diameter ratio of;\%and Kl
is the correction factor for the entire undivided coll with
length to diamster ratio of:%u The expressions for the wih

and the flrst resonant freguenclies can be written as

I
i - " \‘LTKM = (52)
¥y BN
and
{ = ? :
| 4\'—1‘ K,C+ (53)

The ratic of equation {52) to equation (53} is

%’? - U%’: (54)
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Since K, is always'larger than K,,, except for a coil of
infinite length in which case they are both equasl to ons,
the ratio ¥“¢41 ls larger than m. If a sequence of values
of the ratio %m/?‘ is calculated for a coil becoming pro-
gresslvely shorter, it will be sesen that this ratio becomes
progressively higher. The calculated ratic is always smaller
than the corresponding-measured ratio and the differencs
between the two becomes larger as the coll under consider-
ation becomes smaller, Therefore, although equation (5i)
is helpful in partly explalinlng the dlvergence betwsen
theoretical and experimental results in connection with
the higher resonant frequencies of colls of ordinary lengths,
1t is not reliable for the determination of these frequencles.
A comparison between calculated and measured frequency ratios
can be found in Table 1.

Pigure 30 shows a family of curves giving the ratios,
as determined experimentally, of a few higher resonant

frequencies to the first one for colls of length to diameter

ratios from 3 to 1 to 0.2 to 1.
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L4
Table 1. Comparison bstween Calculated
and Measured {m/ , Ratlos for Different {/D Ratlos

Calc. Mena. Per Ealc.Meas..Per' Galc. Meas. Per

S Wb ML SR oA UA S AR

oo 2 3 L

I 2,10 3.28 L.57

3.5 2.10 3.31 L.60

3 2.12 2.25 - 5.8 3.3& 3.0 - 1.8 L.71 5.00 -~ 5.8
2.5 2.12 2,35 - 9.8  3.38 3.50 - 3.4 4.75 5.20 - 8.6
2 2.18 2.40 - 9.2 3.50 3.52 - 0.6 5.00 5.50 - 9.1
1.5 2,22 2.2 - 8,3 3.64 3.68 - 1.1 5.23 5.90 -11

1 2,29 2.60 -12 3.80 3.95 - 3.8 S5.45 6.56 -17

3.90 4.00 - 2.5 5.65 6.92 -18
h.ol1 4.h1 - 9.1 5.8 7.48 -22
h.12 k.50 - 8.5 6.04 7.8 -23
L.10 k.90 -16  6.16 8.2 -25
L.30 5.00

0.8 2.32 2.75 -16
0.6 2.37 2.90 -18
0.5 2.38 3.05 -22
0.4 2.43 3.20 -2}
0.3 2.46 3.30 -25

]
l—l
=
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Figure 30. Variation of the Frequency Ratios f,/f;, £, /f), £,/8, , mnd f5/fy
with the Ratio of Coil Length to Diameter for a Two-layer Type M-closed Coil.
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CHAPTER 1V

DETERMINATION OF RESONANT FREQUENCY
OF TYPE 3~-OPEN COIL

A type S-open coil has a clearly defined serles reso-
nance at which lts 1mpedance is equal to 1ts effective re-
sistance. This resonance iz due to the interaction of the
distributed capacitance between the two layers with the
distributed inductance of the turns and the determination
of the frequency at which it occurs is the object of the
caleulations of this chapter. Other resonances, parallel
and serles, probably due to the additional effect of thse
distributed capacitance between turns 1n a lengthwise di-
roction which i1a neglected in this =analysis and to 1lrregu-
laritiea in the apacing betwwen successive turns, can also
be observed at higher frequencies. Figure 8 presents the
portion of the impedance-frequency curve of a type S-open
coll which shows to adventage 1ts series resonance, The
voltage between two edjscent points of the two layers is
constsnt, at a certaln frequency, aiong the length of the
coil; it is not #he same; however, at all frequenciles. At
very low frequencies this voltage is approximately egual
to the voltage applied to the coll, As the frequency is

increased and that of the serles resonance is approached,
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X

Figurs 31. Type S-open Coil,
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the voltage between the layers rises above the one applled
to the coll terminsals. At the frequency of the series reso-
nance the ratlo of the voltage between the layers to the
applied voltage is at 1ts maximum and that can be many times
greater than one.

In the following calculations for the determination
of the frequency of the series resonance of ths coll the
resistance parameter is neglscted. Figure 31 13 with refer-
ence to the present situation.

Here again, as in the case of the type M coll, the
calculation starts with an equation based on one of
Kirchhoff's laws; this equation expresses that the voltage
epplled to the coll is equal to the sum of the voltage drops
along any path through the coil starting from one of its

terminals and ending at the other one. The relation is

0 x
=/ 2% 4 de,
Uc,”(‘t) /x S x+v% 'T;de (55)

A voltage Iinduced in a few turns of one layer is due
to changling flux crested by appropriste magnetomotive forces
of both layers.

