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T h e o r e m  1 ( C o n i m u t a n t  Lifting T h e o r e m )  Let H and H' de- 
note (complex separable) Ililbert spii.ccs with T : 31 -+ H, T' : 31' -+ 

H' contmctions. Let A : H - H' be n i l  infertwining contraction for 
T and TI, i.e. AT = T'A. Lcl If : K -+ ĥ  (ind U' : K' - K' de- 
note the minimal isometric (/i/iitioii.s o j  ?' r i n d  T' respectitiely. Then 
there exists a contrrictzon .A : A- - K' sirch that F'A = a d  
PxtA = APw tohere PH, : X:' - W' u i i d  PM : K - 31 denote orthog- 
oiid projections. 

R e m a r k s  1. 
(i) A is called a n  intertciiining di/rrt ion of A 

(ii) For the coinmutant lifting Lheoreiri we do not need the minimal 
isometric dilation, hut any isometric dilation of T satisfying T' = 
U'lH. Moreover, i n  the proof we may take without loss of generality 
1-1 = H' and T = T'. In this case, is called a commuting dilation 
of A .  

The commutant lifting theorem allows one to derive most of the 
classical interpola.tion results involving bounded analtyic functions 
in a unified ma." even rvlien the h~nctioiis are operator-valued. In 

order to  give the reader a.n idea how this is done we will sketch the 
classical scalar Nevanlinna-Pick problem as in [IG]. 

Recall that the problem of Ncvalilinlla-Pick concerns finding nec- 
essary and sufficient conditiom for the existence of an analytic f : 
D + D, such that f ( z j )  = w,, j = 1, .  . . , n. \Ne assume as before 
that the zj  are distinct. RC IIOIV put t,lie Nevanlinna-Pick problem 
into the commutant lifting framework. 

Indeed, we let 

Set I I (m)  := HZ e nrHZ. ( A I ]  of the 11ardy spaces in this paper will 
be defined in the unit disc D iii the standard way.) One can then 
show that H ( m )  an R dimeiisioual vector space with basis f1, .. . , f n  

where 

Now let S : EIz - Ifz denote tlic caiionical unilateral right shift 
defined by multiplica.tion by 2 .  ]?or / ' J ~ , ( ? % )  : 11' - U(,) orthogonal 
projection, set S(m) := I',,,,,,,.SlI/(,,i) ( the  ci~n~pressed shift). Again, 
one can compute [lG] that 

,S(?)1)J1 = :,;.[) 

for 1 5 j 5 12.  

that  
We can now defiuc a linc~ar 0pc:riitor A : 11(712) - H ( ? J Z )  such 

AJj = ,coj j J  

for j = 1,. . . , 7 ~ .  Clearly A comiiiut,es with 1'. From this it is ea.sy to 
prove the Nevanlinna-Pick theorem (src [IC] and [4]): 

T h e o r e m  2 (Nevanl inna-Pick)  ~Yotrrtzoii as cibove. Then there 
ecists an analgtzc f : D - 3 siirIi thnt Si:, ) = tuJ for 1 = I , .  . . ,n  
if and only if the A'ewizhiirin- Pick i i i i i l i  12 

3 Remarks on the Structured Singular Value 

In this section, we introduce some notation and discuss some prop- 
erties of the strutured singular value. \lie moreover state a result 
which we believe is new in this connection. Instead of working over 
diagonal sets of matrices as in  [6], we work over an arbitrary finite 
dimension$ C*-algebra. See also Itelton [ l l ] .  

Let C be a finite dimensional complex Hilbert space, and A C 
L(&) ,  a C*-algebra. For A E L(&) ,  A # 0, we define the structured 
singular value 

pa(i1) := [inf{/(-Yl/ : S E A, -1 E u(AX))] - '  

Moreover, we set 

jia(A) := inf{/lDAD-'(l : D E A'} 

where 4' is the conunntatoi of A. Note that for A = C ( C ) ,  p a ( A )  = 
llAll, while for 4 = CI&,  = \\.41\sl>. 

We now sumrnarize soine of the elcinciitary properties of and 
based on [GI. However, wc work here over an arbitrary finite 

dinieiisional C*-algebra. Some of the properties which we mention 
are even valid in  a more general setting. See IIelton [II]. 

Let p1 denote either /in or ch. Then j.11 enjoys the following 
properties: 

We also have the followiiig uvful  observations [GI and [ll]: 

L e m m a  1 

0 

We will discuss the iiratriu strii( tiirctl siiigrilar value version of 
this result below. 
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Then I + A X ,  is invertible. Now let E > 0 be sufliciently small so 
that 

Moreover, we define 

Thus for 

we have I f  AIX,  is invertible, and 

The lower semicontinuity is obvious, since froin Lemma 1 we have 
that p&(A)  is the supremum of continnous functions. This completes 
the proof of the lenima. 0 

Proof. For D E A', we have t1ia.t 

For certain diagonal algebras of matrices, it is argued in [GI, [14], 
and [15] that the structured singular valile pa is the natural object 
of study in robust control. Unfortunatcly the structured singular 
value is difficult t o  compute, so in practice it is fia which is actually 
used for the control problems. It is therefore of interest t o  know 
when these two objects are equal. 

