Two-wave-plate compensator method for
single-point retardation measurements

Carole C. Montarou and Thomas K. Gaylord

The two-wave-plate compensator (TWC) technique is introduced for single-point retardation measure-

ments.

The TWC method uses a known wave plate together with a wave plate of unknown retardation

and produces a linearly polarized output that allows a null of intensity to be detected. The TWC method
is compared both theoretically and experimentally with the existing Brace-Kohler and Sénarmont

methods.

The resolution of the TWC is shown to be 0.02 nm. TWC enables the measurement of a

sample retardation with as little as 0.13% error and thus is more accurate than either the Brace—Kohler
or the Sénarmont method. © 2004 Optical Society of America

OCIS codes:

1. Introduction

Natural or induced birefringence magnitude and ori-
entation are directly related to the characteristics of
optical materials, devices, or living cells. Accurate
measurements of the retardation therefore leads to
the characterization of the sample’s physical proper-
ties in a wide range of applications such as in crys-
tallography for the determination of lattice
mismatch,-3 in biology for the dynamic observation
of living cells,*> for the early detection of glaucoma in
the human eye,® in quality control of transparent
materials for the measurement of stress level in glass
and plastic,”® in optical communications for the eval-
uation of residual stress or polarization mode disper-
sion in micro-electrical mechanical systems,%10 in
optical fibers,11-26 and in optical interconnects.27-30
Several techniques have been developed to measure
retardation magnitude and orientation. Photoelastic
measurements involve the use of circular polariscopes,
i.e., polarizers and quarter-wave plates, together with
intensity measurements to retrieve the retardation
magnitude of a sample.3! The use of quarter-wave
plates affects the accuracy of the technique, especially
when it is used in white light.32 Based on photoelas-
ticity, spectral content analysis uses a circular polari-
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scope and a CCD camera in white light to allow full-
field retardation measurements.”# These techniques
cannot detect low-level birefringence such as that
present in optical fibers and waveguides.

Recently, photoelastic modulators have been used
to modulate the polarization state of the light travel-
ing through an optical system composed of polarizers
and the sample under investigation. It has been
shown that the frequency demodulation of the trans-
mitted optical signal leads to accurate measurements
of the low-level retardation magnitude and orienta-
tion of the sample.?33¢ This technique, however,
possesses a low spatial resolution of the order of a
millimeter, which renders impossible the profiling of
devices such as optical fibers and waveguides.

In biology, polarization microscopy has proven to
be very effective in detecting low-level birefringence
in living cells.3536  The use of compensators allows
the detection of low-level birefringence.?> More re-
cently, a new liquid-crystal-based compensator has
been added to a polarization microscope to allow the
detection of low-level retardation magnitude and ori-
entation in living cells.3? The technique relies, how-
ever, on the accurate measurement of the light
intensity, and the compensator used is not a conven-
tional, commercially available compensator.

Another well-known technique to measure low-
level birefringence is based on the Brace—Kéhler com-
pensator. The method consists of finding a
minimum of intensity by rotating a compensator
plate when a sample is observed between crossed
polarizers. The technique, however, uses a small-
retardation approximation, and an intensity mini-
mum is found rather than complete extinction. This



adversely affects the accuracy of the measurement.
Furthermore, the Brace—Kohler compensator tech-
nique assumes that the sample retardation orienta-
tion is known.

When using monochromatic light for low-level re-
tardation measurements, there is a need for a method
based on finding a null of intensity that is more ac-
curately measurable than an intensity minimum or
an absolute light intensity. The method should not
make any approximations about the retardation of
the sample.

In this research, the two-wave-plate compensator
(TWC) is analyzed and compared with the existing
Brace—Kohler and Sénarmont techniques for single-
point retardation measurements. The first part of
this paper deals with a thorough analysis of the
Brace—Koéhler method. The shortcomings of the
method are identified. The second part of this paper
deals with a thorough analysis of the TWC technique,
which consists of rotating a wave plate in a two-wave-
plate system until a linearly polarized output is pro-
duced. This allows a null of intensity to be
measured by rotating an analyzer perpendicular to
the electric field polarization direction. The appli-
cability range, error, resolvability limit, and resolu-
tion are also quantified. Detailed experimental
procedures are developed to apply the method to
single-point retardation measurements. The TWC
technique is also compared experimentally to the
Brace-Kohler and Sénarmont techniques using sam-
ples with small retardations.

2. Brace-Kohler Compensator

The Brace-Kohler compensator retardation-
measurement method, also known as the elliptic com-
pensator method, consists of finding a minimum of
intensity by rotating a compensator wave plate in
order to determine the sample retardation. The two
wave plates are placed between crossed polarizers.
With the sample at 45° from extinction, the compen-
sator angle producing a minimum and measured
from the compensator extinction position allows the
calculation of the sample retardation Rg, given by?38

Rs = —R( sin(26,), (1)

where R is the compensator retardation and 6. is
the compensator angle. Equation (1) is valid only if
the compensator retardation is greater than the sam-
ple retardation. When the sample retardation is
greater, the roles of both wave plates are reversed,
and the sample is rotated until an intensity minimum
is obtained, in which case the sample retardation is
computed using

Rg=— L (2)
sin(20g)

A. Two-Wave-Plate System Analysis

The optical elements represented in Fig. 1 are con-
sidered to analyze the Brace—Kohler compensator
method. Two wave plates producing, respectively,
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Fig. 1. Wave plate 1 and wave plate 2 with phase retardations

equal to ¢, and ¢, are placed between crossed polarizers. Wave
plate 1 and wave plate 2 slow-axis angles with respect to the first
polarizer transmission direction are 6, and 6,, respectively. The
Jones rotation matrices are R(6;) and R(0,), respectively, and the
Jones transmission matrices are T(¢b,) and T'(dbs).

phase retardations ¢, and ¢, are placed between
crossed polarizers. The orientations of their slow
axes relative to the polarizer transmission direction
are respectively 8; and 6,. Jones calculus is used to
determine the output intensity.3® The various sys-
tems of axes for each optical element are represented
in Fig. 2. The polarization transmission directions
of the polarizer and the analyzer are respectively xp
and x,, whereas the slow axes of wave plate 1 and
wave plate 2 are respectively x; and x5, as shown in
Fig. 2.

