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SUMMARY

Computational modeling of cardiac electrophysiological signaling is of vital impor-

tance in understanding, preventing, and treating life-threatening arrhythmias. Traditionally,

mathematical models incorporating physical principles have been used to study cardiac

dynamical systems and can generate mechanistic insights, but their predictions are often

quantitatively inaccurate due to model complexity, the lack of observability in the system,

and variability within individuals and across the population. In contrast, machine-learning

techniques can learn directly from training data, which in this context are time series of

observed state variables, without prior knowledge of the system dynamics. The reservoir

computing framework, a learning paradigm derived from recurrent neural network concepts

and most commonly realized as an echo state network (ESN), offers a streamlined training

process and holds promise to deliver more accurate predictions than mechanistic mod-

els. Accordingly, this research aims to develop robust ESN-based forecasting approaches

for nonlinear cardiac electrodynamics, and thus presents the �rst application of machine-

learning, and deep-learning techniques in particular, for modeling the complex electrical

dynamics of cardiac cells and tissue.

To accomplish this goal, we completed a set of three projects. (i) We compared the

performance of available mainstream techniques for prediction with that of the baseline

ESN approach along with several new ESN variants we proposed, including a physics-

informed hybrid ESN. (ii) We proposed a novel integrated approach, the autoencoder echo

state network (AE-ESN), that can accurately forecast the long-term future dynamics of

cardiac electrical activity. This technique takes advantage of the best characteristics of

both gated recurrent neural networks and ESNs by integrating a long short-term memory

(LSTM) autoencoder into the ESN framework to improve reliability and robustness. (iii)

We extended the long-term prediction of cardiac electrodynamics from a single cardiac

cell to the tissue level, where, in addition to the temporal information, the data includes
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spatial dimensions and diffusive coupling. Building on the main design idea of the AE-

ESN, a convolutional autoencoder was equipped with an ESN to create the Conv-ESN

technique, which can process the spatiotemporal data and effectively capture the temporal

dependencies between samples of data.

Using these techniques, we forecast cardiac electrodynamics for a variety of datasets

obtained in bothin silico andin vitro experiments. We found that the proposed integrated

approaches provide robust and computationally ef�cient techniques that can successfully

predict the dynamics of electrical activity in cardiac cells and tissue with higher prediction

accuracy than mainstream deep-learning approaches commonly used for predicting tempo-

ral data. On the application side, our approaches provide accurate forecasts over clinically

useful time periods that could allow prediction of electrical problems with suf�cient time

for intervention and thus may support new types of treatments for some kinds of heart

disease.
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CHAPTER 1

INTRODUCTION

1.1 Overview

Developing and understanding models of dynamical systems is of vital importance, as

almost every effective life feature, from biology to the tech industry, falls on the broad

spectrum of dynamical behavior. Dynamical models are used in many domains, including

�nancial and market forecasting [1], environmental modeling and weather forecasting [2],

medical diagnosis [3, 4, 5], computer systems [6], brain-computer interface [7], social net-

works [8, 9], speech recognition [10], and pattern recognition [11, 12]. These models can

be predictive, diagnostic, or interpretative. Predictive models, also known as generative

models, use the past and present states of the system to predict future states and can also

be considered as reasoning forward in time from causes to effects. In contrast, diagnostic

models are used to infer possible past state(s) of the system that caused the present state

and can be considered as backward reasoning from effects to causes. In addition to predic-

tion and diagnosis, sometimes the objectives are understanding physical phenomena and

providing theories to describe them, in which case interpretive dynamical models are used.

Sometimes, features may be blended from more than one model type.

Reliable dynamical models and computational tools thus are of great importance in

many �elds. Accordingly, this research is aimed at investigating and developing novel

and robust predictive models for studying complex nonlinear dynamical systems using ma-

chine learning and deep neural networks. These techniques will be focused in particular on

the electrical dynamics of cardiac cells. The remainder of this chapter presents a general

introduction to modeling dynamical systems and the motivation for this research, the sig-

ni�cance of the chosen application domain of cardiac electrophysiology, the main research
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objectives, and a summary of the projects accomplished to achieve these goals. Finally, the

chapter is concluded by a brief description of the dissertation structure.

1.2 Modeling of Dynamical Systems

Developing and using models to predict, control, and understand dynamical systems has

been a rich �eld of research for many years, resulting in a large and diverse set of modeling

techniques. Each of these approaches offers its own advantages and disadvantages, and

the success of a dynamic analysis depends directly on an appropriate choice of modeling

approach that provides a realistic description of the system driven by an input signal.

Frequently, mathematical descriptions are used for models of dynamical systems. Hence,

the dynamical models are conventionally referred to as mathematical models. However, not

all physical phenomena can easily be predicted or diagnosed with high quantitative accu-

racy by mathematical models because almost all real-world phenomena show highly non-

linear dynamical behavior whose governing equations are either too complex or too inaccu-

rate to be useful for this purpose. Moreover, even if a suitable mathematical model exists,

it is often the case that not all state variables can be measured; therefore, the mathematical

model remains ill-posed and cannot solely describe the underlying nonlinear dynamical

system. Excitable media and chaotic dynamical systems are two examples of broad (and

overlapping) classes of nonlinear dynamical systems [13, 14] with relevance to cardiac

electrical dynamics.

Excitable media are nonlinear dynamical systems that are normally in a stable equilib-

rium, but perturbation above a certain threshold may result in a trajectory that returns to

the stable state only after some large excursion in state space. In contrast, sub-threshold

stimuli decay exponentially. In a spatially extended domain, this class of nonlinear dy-

namical system has the capacity to propagate excitation waves through the medium. After

an excitation, a refractory period must �nish before the system can experience another ex-

citation. After the medium has recovered to the rest state, the medium can be activated
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again.Excitability is a term originally adopted from life-science domains, where the con-

stituent cells of living organisms respond to an external stimulus. In cardiac cells, if a

depolarizing electrical perturbation exceeds a certain threshold, the transmembrane poten-

tial increases rapidly but decays much more slowly, generating a time course of voltage

known as an action potential. Then, the cell returns to its initial resting state, with another

excitation possible only after the refractory period is over. Excitable media are not limited

to biological systems. For instance, propagation of information through social networks is

an example of an excitable medium and demonstrates qualitatively similar nonlinear dy-

namical behavior. Accordingly, the in�uence of spreading contents on these platforms can

be studied effectively with the same types of modeling approaches [15, 16].

Chaotic dynamical systems are another category of nonlinear systems that are challeng-

ing to model mathematically. Chaotic behaviors, where the states of a dynamical systems

are highly sensitive to the initial conditions, are broadly found in nature. In such systems,

even though the dynamical behaviors may seem random or unpredictable, the state of the

system is governed by deterministic laws. However, mathematical modeling may still be

hindered by a lack of observations required to �t the corresponding models [17].

To address the limitations of mathematical modeling in describing nonlinear dynamical

systems,model-freeapproaches have been introduced. Model-free techniques are data-

driven approaches in which a model developed to diagnose the properties of the system

producing the current data or to predict the future state of the system is based solely on the

data itself. Generally, data-driven models focus on mapping the input data to the output data

in such a way as to match the observations, without having knowledge about the internal

features. Therefore, they can be applied to domains where the underlying processes are

not well understood. This approach makes data-driven models more generalizable and

scalable, but also prone to error and misuse [18]. Machine-learning techniques are one of

the best-known approaches for developing data-driven models.

The last few decades have witnessed striking advances in arti�cial intelligence (AI)
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and machine learning (ML). ML methods have proven useful for a wide variety of tasks

from image and pattern recognition to medical diagnosis and self-driving cars and affect

many aspects of human life. In general, ML techniques involve learning from data and

performing tasks without being explicitly programmed for speci�c purposes. Many chal-

lenging problems in science and engineering that cannot be practically solved by explic-

itly programmed algorithms or heuristic approaches are prime candidates for applying ML

techniques [11, 19].

A signi�cant subclass of ML techniques is formed by feed-forward approaches such as

multi-layer perceptron (MLP) and Bayesian networks, which are very successful in deal-

ing with non-temporal problems. However, many problems have dynamical behavior and

an intrinsic temporal nature, where the state of the dynamical system is described using

time series data. In such cases, feed-forward methods cannot be applied unless with some

adaptation or simpli�cation to represent time as a non-temporal quantity. Consequently,

feed-forward approaches remain limited in applicability to non-temporal domains, such as

pattern-recognition tasks.

For temporal problems, feed-forward probabilistic approaches, including Bayesian net-

works [20], hidden Markov models [21, 22], and Markovian decision processes [23], usu-

ally take advantage of some iterative unsupervised training strategy, where they remain

driven by the input data until some convergence conditions are satis�ed. However, these

approaches suffer from theconcept driftproblem, where the model built on old data may

become inconsistent with new data, which happens when the operating conditions drift

away from the training conditions [24]. Such problems decrease the reliability and appli-

cability of this category of approaches.

Temporal data represented as time series can be handled differently in arti�cial neural

network (ANN)s. For example, time delay neural network (TDNN) [25, 26] and recurrent

neural network (RNN) [27] approaches are two popular types of networks with deep ar-

chitecture in which the implemented feedback loops provide a recurrent structure that can
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serve as a memory of past inputs. This special characteristic makes them suitable for pro-

cessing temporal signals. However, RNNs are notoriously dif�cult to train. Their training

procedure involves backpropagation through time, practically meaning unfolding the net-

work in time. This process makes training computationally inef�cient and can give rise to

the vanishing gradient issue, a problem that can happen in deep neural networks trained by

gradient-based techniques and the backpropagation approach in which the gradient value

diminishes dramatically as it is propagated backward through the network. Accordingly,

the corresponding weight updates, especially in early layers close to the network input, will

be small and nearly zero, which in practice prevents changes in the corresponding weights.

