: A Closed Form Frequencv Domam Model for Tangentlal Cuttmg Force
'm‘ Perrpheral Mlllmg

: -J} -I .Iunz Wang Research A531stant -

,Steven Y. Llang, Assrstant Professor‘- ’

: :-__'Wayne I. Book Professor
Georqe W Woodruﬁ’ Schoo of Mecharucal Engmeermg
Georma Instrrute of Technoloay U

Atlanta GA 30332-0405

cutting. force and torque IS presented for penpne'al rrulhng processes " Based on a mechamsttc‘

ocal cuttmo rorce ‘model . the toral tanqenttal cuttmg force is shown ro be of a eonvolutlon!

ol

| ocal cuttmo rorce

mteqml forrn ‘The convolutlon mteqrands are. oef' ned in the COHIE'(t 0

functron and cutter chm w1dth densrtv tunctron The latter 1S relatea to curter ceomerrv and

axml depth ot cut anﬂ the Iocal cuttmg. rorct. runctlon 1s determmed by the racnal cuttmo

he convolutmn 'theorem or hnear system theorv 1‘s'_ aoplted to obtam the

configuranon

Founer transrorms or total cuttmcv force as’

the products of Fourier trzmstorms or thef
:,,;elemental curtmsz and ch1p w1dth densrtv tuncnons Results are comoared w1th other cuttmg

'orce models reported

feed per tooth
v ~uncut chip thJckness S e
S fﬂ_'averaqe chip thickness = .. : S T R e
- :angular; radius and axtal posmon va.nables for the cuttmq pomt in the cutter :1
. - cylindrical coordmate system o UuTo i
-+ the work coordinate systern
" cutter angular displacement
fcuttmg point angular posmon in the \xork L :
" axial and radial depth of cut. c: workpiece recess .
' '-number of flute, nominal radius and helical angle of the end mill
" enrry, exit angles and radial cutting range detertmned from d, : and c
o ‘curting’ WmeW ﬁmctton tor the racnal cutting conﬁguratton _ o
- 'angular range of axial immersion of éach flute wnthm axral depth of cut £
. -angular spacmg between two adtacent ﬂutes 7't \I LT
f,.‘i':";d/R and c"R Vol ' L i




: -'j;}'normahzed frequency w1th respect to sprndle frequency

;fspmdle frequency e S
“‘cutting force coefﬁcrent and cuttmg force power law constant S :
. ‘tangential cuttmg pressure constant, K, Tatio. of radral to tangentlal cuttmg
-l force o I ) ARt
. ) - chip. w1dth dens1ty of the kth ﬂute
(B) “ chip width density of the cutter RNE :
). ;__”fftangentral and radral local cuttmg torces per umt ch1p w1dth
: x-andy component of the local cuttlng force per umt ch1p wrdth
: ftota,l taneenttal cutting force BRI :
: x and y component of the total cuttrno force o : A e R
tantzenttal elemental cuttlnq functton the tangenual cuttmg force f normahzed
respecttoK‘t , 'f' R S AR R
~xandy, component of D LR R S
‘i'_-Fourler coetﬂcxent at frequency k of the total tangenual cuttmg force f(o)
'_‘_.-Founer coetﬂc1ent at frequeneyk of the total'x and y comoonents‘ cuttmo
A force’f’ i (o) ' L R :

x"v

numencal or analytrcal approacnes Closeo form analyucal ewressrons for the total
angentral cuttlng force _n;a srngle ﬂute ha\e Oeen estabhshed as tunctron ot the cutter‘[ﬂ
aneular posrtron [Koemcsbereer et al 1961 Tlusty et al 1973 Yucesan et al, 1990] These