The output light intensity is computed by calculat-
ing first the Jones vector £, in the system of the
analyzer after traveling through the optical system,

| sinB; cosB,ff1 0
A7 | —cos 0, sin0,||0 exp(jby)
[ cos(6, — 0;) sin(0y — 61)][1 0 ]
—sin(6; — 0;) cos(6, — 01) || 0 exp(jdy)
cos 6; sin6|(1
[—sin 0, cos 61] <0> ' @)
Analyzer
Transmission
Direction
Y, XpoYp
Y, X2

X1
\92
Y \ XQ Polarizer
A Xp Transmission
Direction

Fig.2. Axesxpandx, are the polarization transmission direction
of the polarizers. The wave plates’ slow axes are x; and x,, their
fast axes are y; and y,. The wave plates’ slow-axes angles with
respect to the polarizer transmission direction are 6, and 6,.
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In the Brace—Kohler case, wave plate 1 is at 45° from
extinction. Performing the matrix multiplication,
multiplying by the complex conjugate, and substitut-
ing 0, = 45°, the relative intensity Igzx transmitted is

zd)Z

Ik, = sin® 26, cos ¢, sin 5

1 . . . . Qd)l
+§sm 20, sin ¢, sin ¢, + sin o 4)

where the subscript L indicates that the polarizers
are crossed. A similar approach allows the deriva-
tion of the intensity between parallel polarizers by
considering the Jones-vector component along the y,
axis of the analyzer system. The result is

1
I = —sin’ 26, cos ¢, sin’ % ~y sin 26,

X sin ¢, sin ¢, + cos? % (5)

Assuming no reflection or absorption in the optical
system, both intensities satisfy

Ik, + IBKH =1 (6)

The Brace-Kohler compensator retardation-
measurement method assumes that the retardations
of the sample and the compensator are small.38 Un-
der the small-retardation approximation, Eq. (4) be-
comes

2
b1 by ) ’ -

IAPX: <2+ 5811’1 262

with I,px representing the transmitted intensity.
Under this approximation, a null of intensity is ob-
tained when

d)l = _d)g Sin 262. (8)

The transmitted intensities calculated using Eqs. (4)
and (7) are plotted in Fig. 3. The compensator phase
retardation ¢, corresponds to \/10, which is the
value of a commercially available Brace—Kohler com-
pensator (model U-CBR1, manufactured by Olym-
pus). The sample phase retardation ¢, is arbitrarily
chosen to correspond to \/18. The exact expression
for the transmittance, Eq. (4), shows that the minima
observed in the Brace—Ko6hler method are not extinc-
tions, as it is erroneously predicted by the small-
retardation approximation, Eq. (7). The Brace-
Kohler technique does not compensate completely for
the phase retardation of the sample. Rotating the
compensator between crossed polarizers only allows
the total phase retardation between the electric field
components along the polarizers’ transmission direc-
tions to be minimized. It is therefore not strictly a
compensation method.
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Fig. 3. In a two-wave-plate system, the first sample of phase
retardation ¢, corresponding to \/18 is at 45° from extinction, and
the compensator of phase retardation ¢, corresponding to \/10 is
rotated. The intensity is plotted as a function of the compensator
slow-axis angle 6,. The solid curve represents the exact intensity;
the dotted curve represents the intensity calculated using a small-
retardation approximation.

B. Brace-Kdhler Method Analysis

The first derivative of the intensity as a function of
the rotating wave-plate orientation 6, is obtained
from Eq. (4) as

90,

= cos 260,[2 sin 26, cos d1(1 — cos ¢,)
+ sin ¢; sin ). 9

The locations of the extrema of intensity are given
when dlgg/d0, = 0. A first group of intensity ex-
trema occurs for cos 6, = 0, i.e., 6, = (2n + 1) X 45°,
where n is an integer. For the case represented in
Fig. 3, these correspond to the global and local inten-
sity maxima observed at =45° and *=135°. These
intensity extrema, whether they are minima or max-
ima, are “nonretardation-based” extrema, as they are
always observed for 6, = (2n + 1) X 45° indepen-
dently of the phase-retardation values ¢; and &,.
Substituting 6, = *45° in Eq. (4), the normalized
transmitted intensity of the nonretardation-based ex-
trema is given as

(10)

.
Tnwa(6; = +45°) = sin2<¢1;¢2) .

A second group of intensity extrema occurs when the
second factor in Eq. (9) equals zero. The analytical
expression of the necessary angle 6, to produce these
intensity extrema is given by

sin ¢, sin ¢,
2 cos by(cos by — 1)

sin 20, = (11



This second group of extrema occurs only if

sin ¢, sin ¢y ‘ <1 (12)
2 cos ¢q(cos by — 1)‘ o

Provided the phase retardations ¢, and &, satisfy Eq.
(12), four “retardation-based” intensity extrema oc-
cur, and their angular positions are given by

sin(20,) = sin[2(0, + 180°)] = sin[2(90° — 0,)]
= sin[2(—90° — 0,)]. (13)

In the case represented in Fig. 3, these extrema are
intensity minima and occur for 6, equal to —72.97°,
—17.03°,107.03°, and 162.97°. Varying the angle 6,
until these retardation-based extrema are observed,
and knowing one wave-plate phase retardation ¢, or
&by, allows the determination of the other wave-plate
phase retardation using Eq. (11). Equation (11) pro-
vides an exact expression for the calculation of the
unknown retardation when using the Brace—Kohler
compensator technique without restricting it to small
retardations. It can therefore not only lead to more
accurate retardation measurements, but also extend
the range of compensator and sample retardations
over which the Brace—Kohler compensator technique
is applicable. Substituting Eq. (11) in Eq. (4), the
normalized intensity of the retardation-based ex-
trema is

P ¢ sin® § sin® y
RB 2 16 cos ¢, sin*(dhy/2)

(14)

C. Brace-Kohler Method Applicability

The applicability condition of the technique can be
stated simply as follows: For any given pair of sam-
ple and compensator retardations, retardation-based
minima exist when one or the other plate is rotated.
The condition of existence of the retardation-based
minima can be expressed as one unique mathemati-
cal inequality by constraining their magnitude to be
greater than zero and less than the nonretardation-
based intensity extrema and is

2 by sin® ¢, sin® ,

<
2 b2
2

0<s

sin2 d)l + ¢2

16 cos ¢, sin

(15)

This condition is represented in Fig. 4 as a function of
sample and compensator retardations ranging from 0
to A. The white region represents sample and com-
pensator retardations for which the Brace—Kohler
compensator technique cannot be applied to measure
the sample retardation.

