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CHAPTER I

INTRODUCTION

The Heisenberz Ferromagnet

The Heisenberg wmodel of a ferromagnet is based on the
concept of exchange forces which are present in a ferromagnetic

solid.l’2

The system of interest here is a solid consisting
of a large number of atoms arranged on some crystal lattice,
The atoms are close enough so that the orbital wave functions
of the electrons of one atom overlap with the orbital wave
functions of electrons in other atoms., As a result of the
Pauli exclusion principle there is a correlation between the
orbital symmetry and the spin alignment which produces a large
spin-spin coupling. Dirac3 showed that, apart from a constant
term which has nco importance here, the effective coupling be-

tween the two electrons on atoms i and j due to the exchange

effect is equivalent to a potential of the form
g S0t Sy (1)

-
where 5; is the spin angular momentum operator of atom i mea-

sured in units of h, and Jij is the exchange integral given by

:]"Ej = 33 %U)qﬂ(z”{'ﬂ.[z) Y. du, duy (2)

Here X, denotes the Hamiltonian operator, and ¥} is the wave



function for electron (1) in a state i.
The so-called "Heisenberg Hamiltouian' for this system

of atoms is then

b
H=-4HJZ.S,,'-IZ T‘) S;'S‘- (3)

« 2

where the sums over i and j range over all of the atoms in
the solid. The first term on the right hand side of this eq-
uation represents the interacticn of an externally applied
magnetic field, ﬁ, with the magnetic moment, 4 , associated
with each unit of spin (h/2). The direction of H defines the
z=direction in space and Sg is the z-component of the total
spin angular momentum operator for atom j. The last term of
Eq. (3) represents the spin-spin coupling of each spin to other
spins in the so0lid. It should be pointed out here that this
term is correct only if all the electrons not in filled shells
onn a particular atom have the same exchange integrals., This
assumption 1s in general not true for solids which have inter-
nal crystalline fields.2

If it 1s assumed that the wave function overlap is ap-
preciable only for nearest neighbor atoms then Eq. (3} can be

approximated by replacing Ji3; by a non-zero constant if i and

J
j are nearest neighbors and by zero otherwise. This is be-
lieved to be a good first approximation of Egq. (3) for phy-

sical systems., If, on the other hand, it is assumed that

each spin interacts with every spin in the system with



equal strength, that is, J is a constant for i#j and zero

ij
for i=3, then the Hamiltonian describes a system with an in-~
finite range interaction. This problem has been solved exactly

L
by Kittel and Shore.

In either case Eq. {(3) can be written in the form

H=—4H'{—5?'T§};- S; *Siv (&)
where J is the exchange integral, which is assumed to be in-
dependent of spatial co-ordinates, and ¢ represents nearest
neighbor distances in the case of the nearest neighbor approx-
imation and all lattice wvectors except j in the infinite range
problem, If J>0 the above Hamiltonian describes a ferromagnet.
The system has a well ordered ground state with all spins
aligned in the z=direction, since this confisuration gives
the lowest possible energy for the system.

Excited states of this Hamiltonian can be obtained from
the spin deviation operators Sﬁ(t). These operators are de-
fined by

S. =S:1—¢'S-Y (5)

4

X

- .
S'-SQ-LS‘;
where Sg and Sg are the x and y components respectively of 53.
+

The operators SJ satisfy the equal time commutation rules

- ¥
]:$.E,S£J=+Zsj 56,‘ (6)



[sf,sh: ;%féa,j (7)

The interpretation of these spin deviation operators
is based on the effect that they have on the simultaneous
eigenfunctions of H and Si where S% is the total z~component

of the spin angular momentum of the system.
¥ ¥
s7 = TS (8)
Jd

let {m>} represent the set of simultanecus eigenfunctions of
S% and M , Where n denotes the number of reversed spins with

respect to the ground state. Then

HIn> = Ep inY (9)

and

¥ 1ay = (N-2R)SIN (h=1) (10)

where S is the spin per atom, and N is the total number of

+
atoms. Consider the state S;In). Using Eqgs. {7) and (10)

s¥(stims) = (IN-20IS 1) 5] 1n> (11)

Thus the spin deviation operators have the effect of changing
the total z-component of the spin of the system by one unit.
For S=% the 83 operator has the effect of flipping a spin
down (in the negative z-direction) at the j-th lattice site,
while S; has the effect of flipping a spin up (along the posi-

tive z-direction) at the j-th lattice site.



Therefore, it should be expected that the excited states
of the system should be expressible in terms of these opera-
tors. Indeed, Bloch5 has shown that the excited states with

one reversed spin are given by

! P — L .
iP>= v L € Sate> = 5 SFio) (12)

n

The operator S% defined by this equation is the spin-
wave or magnon creation operator. The vector P is a recip-
rocal lattice vector which can take on the values p=21ni/Nﬁ
where n, is any integer. For any lattice with N lattice
points this set can be reduced to a complete set of N non=-
equivalent vectors.6 These sets of points are complete in

the sense that

Jmn=#§e-' (13)

where &m,is the Kronecker delta function.

The energy of the spinwave (magnon)} state with momen-
tum P is given by
H1ps = 2Ts (B-4)1P> = & 1p> (14)

5
¥p = g ¢ (15)

Spinwave theory for the nearest neighbor approximation uses



as a basis of states

A -t _ &
jey = -LT(ZS) (€p!) (SP) ied> (16)

where ¢ represents a set of non-negative integers {}. For

2¢C>l, that is for states with two or more spinwaves, the

states (16) are non-orthosonal and hence cannot be eigen-

functions of X, In this case the number of states (16) ex~

ceeds the number of independent states for the system, which
N1

number (2S+1} .,

Dyson7

has used these states to calculate the partition
function for the system, from which all thermodynamic prop-
erties can be obtained. He obtains expressions for some of
the properties which are correct for temperatures up to a
value T for which the magnetization has decreased about one=-
fourth of its value at zero temperature.

The present work is concerned with the development of
a consistent approach to this problem using the Green function
theory. This formalism offers a method of solution at all
temperatures, The problem with the Green function theory is
that, in general, it generates an infinite set of coupled
differential equations which must be solved., Approximate sol-
utions are obtained by breaking up this hierarchy of equations,
Previous work has been centered about a decoupling scheme in

9, 10

the first order equation,s’ The decoupling used here

is in the second order equation.



CHAPTER II
DOQUBLE TIME TEMPERATURE~DEPENDENT GREEN FUNCTIONS

Consider a system which is described by the Hamiltonian
H . Let A(t) and B(t) be any pair of operators in the
Heisenbergs representation which can be defined for this sys-
tem. The advanced and retarded Green functions based on these

11
operators are

Gt == i B(-E) ([ AC), B> (17)
Gy (£,t) = -i OE-T(T A (1), Be)]D

et-t')= o if tHt

=1 if t >+’

The square brackets represent the commutator or anti-commu-
tator and the angular brackets indicate an average over a

canonical ensemble. That is

- -a M
Aty = 2 Te Cla A)) (18)

AN

)

'z- [ TV‘ (e-

The symbol g denotes the reciprocal of the product of
Boltzmann's constant and the absolute temperature, Z is the

partition function, and Tr indicates the trace of a matrix,.



These double time Green functions depend on t and t'
only through the time difference t-t'. This is easily demon-
strated by recalling that the time dependence of the Heisenberg

operators may be expressed as

HE -t t
Ay = et a) et (19)
Let
[A,B]=- AB-TBA (20)
7= for commutator
7= -1 for anti-commutator
Then
- Hiit-pl CH [tt] LiHE
G (t)=-cot-t)E Tr e A € Bo) € {21)

K Lit-8]1 H It _:
e B(o e IACo) e ‘Ht}

Using the property of the invariance of the trace under cyclic

permutations this equation becomes

{ e}( [ c(t-t’)—/s}'m.) e»‘&[t-t]

G (£,8) = - iO(e-t )2 Tr B(e) (22)

ML ittey-p1 (X (-¢t)
e Biss e

Ate) }

)

In a similar manner Ga(t,t') can also be shown to have

the same dependence on t and t', namely t-t'. Thus t' can be



set equal to zero with no loss in generality.

In calculating physical properties of the system it is
necessary that the averagze over the canonical ensemble of pro-
ducts of operators A and B be known. These averages are known
collectively as time correlation functions. The two simplest
correlation functions are

F

2g Cth = (A() Blo (23)

Faa® = (B2 A X))

These time correlation functions can be obtained if
the Green functions (17) are known. The direct connection
can be established by means of a spectral representation of
the functions involved.

Let jc,» and En be eigenfunctions and eigenvalues of the

Hamiltonian H .

