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ABSTRACT 

The design of strongly coupled multidisciplinary engineering systems is 

challenging since it is characterized by the complex interaction of different disciplines. 

Such complexity cannot be easily captured by explicit analytical solutions. This deficiency 

motivates the development of surrogate modeling that enables the prediction of the 

systems' behavior without analytical formulations. Among existing surrogate modeling 

techniques, deep learning has gained significant interest because of the flexibility of non-

linear formulation and applicability to data-driven analysis. Notably, a deep surrogate 

model augments the precision of prediction and estimation of system behavior once image-

based inputs that represent physical experiments and simulation are employed. 

Nevertheless, the deep surrogate model's feasibility is often flawed due to massive training 

costs and complicated network structures. 

To address those issues, in the proposed research, physics-informed artificial image 

(PiAI) is constructed and utilized to train deep neural networks in strongly coupled 

multidisciplinary domains. To further improve the credibility of deep surrogate models, a 

statistical calibration process is proposed to match the data distributions of the training and 

test sets. The calibration process can resolve the covariate shift that occurs when the data 

distributions are heterogeneous. Lastly, multi-fidelity deep surrogate modeling is proposed 

to enhance computational productivity. The efficacy and applicability of the proposed 

framework are also addressed in practical engineering design applications: cantilever beam 

and stretchable strain sensor.   

* Contents of this dissertation will be reproduced by journal articles in preparation   
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CHAPTER 1. INTRODUCTION 

This dissertation aims to develop a framework that advances a deep learning-based 

predictive model to characterize multidisciplinary systems under uncertainty. In this 

chapter, concepts of multi-physics systems design, data-driven analysis, uncertainties, and 

neural networks-based surrogate modeling are articulated to address the research questions 

and formulate corresponding hypotheses. 

 

1.1 Design of Multi-physics Engineering Systems 

It is highly demanded to characterize engineering systems' behavior with diverse 

physics disciplines. Such characterization promotes a better comprehension of an intricate 

interaction between multidisciplinary fields. In general, multi-physics systems are 

designed in two primary categories, weak and strong coupling. If the weak coupling 

process is claimed, a sequential approach analyzes one physics first and then transfers the 

evaluated design parameters to the next physics field. On the other hand, the strong 

coupling process concurrently interprets all physics, which is commonly employed in 

multi-physics systems' design. Figure 1 shows that existing various engineering 

applications under strongly coupled interaction:  

1. Stretchable strain sensor in mechanical, electrical, and material science domain 

2. Thermo-compression bonding in IC packaging in structural, thermal, electrical, and 

material science domain 

3. Weld joint in mechanical and material science domain 

4. Piezoelectric EUV DG in mechanical, electrical, and material science domain. 
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Figure 1. Applications of Multi-physics Systems: (a) stretchable strain sensor; (b) thermo-

compression bonding in IC packaging; (c) weld joint; (d) piezoelectric EUV droplet generator 

 

To monitor radio frequency variation, the design of conventional sensors only 

demands a deep understanding of the electrical characteristics. However, the stretchable 

strain sensor requires additional analysis of mechanical and material properties since it 

identifies signal changes under deformation on stretchable structures. In the integrated 

circuit packaging field, the behavior of the thermo-compression bonding can be addressed 

by thermal stress and structural force in the mechanical, electrical, and material science 

domain. The weld joint is also analyzed by a complicated interaction between the 

mechanical and material engineering field, which can estimate fatigue life. Moreover, to 
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design a stable photolithography operation, a piezoelectric EUV droplet generator should 

be analyzed by vibration and fluid in the structural and acoustic region. Meticulous analysis 

of the coupled interaction enables accurate behavior estimation of multi-physics systems.  

Hence, the construction of reliable multidisciplinary design criteria is inevitable to 

improve accurate system estimation. However, the design process requires a tremendous 

volume of parameters derived from the interacted disciplines. Such complex interaction 

cannot be interpreted by explicit analytical solutions such that it excessively demands 

repeated simulations or experiments to quantify the systems' behavior. Even though the 

approach elevates accuracy equivalent to physical phenomena, it intensifies computational 

burdens owing to increased design parameters. In Figure 2, the geometric uncertainty of a 

stretchable strain sensor is depicted.  

 

 

(a)                                                        (b) 

Figure 2. Geometric Roughness Variation of Stretchable Strain Sensor: (a) the antenna (dark 

color) and the polydimethylsiloxane (PDMS) substrate (light color); (b) scratched surface of the 

substrate observed by FEI Quanta 250 scanning electron microscope (SEM) device.  
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A stretchable substrate that dominates the electro-mechanical strain sensor's 

performance has geometric roughness variation, as shown in Figure 2 (b). The geometric 

uncertainty derives an enormous volume of datasets, which imposes a severe 

computational burden. As a result, this deficiency triggers designers to simplify the 

engineering models or restrict design space exploration. 

However, the simplification disregards the leverage of geometric or material 

uncertainties such as variation of surface roughness or porosities formation. It prohibits a 

reliable system evaluation because it is only eligible to interpret a global trend of multi-

physics phenomena. In the stretchable strain sensor, most engineers have considered 

simplified models that include steadily fixed roughness. However, they have still failed to 

guarantee a persuasive formulation of the complex electro-mechanical systems. In this 

situation, the development of the approximation model containing multifold design 

parameters has received considerable attention for representing a complicated phenomenon 

of the systems in a computationally efficient manner. The approximation model is termed 

a "surrogate model," a "metamodel," or a "response surface." 

 

1.2 Overview of Surrogate Modeling in Multi-physics Analysis 

The surrogate model, in general, is constructed based on the following relation: 

𝑓(𝑥)=𝑓(𝑥)+ 𝜀. Here, given a set of input data, x, the actual corresponding output 

function, 𝑓(𝑥), an approximated function by the surrogate model, 𝑓(𝑥), and the 

discrepancy between those two functions, 𝜀, are represented. Compared to the actual output 

function obtained by excessive input data collection based on data-driven analysis, the 

surrogate model quickly identifies the approximated function because its predictive 
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formulation is easily approachable. Surrogate modeling, in general, is processed from the 

Design of Experiments (DoE) to generate sampling points by diverse sampling methods 

[1]. Once DoE characterizes the pertinent sampling points in the design interests, a 

surrogate model is then constructed. The surrogate model's performance can be enhanced 

once enough number of sampling points are considered together. The multi-physics domain 

provides a large number of sampling points, which can ensure better prediction capability. 

Surrogate models, thus, can be a tractable alternative to arduous physics-based simulation 

or experiments. 

Multifold research has introduced several surrogate modeling techniques that can 

be divided into two major categories: non-interpolating [2] and interpolating modeling [2]. 

Non-interpolating models [3], reduce the sum of squared discrepancy between the sampled 

data points and some predetermined functions. While they can derive interpretable 

formulations, the applicability to capturing strong non-linear correlations is often 

disregarded. Alternatively, interpolating methods, such as Kriging [4] and radial basis 

functions (RBF) [5], show increased adaptability, incorporating various basis functions, 

which are established to precisely predict the training samples [2].  

For the uncoupled physics simulations, the existing surrogate modeling methods 

have simply approximated the single physics with no substantial computational burden. 

However, such methods cannot always ensure the prediction's cost-efficiency and stability 

when strongly coupled phenomena should be analyzed. The coupled phenomena consist of 

complicated multi-physics interactions (i.e., fluid-structure interaction, structural-acoustic 

interaction, thermal–structure coupling, electromagnetic–structural coupling, or 

electromagnetic heating). The interactions require great non-linear/non-convex 
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representation between the design parameter. Moreover, the existing surrogate modeling 

methods cannot assure its prediction accuracy where prodigious volumes of datasets are 

employed, which can cause a curse of dimensionality. Such drawbacks might be 

computationally prohibitive for most real-time applications (i.e., structural/bio health 

monitoring) and query analyses (i.e., optimization design and uncertainty quantification). 

Therefore, the development of cost-efficient surrogate modeling is of great importance. 

Machine learning (ML) has gained promising attention as surrogate modeling due to its 

capability of managing strong non-linearity and high-dimensionality. The concept and 

significance of ML employed in surrogate modeling will be addressed in the following 

sections.  

 

1.3 Machine Learning-based Surrogate Modeling 

Despite the growing interest in the existing surrogate models aforementioned in 

Section 1.2, a critical challenge pertains to cases where prodigious volumes of design 

parameters with multiple modalities are analyzed. The design parameters can be obtained 

from data-driven analysis, images with large pixels, or continuous functions. Owing to the 

abundant data that leads to the curse of dimensionality, the accuracy of the approximated 

models often fails to be guaranteed. In this situation, one promising approach to overcome 

such limitations is a machine learning-based predictive modeling.  

There has pertained a massive rise in ML-based techniques, affecting many areas 

in the industry (i.e., autonomous driving, healthcare, manufacturing, or energy harvesting). 

As one of the leading disruptive technologies, ML is recognizing patterns in data and can 

treat unseen problems. Diverse ML algorithms have been executed to formulate the 
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approximation function, for example, artificial neural networks (ANNs) that try to imitate 

human neuron structures in the brain. ANNs structure can be seen as non-linear data 

modeling tools that are capable of representing complex relations between the input 

parameters and the multi-physics systems’ responses [6]. A multilayer ANN can 

approximate any deterministic input-output relation. Global optimization algorithms 

should be used to train the neural networks to reach the global minimum of the error surface 

[7]. One typical case in computational science is learning answers of deterministic PDEs 

based on neural networks. The main idea is to train neural networks to approximate the 

solution by reducing the violation of the governing PDEs (e.g., the residual of the PDEs). 

In one hidden layer, a fully connected neural network with spatial coordinates is generally 

trained to reduce the residual norm. Most existing studies have parameterized the solution 

so that the solution is analytical and meshfree [8]. 

However, ANNs-based surrogate models are still struggling to effectively and 

correctly model the high-dimensional and non-linear association between input and output. 

Accuracy of the surrogate model also cannot be ensured due to the uncertainty of network 

structure, such as the number of neurons, the number of layers, the type of activation 

function, and the optimization algorithm exploited to train the network. Furthermore, the 

ANNs-based surrogate model usually fails to show strong applicability to engineering 

problems that require data diversity. For example, when image-based inputs should be 

analyzed, prediction accuracy addressed by the ANNs surrogate model cannot be ensured 

due to ANNs’ specific flatten layer and algorithm. This part will be thoroughly discussed 

in Chapter 2. Such diverse data structures and types are necessary in the data-driven 

modeling process.  
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1.4 Data-driven Modeling 

In this section, the definition and concept of data-driven modeling will be briefly 

addressed.  Compared to the existing method [9] that is still biased by the human decision, 

the data-driven process can seek an impartial implicit way to the learning experience, based 

on crude data from actual observations. Thus, it can test relationships between observations 

and different variables, discovering unexpected patterns and allowing engineers to find 

new scientific rules. For example, in modeling a BGA structure using a 3D x-ray CT 

scanner, the real specimens' components can be interpreted. According to the statistical 

properties extracted from the samples, it is permissible to generate numerous reliable 

sampling points. When the sampling points are exploited in the FEA analysis, it is eligible 

to build a simulation model that resembles the experiments.  

 

 

Figure 3. Data-driven Modeling Process in BGA Inspection 
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This approach can derive a more accurate analysis. From the data-driven modeling, 

numeric values related to the geometric/material variation can be employed in the multi-

physics study. Nowadays, images are preferred to be directly employed as inputs in the 

surrogate models to demonstrate the whole system with impartial information at one time. 

However, the machine learning-based surrogate model cannot effectively manage the 

images-based inputs due to weak non-linear and non-convex representation in high 

dimensional datasets. Flatten layers also decrease mapping quality in image inputs.  

In this situation, deep neural networks (DNNs) are attaining the great attention as 

surrogate models across scientific and engineering fields.   

 

1.5 Deep Learning-based Surrogate Modeling 

Compared to conventional neural networks that use only one hidden layer, deep 

learning is concerned with the effectiveness of many hidden layers. Such efficiency allows 

DNNs to learn a problem as a hierarchy of representations, where higher levels in the 

hierarchy build on the representations given in the lower levels. It allows a trained neural 

network to operate in as-yet-unseen regions of the input space. It exploits specific 

activation functions (e.g., Rectified Linear Unit (ReLU)) that require an exponential 

number of hidden units with a shallow (one hidden layer) network. Since the deep neural 

network can derive well-captured spatial correlation in data, diverse data types such as 

image, text, or signal can be effectively handled. Thus, as universal function approximators, 

DNNs have compelling merit where both the input and output are controlled by multi-

dimensional and non-linear. Deep learning is a subfield of ML which attempts to learn 

high-level simplification in data by employing hierarchical architectures. It is a 
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considerable approach and has been applied in many artificial intelligence domains, such 

as computer vision [10], natural language processing [11], transfer learning [12], or 

semantic parsing [13]. There are essential reasons for the booming of deep learning today 

[14]: the dramatically increased chip processing abilities (e.g., GPU units), the 

considerably increased complexity of the ML algorithms, and the ability to handle 

multimodal-based and data-driven analysis that trigger tremendous high volume of datasets.  

As aforementioned, a deep network is an ANN with more than one hidden layer, as 

shown in Figure 4. Theoretically, an ANN with one hidden layer can learn any cognitive 

function if the hidden layer has enough neurons [15]. DNNs, however, can discover the 

hierarchy of representations during training. This discovery causes DNNs to learn and 

generalize better than shallow networks.  

 

                   (a)                                                                           (b) 

 

Figure 4. Structure Comparison of Conventional ANNs with DNNs: (a) conventional ANNs; 

(b) DNNs 
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It is shown that DNNs exploiting the ReLU activation function require an exponential 

number of hidden units with a shallow network. This expressive power makes DNNs 

interesting for the approximation of multidisciplinary engineering problems. Computer-

learned representations are usually created faster and are of higher quality, which makes 

DNNs better at sifting through the vast amounts of available data. It is, therefore, eligible 

to correctly identify underlying factors that influence the observed data, even if those 

underlying factors are not observed themselves [16]. 

1.5.1 Convolution Neural Networks (CNNs) 

Convolutional neural networks (CNNs) are the widely used deep learning 

framework that was inspired by the visual cortex of animals [17]. Initially, it was widely 

used for object recognition tasks. It is still being examined in other domains as well, such 

as object tracking [18], pose estimation [19], text detection and recognition [20], visual 

saliency detection [21], action recognition [22], and scene labeling [23]. The structure of 

the CNNs is simply introduced in Figure 5. The networks consist of several layers as 

follows: 

 

Figure 5. Structure of CNNs for Classification 
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1) convolutional layer that builds a feature map to predict the probabilities for each 

feature by applying a filter. 2) pooling layer that reduces the amount of information 

employed in the convolutional layer, maintaining the necessary information. The process 

of the convolutional and the pooling layers generally repeats several times, according to 

the user’s decision. 3) fully connected input layer that flattens the outputs generated by 

previous layers to assign them into a single vector that will be exploited as an input for the 

next layer. 4) fully connected layer that applies weights over the input generated by the 

feature analysis to predict an accurate label. 5) fully connected output layer that produces 

the final probabilities to determine a property for the image. 

 

1.5.2 Current Applications of Deep Surrogate Models in Multiphysics 

Various deep learning algorithms have been extensively reviewed. [24] emphasized 

the outstanding inspirations and technical contributions in a traditional timeline format. At 

the same time, [24] examined the challenges of deep learning research and proposed a few 

forward-looking research directions. Deep networks are attractive in computer vision since 

they can extract relevant features while jointly performing discrimination [25]. The 

applicability of the deep learning approach has been extended to multi-physics engineering 

design to approximate the response of the systems, which implies the operation of the 

surrogate model. [26] has developed a framework to predict the mechanical properties of 

heterogeneous materials by image-based CNNs modeling. Based on the elastic modulus of 

the microstructure that is extracted by the data-driven approach, FEA models can be 

constructed to assign each response. [27] develops image-based surrogate models 

employing CNNs to predict the stress distribution of aorta structure. With the advantage of 
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non-linear mapping, the deep surrogate model effectively estimates the stress distribution 

without repeated FEA simulation. [28] also develops a framework to predict the airfoil lift 

coefficient using modified input images and combined multimodalities in CNNs, and [29] 

enables CNNs to bring the optimal topological design of the cantilever beam without any 

iteration. To accelerate computational efficiency, a combination of low- and high-

resolution images are employed. In [30], the effectiveness of multimodal CNNs in 

approximating stress prediction of the cantilever beam is emphasized. The previous 

research adequately discussed the prediction process of the CNNs-based deep surrogate 

model. However, there still exist three main limitations that will be addressed in the 

research questions.  

1.6 Research Questions 

1.6.1 Research Questions 1 

The necessity of deep surrogate modeling is emphasized when the complex 

behavior of multidisciplinary systems is formulated. Such formulation requires precise 

non-linear and non-convex identification. Particularly, CNNs-based deep surrogate 

modeling is preferred when image-based information is exploited because of the well-

captured spatial correlation. Despite the merits of the deep surrogate model, its credibility 

is often degraded due to unpersuasive and insufficient feature mapping between inputs and 

response of the system. Moreover, the credibility is not ensured due to vulnerability to 

miscalibrated properties of training and test inputs, which accelerates bias in the training 

result. Exorbitant training costs of the deep surrogate model also undermine the prediction 

efficiency. Therefore, to address those problems, the following research questions are 

formulated and answered in this research. 
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Research Question 1: 

How can we persuasively develop suitable input data structures for handling the 

behavior of the strongly coupled multidisciplinary system in CNNs-based deep surrogate 

modeling? 

Hypothesis 1: 

Improved physics-informed artificial inputs that utilize unimodal input data structures 

can persuasively deliver an augmented representation of multidisciplinary systems, which 

derives better prediction credibility. 

 

Although there pertain various studies to develop the deep surrogate model in multi-

physics analysis, most cases only consider CAD-based geometry inputs. Such CAD inputs 

shape simplified and abstracted geometry of the sophisticated system, which intrudes a 

clear representation of the physical phenomena and maneuvering of the vast knowledge 

acquired. It impedes capturing meaningful feature mapping between the inputs and the 

sophisticated system response. To achieve better-mapped system formulation, multimodal 

inputs have been exploited to embrace boundary or loading conditions [30]. However, such 

an approach makes the deep surrogate model undergo intensive training complexity, curse 

of dimensionality, and uncertainties of combined networks due to multimodal inputs. 

To address those issues, therefore, it is hypothesized that proposed physics-informed 

artificial inputs (PiAI) that incubate CAD, clarified location of the object, and essential 

simulation conditions can be constructed to enhance the prediction credibility. Moreover, 

in lieu of employing multimodalities, the proposed method runs unimodal-based inputs that 
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increase computational simplification. The details of the developed unimodal deep 

surrogate model are given in Chapter 3.1. 

1.6.2 Research Questions 2 

Our general goal is not only to lay down principles for constructing a meaningful deep 

surrogate model but also to guarantee its prediction accuracy. Thus, the second research 

question is suggested as follows: 

 

Research Question 2: 

How can we improve the training accuracy from the given dataset without 

requiring additional input data?  

Hypothesis 2: 

A statistical calibration process, which can match the distributions of training and 

test datasets, might improve the prediction accuracy of the deep surrogate model by 

alleviating the covariate shift occurring in heterogeneous data.  

 

Notwithstanding the diverse endeavor to achieve physics-captured deep surrogate, it 

still is questionable whether the developed surrogate models always guarantee meaningful 

prediction accuracy. Diverse research has suggested improving the prediction accuracy, 

but most focus on developing learning algorithms or rate [31], or internal network 

structures [32]. Such approaches trigger another uncertainty originating from excessive 

networks’ complexity. In this situation, it is inevitable to apprehend whether data properties 

are identical in source and response domains. The prediction accuracy of the deep surrogate 

model is discredited when the distributions of data in the training and test stage are 
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dissimilar, as shown in Figure 6; the case of the inequivalent distributions is referred to as 

the covariate shift. With the dissimilarity between datasets, responses representing the test 

data cannot be clearly interpreted by the trained deep surrogate model. Some research has 

tried to settle this issue [33] by developing ordinary least squares, the law of large numbers, 

importance weighting, or model selection, but they still face issues of uninsured feasibility 

and serious algorithm complexity. 

To address this issue, it is hypothesized that a statistical matching process with 

discretization transform can derive the identical data calibration, identifying the best 

permutation in an entire data array. Based on the permutation, all data in the training and 

the test region can be more equivalent when compared to the raw data distribution. For the 

calibration process, statistical moments of the inputs will be equivalently matched to 

resolve the covariate shift. Details will be addressed in Chapter 3.2.  

 

 

(a)                                                                   (b) 

Figure 6. Heterogenous Data Properties Leading to Covariate Shift Can Be Checked by (a) 

scatter plot; (b) probability density function of training and test data 
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1.6.3 Research Questions 3 

Another research interest will elucidate how the computational effectiveness of the 

surrogate model can be escalated. To control the computation efficiency, the following 

research question is introduced as follows: 

 

Research Question 3: 

How can we effectively curtail the computational deficiency of the deep surrogate 

model in multi-physics domains? 

Hypothesis 3: 

A multi-fidelity deep surrogate model can be constructed to efficiently capture the 

intricated correlation between high-fidelity (HF) and low-fidelity (LF), which derives well-

adjusted prediction accuracy and improved computational effectiveness. 

 

In general, MF models are composed of HF and LF models. HF generally can reflect 

the majority of the physical characteristics of the system but deserve expensive 

computation cost. However, it is unfeasible to acquire large HF samples to build an exact 

surrogate model due to its massive computational expense. Compared to the HF model, the 

LF structure contains fewer physical details with a lower computational expense. Thus, 

MF-based surrogate modeling can elevate not only computational efficiency by ample LF 

samples but also prediction adjustment by sparse HF samples. There exist various studies 

for developing the approximation function based on the MF approach (i.e., scaling function 

[34], space mapping (SM) [35], co-kriging [36], or moving least squares [37]). However, 

their applicability is restricted due to approximations of discontinuous functions, high-
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dimensional problems, inverse problems with strong non-linearities (i.e., non-linear partial 

differential equations), and difficult implementation of the optimization. Therefore, an 

improved multi-fidelity approach that can effectively resolve those limitations is 

necessitated.  

To handle those issues, it is hypothesized that a composited MF-based deep 

surrogate model can efficiently handle the limitations of the existing MF modeling. The 

proposed method can maximize prediction performance by taking over the benefit of deep 

surrogate modeling that effectively captures intricated non-linearities. The method can also 

cost-effectively represent the reinforced relationship between HF and LF samples with a 

separated linear and non-linear feature mapping. Details will be addressed in Chapter 3.3. 

 

1.7 Dissertation Organization 

Chapter 2 is a review of the literature concerning design for complex engineering 

systems. This will include uncertainty quantification, unceratinty propagation, surrogate 

modeling, machine learning (e.g., artificial neural networks), deep learning (e.g., 

convolution neural networks), information theory, data shift, and multi-fidelity modeling.  