According to Eq. (6), whenever retardation-based
maxima occur between crossed polarizers, then
retardation-based minima occur between parallel po-
larizers and conversely, whenever retardation-based
minima occur between crossed polarizers, retardation-
based maxima occur between parallel polarizers. As
a result, the Brace—Ko6hler compensator applicability

Normalized Intensity
Minimum
0.5

3M4

Sample Retardation
S

S

S0 e a2 awa 2

Compensator Retardation
Fig. 4. Normalized intensity minima for Brace—Kéhler compen-
sator applicability range between crossed polarizers. The
retardation-based intensity minima are calculated for sample and
compensator retardations ranging from 0 to N\. It is assumed that
the wave plates are between crossed polarizers. The white region
represents retardations for which there are no retardation-based
minima.

range may be increased by simply introducing the pos-
sibility of making the measurement between parallel
polarizers.

The expressions for the retardation-based and
nonretardation-based extrema between parallel po-
larizers are derived using Eqgs. (6), (10), and (14) and
are

+

Ingp) (0, = +45°) = cos2(¢1;¢2) , (16)
, &1 sin® &, sin® ¢,

Igp = cos” — + (17)

16 cos ¢, sin 52

Similar to the case between crossed polarizers,
retardation-based minima between parallel polariz-

ers exist whenever the inequality
2 d1 . sin® ¢, sin® ¢, - OSZ(M)
) -
2

0 < cos
16 cos ¢, sin

(18)

is satisfied. The magnitude of the retardation-based
minima between parallel polarizers is represented in
Fig. 5 as a function of the sample and compensator
retardations. The white region represents sample
and compensator retardations for which the Brace—
Kohler compensator technique cannot be applied be-
tween parallel polarizers.

By superimposing Figs. 4 and 5, sample and com-
pensator retardations for which retardation-based
minima can be observed and therefore the Brace—
Kohler compensator technique applied are deter-
mined. This is shown in Figs. 6(a) and 6(b). The
white region in Figs. 6(a) and 6(b) corresponds to
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Fig. 5. Normalized intensity minima for Brace—Kéhler compen-
sator applicability range between parallel polarizers. The
retardation-based intensity minima are calculated for sample and
compensator retardations ranging from 0 to N\. It is assumed that
the wave plates are between parallel polarizers. The white region
represents retardations for which there are no retardation-based
minima.

sample and compensator retardations producing no
retardation-based minima.

D. Performance Characteristics

1. Resolvability Limit

Experimentally, only one intensity minimum needs
to be found to determine the unknown retardation.
The compensator model U-CBR1 manufactured by
Olympus is rotatable from approximately —50° to
+50°. Over this range, two nonretardation-based
maxima and one retardation-based minimum are ob-
served. However, for a given phase retardation ¢,
there is a maximum phase retardation ¢; beyond
which Eq. (12) is not satisfied. This maximum value
&7, can be computed with Eq. (12) by substituting
0, = 45°:

1 — cos d)z) . (19)

b = arctan<2 :
sin ¢y

For the retardation of the commercial Brace—Kohler
compensator where ¢, corresponds to /10, the max-
imum sample phase retardation ¢, ; is approximately
equal to 0.91715¢,. The corresponding normalized
transmitted intensity is calculated and represented
as a function of the compensator orientation 6, in Fig.
7. The retardation-based minimum that occurred
for the previous value of ¢, between 6, = £45° is not
observed, and a minimum is now observed for 6, =
—45°. The applicability range of the Brace—Kohler
compensator technique can be defined based on its
ability to resolve the retardation-based intensity
minimum from the closest nonretardation-based in-
tensity maximum that occurs at 6, = =45°. This is
illustrated in Fig. 8, where the transmitted intensity
variations from the minimum intensity are plotted
for various values of [sin 20, as it approaches unity.

6584 APPLIED OPTICS / Vol. 43, No. 36 / 20 December 2004

Normalized Intensity
Minimum
i'-— 0.5

34

Sample Retardation
S

S

g M4 N2 34
Compensator Retardation

(@
Normalized Intensity
Minimuom5

3n/4

Sample Retardation
S

&

M2
Compensator Retardation

(b)

Fig. 6. Retardation-based minima between crossed and parallel

polarizers: (a) Retardation based minima between parallel polar-
izers are superimposed onto those between crossed polarizers. (b)
Retardation-based minima between crossed polarizers are super-
imposed onto those between parallel polarizers.

The rotating wave-plate phase retardation ¢, corre-
sponds to A\/10. The sample phase retardation is
calculated for various values of |[sin 26, using Eq.
(11). The successive values of ||sin 20, are indicated
on each plot. To determine the value of |jsin 20| for
which the retardation-based intensity minimum can-
not be resolved, the intensity variations from the in-
tensity minimum are plotted as a function of the
compensator orientation 6,. To generate the plots in
Fig. 8, it is assumed that the power of the light inci-
dent upon the first polarizer is 15 mW, which corre-
sponds to the power of a Spectra Physics model 120S
He—Ne laser. The resolvability limit of the tech-
nique can be defined as the smallest intensity varia-
tion between a minimum and an adjacent maximum
that can be detected by the photodetector. For a
minimum measurable intensity variation of approx-
imately 1 nW, the intensity minimum is resolvable
for |jsin 20, equal to 0.9977, 0.9981, and 0.9991, re-
spectively, in Figs. 8(a), 8(b), and 8(c). However, the
minimum is not resolvable for [jsin 26, equal to



0.3 ¢
$;=091715 ¢,

¢2= /5

o
N

4
=

Normalized Transmitted Intensity

-100 -50 0 50 100 150
Compensator Slow Axis Angle, 02(Deg)

-150

Fig. 7. Normalized transmitted intensity for the limiting case for
the existence of retardation-based minima. Shown is the compen-
sator phase retardation ¢, corresponding to A\/10. The retarda-
tion limit of the sample is calculated using Eq. (11) with 6, equal
to —45°. For this limiting case, the retardation-based intensity
minimum merges with the nonretardation-based maximum at
—45°,

0.9998 in Fig. 8(d). As a result, the limit of applica-
bility of the Brace—Kohler compensator technique is
mathematically given by

sin ¢, sin ¢, H
2 cos ¢q(cos by — 1)”

for a minimum measurable intensity variation of 1
nW.

