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SUMMARY

This research presents an approximate anal&tical method for
finding the mean idle time in a weaﬁe room of certain size when a
number of s servers are employed to tend these looms and the servers
are collaborating.

The mathematical model presented is based on the birth-and-death
process and is a series of "birth-and-death" equations at 'steady state",
which, when solved, yield the probability of being in any of the feasible
states. It allows the user to specify the arriwval rate, the three
service rates, the mean walk time, the occurrence rate of each type of
break, the number of machines and the number of servers, gives the mean
waiting time, and the probabilities of having n breaks unattended at a
particular time,

The methodology and the compqter results presented weré developed
for use by the weave room manager in determining the optimum assignmenﬁ.
of weavers ﬁeeded for a certain number of looms. The research concludes
that the program produces accurate and useful estimates when the rate
of arrivals does not exceed the sum of the rate of service and walk
rate, that is, when steady state conditions exist. It also provides
evidence, judging from the execution time for each run, that an
analytical method may be less costly than simulation in‘further studies

of the same type.



CHAPTER I
INTRODUCTION

Weaving started over six thousand years ago in Europe and Egypt,
but until recent times, weaving was a skill associated with domestic
life. The Industrial Revolution brought weaving from home to the fac-
tories and the first weaving mills appeared around 1790. Much progress
has been made since then in the technology of weaving, not only in the
area of new machine development, but in the economic and human aspects
of it as well.

Knitted and "non-woven" materials are challenging the weaving in.
recent years. This creates the need for rapid development of new
technology and improvement of weaving efficiencies in order to reduce
weaving costs, which in turn will reduce the cost éf woven products.

In deciding on the type of work the weaver has to perform, two
systems are commonly used. 1In the first, the "one man" system, a
relatively small number of looms is assigned to the weaver and ﬁe is
expected to perform any type pf work related to weaving. In the second
system, the "helper-weaver" system, the number of different things the
weaver has to do is very liﬁited and the amount of time taken on each
thiﬁg is very small (see table on page 2)}. The weaver has a "helper-
weaver" for those jobs which take more .than one to two minutes in repair
time (for example, changing a warp beam, getting a new warp going, fixing

warp breaks when a number of warp ends break at the same time).



Table 1. Typical Weaver's Tasks and Repair Times
Required for a Shuttle Loom

Type of Stoppage Occurrence Rate Repair Time (Min.)
per Loom Hour :

Warp Break* : 1.00 0.85
Weft Break 0.30 0.33
Slack End and Others 0.15 0.58

* See Appendix 1 for definitions.

"Interference” is the term used for the time tﬁat is lost by a
loom which is stopped while the weaver is working on other looms, and
it is this interference that limits the number of looms that can be run
efficiently. Efficiency also depends on the reliability of the looms,
however, interference is what changes with manpower., ZEvents occurring
at random, such as breaks, cannot be calculated from engineering data.
They must be observed and counted over a period of time to obtain the
average frequency of occurrence. Then 1t may be assumed that the system
of chance causes will continue to operate in the same manner. Since
the stops 6ccur at random, prediction of the weaving efficiency is
complicated. The weave rcom manager needs to be able to estimate the
weaving efficiency before assigning looms to a weaver, and he should be

in a position to calculate the weaving efficiency for any new assignment.

1.l Objective and Procedure

The priméry objective of this research is to develop a usable

analytical model for the loom-assignment problem that will determine



the average number of i&le looms, given thg size of the room and the
number of collaborating weavers tending these looms. Representative

data for arrival and service rates are used. One of the features of

the model is that it takes into account the walking time (transit time)
from one break to the next. The mean of this walking time distribution

is a function of the dimensions of the particular room under consideratiom.
A secondary goal is to estimate the probability of beiﬁg in a particular
state for all the possible states, where a state is defined as the

number of idle and unattended machines and the number of idle machines
being serviced.

If there are s servers and s + 1 or more machines are stopped at
the same time, only s machines can be attended at once, and thus, pro-
duction is lost while machines are awaiting attention. This phenomenon
is called interference. Production is lost both while machines are being
repaired and while the machines are awaiting attention. The rate of
production depends on the frequency‘of repair, repair times, and total
number of machines. The machines break basically for three reasons and
there are three types of service rates, all of which are less than one
minute. -

The procedure of this investigation is as follows:

{1) Write the general form of the birth-and-death equations for
this particular problem with all of the assumptions and constraints.

(2) Write a computer program that will generate all of the
possible states and all of the birth-and-death equations explicitly and
store all of the nonzereo coefficients of these equations.

(3) Solve these equations simultaneously to come up with the



probabilities of being in the different states and also estimate the

. average number of idle machines for a given number of operators.

1.2 Review of Literature

Numerous studies have attempted to show how to determine what
number of machines to assign to one or more operators for best results.
In 1928, Tronton C, F;y of the Bell Telephone Laboratories solved a
problem of congestion of telephone lines. He was iﬁﬁerested in calcu-
lating the expected delay in service if telephone calls all of the same
length are accommodated through a single chanmel (23). 1In 1932, Pinkerton
(55) developed a solution to the general problem of machine interference,
based on the laws of probability. Wright (60) and Duvall (19) converted
Dr. Fry's solution of distribution of "calls" into terms of interference
and in the same year we have the first "work assignment" study by Alford

(1). One year later, in 1937, Deuel (18) stressed the analysis of job

- and time studies as a means to increase both profits and wages.

For approximately the next ten years, nothing major was done in
this area, until 1949, when W. Dale Jones (28) at Georgla Institute of
Technology developed a wage incentive plan for multiple machine assign-
ments tended by one operator. Jones (29), (30), (31) also presented a
mathematicai method for determining machine interference.  In addition,
he provided the means of preparing wage incentive curves for interference
conditions. The years 1950 to 1970 have seen the publication of several
papers dealing with the effective rate of production of a group of
machines, each liable to break down and need repair, which are attended

by one or more operators. Henry Ashcroft (3), in England, developed
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tables for the average number of machines running, and in the case of
breakdowns requiring constant.repair time, the machines being attended
by one operator. He also showed how to solve this problem for a general
distribution repair time. O'Comnor (43 through 52) popularized the use
of the Ashcroft tables and applied them in many phases of the Textile
Industry, particulafly in weaving. He tried.to determine what number of
machines to assign to one operator for best results. |

The next contributions.of note In this area of wmodel development
were made by Denholm, Benson, Cox, Stout, Brunnschweiler, Fetter, Bowman,
Lomicka and Allderige. Stout (59) directed attention only toward illu-
strating in a general way the order of time lost through synchronizations,
and how this may be expected to vary with the operating conditions. Using
a rather different method, Benson and Cox (6) gave tables of efficiency
and operator utilization in the case of exponentially distributed repair

times. They also considered the situation where a team of operators

.attend the machines and the case of a team of m operators specializing

in one of m types of stoppage, but there was no account for patrolling
time. Brunnschweiler (10) first discussed patrolling problems iﬁ 1954,
and Mack gave ﬁables of efficiency for constant walking time, constant
repair time and unidirectional patrolling. Fetter (20) was .the first to
treat the machine assigpment problem for the case of collaborating
servicemen, but he ignored the walking times involved.

In the area of machine delay time, considered bdth a random and
systematic occurrence, models were first developed by Lomicka and
Allderige (37). Palm (53), a Swedish writer, demonstrated that one can

always obtain better usage of workers (at least, theoretically) if



several workers cooperate in servicing a larger group of machines. Kemp
and Mack (34) in 1961, gave tables for calculating machine interference
in automatic weaving. King (36) looked at the problem of optimum assign-
ment of machines in 1966 and provided a quick and ready means of solution
to such problems in practice. A very interesting article by Bawa and
Nair (4) followed in 1966. The article considered the assignment of
cooperating workers to a group of machines when the service time follows
exponential distrifution. The computation of the economic advantage of
this assignment over that where there is no cooperation is illustrated
with an example, but the effect of walk timés is not included in the
analysis. Tn 1970, King (35) examined the problem of determining the
optimum size of a repair servicing crew for a given number of automatic
machines and presented charts applicable to the Poisson arrival-exponen-
tial service time mbdel;

From 1970 to the present time, contributions of note in this area
were made by Bunday and Jackson, Mack, Crabill, Horn, Hoover and Freeman,
and Maritas. Bunday and Jackson (11) locked at the efficiency of a group
of machines bi-directionally traversed by one operator when walking time
is constant. Crabill (16) developed a continuous—time Markovian model
to consider the costs dependent on the service rates and costs due to
lost production. The model seeks to minimize the long-run expected
average cost of the system. Bunday and Mack (12) solved the problem of
finding the effective rate of production of a group of n machines bi-~
directionally traversed by one operator. In 1973, Freeman (21) presented
a genéral machine interference problem and described a general purpose

computer simulation which estimates interference times and work load.



