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: ':e",An, ~pproach .tb Ci~v~l~pa Closea:fo~jrequeric;;; 'dom4in.' rno4e'I • .f?rthe tange~tial .' 
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': .cuttimi'fQr,ceancftorq~eis·presented for peripheral millini2 proces~es. Based OTl 'amecharustic 
., ·local~u~irtQ:furc'e~od~i.· thefo~aLt~lIentialeutting fo~ee{s 'sh~~l1~t~ be ofa :~onvol~tion·· . 

~ • .' i· . " '.. ", -: .' _". -, ~ .'., , . .," •.. _.. . •...• " • ...• .: .•• '- ~, " .": ',." ...•. " 
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',mrelrral fomi.Theeonvolutlon inte'l!ralldsare,'defined in the' context of 'locttleuttini {orce' . 
",': .funZtion in'a: chtte~'ehiD~i~hh' de~si~func~iori.+helartef is !relite~bb:!c'~tt~r ~eorrieirv arid' 

'/~xiiLdep~hof'c~( andtheIOFa(cu~mg forcefun~tion'is&t~rrTIi~~d ·by· the;adi~l'c~tting: 
donfig~a~ion:.;;·q~h~\ con~olllti.~~·th~oreni,,()r tiTIe.ar. s~ste~. theory is:ippli~dto'ob~~ill the: . 

.... ···'FQuri~r tra.r1~fbrrns6f. tot~i cutting force'a~ the' product's'ar'Fourier' ttatisfoI'I11~ of"the'" 

':;'~lementarcuttfu'garid chlp'\1iidth density functi~ns. Re~ult~: 'ate compared with o'ther cu~mg 
:.' tor¢~ m~dels r~poned. ' . ..... ." .; : .' .,' '"..: ' , 

."- " ."" .... ;:: .. . .' - . 
• ' •• ' :. : '. .: '.' :., .. " ,".".: • "~ > 

··Nomenclature: ,,:':.. '. " ;" 
·::·tt ····feed pertooth. . ' .' .. 
:((8)unc~t chipthickness ., . " .. ".<,: .' 

.. I e . ,.' .a~erage chip thiclat~ss ". ". . ' . . . .' 
,~.r7 h .' : angular; radius md.axial position vcti;ablesfor thecutting'point iri the 'c'~tt'er .. ' ,., 

.'.' . cylinqrical coordinate system . '.. . '. . ... 
xyz"" . tile work coordinate system , ... , ...... . 

:,,' ~.:.ctitter angular displacement' .... .. 
..~(~~~) .. ' ,cutting point angUlar positioriin the \vork 

til' d~ ,c ' ax'ial and ra'dial depth ofeut. c: w()rkpiece recess . 
N; R, a. .• r1UI'l1ber o,f f1 ute, nominal mdius and helical angle of th~ end mill 
8Ir.91r• err entry, 'exit angles and radial cutting range determined from ct and c 
\v(8) . . cuttmg\,,:indow furictionfor the radial'curtinii cc;nfilIuration' ,'; . 

'~a·. '~'angular range of axial u:nmersion ~feach flu;e wit~ ax'ial depth of cut 
'. ~p angular spacing betweerttwo adjacent flutes. 2it!N . .' 

... Tlr)le .d/R and c/R, 
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~,,' ~." .' 'n~rmalizedfr,equei1cy 'withtespecttospindl~ frequency,' .. 

. ,nspindlefrequenty: ..... .... ..... ..... '.. . •. '. . ". 
, '" .. ". 

. C, p .. cutting force coefficient and" cutting 'force power law constant .... ;' . .•. . .. ' 
,~,~ .. tangential cutting pressureconstant,K;:ratioofradial to tangential cutting ".' 

" .force '. , . . ', .. 
. :' ~:cw«(~),chipwidth density:Ofthekthflute .. .... .. ' ....... '.'. 

• 'cwd~(~)"chipwidth density of the. cutter .' . .... '; .. " ." 
f;, frCS) , .··,tangeI1tial and radial local cutting forces per unit chip' Width . . . ' . 

: f~, fyeS) .'. . x and y comp~ne~t'ofthe local cutting force per unit chip width. 
, .. ;. '. fl¢) ,.:'·xotal tangentialcl.lttingforce· ." . 
, . 'f", fyC <P) ;' x andycomponent of the totai cutting force .. ' .' 
, . '. Pt' tangential elemental cutting function, the t<l!lgential cutting force ft normalized. 

\YithrespecUo ~t.t"· ....• .' ' 
," :PJ,P2"X 'and y component of1\ . ." .' ". ..., . . . . 