(20)

< 0.999,

2. Resolution

The resolution is defined as the smallest retardation
change measurable. It depends on several parame-
ters, such as the angular resolution of the rotating
mount in which the compensator is placed, the com-
pensator retardation, and the sample retardation.
For a given compensator retardation, the resolution
can be calculated as a function of the angular reso-
lution and the sample retardation. Considering a
compensator and a sample with phase retardations ¢,
and ¢4, the compensator angle 6, at which the inten-
sity minimum is measured is given by Eq. (11) as

sin ¢ sin ¢,
2 cos dg(cos ¢, — 1)

sin(20,) = (21)

Considering the angular resolution A6, the nearest
measurable sample phase retardation ¢, is given by

2(cos ¢, — 1)sin(26, + 2A0)
tan ¢y = sin ¢ .

The difference between ¢, and ¢, defines the reso-
lution. The resolution is calculated and represented
as a function of sample retardation and angular res-
olution in Figs. 9(a) and 9(b). Two different compen-
sator retardations, respectively, \/10 and \/30, are

(22)

]|sin(262)” =0.9977 "sin(2(~)2)" =0.9981
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Fig. 8. Resolvability of the Brace—Kéhler compensator technique.
(a)—(e) Transmitted intensity for various values of sample phase
retardation ¢,. The compensator phase retardation ¢, corre-
sponds to A/10. The input intensity is equal to 15 mW.

considered that correspond to two commercially
available Brace-Kohler compensators. The maxi-
mum resolution is approximately 0.2 nm and 0.1 nm,
respectively, for a 0.1° angular resolution. The res-
olution can be improved by decreasing the angular
resolution of the rotating dial. An angular resolu-
tion of 0.01° allows resolutions of 0.04 nm and 0.02
nm to be obtained. This is comparable to the reso-
lution obtained with the commercially available
photoelastic instrument (Exicor model 150AT manu-
factured by Hinds Instruments3440-42),

E. Low-Level Retardation-Measurement Error

The measurement error of the Brace—Kohler compen-
sator method is calculated taking into account the
small-retardation approximation and the angular un-
certainty of the measurement. For a given pair of
sample and compensator, the exact angle producing a
minimum of intensity is calculated using Eq. (11).
The angular uncertainty of the measurement is de-
fined as the range of angles over which the intensity
variation is less than the minimum measurable in-
tensity change. The retardation is calculated at the
ends of the angular range using the small-
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Fig. 9. Resolution of the Brace—Kéhler compensator technique as
a function of sample retardation and angular resolution. (a) Com-
pensator retardation equals \/10. (b) Compensator retardation
equals \/30.

retardation approximation, Eq. (1). The relative
measurement error is then computed by expressing
the maximum retardation deviation as a percentage
of the sample’s true retardation.

The measurement error is calculated and pre-
sented for the Brace—Kohler compensator in Fig. 10
for sample and compensator retardations between 0
and A/8. Only 22.125% of the total number of error
data used to generate Fig. 10 are less than 1%. The
error increases as sample and compensator retarda-
tions increase owing to the small-retardation approx-
imation that predominates over the error from the
uncertainty in the angle measurement. It also in-
creases as sample and compensator retardations be-
come very small owing predominantly to the
uncertainty of the angle measurement. More pre-
cisely, it increases beyond 10% for retardations less
than A\/500. At that very low level of retardation,
the absolute uncertainty of the measurement is not
greater than that at larger retardations; however, it
becomes relatively large compared with the retarda-
tion to be measured.
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Fig. 10. Error in Brace-Kohler compensator method for sample
and compensator retardations ranging from 0 to A\/8. The error is
determined taking into account the measurement angular uncer-
tainty that is due to the sensitivity of the detector and taking into
account the small-retardation approximation. Only 22.125% of
the total number of error data in the plot are <1%.

3. Two-Wave-Plate Compensator

The Brace-Kohler technique has numerous short-
comings that limit its applicability range and its ac-
curacy. It is not a rigorous compensation method
and does not produce extinction as is the case, for
example, with the Sénarmont compensator tech-
nique.3® In a two-wave-plate system, there exists a
relative orientation of the wave plates resulting in a
total retardation equal to O or \, producing a linearly
polarized output. If this linearly polarized output
exists, it is not parallel to the analyzer transmission
direction, and extinction can be obtained only if the
analyzer is rotated so as to be perpendicular to the
linearly polarized electric field exiting the second
wave plate. This is the basis for the development of
a new retardation-measurement technique, the two-
wave-plate compensator (TWC) technique.*3

A. Two-Wave-Plate System Analysis

An analytical expression of the rotating wave-plate
angle necessary to obtain a linearly polarized output
is needed. This can be done using Jones calculus as
was done in Section 2. The Jones vector expressed
in the system of axes associated with the second wave
plate is given by

a

e2=T(62)R(0)| , p<j w) , (23)
2

where T(db5) is the transmission matrix of phase re-
tardation &, R(6,) is the rotation matrix of angle 6,
and a and b are the components’ magnitudes of the
Jones-vector characteristic of the electric field exiting
the first wave plate expressed in the system of axes of
the crossed polarizers. It can be shown that the ma-
jor and minor axes of the ellipse traced by the electric
field exiting the first wave plate are given by a =



cos(dp,/2) and b = —sin(d,/2). Substituting into Eq.
(23) and carrying out the matrix multiplication, €,
can be written in the form

a, exp(jdy) )
- : , 24
€2 (az exp[j(8s + dy)] @24)
with
a, = (a? cos? 0, + b2 sin? 6,)?, (25)
as = (a® sin® 0, + b? cos® 6,)"/, (26)
b sin 0,
3, = arctan| —— | , 27
a cos 0y
b 0
Sy = arctan(%) . (28)
—a sin 0,