In 1977, Maritas (39) studied the machine interference problem with more
than one operator, when thé machine running times follow the negative ex-
ponential distribution and the repair times follow the Erlang distribution.

While all the above papers have dealt with some aspect of the
machine-assisnment problem, they provide no comprehensive model for the
machine assignmeﬁt problem that involves team-work and takes into account
walking times involved. A number of papers (20), (4}, (34), (53) men-
tioned that walking times can become important if the number of machines
in the assignment is large, but no one discussed the effect of walking
times on the optimum assignment.

Considering that one can walk approximately 240 feet per minute,
one can see how walking can become important in a weave room of 20,000
square feet area (200 feet by 100 feet), for example. It will be shown
in Appendix B that the mean walk rectilinear distance for a room of this
size is approximately 100 feet. This means that one can complete 150
walks per hour, which is comparable to the number of service completions
per hour. This fact says that one cannot neglect the walk times, because
they are of the same magnitude as service times.

Prior to 1950, ome could neglect the walk times because the
assignments were small (less than 15 looms per weaver). Today the vast
majority of looms have been automated, and a weaver can handle anywhere
from 25 to 50 or more looms. In this case, one can see how walk times
can become important in determining the optimum number of operators for
a given number of machines.

Throughout this study, the terms operator, server, weaver, and

worker will be used indiscriminately.



CHAPTER II
DEVELOPMENT OF THE METHODOLOGY

2.1 Problem Statement and Background

The theory of waiting lines or queues concerns situations in
which units require a particular service on a "random" basis, i.e., at
intervals that can be described only through a probability distrdibution.
Usually the service facilities are limited, such that at times, a
waiting line of units builds up. Looms stopping at random, waiting for
weaver attention, is one example of industrial queuing situatiom.

The term "at ran@om" is a key feature of queuing problems. If
units need service on a regular, production basis, service facilities .
can be planned to be available on a production basis with little waiting
involved. However, in the typical queuing problem, one does not know
how many units, if any, will need service in the next hour; the average
number that will need service in a shift may be known. Likewise, the
service time may vary widely and may be described as more or less
"random" with some approximately known average.

In solving a queuing problem, one seeks at least the average
number of idle units and the average percentage of idle time of the
service channels. As an alternative to analytical solutions, one can
always simulate the queuing process, using computer methods, like the
General Purpose System Simulator (GPSS). Unfortunately, simulation has
been time-consuming and costly even when a computer was used, due to the

initial programming effort. As a result, queuing problems in Textiles



are -normally approached by guesswork or by trial and error methods.

The main.advantages of the queuing theory approach are its sim-
plicity and the availability of computational procedures to determine
solutions. . The main disadvantage is the assumptions that are forced
upon the problem in‘order to facilitate the mathematical solution. The
assumptions for this particular model will be stated in section 2.3.

This study considers a production system consisting of a finite
number of productive units —looms— that are subject to failure during
use. We assume that the machines fail, or break down, with an exponen-
tial time-to-failure distribution, i.e., according to a Poisson process.

We have three types of stoppage and to each type of stoppage
corresponds a particular frequency and duration. Both frequency and
duration of stoppages vary with different conditons of working, being
determined partly by thg skill of the operators and partly by the intrin-
gic properties of the yarn. Typical values were given in Table 1 of
Chapter 1.

Walking time is important in this model. This is the time it takes
for a weaver to move (with his tools) from one machine to another ﬁhich
requires servicing. It also includes the time needed to recognize a
call for service and the time for taking the correct position at the

machine.

2.2 Walk Time Distribution

A typical weave room will look something like Figure 1. The looms
stop for one of three reasons given in Table 1 (warp breaks, weft break,

glack end). When the operator sees a break, he walks to that particular
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loom, positions himself along the front or the back of the loom (depend-
ing on the typelof break), and starts working on it. Front and back qf
a loom in this picture will be the two sides parallel to the x—axié.
The weaver restarts the loom and stays there looking around watching

for the next break.

Y -
3 o
b | e

O
- —ee (X5, ¥5) @)

1> ¥y O

. Back
operator (:) loom Front

Figure 1. Typical Weave Room

It was explained in Chapter I why the walk time from ome break to
the next one is important. The question of how one should go about esti-
mating the average walk time now arises. The problem can be stated as
follows: Given a weave-room A, with dimensions a by b (a>b) as indi-
cated in Figure 1; if txl, yl) is g random location of an operator and
(xz, y2) is a random location of a break and both points are distributed

uniformly in the rectangle Oacb, what is the distribution of
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z=[xl*x2|+lyl-y2| where z is the rectilinear distance between the two
points. |

It is assumed that the operators that are not busy are.randomly
located in spéce because an operator remains at his job site when he
finishes the job.

It turns out (Appendix B) that z has the following probability

density function:

—»
4 .[ébz - azz _ bzg + 23 ] a<z<b
2.2 2 2 6 -
a’b
2.2 2 2 6
ab
fz(2)=<
-4 [ a’p _ ab> + abz + a’z _ 33_+ 2b* _ bz >
a2b2' 2 2 2 6 2 2
- azz + 33 _ b_s] afZ£a+b
2 6 6

Figures 2, 3, and 4 show plots of fz(z) for a=80, b=20; a=50, b=50
and a=99, b=l respectively..

In the model below it will be assumed that the walk-time distri-
bution is exponential. This assumption becomes more and more realistic
as a»>*b. However, it clearly leads to some inaccuracy when a®b. In the
limit this distribution is exponential in the one dimension case. A two

dimensional walk model is a better suggestion. 1In this case the walk-
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time distribution is the sum of two exponential distributions (i.e. a
two phase exponential) which obviously is a better walk model but this
1s at the expense of an increaéed number of states. In deriving the
walk-time distribution, the implicit assumption is that the servers are
uniformly distributed in the room at all times. Another factor that
enters the walk-time distribution calculations is the shape of the par-

ticular room under consideration.

2.3 Assumptions

When applying mathematics to the solution of a waiﬁing line problem,
the system to be studied must be described m;fhematically, and the result
~is often referred to as a mathematical model. The usual procedure is to
construct 2 mathematical model of the system and then to study its proper-
ties. Certain approximations and simplifications mﬁst be made when con-
structing a mathematical model since it is not possible- to accurately
represent the real world. There are many reasons for this. One is that
it is essentially impossible to find out what the "real" world is actually
like. Another is that a very accurate model of the '"real" world can be-
come extremely difficult to work with mathematically. A final reason is
that accurate models often cannot be justified on economic grounds. In
order to develop an appfoximate analytical model for this system, with
sufficient detail and relatively short set up and execution times, the
following assumptions were imposed on it.

It was assumed that:

1., Variatioms in operator'effort are neglected.

2. The service times and the walk times follow e%ponential

distributions.
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3. Time bétween breakdowvns of the machines, all types together,
are assumed to occur exponentially during the running time at an average
rate-of % pef machine per hour.

4. There is no argument as- to who should attend to a call when it
arises. It is assumed that the closest free server will take it, and if
there is no free server the call will have to walt. Since calls occur at
random, there will be an equitable distribution of the work load among
the weavers in the long run, and, hence, this assumption is justified.

5. 1In the states where the nuymber of machines requiring serviée
exceeds the number of weavers, a queue will exist.

6. No machine is re-started twice for different stops without the
restarting of another machine in between.

7. The probability of a particular machine failimng.does not depend
_on the state of other machines nor on the time which has elapsed since it

was last repaired.

8. All of the breakdowns require the service of only one weaver.

2.4 Birth-and-Death Equations

A careful analysis showed that the problem here could best be des-
cribed by a system of birth—and~death equations. The theory of birth-and-
death processes, developed mostly by Feller, is part of thé subject matter
commonly called stochastic processes. Typical birth-and~death process
examples would be (a) a city whose population is N(t)} at time t, (b) a
telephone switchboard where N(t) is the number of calls occuring in an
interval of length t, (¢} a queue, where N(t) is the number of customers

waiting or in service at time t. A variation of this last example is the
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problem that this thesis is attempting to selve. An important part of
the birth-and-death processes, and the queuing problems in general, is
being able to describe the state of the system at each time interval of
length t. The state of the system is the number of customers in the
queuing systen.

The state of the system at time t (t>0) is given by (4,j1,32,j3)=
N{(t) where i = number of idle machines. The maéhines are idle for ome
of three reasons (warp break, weft break, other) and are waiting for the
operator{s) to work on them. jl = the number of machines that are down
because of a warp break, and are now being worked on. jl is also the
number of operators working on jl machines that are down because of a
warp break. One operator ;Ls required per machine per break. Likewise,
32 is the number of operators working on j2 machines that broke down for
reason number two, a weft break, and j3 is the number of operatérs work=-
ing on j3 machines that are idle because of a slack end or other reason.
Walk and repairs are ;eparated because walk is differentiated by the
number of available servers (closest servef notion) and repairs are
differentiated by the job type (three types of jobs).