, ' ,.... '::'~[k ],,":' F()urler; coeffident at frequency k of the tbta~ tang'entialcutting forte ~(¢), 
. ,: A'x[ktA,.[k 1 Fourier cm:fficient at frequency k ohhe totaLx·and y cornponents:'cl.ltting' 

, ,,;,: foi-cer~; ~v(9) ':: .~~ .:;.. ',' .. ' ", . ..':', ~,'. .' .. 
. Note:Function variables in uppet case letter are the Fo uri er transforms of functions in lower. 

'. ,.. . "case variables.. .... .'. . .. . .' . ". . .. 

.. < i':,';>A cunin g. fbrce model i~:iniporhint for p~ocess planning, process 'control aria machIne'. 
c,'desigA~.Th~existingrDodels '~e m6stlYin ;he'tim~' or.the angulardoII1ain'llsingei,ther .•• 
o ,:nudterical' or "analYli¢al- . approaches;:dlosed fonn' analytical' e~pressions'Jor' the . f~tal 

. . . . '" ., .'. .; . -, .. ..' ~. . . . " '. - . .' - '. - -

. tangential cuttingforceqna:: singlefluteha\re beenes~abIished as a'function oJ the'wtter . 
• ·~~gllia{pbsition [Koenigsb~rger'e~,~LT96,L.Tlusiyer;L ·1975, yti~esan·.etdi.·1996].:These· 

. . . - . " ,-. ,"' . - ." - _. ,.,- - ", " .. ,." " --. . 

cutting·force·mod.els were based-'on the'integration of Local Clltting forces wiJh'respect to the 
,"6~tt~~~gclarp~:sidb~llIldciiffere~texpressidns \v~reneeded to evaluate. f~r~6s at,.differ~m 

;.,' 

" ";.' . 

'angUlar: conditions. Th~~efore 'the integration s~lutioris wer~'se!rinented into different ..... , ..... . 

. ':""f()m1ul~tions'with'-:differe~tint~gratlo~ . boundaty»p~ints."'S'Y~~ch .. de~end.c on: the' .. 

, 'cutter/wo~kPiececoI1fi~atioI1as well a~ the cutter ~Otation.i ~lost orthe integration 
, ::',: ..... expr~ssions~f the .cUtting forc;e system ;eported in th·e.1iterature apply-toone cutter flute only: 

. oForarTIUlti~f1utecuiter,',carehasto betake~ to detennine'whichfl~tes are engagedm ilie 
. 'cuttingand- which appropriate integration fOnn i·s. to bOe used.' \Vith the abundan~e . of­

. . ... c,' c~mputing, re~o&ces ini~cent yeats, 'numerical' int~gration becom~ a popuI~ approacht~ 
.. ' : ~odellingcutting forces:'Kiin~'etal. [1983] d~veioped am~chanistic discrete models for end 

. milling in' which the cu~er was' treated asan,aggregation of dis~retized thin disk cutters' ~long . 
. ..• .'. the cutter axis. and s~ation of forces from ~ldi'sks yielded th'e' total cutting· forces.· This . 

,; . ··nl.lmerical scheme isrep~esentative6f approaches used in other cutting force moads byZh~u 
and Wang [1983], Beret, a!. [1988]'ahd Armarego and Deshpande [1989, 199'll~umerical . 
integr~tions were commonly used in these formulations to compute the total milling forces: .' 

. , Closed form frequency 'clomam models provide alternative approaches to the stUdy of 
~ -':. . .' .' . .. . - . . . " . . .- - . ;'. ~ ''', ; ", . .; 

effects of various cuttIng parameters on the differe'nt componentsofthe total c~tting: forces, " .. 
• · .. ·.Afreque~cy'domam m~der~~~; first pr~sented by Wanget a1. [1991], through ~iwar domain: .' 
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C,onVOluuon i:UlaJ.y::m;~ . .l:Ht;lllUUl;l ~I.4J.L~ U'j, U.I;~UillpU~ll1l:; U!V lll..U.LI.J.l5 pJ.u"'v~" .1lUV ~llvv 

". ,. P~ocessc6mpoJlenifunctions,namelythe.l~cal cutting forcef\mction,'the cl;ip width density .,' 
1 '.',~';. . ~f each flute and the tooth seqmmcefunction. Both the elemental cutting process of a cutting.' J '. 

I· . ,,····pomtarid the' chip widthden'sity funcrlonor'a cutter flute are recognized~sthe 'shiftinvarlant' .. ' . '. 

