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Abstract. We examine the effect of using rotations for generation of the
left- and right-eye perspective views of a stereoscopic image. We show
that this approach to stereoscopic display of perspective views results in
vertical parallax between the left- and right-eye views and we present an
analytic expression that characterizes this parallax in terms of the center
of rotation, the location of the image plane, and the angle of rotation. We
also derive an analytic expression that shows that the rotation of the
perspective views results in a semicylindrical stereo window with center
at approximately (0, 0, R/2) and radius R/2, where R is the distance from
the center of rotation to the center of projection. When this semicylindrical
window is mapped to a flat display surface, relative depth relationships
can be distorted.
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1. INTRODUCTION

The past five years have seen significant advances in the com-
puter generation and display of stereoscopic images. The intro-
duction of liquid crystal shutters, circular polarization, and 120
Hz refresh rates have resulted in bright, flickerless, true three-
dimensional display stations that can be viewed by an observer
wearmg passively polarized glasses.'™ Scientists and engineers
in many application areas have recognized that the depth per-
ception provided by a true three-dimensional display system is
an important part of understanding spatial relationships between
objects in a scene. Such areas include medical imaging, crys-
tallography, cartography, remote positioning, meteorology, CAD/
CAE, and visualization of scientific and engineering data.

Several methods have appeared in the literature for computmg
the left- and right-eye views of the stereo pair. Grotch,” Roese
and McCleary ® and Wixson’ describe stereoscopic computer
graphic images based on rotations. Lipscomb approxnmates ro-
tations with shears.® Baker produces the left- and right-eye views
with a lateral shift along the x-axis, along w1th a lateral shift of
the resulting images relative to each other.' Penna and Patterson
suggest choosing two different eye positions and a single image
plane.’ The generation of images using some of these methods
introduces unintended artifacts that affect the user’s perception
of the information in the scene or his ability to fuse the views
into a single stereoscopic image.

In this paper we examine the effect of using rotations for
generation of the left- and right-eye perspective views of a stereo-
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scopic image that is to be displayed on a planar display medium.
Such a medium could be a time-multiplexed CRT, a nondepo-
larizing projection screen, anaglyphs, or left- and right-eye views
mounied side-by-side. In the following discussion we will refer
to any display medium as a display screen. We will show that
rotations introduce vertical parallax between the left- and right-eye
views. This effect has been pointed out 3' several others, in-
cluding Baker' and Butts and McAllister.'® We derive an exact
expression describing the amount of vertical parallax in terms
of the center of rotation, location of the image plane, and the
amount of rotation. This expression allows us to compare the
maximum vertical parallax to the max1mum allowable parallax,

based on the results of Fender and Julesz.!! We will also show
that rotations produce a nonplanar stereo window that can distort
spatial relationships in the image when displayed on a fat screen.

This distortion has been shown by numerical and graphncal ex-
amples by Saunders.'?> We derive an analytic expression that
fully characterizes this distortion.

2. EQUATIONS FOR LEFT- AND RIGHT-EYE VIEWS

We will model the rotation approach as follows. Assume a right-
handed coordinate system with eyepoint at (0,0,0) and an image
plane parallel to the x-y plane and located a distance d along the
z-axis from the eyepoint. We assume device-independent screen
coordinates in the range —1 < x < land -1 sy < 1. We
do a y-rotation about a point (0,0,R) through an angle — /2 to
produce the right-eye view and a y-rotation about the point (0,0,R)
through an angle + ¢/2 to produce the left-eye view [Fig. (1)].

We begin by considering a point Po = (xo, yo, zo). The rotated
points become

Po 1ere = (xocos(d/2) + (20— R)sin(d/2), yo,
(zo— R)cos(/2) — xgsin(d/2) +R) , (N

Po rigne = (xocos(d/2) — (z0— R)sin($/2), yo,
(20— R)cos(¢/2) + xosin(¢dp/2) +R) . )

After projection onto the image plane we have
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Fig. 1. Geometry for rotation.
o = dlxocos(¢/2) + (z0 — R)sin(¢$/2)] 3)
'™ (20 — R)cos(b/2) — xosin(®/2) + R’
_ dyo

Y= (2o = R)cos(d/2) — xosin(®/2) + R’ @
4 = _dxocos(d/2) — (20 — Rsin(d/2)] )
" (z0 — R)cos(d/2) + xosin(¢/2) + R ’
ye = dyo (6)

