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C H A P T E R I 

I N T R O D U C T I O N 

T h e H e i s e n b e r g F e r r o m a g n e t 

T h e H e i s e n b e r g m o d e l o f a f e r r o m a g n e t i s b a s e d o n t h e 

c o n c e p t o f e x c h a n g e f o r c e s w h i c h a r e p r e s e n t i n a f e r r o m a g n e t i c 

1 2 

s o l i d . 9 T h e s y s t e m o f i n t e r e s t h e r e i s a s o l i d c o n s i s t i n g 

o f a l a r g e n u m b e r o f a t o m s a r r a n g e d o n s o m e c r y s t a l l a t t i c e . 

T h e a t o m s a r e c l o s e e n o u g h s o t h a t t h e o r b i t a l w a v e f u n c t i o n s 

o f t h e e l e c t r o n s o f o n e a t o m o v e r l a p w i t h t h e o r b i t a l w a v e 

f u n c t i o n s o f e l e c t r o n s i n o t h e r a t o m s . A s a r e s u l t o f t h e 

P a u l i e x c l u s i o n p r i n c i p l e t h e r e i s a c o r r e l a t i o n b e t w e e n t h e 

o r b i t a l s y m m e t r y a n d t h e s p i n a l i g n m e n t w h i c h p r o d u c e s a l a r g e 

3 

s p i n - s p i n c o u p l i n g . D i r a c s h o w e d t h a t , a p a r t f r o m a c o n s t a n t 

t e r m w h i c h h a s n o i m p o r t a n c e h e r e , t h e e f f e c t i v e c o u p l i n g b e ­

t w e e n t h e t w o e l e c t r o n s o n a t o m s i a n d j d u e t o t h e e x c h a n g e 

e f f e c t i s e q u i v a l e n t t o a p o t e n t i a l o f t h e f o r m 

S/.. ZT^Vi-S} ( 1 ) 

w h e r e i s t h e s p i n a n g u l a r m o m e n t u m o p e r a t o r o f a t o m i m e a ­

s u r e d i n u n i t s o f t i , a n d J . . i s t h e e x c h a n g e i n t e g r a l g i v e n b y 
j 

H e r e H( d e n o t e s t h e H a m i l t o n i a n o p e r a t o r , a n d ^01 i s t h e w a v e 



2 

function for e l e c t r o n (l) in a state i. 

T h e so-called "Heisenberg H a m i l t o n i a n " for this system 

of a t o m s is then 

H * i ~ 1} J i i (3) 

w h e r e the sums over i and j range over all of the atoms in 

the s o l i d . T h e first term on the right hand side of this eq­

u a t i o n r e p r e s e n t s the i n t e r a c t i o n of an e x t e r n a l l y applied 

m a g n e t i c f i e l d , H , with the m a g n e t i c m o m e n t , >f , associated 

with each u n i t of spin ( f t / 2 ) . T h e d i r e c t i o n of 3 d e f i n e s the 
z 

z-direction in space and S. is the z-component of the total 
3 

spin a n g u l a r m o m e n t u m o p e r a t o r for atom j . The last term of 

E q . (3) r e p r e s e n t s the spin-spin c o u p l i n g of each spin to other 

spins in the s o l i d . It should be pointed out h e r e that this 

term is c o r r e c t o n l y if all the e l e c t r o n s not in filled shells 

on a p a r t i c u l a r atom have the same exchange i n t e g r a l s . T h i s 

a s s u m p t i o n is in g e n e r a l n o t true for solids w h i c h have i n t e r -
2 

nal c r y s t a l l i n e f i e l d s . 

If it is assumed that the w a v e function o v e r l a p is a p ­

p r e c i a b l e o n l y for n e a r e s t n e i g h b o r atoms then Eq. (3) can be 

a p p r o x i m a t e d by replacing J^j by a n o n - z e r o c o n s t a n t if i and 

j are n e a r e s t n e i g h b o r s and by zero o t h e r w i s e . T h i s is b e ­

lieved to be a good first a p p r o x i m a t i o n of Eq . (3) for phy­

sical s y s t e m s . I f , on the o t h e r h a n d , it is assumed that 

each spin i n t e r a c t s w i t h every spin in the system with 



3 

e q u a l s t r e n g t h , t h a t i s , J• . i s a c o n s t a n t f o r i * j and z e r o 

f o r i = j , t h e n t h e H a m i l t o n i a n d e s c r i b e s a s y s t e m w i t h an i n ­

f i n i t e r a n g e i n t e r a c t i o n . T h i s p r o b l e m h a s been s o l v e d e x a c t l y 
I* 

by K i t t e l and S h o r e . 

I n e i t h e r c a s e Eq. ( 3 ) can be w r i t t e n i n t h e form 

H . - 1 H 7 . * ) - T L X V C , { k ) 

where J i s t h e e x c h a n g e i n t e g r a l , w h i c h i s assumed t o be i n ­

d e p e n d e n t o f s p a t i a l c o - o r d i n a t e s , a n d ^ r e p r e s e n t s n e a r e s t 

n e i g h b o r d i s t a n c e s i n t h e c a s e o f t h e n e a r e s t n e i g h b o r a p p r o x ­

i m a t i o n and a l l l a t t i c e v e c t o r s e x c e p t j i n t h e i n f i n i t e r a n g e 

p r o b l e m . I f J>0 t h e a b o v e H a m i l t o n i a n d e s c r i b e s a f e r r o m a g n e t . 

The s y s t e m h a s a w e l l o r d e r e d ground s t a t e w i t h a l l s p i n s 

a l i g n e d i n t h e z - d i r e c t i o n , s i n c e t h i s c o n f i g u r a t i o n g i v e s 

t h e l o w e s t p o s s i b l e e n e r g y f o r t h e s y s t e m . 

E x c i t e d s t a t e s o f t h i s H a m i l t o n i a n can be o b t a i n e d from 
± 

t h e s p i n d e v i a t i o n o p e r a t o r s S . ( t ) , T h e s e o p e r a t o r s a r e d e -
J 

f i n e d by 

^ - -<"=>; 

where S"̂  and S^ a r e t h e x and y c o m p o n e n t s r e s p e c t i v e l y o f 

The o p e r a t o r s s a t i s f y t h e e q u a l t i m e commuta t ion r u l e s 



[ s f , S * ] = f s j 5 { , i ( 7 ) 

The i n t e r p r e t a t i o n o f t h e s e s p i n d e v i a t i o n o p e r a t o r s 

i s b a s e d on t h e e f f e c t t h a t t h e y h a v e on t h e s i m u l t a n e o u s 

3 z 

e i g e n f u n c t i o n s o f K and S f where S i s t h e t o t a l z - c o m p o n e n t 

o f t h e s p i n a n g u l a r momentum o f t h e s y s t e m . 