Chapter 3 will provide details on developing the CNNs-based deep surrogate model 

and explain how the proposed deep learning-based surrogate model can derive augmented 

predict credibility in a computationally efficient manner. Specifically, modified image-

based input incubating information of geometry, clarified filter’s location, and simulation 

conditions will be addressed. The statistically matched data distribution process will also 

be introduced, which can derive the removed covariate shift issue. Lastly, multi-fidelity 



 19 

neural networks under transfer learning will construct prediction models to improve not 

only computational efficiency and prediction accuracy. 

Chapter 4 and 5 will show how the proposed methods can be applied to specific 

examples in multidisciplinary engineering domains. Hence, it can be verified that the 

proposed framework can extend its applicability to diverse engineering systems in multi-

physics fields. 
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CHAPTER 2. STATE OF THE ART 

2.1 Uncertainty Quantification 

Uncertainty Quantification (UQ) is the field of identifying, quantifying, formulating, 

and eliminating uncertainties in computational and real-world systems [38]. UQ attempts 

to characterize complicated real-world phenomena and their probabilistic behavior, which 

can be conveyed to engineered systems' analysis. A system incubating uncoupled single 

inputs is quickly estimated by simple simulations and tests. However, when the system is 

handled by massive uncertain inputs, UQ can provide better description of the complex 

response. It allows that UQ is commonly employed in the domain of coupled engineering, 

identifying its statistical properties [38]. UQ also promotes system-agnostic quality that 

demands no prior knowledge of the systems. Therefore, it only necessitates knowledge 

about the correlation between input and output and assessment of systems' behavior. UQ 

methods are preferred in various engineering applications because previously 

unanswerable problems are effectively elucidated by [39]: 

¶ Recognizing the uncertainties inherent in systems 

¶ Predicting system behavior across random inputs 

¶ Quantifying prediction capability 

¶ Determining optimum answers which are stable over a broad range of inputs 

¶ Reducing unforeseen failures and prototyping costs  

¶ Executing probabilistic design methods 
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Uncertainty directly affects most aspects of the designing and modeling of engineering 

systems. Thus, various research has developed methods to manage random material 

properties, errors originated from numerical models or experiments, and unexplored design 

demand. Hence, it is essential to characterize and formulate uncertainty sources, which 

promotes reliable system estimation. The source of uncertainty can be categorized as 

follows [40]: 

Parameter uncertainty 

This uncertainty is originated from the input parameters of the computational or 

mathematical model. This cannot be determined by specified values or cannot be managed 

in experiments. An example of the uncertainty in material properties in a finite element 

analysis. 

Parametric variability 

The randomness of the design variables causes this uncertainty. Parameters are 

theoretically constant or are defined under direct relationships, but they incubate inherent 

uncertainty. For instance, the geometric tolerance of specimens, manufacturing error, 

loading profiles, or operating settings are not fixed, as initially designed.  

Structural uncertainty 

This uncertainty happens due to insufficient comprehension of physical phenomena. 

The uncertainty can be called model bias or discrepancy. This relies on how precisely 

complicated phenomena can be interpreted by a mathematical approximation model. For 

instance, the thermo-compression bonding process itself cannot convey explicit system 

estimation due to indeterminate heating and cooling profile. Temperature values are 
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fluctuated based on the manufacturing conditions. Although the model holds all defined 

parameters, a discrepancy between reality and the approximation model is always 

detected.  

Algorithmic uncertainty 

This uncertainty arises from numerical errors when the model approximates 

complicated physics. Thus, such uncertainty can be called numerical or discrete uncertainty 

[40]. Some examples of this are the finite element method and numerical integration that 

approximate a partial differential equation.  

Experimental uncertainty 

The variability of physical experiments triggers an uncertain observation error [41]. 

Such uncertainty is inescapable in experiments and is always detected, even though exactly 

identical measurement conditions are applied.  

Interpolation uncertainty 

If insufficient data is exported from simulations or experiments, interpolation 

uncertainty can be observed [41]. To fill the gap caused by data's absence, interpolation 

may be demanded to approximate the related responses.  

The uncertainty is also sometimes categorized by two broad concepts: aleatoric and 

epistemic uncertainty. First, aleatoric uncertainty is called statistical uncertainty. It is 

restricted to eliminate the uncertainty due to an inherency in a system. Probability 

distributions can describe parameters controlled by aleatory uncertainty. Some examples 

are radioactive decay or rolling dice [42]. 
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On the other hand, epistemic uncertainty is originated from the insufficiency of 

knowledge or data that can theoretically be defined. The uncertainty may conceivably be 

minimized, collecting more data, but it requires tremendous endeavors and expenses. 

Material properties, manufacturing tolerance, or temperature profiles are examples of 

epistemic uncertainty. 

 

2.2 Uncertainty Propagation 

Once such uncertainties are quantitatively identified, diverse methods will be 

exploited to propagate the identities. With the propagation of uncertainties, a model can be 

constructed, resembling real phenomena. The propagation methods can be classified by 

intrusive and non-intrusive sampling methods [43]. Compared to [44], the non-intrusive 

approach can explicitly generate samples without taking into account mathematical 

formulation [45]. Namely, the method can produce uncertainties through a black-box 

system. This section will explain how sampling methods can propagate uncertainties. 

2.2.1 Monte Carlo Sampling (MCS) 

The idea of MCS was initially exploited in gambling to address randomness and 

iterative procedure. Its concept has now been extended to the engineering systems 

dominated by the uncertainty of the complicated multi-physics. To generate the 

randomness, MCS employs an inverse transform approach. When the cumulative density 

function (CDF), Fx(X), is defined under the random variables of X. Then, a random variable, 

x, can be obtained through inverse cumulative function, as expressed by 
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 𝑥=𝐹−1(𝑢) (1) 

where u represents the generated random variable under the uniform distribution. The 

variables are placed in the range between 0 and 1. Figure 7 shows that how MCS leverages 

diverse inverse transform approach to generate random samples. Thus, a sampling 

procedure of MCS is conducted as follows [44]: 

1. Generating random samples under uniform distribution ranging from zero to one. 

2. Estimating CDF of the samples from the standard uniform CDF 

3. Employing inverse CDF of the target distribution to identify random samples 

4. Repeat simulations until the desired number of samples are obtained. 

 

MCS is the most commonly used sampling method in uncertainty propagation because of 

its simple process [46]. However, it requires a costly computational burden and high-

dimensional samples to guarantee accurate sample generation. The deficiency triggers a 

cost-efficiency sampling method called Latin hypercube sampling. Thus, LHS can be 

referred to as the space-filling way with a variance reduction.  
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Figure 7. MCS with Diverse Inverse Transform Approach [44] 

 

2.2.2 Latin Hypercube Sampling (LHS) 

LHS aims to generate more evenly distributed random samples. It splits input 

distributions by N intervals possessing equal probability. It allows a sample to be exported 

from each partitioned interval. Then LHS randomly mixes the sample from each input, 

which controls data dependence [46]. Figure 8 explains how LHS generates random 

samples. Since the partitioned intervals are not overlapped each other, all samples can be 

evenly distributed. When the procedure is repeated, distinct random samples can be 

provided. Compared to MCS, LHS relatively requires small amounts of samples to acquire 

a similar precision to the simple random sampling method [46]. Moreover, LHS has better 

computational efficiency associated with convergence rate. However, this advantage over 

the simple random sampling method is only assured under a univariate case. Since real-

phenomena should be described by multivariate parameters that may include strong  
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      (a)                                               (b)      (c) 

 

Figure 8. Procedure to Generate Random Sample by LHS: (a) step 1; (b) step 2; (c) step 3  

dependence, LHS is limited to represent reality [46]. Some research has used the sampling 

method to address the multivariate case, but their sampling efficiency was limited to around 

the parameters. In this situation, a copula can be an excellent alternative to handle the 

multivariate case.  

2.2.3 Copula 

 Another option to propagate uncertainties is to generate samples from a composite 

of uncertain parameters that include random marginal distributions. Such composition is 

defined as a joint distribution. Copula algorithm can derive a sampling procedure, 

employing the well-addressed correlation between the marginal distributions [47]. As a 

mathematical function, the copula is able to dismantle various multivariate distributions 

into individual marginal distributions. It means that a set of copious marginal distributions 

can be separated into particular distributions. For some specific cases, the copula reversely 

creates a joint distribution that consists of multivariate distributions, merging each 



 27 

asymmetric and tail-heavy marginal distributions. Here, copula can be represented by c, if 

𝐶:[0,1]2→[0,1]2  

 (a)  𝐶(0,𝑢)=(𝑣,0)=0 

(b)  𝐶(1,𝑢)=(𝑢,1)=𝑢 

(c)  𝐶(𝑣1,𝑣2)−𝐶(𝑣1,𝑢2)−𝐶(𝑢1,𝑣2)+𝐶(𝑢1,𝑢2)≥0  

      for all (𝑣1≤𝑣2),(𝑢1≤𝑢2)  

(2) 

where u and v denote the probability of marginal distributions, respectively [48]. As shown 

in property (a), joint distribution will have zero probability when marginal distributions 

related to the result also hold a case of zero probability. From the property of (b), it is 

confirmed that the probability of joint distributions should be one once the marginal 

distributions have the probability of one. Property (c) indicates that a two-dimensional 

function can be represented by an increasing dimensional function. As articulated, the 

copula enables uncertainty propagation, using correlation structures between parameters.  
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Figure 9. Gaussian Copula: highly positive dependency, high independency, and  highly 

negative  dependency 
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Figure 9 shows how Gaussian copula can capture different correlations. Each figure 

estimates dependency between random variables and marginals. Compared to the 

correlation coefficient as a conventional dependency measurement, copula conducts more 

efficient dependency estimation when two specific cases are considered [49]. First, the 

interdependence between non-linear variables should be captured. Second, the standard 

deviation becomes extremely large. In those cases, the copula's efficiency can be 

highlighted more since it is not limited to characterize variables' dependency. Figure 10 

shows that the main difference between the correlation coefficient and copula. Although 

the correlation coefficient is specialized for observing constant dependence, the copula is 

eligible to describe any variable relations due to the tail's shape.   

 

 

 

Figure 10. Difference between Correlation Coefficient and Copula 
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2.2.4 Family of copula 

 As depicted in Figure 11, there exist assorted types of the copula. Details on the 

diversity are as below [50]: 

The Gaussian copula:  is the most commonly employed copula function. It is composed 

of a multivariate standard distribution, including integral probability transformation. It 

contains an elliptical and symmetric tail. 

 𝐶𝜌(𝑥,𝑦)

=
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where 𝜌, x, y, h, k, and 𝛷 represent a linear correlation coefficient, marginal distributions, 

copula parameters, and a standard univariate Gaussian distribution function, respectively. 

The Student (t copula): has a radial symmetric tail shape. Due to the symmetric condition, 

dependencies of the upper and lower tail can be identically identified. The end dependence 

is determined by degrees of freedom and addressed correlation.  
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(5) 

where v refers to degree of freedom and 𝑡𝑣 expresses a standard univariate t distribution. 
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The Archimedean copula: can capture and estimate data's dependency, using one copula 

parameter [51]. Hence, it can effectively control a large volume of multivariate data 

 

 𝐶(𝑥,𝑦)=𝜙−1(𝜙(𝑥)+𝜙(𝑦)) (6) 

where 𝜙 expresses the generator of copula. 

 

The Frank copula (Kendall’s Ʈ): enables designers to evaluate certain cases, combining 

various distribution types. For instance, if two beta and lognormal marginal distributions 

are given, the Frank copula forms a joint distribution based on a single parameter, 

determining the level of interdependence between the two different distributions.   

 

 
𝐶(𝑥,𝑦|𝛼)=

−1

𝛼
𝑙𝑛(1+

(𝑒−𝛼𝑥−1)(𝑒−𝛼𝑦−1)

(𝑒−𝛼−1)
) (7) 

where 𝛼denotes the Frank copula parameter. 

The Clayton copula:  includes lower tail dependence, as one of the Archimedean copula 

functions.  

 

 𝐶(𝑥,𝑦|𝛿)=(𝑥−𝛿+𝑦−𝛿−1)
−1/𝛿
,𝛿≥0 (8) 

where 𝛿represents the Clayton copula parameter. 

The Gumbel or Logistic copula:  includes upper tail dependence and is involved in the 

Archimedean copula functions.  
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 𝐶(𝑥,𝑦|𝛾)=𝑒𝑥𝑝(−[(−𝑙𝑛𝑥)𝛾−(−𝑙𝑛𝑦)𝛾]1/𝛾),𝛾≥1 (9) 

where 𝛾indicates the Gumbel copula parameter. 

 Sklar’s Theorem 

 Sklar defined the terminology of copula as a decomposition process of a joint 

distribution. The joint distribution can be converted to two marginal distributions  

 

 𝐶:[0,1]2→ [0,1] 

𝐻𝑋𝑌(𝑥,𝑦)=𝐶(𝐹(𝑥),𝐺(𝑦)) 
(10) 

where Here C, Hxy , F, and G refer to a copula constant, joint distribution and two marginal 

distributions [52]. Two different marginal distributions can be merged in a joint distribution 

with any copula, 

 

 𝐶(𝑢,𝑣)=𝐻(𝐹−1(𝑢),𝐺−1(𝑣)) (11) 

A copula can be achieved by Equation (11. Any variation of data does not influence the 

copula. It means that, with no additional transformation, a copula can effectively handle 

the joint distribution in x1, x2, x3, x4, ∙∙∙, and xn.  
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Figure 11. Family of Copula Functions [53]:  correlation coefficient of 0.3 and the t-copula 

with 2 degrees of freedom are given. 
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2.3 Data Partitioning 

A fundamental step in a neural network-based model is analyzing and developing 

algorithms to conduct prediction or classification on given data. The data can be obtained 

from data-driven modeling, which produces massive and uncertain design parameters. To 

ensure system evaluation accuracy, it is inescapable to comprehend data formation and 

property. In this section, the influence of data on response estimation and prediction will 

be articulated.  

2.3.1 Formation of Dataset  

As depicted in Figure 12, data is usually formed in three datasets: training, 

validation, and test dataset. Details on the formation will be addressed in the following 

sections. 

 

 

Figure 12. Schematic Representation of Dataset 
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Training dataset 

A training dataset is utilized to link the inputs to related responses during the 

learning process. In supervised learning that requires pairs of parameters (i.e., inputs and 

responses) [54], the training dataset plays an essential role in determining the best 

combinations of parameters that will draw an excellent prediction or classification model 

[55]. The primary mission is to create a well-trained model that can well-formulate the 

identity of any unexplored data. New datasets can assess the trained model to confirm if 

the model brings satisfactory prediction/classification accuracy.  

Validation dataset 

Once the model fits the training dataset, it will be employed to predict new 

responses for the observations in the validation dataset. The validation dataset can bring an 

unbiased assessment of the trained model's accuracy, tuning the learning algorithms' 

hyperparameters [55]. Examples of the hyperparameters in neural networks are weight, 

bias, number of hidden units. It is required to provide the best values of the 

hyperparameters before the prediction or classification's error on the validation dataset 

exceeds the error on the training data. This case is called overfitting found under a complex 

over-trained model. To prevent the overfitting problem, the validation dataset is employed 

for regularization [56]. Here validation dataset should share identical probability 

distribution with the training dataset. 

Test dataset 

A test dataset can provide an impartial estimation of the finalized model fitted by 

the training dataset. If the test data is never used in the training process, the dataset can be 

named as a holdout dataset [57]. The test dataset can be independent of the training dataset, 
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but it must possess the same probability distributions as the training dataset. Minimized 

overfitting can be expected when a model derives similar prediction accuracy from the 

training and test dataset. Hence, the test dataset can be utilized to assess the achievement 

of the finalized model. In Figure 12, a dataset only utilizes training and test dataset. For the 

other dataset, the validation set can be employed as a mixture; it can test the trained model, 

and the test set can judge the finalized model. 

2.3.2 Importance of Bias and Variance  

This section will address the influence of data property in supervised learning. In 

the neural network-based learning process, supervised learning needs pairs of inputs and 

the corresponding response. Thus, the main goal of the prediction modeling under 

supervised learning is to derive the best evaluation of mapping function for the response 

[57], based on the given inputs. Due to the mapping function, there exist two errors inherent 

in the learning algorithms: reducible and irreducible error [58]. First, the irreducible error, 

known as inherent uncertainty, is caused by systems' intrinsic variability. On the other hand, 

a reducible error can be controlled to guarantee reliable prediction quality. Bias and 

variance are involved in the reducible error [58]. Thus, it is essential to interpret the concept 

of both factors for accurate prediction modeling.  

Bias 

First, bias is the difference between prediction response and target value. Bias error 

happens due to the simplification of the assumption for a more straightforward 

approximation. As depicted in Figure 13, a high level of bias results in an underfitting issue. 

The issue can happen when the learning algorithm fails to apprehend appropriate 

relationships between inputs and the related responses. For example, a linear algorithm  
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Figure 13. Schematic Representation of Bias and Variance 

 

usually incubates high bias because it specializes in the fast-learning process. In linear 

regression, bias can be interpreted as an approximation error caused by the complexity of 

the real-phenomena and abstracted model [59]. On the other hand, the non-linear algorithm 

can produce lower bias, but it triggers an overfitting issue.  

Variance 

Variance refers to a difference between a random variable and its expected value. 

Namely, variance estimates the inequality of different predictions [60]. Variance can 

provoke an overfitting problem, where small changes in the training dataset are magnified. 

High variance from the model indicates the trained learning algorithm varies a lot, relying 

on the given data.    
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Figure 14. Schematic Representation of Bias-variance Tradeoff 

 

If the finalized learning model has shown unacceptable performance, it is expected that the 

model incubates high bias or variance. Figure 14 shows the influence of model complexity 

on the model error caused by bias and variance. The left region from the figure contains 

high bias, where errors of training and validation are high. On the other hand, the right area 

holds a high variance, where the validation error is also high. It would be the best answer 

to find the optimum region, as seen in the Figure 14. It is necessary to control the bias and 

variance to attain the best prediction performance. Some research has suggested solutions 

to [60]: 

1. Extend training duration 

2. Tune training complexity 

3. Adjust amounts of data 

4. Adjust regularization 
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Although such attempts may reduce prediction error, there still exists unignorable intrinsic 

uncertainty in the dataset. Without rigorous consideration for eliminating the uncertainty, 

reliable system performance cannot be acquired. 

2.3.3 Intrinsic Data Uncertainty  

In neural network-based learning systems, most learning mechanisms or algorithms 

are developed under independent and identically distributed, abbreviated 

as i.i.d. assumption [61]. Even though the assumption represents the ideal data generation 

under uncertainty, it cannot be accounted for real phenomena [61]. Thus, in this section, it 

will be discussed how datasets can be reconstructed, in which the i.i.d. condition is 

inapplicable.  

2.3.3.1 Concept shift 

The i.i.d. assumption is dominantly accommodated in formulating most neural 

network-based learning systems. However, unfortunately, the hypothesis cannot represent 

real-world phenomena that demand a highly detailed understanding of complicated 

interaction between multivariate parameters [62]. Although the data generation or 

formation is conducted beyond the strict assumption, variation of data sources, strong data 

dependency, and the use of univariate PDF provoke unreliable systems' 

prediction/accuracy performance.  

Based on the probability theory, the variation in parts of the PDFs representing 

parameters is called the concept shift [62]. The concept shift can also be categorized by 

covariate shift, virtual covariate shift, prior probability shift, class drift, and pure class drift. 

Here, each concept will be briefly articulated as below [63]:  
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Covariate shift 

Covariate shift can be detected if only marginal distributions of the data are affected 

by the shift [63]. Its concept can be expressed by  

 

 𝐹1(𝑋)≠𝐹2(𝑋) (12) 

where F1(X) and F2(X) stand for two different PDFs. Covariate shift also requires an 

assumption whose conditional distributions of the response should not be influenced by the 

shift,  

 

 𝐹1(𝑌|𝑋)≠𝐹2(𝑌|𝑋) (13) 

Virtual covariate shift 

This shift happens when the data's marginal distributions and the corresponding 

conditional distributions are affected by the shift [33]. Virtual covariate shift can be 

expressed by, 

 

 𝐹1(𝑋)≠𝐹2(𝑋) (14) 

Prior probability shift 

The prior probability shift is detected in which only marginal distributions of the 

responses are affected.  

 

 𝐹1(𝑌)≠𝐹2(𝑌) (15) 
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Class drift 

The class drift happens when conditional distributions of the corresponding 

response are only controlled by the shift.  

 

 𝐹1(𝑌|𝑋)≠𝐹2(𝑌|𝑋) (16) 

Except for the shift types aforementioned, additional types of concept shift have been 

addressed in literature: sample selection bias [64], source component shift [64], 

probabilistic covariate shift [65], and novel class appearance [64]. In this dissertation, the 

covariate shift that is the most common but the most influential uncertainty inherent in data 

will be discussed.  

2.3.3.2 Covariate shift 

Covariate shift is the most commonly discovered type in the concept shift. Its 

influence is fortified whenever data's marginal distributions are affected by the shift. In 

other words, although data is accumulated under meticulous regulation, it is tough to assure 

that only identical distributions can be attained. In general, data is managed by partitioned 

datasets for training, validation, and test. Due to the covariate shift, each dataset is easily 

exposed to possess considerably distinct or heterogeneous behaviors [64]. If datasets share 

unrelated statistical behaviors and are then employed in developing prediction or 

classification-aimed learning systems, the system cannot accurately identify each data's 

property. Namely, a learning system dominated by covariate shift will 

refuse i.i.d. conditions. This shift can be mathematically represented by, 

 

 𝐹𝑡𝑟𝑛(𝑋)≠𝐹𝑡𝑠𝑡(𝑋) (17) 
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 𝐹𝑡𝑟𝑛(𝑌|𝑋)≠𝐹𝑡𝑠𝑡(𝑌|𝑋) (18) 

Equation (17) indicates that the covariate shift appears when the marginal distributions of 

training and test dataset are heterogeneous. However, to make the learning process eligible, 

a similar conditional distribution plays a critical role in making the learning process 

possible, as represented in Equation (18). Under covariate shift that brings distinctly 

separated training and test dataset, conditional distributions can convey information 

associated with the training data to the test data, which promotes a better learning 

mechanism. 

2.3.3.3 Measuring Covariate Shift 

To effectively handle the covariate shift, it is first required to quantify the intrinsic 

data uncertainty. Since all concepts and equations articulated above are based on 

probability theory, a prompt method to measure the covariate shift would calculate the 

distance between two PDFs. In this section, Kullback-Leibler divergence called relative 

entropy and statistics-based measurements will be introduced. 