[19]. Gated RNN architectures were introduced to address some of these problems. More

precisely, the memory cell architecture and the gating mechanism for these networks en-

able them to be more selective about the information that needs be remembered or forgot-

ten, thereby enabling them to learn long-term dependencies in temporal sequences. LSTM

networks [28] and gated recurrent unit (GRU)s [29] are among the most widely used gated

RNNs. Nonetheless, the high computational cost is still a limiting factor for employing

gated RNNs in many real-world problems.

An alternative approach to ef�ciently deal with temporal data is reservoir computing

(RC), a relatively new learning paradigm derived from conventional RNNs and mostly im-

plemented as ESNs [30, 31]. In RC approaches, the network architecture consists of a

recurrent network of neurons called a reservoir, which is constructed randomly and re-

mains untrained. A separate linear output layer, known as the readout layer, is then trained

using simple, usually linear, regression methods to map the states of the reservoir to the de-

sired output. This type of recurrent structure has been successfully employed for process-

ing high-dimensional temporal data and shows promise for modeling nonlinear dynamical

systems. However, their performance and prediction ability heavily rely on the initial hy-

perparameters used to construct the network [32, 33, 34]. Choosing the right parameters

in combination with the inherent randomness in the construction of these networks limits
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the reliable application of RC techniques, and more study is needed to understand their

characteristics and how to increase robustness and reliability.

In this research, we study the available deep-learning methods for forecasting the future

of highly nonlinear dynamical systems represented as time series data. Proposing novel

techniques to achieve a higher level of reliability and robustness in real-world applications

is the main objective of this research, which can be obtained by taking advantage of the

capabilities of the available techniques after studying them using real-world data. Due to

its pivotal importance, cardiac electrical dynamics is chosen as the main application domain

in this research. Therefore, we aim to propose techniques that are particularly tailored for

forecasting the complex nonlinear electrical dynamics of cardiac cells.

1.3 Application Domain

Cardiac disease is the leading cause of death in the United States and worldwide [35]. The

majority of sudden cardiac death is the result of cardiac arrhythmias caused by irregularity

in propagation of the self-generated electrical waves that trigger the contraction of the heart

muscle. Accordingly, modeling and studying cardiac electrophysiological signaling is of

great importance for understanding, preventing, and treating life-threatening arrythmias.

However, the complex dynamical nature of this phenomenon, restricted system observabil-

ity arising from limited access to physiological variables, and the intricate geometry and

structure of the biological soft tissue makes this goal dif�cult to attain. Much of the un-

derstanding of cardiac wave dynamics comes from experiments conducted in single cells

or small-tissue preparations using arrays of electrodes and high-spatial-resolution optical

mapping, which collectively provide an enriched dataset from which valuable knowledge

can be extracted.

To date, most attempts to integrate various experimental data to explore the mecha-

nisms underlying biological functions have taken the form of conventional partial differ-

ential equation (PDE)-based models. Although these models can capture key population-

6



averaged properties and provide basic insights into the dynamics of the system, they have

fundamental limitations, including neglect or over-simpli�cation of the geometry of the

tissue and the effects of its intrinsic spatial inhomogeneity. Therefore, the level of accuracy

and realism of these models in describing and predicting real cardiac tissue behavior is

limited [36].

Combining real-world data with PDE models can occur more naturally with data as-

similation, in which spatiotemporal observations can be used to recover time series of both

observed and unobserved variables and to reconstruct a time series of state estimates of

cardiac electrical waves [4]. However, the accuracy of such estimations is still limited

and depends to some extent on the �delity of the numerical model in representing the true

dynamics.

It has only been in the last few years that ML techniques, particularly deep learning

approaches, have been employed to provide new insights from highly spatiotemporal car-

diac data [3]. These approaches have been mainly based on RNNs and presented an early

attempt for employing deep learning (DL) to identify the critical sites responsible for abnor-

malities causing arrhythmias and to provide more accurate diagnosis and personalized treat-

ments [3]. However, as mentioned earlier, the training procedures of RNNs are challenging

and computationally expensive, in particular, in handling the high-dimensional time series

describing the cardiac cell electrical dynamics.

Despite the success of RC techniques in ef�cient information processing of temporal

and sequential data, only a handful of published results employ RC approaches to study

the dynamics of electrical activity in cardiac cells [3, 37]. However, thus far, those meth-

ods have remained in the early stages of development, and their robustness in modeling

such real-world applications has not been well studied. Therefore, in view of the vital

importance of the development and analysis of trustworthy and reliable approaches for un-

derstanding and predicting the electrical dynamics of cardiac cells and tissue, this research

is focused on studying and proposing various DL models, with an emphasis on RC tech-

7



niques, to provide ef�cient, reliable, and robust modeling frameworks to study nonlinear

and complex behavior in cardiac electrophysiology.

1.4 Objectives and Scope

On account of the importance of modeling and prediction of dynamical systems, and par-

ticularly, the electrical dynamics of the cardiac cells, the main objectives of this research

are as follows:

• Developing and analyzing trustworthy and reliable ML techniques for understanding

and predicting nonlinear dynamical system in general, and particularly the electri-

cal dynamics of cardiac cells, is the main objective of this research. Accordingly,

this research presents the �rst application of ML, in particular, DL, techniques for

modeling electrical dynamics of cardiac cells and tissues.

• Conducting comprehensive comparative studies of the available DL techniques for

forecasting chaotic time series and, particularly, cardiac electrical dynamics is the

second main objective in this research. This step will be necessary to ensure the

mainstream approaches that can be employed to accomplish the prediction task are

well studied, which in turn, provides an insight and justi�cation for choosing the

right approach for accomplishing the �rst objective.

• Although forecasting nonlinear time series representing complex dynamical behav-

ior is to date a challenging task even for synthetic data, this research also aims to

provide reliable and robust approaches for experimental observations represented as

time series.

• Finally, this research provides novel techniques to deal with spatiotemporal data,

where, in addition to the temporal dimension, spatial dimensions are involved and

pose extra challenges to obtain accurate and reliable predictions.
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These objectives are achieved by accomplishing four main projects:

1. A comparative study of mainstream DL techniques available for multi-step prediction

of the nonlinear time series is conducted. This project particularly provides a general

insight into the candidate approaches, including gated RNNs and RC techniques, that

can be employed for forecasting chaotic time series in general, and cardiac electro-

dynamics in particular.

2. Based on the results from the �rst project, gated RNNs and RC techniques are ap-

plied for forecasting cardiac electrodynamics, particularly for long-term prediction

of arrhythmic cardiac action potentials. As RC approaches have demonstrated better

performance in terms of both accuracy and ef�ciency, a physics-informed version of

this approach is also proposed and studied in this project.

3. In the third project, a novel integrated technique is proposed in which an LSTM AE

is integrated into the ESN framework and provides a higher level of accuracy and

robustness. The performance of this technique is evaluated against synthetic and

experimental cardiac action potential datasets.

4. Finally, the application of the proposed approach is extended to spatiotemporal cases

by integrating a convolutional neural network into the ESN framework and introduc-

ing a convolutional ESN (Conv-ESN).

1.5 Thesis Structure

The rest of this thesis is organized as follows:

• Chapter 2 – Time Series Forecasting

A comprehensive literature review of available DL techniques for time series fore-

casting tasks is presented in this chapter. Because this research is particularly focused

on studying and developing RC techniques, a more detailed review of the history and

9



applications of such approaches is also presented in this chapter. Overall, this chapter

forms the theoretical backbone of this research.

• Chapter 3 – Cardiac Electrophysiology

This chapter brie�y reviews the fundamentals of the electrical activity of cardiac

cells. Modeling strategies for the system are discussed in this chapter.

• Chapter 4 – Comparative Study: Forecasting Chaotic Time Series

This chapter presents the details of the �rst accomplished project and provides a gen-

eral insight into the best DL and RC candidate approaches for long-term prediction

of highly nonlinear time series.

• Chapter 5 – Comparative Study: Forecasting Arrhythmic Cardiac Action Potential Time Series

This chapter discusses the details and outcomes of the second project, in which the

most promising DL and RC techniques from the �rst project are applied for forecast-

ing the dynamics of the cardiac action potentials.

• Chapter 6 – An Integrated Approach: Autoencoder Echo State Network

The details of the design and implementation of a novel integrated technique, intro-

duced as AE-ESN and tailored for forecasting cardiac action potential time series,

are presented in this chapter.

• Chapter 7 – Forecasting Spatiotemporal Dynamics: Convolutional Echo State Network

This chapter describes the details of a novel approach introduced as Conv-ESN,

which is an integration of convolutional AEs into the ESN framework, for the pre-

diction of spatiotemporal electrodynamics of cardiac tissues.

• Chapter 8 – Conclusion and Future Directions

This chapter draws conclusions from achieved objectives by summarizing the results

of the projects, discusses the limitations of this research, and portrays general direc-

tions for future studies.
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CHAPTER 2

TIME SERIES FORECASTING

2.1 Overview

Time series forecasting is a pivotal problem encountered in many real-world applications

with a temporal nature involving sequential data. Forecasting cardiac electrodynamics also

involves time-series forecasting. This chapter presents a literature review of the mainstream

approaches used for time series forecasting to build the foundation required in future chap-

ters. Toward this end, we �rst review the general features of RNNs and, speci�cally, gated

RNNs. Then, a more detailed review is presented of RC techniques as, due to their promis-

ing initial results, the research in this thesis is mainly focused on developing RC-based

approaches.

2.2 Introduction

Time series are important in many real-world applications, such as biology [38], �nance

[39, 40, 41, 42, 43], climate science [44], anomaly detection in computer networks [45]

and social networks [46], and energy [47, 48, 49]. Accordingly, the analysis and predic-

tion of time series data are of great importance and have been the focus of much research

in the past few decades. In general, a time series represents a record of observations of a

dynamical system at speci�c time intervals. Therefore, time series prediction involves de-

termining the future evolution of a dynamical system, which can be especially challenging

for chaotic dynamical systems. The states of such systems can be represented by chaotic

time series, which are recognized by the orbital instability characteristic, where in�nitesi-

mal differences in the initial values bring about large differences in the time series behavior.

