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Ahstract

In this paper, we extend our previons work on the spectral
commutaat lifting theorenm [] to the case of structured singular
values which appear in certain problens in control theory. We
morcover give a new characterization of the structured singular
value, and formulate and prove a structured version of the
matrix Nevanlinna-Pick theorem.

1 Introduction

Motivated by certain problems in robust control, this paper consid-
ers a new twist 1o the subject of interpolation in the disc by analytic
functions in which we consider interpolation theory not with analytic
matrices of bounded norm as in the classical Nevanlinna-Pick frame-
work, but with hounded structured singular value. (Sce Section 2
for the precise definitions.) We will also describe a new characteri-
zation of the structured singular vatue fromn which we will derive an
elementary proof to a result of Dovle [6], which relates the structured
singular value to an invariaut derived from certain scalings. Sce (6]
and Section 3 below. “I'he structured singular value was originated
by Doyle [6] and Safonov [11] in connection with certain enginecring
control probless. Onr resnits are based on our previous paper {4} in
which we formulated and proved a spoctral version of the commutant
lifting theorem. Full details of this work may be found in [5].

Recall the classical Nevanlinna-Pick theory [12], [13]. We are
given 2n points zq.... Le € 1 (the open unit disc), and
we would like to find necessary and sufficent conditions for the ex-
istence of an analytic function [ : £ — D such that f(z;) = w; for
1 € j < n Asis woll known a necessary and sufficient condition
can be written for the existence of f in terms of the positivity of a
certain Hermitian matrix (catled the Nevanlinna-Pick matrix).

The standard approach to such interpolation problems is complex
analytic. An important fact found by Donald Sarason [16] is that
many results on nterpolation by bounded analytic lunctions may be
deduced in an operator theoretic inanner, and using operator theory
one can even extend interpolation theory to cover interpolation with
points with infinite multiplicity. Sarason’s thecorem was strengthened
by the Sz.-Nagy-LFoias connnutant lifting theorem [18], [19] which
allows onc to interpolate on the dise by bonnded analytic operator-
valued functions.

As alluded to above, the problem we will be considering in this
paper had an applicd motivation, namely from in robust system de-
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sign; i.e. the design of feedback control svstems in the presence of
parameter uncertainty, (See [6]. (8] {0 {11 [14], {15], [20)) Tow-
ever, we helieve that the mathematical problem which arises from
this also has a purely intrinsic operator-theoretic interest.

CH2917-3/90/0000-2874$1.00 © 1990 IEEE 2874

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on May 21,2010 at 17:53:00 UTC from IEEE Xplore. Restrictions apply.

Allen Tannenbaum
Department of Flectrical Engineering,
University of Minnesota,
Minneapolis. Minnesota 55455
and
Department of Electrical Engineering
Technion, Israel

In order to describe the results of the present paper, we consider
the classical Nevanlinna-Pick theory in the matrix case. As above,
let z; € D be distinet, 1 < j < n,and let [7,...,F, be N XN
matrices. Then we are interested in finding necessary and sufficient
conditions for the existence of an analytic (in the disc) N x N matrix-
valued function F(z) with F(z;) = F; (1 € j < n), and such that
I|F|] < 1. The existence of F' can again be reduced to the determi-
nation of the positivity of a certain Nevanlinna-Pick matrix. (This
fact can be deduced. e.g.. from the commutant lifting theorem [18],
[19].) However, in our case we will not be interested in bounding the
norm, but instead the sfractured singular vabue of the interpolating
functions. This “structured Nevanlinna-Pick theorem™ will be de-
duced as a consequence of a general commutant lifting result which
generalizes the authors’ previous spectral commutant lifting theorem
[7].
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2 Classical Commutant Lifting Theorem

In what follows, 'H will denote a complex separable Ililbert space. By
“operator” we shall always mean “bounded linear operator,” unless
explicitly stated otherwise. We let £(H) denote the set of operators
on H.

Tu this section. we shall give some hackgronnd on the commutant
lifting theorem [2]. [16]. {18]. [19] and its connection to interpolation
theory. We will (ollow specificalty the treatiment given in [4]. We
have included the section to make the paper as self-contained as
possible, but all the material which follows is standard. We want
to write down in particular the Sarason set-up of the relationship of
commutant lifting to Nevanlinna-Pick.