P(1,31,32,33) 1s the probability of being in state (i,i1,32,33).
For example, P(3,1,2,0) will mean that there are three idle machines that
nobo&y is working on (simply because there is no server available); one
server is working on a machiné that has stopped because of a warp break;
two servers are working on two machines that are down because of weft
breaks, and there is no machine idle because of a slack end or any other
reason.

The birth-and-death process describes probabilistically how
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(i,jl,jZ,ﬁB) change as time increases. Birth refers to the arrival of a
new break into the queuing system, and death refers to a service comple-
tion of a break and the restarting of a machine. Generally speaking, the
birth-and-death process says that individual births and deaths occur ran-
domly and their mean occurrence rates depend only upon the current state
of the system.

The general assumptions imposed on all birth-and~death processes

will apply here, too.

2.5 Derivation of the Steady State Equatioms

The key principle of the birth~and-death pr0chS'is the RATE OUT =
RATE IN principle, which says that for any given state of the system, the
mean rate (expected number of occurrences per unit time) at which the
system enters that state must equal the mean rate at which it leaves.

The equation expressing this principle of "“conservation of flow" is
called the balance equation for the state.

Before any attempt is made to write the "steady‘state" birth~and-
death equations, one must have a clear understanding of what a state is
and what the possible states are. We defined the state of the system
as N(t)=(1,j1,3j2,33).

In order to come up with all of the possible states, one must
keep in mind the following simple rule: jl1 + j2 + j3 < s (See Appendix
¢ for definitions). This rule states that if the number of weavers for
a particular weave room is s, then at any time the number of busy wéavers
is less than or equal to s. By knowing the values of s and i, one can

come up with all of the possible states, (i, jl, j2, 33). For example,
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if i=0 and s=2, there are a total of 27 states, 10 of which are possible,
namely the states underlined in Table 2. State nine, for example, is
not a valid state because if there‘are only two servers, four of them
can not be working at one particular time.

As i increases, the number of states also.increaSes linearly, so
for the same value of s and i=0, 1, 2, 3, the number of possible states
is 10, 20, 30, 40 respectively. When s increases and i remains comstant,

the number of states increases in combinatorial fashiom.

Table 2. Possible States for the Case of
Two Servers and No Idle Machines

1. 0000 10. - 0100 19. 0200
2. 0001 11. 0101 20. 0201
3. 0002 12. 0102 21. 0202
4. 0010 13. 0110 22, 0210
5. 0011 - 14, 0111 23. 0211
6. 0012 15. 0112 24, 0212
7. 0020 16. 0120 25, 0220
8. 0021 | 17. 0121 26. 0221
9. 0022 18. 0122 27. 0222

Once the possible number of states is known, the next logical step
would be to find how one can go from one state to the other.  Figure 5
gives a schematic of the sequence of the elements involved in the process

of fixing a break.
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Server Takes Task #1 Finishes | | Waits
Walks ' or #2 Task Until
’ or #3 M he sees
a Break
- —

Figure 5. Process of Fixing a Break

One can see that a server can not go from one task to another
directly, because there is a walk involved. The ways to enter a state
are:

1. Via an arrival.

2. Via a service completion.

3. Via a walk completion.

The ways to exit a state are:

1. Via an arrival.

2. Via a service completion,.

3. Via a walk completion.

Consider, for example, state (0, 0, 0, 0) for the case of s=2.
The only way to get out of this state is by an arrival. An arrival would
mean transition from state (0, 0, 0, 0) to (1, 0, O, 0). There can not
be any service completion or walk completion since no one is working or
walking. The ways to get into thls state are: from state (0, 1, 0, 0)
via a service completion of a warp break, from state (0, 0, 1, 0) via a

gservice completion of a weft break, and from state (0, 0, 0, 1) via a
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service completion of a slack end. These are the only ways.
Utilizing the RATE QUT = RATE IN principle, one can write the

"steady state" birth-and-death equation for this state as follows:

AP(0, 0, 0, 0) = ulP(O, l, 0, 0) + UZP(O’ 0, 1, 0) + 11-3P(0: 0, 0, 1

As a second example, let us consider state (0, 1, 0, 0). The ways
to exit this state are by an arrival, which would mean transition from
state {0, 1, 0, 0) to state (1, 1, 0, 0), or by service completion of a
warp break, which means going from state (0, 1, 0, 0) to state (0, 0, 0, 0).
There are four ways to enter state (0, 1, 0, 0). One way is by having
both. weavers working on twc warp breaks and one has just finished. This
can be expressed as 2ulP(0, 2, 0, 0) and is an expression of the rate of
transition from state (0, 2, 0, 0) to state (0, 1, 0, 0). The second way
is from state (0, 1, 1, 0) by completing a weft break service. This is
expressed as_uzP(O, 1, 1, 0). The third way is from staﬁe (0, 1, 0, 1)
by  completing a slack end service and the rate of transition is ﬁBP(O, 1,
0, 1). The final way is by completing a walk from state (1, 0, 0, 0).
The rate of this transitiom from state (1, 0, 0, 0) to state (0, 1, 0,.0)
is ZalP(l, 0, 0, 0) where 2 is the number of available servers plus one
and o.=P.a as defined in section 3.2. Therefore, the balance equation

i1
for state (0, 1, 0, 0) would be

PO, 1, 0, 0) (vhuy) = 2wP(0, 2, 0, 0) + w,P(0, 1, 1, 0) + 1;P(0, 1, 0, 1)+

Zle(l, 0, 0, 0)
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Similarly, one can ﬁrite the balance equation for state (1, 0, 0, 0) as
P(1, 0, 0, 0) (M2a) = AP(0, 0, 0, 0) + W P(L, 1, 0, 0) + wP(L, 0, 1, 0)+
1yP(L, 0, 0, 1)

The 20 on the left side of this equation represents the number of availa-
ble servers times the rate of walk.

With the conservation of flow principle in mind and a few other
simple rules that appear in the next section, one can proceed to write

the general form of the birth-and-death equations.

2.5 Model Formulation

For a given state (i, jl, j2, j3) the service rates for the three
different breaks (warp, weft, slack end) are uljl, u2j2 and u3j3, respec-
tively. The walk completion rate (WCR) is

WCR = (number of servers now walking) A (number of available servers + 1)

where @ = Pka for k=1, 2, 3. (2.1a)

The number of servers now walking is given by min (i, s-jl-j2-j3)

and the number of available servers plus one is equal to

(1 + max (s-jl—j2—j3-i;0)). Equation {(2.la) now becomes

WRC = min (i, s-jl-j2-j3) e (1 + max (s-jl-j2-j3-1,0)) (2.1b)
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What is sought here is the number of walk completions. The servers
are counted at the beginning (i.e. before the walk). Therefore, assuming
that there can.only be one walk completion at a time, there are 1+ the
number of free servers available before the walk starts. This explains
why the number of available servers plus one is used in computing the
walk completion rate.

It was assumed in section 2.3 that the closest server will take
the call. This does not violate the assumption thatithe walk time is
exponential, Fisher and Tippett (22) showed that the limit of the mini-
mum value of a series of exponential distributions is also exponential.
Therefore, the distribution of the walk time of the closest server will
still be exponential. No attempt is made here to figure out who the
closest server is each time. It is assumed that it is obvious to all
servers who should take a particular call vhen it arises.” In other words,
they know who is closest to the call. Again, this is one of the points
where further research can be done.

Knowing the service rates and the walk completion rates, and
keeping in mind that there can only be one arrival or service completion
or walk completion at a time, one can write the general form of the
birth-and-death equations at "steady" state for this particular model,
following the RATE OUT = EATE IN principle discussed earlier,

For the state (i, jl, j2, j3) the rate out would be:

P(i,jl,j2,j3)‘(l+j1ul +32u, + j3u3) +

arrival rate + rate of completion for the three types of tasks
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P(1,]1,32,33) (o, (min(i,s=-j1-j2-33)) (1 + max(s-j1-j2-j3-1,0))) +

walk completion for task 1

P(i,jl,jZ,jB)(az(min(i,s-jl-jZ—j3))(l + max(s-jl-j2-j3-1,0))) +

walk completion for task 2

P(i,jl,jZ,jB)(a3(min(i,s-jl-j2-j3))(l + max(s-ji-j2-j3-1,0)))

walk completion for task 3 (2.2)

but ul=Plu, 32=P2a, a3=P3a and Pl + PZ + P3 = 1, so

&y t o, + ay=a. Therefore, equation (2.2) simplifies to

P(1,31,52,33) (\Hjlug+i2u,+53u,ta(min (1, 5-31-32-33) ) (Itmax (s-31-j2-33-1,0))).
The rate into state (i,il,j2,i3) is equal to

AP(1-1,31,32,33) + (j1+1) ulP(i,jl+l,j2,j3) +

arrival + service completion of task 1

(32+1) WP (1,31,32+1,33) + (§3+1)n,P(1,31,32,33+1) +

service completion of task 2 + service completion of task 3

al(min(i+l,s—jl-j2—j3+l))(l+max(s—j1—j2—j3—i,0))P(i+l,jl—1,j2,j3) +

walk completion for task 1

o, (min(i+l,5-11-32-33+1)) (Ltmax (s-§1-32-33-1,0))P (1+1,51,32-1,33) +

walk completion for task 2
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a3(min(i+l,s-jl-j2-j3+l)){l+max(s~jl—j2-j3—i,Ql)P(i+l,jl,j2,j3-1)

walk completion for task 3 (2.3)

Table 3 shows the balance equation (RATE QUT = RATE IN) for the state
(1,31,32,33).