Kullback–Leibler (KL) divergence 

KL divergence [66] is a measurement to determine how a probability distribution 

is differentiated from another or reference distribution. The KL divergence is also called 

relative entropy [66] whose details will be addressed in the following sections. The 

divergence concept is distribution-based asymmetric quantification so that its performance 

is not guaranteed under statistical metrics of spread, triangular inequality, non-negativity, 

and identity of the indiscernible. 
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𝐷𝐾𝐿[𝐹1(𝑥)||𝐹2(𝑥)]=∑ 𝐹1(𝑥)

𝑥∈𝑋

𝐹1(𝑥)

𝐹2(𝑥)
 (19) 

with discrete random variables, x, the divergence is of the logarithmic discrepancy between 

two different probabilities. Here, relative entropy can be defined only if for all random 

variables. If 𝐹2(𝑥) is zero, 𝐹1(𝑥) is also quantified as zero. For continuous random 

variables, the divergence can be represented by 

 

 

𝐷𝐾𝐿[𝐹1(𝑥)||𝐹2(𝑥)]= ∫𝐹1(𝑥)∗log 

∞

−∞

(
𝐹1(𝑥)

𝐹2(𝑥)
)𝑑𝑥 (20) 

𝐷𝐾𝐿[𝐹1(𝑥)||𝐹2(𝑥)] can be interpreted as information gain called relative entropy [36], 

based on a relationship between 𝐹1(𝑥) and 𝐹2(𝑥). Thus, relative entropy is usually defined 

as a type off-divergence [66]. KL divergence or relative entropy effectively estimates the 

difference between the two PDFs. However, its accuracy is always questionable as it 

demands firm knowledge of the PDFs. Through density estimation algorithm, the PDFs 

difference can be captured, but the algorithm is sensitive to conditions or settings of the 

estimation process, such as the number of bins from histogram-incubated density 

estimation or Kernel property from the kernel density estimation. High dimensional data 

also prevents reliable measurement accuracy. 

Statistical test 

 A statistical test can be a good alternative to measure the difference. The statistical 

test is operated by a null hypothesis of accept and reject. The test only evaluates if the two 

different datasets are originated from the identical PDF. It means that the statistical test can 

only be eligible to state the existence of covariate shift with no mathematically quantified 
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information. As an extension of the statistical test, the Kolmogorov-Smirnov test can be 

used to measure the difference. However, the test should be subjected to the univariate 

PDFs. The KS test [67] can be interpreted by  

 

 𝐾𝑆𝑛=𝑠𝑢𝑝|𝐹𝑛(𝑥)−𝐹(𝑥)|  (21) 

where sup is the supremum of the sets of PDFs’ distances, and 𝐹𝑛(𝑥) is the empirical 

distribution function under i.i.d. condition. 

Maximum mean discrepancy (MMD) 

Unlike distribution-based measurement, maximum mean discrepancy (MMD) [68] 

can be a more meticulous measurement as a distribution-free statistical test. Given two 

datasets originated without their distribution knowledge, the MMD is employed to estimate 

the hypothesis 

 

 

𝑀𝑀𝐷(𝑋1,𝑋2)=‖
1

𝑁𝐹1
∑ 𝜑(𝑥1)

𝑁𝐹1

𝑖=1

−
1

𝑁𝐹2
∑ 𝜑(𝑥2)

𝑁𝐹2

𝑖=1

‖

2

 (22) 

where 𝜑(∙) is a function of kernel Hilbert space that maximizes the discrepancy between 

two expected responses from two functions.  

Although both distribution-based and -free quantification methods have shown 

good performance; the applicability of those approaches is often challenged when the 

dimension of two datasets is not totally overlapped. In this situation, an alternative 

approach, area validation metric, is required to address the drawbacks of the previously 

addressed methods.  Details on the area validation metric will be introduced in Section 3. 



 45 

2.3.3.4 Elimination of Covariate Shift 

Once the covariate shift is quantified, it is required to weaken the data's intrinsic 

uncertainty to improve the learning system's performance. There exist various attempts to 

control the covariate shift [69]. Between them, K-fold cross-validation [70] is the most 

commonly employed in a neural network-based learning system. Batch normalization can 

also reduce internal covariate shift, which will be explained in this section. 

K fold cross-validation 

Cross-validation is based on the resampling mechanism, which can evaluate the 

learning model's prediction/accuracy on data under the covariate shift. The mechanism is 

controlled by a single parameter representing the number of partitioned groups. When the 

mechanism employs a K number of groups, it can be called k-fold cross-validation. 10-fold 

cross-validation is usually used in most engineering applications, but there is no formal 

rule to specify the number. This method is preferred in machine learning because it does 

not require any complicated process and does not impose bias. Moreover, compared to 

conventional data partition for training, validation, test dataset, the method can provide a 

more explicit model estimation. As shown in Figure 15, the general process is as follows: 

 

1. Shuffling the datasets randomly  

2. Partitioning the dataset 

3. Fitting a model on the training dataset 

4. Estimating the model obtained from step 3, based on the test dataset 

5. Repeating steps 2, 3, and 4 in k-folds. 
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Figure 15. Schematic Representation of K Fold Cross-validation 

 

Through cross-validation, each observation in the dataset can be assigned to k distinct 

groups and stay in each group for the fitting process. Thus, it is available that each data can 

be used in the holdout dataset once but be used to train the model k-1 times. Despite the 

simple mechanism, it is vague to determine the best-optimized number of folds, which 

indicates that the model performance severely precarious. 

Batch Normalization 

Batch normalization is a general method to make the neural network-based learning 

system unbiased and quicker, taking into account the recentered and rescaled mechanism 

[69]. In a neural network system, all training process is controlled by hyperparameters or 

input data's properties. In other words, the training accuracy is depending on how the 

parameters are well-optimized or how the randomness of the inputs is well-managed. The 

effect of such factors on the inputs' distributions to the internal layers can be described as 

an internal covariate shift that weakens training credibility. During the training process, if 

the hyperparameters in the preceding layers vary, the current layer's input distribution also 



 47 

varies, which makes the current layer tuned to new distributions. This problem can be 

critical because small variability or changes can be magnitude in each layer, leading to a 

severe shift issue [69]. As seen in Figure 16, the batch normalization rescales the preceding 

activation layer's outputs, subtracting the mean of the batch. Due to different data properties 

such as distinctive data range, data location, and data uncertainty, batch normalization is 

conducted in each layer to derive regularized inputs, which will mitigate the internal 

covariate shift.  

 

 

Figure 16. Schematic Representation of Batch Normalization 

 

2.4 Surrogate Modeling 

In designing a strongly coupled engineering system, it is inescapable to consider the 

influence of intricate dependency between massive design parameters. The parameters 

incubate diverse uncertainty, as aforementioned in Section 2.1. With thorough 

consideration of such uncertainty, the design can guarantee remarkable accuracy and 

reliability. However, the design approach demands high-fidelity and multiple simulations, 

which intensifies high accuracy but excessive computational burdens. To handle this issue, 
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a data-driven approach called surrogate modeling has attained substantial interests in 

various engineering fields. This section will discuss the concept, types, advantages, and 

disadvantages of orthodox surrogate models, which can answer why a deep learning-based 

surrogate model is the key.  

 

2.4.1 Demand for Surrogate Model 

Due to engineering systems governed by interaction between multiple physics, 

attention to the computer-based simulation has escalated. Compared to uncoupled systems 

analysis, complicated engineering problems cannot be formulated by an explicit analytical 

form. In this case, the computer-based simulations effectively evaluate physical behavior 

through mathematical approaches and models, such as finite element analysis. Moreover, 

the advantage of the simulations is highlighted since they convey deep insights into system 

behavior with no expensive experiments. Such benefits enable engineers to build implicit 

prototypes cost-effectively. To promote a more stable and efficient system evaluation, the 

simulation models are commonly performed in diverse engineering problems [74]:  

1. Uncertainty quantification: to estimate and predict system reliability under 

uncertain design parameters.  

2. Optimization: to seek optimum design procedures or parameters that boost the 

system's performance with minimized cost. 

3. Sensitivity analysis: to quantify the influence of uncertain design parameters that 

can trigger uncertainties on the corresponding outputs.  

Those problem types require detailed and numerous simulation tasks, which are 

inescapable for realistic system representation and accurate system formulation. 
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Unfortunately, however, they excessively impose an expensive computational burden, 

which increases infeasibility in real-world engineering practice. In this case, surrogate 

modeling has been developed to manage the deficiency.  

Surrogate models, called metamodels, statistically approximate a relationship 

between input design parameters and output responses, obtained from the simulations. 

Unlike the above-mentioned engineering problems that require massive simulation runs 

[75], surrogate models simply proffer statistical formulation to predict systems' responses. 

Consequently, it can be trivial to deploy infinite random design parameters to predict the 

system responses. The surrogate model, 𝑓(𝑥), can be conceptually expressed by, 

 𝑓(𝑥)=𝑓(𝑥)+𝜀 (23) 

Given a set of input data, x, the surrogate model's primary goal is to mimic the actual 

corresponding output function, 𝑓(𝑥), minimizing the discrepancy between those two 

functions, 𝜀. Surrogate modeling can be categorized by three primary approaches:  

1. Geometric approach: to fit input design parameters and the corresponding outputs 

into either curve or surface format 

2. Stochastic approach: to add critical sources of uncertainties to the geometric 

method 

3. Heuristic approach: to execute iterative learning, mimicking cognitive processes 

to identify data patterns. 

Details on each surrogate modeling techniques will be addressed in the following sections. 

 

2.4.2 Surrogate Modeling via Geometric Approach  
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A response surface method (RSM) [76] is the most commonly employed in 

surrogate modeling due to its modeling simplicity. RSM was initially developed for fitting 

data into polynomial models representing curves or surfaces. The power series can usually 

define the polynomial models, 

 
𝑓(𝑥)=∑ 𝛿𝑖𝑥

𝑖

𝑛

𝑖=0

 (24) 

where 𝛿and x represent the coefficients and input variables, respectively. When 

multivariate inputs are considered, logarithmic or trigonometric bases can also be added to 

the power series. In a matrix format, the RSM can be represented by  

𝑓(𝑥)=𝐹∗𝛿. Here 𝑓(𝑥), F, and 𝛿 illustrate a p by 1 vector of dependent outputs, 

a p by n matrix of power series, and n by 1 vector of the polynomial coefficients. 

If p and n share the same number, the power series matrix can be invertible, deriving an 

interpolating polynomial. On the other hand, if the power series matrix is non-square due 

to the different p and n, a pseudo-inverse is used to approximate the given data, which leads 

to a least-squares best fit. For univariate data structure, the first-order polynomial shows a 

suitable approximation capability (Equation (25)), while higher order of polynomials is 

required to describe interactions between multivariate data (Equation (26)).  

 

𝑓(𝑥)=𝛿0+∑ 𝛿𝑖𝑥
𝑖

𝑘

𝑖=1

 (25) 

 

𝑓(𝑥)=𝛿0+∑ 𝛿𝑖𝑥𝑖

𝑘

𝑖=1

+∑ 𝛿𝑖𝑥𝑖
2

𝑘

𝑖=1

+∑ ∑ 𝛿𝑖𝑗𝑥𝑖

𝑘

𝑗=1

𝑘

𝑖=1

𝑥𝑗 (26) 
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Despite the simple polynomial fitting approach, RSM shows limitations under high order 

of multivariate data structures, which produces non-linear representation. To overcome the 

drawback, the spline-based method has been employed. Compared to RSM, the splines 

method replaces independent input parameters, x, with parametric variables, t,  

 
𝑃(𝑡)=∑ 𝛿𝑖𝑡

𝑖

𝑛

𝑖=0

,𝑡1<𝑡<𝑡2 (27) 

𝑃(𝑡) represents a vector containing data points distributed on the curve, and 𝛿 is a vector 

of coefficients denoting both the input and output coordinates of the curve. t is ranging 

from t1 to t2 that are the spline's knots, where the coefficients are feasible. If n is greater 

than 3, the uncertainty of the approximation increases since oscillation at the edges of the 

range happens. The uncertainty can be called Runge's phenomenon that is frequently found 

under high-order polynomial interpolation.  

2.4.3 Surrogate Modeling via Stochastic Approach  

 Compared to RSMs, stochastic surrogate models are constructed based on an 

assumption related to the discrepancy between the developed RSM model and the true 

response. The discrepancy is generally defined with uncertainties aforementioned in 

Chapter 2. The updated RSM method incubating the difference can develop a stochastic 

surrogate model, as expressed by, 

 𝑓(𝑥)=𝑓(𝑥)+𝜀 (28) 

where 𝑓(𝑥) represents a true response, and 𝑓(𝑥) and 𝜀 indicate RSM surrogate model and 

the discrepancy or error. Since the error term is assessed under uncertainty, it is inescapable 

to evaluate its statistical moments. In general, the error is modeled by Gaussian distribution 
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with a mean of zero, standard deviation, and non-zero covariance. Here, covariance is a 

way to measure the joint probability of two or more random variables. In other words, 

covariance indicates how much the random variables vary together. Through the sign of 

the covariance, it is eligible to interpret the tendency between the random variables in the 

linear relationship.  

On the other hand, it does not explain how a random variable influences the 

remaining variables. While the correlation coefficient is a dimensionless measurement of 

the relationship between variables, covariance gauges the variables' variation based on their 

expected values. Thus, it is only feasible to confirm the direction of the variables' 

relationship. The covariance [77] can be expressed by, 

 
𝐶𝑂𝑉(𝑋,𝑌)=

1

𝑛
∑ (𝑥𝑖−𝐸(𝑋))(𝑦𝑖−𝐸(𝑌))

𝑛

𝑖=1

 (29) 

where a set of random variables (X, Y) can hold on the values (xi, yi), for i=1, 2, ..., n, with 

equivalent probabilities, pi=1/n. Between diverse stochastic methods, kriging and radial 

basis function (RBF) are mostly preferred to construct a surrogate model. First of all, 

kriging is employed as an interpolation method when the interpolated data is designed by 

a Gaussian process dominated by prior covariances [78]. 

As deterministic interpolation methods such as spline and inverse distance 

weighted interpolation methods [79], kriging are constructed by the neighboring data 

points or by particular mathematically explicit equations that manage the smoothness of 

the corresponding surface. Moreover, kriging is developed by autocorrelation capturing 

statistical correlation between the measured data [80]. Therefore, kriging guarantees an 

accurate surface approximation, handling randomness between design points. Kriging's 
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basic assumption is based on covariance, addressing direction and spatial correlation 

between the points [80]. Kriging can generally be expressed by, 

 

 
𝑍(𝑆0)=∑ 𝜔𝑖

𝑛

𝑖=1

𝑍(𝑆𝑖) (30) 

where 𝑆0, n, 𝜔, and 𝑍(𝑆𝑖) represent the prediction location, the number of captured data 

points, corresponding weights, and each captured data point. In the kriging model, the 

weights are addressed based on two factors: the distance between data points and the 

prediction location and spatial correlation between the data points, which can be addressed 

by autocorrelation [81].  

The fundamental idea of kriging is to develop approximated function at given input 

random variables, calculating a weighted mean of the known output values. Kriging leads 

to the best linear unbiased estimator due to covariances; therefore, it has a strong 

approximation under the single realization of a random field. As a surrogate modeling 

method, kriging is employed to match a mathematical equation with an agreeable number 

of data points within a designated radius, enabling effective output prediction. Kriging also 

has a multistep procedure, for example, variogram modeling [82], surface creation [79], 

evaluation of variance surface [83], or statistical data analysis [84]. Therefore, the kriging's 

advantage is escalating when a spatial correlation between data points is clearly defined.  

Radial basis function (RBF) was first developed [85] to model hills and valleys 

under a suitable global and local accuracy. In general, RBFs share a similar surrogate 

modeling concept with kriging, but they formulate the stochastic error in a radial term [85]. 

RBFs can be constructed by specified functions that represent the distance between the 



 54 

data points and fixed origin. Table 1 lists commonly employed RBFs (𝜑) in MF surrogate 

modeling. However, those surrogate modeling methods cannot derive reliable prediction 

accuracy in multi-physics domains due to deficiency of non-linear, non-convex 

representation between design parameters, prodigious volumes of data sets that cause a 

curse of dimensionality. To resolve the issues, heuristic surrogate modeling has gained 

colossal interest. 

 

Table 1. Types of Radial Basis Functions 

Gaussian 𝜑(𝑟)=𝑒−(𝜀𝑟)
2
 

Multiquadric 𝜑(𝑟)=√1+(𝜀𝑟)2 

Inverse quadratic 𝜑(𝑟)=
1

1+(𝜀𝑟)2
 

Inverse multiquadric 𝜑(𝑟)=
1

√1+(𝜀𝑟)2
 

Polyharmony spline 

𝜑(𝑟)=𝑟𝑘,   𝑘=1,3,5… 

𝜑(𝑟)=𝑟𝑘ln(𝑟),   𝑘=2,4,6… 

Thin plate spline 𝜑(𝑟)=𝑟2ln(𝑟) 

 

 

2.4.4 Surrogate Modeling via Heuristic Approach  

Compared to the orthodox geometry- and stochastic surrogate modeling approach, 

the neural networks-based heuristic approach has exceptional attention because of its 

capability to manage the prodigious volumes of multimodal parameters. Particularly, the 

heuristic approach has shown outstanding performance in recognizing the uncovered 
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parameters' patterns and predicting models' behavior at the new parameters. In this section, 

the concept and properties of the two primary neural network methods, artificial- and 

convolution neural networks, will be introduced.  

2.4.4.1 Artificial neural networks (ANN)  

The development of ANN started in the neurology field, imitating human neuron 

structures. a neural networks-based computational model was introduced to analyze 

biological procedures in the brain and applications of the neural networks-based artificial 

intelligence [86]. In the 1950s, the method was improved by Hebbian learning to model 

biological behavior [86]. More advances were achieved over time, executing perceptron 

composed of a three-layer structure [87]. Perceptron can construct a bridge between a 

known input and a random output that is sequentially weighted and connected [88]. The 

perceptron's function can be adjusted if the sum of the information conveyed from the 

previous layers exceeds a customizable threshold, which brings more reliable perception 

capability. Integration to back-propagation developed also expanded its applicability into 

diverse engineering fields [89].  

As depicted in Figure 17, ANN is designed to imitate the human brain structure. In 

the brain, input signals can be collected by neurons, releasing electrical spikes. The signals 

can be split into multiple branches, and synapse remodels the activity of each branch. If 

the amount of the activity exceeds that of inhibitory, each neuron will be deactivated. Based 

on the brain's procedure, ANN can prognosticate an output pattern based on a given input.  

As seen in Figure 18, ANN is generally composed of input, hidden, and output 

layers. First, input layer accepts input features and convey their information to the next 

networks. At this layer, computation is not required, which expresses that input features 



 56 

are just transferred to the hidden layer. In hidden layer, each node tries to abstract the 

transferred input information, using some hyper-parameters such as weight or bias. Finally, 

the output layer produces the information discovered by the network.  

 

 

Figure 17. Neuron Structure in Brain 

 

A single neuron is described by a unit, which accepts input variables, x, from other units. 

Each input possesses a weight, W, that accelerates synaptic learning. Thus, output can be 

expressed by  

 
𝑌=𝑓(∑ 𝑊𝑖𝑥𝑖+𝑏

𝑛

𝑖=1

) (31) 

where f and b refer to an activation function and bias for a single neuron. A new activation 

function, f1
(2), can be defined for the first neuron in the second hidden layer between the 

hidden and output layer. The activation function aims to introduce non-linearity to the 

neurons in the next stage since it can decide if a neuron can be activated. The most widely 

employed activation function is a sigmoid function. Its slope expresses the closeness to the 

point of the threshold. Since the output range is 0 to 1, the ability to transfer information 
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between layers is efficient. For more advanced information transfer and representation, a 

modified sigmoid function or the tanh function can be utilized, ranging from -1 to 1. 

where H indicates hidden neurons. Nowadays, Rectified linear unit (ReLU) has 

exceptional attention because of its effectiveness for non-linearity representation in a large 

number of design parameters [90]. Types of activation function are listed in Figure 19.  

 

Table 2. Types of Activation Function 

Name Function 

Identity 𝑥 

Binary step 

0  𝑖𝑓 𝑥<0 

1  𝑖𝑓 𝑥>0 

Sigmoid 𝑓(𝑥)=
1

1+(𝑒)−𝑥
 

Sigmoid shrinkage 𝑓(𝑥)=
1

1+(𝑒)−Γ(|𝑥|−𝜆)
 

Tanh 𝑓(𝑥)=
𝑒𝑥−𝑒−𝑥

𝑒𝑥+𝑒−𝑥
 

Rectified linear unit max{0,𝑥}=𝑥 1𝑥>0 

Leaky rectified linear unit 

0.01𝑥 𝑖𝑓 𝑥<0 

        𝑥 𝑖𝑓 𝑥>0 

https://en.wikipedia.org/wiki/Rectifier_(neural_networks)
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In Figure 18, the circle including B refers to intercept and bias. For example, the 

input layer has four input nodes, while the output layer only contains one node. As 

aforementioned, a neural network system is formulated by weights, bias, and activation 

function between layer i and node j. Finally, the sum of weighted input values can be 

expressed by  

 
𝑊𝑡𝑖

(𝑙)
=∑ 𝑊𝑖𝑗

(𝑙)

𝑛

𝑗=1

𝑥𝑗
𝑙−1+𝑏𝑖

(𝑙−1)
 (32) 

According to the mechanism of the feedforward neural network, all activation functions in 

each layer can be evaluated in turn.  

ANN is generally trained by batch gradient descent [91], which is one of the 

optimization algorithms. An explicit equation of the squared error cost function can be 

expressed by, 

 1

2
‖𝑌−𝑦‖2 (33) 

where Y and y refer to the predicted output values by ANN and the actual value of the 

output. Under consideration of the training set of p cases, the total cost function can be 

defined by, 

 

𝐶=𝑝−1∑ (𝑟2)

𝑝

𝑖=1

+
𝜆

2
∑ ∑ ∑ (𝑊𝑗𝑖

(𝑙)
)2

𝑠𝑙+1

𝑙=1

𝑠𝑙

𝑙=1

𝑛𝑙−1

𝑙=1

 (34) 

where represents the weight decay parameter. The first part of the cost function is 

associated with the total weighted sum of the function, and the remaining part represents 

weight decay to reduce the magnitude of the weights.  
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Figure 18. Structure of ANN 

 

Figure 19. Structure of Single Network 
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This Equation is widely employed in regression and classification. Each weight and bias 

can be updated with a learning rate by the iteration of the gradient descent. As denoted in 

Equation (34), partial derivatives are required to solve the functions so that 

backpropagation is executed. 

ANNs structure is specialized to model non-linear behavior driven by the 

complicated correlation between design input parameters and the corresponding system 

response. Thus, ANN is widely utilized to construct approximate function, classification, 

and clustering. In surrogate modeling, ANN has a huge advantage in non-linear 

representation. Particularly, a multilayer ANN is able to predict any deterministic but 

complicated relationship between inputs and outputs. Unfortunately, however, ANNs-

based surrogate models lose their strength when a diverse data format is required to be 

analyzed. As data-driven analysis has developed, manifold data types (i.e., images, signals, 

or texts) are considered to represent systems' behavior. Compared to numeric tabular values 

that can be selected by engineers, such data diversity is firmly demanded to trigger 

unbiased system representation. In this situation, deep learning is considering the most 

efficient approximation method across diverse engineering domains.   