.prOcess for each cutting point and each flute'r.espectively,iind the tooth sequ~ncefunction is . 
'. -', treated ~s the' inp~t to the milling p~o~ess. Linear system theory is then Invoked, to' m.odel the 

, . total force generatlngprocessa,s'theconvolution of the threeprdcess function~. Col1.volution'· 

". '. theorem is'then appiied to obtain the fieq~ericy domainieptesentation of the total milling 
, . - ~.. : ' " " . - . " '. . - .. ' ..- : 

. forces. 
" , 

,. ',."". , ": Ihthis paper; millini forces model for an'ideal rigid cutter is derived from a different : 

: ,'perspective.' Thlsn'e\v approach ~epre.sents the local cutting fbrceas a ~ct'io~:ofboth··· 
cutting POil1t location,onth~'c~tter and the cutter ar1gUlaIdisplacemenrvariables!hro~ghthe 

";use' of two coordinate systems,acylindrical' coordinateatfuched' to . the cutterand.a:: 
.~ rec~angu{arcoOrduiate for' the:w6r~.Starting frorn the elementaL forc~. model for an'" 

:, ':.:infmitesim~Lchip \~idiliata;cutting p.oint; the~otaltangemi~lcJtting tor~e.are fon;lulatedby .~. '" 
;'~tegrating the 10cal~utt~g force functionalo~g the;L~ial depth oEcm .. The fmal'tbtal c~tting ' .. ,. 

',Jorcee~pressi~nsaie sho\vn to be ~ a.con~oluti~n in,tegratforrn .. 'This convolution' integral.. ...':' 
'q~ahtitative'1;,coIl1plieswiththe'results" obGiI1ed~frmnnllin~rical'integration as· in [K1iAeet .?l .. ' 
{982.·k,()~~gs~~·rger .m(r~fib~erwai 1961]. 'I-I6\~e\;er,the convolution na~e 'orthemilJ~g 

, ~. force gener~tirigprocess' i~, Unveiled: in tile totaL cutting' force expression pr~sehtedherein. In " ;, 

, ..•.• addition. the ch~geso{int~~ationiimits as r~quired inth~ o~her dosed form ,anaI'vtic'al force" 
. . - ..... " ,": ,". ~ .. ',- "~ '.". ," .. ., ." " '-, - .:. .' ." '. . ',.' "."., 

>\ mod~l is alsbliilieient mthe convOlution modelancf rieed not be'updated as the cl.in~r rotates.' . 

Themain,ad~~ntagepf.cOnvoiution ~m~del comes~s, the powe~'ofcoI1vplutionih~orem in . 

>:'lihear' systemthebrycin be;tilizedio~btain thefrequencya~~ain to~c:ernodeL'Tni~ ailo~\:s·.o., 
"diffe~entfreql.l~ncY·con1pon~~ts'9;f· ~uttin~. ro~~es·.'i6.be' r~presented; ;:s 'ftrnqions • of various. 

", "'cuttmg parameters. and ~edyTIamicsorcutting fO~ceptilsirion analyzed. . .. ',' :'" ,', . 
'.:<:. 

," "'i<,Thefollowin'g~'sectioIi \viUset the stage for the model derivatIon by establishing two:', , .•. 

. <:coordinate'systemsto' r~presenithe . 9~~ing' poiJ{t,posiiiort."Section J presents the· 

. develop~entof a,co~v<?lutionrnodel for the. tange~tialcutt41g force.--In th'e' diSCUSSIon in' 
. "'Section' 4,. t~e tangential force m~delis compared withth~force I!1od~ls for'the cu~g' forces ............ . 

..•. ',", .,inth~ riormiJ~d' feed ~e~'tions. A s~ary' in secti~n 5" concludes the paper .. '. . .'.... " ,\. 
- -': ,,:.~ .. 

, ··,'i.· ~he 'poSiti~n: r;pr~sentati~ns .of a cuttingpointorithe cu~ierima in the wo~k': 
"'.:::"" Acy'iindri~i1 coordiil~te syst~m'. ~th,is aitachedtothec:uner as' shoWnin Fig. eta) to' '. 

,.,'represent the geometry ci(the activ~ cuttuig e·~ges.· Being active refers to that the cu~g 
.. ;:. .... "pomts ar~' ~~it1Un the :a~ia:l dep,th ofc'ut 'arid' will'be engaged irtthe cunmg. The:.q ~xisof 'th~, 

.' . -' ..... , 

. ··coordinate ¢oincides \\lth the cutt~r rotation axis, and the origin is located at One end of the' 
axial depth or' cut \\ith' positive h pointing to the · other end~ The angular positio~ Oflh~ , , .. ' 

'~utting,point~t ~=O on.anaibitrarily chosen first t1ute is definedtQ be ~=O~ The coordinate,~ .. 
~ ':"increases, in' the PosiH\;'eh.drrection: tJslljg this c'oordinatesystemtheactivecutt~lredge~t •.. > , .' 