-"cutttng force rnodels were based.on the mteoratlon ot local cuttrne rorces wrth respect to the
;_utter 'an'gular posmon and dlfferent expressrons WCI‘C needed to evatuate forces at dtfferent ,f}_‘,

anfzular condrttons Therefore the 1nteqrat10n solutlons were seqmented 1nto d1fferent

forrnulattons w1th drﬁerent 1nteqratton boundarv "Hornts wmch depend on the T

_}’:cutter/workprece contrcuratron as well as the cutter rotatron \Iost of the tntctzratron L

‘-’_e\:pressmns of the cuttma force system reported m the hterature apply 0. one cutter ﬂute only
.For a rnultr flute. cutter care has to be. taken to deterrmne ‘which ﬂutes are engaged in the -
c'utttng and whrch appropnate mtegratron form 1s to be used. - Wrth the abundance of
,_computmg resources in recent years numencal mtearatton becomes a popular approach to:'

_.-'j.modelhntz cutting forces Klme et al. [1983] developed a mechamstxc discrete models for end‘_
‘v.’rmlhng i whrch the curter was, treated as an angreaatlon of d1scretrzeo thm drsk curters along‘ i

| ':the cutter axis, and summatlon of forces from all dtsks y1e1ded the total cuttrntz forces This =~ A
numerrcal scheme is representauve of approacnes used in other cutting force models by Zhou Lo N
“ and Wang [1983], Ber et al. [1988] and Armarego and Deshpande [1989, 1991]; Numerical
mtetzrattons were commonly used in these. forrnulauons to compute the total rmllmz forces.
Closed forrn trequency dornam rnodels provrde altematlve approaches to the study ot’_‘

effects of vanous cuttmo parameters on the drfferent components of the total cutttng forces, - -
s ;A frequency domam model was ﬁrst presented by Wang et al [1991] through antzular dornam :
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process component functtons namely the. local cuttrng force functton, the chrp wrdth densrty'k“;-_;' il
"_,_5'].of each flute and the tooth sequence functton Both the clemental cutting process ofa cutting f;v '5 ;
pomt and the Chlp wrdth denstty funcnon of a cutter ﬂute are recogmzed as the shrft tnvananti"' |
'.process for each cutttng pomt and each ﬂute respecttvely, and the tooth sequence functton 15 o
: ;‘;.'f.treated as the mput to the rmlltng process Lmear system theory is then rnvoked to model the . _

,. total force generatmg process as'the convolutton of the three. process functtons Convolutton
:"fi theorem 1s then apphed to obtam the frequency domam representatton of the total rmlltna' e

'forces

In tlus paper rmllmg forces model for ary tdeal n01d cutter is denved from a dtfferent R

"i_perspectlve “This new approach represents the local cutttng force as a functton of both_' L
cuttmg pomt locatton on the cutter and the cutter anaular dlsplacement vanables throth the L
iuse of two coordmate systems. g cylmdrlcal coordmate attached to the cutter and a:

"rectangula.r coordtnate for the work Startmc from the' elemental force rnoctel for- an.“:
ftnﬁmtesrmal chrp wrdth at a uttmg pornt the total tangenttal cutttno torce are forrnulateo by
thegratme the local cutttng force functton alonc the a‘ttal depth of cut “The fmal total cuttmo
;force expressrons are shown. to be i 1n a convolutron mteoral form Thrs convolutlon mteoralf,
uantttattvely comphes wrth the results obtamed from numencal mtearatron as in [Klme et al E

982 Koemasberger an Sabberwal 1961] However the conv lut1on nature of the mrllmo

force generauntz process 1s'unvetled in the total cuttlno torce ettpressron presented herem ne
addmon the chanoes ot mtearanon hmrts as requtred in the other ctosed form analyttcal forcs' t
model 1s also mherent m the convolutron model and need not be updated as the cutter rotates B

The mamf‘» dvantaae 'Aof convolutlon moael comes as the power ot convolutton theorem tnf’
l‘mear system theory can be utthzed to obtatn the trequencv domam torc.. model T‘nrs alloxt '

.'dlfferent frequency components of cutttng forces to'be reoresented as’ funcnons of vanous.
'cuttmq parameters and the dynanucs of cuttme torce pulsanon analvzed S '