Equation (2), when adapted to the present case,

becomes

A(t)=ph [%(x) 1) T4, (x)t)]

or simply
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(56)

52{::'\'\..].,\_{5\(‘(.‘;'*' Lo)
In accordance with Faraday's law and the previous

explanations, 1t can be written that

x at at

or

de, 2 dn; by

3x '""“‘\*A(a:& “"‘”aj; (57)

BQ;L #_Wz é’b‘, é"I'c:e

Se T“P‘(at * ‘ét) (58)
Since

LY+ () = (1) (59)
it follows that

de, _ éei-_ 2 A'LT

= e - A IR (60)

The members of these two equations are constant with
respect to distance.
Equation {55) becomes, after integration is per-

formed as indicated,

Vapp = o [IT M éﬁ{x}:

* ox
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If equation (60) 1s used

o= ‘-LACLLT( x)+v YL‘-LA(JC E)A‘LT

and
Vo = U 4 WAt ) 6
PP PR (o1)
Since v and {, do not depend on x, 1t follows that v

“pP
also does not depend on X,

Equation (6) applies to this case and, with two slight
modifications, it becomes

Yo . _ 4
o - Ay (62)

x

Since v 1s independent of xx it follows that the rate of
change of the current Lo with respect to x 1s constant and
this means that the expression for {, 1s a linear function

of x. Therefore,

L= Stex + i (63)

The last term, i, of equation {63) is in agreement with

the boundary condition that
at x=0 L = 4 mm.gfo

For the determination of the slope of the atraight-line

relation the following conditlon is to be considered:
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at :r_=g {,=0
di, -
0= - ‘g‘l'{-'r
and
di ix
Sz - {64)
dx 1 i
Therafore
g:-%Lx+-Lr (65)

The combination of equations (62) and (6L} gives

dv . AT -

g 1 (66)
which can be wrltten ss

. LT.

Wy =

¥ 2l

from which
4
vErhae en

A substitution of equation (67) into equation (61) gives

. A s gyl -
Vapp T ThuCr T O pALL,

: . 2 | .
U“‘PF’ - 3((»37\.‘;;‘\‘?.*”—(:[-) Lr (68)
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The ratio

Jpp
Lr
is the coil impedance and therefore

.

2 | _
Z = A_(LJY\. '.\.A‘?. - GJ_C{) (69)

If the relations

2 L-r
e AL =L

C2=CT

ars used, equation (69) beacomes

Z =4 ("" lzf - w‘CT) (70}
It can be said on the basis of equation (70) that
the equiValent circult of a type 8-open coil 1s a seriss
inductance-capacitance circuit of lumped values Ly/L and Cr.
The result expressed by equation (70) indicates that
g coll of type S-open behaves at high frequencies almost as
a pure inductance, if its resistance can be neglected, of

value

- 4 {(71)

where Lj-is the low-frequency inductance of the ensemble
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of its two layers when they are connected to each other
as in a type S-closed coll. Expression (70}, however, is
valld only for a limited range of frequencies above the one
of the series resonancs of the coll, Factors that are not
important for the determinatlon of the frequsncy of the
series resonance become pradpminant at higher frequencies
and invalidate expression (70).

The frequency of the serles resonance of a type 3-

open air-core coll, a3 derived from equation {70), is

ey (72)

This frequency 1s alightly higher than the frequency

of the first resonance, a series one, of a type M-open coil.
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CHAPIER V

DETERMINATION CF RESONANT FREQUENCY
OF TYPE 8-CLOSED COIL

A typlcal impedance-frequency curve of a type S-closed
alr-core coil appears in Figure 7. The only prominent reso-
nance that the c¢oll has is a parallél-one. The voltage between
any two adjacent points of the two layers 1ls at all freguen-
cles equal to one half of the applied voltage.

Figure 32 may be consulted in connectlon with the
calculations that follow.

A relation enuntiated in the previous chapter 1s

o x
”w*x 3:; dx + v + -—%de (55

1

which can also be wrlitten as

] Ea X
U, =]_§&_c\.x +j Be dx + v +/ aei.cl:t (73)
181 v dx [ dx 0 dx

If equations (57) and (58) are reexamined it can be

seen that
de, -
e - 080 (74)

If equation (74) is substituted into equation (73} it
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=t

x=0

Figure 32, Type S-closed Coil.
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is obtained that

0
_ de.
a.F'"/i_a%E_&x’fU (75)
Since
O .
éeo A.x =U°"?E
P Ix 2
then
- v“'
wpp =2 TV
and

which shows that v is constant along the length of the coil.
If Kirchhoff's law 1s used along the entire length
of the coll 1t follows that

UQFF =£°__n \*A(éuo _1_5*-«.)&3,:_%-/&‘&‘*\( St —\-31“_’ )c\_x
B

!

Uq.\a\: = 2 . \&PJ &X“"a’ﬂ ‘-LA]—‘I—B{' A.DC
ALQ
-Q“PA/ +H)c\x (77)
Equation (62) 1s |

3t = ~Cq =il (62)
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A similar relation can he wr;tten T'or the current in the

Inside layer:

Bii &v

=

‘-%yJCU (78)
The difference between equations (62) and (78) is due to

the fact that as x ls increased i, decreases and ¢; in-
creases. It follows from equations (62) and (78} that L,

and i; can be expressed by linear functions of x. Thus

i

i. = { +E9-:r_ (79)

where i, a constant, satisfiss the boundary condition that

at x=0, 4 =1y, Similarly

L = Bs + é‘“‘* x

where BS 1s a conatant that must be determlined.

At x=4
’LL(xJ)"Bsﬂ'%'E:}“T
B5= 4:-'r 3; "P.