We begin with a vesult due to Sz.-Nagy [17}. Let T': H — H be
a contraction, i.e. an operator such that || 7| < 1. Then in [17] it
is proven that there exists an isometry {7 on a Ililhert space K such

that N
K=\ "]

=0

]

and Pyll = T Py, where % : A — H denotes orthogonal projection.
U is called the wminimal isometric dilation of T. The commutant
lifting theorem (proved in a special case in [16], and in complete
generality in [I8]) may be formulated as follows:



Theorem 1 (Commutant Lifting Theorem) Let H and H' de-
note (complezx separable) Iilbert spaces with T : H — H, T : H' —
H' contractions. Let A:H — H' be an intertwining contraction for
Tand T, iie. AT =T'A. Lt U : K — K and U’ : K! — K de-
note the minimal isometric dilations of T and T' respectively. Then
there eaists a contraction A : K — K' such that U'A = AU and
Py A = APy where P K' — H' and Py : K — M denote orthog-
onal projections.

Remarks 1.
(i) A is called an intertwining dilation of A.

(ii) For the commutant lifting theorem we do not need the minimal
isometric dilation, but any isometric dilation of T satisfying T =
U*|H. Moreover, in the proof we may take without loss of generality
H =H and T = T'. In this case, A is called a commuting dilation
of A.

The commutant lifting theorem allows one to derive most of the
classical interpolation results involving bounded analtyic functions
in 2 unified manner even when the functions are operator-valued. In

order to give the reader an idea how this is done we will sketch the
classical scalar Nevanlinna-Pick problem as in [16].

Recall that the problem of Nevanlinna-Pick concerns finding nec-
essary and sufficient conditions for the existence of an analytic f :
D — D, such that f(z;) = w;, j = 1,...,2. We assume as before
that the z; are distinct. We now put tlie Nevanlinna-Pick problem
into the commutant lifting framework.

Indeed, we let

Set fI(m) := H2© mH?2 (ANl of the Nardy spaces in this paper will
be defined in the unit disc D in the standard way.) One can then
show that H{m) an n dimensional vector space with basis f1,...,fa
where

forj=1,...,n.

fi(z)= (H 13 -:_:Zz> 1 —lf}z

ki T

Now let § : H? — JI? denote the canonical unilateral right shift
defined by multiplication by 2. For Py, : 1I* — H(m) orthogonal
projection, set S(m) 1= Pry(m) S|/ (1) (the compressed shift). Again,
one can compute [16] that

Stm)f; =z f;
for1<j<n
We can now define a linear operator A : I(m) — H(m) such
that
Afy = wil;
for j = 1,...,n. Cleatly A commutes with 7. From this it is easy to
prove the Nevanlinna-Pick theorem (sce [16] and [4]):

Theorem 2 (Nevanlinna-Pick) Notation as above. Then there
exists an analytic f : D — D such that f(z;) = w; forj=1,...,n
if and only if the Nevanlinna-Pick matriz

[1 - T‘.“wj} >0
V=555 | aim

]

We will discuss the matrix structured singular value version of
this result below.

3 Remarks on the Structured Singular Value

In this section, we introduce some notation and discuss some prop-
erties of the strutured singular value. We moreover state a result
which we believe is new in this connection. Instead of working over
diagonal sets of matrices as in [6], we work over an arbitrary finite
dimensional C*-algebra. See also Helton [11].

Let £ be a finite dimensional complex Hilbert space, and A C
L(E), a C*-algebra. For A € L(£), A # 0, we define the structured
singular value

pa(A):=[inf{|X}|: X €D, ~1€ a(AX)N?
Moreover, we set
Aa(A):=inf{||DAD™Y: D e A"}

where A is the commutator of A. Note that for A = L(£), pa(4) =
[jAl], while for A = Clg, pa = || Allsp-

We now summarize some of the elementary properties of ua and
fia based on [6]. However, we work here over an arbitrary finite
dimensional C*-algebra. Some of the properties which we mention
are even valid in a more general setting. See Helton [11].

Let yy denote either jia or fia. Then yy enjoys the following
properties:

(1) m(A4) = PAlm(A).

(i) NA)lsp < ma(A) < NAJl
(iii) p1(AX) < [ XMa(A).