S V = I ( 8 ) 
j J 

L e t { i n > J r e p r e s e n t t h e s e t o f s i m u l t a n e o u s e i g e n f u n c t i o n s o f 

S z and H , w h e r e n d e n o t e s t h e number o f r e v e r s e d s p i n s w i t h 

r e s p e c t t o t h e ground s t a t e . Then 

and 

S*,„> = ( N - 2 t O S | n > ( f t = 1 ) ( 1 0 ) 

where S i s t h e s p i n p e r a t o m , and N i s t h e t o t a l number o f 

a t o m s . C o n s i d e r t h e s t a t e S ^ / n > . U s i n g E q s . ( 7 ) and ( 1 0 ) 

Thus t h e s p i n d e v i a t i o n o p e r a t o r s have t h e e f f e c t o f c h a n g i n g 

t h e t o t a l z - c o m p o n e n t o f t h e s p i n o f t h e s y s t e m by one u n i t . 

For S=»j- t h e S"J o p e r a t o r h a s t h e e f f e c t o f f l i p p i n g a s p i n 

down ( i n t h e n e g a t i v e z - d i r e c t i o n ) a t t h e j - t h l a t t i c e s i t e , 

w h i l e h a s t h e e f f e c t o f f l i p p i n g a s p i n up ( a l o n g t h e p o s i ­

t i v e z - d i r e c t i o n ) a t t h e j - t h l a t t i c e s i t e . 
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T h e r e f o r e , i t s h o u l d be e x p e c t e d t h a t t h e e x c i t e d s t a t e s 

o f t h e s y s t e m s h o u l d be e x p r e s s i b l e i n t e r m s o f t h e s e o p e r a ­

t o r s . I n d e e d , B l o c h ^ has shown t h a t t h e e x c i t e d s t a t e s w i t h 

one r e v e r s e d s p i n a r e g i v e n by 

lP> . I e"'"K'^ = (TT l°> (12) 

The o p e r a t o r S g d e f i n e d by t h i s e q u a t i o n i s t h e s p i n -

wave o r magnon c r e a t i o n o p e r a t o r . The v e c t o r p i s a r e c i p -

r o c a l l a t t i c e v e c t o r which can t a k e on t h e v a l u e s p = 2 i n ^ / N 

where n^ i s any i n t e g e r . For any l a t t i c e w i t h N l a t t i c e 

p o i n t s t h i s s e t can be reduced t o a c o m p l e t e s e t o f N n o n -
6 

e q u i v a l e n t v e c t o r s . T h e s e s e t s o f p o i n t s a r e c o m p l e t e i n 

t h e s e n s e t h a t 

z <P-<#>-*>) , 
i v . - * ? * ( 1 3 > 

where & r n n i s t h e K r o n e c k e r d e l t a f u n c t i o n . 

The e n e r g y o f t h e s p i n w a v e (magnon) s t a t e w i t h momen­

tum p i s g i v e n by 

K * p ? 

h * } e (15) 
S p i n w a v e t h e o r y f o r t h e n e a r e s t n e i g h b o r a p p r o x i m a t i o n u s e s 



6 

a s a b a s i s o f s t a t e s 

i- L - — C 

J c > . TT Czsj* P (C f ! ) L ( S p ) ' l c > > ( l 6 ) 
p 

where c r e p r e s e n t s a s e t o f n o n - n e g a t i v e i n t e g e r s For 

TCp>( f t h a t i s f o r s t a t e s w i t h two o r more s p i n w a v e s , t h e 

s t a t e s ( l 6 ) a r e n o n - o r t h o g o n a l and h e n c e c a n n o t be e i g e n ­

f u n c t i o n s o f K , I n t h i s c a s e t h e number o f s t a t e s (16) e x ­

c e e d s t h e number o f i n d e p e n d e n t s t a t e s f o r t h e s y s t e m , which 

N 1 
number ( 2 S +1) . 

7 

Dyson h a s u s e d t h e s e s t a t e s t o c a l c u l a t e t h e p a r t i t i o n 

f u n c t i o n f o r t h e s y s t e m , from which a l l thermodynamic p r o p ­

e r t i e s can be o b t a i n e d . He o b t a i n s e x p r e s s i o n s f o r some o f 

t h e p r o p e r t i e s wh ich a r e c o r r e c t f o r t e m p e r a t u r e s up t o a 

v a l u e T f o r which t h e m a g n e t i z a t i o n has d e c r e a s e d a b o u t o n e -

f o u r t h o f i t s v a l u e a t z e r o t e m p e r a t u r e . 

The p r e s e n t work i s c o n c e r n e d w i t h t h e d e v e l o p m e n t o f 

a c o n s i s t e n t a p p r o a c h t o t h i s p r o b l e m u s i n g t h e Green f u n c t i o n 

t h e o r y . T h i s f o r m a l i s m o f f e r s a method o f s o l u t i o n a t a l l 

t e m p e r a t u r e s . The p r o b l e m w i t h t h e Green f u n c t i o n t h e o r y i s 

t h a t , i n g e n e r a l , i t g e n e r a t e s an i n f i n i t e s e t o f c o u p l e d 

d i f f e r e n t i a l e q u a t i o n s which must be s o l v e d . Approx imate s o l ­

u t i o n s a r e o b t a i n e d by b r e a k i n g up t h i s h i e r a r c h y o f e q u a t i o n s . 

P r e v i o u s work h a s been c e n t e r e d a b o u t a d e c o u p l i n g scheme i n 

t h e f i r s t o r d e r e q u a t i o n . ^ ' ^ ' The d e c o u p l i n g u s e d h e r e 

i s i n t h e s e c o n d o r d e r e q u a t i o n . 
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CHAPTER I I 

The symbol /3 d e n o t e s t h e r e c i p r o c a l o f t h e p r o d u c t o f 

B o l t z m a n n ' s c o n s t a n t and t h e a b s o l u t e t e m p e r a t u r e , 2 i s t h e 

p a r t i t i o n f u n c t i o n , and Tr i n d i c a t e s t h e t r a c e o f a m a t r i x . 