Consequently, prediction of a chaotic time series is only feasible for a relatively short time
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before the appearance of the orbital instability. For this reason, forecasting chaotic time

series has been a dif�cult task for the last few decades.

Data-driven approaches, and ML techniques in particular, have recently become the

main approaches used for time-series forecasting [50, 51, 52, 53, 54, 55, 56, 57, 58, 59].

In particular, RNNs are the mainstream architecture for analyzing sequential data, owing

to their ability in interpreting temporal dependencies in the input time series [60, 61, 62,

59]. The recurrent connections in such networks serve as a type of memory, allowing

them to embed temporal information. Despite the success of RNNs in modeling short-

term temporal data and non-chaotic dynamical systems, the high computational cost of

back-propagation through time and their vulnerability to vanishing and exploding gradi-

ent problems have limited their applications. Gated RNN architectures were introduced to

address some of these problems. More precisely, the memory cell architecture and the gat-

ing mechanism enable these networks to be more selective over the information that needs

to be remembered or forgotten, thereby enabling them to learn long-term dependencies in

temporal sequences. LSTM networks [28] and GRUs [29] are among the most widely used

gated RNNs.

An alternative approach for time-series forecasting and modeling dynamical systems

is RC, a learning paradigm mostly implemented as ESNs [31, 63, 64]. The RC paradigm

is fundamentally derived from RNN concepts but offering a streamlined training process,

which remains limited to obtaining the output layer weights, while the rest of the parameter

values are set randomly and remain untrained. Notwithstanding such a major simpli�ca-

tion, ESNs have successfully been employed for multi-step-ahead prediction of nonlinear

time series and modeling chaotic dynamical systems at low computational cost [65, 66],

triggering the development of several network topologies in recent years. For instance,

CESNs [67, 68], where multiple sub-graphs of sparsely connected hidden units form the

reservoir, and deep ESNs, where the reservoir consists of multiple sub-reservoir layers

stacked hierarchically [69, 70], are two widely used architectures. HESNs are another cat-
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egory of RC techniques introduced in a physics-informed ML framework [71, 72], where

additional inputs from physics-based mathematical models integrate corresponding domain

knowledge into data-driven models [73, 74].

The successful application of ESNs, despite their random construction, in forecasting

complex dynamical systems using time-series data triggered a series of recent research pro-

viding an interpretation of how RC techniques function. Recently, Bollt demonstrated how

RC with linear activation functions and a linear readout layer shares similarities with the

well-studied vector autoregressive (VAR) concept, while using a quadratic readout can be

interpreted as NVAR [75]. Gauthieret al. further studied this similarity and introduced the

next generation RC, where instead of explicitly generating a reservoir of randomly con-

nected neurons, an NVAR machine is formed in which the feature vector consists of time-

delayed observations of the dynamical system and is augmented by nonlinear functions of

these observations. With this approach, there are fewer hyperparameters to tune and the

intrinsic random nature of ESNs is effectively avoided. This approach has been employed

for one-step-ahead forecasting of benchmark chaotic time series for both reconstruction

and cross-prediction tasks [76].

2.3 Recurrent Neural Networks

RNNs are one of the most common approaches for handling temporal data; the recurrent

connections in the network provide a natural way to learn the internal dependencies within

the time-dependent data. In this section, we brie�y review the speci�cations of three com-

monly used RNN architectures including the Elman recurrent neural network (ERNN), as

an example of simple RNNs, and two prominent gated RNNs, LSTM and GRU.

2.3.1 ElmanRecurrentNeuralNetwork

ERNN, also known as simple RNN or vanilla RNN, is the most basic version of RNNs (see

Figure 2.1a).
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h t = � h(W h x t + Uh h t � 1 + bh);

y t = � y(W y h t + by);
(2.1)

wherex t andy t are the input and output vector, respectively;W h , Uh , andW y are the

input, hidden, output weight matrices, respectively. The hidden layer vector is denoted by

h t , andbh andby are the hidden and output bias vectors, respectively. Moreover,� h is the

neuron activation function, which is usually chosen to be a sigmoid or hyperbolic tangent,

while the output transformation� y usually is chosen as a linear function and applied to

the sum of the current stateh t multiplied by the output weight matrix and the bias. The

backpropagation through time procedure is used to train the network parameters.

2.3.2 GatedRecurrentNeuralNetworks

The vulnerability of simple RNNs to vanishing and exploding gradients limits their ap-

plication to only learning short-term relations in the observations. Gated RNNs, such as

LSTMs, were introduced as a remedy for such a limitation. The gating mechanism pro-

vided by the memory cell architecture enables them to select which information should

be kept and which forgotten, making them more robust to irrelevant perturbations. There-

fore, gated RNNs can model temporal dependencies for longer time horizons. Figure 2.1b

schematically depicts the �ow of information in an LSTM cell in which a hidden stateh t
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Figure 2.1: Architectures of (a) Elman RNN, (b) LSTM memory cell and (c) GRU memory
cell.
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is calculated using the following equations:

i t = � (W i x t + U i h t � 1 + bi );

f t = � (W f x t + U f h t � 1 + bf );

ot = � (W ox t + Uoh t � 1 + bo);

~ct = tanh( W cx t + Uch t � 1 + bc);

ct = f t � ct � 1 + i t � ~ct ;

h t = tanh( ct ) � ot ;

(2.2)

wherei t , ot , andf t denote the input, output, and forget gates at timet; x t is the input

vector;W � andU � are the weight matrices that along with the biasesb� are the trainable

parameters and are adjusted during the learning process;ct denotes the internal memory of

the LSTM unit known as the cell state; and~ct is the cell input activation vector. In these

equations, each� designates a sigmoidal function and� denotes Hadamard element-wise

multiplication.

A similar desire to avoid vanishing and exploding gradient problems led to the devel-

opment of GRUs, which share many similarities in architecture and thus performance with

LSTMs. As illustrated in Figure 2.1c, a GRU memory cell can be considered as a simpli-

�ed version of an LSTM unit, where the tasks of input and forget gates are handled by a

single gate known as the update gate. This simpli�cation improves the overall ef�ciency

as fewer parameters are required to be trained, while the prediction accuracy is minimally

affected in most cases and in some applications improvements are even reported [65]. The
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evolution of hidden states in GRUs is given by the following equations:

zt = � (W z x t + Uz h t � 1 + bz);

r t = � (W r x t + U r h t � 1 + br );

~h t = tanh( W h x t + Uh (r t � h t � 1) + bh);

h t = (1 � zt ) � h t � 1 + zt � ~h t ;

(2.3)

wherezt andr t represent update and reset gates and determine which information should

be kept through time and what is irrelevant and can be forgotten. The candidate state is

denoted by~h t . The weight matricesW � andU � and the bias vectorsb� are adjusted in the

training process, thereby enabling the update and reset gates to select which information

should be passed along to the future, and which information is irrelevant and thus should

be forgotten.

2.4 Reservoir Computing

RC is a newly introduced learning paradigm derived from RNNs that demonstrates promis-

ing results in processing high-dimensional temporal data and modeling nonlinear dynam-

ical systems. The relatively simple structure and design, together with low training costs,

make this class of neural networks an attractive choice for modeling and analysis of a wide

range of systems with dynamical behavior. However, it is important to understand the dy-

namics of such a network and the underlying theory that makes it a useful and ef�cient

approach. This section provides a review of RC techniques, including a summary of liq-

uid state machine (LSM)s and ESNs as the two main sub-categories, and outlines the main

features and characteristics of ESNs as the computer-science interpretation of the reservoir-

computing concept. At the end, a summary of the latest advances in ESNs is presented.
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2.4.1 A Brief Historyof ReservoirComputing

RC appears to have been independently invented by different researchers at the same time

[77]. In 2001 and 2002, two seminal papers by Jaeger [30] and Maasset al. [78] built

the foundation of the research �eld today known as reservoir computing by independently

introducing a novel way of using and training a network of complex randomly connected

neurons. The former was introduced as an engineering approach to train RNNs and de-

scribes a computer-science perspective, which suggested the name echo state networks.

The latter was a computational-neuroscience approach stemming from work in robotics

and neuroscience and introduced as liquid state machines. These research efforts were

further developed by investigating the properties and construction of ESNs [79, 31, 80].

Later, Steil [81] proposed a new learning technique named backpropagation-decorrelation

(BPDC) for RNNs that shares some similarities with the �rst two fundamental studies.

On account of the similarities in network construction and functionality, and the fact

that the same concept was independently discovered several times, the idea �nally uni�ed

into a common research stream under the title of RC [82, 77]. In the following, the main

features of both LSMs and ESNs are presented, which highlights their fundamental simi-

larities. The rest of this thesis is focused on just the ESN realization of the RC approach.

Liquid State Machine

The LSM is a computational-neuroscience approach in RC introduced by Maass [78]. An

LSM transforms the time-varying input, which is given as a time series, into spatiotemporal

patterns of activations in the spiking neurons [83]. Because of their conceptual simplicity,

LSMs can to be easily integrated into other machine-learning techniques [84, 85], but their

application domain has remained mainly in the area of computational neuroscience. The

main idea behind the LSM architecture is providing a measure to evaluate the accuracy

of a biological model of the brain [78]. By reading out the information contained in the

reservoir network of spiking neurons and feeding it to a linear function, the capability of
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the model in processing information can be evaluated.

In a practical sense, an LSM consists of two main components: (i) a high-dimensional

�lter or mapping that maps the past and current inputu [i ] onto a state vectorx [i ] and

(ii) a memoryless readout function mapping the state vector onto an output vectory [i ].

Practically, to keep an LSM computationally ef�cient, different input signals should be

mapped to different state vectors. This is known as thepoint-wise separationproperty [78,

86]. Furthermore, the readout function should have the universal approximation property

[87, 88] to be able to approximate any function on a closed and bounded domain with

arbitrary precision. These two properties enable an LSM to be trained to approximate any

stationary mapping on time-varying inputs with the fading memory property [78, 86].