In [GI, Doyle has shown t1ia.t in fact ,UA = PA when the relevant 
diagonal algebra has three or fewer blocks. In [5], we give a very 
different proof of this fact based on the following result which we 
believe has independent interest,. More precisely set 3-t := L(&), and 
define M A  E L(&) by AI , , \  := A X .  Notice that & is a Hilbert space 
with respect to 

(7'1,Zi) := 1'1(7;Tl), 

where Tr denotes the trace. l)cxfine 

Pa(.-\) := / L j ( f U I )  

3 := { M y  : s E 3')' 
where 

We now have (see [J] for tlic pioof): 

Theorem 3 
Ga(.l) := /L$(11) .  

Remarks 2. 1. Note that the theorcnt implies that  pa can be re- 
garded as a structured siirgiilar valiic on a bigger space. We note that  
the theorem is true for an arbitrary linite dinrensional C*-algebra A. 
2. From the theorem and I m i i i t i a  2, we can immediately infer that 
PA is continuous. 

It is now eleemntary to prove the aforementioned result of Doyle 
(see [5] for the details): 

Corollary 1 (Doyle) Fool. h block dicrgonal with three orfewer blocks, 

pa(i1) = Ga(.4), 

4 Structured Singular Values and Dilations 

In this section, we will givr a sf.ructured analogue of the commutant 
lifting theorem [18]. This will be applied to  the structured version 
of classical matricial Nevanlinna-Pick interpolation below. The tech- 
niques we employ are very closcly related to those in [4]. Again see 
[5] for all the proofs. 

Set 
T := .s(nL) @ Iz 

where in is a finite Dlaschke product, S(772) is the compressed shift, 
and & is a finite dimensional complex Hilbert space. Fix A C L(&), 
a C*-algebra. Define 

l f p  @ A := { I Ip  @ S : X E A} 

1112  @ A' := { I p  0 X : .Y E A'}. 
Notice that H := I I z ( f )  8 m I I z ( & )  reduces both I,, @ A and 

Ifp 8 A'. Now define for .4 E {T)' ( the coinmutant of T ) ,  

& ( A )  := inf{llXAX-'ll : -Y invertible, X E {T} ' ,  X E ( I p @ A ( E ) ' } .  

Let U be theisometric dilation O T T  oil U'(&) (so that 11 is defined 
by multipIica.tion by z ) ,  and Ict P : P ( E )  - 'H denote orthogonal 
projection. For B E { U } ' ,  tlcfiiie 

& ( B )  := i n f { ~ ~ ~ B ~ - l ~ ~  : I' invcrtil)le, I -  E { U } ' ,  I' E ( I H ~  8 A)') 

IVe now have: 

We can now state the following result: 

Proof. Immediate from Proposition 1. 0 
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5 Structured Commutant Lifting Theorem 

In this section, we will state our main result namely a structured gen- 
eralization of the spectral commutant lifting theorem [4]. This will be 
applied to  the a structured version of classical matricial Nevanlinna- 
Pick interpolation below. All the proofs may be found in [5]. 

Theorem 4 (Structured Commutant Lifting Theorem) Notation 
as above. Then for A E {T}')  

& ( A )  = inf{pt(B) : B is a commuting dilation of A } .  

Remark 3. From the Structured Cornmutant Lifting Theorem and 
Corollary 2 we ha.ve that 

where B E { L r } '  is a commuting dilation of A .  

For T as above with miuimal isometric dilation U a shift, we 
will say that a commuting dilatioii B of A E {T}' is rational if it is 
defined by multiplication by a ratioucll (matrix-valued) function. 

Lemma 5 Notation os rtboix. T/iei? for cuevy invertible 

- Y E  { T } ' ~ ( I , , ~  snlw)', 
there ezists an inziertible coinmuting dilation 2 of X, E {U}' n 
(IH? Q A)' s t ~ h  that X is r~itiollal. 

We now have the following corollary to Theorem 4: 

Corollary 3 Notation os abo.ue. Tlicn 

& ( A )  = inf{pe(B) : B is U con~nzirtiizg dilation  of^, ~ ( z )  is rationul) 

6 Structured Nevanlinna-Pick Theory 
(2) 

In this sectiou, we apply the above theory to  a. structured version 
of the Nevanlinna-Pick interpolation problem. In ordcr to do this, 
we first put the Nevanlinna.-€'ick theory into the commutant lifting 
framework [ lG] ,  [19], [7]. First Ict us recall the general probIem of 
Nevanlinna-Pick in the niatris casc. See also the closely related dis- 
cussion above in the scalar case. 

Let f be a finite dimensional Hilbert space, let 21,. . . , z ,  E D 
be mutually distinct, and let Fl ,  ..., I?, E L ( S ) .  Then we want 
necessary and sufficient conditions for the existence of an analytic 
function F : D + L(e)  with l lF'llm 5 1 such that 

(3) q- ) - p .  
-3 - I 

f o r j  = 1,  ..., T I .  Define 

and 
'H := I r 2 ( f )  6 mll*(f) .  

w e  set T := S ( m )  Q If, and note that 

'H = fi 0 c'- t ,fz 9 f + . . t f, 0 f . 
This sum is dircct but not oithogonal. 