DOUBLE TIME TEMPERATURE-DEPENDENT GREEN FUNCTIONS 

C o n s i d e r a s y s t e m which i s d e s c r i b e d by t h e H a m i l t o n i a n 

H • L e t A ( t ) and B ( t ) be any p a i r o f o p e r a t o r s i n t h e 

H e i s e n b e r g r e p r e s e n t a t i o n which can be d e f i n e d f o r t h i s s y s ­

t e m . The a d v a n c e d and r e t a r d e d Green f u n c t i o n s based on t h e s e 

11 
o p e r a t o r s a r e 

G f < t i f > i e>Ct-±')<t Act), 8(t')l> 1*7) 

© C t - t ' ) = o i f t S t 

- | i f t > i ' 

The s q u a r e b r a c k e t s r e p r e s e n t t h e commutator o r a n t i - c o m m u ­

t a t o r and t h e a n g u l a r b r a c k e t s i n d i c a t e an a v e r a g e o v e r a 

c a n o n i c a l e n s e m b l e . That i s 

< / ) ( * » = i ~ ' T r (e*KAlt)) ( 1 8 ) 
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T h e s e d o u b l e t i m e Green f u n c t i o n s depend on t and t ' 

o n l y t h r o u g h t h e t i m e d i f f e r e n c e t - t ' . T h i s i s e a s i l y demon­

s t r a t e d by r e c a l l i n g t h a t t h e t i m e d e p e n d e n c e o f t h e H e i s e n b e r g 

o p e r a t o r s may be e x p r e s s e d as 

A K O - e * e ' * * (19) 

L e t 

[RtBl * BS- IdR (20) 

q j f o r commutator 

f o r a n t i - c o m m u t a t o r 

Then 

G rCt,t')*-< d t i - f ) z r r { e /^*) e B u ) e (21) 

- ? e BC«> e e

 t n x J 

U s i n g t h e p r o p e r t y o f t h e i n v a r i a n c e o f t h e t r a c e under c y c l i c 

p e r m u t a t i o n s t h i s e q u a t i o n becomes 

(22) 

In a s i m i l a r manner G a ( t , t ' ) can a l s o be shown t o h a v e 

t h e same d e p e n d e n c e on t and t ' , n a m e l y t - t ' . Thus t f can be 
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s e t e q u a l t o z e r o w i t h no l o s s i n g e n e r a l i t y . 

I n c a l c u l a t i n g p h y s i c a l p r o p e r t i e s o f t h e s y s t e m i t i s 

n e c e s s a r y t h a t t h e a v e r a g e o v e r t h e c a n o n i c a l e n s e m b l e o f p r o ­

d u c t s o f o p e r a t o r s A and B be known. T h e s e a v e r a g e s a r e known 

c o l l e c t i v e l y a s t i m e c o r r e l a t i o n f u n c t i o n s . The two s i m p l e s t 

c o r r e l a t i o n f u n c t i o n s a r e 

t h e Green f u n c t i o n s (l?) a r e known. The d i r e c t c o n n e c t i o n 

c a n be e s t a b l i s h e d by means o f a s p e c t r a l r e p r e s e n t a t i o n o f 

t h e f u n c t i o n s i n v o l v e d . 

FaaL±)-- <f>(t)B(o)> (23) 

T h e s e t i m e c o r r e l a t i o n f u n c t i o n s can be o b t a i n e d i f 

L e t |c„> and E be e i g e n f u n c t i o n s and e i g e n v a l u e s o f t h e 

H a m i l t o n i a n H 

(2*0 

The e q u a t i o n f o r Fjy^ft) i s t h e n 

, *f' I <C„J tfCtJBco)lC> e" {25) Fan (i) - </>H08V*> 

S u b s t i t u t i n g Eq . ( l 8 ) f o r A ( t ) and u s i n g t h e c o m p l e t e n e s s o f 

t h e s e t ( i c n >j , ^ ^ ( t ) becomes 
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o r 

r ^ r * BUI ILE-U*IT 
GA£)-"I\ [ e - « z J e &A) DU*DT (33) 

The s t e p f u n c t i o n S ( t ) can be r e p r e s e n t e d by 

S i m i l a r l y 

<BC*)/Xfc)> = * " ' Z Z < C m / 8 ( o ) c ^ > < c n / f l ( d ) | c ^ > e . i ^ " f " ) " / S ^ m ( 2 7) 

B e c a u s e o f t h e s i m i l a r forms o f (26) and (27) i t i s 

p o s s i b l e t o w r i t e 

TR„UI.L~NJ>E'UIIU'TJTJ ( 2 8 ) 
- C D 

where t h e s p e c t r a l f u n c t i o n , J (TO) , i s g i v e n by 

The F o u r i e r r e p r e s e n t a t i o n f o r t h e r e t a r d e d Green 

f u n c t i o n i s g i v e n by 

< ^ e ) e ' e i «/£• (30) 
-oo 

GuCe) - f G r c t ) e * * ^ ( 3 1 ) 

- C O 

S u b s t i t u t i n g G r ( t ) , g i v e n by Eq. (17), i n t o Eq. (31) g i v e s 

G r ( ^ « - i L C f i » " (32) 



1 1 

The e v a l u a t i o n o f t h i s i n t e g r a l i s done by e x t e n d i n g x t o be 

a c o m p l e x v a r i a b l e . The i n t e g r a l (3K) i s t a k e n o v e r t h e c o n ­

t o u r s 

» ^ ^ ^ ^ ^ ^ ^ « 

Then by t h e Cauchy I n t e g r a l Theorem t h e r i g h t hand s i d e o f 

(3K) g i v e s z e r o f o r t < 0 and u n i t y f o r t > 0 , t h u s g i v i n g a 

v a l i d r e p r e s e n t a t i o n f o r 0 ( t ) . Then ( 3 3 ) becomes 

G , ( r t = ^ f £ C ^ [ e P ' * ' - * 7 " r + c * * ^ ( 3 5 ) 

S i n c e 

Z(e-UJ-X) = ^ J e ( 3 6 ) 

Eq. ( 3 3 ) r e d u c e s t o 

TO P W 

G r ( e ) = r " V < ~ ) e " ^ o/^ ( 3 7 ) 

S i m i l a r l y f o r t h e advanced Green f u n c t i o n 
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f t ^ t ! ^ ( 3 8 ) 

U n t i l n o w E has been considered to be a real v a r i a b l e . 
1 2 

B o g o l y u b o v and Par a s y u k have proved that E q s . ( 3 7 ) and ( 3 8 ) 

can be a n a l y t i c a l l y extended into the complex E p l a n e . T h u s 

the function 
oo (3uJ 

QCE) » [ Tiu>) — — - 1 <ju> ( 3 9 ) 
-co E-oJ 

is an a n a l y t i c function in the complex E p l a n e . Then & ( E ) 

is the a n a l y t i c c o n t i n u a t i o n of G a ( E ) for Im E > 0 and of 

G r ( E ) for Im E < 0. 

T h e d i s c o n t i n u i t y of G(<o) across the real axis i s , for 

Co' r e a l , 

| - , M [ G ( « - ' • . • ) - 6 C « ^ - - t ) J » ['-A T t u , ) L E "'ilUzbzZ ' ZP^le] cfuj ( 4 O ) 

since 

, J 1 — - I = - zvc £iu> 

T h e time c o r r e l a t i o n function ^ ^ ( t ) is then given by 

• _ oo - t t o t 
(h2) 

In g e n e r a l G r ( E ) and G a ( E ) m u s t be k n o w n to construct 



13 

Gr(E). H o w e v e r , G r ( E ) and G a ( E ) can be shown t o obey i d e n t i ­

c a l e q u a t i o n s o f m o t i o n and t h u s k n o w l e d g e o f e i t h e r f u n c t i o n 

i s enough t o c o n s t r u c t G ( E ) . 