',,--The tollowrnc sectton mll set the staae tor the model dertvatron by estaohshma two:'-
coordinate systems to represent the cuttma pomt posmon Sect1on 3 presents the. v
'development of a convolutton model for the tangenttal cuttmg torce In the drscussron i
'S‘ectton 4, the tangennal force model is compared wrth the torce models for the cuttma forces
in the norma.l and feed drrecttons A summary m sectton 3 concludes the paper ' -

_ The posrtton representattons of a cuttmg pomt on the cutter and m the work »
A cylmd.rtcal coordtnate system Brh is attached 10 the cutter as shown in Frg (1 a‘; to‘"‘-"? i
represent the geometry of the active cutttng edaes Bemtz actlve reters to that the cutttng o
~points are mtlun the a*ttal depth of. cut and mll be eneaoed 1n the cutttno The h axis ot the,
-_ff’coordtnate comcrdes with the cutter rotation zms and the origin is 1ocated at one end ot the- _

- axial depth of cut with positive h’ pointing to the other end The anoular posmon of the- “‘ e
G f;."cuttmg point. at h=0 on an arb1trarlly chosen first flute is detmed to be B O The coordmate B g

'tncreases in the posmve h dtrectton Usme this coordmate systern. the acttve cutttna edae or

the kth ﬂute on an \I~flute end mrll cutter can be descrtbed as - R




\ -ﬂute cutter and

is theanqular range ot axraltmmersmn or each cutter ﬂute deterrnmed by d; .-*R'and Lo dn

At}us expressxon the cuquar \I-ﬂute cutter 1s treated mathemaucallv as.an untoldec_i cutter or:j;
‘;rack type with infinite number of ﬂutes The flute number k ranges- from 1 10 oo ‘with the
» understandmg that ﬂute number ‘\Ifk 15 the sa.me as flute number ki -Uso h ( B) 1S dehnedf

: only w1th1n a range ot B deterrmned by the ﬂute nurnber k and B such that h s constramedl_{ o

“to he between 0 and d Only cuttmq pomts mthm that range are the acuve cuttmg pomts
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e of the cutter w1th its ongm commdmg w1th that of the Brh frame The Xyz coordmate moves :' S o
o 1n the X dlrectlon at the speed of't, per. tooth In addltlon a posmon variable 9 in thexyz L
o system is deﬁned as the angular posmon of the cuttmg pomt in the workplece as shown in e
.- Fig. (2).. ThlS xyz coordmate system is de31gnated as the work, coordmate The cutter rotates - - : . o
: about the : z ax1$ at angular velocu‘y Q and the angular dlsplacement of the cutter W“-h reSPGth:-vi',i,‘:- et
| to the xyz ﬁ-ame is represented by ¢=Ct.. The angular posmon (-) in the work of any cuttmg_ o j'._'_-":,.fﬁ_ L
e 'pomt at posmon B on the cutter is therefore P " R e

;t-‘The F requencv Domam Model for Tangentxal Cuttmg force = ;'j,' L S
s Wlth cxrcular tooth path approxunatlon [\/Iatellottl 1941] the oeneral ch1p thlckness ; -
equatlon for an acuve cuttmg pointon a cutter c:m be appronmated as’ .

[c(e)”— [r Sln 9

othemnse

- the ch1p t}uclmess;equatxon (3) ca.n be rewntten to reﬂect the radial cumng conﬁguranon as_
B ’“‘*fouows SRR b | BN A |
: A tc(e B) = zr sme w(e)

e An empmcal tangenual cuttmg force equanon for u.rut cruo mdth by Sabberwal and D
'f':"Koemgsberoer [196 1 1s wntten as | L - : :

L -::-;__,fz<e> o <e>rc<e>

”'_k;'(e3 fc(e) “wzrlz z(e) th (9
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f _;m place of k,(e) to s1mphfy the model and Eq (7) is rewntten as gé Lo fi