'the kth flute on ~ 'N-flu~eendmill cu~er can be describ~das' . " . , - -" 
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where" ~;'r and IT rbpre~enuhe angul~,radlar;md'axiiLl p~sitions b(each active:,cutting poirt!. .•.. 
, "'~.' ".' _. -. .' ., : . . _ .... , .. ,. " ," ", ' .,' .. - . " -' . . . ',. . . : ." -. . . - . .; ." .... : .' ',~. : .. '- - :- '" . 

. . " :,". Fig. :( l.b) illustrates)he~feJaiionships.:NC>te also ~p ~21t/N is 'the 'a~gUlar ,spacirig:Jor;an 

, ' 

.' i~,theahgularrange cifa.xiarimrrietsion 'ofeach'cutter flut~ detemiined by c( , Karid: :ci;Iii • 
':". thise:xpressioI1~ \hetU:ccl~N-flute:'chtteristr~atedmailierrt,1ticaiiyas,'~~foldedc~rter :~f', ". 
r'l~k type v.rith intfuite nwnberofflutes.: The t1ut~ uUmberk rang~sftom 1.to'ooi.vith the 

··understanciing'that flutenurrtber .~+k is' t~e same asfhne number k.,Also~';h:(~} is~(fefine(t 
dnly\vithin a:range of~ d~i~rrniTIe4' by theflute nurilber k and~.such,th.at hk is c~mstrained 

.... ~to liebetw~enO andAi' Only cutting points\vlthin that range are the actIve' cutting points: .'. " 
. .," -.. . : - -, " ... '; :. - " : '~". .' ,". - .' ,,' ':: ' 
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fi;g~e' ;""'The fldialcutting geome~'yin thew'ark cco·rdinate. 
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i' of the Gutt~ with its cirigkcoincidfug. with that of the ~rh frame. The xyz cb6rdirulie II10ves 
['i~ the xclirecti~natthe speed'oft~pe~tooth. Inaddition,' a position vanable~' in the xyz 
I' 
I 

.',.:-,'. ' . 

. -··,._F 

system is defined as the· angular position of the cutting point in the. workpiece as shoWn: in 

". Fig. (2) .. This x}'Z·~~ordinate system is desi~ated~s the work coordinate .. The' cutter rotates 

aboutthe zaxisat angUlar velocity h,andthe:anguiar'displacerhentofthecutterwiiliresp~ct: " 

to the xyz frarneis: repre~ented bY,$=nt: 'The aniuI~ positi~ne in the work of any cutting .' 

point at p 9~ition' ~.' on the. cutter i~therefore -:" .. : .... ; 

. ':' ' 

:(2) . 

... 

:tTbeFrequency Dotnain Model for 'Tangential Ctitting force " .. ; 

. . " With circ.ulartoothpath approxiimitio~ [Matellotti 1941], the generaL chip thi~kn~,ss 
~,"~equationfo~ a~~ctiv~cuttini pbinron a cutter can be.appr(j~un~t~d as, .. ' '. ....,' 

,,' .. 

. ~",.' ," 

:., . 

;,. 

The 'c~tt~i6nrry; ~d exit:angles.8;ra~de~r' andradi;lraI1g~ofcuttin'g, err are dictated by the ,,: 

:radial d~ptlf~fc'ut: (taricicutteiretes~ ~<assho\\lll inFig.(2(DJ1~Lare ~xpressed by: .. '. . .... , ". 
,." -' • • -.. - _:' .' : ~ ,;. '. • • ,". ' :":. - ..' ,~ .' ~ • .,. , • .. • "J 

'":. " 

":.- .,.,'.:. ,', '. 

':'':'1 "'::."\. 
== cos':" (Tlr'+Tlc .~1) 

,:::;; cos-l (Tlc'-'l)·· 

. ->" 

" •• f-

, ····'···..t~') 

', . .-BYdefminga·r&iangui~ \vlndo\v function." 
,. , .'. i:;; - ,'," 

.~ ;., 

" "c 

" ',"-'. 

,,::.::', 
", :.;' 

'. ,·'·'11'6i,.'::;e ~. eit 
. w(S)=. (....... . . . ...... " . ····l: 0, ' .•.. otherwise 

. '.';".:,:,;' 

:', ;'. 

..(5) 

.. 
. .. '.' 