The a b o v e argument can be e x t e n d e d t o y i e l d 

' loo 2- E 

where F ( A ( t ) , B ( t ) ) i s any c o n c e i v a b l e p r o d u c t o f o p e r a t o r s 

A ( t ) and B ( t ) , and G(E) i s t h e a n a l y t i c e x t e n s i o n o f t h e 

Green f u n c t i o n 

G r M » -1 ait) <[ FAMs«)j> (^) 

s i n c e t h e a c t u a l c o n s t r u c t i o n o f A ( t ) i n t h a t argument was o f 

no c o n s e q u e n c e t o t h e f i n a l r e s u l t . 

The Green f u n c t i o n s a r e d e t e r m i n e d from t h e i r e q u a t i o n s 

o f m o t i o n . T h e s e e q u a t i o n s a r e formed by 

i 4 G, IT) = LIT) < [ FU^BCIB), BCo)7> (1*5) 

where e q u a t i o n s (3*0 and (36) have b e e n u s e d . The e q u a t i o n s 

o f m o t i o n f o r t h e H e i s e n b e r g o p e r a t o r s a r e known t o be 

w h i c h i s c o n s i s t e n t w i t h (19)• 

For s y s t e m s o f b o s o n s o r f e r m i o n s t h e c h o i c e o f J i s a 



Ik 

s i m p l e o n e . H o w e v e r , f o r s y s t e m s where t h e c o m m u t a t i o n o r 

a n t i - c o m m u t a t i o n r u l e s a r e n o t c -numbers t h e c h o i c e may n o t 

be a s s i m p l e . I t may be t h a t o v e r c e r t a i n r a n g e o f t e m p e r a ­

t u r e s t h e c o m m u t a t i o n r u l e s ( 1= I ) would g i v e t h e e a s i e s t s o l ­

u t i o n s w h i l e o v e r o t h e r r a n g e s t h e a n t i - c o m m u t a t i o n r u l e s 

(j7 = - / ) would g i v e t h e e a s i e s t s o l u t i o n s . 

The p o l e s o f t h e s p e c t r a l f u n c t i o n , ( > r ( E ) , a r e c o n n e c t e d 

t o t h e e n e r g y s t a t e s o f t h e s y s t e m . U s i n g E q s . ( 2 6 ) , ( 2 7 ) , 

and ( 3 2 ) i t f o l l o \ * s t h a t 

-v <c*,\Bio)icr,xccm> CE -IE ) 
G ( e ) - !••*» * t-L — — — (K7) 

Thus t h e p o l e s f o r Gr r (E) o c c u r a t E = E m - E n , w h i c h c o r r e s p o n d s 

t o t h e e n e r g y d i f f e r e n c e b e t w e e n s t a t e s m and n . 
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CHAPTER I I I 

THE COUPLED GREEN FUNCTION EQUATIONS FOR S - i 

The thermodynamic b e h a v i o r o f t h i s s y s t e m w i l l be 

d e t e r m i n e d by t h e u s e o f t h e t e m p e r a t u r e - d e p e n d e n t d o u b l e -

t i m e Green f u n c t i o n d e f i n e d by e q u a t i o n ( 1 7 ) . The c h o i c e o f 

t h e o p e r a t o r s A and B i s made t o e f f e c t a q u a s i - p a r t i c l e d e s ­

c r i p t i o n f o r t h e s y s t e m . The r e t a r d e d Green f u n c t i o n , d e ­

f i n e d f o r t h e H a m i l t o n i a n {k), i s g i v e n by 

G ,C i , t )« CS; Ct)t So

+(o>7> (^8) 

The c h o i c e o f t h e commutator ( ? - 0 h e r e i s based on 

t h e commutator ( 6 ) . The s p i n d e v i a t i o n o p e r a t o r s a r e n o t pure 

boson o p e r a t o r s , s i n c e t h e commutator i s n o t a c - n u m b e r . How­

e v e r , a t l o w t e m p e r a t u r e s t h i s commutator a p p r o x i m a t e s a 

b o s o n c h a r a c t e r . Thus i t m i g h t be e x p e c t e d t h a t t h i s s y s t e m 

c o u l d be d e s c r i b e d i n t e r m s o f boson q u a s i - p a r t i c l e s w i t h 

c o r r e c t i o n s made f o r t h e n o n - c - n u m b e r c o m m u t a t o r . 

The e q u a t i o n o f m o t i o n f o r G 1 ( j , t ) i s g i v e n by Eq. (kk). 

i& *.(Ji*> 8 l c ± > a S I C t ) ' S 5°>J> * ©Ct)<L &*IL*\ 1>>1> ( 4 9 ) 

The f u n c t i o n £ ( t ) i s t h e D i r a c d e l t a f u n c t i o n . 

The d e r i v a t i v e w i t h r e s p e c t t o t i m e o f t h e s p i n d e v i a ­

t i o n o p e r a t o r s o b e y s E q . (^5 ) • U s i n g t h e H a m i l t o n i a n (U) and 

t h e c o m m u t a t i o n r u l e s (6) i t i s e a s i l y e s t a b l i s h e d t h a t 
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, i s- C t ) s _ „ H 5-CO * 2 T £ Q S?Ct) s], f (tj - s: Ct) s ( t ) J ( 5 0 } 

Then Eq. ( 4 9 ) becomes 

+^H)<r f = - *<s*>3(±)Sj, 0 + 2 i^ct)I <C V ( ^ s J + r ( 5 2 ) 

-Sjct) s t^ j> 

As a r e s u l t o f t h e commutat ion r u l e (6) t h e t e r m s i n 

t h e sum a r e n o t a l l G-̂  f u n c t i o n s . T h e s e t erms c o u p l e t h e G^ 

f u n c t i o n t o a h i g h e r o r d e r Green f u n c t i o n , G^. T h i s c o u p l i n g 
z + 

i s b a s e d on t h e i d e n t i t y b e t w e e n and t h e o p e r a t o r S^ , 

which c a n be v e r i f i e d from E q s . ( 5 ) , (6), and ( 7 ) . 

