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SUMMARY

In PART I, optimization method for dynamic robust design experiment is illustrated.
The response model (RM) approach allows greater flexibility to investigate the factor effects
for the dynamic robust design problem. This article generalizes Tsui’s [92) RM approach in
the dynamic system. Based on the Generalized Linear Model (GLM), generalized two-step
optimization procedure is introduced to further reduce the process variance by identifying
the effects of hidden noise variables. Our suggested method (called GLM-RM approach)
provides more reliable results by modeling the residuals from the fitted response model
simultaneously. Simulation is executed to verify such facts. Two practical examples are
analyzed with three existing approaches: RM, loss model (LM), response function model
(RFM) approach, and their results are compared with the GLM-RM approach.

In PART II, various modeling approaches are introduced to estimate failure time distri-
butions of degradation testing data precisely. As an alternative to traditional life testing,
degradation tests can be effective in assessing produét reliability when measurements of
degradation leading to failure can be observed.‘ We presents a degradation model for highly

reliable light displays, Such as plasma display panels (PDPs) or vacuum fluorescent displays
(VFDs). Standard degradation models fz;,il to capture the burn-in characteristics of VFDs,
when emitted light actually increases up to a certain point in time before it decreases (or
degrades) continuously.

As first modeling approach, Random coefficients are used to model this phenomenon
in a nonlinear way. In many situations, the relative efficiency of the lifetime estimate ié
improved over the standard estimators based on transformed linear models.

Secondly, a (log) linear model with a change-point is introduced to describe the non-
monotonic degradation path. We provide an inference procedure for the parameters of a
change-point model and introduce methods for estimating the lifetime distribution derived

from it.

xi



We show that reliability estimation can be substantially improved by considering burn-
in characteristics of light displays. Two real examples, plasma display panels (PDPs) and

vacuum fluorescent displays (VFDs), are analyzed.
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CHAPTER I

CONTENTS

In PART I, analytical method for dynamic robust design experiment is illustrated based on
the Generalized Linear Model (GLM) and generalized two-step optimization procedure by

identifying the effects of hidden noise variables.

In PART II, various modeling approaches are introduced to estimate failure time distri-
butions of degradation testing data precisely. Two kinds of modeling approach; Nonlinear
Random coefficients (NRC) models and a (log) linear model with a change-point are used
to describe the nonmonotonic degradation path. We show that reliability estimation can

be substantially improved by considering burn-in characteristics of light displays.



PART 1

Analysis of Dynamic Robust

Design Experiment



CHAPTER II

INTRODUCTION

2.1 Background

Continuous quality improvement has become widely recognized by every industry as critical
to maintain a competitive advantage in the international marketplace. It is also recognized
that quality improvement activities are most efficient and cost effective when implemented
as part of the design and development stage, through such techniques as statistical design
of experiments.

Robust design introduced by Taguchi [86] is a strategic method for improving the per-
formance of a system in the development stage. The main objective of robust design is
to reduce the performance variation in products and processes by selecting the setting of
easy-to-control factors which make product and process designs insensitive (i.e., robust)' té
hard-to-control factors (noises). The robust design method has been applied to problems
with the static system and the dynamic system. The static system is defined as that for
which the desired system output has a fixed target value. In the dynamic system, the

response is determined by an input signal set by a system operator, through a transfer

function. The transfer function depends on control and noise factors (see Figure 1). Loss is
incurred if the response is different from a target that may depend on the input signal. In
general, the target value is chosen to reflects a customer’s intention. The dynamic system
is also called as a “signal-response system” by Miller and Wu [65] or a “multiple-target
system” by Joseph and Wu [43].

Although there exists a broad array of robust design applications for the dynamic system,
most research has been focused on the static system. Recently, the modeling and analysis
methods for the dynamic system have been developed by several researchers (see Lunani et
al. [58]; Miller and Wu [65]; McCaskey and Tsui [61]; Tsui [90], [91], [92]; and Joseph and
Wu [43], [44)).



Control factors (C)
i

Intention (¢) — Signal factor (M) — System | _, Response (Y)
f(C,N, M)

t
Noise factors (IN)

Figure 1: Dynamic system

Fbr the dynamic system, an ideal quality is based on an ideal relationship between the
signal and the response. A quality loss is caused by the deviation from this ideal relationship.
Significant quality improvement can be achieved by firstly defining a system’s ideal function
and then using designed experiments to search for an “optimal” design which minimizes the
deviation from this function. The derived optimal solutions, however, might be different
according to modeling approaches in the dynamic system. Tsui [90], [91], [92] illustrated
such facts thoroughly by comparing the optimization procedure derived from three different
approaches: the response model (RM), loss model (LM), and response function model (RFM)
approach. He also showed the RM approach allows greater flexibility to investigate factor

effects for the dynamic robust design experiment.

2.2 Comparisons of RM, LM and RFM approaches

The response model (RM) approach was first proposed in Welch et al. [94] and Shoemaker
et al. [81] for the static system. The RM approach for the dynamic system directly models
the response as a function of the contli'ol, noise, and signal factor effects. Tsui [92] suggested

the following general additive responée model:

Y = B(C)+Bi(CM) + ...+ A(OV (M)

q |
+> [m(C) + Plih(c)fl (M) + ...+ per(C) fe(M)] Ny + €, (2.2.1)
h=1 i

where C is a vector of p control factors, N, h = 1,...,q, is a (explicit) noise factor, which is

included and varied systematically in the experiment, and (f1(M),..., fx(M)) is k known



functions of the signal factor M. The parameters Sy(C), Bi(C), 7+(C), and p;,(C) describe
the functional relationships between the response and the control factors C, fori =1,...,k.
It is assumed that e is 4id N(0,02) and N},’s are #id N (0,0%), and € and N}, are independent.

In the RM approach, all the effects in (2.2.1) are first estimated by combining all of
control, noise and signal factors in a single design matrix and using overall raw data. The
second step is to use these effect estimates to approximate intercept, slope and variance
functions, and then determine the control factor settings that optimize the dynamic system.
Tsui’s [92] two-step optimization procedure is obviously different from that of Taguchi’s for
optimizing the dynamic system.

Shoemaker et al. [81] classified Taguchi’s analysis approach as the loss model (LM)
approach in which the estimates of control, noise and signal effects are first computed and
then a model is fitted to those performance measures to determine the optimal control
factors’ combination. The choice of performance measures for several different underlyihg
models was discussed in Leon et al. [50] and Box [10]. The analysis procedure of the LM
approach in the dynamic system is to first estimate the parameters in model (2.2.1) at each
fixed value of C. As these parameters are functions of the control factors, the second step is
to treat each of these parameter estimates as a separate response, then estimate the control
factor effects and determine the control factor settings robust to the noise factors.

As another modeling approch, Miller and Wu [65] proposed the response function model

(RFM) approach to model performance measures as the functions of both control and noise
factor effects. At any fixed values of C and NN, the response model in (2.2.1) can be

expressed as a linear regression model

Y = &(C,N) +B1(C,N)f1(M) + ... + Be(C, N) fr(M) +¢, (2.2.2)
where
&(C,N) = po(C) + i'Yh(C)Nha
and =

q
Bi(C,N) = B;(C) + Y pin(C) Ny,
h=1



fori=1,...,k,and h=1,...,q.

The assumption for an error term e is same as in the RM approach. The analysis pro-
cedure of the RFM approach is to first estimate the parameters in model (2.2.2), &(C, N),
Bi(C,N),..., Bk(C, N) and 02, at each fixed value of C and N. As these parameters are
functions of the control and noise factors, the second step is to treat each of these parame-
ter estimates as a separate response, and estimate the control and noise factor effects, then
determine the control factor settings that optimize the dynamic system.

It can be shown that the effect estimates of intercept and slope functions from three
different approaches are identical. However, even if the estimates are identical, the signifi-
cant effects identified in the LM and RFM approaches may be spurious. As for the effect
estimates of the variance function, the LM approach may create unnecessarily biased esti-
mates. Both spurious effects and unnecessary biases lead to non-optimal solutions. we will

discuss each of these issues in detail at the following.
2.2.1 Identical Effect Estimates in Intercept and Slope Functions

To show that the intercept and slope effect estimates from three different approaches are
identical, we need the following Lemma.
Assume that the expected response E(y) at  and z can be described by the linear

model:

k h k
E() =Y 00ifi(z)+ Y. bi0:(x) fi(2), (2.2.3)

j=1 i=1 j=1

IR TR

where fi(z) = 1. Suppose the.desgign‘is aiprqduct array (see Shoemaker et al. [81], for
definition) of an inner design with 1jz-ru1:15 at:(w:l,.. ..,&y) and an outer design with m runs
at (z1,-..,2m). We denote the corfequl}ding response of the design as ¥’ = (y,...,95),
with y; being the m x 1 response ve(i:tdr'fj:cc;r:frés'ponding to the m outer design runs at the ith
run of the inner design. It follows that_ﬁhé.regression matrix of the linear model (2.2.3), X

can be expressed as the Kronecker product of the corresponding regression matrices, i.e.,

X=(X70X;)=(1.0X; X;®X;), (2.2.4)



where

1 gi(®1) -+ gn(z1) fi(z1) -+ fi(z1)

X; = =(1‘mX:c)’ X, 3

1 gi(®n) -+ gnl(zn) filzm) - fe(zm)
with 1,, being a n-dimensional vector of 1’s and A ® B being the Kronecker product of

matrices A and B.

Lemma 1 Assume that the column vectors in matriz X are orthogonal to each other.
Then the least squares estimates of the parameters in model (2.2.3) are identical to the

estimates obtained by the following sequential steps of least squares estimation:

(1) For each row of matriz X ., compute the least squares estimates using matriz X, and

corresponding response vector y;, i.e.,
Bi= By Ba) = (XiX) N (Xows)y  i=1l...,m

(2) For j =1,...,k, compute the least squares estimates of 0; = (6oj,61j, ... ,0h;) using

matriz X, and response vector ,é: = (,311', ... ,an)’.
Proof. See the details in Tsui [92] for proof. M

First, we compare the effect estimates of intercept and slope functions for the LM and
RM approaches. As described in section 1.2, the second step of the LM approach is to
estimate the control factor effects that affect intercept and slope functions. These effect
parameters are corresponding to the control main effect and control-by-signal interaction
parameters in model (2.2.1). According to the analysis procedure, effect estimates of int>er-
cept and slope functions from the LM approach are obtained through two sequential least
squares estimations: (i) At each row of the control array design, consider the noise runs
as replications and compute the least squares estimates of the regression model for signal
functions, fi(M),..., fx(M). (ii) For each of the coefficients in the fitted regression models,

compute the least squares estimates according to the control array.



Following Lemma 1, matrix X, corresponds to the control array and matrix X, corre-
sponds to the regression matrix of the fitted regression model. As the column vectors in the
control array are orthogonal, the control effect estimates of intercept and slope functions
from the LM approach are identical to the least squares estimates of the RM approach.

Next, Comparing the effect estimates of intercept and slope functions for the RFM and
RM approaches, effect estimates of intercept and slope functions from the RFM approach
are obtained through two sequential least squares estimations: (i) At each row of thé control-
by-noise product array design, compute the least squares estimates of the regression model
for signal functions. (ii) For each of the coefficients in the fitted regression models, compute
the least squares estimates according to the control-by-noise product array..

Following Lemma 1, matrix X, corresponds to the control-by-noise product array re-
gression matrix and matrix X, corresponds to the regression matrix of the fitted regression
model. As the column vectors in the product array regression matrix are orthogonal, tﬁe
control and noise effect estimates of intercept and slope functions from the RFM approach

are identical to the least squares estimates of the RM approach.
. 2.2.2 Spurious Significant Effects

Even if effect estimates of the intercept and slope functions are the same, significant effects
identified from three different approaches can be quite different. This is because the group-

ings of effect estimates are different according to modeling approaches. When error estimate

is not available, a half normal probablhty plot or other non-replicated experiment analys1s
techniques (e.g., Lenth [49]) are commonly used for identifying significant effects. With the
RFM approach, identified mgmﬁcant effeg:ts may be spurious and thus result in unreliable
error estimates owing to small ‘siz'ejd éﬁe_cfs in each grouping. For the LM approach, sparse
effects problem is more serious as_'ea:(ih’: group contains only the control effects. However,
for the RM approach, control a.nd nc;ise ieﬁ"ectS. are incorporated by all the intercept and
slope functions together so that the error estlmate is more reliable. Besides, it allows us to

compare the effect estimates across the 1ntercept and slope functions.



2.2.3 Biased Effect Estimates in Variance Function

As for the control effect estimates of the variance function, there is no identical relationship
between these three approaches. In the LM approach, under model (2.2.1) with linear
control effects, the experimental design allows confounding between main effects and two-
factor interactions or between two-factor interactions themselves in the control array (i.e.,
resolution 111 or IV). Consequentlsr, there exists a potential bias problem in estimating the
control factor effects that affect the variance function and thus may lead to non-optimal
solutions. Whereas, the estimates of control and noise main effects and the control-by-noise
interactions in (2.2.1) are unbiased with the RFM or the RM approaches when there are no

control-by-control and noise-by-noise interactions in model (2.2.1).
2.2.4 Information Loss

Apart from the potential bias problem, the LM approach suffers from the information léss
problem in comparison with the RFM and RM approaches. As the LM approach directly
models the variance function, it will not provide the information on how the control factors
da.mpén the variation caused by individual noise factors. On the other hand, the RFM
and RM approaches model the control-by-noise interaction effects and thus provide those

information.

Based on above properties, Tsui [92] claimed that the RM approach has more potential

to reach to an optimal solution in the dynamic system. However, if the error variance o2

is not independent of control or signal, even (explicit) noise factors, the optimal control
settings derived from the RM approach lead to increased variability. In that situation, it |
is important to model the residual variance via control, noise and signal factors in the RM
approach. The residual model provides additional information about the process Qariation
caused by hidden or uncontrollable noise variables. In next chapter, we will illustrate how
the residuals from the response model can be used to further reduce the process variance

in the dynamic system.



2.8 Research Motivation

Process engineers frequently face the situation where they cannot identify the noise factors
or control such factors even if they are identified in a manufacturing process. In such
circumstances, the noise factors are not given as a priori. In the RM approach, since the
control factors which affect the process variance can be selected primarily usi.ng the control
by noise interactions, the RM approach might not be a good alternative over the LM and
the RFM approaches. At the following, we introduce two case studies which provide our

research motivation.
2.3.1 Zinc Phosphate Coating Example: No Explicit Noise Factors

Lin and Wen [51] applied the dynamic robust experimental design to obtain the unifofm
zinc phosphate coating. Eight control factors and a signal factor (geometric area of low-
carbon steel plate) were adopted to examine the uniformity for a phosphating process. Level
descriptions of control and signal factors were given in Table 1.

The response was the difference in the weight of the phosphate coating before and
after stripping. The noise factor was a plated film location where the difference in coating
uniformity was present. It cannot be controlled nor observed duriﬁg a process, therefore,
(explicit) noise factors were not given in this experiment. A standard OA18 orthogonal
array was used as an experimental design. The response values from OA18 orthogonal
array are summarized in APPENDIX A.

The objective of this experiment is to determine the best control factor settings that
give the uniform plating film thickness, regardless of the unobservable noise variable (plated
film location). The ideal relationship between response and signal is assumed to be linéar.
Figure 2 shows strong linear relationship between signal and response, along with the trend
in which response variation is proportional to the signal value.

In the LM approach, the response was first fitted to the signal only for each run of fixed
control combinations. Because the intercept was insignificant in the response-signal model,
the response was re-fitted into a linear model without intercept. The effects for the slope and

error variance were estimated using ordinary least squares (OLS) at each run. All control

10



Table 1: Factors and Levels for Zinc phosphating coating process

Factors Level 1 Level 2 Level 3
A : Ni(NO3)2 - 6H0 (g/L) 2 3

B : Acid-clean time (min) 10 15 20
C : Phosphating temp. (@) 70 80 90
D : Phosphating time (min) 5 10 15
"E: Zn0O (g/L) 0.5 1.0 15
F: H3PO4 (g/L) 3 5 7

G : NaNO, (g/L) 0.15 0.3 0.5
H: NaHyPO4 (g/L) 20 25 30
Signal Level 1 Level 2 Level 3 Level 4
M : Geometric area (cm?) 20 50 100 200

factors except one (A) have three levels. We decomposed seven factors’ (B — H) effects into
orthogonal linear (I) and quadratic (¢) contrast {—1,0,1} and {1,—2,1}, respectively. The
significant control effects on the slope (8) and log variance (log 02) were identified based
on a half-normal probability plots and Lenth’s [49] method. At 5 % significance level the

fitted models were

~

B = 0.684 4 0.224D; — 0.122G; - 0.102H; — 0.058 B; — 0.062E, — 0.060H,,

—

log 02 = 2.153 — 0.826E;.

As only the linear effect of E was significant for the process variance, this factor is set
at level “1” to reduce the process variance. Next, slope is adjusted to its target; because
explicit noise factors are not given in this experiment, control by noise interactions cannot
be estimable. Consequently, the optimization procedure of the LM approach is identical to
that of the RFM approach. 1 - |

In the RM approach, all the raw: déta'were first fitted to model (2.2.1) against the
control and signal factors. Then we caicuglgted t-statistics by estimating the pure error with
the remaining degrees of freedom. All':ejf_fects at 5% significant level were included in the

following OLS model:

7 = (0.684 +0.049B; + 0.075C; + 0.224D; + 0.053E; — 0.122G; — 0.102H;

—0.058B, + 0.014D, — 0.062E, — 0.031F, + 0.036G, — 0.060H,)M, (2.3.5)
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Figure 2: Linear relationship between coating weight (Response) and geometric area (Sig-
nal)

with R2 = 0.993. We should first minimize the process variance on the basis.of the fitted
model (2.3.5). However, because noise factors are not included explicitly in this experiment
variance effects cannot be identified using the traditional RM approach. As shown in Figure

3, process variance is not uniform within some control factors, especially within signal factor

levels.

2.3.2 Cable Actuator Example: No Significant Control-Noise Interactions

Byrne and Quinlan [12] considered a push-pull cable actuator experiment. This experiment

was also analyzed in Tsui [91] and Joseph and Wu [43] under diffent modeling approches.
In this experiment, the signal is the input displacement and the response is the output
displacement. Eleven potential confrol factors, designated A to K, were identified for use
in the experiment and tested at two levels using a standard orthogonal array OA12. One
noise factor which represents the settings of four compounded noise factors was used. For
each of the 12 rows in the array, three replications at each of two-level noise conditions
were collected for each of three signal levels. The experiment, therefore, required 216
(12 x 2 x 3 x 3) observations. The data from OA12 experiment are given in APPENDIX
B.

The objective of this experiment is to first determine the control factor settings that

12
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Figure 3: Boxplot for the residuals from the RM approach

minimize the process variance while maintaining the intercept at zero. An ideal relationship
is to make no difference between the input and output displacement, and maximize input-
output linearity over the range of interest (see Byrne and Quinlan [12] for details).

For the LM approach, we referred to the analysis done in Tsui [91]. Based on his analysis
results, the fitted loss models for the intercept (@), the slope (8), and the error variance

(02) at 10% significance level were

& = 0.930 -0.612B + 0.431G,

B = 0.511+0.089B — 0.145G + 0.065H — 0.031J,
~2

L

= 0.297 — 0.067B — 0.094D.

For the RFM approach, we calculated the intercept (o), slope (8') and variance (0%,,)
estimates from linear regression model using OLS for each of 24 runs as the combination

of control and noise factors. At 10% ’siéniﬁcance level in Lenth’s method, the fitted models

for these performance measures were | -

& = 0.933—0.646B +0.435G,
B = 0.511+0.091B — 0.145G + 0.065H — 0.029J,

6%pp = 0.307 —0.094B — 0.088D + 0.042G — 0.036H -+ 0.040..