With the use of equations (62) and {[78) the expressions for
{, and i; become:
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i, = Ly —4ulux (80)
L= Ly +3urC'u-(x ’?_) (81)

L

Equations (80) and (8l) are in agreement with the known fact
that i, st x-{ is equal to i, at x=0. The current in the

connsction between the layers 1s

h(x=) = LL(:r.=0) =k —@wCuQ
The sum of the currents in the two layera is
{_°+LL,—_2LT—SMC\:£ (82)

If equation (82) 1s differentiated with respect to time
there is obtalned:

o4, BL._
st T 3% < 2

&LT 3uc 1

di, 3&.-. ‘&“‘(2‘* 'WC"E‘)

3 (83
A substitution of equation (83) into equation (77) gives
J =j3us2m_a A R(zL -'uSer?.)ch
opp v +7%
a
and since none of the terms under the integral sign is =
function of =
. 2 .
With the uase of equation (76), equation (84) becomes
2 2 : : 2 i
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The substitution of relatlions

cl=C,
4JHA£=\;T

into equation (85) gilves
2L+ C : '
v&?P(l'*lJ _ei—JL) = ?lﬁ L‘T L_r
and thus

%LJLT
2L +Cy (86)

s
Z'4
ol —w
which can alzo be written as
|
}U L, (- 1’) wlr_
Z= 7 = (87)
ﬁ'(“ T w _C.J'_)
4
An examination of equation (87) reveals that the type S-

closed air-core coil is equivalent te an inductance-
capacitance parallel circult of values L, and Ci/k.
From squation {86} it is found that the resonant

frequency of a type 8~closed alr-core two-layer coll is

|
¥ B T{Lr Cy (88)

It 1s noted that both type S-open and type S-closed coils
have their resonance at the same frequency 1f, with the ex-

ception of the interlayer connection, they are constructed

identicslly.
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CHAPTER VI

RESCNANCES AND OVERVOLTAGES
IN TRANSFORMER WINDINGS
UNDER NO-LOAD CONDITIQNS

Since transformer windings are basically iron-cored
coils, their Impedance-frequency characteristlics are modified
versions of the characteriatics of the colls of which they
have been constructed. When a coil bgcomes part of a trans-
former, its lmpedance-frequency curve 1ls eltered hecause of
the influences of the iron-core and the other windings. How
an iron-core alcne affects the frequency curve of a coll can
be learned from an exemination and comparlson of the curves
of Pigures 33 and 3. Figure 33 shows the Ilmpedance-frequency
characteristic of a two-layer alr-core coll of type M-closed.
Figure 3l shows the characteristic of the same coll when an
iron-core ig added to it. It can be seen that the total number
of resonances 1ls the same in both cases: neither new reso-
nances have been crested nor any have been made to disappear.
The effect of the addition of the 1lron-core iz the lowering
of the frequencies and the Q's_of some of the existing reso-
nances. This effect, which is quite pronounced on resonances

that occur in the lower side of the spectrum, becomes pro-

gressively smaller at higher frequencies. It appears that
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regonant frequencies and Q's of impedance peaks cease to be
affected by the addition of an iron-core above the frequencies
of 200 k¢ and 1 mec respectively.

Since transformer windings are mutually coupled through
the iron-core, resonances that are a property of cone of them
appear also in the spectra of the others. The effect of the
iron-core in linking magnetically the windings becomes smaller
at higher frequencies and, for practical purposes, it ceases
to exist above 100 ke in transformers designed for operation
at 60 cps. Therefore only the resonances of windings that
occur below 100 kc sre reflected into other windings. Figures
35 through 38 show the Impedance-frequency curves of the low-
and high-voltage szides of twoc transformers. In these cases
the low-voltage slides display two prominent resonances whereas
the high-voltage sides only one. Fach one of these windings,
however, would have only one resonance if taken out of 1its
transformer and tested, if it 1s assumed that it 1s made of
more than two layers of turns. 0f the two windings of each
one of these transformers, the low-voltage one, having the
smaller number of turns and layers, will have the higher
frequency resonance. The difference in the number of observa-
ble resonances between the two sides 1s due to the fact that
a low-frequency resonance, created by a high-voltage winding
and occurring in the frequency reglon of below 100 kc, ap-

pears twice, one time 1in its own side and another time in the

other side by reflection, whereas a high-frequency resonance,
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oceurrlng much above 100 ke, cannot be reflected to another
side and thus appears only once 1n 1ts own side,

Some  of the resonances of transformer windings are
regsponslble, under spproprlate clrcumstances, for the creation
of overvoltages. The first situation to be descrlibed in which
an overvoltage can be developed 1s in connection with the
serles resonance of the low-voltage winding. The high- to
low=-voltage -glde voltage ratio of a transformer is not
constant at ﬁll frequencies,. Whenever 1t Increases above 1ts
normal value, an overvoltage exlsts across the high-voltage
side. FPigures 39 and L0 show two typical variations with
frequency of the normalized voltage ratios (high- to low-
voltage sides) of two transformers. The two'highest over-
voltages are in each case 3.92 to 1 and 3.0 to 1 respectively.
In these czases the low-voltage sides were connected to a vari-
able frequency supply and the high-voltage sides were un-
losded., It can be observed that the normalized voltage ratios
stay constant and equal to one for a large portlon of the
spectrum. Eventually, however, they start increasing and
after they go through one or more maxima 1In thelr variatlions,
they decrease to an insignificant value, A transformer loses
its usefulness when this low value of voltage ratio 1is
reached because, naturally, no significant amount of power
can then be transferred Irom one of its sides to the other.

If Figures 39 and j0 are compered with Figures 35 and 37,

which give the Impedance-frequency curves of the low-voltage
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sldes of the two transformers in question, it will be noticed
that the maxima of the voltage ratios occur 1In the neighbor-
hood of frequencies at which the low-voltage side (supply-
side) impedances are minlmum. These impedances go fhrough a
minimum, and are then composedieffacbively-of resistance only,
at fraqnehciea where the overall capacitive and Inductive
el'fects cancel each other, At such a frequency the potential
difference across the low-voltage slde is equal to the
product of 1ta effective reslstance by the current flowing;
the potential difference across the other slde 1s equal to
the number of lts turns multiplied by the rate of change of
the mutual flux created by the current in the low-voltage
slde. The voltage ratlo Qf the latter to the former 18 a
number greater than the ratio of turns of the high- to the
low-voltage side. It 13 helpful tc remember at thls peolint
that the well-known relation that the ratio of the secondary
voltage to the primary voltage 1s equal to the ratio of the
secondary turnsfto the primary turns, which is valid for a
considerable portion of the spectrum, was derived for con-
ditions where the reslstive and capacitive”effecﬁs are
negligible when compgred-with'theﬁinduefive-effect; at the
point of maximum voltage ratio the previous approximation
cannot be made and hence this relation is no longer valid;

it is the resistance”parameter gi@ﬁ§, as'rt ﬁas-stated previ-

ously, that is of importance at such an isolated point of

the frequency speectrum.
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The overvoltage of the high-voltage slde at a point
of minimum impedance of the low-voltage side is considered
to be a curlosity rather than a nulsance becauss of the un-
usual frequencies at which it occurs,