Although LSMs were originally developed for neuroscience applications and cognitive

modeling to provide better insight into the brain functions, they can also be adopted to solve

engineering problems, similar to ESNs. LSMs have successfully been used in robotics

applications [89, 90, 91], speech recognition [92, 93, 94], and image recognition [95, 96,

97], to name a few.

Echo State Networks

The ESN is a computer-science approach in RC developed independently by Jaeger [30,

79, 31], and it shares many similarities with LSMs. In contrast to LSMs, ESNs usually

employ real-valued neurons [24]. Nevertheless, the structures of these two networks are

similar. ESNs are essentially RNNs with much lower training cost; they were �rst intro-

duced as a practical approach for training and using RNNs in which the computational cost

is substantially reduced by avoiding training the whole network [31].

Similar to an LSM, an ESN is composed of an RNN with random topology and im-

mutable random weights. The weight matrix should normally be scaled to provide the

desired behavior in the network dynamics. Figure 2.2 demonstrates an overview of a typ-

ical ESN. The only trainable components of this network are the readout weights. The
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Figure 2.2: An overview of the ESN structure.

inner weights of the reservoir nodes are �xed and will not be updated after initialization.

Such a network is driven by an external input signal, while the weights of the input layer

and the reservoir remain �xed. Then, the response of the network is employed to train the

readout layer, where the weights of the output neurons are obtained such that the sum of

their outputs multiplied by the associated readout weights provides the desired time series

values. This can be achieved ef�ciently by employing a linear regression or classi�cation

function. It has been demonstrated that this simple approach can provide excellent results

in information-processing tasks [24, 98, 77, 34].

With appropriate values of the inner weights, the resulting dynamics provides a high

memory capacity and can capture the features of the input dynamics. However, �nding

appropriate weights and network parameters usually requires many iterations of trial and

error with random initializations, which in turn incurs a high computational overhead. Ac-

cordingly, several approaches have been proposed in the literature to facilitate �nding good

ESN parameters; these are discussed in the next section.

Despite the fact that the term RC is used to describe both LSM and ESN approaches,

in computer-science literature, the terms RC and ESN are used interchangeably, and an

ESN is considered as the computer-science instance of the reservoir-computing concept.

Accordingly, in the rest of this proposal, reservoir-computing techniques are referred as
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ESNs.

2.4.2 ESNImplementations

This section provides the details of implementing ESNs. At �rst, the formal de�nition of

the standard ESN is provided, and initialization methods are summarized. Then, the details

of training and testing steps are brie�y discussed. These steps underpin the development of

the approaches proposed and used in this research.

Standard Formulation

In the formal de�nition of standard RC [31], the state of the discrete-time ESN is denoted

by h t = F (h t � 1; y t � 1; x t ) and is brie�y de�ned as follows:

h t = f (W h t � 1 + W in x t + W fb y t � 1);

y t = g(W out [x t ; h t ]);
(2.4)

whereW 2 Rn� n is the weight matrix of the reservoir graph,W in 2 Rn� k is the input

weight matrix,W fb 2 Rn� l is the feedback weight matrix, andW out 2 Rl � (n+ k) is the

output weight matrix. Moreover,h t 2 Rn is the vector of internal states,x t 2 Rk is the

vector input signal, andy t 2 Rl is the vector of outputs, all at timet. f = f f 1; : : : ; f ngT

includes the state activation functions, which are usually sigmoidal functions (f i = tanh)

and are applied component-wise. The functiong = f g1; : : : ; glgT is the output activation

function and eachgi is usually the identity or a sigmoidal function.

In many applications ESNs are used without feedback (Figure 2.3), i.e.,W fb = 0, and

the resulting network can be de�ned as

h t = F (h t � 1; x t )

= f (W h t � 1 + W in x t ):
(2.5)
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Figure 2.3: An ESN without feedback.

Initializing ESN Parameters

The initial steps in constructing an ESN are choosing the hyperparameters and assigning the

network weights. As mentioned earlier, the weights of an ESN are assigned randomly and

the majority of them, i.e., input and reservoir weights, remain untrained. Moreover, there

are various hyperparameters determining the construction of the network that are typically

set to suitable values by trial-and-error experiments, which can be time-consuming and

which entail additional computational costs.

Another approach to obtain and assign appropriate values to parameters is employing

evolutionary algorithms, such as genetic algorithm (GA) [99] and particle swarm optimiza-

tion (PSO) [100]. In these approaches, the optimum parameters are found heuristically

according to a de�ned �tness function. It should be noted that although these approaches

typically provide better results compared to the normal trial-and-error iterations, the com-

putational cost is still high due to the iterative nature of evolutionary algorithms and their

internal operations, such as population mutation and crossover [101].
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Training

In the training phase, when there is an input signal driving the network, the �rst part of

Equation 2.4 describes the computations:

h t = f (W h t � 1 + W in x t + W fb y t � 1):

In the training phase, the network is run for a certain number of steps and the computed

states are stored in ap-by-n state matrixH , wheren is the number of neurons in the

reservoir (reservoir size) andp is the maximum number of training steps. Therefore, each

row of the state matrix represents the system's state vectorh(t), and each column represents

the state of each neuron in different time-steps. One important consideration in the training

phase is discarding the states of the �rst initial steps of the network. This is crucial to

guarantee that the initial states, which are just a vector of zeros (i.e.f 0; : : : ; 0g), are washed

out, and the state matrix only includes the state of the system that describes the desirable

dynamics. Accordingly, the number of discarded states depends on the nature of the time

series, and it increases if the dynamics has more chaotic behavior.

The readout weights are obtained in the learning step. Most commonly, these weights

are computed by a simple pseudo-inverse operation,

W out = H � � T ; (2.6)

whereH � is the Moore-Penrose pseudoinverse of the state matrixH , W out is the vector

of n readout weights andT is the vector of desired output withp entries. From a linear

algebra point of view, there arep equations withn unknowns, wheren is the number of

neurons in the reservoir andp is the size of the training sequence obtained in the training

step. Instead of a linear calculation, other methods can be employed to computeW out ,

such as MLP [24], support vector machine (SVM) [102], or ridge regression [103].

23



Testing

After training, the ESN is run on the test data. In this stage, the initial condition of the

network remains the last state from the training time step. Therefore, the states of the

neurons at the beginning of the testing step are the same as the states of thep-th time-

step in the training step. Now, the readout weights are used to compute the output of the

network. This is carried out by the second part of Equation 2.4:

by t = g(W out [x t ; h t ]);

where by t is the predicted output obtained by the trained ESN. Therefore, the states of the

next step are obtained by

h t+1 = f (W h t + W in x t+1 + W fb by t ): (2.7)

Various error metrics, such as mean squared error (MSE) and normalized root mean

squared error (NRMSE), have been proposed to evaluate network performance [31, 33, 98].

For instance, NRMSE is one of the most common used error measures and is calculated as

follows:

NRMSE =

s
k by t � y tk2

2

m� 2
y

; (2.8)

where� 2
y is the variance of the desired output signaly t andm is the length of the testing

sequence.

2.4.3 ESNInternalProperties

The performance quality of an ESN highly depends on the internal characteristics of the

network. In the following, two crucial properties of ESNs that play key roles in the func-
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tionality of these networks are discussed.

2.4.4 TheEchoStateProperty

In the initial introduction of ESNs, Jaeger de�nes the echo state property [31], which,

informally, means the the network should be state-forgetting. In other words, the current

state of the network should be determined solely by the network input up to the current

time-step, and, in the limit, it should not depend on the initial state of the system. Having

this property guarantees that the network will forget its initial condition and be completely

driven by the input signal. If the spectral radius, the maximum of the absolute values of

the eigenvalues of the reservoir weight matrix, is greater than unity, and the input signal

contains zero, then the network does not have the echo state property.

For the �rst few years after introducing the ESNs, it was falsely believed that to obtain

the echo state property in an ESN, it was necessary and suf�cient to have the spectral radius

� (W ) smaller than unity [31, 77, 104, 98, 63]. Therefore, there exist multiple papers in the

literature in which, practically, the reservoirs are randomly generated with a random weight

matrix W that is then scaled so that the spectral radius is smaller than unity (� (W ) < 1).

However, it has been illustrated that with different input signals, the echo state property

may be satis�ed even if the spectral radius of the reservoir weight matrix is larger than

unity [24]. A few years later, Yildizet al.demonstrated that this widely used criterion was

neither a necessary nor a suf�cient condition [105] to ensure the echo state property. To

discuss this property in further details, some preliminaries should be reviewed.

Because the echo state property depends on the input signal, the theoretical de�nition

of this property constrains the input range to a compact setU . The compactness conditions

implies thatF is de�ned onX � U whereX � Rn andU � Rk are compact sets and

F (x t ; u t+1 ) 2 X andu t 2 U ; 8k 2 Z. By choosing bounded activation functionsf i (e.g.,

sigmoids), the compactness of the state spaceX is automatically guaranteed. Moreover, in

practical applications, the input will also be bounded; therefore, the compactness ofU is
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also assured [105].

De�nition 1 – Echo State Property (backward-oriented) [31]:

A networkF : X � U ! X (with the compactness condition) has the echo state property

with respect toU , if for any left in�nite input sequenceu �1 2 U �1 and any two vector

sequencesx �1 ; y �1 2 X �1 compatible withu �1 , it holds thatx0 = y0.

In this de�nition, U �1 = f u �1 = ( : : : ; u� 1; u0)jut 2 U 8t � 0g andX �1 = f x �1 =

(: : : ; x� 1; x0)jx t 2 X 8t � 0g are the set of left-in�nite input and state vector sequences,

respectively. By de�nition,x �1 is compatible withu �1 whenx t = F (x t � 1; u t ); 8t � 0.

This de�nition provides abackward-orienteddescription of the echo state property. This

de�nition is also presented as aforward-orienteddescription [105] and is a substitute for

the original forward version presented in [30].