P fe txsmea’e thﬂr (8) RS

f; KtIrSlneW(e), Wlth Kt .Cfc and . ‘fl 92r ”.91)‘ err o

.‘ A dl.mensmnless ﬁmctlon p, 1s deﬁned to be the norrnahzed tangentral cuttmg force o

_ per umt chrp area per u.mt cuttmg pressure constant and 1s herem termed the elernental o

"‘A»"_tangentlal cuttmg functron,
SRR p,(e) f ’—-smew(e)

: ,_whrch 1s shown for a down rmlhnc case in Frg (3) Smce 6—¢ B f (9) can also be wntten as‘,"_:'.‘:}j R
- f(¢- B) whrch e\rpresses ‘the tanqennal cuttmg force per umt chrp wrath ror a cuttmsz pornt at S

vvposmon [3 as a functlon of angular dlsplacemem

ﬂ(@ B =Ktrrpf<'ov._—'ﬁ>

til[l(l’ :

- "0 . otherwrse




b A.’.EBy subsutuung Eq ( 13) mto Eq (12) Eq (12) W111 take a convolunon mtegral form as
ftk(q>) j ﬁ(q; B)cwdk(B)dB | (14)ff

S The total tangentxal cumng fcrce of the cutter is the sum of forces of all ﬂutes, B L R

R e 'i s -J fr(cb B el B)dB _ : f - L e

f.where the chlp w1dth den51ty of the curter cwd is deﬁned to be

cwdc@'”z,‘_lcwdr(m Zl\hlcudl(B (k—nﬁp), i

;’;‘*and is showanlg (4) S : : A o S R
e  The total cutting force'ls shown to be the comolutlon mtegml of local tanzennal o e e
‘uttmg forcc and the cutter chlp width' densuy ﬁmctxon

,T}us convolutlon process 1s o

Hustmted in Flo (J) for a.down-cut operatxon ‘ _ Lo
Frorn the com olunon theorern the frequencv domam represeqtanon‘ of the tanszenn:u i
f"cuttmg force is the proouct of Founer rransrorms or the local ta.neennal cuttmq force and. the.x
utter-chip mdth densm fu,nctlon A.s the- torce expressrons a.re n the angular dornam the
frequencv xanable a) 1S’ referred to as the normahzeo. frequencx ano its’ value of k is.
»_e‘vaalent o k. tlmes thelfs '1ndle frequencv ‘

The Founer' tr:mstorm-ior the ’-total tanoennal:’

( ummz rorce 15 expressea as,

: Ft(o))CWDC((n fK,rrP,(a) CJ’DC( (1")

The Founer H‘anSfOITrl Qt p{ _1s

z(OJ) {(é-jﬂ)elr(jwsmelr+cosel ) e Jwezr(/msmeari-coseor)] (18)

ft((o) can. be reduced 10 sunpler forrns for up and down-rmlhnq processes and ﬁﬂl-cut:"_f:f;;
'jf’!operanon For up rmllmq 9 O P A PR : R

P<w> -o=-r;—-[1-f“°"0°) sinba+cosa)] -

cocwd. A ) AT

Figure 4. The chip widih density function for a cutter flute, ¢wd,, and the whole curer, ewd; .




: P<> —U =707

A three dn:nensronal plot Frg (6) shows the frequency responses ot Eq (70) as ﬁmcnons or' S
'__fco and n, The cross sections of FIQ (6) for three va.lues of n are presented m F1g (7) whrch ER Rt
S ‘_mdlcates the DC wvalue of P‘, P‘(O) is equal to Zn EE T
- The Founer tra.nsform of cwd can be shown to be