A second situation In which an overvoltage can be
made to appsar in a transformer 1s assoclated with the second
prominent parallel rasonance of 1ts low-voltage winding. This
resonance, as explained previously, is manifested through'the
propertles of the winding itself and is not made to appsar In
thlas winding through reflsction from snother winding. Figures
35, 37, and L1 (resonance at 4.l me¢) show such resonances.
Figure 42 presents the frequency curve of the impedance, to

be designated by Z between the iron-core and one end of

AN’
the low-voltage winding of the transformer that 1s assoclated
with the results of Figure Lj1. The distributed capacltance
between iron-core and low-voltage winding forms the ssemingly
nonexistent comnnection betwssn the two terminal points of

this impedance. Figure li3 shows the cireuit arrangement that
was used for the detectlon of the overvoltagses; in this

figure points A and N cen be identified as the terminal points
of the impedance Z,y. The frequency curve of Z,, in Figure Lo
has two minima which, with an examination of Figure 41, can

be seen to exist at frequencies a llittle before and a llttle

after the frequency of the prominent parallel resonance of

the low-voltage slde. Qvervoltages appear across the low-

voltage winding at frequencies in the neighborhood of each
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one of the two minima of impedance. By "overvoltage" it is
meant that the ratio of the voltage across the low-voltage
winding, with terminals A and B, to the supply voltage
across terminals A and N, is larger than one. The two over-
voltages in the case of the transformer assoclated with
Figures 41 and L2 are: 8.50 to 1 at 2.32 mec and 2.83 to 1
at 6,60 mc.

The magnitudes of the overvoltages that may be detected
in transformers under clrcoumstances as described previously
depend, of course, on the particular constants of these
transformers. The above overvoltage of 8.50 to 1 is considsred
urmasually high aince it is the largest one found from tests on
five transformers. The overvoltage of the latter case, as the

one of the former, 1s also regarded a8 an oddity disassociated

with any responslblility for transformer fallures,
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CHAPTER VII
CONCLUSION

General.--The preceding treatment describes mathematlcally
and graphically the properties of two~layer coils and also

" focuses attentlion on some high-frequency aspects of power
transformers. In connection with two-layer coils the mathe-
matical treatment specifically accomplishes the following:
it confirms that there 1s a similarity between the properties
of a type M coll and a two-parallel-wire transmission line
slnce both are descrlbed by the same differential equationj
it juétifies the results obtained experimentally and thus
eliminates doubts about their correctness; in some cases

it shows how the properties of these coils are affected by
variations in the coil parameters; it indicates indisputably
that the basic difference between a type M coll and a type S
coil is that the former has a wave-equation behavior but thé
latter has a lumped-element behaviof; it_providea formulas
for the calculation of some'neébnént.fféquencies of the two
types of coils which 1n turn allows estim@t&s to be made of
the upper limits of-thé'frequenéﬁ"ranges in which both coils
behave s inductors.

Limitations.--Because of the many simplifications that are

made in the analysis, many of the results serve only to
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justify the existence of the observed phenomena and not to
calculate actual values of electrlcal quantities. Simplifi-
cations made are the omission of the turn-to-turn capsci-
tance in a lengﬁhwisa direction, the omisslon 1n some cases
of the reslstance, the assumptlon of an Inductance per unlt
length that 19 constant at all points along ths length of

the coil and at all frequencies, the assumption of a constant
capacitance per unit length whlch amounts to the neglect of
the end effect, and the omission of the skin effect which
affects the high-frequency resistance.

The high-frequency resistance of an isolated conductor
varies approximately as the sguare root of the frequency. No
expression, however, 1s avallable for the high-frequency re-
sistance of the wire of a coll where so many conductors are
near each other. It is nescessary, nevertheless, to assume
& reasonable increase with frequency in the effective re-
slstance of the coil wire in order to be able to deduce, from
an examination of the coll expressions, realistic trends of
the coll properties with increasing frequencies.

Validity of assumed relation between flux and current in

g coll.--The agresment of some results calculated from
theofeticél expresalons with thelr corresponding measured
values indicates that the initially assumed relation between
flux and current in a coll is valid, since the entire theory

is based on 1t. Thils relation, whlch must not be consildered

to be exact, 13
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QS(I)‘t) ':‘““{LA SZ=I “\_S(I,_t)

for a coll having s layers of turns, & cross-sectionsl ares
A, and n turns per unit length in each layer. The restriction
that succeeding turns must be as close to each other as
possible must be added. Thilg relation may prove useful in

the analysis of other types of coils.

Evaluation of expressions for the first resonant freguency

of & type M coll.--The two expressions found fdr the first

resonant frequency of a type M coll are

% - ! {(15)
Bml\AC

and

g‘F - ‘ (18)
4 LCr
The first expression shows to advantage how the firast

resonant-frequency depends on the coll parameters. It can

be seen, for instance, that if the coil length 1s doubled

while all ths other factors are left unchanged, the frequency
is halved. This expression makes use of an approximate
formula for the inductance of a coll: the formula gives an
Inductance value that is ten per cent high for a coll of
length to dlameter ratio of four but it improves 1in accu-

racy for coils of larger length to dlameter ratios.