De�nition 2 – Echo State Property (forward-oriented) [31]:

A networkF : X � U ! X (with the compactness condition) has the echo state property

with respect toU if and only if it has the uniform state contraction property, i.e., if there

exists a null sequence(� t )t � 0 such that8u+ 1 2 U + 1 , and8x+ 1 ; y+ 1 2 X + 1 compati-

ble withu+ 1 , it holds that8t � 0; kx t � y tk � � t .

Similarly, U + 1 = f u+ 1 = ( u1; u2; : : :)jut 2 U 8t � 1g and X + 1 = f x+ 1 =

(x0; x1; : : :)jx t 2 X 8t � 0g are the set of right-in�nite input and state vector sequences,

respectively.

Accordingly, a new suf�cient condition for the echo state property is introduced for the

standard ESNs de�ned by Equation 2.4. This condition is described in terms ofdiagonal

Schur stability. It has been mathematically proved [105] that the ESN described by Equa-

tion 2.5 with the reservoir weight matrixW satis�es the echo state property for any input

signal if W is diagonally Schur stable, which means there exists a diagonal matrixP > 0

such thatW T P W � P is negative de�nite. In accordance with this theorem, the echo

state property is satis�ed for all inputs if the reservoir weight matrix satis�es one of the

following criteria:
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• � (jW j) < 1, wherejW j = ( jwij j).

• wij � 0; 8i; j and� (W ) < 1.

• � (W ) < 1 and there exists a nonsingular diagonal matrixD such thatD � 1W D is

symmetric.

• W is triangular and� (W ) < 1.

Therefore, the latest approach to generating a network that satis�es the echo state property

in the standard ESNs can be listed as follows [105]:

1. Generate a random reservoir with random weight matrixW such that all entries are

non-negative, i.e.,wij � 0.

2. ScaleW such that� (W ) < 1.

3. Change the sign of a desired number of entries to have negative connection weights

in W .

The same approach is extended to de�ne the echo state property in other types of ESN,

such as leaky integrator ESNs [106, 107, 105]. Moreover, a similar technique has been used

to obtain a tighter bound for the echo state property in the standard ESN by employing a

weighted operator norm [24].

Memory Capacity

Another important characteristic of ESNs is the memory capacity, which is a way of mea-

suring the ability of a network to remember previous input values [79]. To compute the

memory capacity, after selecting multiple independent output neurons, each is trained on

different delays of the input. Jaeger [79] introduced a capacity measure called short-term

memory (STM) de�ned as follows:

De�nition 3 Let v(n) 2 U be a single-channel stationary input signal, whereU � R

is a compact interval and�1 < n < + 1 . Assume the ESN is speci�ed by a set of
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parameters including the input weight matrixW in , the reservoir weight matrixW , and

the output functionsf andg (see Equation 2.4). The network receives the inputv(n) for

a speci�c delayt. Then, the determination coef�cient is calculated for every delayt as

follows:

d[W out
t ](v(n � t); xout

t (n)) =
cov 2(v(n � t); xout

t (n))
� 2(v(n)) � 2(xout

t (n))
(2.9)

wherecov is the covariance and� 2 denotes the variance. Thet-delay STM capacity can

be determined as follows:

MCt = max
W out

t

f d[W out
t ](v(n � t); xout

t (n))g (2.10)

and the total STM capacity is calculated as the sum of allt-delay STM capacities,

MC=
1X

t=1

MCt : (2.11)

The values ofMCt represent the squared correlation coef�cients and thus are between 0 and

1, and they represent how much of a signal's variance is explainable by the others. There-

fore, the STM capacity manifests how much variance of the delayed input can be recovered

from the trained output units across all delays [24]. The determination coef�cients can be

plotted against delay values, which generates theforgetting curve. Figure 2.4 illustrates a

forgetting curve of a trained ESN in which the STM capacities are obtained after a 4000-

step run. This �gure illustrates that up to the delayt = 13, the network is capable of almost

100% recall. Numerical examples show that adding noise to the network decreases the

memory capacity [79].

2.4.5 TuningEchoStateNetworks

By construction, ESNs are random structures and their essential parameters are usually se-

lected by experiments in an iterative trial and error procedure. However, the performance
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Figure 2.4: A forgetting curve of a trained ESN.

of the network is highly dependent on these parameters and on certain tuning strategies pro-

posed in the literature, which can enormously reduce the computational overhead required

by a trial-and-error process.

Spectral Radius

Even though the spectral radius of the reservoir weight matrix provides neither a necessary

nor suf�cient condition for the echo state property, it is still a key parameter in designing

the network and is considered as the most important tuning parameter in ESNs [31, 63].

The dynamics of the input signal can be a good indication for adjusting the spectral radius.

In the case of signals with fast oscillations, where the time scale should be smaller, a lower

spectral radius can improve the performance of the network. On the other hand, if longer

memory is required because the signal consists of slower oscillations, then a network with

a larger spectral radius should work signi�cantly better. However, increasing the spectral

radius results in the training time taking longer to reduce the effects of the initial oscillations

(Section 2.4.2). Despite the recommendation to keep the spectral radius below one (due to

the echo state property), a spectral radius larger than one does not necessarily mean that

the ESN will not work well, as discussed previously. However, it can generate inconsistent

results and increase the randomness of the network [24].
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Connectivity

Another important hyperparameter in designing ESNs is connectivity, which has been con-

sidered in various studies [108, 109, 110]. The reservoir connectivity is de�ned as the ratio

of the non-zero weights to the total number of weights in a fully connected reservoir graph.

The total number of possible connections in a reservoir withn neurons is2
� n

2

�
+ n = n2,

which is equal to the number of entries in the reservoir weight matrix. By setting some of

these weights to zero, the connectivity is decreased and the graph becomes sparser.

In the case of some particular applications or input signals, such as using orthonor-

mal weight matrices with linear output neurons, connectivity plays a key role in network

performance [110]. However, in some other networks, speci�cally in nonlinear ESNs, the

connectivity has no substantial effects on the results, which reveals that a sparsely con-

nected reservoir can perform as well as the fully connected reservoir [24]. Therefore, it

is more sensible to use a low-connectivity structure to decrease the computational cost in

such applications.

Weight Scaling

Scaling the input data is crucial when the ESN is employed to capture the dynamics of real-

world systems [31]. If the input weights are too big, then the STM will never be developed

in the network and the inner states will be driven solely by the input signal. On the other

hand, if the input weights are too small, then the network will be mainly driven by the inner

dynamics and thus will be unable to capture the characteristics of the input signal [63, 24].

Therefore, weight scaling should be considered one of the primary tuning steps for ESNs.

2.4.6 ReservoirAdaptation

Initial ESN designs have emphasized working with a large, random, and immutable reser-

voir [30, 31, 79], which has been considered one of the underpinning features in ESNs

[86, 111, 34, 98]. Such approaches have been very successful in the prediction of complex
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dynamical systems and have exhibited good performance in capturing the exact short-term

trajectories of nonlinear systems as well as reproducing long-term behavior. Nonetheless,

prediction capabilities may differ in various applications and with different input signals,

and the random nature of generating the reservoir leads to a considerable variation in the

prediction ability of an ESN, which is known asperformance variability[112, 24]. To

alleviate the random nature of this type of network and to improve the performance of

ESNs for developing more robust approaches, a set of adaptations has been proposed in the

literature.

One of the most recent adaptation approaches is intrinsic plasticity (IP). This concept is

based on a relatively new principle found in biological neurons that describes the capability

of the neuron to adjust its excitability according to the the distribution of the imposed

stimulus [113, 114]. Practically, it means that a biological neuron adapts to a �xed average

�ring rate [115], which provides an ef�cient unsupervised learning rule that is local in

both time and space [116]. Inspired by this biological characteristic, a set of learning rules

has been de�ned to constrain the output of each reservoir neuron to a desired probability

distribution that maximizes the achievable information that can be achieved from a given

input signal.

Another adaptive approach to improve ESN performance is the use of leaky integrator

neurons. In general, hyperbolic tangent neurons are usually used in the standard ESN of

Equation 2.4; however, some other types of neurons have been introduced in the literature,

one of which is the leaky-integrator neuron. This type of neuron includes an additional pa-

rameter known as theleaking rate, which needs to be optimized. The leaking rate speci�es

the amount of the excitation that a neuron discards. Equation 2.12 describes the continuous

time leaky-integrator neurons [106]:
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h t =
1
�

�
� ah t � 1 + f

�
W h t � 1 + W in x t + W fb y t � 1

��
;

y t = g(W out [x t ; h t ]) ;
(2.12)

where� > 0 corresponds to a global time constant anda > 0 is the leaking rate of the

reservoir. Sometimes, the evolution of the reservoir state is written as follows:

h t = (1 � � )h t � 1 + �f
�
W h t � 1 + W in x t + W fb y t � 1

�
; (2.13)

in which� is considered as the leaking rate. Implementing leaky integrator neurons smooths

the network dynamics and improves the performance of the model, speci�cally when the

network is driven by a noisy or low-frequency input signal [106, 107].

2.4.7 ReservoirArchitecturesin ESNs

As mentioned earlier, despite the simplicity of the training strategies, the construction of

ESNs, particularly the reservoir, requires several trials to �nd appropriate hyperparameters

such as the number of reservoir neurons, the spectral radius, and the connectivity of the

reservoir weight matrix. Moreover, even with a well constructed ESN, sometimes the net-

work cannot handle long input signals from real-world applications ef�ciently [32, 117].

Furthermore, for some particular applications a single reservoir ESN fails. For instance, an

ESN provably cannot work as a multiple superimposed oscillator (MSO), even if the signal

is composed of two regular sine waves [118]. Such limitations have encouraged design and

exploration of various reservoir topologies, including decoupled ESNs [118], diagonal and

random diagonal ESNs [117],� -ESNs [117], scale-free highly-clustered ESNs [67], and

multi-layered and deep ESNs [119, 120, 121], among others. In this research, the effect of

reservoir topology will be studied by application of clustered reservoirs ESNs.
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2.4.8 Hybrid Approach

RC techniques can also be integrated with other modeling approaches to provide more

robust tools for modeling complex dynamical systems. Consequently, a few hybrid RC

approaches have been developed recently [122]. In this section, the fundamentals of a

hybrid approach in which a knowledge-based model is integrated into a reservoir computer

are brie�y reviewed.