2.4.4.2 Deep neural networks 

As a part of machine learning, deep learning is specialized to perform high-level 

abstraction of data due to hierarchical architectures. The advanced simplification algorithm 

expands its applicability in multifold engineering domains where artificial intelligence is 

executed, such as image recognition [92], image classification [93], image segmentation 

[94], natural language processing [95], computer vision [96], semantic parsing [97], or 

transfer learning [61]. Those engineering fields require high-volume and assorted types of 
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data, which intensifies the complexity of data formation. Despite the complexity, deep 

learning exerts its influence because of wider and deeper network structure. Deep learning 

also employs an activation function, ReLU, for the strong non-linear representation. This 

expressive power enables deep learning to be an interesting source for the approximation 

of engineering problems. There exist diverse deep learning methods as follows [98]: 

1. Long Short Term Memory Networks (LSTMs) that is one of the types of 

Recurrent Neural Network (RNN) to learn and memorize long-term dependences.  

2. Recurrent Neural Networks (RNNs) that involve connections which construct 

directed cycles, which makes the responses from the LSTMs be transferred to the 

current phase.  

3. Generative Adversarial Networks (GANs) that are of generative deep learning, 

which enables to create unexplored data resembling the training data. 

4. Radial Basis Function Networks (RBFNs) that are one feedforward neural 

network, hiring radial basis functions as an activation function. 

5. Multilayer Perceptrons (MLPs) that are feedforward neural networks with 

manifold layers of perceptrons. 

6. Deep Belief Networks (DBNs) that are generative function with many layers of 

stochastic and latent variables.  

7. Restricted Boltzmann Machines (RBMs) that are stochastic neural networks 

created by a probability distribution of inputs.  

Among those diverse deep learning algorithms, convolutional neural networks (CNNs) 

are broadly used in surrogate modeling because of the effectiveness to represent the spatial 

correlation between data [99]. The spatial correlation representation has the most powerful 
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efficiency in image-to-image surrogate modeling. Compared to the standard ANN, CNNs 

are composed of distinct layers:  

1) Convolutional layer that builds a feature map to predict the probabilities for each 

feature by applying a filter [99]. In convolution layers, local spatial correlations in the 

image can be well captured by enforcing regional connectivity pattern between neurons of 

adjacent layers. Figure 20 shows that how filter or kernel works to capture the spatial 

correlation. To match the size of pixels and filter, a padding algorithm is often employed. 

Moreover, in the convolution layer, all parameters can be shared to handle the number of 

free parameters. This sharing scheme is eligible when a patch feature contains meaningful 

information to estimate spatial local correlation. The meaningful information of the 

parameters can be transferred to the remaining layers. 

 

Figure 20. Operation of Filter or Kernel to Capture Spatial Local Correlation 
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2) Pooling layer that reduces the amount of information employed in the 

convolutional layer, maintaining the necessary information [99]. The process of the 

convolutional and the pooling layers generally repeats several times, according to the user’s 

decision. In general, max and average pooling are commonly employed in CNN, as shown 

in Figure 21. While the max-pooling selects each pixel group's highest values, the average 

pooling leaves the average value from the subgroups. 

 

 

Figure 21. Structure of Pooling Layers 

 

3) Fully connected input layer that flattens the outputs generated by previous layers 

to assign them into a single vector that will be exploited as an input for the next layer. 

4) Fully connected layer that applies weights over the input generated by the feature 

analysis to predict an accurate label. 
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5) Fully connected output layer that produces the final probabilities to determine a 

property for the image. 

With the advantages associated with spatial correlation [100], parameter sharing 

[101], extraordinary accuracy in image recognition [102], and the ability to identify the 

underlying features and handle diverse data types, CNNs are frequently employed in 

image-based prediction modeling.  

2.5 Multi-fidelity Surrogate Model 

Since the simulation models can formulate the relationship between input design 

parameters and corresponding systems' responses, they can be considered as a black box. 

To ensure qualities of interest (QOI), it is required to develop the models, employing proper 

fidelities in a computationally effective manner. Here, the qualities and cost-efficiency can 

be described by two terms, respectively: high-fidelity (HF) and low-fidelity (LF). HF 

models are usually demanded to bring more detailed and reliable system formulation. In 

other words, augmented accuracy is guaranteed by dense mesh size, high order explicit 

equation, or high-dimensional model, as seen in  

Table 3.  

Despite the HF models' benefit, the expensive and heavy modeling process is 

inescapable, which imposes an excessive computation burden. Such computational load 

can be offset by LF approaches because of low-priced models, but the simplified 

information weakens QOI. Due to the insufficient quality, a surrogate model usually fails 

to draw convincing system predictions.  In this situation, integrating HF and LF models 

can be a remarkable suggestion to grasp a trade-off between prediction accuracy and 

computational efficiency. The integration process is called multi-fidelity (MF) surrogate 
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modeling construction [103]. MF modeling's effectiveness is maximized under a limited 

amount of HF models assuring prediction accuracy and the massive LF models dwindling 

computation load. There exist three primary categories in MF modeling. 

 

Table 3. Difference between HF and LF 

 High-fidelity (HF) Low-fidelity (LF) 

Physics information Detailed Simplified 

Computation costs Expensive Cheap 

Mesh in FEA Fine Coase 

Orders High Low 

 

2.5.1 Scaling Function-based MF Modeling 

This modeling approach is primarily classified by multiplicative, additive, and hybrid 

scaling method [34]. First, the multiplicative method employs a scaling function to 

interpret the HF and LF models' ratio at the HF sample points. Then the scaling process 

looks over the dependency between input design variables and the related responses. The 

MF surrogate model can be evaluated by, 

    

 𝑓𝑀𝐹(𝑥)=𝑓𝐿𝐹(𝑥)∙𝜃(𝑥) (35) 

where 𝑓𝐿𝐹(𝑥) is the LF model and 𝜃(𝑥) is the scaling function. Secondly, the additive 

scaling method was introduced by [104]. In this approach, the scaling factors are employed 
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to represent the differences between HF and LF models at the HF samples, as the 

multiplicative method works. After the scaling factor is evaluated, a discrepancy-based MF 

model will be constructed. The procedure is expressed by, 

    

 𝑓𝑀𝐹(𝑥)=𝑓𝐿𝐹(𝑥)+𝜗(𝑥) (36) 

where 𝜗(𝑥) represents the scaling function of the discrepancy between HF and LF models' 

responses. The hybrid scaling method can take each benefit of the multiplicative and 

additive scaling approaches. The following equation can construct the MF model. 

    

 𝑓𝑀𝐹(𝑥)=𝜑(𝑓𝐿𝐹(𝑥)𝜃(𝑥))+(1−𝜑)(𝑓𝐿𝐹(𝑥)+𝜗(𝑥)) (37) 

With the weighting factor, 𝜑, describing the ratio between the two scaling functions, the 

multiplicative and additive scaling function can be combined. The decision on the 

weighting factor's values is open-ended so that users' assumptions and preferences can 

select it. 

2.5.2 Output-output Space Mapping-based MF Modeling 

Another approach to construct the MF model is the output-output space mapping 

(OOSM) method that employs the LF models' response as prior knowledge of the designed 

system [37, 105]. The responses of LF are then directly matched with those of HF. 

Compared to the scaling function-based MF modeling that captures the difference between 

HF and LF's responses, the OOSM method focuses on mapping those responses in one-

dimensional space. Thus, the effectiveness of the OOSM is highlighted when multi-

dimensional design space is demanded. As discussed in [106], the concept of RBF can also 

be used in multi-fidelity surrogate modeling. Based on the responses of LF models and the 
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corresponding those of HF models, a linear combination of RBFs is employed to construct 

MF models with weight coefficients. The RBFs are rigidly positive definite, which can be 

defined by a shape parameter, 𝜀. Finally, the OOSM-based MF model can be described as, 

    

 

𝑓𝑀𝐹(𝑥)=∑ 𝑤𝑖
𝑂𝑂𝑆𝑀

𝑃

𝑖=1

𝜑(‖∑ 𝑤𝑗
𝐿𝐹∗𝜑(‖𝑥−𝑥𝑗

𝐿𝐹‖)

𝑄

𝑗=1

‖ 

−‖∑ 𝑤𝑗
𝐿𝐹∗𝜑(‖𝑥𝑗

𝐻𝐹−𝑥𝑗
𝐿𝐹‖)

𝑄

𝑗=1

‖) 

(38) 

where 𝑤𝑖
𝑂𝑂𝑆𝑀 represents interpolation coefficient. More details on Gaussian process-

based, support vector regression-based output-output space mapping can be found in [105, 

107].  

2.5.3 Co-kriging-based MF Modeling 

As an extension of the kriging approach, co-kriging [108] can be employed as a 

multi-fidelity approximation function. As aforementioned in Chapter 2, kriging fits the 

relationship between uni- or multi-variate parameters into sampling distributions, using 

statistical methods (i.e., maximum likelihood estimation). With the fundamental concept 

of kriging, co-kriging tries to approximate the HF model, following the formulation. 

    

 𝑓𝐻𝐹(𝑥)=𝜌𝑓𝐿𝐹(𝑥)+𝛿(𝑥) (39) 

    



 68 

A kriging model built by HF samples, 𝑓𝐻𝐹, can be expressed by a scaling factor, 𝜌, another 

kriging model of LF samples, 𝑓𝐿𝐹, and a discrepancy, 𝛿,between HF and LF functions. 

Between sample points, the correlation function can be defined by  

    

 
Γ(𝑥𝑖,𝑥𝑗)=exp [−∑ 𝜃𝑘

𝑛

𝑘=1

(𝑥𝑖𝑘−𝑥
𝑗
𝑘)
𝜉𝑘
] (40) 

here hyper-parameters, 𝜃,𝜉, are commonly determined under the engineer's assumption. If 

an unexplored sample point, x, is required to be estimated, a correlation vector with the 

point can be represented by  

    

 
𝚪𝐕(𝑥)=[

𝜌𝜎𝐿𝐹
2Γ𝐿𝐹(𝑥𝐿𝐹,𝑥)

 𝜌2𝜎𝐿𝐹
2Γ𝐿𝐹(𝑥𝐻𝐹,𝑥)+𝜎𝛿

2Γ𝛿(𝑥𝐻𝐹,𝑥) 
] (41) 

where indicates the process variances, 𝜎2, under LF models and the discrepancy between 

LF and HF. Thus, the corresponding value of the new point can be approximated by  

    

 
𝑓𝐻𝐹(𝑥)=𝑓(𝑥)

𝑇(𝑄𝑇𝑉−1𝑄)−1𝑄𝑇Λ−1[
𝑓𝐿𝐹
𝑓𝐻𝐹
]

+𝚪𝐕(𝑥)𝑇𝑉−1([
𝑓𝐿𝐹
𝑓𝐻𝐹
]−𝑄(𝑄𝑇𝑉−1𝑄)−1𝑄𝑇Λ−1[

𝑓𝐿𝐹
𝑓𝐻𝐹
]) (42) 

 
𝑉=[

𝜎𝐿𝐹
2Γ𝐿𝐹(𝑥𝐿𝐹,𝑥𝐿𝐹) 𝜌𝜎𝐿𝐹

2Γ𝐿𝐹(𝑥𝐿𝐹,𝑥𝐻𝐹)

𝜌𝜎𝐿𝐹
2Γ𝐿𝐹(𝑥𝐿𝐹,𝑥𝐻𝐹)  𝜌

2𝜎𝐿𝐹
2Γ𝐿𝐹(𝑥𝐻𝐹,𝑥𝐻𝐹)+𝜎𝐻𝐹

2Γ𝐻𝐹(𝑥𝐻𝐹,𝑥𝐻𝐹)
] 

 

Even though the conventional MF-based surrogate models have been widely utilized in 

engineering fields, they have still shown severe limitations: 

¶ The approximations of discontinuous function under Gaussian distribution 
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¶ Complicated implementation of the optimization 

¶ Inverse problems affected by solid non-linearities (e.g., non-linear partial 

differential equations)  

 

To address those drawbacks, machine learning-based MF surrogate modeling has also 

developed. However, it still exposes a lack of the capability to manage advanced data-

driven approaches that require high-dimensional multiple modalities: thousands of 

multivariate numeric values, images, signals, or texts. Hence, a cutting-edge solution is 

necessitated to derive a reliable prediction response, and this research has developed a 

CNNs-based MF surrogate model. More details on the new MF surrogate model will be 

addressed in Section 3. 
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CHAPTER 3. RESEARCH TASKS 

This chapter will discuss the research tasks that are involved in developing the deep 

surrogate model. Figure 22 shows a process flowchart of the framework and highlights 

where each research task can be implemented. The process starts with the generation of 

multivariate input data that is inspired by data-driven analysis. When the deep surrogate 

model is constructed, physics-informed unimodal inputs will be employed to derive better 

formulation towards the response of the system, which will be addressed in Task 1. Based 

on the developed inputs, three datasets for training, validation, and test are composed, 

which will be used to build the deep surrogate model. If the datasets do not contain identical 

distributions, a statistic moment matching process with discretization transform will be 

implemented to restructure the data arrangement, which will be articulated in Task 2. Task 

3 will introduce the development of MF-based deep surrogate model. Combination of LF 

and HF models is able to improve prediction accuracy in a computationally efficient 

manner. To effectively capture relation between LF and HF models, transfer learning will 

be employed. 
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Figure 22. Flowchart of The Developed Deep Surrogate Model 
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3.1. TASK 1: Develop Improved Physics-informed Artificial Inputs 

The first research question deals with how to formulate the behavior of the complex 

multi-physics system. To predict the system response, a novel CNNs-based deep surrogate 

model is introduced in Task 1. As articulated in the introduction section, several studies 

that employ not only simplified CAD-based inputs but also physics-informed 

multimodalities have developed the deep surrogate model. However, it is not warranted to 

achieve convincing system formulation due to excessively abridged representation 

between inputs and response and the increased network complexity. Therefore, in this task, 

unimodal PiAI is proposed to improve the computational efficiency and credibility of the 

deep surrogate model. As depicted in Figure 23, the developed deep surrogate model 

consists of four steps: 

1. Step 1: manipulation of initial inputs 

2. Step 2: construction of unimodal PiAI, including knowledge of geometry, 

location-clarified filter, and simulation conditions. 

3. Step 3: training CNNs to develop surrogate model, employing regression layers 

4. Step 4: prediction of engineering system’s response 

Details of each step will be addressed as follows: 
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Figure 23. A Framework of The Proposed Deep Surrogate Modeling with PiAI 
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3.1.1 Manipulation of Initial Input Data in Separated Channels 

In this step, data preprocessing of initial inputs that only involve CAD-based 

geometry information is first exploited. In this research, image-based inputs that consist of 

three channels of R, G, and B properties are mainly considered. Even though the proposed 

framework focuses on image-based inputs, it is also feasible to employ vectorized data to 

predict system behavior. Most existing deep surrogate models utilize the three channels, 

containing exactly overlapped geometric information, which imposes computational 

redundancy. The deficiency of the redundancy is more emphasized when gray-scaled 

inputs are evaluated. Therefore, it is eligible to utilize only one of the channels to convey 

the geometric information. Step 1 provides data preprocessing of image inputs that will be 

split by three channels before moving toward Step 2. 

3.1.2 Construction of Unimodal Physic-informed Artificial Images (PiAI) 

Based on the separated channels maneuvered in the previous step, physics-informed 

inputs in the unimodal domain can be artificially constructed. Since only one channel is 

employed to deliver the geometry information of the multi-physics system, the rest of the 

channels have room to incubate other essential information for simulations. The details of 

the artificially constructed inputs are addressed as follows: 

1. Channel 1: geometry-informed input 

2. Channel 2: filter location-clarified input 

3. Channel 3: simulation conditions-captured input 

In channel 1, CAD or experiment-informed visualized inputs can be leveraged to 

describe geometric knowledge of the system. On the other hand, channel 2 employs pixel-
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based input to clarify the location/position of the filter exploited in the convolution layer. 

Filters in the convolution layers are applied to the inputs to precisely create the 

corresponding response, developing spatial correlation. Despite the merit of the filters, 

convolution layers cannot recognize the location of filters during training, which often 

disturbs accurate feature mapping. By clarifying the locational recognition during the 

training, the prediction accuracy of the surrogate model can be enhanced. Thus, the second 

channel will be utilized to elucidate the location of the filter, which improves the leverage 

of the spatial correlation. Moreover, channel 3 embraces simulation information such as 

boundary conditions, loading conditions, or material properties of the designed system, 

which helps to derive well-specified system representation. As aforementioned in the 

introduction, there are some studies for containing such information to advance the 

prediction accuracy, but they only use multimodalities that directly impact high 

computational costs and complicated DNNs structure. Compared to the existing studies, 

the proposed method involves the essential information of geometry, filter’s location, and 

simulation conditions in the unimodal structure. Thus, the artificially constructed input can 

escalate the computational effectiveness and credibility of the deep surrogate model. 

3.1.3 Development of CNNs-based Deep Surrogate Model 

In this step, the CNNs-based deep surrogate model is constructed based on the PiAI. 

Essential DNNs’ conditions such as the number of convolution and pooling layers, size of 

filters, or learning rate can be decided by users in image prediction procedure. Autoencoder 

[109] is commonly used in predictive network structure, but it requires two separate 

mapping processes in encoder and decoder, which can increase computational burden and 

network uncertainty. Thus, this research employs U-net [110] that can boost computational 
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efficiency, employing the same mapping structure in both the encoder and the decoder 

process. 

3.1.3.1 U-Net architecture for image prediction 

Most applications and algorithms have promoted the development of CNNs in 

standard classification or regression tasks. Compared to the classification process, where 

each response has an individual class label, regression does not demand such discrete labels. 

The non-discrete value represents the response given by regression. Nowadays, CNNs 

structure has expanded its applicability to image segmentation, image prediction, or object 

detection in various visual studies [111]. Specifically, in the image segmentation approach, 

each image is partitioned into several segments describing each class. The response images 

also incubate localization, which enables a class label to be connected with each pixel. 

Hence, with the advantages addressed above, more precise image segmentation is available. 

Such advantages are also exploited in image prediction, where specific values should 

predict each pixel. In this case, U-Net can manage massive pixels from input images to 

connect with each pixel of the response images.  

As seen in Figure 24 (b), U-Net has two main paths: contracting and expansive path. 

In the contracting case, regular CNNs' structure is used by convolution layers with non-

linear activation function, ReLU, and pooling layers. The number of each layer can be 

decided based on the complexity of image datasets. This path is also called an encoder 

because the size of inputs is getting reduced along the route. The other part is the expanding 

path, which can be called the decoder. The second path enables precise localization, 

employing transposed convolutions. The transposed algorithm can hire pre-obtained 

training hyperparameters in the encoder, which does not demand fully connected layers. 
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Hence it can build CNNs structure with cheaper computational costs. Due to the existence 

of the encoder and decoder, U-Net has a symmetric structure. As shown in Figure 24 (a), 

Another structure, Auto-encoder, is also composed of the encoder and decoder, and it is 

commonly employed in image prediction applications. However, it exploits fully 

connected layers at the last step, which causes expensive computational burdens. Due to 

the layers, the effectiveness of localization in image mapping can be ignored. Compared to 

the auto-encoder, U-Net brings high computational efficiency and maintains high-quality 

localization, but it draws a slow learning process. Despite the relatively slow learning steps, 

this research has employed the U-Net structure to derive more accurate response prediction. 

 

 

                                   (a)                                                                   (b) 

Figure 24. Methods Required for Image prediction: (a) auto-encoder; (b) U-net 

3.1.4 Prediction of System Response 

Finally, based on the trained deep surrogate model, the prediction accuracy will be 

evaluated by measuring the difference between predicted and actual response values. There 

are diverse methods to measure the error (i.e., mean squared error (MSE), mean absolute 
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error (MAE), r squared (r²), mean square percentage error (MSPE), mean absolute 

percentage error (MAPE), or root mean squared logarithmic error (RMSLE)) [112]. 

According to users’ preferences, any error measurement can be employed to evaluate the 

prediction precision. In this research, the root mean squared error (RMSE) that is commonly 

used in the machine learning area [113] will be employed.  

 

 

𝑅𝑀𝑆𝐸=√
1

𝑛
∑ (𝑦𝑖−𝑦𝑖)2
𝑛

𝑖=1

 (43) 

where n, y, 𝑎𝑛𝑑 𝑦 represent the number of samples, actual response value, and predicted 

response value, respectively. A smaller RMSE between predicted and actual responses 

indicates that an accurate prediction model is built. Moreover, it is eligible to confirm the 

overfitting issue of the prediction model based on the RMSE value. If the responses from 

the validation set bring much higher RMSE compared to that from the training set, the 

prediction model might lead to unreliable precision due to overfitting.  
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3.2 TASK 2: Statistical Calibration of Data Distribution 

The second research task is to develop a framework for constructing an unbiased data 

structure, matching statistic moments. The unbiased structure can eliminate the 

uncertainties originating from heterogeneous distributions. As explained in Chapter 2, the 

uncertainty is referred to as the covariate shift. The uncertainty happens when properties 

of training data cannot be identically represented by those of the test data. Therefore, it is 

necessary to halt the covariate shift to drive the ameliorated prediction accuracy of the deep 

surrogate model. To address the uncertainty, diverse research has proposed (i.e., k-fold 

cross-validation, batch normalization, ordinary least squares, the law of large numbers, 

importance weighting, or model selection). Those research has derived a reduction of the 

biased covariate shift but also showed severe limitations, for example, still uninsured 

feasibility to most applications and profound algorithm complexity. Such algorithm 

complexity can raise the additional computational burden. In this case, the proposed 

framework suggests matching data distributions in a computationally effective manner. 

Compared to the orthodox approaches introduced above, the framework is eligible to 

reduce the computational complexity with no update in the CNNs' internal algorithm and 

no additional sampling process. Details on the framework will be addressed in the next 

sections. 
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Figure 25. Framework of Moments Matching Method 
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3.2.1 Generation of Design Inputs Parameters 

Design parameters can be randomly generated, based on statistical moments extracted 

by data-driven analysis. MCS, LHS, or copula can be employed to construct the samples 

under uncertainties. The samples can be identified by assorted distribution types: Uniform, 

Normal, Lognormal, Gamma, Exponential, Weibull, Gumbel, and Extreme Type II 

distributions. In this proposed framework, Normal or Gaussian distribution is mainly taken 

into account. As a random field, the samples are gathered in a single dataset. The dataset 

will be partitioned by training, validation, and test dataset in the pre-processing step. The 

generated dataset may include heterogeneous properties, which intensifies the influence of 

the covariate shift. Hence, it is asked to match statistical moments to derive better 

prediction accuracy. Before getting on to CNN's training process, the similarity check 

between datasets is first required.  