The second expression is more suitable than the f{irst
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for the calculation of a resonant frequency since it does
not force the use of an approximate inductance formula.
Table 2 gives a comparison between calculated and measured
resonant frequencies of %ype M and type 5 colls. The values
used for | . and CT.wsre obtained by bridgs measurements. For
type M coils the per cent differences between the two corre-
sponding frequencies range betwsen -7.l per cent and -2l per
cant. The per cent differences that are over 20 per cent,
however, are for colls made of cotton-enamel insulated wire
that keeps succeeding turns, bscause of its thick insulation,
farther apart than does the plain enameled wire of the re-
maining colls. The coils made of enameled wire gave per cent
differences ranglng between =7.l per cent and. -1l per cent.
The conaistency of the direction of the divergence between
the two results auggests that 1f the calculated frequency
is» multiplied by a certaln correction factor, for instance
by 1.1 or 1.2 according to whether the wire 1s enamel- or
cotton-enameled-insulated or by some other correction factor
appropriate for another condition, a frequency value closer
to the true one will be obtalned.

Another expression, differing from the others by
including the resistance parameter, for the first resonant
frequency of a type M coil can be obtained by setting )32.-:.1&"—-.

Since

; =1'r\/—i[wCT R+ L ]




Table 2. Comparison between Calculated and
Mesasured Resonant Frequencies of Two-layer [olls

Por Gont

Goll ~ Coll Galculated — Weasured
Type Numberp Frequency Frequency Difference
_ ' in ke in ke

M c- 14 98.7 110.0 -10

M C- 17 492.0 ch1.0 - 9.1

M c- 21 132.1 170.0 -22

M ¢- 25 6.7 7.8 -1k

M ¢- 26 18,2 2L .0 -2

M c- 28 43.8 55.8 -22

M g-120 6.1 6.6 - 7.4

M ¢-128 1.9 2.1 -1Q

s c-122 24.6 2l4.0 + 2.5
c-12h 8.0 8.2 - 2.4

Insth&5E§§§¥&f?&~ﬁ§§d’K“bﬁil;éﬁﬁﬁ1fé§bnaﬁt’ffeqnency
- glven is the lowest one of all its resonant frequencles.
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the expression for the frequency is

N ‘

2
4 \]LTCT(HC__;‘_“;)

It can be sesn that the inclusion of the coll resistance in
the calculation results in a frequency value lower than the
one calculated with expresaion (18). This widens the differ-
ence beiween calculated and measured results. It must be
remarked, howsver, that the contribution of the tenm-%%%éﬁ
1s negligible. For example, for the coil No. G-128 which
has the highest (i and R, of all the coils tested, but also
2 P

the highest LT, the term_cﬁ.%%is 0.00146 which is negligi-
ble 1n comparison with one. It 1s fortunate that the effective
resistance of a ¢oil, which cannot be known exactly at high
frequencies because of the lack of an expression properly
taking the skin effect into account, plays such an insig-
nificant role in the determination of the resonant frequency.

Expression (18) is identical with the exﬁresaion for
the first resonent frequency of a_lpssless transmisslon line.

It i3 well known that a transmission line is in resonance

when its length is one quarter of the wavelength long:
% (89)

A relatlon between tha ﬁavelength, the frequency, and the

phase velocity is




98

AN=v | (90)

The phase veloclty of a lossless btransmiassion line 1s

1
VT (91)

The substitution of relatlons (90) and (91) into relation
(89) glves

L
¥"4QTW:C' 4 (L))
!

t-2 ey

which is identical with expression (18).

The two-layer type M coil is, within the limits of
accuracy of this theory, a ascaled down version from the
frequency point of view of a transmission line. Coils, when
compared with transmission lines, have an extraordinarily
large concentration of Inductance and capacitance per unit
length. This 1ls the reason why the phenomena that occur 1in

transmisalion lines at high frequencies occur 1n colls at so

much lower frequenciles,
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Evaluation of the expression for the absolute value of the

impedance of a type M-closed ¢oil.--The expression for the

absolute value of the impedance of a type M-closed coill 1is

[z

" V x*4 B s'mﬂqu +sinipl
== SolZnl +cortBl (33)

which can sls80 be written as

4
12 - Rz-r + Lz-r ,simvnzw?. + Sim?‘ﬁP_ _ (92)
s w? Ch sinhixl +cosinl
or
- s‘mg.auﬂ+ siq\alB.P_
|Zs| ‘ Zo V sind 2 L4 cos2Bl (93)

The high-frequency limit of Z, is

Lo

T

Z.,,H :
which is a constant and real number. For the colls tested

this 1imit is reached in the low audio-frequency range before
even the occurrence of the first resonance. For example, the
|Z° at 1 ke of coil No. €-28 1s 5Ll ohms; its Z°;R~—<g- is 539

ohms, The impedance expression can, therefore, be written as

L siw?.zﬂﬂ.' si.na,BaE
lzsl-\ Cr qsi‘h%akiicosa'ﬁg (k)

Expression (94) indlcates that the high~frequency value of

4 is constant and equal to Z . This, however, does
s oh-{
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not agree with experimental results: it can be observed, for
instance, from Figure & that after 700 kc the impedance-
frequency curve of coil No. G-25 astarts decreasing slowly.
The ;zof&_i of coll No. C-25 1s 1,700 ohms; the almost level
part of its curve pssses through 650 ohms at 1 wme and through
336 ohms at 10 mc. Coil No. C-128 has a Z%&fg of 2,370 olma;
at 250 kc, the beginning of the level portion of 1ts curve,
1ts lmpedance is 1,300 ohms; at 1 me it is 800 ohms. But by
contrast coil No. £~-26 which has a Z, 2. g of 783 ohms has an
impedance of 775 Ohms et 2 mc and of 720 ohms at 4.5 me.
Bxpression (9&) cannot be used for the calculation of
the impedance of a coll at a certaln frequency. There are
two reasons for this: (1) there is no expression'availabla
for the effective resistance of a coil as a function of
frequency and (2) the resonances of a coll do not occur at
the frequenciles predicted by the theory.