- Eh Ch
Hew Cn> (24 )

The equation for Fag(t) is then

- _8 En
Fag (t) = (AH) B@D) = ' T <ol ACe) Bia)lCy) &’ (25)

T e PR

n

z =

Substituting Eq. (18) for A{t) and using the completeness of

the set hcn>}, FAB(t) becomes
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E(E,,-E,.,)t,r! En

(AW Bo)> = e"?f{“ﬂﬁcoﬂcm)(cmfBto)fr:..> e (26)
Similarly
n & Em
(Bo)AY> =722 (Cm1BLoICn>(CnlAts lCmye o o F (27)

Because of the similar forms of (26) and (27) it is

possible to write

© —"wt
J‘-;Bu:) = [ .nw)eswe dew (28}

oo o t

Fea(® = §_ 70 €% dw

where the spectral function, J(w)}, is given by
~{ c c < “BEm =
JTilw)= 2 Z?n (CplAta){Cmd{C, IBLONC,> € S(E, ~Ep- ) (29)
n

The Fourier representation for the retarded Green

function is given by
oe _(EL
G, ()= ;‘;r[ G LE)E  oE (30)

G, (E) = [Gtt)t’— oH-' (31)

Substituting Gr(t), given by Eq. (17), into Eq. (31) gives
g : Et
G,(s):—ig‘(ﬁ,,—'zf’u)e o® dt (32)

or

o 00 w ([E-wlt
G, (€) =-if f Jwylef-nle e dwdt (33)

The step function O8(t) can be represented by



11

w it

' €
oW = lim, errL e ¥ (34)

The evaluation of this integral is done by extending x to be
a complex variable. The integral (34) is taken over the con-

tours

t>0O

® ~(€E ] ¢ -C€

t<D

Then by the Cauchy Integral Theorem the right hand side of
(34) gives zero for t< 0 and unity for t >0, thus giving a

valid representation for 6(t). Then (33) becomes

i{E-rw)t
L (™ B £
G, (e) = ‘liﬂ} zn 5.. I_.[_,T("")[e -7] Yt i€ dt dew dx (35)
Since
9 le-w-¥t
Ste-w-nr= 35 e (36)
Eq. (33) reduces to
( f it qu“'z
EY = K w —m——
G, (E) i Lnni ) oo dw (37)

Similarly for the advanced Green function
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oo ’w-
. e -7
Ga(E)s e‘l,n;* E,,:TLU) E-_MJ'T: dw (38)

Until now E has been considered to be a real variable,
Bogolyubov and Parasyukl2 have proved that Eqs. (37) and (38)
can be analytically extended into the complex E plane. Thus

the function

oy
¢ (39)
[P ]

o0
GE) = g Jiw)

is an analytic¢ function in the complex E plane, Then G(E}
is the analytic continuation of Ga(E) for Im E > Q¢ and of
GL(E) for Im E<O.

The discontinuity of G(w) across the real axis is, for

/
Ww real,

I(w){eFW-ZT{-mo:o'q-;t - J{u-lé} dw (l"o)

L}:‘J [ G (w'yie) - G(W'-G'I')J= L':'} g

= -2T¢ (- 9] Tew)

since

lim i———-*' il R LIF ICST (41)
P whw+i€ wiw €
The time correlation function F,p(t) is then given by
{ ! oo e—-c'w't 6 : (uz)
- i ¢ - - €
FRBH:): ARy BLo> = 23 Gro*[-omte(w* &) w-<€) ]

In general G,(E) and G,(E) must be known to construct
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¢(E). However, Gr(E) and Ga(E) can be shown to obey identi-
cal equations of motion and thus knowledge of either function
is enouzh to construct G(E).

The above argument can be extended to yield

CFCAR, B Buayd> = 7 lim r"’ gt [Glutied- Guu-ie)] d (43)
' W gaet] ?_—e-p'm Gluwtie) - w

where F(a(t), B(t)) is any conceivable product of operators
A(t) and B(t}, and G(E) is the analytic extension of the

Green function

G, () = -i o) {{ F(AD, B®), BQI> (L44)

since the actual construction of A{t) in that arcument was of
no consequence to the final result.
The Green functions are determined from their equations

of motien. These equations are formed by
. .f'i G (B = 5Lt) ([ Flaw,B), BT (L5)

s o)<l f’; F(AMW),Bw), BT

where equations (3%) and (36) have been used. The equations

of motion for the Heisenberg operators are known to be

PR Am = [Aw, K] (46)

which is consistent with (19).

For systems of bosons or fermions the choice of 7 is a
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simple one. However, for systems where the commutation or
anti-commutation rules are not c-numbers the choice may not
be as simple. Tt may be that over certain range of tempera-
tures the commutation rules (%=/) would give the easiest sol-
utions while over other ranges the anti-commutation rules
(7=-1) would give the easiest solutions.

The poles of the spectral function, G_(E), are connected
to the energy states of the system. Using Eqs. (26), (27),

and (32} it follows that

-pEn -BEm
= (Cm1 BLAICAY (CalALI (mD> (& -7 e )
Gr[E) - bhm 2 21

¢» o nm E- (En-Eq) +ie

(47)

Thus the poles for Gr(E) occur at E=Em'En’ which corresponds

to the energy difference between states m and n.
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CHAPTER 111
THE COUFLED GREEN FUNCTION EQUATIONS FOR S=%

The thermodynamic behavior of this system will be
determined by the use of the temperature~dependent double-
time Green function defined by equation (17}. The choice of
the operators A and B is made to effect a quasi-particle des=-
cription for the system. The retarded Green function, de-

fined for the Hamiltonian (4), is given by

G L1, t) = (o) ([$] (8, $OI> (48)
The choice of the commutator (9=!) here is based on

the commutator {(6). The spin deviation operators are not pure
boson operators, since the commutator is not a c~number. How-
ever, at low temperatures thls commutator approximates a
boson character, Thus it mizht be expected that this system
could be described in terms of boson quasi-particles with
corrections made for the non-c-number commutator.

The equation of motion for Gl(j,t) is given by Eq. (44).

if 6 G = LD S ), sk 1% + e@) ([ 3 S[(), Sha1> (49)

The function &§{t) is the Dirac delta function.
The derivative with respect to time of the spin devia-
tion operators obeys Eq., (45). Using the Hamiltonian (4) and

the commutation rules (6) it is easily established that
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] - 3o - ¥
(&S @ = HS®) + 2T LS @S- 5 Sy (8] (50)
& o+ + + ¥
5 S = yHS (8)+ 2T ; Lsim S (8- Sf’(t) S_-,i, @] (51)

Then Eq. (¥9) becomes
(i;ai +4H) G () = - 24s% 5 @) 30 + 2I£9(t)? <5 sz’ﬂ, (52)
- ST S (B, S, ]S

As a result of the commutation rule {(6) the terms in
the sum are not all G functions. These terms couple the Gl

function to a higher order Green function, Gz. This coupling

o+
is based on the identity between Sg and the operator Sj Sj,

which can be verified from Eqs. (5), (6), and (7).

S;®S] W= (s-52)se 5240 (53
For S=% {53) reduces to
S = S-S-Sf (514)

From here on the equations are restricted to the case S=% be~

cause of the explicit use of {54). The G, equation becomes

((. ﬁ*f‘HH) G, [‘llt) + ZISSZ [Gl (J"tJ - G‘(J'd-gj-t}] = -2 (53> 2(‘&) SJJO (55)
+21'?; [ G G, irn 04, ) - G Cive, 3, 5, 8]

where G2 is defined by
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G (12,3) = -iowdl SO S, Wy, sHald> (56)

The numerals 1, 2, 3 will henceforth represent the lattice

vectors jl, j2, jj'
The equation of wmotion for G2 is then
zaQt G, (LZ3t) = SGICS S ST, S/ I>- iow<[A®,ste]> (57)
where
A® = [ STy H]syst)+ SO (57w, kIsHe) + ST s ) [ ste,n] (58)

Then using Eqs. (50) and (51) the equation of motion for the

G, functioen 1is
.2
("'a_t '“"H') Gt(llzl3jt) =-28(t) [ 6505 (S7sfy + 3z, S{S735;> (59)
~ 10310 <57 S%> - S0 ASTS5SE SIS - 8§30 (57 SISESS > ]
- 3 -
¥ 22!'5.6(1:)% (L (ST @Sk @) - sPe) s;,, ) 57w s ), ST 1)

+ 2T o(d) % (LS @ (s7 ) 523, ) - ST @ Saegp (8)) 'S;H:)J S:uﬁ])

- 2T o(t) Zg (Isrys;an ( S:ﬂ () S} (&)~ Sgeq (t]S;(-\‘:))J $f@1)

Again because of the commutation rule (6) G, is coupled
to a higher order Green function. Using Eq. (54), the above

equation becomes

(2 +qH)6 0730+ 2787 [ 6,023, D [-285ue}- Gl 2300 1-232 ] (60)
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-G (L34 4 Gy (4,2, 348,63] = - 28%) {35 S <533 + 33,0 S¢S7S5"D
- 810 82,0¢87S3) - 8, (55755 Ststy- 82445 5,8885> ]
+ 2T z_' [ G,{l,l, 1+, 14 €, 3,1) - Gy (148, 3 4 1,3,t) + G_;(l)l)z-ff’z.,.fl 7+)

C Gy( 1,744,203, E) t Gy(4, 2,3, 3,3+40,8) - G, (1,3, 348,345, 3, t) ]

where

- - 61
Gy (12,34 §¢) =001 ([ 57 (D S;0) S5t SF e Stw), ST0]> (61)