One can see that there are eight probability terms Involwved in this
model, They have been numbered as follows:

1. P(i-1,j1,j2,33)

2. P(i,j;,jz,j3)

3. P(4,31,12,j3+1)

4. P(i,jl,j2+1,3i3)

5, P(i,j1+1,j2,33)

6. P(i+l,j1-1,32,33)

7. P(i+1,31,3j2-1,33)

8. P{i+l,jl,j2,33-1)
The reason for numbering these probabilities this way is for easier
reference in the rest of this section as well as for programming reasons
(Appendix D).

The conditions imposed on this model are:

1. In all P(i,3j1,32,3j3) combinations, the sum of all j's can
not exceed s, the number of servers. For example, for
P(1,i1,32,33), jl+j2+j3<s; for P(1,11+41,32,13), jl+l+j2+j3fs;
for P(1,31,32+1,33), J1+j2+1+i3), jL+j2+l+i3<s, etc.

2. Probability terms 3, 4 -and 5 are zero is jl+j2+j3>s.

3. Probability term 2 exists if i>1,
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4. 1If any of the j's or i's are negétive, in any of the eight
ptobability terms, then that probability term i1s equal to zero, For

example, P(i+1,j1-1,32,33) = 0 if j1 = 0.

i jl j2 i3
5. z 1 ¥ Y P(1,j1,j2,33) = 1, which is the
i=0  j1=0 j2=0 §3=0 .

normalization equation, states that the sum of all the probabilities

must be equal to ome.



Table 3. RATE OUT = RATE IN Equatioms

P(1,31,1233) (Mjlu +i2u,+33u ta (min (1, 5-11-32-33) ) (I4max (s-§1-§2-13-1,0)))

arrival rate + rate of service completion + rate of walk completion

= AP(i-1,31,32,33) + (j1+1)]J1P(i’jl+lsj2tj3)

arrival + service completion of task 1

4 L / N I 4 . q s
+ (32+1)u,P (4,31, 32+1,33) + (33+1)ugP(4,31,32,33+1)

2
service completion of task 2 + service completion of task 3

+ al(min(i+1,s-j1-j2-j3+l))(1+max(s—jl—jZ-j3-i,0})P(i+l,j1-1,j2,j3)
walk completion for task 1

+ a2(min(i+1,s—jl—j2—j3+1))(1+max(s—jl—j2—j3—i,0))P(1+1,j1,12—1,j3)
walk completion for task 2
+ a3(min(i+l,s—j1—j2—j3+1))(1+max(s—jl—j2—j3—1,0))P(i+1,j1,j2,j3—1)

walk completion for task 3

LT
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CHAPTER III

DEMONSTRATION AND APPLICATION OF THE METHODOLOGY

3.1 Explanation of Programming

Chapter II was concluded with the development of the general model
for the "steady state" equations for this system. This model appears
in Table 3.

The next logical step would be to write explicitly all of the
equations for a particular NM and NS combination and to. come up with
some actual values for the probability of being in a particular state for
all of the possible states. It should be remembered that NM is the maxi-
mum number of idle m&chines that one can have at any particular time, and
NS is the number of servers. It turns out, for example, that for NM = iO
and NS = 5, there are 616 possible states, which means 616 equations with
616 unknowns. This creates the need for a computer program that will
write all of the feasible states according to the conditions of section
2.6, write the equation for each state, and solve these equations to ob-
tain numerical solutioms.

Program "QUE" which appears in Appendix D does this. The program
was written in FORTRAN language and was tested on a Cyber 74 computer.
The program is divided into eight parts.

PART 1. The user assigns values to the service rates ui, Hys Ugs

to the arrival rate A, the walk rate «, and the a., Ays a3‘terms. He also

1

reads in the maximum number of idle machines that can be expected at

one time, as well as the number of servers that will be employed to
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attend the machines.

PART 2. This part ¢f the program creates all of the possible
states, prints them in ascending order and assigns them an identifying
number.

PART 3. This part creates the coefficients of the first row, which
is the normalization equations (that is, the sum of all probabilities
must be equal to one), and it also creates the P(i,jl,j2,j3) combinations
for all of the other rows.

PART 4. This part generates all of the constant terms for all
P(i,jl1,j2,33) combinations of Part 3.

PART 5. This part matches each variable (i.e. each P(i,j1,j2,]3)
combination) with its nonzero coefficilent (if there is one). |

PART 6. This part consists ofla subroutine called Linel 3(N).
This subroutine solves a larpge system of linear equations by Gaussian
elimination with partial pivoting.

PART 7. This part of the program writes out the solution, which
Linel 3(N) produces,.and sums up all of the probabilities with the same
MM value,

PART 8. This is the final part of the program. It calculates
and prints the mean idle time for a given WM and NS and.also prints the
execution time for the particular run. The complete program, with docu-
mentation and further explanations of the programming techniques.used,
appears in Appendix D.

Since there is one equation for each state and the normalization
equation must be included in the system, one can observe that for a

given NM and NS there are "n+l" equations with "n" unknowns. In other
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words, one of the equations is redundant. This means that one can leave
the equation of one (anyone) state out of the system and solve the system

with all of the other equations and the normalization equation.

3.2 Model Parameters

It was mentioned in section 3.1 that in the first part of the
computer program the user has to specify the values for A, His Moy Has
@y O3, G Og from which IM, M1, M2, M3, AA, Al, A2 and A3 can be computed

as follows:

IM =2 {Total number of lcoms)
Ml = uy
M2 = Hy
M3 = Hq
AA = Rate of walk (ft. per hour) 'é
Al = P1 AA
A2 = P2 AA
A3 = P3 AA

Tahle 1 in Chapter 1 gives typical values for the occurrence rates
for the various breakdowns as well as their typical repair times. This
‘table is repeated below for convenience.

Table 1. Typical Weaver's Tasks and Repair Times
Required for a Shuttle Loom

Type of Stoppage Occurrence Rate _ Repair Time (Min.)

per Loom Hour

Warp Break 1.00 0.85
Weft Break 0.30 0.33
Slack End and Others 0.15 0.58
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From Table 1, one can see that A=1.45 breaks per loom per hour.

= 1 60 min = 60 = 70.588
repair time (min) hr .85

"1
warp break repairs per hour., Similarly My = 181.818 weft break repairs
per hour and Hy = 103.448 slack end break repalrs per hour.

The mean walk time is o and it is a function of the size of the
particular weave room under consideration. It turns out, for example,
that for a weave room of 200 ft. by 100 ft., the mean walk distance is
approximately 101 feet.

Appendices E and F show how this value was derived. Appendix E
shows a computer program for the computation of the distribution of the
walk distance, which is a function of the dimensions of the room and
- has probability demsity function fz(z) (See section 2.2 and Appendix B
for the derivation of fz(z)). The program in Appendix F finds the mean
walk distance for a particular room based on the.results produced by
the program in Appendix E.

Given that one can walk about 240 feet per minute, one can cal-

culate the number of walk completions per hour as follows:

_ 240 feet 1 60 min

Al min 101 feet ‘hr

£ 140 walks per hour

In section 2.5 o, a,. and a, were defined as follows: al=Pla, o =Pza

1’ 72 3 2
and 33=P3a.

From the values of Table 1 and the definitions of Pl, P2 and P3,
one can calculate the condiftional probabilities P1, P2 and P3 as P1=.689,

P2%,207 and P3%.103.

NS in this medel is the number of collaborating servers assigned
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to tend the machines. This number has to be specified for each parti-
cular trial. The user needs to read in NS and NM each time. NM = max i
is the maximum number of machines expected to be idle at one time. Theo-
retically, NM can be equal to the total number of machines, but the pro-
bability of this happening is so small éhat one can safely say that it
will never happen in a real life situation. The choice of NM will depend
on the total number of machines, the service rates, the arrival rate and
the number of operators available. In choosing WM, one can start with
small values and gradually increase them until the probability of a
 particular NM happening is close to zero. We can then say that for this
particular system NM can not practically exceed this wvalue. This will

become clear in the examples of the next section.