13



Following to the RM approach, all terms at 10% significance level are included in the

following selected model:

9 = 0.930—0.612B +0.431G 4 (0.511 +0.089B — 0.145G + 0.065H — 0.030J) M —0.011M N,
(2.3.6)
with R? = 0.987. Because no control-by-noise interactions are significant in the response
model, it is impossible to reduce the process variance using the significant control by noise
interactions with the RM approach. When the RM result is compared with the LM and
RFM results, the identified significant effects for the intercept and slope functions are iden-
tical in three different approaches. As for process variance, control factors B and D are
included commonly in the variance function with both the LM and the RFM approach, but
only RM approach fails to identify significant control factors for the process variance.
Considering two examples above, it is necessary to consider the effect of hidden noise
variables which are not given explicitly in the experiment. Hidden noise variables may
interact with control, signal, and even (explicit) noise factors. However, those factors might
not be detected by the RM approach since only explicit noise factors can be modeled in
the the response model. If we can identify the control factors (called dispersion effects)
that interact with hidden noise variables with the RM approach, the process variance is
substantially reduced by adjusting those control factors. In next chapter, a new method to
identify dispersion effects is suggested following Generalized Linear Model (GLM) approach

in the dynamic system.

14



CHAPTER III

GENERALIZED LINEAR MODEL (GLM) - RESPONSE
MODEL (RM) APPROACH

3.1 Generalized Two-Step Optimization Procedure

Suppose that the true resp’onse model is linear in some functions of p control factors (C),
g explicit noise factors (IN) and signal factor M of K levels, and also linear in n known
functions of the signal factor f(M) = (fi(M),..., fn(M)). All fhese factors and functions
interact with each other. When there are I control runs, J noise runs, and L replications in
each one of the signal levels, the response model for: =1,...,I,5=1,...,J,k=1,...,K,

andl=1,...,L, is

Y = PBo(Ci) +eo(Ci, Nj) + [Bi(Ci) + e1(Ci, N i) f1 (M) + - -

+[Bn(C:) + en(Ci, Nj) fn(Mg) + €45k, (3.1.7)

where B(C;) = (Bo(C}),- .. ,Bn(C;))’ represents the functional relationship between the re-
sponse and 3" control factors’ combination C;, €(C;, N;) = (eo(Ci, N;),...,en(Ci, N;))'
denotes the relationship between the response and j** noise factors’ combination N j only or
control-by-noise interactions. When the ideal signal-response function is linear, f1(M) = M
and fo(M) =--- = fo(M) =0.

We assume that the random error &;ji’s are iid N(0, U?jk). For simplicity, we omit
the subscript to illustrate the optimization procedure. In the dynamic robust design, the
explicit noise factors IN are assumed to be random as the main sources of variation in
the manufacturing process. It follows that e(C, N) are #id N(0,02%(C)), where 02(C) =
Vl\arr[e(C, N)]. The errors (g;51s), € are iid N (0,02(C, f(M))), where 0%(C, f(M))) =
Vgr[e(C, F(M))]. We assume that e and € are independent. 02(C) represents the variation -
caused by the explicit noise facfors N and ¢(C, f(M )) is the variation caused by a hidden

noise variable. Possibly, the same control factor can be identified as significant in both
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variance functions, but the optimal control level in one conflicts with the other. Thus, the
decomposition of the process variance into o2(C) and o?(C, f(M)) is essential to secure
the optimal solution in the dynamic system.

The conditional mean and variance of the response Y given C, M are, respectively
E(Y) = u(C,M)=p(C) f1(M), (3.1.8)
Var(Y) = Varle(C,N) fi(M)]+ Varle]

F1(M)'a%(C) f1(M) + o2(C, £ (M), (3.1.9)

where f{(M) = (1, fi(M),..., fr(M))".

As Var(Y) depends on the signal factor M, we integrate over M to determine optimal
settings of the control factors, assuming that the signal M is uniformly distributed at the
range of interest while Joseph and Wu [43] considered a general distribution for a target £.

Then the variance of the response Y is
My
3(C) = [ [£20)5HOI () +0H(C, S MM, (..10)
L
where My, My denote the low and high limit of the signal, respectively. Suppose the control

factors can be divided into three disjointed groups, i.e., C = (C1,C4,C3), and ¢Z%(C) is

a function of C2 and C3. C; contains the control factors which interact significantly with

explicit noise factors and C'3 contains remaining significant control factors except C'3 in o2.

C, is classified as the adjustment factors for the target function. Then the mean function

in (3.1.8) can be denoted as
u(Cl, C2, 03: M) = ﬁ(cla C27 C3)’f1(M)

If the quadratic loss is believed to be a good approximation, the objective of robust design
is to minimize the sum of the process variance and the square of the process bias over an
ideal target function ¢(M) = (M, C). The average loss for dynamic response model (3.1.7)
is
R(C1,C2,C3) = Em{Var(Y)}+ Eu {[u(C1,C2,Cs, M) — t(M))*}
= 05(C2) +0?(Ca,C3) + Ey{[u(C1, C3, C3, M) — t(M)*}.

(3.1.11)
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Under the constraint that the mean function must be adjusted to ¢(M), we minimize the

average loss R(C1,C32,C3). That is,

min_ R(C1,C3,C3)

Cl: 2,38

subject to
p(C1,C4,C3, M) = t(M) for any M.

A generalized two-step optimization procedure is introduced to minimize the loss func-

tion R(C;,C32,C3). The procedure is as follows:

Step 1. (a) Find C} that minimize 02(C5)

(b) Find C3% that minimize o2(C%, C3).
Step 2. Find C7 so that u(C1,C3%,C3, M) = t(M) for any M.

If explicit noise factors are not given or no control-by-noise interactions are identified
as significant in the response model (that is, C; are null), then we skip Step 1-(a) and go
directly to Step 1-(b) for reducing the process variation. If o2 is a function of C and Cj,
i.e., 02(C2,Cs3), then change Step 1 to find (C%,C3) that minimize 2. It can be easily
shown that (C7,C3, C3) minimizes R(C1,C32,C3) since the first term in (3.1.11) caused

by the explicit noises is minimized at C3, the second term is minimized by adjusting the

remaining control factors C3 to C3 at fixed C3, and finally the third term drops to zero
at (C7,C3,C3) by choosing C7 so that mean function is adjusted to the target function
t(M), without affecting its variance. The generalized two-step optimization procedure is

summarized as a flow diagram in Figure 4.

3.2 Generalized Linear Model (GLM)

Most dynamic systems have been solved under the assumption that the residual error is
normally distributed with constant variance. Ordinary least squares (OLS) estimates are
obtained from such an assumption and successfully applied in most applications. However,

when the variance is a function of the mean as in the exponential family (i.e., binomial,

17



poisson, and gamma distribution, etc.), the inference procedure based on OLS is inaccurate.
Introducing a Generalized Linear Model (GLM), the assumption of normality and constant
variance for the residual errors is no longer required, although the way in which the variance

depends on the mean must be known. In the GLM, there are three important components:
e response distribution
e linear predictor, which is a linear combination of the design variables
e link function which relates the mean response to linear predictor

The response distribution and the link function are not independent of each other be-
cause certain types of models are more appropriate for some distributions than for others.
We can view the selection of the link function in a vein similar to the choice of a transfor-
mation on the response. However, it is important to understand that differences between
the two lie in fact that the link function is a transformation of the population mean, not
the data. Unlike a transformation, it can take advantage of the natural distribution of fhe
response. Just as not using an appropriate transformation can result in problems with a
fitted linear model, improper choice of link function may produce seriously distorted results
(see Myers et al. [68]).

Recently, GLM has been highlighted in an industry experiment where traditional model

assumption is violated. Hamada and Nelder [37] discussed the power of GLM as a method

to improve the quality and provided several models which can handle a broad range of
applications. Myers and Montgomery [67] presented a tutorial to GLM and analyzed real
industrial experiments using statistical software such as SAS™ GENMOD procedure.

In the robust design experiment, a GLM was first introduced by Nelder and Lee [69],
and extended by Grego [35] and Engel [25] to solve the static system. Their methods are
considered as the LM approach in the context of modeling. Engel and Huele [26] adopted
GLM to detect the additional dispersion effects with the RM approach in the static systém.
Lee and Nelder [48] illustrated robust design applications of a GLM with both the LM and

the RM approaches. However, most robust design applications of a GLM have been focused
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on the static system only. Joseph and Wu [43] applied a GLM implicitly using a different
performance measure in the analysis of dynamic robust design experiment.

We introduce a GLM to the dynamic robust design problem for the purpose of reduc-
ing the variation caused by the noise variables which are not included explicitly in the

experiment.
3.2.1 Maximum likelihood (ML) Estimation for Exponential Family

Maximum likelihood (ML) is a theoretical method for parameter estimation in GLM. Sup-
pose our observation Y is generated from an exponential family. The log-likelihood function
is

L= {a($)[Vi6; - c(6:) + d(¥3)] + b(¢, Y3)} ,

i=1

where 6 is a location parameter and fixed ¢ repiesents a nuisance parameter such as the
variance o2 of a normal distribution. The function a(¢) > 0 is generally of the form
a(¢) = ¢ - d for a known constant d.

The derivative of the log-likelihood with respect to coefficient vector -« is

oc oL 86; 8¢ “
o Z—.'—'— (3.2.12)

- where ( is link function for the response Y. Note that

n

g_g: = Za(‘f’)(yz -cd(6)) = Z“(¢)(Y i),

i=1
~and

— = ®x;, o ‘

where z; denotes it* predictor vector. Putting this all together, ma,x1mum* 11ke11hood esti-

mates of the parameters can be obtained by solving the followmg equatlons for ~:

——;(Y w) (5e)m=0

with constant a(¢). In matrix form these equations are

X'A(Y —p) =0, (3.2.13)
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where X = (z1,...,2,)", p = [p1,- -, tn), and A = diag{06;/9(;}. These are called
mazimum likelihood score equations.

To solve the maximum likelihood score equations, iteratively reweighted least squafes
(IRLS) can be used. We start by finding a first-order Taylor series approximation in the

neighborhood of the solution ¢}, which is

Yi—'ui"" aCt(CZ )

Because 86;/9¢; = (80;/0p;) - (8i/0¢:), and 86;/8p; = Vary!, the score equations (3.2.13)

then become
z“ 8 (5) =
Var, \0¢ v

It is straightforward to show that

N2
Var(¢ — ¢) = Vary, - (g/i) ,

and as a result, the score equations are simplified to

~ (¢ -G
~ Var((f - G)

Let V¢ = diag{Var({; — (i)}, then the score equations in matrix form are

x; =0.

X'vi(¢r-¢)=0. (3.2.14)
Since ( = X4,

VI -Xy) =0 -

.\‘
oy
i

Ll

The maximum likelihood estimate (MLE) '? is
!

|

|

: i
S
il
|

i

(3.2.15)

it
B
|

;\Y — (le—IX)—lxlv—lc*’ | L

:‘1
1

which is generalized least squares estimate on ¢*. For unknown C we pursue\a,n iterative

|
scheme based on (1 = C, (Y; — ) 54— Using 1terat1vely rewelghted least squa.rcl,s with the

Newton-Raphson method (see McCullagh and Nelder [62]), we ﬁnd the solutlon from
= (X'VIX)' X'V ' (3.2.16)
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If model assumptions, including the choice of link function, are correct, 4 is asymptotically

unbiased estimator of 4 and information matrix I(«) given by the variance of the score is

I%) = Var{a(¢)[X'A(Y — p)]}

(@ (X'AVAX),

where V' = diag{Var(Y;)}. Thus the asymptotic variance-covariance matrix of 4 is given

by
Var(3) = I7(3) = [X'?:(;?];X]—l. (3.2.17)
3.2.2 Maximum Likelihood (ML) for Gamma-Muliplicative Model
Consider a density function for gamma distribution given as
(}-)”e—y/)‘y”_l, y>0,v>0,2>0 (3.2.18)

IN(RDY
where v is a scale parameter. When v = 1, the distribution corresponds to an exponential

distribution. The density can be expressed in the form of the exponential family

1 1
0 = _—A_I; = —;,
b= Ay
2
Vary = #_,
v
a(‘}s) =
c(0) = —log(-0),
b(¢,Y) = vlegv—InT(v)+ (v—1)log Y. (3.2.19)

Consider the asymptotic covariance matrix using non-canonical link

. X'AVAX]!
Var) = [a(¢)]21 !

If systematic part of the model is multiplicative on the original scale, and thus additive on

(3.2.20)

the log scale, then

¢ =log p= X1,
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and

0 =~—1/p = —exp(—X7).

Consequently

A; = 06;/0(xiy) = exp(—zi7),

and since Vary = p?/v = exp(2z;v)/v, AV A is reduced to diag{1/v,---,1/v}. From
(3.2.20) asymptotic variance of =y is
2 ! -1 1
Var(d) = (X'X) (;) , (3.2.21)
where 1/v is the square of coefficient of variation. This result is equivalent to that found in

a logarithmic transformation on the response itself.
3.2.3 Residual Modeling with GLM

The additional variation caused by a hidden noise variable can be reduced by solving the
dynamic system after modeling the errors (¢;jx1) via control, explicit noise, and signal factors

simultaneously. An error from the response model (3.1.7) is written as
gijkl = Yiju — Y(Ci, Nj, £ (My)),

where 1 is an unknown true response function. The distribution of squared error is
e?jk, ~ 1'2ij12-1- Since ¢&;jx; is not an observed residual, the error is approximated by
the residual (e;;x;) derived from the fitted response model. The squared residual model can

be represented as

{eu} = 2(Ci, Nj, My)7,
where z(C}, N j, My) represents a predictor vector consisting of the control, explicit noise,
and signal factors, = is a coefficient vector, and ¢ denotes a link function for the response
e?j - Note that the element of first column in « is 1. We assume that higher orders of signal
functions are negligible, thus only the linear term is included in the residual modeling. Based
on the fact that squared residuals are approximately gamma distributed and the variance

must remain positive, we consider a gamma-multiplicative model with

efju = expla(Ci, Nj, Mi)7). (3.2.22)
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The maximum likelihood estimate (MLE) 4 is derived from a log-gamma link function
for the mean of squared residuals. Actual implementation of maximum likelihood results in
an algorithm based on iteratively reweighted least squares (IRLS). Thus, MLE 4 is obtained

by minimizing

[81,_7kl :u’(mljk’)/)]
Z Z Z Z hlu(ziy)]
where
p(eijry) = EleZul{C, N, M}],

and

hlp(@ixy)) = Varlelu|{C, N, M}].

After approximating & a 7jk With the squared residuals using a gamma-multiplicative model
the weighted least squares (WLS) method is used to improve the response model. We pro-

pose a following iterative procedure:

Step 1. Estimate the coefficients of the response model (3.1.7) through ordinary least squares
(OLS). Using t-statistics, insignificant effects are pooled, then the residuals are calcu-

lated from the fitted model.

Step 2. Estimate the variance function a ik by modeling the squared residuals derived from
Step 1 via the control, explicit noise, and signal factors, using a gamma-log link

function. Approximate az .. using the fitted residual value é;?j - In case of replications,

J
P &%/ L is used.

Step 3. Re-estimate the coefficients of the response model, applying weighted least squares

(WLS) with weights: wjjr; = 1 /‘7;] -

Step 4. Repeat Step 1 - 3 until the effect estimates in (3.1.7) converge. At last, we obtain the

final effect estimates in the response model and variance function.

We can optimize the dynamic system based on the effect estimates resulting from this
iterative procedure. Hereafter, our procedure for optimizing the dynamic system will be

called the GLM-RM approach.
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3.3 Transformation Method

A common motivation for a transformation is to achieve an appropriately stable variance.
When random errors are unlikely follow a normal distribution or variance is a function of
the mean, variance-stabilizing transformation is appealing. For a positive valued response,
if variance is proportional to the square of fhe mean (i.e., a constant coefficient of variation),
a log-transformation on the response can be an alternative to a gamma-log link function.

It is known that all coefﬁcieht estimates are unbiased except intercepts in the log-
transformation. In the Taylor series expansion of log Y,

E(log Y) =log p — %

so consequently, the intercept is biased by (o/p)?/2.

The (log) transformation approach assumes that a distribution of the response is log-
normal. Linear models with constant variance for log Y and multiplicative model with
constant coefficient of variation for Y are closely connected. Suppose p? (the square of the

coefficient of variation) is sufficiently small so that
Var(log Y) = p? = Vary [u?.

In a linear model for log Y, the variance of parameter estimates 4 is p2(X'X)~1. For the

corresponding multiplicative model, the variance estimates of -y is
Var(y) = p*(X'X)™".

In particular, if X is an orthogonal design matrix so that parameter estimates are inde-
pendent, corresponding parameter estimates in the gamma-multiplicative model are inde-
pendent asymptotically. The proper‘ty‘of approximate independence holds for all GLMs
whenever the link function is the same a:sithe variance-stabilizing transformation.

When p? is small enough, it is likely ciiﬁicult to discriminate between normal linear
model for log Y and gamma—multiplicativé ihodel for Y. Atkinson’s [4] work confirms this
‘assertion even for p? as large as 0.6. :

Firth [30] compared efficiencies between the gamma model and the lognormal model

in the misspecification case. In his conclusion, the gamma model performs slightly better

24



under reciprocal misspecification. Nevertheless, the difference is unlikely to be a major
factor affecting one’s choice between the two methods. Other criteria can be considered as
important in practice. For example, a least squares analysis for the log-transformed data
allows us to use wéll-developed diagnostic tools, while analysis on the original scale may

have advantages for interpretation.
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Figure 4: Flow diagram of generalized two-step optimization procedure
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CHAPTER IV

DETAILED EXAMPLES

In this chapter, two examples: zinc coating and cable actuator experiments, are re-analyzed

following the optimization procedure suggested in chapter II.

4.1 Zinc Phosphate Coating Example

First, the residuals from the fitted response model (2.3.5) were calculated, then the squared
residuals were regressed on the control, signal, and control-signal interactions using a
gamma-log link function. We used the fitted squared residuals as the weights in weighted
least squares (WLS) procedure. We executed the WLS procedure iteratively until the
estimated regression coefficients were stabilized. After three iterations, the regression co-
efficients were stabilized. The final response and GLM variance model with 5% significant

level were, respectively

Y = (0.676 + 0.044B; +0.073C; + 0.208D; -+ 0.060E; — 0.119G; — 0.113H,

—0.057B, — 0.060E, — 0.032F, + 0.037G, — 0.048H,) M, (4.1.23)

and

62 = exp[1.464 + 0.918 B; — 0.913E, + 0.019M + 0.005E, M]. (4.1.24)

From previous analysis in Section 1.3.1, only E; was significant for the variance function
with the LM approach, but B, E4, M and E;M interactions were identified as significant in
the GLM-RM approach. In the residual plot (Figure 3), the heteroscedasticity is substantial
within B and especially M levels, while the variation within E levels is relatively small.
To investigate whether E factor affects the process variation, the residuals of the response
model (4.1.23) were plotted with respect to quadratic effect of E (E;) and E;M interaction
for each (Figure 5). The variance appears nonconstant in both E; and E;M levels. As

shown in Figure 3, the process variation is largely due to the signal factor, proportional
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Figure 5: Boxplot for the residuals from the response model

to the signal' factor’s value. Because the E,M interaction is significant, factor E has a
substantial effect on the variance function in the GLM-RM approach.

On the other hand, in the LM approach, variation caused by the signal factor is cancelled
out when the response is modeled by the signal factor only for obtaining the separate per-
formance measures at each of control factors’ combinations. In addition, when the process
variance is dominated by the signal factor, the control factors which interact significantly
with the signal factor can only be identifiable by the half normal probability plot or Lenth’s
method in the LM approach. This illustrates completely the reason why only E; was iden-
tified as significant in the LM approach. We also noted that significant EqM interaction
in the response model (2.3.5) was insignificant in the final response model derived from the
GLM-RM approach.

It is known that when the variance is proportlonal to the square of the mean and the
response has a positive value, a log transformation on the response ca.n: be an a.lternatrve for
using the gamma-multiplicative model. Thus, the squared re51duals were (log) transformed

to achieve an approximately constant variance and hnear model was ﬁtted to transformed
L

squared residuals. Consequently, Bl, Eq, and M were 1dent1ﬁed as dlspersmn effects. It
is noted that the EqM interaction was not detected in the analys1s of the transformed
i

residuals.

At last, we applied the generalized two-step optimization procedure to the response
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and variance model estimated from the GLM-RM approach. First, the variance function

(4.1.24) should be integrated over M

My
6y(C) = ./M exp[1.464 +0.918B; — 0.913E, + 0.019M + 0.005EqM]dM
L

_ (44.701 - exp[0.087E,] — 1.462 - exp[—0.813E,]
B 0.019 + 0.005E,

) - exp[1.464 + 0.918By).