The expression for x for a type M coll is

SRS N IR I

The x of coils similar to those tested in the laboratory

approaches 1ts high-frequency limit, which is

Ry
1T T2 (56)

in the low sudlo=frequency range. For lnstance, the m%:#

of coil No. C-28 1s 0.00382; its % at an angular frequency «
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of 2,000 radlans per second is 0.00366 and this represents
a difference of l}.2 per cent. Without the consideration of
the skin effect, X reaches a 1imit at a frequency too low

to be of use in justifying the coil phenomena through the
equations obtalned. If the skin effect is considered, how-
sver, X keeps inereasing through the increase of Ry with
frequency. It 1s imperative that stn%uE of expression (93)
increase with frequency until it reaches a value sub-
stantially above one, at least around %en, in order to
justify the typlcal "up and down" impedance variation, as

in Figure L. Since a relation between RT.and-g 1s not avalla-
ble, this situation suggests a method for ccmputing'FLTby
using the measured value of Zs. At parallel and series reso-
nances expression (94) becomes

!
Z"rh.o.x: Za',?‘_—g )[Q.WQLKI (9?)

and

= Tanhu
zz%mhm 22%%-8 bt (98)
The multitude of resonances glves a series of Z.,,, and me
values which in turn allow X to be determined at many frequen-
clea., A curve of X vs, frequency permita the x of & certaln
coll to be found by intrapolatlion at frequencies at which the

coil has no resonances. With x known, the effective resistance

of the coil can be calculated with expression (96)., If the
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previous effective resistance is dlvided by the length of the
wire in the coll, an average value and not a true value of
registance per unit length willl be obtained because the
current 1s not the sams in all the parts of the coll.

The x's of three colls were computed from expressions
(97) and (98) and their frequency variations were plotted.
For each coll the curve formed by the x's calculated from
the impedances at the parallel resonances was different from
the curve formed by the x's calculated from the impedances
at the series resonances. Flgure hh shows two fypicel X vs.
frequency curves for coil No, ©-28.

Evaluation of expression (47).--Expression (47} gives the

voltage between the layers at the mid-polnt of a type M-
closed coil at the first series resonance. When x! is less
than 0.1 thls expression assumes the following simplified

Tform:

ZA
\\’l(a) =7 (48)

e

The m%ﬂ$ computed by using the low-frequency resistance
cannot be used here. At & frequency at which a resonance
ocours the x hes already incressed above i1ts limit as de~
termined by the direct-current resistance of the coil.
Therefore, since the K corresponding to a certaln frequency

cannot be found with the information available in the litera-

ture, this expression has no other practical value aside from
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Figure 44, Variatlion with Frequency of the x's Csalculated
from Z,,, and Z , of Type M-closed Coil No. C-28.
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eonfirming the exlstence of an overvoltage,

The 's of some colls used in this research have been
determined with the previously suggested method and a com-
parison betwesen measured overvoltages and overvoltages calcu~
lated with expression (L8) is given: for coll No. C-25 the
measured overvoltage 1s 5.8 and the calculated overvoltage is
8.4; for coil No. ¢-128 the measured overvoltage is 9.2 and
the calculated overvoltage is 10.

Limitations of theory in connection wlith higher resonances

of typs M coils; evalustion of expression (5li).--The higher

resonances of a type M coll are not simple multiples of its
first resonance as the theory predlcts. For example, for the
short coil No. G-25 of type M-closed of length to diameter
ratio of 0.77 the successive frequency ratios are

1, 2.64, 4.14, 6.98, 9.00, 12.50, 1k.70, 18.50, 21.60, 25.60
Instead of beling, accordlng to ths theory,

i, 2, 3, 4 5 6, 75 8, 9, 10
It has been noticed that the frequency ratios of longer colls
give better agreement with the theory. An extremely long coll
was bullt, coil No. ¢-28 of typs M-closed of length to diame-
ter fatio of twenty five, in an effort fo find frequency
ratios agreeing with the {theoretlcal ratlos. The measured
frequency ratlios for this coll are

1, 2.09, 3.05, L.19, 5.19, 6.ho, 7.41, 8.61, 9.80, 10.80
instead of being 1, 2, 3, .oy 10, and this indicates that

the theory fits better the case of large rather than small
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ratio of length to dlameter.
Expression (54) 1s

-}glﬂn o (54

th resonant frequency to the

and it gives the ratlo of.the m
first of a type M coll. The correction factors K and Kon
can be obtained from the graph of Flgure 2%9. This expression
glves results of better aceuracy fdr_coils of larger rather
than shorter ratios of length to dlameter. It can be seen
from Table 1, which gives a comparison between frequency
ratios calculated with expression (5}) and measursd frequency
ratios, that the per cent error of the calculated #2/?| is
less than 12 psr cent when {/) is greater than 1, that the
per cent srror of the caloulated ¥3/21 is less than 10 per
cent when %ﬁb 18 greater than 0.5, and that the per cent
error of the calculated ¥4/¢| 13 less than 1l per cent when
a/b 1s greater than 1.5. For the extremely long coil No. C-28
of type M-closed, the calculated frequency ratios almost
perfectly agres with the theoretical ratios given previously;
they are
1, 2.02, 3.08, L4.12, 5.20, 6.26, 7.39, B8.54, 9.66, 10.89

When the connectlon between the layers is opened,
changlng thus the type of a coll from M-closed to M-open,

the frequency ratlos are slightly changed. For instance,

for the coll No. C-21 thes ratlos corresponding to the M-
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closed case are 1, 3.00, L.48, 7.63, 9.83,..., while those
corresponding to the M-open case are 1L, 1.96, L8, 6;33,
9.70,00.+ It can be noticed that it 1s the ratios corre-
sponding to resonances of even order that differ. As the [/D
ratioc increasesa, the two serles of frequency ratlos tend to
better agree with sach other.