ST<S)S/<t)= (S-S>Xs+s/+0 (53 ) 

For S = | ( 5 3 ) r e d u c e s t o 

S* S - s r * f ( 5 4 ) 

From h e r e on t h e e q u a t i o n s a r e r e s t r i c t e d t o t h e c a s e S-g- b e ­

c a u s e o f t h e e x p l i c i t u s e o f ( 5 4 ) . The G^ e q u a t i o n becomes 

(i£+«H)G,(I,T)+2.TSZ K < J , t ) t l ] s -z<s5> Sjyo (55) 

where G^ i s d e f i n e d by 
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G X C I , V , T ) - - c e i t X l S ; ( T ) S ; < T ) S £ < O , S > ) ] > ( 5 6 ) 

The n u m e r a l s 1 , 2 , 3 w i l l h e n c e f o r t h r e p r e s e n t t h e l a t t i c e 

v e c t o r s j 1 , ^ 9 j 

The e q u a t i o n o f m o t i o n f o r G^ i s t h e n 

wh e r e 

A F T ) = [ S J W , > { ] S ; ^ S J R T ) T V ^ F ^ ^ J S J R T ) • V R T ^ T T M S J ^ W J ( 5 8 ) 

Then u s i n g E q s . ( 5 0 ) and ( 5 1 ) t h e e q u a t i o n o f m o t i o n f o r t h e 

f u n c t i o n i s 

< V S +

3 > - < S ; S ; S T S + > - £ L / 6 < S | - S ; S J S / > J 

Again b e c a u s e o f t h e c o m m u t a t i o n r u l e ( 6 ) & 2 i s c o u p l e d 

t o a h i g h e r o r d e r Green f u n c t i o n . U s i n g Eq. ( 5 ^ ) , t h e a b o v e 

e q u a t i o n b e c o m e s 

( I £ ^ H ) < 5 . < i , M . * > + * « ] R F G T ( 1 , 2 , 3 , T > I ' - ^ H ? } - f i » K % ' / T ' ) { i - 2 S L L , } ( 6 O ) 
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- G I O J W R ^ T W Gz(iJhW)t')J=- ? J < j t ) / ^ o S < S I S J > 4 3 , ; 0 S < S , - S 3

+ > 

where 

G 3 t S * ) « - I D ( T ) < [ S R ( * ) S ^ O S ; ( T ) S F O I S / < « , S J < D J > ( 6 L ) 

The e q u a t i o n o f m o t i o n f o r G^ c a n D e d e r i v e d by t h e 

same method u s e d a b o v e t o o b t a i n t h e e q u a t i o n s o f m o t i o n f o r 

G-̂  and G^. The r e s u l t i s 

L + * + ^ 3 , <+f ( 6 2 ) 
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where 

I t i s c l e a r t h a t by c o n t i n u i n g t h i s p r o c e s s an i n f i ­

n i t e s e t o f c o u p l e d d i f f e r e n t i a l e q u a t i o n s w i l l be g e n e r a t e d . 

I n o r d e r t o d e t e r m i n e G. t h e Green f u n c t i o n G. , must be 
1 l + l 

known. T h i s s e t o f d i f f e r e n t i a l e q u a t i o n s i s r e s t r i c t e d t o 

t h e c a s e S«-£ s i n c e Eq. ( 5 * 0 was used t o p r o d u c e t h e c o u p l i n g . 
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CHAPTER IV 

THE FIRST ORDER SOLUTION 

The f i r s t o r d e r r e s u l t s f o r t h i s p r o b l e m a r e o b t a i n e d 

by s e t t i n g G^ = 0 f o r i > l . A t t e m p t s h a v e b e e n made t o improve 

on t h i s s o l u t i o n by e x p a n d i n g t h e f u n c t i o n i n t erms o f t h e 
9 , 1 3 , 1 ^ 

f u n c t i o n and t h u s o b t a i n i n g r e n o r m a l i z e d r e s u l t s . 

H o w e v e r , i n g e n e r a l t h i s a p p r o a c h i s n o t g u a r a n t e e d t o g i v e re­

s u l t s w h i c h a r e c o n s i s t e n t w i t h t h e s e t o f c o u p l e d e q u a t i o n s . 

The p r e s e n t work i s c o n c e r n e d w i t h a s o l u t i o n o f t h e & 2 e q ­

u a t i o n w i t h G ^ » 0 , g i v i n g a s o l u t i o n , G 2 , which w i l l be u s e d t o 

o b t a i n a s e c o n d o r d e r r e s u l t f o r G^. 

C o n s i d e r f i r s t t h e a p p r o x i m a t i o n g e n e r a t e d by G^=0 f o r 

i > l . The G-̂  e q u a t i o n t h e n r e a d s 

T h i s e q u a t i o n i s e a s i l y s o l v e d by F o u r i e r i n v e r s i o n . 

U s i n g E q s . ( 1 3 ) and ( 3 0 ) , G ^ ( j , t ) may be e x p r e s s e d by 

Then Eq. ( 6 U ) becomes 

0 > + *fH + 2 r s ( * 4 - * P ) 3 ^\p,oS) = -Z<S*> ( 6 6 ) 

o r 
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2<sh ( 6 7 ) 

In o r d e r t o u n d e r s t a n d t h i s r e s u l t and t h e m e a n i n g o f 
O 

t h e p o l e s o f G^ , c o n s i d e r Eq. ( 4 - 7 ) 

G U u D - l * * " N ^ " T M ' ^ f a ' ^ X ^ - E ^ " ) ( 6 8 ) 

w h e r e GA(j,u>) i s t h e a n a l y t i c e x t e n s i o n o f G^. Then 

w h e r e S i s d e f i n e d by ( 1 2 ) . 
P 

At l o w enough t e m p e r a t u r e s t h e s y s t e m s h o u l d be d e s ­

c r i b e d by t h e s e t o f s t a t e s {|©>, /p>} . The m a t r i x e l e m e n t s 

a r e n o n - z e r o o n l y i f t h e s t a t e s i n v o l v e d d i f f e r by one magnon 

o f momentum p . Thus u s i n g (14) 

Z « * > ( ? 0 ) 

w h i c h a g r e e s i n form w i t h ( 6 7 ) . Thus t h e p o l e s o f G^ g i v e 

t h e f i r s t o r d e r s i n g l e p a r t i c l e e n e r g i e s f o r t h e m a g n o n s . I t 

i s c l e a r t h e n t h a t t h e f i r s t o r d e r Green f u n c t i o n t h e o r y a g r e e s 

w i t h B l o c h ' s s p i n w a v e t h e o r y . 

The t i m e d e p e n d e n t c o r r e l a t i o n f u n c t i o n s can be w r i t t e n 

i n terras o f G^fp.o i jby s u b s t i t u t i n g ( 6 5 ) i n t o Eq. ( 4 2 ) . 