The condition for the electric field to be linearly po-
larized is given by

Oy + by =08y + km, (29)

where k is an integer. Substituting the expressions
of §; and &, in Eq. (29) and using trigonometric iden-
tities leads to the TWC formula for linearly polarized
output as

tan ¢,
tan ¢,

sin 20, = (30)
B. Two-Wave-Plate Compensator Applicability

The condition of existence of the angle 6, in Eq. (30)
is given by

£
H_andn <1. (31)

tan ¢,

Equation (31) allows one to determine which of the
sample or compensator waveplates is to be rotated to
obtain linearly polarized light. Contrary to the
Brace—-Kohler compensator technique, the TWC tech-
nique is guaranteed to produce linearly polarized out-
put provided Eq. (31) is satisfied. The applicability
range of the TWC technique can be represented using
Eq. (31) as a function of the sample and compensator
retardations. Figure 11 represents the magnitude
of the angle 6, in degrees for various sample and
compensator retardations. The angle 6, is calcu-
lated using Eq. (30). Depending on the retardation
values, either the compensator needs to be rotated to
obtain linearly polarized light, which is represented
in Fig. 11(a), or the sample needs to be rotated, which
is represented in Fig. 11(b). A linearly polarized
output can always be obtained, provided the fixed and
rotating wave-plate roles are assigned so that Eq.
(31) is satisfied. If, by rotating the compensator (or
the sample), Eq. (31) is not satisfied, i.e., [|sin 26, >
1, it is obvious that rotating the sample (or the com-
pensator) then satisfies Eq. (31), since reversing the
roles of the two wave plates results in inverting the
ratio tan ¢,/tan .

Compensator Angle
62(Deg)

3M4

Sample Retardation
S

5

N4 W2 34
Compensator Retardation
@

Sample Angle
62(Deg)

Sample Retardation

0 M4 M2 3M4 A

Compensator Retardation
(b)

Fig. 11. Magnitude of the angle 6, producing linearly polarized
light is calculated for sample and compensator retardations rang-
ing from O to . (a) The linearly polarizing angle is calculated
when the compensator is rotated. The white region represents
retardations for which no linearly polarized output is produced as
the compensator is rotated. (b) The linearly polarizing angle is
calculated when the sample is rotated. The white region repre-
sents retardations for which no linearly polarized output is pro-
duced as the sample is rotated.

C. Two-Wave-Plate Compensator Working Principle

A detailed study of the output light polarization is
shown in Figs. 12, 13, 14, and 15 for a sample of phase
retardation corresponding to 0.15\ and a compensa-
tor of phase retardation corresponding to 0.45\. The
x axis of the system in which the polarization states
are plotted in Figs. 13 and 15 corresponds to the first
polarizer transmission direction. For the retarda-
tions used in this example, a linearly polarized out-
put is produced when the sample of retardation 0.15\
is rotated. Using Eq. (30), the sample orientation
producing a linearly polarized output is calculated
and is equal to 6.83°. The lengths of the semiaxes
and the ellipticity of the output light polarization
ellipse as a function of the sample orientation are
plotted in Fig. 12. The linearly polarized output is
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Fig. 12. Semiminor, semimajor axes, and the ellipticity of the
output light are plotted as a function of the sample slow-axis angle.

produced when the semiminor axis of the polarization
ellipse is equal to zero. In Fig. 13, the output light
polarization is represented when the sample of retar-
dation 0.15\ is rotated from —45° to +45°. As cal-
culated, the linearly polarized output is produced for
05 equal to 6.83°, which is also seen in Fig. 12. By
incrementally rotating the analyzer so that its trans-
mission direction is always parallel to the semiminor
axis of the polarization ellipse as the linearly polar-
izing wave plate is rotated, the intensity transmitted
goes through extinction when the semiminor axis
goes through zero.

In contrast, Figs. 14 and 15 represent the semi-
axes, ellipticity, and polarization states as the com-
pensator is rotated. In this configuration, the
nonlinearly polarizing wave plate is rotated, and no
linearly polarized output is produced between —45°
and +45°. The semiminor axis of the output po-
larization ellipse decreases monotonically. The
semiaxes lengths, minor semiaxis orientation, and
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Fig. 13. Output light polarization states are represented for var-
ious sample slow-axes angles in the polarizer system of axes xp and
yp (Fig. 2). The sample phase retardation ¢s,,,, corresponds to
0.15)\, and the compensator phase retardation ¢, corresponds to
0.45\. Linearly polarized light is produced for a sample slow-axis
angle equal to 6.83°.

ellipticity of the polarization states represented in
Figs. 13 and 15 are summarized in Tables 1 and 2.

The observation of the output polarization states as
the linearly polarizing or the nonlinearly-polarizing
wave plate is rotated allows one to develop the ex-
perimental procedure needed to determine whether
the sample or the compensator has to be rotated to
use the TWC technique. The polarizers are first
crossed. One of the wave plates, compensator or
sample, is rotated at 45° from extinction and is cho-
sen to be the fixed wave plate in this test experiment.
The other wave plate, sample or compensator, is ro-
tated so it is at =45° from extinction and is chosen to
be the rotating wave plate. With the wave plates in
their respective initial orientations, the intensities
transmitted between crossed and parallel polarizers
are determined by rotating the analyzer accordingly.
The analyzer must then be oriented to either of the
positions that produced the minimum intensity en-
suring the analyzer transmission direction is parallel
to the semiminor axis of the output light polarization
ellipse. The rotating wave plate is rotated by incre-
ments from +45° to +45°. For each rotating wave-
plate orientation, the analyzer is rotated so a
minimum of intensity is transmitted, ensuring the
analyzer transmission direction is locked on the
semiminor axis of the output polarization ellipse.
The intensity transmitted through the analyzer is
observed as it is rotated. If the intensity goes
through extinction, the wave plate that is initially
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output light are plotted as a function of the compensator slow-axis
angle.

chosen as the rotating wave plate is the linearly po-
larizing wave plate. Consequently, the measure-
ment using the TWC technique is to be done by
rotating the same wave plate. By contrast, if the
intensity decreased or increased monotonically dur-
ing the test experiment, the wave plate that is ini-
tially chosen as the rotating wave plate is the
nonlinearly polarizing wave plate. This wave plate
must therefore be oriented at 45° from extinction and
be fixed to use the TWC technique, while the other
wave plate must be rotated. This experimental pro-
cedure is illustrated in Fig. 16.