3.3 Examples

It was mentioned ar the beginning of this chapter that in order to
run this computer program, one must specify the maximum expected number
of idle'machines, NM. Based on this and the total number of servers, NS,
we come up with the mean number of idle machines. Specifications of NM
makes the execution time smaller, but it limits the problem somewhat,
because it provides no information on the probabiiity of having more idle
machines than were expecfed. It is obvicus that if one wants to look at
all possible combinations for a range of NS's (i.e. NS =1, 2, 3. . .6)
and a range of NM's (i.e. NM = 1, 2, 3. , .20), it will take a large
number of runs, making the analysis and the interpretation of the results
more complicated. To aveid such complicatiqns and stil]l accomplish the

~

objectives of this thesis, it was decided that only two different gizes of
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weave rooms be considered and that five runs be made on each one of them.
Weave room I has dimensions of 200 feet by 100 feet and a capacity

of 200 looms. Weave room II is 125 feet by 80 feet and contains 100 looms.

Table 4 summarizes the values of the various parameters for the two rooms.
A run consists of one NS value and one NM value. For example,

NS = 2 and NM = 20 is one run. The five runs considered here are the

following:

i Ns
Run 1 20 2
Run 2 16 3
Run 3 12 4
Run 4 3 5
Run 5 4 6

The choice of these combinations makes practical sense for these'parti—
cular weéve rooms due to their dimemsions. Two more runs were made for -
the smaller room {(room II) in order to show that a small increase in NM
has almost no effect in the mean idle time. The relative error though
for these two.runs can be quite large. Table 5 and Figures 6 and 7 show

the results of these runs for the two rooms.
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Table 4. Characteristics and Parameter Values
For the Two Rooms

Characteristics and Parameter Values Room I Room II

Area (feet squared) 20,000 10,000
Number of looms - 200 100
Average Number of Breaks per Hour (LM) 308 154
Average Number of Walk Completions Per Hour (4A) 100 125
Average Walking Rate for Break Type 1 (Al) 68.96 86.20

Average Walking Rate for Break Type 2 (A2) 20.70 25.86
Average Walking Rate for Break Type 3 (A3) 10.34 12.92
Average Service Rate for Break Type 1 (M1l) 70.59 70.59
Average Service Rate for Break Type 2 (M2) 181.82 181,82
Average Service Rate for Break Type 3 (M3) 103.44 103.44

3.4 Results

Figures 6 and 7 illustrated the pfobabilities for the number of
idle machines for the two weave rooms considered ﬁere. Each figure is
a plot of the number of idle machines versus their probabilities of being .
idle (for a specific number of servers). TFigure 7, Run 1 (NM = 20, NS = 2),
for example, can be interpreted as follows: Givenra room 125 feet by 80
feet with 100 looms, and given the occurrence rates for the various
breaks and their repair times as in table 1, with only two weavers
assigﬁed to take care of these machine, then: 25% of the time there will
be no idle machine, 16;5% of the time there will only be one idle machine,
11.8% of the time there will only be 2 idle machines, and so on. It is
seen that only 0.1% of the time one can expect 20 idle.machines at the
same time. The mean number of idle machines for this set up is approxi-
mately 3.6, One can now interpret the other figures in a similar fashion.

It was found, empirically, that for Room I the probabilities of



Table 5. Probabilities of 1dle Machines

ROOM 1 ROOM 11
Probabilitiea Probabilities
NM N5=2 N5=3 H3=L NS5=5 N3=6 N5=2 Ns=3 N5=kL NS=5 N3=5 NS=5 NS=6
0 1178 «1515 ATTh -193% 3386 42506 +3535 1625 5869 5058 5853 7110
1 0978 +1252 2153 JANS +2973 +1650 2151 #2196 2464 <2461 .2480 2179
2 .0838 «097h 1178 «1537 £1926 .1188 +1303 1239 097 0917 097 0527
3 0736 083 0973 1263 L1159 0907 0842 0687 +039% 0396 +0397 Ok
5 +0595 +0650 L0730 .0865 NA 0576 .Ol35 20232 +0086 +0087 .0088 . NA
6 0544 0583 +06L3 0681 NA «0L66 L0311 0137 ~003% «00k1 0042 HA
7 . 0500 .0526 +0565 0485 NA .0382 20224 .0081 L0016 0018 0019 HA
8 ~0L62 -0476 -0L9& 0261 ¥i «03i 3 0162 +00iT 0005 »0008 0009 NA
9 0428 +0L32 +0h32 BA HA .0257 L0117 0027 NA 0002 »0003 NA
10 0397 0393 0366 NA NA 0211 .0084 L0015 N NA +0001 NA
n +0369 +0358 0286 NA NA 0173 <0061 0008 HA Hi NA Ni
12 #0343 .0326 L0171 ¥A Na JOk2 .0043 0003 Nk Na NA NA
13 0319 +0296 HA NA NA Lot 0031 NA NA NA NA NA
14 0297 . 0266 NA 7Y Na . 0021 Na NA NA NA Ni
15 0276 0225 XA KA NA .0079. 0013 NA NA Ni NA HA
16 .0257 0151 NA Na NA 0061, +0006 NA KA KA KA NA
17 02140 Ni HA N 1Y .0053 NA NA Ni Nk MA NA
18 0222 ¥a NA NA Ni L0042 XA N NA NA MA HA
19 0201 NA NA NA Ty 003 NA HA M Ni NA N
20 0153 NA Ni NA NA L0018 HA NA NA NA HA 1Y

113
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RUN 1. {NM=20, NS=2)
RUN 2. (NM=16, N5=3)

RUN 3. (WM=12, NS=4)
RUN 4, (NM=8, NS=5)

RUN 5. (NM=4, HS=6)
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Results for Room I

37



Table 6. Mean Number of Idle Machines

38

Run
NM NS Room 1 Roon TII
20 2 6.85 3.63
16 3 5.19 2.08
12 4 3.84 1.21
8 ) 2.69 .70
9 5 NA .71
10 5 NA .38
4 6 1.25
Table 7. Execution Time for Cyber 76 (Seconds)
Run
NM NS Room I Roem IT
20 2 6.153 5.775
16 3 14.344 13.719
12 4 26.383 27.176
8 5 42,851 46.057
9 5 NA 49,973
10 5 NA 52.225
4 6 51.415 51.337
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having a high number of idle machines are relatively large. For example,
Figure 6, Run 1 (NM = 20, Ns = 2) says that 47 of the time there will be
lb idle machines at the same time, 3% 14 machines, 21%. 18 and 1.7% there
will be 20 idle machines at the same time. This can belinterpreted as
lack of "steady state" in the infinite case model (i.e. in the case where
there is an infinite number of states because NM is not set to a parti-
cular number). In other words, the rate of break occurrence is higher |
than the service rate and for this kind of set up there is always going
to be a number of idle machines. The addition of a few more servers will
take care of this problem. However, there is a trade off here between
the cost of having some machines idle apd the cost of hiring additional
people, and it might make economical sense to have a number of machines
idle a certain percentage of the time, as opposed to paying additional
weavers. This will be discussed further in the next section. TFigure 6,
Runs 2, 3, 4, and 5 also refer to Room I and they indicate the lack of
"steady state', too.

Table 6 shows a reduction in the mean idle time as the number of
servers increases. This is true for both rooms and is something that
should be expected. Also, the mean idle time for each case for Room I
was twice or more than the mean idle time for the same case for Room II.

As the number of servers increases, the execution times increase
in a combinatorial fashion. Comparison of the execution times for the
same case for the two different weave rooms reveals that the execution
times are Insensitive to changes in the size of the room, and therefore,

in the mean walk time.
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3.5 Discussion of the Results

This thesis examined onme of the two aspects of the problem; that
of finding the average number of idle machines agcording to the various
numbers of servers attending these machines. The other aspect of the
problem is the estimation of the service costs. One needs to examine
both aspects of the problem in order to decide on the optimum assign-
ment, because decisions regarding the amount of service capacity to
provide are based'primarilf on two considerations:

1. The cost incurred by providing the service.

2., The amount of waiting for that service.

These two considerations create conflicting pressure on the decision
maker. The objective of reducing service costs recommends a minimal
level of service. On the other hand, long waiting times are undesirable,
which recommends a high level of service. Therefore, it is necessary to
strive for some type of compromise.