3.2.2 Similarity Check 

As introduced in Chapter 2, many methods have suggested gauging the similarity 

between two datasets. However, they still have limitations when the dimensions of the 

datasets are different. In this case, the area validation metric (AVM) can be a solution to 

manage the hurdle. AVM was introduced to quantify the discrepancy between two 

cumulative distribution functions (CDFs), as shown in Figure 26. In the general model 

validation assessment, the two CDFs are obtained from experimental observations and the 

simulation responses. However, in the deep learning domain, AVM can also be used to 

measure the similarity between two CDFs of training and test datasets. The following 

equation expresses AVM: 
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𝑑(𝐹𝑋𝑇𝑅

(1),𝐹𝑋𝑇𝑆
(2))=∫ |𝐹𝑋𝑇

(1)−𝐹𝑋𝑇
(2)|𝑑𝑥

+∞

−∞

 (44) 

where 𝐹𝑋𝑇𝑅
(1) and 𝐹𝑋𝑇𝑆

(2) represent the CDF of training and test data, respectively. In 

AVM, the integration response indicates the similarity between the two CDFs. If the value 

of d is zero, the curves are perfectly overlapped. The similarity index ranges from zero, but 

it has an unlimited upper boundary. The proposed framework first estimates the index to 

monitor the current similarity status.  

 

 

Figure 26. Schematic Illustration of Area Validation Metric 

 

3.2.3 Data Processing to Eliminate Covariate Shift 

After the similarity is quantified, dataset will be reconstructed to remove impact of 

covariate shift. There exist diverse image processing types as articulated:  

1. Data cleaning to fill in dropping data, smooth noisy data, and eliminate outliers 

2. Data integration to combine multi-modal datasets 

3. Data transformation to normalize and aggregate data structure 
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4. Data reduction to minimize data size or dependency 

5. Data discretization to transform data structure into separate groups of intervals with 

minimum information loss.  

Data discretization will be employed in this proposed framework since the procedure 

commonly draws the considerable computational efficiency. Thus, it will be addressing the 

covariate shift caused by heterogeneous combinations. In general, it is expected that the 

efficiency of data discretization is maximized when numeric values or images are used. 

Thus, the discretization can offer an intuitive method to reconstruct each different data 

structure to hold equivalent distribution, which can be adopted as inputs in a predictive 

model. In this proposed framework, two different cases are considered. 

1. Case I: data formation is under-defined, which makes data reconstruction eligible. 

2. Case II: data formation is already full-defined by previous experiments or 

simulations, which makes data reconstruction ineligible.  

3.2.3.1 Case I: Data formation is under-defined 

In the first case, even if data mismatch is detected in training and test domains, it is 

still permissible to reconstruct the datasets’ formation to have equitable distributions. 

When the data formation in training and test domains is equivalent, the uncertainty 

associated with covariate shift can be diminished. Hence, this research shows how the 

proposed data structure builds equitable distributions and contributes to improved 

prediction capability. Furthermore, another subcase about the correlation effect between 

design inputs will be discussed. After data renovation, the surrogate model can still produce 

a low prediction accuracy when each dataset includes a substantial correlation. The 

dependency or correlation increases redundancy in predictive modeling, obstructing the 
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achievement of accurate prediction responses. Thus, the feasibility of the proposed 

framework will be confirmed under a highly dependent and independent situation.  

3.2.3.2 Case II: Data formation is fully-defined 

In the other case, data reconstruction is unavailable because the input parameters' 

combination is pre-determined. With the given data combination, experiment or simulation 

is then conducted to provide the related response. The format of response can be a numeric 

value, image, or text. Since it is not allowed to rearrange input design parameters, the 

response will be considered as a reference to quantify the covariate shift. Hence, if the 

image-based data is utilized, another approach is required to measure uncertainty related 

to the biased distributions. In this research, entropy will be employed to express the status 

of images. As aforementioned in Chapter 2, entropy measures information or uncertainty 

formed by random design parameters in each channel. It can also describe an intensity level 

where individual pixels can adapt. Hence, the image's details related to design parameters 

can be evaluated by entropy. Colors’ range and type in images can be determined by 

engineers' assumptions and convenience. Generally, red color represents the maximum 

situation in engineering applications, for example, maximum stress, displacement, fatigue 

life, or current flow. If entropy obtained from the red channel is employed to update a 

sequence of images in the entire datasets, training and test dataset will share a similar 

distribution type.  

 

3.2.4 Information Theory 

 The concept of information theory was first introduced by Shannon, which can 

logarithmically measure information. The use of the idea was specialized for 
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telecommunicating engineering; however, its applicability has extended into diverse 

engineering fields such as image prediction. This method employs a stochastic process to 

quantify the cumulative knowledge in multivariate probability density functions. This 

quantified knowledge is called entropy [71]. Entropy is generally associated with 

uncertainty, rareness, randomness, or redundancy of random variables. Entropy is, 

therefore, worked on measuring uncertainty or information of a random variable [71]. The 

attributes can be extended to identify mutual information, which quantifies dependency 

between two random variables. Namely, the properties indicate what amount of uncertainty 

originating from a random parameter can be lessened, gathering information about another 

parameter in the dataset. 

3.2.4.1 Entropy  

Entropy can be described by three different approaches to capturing other classes 

of information [72]. Different entropy levels display the amount of acquired knowledge or 

information, uncertainty in a random parameter or random field, and probability 

distributions dispersal.  

1. The amount of acquired knowledge or information:  irregular event produces 

more information than an ordinary event. 

2. Uncertainty in a random parameter or random field: general or particular 

events decreases uncertainty, limiting response prediction. Hence, events under 

uncertainty include vast volumes of entropy. 

3. The probability distributions dispersal: lower dispersal means less amount of 

entropy.                 
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Consequently, entropy catches uncertainty or randomness resulting from a random variable. 

The entropy of a discrete random parameter, X, is represented as the following equation. 

 

 𝐻(𝑋)=−∑ 𝑝(𝑥)𝑙𝑜𝑔2𝑝(𝑥)

𝑥∈𝑋

 (45) 

Here p stands for probability mass function p(x) = PR{X=x}. The decision of a logarithmic 

base is related to the unit utilized when the information is calculated. For instance, if the 

base is two, the corresponding units should be binary, while the units are in decimal when 

the base is ten. Therefore, a logarithmic base holds an arbitrary value. However, Shannon 

determined the unit related to a bit that is a concept employed in signal analysis. A bit has 

two cases: zero and one. Zero and one are expressed by "no" and "yes", respectively. With 

those two values, the entropy of all events can be efficiently assessed. For example, in the 

case of flipping a coin, bits should be represented by one with the base of two. With this 

approach, the base of two measures the entropy because it is the smallest value. According 

to equation (1), entropy will be controlled by the probability's value, not the change of the 

random variables. Hence, entropy should be zero when the probability is zero. 

3.2.4.2 Joint Entropy and Conditional Entropy  

As articulated in the previous section, the concept of entropy is characterized by a 

single random variable. The characterization can be extended to a set of random parameters. 

Here, a single vector of random variables will be expressed by a new concept, joint entropy. 

 𝐻(𝑋,𝑌)=−∑ ∑ 𝑝(𝑥,𝑦)𝑙𝑜𝑔2𝑝(𝑥,𝑦)

𝑦∈𝑌𝑥∈𝑋

 (46) 
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where X and Y represent a discrete random variable, and p(x,y) indicates a joint probability 

distribution. The maximum value of joint entropy occurs if two random variables are 

independent. On the other hand, the minimized case happens if x is dependent on y. The 

conditional entropy estimates the remaining uncertainty of a random variable, where the 

other variable is identified. The conditional entropy will be zero, and it appears when x is 

dependent on y. For example, there is no uncertainty in x if y is known. Contrariwise, the 

conditional entropy has a maximum value under a condition for x and y being statistically 

independent. In other words, y does not demand additional information to decrease the 

uncertainty of x. Thus, the conditional entropy can be described as: 

 𝐻(𝑌|𝑋)=−∑ ∑ 𝑝(𝑥,𝑦)𝑙𝑜𝑔2𝑝(𝑦|𝑥)

𝑦∈𝑌𝑥∈𝑋

 (47) 

Based on the chain rule, both the joint and conditional entropy can be denoted as, 

 

 𝐻(𝑋,𝑌)=𝐻(𝑋)+𝐻(𝑌|𝑋) (48) 

3.2.4.3 Mutual Information 

 In general, it is impossible to derive perfectly accurate dependency measurement 

by the conditional entropy when two random variables are independent. Hence, the 

dependency needs to be assessed by a new method called mutual information (MI). MI 

represents the reduction of uncertainty related to a random variable where the other variable 

is recognized [73].  
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 𝐼(𝑋;𝑌)= 

𝐻(𝑋)−𝐻(𝑋|𝑌) = 𝐻(𝑌)−𝐻(𝑌|𝑋) = 𝐻(𝑋)+𝐻(𝑌)−𝐻(𝑋,𝑌) 

(49) 

Here 𝐻(𝑌|𝑋) means that 𝑋 is considerably affected by Y or by a small H(Y). The 

maximum MI decreases the value of joint entropy, including all different entropies. 

 

3.2.4.4 Relation between Each Terminology  

 Figure 27 explains the relationship between all concepts introduced above. 

Entropies measure information of each random variable, X and Y, and joint entropy 

expresses mixed uncertainty of two variables. Moreover, when a random variable is 

recognized, the other variable's uncertainty is identified by the conditional entropy. MI 

indicates that dependency between two random variables, where a variable's uncertainty 

apprehends the remaining variable. If all variables are the same, the joint entropy is equal 

to MI. On the other hand, for the independent case, MI will be zero, and joint entropy is 

the sum of X and Y's entropy. 

 

 

Figure 27. Venn Diagram of Information Theory 
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3.2.4.5 Similarity Measurement in Image Analysis 

MI can derive a straightforward measurement as shared information's quantity 

between two random variables. With the accelerated expansion of data size and complexity, 

MI has shown a valuable dependency interpretation in various engineering fields. To be 

specific, MI is often employed to determine similarity in the image analysis field because 

it is available to capture the degree of dependency between two images. In general, an 

image consists of three channels, and as a vector, all pixels contain each different value. 

Compared to the conventional similarity method, Pearson correlation [74], MI has some 

advantages: 

1. Operation in both linear and non-linear data formation.  

2. Applicability to diverse data types 

3. Non-negative similarity value.  

Pearson correlation method is only used for linear data formation and numerical variables, 

but MI can address dependency in non-linear datasets. Also, similar properties of symbolic 

and non-negative variables can be quantified by MI, so it is common to estimate the amount 

of the shared images.   

3.2.5 Data Discretization Transform 

In this step, a discretization transform is conducted to match data distributions in 

training and test domains, which minimizes the occurrence of covariate shift. When sets of 

design parameters have different distributions, a surrogate model cannot bring reliable 

prediction response. Although a low level of loss is detected in the training process, the 

predictive model cannot identify test or unknown samples because their characters cannot 

be correctly identified. To resolve this issue, this research develops data reconstruction via 
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a discretization approach. Performance of the discretization process is more reliable when 

numeric values or images containing each pixel need to be analyzed. This is due to the fact 

that the approach can effectively split numerical design parameters into a categorical or 

ordinal format. It would be easier to renovate data structure or formation for identifying 

static information, based on the categories. To be specific, the discretization transform 

makes the design parameters contain a discrete probability distribution, where each 

parameter is assigned into specific labels that have an ordinal relation. To have the labels 

or categories, it is demanded to have qualitative subgroups. Here, the use of the sub-groups 

can be represented by k-groups, where k stands for the total number of subgroups where 

the numerical design parameters should be mapped. There exist two main fundamental 

methods to decide the subgroups: equal width and equal frequency. 

In terms of equal width, the range of the input parameters can be separated by the 

number of equally discretized groups. The number of parameters assigned into each group 

may vary. On the other hand, in equal frequency, the same number of parameters should 

be placed in each group. In the general deep learning process, training, validation, and test 

domain hold the different number of datasets. Furthermore, equal-width approach is more 

sensitive to decide properties of data distribution, so that the proposed research will focus 

on using the equal width method.  

3.2.5.1 Bin binning of histogram 

The primary key in the data discretization is to suggest the most suitable number of 

groups. Here, a histogram is an excellent method to determine the numbers. A histogram 

is defined as an approximated distribution formulation of the numeric design parameters 

or systems' response. A histogram is effective method to describe statistical knowledge 
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such as mean, standard deviation, skewness, and kurtosis. Its performance can also be 

emphasized when numeric values are considered. Hence, the method is preferred in diverse 

applications if the numeric data structure analyzes statistical properties. A histogram 

immediately signals the most prevalent observations for the variables being evaluated. 

Figure 28 describes that the higher bar involves the more variables observed in the dataset. 

For example, a thousand variables with a mean of 100 and a standard deviation of 20 can 

be quickly characterized in certain discrete groups.  

 

Figure 28. Histogram with Given Variables 

 

To represent the distribution in the groups, the histogram employs the concept of 

bins that can separate the range of the numeric values into a sequence of intervals. In the 

specified intervals, bins can calculate the total number of parameters assigned to each case. 
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The bins regularly employ non-overlapping intervals that should be adjacent and equally 

divided. Once each interval is evenly divided, a rectangle is used to estimate the height 

proportional to each bin's number of cases and data distribution. Many rubrics exist to 

decide the number of bins: Scott, Freedman–Diaconis, or Sturges rule. First, Scott’s rule 

can suggest the best optimal bin numbers when the given data has a normal or Gaussian 

distribution. However, it is also suitable for most other distributions. Scott’s equation is 

given by 

 
𝑘=
3.49∗𝜎(𝑋)

√𝑛
3  (50) 

where k, 𝜎(𝑋) ,𝑛 stand for the optimal number of bins, standard deviation of given data, 

and number of parameters, respectively. The Freedman-Diaconis rule is less sensitive to 

outliers which are abnormal data points placed outside the normal data scattering range. It 

is well-operated once heavy-tailed data distribution is considered. The number of bins can 

be estimated by 

 
𝑘=
2∗𝐼𝑄𝑅(𝑋)

√𝑛
3  (51) 

where IQR indicates the interquartile range of the given variables.  Sturge’s rule is derived 

from a binormal distribution and is commonly used in engineering filed due to its simplicity. 

However, it shows low level of performance when limited number of data or non-Gaussian 

distribution is given.   

 𝑘=𝑙𝑜𝑔2𝑛+1 (52) 
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The proposed framework will employ Scott's normal reference rule because the proposed 

framework is developed under normally distributed data. In other words, with the rule, the 

minimum integrated mean squared error will be expected.  

3.2.6 Estimation of Similarity of Data Distribution 

Once distribution matching is complete, AVM will be re-employed to assess the 

similarity between the proposed training and test datasets. It is expected that the lower 

value of d will be achieved due to statistically matched moments. Compared to the initial 

similarity index, however, if AVM fails to derive a satisfying reduction of d, additional 

discretization transform will be conducted with the updated number bins. Finally, the 

matched datasets can be considered as new inputs to train a deep surrogate model. 

3.2.7 Development of Deep Surrogate Model 

In this step, the deep learning-based predictive model will be developed by the 

optimally matched datasets. All conditions required in training the model will have similar 

properties, as used in Tasks 3.1. While the previous task only considers image-based inputs, 

Task 2 additionally handles numeric input values. Therefore, the surrogate model's 

structure will be determined by MLP and CNN algorithm, based on the input properties. 
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3.3 TASK 3: Construct Multi-fidelity Deep Surrogate Model 

The third task outlines the development of the MF-based deep surrogate model. As 

explained in the previous Chapters, neural networks-based surrogate models have many 

benefits, for example, better non-linear and non-convex formulation, and an alternative to 

explicit analytical equations. Even though both machine learning- and deep learning-based 

surrogate models have shown good prediction performance, there remains a severe 

limitation. It is required to grasp vast and detailed datasets to reduce the prediction error. 

With the big datasets, the surrogate model can provide a more comprehensive estimation 

of complex systems' behavior. However, it is infeasible to build the surrogate model, using 

only detailed and expensive data. Here the detailed information can be expressed by high-

fidelity (HF) data. In this situation, an approachable solution is considered to embrace 

additional data structure. The new data can be simplified to represent systems' operation, 

and such simplification yields a cheaper computational cost but lower prediction credibility. 

The simplified data structure can be represented by low-fidelity (LF) models. Relation 

between LF and HF can be expressed by  

 

 YH = ρ(x)YL + δ(x) (53) 

where YH and YL denote predicted responses of the developed HF and LF structures, 

respectively. ρ(x) stands for the function of multiplicative correlation surrogate, and δ(x) 

represents the discrepancy function. 

As aforementioned in the introduction and Chapter 2, a composite of different 

fidelities can promote improved computational efficiency and prediction quality. The 

composition is called the multi-fidelity (MF) model. With the mixed model, LF models 
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can be used to capture the global trend of the intricate systems with massive data, but HF 

models with a limited amount of data will be employed to adjust discrepancies caused by 

the LF model's abstracted system estimation. In the deep surrogate model, data can be 

constructed by diverse formations (e.g., numeric values, images, signals, or text). With the 

development of data-driven modeling and measuring skills, images are often directly 

employed to examine entire systems with highly encouraged localization. While numerical 

values addressing some specific system, properties are determined by engineers' biased 

decisions, image-based input can bring an unbiased and implicit approach to prediction 

modeling from real observations. The impartial information can boost the performance of 

the system's description. Hence, this research suggests a framework to develop the MF-

based deep surrogate model that is operated by image-based input and response.  

3.3.1 Data Configuration for Multi-fidelity Deep Surrogate Model 

As seen in Figure 29, two separate neural networks for LF and HF samples can be 

built.  

1. LFNN-based deep surrogate model 

2. MFNN-based deep surrogate model, including HF data structure 

 

First, LF samples will be represented by simple CAD geometry. With massive CAD image 

samples, the LF model will apprehend the HF model's tendency that contains less data 

complexity. On the other hand, HF models will be constructed by PiAI images that 

incubate the following information: 

1. CAD geometry 

2. Clarified filter's location 
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3. Simulation conditions, such as boundary and loading conditions.  

 

The concept of the PiAI images was already well-addressed in Chapter 3.1. Since most 

necessary information for system analysis and development of the deep network structure 

is already involved, PiAI can be employed as HF samples. The global response captured 

by LFNN and error adjustment between HF and LF can be well-addressed in two deep 

networks. However, the multiplicative correlation between the different fidelities is still 

unreliable to describe the complicated systems' behavior. Hence, a concept of transfer 

learning will be introduced to build a bridge of the correlation.  
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Figure 29. Flow Chart of Predictive Multi-Fidelity Neural Networks 
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3.3.2 Transfer Learning 

Transfer learning is a method to transfer the knowledge acquired from a previous 

problem solver to another new solver. With the pre-obtained knowledge, the new solver 

can perform a quick evaluation of the unexplored problem. For example, in neural network 

systems, transfer learning will allow new neural network systems to obtain the knowledge 

of the former neural networks. Hence, the second system can be immediately trained with 

pre-estimated network parameters such as optimized weights or bias. However, the 

accuracy is only ensured when the two system solvers are dependent on each other. In 

general, this process is called inductive transfer learning. The inductive approach can 

describe the dependency between different fidelities in a computationally efficient manner. 

Here the fidelities must hold similar information. Transfer learning can also be applied to 

another case where each task is independent. This case is described by transductive transfer 

learning. There exist many applications and research developed by transfer learning in 

neural networks. Even if most have addressed the algorithm's efficiency in image 

classification, object detection, or natural language processing, image prediction still 

remains a recondite field.  

3.3.3 MFNN with Transfer Learning 

The principal purpose of MFNN is to identify the dependency between LF and HF 

neural networks. In previous research, Xuhui employed the concept of MFNN to improve 

the computationally efficient deep surrogate model [114]. The author proposed several 

neural networks, leveraging both LF and HF samples. In this research, while linear 

properties were captured with no activation function, the non-linear formulation was 

available by a specific activation function. However, this proposed framework failed to 
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show computational efficiency due to three different neural networks that require each 

training process. It could not also convince whether the separate use of activation functions 

induced reliable identification of different fidelities’ relations. 

Therefore, as already articulated in Figure 29, this research employs MFNN with 

transfer learning to characterize the different fidelity models' relations. Two distinct neural 

networks, LFNN and MFNN, will be built to develop a deep surrogate model. LFNN first 

creates a prediction model trained by LF samples. Since only CAD geometry will be 

considered in LF models, the prediction model can roughly capture the trend of 

complicated systems' behavior. Once the LFNN is well-trained, the second surrogate model 

containing HF samples will be exploited to adjust prediction accuracy. The second 

surrogate model can be called MFNN. Here, the dependency between LF and HF models 

is defined by transfer learning. To be specific, once LFNN completes the training process 

with optimized hyperparameters (i.e., weight and bias), the transfer algorithm will send the 

optimum conditions to MFNN, freezing most convolution and pooling layers. It is assumed 

that LF and HF samples should maintain quite similar information. Since HF samples 

incubate more expanded information, the last convolution and regression layers should be 

updated. Here it is expected that MFNN with transfer learning will:  

1. Decrease the number of network parameters to be optimized.  

2. Intensify the dependency between LF and HF models. 

3. Not overfit HF samples. 

Therefore, the proposed framework will heighten computational capability and prediction 

performance.  
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CHAPTER 4. DESIGN EXAMPLE: UNCOUPLED 

MECHANICAL ANALYSIS ON A CANTILEVER BEAM 

This chapter will demonstrate the efficiency of the proposed deep surrogate 

framework. The proposed framework will be first implemented into a 2-D cantilever beam 

analysis. The application will describe how the proposed framework contributes to the 

improved prediction accuracy of the mechanical system's behavior. Physics-informed 

artificial images (PIAI) will be used to enhance the performance of the deep surrogate 

model. Also, the critical covariate shift will be eliminated by discretization transform, 

matching statistical moments. The deep surrogate model's computational efficiency will be 

augmented by multi-fidelity neural networks (MFNN) incubating PiAI.   
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4.1 Development of PiAI-based Deep Surrogate Model for 2-D Cantilever 

Beam  

The primary objective was first to confirm the feasibility of the proposed framework 

in the engineering domain. As an uncoupled structural analysis application, the 2-D 

cantilever beam was analyzed. In other words, the proposed deep surrogate model 

predicted stress contour under the uncertainties of input design parameters. 

4.1.1 Problem Description  

 

Figure 30. 2-D Cantilever Beam 

As shown in Figure 30, a point load was applied to the beam's tip along the 

orthogonal direction. This application involved input design parameters of length (L), 

height (H), and point load (P). The parameters were defined under geometric uncertainties. 

In general, such uncertainty can be captured from data-driven analysis, but this example 

just employed arbitrarily decided geometric uncertainty. For the proposed deep surrogate 

model, combinations of each design parameter were described by Gaussian distribution 

and represented by images depicted in Figure 31. Images of stress contour also described 

the system's responses. In this example, Young's modulus was considered a fixed constant 

value to represent structural steel. Details on the design parameters are summarized in 

Table 4. 
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Figure 31. Image Configuration for Inputs and Outputs 

 

Table 4. Property of Cantilever Beam 

Length [mm]     µ=100, Ϭ=20 

Height [mm]     µ=10, Ϭ=2 

Loading magnitude [N]     µ=1000, Ϭ=200 

Young’s modulus [Pa]     200e9 
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4.1.2 Manipulation of Inputs Images of Cantilever Beam in Separated Channels  

As discussed in Chapter 3, conventional CNNs-based deep surrogate models 

employ input images composed of three channels. An issue imposed by the inputs is 

computational redundancy because the identical geometry information is transferred from 

each channel. Such computational deficiency is more highlighted in which black and white-

based images can be considered. Thus, it is permissible to use only one channel to transfer 

the geometry information, which promotes computational efficiency. In this cantilever 

beam analysis, while grayscale input images informed the CAD geometry, response images 

described stress contours in RGB color spaces. Therefore, based on the proposed 

framework, the red channels in each input image were separately exported to transmit 

geometry information. The images were obtained from a finite element analysis software 

named COMSOL Multiphysics, and MATLAB conducted a channel split process. 