.. "ihechipthic~ess '~qUati~n (3) c'~be'r~written' to r~fl~cith~ radi~t~utting configuiatio~';as' :<-: .•. 

, . follows:- ~ , '. ",..' ". ~' . .. .,,, . 
~ '..' . . . 

, ".' '. [de,~) = t:t sinS wce) 
.. ..' -,', ~ '" . (6) 

",,'.A.n. empirtcai'tang~Iltlal cun,~g 'force equatiOIlforurut chip ~dth' by Sabbe~aIand 
'. Koenigsberger [196 LJ is written a~ . ' 

", : .' . ..... n·· .,' 

··.:,,':./i(fJ)=C.r! le}tde).r 

, .: ~ kt(6) ide)' " ~~ith kt(e) ~;c ttee) 
.. '. 

: .. , :: '~-' 
···.:'f7) 
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. ·,mplace ofkt(e)to simpli±Ythemo~el and Eq. (7) is rewritten as . . .. 

• - it = Kttx sin 9w(e),With Kt ~Ct~ and 
; -, 

• ~. 'J~~~txsinede 2t.~11 r . 

t c=.· 92r- e·1r. '.' . =" err 

(8) 

'", .... 
. -. < .. ,-. 

'. T • 

A diJ,ne~si~I1less'function' Pt{s defined to be th'e nonnJizedtan'gential cutting force ., 

"'. per unit chIp' ~ea per ·unit·cutting pressure cOIlstantand i~ herein term~d the. elemental 
. ' .. , tangential cutting function,.'. 

, ... , ~<>Pt(9)=j;=sinew(e): 
. .. ".. Kit.. '. ...... .. 

. (9) 

. :~. 

'. wlii~h isshbwn'fo~ a. gownnliilingcase in Fig (3) ... Sincee=$~~, ~(e)can also bewritten as 

'. ~(¢;.~)~ \vhich expresses the' tangential cutting force per ~tchip \vidth fOr a 'cutting pointat 
. ··p()sition~as a fw1~tion of angul~displacement. ' . ." '. . '" 

."' . . .- '," ~ " ': '. . . . . . . . . : " . . ., -.' 

I, 
I' 

" ... 
. , :.,:-'" 

:-":,~,{,,,~/: 

'. -.' ... ; 

. -The total tangential cllningforce ass'o~iated \vithca;:'c~tt~r flutekcan 'b~6btained' 
,through~n' frltegnition ofEq: dO) ':'ithin the axial depth of cutin' the 'ax iii direction " . 

:~ .. ~ . '. " .; . -".' . ·:.i·,." . . . . ' . :.- ...' '. . "~ 

, : :.:":'.~; 

... ~~Lii depth: ofcut to' itstdrn:'spondiiigangular range~ Eq.·XlIi,becomes . ' . 
. - - . "'\':" .' ',. :~;-;: ... ~:. ,.-' .. : 

.' ,,'~' -,' ·'~.(~-l)~;T~'a'··' '.:, R .,"" 
" ", ftk(Q!.·~ J(k-f)~p !t(¢-~)tanad~, 

.". .: ' 

p'efme thechlp 'width'd'ertsitYfUnCti6n of flute k. ~\~~, as:>: 
'. .' • ;. _.'. • • c .~. '. '. '.. , 

.' '." 

Cl~dk(~)~:~~~·'=ta:a',~,. '(k~ L)~p '~~ ~(k-: l)P;+~~ 
• ' j, ' .. ~: ',.:, ... , ... ' ., 

. :'\ 
7.0, otherwise' 
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I. ·.Bysuhstituting Eq. (l3) into·Eq. (12),Eq: (l2)willtake a conv()lutioninte~l fo~'as I, 
i' .' .'';': 
I·' . . . 
I 

i···· 
I··.· 

(tk(~) =r:!t(~~ P)cwd k(P~dP " :(14)" 

I 
i· "The total tangential c~tting force Of the cutter is the sum of forces of all fl~t~s, '.: 

• • ~ •• • .' -. ,"' .' • < • 

I· ;. 

I
'· . . ' 

:"':ft(~) =t;lltk=J:ft(~.·~ P){I;lcwdk(P)}dP 

'=J:!t(~,-P)cwdc(P)dP . 

.·.·(15). 

== Kt(t f:Pt(Q:-P)cwdc(P)dP 
,. 
I',' 
I. 

. .-

where the chip width density of the cutter cwd)s defmed:to be . .. ~ . . . .-
. .: ".:. ~. ..',-. 

> 

(16) 
: '., ~ .' 

,'"and is ShO\\l1 in Fig. (4)."'> 
.' ,.,", '.:' . 