Figure 2.5 illustrates a schematic diagram of a reservoir computer such as an ESN

described in Section 2.4.2. As explained earlier, in the training phase, the ESN is trained

from t = � T to t = 0 according to the following equations:

r (t + � t) = ĜR

h
R̂ in [u(t)] ; r (t)

i
;

R̂ out [r (t); p] � u(t);
(2.14)

whereĜR and R̂ in are functions that need to be chosen during the implementation of

the reservoir. The state of the system is denoted byr andu(t) is the input signal. By

choosingR̂ in = W in x t andR̂ out [r (t); p] = W out [x t ; h t ], this equation will be identical

to Equation 2.4.

In the prediction phase (t � 0), the feedback loop is closed and the reservoir model

runs autonomously, with the predictions obtained as

~uR(t) = R̂ out [r (t); p] : (2.15)

In a hybrid scheme, the reservoir-only model is augmented by adding a knowledge-

based component. In general, a knowledge-based model can be any mathematical model

capable of forecasting the state of the dynamical system fort > 0 based on an initial

condition att = 0. Such models can be denoted as follows:

uK (t + � t) = K [u(t)] : (2.16)
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Figure 2.5: Schematic diagram of a reservoir-only prediction setup [122].

Figure 2.6: Schematic diagram of the hybrid prediction setup [122].

Figure 2.6 demonstrates the integration of a knowledge-based model into a reservoir-

computing model. Similar to the reservoir-only approach, this model has training and

predicting phases. In the training phase, the input signalu(t) is fed into both the reservoir

and the knowledge-based model. Therefore, the hybrid model can be described by the

following equations:

r (t + � t) = ĜH

h
r (t); Ĥ in [K [u(t)] ; u(t)]

i
;

Ĥ out [K [u(t � � t)] ; r (t); p] � u(t);
(2.17)

whereĤ in is usually a linear function coupling the input signal with the data from the

knowledge-based model. In the prediction phase, the system runs autonomously, where the
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predictions of the hybrid system are computed by

~uH (t) = Ĥ out [K [~uH (t � � t)] ; r (t); p] : (2.18)

The hybrid approach has been shown in numerical examples to outperform both the

reservoir alone and the knowledge-based models alone in predicting the dynamics of chaotic

dynamical systems in many aspects [122]. The prediction capability holds even if the

knowledge-based model and the reservoir-only predictor are deliberately so �awed that

they are not able to provide accurate prediction on their own. Additionally, the hybrid

model makes accurate predictions for much longer times compared to the knowledge-based

and reservoir-only models [122]. Therefore, considering the prediction capability and the

ef�ciency of the hybrid approach, such a technique seems very promising and may be an

ideal candidate for modeling and studying chaotic and complex dynamical systems.

2.5 Nonlinear Vector Autoregressive Model

It has been demonstrated that a reservoir computer with linear activation functions whose

feature vector also includes weighted sums of nonlinear functions of the reservoir output

values is mathematically comparable to an NVAR model, which consequently offers a pow-

erful universal approximator of dynamical systems [75, 76]. In such an NVAR model, the

state matrix is constructed by concatenating a linear part, includingk time-delay embed-

dings of thed-dimensional input time series, and a nonlinear part, which is generated by

applying a nonlinear functional (in practice, a polynomial) to the linear part. Therefore, the

state vector at stept has the following form:

h t = [ h lin;t ; h nonlin;t ] ; (2.19)
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where the linear parth lin;t includes the input signal at time stept and thek � 1 previous

time steps spaced by a parameters and is given by

h lin;t =
�
x t ; xt � s; xt � 2s; : : : ; xt � (k� 1)s

� T
: (2.20)

Therefore,s � 1 steps are skipped between each two consecutive entries of this vector. The

nonlinear part of the hidden vectorh nonlin;t is obtained by applying a polynomial functional

to the linear parth lin;t . For instance, in the case of choosing a quadratic polynomial,

the entries ofh nonlin;t include thekd(kd + 1) =2 unique monomials obtained by the cross

product ofh lin;t with itself and are given by

h nonlin;t =
�
x2

t ; xtx t � s; xtx t � 2s; : : : ; x2
t � (k� 1)s

� T
: (2.21)

Then, the rest of the calculation, including �nding the readout weightsW out and predic-

tion, is identical to what is used for ESNs. Accordingly, sometimes a bias can also be added

to the state vector in equation Equation 2.19, i.e.h t = [1; h lin;t ; h nonlin;t ]. The output of

the NVAR method at time stept then is obtained by the following equation:

y t = W out [1;h lin;t ; h nonlin;t ] (2.22)

Thus, this method circumvents the requirement of constructing an explicit reservoir of

randomly connected neurons, which increases the randomness and sensitivity of ESNs to

the hyperparameter values and initial parameters. In fact, in comparison to ESN, NVAR has

fewer hyperparameters to tune whose optimal values can be determined by a grid search or

some other optimization technique with less computational effort.
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CHAPTER 3

CARDIAC ELECTROPHYSIOLOGY

3.1 Overview

For the past four decades, nonlinear dynamics concepts have been employed to describe

and understand cardiac arrhythmias. Various heart rhythms and arrhythmias, as well as un-

derlying cellular-level voltage dynamics, are considered highly nonlinear phenomena that

require further study to better understand, treat, and prevent life-threatening heart arrhyth-

mias. In contrast to the majority of cardiac disease where the pathology develops gradually,

sometimes over years, arrhythmias can occur suddenly due to a bifurcation in the dynamical

system, where a small change in a system parameter can cause sudden qualitative changes

in the system [123].

Cardiac tissue is considered an excitable medium that can demonstrate chaotic spa-

tiotemporal dynamics. To develop reliable predictive models, it is necessary to understand

the nonlinear dynamics that occur in cardiac cells and tissue. Accordingly, this chapter

brie�y reviews cardiac electrophysiology behavior and models proposed to study the dy-

namics of this system. Of particular interest are how nonlinearities in cardiac electrophys-

iology affect the normal heart rhythm and how bifurcations change the dynamics of the

system.

3.2 Cardiac Cells

The heart is mainly composed of the cardiac muscle, which includes three layers: endo-

cardium, myocardium, and epicardium. The endocardium and epicardium are the internal

and external layers, respectively. The myocardium is composed of atrial and ventricular

muscle cells called cardiomyocytes. The majority of the heart muscle cells are ventricular
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cardiomyocytes, which are approximately cylindrical in shape with a length of80-100� m

and a diameter of10-20 � m [124]. Additional important components include the sinoa-

trial node, which originates the normal heartbeat; the atrioventricular node, which channels

the heartbeat from the atria toward the ventricles; and a specialized ventricular conduction

system known as Purkinje �bers. These specialized �bers are composed of electrically ex-

citable cells and are responsible for quickly and ef�ciently conducting electrical impulses

to the ventricles [125]; along with the atrioventricular node, Purkinje cells also serve as

backup cardiac pacemaker cells [124].

3.3 Action Potentials

The electric activation triggering the contraction in cardiomyocytes is generated by the

same mechanisms as in neurons. In particular, in the heart, myocytes are separated from

the extracellular space by a phospholipid bilayer membrane, which provides selective per-

mittivity. Ions like Na+ , K + , andCa2+ thus can �ow between the intracellular and extra-

cellular media through speci�c ion channels and transporters in the cell membrane, which

collectively allow an in�ow of a well-orchestrated ion �ux across the membrane depending

on the membrane potential and sometimes on ion concentrations.

The �ow of ions causes a charge imbalance, generating a transmembrane potential dif-

ference. The potential at which the cell is at rest is called the resting potential and is around

� 85 mV. If a suf�ciently large stimulus is provided to a cell such that the transmembrane

potential rises above a certain threshold, an active response occurs, which is known as an

action potential.

Figure 3.1 shows a schematic of the typical time evolution of the transmembrane po-

tential during an action potential.
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Figure 3.1: Sketch of typical action potential in ventricular myocytes.

3.4 Wave Propagation and Arrhythmias

Cardiac contraction is triggered by an action potential that propagates as a single plane-

like wave of electrical excitation that in turn gives rise to a smooth and well-orchestrated

contraction and relaxation to pump blood to the body. Figure 3.2a demonstrates an approx-

imation of normal action potential wave propagation.

Irregularities in electrical wave generation and/or propagation can disturb the highly

coordinated heart cycle. For instance, tachycardia is a condition in which the heart rate ex-

ceeds the normal resting rate and often corresponds to a reentrant spiral or scroll wave that

accelerates the rate of contraction (see Figure 3.2b). Sudden cardiac death is usually caused

by ventricular �brillation, in which the ventricles are activated in a rapid and disorganized

manner thought to be characterized by unstable reentrant spiral or scroll waves [36] such

that pumping fails. In this type of arrhythmia, the normal electrical activity of the heart is

masked by higher-frequency circulating waves that create spatially localized contractions,

as shown in Figure 3.2c.

Fibrillation can be considered an emergent phenomenon of cardiac tissue. During �b-

rillation, individual cardiac cells behave properly; however, wave propagation through the
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Figure 3.2: Two-dimensional electrical wave propagation through simulated cardiac tissue.
(a) Normal electrical wave, (b) periodic rapid re-entrant wave in tachycardia, and (c) irreg-
ular dynamics corresponding to �brillation.

tissue is pathologically re-entrant and irregular [126, 127, 5] and demonstrates spatiotem-

porally chaotic behavior [36, 128].