The equation of motion for G3 can be derived by the

same method used above to obtain the equations of motion for

Gq and Gz. The result is
(,;_;%__4. 4 H) Gy (42, :,4,5,-!:)1—7.'!5%- [ 623450 [1-2183 +d3 49 (62)
+83200 - Sqsn 1t~ G, 234,50 [ (- 20 834 542]F - Gy (1245 3, 4, )
n{|- 282,3}- Gy(1,3 H+E 45D+ G(L 23, 4+0,51) + G3( 1,3 3,4 S+, 4) { i -
2845t] = -25@® [ 3 SCssysisty ¢ $208¢s 5558 5¢>
+ 530 SESTSISESEY - 8 32, (5755 SYSED - 81085, (5:5; s3sb)
- 81053048753 55 SEY - 81,0057 53 SISSSESED - Sr.(STSySISISESES
-330 (SPSySTSESSSEY 4 z:r% [Gg(1,2,3 14g, 10,4 5 ¢)

= G (U, 3 451+ Gy (1,23 240,244, 5, 8) - Qg (4,241,322 4 5 t)
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G, (1,2, 3,341, 3'*1';. 4,5,1) - G4(12,3+0, 3,3, 9, SEY+ Ga (1,2, 344,441 5, £)

-G (1,2,3,440, 91,45, + G (1,23, 5,5, 9 5,1)- §(42,3, 8¢ s‘+r,1s;+)}
where
Geh2,3,4,5,6,7,8) = - 0K [ S5 S] S7ed) S31) skee) SFOShy, sf]>  (63)

It is clear that by continuing this process an infi-
nite set of coupled differential equations will be generated.
In order to determine Gi the Green function Gi+1 must be

known. This set of differential equations is restricted to

the case S=3% since Eq. {54) was used to produce the coupling.
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CHAPTER IV
THE FIRST ORDER SOLUTION

The first order results for this problem are obtained
by setting Gi=0 for i»l. Attempts have been made to improve
on this solution by expanding the G2 function in terms of the
. . . 9, 13, 14
Gq function and thus obtaining renormalized results.
However, in general this approach is not guaranteed to give re~
sults which are consistent with the set of coupled equations.

Fad

The present work is concerned with a solution of the G, eq-

2
uation with G3=0, giving a solution, G,, which will be used to
obtain a second order result for Gy

Consider first the approximation generated by Gi=0 for

i>1. The i; equation then reads
2 *G4)+255T [ 6G,0- GG t)] = -2(5D 3)
({5 taH) G GR)+235TL G G- GGrt)] = - 2455 3) djp (64)

This equation is easily solved by Fourier inversion.

Using Eqs. (13) and (30), G;(j,t) may be expressed by

. _i.s:rm —cwt daf
G Cit) = ZnN - _QG.(F',UBP- € dw (65)
Then Eq. (64) becomes
[+ H+2T3(E-¥%)] G (pw) = - 2¢s% (66)

or
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2¢s% (67)

weaH » 275 U0¥)

G,e(ﬂw) = =

In order to understand this result and the meaning of

[~

the poles of G.,, consider Eq. (47)

1’
- ~-BEn —fEm

- Cn | S md (Cm S0} ICa> (& -

G G fm &7 SolBONEnINO (e - & ) (ep)
€0 nm W+Ep-Em+ie
where G(j,w) is the analytic extension of G,. Then

-1 - _pE ~-8E
G P w) = fim z 77 (Cnfs:(o)l“:!n><cm|5p(°7fcn> (e fln _ EF ™) (69)
' €0 N am

WrE -EL,+ié
where s; is defined by {(12).

At low enough temperatures the system should be des-
cribed by the set of states {io>, |p>}. The matrix elements
are non-zero only if the states involved differ by one magnon
of momentum p. Thus using (14)

(70)

1
Gl (PI“') = - 25
w+ AH+ZTS(L;5)

which agrees in form with (67). Thus the poles of G, give
the first order single particle energies for the magnons. It
is clear then that the first order Green function theory agrees
with Bloch's spinwave theory,

The time dependent correlation functions can be written

in terms of Gl(p,uﬂby substituting (65) into Eq. (L42).
o s;:\. T 4

{S; ) §:co)>= Z—:—N lim H E?PEJ- [G P wtie)- G (P w-<€)] dw (71)

A 1~

Using Eqs. (67) and (41) the first order time dependent



correlation function is

a

+ s o ‘F? cEpt
(S; @) Sjo> = 5 )'; <n>P e e

where

Ep = aH + 275 (8.-%)

This result will be needed in later chapters.

22

(72)

(73)

(74)
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CHAPTER V
THE SECCND CRDER CALCULATIGN

The second order calculation begins with solving for

G, as given by Eq. (60} with G4=0. That is

-
(L;.'ci-/‘fH)Gz(l,Z, 3,t)+ 275 ?[ G, <,z 3 ) [1-2 s G,uss, 2}31.,:)1‘,_25"1] (75)

“ G, (L240,3,8) + 6, (2,348} ] = - 25 [ By 0 S (ST 54> + 3205 (S S3>

-~ Byo 20 (5755 |

The four-product terms in the inhomogeneous term on
the right hand side of (75) have been dropped in comparison to
the two-product terms. This can be done without destroying
the property that if 1=2 the total equation reduces to zero as
it should, since S? S;:O for the spin one-half system,

This equation is Fourier inverted te obtain a solution.
Using Eq. (13) Gz(l,z,j,t) may be represented by

| had cwt LB R 25l
G, 239 = ws 122 { Gerp g ettt il (g6

ﬁ;l‘“

Then Eq. (55) becomes

b
[weyH+2T3(L-8)]G(gw) = -2¢S + %J-; ;E G, (p, P”P-P‘-G)w)[y',_ﬂ ~&4 ] (77).

and (75) becomes
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LeworaH+2Ts(¥,- %p - + W) Ga(R,p, B ,0) = SG[ N (5.?,_,,! + (78)

Se-p)-21+ ’—‘-,,15 G (P R4R-P B, w) (¥ o - Xpr]

where
-

Sp= 1 (sisi> e (79)

The Nearest Neishbor Approximation

The solution of (78) for this approximation is obtained
in Appendix I. The inversion of this solution, given by equa-

tion (I-23), to space-time co-ordinates gives
G, (L,2,3,+) = {¢S;53> G,(2,¢) + (575))> G, U8+ Uy, 3t) (80)

If the last term in this equation is neglected (80) re-
duces to the well known Hartree~Fock approximation of the 62
function. The function U is thus a correction term to the
Hartree~Fock terms which hopefully contains the dynamical in-
teractions of the magnons,

The function Gz‘ﬁﬁﬁ,&,uJ) which is to be substituted
into the Gl equation is given by the substitution g=p-p-g in
(I-23}. The result is

@n’s 2.

G, (P, P, P-E-Ryw)= | 57 Se-p-g [8(R-P)+ 3(R-p)T + T ”“P—P.-f:“(gl)

43y
X rf—ﬂ + KP_&' if 'Jf-P.-P; ra S.‘-ﬂ-f; + (ZI‘I')’ (D°/'D)

" G(Pu) + x
‘01-E|‘-:+E£‘-E:_Pr_?‘ } (Y]

- p e ¢ _o
w4 En-fsa_ EF-P,-I', (.nH»E',,| "E’g'EP-frﬂ.
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Spp-p [3(P-2)+ §(P-R)]

y X Sp-p-po [ Yp-p' - ¥p] VSN £¢F st(en)’
. 3
[ Ep""Eﬂ?rP.-.P"E:-P,-P‘ v (w + Ep)

Substitution of (81) into (77) and solving for G, gives

(Wt Ep) G lpw) = .24y - 41‘:’:;’("‘ ) + V(ipw) (82)
where
V@u) = 4W % ([sern .‘P'_E ‘{p‘ d*ra%  (83)
wtEp+Ep ~Ep g
. (gr);v’ 3%_““‘ Se-g-a L¥e-p =81l dpp~-2] 4P d% &%

[ o o _0 . o
[wf- Ep t Epep-p’ - Ep_p,.'z][w + Ep +Ep - ERﬂ-PJ

and the renormalized magnon energy is

Ep = 4H+2T(L-Tp) + Wifw) (84)

Wpw) = gz_:j_v_‘); “SP-P-P [¥r -%p.p - ¥p-p t¥p.e-p,1{ -7, ’"JJT'P o8 (85)
21") D (i} ""*’Er"’EP-Er.P -

y P Pf
rP = (zrr)iySp‘[‘g"xp-l}f+xp_?z] 4% = ;[<S:S:>-— sy sgrl e (ol 4 (86)
b= Slh-¥p)-T = %[s—(s;stﬂ— (s7s§>] e ! (87)

The analytic continuation of Gy(p,w ) off the real axis gives

-f
[wra+ 2T G- + Re (WRW) t i 5 ]G (Puwtie)=-2¢5D 88
) (88)

s:g: r.f_rl
) $7¢ >{(R-1) _ + Vip wtie)
wHsaH+ 2T(M-B)+ Re{wW(Puw) ¢ -ﬁ-

Re (w)= P{W{p,w)), where P is the principal value function.
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thew) . @DvD. (89)
—zt— = TZ_(Z—';I?_D— “SF'P.'&[IP'x’ﬁ'&”z*xﬂﬂ'ﬁ][ﬁ_g -If; ] X 9
x $(w+ER+En-Erpp ) d% d*R
[ T =f=Ty i T
since
...._l— = P(—j_) - wa(u-u') (90)
W-wt +(E w-w’
The poles of G, are given by the equation
~f
wiaH+2T(G-p) + Re (W(pw)) + TL2 = © (91)
The low temperature solution is clearly
~1
w=- EP)FiL TR (92)
ELP)=HH+2T(-1p) + % (P (93)
i 3 _ _ 1, . -
% (p) - P21 Ds “S”_' [¥e b’r-E. Xr.:." :L%?[rm ¥.] a% %
2(2“) D v 2 EP‘ fEPz-EP' EF-’;";
- z 3
@) o BU D (9k)
2% = ranfD WSer-a Ll Eer gty 10kp g 8]
] o o ]
x$(Ep +€o -Ep-Epp ) dra’
These results are of a quite zeneral nature.15 The

poles of G have real and imaginary parts. The real part is
interpreted as being the renormalized magnon energy £(p). It

is composed of three terms.