(zo — R)cos(¢/2) + xpsin(¢p/2) + R ~

3..VERTICAL PARALLAX

From Egs. (4) and (6) the vertical parallax V, equal to y; — y,,
is given by

v o dyo
(zo — R)cos(d/2) — xgsin(dp/2) + R
_ dyo )
(zo—R)cos(d/2) + xosin(dp/2) + R
2dxqyosin(db/2) ®

" I(zo — R)xos(d2) + R — Bsin*($/2) °

From the numerator of this expression we note that the vertical
parallax is zero when either xo or yo is zero. Furthermore, V is
an increasing function of xgyo and a decreasing function of zo.
Since the parallax increases as the denominator tends toward
zero, it follows from Eq. (8) that large vertical parallax occurs
when xg is approximately equal to

zo + R[1 — cos(d/2)]
sin(¢/2)

&)
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TABLE I. Maximum amount of absolute vertical parallax with a
rotational angle of 6° and z = R, measured as a percentage relative
to device-independent screen coordinates for values of R and d be-
tween 1 and 10. (R = the distance from the center of rotation to
the center of projection, d = distance from center of projection to
the projection plane.)

2 3 4 L 6 7 8 9 10

.1050 .0262 .0116 .0065 .0042 .0029 .0021 .0016 .0013 .0010
2099 .0524 0233 .0131 .0084 .0058 .0043 .0033 .0026 .0021
3149 .0786 .0349 .0196 .0126 .0087 .0064 .0049 .0039 .0031
4198 .1047 .0465 .0262 0167 .0116 .0085 .0065 .0052 .0042
5248 .1309 .0582 .0327 .0209 .0145 .0107 .0082 .0065 .0052
.6298 .1571 .0698 .0393 .0251 .0174 .0128 .0098 .0078 .0063
7347 .1833 .0814 .0458 .0293 .0204 .0150 .0i14 .0090 .0073
.8397 2095 .0931 .0523 .0335 .0233 .0171 .0131 .0103 .0084
.9446 .2357 .1047 .0589 .0377 .0262 .0192 .0147 .0116 .0094
1.0496 2619 .1163 .0654 .0419 .0291 .0214 .0164 .0129 .0105
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E
]
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TABLEll. Vertical parallax values in which fusion can be maintained
and for fusion after breakdown. The observer is assumed to be a
distance R (scaled to display device coordinates) from the display
screen. Values are shown as a percentage relative to device-inde-
pendent coordinates for R between 1 and 10. (R = the distance from
the center of rotation to the center of projection.)

R Limit of Fusion Fusion After Breakdown
1 .0058 0017
2 .0116 .0035
3 0175 .0052
4 0233 .0070
5 .0291 .0087
6 0349 .0105
7 .0407 0122
8 0465 0140
9 0524 .0157
10 .0582 .0175

The term ¢ is always small, so sin(¢/2) is small, which means
that xo must be large compared to zo for the denominator of Eq.
(8) to be close to zero. Since with device-independent screen
coordinates, viewable projected points have x and y coordinates
(x5,ys) such that |x;| < 1 and [y,| < 1 and the projection is of
the form x; = xd/z and y; = yd/z, this case may be ignored
when d = 1. The maximum amount of vertical parallax for a
point near the stereo window (z = R) measured as a percentage
of the height of the display screen is given in Table I for various
values of R and d. The table assumes that & = 6°. The amount
of vertical parallax is greatest at the comners of the screen and
diminishes toward the center. Smaller values of ¢ decrease the
maximum vertical parallax, but they also decrease the horizontal
parallax that produces the stereoscopic depth effect.

In their experiments with random-dot stereograms, Fender
and Julesz found that a breakdown of fusion of the left- and
right-eye images occurs with vertical parallax of about 20 arc-
min.!""!3 Assuming that the observer is located a distance R
(scaled to display device coordinates) from the display screen
then this value, as a percentage of screen height, may be cal-
culated as R[tan(1/3))/2. Once breakdown occurs, however, they
also found that the views do not re-fuse unless they are brought
much closer together, to approximately 6 arcmin {R[tan(1/10)}/
2}. These values are shown in Table II as a percentage of screen