4.1.3 Construction of PiAI of Cantilever Beam 

After manipulating the original image, the proposed framework assigned 

information related to physics or simulations to the remaining channels. Compared to the 

conventional deep surrogate modeling, the PiAI can increase prediction capability with 

strongly clarified characterization between inputs and outputs. The information type used 

in each channel will be explained in the following sections. 

4.1.3.1 Channel 1: geometry of cantilever beam 

As previously explained, only the red channel included geometric information of 

the 2-D cantilever beam, as shown in Figure 32. The original rectangular image was 

transformed into a square shape because the filter shape was also defined as a square. Also, 

the pixel size was updated from 500x100 to 32x32 to reduce computational complexity. 
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Since this example was provided for an uncoupled structural analysis that demands a few 

design parameters, such edited images' shape and size did not induce serious prediction 

error. However, the update produced distortion in pixels corresponding beam's boundary. 

To prevent such distortion, boundary cleaning was conducted based on the relation between 

geometry parameters and pixel size.  

 

                                       (a)          (b) 

Figure 32. Image Processing: (a) conventional approach; (b) PiAI approach in Red channel to 

convey geometry information                  

4.1.3.2 Channel 2: location-clarified beam 

Convolution layers often fail to track the operation of filters during the training 

process. Such a problem hinders engineers from monitoring filters' operation to check if a 

local spatial correlation is well-captured. Thus, in channel 2, only some pixels 

corresponding to the beam's geometry were activated with sequential numbers. Figure 33 

shows that how the pixels were modified, involving the location-clarified filter. 



 105 

 

 

         (a)         (b) 

 

                      (c)                                                       (d) 

 

Figure 33. Image Construction for Clarify Filter’s Location: (a) generating matrix with 

sequential number ranging from 1 to 1024; (b) clarifying pixels related to beam’s geometry; (c) 

deactivating pixels outside beam’s boundary; (d) finalizing image processing for clarified filter’s 

location 

 

First, a 32x32 empty matrix was constructed, and then each pixel was filled by a 

sequential number. Since the image has 32 x 32 pixels, the numbers also start from one to 

1024 (32*32). This was a way to specify a pixel's order. Once each pixel holds a distinct 

number, it is eligible to match specific pixels with a filter. Compared to a traditional filter 
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that scans a geometry represented by a value of one, each different sequential value could 

lead to a more reliable filter's mapping. However, some pixels outside the beam's boundary 

were not essential for predicting the stress contour. Therefore, the unnecessary pixels were 

deactivated, having a value of zero. After this process, the images in the second channel 

were formed, as shown in Figure 34.  

 

                                  (a)                            (b) 

Figure 34. Image Processing: (a) conventional approach; (b) PiAI approach in green channel to 

convey geometry information               

4.1.3.3 Channel 3: boundary and loading conditions in beam analysis 

In the last channel, boundary and loading conditions required in structural beam 

analysis were captured. As considered in the second channel, a 32x32 empty matrix was 

first created, the boundary conditions and value of point load were then assigned to 

associated pixels. Since this application is about cantilever beam, the left bottom of selected 

pixels should always contain ones to describe the boundary. Different values for the 
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boundary condition can be used based on engineers' assumptions or convenience, as shown 

in the Figure 35.  

The value of the point load was assigned to the pixels related tip of the beam. For 

example, with a point load of 1,000N, some pixels around the tip also possessed the same 

load value. Since it was challenging to represent the point load in a pixel, a particular area 

surrounding the point was filled. Unlike the orthodox deep surrogate model, the proposed 

third channel contains necessary simulation conditions. Therefore, this approach can 

specify a relation between simulation conditions and stress and lessen computational costs 

with deactivated pixels. Figure 36 shows that how the finalized three channels were shaped.  
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         (a)         (b) 

 

                        (c)                        (d) 

Figure 35. Image Construction for Simulation Conditions: (a) generating empty matrix filled 

by zeros; (b) specifying pixels related to boundary and loading condition; (c) deactivating the 

remaining pixels; (d) finalizing image processing for simulation conditions 
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                                         (a)                                            (b) 

Figure 36. Image Processing: (a) conventional approach; (b) PiAI approach in blue channel to 

convey geometry information 

 

Finally, PiAI was employed to develop the deep surrogate model. Since each channel's 

value had a different range, the image prediction process could be directly affected by a 

small change of a particular value. For example, compared to the other design parameters, 

a point load has a mean of 1,000, which means small changes in the point load can impact 

image regression's performance. This issue is called an ill-conditioned regression problem. 

To minimize the ill-conditioned effect, all values in each channel were normalized, ranging 

from zero to one.  Figure 37 compares the conventional deep surrogate model to the 

proposed model. 
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(a) 

 

(b) 

Figure 37. Framework of Deep Surrogate Model: (a) conventional approach; (b) PiAI approach 
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4.1.4 Developing Deep Surrogate Model to Predict Stress Contour 

After the physics-informed images were constructed, the CNNs-based deep 

surrogate model was trained to predict stress contour. One device was employed to export 

images and train the complex deep surrogate model; it consists of CPU of intel i7 9700K, 

RAM of 64Gb, and GPU of RTX 2080 Ti 11Gb. Before conducting the networks' training, 

datasets were divided by training, validation, and test. Details on the number of images in 

each datasets and format are summarized in Table 5.  

Furthermore, it was crucial to pick optimum hyperparameters that would be used 

in training CNNs. Among the hyperparameters, initializing weight and bias are significant 

to reduce prediction error. In general, diverse research has developed how to find the 

optimized value of hyperparameters. Despite the improved performance of CNNs, such 

approaches directly increase the network systems' internal complexity. The complexity 

also intensifies the computational burden. Moreover, the most commonly employed 

method, such as He initializer, has shown profitable prediction operation. Thus, this 

research trained the neural networks, using the mean of zero and a particular value of 

standard deviation determined by He initializer. Conditions required for CNNs training are 

listed in Table 6. Compared to general regression or classification, image prediction 

requires the same size of input and output images. Therefore, U-Net constructed a total of 

57 layers, including convolution and pooling layers. Unlike Auto-encoder, U-Net did not 

demand a flatten layer, so improved computational efficiency was expected. The number 

of layers was decided based on user's assumptions.  
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Table 5. Property of Image Data 

# of total images 100,000 

# of training images 70,000 

# of validation images 20,000 

# of test images 10,000 

Image format PNG 

Pixel size 32 x 32 
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Table 6. Conditions of CNNs Structure 

Weight initialization 

He initializer 

µ=0, σ= 
2

𝑛(1+𝑎2)
 

Bias initialization Zero 

Learning rate 0.001 

Optimization Adam 

Minibatch size 1500 

Activation function ReLU 

Pooling algorithm Max 

# of total layers 57 

# of conv. layers 21 

# of batch 46 
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4.1.5 Results 

The result of the image prediction process is addressed in the following table and 

figures. To analyze the result, two main concepts, RMSE and loss, are required. First, 

RMSE stands for the residue's standard deviation, which is demanded in the regression 

network. Details on RMSE were already explained in Chapter 2. Values of RMSE can be 

obtained from training and validation datasets. Training and validation RMSE indicate 

regression accuracy on each mini-batch and entire validation set, respectively. If the RMSE 

value of training data is much lower than that of validation data, or training accuracy is 

higher than validation one, an overfitting issue is expected. Overfitting happens when 

regression modeling is well-performed in training datasets, but it cannot generalize on 

undiscovered and new datasets. In other words, the complicated but well-trained model is 

only specialized in training datasets.  

As seen in Table 7, the conventional approach had a training RMSE of 3.34, 

compared to a validation RMSE of 3.40. It means that the traditional deep surrogate model 

did not produce a severe overfitting issue, which derived an acceptable regression model. 

PiAI also led to good regression performance with no overfitting problem, driving much 

lower RMSE. It indicates that PiAI led to a more reliable and accurate image regression 

model.  

Moreover, the value of loss explains how the trained model can show accurate 

prediction responses on each mini-batch. Even if the conventional approach had loss values 

around 4.5 with no overfitting, PiAI drew a much lower loss around 0.3, which drastically 

maximized prediction accuracy. Variation of RMSE and loss along with the epoch and 

performance comparison between conventional and PiAI are represented by Figure 38-



 115 

Figure 41. Since the PiAI removed unnecessary information in the third channel, 

computation efficiency also improved from 582 mins to 495 mins. Thus, it is concluded 

that PiAI augmented image prediction's accuracy and computational efficiency. As seen in 

Figure 42, images obtained from COMSOL Multiphysics were considered true responses, 

and images of conventional and PiAI-based deep surrogate models were compared. The 

traditional approach failed to describe the highly stressed areas, represented by red colors. 

 

Table 7. Result of Image Prediction 

  Conventional approach PiAI approach 

RMSE 

Training 3.34 0.81 

Validation 3.40 0.84 

Loss 

Training 4.65 0.33 

Validation 4.79 0.35 

Prediction error 16.21 2.97 

Computational cost 582 mins 495 mins 
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(a) 

 

(b) 

Figure 38. RMSE and Loss of Conventional Deep Surrogate Model 
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(a) 

 

(b) 

Figure 39.  RMSE and Loss of PiAI-based Deep Surrogate Model  



 118 

 

(a) 

 

(b) 

Figure 40. Comparison of PiAI- and Conventional Deep Surrogate Model in Training Data 
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(a) 

 

(b) 

Figure 41. Comparison of PiAI- and Conventional Deep Surrogate Model in Valid. Data 
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Figure 42. Predicted Image Comparison: FEA (true response), conventional approach, and PiAI 



 121 

4.2 Statistical Moment Matching via Discretization Transform for 2-D 

Cantilever Beam 

The main goal of this section was to augment prediction accuracy, eliminating 

covariate shift resulted from the heterogeneous data structure. In this example, a statistical 

moment matching via discretization transform was utilized. Distributions of training and 

test datasets consisting of design parameters, L, H, and P, were matched for enhanced 

prediction capability. Above all things, this example will show how the proposed 

framework can handle different dimensional cases, as listed in Table 8.  

 

Table 8. Three Cases Addressing Different Data Dimensions 

 1-D dataset 2-D dataset 3-D (or N-) dataset 

Type of data set Numeric values Images 

Input  [P] [L P]  [L H P] 

Output  [δ]: displacement [σ]: stress 

 

 

1. The one-dimensional random dataset consisted of a set of P. The other design 

parameters, L and H, remained a constant value. Through this case, it can be addressed 

how the 1- dimensional training and test datasets under covariate shift affect prediction 

accuracy for the displacement of the cantilever beam.  
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2. In the second case, sets of L and P constructed 2-dimensional random fields. In 

particular, this case confirmed the proposed framework's feasibility under dependency 

between two random fields. The dependency, also known as correlation, increases data 

uncertainties, which obstructs achievement of reliable prediction responses. To reduce 

such uncertainties, diverse data mining methods have been developed. The most 

commonly employed way is the feature extraction approach (e.g., principal component 

analysis, Karhunen–Loève theorem, or auto-encoder). Although they have shown 

satisfying uncertainty reduction with improved prediction capability, they also have 

increased computational costs. Thus, if the proposed framework can derive better 

prediction capability with no additional dependency elimination, its effectiveness will 

be firmly assured. Numeric vectors were employed in both cases that address how data 

recombination is conducted. 

 

3. In the three-dimensional case, image-based data was taken into account for training the 

deep surrogate model. Once the initial combination of L, H, and P is converted to 

images, or when the obtained images should be used as inputs for another surrogate 

modeling, the data recombination is not allowed. Thus, an information measurement 

method, entropy is needed to quantify images' details. The sequence of image data was 

rearranged to reduce the covariate shift based on the quantified information. While the 

previous two cases predicted the displacement, the image-based 3-D case predicted a 

stress contour.  

4.2.1 Generation of Design Input Parameters of Cantilever Beam 
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The multivariate data of L, H, and P required in cantilever beam analysis was 

constructed in this step. For the one-dimensional case, LHS generated 100,000 random 

samples of P. Minimax optimizer was also employed to maximize the distance between 

each two-sampling point. For 2- and 3- dimensional cases, Gaussian copula combined each 

marginal distribution into one joint formation. Compared to the conventional methods 

using a correlation coefficient, Copula derived a convincing characterization of a non-

linear relationship between sets of random parameters. Therefore, it was expected to obtain 

realistic random design parameters that resemble real specimens. Since this application 

only aims to confirm the feasibility of the proposed framework, arbitrary statistics values 

were used to generate the random parameters, as addressed in Table 4. The generated single 

dataset was partitioned by a specific ratio: 70% for training, 20% for validation, and 10% 

for test data. In this example, it was assumed that the original datasets are completely 

isolated to represent a situation that incubates a critical covariate shift. 

4.2.1.1 1-dimensional data distribution 

As shown in Figure 43, training and test datasets divided from a random field 

of P had distinct PDF curves. It means that they were heterogeneous from each other due 

to non-overlapped data. When those datasets are used for developing the deep surrogate 

model, the test data cannot identify its properties. Therefore, a severe covariate shift is 

anticipated.  

  



 124 

 

Figure 43. Probability Density Function Comparison of Original Datasets 

 

4.2.1.2 2-dimensional data distribution 

For the 2-D case, a single dataset was composed of two random fields for L and P. 

As discussed in the previous chapter, the concordance between the random variables was 

considered in the proposed framework. First, the correlated relationship was generated by 

Kendall's Tau of 0.6 of the Gaussian copula function. A Scatter plot was employed to assess 

the correlation status. As depicted in Figure 44, each dataset was entirely divided. The 

following PDF figures indicate that the training and test dataset of R.V.s of P were fully 

heterogeneous, while design parameters of L shared somehow overlapped properties in 

each dataset. On the other hand, strongly uncorrelated dependence was also considered by 

Kendall's Tau of 0.1. Figure 44 shows how each dataset is formed under the original 

random variables' weak concordance. Compared to the R.V.s of P, many test data portions 

are represented by the training dataset in Figure 44.  
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Figure 44. Original Data Distributions under Correlation
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4.2.1.3 3-dimensional data distribution 

If data formation is fully-defined, or the initially given input data already 

formulated a response, the data recombination is not allowed. Moreover, if the obtained 

response is considered a new input for another surrogate model, there is no option to 

renovate the inputs. Thus, this proposed framework employed entropy to estimate the 

behavior of the response. In a 3-dimensional case, images represent different design 

parameters of L, H, and P. Since entropy measures information or uncertainties in a dataset 

formed by random variables, it can be defined as corresponding states of intensity level to 

which individual pixels can adapt. Therefore, the entropy evaluated the details of response 

images. As seen in Figure 45, the original image data was randomly arranged. Three 

different entropies were calculated in red, blue, and green channels. Figure 45 shows that 

each entropy has different statistics moments. In general, entropy associated with the red 

channel more emphasizes maximum stress. 

 

 

Figure 45. Probability Density Function of Entropy in Image Channels 
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On the other hand, entropy in the blue channel more highlights geometry volume. 

Entropy with the green channel is an average between the previous two values. The entropy 

of the blue channel quantifies pixels' information based on the total volume of geometry. 

It cannot provide a clear guideline to discern the difference between L and H of the 

cantilever beam. Thus, the red channel entropies were employed to convey pixels' details, 

used for image data rearrangement.  

Figure 46 depicts a part of the original training and test dataset. To derive better 

training and prediction accuracy, each dataset should have contained diverse cases of 

response images.  However, blue colors were principally emphasized in each dataset, which 

could develop a biased surrogate model. PDF of red entropy also indicates that the training 

and test dataset failed to share similar statistical properties, as represented in Figure 52. 
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(a) 

 

 

(b) 

Figure 46.  Original Image Data Arrangement in (a) training; (b) test dataset 
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4.2.2 Similarity Check of Design Parameters of Cantilever Beam Modeling  

After the dataset was partitioned, the similarity between training and test datasets 

was estimated by AVM. Comparison of the similarity variation was conducted after 

statistics moment matching via discretization transform. The similarity index and CDFs 

discrepancy are summarized in Table 9 and Figure 47-Figure 50. 

 

Table 9. First Estimation of Area Validation Metric 

  1-D 3-D 

AVM 4.49 1.718 

 

 

2-D 

Dependency 
Correlated 

(K. Tau: 0.8) 

Uncorrelated 

(K. Tau: 0.1) 

AVM 

P: 52.51 P: 52.52  

L: 5.96 L: 1.23 
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Figure 47. 1-D Case: similarity check of original datasets via AVM 
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(a) 

 

(b) 

Figure 48. 2-D case: similarity check of Original datasets via AVM under strong 

correlation: (a) random variables of P; (b) random variables of L  
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(a) 

 

(b) 

Figure 49. 2-D case: similarity check of Original datasets via AVM under weak 

correlation: (a) random variables of P; (b) random variables of L 
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Figure 50. 3-D Case: similarity check of original datasets via AVM 
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4.2.3 Statistics Moment Matching via Discretization Transform   

In this step, the discretization transform was employed to match statistics moments 

of training and test datasets. Discretization transforms divided numerical design parameters 

of L, H, and P into a categorical format to conduct data recombination. The categories were 

represented by sub-groups that promote useful mapping of design parameters. To identify 

the discrete small groups, bin binning of the histogram method was employed. A histogram 

effectively coveys data information, describing statistics moments such as mean, standard 

deviation, skewness, and kurtosis. With the evenly divided intervals known as bins, it was 

expected to acquire reliable data discretization. Thus, the data sequence could be uniformly 

rearranged to have identical training and test datasets, based on the bins. The total number 

of bins was determined by Scott's rule that is commonly used for normally distributed data.  

 

Table 10. Result of Data Discretization via Bin Binning 

 1-D 2-D 3-D 

# of bins 86 101 83 

# of entire data 100,000 

 Training  70038 70046 70972 

 Validation 19976 19964 19532 

 Test 9986 9990 9496 
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For the 1-D case, 86 numbers of bins were determined to represent the discrete 

intervals. Once random variables related to point load are sorted, they can be allocated into 

each bin in precedence.  The distribution process enabled the covariate shift to be deprived, 

allowing the training, validation, and test datasets to share similar data properties. Due to 

some data placed near the PDF tails, the training dataset incubated more diverse design 

parameters. The total number of samples in each dataset is listed in Table 10. As shown in 

Figure 52, it is confirmed that distributions after the data discretization were considerably 

matched.  

The 2-D case considered the data recombination of the random variables of L and 

P under two different correlation conditions. According to the bin binning in the histogram, 

101 discrete small intervals were composed. As worked in the 1-D case, each data 

reallotment for sorted L and P was individually conducted. Properties of the renovated 

datasets are summarized in Table 10 and Figure 52. Although L's distributions in the 

training and test domain was somehow overlapped, P showed totally heterogeneous 

properties. However, the proposed framework resulted in fairly overlapped data, which 

minimized covariate shift.   

Lastly, in 3-D cases, data recombination was not permitted because the randomly 

given input data combination already produced responses. In this example, the responses 

were represented by images. CAD-based inputs were gray-scaled, which failed to deliver 

precise images' color variation. Therefore, the entropy was employed to characterize 

images' details. In particular, the entropies in the red channel associated with the maximum 

stress were considered to match statistics moments. After sorting the red entropies, the 

initial dataset was rearranged. According to the total number of entropies and statistical 
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moments, the number of bins was fixed as 83. Finally, the sorted entropies were 

successively distributed into the obtained bins; then, each entropy was replaced by the 

related image. As shown in the Figure 51, while most original datasets embraced biased 

images, the proposed new datasets share similar identification. 
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(a) 

 

 

(b) 

Figure 51. Proposed Image Data Arrangement in (a) training; (b) test dataset 
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    (a)             (b)           (c) 

 

Figure 52. PDFs Comparison of Original and Proposed Datasets: (a) 1-D; (b) 2-D; (c) 3-D case



 139 

4.2.4 Similarity Check for Reduced Covariate Shift 

After the statistical moments were matched by discretization transform, AVM was 

re-employed to assess the enhanced similarity index. Since the proposed datasets incubated 

almost identical PDFs in each case, it was expected to reach an improved similarity index. 

As seen in the Table 11, most cases now have similar data properties in the training and 

test domain. It indicates that data uncertainty resulted from the heterogeneous data 

distributions was considerably minimized. In the next step, it was confirmed that how the 

updated datasets could improve prediction accuracy. The result of AVM of the proposed 

datasets is also visualized in Figure 53-Figure 56. 

 

Table 11. Result of Discretization Transform 

  Conventional 

approach 

Proposed 

approach 

Similarity 

improvement 

1-D (P) 4.49 0.12 97.33% 

2-D 

P 

52.51 (c) 1.22 (c) 97.68% 

52.50 (uc) 1.21 (uc) 97.69 % 

L 

5.94 (c) 0.98 (c) 83.46% 

3.12 (uc) 0.93 (uc) 70.19% 

3-D (e_red) 1.718 0.015 99.13% 

(c): correlated / (uc): uncorrelated  
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Figure 53. 1-D Case: similarity check of proposed datasets via AVM  
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(a) 

 

(b) 

Figure 54.  2-D case: similarity check of proposed datasets via AVM under strong correlation (a) 

random variables of P; (b) random variables of L  
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(a) 

 

(b) 

Figure 55. 2-D case: similarity check of proposed datasets via AVM under weak 

correlation (a) random variables of P; (b) random variables of L 
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Figure 56. 3-D Case: similarity check of proposed datasets via AVM 

 

4.2.5 Developing Surrogate Model to Predict Mechanical Behavior 

In this step, it was confirmed that how the proposed datasets heightened the 

prediction accuracy. Since numeric input data was employed in 1-D and 2-D cases, a multi-

layer perceptron (MLP) algorithm predicted the mechanical response, structural 

displacement. The difference between MLP and CNNs was articulated in the previous 

Chapter 2. The conditions of the MLP are listed in Table 12. After the MLP was formed 

by the training dataset, the given test dataset was used to evaluate the prediction credibility. 

While the original data structure derived the prediction error of 16.44 due to the critical 

covariate shift, the proposed framework minimized the data uncertainty, leading to 

considerable prediction accuracy. In the 2-D case, the proposed datasets contributed to 

erecting a well-formulated prediction model, leading to 66.83% under strong correlation 
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and 98.78% under a weak correlation. Dependency between design parameters still harms 

predicting system response, but its impact can be eliminated by additional data mining 

methods. 