The measurement using the TWC technique con-
sists of following the steps in the procedure repre-
sented in the flow chart of Fig. 17. Once the test
experiment has been run, the phase-retardation val-
ues of the sample &y,,,,, and that of the compensator
beomp are assigned to ¢, or by, depending upon which
is the linearly polarizing wave plate. Following the
determination of the wave plates’ roles, the analyzer
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Fig. 15. Output light polarization states are represented for var-
ious compensator slow-axes angles in the polarizer system of axes
xp and yp (Fig. 2). The sample phase retardation ., corre-
sponds to 0.15\, and the compensator phase retardation &y,
corresponds to 0.45\. No linearly polarized light is produced
when the compensator is rotated.

transmission direction must be brought parallel to
the semiminor axis of the output polarization ellipse
by placing the rotating wave plate at =45° from ex-
tinction and setting the analyzer to produce a mini-
mum of intensity. This is similar to what is done in
the test experiment. Having set the analyzer trans-
mission direction parallel to the semiminor axis of the
polarization ellipse, the rotating wave plate is rotated
by small increments, and the analyzer is rotated at
each increment so the intensity transmitted is mini-
mum. When extinction is produced, the rotating
wave-plate angle 6, is recorded and is used to deter-
mine the unknown sample retardation. Equation
(30) is used to calculate the unknown ¢,,,,. Two
different expressions are derived to calculate the
sample retardation depending if &; = dgamp OF b1 =
beomp:  These expressions are indicated at the end
branches of the flow chart.

D. Performance Characteristics

1.  Resolvability Limit

The applicability of the TWC technique for measur-
ing retardation depends upon the capability of the
optical system to resolve the point of extinction from
the adjacent local maximum occurring for 6, equal to
+45° (Fig. 12). As the tangents of the sample and
compensator retardations converge toward the same
value, the angle producing linearly polarized light
approaches =45°, and the adjacent maximum inten-
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Table 1.

Semiaxes Lengths, Ellipticity, and Semiminor Axis Angle of the Output Light Polarization Ellipse as a Function of the Sample Slow-Axis

Angle 6,

Semiminor axis

Semiminor axis

Semimajor axis

0, (deg) normalized angle (deg) normalized Ellipticity
—45 0.5878 0 0.8090 0.7265
-30 0.4847 —16.89 0.8746 0.5542
-15 0.2965 —13.97 0.9550 0.3105
6.83 0 —4.40 1.0000 0
20 0.1585 0.05 0.9874 0.1605
30 0.2503 1.47 0.9682 0.2585
45 0.3090 0 0.9510 0.3249
“Dsamp = 0.37, Geomp = 0.9

sity decreases, which renders more difficult the dis-
tinction between the extinction and the adjacent
maximum. This is illustrated in Fig. 18, where the
intensity transmitted along the semiminor axis of the
output light polarization ellipse is plotted as a func-
tion of the rotating wave-plate angle between —48°
and —42° for a light source power I, equal to 15 mW.
The retardations of the sample and compensator are
respectively equal to 0.15\ and 0.1502\. In the case
where the compensator is the rotating wave plate, a
linearly polarized output is produced for 6, equal to
—47.08°, —42.91°, 132.92°, and 137.08°. When the
compensator is rotated between —48° and —42°, ex-
tinction is produced for two of these angles, shown in
Fig. 18. Also shown in Fig. 18 is the intensity trans-
mitted as the sample is rotated over the same angular
range. When the sample is rotated from —45° to
+45°, no linearly polarized output is produced, and
the semiminor axis of the output polarization ellipse
increases monotonically similarly to that shown in
Fig. 14. It will be shown analytically that the inten-
sity of the minimum produced at —45° when the sam-
ple is rotated is equal to that of the local maximum
produced when the compensator is rotated. This is
seen in Fig. 18. The capability of the system for
measuring the intensity difference between the in-
tensity of the global minimum occurring at +45°
when the nonlinearly polarizing wave plate is rotated
and the intensity of the global minimum occurring
when the linearly polarizing wave plate is rotated
defines the resolvability limit of the TWC technique.
This depends upon the sensitivity of the system in
measuring and resolving low-level intensities. In

the example of Fig. 18, the minimum measurable
intensity must be less than 5 nW in order to resolve
the global minimum when the compensator is rotated
and the global minimum when the sample is rotated.

The intensity along the semiaxes of the output po-
larization ellipse is computed using Eqgs. (42) and (43)
that are derived in the appendix section. The result
is

+ 2

1,(0,= +45°) =1, cos(d’l;d’z) , (32)
+ 2

1,00, = +45°) =1, sin(d)l;d)z> . (33)

In Fig. 18, in order for the local maximum occurring
for 6, equal to —45° to be resolved, its intensity must
be greater than the minimum intensity /,,;,, measur-
able by the experimental system. This condition is
expressed as

+ 2

1, cos(d)l;d)z) >1 i, (34)
2

I, sin(d)lzd)z) > 1 i (35)

Using the equations above, the resolvability condi-
tion can be stated as a function of sample and com-

Table 2. Semiaxes Lengths, Ellipticity, and Semiminor Axis Angle of the Output Light Polarization Ellipse as a Function of the Compensator
Slow-Axis Angle 0,

Semiminor axis

Semiminor axis

Semimajor axis

0, (deg) normalized angle (deg) normalized Ellipticity
—45 0.5878 0 0.8090 0.7265
-30 0.5587 40.73 0.8294 0.6736
-15 0.4950 73.34 0.8687 0.5697
6.83 0.3955 113.71 0.9184 0.4306
20 0.3481 136.77 0.9374 0.3713
30 0.3234 154.09 0.9462 0.3418
45 0.3090 180 0.9510 0.3249

“bsamp = 0.37, deomp = 0.9
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Fig. 16. Flow chart representing the experimental procedure to
determine whether the sample or the compensator needs to be
rotated to produce linearly polarized light. The flow chart is
based on having the analyzer transmission direction parallel to the
output ellipse semiminor axis. Sample (compensator) and ana-
lyzer are successively rotated to observe the variations of the trans-
mitted intensity.

pensator retardations, the input power, and the
minimum measurable power, as

. Jﬂ _ “r[min
2 arcsm<\ I ) <P — by <2 arccos(\ I ) , (36)