Permination of a type M coil in a resistance equal %o 1tszgg4.--

According to the theory a type M coll terminated in a re-
sistance equal to 1its Z;ﬂv-% should have an impedance that 1is
econstant and equal to Zz’g_# at all high frequencies. In reali-
ty such a termination produces only a considerable, but not
complete, reduction in the prominence of the resonances that
appear in the impedance-frequency curves of this coll when 1its
"receiving-end" is elther open or closed. This effect can be
étudied from a comparlson of the curve of Figure 145 with those
of Figures L4 and 5. Figure hS gives the impedance~frequency
curve of coil No., G-21 terminated in a resistance of 2,000
chms; the other two flgures give its curves when 1ts "re-
celving-end" is open- or short-circuited. The resistance of
2,000 ohms broduces a glightly better smoothing of the reso-
nance peaks than a resistance equal to 1,519 ohms, the value
of 1ts Zo)&_g .

A test on the extremely long coll No. 0-28 terminasted
in a resistance e@ual to its 21%{,£ falled to give a smoother

impedance-frequency curve than the one shown in Figure 45 for

the short by comparison coll No. £-21.
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Pigure 45. Impedance-frequency Characteristic of Type M Air-core
Coil No. €-21 Terminated in a Resistance of 2,000 Ohms.
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Evaluation of the expression for the resonant fredquency of

a type S coil.,--The sxpression for the résonant frequency

of a type 3-open or S-closed coil is

s

Two type B coils were bullt and tested. These colls
were made of enameled wire allowlng neighboring turﬁs to be
very close to each other. The per cent differencea obtalned
between calculated and measured_resonant frequencies are +2.5
per cent and -2.4 per cent. In view of this close corre-
gpondence the expression for the resonant frequency is con-
sldered reliable.

Bvaluatlon of the expression for the impedance of a type

S=-open coil.~--The expression for the impedance of a type

S-open coll, which is

2 ifwls
Z - (= MCT) (70)

was derlived without taking the resistance of the coll into

consicﬁe_r-ationo The omission of the resistance becomes notlce-
able, principally at the frequency of resonance of the coil
and, to a lesser degree, at [requencies near it. At the
frequency of resonance, for sxample, the expression indicates
that the impedance of the coil is zero, although in reality

the impedance 1s equal %o the omitted effectlve resistance.

At other frequsncies the reactance term of the impedance
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expression overshadows in importance the neglected reslstance
term.

Figure }§}6 gilves a comparison between the experimentally
obtained impedance-frequency curve of coll No. £-122 of type
S-open and the corresponding calculated curve from expression
(70)}. The agreement between the two curves 1s good only in a
certain frequency reglon extending from both sides of the
freguency of resonance of the COii. At frequencles far distant
from the one of the resonance, the dlvergence betwesen the two
curves is substantial.

The impedance of a type S-open c¢oll does not increase
indefinitely aa the frequency ls increased as expresslon {70)
and the curve of Figure L6 indicate. Factors that were omitted
in the derivation of expression (70), as the turn-to~turn
capacitance in a lengthwise direction, become important at
high frequencies and curb the upward trend of the impedance
curve. At such high frequencies the impedance curve fluctuates
irregularly at high levels of impedance.

Evalustion of the expresgion for the impedance of a type

of type S-closed'indicates that, with the exception of a
small frequency gegion in the nelghborhood of the frequency

of resonance, values calculated from the expression

Aerl
Zz=- T (86)

I - wo beCr

4.
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Figure 46. Comparison between Cslculated and Measured
Impedance Values for Type S-open Coil No, C-122.
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are in good agreement with corresponding values obtained
experimentally. Exprossion (86), having been derived without
taking the resistance of the coil into account, 1s unable

to predict lmpedance values at in the vicinity of the reso-~
nant frequency of the coil. _

Application.--Type M coils can find immedlate application in
the educational fleld for laboratory instructlion: the proper-
tiea of distributed parameters can be more easily studied on
these colls than on transmisslion lines. For the observatlion
of resonant effects on.a transmission line 1i{ 1s necessary

to heve elther an inconveniently long line with & supply
voltage of a not too low frequency or a shorter line with a
supply voltage of an exceptionally high frequency, both
frequenclies being in or above the'radib-frequency range. The
squipment needed for such an experiment not only 1s cumber-
some but alsoc is not likely to be found in large quantities
in schools to allow individual experimentation by students.
These same resonant effectg can be observed on Eype ¥ colls,
which are of mansgeabls dimenslons and which can be bullt in
large numbers at an insignificant cost, at low sudio frequen~
cies which are produced Ey rélﬁti#eiy_inexpensive and widely
available signal generators. A coil having a self-resonant
frequency of leés than 1 ke méatg the following specifications:
length, 8C am; wire, number 28 &mericaﬁ Wire Gage with enamel

insulation; turns laid orderly and as closely to each other
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as possible; cellophsane tape placed on top of inner layer to
facilitate laying of outer layer. The supporting frame should

have amall holes at half an inch intervals as points of acceass

to the inner layer for measuring purposes.
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APPENDIX I
LIST AND DEFINITIONS QOF SYMBOLS
voltage applled across terminals of coil; function