In the final step, the reliability of the proposed prediction model was confirmed by 

the probability of failure. To conduct the reliability estimation, limit state function was first 

exploited, as addressed by the following equation, G=R-S. Here, R indicates allowable 

displacement, and S refers to predicted displacement. If G's value is less than zero, the 

cantilever beam system must be ignored since the maximum displacement exceeds its 

capacity. In this example, the allowed displacement of the cantilever beam was appointed 

to 350mm. As a true response, an explicit equation to calculate the cantilever beam's 

displacement was employed to check how accurate the prediction result is obtained. The 

equation is as follows: 

 

𝛿𝑚𝑎𝑥=
𝑃𝐿3

3𝐸𝐼
 

where E and I stand for Yong’s modulus and moment of inertia. As seen in Table 14, 

compared to the prediction model constructed by the original datasets, the proposed model 

led to a considerable reduction in the probability of failure (Pn). Also, the Pn acquired by 

the proposed approach was similar to that assessed by the explicit equation. Therefore, it 

was confirmed that the proposed method resulted in a reliable surrogate model with data 

uncertainties. 
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Table 12. Conditions of MLP Structure 

Weight initialization 

He initializer 

µ=0, σ= 
2

𝑛(1+𝑎2)
 

Bias initialization Zero 

Learning rate 0.001 

Optimization Adam 

Activation function ReLU 

Loss function RMSE 

# of hidden layers 15 

 

Table 13. Prediction Result Obtained by MLP 

  Conventional 

approach 

Proposed 

approach 

Prediction 

improvement 

1-D 16.44 0.01 99.94% 

2-D 

Correlated 20.05 6.65 66.83% 

Uncorrelated 12.34 0.15 98.78% 
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Table 14. Probability of Failure 

 
 

True response by 

explicit equation 

Conventional 

approach 
Proposed approach 

1-D 0.09 0.76 0.091 

2-D 

Correlated 0.1007 0.89 0.104 

Uncorrelated 0.0605 0.28 0.061 

 

In the 3-D case, a CNNs-based deep surrogate model was developed to conduct 

image prediction. Gray-scaled CAD images were employed as inputs, and stress contours 

were considered to represent the system's response. The same conditions of CNNs used in 

Task 1 were transferred to Task 2. As seen in Table 15, the original data structure induced 

an overfitting issue and higher RMSE and loss in the training process. Prediction error was 

also higher than 90, so the deep surrogate model failed to derive reliable image prediction. 

On the other hand, the proposed approach drew much lower RMSE and loss, which 

indicates that the deep surrogate model was well-trained to predict the system's image-

based responses. The proposed method also drastically improved prediction accuracy to 

7.73. Thus, it was confirmed that datasets that were not affected by covariate shift could 

effectively predict and formulate systems' complex behavior without additional samples or 

modification of the internal CNN's' algorithm. Furthermore, PiAI inputs were also taken 

into account with the proposed approach. As verified in Task 1, PiAI effectively conveyed 

necessary physics information while the deep surrogate model is trained, which increased 

prediction accuracy. With regards to the computational cost, the statistically matched 
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datasets could not draw a significant improvement. Thus, it was expected that PiAI 

incubating limited but necessary physics information could also enhance computational 

productivity. As seen in Table 15 and Figure 57, the combination of the proposed 

discretization transforms and PiAI greatly influenced prediction credibility and 

computational effectiveness.   

 

Table 15. Result of Image Prediction 

  Original data 

structure 

Proposed data 

structure 

Proposed data 

structure + PiAI 

RMSE 

Training 4.67 1.07 0.60 

Validation 9.48 1.29 0.61 

Loss 

Training 10.92 3.64 0.18 

Validation 44.94 3.92 0.18 

Prediction error 91.44 7.73 2.73 

Computational cost 551 mins 538 mins 490 mins 
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Figure 57. Predicted Image Comparison: FEA (true response), conventional, proposed, and proposed approach with PiAI 



 149 

4.3 Multi-fidelity Deep Surrogate Modeling in Cantilever Beam Analysis 

The primary goal of this section was to advance the computational efficiency of the deep 

surrogate model. A deep surrogate model assures reliable non-linear representation and diverse 

data extendibility than the conventional neural network-based prediction model. However, such 

advantages are only guaranteed when massive training data is reserved, which induces extremely 

expensive training costs. To handle the computational deficiency, MFNN with transfer learning 

was utilized to predict the stress contours of the cantilever beam example.  

4.3.1 Data Configuration for Multi-fidelity Deep Surrogate Model 

To construct an MFNN-based deep surrogate model, two different fidelities, LF and HF, 

were prepared. As aforementioned, LF samples are simplified to outline systems behavior, while 

HF samples are demanded to convey comprehensive details of the systems. In general, deep 

learning employs LF samples to capture the system's global trend and HF samples to adjust training 

accuracy. In this example, LF data was composed of simple CAD images depicting the cantilever 

beam. With massive CAD image samples, the LF model was used to characterize the system's 

behavior quickly. On the other hand, HF samples were constructed by PiAI images that inform 

CAD geometry, clarified filter's location, essential simulation conditions, such as boundary and 

loading conditions. Figure 58 indicates that how LF and HF were exploited in this example. The 

main difference between PiAI used in Task 1 and Task 3 was the information composition 

conveyed in each channel. The PiAI used in Task 1 assigned CAD, location-clarified filter, 

simulation conditions into each different channel. However, new HF samples employed in MFNN 

combined all the information and distributed them into each channel, as shown in Figure 58.  Since 

the number of HF data is limited, it is required to convey a mine of information. Although the 

previous PiAI could address much necessary information, each channel had limited and 
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independent knowledge, which may weaken prediction accuracy when a small amount of PiAI 

images is used. Therefore, in this example, comprehensive information was employed in each 

channel. 

 

Table 16. Property of Image Data 

 Current approach MF approach 

Data Structure Only LF LF HF 

# of Training  70,000 48,000 22,000 

# of Validation 20,000 15,000 5,000 

# of Test 10,000 7,000 3,000 
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Figure 58. Difference between HF Samples and PiAI Used in Task 1
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Figure 59. Schematic Illustration of LFNN and MFNN via Transfer Learning
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4.3.2 Construction of LFNN for Multi-fidelity Deep Surrogate Model 

Since the deep surrogate model was designed to handle image prediction, the same number 

of input and output images was considered. Table 16 articulates conditions used in training CNNs. 

During the training process, 48,000 LF samples were used to train the surrogate model, but any 

arbitrary number can be selected to derive better prediction accuracy and computational efficiency. 

4.3.3 Development of MFNN with Transfer Learning  

According to the equation addressing MFNN operation, two crucial factors can be checked; 

correlation and discrepancy between HF and LF. Albeit the LFNN outlined the surrogate model, 

the prediction quality could not be ensured due to simplified inputs. Thus, a new HF-based deep 

surrogate model was demanded for the augmented prediction, and the correlation between HF and 

LF was well-formulated by transfer learning. Figure 59 shows the schematic image of the operation 

of transfer learning. Except for input, the last convolution, and regression layers, all pre-trained 

layers of LFNN were transferred to MFNN. Since detailed new inputs were employed, an 

additional mapping process was conducted in the excluded layers. 

4.3.4 Results  

Compared to LF, MFNN was trained by a limited number of HF samples, which affected 

the training and validation dataset's size. The size can arbitrarily be adjusted by the user's 

assumption. As shown in Table 17, the conventional approach containing only CAD-based input 

images drew acceptable values of RMSE and loss values. However, since the prediction error 

exceeded 16, it was not assured to obtain accurate and reliable prediction credibility. Moreover, 

the conventional approach's deep surrogate model still required a computation time of 579 mins.  

On the other hand, MFNN derived somehow enhanced training quality and a vast reduction 

of prediction error. Since the advantages of the mixture of LF and HF, MFNN also significantly 
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improved computational efficiency. While the conventional approach needed the computational 

cost of 579 mins, the proposed MFNN only demanded 194 mins to train the systems. Therefore, it 

can be concluded that MFNN had a considerable influence on enhancing the prediction capability 

in a computationally efficient manner. 

 

Table 17. Result of Image Prediction 

  
Current approach 

(Only LF) 

MF approach 

(LF +HF) 

RMSE 

Training 3.40 2.65 

Validation 3.25 2.99 

Loss 

Training 5.78 3.52 

Validation 5.29 4.48 

Prediction error 16.214 9.53 

Computational cost 579 mins 194 mins 
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Figure 60. Predicted Image Comparison: FEA (true response), conventional, and MF approach  
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CHAPTER 5. DESIGN EXAMPLE: COUPLED ELECTRO-

MECHANICAL ANALYSIS ON STRETCHABLE STRAIN SENSOR 

The main goal of this application was to prove the applicability of the proposed framework 

in the multidisciplinary engineering domains. The stretchable antenna-based strain sensor has 

gained interest in structural health monitoring because of its capability to appraise electrical 

conditions under structural flexibility. Thus, the application should be evaluated by a strongly 

coupled electro-mechanical analysis. However, the analysis demands prodigious volumes of 

simulations to understand the complicated relationship between physics, which impedes cost-

efficient computations. 

To resolve this issue, diverse surrogate models have been developed to predict sensors' 

behavior, but their prediction accuracy is still questionable due to the numeric value-based design 

parameters. Such parameters are usually selected by engineers' subjective assumptions, which may 

induce biased evaluation. Moreover, it is infeasible to explore the details discovered in several 

localized areas at once because most prediction responses are expressed by maximum or minimum 

electrical values that comprehensively represent the sensor's performance. Therefore, in this 

research, the proposed framework constructs a CNNs-based deep surrogate model with image 

inputs to predict electrical surface current density under geometry uncertainties and the sensor's 

structural deformation.  

* Contents of this chapter have been reproduced from the previously published article 

 

Sungkun Hwang, Recep M. Gorguluarslan, Hae-Jin Choi, and Seung-Kyum Choi, 2020, 

"Integration of Dimension Reduction and Uncertainty Quantification in Designing 

Stretchable Strain Gauge Sensor," Applied Sciences, vol. 10, no. 2, p. 643 
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5.1 Introduction 

Structural health monitoring (SHM) is implemented to evaluate the physical conditions of 

structures with consistent surveillance. In accordance with the information garnered by an SHM 

system, engineers can identify the critical roots in structural damage or deterioration and provide 

practical approaches to avoid structural failures. Compared with traditional fixed inspections with 

interval schedules that demand excessive maintenance [115], the SHM systems can operate for 

condition-based maintenance and reduce preventive maintenance costs, life cycle costs, and 

potentially catastrophic failure [116]. Hence, the systems can strengthen both the reliability and 

ability of the monitoring system. The SHM systems' applicability has been expanded from heavy 

mechanical equipment or civil structures to aerospace or bio-mechanical examples [117]. In the 

SHM systems, a strain is an essential factor, which should be rigorously investigated. With a 

measurement of the strain of structures, a strain gauge can prognosticate particular failure modes 

such as crack propagation, deformation [118], vibration, or mechanical loading [119].  

In recent years, great attention has been paid to passive wireless antennas on account of their 

compelling suitability to observe the strain of structures [120]. An antenna installed on the surface 

of a deformable structure transfers details about the strain variations. It is approachable to evaluate 

the stability and physical circumstance of the structure with the transferred data of the strain 

variations. In the strain gauge markets, interests in microstrip patch (MSP) antenna have increased 

because of lower fabrication cost, lighter load, lower profile planar configuration, and multiband 

operation capability [121]. Consequently, the majority have still used a rigid patch antenna to 

apprehend strain variation. Nevertheless, the conventional rigid antenna often misses delivering 

reliable information owing to a critical drawback related to mediocre consideration for rugged 
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geometric uncertainties. To assure the performance of the MSP antenna-based strain sensor, the 

drawback should be meticulously examined. 

Geometric uncertainties on the surface of the substrate of an antenna are shown in Figure 2. 

A scanning electron microscope (SEM) explains that the substrate surface has particular scratched 

patterns, making the substrate uneven, so there are obtrusive thickness variations on the substrate. 

Variation of the roughness is inevitable because the fabrication procedure needs manual operation 

by engineers [122]. The geometric uncertainties induced by the roughness are more important in 

the stretchable strain sensors applied to flexible devices or the human body. Compared with 

conventional rigid antennas, the uncertainties have a much stronger influence on the antenna's 

performance along with the non-uniform changes under deformation [123-125]. Therefore, the 

substrate fabrication has been steadily operated with polydimethylsiloxane (PDMS) or other 

stretchable materials to be firmly attached to the surface of rough structures [126]. 

In the simulation-based design and predictive analysis of stretchable strain antennas, an 

orthodox assumption regarding uniform thickness is made to reduce design complexity and 

computational burden. However, if the randomness corresponding to the thickness is overlooked, 

reliable response prediction of the MSP strain sensor can be impeded. As already proven by various 

simulations and measurements [127-132], although the analysis of the non-uniform substrate-

based antenna is always more complicated than that of the constant substrate-based antenna, it 

involves better reliability predictions as the approach corresponding to the uneven substrate 

represents the real environment. Thus, it is imperative to examine the thickness variation to 

improve the prediction accuracy on the performance of the stretchable sensor. 
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5.2 Problem Description 

To predict stretchable sensors' behavior, a multiphysics analysis that includes both the strain 

estimation under mechanical deformation and the Rf estimation by electrical analysis is required. 

In the previous research [133], a multidisciplinary analysis was performed based on geometric 

randomness and the tensile displacement of a stretchable antenna. It was shown that fluctuating 

thicknesses of the deformed substrate resulted in a high return loss. This result was because the 

uncertainties of the substrate thickness led to the escalation of forged feed radiation and surface 

waves, which limits the productivity of the sensor. Thus, it is inevitable to conduct comprehensive 

electro-mechanical analysis on the stretchable strain sensor. However, the analysis charges 

tremendous volumes of design parameters, which prevents cost-effective simulation. It also 

requires many simulations to assure the analysis accuracy so that the entire computational time 

increases.  

To resolve those issues, surrogate models have been developed to predict the behavior of the 

stretchable strain sensor. Most have evaluated the variation of Rf according to the structural 

deformation. The Rf variation or structural deformation is usually represented by numeric values, 

which allows engineers to build simple ANNs-based approximate functions. However, such an 

approach cannot guarantee high prediction accuracy due to the biased selection of design variables. 

Although the sensor performance is mainly relying on the patch shape and substrate thickness, 

more serious performance degradation may happen due to cracks [134], internal porosities [135], 

incomplete connection to a power source [136], or weak adhesion to the surface [137]. Thus, it is 
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risky to build a reliable prediction model, only using numeric values selected based on engineers' 

subjective assumption, which may not represent all sensors' conditions. 

Furthermore, the surrogate models have been developed based on the prediction responses such as 

maximum or minimum stress, displacement, current, voltage, return loss, or resonance frequency 

of the sensor. Although the responses comprehensively represent the sensor performance, they 

may not catch details or changes in the several localized areas of the sensor at once. In this case, 

Image-based inputs can be a considerable solution to capture most possible causes related to 

sensors' operation. For example, a sensor image examined by SEM, microscope, or CT X-ray can 

impartially convey information of surface roughness, internal porosities, cracks, or adhesion to the 

substrate, as it is.  

Therefore, this research proposed a CNNs-based deep surrogate model to handle the image 

inputs. Unfortunately, however, it is challenging to represent the variation of Rf through the 

images. Although a two-dimensional graph and smith chart can be employed to address the 

variation, such format does not include diverse color variation in pixels, which is required to 

develop a CNNs structure. Therefore, the surface current density is employed to represent the 

sensor's performance at the resonance frequency in images. Theoretically, the antenna possesses 

maximum current distribution on the center of the patch and maximum magnitude in the edges at 

the resonance frequency. Moreover, the current distribution is firmly relying on the thickness 

variation of the substrate. Hence, this research develops a CNNs-based deep surrogate model to 

predict surface current density at the resonance frequency under the thickness uncertainty and 

structural deformation. 
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5.2.1 Mechanical Analysis 

The stretchable strain sensor is designed based on an MSP antenna that consists of a patch, 

substate, feedline, and lumped port, as shown in Figure 61. Details on the geometry and material 

properties are listed in Table 18. As seen in Figure 62, the stretchable strain sensor has been applied 

to the human body that produces diverse deformation types. There exists much research focusing 

on the different loading cases [133, 138-140]. Unfortunately, however, they failed to provide a 

realistic evaluation of the sensor due to a missing assumption of random displacement direction 

and magnitude. Since the strain sensors are attached to the non-uniform surfaces, the entire or 

localized part can be exposed to each different magnitude and direction of displacement. Thus, in 

this research, the outer of the strain sensor discretized by 24 points, represented by white nodes in 

Figure 63, was exposed to random displacement. To reduce simulation complexity, it was assumed 

that the localized area on the length of the substrate (a, b, c, i, j, and k) and the remaining area on 

the width (d, e, f, g, and h) only had the degree of freedom along y and x-axis, respectively. As the 

geometry and the applied displacements were also symmetric, while the material properties were 

assumed to be isotropic, symmetry boundary conditions were utilized, as shown in Figure 63. This 

study also assumed that the maximum applied displacement on the stretchable antenna is 14 mm. 

The deformation of the stretchable antennas might be larger, but for demonstration purposes, 14 

mm was considered in this study as the bound of the displacement of the stretchable antenna. The 

range of the displacement can be updated based on applications.  
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(a) (b) 

Figure 61. Schematic of The Stretchable Strain Sensor: (a) composition of the sensor; (b) parts of the 

patch under thickness variation of the substrate 

 

 

 

Figure 62. Stretchable Strain Sensor Applied to Human Body Under Random Deformation Types 

[141] 
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Table 18. Property of Stretchable Strain Antenna 

 
Substrate 

(ϟȮɯÚÛËÝȭ) 

Patch 

(μ, stdv.) 

Feed Line 

(μ, stdv.) 

Material PDMS Cooper Cooper 

Thickness (mm) 1.95, 0.21 0.2, 0.06 0.2, 0.06 

Width (mm) 70 43, 7.2 3,0.85 

Length (mm) 70 35, 5.77 32 

Permittivity 2.2 1 1 

Young’s Moduli (MPa) 1.32 0.0124 0.0124 

Conductivity (S/cm) 0 1.51 × 104 1.51 × 104 

Dielectric Loss Tangent 0.0009 0.01 0.01 

Magnetic Loss Tangent (kg/m^3) 0 0.001 0.001 
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                  (a) (b) 

Figure 63. Simulation Conditions of The Stretchable Strain Sensor: (a) symmetry boundary 

conditions with 11 sub-regions for random displacement for mechanical analysis; (b) PEC and lumped 

port for electrical analysis 

 

 

(a) (b) 

Figure 64. Patch Shape under Random Displacement: (a) original shape; (b) deformed shape 
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To model the substrate thickness fluctuation, a stochastic representation of a random field 

was taken into account. For this purpose, a Gaussian copula was employed to generate the random 

behavior corresponding to the thickness variation. Figure 65 demonstrates how the copula builds a 

joint distribution, including two distinct sampling sets of thickness variation. First, the roughness 

of the substrate made of PDMS material was measured by Contour GT-I 3D Optical Microscope. 

The measured roughness data was added to the mean thickness of the substrate, which is 1.95 mm, 

to describe the variation of the thickness of the whole substrate. In this process, the Gaussian 

copula generated the random thickness samples engaging several marginal distributions of each 

sampling set of the thickness variation. Thus, the antenna can be modeled with the substrate, 

containing 24 patterns along y-direction with different random thicknesses. Specifically, 100,000 

FEAs were performed with different displacements. For each of these simulations, 2,400,000 inter-

correlated arbitrary thickness values were created from the Gaussian copula. Once the structural 

analysis in COMSOL acquired the deformed patch shape, as depicted in Figure 64, the electrical 

analysis was executed to achieve images of the corresponding surface current density. 
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Figure 65. The Gaussian Copula Employed to Demonstrate A Joint Distribution of Random Sets of 

Thickness Variation.  
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5.2.2 Electrical Analysis 

Based on the deformed MSP patch, COMSOL conducted electrical analysis to calculate 

surface current density at the resonance frequency of 2.4 GHz. This research assumed that the 

patch of the sensor is printed on the stretchable PDMS substrate. Thus, the entire patch is made of 

a thin copper sheet regarded as perfect electric conductors (PEC). Moreover, the patch's top and 

bottom layers have random patterns associated with the fluctuating substrate's thickness. The 

antenna-based sensor is located in the middle of the air domain surrounded by a perfectly matched 

layer (PML) that minimizes reflection, absorbing the radiation dispatched by the antenna. A 

scattering boundary condition is also added outside the PML to eliminate the remaining reflection. 

To develop an image-based deep surrogate model, RGB images of surface current density were 

exported by COMSOL. Generally, the return loss at the resonance frequency has been used to 

address the antenna's performance, which can be expressed by numeric values, a simple 2-D graph, 

or a smith chart. However, such a data format cannot boost the efficiency of the CNNs-based 

predictive models due to a lack of representation of the local correlation between pixels. Thus, 

surface current density was employed as prediction responses. Different cases of deformed patch 

shape and the corresponding surface current density are depicted in Figure 66.  
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Figure 66. Image Configuration for Inputs (deformed patch shape) and Outputs (surface current 

density) 

 

5.3 Development of PiAI-based Deep Surrogate Model for Stretchable Strain 

Sensor 

5.3.1 Manipulation of Inputs Images of Stretchable Strain Sensor in Separated Channels  

The proposed CNNs-based deep surrogate model utilized three channels to transmit each 

different information, as conducted in the example of the cantilever beam. In stretchable strain 

sensor analysis, grayscale input images are sufficient to inform CAD geometry, while RGB colors 

are required to represent the surface current density. Thus, in the proposed framework, the red 

channels in each input image were used to dispatch the sensor's geometry information. The images 

were exported by COMSOL, and the channel split process was conducted by MATLAB. After 

data processing of the original input images was finalized, PiAI was reconstructed to incubate 

necessary properties of physics and simulations. Unlike the orthodox deep surrogate modeling 

approach, the PiAI can strengthen prediction reliability with a strongly clarified correlation 
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between inputs and outputs. As seen in Figure 67, the PiAI of the sensor comprised three channels 

informing CAD of the deformed patch, activated pixels to clarify the location of the filter, and 

conditions of mechanical and electrical simulations. The procedure on the PiAI construction will 

be addressed in the following sections. 