3.5 Cardiac Alternans

One of the most well-studied cardiac instabilities known to lead to the development of

dangerous arrhythmias, such as tachycardia and �brillation, is cardiac alternans [125]. In

Figure 3.3: Cardiac alternans.

general, alternans is described as a beat-to-beat change in the duration of action potentials
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at the single-cell level, which can lead to an abnormal sequence of weaker and stronger

contractions of heart muscle. Figure 3.3 illustrates an example of alternating action poten-

tials in a cardiac cell. At the tissue level, action potential alternans in different parts of the

cardiac tissue can be either spatially in phase or out of phase, known as concordant (Fig-

ure 3.4a) and discordant (Figure 3.4b) alternans, respectively [129]. Discordant alternans

Figure 3.4: Schematic of (a) concordant and (b) discordant alternans.

have been found to be proarrhythmic and can induce dispersion of repolarization that gives

rise to localized conduction block and initiates re-entry and �brillation [130, 125].

Nonlinear dynamics theory has been successfully applied to study alternans. The pio-

neering work of Nolasco and Dahlen used a graphical approach to describe alternans, which

was later formalized mathematically by Guevara et al. [131], who were the �rst to describe

alternans in terms of stability of a �xed point. Later, Karma [132, 133] investigated the role

of alternans on spiral stability and demonstrated that alternans can generate breakup of the

waves emitted by a spiral. In this study, at fast pacing rates, the instability moved closer to

the spiral core and gave rise to a disordered state in which multiple vortices were constantly

generated and destroyed, which is in agreement with observations of ventricular �brillation

41



in the heart [36, 125]. For instance, Figure 3.5 illustrates the dynamics of a spiral wave in

the Fenton-Karma model [134]; the onset of spiral breakup can be observed in panel c.

Figure 3.5: Dynamics of a spiral wave in the Fenton-Karma model.

Based on experimental observations, a mathematical description of alternans was devel-

oped by expressing APD as a nonlinear function of the previous resting interval, called the

diastolic interval (DI) and de�ned as the time elapsed between the end of the previous action

potential and the beginning of the current one [135]. It can be shown mathematically that

action potentials lose stability when the slope of this function, called the restitution curve

exceeds one, which typically occurs at fast pacing rates when diastolic interval shortening

is ampli�ed into more severe action potential duration shortening (Figure 3.6).

Figure 3.6: Action potential duration versus pacing period.

Speci�cally, with the assumption that the APD depends only on the preceding DI, the
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restitution equation relates the duration of action potential at a given step to the DI:

APDn+1 = f (DI n ): (3.1)

Consequently, the dynamics of a cell paced with a constant periodPCL= APDn + DI n can

be described by a one-dimensional discrete map:

APDn+1 = f (PCL� APDn ); (3.2)

wherePCLdenotes the pacing cycle length (PCL). Guevaraet al. [135] demonstrated that

alternans appears as a period-doubling bifurcation, where the PCL acts as the bifurcation

parameter. This map can also be demonstrated by a cobweb plot (Figure 3.7). A �xed point

of this map contains a sequence of APDs, which, depending on the slope of the restitution

curve, can be either stable or unstable. If the slope off (PCL � APDn ) exceeds one, the

system experiences a period-doubling bifurcation and the �xed point becomes unstable

(Figure 3.7 (right)) [136, 125].

Figure 3.7: Cobweb diagram for studying alternans.

Steep restitution provides a simple explanation for the development of alternans, but it

neglects a number of other factors known to affect alternans development. More complex

relations are suggested in which the APD depends on not only the previous DI, but also
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the past history of the system, and the effect of memory is also included in such models

[137]. In this way Equation 3.1 will be updated toAPDn+1 = f (DI n ; APDn ; DI n� 1; : : :);

aspects of memory can be elucidated by obtaining a restitution portrait rather than a resti-

tution curve [138]. Intracellular calcium dynamics are also known to give rise to alternans

independently [139] and this mechanism for alternans has been studied both alone [140]

and in conjunction with action potential instabilities [141, 142, 143].

3.6 Modeling of Cardiac Cell Electrophysiology

Models of cardiac cells can be used to explore the mechanisms underlying biological func-

tions and to facilitate understanding the complex dynamics of cardiac electrophysiology.

For years, mathematical models, usually written as coupled differential equations, have

been a popular approach for describing the dynamics of cardiac cells and tissue. With the

increase in available computational power and novel theoretical concepts, data-driven ap-

proaches and particularly machine-learning techniques have gained in popularity in recent

years and have been successfully applied in many domains including cardiac electrophysi-

ology. In this section, these modeling approaches are brie�y reviewed.

3.6.1 MathematicalModels

Mathematical models of cardiac cells have been used extensively to describe dynamical

behavior in cardiac electrophysiology and to explain how transmembrane currents and the

underlying ionic processes generate action potentials. These models have provided insights

into the fundamental mechanisms in cardiac electrical dynamics. For this purpose, the

modeling procedure usually includes formulations of transmembrane ionic currents and

the corresponding kinetics governing the currents. Many of these models are based on

the seminal Hodgkin-Huxley formulation, which originally was proposed for neural cells

[144]. Since Noble [145] proposed the �rst Hodgkin-Huxley-type mathematical model of

cardiac ionic dynamics in 1962, many other models have been published in the literature,
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including many with more biophysical detail but also a number of simpler models [146,

147, 134, 148, 149] that are more useful for analysis as well as for large-scale computations.

On account of the existence of a wide range of mathematical models, many comparative

investigations have been conducted to categorize these models and highlight their main

features [149, 150, 151, 152, 153, 125, 148]. A list of many mathematical models of

cardiac cells and their speci�cations is available in Ref. [154].

In this research, some of these mathematical models will be used either as a knowledge-

based model integrated into the proposed hybrid reservoir computing approach or as a de-

tailed generative model to produce synthetic experimental data. Therefore, in this section,

some popular models are introduced. In general, the mathematical models can be organized

in three main categories [125]:

1. Generic reaction-diffusion models are based on the general description of excitable

media by a system of two coupled reaction-diffusion equations [125, 155, 156]. The

FitzHugh-Nagumo model [157, 158] and the Barkley model [159] are among the

most popular generic models.

2. Phenomenological models rely on simpli�ed descriptions of ion currents to repro-

duce the general qualitative properties of cardiac action potential. The Fenton-Karma

model [134] is perhaps the best-known example of a simpli�ed phenomenological

cardiac model and is widely used with different parameter values to study various

instabilities in cardiac tissues [36, 125]. As another example, the Mitchell-Schaeffer

ionic model [146] and its modi�ed version [147] contain two variables and only a few

parameters, which makes the model computationally tractable. Another frequently

used model is the Aliev-Pan�lov model [160]; instead of describing the ion currents,

the model contains nonlinear functions that can be tuned to generate desirable action

potential shape and to provide restitution properties [125]. The Karma model is also

a two-variable model and was presented as the �rst description of spiral breakup in

cardiac tissue due to alternans [132].
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3. Detailed electrophysiological models are heavily based on experimental measure-

ments of individual ionic currents. In these models, the total ion current is presented

as the sum of all individual ion currents across the cell membrane, i.e.
P

X I X , where

I X denotes each individual ion current described by a Hodgkin-Huxley type equation

or, in some cases, by a Markov model. Depending on the level of accuracy, detailed

ionic models may incorporate the change of concentration of the intracellular ions,

which increases the number of differential equations [161, 162]. One of the earlier

detailed models used to describe the electrical activity of cardiac cells is the Beeler-

Reuter model [163]. There are many other detailed electrophysiological models of

cardiac action potential that incorporate many more physiological components, and

thus, they can have dozens of state variables. For instance, in the Shannon-Wang-

Puglisi-Weber-Bers [161] and Mahajan-Shiferawet al.[164] models, 45 and 27 vari-

ables are included, respectively.

3.6.2 Data-drivenModels

Data-driven, or model-free, approaches are another way of modeling complex systems with

nonlinear dynamical behavior. A small number of new approaches have been proposed to

describe the electrical activity of cardiac cells.

Data assimilation is a data-driven modeling framework that combines theoretical or

numerical models with experimental observations. Data assimilation was initially applied

to weather forecasting [165, 166, 167] to handle the challenging task of reconciling sparse

observations of atmospheric quantities with imperfect numerical descriptive models. A

similar scheme can be employed to improve the estimation of other dynamical systems

at a given time by combining recent observations with prior information from numerical

models and previous observations.

In cardiac electrical dynamics, data-assimilation approaches have successfully been

employed using Kalman �lters for reconstructing cardiac states in simulated single cardiac
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cells [168] and one-dimensional cardiac �bers [169]. More recently, a data-assimilation

technique was proposed to recover the three-dimensional dynamics of reentrant scroll waves

in heart tissue by coupling the Local Ensemble Transform Kalman Filter (LETKF) and the

Fenton-Karma model from sparse observations [4]. In this study, experimental data from

dual-surface observations was combined with predictions from numerical models to con-

struct the full three-dimensional time series of the experiment. It has been demonstrated

that this data-assimilation framework is a robust approach that can provide high-quality

estimates under some model error conditions [170, 171]. Nonetheless, the accuracy of the

results depends on the �delity of the numerical model in representing the true dynamics of

the system.

In the last few years, machine-learning techniques have been applied in the cardiac

domain to a wide range of applications, such as non-invasive clinical diagnostics tools

using ANNs and DL approaches [172, 173] and more general cardiac electrophysiology

studies [3]. One area of cardiac electrophysiology in which supervised machine learn-

ing has increasingly gained in popularity is analyzing electrocardiogram (ECG)s, due to

their availability and the information that can be extracted from them [3]. Jambukiaet al.

reviewed more than 30 earlier machine-learning techniques proposed for the ECG classi-

�cation task [174]. More recent methods have been mainly focused on providing more

reliable approaches for detecting cardiac arrhythmias by employing DL techniques, such

as convolutional neural network (CNN)s, RNNs [175, 176, 177, 178, 179, 180]. Further-

more, reservoir computing approaches and ESNs have recently been employed to provide

an inexpensive, ef�cient, and scalable technique for real-time heartbeat classi�cation tasks

[181] that can have more clinical applications [182].