For the given int,erpolatioll data. above, we define A : 'H + 71 by 
linearity and by 

A ( f j  0 = fj @ Fjt 
for all [ E t, j = 1,2 , .  . . ,n. Note that 

T ( f j  @ 0 = zjfj @ t 

for all t E t , j  = 1,2 ,..., n. Thus 

A E {T} ' .  

It is easy to show that F satisfies the interpolation conditions 

F ( y )  = Fj, V j  = 1, ..., 7 1  (4) 

if and only if 
Pw nifp = A Pw 

Thus, the cornmutant. liftiiig thcorcin implies t1ia.t there exists an F 
satisfying (4) s ~ ~ d  l\FIIK, 5 1 ,  if and only if llAll 5 1. We will now 
show that the structurcd r\Tcva~~linua.l'ick problem can be given a 
similar solution, based on the structured commutant lifting theorem. 

More precisely, drfiric 

Z := { F  : D - L ( I )  : F is rat,ional, l~ounded in D, F ( z j )  = F j } .  

We are intcrcstcd i i i  fiiidiiig 

p ( 1 )  := i i i f { s i i i ) ~ i ~ ( / , ' ( ~ ) )  : I.' E Z} 

f i (z )  := i i i l {s i ip [ i i (J ' ( ; ) )  : F E  I}. 

\Ire denote t,he operator ,,I a.ssociiit.ctl with the matrices 4,. . . ,Fn 

:E/) 

; € / I  

by A(F1, ..., FTL). S P ~  

& ( A )  = 
i n f { ~ ~ ~ I ( ~ ~ ~ , I ~ ~ ' . , . , , I ~ , ~ ~ ~ ~ / ~ ~ ' ) ~ ~  : Dj E A', 1I.i 5 n} 

(where the Dj are invcrtihlc) ilil(l 

P T , A ( A )  = 
sup{p~(A(l;i.X'l,. . . , F',,Xn ) )  : 1 1  ~l(-Yl , .  . . -Yn)n)ll 5 1, -XI,. . . , Xn E L 

where for an operator ill E {y') '  we let 

p l . (d f )  = i n f { l ~ + \ ~ : I / . ~ ~ - l ~ ~  : .Y is invertible and A' E {T}' }. 

(In [j'], ~ ( d l )  is c;illcd 1.11~ qclTer((/i:rr/ spcctrol radius.) I t  is easy to 
s110\v t11;i.t 

/$(.A) 2 / P f ~ . A ( / l ) .  

htlecd, just 1io1.e tlial. 

pT( A( F ,  X, . . . . , J;, s,, = 

5 ~ ~ : I ( D ~ ~ ~ ' ~  / ~ ~ ' ~ Y i , . . . , D , ~ , D ~ l ~ n ) l l  
5 l l ~ ~ ( / ~ i ~ i /  ~ ~ ' , . . . , D , , ~ , ~ D ~ ' ) ~ ~  

i i i  f{ ( 1  .,I ( I;', -YI Y,- , . . . , Y, F,, x,Y;') 11) 

I l . t ( . Y l . .  . . ,.Y,,)ll 
5 I/.4( / ~ l /~~ l~~~ ' , . . . , ~ , ,~n~~ l )~~  

w e  Cil l l  no\v st,atc: 

Theorem 5 (Structured Nevanl inna-Pick)  Notation as above. 
Then 

)(T) = &(.4). 
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Proof. Follows immediately from the Structured Commutant Lifting 
Theorem, Remark 3, and the above set-up for the Nevanlinna-Pick 
theorem. 0 

Theorem 6 Notation as ubove. Then 

/’L(z) 2 &’T,A(A), 

Proof. Let F E 1 satisfy 

p a ( F ( z ) )  5 p ( z )  + 6 ,  vz  E D. 

By our above discussion (see the proof of the Structured Commutant 
Lifting Theorem 4), if 

l lA (X~ , . . . , . ~n ) l l  I 1, X I , X Z , . . . , X ~  E A, 

there exists X ( z )  : D -+ A with IJXI( 5 1, X(z , )  = X,, 1 5 j _< n. 
Then 

IIF(z)x(z)llsp 5 f l A ( F ( z ) )  5 P ( z )  + 6 .  

By the spectral NevanlinnaPick theorem [4], 

PT(A(F(Z1 )X( z1 ) ,  . ’. 1 F(z*)X(z , ) )  i P ( z )  t e ,  

P T ( A ( F I X I , . . . , F , ~ ~ ~ ) ) ~  P ( ~ ) + E ,  v c >  0. 
that is 

Thus 

for all I(A(X1,. . . ,Xn)ll 5 1, XI,. . . ,-Yn E A.  0 

Remark 4. We do not know a t  this point if we have equality in 
Theorem 7. This is still an interesting rcsearch problem. 

P T ( A ( F ~ X I , .  .. ,FrbAyn)) 5 p ( z )  
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