" .. -

'Therotal cutting force is shown to be the' convolution inteiral ofloca(tang~ntiar . 
. ::.. .',c~!ting· forc; andthecuttet chip width density function. '. This corivolution ptoces~,js . 

:-;"!illustrated in Fig. ('SiEor adowrl:'cutoperition. . '., ". '.' ~,...":', ." . ". 
',,"'. ',' Fromth~ cCJn\'olgtion Jheore;n. the frequency domain ;epresentation.()fthe· tangential .' ' .• 

' .. ,. . cutting force is' the product_6iF ouner tTans-t~rms 0 t~the ·local· tangen tialGutting force' arid. the : 

.':> .~~'cutterchipv,;idth d~nsityfi.iriction;'As the force expr~ssions 'are in the~nguiat do~ail1.· th~':': "' .. - ,,:. 
~;frequency variable: (jJ is'referredto' as the riornlalizea freque~c;' 1mditsVillu{of k is ..... . 

}~<;equi~~Jent to k tiines;the~pindl{frequency. The Fourier trinsfurm~'~t~ ~hetOtal tangential 

,.,';"fcuttingf6rceis'~xpres~ed.~~:':'; .,,:',::,_>,';' , .... -':"',,> .• ~.,' .... - ',", .. 
_ "";" 

.' . ~ ,':, : , ><~ .-: 

. (17) 

- , .' 

-. ,', .. 
. . ," .. ":,, 

(J8) ;', ." . 
• ~ J' , 

-. :. 
. . . ~ .' .-

",.'::;Pt(ol) 9an'be red~~~d tosirnpler fo~:for up 'and down-~lling proc'es:ses'~d fl~ll~ilt'::, 
':, ,'. ;:'oper~tion~ F'0r up-'riilling~e'lr=O. ",:, .' . . '.' 

" 

, ~., 

',' 
',' 

. '; .. . "" 
.. r . 

Pt(~)I·a-.~==':~[1-·e-jCO~;rOO)s~e1r+Cose'1r)l·· .. ·. " 
.' , lr-' I-co'" .:. '. - . - ., . 

;(19), 
:" :'., . . '; 

cwo .. ' ·cwd.· 
Rltana 

: .. .. ~ 
. , '.", 

,! ..... : -' 

. . j{' "1j{ , . ~' 
'.'. '~ll-'p'-I-'?< ',. 

":. :-'.,figure 4. The 'chip width density'functio~for,ac~tter flute.cW~: andth~ whoi~ t~ttc;r; 'cwd; 
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Figure 5 ·.'.~ng~lar convolution: mOdelo(ibi~J.ft~ge~tiDld::ing (orce ...... : •. 
: •• :': c. '<",">,~, 

. -,-" 

. ···i'.:.for down~ffiil1ing,e:;=;t.: • 
.. ,,' .. , 

";.":' 

. ,' .. , .... 

.' .~ .... 

".' ",.: . 

.. ' " 

.~ .. ',,', . 
, ...... ; " 

.';,.' 

; "'-:., . 

. '; , . ~ 

(21 ) -.: . -.; 

I·" 

, . ,. 

, 

I ,. 
i: 

:.' 

",,:Athree dimen~ioilalplot, Fig. (6): shows thefrequencyrespohs~of Eq, (20)asfllnctions Of 

, ' .. ro and Tlr.Th.e·crosssectiohs of Fig' (6) for thte~va1uesofllrare presented in Fig'(7),which .. 
in4.icate~· the DC value of P,~E\(O) is equal t~ 21lr .. ' . .". '.. 

The Fourier transforIn of. c.vid~c?Jl be shown to be -'" " 

.... 

, .'t- .-;- " 

. :./ . 
'.,." ,"" 

. ~.',' 
. - ' . . -J22) , 

'. ". 
,-'.:' . 

.-', . ,," . 

';' ~.-~ .., ;.,',' 

ICWDJ is a·sinc function'with pe'riodic zeros and a period. of 27ti~~ as showniriFig: (8). Its 

magnitude issho~ to have an envelope proportiollal tb I1C1),~dits Devalue is equal to the 
"'~ialdepth of cut..The frequency transfonn of cutter crupWidth density functi'on is an " " 
c<·,~p·cls~· function~th nb~ero magnitude oruyat'disctetetrequenci~' ~K.·Con~eqh~tly, the''':: 

r.totaitangeniial cu~ing force will have frequertcy compo~_ents,oclyat nonhalizedfreque~cie~·: .. 
":<' Nk. and can b~ represented a~aFourier series' function fro~ Fourierintegralfo~ula. <,,;., ' ' .. 
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It:(~)=2~J::Ft(0))~W<PdO) =!L~ At[Nk]~Nkd) •.. ' 
.' .. .". '. . -. : .. ' 

. (23) 

~he~e: ~[Nkris the Fourier series coefficients of the total tangential cutting force at' 

. nonnalized frequency Nk, '. 