We also have the following uscful observations {6] and [11]:

Lemma 1

ua(A) =sup{llAXls: X € 4, || X|| <1}

Proof. For X € A, =1 € a(AX) = || X||! € o(AX/|IX])) =
NAX/XA 2 /X)) = 0] < sup{liAfls - X € A, JIX] < 1)
But

pa(A) = sup{l/||X]|: -1 € o(AX), X € A}
< sup{|AX |l : X € A, X < 1}
Conversely,
HANg < paldX)
< pat Xt
< pald)

for every X € A, X< o

Lemma 2 jia is conlinuous.

Proof. We prove the result for jia. We first show that pa is upper
semicontinuous. Let X, € A he such that

. 1
vl < NI
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Then I + AX, is invertible. Now let ¢ > 0 be sufficiently small so

that (1-0
—€
Xl < .
I¥ell <
Moreover, we define
1—
v o= max{|J( + AX.)" | : [ Xoll < LA(A?}.

For any A;, we have

I+ 41X, = T+AX,+ (A — A):‘{o
(T4 AX) ™M+ (T + AX,) ™ (A1 — A)X]

i

Thus for (1-0

—¢
W =A<y
we have I + A1 X, is invertible, and

\ o ka(4)
A)) < =——.
pald) € 5=
The lower semicontinuity is obvious, since from Lemma 1 we have
that pa(A) is the supremum of continuous functions. This completes
the proof of the lemma. O

Lemma 3
jalA) < fa(A)

Proof. For D € A’, we have that
#a(A) = pua(DAD™Y) < | DAD™.
[m]

For certain diagonal algebras of matrices, it is argued in (6], [14],
and [15] that the structured singular value up is the natural object
of study in robust control. Unflortunatcly the structured singular
value is difficult to compute, so in practice it is jia which is actually
used for the control problems. It is therefore of interest to know
when these two objects are equal.

In [6], Doyle has shown that in fact ga = fia when the relevant
diagonal algebra has three or fewer blocks. In [5], we give a very
different proof of this fact based on the following result which we
believe has independent interest. More precisely set H := £(£), and
define M4 € L(€) by M4 := AX. Notice that £ is a Hilbert space
with respect to

(1), Ty) == Tr(T5T),
where Tr denotes the trace. Define
BalA) = pz(My)

where
A= {My: X €AY

We now have (see [5} for the proof):

Theorem 3
fa(A) = jia(A).

Remarks 2. 1. Note that the theorem implies that fia can be re-
garded as a structured singular value on a bigger space. We note that
the theorem is true for an arbitrary finite dimensional C*-algebra A.
2. From the theorem and Lemma 2, we can immediately infer that
fia is continuous.
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It is now eleemntaty to prove the aforementioned result of Doyle
(see [5] for the details):

Corollary 1 (Doyle) For A block diagonal with three or fewer blocks

4

nalA) = fa(4).
4 Structured Singular Values and Dilations

In this section, we will give a structured analogue of the commutant
lifting theorem [18]. This will be applied to the structured version
of classical matricial Nevanlinna-Pick interpolation below. The tech-
niques we employ are very closely related to those in [4]. Again see
[5] for all the proofs.
Set
T:=5m)® I¢

where m is a finite Blaschke product, S(m) is the compressed shift,
and £ is a finite dimensional complex Hilbert space. Fix A C L(£),
a C*-algebra. Define B

Lp@A={Ip@X:X €A}
IH2 ® A= {[;]2 eX:Xe€ AI}.

Notice that H := H%(€) & mH*(E) reduces both Iz ® A and
Iy2 @ A’. Now define for A € {T}’ (the commutant of T,

PR(A) = inf{||XAX Y : X invertible, X € {T}, X € (I5=04[&)}.

Let U be the isometric dilation of T on H?(£) (so that U is defined
by multiplication by z), and let P : I[*(£) — ‘H denote orthogonal
projection. For B € {U}', dcfine

pB(B) == nf{]Y BY 4| : ¥ invertible, Y € {U}, Y € (I;2 ® A)).

Lemma 4 Let D(¢) € &' for ( € D almost everywhere. Suppose
that there exists ©(¢) outer such that

0(¢)"0(¢) = DY D((), ¢ € dD almost everywhere. (1)

Then there exists an (analytic) outer function Oy : D — A’ such
that

01(¢)"0:1(¢) = D(¢)*D((), ¢ € 8D almost everywhere.
We now have:

Proposition 1 Let A(z): D — L(&) be continuous, and analytic in
D. Suppose that
Ba(A(z)) <1 Vze D.