. ‘Jﬂ Jmin
2 arcsm(\ I ) < b+ P, <2 arccos(\ I ) . @7

2. Resolution

The resolution of the TWC technique can be quanti-
fied as a function of the sample retardation and an-
gular resolution as was done with the Brace—Kaohler
compensator. The compensator angle 6, necessary
to produce linearly polarized light is given by Eq. (30)
as sin(260,) = —tan ¢, /tan ¢, with o ; and ¢, being
the sample and compensator phase retardations.
The nearest measurable retardation ¢, is given by

tan ¢, = —tan ¢, sin(26, + 2A0), (38)

with A6 the angular resolution. The difference be-
tween ¢ ., and ¢, allows the resolution to be com-

Fixed compensator

Fixed sample o
= &= q’comp

6= ¢samp

Rotating sample

Rotating compensator 9
= ¢y dsamp

2" comp

¢, at 45°of extinction

9, at +45° of extinction
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Start End
98,2445 9,=745°
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Rotate ¢

2

Rotate analyzer
at minimum

¢1 = ¢comp ¢1 = ¢samp

o =tar {tan(cbcomp)} boms tan{sin(20,tan(g,, )}
samp sin(24,)

Fig. 17. Flow chart representing the experimental procedure to
measure retardation using the TWC method.

puted. The TWC resolution is calculated and
represented as a function of the sample retardation
and the angular resolution in Figs. 19(a) and 19(b) for
compensator retardations \/10 and \/30, respec-
tively. The TWC resolution is comparable to that of
the Brace—Kohler compensator technique and is ~0.1
nm and ~0.2 nm, respectively, for an angular reso-
lution of 0.1°. Similarly to the Brace—Kohler com-
pensator technique, the TWC resolution improves
with angular resolution. For an angular resolution
of 0.01°, resolutions of 0.04 nm and 0.02 nm are
achieved, respectively.

E. Measurement Error

The measurement error using the TWC is calculated
by determining the angular measurement uncer-
tainty, which is defined as the angular range over
which the output light intensity decreases beyond the
minimum measurable intensity. The corresponding
measured retardations at either extreme of the an-
gular range are calculated using the TWC formula
and compared with the true sample retardation.
Figure 20 represents the relative measurement error
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direction is plotted for a sample phase retardation corresponding to
0.15\ and a compensator phase retardation corresponding to
0.1502\. The input intensity is 15 mW. In one case, the sample
is rotated and no extinction is obtained (upper curve with one
global minimum). In the other case, the compensator is rotated
and extinction is obtained (lower curve with two global minima and
one local maximum).

for sample and compensator retardations ranging
from O to A. A minimum measurable intensity of 5
nW is considered to plot Fig. 20. The relative error
of the measurement remains <2% over the entire
range of sample and compensator retardations except
when the compensator retardation is a multiple of a
quarter-wave plate or a half-wave plate, in which
case the error increases beyond 10%. The error re-
mains low, however, when the sample retardation is
a multiple of a quarter-wave plate or a half-wave
plate.

The measurement error of the TWC technique is
also calculated for retardations between 0 and \/8
and is represented in Fig. 21. In this plot, 71.41% of
the total number of error data are less than 1%,
whereas only 22.125% of the error data was less than
1% in the Brace—Ko6hler compensator case in Fig. 10
in Section 2. This shows that even for smaller re-
tardations, the TWC technique is more accurate than
the Brace-Kohler compensator technique. The
TWC error shown in Fig. 21 is entirely due to the
angular uncertainty of the measurement. There-
fore, as the retardations increase, the relative error
decreases, as there are no small-retardation approx-
imations. However, as retardations become very
small, the relative error increases. As in the case of
the Brace—Kohler compensator, it increases beyond
10% for retardations less than \/500, and this is also
because the error from the angular uncertainty be-
comes relatively large.

4. Experiments

The TWC technique is compared experimentally with
the Brace—Kohler and Sénarmont techniques using
the configuration in Fig. 22. A He—Ne laser of out-
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put power equal to 15 mW is used as a light source.
The polarizers P and A are Glan-Thompson prisms.
The extinction ratio of the polarizers is measured
before the retardation measurements and is equal to
6.6 X 107%  For the TWC and Brace—Kohler tech-
niques, the compensator C is the Brace—Kohler com-
pensator model U-CBR1 of retardation equal to 59.66
nm at the wavelength of 546.1 nm. It is placed in a
rotating dial, allowing the compensator to rotate from
—50° to +50°. It is usually supplied for use in a
polarization microscope to measure retardations less
than \/30. For the Sénarmont compensator tech-
nique, a quarter-wave plate designed for 632.8 nm is
placed at extinction after the sample. Having
placed the sample at 45° from extinction, the output
light exiting the quarter-wave plate is linearly polar-
ized. Extinction is obtained by rotating the analyzer
perpendicular to the electric field. It can be shown
that the analyzer angle producing extinction is ex-
actly half the phase shift of the sample. The Sénar-
mont compensator method is a widely wused
technique, and more details can be found in the lit-
erature.?® Two samples are used to compare the
methods. Manufacturing wave plates of small re-
tardations is difficult and may not be as accurate as

He-Ne
laser

Table 3. Karl Lambrecht Wave Plates’ Retardations at A = 632.8 nm
Measured Using Sénarmont Compensator Technique

Manufacturer’s Retardation =~ Measured
Wave-Plate Type at A = 632.8 nm Retardation
/2 mica 800 nm 404.70nm 409.39nm
\/2 mica 780 nm 394.03nm 392.86nm

for larger retardations. Consequently, to produce a
small retardation, two half-wave plates made of mica
are used that are designed respectively for wave-
lengths equal to 780 nm and 800 nm. The wave
plates were fabricated by Karl Lambrecht Corpora-
tion. Orientating both wave plates so their fast and
slow axes are parallel allows a retardation equal to
the difference between both wave plates’ retardations
to be produced. This principle is used to obtain a
total retardation of ~10 nm. The second sample is
the second type of Brace—Kohler compensator, model
U-CBR2, and having a retardation equal to 21.54 nm
at the wavelength of 546.1 nm. It is usually used to
measure retardations less than \/10.