. (24) 
.", ' 

"Also, the. Fouriercoefficientsfo~the cutting. torque follow from Eq. (24), . 

..' . [':' '7.]·RNKtt~ CTVD' ('Nk)P (Nk)" 
.. ,1tq d f( = > 21t' , 1 1. t . ,(25) 

"111e different frequency components of total tangential c~ttmg force in Eq. (1.7) and (24). is. 

-',illustrated in Fig. (9) for afouI flute cutter .•. 

. . The' average curtiIlgforce isimplythe Founercoefficient AJO], With substitutions'i'or 

CWD1(O) and PlO),t~e:~verage~~ential c~tting force is 
. ", ,- : 

:,.'. ," " 
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, Figure9. The frequency sp~ctrum of total' cutting force as the product of spectra of elemental 
. " .' . tangential cutting function, Pt(w), ~d.chip width density fu~ction~' of the cutter, C)VD/CI)).' The' '. " .: ;' 

'asstuned cutting' coridinons' aie:cunergeomefry 'W1thN=4, R=0.25 ·in .• 'anda=30° ,.'d~~O:226 in.. ..: ' 
. ~O.l in and c=O (down-cut): . . .. .' .. : .. ,. ' . ". . : ',' '.' '~ 

. .' '. : 
, -"" ~ . . .; 

.:: " 

",", '. ::'," .:" , (, ., 

. .' ~.. .' 

:' .. 

. -< . 

-',1. '," " 



'," .. , 

'.:~~ . .• Themaxim~ cutting forces are more difficult to,obtain~. One approach is to compute . 

·.Jhe·.cutting,forces for IlNth spindle revolution using the Fourier' coefficients in Eq. (24): and," 

identify the maxnnuin value. < Since the frequencytransf6ims of cutting forces :roll off 

'. ""inv~rsely proportional to' 0)' square;' the higher harmonics will' be reiatively insigruficant :. . 

es:peciallyfor cutter oflarge fl~te number. Anapproximate butrriore practical approach is'to' 

, .' .'. simplysum·upthe magnitude ofF oUrier coeffiCients of thefirsttwohatmorucs components. • .. 
.... ':That is 

.. ,' '.:.' ."., . .";.' ,. ' .. ' .... .., ... ,' ... ' 

'. lit! m~ = f IAANkll = IAAO]/ + f 2IAt[Nk] I 
.. " .' lc==-.2 . '. ' k=! .'. . . ". . 

(28) 

. .'",. 

I , 
I.' 

'.' 4: Model Verification and'Discussions . 

To validate the dosed form expression ofEq. (24):thevalues ofAt[Nk] as estimated 

. ", ~ftom the' expression and from stepwise integration. are compared. '. For' the instance of a .' 

·:cutting coefficient· ~f . 
, ... , 

'. .: . 
. . . ". 

'/ ;, 

, .' kt = 569. 14(tc)"-{)·283 N/rrun1 . '(29) 
,"-' 

.':':.~vhi~h. is obtained' from' actual cutting tests as reponed in. (Wang' L992]. arid' within' the. range · 

,,:'::'o'f values reported in [Kline et a11983, AltintasandSpence 1991] for 7075-T6 Alum:inwn; 

:.Th~ true. total tangential cutting torces \\'(~re. c~mputedfrorI1 nwnerical integration for four . 

. ", cutting configurations;.' . The. frequency spectra. of' these forces' \',:ere then numerical! y .. ' 

. :'- . 'computed u'sing FFT sonware. Thes~ spectra. on theotherhand: carl.'be predicted from Eq: . 

(24). . This is ac~omplished by first finding the' averagecuttiilg' constarn K.n.nd· then 

.. 'J, ,c~mputingthe Fourier coefficients of th~ analytical mode'I. . Thea:veragecutting constantis .'. 
. ~btaiiled by'rearr~ging Eq.(24) into' .' 