Then there exists an analylic map ©(z) : D — A’ with 0(z)~! ana-
lytic, such that

10(=)A(2)0(z)"Y < 1 ¥z € D.
We can now state the following result:

Corollary 2 Let B € {U}, and suppose B is continuous on D.
Then
pB(B) = sup ia( B(2)).
zeD

Proof. Immediate from Proposition 1. O



s For the given interpolation data above, we define A: H — H by
5 Structured Commutant Lifting Theorem linearity mj by

Alf;@8) = f;0F¢

In this section, we will state our main result namely a structured gen-

eralization of the spectral commutant lifting theorem [4]. This will be forall£ € £,j=1,2,...,n. Note that
applied to the a structured version of classical matricial Nevanlinna-
Pick interpolation below. All the proofs may be found in (5]. T(fi®&) =20

forallé € &,5=1,2,...,n. Thus
Theorem 4 (Structured Commutant Lifting Theorem) Notation

as above. Then for A € {T}, Ae{TY}.
p2(A) = inf{p§(B) : B is a commuting dilation of A}. It is easy to show that F satisfies the interpolation conditions
F(Zj):}‘—} Vj:l,...,n (4)

Remark 3. From the Structured Commutant Lifting Theorem and
Corollary 2 we have that if and only if

PR(A) = inf sup fa(B(2)) PruMp = APy
B :eD

Thus, the commutant lifting theorem implies that there exists an F
where B € {U'}"is a commuting dilation of A. satisfying (4) and [|F||l < 1, if and only if ||Al} < 1. We will now
show that the structured Nevanlinna-Pick problem can be given a
similar solution, based on the structured commutant lifting theorem.

More precisely, define

For T as above with minimal isometric dilation U a shift, we
will say that a commuting dilation B of A € {T}' is rational if it is
defined by multiplication by a rational {(matrix-valued) function.

T = {F:D — L(&): F is rational, bounded in D, F(z;) = F;}.

Lemma 5 Notation as above. Then for cvery invertible . . .
s Y We are interested in finding

- ' o \ -

X e{TY N2 @ AlHY, alT) = i””m};ﬂﬁ( F(z): FeT}
there ezists an invertible commuting dilation X of X, X e {U}¥Vn e
(Iy2 ® A)' such that X is rational. aI):= 1111'{&11}; na(F(2)): FeI}.

el
. ) . We denote the operator A associated with the matrices Fi,... ,Fn
We now have the following corollary to Theorem 4: by A(Fi,...,Fa). Set

Corollary 3 Notation as above. Then PP(A) =

inf{) AP D D E DY s Djed, 1<j<n
p2(A) = inf{p§(B) : B is a commuting dilation of A, B(2) is rational} inf{l AL, I ’ }

(2) (where the Dj are invertible) and
6 Structured Nevanlinna-Pick Theory prald)
A =
In this section, we apply the above theory to a structured version sup{pr(A(F1 X1, ... FaXa)) s AKX, KRl €1, Xy,ee X €4

of the Nevanlinna-Pick interpolation problem. In order to do this,

her - atar U e
we first put the Nevanlinna-Pick theory into the commutant lifting where for an operator A1 € {1 we let

framework [16], {19], [7]. First let us recall the general problem of pr(M) = f{[XMX~"]: X is invertible and X € {T} }.

Nevanlinna-Pick in the matrix case. See also the closely related dis-

cussion above in the scalar case. (In [7), pr(M) is called the generalized spectral radius.) It is easy to
Let £ be a finite dimensional Hilbert space, let zy,...,2, € D show that

be mutually distinct, and let Fy,...,F, € £(£). Then we want PR 2 prald)

necessary and sufficient conditions for the existence of an analytic
function F: D — £(&) with || F|js < 1 such that

Indeed, just note that

il

pr(A(F X1, X)) A R XYL YR R

Fz)=1; 3)

< A P DT X, DaFy DX

for j = 1,...,n. Define < AR DY, DR P DY
AKX
< JADVADTY, L DR B DY
fi= ( We can now state:
and ; 2 . Theorem 5 (Structured Nevanlinna-Pick) Notation as above.
H = IT*(E) 6 mI*(€). Then

We set T := §(m)® Ir, and note that MI) = /"47\‘(")-

H=HOE+ L0E+ + [ ®F.