CWDc(w) Nk_Z 5(m Nk)CWDl(co)

where CWD i (co

Lo ICWD,{ isa sinc funcnon w1th penodlc Zeros and a penod of 77!:/6 as shown in qu (8) Its, o
| magmtude is shown to have an. envelope propomonal to- 1/, and 1ts DC value is equal to the
L a.xm.l depth of cut. The frequency transform of cutter cth wrdth densrty functlon isan -
1mpu.lse funcnon wrth nonzero rnagmtude only at dlSCI'EIC frequencres \J"k Consequently, rhe' o
totol tangennal cuttmg rorce w111 have frequency cornponents only at normahzed frequencres e
\Tk a,nd can be represented as a Founer series funcnon frorn Founer mteml formula, T
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S "-'i}nonnahzed frequency Nk

f’“’)“f F '<“°>6’°°°dm sz——wA’[Nk]dW, (2)

'?.-f:-.-;i‘;Where A‘[Nk] 1s the Fourrer serres coefﬁcrents of the total ta.ngentlal cuttmg force at" R

A';[Nk] o NKltx CWD1 (Nk) Pz (Nk) .‘ v. :-.::’1- (24) ,A o

b S ‘-‘_‘*- Also the F ouner coefﬁcxents for the cuttmg torque follow from Eq (74)

RNK,I,

filAra["ﬂl CWDI(Nk)Pz( ): m PR

| The drfferent frequency components of total tanqentlal cuttmg force Ln Eq (17) and (24) Is. : S

g 'f’:,,iillustrated in Fi 1g (9) for a four ﬂme cutter

: The average cuttmg force 1sunply the Fourler coefﬁment A [O] Wlth subsutuuons ror ST
_ﬁ_.‘CWD (O) and P; (O) the average tanqennal cumno force 1s g . :

-or'the average cutting torque:

"~ Normalized tangential force,

\omuhmd n'equmcv .

Fzgure 9 The frequenc» spectrurn of total cumng rorce as the product of- spectra of elemental R
tangentral cutting function, (w) a.nd chrp width densrty funcuon of the cutter, CWD (m) The »oin o0
as_sumed cutting coriditions are: ¢utter szeometry mth N—4 R O 75 in., :md a—30° da—O 226 m,.' :
dr"Olmandc=0(down-cut) e SRR R




o . The maximum cuttmg forces are more drfﬁcult to obtain. One approach isto computﬂ'{'.{ R

o v:,‘the cuttmg forces for I/Nth spmdle revolution using the Fourier coefficients in Eq. (24) and e
"71"';.1dent1fy the max1mum value Smce the frequency transforms of cuttmg forces toll off PRI
inversely proportronal to- co square the higher harrnomcs will’ be relatively msrgmﬁcant'_ S
L ':_'especrally for cutter of large ﬂute number ‘An approximate but more practrcal approach is tof' L

l' srmply sum up the magmtude of Founer coefﬁcrents of the ﬁrst two harmomcs components R

1 :'tv'.i 5;'3Thatxs O S T : ol e T ; _

4 Model Venficatlon and Drscussrons ,- e

i"i.'q'cuttmg coefﬁcrent of P

1t/_l'lrch is obtamed from actual cuttmg tests as reported in [Wang l997] and wrthm the range £

cornputmq the Founer coefﬁcrents of the analvttcal model The average cuttmq constant, 1s,j L
obtamed by rearrangma Eq (74 into ." e e A : o

. Rﬁ
- ’ lvtrdadr

o To vahdate the closed form expressmn of Eq (24) the values of At[N'k] as esttmatea o S
| from the expression- and frorn stepw1se mtegratlon are compared For the mstance of a’

o kf=:6914(rc)‘°33 Nimm? et (29l

“of values reported in {Klme et al 1983, Altmtas and Spence 1991] for 7075-T6 Alurmnum T - | _
The true. total tangentlal cutting forces were, computed from- nurnencal tntearauon for four ;
.."._cuttmg connouratrons The: Frequencv 'spectra of these forces were then numencall» o
“j-‘fcornputed using FFT somtare These spectra on the other hand can be predrcted frorn Eq: = O
_'7;,(74) .This is accornolrshed. by ﬁrst trndmcy the” ayerace cutttno constant K‘ and then .. .7

. Table l llsts the averaze cuttmg constant tor each cumng conrrguratron True tangentral force‘ L ':
i .proﬁles and their frequency spectra are shown in Fig. (lO) along with the predrcted Founer e

7 ..';;_'f'coefﬁcrents Close agreement between the nurnencal integration results and the analytrcal fn i

oo . model estimates supports the closed form expressron for the Founer coefﬁcxents of the -

o : tangentral mrlhng force.