of time only-volts

voltage between adjacent layers; in the general
case, Tunction of time and posltion-volts

voltage between a certain point of the outer laysr
and the ground point of the supply; functlion of
time and position-volts

voltage betwsen & certain point of the inner layer
and the ground point of the supply; function of
time and position-volts

current flowing In the outer layer; function of
time and position-amperes

current Clowlng In the inner layer; function of
time and positlion-amperes

current entering or leaving coll from supply points;
functlon of time only-amperes

whenever thls relstion applies

flux inside coil; in the general case, function of
time and position-wabers

number of turns per unit length for one layer
only=-turns/meter

total number of turns of both layers

capacitance between layers per unit length-
farada/ﬁater

total capaéitance between layers-farads - C}:=CE

length of coll-meters

permeability of air-p = Mo = ﬂ"—'ﬂ'_r henry/meter
o)
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crogss-gsectional area of coil-square meters
frequency-cycles per second

angular frequency-radians per second

d-c¢ inductance of coil for both layers-henrys

rms value of voltage between layers; function of
position only-volts

rms value of applied voltage-volts

constants N

resistance of one turn-ohms /turn

total reaistance-of both layers-ohms — RT=E§¥=2~xr£
goll dlameter-meters

registance per unlt length for two layers—bhms
length of a.transmission-line-maters

inductance per unit length of a trapsmission line-
henrys/meter

capacitence per unit length of a transmission line-
farada/meter

total inductsnce of a transmlssion line-henrys

total capacitance of s trensmisslion line-farads
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APPENDIX II

Table 3. Specifications of Two-layer Colls Tested

oiI. 56I1 ' Conductar EétéI’of' Goﬁductor

'gumbqr Type Number AWG ___Conductor Insulation
¢- 1k M 26 copper enamel
c- 17 M 18 aluminum thermoplastic
G- 21 M 2k copper cotton-snamel
g- 25 M 26 copper enamel
c- 26 M 2l copper cotton~enamel
c- 28 M 18 copper - cotton~enamel
£-120 M 20 copper enamel
$-128 M 28 copper enamel
g-122 8 22 copper enamel
c-124 8 24 copper enamel
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Table 3 (Contiﬁued). Specifications of Two-layer Colls Tested

Coll Total Gapacitance Total
Number Inductance between Resistance
(for Both Layers in {for Both
Layers) in Micromlcro-~ Layers) in
Millihenrys Tarads Qhma
| c- 1 .62 1,388 9.60
|
c- 17 0.37 700 0.76
c- 21 2.88 1,240 5.31
c- 25 63.10 22,200 51.00
c- 26 10.70 17,650 19.34
c- 28 3.08 10,600 3.86
¢-120 52.12 32,130 18.26
¢-128 321.00 57,000 285.40
g-122 17.57 9,613 10.56

g-12l 7h.26 21,400 L0.00
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Table 3 (Continued). Specifications of Two-layer Colls Tested

Coil Axlgl Diameter Total
Nurnber Length in Centi- Number of
in metsrs Turns
Centi- (for Both
meters Layers)
' C- 14 5.00 8.8X7.5 » 220
c- 17 9.40 6.60 100
cC- 21 5.90 12.3x9.5 = 154
C- 25 14.45 18.80 640
C- 26 46.80 5.47 1334
C- 28 93.80 3.55 1492
C-120 48,55 15.24 1088
c-128 48.15 156.24 2600
C-122 14.20 15.24 400
C-124 20.00 20.32 694

% Dimensions in centimetera of rectangular cross-
section of colil.

The diameters of the dimensions of the rectangular
cross-sectiona given are those of the outer aurfaces of the
; frames supporting the turns of the colla.
y The two layers of turns are separated from each other

with one layer of cellophane tape.
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Table L. Specifications of Nontwo-layer Coils Tested

Coil Number Gonductor Wetal of Gonductor
Humber of Number AWG Gonductor Insulation
Layers

¢-1- 25 1 26 copper enamel
C-1-120 1 20 copper enamel

¢-3- 18 3 26 copper enamel

G-li- 17 L 18 aluminum thermoplastic
c-6- 11 6 26 copper enamel
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Table 4 (Continued),
Specifications of Nontwo-layer Colils Tested

Coll Total Total Axial Dlameter Total
Number  Inductance Reslstance Length in Number
in M111i- in Ohms in Centi- Centi- of
henrvys meters meters Turns
g-1- 25 15.89 25.50 14.45 18.80 320
Cc-1-120 6.11 L.79 26.80 15.24 300
¢c-3- 18 11.72 15.93 5.37 8.9%x7.6 % 360
c-4- 17 1,6l 1.52 g.4h0 6.60 200
0*6- 11 36n63 25090 5a22 836XE02 * 700

# Dimensions in centimeters of rectangular cross-
sectlion of colil.

_ The diasmeters or the dimensions of the rectangular
cross~sectlions given are those of the outer surfaces of the
frames supporting the turns of the colls.

Successive layers of turns ars separated from each
other with one layer of cellophane tapse.
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APPENDIX IV

Ratings of Transformers Cited in the Text

Transformer No. T-14

Rating: 15 kva

Voltage rating: 117/450 volts
Manufacturer: Westinghouse

Serial number of nameplate: 3606616

Tranaformer No, T-80

Rating: 10 volt-amperes

Voltage ratio: 10 to 1
Manufacturer: Jefferson Electric
Serial number of nameplate: 487-747

Transformer No. T-90

Turns of high-voltage winding: 700

Turns of low-voltage winding: 70

Both windings were constructed of number 26 AWG
enameled wilre

This transformer was assembled in the lsboratory
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