Since no explicit noise factors are given in this experiment, the (explicit) noise related
term 02(C3) cannot be estimated. Following the step 1-(b), we consider the choice of
control factor values, for C3 = (Bj, E,), the combination of B = -1 and E =0 (E, = —-2)
minimizes the predicted process variance 62. In case the target value for the slope target is
pre-specified in practice, the values of other control factors C; = (C, D, F, G, H) are selected
to shift to its target and remained A level can be chosen by considering an experimeﬁtal
cost. The optimization results from the GLM-RM approach are quite different from the
LM approach. Factor E was fitted at level 1 in the LM approach, while ¥ = 0 was selected

to minimize the process variance in the GLM-RM approach.

4.2 Cable Actuator Example

The cable actuator experiment was re-analyzed with the GLM-RM approach. From the
fitted response model (2.3.6), the squared residuals were modeled via control, (explicit)
noise, and signal factors (including all second order interactions) with a gamma-log link
function. Following iterative procedure Step 1 - 4 in section 2.2.3, the coefficients of all the
factors were estimated. After three iterations, the estimates of all the coefficients converged.

The final response and variance model with 5% significance level were

Y = 0.505—0.397B +0.336G + 0.545M

+(0.073B — 0.137G + 0.066H — 0.030J)M — 0.011M N (4.2.25)

and

' 62 = exp[—4.584 — 0.308B — 0.300D -+ 0.176 M), (4.2.26)

respectively.
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Additionally, B, D, and M were identified as significant dispersion effects with 10%
significance level in the GLM-RM approach. The OLS estimates for In 2 were also obtained
and same factors (B, D, and M) were identified as significant. As in the phosphate coating
example, the phenomenon of nonconstant variance was substantial within the signal levels
in the residual plot (not shown), however the LM and the RFM approach failed to reflect
the significant signal factor in the variance model. In contrast, the GLM-RM approach
identified the signal factor M as the primary element which influences the process variance.

To perform the generalized two-stép optimization procedure, we first integrate the vari-

ance model 6% over M. Assuming that the explicit noise factor has an unit variance,

My
{(

&2(C) = —0.011)2M? 4 exp[—4.584 — 0.308B — 0.300D + 0.176M]}dM

M,
~ exp[—0.308B — 0.300D].
Since only noise-by-signal interaction is significant in the response model, we cannot
identify C2 in the explicit noise related variance o2. To illustrate the generalized two-step

optimization procedure in detail, suppose that DN interaction with a positive coefficient

BoN ié included additionally in the response model. Then,
62(C) ~ —BhnD + B3y D? + exp[—0.308B — 0.300D),

where Spy = (Bpn x 0.011) [ MdM. Obviously, 02(C2) = —fhHyD + BhyD? and
02(C4,C3) = exp[—0.308B — 0.300D).

In the first step, D (= C) is fixed at level “1” to minimize 02. At D = 1, the remaining
B (=' Cs) in 6% is chosen at level “1” to minimize the hidden noise related variance o?2.
Next, to shift both slope and intercept to their targét, we use G, which is significant for
the intercept but insignificant for the process variance, to adjust the intercept to its target
value of zero after minimizing the process variance. At B = 1, it follows from (4.2.25)
that G = —0.321 shift the intercept to zero. At last, we choose the levels of H and J to
maximize the input-output linearity. H = 1 and J = —1 maximize the slope to 0.758. Here,
C:=(G,H,J).

We can reduce the process variance substantially by identifying the effects of hidden

noise variables as well as explicit noise factors.
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Figure 6: Simulated dynamic system with the multiplicative error: 8; = 1.0,82 = 0.4

4.3 Simulation Results

In the previous two examples, we claimed that when the heteroscedasticity is overwhelming
within the signal levels, the LM and the RFM approach identify only control factors that in-
teract significantly with the signal factor as dispersion effects. However, the two approaches
might not identify relatively small main control effects as significant for the variance, if ever
really significant.

To verify those claims, we simulated a dynamic system with three control factors (A, B

and C) and a signal factor of three input levels (5, 15 and 25). A 23 factorial design was

first used for the control factors and the response data were generated by the equation
Y =10+ 0.84 4+ 2M +¢,

where the error € was generated from the normal distribution with mean 0 and variance
02 o exp[B1B + B2CM). The simulated response was plotted versus the signal in Figure 6.

The main purpose of the simulation is to assess how the LM approach identify the true
significant dispersion effects accurately in the dynamic system with a multiplicative error.
Following the purpose, we changed $; as 0.1, 0.5, 1.0 and B2 as 0.1, 0.2 and 0.4 to evaluate
the power of detecting the real significant effects in variance function.

First, we fixed the value of S at 0.1, changed f;, then analyzed the simulated dynamic
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Figure 7: Half normal probability plot for 23 factorial design

system using the LM approach. In this simulation, we limited our interest to the variance

function, hence the results for the intercept and the slope function are not shown here. For

the 23 full factorial design, only C was identified as the significant variance effect when
B1 =0.1 and 0.5. At $; = 1.0, B, C and BC were significant for the variance. Note that
the spurious effect BC was significant at §; = 1.0 in LM approach. (see the half normal
probability plot in Figure 7). For B2 = 0.2 and 0.4, only effect C was significant when
B1 = 0.1, and B and BC were significant when #; = 0.5 and 1.0 in the half normal plot
(not shown here).

Next, we considered a 33 full factorial design for the control factors to confirm the
simulation results from 23 factorial design. The simulations were restricted to the case with

small value of B, i.e., B2 = 0.1 to show whether the LM approach identify a significant
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main effect in the variance function. The responses were generated by the equation
Y =10+ A;+0.5B; +2M +¢, (4.3.27)

with the same signal inputs as 23 factorial design. The assumption for the error was the
same except how the error variance 62 o< exp[B1 B + f2C,M]. We varied f; as 0.1, 0.5, and
1.0 while fixing B2 at 0.1.
Similarly, we analyzed the simulated data using the LM approach. In Figure 7, C; and
Cy seem to be significant, but B; was not significant at g; = 0.1. At $; = 0.5 and 1.0,
By and Cj effects appeared sighiﬁcantly large in the half normal plot. We repeated the
simulation at a number of different values for ; and f2. When f; is relatively small, the
main effect is unlikely to be detected in the LM approach since it is dominated by relatively
large control-by-signal interactions. However, the control factor that interacts with the
signal was identified consistently as the significant variance effect in the LM approach.
Furthermore, the LM approach sometimes detects a spurious effect.
We can easily extend these results to the RFM approach by considering explicit noise
factor as an another control factor. With the GLM-RM approach, true dispersion effects
were identified consistently by taking the iterative estimation procedure. In addition, the

GLM-RM approach provided valuable information about how the control factors interact

with the other control and signal factors.
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CHAPTER V

CONCLUDING REMARKS

For the dynamic robust design problem, the RM approach allows greater flexibility to study
factor effects and results in experimental cost savings. This article illustrates how we extend
the response model approach to more general cases: there are no explicit noise factors and
there are no significant control-by-noise interactions. It was also noted that GLM modeling
of the residuals from the response model reveals the potential for reducing the variance
caused by hidden noise variables in the RM approach. As shown in the examples, both the
LM and the RFM approaches might detect spurious dispersion effects because the signal
cannot be included explicitly in the variance modeling. We also discussed the efficiency
of the LM and RFM approaches using the simulated data. In conclusion, we suggested
the GLM-RM approach and generalized two-step optimization procedure as the tool for
providing more reliable results.

However, the ability to identify the dispersion effects greatly depends on the fitted
response model in GLM-RM approach and if the response model is handled in a sloppy

fashion, it can cause serious problem in detecting the dispersion effects. We should, then,

check outliers and model inadequacies before implementing a GLM for the residuals. In
general, the ideal relationship between the signal and the response is assumed to be known
by the engineers in advance. In the case that ideal relationship is of unknown nonlinear form,
the engineer needs to identify the ideal relationship and then model the dynamic system via
the nonlinear random coefficients model (NRCM). Wolfinger and Tobias [96] considered the
linear random coefficient model (LRCM) for quality improvement experiments, but NRCM

application to the dynamic robust design is not abundant at all.
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PART 11
Modeling Approach for

Degradation Testing



CHAPTER VI

DEGRADATION TESTING OF LIGHT DISPLAYS

Product testing presents a significant challenge to manufacturers of highly reliable com-
ponents, such as integrated circuits, semiconductors, fiber optics in high speed computer
networks or communication systems, plasma display panels (PDPs), vacuum fluorescent dis-
plays (VFDs), light emitting diodes (LEDs) and numerous other dependable systems. While
products now are developed to last longer and perform more reliably, product test times
have been reduced to meet the time-to-market requirements and to maximize a company’s
profit and competitiveness. Data gathered from component failures cannot always guaran-
tee warrantee contracts or safety standards will be satisfied for the system that contains
that component.

If the experimenter can measure useful covariate information about the product, such as
performance degradation, product reliability inference can be greatly improved over regular
failure-time data analysis. In a comparison of simple degradation modeling versus tradi-
tional failure-time analysis, Lu, et al. [56] found that, in terms of asymptotic efficiency,

degradation models are superior if degradation data are available.

Along with degradation modeling, additional reliability information can be gained by
testing units in a harsh environment where product aging is hastened so that degradation is
accelerated and product lifetimes decrease, relative to the normal-use environment. Anal-
ogous to accelerated life testing (ALT), accelerated degradation testing (ADT) provides
the experimenter with more opportunities to draw inference on highly reliable test items,
provided there is a known functional link that relates the harsh testing environment to the
normal use environment.

Degradation modeling has a rich history in the electronics manufacturing, materials test-

ing and various fields of engineering. Nelson ([70], chapter 11) and Meeker and Escobar [63]
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review the degradation literature, survey applications and describe basic analytical meth-
ods on ADT models. Meeker and Escobar [64] provide a practical guide for ADT modeling
based on transformed linear degradation models along with standard ALT formulas.

There are numerous model developments for more specific degradation test experiments.
Lu, et al. [57] derive a transformed linear model for hot-carrier-induced degradation of met-
alized and oxidized semiconductors. By considering the sample size from degradation paths
as random, Su et al. [85] develop a random coefficient model and used the maximum like-
lihood estimation (MLE) method to handle inconsistency problems found in least squares
estimation (LSE). Shiau and Lin [80] derive a nonparametric model for describing degra-
dation of LEDs. Tseng and Wen [92] propose a step-stress accelerated degradation test
method to reduce experimental costs in assessing the lifetime distribution of LEDs. Yu and
Tseng [98] suggest on-line procedure for determining an appropriate termination time for an
ADT. Fagerstorm [27] derives a differential equation model to estimate the time-to-failure
distribution for lasers.

Important research applications of degradation models include the testing of LEDs
(Fukada, [31]), Fluorescent Lamps (Tseng et al., [87]), computer disks and compact disks

(Murray, [66]), and power supplies (Chang, [14]).

6.1 Burn-in Characteristics of Light Displays

In the manufacture of light display devices, chemical processing produces impurities in-
side the device’s vacuum tube. Impurities remain throughout the manufacturing process,
degrading the display quality. Manufacturers burn off harmful impuriti.es before shipping
them to customers, hence the burn-in procedure is essential in the manufacturing process.
From the manufacturer’s viewpoint, the burn-in costs (including the operating cost of burn-
in equipment), marketing losses caused by delivery delay, along with the costs associated
with testing and failure monitoring during burn-in are crucial. Furthermore, the current
trend of shortened product life-cycles has driven manufacturers to reduce the burn-in time
during manufacturing. However, if the burn-in period is incomplete, the light display will

initially experience a rapid decrease in light intensity until the impurities are burned out
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Figure 9: Burn-in characteristics of failure data

completely, at which time the light degradation will continue at a ‘slower, more expected
rate.

It is known that the display luminosity for several types of VFDs, fluorescent lamps and
plasma display panels (PDPs) decreases exponentially over most of the usage period so the

degradation path can be expressed as -
InA(t) =¢— At (6.1.28)

where A(t) denotes the luminosity at time t, ¢ is the initial luminosity, and A > 0 is the rate
of degradation. Naturally, this model does not hold for the initial time period in incomplete
burn-in, when the degradation is unstable.

If the nonmonotonic behavior ir:i:the. dégré,dation data is ignored, the degradation model
will likely be poorly fit, and the es:t‘i;‘r“n‘afted iliif:e?time distributions can be highly inaccurate.
To fit the model (6.1.28) to the deg‘tz'a.dzitior‘i‘ipé.th with an initial wear-in, one might ignore
the initial wear-in period, then deri:\/e 'a;failjl‘l‘r'e-time model based on the truncated data.

The general burn-in characteristibc 1s illﬁSfrated by the failure data in Figure 9. Tinaz
denotes the maximum burn-in time peri@d $h’owing the levelling-off of early failures. Com-
pared to the failure frequency before Tma;,' the number of test period failures is small enough

to be ignored.
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For the purpose of customer warranty, the degradation testing in the field lasts at
most 1,000 hours. Reliability engineers infer the device’s lifetime largely by extrapolating
the time when the degradation path and a predefined threshold cross. However, in the
case of incomplete burn-in, the degradétion path decreases rapidly at first, causing the
extrapolated degradation curve to cross the failure threshold at a much earlier time, resulting
in a predicted lifetime that is much smaller than the actual expected device failure time.

For the guidelines of a burn-in procedure, see Jensen and peterson [42].

6.2 Motiwating Example

This research was motivated by degradation data on VFDs. A VFD is a variation of the
Triode Vacuum Tube under a high vacuum condition in a glass envelope, and is composed
of three basic electrodes: the cathode (filament), anode (phosphor) and grid. Electrons
emitted from a cathode (filament) are accelerated by a grid, and collide with a phosphor
coated surface of an anode electrode, producing luminescence.

VFDs have several advantages over other display devices, including excellent visual
recognition, operation at low voltage with lower power consumption, high reliability and a
wide viewing angle. The critical characteristic of VFD is the luminosity or brightness, which
is measured in candela and failure can be defined in terms of the amount of degradation in
the luminosity.

In the manufacture of VFDs, chemical processing produces impurities inside the de-
vice’s vacuum tube. Impurities remain throughout the Iﬁanufacturing process, degrading
the display quality. Manufacturers burn off harmful impurities before shipping them to
customers, hence the burn-in procedure is essential in the manufacturing process. However,
owing to incomplete burn-in (called “aging” in the industry) in the manufacturing process,
the degradation path is not monotonic. Generally, degradation paths caused by incomplete
burn-in appear in two kinds of patterns: a three-phase and two-phase pattern (type I and
IT in Figure 10).

In a three-phase degradation, the accelerated grid powered by high-voltage serves to

eliminate traces of impurities in the VFD, and as a result, the light intensity actually
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Figure 10: The non-monotonic degradation path caused by incomplete burn-in

increases up to a certain unknown point in time. Then, due to a temporary “poisoning
effect” of impurities on the cathode surface, the light intensity decreases rapidly for a short
time period before following its inherent degradation path (phase three).

In testing environments where degradation is accelerated by using higher voltage, the
first phase may not be discernable unless frequent early degradation measurements are
taken. In this case, the light intensity décreases rapidly up to an unknown point in time
before the degradation becomes more gradual. Eventually, after several hundred of hours
of operation, the cathode and phosphor on anode will degrade, and the emitted light level
decreases below a fixed threshold, when it is considered to have failed. The current VFD

industry’s standard defines this threshold as the time when a VFD’s luminosity falls below

50% of its initial luminosity. The degradation measurements in Figure 11 illustrate the lack
of stability in the initial “burn-in” stage of a VFD lifetime with two kinds of non-monotonic
patterns.

This phenomenon presents a difficulty in modeling, because current parametric models
are based on the assumption that degradation curves are simply monotonic. If the non-
monotonic behavior in the degradation data is ignored, the degradation model will likely
be poorly fit, and the estimated lifetime distributions can be highly inaccurate.

To compensate for the lack of stability in observed degradation, Tseng et al. [87] and
Chiao and Hamada [16] truncate the first several hundred hours assuming that after this

much test time has been completed, the degradation path will be monotonic. However,
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Figure 11: Nonmonotonic degradation paths for VFDs

this assumption is not suitable for the light displays. Monotonic model fitting to truncated
data ignores the effects mentioned above that can cause one or two dramatic changes in the
degradation curve, including the loss of monotonicity.

In addition, owing to shorter life-cycle of VFD, reliability is often evaluated based on
a relatively small amount of degradation data measured for a short period of time. These
early degradation measurements can comprise a significant amount of the data in VFD
degradation testing. As a consequence, we risk losing efficiency in the reliability analysis

if these early degradation observations are ignored. The characteristic of non-monotonicity

and the sparseness of measurements for VFD degradation provides motivation for an im-

proved degradation model in the following chapter.
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CHAPTER VII

NONLINEAR RANDOM COEFFICIENTS MODEL

Nonlinear random coefficient models provide a powerful tool for analyzing repeated-measurement
data that arise in various fields of application, such as economics and pharmacokineﬁics
(Davidian and Giltinan, [20]). Repeated-measurement data are generated by observing a
number of individuals (or test units) repeatedly under differing experimental conditions,
where the individuals are assumed to constitute a random sample from a population of
interest. A common type of repeated-measurement data are longitudinal data, which are
ordered by time or spatial position.

Nonlinear random coefficient models are intuitively appealing because they allow for
flexible variance-covariance structures of the response vector as well as linear random co-
efficients. Many developments for nonlinear random coefficient models have occurred in
recent years; see, for example, Beal and Sheiner ([5), [7], [8]), Lindstrom and Bates [54],
Ramos and Pantula [76] and Kim [47]. Davidian and Giltinan [20] and Vonesh and Chin-
chilli [93] provide thorough overviews as well as some general theoretical developments for

nonlinear random coefficient models.

A general, nonlinear random coefficient model for the j* response on the i** individual
test item can be defined as
vij = f(xij, B;) + €ij i=1,...,m, j=1,...,n4 (7.0.29)

where y;; is the j* response on the i** individual, x;; is the covariate vector for the jt
measurement on the #** individual, f(-) is a nonlinear function of the covariate vector and
parameter vector B; and e;; is a normally distributed random error term.

Modeling the i** individual response is accomplished by letting Y'; and e; be the (n; x 1)
vectors of responses and random within-individual errors for individual 7. Define the (n; x

1) mean response vector f;(8;)= (f(xi1,B;),---,f(Tin;»B;)) for the i** individual test
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item, depending on the (p x 1) individual-specific regression parameter ;. Suppose that
E(e;|B;) = 0 and Cov(e;|B;) = 02G}/2(Bi)G’%/2(ﬁ,~) = 02G;(B;), where G3/2(ﬁi) denotes
a (n; X n;) positive definite matrix which depends on 7 only through its dimension. The
elements are equal to the square root of those of G;(;), characterizing within-individual
variance structure. The (k x 1) vector b; represents a vector of random effects, and 8 is
(r x 1) vector of fixed effects.

Based on the set-up in Sheiner and Beal [79] and Davidian and Giltinan [20], the general

two-stage nonlinear random coefficient model can be written

Stage 1 (within-individual variation)

y; = fi(B;) +ei (7.0.30)

Stage 2 (between-individual variation)

Bi = AiB + B;b; , (7.0.31)

where b; are independent and identically distributed as Normal(0, D), and A;, B; are known
design matrices of size (p x ) and (p x k) for the fixed and random effects, respectively. D
is a (k x k) covariance matrix and 8; in (7.0.31) is specific to the i** test item through b;,
allowing the conditional moments of e; to be expressed as e;|b; ~ N(0,02G;(B;)).

Within the framework of (7.0.30) and (7.0.31), the random effects are unobserved quan-
tities, and maximum likelihood estimation in (7.0.30) is based on the marginal density of
Y= Ym)

P8, D,*) = [ p(uls,B,D,Mp)s. (7.0.32)

In general this integral does not have a closed-form expression when the model function f

is nonlinear in b;, and approximation methods are used to help solve the estimations.