In order to compare service costs and waiting costs, one has to
adopt (explicitly or implicitly) a common measure of their impact. It
is possible to directly jdentify some or all of the costs asseciated with
the idleness of the looms. The estimating process would be a good topic
of further research on this study, When the cost of wailting has been
evaluated explicitly, one can calculate the level of service which mini-
mizes the total of the expected cost of service and the expected cost of
waiting for service, as suggested in Figure 8. As a final conclusion,
one migﬁt state that the method outlined in this thesls, along with the

knowledge of the service costs and waiting costs, can help a decision
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maker make an intelligent decision as to the proper balance between
delays and service costs and come up with the economically optimal
number of servers for a given number of machines. In practice, such
items as imperfect communications and sensitivity of workers to the
queue length would tend te introduce differences between predicted

and actual values.
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CHAPTER IV

CONCLUSIONS AND RECOMMENDATIONS

4.1 Conclusions

The model férmulated in Chapter III, while not being the only
approach, does present a logical approach to solving loom assignment
problems. The application of the birth-and-death principles for the
solﬁ;ion of this problem is a viable methodology. The approach presented
incorporates both sufficient detail and low set up and run times. A
single family of curves éovering a majority of situations would consti-
tute an ideal solution for finding the average number of idle machines.
But as was mentioned in Chapter III, this is not possible becauée the
various parameters change for different kinds of looms, weave room sizes,
and different operators.

In practice, of course, before using the curves presented here,
it is necessary to ensure that the assumptions and characteristics of the
model on which they are based are applicable (at least approximately) to
the actual production system under study. However, the problem in all
real life situations is not simply one of trying to maximize machine
utilization, and hence, output (obviously this can be achieved with
one serviceman assigned to each machine), but rather one of determining
an economic balance between the losses due to machine downtime on the
one hand, and the costs of providing a higher level of sefvice on the
other, It is not proposed o discuss here the detailed calculations

necessary to determine this point of optimum balance, although a general
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,'lbutline of how one can decide on the optimum assignment was given in

the last section of Chapter III.

4.2 Recommendations and Possible Extensions

Recommendations for further work have generally been mentioned as
they occurred in the text:.. They are repeated here with some amplification.

1. It was assumed that the operators havée no duties other than
attending to stopped machines. In fact, in machine tending problems,
some allowance must always be ﬁade for relaxation and personal needs.
Demands on the operatof's time, other than the restarting of stopped
machines and walking, can be called "ancillary work”. One could study
the effects of "ancillary work" on idle time. This, of course, requires
knowledge of the incidence and duration of "ancillary work".

2. Comparisons of this arrangement should be made with the set
up where an operator takes care of a certain number of machines and there
is no collaboration. In this case, the walking times involved should be
smaller, but one can éxpect higher idle times and less efficient use
of labor.

3. The conditions for the existence of "steady state" should
also be Investigated. The utilization factor for the service facility
éﬁ-. This is the expected fraction of time the

servers are busy, because L/SM represents the fraction of the system's

can be expressed as p =

capacity (SM) that is being utilized on the average by arriving customers
(L). The requirement is that p<l. Otherwise, the state of the system
tends to grow continually larger as time goes on. M is a function of

the three service rates and the mean walk rate. One can investigate
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this relationship and derive an expression of M in terms of the service
rates and the mean walk rate,

4, Another modification would be to conéider a model with both -
random and deterministic stops. This would come closer to describing
the "real world" because one has to plan certain stops for maintenance,
or in corder tc cut off rhe woven fabric, or to supply the machines with
raw material.

5. One could compare the results of the procedure with the results
of one of the other two well-known methods for numerical solutions of
large linear systems, namely the Causs-Seidel method and.the over-relaxa-
tion method.

6. The fact that this birth-and-death model has not been validated
and because room dimensicns affect the walk-time a study is recommended
to compare model results with either simulation or actual data.

7. Another modification would be to generalize the service-time,
failure time, and walk time distributions to a larger class than exponen-
tial (i.e. Erlang model with birth-and-death characteristics).

-8. The strongest recommendation to be made is that this model be
utilized and studied with actual "real world" examples,.accounting for
variations in operator effort level and the necessary allowances for the
operator's relaxation times. Testing the model with real world examples
will also point out the difficulties in organization, if any, that cooper-

ation is going to cause.
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Appendix A. Definitions of Terms Applicable to Weaving

Warp: * The longitudinal yarns in a woven fabric.
Warp Breaks: Breaks in the warp which cause the loom to be stopped.

Weft or Filling: A yarn which is interlaced with warp ends to make 2
fabric.

Weft Breaks: Breaks in the weft which cause the loom to be stopped.
Slack End: When a warp yvarn becomes slack a device will stop the loom.

Reed: A comb-like device used to separate yarns on a loop and to beat-
up £i1ling during weaving,

Dent: A term to describe the space between adjacent reed wires.

Heddle or Heald: A wire or thin perforated plate through which a warp
end is threaded. 4

Drawing-In: The operation of threading warp yarns through the correct
heddle and dents.

* These definitions were taken from P. R. Lord and M. H. Mohamed,

"Weaving: Conversion of Yarn to Fabric", Merrow Publishing Co. Ltd.,
Watford-Herts, England, 1973.
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Appendix B. Derivation cf the Probability Demnsity Function

of Z = |X~%,| + {Y,-Y,|

Points (Ki,Yl) and (Xé,Yz) are uniformly distributed in the rec-—

tangle Oacb below.
Y (b

[¢]

®
®¥p) |
0 X

Z= |X1—X2| + ]Yl-YZJ is the rectilinear distance between the two
points. We want the probability density function of Z. X and Y are
indepeydent and (X,, il) is independent of (XZ’ Yz) therefore the
distribution of (Xl-Xz) will be independent of the distribution of
(Yl-Yz) and Z will be the sum of twoAindependent random variables. The

cumulative distribution fumetion for X will be

0 if xfO

F ) =P {|X-X,] <x} =] 1 if xa

1 (area A) if O<x<a

By direct geometry [see top of next page]

0 if x<0
Fx(x) =] 1 if x>a
1

9 (a2 - 2{(area C)) if O<x<a
a ,



xz‘ ( Xy "Xy ==X
a . a
/|
/
/|
/
A
= /
4
/ |
k X "X, =X
N // /
1 v
/
L/
5 R
7
// 0 if x<0
>4 // Fx)=/1 if x>a
Vs X 2 -
. 1_(3_'}:_)_ if Osx<a
2
a
L = Similarly for ¥
if y<0
Fo) = (Y -Ypleyb =] 1f y<b
QE:X)? if O<y<b
l- 2 -
b
Differentiating:
2{a-x O<x<a
£ (x) = 2 -7
x a and

0 otherwise

49
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otherwise

By independence the joint probability density function is

e
& .
2,2
f(x,y) =4 ab (a-x) (b-y) O<x<a
O<y<b
0 otherwise
\.

We want to integrate this over this region where xty<z to obtain Fz(z)

F,(z) = P {|X-X,|+[¥,-¥, [<z}

Clearly

0
FZ(Z) =,
1

if zSO

For other
if z>a+b

cases we want to integrate f(x,y) over the region where x+y_z.

We will
assume that b<a. Then the lst case arises where 0<z<b {shaded region)
y
b

"~

4 [ T

~. - a
There we integrate over the triangle below z=xty
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z Z-X
For this region Fz(z) = J J f(x,y) dydx
x=0 y=0

The 2Znd case occurs when b<z<a. There (the shaded region below) we add

the rectangle on the left and the lower triangle below z=xty.

Thus in this region we have

z=b b z 2=-X
Fz(z) = J J f(x,y)dydx + J J f(x,y)dydx
=0 y=0 x=z-b y=0

The 3rd case occurs when a<z<a+b. There (the shaded region below) we

can do the calculation as 1-(the integral over the upper triangle).

LY \/ ~

z-b a Ix
a b
For this region Fz(z)= 1-J J f(x,y)dydx

x=z-b y=z-x

For the lst case

zZ  2=-%
Fi(Z) = 4 J J (ab-ay-bx+xy)dydx=
a’d 0 b



___4 abz _ _ az3 _ b23 +z_4 nd
T22 |72 6 6 " 2| @
a
az l:uz2 z3
£,(2) T S e
For the 2nd case
z~b b | zZ zZ-x
F (z) = J J f(x,y)dydx + J f £(x,y)dydx=
x=0 y=0 x=z-b y=0
. _4& ab 'z _ ab3_z2b'_b_4+b3z
a2b2 2 6 4 4 6
2 2 3
__ & ab b’z b~
andfz(z)— ) 5 T +6
a’b
For the 3rd case
a b
F,(z) = J J ~ £(x,y)dydx =
Xx=z«b y=z-x
: 2
- _ azb2 _ azbz abzz + ::lbz2 + a'z2 -2z ab
B a?. 2 4 2 2 2 4 6 6
3 22 3 3 3 4 4 4
ab b zb bz az a z ., b
e TTW T T T twtauta| ewd
2 2 2 3 2
=5 |_a’b_a Laz _a zb” b~ _ bz _ az z"
@ gy P o e R 0 br ez,
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Therefore:
(‘
2 2 3
242 abz - a—;— = bg +'-‘?é— (0<z<b)
ab -
[~ 2 2 3
( z2 [+ % +5% (bgzza)
£ (2)= ab L
zZ Z)—
-
=4 -azb _ ab2 + abz + azz a . zb2 _ bz2 +
2.2 2 2 2+ 73 6 2 2
ab
\.