Because the Karl Lambrecht wave plates are fabri-
cated with an uncertainty of *5 nm, they are first
measured individually using the Sénarmont compen-
sator technique and the configuration of Fig. 22. Ta-
ble 3 shows a comparison of the measured retardations
with the manufacturer’s values. The manufacturer’s
values are calculated taking into account the birefrin-
gence dispersion of mica between the wavelengths for
which the wave plates have been fabricated, i.e., 780
and 800 nm, and the wavelength 632.8 nm at which
they are used. The retardations of both wave plates
are measured at 632.8 nm and are found to be 392.86
nm and 409.39 nm, respectively. Combining both
wave plates therefore allows a total retardation of
16.53 nm to be produced. This first sample is used to
compare the Brace-Kohler, TWC, and Sénarmont
techniques. A Karl Lambrecht wave plate is placed
in a rotating dial in the light path and orientated at 45°
from extinction. The second wave plate is placed in a
rotating insert that is fixed at a position producing a
minimum of intensity corresponding to the case where
the fast and slow axes of both wave plates are parallel.
The retardation is measured using the three tech-
niques, and the error is calculated as a percentage of
the exact retardation. This is summarized in Table 4.
Of the three techniques, the TWC measured the retar-
dation most accurately, producing an error of only
1.60%, whereas the Sénarmont and Brace—Kohler

Table 4. Comparison between the Brace-Kohler, TWC, and Sénarmont
Compensator Techniques

Fig. 22. Experimental configuration used to measure small re-
tardations with the TWC, the Brace—Kohler compensator, and the
Sénarmont compensator techniques. The light source is a He-Ne
laser: D, diaphragm; P, Glan—-Thompson polarizer; S, sample; C,
compensator; A, Glan-Thompson analyzer; PD, photodetector.

Sample Measured
Retardation Measurement Retardation Error
(nm) Technique (nm) (%)
16.53 Sénarmont 14.94 9.57
16.53 Brace-Kohler 15.56 5.80
16.53 TWC 16.26 1.60
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Table 5. Further Comparison between the Brace-Koéhler, TWC, and
Sénarmont Compensator Techniques

Sample Measured
Retardation Measurement Retardation Error
(nm) Technique (nm) (%)
21.78 Sénarmont 22.26 2.22
21.78 Brace-Kohler 21.62 0.74
21.78 TWC 21.81 0.13

techniques produced errors of 9.57% and 5.80%, re-
spectively. The Brace—Kohler compensator model
U-CBR2 is also used as a sample. Table 5 summa-
rizes the results. The sample’s retardation is recal-
culated for the wavelength of 632.8 nm, since the
manufacturer’s value is given for the wavelength of
546.1 nm. The TWC also measured this sample’s re-
tardation most accurately, producing an error of only
0.13%, whereas the Sénarmont and Brace—Kohler
techniques produced errors of 2.2% and 0.74%, respec-
tively.

5. Conclusions

The two wave-plate compensator technique is ana-
lyzed and developed for single-point retardation mea-
surements. It consists of rotating a wave plate in a
two-wave-plate system until a linearly polarized out-
put is obtained that allows extinction to be produced by
rotating the analyzer. The condition for linearly po-
larized output is derived as a function of the two wave
plates’ retardations without any approximations. Ex-
perimental procedures are developed to determine
whether the sample or the compensator needs to be
rotated to proceed to the measurement and to retrieve
accurately the retardation. Unlike the Brace—Kohler
method, the TWC technique is applicable for all retar-
dations from O to A. It is shown numerically that the
TWC technique is more accurate than the Brace-
Kohler method over a wider range of small retarda-
tions from 0 to A/8. The TWC resolution is calculated
to be 0.02 nm. Experimentally, the TWC method is
compared with the Brace-Kohler and Sénarmont
methods on samples with small retardations. For the
two samples, the TWC produces relative errors of
1.60% and 0.13%, respectively, whereas the Brace—
Kohler and Sénarmont techniques produce relative er-
rors of 5.80% and 9.57% for the first sample and 0.74%
and 2.2% for the second sample, respectively. The
TWC technique proves to be more accurate than the
Brace—Kohler and Sénarmont compensator tech-
niques for single-point retardation measurements of
small retardations. Future research involves the im-
plementation of the TWC technique for full-field retar-
dation measurements using a polarization microscope.
This ultimately can be used for the accurate two-
dimensional retrieval of natural or stress-induced bi-
refringence in optical fibers and optical interconnects.

Appendix A: Intensity Along the Semiaxes of a
Polarization Ellipse

By deriving the exact expression for the intensity
along the semiaxes of the output polarization ellipse
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occurring for 6, equal to =45°, general criteria for the
resolution range of the TWC can be developed in
terms of the input power I, and the minimum inten-
sity I,,;, measurable by the experimental system.
Using Jones calculus, an electric field is represented
with the phasor €, where

e = <C1 eXp(jBl))

cs exp(jB2) (39)

and where c; and c, are the amplitudes of the vibra-
tions along the two polarization directions of the bi-
refringent medium, and B; and B, are the phase
shifts introduced to the two vibrations upon traveling
through the birefringent medium. Assuming two vi-
brations, respectively u(¢) and v(¢) along the slow and
fast axes of the birefringent medium, the ellipse
traced by the electric field can be represented by wu(t)
= ¢, cos wt and v(t) = ¢y cos (wt + By — B1), with wt
the radian frequency. After transmission by the bi-
refringent medium, it can be shown that the two
semiaxes of the polarization ellipse traced by the elec-
tric field occur for the following radian frequencies
wt; and wt,,

022 sin[2(Bs — B1)]
012 + C22 cos[2(B; — B1)] ’

wt; = — ) arctan
(40)
oty = wt; + 90°. (41)

By substituting Eqs. (40) and (41) in Eqgs. (25)
through (28), the length of the semiaxes S, and S, of
the polarization ellipse can be derived for 6, = +45°
as

S1(0, = +45°) = cos(d)l;d)z) , (42)
Sy(0y = +45°) = sin(d)l;%> . (43)

To calculate the intensity along the semiaxes of the
polarization ellipse, we use the fact that the intensity
of the electric field is given by € - €*. Therefore the
intensity I, along the semiaxes of the polarization
ellipse is

I1.(0,= *+45°) = S,(+45°)%], (44)

where i can have the value of 1 or 2, and I, is the
initial light source intensity.

This work was performed as part of the Intercon-
nect Focus Center research program at the Georgia
Institute of Technology and was supported by Micro-
electronics Advanced Research Corporation and De-
fense Advanced Research Projects Agency.
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