7.1 Approximation Methods

In this section, we consider four different approximations to the log-likelihood correspond-

ing to (7.0.32): a first-order method (Beal and Sheiner, [5], [6]), Lindstrom and Bates’s [54]
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algorithm, adaptive importance sampling (Pinheiro and Bates, [72]), and adaptive Gaus-
sian quadrature (Pinheiro and Bates, [72]). For two-stage nonlinear models, the marginal
distribution of y; is based on the random effects b; and the individual error vectors e;. The
random vectors b; and e; are assumed to be independent, normally distributed and enter

the model in an additive, linear fashion. S_ﬁppose that -
ei = GI*(B))e;, | (7.1.33)

where €; has mean zero, covariance matrix ¢?I,, and G’% /2 (B;) is the Cholesky decompo-
sition of G;(3;), representing the heteroscedasticity or correlation among within-individual

errors. Then, the first-stage model may be rewritten as
yi = £:(8,b:) + G}/*(B, bi)e:. (7.1.34)

In many practical applications involving inference on the degradation of individuals,
within-individual heteroscedasticity and correlation are dominated by between-individual
variations b;, thus can be ignored. G;(8;) = I, is the common specification of uncorrelated
within-individual errors with constant variance.

Estimation of the population parameters 8 can be interpreted as the “typical” fixed-
effect value, and also represents the parameter values producing a “typical” y; response.

This issue has been discussed by Zeger, et al. [99], who introduced the terminology. of

population-average models, where attention focuses on inference in the marginal distribution
and subject-specific parameters, which pertain to inference in the conditional distribution

for a given subject (see also Lindstrom and Bates [54]).
7.1.1 First-Order Approximation

The Taylor series expansion of (7.1.34) about E(b;) =0 is
yi = £:(8,0) + Ai(B,0) Ay, (B,0)bi + Gi/*(B, 0)e; - (7.135)

where A;(B,0) is the (n; X p) matrix of derivatives of f;(8;) with respect to 8; and A, (3, 0)

is the (p x k) matrix of derivatives of B; with respect to b;, evaluated at b; = 0.
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Defining the (n; x k) matrix Z;(8,0) = A;(B,0)Ap;(B,0) and e} = G'/2(B,0)e;,

equation (7.1.35) may be shortened to
yi = £i(B,0) + Z;(B,0)b; + €. (7.1.36)

In terms of (7.1.36), the marginal mean and covariance of y; can be specified as

E(yz) = f‘z(ﬂ)o)
Cov(y;) =~ 0°Gy(B,0)+ Z;(B,0)DZ}(B,0)

= %(8,0,w) (7.1.37)

where w is a vector containing the unknown covariance parameters o2 and D.

Beal and Sheiner ([5], [6]) utilize extended least squares (ELS) to estimate 8 and w.
Under normality assumptions, ELS is equivalent to joint maximum likelihood estimation of
(B,w), which is known as the first-order method and minimizes the objective function:

m
Qro(B,w) =Y {log|Zi(8,0,w)| + (y; — £:(8,0))'=;1(B,0,w)(y; — £:(8,0))} (7.1.38)
i=1
They note that ELS estimators are consistent and asymptotically normal under some reg-
ularity conditions provided that the first and second moments of y; are correctly specified.
To minimize (7.1.38), Beal and Sheiner [5] employ a derivative-free quasi-Newton algorithm

which avoids the need for specifying 93;(3,0,w)/dB.

7.1.2 Lindstrom-Bates Algorithm

Lindstrom and Bates [54] suggest the alternative to first-order method by considering a
linearization of (7.1.34) in the random effects about some value b} that is closer to b; than

its expectation 0. The Taylor series expansion about b; = b} yields
yi & £1(B,b1) + Ai(B, b)) A, (B, b}) (bs — b}) + G1/*(8, b})ei. (7.1.39)

where A;(-), Ap,(-) were defined in (7.1.35). This notation makes explicit the fact that the
expansion in b; has been taken about b}.
In order to construct an estimation procedure for 8 and w, reasonable values of b} must

first be selected. Then, treating the estimate as fixed, either generalized least squares (GLS)
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or maximum likelihood (ML) can be used to estimate 8 and w. Lindstrom and Bates [54]

propose the following iterated two-step estimation algorithm:

1. Pseudo-data (PD) step: Given the current estimate @ of w, minimize
m
. ~—1 R - o 1,
> {log |D] + b;D " b; +10g |6°Gi(€)| + 572 (y; — £1(B,8:)) G5 (€) (y; — F:(B, bHYL.40)
i=1

with respect to 8 and b;. The resulting estimates are denoted by b; and Bo-

2. Linear mized effects (LME) step: Estimate 8 and w with the values 3 and & that
minimize
m ~ ~ ~ ~
QLa(B,w) = > {|log Zi(Bo, bi, w)| + ri=7 By, bi, w)ri} (7.1.41)
i=1

where ; = (8, bi, Bo) = y; — fi(B,b:) + Zi(Bo, bi)bi.

As an alternative to (7.1.41), one can use a restricted maximum likelihood (REML)

approach which minimizes
QLB,rEML(B,w) = QLB(B,w) +log | X;(Bo, b:) =7 (Bo, bi, @) Xi(Bo, B)l,  (7.1.42)

where X (8, bi) = Ai(B,, lA),-)Ag‘. (Bo, bi), and Ag.(B, b;) is the (p X 7) matrix of derivatives
of B; with respect to 8 at b; = b;.

The algorithm alternates between the PD and LME steps until some convergence crite-
rion is met, with final estimates denoted by (ﬁ LB) WLB, Bi,LB). The i’i,LB may be regarded
as empirical Bayes estimates of the random effects; these estimates are approximate poste-
rior modes for b;, where the fixed paraméters B Ialnd w are replaced by estimates. Wolfinger
[95] also showed that LME approximatién;t%) the restricted log-likelihood (7.1.42) is equiv- .
alent to a Lapracian approximation to th;e‘iriteg}al (7.0.32) when a flat prior is assumed for

B.

7.1.3 Adaptive Importance Sampl}ihé jApproximation

Importance sampling is a simple and efficient method for performing Monte Carlo inte-

gration. Geweke [33] developed the methods for the systematic application of Monte Carlo
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integration with importance sampling to Bayesian inference in econometric models. Success-
ful convergence relies mainly upon the choice of the importance distribution from which the
sample is drawn and the importance weights are calculated. The marginal density should
be integrated to obtain this distribution, but instead an easily sampled approximation is

used. From (7.0.32), the marginal density of y; can be written as

p(y;|8,D,0%) = / (2m0?)~"/2| D| /2 exp(—v;(B, bi, D)/2)db;, where

vi(B,bi, D) = b}D7'b; + 072 (y; — £:(B,6:)) G (7) (; — £:(B, bi)).

For the nonlinear random coefficients model, the integrand of exp(—wv;(8, D, b;)/2) is ap-
proximately normally distributed, giving a natural choice for the importance distribution.

Define Njg as the number of importance samples to be chosen. Importance samples can
be generated by selecting a standard normal vector z* and calculating the sample of random
effects as b; = 13: + Vi(B,D)"1/22* where 13: is the value of b; minimizing v;(8, b;, D)
and V;(B, D) is the approximation for the second derivatives of v;(B, b;, D) with respect
to b;. If we let V;(8,D)~/2 denote the inverse of the Cholesky factor of V;(3, D), the

importance sampling approximation to the log-likelihood of y can be written as

1 m
Qis(B,D,0’ly) = —3 (Nlog(27ra2) +mlog|D| + Zloglvi(ﬁ,D)l)
i=1
Nis

+Zlog (}j exp{—v; ﬂ,D,b:;)/z + I|z3f|I2/2}/st) ,

where N = 3", n;. In the case the model function is linear in b, the r;ight side of (7.0.32) is
p(y:lbi, B, D, az)p(bi) = p(vilB, Da 02)¢(8i) Vi(B, D)—l) where d’ls the §tandard Gaussian
density. In this case, the results are exact and the importance sampliné j\fveights are equal

to p(yilﬁ)Daaz)'
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7.1.4 Adaptive Gaussian Quadrature Approximation

The Gaussian quadrature approximates the integral of a function with respect to a given
kernel by a weighted sum over predefined abscissas for the random effects. Unlike other nu-
merical integration techniques, the abscissas are unevenly spaced throughout the interval of
integration. With a modest number of quadrature points, along with appropriate centering
and scaling of the abscissas, the Gaussian quadrature approximation can be highly effec-
tive. Gaussian quadrature rules for multiple integrals can be numerically complex (Davis
and Rabinowitz, [21]), but due to the simple structure of the integrand in the nonlinear
mixed-effects model, we can transform the problem into successive applications of simple
one-dimensional Gaussian quadrature rules. We consider an importance sample version of
the Gaussian quadrature rule, which we denote by adaptive Gaussian quadrature.

For j =1,...,Ngq, suppose that (2, w;) are, respectively, the standard Gauss-Hermite
abscissas and weights for the Gaussian quadrature rule with Ngg points (Golub and Welsch,

[34]; Abramowitz and Stegun, [1]). The adaptive Gaussian quadrature is then given by

/ exp[—v;i(B, D, b;)/2)db; = / |V (8, D)| /2~ vilB.D:bi +Vi(B,D) 2z ) 2|2 P 2= 112" 1P /2 g

e ey 1/2, 2
-1/2 -vi[8,D,b; +V:(8,D $1/2+H1z* 112 /2
~ |[Vi(8, D)"Y .Y vl (8:D)1/2z3)/2:H|=* |12/ Hw
=l k=l g=1
where 2} = [2},,... !. The objective function Q aco to minimize corresponds to negative

log-likelihood

1 m
Qaca(8,D,0%) = —3 (Nlog(2m2) +mlog| D]+ log IbVi(ﬁ,D)l) +
=1
Ng

m Q
> tog | Y exp{-uilB, D,b; + Vi(B, D) 225)/2 + |1z /2}Hw,q

=1 j=1 q=1

When Ngg = 1, adaptive Gaussian quadrature approximation is equivalent to Laplacian
approximation, because in this case 27 = 0 and w; = 1. This result is similar to the
approximation obtained from adaptive importance sampling; the basic difference is that

the former uses fixed abscissas and weights, but the latter allows them to be determined
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by a pseudo-random mechanism. As with the importance sampling approximation, the
adaptive Gaussian quadrature produces the exact log-likelihood when the model function
is linear in random effects b. In practice Ngg < 7 generally suffices and Ngg = 1 often

provides a reasonable approximation (Pinheiro and Bates, [72]).

7.2 Failure- Time Distribution of Random Coefficients Model

To derive the failure-time distribution and its quantiles, define failure time T' as the time
that the actual degradation path 7(¢;8,b) reaches the prespecified degradation level y.

Then the distribution of the failure time is
Fp(t) = Pr(T < t) = Pr[r(t; 8,b) < 74]. (7.2.43)

The failure-time distribution depends on the distribution of the random coefficient b, which
is determined by the variance-covariance matrix D.

In the following, the failure-time distributions under two different approaches to degrada-
tion modeling are considered: the linear random coefficients (LRC) model and the nonlinear

random coefficients (NRC) model.

7.2.1 Linear Random Coefficients Model

In many cases, the LRC model reveals a closed-form expression Frp(t) and the computations

are straightforward. Tseng et al. [87] and Chiao and Hamada [16] modeled (transformed)
luminosity degradation for fluorescent lamps and LEDs using a linear random coefficient
model after truncating the first few hundred hours on the test when the degradation is
unstable. Following that approach, the failure-time distribution as to the nonmonotonic
degradation paths is derived from the LRC model.

Let y(t) be the luminosity at time ¢ and y(£p) be the baseline luminosity measured at
the burn-in time ¢3. The LRC model for observed degradation, : =1,...,m, j =1,...,n;,
is

7(ti5; B, b;) = log(y(ti;)) = (Bo + boi) + (B1 + bii) (tij — to) + eij, (7.2.44)
with fixed effect B = (fp, 1) and the random coefficient b; = (boi, b1;) characterizes the

individual item variation. We assume b; ~ N (0, D) with elements Dyy = ag, Dy = af,
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and Do; = Dyp = pogo1, and b; is independent of the error term e;; ~ N(0,02). The

failure-time distribution for model (7.2.44) is

Fr(t)

Pr((Bo + boi) + (B1 + bii)(t — to) < 74]

~ [ﬂO + ,31 (t - to)] —Tf
~ @ { [0 + (t ~ t0)20F + 2(t — to)pooo1]!/2 } t>tg,  (7.2.45)

where ®{-} is the cdf of the standard normal distribution. The pt* quantile of the failure-

time distribution is the value of ¢, such that Pr(T <) = p, so that

. (Bo + Batp) — 11
P [0 + 203 + 2t pogoy|1/?’

(7.2.46)

where t;, = t, — 9 and 2, is the p*" quantile of the standard normal distribution.

Example 1: A degradation path model for the relative luminosity for a VFD.
The actual degradation path of (log-transformed) relative luminosity for a VFD is a special

case of (6.1.28), given by
D(t;0) = ¢ — Ut 9 >0,t >0,

where the parameter ¢ represents the fixed initial amount of degradation at the beginning
of the test and the degradation rate ¥ varies from unit to unit. By industry standard,
the VFD is considered to fail when the relative luminosity crosses Dy = log 0.5. Suppose
that 9 follows a Weibull distributién with cumulative distribution function (cdf) G(¥9) =
1 — exp[—(¥9/n)¢], where n > 0 is a scale parameter and C > 0 is a shape parameter. After

transforming as T = (Dy — ¢)/9,

Fr(t) = Prif<{=Pr ["%ﬂ < t]
= Pr ['19 > $—log 0.5 l(t)g 0‘5]

_ ¢—log 0.5\ _($—1og 05 ¢
1 G(—_—_t )—exp[ (——ﬂt ) , t >0,

and the distribution of T is called as the reciprocal Weibull distribution. Similarly, if 9

follows a lognormal (i, 02), then

[log (¢ — log 0.5) — log t] — u}

o

FT(t)=1—q>{
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where ®(-) is the cdf of theA standard normal distribution, hence the failure-time T' also
follows a lognormal distribution. _ |

Example 2: A degradation path model of the standardized light intensity for a
LED. The degradation path model of a light intensity depends heavily on light generating
materials or methods. The light generating principle of a light emitting diode (LED) is quite
different from that of VFDs, Fluorescent lamps, or PDPs, which give forth a brightness by
means of a phosphor. Consequently, the degradation pattern of luminosity for a LED may
not be of the form (6.1.28). Yu and Tseng [98] described the degradation path model of the

standardized light intensity for a LED as
D(t;0©) = exp [—atﬁ] , a>0,i>0,

where a and 3 are unknown parameters. The transformation of the observed light intensity
is
log (—log D(t; ©)) = log a + Plog t = ¥ + V2log t, t>0.
Suppose that ¥, ~ N(u1,0%), 92 ~ N(u2,03) and ¥; is independent of ¥2. Then
log (—log D(;0)) ~ N(u1 + polog t,0? + o(log t)?), assuming both Pr(9; < 0)and
Pr(92 < 0) are negligible. Since T' = exp[(log (—log Dy) — 91)/J2], with a value Dy = 0.5

we have

Fr(t) = Pr {exp [log (—loiff) — 191] < t}

~ 1-0 { —0.367 — (1 + polog t)} .

v/ alﬁ + 022 (log t)2

The failure-time distribution in the above 1s called Bernstein distribution and is discuséed

in Ahmad and Sheikh [2].

The MLE:s for the parameters in the i:ff.':;ilure-time distribution can be computed by using
the Newton-Raphson procedure despx:iibélli :in Lindstrom and Bates [53]. MLEs of the failure-
time distribution Fr(t) and the quz;,nt:il!gt*p are then constructed by replacing the model
parameters in (4.17) and (7.2.46), respecfively, with their estimates. In the case 75 is a

relative threshold (e.g., set to 50% of the starting degradation level), estimation of Fr(t)
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is complicated due to 7; depending on the degradation. As'a result, a numerical method
such as Monte Carlo simulation is used to evaluate FT(t). Pointwise confidence intervals
for Fr(t) can be obtained by using a parametric bootstrap procedure. Confidence intervals
for quantiles are established from these methods. The procedure for generating Fi(t), and

confidence intervals for Fr(t) are similar as that in the NRC model, illustrated below.
7.2.2 Nonlinear Random Coefficients Model

In the NRC model, if there is no closed-form expression for F(t) or if the numerical
transformation methods are overly complicated, we can choose to evaluate Fip(t) using
Monte Carlo simulation (see Meeker and Escobar [64]). For this evaluation, we first use the
model parameter estimates ,@, 5, and D (obtained from the m sample paths) to generate
the N simulated realizations ,B, b. From N values of ﬁ and l~7, compute the N failure times
{ by substituting B8 and b into 7(¢; 8, b), and then solve for 77. For any desired values of ¢,

Fp(t) is estimated from the simulated empirical distribution

number of £ < ¢
N

Fr(t) = (7.2.47)

The procedure for constructing parametric bootstrap confidence intervals is implemented

with the following steps.

Step 1. From the estimates 3, b, D, and 62 (hereafter, assuming that Gi(B;) = I,;) obtained

by‘ using ML or approximation methods, generate m simulated realizations of 5,
bj,i=1,...,m.

i
i

Step 2. Compute m simulated degradation pathes
i = 7(ti; B, b)) + €3 (7.2.48)

up to the specified stopping time t., where the €j; values are generated from N(0,62),

giving bootstrap estimates B*, 13*, and D"

Step 3. Following the Monte Carlo simulation mentioned above, compute the bootstrap esti-

mates F(t) at desired values of t with 3", b", and D",
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Step 4. Repeat Step 1-3 B times (B > 1,000), then obtain the bootstrap estimates Fr}(t)l,
Ex(t)a,. .., F(t)p. Sort the B bootstrap estimates in increasing order giving B2 ®)e)s

b=1,...,B.

Step 5. Following Efron and Tibshirani [24], determine the lower and upper bounds of point-

wise 100(1 — @)% confidence intervals for the distribution function Fr(t):

[Fr(t), Fr ()] = [F5 (), £, (7.2.49)

where [ = B x ®[207(q) + @ 1(a/2)], u = B x ®[20}(q) + ®71(1 — /2)] and

g= number of F4(t), < Fir(t)

z ., b=1,...,B. (7.2.50)

7.3 VFD FExample

The VFD degradation was accelerated by using both increased voltage and temperature
during product testing. Because the ALT link function was assumed to be completely
known in VFD lifetime analyses, thé information from the link function is not necessary to
illustrate the nonlinear random coefficients model. In this analysis we model the degradation
only at the test level, rather than at the milder regular-use conditions. Degradation tests of
VFD luminosity are generally executed up to 1,000 hours for customer warranty purposes.
In a special extended test, we also measured the luminosity at 3,000 hours to check the
accuracy of the failure-time estimates derived from the field degradation tests that are
censored at 1,000 hours. The nonlinear modeling with random coefficients model is slightly
more difficult to illustrate with the smaller degradation data set taken in such a restricted
way.

7.3.1 Comparison of Approximation Methods

In this subsection, the four approximation methods are compared using the VFD testing
data. The individual VFD degradation paths consist of measurements of VFD luminosity
(at six different time points) for five VFDs, taken over a period of 3,000 hours. Model

fitting is especially challenging here due to the sparseness of the data and the complexities

required of a nonlinear model. Based on a general nonlinear model described in Vonesh and
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Figure 12: Boxplots of residuals from a single degradation model

Chinchilli [93] for a similar longitudinal data problem, we fit the following four-parameter

(nonmonotonic) model to the degradation data:

ﬂltﬁz

E[yt] = exp[ﬂ3t54] )

t>0, A (7.3.51)

where E[y;] denotes expected brightness at measurement time ¢. The four-parameter model
was deemed necessary since models in the form of (7.3.51) that have fewer than four pa-
rameters fail to characterize the nonmonotonic degradation of the VFDs. Furthermore, a
fixed effects model (with four parameters) also fails to adequately describe the degradation;
if we ignore the grouping of brightness measurements according to individual units and fit
a single model to the collective VFD paths, then using nonlinear least squares, we would

estimate
= 11259.7 - 0416
Y= exp[2.560 - 0116’

E| t>0. (7.3.52)

Figure 12 shows boxplots for the computed residuals resulting from fitting (7.3.52) for each
VFD, and clearly indicates inadequate model fit. If a single brightness curve represents the
collective VFDs, the differences between units are confounded with the measurement error
in the residuals, thus inflating the residual standard error estimate (see Pinheiro and Bates,
[73], p. 279).

To accommodate this between-unit variation, a separate nonlinear model was fitted
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Figure 13: Boxplots of residuals from individually fitted models

to each unit; the individual specific nonlinear model shows an improved fit; the resulting
boxplots of the residuals are displayed in Figure 13.