A> 'P'J - * u i i 
B ^>EZO 6 . ^ u T lG,LR,^I€)- < 5 . ( P / T O - « 6 ) ] ( 7 1 ) 

- O B [ — G 

U s i n g E q s . ( 6 7 ) and ( 4 l ) t h e f i r s t o r d e r t i m e d e p e n d e n t 
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c o r r e l a t i o n f u n c t i o n i s 

< S - C*> S > > - 1 < n > ! e r
 4 e " ( 7 2 ) 

where 

< n > ° _ j ( 7 3 ) 

e - / 

E; = +fH+ I T % ( X O - * P ) > (7k) 

T h i s r e s u l t w i l l be needed i n l a t e r c h a p t e r s . 
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CHAPTER V 

THE SECOND ORDER CALCULATION 

T h e s e c o n d o r d e r c a l c u l a t i o n b e g i n s w i t h s o l v i n g f o r 

G 2 a s g i v e n b y E q . ( 6 0 ) w i t h G ^ = 0 . T h a t i s 

T h e f o u r - p r o d u c t t e r m s i n t h e i n h o m o g e n e o u s t e r m o n 

t h e r i g h t h a n d s i d e o f ( 7 5 ) h a v e b e e n d r o p p e d i n c o m p a r i s o n t o 

t h e t w o - p r o d u c t t e r m s . T h i s c a n b e d o n e w i t h o u t d e s t r o y i n g 

t h e p r o p e r t y t h a t i f 1 = » 2 t h e t o t a l e q u a t i o n r e d u c e s t o z e r o a s 

i t s h o u l d , s i n c e S ^ ^ * = 0 f o r t h e s p i n o n e - h a l f s y s t e m . 

T h i s e q u a t i o n i s F o u r i e r i n v e r t e d t o o b t a i n a s o l u t i o n . 

U s i n g E q . ( 1 3 ) G 2 ( l , 2 , 3 , t ) may b e r e p r e s e n t e d b y 

(«s,tj = ^ IU f "<?,«:, ft, P„*> e'"' E 1 1 1 1 * + ^ V, ( 7 6 ) 
r, t\ t% -oo 

T h e n E q . ( 5 5 ) b e c o m e s 

[LO + J i H + T**(*.-1r)J<i.(Riu) * - Z < S * > + H H O l ( p l i P l / - f l - P 1 ) t o ) [ ^ L ( ! - 2 f f i J ( 7 7 ) . 

a n d ( 7 5 ) b e c o m e s 
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p 

where 

• < P n 

S P = <L < s ; s t > e " " ( 7 9 ) 

The N e a r e s t N e i g h b o r A p p r o x i m a t i o n 

The s o l u t i o n o f ( 7 8 ) f o r t h i s a p p r o x i m a t i o n i s o b t a i n e d 

i n A p p e n d i x I . The i n v e r s i o n o f t h i s s o l u t i o n , g i v e n by e q u a ­

t i o n ( 1 - 2 3 ) > t o s p a c e - t i m e c o - o r d i n a t e s g i v e s 

( l , W ) B * G . O , * ) * U(I,T,*TT) ( 8 0 ) 

I f t h e l a s t term i n t h i s e q u a t i o n i s n e g l e c t e d ( 8 0 ) r e ­

d u c e s t o t h e w e l l known H a r t r e e - F o c k a p p r o x i m a t i o n o f t h e Gv> 

f u n c t i o n . The f u n c t i o n U i s t h u s a c o r r e c t i o n term t o t h e 

H a r t r e e - F o c k t e r m s w h i c h h o p e f u l l y c o n t a i n s t h e d y n a m i c a l i n ­

t e r a c t i o n s o f t h e m a g n o n s . 

The f u n c t i o n ^2^I^J%(° ^ which i s t o be s u b s t i t u t e d 

i n t o t h e G^ e q u a t i o n i s g i v e n by t h e s u b s t i t u t i o n PZ = p-j»-/> i n 

( 1 - 2 3 ) . The r e s u l t i s 

n V f r - g - f t L _ . . Z S r - f f - p r qjf>» ( J « / i > ) J c 
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S u b s t i t u t i o n o f ( 8 l ) i n t o ( 7 7 ) and s o l v i n g f o r g i v e s 

(COT*R) * , < P ; * 0 = - * < S * > - 4 T < S ; S T > ( r . - y ) ^ V ( > ( 8 2 ) 
t u t £/» 

w h e r e 

+ 

v ^ = S ? < t f W , ^ i ^ F < 8 3 ) 

( s p y *P<> r r r S P - P , - P x i r p , - r ' - * r ' ] U p - p - / r , J J S P ^ V ^ P 

a n d t h e r e n o r r a a l i z e d m a g n o n e n e r g y i s 

t p = H H + ZTCQ-RP) + W(?,u>) ( 8 * 0 

R P
 s

 ( & I S P ' £ ' . - W r ' + W ] < / V = ^ L < s ; s : > - < s ; s j > ] e t ? ? ( 8 6 ) 

T P = S i r . - J W - r P ' - I [ s - < s ^ i > + < s ; s f > J ( 8 7 ) 

The a n a l y t i c c o n t i n u a t i o n o f G - ^ p j O J ) o f f t h e r e a l a x i s g i v e s 

[ 00 + J1U+ Z T C R 0 - R P ) + R e ( w O , i u » t i r j Q , ( p , < o ± t * ) = - z <*> ( 8 8 ) 

t x < s ; s i > ( r : - r / ) 
- r - r V ( p , < * J i c 6 ) 

TO + A I H + Z T ( r . - ( » f f ? e ( w c p , u . ) ) t i. I . 

Re ( w ) = P ( W ( p , w ) ) , w h e r e P i s t h e p r i n c i p a l v a l u e f u n c t i o n . 
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r ^ u j U ^ U J J V P O \ \ r R Y Y ( 8 9 ) 

s x n c e 

! » P ( — ! - R ) - J ( U J - U > ' ) ( 9 0 ) 

The p o l e s o f a r e g i v e n by t h e e q u a t i o n 

The low t e m p e r a t u r e s o l u t i o n i s c l e a r l y 

L U = - £ C P ) y i ^ ( 9 2 ) 

UP)*HH+ Z T O ; - ^ ) + £ ( p ) ( 9 3 ) 

T ( P ) - P ( ( Z T ? U 1 J > ° [ \ L : * P - FOR. - f o p « + F O P - G J O I ? - f c ] . J L 

•C"'<P> ( 2 T ) V \ D 0 r r ( 9 4 ) 
2 " ^ 1 5 7 5 \ \ S P - P , - P I T V - ^ - ^ P Z + ^ - F R - P X J T . V . F ? - « ' R Z ] * 

1 5 

T h e s e r e s u l t s a r e o f a q u i t e g e n e r a l n a t u r e . The 

p o l e s o f Qr-y h a v e r e a l and i m a g i n a r y p a r t s . The r e a l p a r t i s 

i n t e r p r e t e d a s b e i n g t h e r e n o r m a l i z e d magnon e n e r g y E ( p ) . I t 

i s composed o f t h r e e t e r m s . 
E C P ; = - 2 T ( R O - R P ' ) + %cP) (95) 
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T H E F I R S T T E R M I S T H E F I R S T O R D E R E N E R G Y T E R M . T H E S E C O N D 

T E R M I S G E N E R A T E D B Y T H E H A R T R E E - F O C K T E R M S I N ( 8 0 ) , A N D I S 

C A L L E D T H E H A R T R E E - F O C K E N E R G Y C O R R E C T I O N T E R M . I T R E P R E ­

S E N T S A D E C R E A S E I N T H E E N E R G Y O F T H E M A G N O N D U E T O I T S M O V ­

I N G I N D E P E N D E N T L Y T H R O U G H A N A V E R A G E P O T E N T I A L F I E L D , A N D 

T H E R E F O R E D O E S N O T R E P R E S E N T A N E N E R G Y C O R R E C T I O N D U E T O M A G -

N O N - M A G N O N I N T E R A C T I O N S . 