This sum is direct but not orthogonal.
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Proof. Follows immediately from the Structured Commutant Lifting
Theorem, Remark 3, and the above set-up for the Nevanlinna-Pick
theorem. O

Theorem 6 Notation as above. Then

H(I) 2 pra(A)-

Proof. Let F' € T satisfy
pa(F(2)) S u(Z)+e, VYzeD.

By our above discussion (see the proof of the Structured Commutant
Lifting Theorem 4), if

A(Xy, ..., Xl €L, X1, Xs, ..., Xn €A,

there exists X(2) : D — A with [|X|| <1, X(z;) = X;,1<j< n.
Then
IE(X (2)llsp < pa(F(2) < wlT) +e.

By the spectral Nevanlinna-Pick theorem [4],
pr(A(F(21)X (21),+ - F(20) X (20)) £ () + €,

that is

pr(A(FAX1, .., o X)) S (Z) + ¢ Ye> 0.

Thus
pr(A(Fy X1,y .., FuX0)) < ()
for all ||A(X1,...,Xn)" <L, Xi,...,Xp €A D

Remark 4. We do not know at this point if we have equality in
Theorem 7. This is still an interesting research problem.

References

[1] V. M. Adamjan, D. Z. Arov, and M. G. Krein, “Infinite Han-
kel block matrices and related extension problems,” Amer. Math.
Society Translations 111 (1978), 133-156.

[2] H. Bercovici, Operator Theory and Arithmetic in H*®, AMS Pub-
lications 26, Providence, Rhode Island, 1988.

[3] H. Bercovici, C. Foias, and A. Tannenbaum, “On the optimal
solutions in spectral commutant lifting theory,” in preparation.

[4] H. Bercovici, C. Foias, and A. Tannenbaum, “A spectral commu-
tant lifting theorem,” to appear in Trans. AMS.

[5] H. Bercovici, C. Foias, and A. Tannenbaum, “Structured interpo-
lation theory,” to appear in Integral Equations and Operator Theory.

[6) 3. C. Doyle, “Analysis of feedback systems with structured un-
certainties,” IEE Proc. 129 (1982), 242-250.

[7) H. Dym and I. Gohberg, “A maximal entropy principle for con-
tractive interpolants,” J. Functional Analysis 65 (1986), 83-125.

[8) B. A. Francis, A Course in H*® Control Theory, Lecture Notes
in Control and Information Sciences 88 Springer-Verlag, 1987.

[9] B. A. Francis and A. Tannenbaum, “Generalized interpolation in
control theory,” Mathematical Intelligencer 10 (1988), 48-53.

[10] J. Garnett, Bounded Analytic Functions, Academic Press, New
York, 1981.

{11] J. W. Helton, Optimization in operator theory, analytic func-
tion theory and electrical engineering, CBMS Publications 68, Prov-
idence, Rhode Island, 1985.

[12] R. Nevanlinna, “Uber beschrankte Funftionen, die in gegebenen

Punkten vorgeschriebene Werte annehmen, Ann. Acad. Sci. Fenn.
13 (1919), 27-43.

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on May 21,2010 at 17:53:00 UTC from IEEE Xplore. Restrictions apply.

2878

[13] G. Pick, “Uber die Beschrinkungen analytischer Funktionen,
welche durch vorgegebenen Funktionswerte bewiskt sind, Math. Ann.
77 (1916), 7-23.

[14] M. G. Safonov, Stability Robustness of Multivariable Feedback
Systems, MIT Press, Cambridge, Mass., 1980.

[15] M. G. Safonov, “Optimal H> synthesis of robust controllers for
systems with structured uncertainty,” Proc. of 25-th IEEE Confer-
ence on Decision and Control, December 1986, 1822-1825.

[16] D. Sarason, “Generalized interpolation in H®,” Trans. Amer.
Math. Soc. 127 (1967), 179-203.

[17] B. Sz.-Nagy, “Sur les contractioris de I'espace de Hilbert,” Acta
Sci. Math. 15 (1953), 87-92.

[18] B. Sz.-Nagy and C. Foias, “Dilation des commutants,” C. R.
Acad. Sci Paris, Série A 266 (1968), 493-495.

[19] B. Sz.-Nagy and C. Foias, Harmonic Analysis of Operators on
Hilbert Space, North Holland, 1970.

[20] A. Tannenbaum, Invariance and System Theory: Algebraic and
Geometric Aspects, Lecture Notes in Mathematics 845, Springer-
Verlag, 1981.