Despite the improved fit, Table 2 shows that from this separate nonlinear model fitting
to each VFD, the parameter estimates for the second and third subjects are highly unstable
and resulting residual variance is higher, which is a consequence of overfitting sparse data
with a complex model. As a result, the two-stage estimation method suggested by Lu
and Meeker [55], under the assumption that individual-specific regression parameters are

estimable for each subject, is less suited for the VFD example. Instead, an approximation

"method should be used to compute the nonlinear model.
To recap, the data suggest that the VFD degradationjmi)ldel include variability among

and within individual units, which is modeled most effectively using random coefficients.

Table 2: Parameter estimates for individual VFD degradation path

Subject S B2 B3 B4

1 1091.8 0.1203 0.1617 0.2928
2 2.9 x 107 0.8578 10.5036 0.0664
3 8.0 x 107 0.7450 9.4013 0.0636
4 887.3 0.0475 0.0362 0.4182
5 980.0 0.05642 0.0677 0.3306
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Parameters of the nonlinear random coefficient model can be estimated using one of the
approximation methods outlined in the last section. An adaptive Gaussian quadrature (with
Ngg = 1) was used to decide which of the coefficients in the model require random effects
to account for between-unit variation (this is the default method in SAS™ NLMIXED
procedure).

Because VFD units were inspected at identical test times, the parameters (82, 84) in
model (7.3.51) are constant across all VFD units. The model with two random coefficients
provides a better fit than the simpler model with just one, with average prediction error 10
times larger for the simpler model. ‘The final selected nonlinear model, then, is based on

four unknown parameters (fi, ..., 81) and two random effects (bs, bo):

(B1 + bi1) - 152
Yij = B4 +
exp[(Bs + bi2) - 1]

where y;; and t;; represent the 5% luminosity response and measurement time on the i

€ij, (7.3.53)

VFD, respectively. The random effects (bi1,bi2), i = 1,...,5 are i.i.d. N(0,0215), and
independent of the e;;.

Table 3 shows the estimation results using the first-order approximation, the Lindstrom-
Bates (LB) algorithm, the Laplacian approximation, the adaptive importance sampling
approximation, and the adaptive Gaussian quadrature approximation. All of approximation
methods are done by NLMIXED procedure and NLINMIX macro program in SASTM, The
adaptive Gaussian approximation method is based on three quadrature points; when Ngg >
5, the method fails to converge consistently. The parameter estimates from the Laplacian

approximation method are based on the adaptive Gaussian quadrature with Ngg = 1. The

Table 3: VFD parameter estimates and error variances for four approximation methods

Approximation method S Bo B3 B agl 032 o2
First-order 1825.96 0.2324 0.7376 0.1824 253.75 5x 10~° 1729.24
Laplace 900.02 0.0810 0.0620 0.3828 10.0056 8.411 x 10~ 100.10
Importance sampling 900.80 0.0634 0.0409 0.4244 10.4036 1.4 x 1079 102.90
Adap. Gaussian 901.09 0.0660 0.0415 0.4185 10.7038 5.4 x 106 104.20
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LB algorithm does not converge in some regions of the parameter space, so results from the
LB approximation are not listed in the table. The correlation between random effects was
computed to be negligible over all approximation methods.

For this example, Table 3 shows that the results are similar for all approximations
except the first-order approximation, for which the variance of the error term is 17 times
larger than the other approximations. Estimates of the fixed-effects in the VFD degradation
model are dramatically different for the first-order approximation because the random-effect
parameters (b;1, bi2) do not enter the model linearly.

Three criteria for selecting the most suitable approximation are listed in Table 4. Com-
parisons are based on log-likelihood, relative bias and the computational efficiency. The
relative bias is the absolute difference between the real response and prediction value di-
vided by the real response. Computational efficiency is measured in terms the number of
function evaluations until convergence is achieved. Of the three approximation methods still
under consideration (Laplace, Adaptive Importance Sampling, Adaptive Gaussian Quadra-
ture), the Laplace approximation is considered the best under each of the three criteria.
Obviously, the computational efficiency for the first-order approximation is not directly
comparable to other approximations.

The final parameter estimates and their confidence bands for brightness degradation,

based on the Laplace approximation, are tabulated in Table 5. The standard errors of each

parameters in Table 5 are constructed from the variance-covariance matrix computed as the

inverse Hessian matrix. In the Laplace approximation, Hessian matrix 62v;(8, D, b;) /0b;0b

Table 4: Log-likelihood, average relative bias, and computational efficiency for four ap-
proximation methods

Approximation method logl  Average relative bias # of evaluations

First-order -156.55 0.0823 2855
Laplace -363.65 0.0476 427
Importance sampling -356.35 0.0478 632
Adap. Gaussian -364.65 0.0476 1924

58



is approximated by

. +o?D7, : (7.3.54)

i

~ 6fz(ﬁ,b1.)l afz(ﬂ’bz)
= "ob; s 0B,

where b; = arg ming, v;(B, D, b;). The statistical inference about the parameters' and their

asymptotic properties are demonstrated in detail by Pinheiro and Bates (2000).
7.3.2 Comparison of Failure-Time Distributions

For the LRC model in (7.2.45), degradation measurements earlier than ¢y = 240 hours
(10 days) are discarded to increase the chance that the resulting degradation process is
monotonically decreasing. Parameters were estimated using maximum likelihood: B =
(6.7, —1.92 x 10™%)", Do = 2.38 x 1073, Dy; = 4.99 x 10710, Dy; = D1y = —5.13 x 1078,
o? = 6.88 x 10~3. In Figure 14, even after discarding the initial burn-in stage, the LRC
model (dot line) fails to accurately fit an individual degradation path for VFD. The main
reason is that the LRC model ignores the poisoning effect accompanied inevitably after
initial burn-in stage. In contrast, the NRC model fit (based on parameter estimates resulted
from the Laplace approximation) appears to successfully captures the burn-in characteristic
of VFDs.

The predicted values for response, along with the average relative prediction bias are
obtained by plugging the estimates into the LRC model along with the estimates in Table

5 from the NRC model. The resulting relative prediction bias values are summarized in
Table 6. Prediction bias is much higher in the LRC model, especially for sample 2 and 3

which have an obvious nonmonotonic behavior. This shows that the prediction from the

Table 5: Laplace approximation parameter estimates and their standard errors

Parameter Estimate Standard error

A 900.02 0.6759
B2 0.081 0.0038
Bs 0.062 0.0053
Ba 0.3828 0.0073
op 10.0056 0.02023
of 8.411 x 107  2.458 x 10~
ot 100.10 45227

[
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Figure 14: LRC and NRC model fit for an individual VFD degradation path

NRC model is substantially more reliable.

For comparison, using Monte Carlo simulation (with N = 50,000), the failure-time
distributions using were derived for both LRC and NRC models. Both failure-time distri-
butions were based on the threshold 7 v&ith the extended lines of five degradation paths
censored at 3,000 hours. Applied to the procedure in section 6.2.2, Fir(¢) and its 90%
bootstrap confidence intervals are plotted in Fig 15. The point estimates and 90% confi-
dence intervals (in parenthesis) of p** quantiles of failure-time distribution are summarized

in Table 7, for p = .05, .1, and .5. The intervals are based on B = 2,000 bootstrap samples.

Table 6: Average relative prediction bias for the LRC and the NRC model

Sample LRC NRC
1 0.0513 0.0320
2 0.0695 0.0397
3 0.1028 0.0562
4 0.0472 0.0382
5 0.0427 0.0302
Average 0.0627 0.0393
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Figure 15: Estimated CDF of VFD unit lifetime along with 90% (pointwise) confidence
intervals

7.3.3 Monte Carlo Results

In this section, we use simulated VFD data to compare the analytical results of the random
coefficients degradation model to more standard degradation models. Data are generated
from two different nonlinear models: the random coefficients model (7.3.53) introduced in

the last section

(B1+b) - ¢ +
expl(Bs + biz) - 5]

and an alternative nonlinear degradation model based on a mixture of three simpler degra-

Model 1I1: Yij = €ij

dation functions:

Model II:  w;; = [B1 + (B2 + bi2)ti;] - 1(0,250] + [(Bs + bi1) + (Ba + biz)ti;] - I(250, 1000)

Table 7: Quantiles and their bootstrap confidence intervals

quantile
.05 1 5
LRC model 3,000 3,125 3,675
(2,892.5 , 3,062.5 ) (3,042.5, 3,197.5) (3,587.5, 3,787.5)
NRC model 2,905 3,045 3,615

(2,842.5 ,3,007.5 ) (2,967.5, 3,137.5) (3,497.5 , 3,707.5)
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+[Bs + Beti;] - 1[1000, 3000] + €5,

where é/ij = log(yfj), y;*j represents the real luminosity at j* measurement on the _z'th
individual and I[-] is an index function for time interval. Model II is simulated on the basis
of the intercept and slope estimates obtained by fitting five degradation paths in separated
(transformed) linear model in corresponding time intervals. Model II is constructed in
such a way that neither the NRC nor LRC will fit the model particularly well. For model
I, B = (900,0.06,0.04,0.424), by ~ N(0,02), bz ~ N(0,02), and Cov(bj1,b0) = 0. It
reaches a peak luminosity at 19.7 hours, on average. Model II is generated with g =
(6.7,2.0 x 10~4,6.9, 5.0 x 1074,6.65, —2.0 x 10~%), and has two random effects as Model
I, with different values of 0? and 02. o2 = 100, same for model I and II. Expected peak
luminosity for Model II occurs at 250 hours.

To compare the NRC model to the LRC model, we fit (7.3.53) to the generated data, so
that the NRC model will fit data generated from Model I by design. For the LRC model,
degradation measurements earlier than ¢ = 240 hours (10 days) are discarded to increase
the chance that the resulting degradation process is monotonically decreasing.

Three sampling schemes are based on six, seven and nine measurement points. Sample
I uses the same time points (in hours) from the VFD example: (0,250, 500, 800, 1000, 3000).
Sample II includes one additional time point at 125 hours. Sample III consists of three

different additional time points: (1500, 2000, 2500). Table 8 lists the percentage increase in

average relative bias when the (truncated) log-linear model is used with varying random
coefficients. The efficiency gained from NRC model is significant, espeéially at large values
of (02,03) in Model II. In addition, when the data were generated from Model II, the NRC
model is more robust, especially in sample II, when an earlier degradation measurement is
taken. The results suggest that sampling more degradation measurements at the beginning
of the test has potential to improve model precision dramatically. The simulations are

obviously computationally intensive, and each table value is based on just 250 simulations.
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Table 8: Increase in relative error with respect to truncated log-linear model

Model | o% o5 Sample I | Sample II | Sample III
I 5 7 x107° +18% +16% +17%
I 10 | 1.4x 1075 +9% +6% +8%
I 20 | 2.8x 1075 -4% +14% +17%
1I 0.01 | 2.5 x 10~11 +3% +4% +4%
II [002]|10x10"10| 4+23% +30% +13%
II [0.04|4.0x10710 | +46% +62% +19%
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CHAPTER VIII

ANALYSIS OF A CHANGE-POINT IN
NON-MONOTONIC DEGRADATION PATH

8.1 Change-Point Regression Model (Non-Bayesian Approach)

For a tested light display, let ¥, be the measured log-luminosity at the n** (fixed) time
period,n=1,2,...,N. Suppose Y1,Y2,...,Yy are normally and independently distributed,

then

a1 + Pty + €1n n=1,...,7
Y, = (8.1.55)

as + Boty, + €an n=7+1,...,N,

where €in’s are iid N'(0,02) for i = 1,2 and the parameter 7 is an unknown change-point.
The model (8.1.55) is also called “two-phase” or “switching” regression model. We assume
that (a1,B1) # (a2, B2) so that there is exactly one change in the relationship between Yy,
and t,,, the parameters © = (a;, f;,07)i=1,2 are unknown, and t; < t... < ty. Additionally,
under the continuity assumption for the degradation path, the intersection point v of two
regression models is v = (a1 — a2)/(B2 — P1) satisfying the constraint C; = {y: ¢, < v <
try1}

The change-point problem for linear models has been developed by several authors
including Quandt ([74], [75]), Hawkins [38], and Kim [46]. Beam [9] applied a two-phase
regression to the study of strategy shifts in a mental rotation task using the self-developed
software Segcurve, which we apply to analyze practical examples. Csorgd and Horvath [19]
and Chen and Gupta [15] provide several references pertaining to different aspects of change

point problems.
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8.1.1 Maximum Likelihood Estimation of Change-Point Model Parameters

Using the model described in model (8.1.55), it is possible to derive maximum likelihood

estimators (MLEs) for o, 8;, 02, i = 1,2. The log likelihood is given by
1 .
L(ai, Biy0f,7) = —7log 0} — (n—7)log 03 — =2 (i~ Bitn)?

1 p=1
1 N
52 Z (yn — a2 — Botn)*. (8.1.56)
2 n=r+1

The procedure to obtain MLEs for the parameters in (8.1.56) along with the correspond-
ing estimate of change-point 7 can be summarized as:
Find &;, B;, 67, and # such that
['(&ia Bi,é'?,'f‘) = sup E(aiaﬂivaga T)) 1= 1>a2
subject to

01 — O

pe— B’

q=
and
t: < ¥ <tit1.
Under all the constraints above, it was proved by Hudson (1966) that (&;, Bi)i=1,2 are
unconstrained local least squares estimates and 4 is the real point of intersection of the two
regression lines if 4 € [tz,t;41). The MLEs &; and f3;,i = 1,2 are

B = DI tn'yp - (ZLl tzt) - (X n=19n) ,
’;_ ;:1 t121 - (Z;:l tn)z-

& = g —pits,
By = (N —7) 27]:_’=++1 tnln — (ZTIY='F+1 tn) - (Z%——i+l Yn) ,
(N=-A) s 3 - (271:,=++1 tn)
& = Un-+— BN s - (8.1.57)

where z; = S°1_ %/, I = N +12i/(N — 7). The estimators for o7 and 03 are given

as
7o N 5 2
9 n=1 (yn -G — .Bltn)
0'1 = 7,: )
N R . N2
~2 2 n=i41 (Un — G2 — Patn
& = ~—; , (8.1.58)
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and, finally, the MLE 4 = (&1 — &2)(B2 — 1) is the value of t; < 4 < t;,; which minimizes
L(7) = tlog 62 + (n — 7)log 62. (8.1.59)

Since « is a function of parameters 8 = [0,,02] = [(c1,51)’, (a2, B82)"]’ and 7, we can
evaluate L£(7v) by calculating the parameters 0(v) as a function of v, using different values
of 7. At last, we can find 4 that minimizes £(7), while simultaneously satisfying all the
constraints for v so that 6(%) = 6. Even when the length of the interval is relatively large,

or the number of measurements is small, (8.1.59) ensures a unique solution of .
8.1.2 Confidence Intervals for an Unknown Change-Point

Confidence intervals for @ and 4 can be constructed by using a normal approximation based
on the asymptotic distribution. Feder [29] considered the asymptotic distribution of 6 and

4 in the change-point regression problem. He derived the asymptotic distribution of 0 as

~

6 ~ MN(6,0%5;1),

where MM represents the multivariate normal function and the asymptotic correlation

matrix 3y can be estimated by

6Y(0,7) 8Y (6,%)
NZ 06"

Since 3 is a diagonal block matrix with 2 blocks, 0; can be treated as independent

multivariate normal distributions with
0; ~ MN(0;,6%(XX))™Y),  i=1.2,

where 62 = [#62 + (N — #)63]/N and X, X, are the respective design matrices for the
first 7 and the second N — 7 observations. By applying the so-called delta method, the

MLE 4 is asymptotically normal with mean < and variance
-1 6'7
var(3) ~ (91155 (20
In the two-phase regression model, 85/96 = (1,4, —1,—%)’, hence var() is reduced to

(B2 - Bl)—2{['ua7'(&1) + var(&z)] + 24[cov(ds, B1) + cov(éa, B2)] + 42 [var(Br) + var(ﬁz)]}-
| (8.1.60)
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As pointed out in Hinkley [39], for moderate-sized samples, asymptotic normal distri-
butions of 8;'s serve as effective approximations but the asymptotic normal distribution of
4 may be inadequate. Both Hinkley [39] and Feder [28] suggested using the refined asymp-
totic distribution of 4 which has better small-sample properties. However, Hinkely [39]
recommended use of the likelihood-ratio statistic for inferences about « or joint inferences
about (8,7).

Feder [29] proved that under ordinary regularity conditions, the log-likelihood ratio
—2log £ = Nlog _ﬂﬂ,_'?)
5(60, 7o)

is approximately x? distributed under Hy : v = vp. Here S(-) denotes the residual sum of
squares and (8g,%o) denote the MLEs of (6,7) subject to the constraints imposed by H.
He noted that the distribution of —2log £ can be better approximated in small or medium
sized samples by a multiple of the (asymptotically equivalent) Fy y_, distribution, where p
is the dimension of the parameter space.

Following Hinkley’s [40] approximate F' (AF) method, we can obtain a 100(1 — 8)%
confidence interval for v by inverting the F-test for Hp, namely

8(80,%) = S0,9) _ s
{’)’ . S(é’ "?)/(N _ 4) S Fl,N-—4} . (8.1.61)

Siegmund and Zhang [82] discussed several procedures (including the AF method) for

constructing confidence regions in change-point regression model. They suggested the con-
ditional likelihood ratio (CLR) statistic which gives more conservative confidence intervals
in the nonlinear change-point regression model. However, the AF method is much easier
to employ than the CLR method. In addition, confidence intervals obtained by the AF
method are close to those of the CLR method in two-phase regression model, hence the AF

method is applied to construct the confidence intervals for change-point «.

8.2 Bayesian Change-point Regression Model

In this section, a “Bayesian” method for detecting a change-point in the degradation path

is introduced. Bayesian method can be especially important in nonlinear paths that can
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be motivated by physical principles and paths with change-points, when a change in the
degradation mechanism causes the degradation path to change functionally.

We consider a general regression model with one change-point

ziB; + € i=1,...,7
=4 B (8.2.62)

z;By + € i=7+1,...,n,

where x; denotes (p x 1) vector of predictor variables, 8;,7 = 1,2 are (p x 1) vectors of
coefficient parameters of the first and second linear regression model, and the ¢;’s are iid
N(0,0%). We assume that B; # B, and all the parameters ,Bl,ﬂ2,02,'r are unknown,
and ¢; < @2,... < T, to denote time sequential variables. In addition, we assume the
intersection hyperplane v € RP~! of two regression models satisfies the constraint =, <
v < xr43. For instance, in two-phase model consisting of two simple linear lines, the
intersection point vy = (a1 — a2)/(B2 — B1), where ;, B; for i = 1,2 are i** intercept and
slope respectively.

Bayesian change-point problem for the regression model has been adopted by Chin Choy
and Broemeling [17] without a continuity constraint and Smith and Cook [83] with the
continuity at the change-point. Carlin et al. [13] presented hierarchical Bayesian change-
point models and used a Gibbs sampler to obtain posterior distributions.

When the model (8.2.62) is represented as a standard regression model
Y =X(7)8+e, (8.2.63)
where Y = (Y1, Y3), B = (8}, 83) € R*, e = (e}, })’ and

X1(7) 0
0 .XQ('T)

X(1)=

Y;,X1(7), 8, and e; denote the response vector, design matrix, coefficient vector and
random error vector, respectively, for the first 7 observations. Similarly, Y2, X 5(7), 8, and
eq correspond to the same parameters for the remaining n — 7 observations, and 0 denotes
zero matrix.

We assign the prior information concerning 3, 02, 7 as:
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(a) The conditional distribution of B|r = 1/0? is 2p-dimensional multivariate normal
distribution with mean B8* and covariance matrix r~1%, where ¥ is a given symmetric

2p x 2p positive definite matrix.

(b) The prior distribution on R is a gamma distribution with parameters @ and b (a >
0,b > 0), that is
a—1_—br

7ro(r)=%r e, r>0.

(c) change-point 7, independent of 8 and R, is uniformly distributed over Z,_3, that is,

mo(7) =1/(n —3) for 7 = 2,...,n — 2, and 0 otherwise.
From (a), the condition prior of 8 given R=1r
m(BIR=1)= - exp[-L (B~ 85 (B~ ")
@myP|spz Pl '
The likelihood function of the data given the parameter is

L(B,7,7) f(lB,77)

r

n/2 r '
= (5)" exp{-5 (- X(B)(y - X(1)B)}. (8.2.64)

8.2.1 Posterior Distribution of a Change-Point

A posterior distribution of 7 is derived in two cases: with and without a continuity con-

straint.