T H E L A S T T E R M I N ( 9 5 ) R E P R E S E N T S T H E E N E R G Y C O N T R I B U ­

T I O N D U E T O M A G N O N - M A G N O N I N T E R A C T I O N S . T H I S T E R M I S T H E 

A V E R A G E E N E R G Y G A I N E D B Y A M A G N O N O F M O M E N T U M P A S A R E S U L T O F 

I T S C O R R E L A T I O N S W I T H A L L T H E O T H E R M A G N O N S I N T H E S Y S T E M . 

T H E F U N C T I O N , ^ ' c p ) , W H I C H I S T W I C E T H E I M A G I N A R Y P A R T 

O F T H E & 2 P O L E , I S T H E L I F E T I M E O F T H E S I N G L E - P A R T I C L E E X C I T E D 

S T A T E ITFITH M O M E N T U M P . 

T H E A N A L Y T I C E X T E N S I O N O F T H E S E C O N D O R D E R S O L U T I O N F O R 

( P , u > ) I S T H E N 

U . C P , V O ± L L ) = — - — — _ + — \yv/ 

T H E I N F I N I T E R A N G E A P P R O X I M A T I O N 

T H E E Q U A T I O N F O R G I V E N B Y ( 7 8 ) W A S O B T A I N E D F R O M 

( 6 0 ) B Y S E T T I N G CkyO A N D N E G L E C T I N G T H E F O U R - P R O D U C T T E R M S . 

I N T H I S A P P R O X I M A T I O N I T I S P O S S I B L E T O I N C O R P O R A T E T H E S E 

T E R M S W I T H O U T F U R T H E R C O M P L I C A T I N G T H E P R O B L E M . T O S E E H O W 

T H I S I S D O N E C O N S I D E R T H E S E F O U R - P R O D U C T S A S T H E Y A P P E A R I N 
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t h e G ? e q u a t i o n o f m o t i o n . 

- Sl/0 < s ; s ; s : s j > _ 5 ^ 0 < S 7 s ; s : s $ > ( 9 7 ) 

T h e s e t e r m s c a n b e a p p r o x i m a t e d a t loxv t e m p e r a t u r e s b y 

u s i n g 

T h i s a p p r o x i m a t i o n c a n b e e s t a b l i s h e d b y u s i n g t h e H a r t r e e -

F o c k a p p r o x i m a t i o n f o r G ^ , g i v e n b y e q u a t i o n ( 8 0 ) w i t h U » 0 , 

a n d E q . ( * * 3 ) . I t w i l l b e i n d i c a t e d l a t e r t h a t t h i s a p p r o x i ­

m a t i o n o f i n t h i s p r o b l e m i s v a l i d a t l o w t e m p e r a t u r e s . 

T h e n ( 9 7 ) b e c o m e s 

( 9 8 ) 

- <Ho f <rsz- s 3 S < s ; ^ t > + < sz~ s t >< s ; s / > J ( 9 9 ) 

A t t h e s e l o w t e m p e r a t u r e s t h e c o r r e l a t i o n f u n c t i o n 

<S^ S "̂> i s g i v e n b y ( 7 2 ) . T h i s r e s u l t i s e s p e c i a l l y s i m p l e 

h e r e s i n c e 

( 1 0 0 ) 

T h e r e f o r e t h e f i r s t o r d e r e n e r g y i s 

( 1 0 1 ) 

S u b s t i t u t i o n o f t h i s i n t o ( 7 2 ) g i v e s 

< s ; S + > =r 2 < S * > < n > S m y e ( 1 0 2 ) 
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f o r N l a r g e , and <n> i s g i v e n by 

< N > = i / C e - I ) ( 1 0 3 ) 

Then t h e t e r m s ( 9 9 ) become 

- < * R S } X S : s £ > f 4 < s V ^ . S ^ D ] 

The s e c o n d term i n t h e £ I ; O term can be p u t e q u a l t o z e r o s i n c e 

i f 2 = 0 and 3 = 0 t h e f o u r - p r o d u c t < S \ S ; S T * J > = O , and t h e s e t e r m s 

a r e a b s e n t f o r t h a t r e a s o n . The same i s t r u e f o r 4 < * V 4 (/<» <5 ^ 0 

i n t h e £ z / 0 t e r m . Thus u s i n g (lOU) t h e G^ e q u a t i o n e q u i v a l e n t 

t o (78 ) b u t w i t h t h e f o u r - p r o d u c t t e r m s i n c l u d e d i s 

£ U > + J F T F * * * S ( I - ^ " ^ O ^ ^ ^ S - 1^ { ( 1 0 5 ) 

o r 

H + Z T S ( I - J F J ; . ^ F . 4 - T S ] 6 L

C P , L F » L P 1 ) « * ' ) - (106) 

Making t h e s u b s t i t u t i o n o f v a r i a b l e s 

J j = o > fc» f j ' + P . ' (107) 

i n (106 ) and s o l v i n g f o r G 2 (0, ? , , t h e s o l u t i o n o f ( 1 0 6 ) 

i s t h e n 
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G , t t / „ P , ^ = - Z ^ M S F C - R , S R , G ^ N S E . - P , S a ( l o 8 ) 

+ I I * * T S

 Sfr x 

C N / ^ P J . Q + N h+r^bjQ _ 2 1 

I N T H E L I M I T 

IV-* co ( 1 0 9 ) 

Y — * O 

N T S C O N S T A N T 

I T I S C L E A R T H A T T H E F I R S T T W O T E R M S O N T H E R I G H T H A N D S I D E 

O F ( L 0 8 ) C A N B E W R I T T E N I N T E R M S O F G ^ F U N C T I O N S . T H E R E ­

P L A C E M E N T O F T H E S E G ^ F U N C T I O N S B Y G ^ F O L L O W S F R O M T H E S A M E 

A R G U M E N T T H A T W A S U S E D I N T H E N E A R E S T N E I G H B O R A P P R O X I M A T I O N . 

S U B S T I T U T I O N O F T H E S E R E S U L T S I N T O T H E G ^ E Q U A T I O N G I V E S , 

I N T H E L I M I T N - * - o o f J - * 0 , A N D N J = C O N S T A N T 

F U ^ t f + Z T S W F F - S p o J j G ^ u , ) ^ - Z<s*> + 2 < ^ ; S T > N T [ ( - Jf j .^G.djuO ( 1 1 0 ) 

O R 

+ + zr«<SS>[\ - $Pi0]} $,(9^) = -2<S*> ( 1 1 1 ) 

S I N C E S - = • 

H E R E A G A I N T H E E N E R G Y H A S B E E N R E N O R M A L I Z E D B Y T H E 

H A R T R E E - F O C K T E R M S I N T H E G 2 E Q U A T I O N . T H E E N E R G Y I S A 
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H a r t r e e - F o c k e n e r g y correction and therefore c o n t a i n s no inter­

a c t i o n terras w h i c h , indeed, should be the case for the infinite 

range i n t e r a c t i o n . 