2 z b3
> +? - (a§z§a+b)
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Appendix C. Symbols and Definitions

A = arrival rate. The arrival rate is the same for all three types
of breaks.

Hy = service rate per server for fixing a warp break.

u2 = sarvice rate per server for a weft break.

My = service rate per server for slack-gnds or other types of stops.

s = the number of weavers (servers).

@ = mean walk rate. This is assumed to be the same for each server.

P1 = probability that there is a warp break given that there is a break.
P2 = probability that there is a weft break, given that there is a break.
P3 = probablity that there is a slaék'end, given that there is a break.
a; = Pla

a, = Pza

a, = Poo
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", Appendix D

This appendix contains the complete FORTRAN program "QUE", which
generates the equation for all the possible states and.solves them
to come up with the probablity of being in a particular state for all
possible states.. It also gives the probablities of having I idle

machines (where 1I=0,1,2 . . . NM) and the mean number of idle machines.



[y Y a0

o0

13

(2]

[SEHEY

L2

PROGRAM QUE (INPUT,,CUTPUT.TAPEE=CUTPUT )

COMMON /LS/ A(25000),IC(25000)+B(L000),x (1000},
LR(108G)

DIMZNSION IDC100D),J4D(8),CC2000)

RzZAL ISUMC(iGGOQ)

REAL LMyMiyM24M3

Mi=70.59

M2=181.82

M3z1gJeaw

LM=1sL,

Aa=32¢t,

Ai=8c .21

A2=2Z.,80

A2=12.9¢2

CALL StCOND(Q)

RZAD IN THE MAXIMUM NU'MSER OF IDLE MACHINZS AND TH:

NUMBIR OF SZRVERS

RZAD®*4NM4NS

CREATES ALL THS POSSIBL:I STATES AND PUTS THEM IN

ASCENODING ORDZIR,AND ASSIGNS THEM AN ID NUMBER

NI=NM+1

NJ=NS +1

WRITZ (5e1i7) NM

FORMAT(IO0X,"™MAX I=",I2)

WRIT= (541.8) NS

FORMAT(LOxo"™THE NUMBZIFR OF SZIRVIRS=",13//)

WRITe (Eo119)

FORMATI(/7 +7X+"™STATE NUMBER™,9X,"STATE ID"“4/)

N=0

03 20 I=1,4NI

IDN=_003*(I=-1)

DO 5 Ji=1.NJ

DC5 Jeg=1+MNJ

D05 J3=1+NJ

IF(JL+J2+U3.GT.NS+3) GO TO 5

N=N+21

ID(NY=ION+J3=-1+10%(J2-1410%(J1=-1))

WRITZ(E+101) N ID(N)

FORMAT(L0X+15+,10%x418)

CINTINUZ

CONTINUZ

CXEATES THE COSFFICIZINTS OF THE FIRST ROWLWHICH IS

THE NOXMALISATIOM CQUATICNT THAT IS THE SUM QF ALL

PROBABILITIES MUST BE EQUAL TGO ONZ.

00 12 I=isN

ACIY=1,

IC(I)=I

LrE(L)=N

3(1)1=1,

K=N

56
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CREATES ALL THE OTHER ROWS

D0 20 L=csN

I=I0(L)Y/7100C

Ji=MOD(ID{(L),1000)720¢C

JEe=MOD(ID{(L),»100) 740

JI=MOD(ID(L}),10) :

CONSTANT TEZRMS FOR ZACH OF THZ ZIGHT P(IeJdileJ2,J3)
COMSINATIONS

C(1)=LM

IF(I-1.LT.0) C(i)=0.

IFIJL+J24U3.GT«NS) C{1)=0.

IF(Ji+0TeNSeORa IS «GTa NSLORGJZ«GTLNS) C(1)=0.

CL2)=={LM+JI*ML$IZ*MZ+JT* M) =RA*F (AMINC (I NS=-J1=J2=J7))

s ¥ :

FALHAMAG (NS~JLi=J2~J3-1I40))
IF(JL+J2+J3.6GT.NSIC(2)=0, . '
IF(J.aGTe NS+ OReJE+GTe NSeORJIIGTANS) C(2)=0.
CU3)=(J3+1,)*M3
IF(JL4J24J3.LTeNS) CU3)=FLOAT(JI+1) *M3
Cluy=(J2+i,. ) *M2
IF(Ji+J2+JILTNS) CULI=FLOAT (J241) *M2
C{S5)={Ji+1.)*M1
IFGJL+J2+UTLTWNS) CIEY=FLOAT (J1+1)*HM]
C(B)=A1*(AMINZ(I#14NS=Ji1-J2-JT+L))* (1 A4AMAKCE(NS-Ji~-JC~

* J3=-I.u))

IF(Ji-1.LT.0) Cted=D,

IF(JL=1+J2+J3.GTWNS) C(}=0,
IF(Ji=1eGTeNSuORWJZ2eGToNSLOR.J3I.GTo NS) C(R)=0.
IF(I.GT.NI)C(E)=U,

CU7)=A2* (AMINDU{T #2124 NS=J1=J2=J3+1) )% (1, +AMAXQ(NS=J1l=Ji~-
¥ o J3=I.3))

IF(J2=-1.LT.0) C(?)=0.

IF(JL+J2-2+#J3.6TsNS) C(7)=0.

IF(JL BTaNS aCReUZ=1L4GToNS.ORJTGTa NS) C(7)=0.
IF(I.GT.NI) C(7)=0.
C(8)Y=A3*(AMINC(I+1yNS=J1=J2=dZ¢1))F (] A4AMAXTINS~Ji=dz-
*OoUZ=Ti M)

IF(J3=L.LT,0) Ci8)=G,

IF(Ji+J2+J3=1.6TuNS) C(8)=0. .

IF(JL s OTeNSaDReJZeGT e NSeORJ3I=1LeGTaNS)Y C(8)=0
IF(I.GT.NI) C(8)=0. '

TO GET THE EIGHT P(Io4J1sJ24JIICOMIINATIONS THAT MAY

APPZAR IN A RO

JO(iy=ID(L)~3000

JO(2)Y=ID(L)

JD(3)=ID(L) +1

JOU(&)=ID(L)+1]

JO(S)Y=ID(L) +100

JO(6)=ID(L)+900D

JOC(7)=ID(L)Y+930


http://J2.GT.NS.0R.J3-i.GT

OO0O0O00O000O00OO0O00O0

o

w o

[

19
3

1d

i¢

[N
L]

[¢))

3
1

I

2

.

J3(8y=ID(L)+9939
AT THIS POINT MWE
P(Isd1iyJ2J3)
COM3INATIONS AND
P(Igdiasd2ydd)
AT THIS POINT WE
ORDER. NOW IF

. THEZRZ IS5 A MATCH

COZFFICITNT.
IF ID(MI)=-ID(MD)

TAKE THE N VARIABLZIS ,TEAT IS THE N
TRY TO MATCH THEM AGAINST THE = IGHT
HAVE BOTH OF THZM IN ASCENDING

WE ASSIGN THAT VARIABLE ITS NONZERO

IS NEGATIVE CONTINUE IF MORZ

VARIABLES ARE LEFT,

IF PQGSITIVE GO TO

MI=3
MJ=i
MJ=MJ+1
MI=MI+1

THEZ NIXT P(IsJ1+124J3) COMBINATION

IF(ID(MI)-JO(MJ)) 1741641

IF (C{MJ),.EQaDe)
K=K+l

A{K)=C(MJI)
IC(K)=MI

60 TO i«

IF{MJ.LT.8) GO TO 1v

GO TO 18

IF{MI.LT«N) GO TO 1%

LR{L) =K
B(L)=C.
NN=LR (N)
WRITZ (£,509)

FORMAT(// 9 T1Lo™I" T30, "IC(IN"4TH8,"A(I)" 4/}

DC 30 I=1,NN

ARITZ (54402) ILIC(IV,A(I)
FORMAT(1dA 4 IS 420X 3IB84310x3FL12.5)

CONTINJZ

WRITZ (541L07)
FORMAT(™1"// /)
WRIT- (6410L8)

FORMAT(T13," Iy T30+"B(I)™4T4IL"LR(I)"y/)

DO 31 I=1,N

WRITZ (0+3G3VT48¢(I},LR(I)
FORMAT(LGX 9IS es10X4yF104S4+13X+1I8)

CONTINJZ

CALL LINZL3(N)
WRITZ (24104%)
FORMAT (1777}

WRITZS THE SOLUTIONS WHICH SUBRQUTINE LINZL GIVES

WRITZ (64106)

FORMAT(LOX ¢ STATE(I} 410X 4*“> (1) =PROBABILITIES", /)

DG 32 I=1,N

WRITZ (E91i5) NyX(I)
FORMAT (10X 4I5410%4F15.10)
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112

CONTINUE
WRIT:Z (By112)
FORMAT(///sT1h "I, TZZ+"DENSITIES™)

SUMS LP ALL THE PROBABILITIES WITH THE SAME I

00 52 I=1,NI

ISUM({I)=8

D0 60 J=i.N

I=IN(J)/71000+1
ISUMITI)=ISUM(I) +Xx (J)

WRITZ (2,2111) (I-2,ISUM(I),I=14NI)
FORMAT(/ 930X sIheSXyF1La7)

FINDS THZ MZAN IDLS TIM:Z FOF A GIVEN NUMBER OF

SuM=G,

XMEAN=[L.