8.2.1.1 Without a Continuity Constraint

Deriving a posterior distribution qf .7 is much simpler than deriving with a continuity

constaint. The posterior distribution of T p(7-|y) can be obtained from the following theorem:

Theorem 1 Denote the MLE as 3 = (.X_-;(T)’X(T))_IX(T)’y, 9= X(1)8, Zr = X(1)X(1)+
- o
¥, and B = E(frl) (X()'y+ 2_15*,)*5 Then the posterior distribution of change-point T

10 Dt A@)/2) b
p(Tly) |2l1/2|2(‘1)|-1/2 ; T(a) - (b+ A(r)/2)atn/2’

(8.2.65)

where A(r) = (y - X(1)B) (y— X (r)B)+ (B—-BY'Z™ (B~ B)+(B-B) X (r) X (7)(B—B).
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Proof. The joint posterior density of all the parameters

p(ﬁ,’l‘,r[y) = ‘C(IB’T,;‘zi)(ﬂ,'r,r)

< L(B,7,r)mo(B|T, )0 (7|T) 70 (7).

The posterior mass function of change point 7 is obtained by integrating « (8, 7,7|y) with
respect to 8 and R.

rptn 2

/ .
£(B,mr)mo(Blrr) o Torew {~5lly = X()B) (v = X(nB) + (B~ BB = B7)]}

Note that (y — X (1)B)'(y — X ()B) + (B8 - B*)'=~1(B - B*) = A(T) + (B —B)'S) (B — B),

and hence

, +n/2
/ﬁ(ﬁ’T’T)WO(ﬁI’BT)dﬂ x 7[;“/2 exp (—TAz(T))

x [exp [~5(6 - B (6 - )] a8

/2 ex _rA('r)
BREPE AN A

since this integral is with respect to (2p)-dimensional normal density for 8 with mean B

and covariance r‘IE("Tl). Then

1 be
/L(ﬂ,T,r)ﬂo(ﬁlr,'r)wo(rl'r)dﬁdr o SE o T

x /r““l"'"/zexp {—r (b + @) } dr

1 T'(b+ A(r)/2) - b°
ZIZZ 2 T(a) - (b+ A(r)/2) 4072

Since mo(7) is constant, the posterior distribution of 7 is

1 TG+ A(r)/2) e
PTV) SRS, T T@ G F AR

This completes the proof. W

8.2.1.2 With a Continuity Constraint

To derive a posterior distribution of 7 when there is a continuity constraint, first use the

following lemma:
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Lemma 2 The conditional posterior distribution of R given T

plrlr,y) ~ G (a+ ’—;'-,b+ A(;)) ,

where G(-) denotes gamma distribution.

Proof. The posterior of R given 7 is

p(1,7]y)

p(r|7-7 y) = ?(;Iy_)’

where
plrrly) = / p(Bymrly)dB

1 . b* natn/2-1 _ A(T)
DEEPEE (@)’ expq—r b+ > .

p(7,7ly) is divided by (8.2.65), and then

p(r|T,y) = (bTF(Z(zﬂ-F—)E)_n—ﬂra“L"/z”lexp {—r <b + Agr)) } , (8.2.66)

which represents a gamma density with parameter (e +n/2) and (b+ A(7)/2). B

Our primary concern is for estimating the meeting point of two switching lines in order
to provide the information about optimal “burn-in” policy . Previously, we restricted the
intersection of the hyperplane « to be in the interval [z,,@;+1). Introducing the index

function for the constraint I(C) = I{C : v € [z, @r+1)}, then the conditional posterior on

~ given the constraint is

p(ICY) = > p(1,7ICy)

I(Cly, 7, y)p(v, Tly)
2 p(I(O)ly) ’

where I(C|v,7,y) =1 if v € (x;,%41) and 0 otherwise. The posterior on C is

T

pIONy) = 3 { [ 1@ vt y)d'r}p(fly)

T

=y {/Icp('rlﬂ y)dv}p(fly)

T

> /I p(v,7ly)dv,
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where Z¢ € (r, Tr41).
We need to derive the posterior densities as to each elements of (8.2.67) to obtain

p(7|C,y). Using basic conditional probability rule

p(v, 7ly) = p(v|T, y)p(7lY), (8.2.67)

where p(v|7,y) = [ p(vy|7,7,y)p(r|7,y)dr and p(7|y) is given in (8.2.65).

To derive p(v|7,y), we need only calculate p(v|r,7,y). Baysian analysis of 4 for mul-
tiple predictors is complicated and for repeated measurement data such as VFD and PDP
degradation paths, only one predictor, i.e., inspection time is used to model the response,
hence for simplicity, we will develop a Bayesian procedure of 4y based on a simple two-phase
regression. Deﬁne the differences of two of intercepts and slopes in two-phase regression

model 0, = a1 — o, Og = P2 — Py respectively and let v = 0, /6p, n = 63. Then we have

p(vlT,ry) = / (v, 7,7, y)dn.

The joint density of (vy,7) is easily derived from that of (4, 0p) using a change of variables.

To derive the joint posterior density of 6 = (64,0p)’ given 7,r,y, first we note:

Lemma 3 The posterior distribution of B given 7, v, and y p(B|t,7,y) has a multivariate

density with mean B and variance 1"12(;1).
Proof.

p(,BI'r,r,y) X ‘C(ﬂ)TT)WO(ﬂ]T)T)

7.p+-n/2
« TEre®{=5AW) + (8- B)Zey(8 - B}
7-P+n/2
* FoxERErEeP {58 ~ B Zn e - A}

MN(ﬂ) —12(7))7

where MN(-) denotes multivariate normal density. H

For (0a,0p) which is the linear combination of 3, the joint density given 7,7,y is also

multivariate normal with mean 6 = (éa,éﬁ)' and covariance matrix (TZ(g))_l, where the
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entries 6(7)i;,4,5 = 1,2 of T(g) can be identified straightforwardly by manipulating an

. -1
inverse of Z}(T). Thus

™ (0. —8.\' 6, — 0
p(6]7,7,) o r{S) [/ 2exp [_ (3) (92 - 92) 8 (92 - é;)] '

The joint density of (v, n) given 7,7, y can be obtained by transforming 6 and using Jacobian

term |n)|

} -y 011(1) dr2(7 -0
p(r,nlmry) o rlnl[Se) exp ‘(g) (’Z}—é{;) [ HE; 512:;](?—;&)
O12(7 22(T

= rln|[S)|exp - (M) (n g ;) ]

oo - 3) (won - 525)]

where

Pi(7,7) = Y01(r) + 29812(T) + boz(r),
Po(y,7) = 'Y(éa511(7")+5ﬁ512(T))+9~a512(7)+5ﬂ522(7),

P3(v,7) = 02611(7) + 20a0p612() + O5022(7).
Integrating p(y,7n|7,r,y) over 7, we obtain the explicit form of p(y|r,r, y);

Pl Y) o 7|8 2exp [_ (g) (¢3(7’ = %1(Z;,?:>] 8

/ Inlexp [— (7"%(2—77)) (n - %8’—3)2] dn. (8.2.68)

Because the integral in (8.2.68) is related to the expectation of || and 7 is normally dis-

tributed with mean p(y, ) = 2(y,7)/41(7,7) and variance »2 = [ryhs (v, )] 1, p(1I7, 7, )

is proportional to

1 (7, D72 (2g) | 2exp [_ (g) (1'/}3(% )= «/1;)21((7"/,:?)2)] g

{(27r)1/2p(7, 7) (2@ (i‘@) — 1) + 2 - exp (-i‘(gy—;y) } ,(8.2.69)
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where U(-) denotes the standard normal function. Combining (8.2.66) and (8.2.69), «(vy|r, v)

is proportional to the integral with respect to r as

R e B (T | R
exp [—r (b + 1—\({—)—)] + V2h(7, )2 exp [—W] : (8.2.70)
where
Ranr) = mnn)- 8 (2”(;;?:)/2
((r,7) = Yaln1) ‘ (8.2.71)

¢1 ('Ya T)l/2

Let k;, ¢ denote k;(7,7) and {(v, 7) respectively for convenience. For a; = (a + n/2),

= (b+ A(7)/2), the integral of first term in the above over r is

o0 . 1 (rif2 22
— a1— - _z
Q=K /O rM " exp(—br) Ton /_oo exp ( 5 ) dz | dr, (8.2.72)

after letting y = z/(¢r/?) and changing the order of integration,

1 o 2,2
S a - <y
Q = or: _OOC{/O T Zexp[ 'r'(b1+ 5 )]dr}dy

1\ —(ar 0l 1 2,2\ —(614%)
= % -T (al + '2-> bl( 1+2)</—°° (1 + C2I;yl ) dy, (8273)

again let x = ¢[(a; — 1)/b;]/?y, then

Je1=1y1/2 _[2(a]—1)+1]
= M, 1 —1)zp@ ] z’ :
Q = \/2_71_ I‘(a1+2) (a1 1) 2b] [OO 1+2(a1_1) dz
I'(a; -1
m———(";«;l ) SN (O 1)/b1]1/2) , (8.2.74)

where 1, (.) denotes t-distribution function with A degree of freedom. The posterior density

of v given 7,y is, therefore

POInY) o mDan = DB -ty (Cllar ~ 1)/Bi]Y2) = miT(an)bp™

+koT <a1 - %) ¢~2e1-1/2), | (8.2.75)
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and from (8.2.67) we can obtain p(y, 7|y) by multiplying (8.2.65) and (8.2.75). This results
are used to calculate p(I(C)|y) and then p(y|C, y) can be obtained by calculating the terms

in equation (8.2.67). In addition, we can have the posterior density of 7 given C,y as
p(rCy) = [ pln,riC )y

Tr+1 zr+1
= / p(, Tly)dy }:/ p(1,7ly)dy. (8.2.76)
T T JYZr

T

8.2.2 Bayesian Change-point Test

In this section we discuss the null and alternative hypothesis for two-phase regression and
provide the test statistics using Bayesian approach, which will be called “Bayesian change-
point test (BCT)” hereafter. Under the null hypothesis of no change-point, the model
is

Hy: Y = X8+ e, (8.2.77)
where Y is (n x 1) vector of the response, X is (n x p) matrix of predictors, B, is (p X 1)
vector of coefficient parameters, and eg ~ N(0,031,) is (n x 1) random error vector. Under

the alternative hypothesis of one change with change-point 7, the model is
H: Y=X(TB+e, (8.2.78)

where all the parameters Y, X(7), and 8 were same as those defined in section 2. We
denote e; ~ N (0, G%In) as random errors under H;. Under Hy and H;, the likelihood

function is
_ 1
ﬁwmﬁJ%ﬁxwﬁ"ﬂﬂﬂ—%ﬂy—xﬂﬂy—XmL
: 0
" and i

£Bootr ) o (o) Mexp {52 lu = X()B) (v - X ()}

= N e -5l — X1 (1 - Xa(r)B)

+Huz = Xa(r)B) w2 — Xa(r)B)]

Peto

respectively. Let the prior distributions of the null and alternative hypothesis are mo(Hp) =

po and mo(H1) = p1 for each. Additionally, we assume that Bo|ro ~ N(8§, 75 %0) and
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ro = 1/03 ~ G(ap,bp). The joint probability density of ¥ and Hyp is

f(y,Ho) = pof(y|Ho)

= Po/L’(ﬂo,ro,Ho)ﬁo(ﬁolm»Ho)ﬂo(rolﬂo)dﬁodro '

Po ~__ T(bo +Ao/2) - b5°
[Zo[1/2|5)[1/2 T'(bo) - (bo + Ao/2)e0*n/2’

K

where B,y = X'X + g L and A corresponds to all the components in A(7) in section 2
except using subscript “0 ”for denoting the model parameters under Hy. Similarly, The

joint probability density of Y and H; is

= m TO+AM)/2) b

T )& 253 AT @ G A2

T=2
By Bayes theorem, the posterior distribution of hypothesis is

pif (y|H;)
pof (y, Ho) + p1f(y, H1)’

p(Hily) =

for i =0 and 1. Using posterior odds in Zellner (1987) as a test of two-phase regression,

Ky, = PVHoly) _po f(g|Ho) _ f(y, Ho)
p(Hily) p1 f(ylH) f(y,H1)’

that is, the ratio of joint probability density of Y and Hy to that of Y and H;.The result

for Ky is
Kot = Co. "2_32 S [V2(0 + A(r) /2)° /2
nT L T(b+ A(7)/2) ’

where Cy is constant as

_po (n=3)[B[Y2 WRT®T(b +Ao/2)

o= , |
T |Z0]172[|S|1/2]  beT(bo)(bo + Ao/2)s0tn/2

In the case of testing the hypothesis of two-phase regression, the null hypothesis of no

change-point can be rejected if Ky; is smaller than the critical value.

8.3 Relating Degradation to Failure Time

The failure-time distribution in the two-phase degradation model as (8.1.55) is

Fr(t) = [Pr(ea + Pt < Dy) — Pr(og + fat < Dy)] - Ijp,4)(t) + Pr(az + fat < Df) - Ijg o0) (1),
(8.3.79)
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where I(t) denotes the indicator function. Because (¢, £;) can vary from unit to unit, we can
represent them as random coeficients, and (8.3.79) becomes a (linear) random coefficients

model.
8.3.1 Random Coeflicients Model for Change-Point Regression Model

Under the assumption that the intercept and slope coefficients in the degradation path vary

between test items, the response vector y; for it* subject is
Yi =D(t’®) =X(Ti)ﬂ+X(Ti)0i+ei’ i=1,...,M, (8380)

where y; = (¥51, ¥i2, - - - ,y,-Ni). The vector gt = (Lay, 481 Hasy 18,) denotes the fixed effects,
the random coefficient 9; = (9a,i, 9,4, Vaqi, 19521-)’ characterizes the between-item variation,
and 7; represents a change-point for i** individual. Fixed (1) and random ( ¥;) effects are
divided into two parts according to the estimate of 7;, that is, (tay, 8,), (Ya1i,9p,i) and
(Bazs148;)y (DayisFp,i), denoting the parameter sets before and after the change-point 7;,

respectively. Therefore, the (IV; x 4) covariate matrix X (7;) is of the form

T1i(7 0
Xm= | "
0, Tim)
where , ,
1 - 1 1 ... 1
Ti(m) = ,  Tom)= )
tl R t'r.' tT.'+1 R tN.'

and 07,02 are (7; X 2) and ((IV; — ;) X 2) zero matrices, respectively. We assume that
the error term e; is iid N'(0,%;), where Q; = (021,,,02Iy,—r,)', the random effects vector
¥; has independent components and has a multivariate normal distribution with mean
0 and covariance matrix X, with 1; independent of e;. If (Jq,,9p,)' and (Jq,,9p,)" are

independent of each other, then on the condition that 7; is known, X can be written as

S0
=" ",

0 X

where X,k = 1,2 denotes the (2 x 2) covariance matrix with elements oo, = 624,

Suk = 634 and Zorx = ok = prdixdax. In the last section, it was noted that the
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individual MLEs (éu;, 51;)' and (@i, Bo;)' are independent and (asymptotically) bivariate
normally distributed. The diagonal blocked form of )3 above is, hence, reasonably de-
fined. The independence between (9q,,75,)’ and (Jq,,7p,) makes the computation of Fip(t)
straightforward because we can treat the random coefficients (94,,7p,)" and (Jqa,,9p,)" in-
dependently. To estimate all the parameters, including random coefficients, we suggest the

following two-stage approach:

Stage 1: For each degradation path, use the MLE procedure in Section 3 to estimate the two-

phase model parameters and obtain 8; = (81;,0%),i=1,..., M.

Stage 2: Use the average of the individual §; as the final fixed-effect parameter; for the random
coefficients, treat the path estimates as “pseudo-data” and estimate the parameters

in a multivariate normal distribution.

In stage 2, for the fixed-effect estimate & = (fiq, %), fix = (wa 01)/M, k = 1,2.
The random coefficients can be estimated using a moment estimation procedure; following
the “variance decomposition” theory in Lu and Meeker [55], the block diagonal covariance
estimate for the random coefficients is

M M
. 1 ~ SR . 1 7 ‘
Yk =311 > (Oki — ) (Bri — i) — i > Var(b), k=12, (8.3.81)

=1 _ =1
where Var(0i;) = 62[X (1) X (;)]"!. Here 62 = [#:6% + (N; — #;)6%]/N;. Although £
may be negative definite, Amemiya’s [3] procedure guarantees the nonnegative definite

form of 5 by using a modified estimator (see Lu and Meeker [55] for details).
8.3.2 Failure-Time Distribution for Change-Point Regression Model

Using the fixed-effect and random coefficient estimates derived from the above two-stage
approach, we can derive a failure-time distribution estimate for the degradation data. We
assume that (Jq,,7p,)' and (Jq,,Vp,)" are independent, hence the failure-time distribution
for the two-phase degradation model can be derived easily by considering each phase in

turn. If Dy crosses the degradation path before the estimated change-point 4, the MLE of
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failure-time distribution is

fip, +Ip,

= @ { Dy — [ften + 1] t< 4. (8.3.82)
\/53,1 + Sith +2p160,181,1

Similarly, Fj (t) can be derived in the case that Dy and the degradation path cross after

4. The distribution function (8.3.82) is considered as the generalized form of Bernstein’s

model (see Gertsbakh and Kordonskiy [32]) and discussed in Lu et al. [57]. The p** quantile

of the failure-time distribution (8.3.82) is the value of ¢, such that Pr(T < t,) = p, so that

Dy = [fiay + fipt
Bp= —= f _ [fay + ig; 1:] —, (8.3.83)
\/;53,1 + 63 112 + 2tpP100,101,1

where 21, is the p** quantile of the standard normal distribution in (8.3.82).

The resulting failure-time distribution for the change-point degradation model is a mix-
ture of the failure-time distributions for the first and the second phase regressions. Suppose
the degradation path and Dj crosses before 4 with p probability and cross after 4 with
- (1 - p) probability. Then the failure-time distribution for the composite degradation paths

is

Fr(t) = pF(tlt<4) + (1 -pF(t|t>4)
= pF(3) + (1 — )1 (5) + Fa(t) — F2(3)]

= F1(%) + 1 - p)[Fa(t) — B(3)). (8.3.84)

From the observed degradation data, p is simply the number of subjects which cross Dy
within [t1,%,] over the total number of subjects.

Up to this point, we discussed a procedure to estimate the change-point in a nonmono-
tonic degradation path. Incorporating the parameter estimates in a change-point regression
model for each component, a random coefficients model is established to derive the failure

time distribution for all of the test items.
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8.4 PDP Degradation

Plasma display panels (PDPs) are new self-emissive flat panel displays with excellent image
quality and large screen sizes viewable in virtually any environment. PDPs are displayed
by an array of cells called pixels, which are composed of three sub-pixels corresponding to
the colors of red, green and blue. The operational principle of the plasma display is that an
address electrode causes gas to change to a plasma state, then gas in plasma state reacts
with phosphors in the discharge region, causing each sub-pixel to produce red, green, and
blue light.

It is known that the display phosphor in a vacuum tube degrades exponentially. How-
ever, the impure gas produced during a manufacturing process (that was not burned out)
disturbs how the plasma reacts with phosphor, which results in decreased luminosity during
its initial life.

We focus on estimating the unknown time change-point within a degradation path rather
than modeling a degradation path more fully for the purpose of providing information

related to burn-in in the manufacturing process.
8.4.1 Change-Point Analysis

To model the degradation paths of the PDPs, for each component, we individually fitted a
linear regression model for (log) transformed luminosity. In Figure 16, the simple linear fit
(dashed line) consistently underestimates the true luminosity at the latter part of degrada-
tion testing by failing to reflect the nonmonotonic characteristics of the PDP degradation
paths. As a result, the failure times in the linear model are generally underestimated.

To capture the nonmonoticity of the PDP, a two-phase regression model was fitted to
the six PDP degradation paths. The parémeters of the two-phase model were estimated by
maximum likelihood. Following the procedures from (8.1.57) to (8.1.59), the log-likelihood
L(y) was evaluated sequentially, using different values of 7.

The resulting likelihood values for six PDP degradation paths are plotted against mea-
surement points (n = 1,...,N) in Figure 17. The log-likelihood values reach at the max-

imum around 115 hours for all of the PDPs. However, the MLE 4 = (&; — &2)/(B2 — B1)
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Figure 16: Two-phase regression fit for an individual PDP

must satisfy the continuity constraint ¢; < 4 < t;41. Consequently, 4 is a unique local
maximum within that interval.