€(pP)= E;-ZT(F.:“}')+Z'(P) (95)
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The first term is the first order energy term. The second
term is zenerated by the Hartree-Fock terms in (80}, and is
called the Hartree-Fock energy correction term. It repre~
sents a decrease in the energy of the magnon due to its move
ing independently through an average potential field, and
therefore does not represent an energy correction due to mag-
non-magnon interactions.

The last term in {95) represents the energy contribu-
tion due to magnon-magnoir interactions. This term is the
average energy salined by a magnon of momentum p as a result of
its correlations with all the other magnons in the system.

The function,T ¢, which is twice the imaginary part
of the Gy pole, is the lifetime of the single-particle excited
state with momentum p.

The analytic extension of the second order solution for

G, (p,w) is then

2¢sh L 4TGaseEre) V(Bwtce) (96)
wi Elp)T Tz [wereept Th 7? wtEpye T2

G,(P)wtce) = -

The Infinite Range Approximation

The equation for G, given by (78) was obtained from
(60) by setting G4=0 and neglecting the four-product terms.
In this approximation it is possible to incorporate these
terms without further complicating the problem. To see how

this is done consider these four-products as they appear in
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the G, equation of motion,
- 8,0 (S75,5283) - F30 {57 55 SL 5> (97)

These terms can be approximated at low temperatures by

using
(5,7 SaS% S ¥ (ST SIS SE>+{STSHISTD (98)

This approximation can be established by using the Hartree-
Fock approximation for G2, ziven by equation (80) with U=0,
and Eq. (43)., It will be indicated later that this approxi-
mation of G2 in this problem is wvalid at low temperatures.

Then (97) becomes
=30 [ ¢sysiscsysiy + (spstyesssys] (99)
- 3200 (S7 S$¢S3SEY +<STSES (555]

At these low temperatures the correlation function
(Sz 5> is given by (72). This result is especially simple

here since
Y,= 2 & = Npo-l (100)
Therefore the first order energy is
€ = mH+2TsN Li-3g0] (101)
Substitution of this into {72) gives

(Sa Semd = Z<53><n>§qa (102)
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for N larpge, and {(n) is given by

InH+2ISN)
(n> = 1/(e'“ -1) (103)

Then the terms (99) become
Sdhel (sesPysasive 4¢sH badya] (10%)
“dy0l (Sisyyesisty + 4(SY 8. S30]

The second term in the 850 term can be put equal to zero since

if 2=0 and 3=0 the four-product (sys;stsid=0 , and these terms

are absent for that reason, The same is true for 4¢gfjgoégﬂg
in the J20 term. Thus using (104} the G, equation equivalent

to (78) but with the four-product terms included is
CotsyH+ 2750 S,0- DR 043 )I G (B, R Bw) = - 2GS [N (105
36,-6 +3rp }-2] + 27 ;Z, G2 (P Bep-P B w) [ dpep ~3p]
or
[weaH+23s(i-8p,-3g 1380+ 47516, <P, R Py, w) - 4TS (106)
KGa (o, B4, P 0) = 245D S (N]3p o 4885, }-2]
Making the substitution of wvariables
P:o , £= p'+R’ (107)

in (106) and solving for GE(QQQﬂj&uﬂ, the solution of (106)

is then
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Gy (8,80 w < - — 2{sPNSE-7 Sp _a¢shnSes Sa (108)
’ w sy H zrswn-égl,,jfmys we s+ TTSNL1-90, J]¢ 435
. 2 S& _ 4735 S%
Wt aghr 27sNE1- 88,0- 38,0+ 2p ] WHyH + 2I5N[1-dp0-3p 436 ]+ 4TS
. N&es0 b D oerneme 2 I
we s+ 2358[i-dp,p ] Wy H wtaH ‘I‘ZfSU[&s,p'xﬁfﬁ,o]
In the limit
N <> 00 (109)

I— 0

NT = constant

it is clear that the first two terms on the right hand side
of (108) can be written in terms of G1 functions, The re-
placement of these Gl functions by G; follows from the same
argument that was used in the nearest neighbor approximation.
Substitution of these results into the G; equation gives,

in the limit N+eo , J+ 0, and NJ=constant

Jwssue23sn - 38611 G, (Pw) = - 2¢5% + Z(SISIONT[i- 48T G (P w) (110)
or
{w+4u+z:’u(53>[|-53,]}6,(gw) = -2¢s% {111)

since S-(s;sf>= s,
Here again the energy has been renormalized by the

Hartree~Fock terms in the G2 equation. The energy is a
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Hartree-Fock energy correction and therefore contains no inter-
action terms which, indeed, should be the case for the infinite

ranse interaction.

The Ge_Terminat;gg

From an examination of the G2 calculation it appears
that to first order (low temperatures) an expansion of Gi
in terms of G; ;1 is possible. The expansion is determined by
the inhomogeneous terms in the () term of the Gi equation.
The approximation of G3 functions in terms of G2 functions
can be carried out in this manner.

First of all the four-product terms in the G3 equation
are approximated using (98). Neglecting the Gy terms, the

six-products, and the sum over the G3 functions Eq. (62) be-

comes

(02 +nH) G (433450 -2 8D 810 S [¢s;3edds3ssd +(sisk(sisd>] (112)

+820S [ <S7SE>CSTSEd 44SSEycss s ] + 830 S [ CSTSPSISH SISO GsH]

- 8,0 55,0CSISTSESE> - 820 510(S7 55 SISED - Sr0 S50 58355580 |
Fourier inversion of this equation gives
[wtuit 255 (B,-0p - o, - Yo, 43y +¥2)] Gy Uy R, By By 0) = - 2SN {se Se, (113)
“Urednen * dng S0 1+ SuSh L800n dhur ¢ Spup Snug 3
+SpSp [+ Spor, Snep + SRep dRer ] }‘

where the last three terms in (112) have been dropped since
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they do not give rise to G1 functions, Solving for G3 gives

G3( P'” Fz' F’I qu.f,w) ¥ . 2SN Sy Sfl[xﬂ+&$ﬂ+P;+ 51’.+P¢ 8?;1-?5 1 (1114)
w+sH+r2Ts [4-Kp, ]

~2SNSESh[dnsea Rt + Spup Snrrel _ 25NSpSpl dpen, Speps +5men Sntes ]
wtH+2T8[X,-¥p, ] weqH +23s(¥;- e ]
¥ NSe Sh Udner, Snen, + Srerg Srep] 6P w) (115)

+ NSP'SP! 1 SP‘H} 3%*-% + 5?,1-?, JP'fP‘] G,O(ﬁ,w)

+ NSP' SP‘; [Sp'.+f4 SP'+P$. + BP‘*&SP:‘,P‘-] Glo(P,’w)

The G1 functions now are replaced by G1 functions and

(115) is Fourier inverted to space-time co-ordinates giving
G5(1,2,3,4,5 )% G (z,t) [ ¢S7si>(szsEd +(35SE>¢5sEN] (116)
+G (L [ (STSINCSISEY + (55 583<S 158> ]

e G ) [ {57 S (s +4sisEd(s7sEY]

or using the Hartree-~Fock expansion of G2 in terms of Gl

@, (123454) Y (S7SE> G, (2358 + (57> G, T 5 E) (117)

B B BV

+ {5334 6, (L2,85 1)

Substitution of (117) into (60), Fourier inverting to
momentum space, and regrouping the terms gives a renormalized

coefficient for Gz. The coefficient now reads
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fw+TaH+2T 0B ] + [4H+2TLG-T1]- [yne 25(6-)]} 6, (P, A, F,0)  (118)