. '(30) 

. " Table 1 lists the average cutt;gconstant tor .each cuttiIig contiguration: True tangential force 

profiles and their freq~ency spectra are shown in Fig. (10) along \\1th the predicted ~ourier 
coefficients. Close agreement between the nUmerical integration results and the analytical 

znodel estimates suppons the closed form expression for the Fourier ·coefficients· of the 

tangential niilling force.": 
: .-: 

. The' model validit']' were funhe~ examined in terms of the comparison between ~~tting . 
· forces in the normal and feed duecnons, which have been ·rep.ortedin previous work [Wang et 

al. 1991], and tho~eobtainedwith the inelusio~ of a local 'radial cutting force model. 

. The radiai local cuttiIig force by Tlusty and MacNeil [1975] is expressed: as 

. ~'. ~ (r(S)= Kr !t(S) 
. ~ :' . 

.ell) .' 

'-' .. 

, " . ~ :. . 
"'.: . . "':'," 

. \ ; . 

. ',' ~. ' 
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!'., 
,.Table f AsSUrr1~C,Uiting conditions f~r comparisons ofcutting force dYnamic component<:­
'.' fronl.truecutting forces and analytical predictionsm Figure 10. Cutter geometry: N=4, ..• '. 

..... :. ',,:' 
D=5/8in.,(lS.875mIn}, Helical angle: 30°. Material: 707?~T6' AlumulUm .. Down milling~ 

.... ;. 

"'.',, . 

'.,' 
c/o' 

. - ' 
" ',.;~' 

. :"',' 

,', . 

. case 

;; 

2 

CUtting Conditions 

d, 'A 
. (mm) . (mm) 

. 3.18' 2J6 

10.8 

,( .... 

(l003 . 

min) 

i09.8 

. .Average Cutting 

". K; 
, .TN/mm·· 
, ~.' sq.) 

1,271.7 I· 
1,271.7 . 

15.11 1.64.3 1350.0 , .. 
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.' whereK, the ratio between 16cal radial cuttmg force and tangential cutting force, is usually· .... 

:1.' . ~.representedby an'empiri~al expressi9nsimilar toEq.(7)Jor~,and is likewise assumed to be . 

i; "'a:constantcorrespondirigto theavernge 'chip thickness. E~preSsiri.gthe local tangential arid' . 

i '. '. . radial cutting,forces in the xyz,coordiriate, the 10~a1 cutting force. f:t and fy per unit chip width. 
i .' .'.become,. . ' :., " .' .' .. , . .' >. . '.' 

I'. . 
[ . 

I 
I 

I 

I. , 

i .. 

" 

I 
1 

I· .' 
, 

i .. •····· 

I 
' . 

. ", " 

. '(32) 

. '-'.' 

. . , . ' 

. " ,:. '. . ~ 
. where 

. '. .... . sin 2. 9 '('8' ')" '.' . :. . I-cos 29 W\. 8:' )' 
. -PI =--w PZ·=. . ··2" '. 2 .... 

are the ~. and y.' componeiit~ of the' p; function. 'Substituting these local cutting forc~ functions 

'. 'ii1to Eq.(15), the same. convolution integrillfdr!n as in: [ Wang eta!' 1991Jis obtained, and 

'consequently, the same frequency" domain model results. The: frequency domain 

·,.repn!serttations'of the total x 'and y forces have been previously reported. Their-Fourier series' 

, coefficients,aresho~ here:," 

.. (Ax[N~l .. J', ~=. NKttx,CrVn I (Nk)[.· r Kr ](Pl (MY]' 
,{ Ay[Nkl ' ... 21t.. ,..-KrJJl P2(Nk): 

.. (33) '.' 

.. . , 

,5~ ~ummary 

' ... , . ,1\ freq'uericy dbmainmodel fo~ the tang~~tial cutting force anel cutti~g torque has been 

'.: ,pn;s~nted. Starting from the local mechanistic tangential cutting force model, the total' 
. , . . 

. 'c~ttingforce in' theanglilar domain is shown to be the convolution integral of the local . . . . . 

'cutting force ~ction and the cutter chip width density function. The local cutting force,' .' 

'. function represents the chip thickness variation and the radial cutting configuration. The chip . 

. width density functions for a cutter. flute' and the whole. cutter are related to the cutter .... 

'. '. :geometry and axial depth of Gut. The frequency domain model is. obtained through 

. convolution theorem as the product of Fourier transfonns of local cutting force and' chip' 

.' width, density functions. Fourier series coefficients' of the total tangential cutting force are 

'; derived as algebraic func!ion of cutting parameters. The effects of various cutting parameters 

, on the total cutting forces thus tan be explicitly characteriZed, and the total cutting forces can 

be computed efficiently using the Fourier coefficients. The frequency domain model is 

. verified by nu.rrterical siml.llation and comparing the extended nonnal and feed force models 

with the ones reported in the previous work using the same local radial for~e model. 
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