The MLEs of change-point (4) and parameters of two-phase model are summarized (with
corresponding standard errors in parentheses) in Table 9. The standard errors of the two-
phase model coefficients () were derived from an asymptotic distribution of 6. The two-
phase regressions (solid lines in Figure 16) provide a better fit to the PDP degradation path,
especially the latter observations. In hypotheses test for Hy : 61 = 0, against Hj : 6, # 0,
popular Chow’s [18] F-statistic has p-value less than 0.01 for every six PDP degradation
paths, strongly supporting the validity of two-phase regression model.

Next, we draw inference on the change-point 7y, which is a parameter of primary interést
in the PDP example. The AN confidence intervals, based on asymptotic normal (AN) pro-
portion as the approximate F (AF) method, were constructed by inserting all ML estimates
into (8.1.60). To derive the AF confidence intervals using 4, we sequentially split the data
into two parts using different values of 7 and fit a separate regression line for each set of
data, then solve the quadratic function (8.1.61) with respect to y. If the lower bound is
a negative, we follow the Hinkley’s [40] sequential lower bound procedure. The resulting
100(1 — 6)% confidence intervals are summarized in Table 10. The AF confidence intervals

are narrower than the AN intervals in the PDP example, but not symmetric about 4. This
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Figure 17: Likelihood plot as a function of 7. Square marks indicate 7’s locations corre-
sponding to the local maxima.

phenomenon was also observed by Hinkley [40] and Siegmund and Zhang [82].
8.4.2 Failure-Time Analysis

In field testing, it is not uncommon to estimate the display lifetime by extrapolating the
first phase of degradation. The resulting estimator can be dramatically biased, which is
illustrated in the following analysis.

Using the two-stage approach in Section 7.3.1, all the fixed and random effects were

estimated for PDP degradation data. Taking an average along with the estimates in Table

9 from the change-point analysis at the first stage, the fixed effect estimate was calculated:
= (fiay, By, fas ) = (5.275,—1.99 x 10~4,5.122, —4.48 x 10~5)". The error variances
were estimated as 62 = 2.044 x 10™* and 62 = 2.937 x 10~%. Following the procedure
(8.3.81), we obtain the elements of covariance matrix 5 |

S =

6.80 x 10~4 1.07 x 106 R 1.88 x 103  2.68 x 10~
and 22 =

1.07 x 1075 5.95 x 10~° 2.68 x10~7 6.21 x 10~11

The estimates of failure-time distribution Fir(t) and the quantile £, are then constructed
by replacing the model parameters in (8.3.82) and (8.3.83), respectively, with their estimates

derived from the two-stage approach.
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Table 9: Maximum likelihood (ML) estimates and their standard errors for the parameters
in two-phase regression model

Subject & B G2 bio Bo o2 A

1 5.253 ~-35%x10% 181x10~% 5.091 —-60x10"° 4.74x10~* 557.15
(0.011) (3.9 x 1079) (0.011) (6.0 x 10-5)

2 5274 -1.98x10¢ 182x10~% 5104 —-45x10"% 219x10~* 1107.50
(0.006) (1.1 x 1075) (0.009) (3.0 x 1076)

3 5271 —-1.95%10"% 2.35x10~¢ 5.080 —4.4x10"5% 4.35x10"¢ 1264.52
(0.007) (1.1 x 107%) (0.013) (4.0 x 107)

4 5326 —1.37x10~* 2.35x 10—4 5.191 —4.0x10"% 1.71x10~* 1387.63
(0.006) (8.0 x 1076) (0.012) (4.0 x 10-5)

5 5.273 —-1.82x10~* 3.53x10~* 5103 —4.7x10"% 3.54x10~% 1263.29
(0.008) (1.2 x 10-5) (0.014) (5.0 x 10~)

6 5251 —1.32x10~% 4.06x10~® 5165 -3.3x10"° 1.09x10~¢ 859.31
(0.004) (0.005) (2.0 x 10-9)

(9.0 x 107%)

We considered an aging effect for Fip(t), which is a mixture of Fy(t) and Fy(t). To

illustrate the role of the burn-in process, we varied the portion p of F} (t) and plotted the

Fp(t) with respect to the different p values. Figure 18 clearly shows the importance of

a burn-in process. The product reliability can be greatly improved by aging completely

(p = 0) so that the brightness degradation follows an inherent degradation mechanism.

If we evaluate the reliability largely based on the degradation paths censored before the

change-point 4, we are prone to underestimate the reliability.

Next, we compare the empirical failure-time distribution with two parametric failure-

time distributions: Weibull and lognormal. The empirical failure-time distribution is gener-

ated using Monte Carlo simulation with N = 50,000. To introduce Monte Carlo evaluation

of Fr(t), we first use the two-phase model parameter estimates fi, Q = (6%,62)', and &

obtained from the six sample paths to generate the N simulated realizations fi.

Table 10: 100(1 — §)% confidence intervals of ¥

AN AF
Subject 3 =0.1 6 = 0.05 & = 0.01 0 = 0.1 o = 0.05 o = 0.01

1 (466.0 , 648.3) (448.5 , 665.8) (414.4 , 699.9) (635.6 , 594.1) (507.9 , 612.6) (404.9 , 668.9)

2 (997.5 , 1,217.5) (976.5 , 1,238.5) (935.3 , 1,279.7) (966.5 , 1,135.1) (902.1 , 1,146.7) (841.1 , 1,209.8)

3 (1,129.9 , 1,399.1) (1,104.2 , 1,424.9) (1,053.8 ,1,475.2) (1,206.3 , 1,297.0) (1,152.4 , 1,312.2) (1,090.0 , 1,423.3) *
4 (1,203.9 , 1,571.4) (1,168.7 , 1,606.6) (1,100.0 , 1,675.3) (1,343.8 , 1,444.0) (1,289.3 , 1,470.3) (1,143.9 , 1,553.2)
5 (1,100.7 , 1,425.9) (1,069.5 , 1,457.0) (1,008.7 , 1,517.9) (1,187.2 , 1,435.1) (1,105.6 , 1,459.2) (1,062.2 , 1,527.5)
6 (764.2 , 964.4) (734.1 , 984.6) (694.8 , 1,023.9) (796.6 , 892.5) (776.0 , 902.3) (695.9 , 1,044.7)
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Figure 18: The mixture of failure-time distributions for the first and the second phase
degradation paths

The change-point estimate 4 need not be considered in the simulation since it is deter-
mined by ji. From N values of ji, we compute the N failure times ¢ which are cross-times
between the realized degradation paths and Dy. For any desired values of t, Fr(t) is esti-

mated from the simulated empirical distribution

~ number of 'f <t
Fp(t) ~ N —.

Two empirical distributions were generated by following the above Monte Carlo simula-
tion procedure. One is based on the simple regression fit and the other on the two-phase
regression fit for 6 PDP degradation paths. Additionally, the parametric failure-time distri-
butions were derived from the PDP failure-time data. Following the approximation method
in Meeker and Escobar ([64], chapter 13.9), we predict “pseudo failure times” for the six
degradation paths individually, and then obtain the ML estimates by fitting the six failure-
times to Weibull and Lognormal distributions.

Because PDP degradation paths are relatively simple and the two-phase model is approx-
imately correct, the approximation method is adequate for this case. The ML estimates of
the parameters of the Weibull distribution are 7 = 13448.08 (1421.28), ¢ = 4.1129 (1.2131)
and for the lognormal distribution the estimates are 2 = 9.387 (0.0919) and 6 = 0.225

(0.0650) with the standard errors in parentheses. We estimate Fr(t) based on these ML
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Figure 19: Comparison of empirical and parametric failure-time distributions: PDP exam-
ple
estimates.

The empirical and parametric failure-time distributions are displayed along with the non-
parametric estimate of Fr(t) in Figure 19. The nonparametric estimate can be calculated
as FNP(t) = [(number of failures up to ¢) — 0.5]/6. Figure 19 shows that the failure-time
distributions derived from the two-phase regression and lognormal model provide a good fit
to the nonparametric estimate FTIY P(t). As mentioned before, the lifetime estimates based
on the standard regression fit are much shorter than those derived from two-phase regression
model.

For comparison, the point estimates and 100(1-6)% confidence intervals of p** quan-
tiles of failure-time distribution were derived. The intervals are based on the simulation
procedure in section 6.2.2 for constructing parametric bootstrap confidence intervals of pt*
quantiles for two empirical failure-time distributions. In this case B = 4,000 bootstrap
samples were generated. The confidence intervals of the Weibull and lognormal quantiles
were constructed using the parametric bootstrap sampling procedure (with B = 10, 000) in
Meeker and Escobar ([64], Chapter 9.2.2). As the distribution of (log) transformed p** quan-
tile estimate (log fp) has better properties for bootstrap confidence intervals rather than fp,

we calculated the confidence intervals from the bootstrap samples of log fp. The resulting
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Table 11: Quantiles and their 95% bootstrap confidence intervals: PDP example

( Quantile
0.1 0.5 0.9

LRCM:Simple 6,751.9 8,221.1 10,378.9

(5,971.7, 6,923.3)  (6,880.9 , 10,246.0)  (9,882.3 , 13,132.2)
LRCM:Two-phase 8,901.2 . 12,054.8 16,992.6

(7,508.9 , 10,555.6) (10,398.6 , 13,298.5) (14,857.5 , 18,539.2)
Weibull 7,781.1 12,301.5 16,471.3

(2,728.1 , 8,908.0)  (9,351.7 , 19,988.5) (13,756.2 , 62,606.3)
Lognormal 8,937.1 11,926.3 15,915.3

(5,587.9 , 9,974.7)  (9,762.3 , 17,704.5)  (13,030.3 , 42,013.7)

point estimates and 95% bootstrap confidence intervals of pt* quantiles are summa,rized in
Table 11, for p = 0.1, 0.5, and 0.9.

The confidence intervals of two empirical quantiles are consistently shorter fhan those
calculated on the basis of the Weibull and lognormal parameter estimates. We observed
that the distributions of log #, as well as £, were highly skewed in the Weibull and lognormal
distributions. Consequently, the resulting bootstrap confidence intervals were not symmetric

about the corresponding point estimates of the quantiles and greatly biased to one limit.

8.5 VFD Degradation

We re-analyze the VFD data used in nonlinear random coefficients modeling with change-
point analysis. Because of incomplete burn-in in the VFD manufacturing, the degradation
path of the luminosity is unstable during its earlier stage as shown in Figure 11. We
introduce a two-phase regression model :i1:1 order to reflect the nonmonotonic characteristic

of the VFD degradation.
8.5.1 Change-Point Analysis

For estimating a change-point in the degradation path, a two-phase regression model was
individually fitted to five nonmonotonic degradation paths of the VFDs. Every degradation
path includes six observations measured at identical times. Following the general change-

point estimation procedure in the continuous case, change-point v is determined as 1,000
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Figure 20: Two-phase regression fit for an individual VFD

hours when ¢; = 1,000 and t;43 =ty = 3,000 hours so that a two-phase regression model
can be applied.

Under the continuity constraint, all the change-points were estimated around 1,000
hours. However, the continuous two-phase model (solid line Figure 20) poorly fits to the
earlier observations of the VFD’s degradation paths. Without the continuity constraint, the
two-phase regression model provides a better fit to the VFD degradation path (dashed line in
Figure 20). Nevertheless, the discontinuous two-phase regression is inadequate for modeling
the degradation path representing a continuous deterioration status of the performance.
This modeling problem is largely due to the fact that the measurements are sparse in the
VFD degradation path.

To investigate how the estimation of change-points is %:hanged in the case of large and
equally spaced measurements, we generate “pseudo” data fgom the nonlinear random coefli-
cients (NRC) model introduced in section 6.3.1 to capture Tthe nonrhonotonic characteristic
of VFD degradation paths:

o (bl + bi1) -ti-’;?
~ exp|(Bs + biz) - 4]

with the fixed effects 8 = (1, B2, B3, B14) = (900.02,0.081, 0.062, 0.3828), the random effects

Yij; €ij,

bi; ~ N(0,10.0056), bix ~ N(0,8.411 x 107%), and the random error within the subject
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Figure 21: The distribution of change-points mean: VFD example

eij ~ N (0,100.10).

We simulated five degradation paths based on the parameter values of the above NRC
model N = 1,000 times. The meaéurements were taken equally spaced at every 100 hours
up to 3,000 hours. A two-phase regression model was refitted to the simulated degradation
paths in order to estimate a change-point for each individual degradation path. We averaged
the ﬁve change-point estimates for N = 1000 simulated runs. The distribution of this
average is presented in Figure 21.

The change-point mean is 1,240.0 hours and its 90% and 95% confidence intervals are
(1,216.1 , 1,263.9) and (1,211.5 , 1,268.5). All of change-points estimated from the NRC
model lie in outside the field testing duration (1,000 hours)‘- HoWever, the change-points
estimated from the constrained two-phase model were dlstrlbuted around 1 000 hours With
no measurements between 1,000 and 3,000 hours, we can not effectlvely estlmate the ex-
act change-point location with the constrained two-phase model; when t;he:change-pomt
extends beyond 1,000 hours. The change-points derived from two dif:fere:ilt mbdels (NRC
and constrained two-phased regression model) are considered as 1dent1cally distributed.

Summarizing this change-point analysis for the VFDs, in field testmg the VFD reliability

is evaluated mainly by extrapolating the degradation path caused by 1ncomplete burn-in

during manufacturing. As a result, the VFD reliability is significantly underestimated.
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From a viewpoint of modeling, the constrained two-phase regression model fails to fit the
earlier degradation adequately because the number of measurements in the degradation path
are small. If more measurements are taken before 1,000 hours of testing, the constrained
two-phase model can provide an improved fit to the nonmonotonic degradation path of the

VFDs.
8.5.2 Failure-Time Analysis

For the VFD degradation paths, the two-stage approach proposed previously fails to ef-
fectively estimate the random effects and error variance in the second phase. Instead, the
Lindstrom and Bates algorithm [54] can be used to estimate both fixed and random effects
by incorporating all the measurements of every subject simultaneously. It provides improved
estimates for modest samples of repeated measurements, such as the VFD example.

The resulting fixed effects estimate j1 = (6.808, —3.02 x 1074, 6.632, —1.44 x 10~4)’ with
error estimates 62 = 5.25 x 10~° and 62 = 1.47 x 10~2. The elements of covariance matrix

Y are

5 =

6.81 x 10~4 =723 x10°7 . 9.85 x 10~3 3.78 x 10~7
and ¥ =

—7.23 x1077 2.76 x 10~° 3.78 x 10°7 4.11 x 1010

As in the PDP failure-time analysis, two empirical failure-time distributions were com-
pared with the Weibull and lognormal failure-time distributions. The Weibull ML estimates
are 7; = 4018.82 (296.22), ¢ = 6.469 (2.083) and lognormal ML estimates are i = 8.224
(0.062) and & = 0.138 (0.044) (standard errors in parentheses).

To study the failure-time distributions, empirical distributions were generated using
N = 50,000 Monte Carlo simulation. Assuming that early readings are largely due to lack
of stability, the degradation measurements earlier than 240 hours (10 days) was discarded
to fit a simple regression model, following the approach in Tseng et al. [87] and Chiao
and Hamada [16], then the fixed and random effects were estimated. Four failure-time
distributioﬁs are given along with the nonparametric estimate of Fr(t) in Figure 22.

The p** quantiles and their confidence intervals for the four distributions are also ob-

tained usihg the same bootstrap procedures in the PDP example, and are given in Table
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Figure 22: Comparison of empirical and parametric failure-time distributions: VFD exam-
ple

12. The estimated lifetimes derived from the (truncated) simple regression are consistently
shorter than those based on the two-phase regression fit. Because the arbitrary truncation
point is not necessarily the true change-point caused by incomplete burn-in, the simple re-
gression model underestimates the lifetimes by failing to correctly reflect the burn-in effects
into the model. Moreover, the average relative prediction bias, that is the absolute differ-
ence between the real response and prediction values divided by the real response, is 0.0342
for the two-phase model and 0.0733 for (truncated) simple regression model. The two-
phase model substantially improves the relative efficiency of prediction over the standard
estimators based on (truncated) simple regression model.

As observed in the PDP example, the bootstrap confidence intervals for failure-time
distribution quantiles dre shorter than béth lognormal and Weibull intervals (see Table
. 12). The analysis based on degradation d;ta provides less conservative confidence intervals
than the failure-time analysis when the number of failures is relatively small. The general
characteristics between the degradation and failure-time analysis are discussed in Lu et al.

[56].
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Table 12: Quantiles and their 95% bootstrap confidence intervals: VFD example

Quantile
0.1 0.5 0.9

LRCM:Truncate 3,073.9 3,346.4 3,665.5

(2,879.8 , 3,863.1 ) (3,000.9 , 4,531.9) (3,097.7 , 5,097.1)
LRCM:Two-phase 3,245.5 3,724.7 4,286.3

(2,977.1, 3,359.3) (3,345.7 , 4,193.1)  (4,103.0 , 4,734.3)
Weibull 2,838.0 3,797.4 4,571.9

(694.3, 3,012.0) (3038.7 , 7,368.5) (4,013.3 , 27,049.22)

Lognormal 3,124.7 3,727.5 4,446.6

(1,664.7 , 3,264.7)  (3,317.2 , 5,359.7)

(3,875.1 , 12,752.7)
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CHAPTER IX

CONCLUDING REMARKS

We provide the motivation for using a nonlinear random coefficients model to describe
a nonmonotonic degradation path of light displays’ testing data. A nonlinear fit with-
out random coefficients fails to reflect the variation between individuals. Estimates of the
individual-item regression parameters are unstable with sparse data in the as VFD exam-
ple, and consequenfly the two-stage estimation method is not well suited. We suggest an
alternative method to estimate the parameters in the nonlinear random coefficient model
more efficiently based on an approximate method that simultaneously uses all the indi-
vidual measurements. Several approximation methods were applied to estimate fixed and
random effects in the nonlinear random coefficient model and Laplace approximation was
selected based on the comparison criteria. The failure-time distributions and quantiles,
along with their bootstrap confidence intervals, were compared under two different model-
ing approaches: linear and nonliear random coefficient model.

The VFD degradation analysis suggests that the nonlinear random coeflicient model

improves the relative efficiency of prediction over the standard estimators based on trans-

formed linear model. The simulation results also confirm that the nonlinear random co-
efficient model be more robust under different model assumptions and various sampling
schemes. The nonlinear random coefficient model provides more reliable results when in-
spection resources are more concentrated during first phase of VFD’s life.

As another modeling approach, we introduced a linear degradation model with an
unknown change-point to characterize the nonmonotonic degradation paths representing
incomplete burn-in during the manufacturing process. The change-point model fits the
nonmonotonic degradation data well, and provides valuable information about the burn-

in process for light displays by detecting the transition time between the burn-in related
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phase and the inherent degradation phase. Not only do models ignoring or failing to cor-
rectly capture the nonmonotonic characteristics lose the efficiency of prediction, but they
also risk underestimating the true reliability. If an initial unstabilized degradation stage
caused by incomplete burn-in can be eliminated by extending the burn-in time or using a
higher stress, the reliability estimation can be greatly improved by extrapolating the life-
times from inherent degradation paths which are degrading slowly. Consequently this will
allow manufacturer to consider longer-term warranties to gain advantage in the market.
With small sample sizes and unequally spaced measurements (as in the VFD example),
fitting a nonmonotonic degradation model is challenging if not controversiai. For the PDP
degradation, with more degradation data, a continuous change-point model effectively fits
the degradation path characterizing incomplete burn-in during the manufacturing.

An effective burn-in strategy that considers burn-in cost and reliability simultaneously
can be developed for this kind of degradation data. Optimal burn-in policies have been
based on failure-time data, but relatively undeveloped for analyses using degradation data.
As another approach for analyzing a change-point, Bayesian methods are considered using

the prior information accumulated from a field degradation testing.
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CHAPTER X

RELIABILITY CHARACTERISTICS OF FAILURE-TIME
DISTRIBUTION FOR DEGRADATION DATA

10.1 Degradation Process Model

We investigate reliability characteristics of a failure-time distribution resulted from what a

related performance degrades.