Therefore the replacement of E;tan} in the G, equation
(I-17) seems to be consistent with the effect that the Gs
functions have on this enquation. 7The proof is not complete,
however, since the energies in (118) and Ep differ by the func~
tion Ww). This was the magnon-magnon interaction term and
it was generated by a detailed solution of the G, equation.
Such a term would enter the renormalized G, coefficient if a

more detailed representation of G3 were made in this equation.
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CHAPTER VI
THE CORRELATICN FUNCTIONS AND MAGNETIZATION

The Nearest Neigshbor Approximation

The correlation function (§,wS5iay can be calculated
from the knowledge of the Fourier transform of the G1 func-
tion. Substitution of equation (63) into (42) gives (in the
limit N-»% )

(PR -lwt

- . ' o e . .
(sawsio = m el { P fde S —laGueio- Gepumia] (119
Y 1- @

Using equation (96)

3 3
G (Rwrie)- G(pw-ie) = . — 262 24y (120}
w+ Ey wt Ep
4T<s, SEO(R- ) . _43SS YR -TF)
[ w4 EP*]Z (w+ 51"
Jut Ye.r -2,
+ 4 U 4 dgﬂ JJFZ

43 gs oep _
(ztr)‘S PR ‘lwrepeeg-erppric][we £ ]

430" Bp-p - ¥ 4’
- S _pP-B ) - = R d*
(an® “ PR T s Ept Ep- Fppp-ie]lw+E; ] dRER

t
where the notation & has been used to represent
E;,r'= syt Twdz (121)

In order to evaluate (119),&1 is extended to a complex
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variable, The contour chosen for t>0 is one which is closed

in the lower half complex w plane.

t>0

. 1 T/

If <o, the contour is closed in the upper half plane.
In either case the contribution to the intesral from the semi-
circles is zero. Therefore substitution of (120) into (119)

zives

2¢s? ip-m £t
U % ‘ d'JP

(S () Sk = Q—),—j( e e e (122)

+ %;_FU! <n;p (=) epewe.-.?-s:c_ ‘;:‘:Ihhlc:iw)t d’p
xoall S et P G
e = 1/CePEP (123)
g = 1/( p[ng}:-;;_q_,,]_,) (124)

The second term in the definition of V, equation (83),
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has been dropped since it will give rise to higher order terms
than those contributed by the first term.

The first term on the right hand side of (122} is just
the second order correction teo the similar term in the first
order result (Bq. (72)). The second term represents a correct-
ion term due to the introduction of the Gl functions into the
Gz enquation. This term can be simplified by waking the replace-~
ment

P T‘? .l (125)
wp

Then the second term in (122) reads

PR -fw (E@t
436 ([ (mp+int]in-fle " € LB 4% (126)

@

The last term in (122) is generated by the term &,410x
¥(5;53> 1in the G2 equation, which guarantees the exact solution
of this equation to be zero if 1«2, as it should be. This term
is a sum of two terms, the first involving {(n», , the other
(n>ep, P, . Making the substitution g=g+p-# , expanding the
integrand for small £ and p, and using Eq. (79) in the first

of these terms gives,

* ‘- -3 ‘-Fﬁ; -.S;It:l CEPIt 3 3 )
- é,‘,’;c ¢sase> §famg ;_H-XPE e e e d’e dp (127)
Now
U S IF‘P. -Jﬂ dJF = fo-XP q (128)
(zm)y? %% [ Ko__ °
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is defined in terms of the Watson integrals.

where a,
Y, ¥e 3 s [ £ 3 (129)
Qo= by \——— dp = S| ———d" -
® (l'ﬂ')’ S Ko - xft d P' (21‘)3 xo - Jﬂ ! ’
Then (127) becomes
-t
=gt cPm T (Bt
- —ZVQ?:"SJ&MP [v-%]1e €7 e d’p (130)
The second term in the last term in (122) reads
s0 (1 [ 8.5 -827 P CLERHER-ERRRTE 5 1 g3e (131)
Y Sep. — {n> O TV TR A
(zuy? See-e Sp-8p-Vpelppp R ‘
In or=-

This term, as it stands, diverges in the limit H—0.

der to get around this divergence <{(Meppr 1is approximated by

a7 E° - Ea Enﬂ - - - -
(ppp e &F TR S5 Bz ynS, (o5 P TR (H40) (132)

and Spgg is approximated by

g FErr-h (H&O) (133)

~

SP‘R’P,_ & <n>P_P‘_P‘ =
Using {132) and (133}, and expanding the remainder of the inte-

grand in (131) for small p; and p,, (131) becomes

2 r.Fl'_ﬂ' C[EE*E;."'E;-G-PIItdgﬁ d"PI. d?.p (13“’)

2
U -
It is clear that this is the only term in the equation

for the time-dependent correlation function which does not

contain a damping factor, e-ﬂt{. This kind of a factor would
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come from an inclusion of the G3 functions into the theory.

Using (126}, (130), and (134) Eq. (122) becomes

et

- (FXY Tl ieprt
Sz St = G‘—’;ﬂs[i-zﬂ;sp]S(n)P et e T PR 3 (135)
IB<ssh 73 - m CEpE
RElb A gﬂ, ”g[mv,,f(n);] et inple LN d?p
‘F‘. '[EE-;E"..E;_ +
(zt)?‘ Tenn ™7 e ROCRERIE 3 4% A
-
2U(5;5820 -Gt (EPt (PR
el KU A5 IR L

where ¢s*> has been replaced by S§-(¢s3$5>

The time-independent correlation function is then

Z2iven by

XSz Sftoyy = (SpUBST)> = [i- z<s.s;>]m,;§ >, e"ﬁ‘ d3p (136)

4TB<s, SO Y- 3
+ @n)y I[ <n)[,+(n>1p] lr-%Rle P 3

z
-’
o -+ \-
m L

Putting !=0 and solving for (s;si>» , the leading terms are

(saosiy= 2¢H 1@l Hep e @] r 2 (LE) [ 1+ Bl g (o] (137)
(139)

futov+ i [ o d
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?ICB) = (_2-%3 _r (n)P [dg—' xp] dgp (1140)

‘Zz(9)=§g,—e [ Lempe <o I065 1T 0% (141)

Substitution of (137) into (135) gives the second order result
for the time-dependent correlation function in terms of inte-
grals over the boson distribution functions <, and (nﬂ,.

The magnetization per spin, M, is defined by

3
M = 5_5_5_3 = I~ 245;s (s=2) (142)

Substituting (137) into (142) and solving for M, the leading

terms are

M= i1-270 i+ 22 ye)+ 7007 - 4[ (g™ ('] (143)
40,
+ -’-—E- 7.8 [ (7,(e)*- (7o) ]

In order to evaluate M the renormalized energies E(P)
must be known. These enerries are functions of the Sp func-

tions, given by Eq. (79). Using Eqs. (79} and (136),
3 e 12 2o
Sp = 2(Sr<nY, + 2 (7.@) + 52 .o <ny, [¥,-%e] (144)

+ higher order terms

Then

€P) = Ep - z;r%%"y (sptarprdh + Tem (145)

2 E; - 4.3'(3‘).3‘!;3"_ AOE 41’[3’.‘5?](?.?3))2'# TP (146)
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Substitution of %@ given by (II-15) into (146) gives

o 3.
€= B 4T By o BIGSMD g igp% L OCY)  (107)

Usins (147) the eta functions become, to order o*

77e) - c(r)(m,) L 3L (DR e m () (508 JE e

I
2,03 = §( 1)(5%'—?'%@) F121%) (zn ,) + w2 (3) ( 7337.25)1 (149)

5 2
7,000 = L S(E) (22 Sy, mwilit g (D) () (150)
" z, 3 S
7.(0) = 45,1V ) (zazy) ©F (151)
where
~t {s ) 3

and the constants w;g&Xandnfare given in Appendix III,

4
Using (150) and (152), p(#) becomes, to order ©

s- l
7,(0) = 4(=J(zntv "‘1-"”;(7)(2“!1} *‘T"*"’;(l)(uxn (153)
4
+ 3”1);( );( )f’* 23;1’0/3](2"‘;

Substitution of the eta functions into (143) gives

‘l.

S
Mz | - 2-4( 1.) (z]rx.u) -_3._ Tl’;( ) ('U'I'l'l’ - (151‘”

W2 T W, *’f( )(ztrxv 4”‘}Q¢(T)§(T)(1ﬂa*‘)

where

Q= I+24D,/D+20,/3 (155)
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For the simple cubic lattice (See Appendix III)

Q,= .Siez (156)
A, = . 140
DofD = 12O
and therefore
@ = [ 6BO (15?)

which is the exact result obtained by Dyson. For the other
cubic lattices the agreement should also be exact since this
was found to be the case for the simple cubic lattice. The
values given by Dyson for Q can therefore be used to calcu=-

late the middle term in (155). That is

2A:D.1D = Q@-1-20s/3 = Cy (158)
where
(159)
A S.C.
R4 1.35 f.cc.
.45  b.c. C

are Dyson's values for @§. The values of {, are important be-
cause they appear in the proportionality constant in the ma-snon-
magnon interaction energy.

The anomalous T3 term which is present in the first or-
der theory has been canceled out in the second order result,

The cancellation can be seen in the third term of Eq. {(143).