The model validity werc turther e‘carmned m terms of the' cornpanson between cuttmg e

' ’forces in the normal and feed directions, WﬂlCh have been reported i in previous work [Wang et
Tl 1991] and those obtained w1th the mclusron of a local radial curting force model. :
- The radral local cutttng force by Tlusty and MacNeil [1975] s e‘tpressed as s




Table l Assumea cuttmg condmons for compansons of cuttmg ‘force dynamic componentv-' o
from true cutting forces and analytical predictions in Figure 10. Cutter geometry: N=4, - |

- Citting Condmons
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F1gure 10 Cuttmg force proﬁles and spectra ﬁ'om numencal sx.mulatxon for cases 1-4 Table e
I (from top). Circles are from sunulatlon results Analyncal predlcnons of dynamlc Founer .
coefﬁc1ems are glven oy ’ e _ :




o become

w(e) p _ 1 coszew(e)

coefﬁments are shown here

4y [N]\] 2 Kr I Pz(le)

5._; Summary |

X f'"*-‘_“]”:,cuttmg force in the angular domain is shown to be the convolution integral of the local

fwhere Kr the rauo between local radlal cuttmg force and tangentlal cuttmg force 1s usuallyv = o
T resented byan empmcal expressmn sm:ular to. Eq (7) for K, and is 11kew1se assumed to be .A o

. “an consta.nt correspondtng to the average chrp thtckness Expressmg the local, tangentral and '
- Tadial cuttmg forces in the xyz coordmate the Iocal cuttmg force f and f per umt ch1p wrdth;v.' P

(5O [t sio (@)~ @
ﬁ’(e) — Sme —COSGJ f;(e) :-f .

are the x and y components ofthe P‘ functlon Substltutmg these local cuttmg force funct1ons | 7-._’3_. S
. into Eq (15), the same convolunon integral forrn as in [ Wang et al. 19917 is obtamed and ©

_}consequently, the same. frequency domain model results. The frequency domatn ,- el o
,~'-§:‘frepresentat10ns of the total X and y forccs have been prewously reported Thelr Founer senes Gl o

(4‘[‘\”‘] ] i, CWD (No[ .K’ J[ P I(Nk) ] (3)

s A frequency domam rnodel for the tangentlal cuttlnq force and cutttng torque has been’:-‘ ;. |
X 'fyﬁ_fi;j,:ﬂf."'v;-presented Starttno from  the local rnechamsttc tangential cutting force model, the total =~

: 'cuttmg force function and the cutter ch1p width density fanction. The local cutting force -

"""}geometry and ax1al depth of’ cut The frequency domain model is obtamed through

r ’},functlon represents the chrp thlckness variation and the radial cutttng conﬁguranon Thechip '~ - & |
" .- width density functions for a cutter flute- and the whole. cutter are related to the cutter -~ . ¢ -

v;.'f‘convolutlon theorem as the product of Fourier transforms of local cuttmg force and chip R e

S “width- density functions. Fourier series coefficients of the total tangential cuttmg force are
- derived as algebralc function of cutting’ parameters. The effects of various cuttmg parameters' '
B on the total cutting forces thus can be exphcrtly charactenzed and the total cutting forces can -
fi;}r;vbe computed efficiently using the Founer coefﬁc1ents The frequency domain model is

. verified by numerical simulation and COmpanng the extended normal and feed force models

- with the ones reported in the previous work using the same local radial force model. '
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