In contrast, relatively little attention has been paid to the use of machine-learning tech-

niques for modeling and predicting the spatiotemporal patterns of electrical activation in the

heart [3]. Recently, Zimmermann and Parlitz [37] proposed an ef�cient reservoir comput-

ing approach for modeling chaotic dynamical systems in which an ESN is used for learn-
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ing and approximating the functional relation between observed time series and unknown

state variables. To handle the high dimensionality of the underlying dynamics of such

systems, only the time series from nearby sampling sites are fed into the network for cross-

predicting unobserved variables at reference locations. The capability of the proposed ap-

proach has been successfully evaluated for two simpli�ed models [159, 148]. Although

such approaches have been introduced as surrogates for the data-assimilation observer for

reconstructing dynamical variables from available observed time series and can be directly

trained from experimental data, they are still in the early stages of development and need

further study with regard to their sensitivity and robustness.
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CHAPTER 4

FORECASTING CHAOTIC TIME SERIES

4.1 Overview

In recent years, machine-learning techniques, particularly deep learning, have outperformed

traditional time-series forecasting approaches in many contexts, including univariate and

multivariate predictions. This chapter aims to investigate the capability of (i) gated recur-

rent neural networks, including long short-term memory (LSTM) and gated recurrent unit

(GRU) networks, (ii) reservoir computing (RC) techniques, such as echo state networks

(ESNs) and hybrid physics-informed ESNs, and (iii) the nonlinear vector autoregression

(NVAR) approach, which has recently been introduced as the next generation RC, for the

prediction of chaotic time series and to compare their performance in terms of accuracy,

ef�ciency, and robustness. We apply the methods to predict time series obtained from

two widely used chaotic benchmarks, the Mackey-Glass and Lorenz-63 models, as well

as two other chaotic datasets representing a bursting neuron and the dynamics of the El

Niño Southern Oscillation, and to one experimental dataset representing a time series of

cardiac voltage with complex dynamics. We �nd that even though gated RNN techniques

have been successful in forecasting time series generally, they can fall short in predicting

chaotic time series for the methods, datasets, and ranges of hyperparameter values consid-

ered here. In contrast, for the chaotic datasets studied, we found that reservoir computing

and NVAR techniques are more computationally ef�cient and offer more promise in long-

term prediction of chaotic time series.

The results and contents presented in this chapter have been published in Ref. [183].
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4.2 Introduction

While time series are omnipresent in many real world applications, time-series forecasting

is still a challenging problem to tackle, especially when the time series represents the state

of a highly nonlinear dynamical system demonstrating chaotic behaviors. Chapter 2 pre-

sented a comprehensive review of the available DL approaches commonly employed for

time series forecasting. In this chapter, we assess the capability of these mainstream tech-

niques, i.e., gated RNN techniques; ESN architectures, including the clustered architecture

and the physics-informed hybrid approach; and the NVAR approach for multi-step-ahead

prediction of nonlinear time series describing chaotic dynamical systems. In particular, we

compare the performance of these models for forecasting two frequently used benchmark

chaotic time series, derived from the Mackey-Glass and Lorenz dynamical systems, two

additional chaotic times series derived from a bursting Morris-Lecar neuron model and the

Vallis El Niño Southern Oscillation (ENSO) system, and one real-world dataset consisting

of a time series of irregular cardiac voltage traces obtained in ex-vivo experiments in terms

of the prediction error and computational ef�ciency. Moreover, this experimental dataset

is further used to evaluate the performance of NVAR against traditional RC approaches in

more detail.

This chapter is structured as follows. Section 4.3 outlines a summary of the modeling

approaches used for forecasting chaotic time series in this comparative study. Section 4.5

highlights details regarding the implementation of each model and the evaluation metrics

employed for the comparative study. These methods are applied to datasets whose charac-

teristics are described in Section 4.4. The results are presented and discussed in Section 4.6,

and Section 4.7 presents concluding remarks.
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4.3 Methods

The commonly used DL approaches for time series forecasting were introduced in Chap-

ter 2. Among these computational methods, gated RNNs, particularly, LSTM and GRU

networks, are perhaps the most natural choices for modeling and prediction of temporal

data. Such architectures take advantage of the gating mechanism in memory cells to decide

which information should be remembered and which can be forgotten. Therefore, these

approaches are able to capture the temporal dependency for a longer time horizon. The

details of these architectures were discussed in Section 2.3.

The second class of models that we will employ for this comparative study is the ESN

approach, which is known as the most common realization of the RC techniques. The

main components of the baseline ESN and the details regarding the implementation of this

approach were discussed in Section 2.4. Figure 4.1a illustrates the main components of

a typical ESN including an input layer, the reservoir of randomly connected hidden units,

and a readout layer. The number of input and output variables speci�es the size of the input

and output layers, respectively. In this work, we employ an extension of the standard ESN

in which leaky integrator neurons [184] are employed as the hidden units. The evolution of

the reservoir state is described by Equation 2.13 (see Section 2.4.6).

Since the initial success of reservoir computing techniques and ESNs, a variety of net-

work topologies have been proposed in the literature, including clustered reservoirs and

deep ESNs. The main components of the network are similar to the baseline ESN archi-

tecture except for the reservoir topology; for clustered architectures known as CESN, the

randomized connections between neurons form a set of sub-reservoirs sparsely connected

to each other. Figure 4.1b demonstrates a CESN, where the reservoir is constructed as

three sub-reservoirs. The update equation and training process remain the same as for the

baseline ESN.

In this chapter, in addition to the baseline ESN and CESN, we also propose and evaluate
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Figure 4.1: Components of reservoir computing approaches, including (a) the baseline
ESN, (b) CESN, and (c) HESN. In these architectures, the input and output signals can be
either univariate or multivariate time series.
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a hybrid physics-informed version of an ESN, known as a HESN. The main idea of physics-

informed ESN, has been successfully employed in a number of application domains [185,

186, 72] which is integrating domain knowledge into an ESN by feeding the network an ad-

ditional input from a knowledge-based mathematical model approximating the behavior of

the dynamical system; the model and ESN operate simultaneously during the training and

prediction. The main components of this architecture in comparison to ESN and CESN is

presented in Figure 4.1. In this chapter, in the case of generated time series, an “imperfect”

version of the mathematical equations is used to generate the knowledge-based approxi-

mation, where the imperfect mathematical equations are obtained by multiplying one of

the original model parameters by(1 + � ), where� represents a dimensionless unknown

error [185]. In the case of experimental time series, a mathematical model that provides

an approximation of the dynamical system is employed, and our proposed architecture is

discussed in Section 4.5.5. The third type of approach that we use to complete this com-

parative study is the NVAR method, which was recently introduced as the next generation

of RC techniques. It has been shown that this approach shares many similarities with con-

ventional ESN techniques, while it has fewer hyperparameters to tune and their optimum

values can be determined with less computational effort [76]. The details of the NVAR

approach were discussed in Section 2.5.

4.4 Datasets

To evaluate the performance of these approaches in multi-step forecasting of chaotic time

series, the methods are applied to predict four chaotic benchmarks and one experimental

dataset representing cardiac voltage time series with highly nonlinear dynamics. Below we

describe these �ve datasets.
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4.4.1 Mackey-Glass

As the �rst example, we use a time series obtained by solving the Mackey-Glass (MG)

equation [187], which is one of the most commonly studied benchmarks to evaluate chaotic

time-series forecasting approaches. The following equation describes the MG time-delay

differential system:
dx
dt

=
ax(t � � )

1 + xc(t � � )
� bx(t); (4.1)

wherea = 0:2, b = 0:1, andc = 10 are constant parameters. The nonlinearity of the

system increases as the time delay parameter� increases. The system demonstrates chaotic

behavior when� � 17. To generate the time series used here,� is set to17 and the

numerical integration step size is set to� t = 0:1 using a fourth-order Runge-Kutta method

implemented in MATLAB to solve delay differential equations at discrete equally spaced

times. Then, the data is sampled by10� t to form a time series with 15,000 data points split

into the training set (80%), where the �rst1000steps are considered the pre-training warm-

up period required in RC approaches [33], and testing set (20%). Figure 4.2a illustrates the

generated MG dataset; panel (c) shows a blowup of the shaded regions in panel (a) within

the training data.

The knowledge-based time series, which is required to evaluate the HESN approach,

is generated by an imperfect mathematical model obtained by changing the constantb to

(1+ � )bin Equation 4.1, where the error parameter� is set to0:1 to demonstrate a noticeable

difference in the time series values (see Figure 4.2c).
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Figure 4.2: The Mackey-Glass time series. (a) Generated time series including unused
pre-training data (grey), training data (blue), and testing (prediction) data (black). (b)
Zoomed-in section corresponding to the shaded region in panel (a). (c) Mackey-Glass time
series (solid) and the imperfect knowledge-based model (dashed). (d) Zoomed-in section
corresponding to the shaded region in panel (c) demonstrating the difference between the
generated time series and the imperfect knowledge-based model.
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4.4.2 Lorenz

The second chaotic time series benchmark is derived from the 1963 Lorenz system [188],

which is given by the following differential equations:

8
>>>>>><

>>>>>>:

dx
dt = a(y � x);

dy
dt = x(b� z) � y;

dz
dt = xy � cz;

(4.2)

wherea = 10, b= 28, andc = 8=3 are the constant parameters. The time series is obtained

by integrating the equation numerically usingode45 , the fourth-order Runge-Kutta solver

in MATLAB, where the solution is evaluated at times spaced� t = 0:01 apart to obtain a

set of 10,000 data points. Then, the time series is scaled to lie in the interval[� 1; 1] and

divided into training and testing datasets using an 80-20 split. Similar to the MG dataset, the

training set includes a500-step pre-training period required in RC approaches. Figure 4.3a

illustrates the generated time series.

Similar to the MG dataset, the knowledge-based time series is obtained by replacing

the constantb with (1 + � )b. The error parameter is set to� = 0:05, which generates an

observable difference in the time series values. Figure 4.3c shows the difference between

the true time series (solid) and the imperfect knowledge-based model time series (dashed).

4.4.3 BurstingMorris-Lecar

To obtain a third chaotic dataset, we use a busting Morris-Lecar (BML) model of a
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