[ (e -(een] 2 4[ () (zﬂo,,) + 35 d) I(f)(“, .)) +-](160}
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z 3e 3 4
-4l (P (zFsw) + 2aos(HSH G -]
It is also noted that the 'I‘}4 terms contributed by these terms

exactly cancel.

The Infinite Range Approximation

The solution of the G, equation in the limit N+o  J-o0,

1
such that NJ=constant, in the second order theory is very sim-
ple.

¥
2{s"> (161)
G(P = -
i) weapH» 2TNCSH [i-dpa]

The time-dependent correlation function is obtained by

substituting (161) into (42) giving

(S; (O SHa> = 2<sPny Spo @ HHTEIE 5 H=0 (162)
, (163)

<n> = ezpsush_ l
£« NT (164)

The magnetization defined by
¢sh
M= %55 = 1. 2¢s7sd> (165)
is obtained from the time-independent correlation function

(s3%1>. Usineg (162)

¢SSty = 2(53')<n> (166)

Then
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3

€2 .. 2 ¢sHhom {(167)

Solving (167) for M gives
M= [/(1+ 24n>) (168)

Ny = l/(epi'H_l) (169)

Substitution of (169) into (168) and solving for M gives
= Infdxt (170)
ME.B ([_M )

which 1s the exact result given by Kittel and Shore.

It is not too suprising that this is the case since
the second order result for G, given by (161) can be obtained
by a simple Hartree-Fock termination of the G2 functions in

the G4 equation., That is

G (43,31) = (553> 6,(z4) + (5i55> G (4D (171)

Substitution of this into the Gl equation, using the result
($,Sy«0 for n*o, and Fourier inversion of the result gives
exactly the G; function (161). Since this is an infinite range
interaction problem the Hartree-Fock should give very good re-
sults and, indeed, it gives the exact result,
If no attempt had been made to write the G2 results in
terms of the d;, and hence the G; functions, the result (170)
would not have been obtained. In this case substitution of

(108) into (77) and taking the presecribed limits gives
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c S35 172
(Wt EDG (Fw) = ~ 2¢s*> - 2¢sH> £S:85> . py-po (172)

w+ €, 2

Substitution of this result into (42) gives

(5355 = 2H(nT 4 2 EoplsH sty (e TP (173)

wy = 1/ ) (174)

£
Solving {174) for e and substituting this result into

(173} egives

(sust> = 245 (nd> + 2(s34BE, [t Len 1] (175)
oT
, [
$585% = 257> (n) (176)
1= 2B€,[<n¥+ (¢n¥)?]
Then M is obtained by the substitution of (176} into
(165).
a
M= 1~ 2 (177)
1- 28¢, [¢n¥Y + ten*]
or
2¢ny” (178)
M= | I +
/( - 2@E, LA™+ (¢n™)'] )

which is not the same result as that given by (170)}. However,

this result does agree with {170) in the limit of very low

temperatures. As the temperature increases (178) will differ

drastically from the exact solution (170)., See Figure 4,
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CHAFTER VII

GENERAL RESULTS

Renormalized Magnon Energies

The second order calculation has produced a renormal=-

ization of the first order magnon energy
Ep= yH+ 2Ts[ % ¥p] (179)

in terms of temperature-~dependent corrections. The second

order energy expression at low temperatures is given by

ECpY= HH+2TS[88p] - 2T LR ] (180)

23 Doyt Cde-Yp.p -¥p.p, #¥p-p-RI(Er.r -¥6] 3 .3
+ ) .
P ( Daw® HS”'P‘ §p-tp-¥p +Tpr-p, 4% Pt)

The third term in this expression represents a net de-
crease in the energy of the marnons as they move through an
average potential field, while the last term represents a net
decrease in the energy due to the interaction of a magnon with
all of the other magnons. At low temperatures and momenta

(180) reduces to Eq. (147). The leading temperature terms are

£(p) = Ep - 23[¥,-¥pl 7, 0)/¥, - 4TA.D. P’y (8)/DX, (181)

If the higher order momentum terms in X(f) are neglected
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182
7,() = '?,H'F&B) ( )
where
H.F
chF
ZH'F'ce) =,/(ea g _1) (183)
e T = Ep- 2T[R-F] (184)

which is the Hartree-Fock energy. Substitution of Je) into

(181) gives

St
B = qH+ T{1-20@- Fad w5 ()72, oedlp®  (185)

The constant @ is given by En. (155).

Q= I+ 2R.D./D + %4, (186)

or

Q._%aoz |+ 2ReD, /D (187)

The factor 2R:D./D represents the contribution to the
energy due to magnon-masnon interactions. The number one in

L7
(187) represents the Hartree-Fock energy contribution. The 8"

term in (185) gives a ot

contribution to the magnetization

3
while the term of order & gives a eﬂ'contribution. Thus the
lowest temperature contribution produced by dynamical inter-

actions is 64, which agrees with Dyson's results.

This renormalization of the energy can be thought of as
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producing an effective temperature-dependent exchange con-

stant for small momenta. In this range
2
Ey= 4 H+ Jegs P (188)

Using Eq. (184}

Tt | |- g er[ 1+ 28D /DT /e OLOY (189)

- 27 ey [ Q- 30.]/8, + O(&”)

N

The ratio Jy¢/r can be measured by inelastic neutron diffrac-
tion.15 Fizure 1 shows a plot of Eq. (189) for a face-~centered-
cubic lattice. A value of 6.4 was used in the plot against
e/e, . This value for the normalized Curie point, &, , will

be discussed later on in this chapter. Figure 1 also shows

the results from experiments on nickel, which is a face-center-
ed-cubic ferromagnetic solid with S close to one-halfl, which

16

were reported by lowde,

Lifetimes
The imaginary part of the renormalized energy given by
{o94) is interpreted as the lifetime of a single particle state.
To see this consider the correlation function {(SSoS ). Substi-
tution of the second order Gl solution, (96}, into (40), using

Eq. {28), and retaining the lowest temperature term gives

- ! (PR et .z
(S:(D)Sn(tbe- N ; e Pl"let- P)te ¥ el (190)
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. . t . .
The Fourier inversion of the Sj operators is given by
* i 5 i,:.?
Scwlse (191)

when S; is the creation operator for a magnon, given by (12},
and S; is the destruction operator for a magnon. Usinz (190)

and (191) it is easily shown that

Z’ (s;,cnsl;tt) = e- e I[. ¢} (192)
It is assumed now that the set of states used to cal-
culate (190) can be replaced by a set of orthogonal single
particle magnon states. In other words it is assumed that
the low temperature behavior of this system can be entirely
explained by using a set of one~particle "wave functions",
jpT> which are temperature dependent and which describe the
state of a magnon with a renormalized temperature dependent

energy, &£(f) , and momentum p. Then

(S}(e)s;’(ﬂ) = i; <P;'Tl$;r (o)S;[e)[P": ) (193)

Pl
Since the states Ip,7» are assumed to be orthogonal
Then (192} betomes
t—l’
- JEPIE - €
(RTISEOIS(DIRT> = e e 1% (195)

or



49

=
T !
[{RTISh()So (03 BTS> = o o (196)

Equation (196) then gives the probability that one could add

a magnon with momentum p to the system at time t=-=t remove

0!
a magnon with momentum p at t=0, and come back to the original
state, Fowever, if the magnon that was added to the system at
t=—t0 interacts with another magnon before t=0 then it is im~
possible for the system to return to the orisinal state simply
by destruction of a magnon with momentum p. 7Therefore it
should be expected that the probability (196) should decrease

! is a measure of the "interaction

as It] increases. Hence <
rate' and is called the lifetime for these single particle
states,

The lifetime t ¥ is given by Eq. (94). The low tempera-
ture expansion of {94) is obtained by using (144) for Sp.

After one integration the leading term is

I ]

gy~ JU P.D (197}
(p) = )
i “@uftD SJ I<"> (PRl e S&dp

-/

where @ is the angle between P and B°. The leading term of

(197) is then

i
ios () LI £05)p%7  poce™  (198)

32 néD
s _f ¥ TDo 2 3 Yz
T = (35) S [wpe pa>> o (199)

where a is the lattice constant,
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Equation (198) differs by the factor B /D from the life-
17
time calculated by Pincus, Sparks, and LeCraw which was ob-
7
tained using Dyson's mean free path, after Eq. (111) of Ref-

erence (7) has been corrected by replacing £(§)by ¥ 5(§).

The Magnetization

The magnetization formula (154) for the nearest neigh=
bor approximation is in exact agreement with Dyson's results
up to order Eﬁ.in the temperature. The anomalous T3 term is
missing in this second order expression due to its cancellation
by terms generated by the 5.‘.5,,.,(&;5:') term in the G, equation.
Thus G, being zero if 1=2 is a necessary condition for the re-
moval of this anomalous T term.

In order to make an extension of these results to higher

temperatures consider the leading terms in Eq. (144),

M= - 25,8) [1+ 20.72()/8, + 9, (6)] (200)

The function B, (e) was introduced into the theory as a result
of' the introduction of the G; function into the solution of
the G, equation. Eq. (200) gives the correct low temperature
expansion of the magnetization up to order B‘ .