DO 7 Ii1=1.NI

I=I1i-21
SUMSSLM+I*ISUM(I+1)
CONTINJZ

XMEAN=SUM :
WRITE (E91246)XMEAN

FORMAT(//7/s10Xs"THE MEAN IS "4 FB.B4///)

CALL S5zconND(OQM

Z=Q7-0G

WRITZ (64113027 -
FORMAT{LOX 2" EXECUTION TIMI="4F7e4,"
sSTopP

END

SECONDS™
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SUBROUTINZ LINELT (N} .

THIS SUBROUTINE SOLVES A SYSTEM QF N LINEAR EQUATIONS
WITH N LUNKNOWNS

COMMON /LS/A(C500D0),IC(25000) 43 (1000) »Xx(1000G)LRC10G0)

DIMENSION LA(1000),W(2000),ICB(1000),IBCC1908)

DATA LA(LY/Z71/

NC=LR (N}

DG 1 I=1isNC

J=2500E-NC+1

Aldy=A(CI)

IC(N=IC(I}

00 2 I=1eM

IC3I(I)=1

I3C(I)=1

LR(IV=LR(I) #250300=NC

L=0

LL=1+25004=NC

00 14 K=1i4N

MH=LR (X}

D3 T I=1eN

W{I)=0.

00 « J=LL+MM

W{ICB(IC(J))I=AL(J)

DO 13 I=1.N"

IF(W(I)a2QeleasANDKeNELI) GO TO 13

IF(I-K)Y 1045412 '

3IG=0.

B0 & J=KsN

ABSKWJ= ABS{W(J))

IF(BIG5T.ABSHJY GO TO &

BIG=ABSHJ

Jr=J

CONTINJ

IF(31IG«ZQ.04) GO TO 8

B3=i1./H({JP)

3{K)=B8(X)*83

W{JP) =W (K) .

ICB(IBC(K))=JP

IC3(IBC(JP)) =K

IZC(JP)=IBC(K)

GO TO <3

WRIT: (5.,210)

Rz TURN

B(K)=BIK)=W(I)*B{I)

J=LAC(I)

IF (J.GZ.LALI+L1)) GO TO L3

W{ICS(IC(JI})I=HCICBIICIIN))=-H{I)*A()

J=d+i

63 TO 11
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13

16

15

L=L+1

ICILy=I3C(I)
A(L)Y=HWII)*BB

CONTINUE

LL=LR (K) +2

LA(K+1)=L+1
IFLLR (K) 4 GEWLL)Y GO TO 14
WRITZ {(&,22)

RZTURN

CONTINUE

DO 1t I=2.N

K=N=I+1

JELA(KY -1

MMLA(K+1) =1

JEJel

IF(J.GT.MM} GO TO 1t
B(K)=B{K)=A(J}*B(ICB(IC(J4)))
GO TO 15

CONTINUE

00 17 I=1i,.N
X{I)1=8{(IC3(I))

RETURN

FORMAT (CxXo1lSHSINGULAFR MATRIX)

FORMAT (&r ,2THDYNAMIC STORAGE OVERLAP)

END
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Appendix E. Program for fz(z) Calcilation

PROGRAM MAINCINPUT,OUTEUT s TAFES=INFUT» TAPES=0UTFUT)
REAL I

D0 50 J=1,301

I=Jd-1 '

A=200,

E=100,

IF(I.LE.100) GO TO 10

IF(I.GT.100.AND.I.LE.200) GO TO 20
IF(I.GT.200.AND.I.LE.300) GO TO 30

W=4./ (AKAKEKRE) K ( (AKEKI) = (AKIKI) /2, —(BKIKI) /2, +C(IKIKI)/
X &) |

GO TO 40
W=4,/(A¥XAXBXEB)XK((—RXBRXI)/2.+{AXEBXE)/2.+(HXRXE) /6.
GO TO 40

We—4./ (AXAKRKE) X ¢ {~AKAKE) /2.~ (AKEXE) /2. +(AXRXI) +
X (AKAKI)/2.-
KCAKAXA) /6, + (BXEXI) /2, - (RKIKI) /2, ~(AKIKI) /2. +(IKIXI)/
X 6.—(RXEXE)/6.)

WRITEC6-100) I,W

100 FORMAT(10XrFB8.4r10X,F10.5)

S0 CONTINUE

STOF
END
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Appendix F. Program for Mean Walk Distance Calculation

FROGRAM MAINCINFUT»OUTPUT, TAFES=INFUT» TAFE4=0UTFUT)
REAL I

XNUME=0 .

SUMX=0.,

XFROD=0.

READ(S,101) IsW
XNUMB=XNUME+1 .

XFROL= KW

SUMX=SUMX+XPRQLI

IF (XNUME-300,)1r2s2
XMEAN=SUMX
WRITE(67100)XMEAN
FORMAT(F10.5)

FORMAT (10XsFB.4710X»F10,5)
STOF :

END
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Appendix G. An Example Run (Run 1 NMe 6, Ns=3)

I= 1€ ‘
NUMBER OF SZRVERS= 3
NUMBER _STATE 1D
1 0
2 1
3 e
. 3
g 10
& i1
7 12
8 20
9 21
10 30
i1 100
13 12
14 110
b i1l
16 120
17 cGo
Ly 01
19 210
24 2C0
21 1000
2z 1001
23 1062
24 1603
23 1610
2& 1611
27 1612
28 1020
29 a1
30 1030
31 11¢C0
32 1101
33 102
3G 1110
35 1111
3e 1120
37 1200
28 1201
33 1z140
0 1700
wl 2600

e
383
[aV]
o
o
..&

" B4
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GO

30

ny -+

2hoe
2ic 3
2010
211
alile
2620
alig1
2i3o
21410

2191

21d2
2110
aiil
2120
22ud
2e¢ldl
cclil
2300
3Can

001

3002
003
3cid
3011
12
3620
3021
3620
31040
3101
3162
3110
J111
3120
32090
3201
3210
3340
L0Go
4001
LGg2
Lag3
Lgi1g
(11
L0112
L4020
4021
&0 30
4109
L1561
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133
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12¢
126
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128
129
130
131
132
133
13k
138
136
137
138
139

(SN ]
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[AVIN el =

4102
41310
4111
2120
«200D
4201
L2110
w230
0G0
5CC1

144

£L33
5510
€011
Sti2
sp29
cpel
s 30
c400
51¢C1
c1g0e
71190
£111
5320
5249
z2C1
€gll
E2060
e00a0
&401
60G2
€003
ERLD
6C11
612
6G24
&521
B30
g£l60
€i01
6loe
€110
olis
6120
YA
€201
e2i0
e300
7600
76C1
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7CCe
7083
7010
7011
7i12
7020
70cz1
7030
7160
7101
7ic2

7110

711t
7120
7200
72C1
72iC
7300
8C00

8GcC1

8tce
8Lz
8610
8C11
B2
B8C20
8z
8030
81G0

8161

81¢2
8110
8111
8120
8200
8ca1
g2l
8200
9600
ETHID
gpge
9tL3
9010
9011
agie
9620
9021
9030
910
9101
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i93
134
195
196
197
198
199
g0¢
2ii
2ue
2u3
A
iz
2ie
247
2u8
2e9
21l
21:
212

2ie

9162

9110

9111

9120

3280

9201

9210

92C0
100460
10061
10042
15003
10C1)
16011
10812
16020
16621
16030
1914990
16101
1C1g2
1ci1is0
le111
16120
10206
thcdl
102119
1333¢
11060
1100l
1i0c2
11003
11C010
110112

iciz2
ii6z0
11021
1iC38
11100
11102
11182
11111
i11:1
iiiz20

1200
11201
11210
11300
120060
120061
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12¢€C2
1z20C3
12010
126it
1etiz
1z020
12021
12030
12100
12141
12162
12110
izi11

- 12120

12230
12201
12216
12300
L3650
130¢C1
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