10.1.1 Additive Degradation Model
First, we define a general additive degradation model
D(t; X,0) =n(t;0) + X (¢), (10.1.85)

where 7(t; ©) is a deterministic mean degradation path with fixed effect parameters © for
time ¢ > 0. It may be monotonic or non-monotonic function of ¢, however we consider
monotonic case only. {X(¢) : ¢ > 0} represents a random variation process about mean
degradation level n(¢;©) and has a cumulative distribution function (Cdf) Fy(; and a
probability density function (Pdf) fx;). In a large number of cases, it will be sufficient to
represent the degradation path in the form (10.1.85).

We assume failure occurs when degradation process reaches at pre-determined threshold
value (Dy). Then for monotone decreasing degradation path (MDDP) 5(¢; ©), a failure is
defined as the time that degradation level decreases below threshold, i.e., D(t; X,©) < Dy
and D(t; X, ©) > Dy for monotone increasing degradation path (MIDP).

First, We will derive several reliability functions for a general degradation path. Let

Gp(t) denote a failure-time distribution of the MDDP D = {D(t; X, ©);¢ > 0}. Then

Gp(t)

Pr[D(t; X, 0©) <’Df] = Prn(t;©) + X () < Dy]
= Pr(X(t) < D; —n(t;0)]

= Fxg) (Dy—n(0)), (10.1.86)
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with the survival function, Gp(t) = 1 — Gp(t). For the MIDP, a failure-time distribution
G1(t) = 1—Fx()(Dy—n(t; ©)). First, it must be checked that the distribution G is properly
defined, that is, lim;—04+ G(t) = 0 and lim;_,, G(t) = 1.

The failure rate of the MDDP 7(t) = 5(¢; ©) is

g Fxp (Pr =)
1-Gp(t) 1-Fxqy(Dsr—n(t))
_ iy dxw (D — ()
= -1 Fx() (D —n(t))
= —1'(t) Ty (D5 —0(t)), (10.1.87)

rp (%)

where 7, , (-) denotes the failure rate of X (¢).
Assuming that G is proper, 7'(t;©) < 0 for a continuous and monotonic decreasing
degradation path 7(t; ©), consequently r,,(t) > 0 for r,,(-) > 0. The failure rate of D is

closely related to that of X (t) and functional form of n(t; ©). The failure rate of the MIDP
g, (t)
t - A 7
TI( ) 1-Gy (t)
Py (Ds=n(0)
Fx) (Dy —n(t))
~log [Fx@ (Dy —n(®))]"- (10.1.88)

The survival function of MDDP can be expressed as a form of failure rate:
Gp(t) = exp[~Rp(%)],
where Rp(t) = fot T, (7)dz is called a cumulative failure rate. Cumulative failure rate of

the MDDP | ‘,
Rp(t) = ~log Gp(t) = —log [L — Fx(y (s - ONE (10.1.89)
and
Ry (t) = —log [Fx ) (Dy —n(t))] (10.1.90)
for the MIDP. |
10.1.2 Multiplicative Degradation Model

A general multiplicative degradation model is given by

D(t; X,0) = X(2) - n(¢; ©). (10.1.91)
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Then, a failure-time distribution of the MDDP

Gp(t) = Pr[X(t)-n(t) < Dy]

Pr [X () < %]
D

Fxq) (;(ti)> , (10.1.92)

and for the MIDP, a failure-time distribution G(t) = 1 — Fx)(s7f)-
The failure rate of the MDDP is .
Fio ()
1~ Fxo (5)

= —D(t) %(t) -

rp(t) =

Ix@ (%)
1= Fxo (7th)

D
t
- - (%) logln(®)]' e (7%) , (10.1.93)

and for MIDP,
Tro ()
P ()
D !
= ~—log [FX(t) (;{(tj)] . (10.1.94)
Sometimes, the multiplicative model can be exchanged to an additive model. For example,

when X (t) is a lognormal process in the multiplicative degradation model, log X (¢) is a

normal process in the additive degradation model.
In another case, a random effect can be included in the 7(¢;©) of the multiplicative

degradation model. Then the degradation path D is given by
D(t; X,0) = X(2) - n(t; X(t),0). (10.1.95)

At that situation, it is difficult to derive explicit form of G and numerical method such as

Monte Carlo simulation can be used.

10.2 X(t) Is a Random Variable

Consider that X (t) is a random variable, that is, X(¢) = X is independently identical

distributed with a Cdf Fx. Using the relationship between a distributional assumption
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for X and a deterministic path 7(t; ©), we will derive a failure-time distribution for the

degradation path D under several distributional assumptions with respect to F.
10.2.1 Exponential Distribution

Suppose that X is a random effect which follows an exponential distribution with a param-
eter A. then a failure-time distribution of D for MDDP 5(¢) in the additive degradation

model is

Gp(t) = Fxu (D —n(1)

= 1—exp[-A(Dy—1n(t)], t=>0 (10.2.96)

and for MIDP, a failure-time distribution Gy(t) = exp[-A(Dy — 7(t))]. To Gp be a cumu-
lative distribution function, 7(t) should be defined so that 7(c0) = —oo and 7(0) = Dy. On
the other hand, Gy is not a distribution for exponential random variable X.

In the multiplicative degradation model, the failure-time distribution of D is

Gp(t) =1—exp [—A (%)] , (10.2.97)
for MDDP, and for MIDP 7(t), G1(t) = exp [—}\ (%)] .

For example, consider following monotone decreasing degradation path (MDDP)
D(t; X, 0) = 05 - exp[—exp{(6:1t)?2}], 61,02 > 0,05 > 1
and after logarithmic transformation
log Yj(t; X, @) ‘=llog0‘3 — exp{(6:1£)%}. (10.2.98)

If X =log 63 > 0 is a random effect whiéh follq';ws an exponential distribution with a pa-
} A
rameter A, for 6;,1 = 1,2 satisfying 7(t) Jw= —exp[(61t)%] < logD, a failure-time distribution

i [ ‘
of the additive degradation model (10.1!85) is . |
BRI

Gp(t) =1- exp[—/\('Df+ exp{(61t)2})], (10.2.99)
and the failure rate is | | ‘
Tp (t) = —'77'(75) : 7"kx(a) (Df - 77(75))
= X0105(011)%2exp{(61t)%2}. (10.2.100)
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Figure 23: Failure rate plot of exponential power distribution

For a standard exponential distribution (A = 1), if a failure is defined as Dy(= logD) = —1,

a survivor function is given by
Gp(t) = exp[l — exp{(61t)%2}). (10.2.101)

This is a survivor function of a ezponential power distribution. The exponential power
distribution is one of the few tractable 2-parameter distributions which possess a bathtub-
shaped failure rate. The failure rate is shown in Figure 23 for various values of 6,.

If 05 < 1, its failure rate is bathtub shaped, achieving a minimum at {(1—82)/(6,62)}/%2.
When 6; = 1, exponential power distribution is reduced to an extreme value distribution
(see Dhillon [22]).

Next, consider following monotone decreasing degradation path

1

D(t; X,0) = 04 - {loglrt + 621} ™%,  61,05,64 > 0,05 > 1. (10.2.102)

If a random effect X = 64 is exponentially distributed with the par;ameter A, then a survivor

function is given by

Gp(t) = exp[~(\Dy) n(t)™"]

= exp[—(\Dy) - {log[61t + 62]}%]. (10.2.103)
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Figure 24: Failure rate plot of 2-parameter distribution II

Specially, for ADy = 1, 6, = 1, and if 65 can be represented as 03 + 1, where 03 > 0, the
survivor function

G (t) = exp[—{log(61t + 1)}+]
is called 2-parameter distribution II in Dhillon [22]. The failure rate of two-parameter

distribution II i
91(63 +1)- (lOg[91t + 1])03
TD (t) = 91t + 1

has increasing and decreasing failure rates, as depicted in Figure 24 at various values of 6.
10.2.2 Log-logistic Distribution

The Pdf of a standard logistic distribution is

. e¥ .

fY(y)=m,-z —00< <00

and the Cdf is

With the transformation Y = &+ flogX for X > 0, the Pdf of X is given by
ﬂedzbj‘Fi

fx(z)=
and the Cdf
1

- m. (10-2.105)

Fx(z) =1
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This is called a log-logistic or a Weibull-ezponential distribution in Dubey [23). It is a
special case of Burr’s type XII family of distribution.

Consider following monotone decreasing degradation path
D(t;X,0) =03(018)7%, 6;,>0, i=1,2,3.

If a random effect X = 03 follows the log-logistic distribution with the parameters o

and B, then a failure-time distribution of D is

1
Gp(t) = 1_1+ea[Df(91t)02]ﬁ
-1 1 (10.2.106)

1+ (exDf 072 Y1028
By fixing 6,8 = 2 and letting b = e-a/2D;1/ 61971, the failure-time distribution in (10.2.106)
is
2]
Gp(t)=1- [1 + (3> ] , b>0,t>0. (10.2.107)

This is the distribution of b(F.4?), where Fy denotes a (central) F random variable with

(2,2) degrees of freedom. The Pdf of Z = bF2 . for a,b > 0 is derived by Malik [59] as

Vi,V2

' fa2) = (v1/va)"1/%(ab) = (z/b)*1/ @)1
i B(v1/2,v2/2){1 + (v1/v2)(z/b)1/a}(1+r2)/2}’

where B(-) denotes a beta function.

The failure rate of D can be obtained by

2t

- (10.2.108)

rp(t) =
As shown in Figure 25, it has always an unimodal failure rate.

10.3 X(t) is a Gaussian Process

First, we consider a stationary Gaussian stochastic process for {X (¢) : ¢ > 0}.

Definition 1 A stochastic process {X(t) : t > 0} is called ¢ Gaussian or a normal process
if

X(t1),...,X(tn) has a multivariate normal distribution for all t1,...,1,.
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Figure 25: Failure rate plot of bF21’/22 distribution
Definition 2 A stochastic process {X(t) : t > 0} is (weakly) stationary if
(i) E[X(t)] = py = constant < oo,

(ii) Cov[X(t), X (&t + 7)] = 75 (&, + T) = v, (7). That is, v, (¢,t + T) is independent of ¢

for each T > 0.
The popular one of Gaussian process is a Wiener process.

Definition 3 A stochastic process {W(t) : t > 0} is said to ba a Wiener process if
(i) Pr[W(0) =0] =1,
(i) {W(t) : t > 0} has stationary and independent increments,
(#ii) for everyt > 0, W(t) is normally distributed with mean 0 and variance afvt.
The covariance of the Wiener process is defined as:
Tw (8:1) = 0% - (s AT),

where ‘A’ means the minimum value of the two. When aﬁ, = 1, the process is a standard

Wiener process.
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We investigate the relationship between G(t) and Fy(t) for a Wiener Process {W (¢) :
t > 0}. In considering a Wiener process, we shall always assume that variance of W () is

o’ t.

2

w

For MIDP, a failure-time distribution of the degradation path
Gi(t) = Prn(t)+ X(t) > Dy)

= 1-=Fx)(Ds —n(?))

1 /°° [ z2 ]
= exp |— dz. (10.3.109)
Vamtoy, JDs—n(t) 2ta7, '

By letting y = z/+/t0,,,

1 (o] y2
0 = 7 /%_;"<*> o |-
w

Dy — (1)
1-& {To'w—} , (10.3.110)

where ®{-} denotes the Cdf of the standard normal distribution. If (¢) = 6t for 6 > 0,

that is D(t) is of the form of the Wiener process with a linear ramp, then

Df 9\/-}
Git)=1-9 - 10.3.111
ity =1-2{ 2 -2 (108.111)
If
— 9w =Df
a—m and B R

then G(t) is reduced to

G1(t)

I

—

I

L=
——
R+
—
~+ |

I
™| =
—
——

_ q){é [\/g_ g]} (10.3.112)

It is noted that the derived fallure-tlme dlstrlbutlon (10.3.112) is a Birnbaum-Saunders
distribution with a shape parameter a > 0 and a scale parameter 8 > 0. S = D;/6
represents a degradation rate of the MIDP D(t X,©). The Pdf of (10.3.112)is

L
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Figure 26: Birnbaum-Saunders distribution

where ¢{-} represents the Pdf of the standard normal distribution. The failure rate of G(t)

o BB
1-Gi(t) 1_<1>{§[\/%—\/§]}

The Cdf and the failure rate of Birnbaum-Saunders distribution are plotted in Figure 26,

(10.3.114)

with respect to the changing values of § with Dy =1, o, = 1 (that is, a standard Wiener
process).

Through the simulations with a wide range of 8, Dy, and oy, the failure rate r,(t)
is always unimodal. It is also observed that r,(0) = 0 and for relatively large § (smaller
degradation rate),

limy—yoo = ﬁ — 0

Some properties of Birnbaum-Saunders distribution are discussed in Mann et al. [60].

10.4 Fatigue Crack Growth Model

The prediction of stochastic crack growth accumulation is crucial for the reliability and
durability analyses of fatigue critical components. Yang et al. [97] and Sobcyzk [84] pro-

posed the folldwing crack growth rate model

%? = X(t) - n(AK (@), (10.4.115)

where a(t) is the crack size at time ¢, AK () is the stress intensity range which is a function

of crack size «, and 7(-) represents any deterministic crack growth rate function. 7(-) is
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based on the principles of fracture mechanics. Some commonly used crack growth rate
functions are the Paris-Erdogan relationship [71], i.e., n(AK (a)) = C(AK)™, where C and
m are assumed constants for a given material.

The deterministic crack growth rate equation d;('(‘u-tl = n(AK(c)) represents the mean
crack growth rate, whereas the gaussian random process {X(¢) : ¢ > 0} accounts for the
statistical variability of the crack growth accumulation.

Yang et al. [97] assumed that X(t) is a stationary lognormal random process with a
median value of unity. In other words, the process Z(t) = logX (¢) is a gaussian process with
zero mean. The stationary lognormal random process X (t) is defined by the autocovariance
function

Tx (1) = EX@)X (¢ + 7)),

and 7, (0) = Var[X(t)] = 0%. The autocovariance function plays a significant role in
random process analysis and specifies the statistical behavior of the random process.
From the physical standpoint, the autocovariance function of the crack growth rate
should decrease as time difference 7 increases. According to Yang et al. [97], the autoco-
variance function -, (7) of the random fatigue crack growth process X (t) is an exponential

decaying function of time difference 7 as
Tx (1) = 0% -exp[(lrl}, 7>0 (10.4.116)

where (™! is a measure of the correlation time for X (z).

Bsed on the mean crack growth rate n(AK (o)) and the lognormal random process
{X(t) : t > 0} with autocdivariance (10.4.116), we will derive a failure-time distribution of
a fatigue degradation procéés.

Denote a deterministic initial crack size as aq at tp =0 and a crack size atj any service
- time 7 as a(7). Then the mean service time to reach a(r) from ap is

a(r) da T
/a AR fo X(t)dt, (10.4.117)

0
since K () is a function of the crack size a. Let w(r) = fOTX (t)dt. , It is noted from

(10.4.117) that the crack size a(7) is a monotone increasing function of w(7). The integration
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of the lognormal random process X (t), {w(7) : 7 > 0} is a also lognormal random process
(see Ross [77]). We assume that w(7) has a mean p,(,) and a variance af)(,r). Then, the

mean and the variance of w(7) is expressed as the parameters of X (¢), that is
T
Pus(r) = /0 E[X (t)]dt = pxT, (10.4.118)

and

Ry = /O fo BIX (1) X (t2)]dtrdts
= //0§('exp[—<|t2—tll]dt1dt2
0 0

2
— -Ol - lex —(T T — . e 1
= 2(() (exp[=¢T] +¢7—1) | (10.4.119)

A failure-time of a fatigue process is defined as the time that a crack size increases upper

a pre-determined threshold value a;. Then a failure-time of (7) is

Pria(r) 2 ] = Priw(r) 2 wy]

= 1—Gyr)(wy)
logwy — ﬁw(r)]
Gu(r) ’

= 1-9 [ (10.4.120)

where G,(;) represents the Cdf of w(r) and wy = f W&iﬁﬁaﬁ' fiu(r) and Gy (7) can be

obtained by solving the following equation

Buw(r) = €Xp [ﬁw('r) + 5'3;(1-)2] ’

Ooir) = €Xp [2ﬂw(r)+ (7)] - (exp[dn] — 1)
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APPENDIX A

ZINC PHOSPHATING COATING PROCESS DATA

Control Signal
Rmnm A B CDEVF G H Ml M2 M3 M4
1 1 11 1 1 1 1 1 7.6 20.1 351 622
2 1 1 2 2 2 2 2 2 13.6 34.0 769 150.4
3 1 1 3 3 3 3 3 3 121 275 58.6 110.9
4 1 2 1 1 2 2 3 3 10.0 25.6 53.9 101.2
5 1 2 2 2 3 3 1 1 18.0 47.9 100.2 195.2
6 1 2 3 3 1 1 2 2 19.9 52.9 91.8 224.7
7 1 3 1 2 1 3 2 3 1.5 41 87 25.0
8 1 3 2 3 2 1 3 1 149 36.6 89.7 183.5
9 1 3 3 1 3 2 1 2 15.5 38.8 79.4 161.3
0 2 1 1 383 3 2 2 1 14.8 37.2 81.1 158.9
1 2 1 2 1 1 3 3 2 3.7 111 226 59.2
2 2 1 3 2 2 1 1 3 17.8 41.1 84.0 145.8
13 2 2 1 2 3 1 3 2 141 36.3 66.7 126.0
4 2 2 2 3 1 2 1 3 17.5 40.8 90.9 186.3
5 2 2 3 1 2 3 2 1 10.3 26.5 60.1 136.8
6 2 3 1 3 2 3 1 2 25.6 669 129.3 252.5
17 2 3 2 1 3 1 2 3 6.5 12.6 28.6 52.3
8 2 3 3 2 1 2 3 1 13.3 33.2 755 136.6
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APPENDIX B

PUSH-PULL CABLE ACTUATOR EXPERIMENT DATA

Control Noise Signal
Run ABCDEFGHIJK N M=8 M=16 M=24
1l —————— e -1 | 497 5.19 541 | 10.05 10.49 10.94 | 13.28 13.95 14.62
+1 | 469 49 511 | 948 99 10.32 | 12.53 13.16 13.79
2 === +++4+++] -1 | 40 427 454 | 72 774 827 | 856 9.37 10.18
+1 |3.84 . 41 435| 69 742 7.93 | 821 898 9.76
3 ——+4++4++———+++| -1 [446 465 484 | 9.04 941 9.79 | 11.78 12.35 1291
+1 44 448 4.66 | 8.7 9.06 9.42 | 11.34 11.89 12.43
4 -+—-++—-+4+—-—++ -1 5.0 5.14 528 | 9.59 9.86 10.14 | 13.66 14.07 14.48
+1 (489 5.03 516 9.38 9.65 9.92 | 13.36 13.76 14.17
5 -++-++-+-+- -1 6.0 6.27 6.54 | 121 12.64 13.18 | 18.2 19.01 19.82
+1 | 575 6.01 627 | 11.6 1212 12.64 | 1745 18.23 19.0
6 -+++-++-+-- -1 386 4.0 414 | 7.7 7.98 8.26 | 105 10.92 11.33
+1 (372 38 399| 742 7.68 7.95 |10.11 10.51 10.91
7 +—+4++—-——++—-+-—-| -1 1404 423 442|729 766 8.03 | 872 9.28 9.84
+1 (396 414 432| 713 749 7.86 | 853 9.08 9.62
8 +—-—+—-+++-—-—+| -1 [339 461 383} 636 68 725 | 696 7.63 8.29
+1 32 341 362| 60 642 6.84 | 657 72 7.83
9 +-—-—+++-4+4+-- -1 6.13 6.27 6.41 | 11.98 12.25 12,53 | 16.53 16.94 17.36
+1 6.0 6.13 6.27 | 11.72 11.99 12.26 | 16.17 16.58 16.98
100 +4+4+—-————+4+—+ -1 |6.54 6.76 6.98 | 13.18 13.62 14.06 | 19.82 20.48 21.14
+1 |[6.27 648 6.69| 1264 13.06 13.48 [ 19.0 19.64 20.27
11 +4+—-4+—-+-———++] -1 [489 508 527(10.28 10.65 11.03 | 15.15 15.71 16.27
+1 | 471 489 507 | 99 1026 10.62 [ 14.58 15.12 15.66
12 +4+--+—-+—-4++-| -1 |[328 355 382 653 7.07 761 | 873 9.54 10.36
+1 3.09 3.35 3.60| 6.16 6.67 7.19 8.23 8.23 9.77
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