Suppose {200) is extended to higher temperatures. The
interaction energy is known only to order p2 in the momentum
and therefore higher momentum contributions are neglected,

The temperature dependence of the p2 term is Known exactly to

LY .
order €, Higher order temperature corrections can be neg-
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lected here since their numerical contributions to (200) are

small., 7Then in this approximation %, reduces to

3
(6). n"F [a-i- ¥0.] % {(201)
A gty 1+ . 3%”“)]
where
KE
de)y= 2960/ ¥s (202)
KE
?I &= (2%)3 j ('D:F[x.-xp]dap (203)
H.F
7y (B) = (ﬁ)z [ <n>:ﬁdgp (204)
HF | (205)
{nd; =
n P F—:‘——'
EFH.r-.‘= T[4-¥p101- F] ; H=o (206)

The energy Ep is the Hartree-Fock energy. Only the first term
in the definition of #», has been retained since the other
term can be neglected for temperatures up to the Curie point.

Then the magnetization formula becomes

z 3 e k) ¥
M= -2 1+ Ela'_'[—;a:g .f;f:i, ]i(l +a, 3o+ ¥ E0/0) (207)
_[a-%o,

Eq. (207) is plotted in Figure 2 for a simple cubic

lattice., The Curie point is found to be
e = 1.9 (208)

This value is about four per cent off the theoretical value
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of &, =2,0 given by Domb and Syke518 from a high temperature
series,

Figure 3 represents a plot of Eq. (207) for a face-
centered-cubic lattice and for the experimental points for

Nickel. The Curie point given by this theory is found to he
6.= 4 00 (2:]3}

This represents exact agreement with the value 6,=4.0 given
by Domb and Sykes. The relatively poor agreement at tempera-
tures up to about eighty per cent of the Curie point may be
due to the existence of conduction electrons in Nickel and to
the existence of an internal crystalline f‘ield.1 » 20 How-
ever, at temperatures above this range this approximation
gives agreement with the Nickel data, indicating that the
Heisenberg model may give an adequate mathematical represent-
ation of Nickel in this temperature range.

The magnetization formulas (170) and (178) are plotted
in Figure 4. Eq. (170) is exact and was obtained by express=-
ing terms in the Gz equation in terms of Gl functions and
thus forcing a renormalization of the coefficient of G1 in
the Gl equation, Eq. (178) was derived in the same manne1 as

(170) but no attempt was made to express G, in terms of G,

functions.



RENORMALIZATION FACTOR, Jors/J

53

s
B FCC, S =%
| @ LOWDE NICKEL DATA

o ] L | ] ] L | ] ] 3
0 8 1.0

RELAT IVE TEMPERATURE, (T/Tc)%

Figure 1, The Renormalization Pactor for a Face-
Centered-Cubic Lattice,



RELATIVE MAGNET IZAT ION

0 l ] l ] ] ! L i

0 .8

RELAT IVE TEMPERATURE T/Tc

Figure 2, Theoretical Magnetization Curve for a
Simple Cubic Lattice,
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Flgure 3, The Magnetization Curve for Nickel
Compared with the Theoretical Curve,
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Figure 4, The Magnetization for a Uniformly
Interacting Spin System,



CHAPTER VIII
CONCLUSIONS

This work shows that it is possible to solve the second
order Green function equations defined for the Heisenberg
Hamiltonian within an energy renormalization framework, pro=-
viding in the case of the nearest neighbor approximation ex-
pressions for the magnon-magnon interaction energy and life-
times for single particle excited states. These expressions
are generated by the G, equation and are not introduced into
the theory from external arguments.

This theory also shows that when interactions are not
neglected an expansion of the G2 function in terms of G1 funce=
tions is in general impossible for double~time Green functions.
However, an energy renormalization can be effected by a proper
treatment of the terms in the G2 equation which gives rise to
these interaction terms.

Because of the agreement of the results obtained in
this work with Dyson's results, it is concluded that the Green
function theory is providing a well ordered scheme for calcula-

tion of the physical properties for the Heisenberg ferromagnet.
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APPENDIX I

CALCULATICN OF G2 FOR NEAREST NEIGHBOR APPROXIMATION

Equation (75) is solved by letting N-»oo , In this

limit p becomes a continuous variable and

U
:&E‘"(Tnﬁs d’p (1-1)

where the integration is taken over the first Brillouin zone,.

The symbol v denotes the number of particles per unit volume.

In terms of the lattice constant "a'" for cubic structures

03 s.C. (1~-2)
U= 03/'1: 03/2 b.c.c.
03/4 £ec.

r

In this 1imit (75) converts to a Fredholm Integral equatiocn,

Using {I-1) and making the substitution
g‘*“"-‘f H+2TS[5.-fq—¥pt+X§]}Gz(ﬁ P, Py w) = F(F.’,f;,f’,,w) (1-3)
4 '/
equation (75) becomes

(&p-p - Yp’] g% (I-4)
WM+ :r[x,-xpf-xm,z-,,wx,s]

FORE, P w) - %‘)—’, [ F (P'P43-P)fy w)

3
=__.__25(’:_) Sh [S¢Rer) + 3(R+e)] + 23g
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where 8 is the Dirac delta function.

Let
2TV X-f
g (x) = '(;1;');[ € -1] (I-5)
e
) e *? (1-6)
(x) = I-
s wrah+ T8, & - ¥ee-x +¥p,

Then (I-4) becomes

' 3 .
FOX, ReReX, oy, w) = §FOUReRx) ) ) T 700 fe ) X (1-7)

3
- S =
- 2SO S 5 (xepy)+ SCrRenN] + 255 2 TOO
This is a Fredholwm Integral equation of the second kind.

The solution is obtained by a direct application of the

Fredholm theory. Let
Coe = f“rfx) Be (x) 4’ (r-8)
fo = [ rwppm o (1-9)
Then the solution of (I-4) is
FgPep®, Byw) = T0) + T X 500 (I-10)
where the Xy are solutions of the matrix equation
(I-11)

[I-¢)X = f

where I is the unit matrix.

Assuming P, *P5,P and p3 small
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v XEN g7 (I-12)
CoprzCop 2 — -
¢g/= Cprp & &m’j Y, - &x o’

For a simple cubic structure C is a 6 x 6 matrix. The solu-

tion of {I-11) can be written in the form
Xe= = T DL 1 (1-13)
t= D & Vet =13

where the ¥ are given by (I-9) and D is the determinant of

¢
the matrix [I~C]. The D are minors of the matrix [I-¢] which
arise naturally in the solution of (I-11) by Cramer's method,

Then
¢
Fx, PtB-X P, w) = T+ -]‘5 ‘}E- wf“)D,“F?’ (I-14)
g

H
The determinants 1% have the special property of being enual.

Let Ig=1%. Then

Fxgeros Buwd= I+ T 3 %@k +5 e, 0Dy fy: (I-15)
pee’

The double sum in (I-15) will be neglected since it ap-
pears to be a higher order term than the single sum term al-
though a proof of this is lacking.

The functions ¥¢ are given by (I-9).

(BF -ilPrARIT

v e + e (1-16)
L - - 4755, £
S(Zﬂ)’ t PJ WtaH+ 'LTS[";‘KP'"".P!]

s

-+ L_(TU');P'I e dSP'

an Wi +1I§[I,-8,,l-)’z+pz.P'+KG]

Using equations (I-16), (I-15), (I=-5), and (I-3)
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3 2 .
G‘l(Plar"n”i w)= ~ 2521 Sp S(ﬁ*Fij _ 25(2m) 57 S(RtA) (I-17)
’ vlw+ 6] v wtep]
1
- 43s5g Do _ deepy t¥Ren - Srinaty 35 + 25p
[-] - - F -3 L J [ ]
[‘uf Ee‘fEPz"Epsj[w-}- EP.-PG‘PP;—] W-ffr. +EHI.-EP3
43‘5&])..;.r5 -+ pup g
-] - L-1
D@m [m+Ee,+EE+q_ﬂa_EG][Q_,,-Ee-rE:‘-EG] /
where E; is the first order magnon energy
Ep = «H+ 235 [¥,-¥r] (I-18;

Replacing S by(§%+<25{>, and using equation (67) the

first three terms on the right hand side of (I-17) can be wiit-

ten in terms of Gl functions. In order to obtain renormalized

-]

1
by the G; functions which are solutions of (77).

energies for the magnons these G, functions must be replaced

Suppose for the moment that this replacement is made.
Then the coefficient of the Gy would be renormalized by the
G1 terms in the Go solution, giving a temperature-dependent

renormalized energy, E_.. There is however, a more fundamental

p
problem here. The G(gw) function has poles which correspond
to energies of single particle states. The Gyp, By function
has poles which correspond to two particle states. The
Kronecker delta functions in (I-17) reduce the poles of the