  

(a) (b) (c) 

Figure 67. Simulation Conditions of The Stretchable Strain Sensor: (a) symmetry boundary 

conditions with 22 sub-regions for random displacement for mechanical analysis; (b) PEC and lumped 

port for electrical analysis; (c)  

 

5.3.1.1 Channel 1: CAD Geometry of stretchable strain sensor 

In the red channel, only the sensor's CAD geometry was placed, as shown in Figure 68. The 

pixel size was modified from 600x600 to 32x32 due to computer specifications and expensive 

computational complexity, even if the distortion between pixels happened. To minimize the pixel 

distortion that can impede stable prediction accuracy, the boundary cleaning process was executed.  
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                                       (a)          (b) 

Figure 68. Image Processing: (a) conventional approach; (b) PiAI approach in red channel to 

convey geometry information 

 

5.3.1.2 Channel 2: location-clarified filter of stretchable strain sensor 

In the second green channel, PiAI activated some pixels associated with the CAD geometry 

to clarify the filter's location. The main drawback of the CNNs is the unreliable tracking procedure 

of the filter during the training, which prevents engineers from monitoring the filter's operation to 

confirm whether a localized spatial correlation between pixels is well-captured. As conducted in  

Figure 33, a 32x32 empty matrix was first created, and pixels overlapped with the CAD 

geometry sequentially possessed a positive number, which results in reliable filter's mapping. After 

this procedure, the second channel's images were reformed, as shown in Figure 69. 
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                                       (a)          (b) 

Figure 69. Image Processing: (a) conventional approach; (b) PiAI approach in green channel to 

convey geometry information 

 

5.3.1.3 Channel 3: boundary and loading conditions in stretchable strain sensor 

In the last channel, boundary and loading conditions required in structural and electrical 

analysis on the strain sensor were captured. As aforementioned in Section 5.2.1, the stretchable 

sensor is placed on the non-uniform surface, which has uncertain displacement magnitude and 

direction. Thus, the outer of the substrate discretized by 22 areas was represented in the 

corresponding pixels. Moreover, the mechanical analysis by COMSOL was executed based on 

symmetry boundary conditions, so a column in the middle of the image was filled by a number of 

1 to represent the symmetry conditions. The number can be modified by the engineer's assumption. 

In terms of the electrical analysis, the patch was made of the cooper, and it worked as PEC. 



 172 

Consequently, the boundary of the patch was filled by a value of 0.5 to depict PEC boundary, 

which is relying on the users' choice. Compared to the conventional deep surrogate model, the 

proposed framework contained essential simulation conditions of multiphysics analysis. Hence, 

this approach could intensify the relationship between the principal simulation conditions and the 

corresponding surface current density. The approach also boosts computation efficiency with 

several activated pixels associated with the conditions. The finalized channels are shown in Figure 

70. Finally, PiAI was used to build the CNNs-based deep surrogate model. A normalization 

process was executed to minimize the ill-condition effect that comes from the different ranges of 

the values in each channel. Figure 71 depicts the difference between the conventional and proposed 

deep surrogate models. 

 

Figure 70. Image Processing: (a) conventional approach; (b) PiAI approach in blue channel to convey 

geometry information 
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(a) 

 

(b) 

Figure 71. Framework of Deep Surrogate Model: (a) conventional approach; (b) PiAI approach 
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5.3.2 Developing Deep Surrogate Model to Predict Surface Current Density 

With the proposed PiAI structure, a CNNs-based deep surrogate model was trained to 

predict surface current density. Same hardware used in the previous application was executed to 

train the deep prediction model. Albeit the identical size of data sets, minibatch, and the same type 

of training optimization algorithm and U-Net structure were used (Table 5), hyperparameters were 

manually updated to derive better prediction accuracy. The best optimum values of the 

hyperparameters are listed in Table 19. 

Table 19. Conditions of CNNs Structure 

Weight initialization 

He initializer 

µ=0, σ= 
2

𝑛(1+𝑎2)
 

Bias initialization Zero 

Learning rate 0.00001 

Optimization Adam 

Minibatch size 1700 

Activation function ReLU 

Pooling algorithm Max 

# of total layers 57 

# of conv. layers 21 

# of batch 41 
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5.3.3 Results 

The result of the PiAI-based image prediction is discussed in this section. Based on RMSE 

and loss that are critical factors to address prediction accuracy, it was proven that the proposed 

framework improved the credibility of the image prediction. As listed in 

Table 20, the conventional approach only incubating CAD geometry drew training and 

validation RMSE of 7.88 and 7.90, respectively. Since the value of the training RMSE is lower 

than that of the validation, there was no overfitting issue during the training. Owing to the high 

training RMSE, the conventional approach led to severe prediction degradation, as seen in loss 

values. 

 On the other hand, PiAI derived better prediction performance without overfitting issues, 

delivering much lower RMSE and loss. It also advanced computational efficiency, reducing 

training time from 348 mins to 229 mins. Compared to the simple uncoupled cantilever beam 

analysis, the design of the stretchable strain sensor included much more complicated geometric 

uncertainties, design parameters, and detailed interaction between physics; the prediction values 

were failed to reach to zero. However, the prediction performance of the proposed approach 

resulted in drastically improvement than that of the orthodox approach. The final result of the 

image prediction is shown in Figure 72. 
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Table 20. Result of Image Prediction in Task 1 

  Conventional approach PiAI approach 

RMSE 

Training 7.88 4.09 

Validation 7.90 4.14 

Loss 

Training 11.16 5.87 

Validation 11.39 5.88 

Prediction error 44.41 19.92 

Computational cost 348 mins 229 mins 
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Figure 72. Predicted Image Comparison: FEA (true response), conventional approach, and PiAI 
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5.4 Statistical Moment Matching via Discretization Transform for Stretchable Strain 

Sensor 

This section aimed to increase the prediction capability, dropping uncertainty caused by 

covariate shift. The covariate shift results from the heterogeneous data structure in training, 

validation, and test datasets. To reduce the uncertainty, the statistical moment matching via 

discretization transform was employed. This application assumed that randomly combined design 

parameters were already represented as images through computer-based simulations, which means 

data formation was already fully-defined. Therefore, additional recombination of the design 

parameters was not permitted, so that the given images had to be used to train the deep surrogate 

model.   

Thus, in this proposed framework, an information measurement method, entropy, was 

employed to quantify the response images' details because it represents the intensity level where 

each pixel can adapt. In the image of the surface current density, entropy in the red channel is 

associated with the maximum current distribution on the patch's surface, while the blue entropy 

focuses on drawing geometric dimensions. To improve the prediction accuracy of the deep 

surrogate model, it was required to well-capture the maximum current distribution. Thus, the 

proposed framework employed red entropy values of each image to rearrange image sets. Figure 

73 shows a part of the original training and test dataset. To guarantee reliable prediction precision, 

the surrogate model must train diverse but comparable images. However, the original datasets are 

mainly represented by blue colors, which causes a biased predictive model. As depicted in Figure 

74, PDF related to the red entropy of the training and test images also indicates that non-identical 

statistical moments are shared, which implies the original input data is under covariate shift 

problem.   
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(a) 

 

(b) 

Figure 73.  Original Image Data Arrangement in (a) training; (b) test dataset 
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(a) 

 

(b) 

Figure 74.  Original Data sets: (a) PDF of red entropy; (b) AVM comparison 
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5.4.1 Similarity Check of Design Parameters of Stretchable Strain Sensor Modeling  

Once the initial dataset was partitioned for training, validation, and test, AVM was first 

employed to quantify the similarity between training and test datasets. As confirmed in the 

previous sections, the original datasets shared heterogeneous image properties, so the value of 

AVM was 3.87. Another similarity check was conducted after moment matching with 

discretization transform to determine if the covariate shift effectively reduces. In Figure 74 , the 

similarity index and CDFs discrepancy between training and test dataset is depicted.  

5.4.2 Statistics Moment Matching via Discretization Transform for Image Dataset 

In this step, statistical moments of the training and test datasets were matched via the 

discretization transform to minimize the covariate shift effect. As addressed in the previous 

application of the cantilever beam, it is crucial to rearrange the original data to share identical 

properties. The data rearrangement requires a reliable discretization platform, which can be 

effectively achieved by bin binning of the histogram. The data can possess similar properties when 

they are uniformly distributed into the calculated bins. However, the histogram-based 

discretization transform is only executed under the numerical values. Since this application 

employed image-based inputs, an additional method, entropy, was demanded to interpret the 

image's details. In this case, red entropies associated with the maximum current distribution on the 

patch surface were utilized. The red entropies were initially distributed into 83 bins; then, each 

entropy was replaced by the corresponding images. Finally, each training and test dataset obtained 

by the proposed approach shared considerably similar images, compared to the original datasets, 

as seen in Figure 75. 
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(a) 

 

(b) 

Figure 75.  Proposed Image Data Arrangement in (a) training; (b) test dataset 
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5.4.3 Similarity Check for Reduced Covariate Shift 

To verify the effectiveness of the discretization transform, AVM was re-applied to confirm 

the similarity index of the proposed datasets. Figure 76 shows that the AVM value was reduced 

from 3.86 to 0.058, which indicates that each dataset now possesses homogeneous image 

properties. Therefore, it can be assumed that the covariate shift was almost eliminated. Based on 

those the updated datasets, a deep surrogate model was constructed to predict the surface current 

density.  

5.4.4 Developing Surrogate Model to Predict Surface Current Density 

In constructing a CNNs-based deep surrogate model, three different cases were examined: 

CAD-based image datasets incubating covariate shift, CAD-based and PiAI-based datasets 

holding no covariate shift. The first two datasets only containing CAD information aimed to 

confirm the applicability of the proposed framework, and the last case checked if the PiAI can 

boost the prediction accuracy in a cost-efficient manner. The same training conditions and 

hyperparameters used in the previous Task 1 were transferred to this task.  

As listed in Table 21, owing to the harsh covariate shift, the first original data structure 

resulted in higher RMSE and loss from the training process. The unstable surrogate model drew 

unsatisfactory image prediction (Figure 77). On the other hand, the proposed dataset involving 

only geometric information under lowered covariate shift led to relatively improved prediction 

accuracy. Therefore, it concludes that the discretization transform via moment matching 

effectively removed the uncertainty that directly triggers prediction degradation. PiAI datasets 

were also employed to develop the deep surrogate model. As verified in the previous Task 1, PiAI 

incubates essential physics information, which enhances the identification of the relationship 

between inputs and outputs. Moreover, compared to the conventional surrogate modeling, PiAI 
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owns the limited number of pixels related to the filter and simulation conditions so that the deep 

surrogate model can be developed in a computationally efficient manner. From Table 21 and 

Figure 77, it was confirmed that the combination of the proposed discretization approach and PiAI 

drastically improved not only image precision quality but computational effectiveness.  

 

Table 21. Result of Image Prediction in Task 2 

  Original Proposed Proposed + PiAI 

RMSE 

Training 7.88 5.25 3.19 

Validation 7.90 5.28 3.21 

Loss 

Training 11.16 7.07 5.01 

Validation 11.39 7.22 5.11 

Prediction error 44.41 26.36 14.885 

Computational cost 348 mins 332 mins 307 mins 
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(a) 

 

(b) 

Figure 76.  Proposed Data sets: (a) PDF of red entropy; (b) AVM comparison 
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Figure 77. Predicted Image Comparison: image prediction by FEA (true response), original, proposed, and proposed with PiAI dataset  
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5.5 Multi-fidelity Deep Surrogate Modeling in Stretchable Strain Sensor Analysis 

The main goal of this task was to improve the computational efficacy of the deep surrogate 

model. One of the merits of deep neural networks is the ability to handle extensive and diverse 

data, which also imposes expensive training costs. Despite improved prediction accuracy, the 

tremendous computational cost may lessen the efficacy of the deep surrogate model. To address 

the issue, an MF-based deep surrogate model with transfer learning was developed to cost-

effectively predict the surface current density of the stretchable strain antenna.  

5.5.1 Data Pre-processing for MF-based Deep Surrogate Model 

In MFNN-based surrogate modeling, there pertain two critical factors: low and high 

fidelities. Low fidelity (LF) samples play a significant role in catching the outline of the system's 

behavior, while high fidelity (HF) samples aim to balance training accuracy. In this application, 

LF only comprised geometric CAD images representing the deformed patch shape of the 

stretchable sensor, but HF involved CAD, location-clarified filter, conditions of multiphysics 

simulation. As conducted in Task 1, such information can be reassembled in PiAI format. In other 

words, CAD, location-clarified filter, and simulation conditions are placed in red, green, and blue 

channels, respectively. However, when building MFNN with a limited number of HF, it may not 

guarantee meaningful discrepancy adjustment because the application is designed under 

substantial geometric uncertainties and multiphysics conditions. Therefore, to fix the issue, a 

modified PiAI was provided, assembling all information used in each channel, and then the 

assembly was distributed into each channel. Figure 78 shows how the modified PiAI can be 

constructed.   
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Figure 78. Schematic Illustration of LFNN and MFNN via Transfer Learning
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5.5.2 Construction of LFNN for Deep Surrogate Model 

With the patch's geometry-informed images, LFNN was constructed to predict surface 

current density. Training algorithms and CNNs structure of Task 1 and 2 were used in this process. 

The number of data used for training, validation, and test is listed in Table 22. There is no specific 

rule to determine the datasets' size so that random numbers can be employed to improve prediction 

accuracy in a cost-efficient manner. 

5.5.3 Construction of MFNN with Transfer Learning  

Based on Equation (53), the MF model is generally designed by correlation and 

discrepancy between LF and HF. When the concept is extended into a neural network-based deep 

surrogate model, LFNN aims to build the outline of the approximation function, but owing to the 

abstracted LF samples, the prediction accuracy may not be reliable. In this situation, a new NN-

based surrogate model containing a certain number of HF samples can be used to adjust the 

discrepancy, which can improve the prediction credibility. Since two different NNs are employed, 

a bridge to connect them is required, as the transfer learning works. Thus, the correlation between 

two different fidelities can be effectively captured in MFNN. As aforementioned in Figure 78, all 

pre-trained hyperparameters and training algorithms of LFNN were conveyed to MFNN. Since the 

different type of HF images, modified PiAI, was employed, a new mapping process was executed 

in MFNN, replacing three layers obtained from LFNN: input, the last convolution, and regression 

layer. 

5.5.4 Results  

As addressed in Table 23, the conventional approach performed by only LFNN with CAD-

based image inputs failed to derive impressive prediction accuracy. The approach owned high 

values of RMSE and loss, which prevents acceptable image prediction, as shown in Figure 79. On 
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the other hand, MFNN involving modified PiAI contributed to improving prediction accuracy. 

Considering the design complexity and a limited number of HF samples, the improvement effect 

can be acceptable. However, MFNN drew a considerable enhancement of computational efficiency, 

compared to the LFNN. The conventional approach required 447 mins to train the deep surrogate 

model, while MFNN built an improved predictive model in 194 mins. Therefore, it concludes that 

MFNN successfully produced enhanced prediction accuracy with computational efficiency.  

  



 191 

Table 22. Property of Image Data 

 Current approach MF approach 

Data Structure Only LF LF HF 

# of Training 70,000 42,500 32,500 

# of Validation 20,000 10,000 8,000 

# of Test 10,000 5,000 2,000 

 

 

Table 23. Result of Image Prediction 

  
Current approach 

(Only LF) 

MF approach 

(LF +HF) 

RMSE 

Training 7.88 6.94 

Validation 7.90 6.72 

Loss 

Training 11.16 9.85 

Validation 11.39 9.78 

Prediction error 44.41 31.21 

Computational cost 397 mins 185 mins 
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Figure 79. Predicted Image Comparison: FEA (true response), conventional, and MF approach 
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CHAPTER 6. CONCLUSION AND FUTURE WORKS 

In this chapter, the dissertation is summarized, addressing the achieved contributions and 

possible future works. 

6.1 Summary 

This dissertation's main goal was to develop a CNNs-based deep surrogate model to 

formulate and predict strongly coupled multidisciplinary systems' behavior. It is challenging to 

design the coupled engineering systems due to the complicated interaction between multiple 

physics. Such complex interaction cannot be formulated by an explicit equation, which motivates 

the development of the alternatives. The simulation-based surrogate model has gained significant 

attention between the alternatives because it can effectively capture the complexity with no explicit 

analytical solutions. There are diverse surrogate modeling methods, but deep learning has shown 

considerable ability to identify non-linear and non-convex properties and to handle various data 

formats that can be obtained from the data-driven analysis. Mainly, the CNNs-based deep 

surrogate model brings considerable prediction accuracy when image-based data is employed 

because of the strong identification of a localized spatial correlation between image 

pixels. Unfortunately, however, the deep surrogate model is deprived of its credibility due to: 

1. Insufficient and unpersuasive feature mapping between inputs and the corresponding 

responses 

2. Heterogenous properties of the training and test datasets, which intensifies biased training 

operation 

3. Tremendously expensive training costs 
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Therefore, this dissertation formulated three related research questions and developed a framework 

to address those issues.   

 

Research Question 1: 

How can we persuasively develop suitable input data structures for handling the behavior 

of the strongly coupled multidisciplinary system in CNN-based deep surrogate modeling? 

Hypothesis 1: 

Improved physics-informed artificial inputs that utilize unimodal input data structures can 

persuasively deliver an augmented representation of multidisciplinary systems, which derives 

better prediction credibility. 

 

First, this dissertation constructed a physics-informed artificial image (PiAI) to effectively 

identify the relationship between design inputs and corresponding responses of the 

multidisciplinary systems. Although much research has developed the deep surrogate model to 

predict the system behavior in multiphysics domains, most have employed only geometry-

informed CAD images as inputs. Since the CAD images generally aim to convey simplified 

geometric information of the complex systems, they cannot guarantee explicit characterization 

between the geometry and physical phenomena. This unreliable characterization fails to deliver 

meaningful feature mapping. Although some research also developed multimodal inputs to 

incubate boundary conditions that are necessary for simulations, expanded data size also caused 

severely expensive training costs and network complexity. 
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 To resolve this issue, a unimodal PiAI-based deep surrogate model was proposed. Instead 

of the conventional surrogate modeling that employs only CAD images as inputs, the proposed 

PiAI incubated CAD, location-clarified filter, and necessary simulation conditions in each channel. 

The modified image structure promoted strong identification of the correlation between input 

images and the corresponding response. Moreover, the unimodality structure improved training 

efficiency because some necessary pixels were only activated to convey simulation conditions. 

The applicability of the PiAI-based deep surrogate model was verified by two engineering 

applications in CHAPTER 4 and 5: cantilever beam and stretchable strain sensor. 

 

Research Question 2: 

How can we improve the training accuracy from the given dataset without requiring 

additional input data?  

Hypothesis 2: 

A statistical calibration process, which can match the distributions of training and test 

datasets, might improve the prediction accuracy of the deep surrogate model by alleviating the 

covariate shift occurring in heterogeneous data.  

 

Second, in this dissertation, a statistical moment matching approach to reduce data 

uncertainty, covariate shift, was developed. Even though diverse research has proposed to boost 

the deep surrogate models' prediction accuracy, most have focused on developing learning 

algorithms or internal network structures. Such approaches intensify network complexity and the 

occurrence probability of unexpected uncertainties. They also overlook a fundamental issue about 

the data property, which is the key to determine prediction accuracy. When dataset of training, 
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validation, and test shares inequivalent properties, a network trained by the training dataset cannot 

characterize the other datasets' behavior. Such an issue can be referred to as covariate shift. 

Therefore, this dissertation developed a framework to match the statistical moments of each dataset. 

Based on the discretization transform, the non-identical data was re-organized in uniformly 

separated bins by a histogram. Such discretization approach showed its credibility in diverse data 

format (numerical values and images), different correlation (correlated and uncorrelated), and the 

possibility of the data recombination (under-defined data formation whose data recombination is 

allowed and fully-defined data formation whose data recombination is not allowed). The two 

engineering applications showed how the proposed discretization transform framework eliminated 

the covariate shift and enhanced the prediction accuracy. 

 

Research Question 3: 

How can we effectively curtail the computational deficiency of the deep surrogate model in 

multi-physics domains? 

Hypothesis 3: 

A multi-fidelity deep surrogate model can be constructed to efficiently capture the intricated 

correlation between high-fidelity (HF) and low-fidelity (LF), which derives well-adjusted 

prediction accuracy and improved computational effectiveness. 

 

Lastly, to minimize the serious drawback of the deep surrogate model, the dissertation 

proposed a framework of MFNN-based deep neural networks for image prediction. Much research 

has tried to improve the training efficiency by developing the approximation function based on the 

MF approach. Unfortunately, however, the approaches still face a serious barrier of 
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approximations of discontinuous functions, high-dimensional problems, inverse problems with 

strong nonlinearities (i.e., non-linear partial differential equations), and difficult implementation 

of the optimization. To resolve this issue, the proposed framework employed a CNNs-based MF 

surrogate model for image prediction. In the framework, two main networks were constructed by 

LF and HF samples. LFNN trained by LF samples captured the outline of the systems' behavior, 

and MFNN re-trained by HF samples adjusted the discrepancy between LF and HF models. The 

correlation between the two models was represented by transfer learning. Compared to the 

conventional deep surrogate model, the proposed MFNN employed a number of LF and a few HF 

samples to train networks, which firmly contributed to improving computational efficiency and 

prediction accuracy. The performance of the proposed framework was proven in the given 

engineering applications. Therefore, the contributions of this dissertation can be summarized as 

follows: 

¶ Development of a framework to construct physics-informed unimodal inputs that derive 

persuasive formulation of the multiphysics system's complicated behavior, escalating 

prediction capability, and computational producibility. 

¶ Discretization transform to identically match data distribution of training and test inputs, 

alleviating data uncertainties, which promotes prediction credibility.  

¶ Construction of the MF-based deep surrogate model improves computational 

simplification and the mapping qualification between inputs and responses. 

 

6.2 Future Works 

6.2.1 Number of Image Channels for Training Networks 
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Since images are generally composed of three channels, red, green, and blue, the proposed 

PiAI was also constructed by the existing data structure. Information of CAD, location-clarified 

filter, and simulation conditions was transferred to each channel. Particularly, in the last channel, 

most simulation conditions (e.g., boundary or loading condition) were combined. When the simple 

uncoupled application was analyzed, such an approach derived a good prediction performance. 

However, if the multidisciplinary analysis is required, diverse simulation conditions have to be 

used separately. Due to the data complexity and computer specifications, this proposed framework 

employed only three channels, but a more expanded channel will be considered in future work.  

6.2.2 Absence of The Specific Rule to Determine Hyperparameters  

To provide the best prediction accuracy, the proposed deep surrogate model was trained 

under various combinations of the hyperparameters. The endeavor to find the best surrogate model 

was manually conducted since there is still no specific and automatic method to inform the best 

hyperparameters and training algorithm. Thus, an optimization process to determine the optimum 

training conditions may be developed in future work. 

6.2.3 Use of Images Acquired by Experiments  

The main advantage of the deep surrogate model is the reliable capability to conduct image 

prediction. It enables engineers to select diverse design parameters or system responses that can 

be represented by images (e.g., surface roughness, porosities formation, crack propagation, stress 

contour, current, or voltage distribution). The images can be directly captured by experimental 

devices such as SEM, microscope, or CT x-ray. If the real experimental images are used as inputs, 

the deep surrogate model may express a more detailed and unbiased characterization between 

inputs and corresponding responses. Hence, in stead of using CAD images, experimental images 

will be employed to develop more realistic deep surrogate models. 
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6.2.4 Application: cantilever beam  

In this application, the proposed framework predicted stress contour under the geometric 

variation. Even though the framework showed highly accurate prediction performance, only 

mechanical conditions and analysis were taken into account. Thus, another condition from 

different physics, temperature, magnetic field, or vibration, will be considered to check the efficacy 

in multiphysics domain.  

6.2.5 Application: stretchable strain sensor  

This application was designed that the stretchable strain sensor is operated under random 

displacement. To reduce computational complexity, displacement's magnitude and direction were 

constrained. For a more realistic representation of the stretchability, another loading condition such 

as bending or twisting will also be considered.  
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