G2 funcetion to ones which correspond to single particle states

as long as magnon-magnon interactions are absent. This second

order calculation contains the interactions and therefore sowe
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ad justment must be made if G2 functions are to be expressed
by G; functions.
Let E(ARY be the interaction enerry between particles
of momentum P and Py respectively. Then the total interaction
energy of a particle with momentum p; due to all of the other

particles is

E= T <mp ECRR) (I~19)

R

where (Mg is the number of particles with momentum P,. If

the particles are indistinguishable then certainly
E(P,R) = E(R, R} {(I-20}

and the total interaction enerzy between pairs of particles

with one of these particles having a momentum Py is

E= 2] < ECRAD (1-21)
Pef

The interaction energy which occurs in the poles of Gl is
given by {I-19) while the interaction energy which occurs in
the poles of G, is given by (I-21). Therefore it is clear
that Gl functions cannot be substituted on the right hand
side of Eq. (I-17). However, if a function G; is defined to
be equal to G; except that it contains (I-21) instead of

I
»

(I=19) then {(77) will give a self consistent solution for G1
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After the G; function has been found the replacement of (I-71}

by (I=-19) in the solution would give G, .
A procedure which will give the same results is to find
the term in the G, equation which will give rise to this inter~
action term in the Gl solution and divide it by two. This is
the approach that will be used here,.
It is shown in Chapter V that the term in (I-17) which

gives rise to the interaction energy is the third term in E.a,

(I-17). Thus this term is divided by two and

¥ - —
2S___ . -2 Lds >+(§.5:}] > EPw) - 2(55 55> (I1~22)

where Ep is the renormalized single particle energy and Gr1 is
the solution of Eq. (77). Then Eq. (I-17) becomes
3
Gy (R, Py w) = CISE[ 5(ReR) G, (Pyew) + 3 (AR+P) G, LRw)] (L-273)

Do ¥ren t¥arr -¥r ¥nenen

+ 11555

we+ & +Ep, - Ep GlReheh,w)

4754 DU ¥-p° -Xp
+ J.D [ ] [ E° o o L]
@am W+ E,.,f-E,i- PJII“’*EP'*E{f%-P"EPﬂ

4%’

+

25¢, _ z<s;s:>cur]35 (a8 ;(pﬂp,)]
w+qu+:[x,-rﬁ-x%+35] v IL weép w+Ep
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APPENDIX IX

THE MAGNON-MAGNON INTERACTION ENERGY

The interaction energy %(P 1is in general a very com-

plicated function of the temperature.

(P = _23v*D, (¥p -Yp-p -4r.p, +¥p-2-R 1 (¥p-£ -¥Pa1 ;3 .2 (1T~1)
E' ) (2”"3 .[I F— ' 1 XP"YP"KP* +x’-ﬂ-Pz Jnd ﬁ

The function Sppp is given by (14k), After making

the change of wvariables

Pon ep-F (I1-2)

—

= -y.-i- “-i (;-l-.P.)
Eq. (IXI-1) becomes, after some simplification

Tipve - P(3BIRY (13 oy o (poton* [0 (11-3)

@ 7TY sin Pfs:nFI Sm_x’{smx%cu}?i’cos)’r dang)’J
¢ ¢ ¥,- fo*(X{-P) 'xv—ﬁ(m-f) +¥x

In order to obtain the low temperature and momenta ap-
proximation of this integral the integrand is expanded in

powers of ¥ and B. The leading term of the expansion gives

S(p)= - z:r(s

u|a

; L (ETUFTE) e Bry” (IX-4)



rd 7;'(9)]‘ %‘ ;%fﬁ--f)(ﬁ F’)q% T'Fl::f'
o 0 Y cas?-?cas ;’.? d‘,f
L7 (zﬂ):\[ Kg""y

Bor’ = zamy [ oo, FPVEFD o

%V"é%;[&wi;?Smézrdﬁ
Bop = |

These results are easy to evaluate for a simple

lattice. In this case

- =y

F?,f/: ﬁf"r, = D IF f;‘: ?’f

Since «ogp , Bgp , and p;,, are independent of §
Are= %
Ber = f5,
Then (II-4) becomes
Lipr= - 8TsH e, 226, P+ O(OY

Now at low temperatures

r ~
Pﬂ = m’;ﬁ“l (l"l)x()-(,-F)Idsx: 'Z'(e)/xo

where ¥(® is given by (140). Then

Tp)=- 8T(HD, A1) P/8.D + 0C6%)

(IT-5)

(1T-6)

(1T-7)

(IT-8)

cubic

(I11-9)

(I1-10)

(IT~11)

{(Ix-12)

(IT-13)



It is easy to show that for a face-centered-cubic and

body~centered-cubic lattices X can be written in the form
TP == A8 p* + O(e?) (IX-14)

However, the constant A is much harder teo obtain, Thus for
the cubic lattices the interaction energy % can be written

in the form

T (py=- 8T¢sHD, A, P 9e0)/5,D + OLE) (11-15)

where A= 9, for the simple cubic lattice.



APPENDIX III
NUMERICAL RESULTS

The integrals which must be evaluated in order to get
numerical answers are in general too complicated to obtain in
closed form for arbitrary temperatures. The procedure for

evaluating these integrals involves the replacement
v D i (IIr-1)
@l P N1

{See I-1). Of course the limit to an infinite lattice must
be taken in order for (IXI-1) to be valid. However, the inte-
grals In-d¥ can be approximated by taking N large and sum-
ming over the appropriate p vectors, the larger N the better
the approximation.

For a simple cubic lattice the set of p vectors glven
in Chapter I is summed over for a given N, For the face-
centered=cubic lattice additional p vectors must be added to
the simple cubic set since there are now more lattice points
for the same volume of the sample. This can be accomplished
in two ways.

Suppose the set of p vectors chosen for the simple

cubic lattice is given by

)
p, = 2mn, /n'? {(111-2)
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osn <n” (III-3)

b3
ol Ny dN

V4
a-ﬁ"’(N I

In order to make{E} a complete set of vectors for the face-

centered-cubic lattice the additional points

Nicn can® (ITI~4)

)
oé¢ny < n"?

Y.
o¢ N3 <N ?

or any cyclic permutation of the variables x, y, and z, must
be added to those listed in (ITI-3}.

Another way of accomplishing the same thing is that
instead of adding more vectors p to the set (ITI~3) additional

16

sets of energies are assigned to the basic set of vectors.

For a simple cubic lattice with one lattice point per unit

cell
5,-8 = 6- 2¢osk -2CosP, -2¢Cosh, (ITI-5)

and for a face~centered~cubic lattice with four lattice points

per unit cell

fo-Bo= 12 F 4costRr)cos B2y T 4cos(P/2) cos(fra)d (I11-6)
-+

L

4 cos (Py/a) cos(Pxiz)
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where in both cases the p vectors are given by (III-3). In
the case of the face~centered-cubic lattice each of the sets
of signs in (I1I-6) is summed over.

All of the sums were calculated using a Burrough's
B-5500 computer using a method for summation over the p vec-
tors outlined in Reference (10). It is faster from the stand-
point of computer time to use (III-5} and (III-6) for the
function ¥;-¥p than to add additional p vectors to the set
(III-3), and therefore this procedure was used in writing the

Algol program for the computer.

The Dao/D Ratio

The numerical value of D, /D is important since it ap-
pears as a factor in the magnon-magnon interaction energy,
ey , the lifetime,tﬂuo , and in the constant @ which deter-
mines the coefficient of the Gﬁ term in the magnetization.
These determinants are relatively simple for the simple

cubic lattice.

a b b ¢ b b (ITI-7)
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a b b t b (ITI-8)

L ¢ b b
where
~ U I—-COSF-? 3 -
Q=1 (zm’.[T a’r (III-9)
¥ U [ cosB-(§-8)-cosP-§ -
2 iy os P :ﬁ;' S’J;F (I1I-10)

we

c

Ca 2P-f- cosP¥

@y ¥.-%p

The constants a, b, and ¢ are independent of nearest neighbor
distances ? . The computer results for the simple cubic lat-~

tice are

Q= o 833 (II1-12)
b = 0.030%
¢= O. o354

Substitution of these values into (III-7) and (III-8) gives

D= (.798J3(-650) (111-13)

D, - (.798)(.c25)

Thus, for a simple cubic lattice
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Do/D = 1.20 (ITI-1%)

It is estimated that this fifsure is correct to within an accu-

racy of about four per cent.

The Value of Ao for the Simple Cubic lLattice

The constant A, defined by Eq. (II-15) is

2,2
A X cos*(F-¥)

z (IIT~15)

The computer calculation gives

A,= ©O. 140 (I1Y~16)
Values of Constants Used in the Text
(I1I-17)
! s.cC 7
J = 2% fec
_r
axi ° bec
33 s.C {I11-18)
2
uf': 15 fecc
6
28
Eéé b.c.C
L6B  s.C (I1I-19)
Q = 1,38 fcc
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The Watson integsrals are

. S164 s.C. (IXI-20)

U ¥
A= oyl oo dh e 12T e

). 3932 b.c.C.

The Riemann-zeta functions have the wvalues

§(3)= 2.412 (T1I~21)

§(5)= 1.34] (IIT-22)

£ (3)= 1127

(I1I-23)
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