T h e Cry T e r m i n a t i o n 

From an e x a m i n a t i o n of the c a l c u l a t i o n it appears 

that to first order (low t e m p e r a t u r e s ) an expansion of G^ 

in terms of G^-^ is p o s s i b l e . The e x p a n s i o n is determined by 

the i n h o m o g e n e o u s terms in the term of the G^ equation. 

T h e a p p r o x i m a t i o n of G ^ functions in terms of G 2 functions 

can be carried out in this m a n n e r . 

First of all the four-product terms in the G^ equation 

are a p p r o x i m a t e d using ( 9 8 ) . N e g l e c t i n g the G^ t e r m s , the 

s i x - p r o d u c t s , and the sum over the G^ f u n c t i o n s Eq. ( 6 2 ) be­

comes 

Fourier i n v e r s i o n of this equation g i v e s 

lou + tfHt 2 T s(« a-2rp - R R I - J T P,-f^ ^ / R J.)l ( F 3 C P . / , / P , Y P 4 / Y,w) = - Z S W { S P S P 3 X ( 1 1 3 ) 

w h e r e the last three terms in ( 1 1 2 ) have been dropped since 
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T H E Y D O N O T G I V E R I S E T O G ^ F U N C T I O N S . S O L V I N G F O R G ^ G I V E S 

V O ^ A ^ I F R ; . * ' ) = - 2 S M S < ? SFCTFRT+P**R:*fr + SR,+S>*P«*PT 3 ( H I T ) 

= /V/SP( Sp 3 C V * -.•^P3+P4<5pT+PF] G ,°(P^u,) ( l l 5 ) 

T H E G ^ F U N C T I O N S N O W A R E R E P L A C E D B Y G ^ F U N C T I O N S A N D 

( 1 1 5 ) I S F O U R I E R I N V E R T E D T O S P A C E - T I M E C O - O R D I N A T E S G I V I N G 

$ 3 ( 1 , 2 , 3 / ^ 0 * ^ ( Z , T ) [ < S R S J > < S } S J . > - K S 3 - S ; > < : S R S J ^ ( L L 6 ) 

O R U S I N G T H E H A R T R E E - F O C K E X P A N S I O N O F G ^ I N T E R M S O F G ^ 

S U B S T I T U T I O N O F ( 1 1 7 ) I N T O ( 6 0 ) , F O U R I E R I N V E R T I N G T O 

M O M E N T U M S P A C E , A N D R E G R O U P I N G T H E T E R M S G I V E S A R E N O R M A L I Z E D 

C O E F F I C I E N T F O R G ^ . T H E C O E F F I C I E N T N O W R E A D S 
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T h e r e f o r e t h e r e p l a c e m e n t o f E p b y £p i n t h e G 2 e q u a t i o n 

( 1 - 1 7 ) s e e m s t o b e c o n s i s t e n t w i t h t h e e f f e c t t h a t t h e G ^ 

f u n c t i o n s h a v e o n t h i s e q u a t i o n . T h e p r o o f i s n o t c o m p l e t e , 

h o w e v e r , s i n c e t h e e n e r g i e s i n ( 1 1 8 ) a n d € F d i f f e r b y t h e f u n c ­

t i o n W^P,io) . T h i s w a s t h e m a ^ n o n - m a g n o n i n t e r a c t i o n t e r m a n d 

i t w a s g e n e r a t e d b y a d e t a i l e d s o l u t i o n o f t h e G 2 e q u a t i o n . 

S u c h a t e r m w o u l d e n t e r t h e r e n o r m a l i z e d G 2 c o e f f i c i e n t i f a 

m o r e d e t a i l e d r e p r e s e n t a t i o n o f G~ w e r e m a d e i n t h i s e q u a t i o n . 
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CHAPTER V I 

w h e r e t h e n o t a t i o n £p* h a s been u s e d t o r e p r e s e n t 

£ C P > ± R W * ( 1 2 1 ) 

I n o r d e r t o e v a l u a t e ( 1 1 9 ) , <*J is e x t e n d e d t o a c o m p l e x 

THE CORRELATION FUNCTIONS AND MAGNETIZATION 

T h e N e a r e s t N e i g h b o r A p p r o x i m a t i o n 

The c o r r e l a t i o n f u n c t i o n <Sn(t)Sj«0> can be c a l c u l a t e d 

f r o m t h e k n o w l e d g e o f t h e F o u r i e r t r a n s f o r m o f t h e G^ f u n c ­

t i o n . S u b s t i t u t i o n o f e q u a t i o n (6j>) i n t o [ k 2 ) g i v e s ( i n t h e 

l i m i t N-* 0 0 ) 

< s ; c « s t o ) > . t ^ - i g j ^ ' P J ^ _ § — — [ 6 , ( 5 ^ 0 - ( 1 1 9 ) 

U s i n g e q u a t i o n ( 9 6 ) 

Q ( ( » » u » + 4 f e ) - fi^poz-td) « I I L > + 2 < S > ( 1 2 0 ) 

4 J < S ; S T > ( R . ' - R P ') 4 J < * ; * T > tr.'-rP') 
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v a r i a b l e . The c o n t o u r c h o s e n f o r t > o i s one w h i c h i s c l o s e d 

i n t h e l o w e r h a l f c o m p l e x 00 p l a n e . 

• 

I f ±.<o , t h e c o n t o u r i s c l o s e d i n t h e u p p e r h a l f p l a n e . 

In e i t h e r c a s e t h e c o n t r i b u t i o n t o t h e i n t e g r a l from t h e s e m i ­

c i r c l e s i s z e r o . T h e r e f o r e s u b s t i t u t i o n o f ( 1 2 0 ) i n t o (119) 

g i v e s 

= *$f\ < « > P E I ? - " e e'ttrt*«/'P ( 1 2 2 ) 

(21D J" J K 

- U D ' 111 fr-JFE-IP.V^
 e K e

 ' ' ^ f i A 

<»>P = l / C e p £ c p ) . , ) ( 1 2 3 ) 

The s e c o n d term i n t h e d e f i n i t i o n o f V, e q u a t i o n ( 8 3 ) , 
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h a s b e e n d r o p p e d s i n c e i t w i l l g i v e r i s e t o h i g h e r o r d e r t e r m s 

t h a n t h o s e c o n t r i b u t e d b y t h e f i r s t t e r m . 

T h e f i r s t t e r m o n t h e r i g h t h a n d s i d e o f ( 1 2 2 ) i s j u s t 

t h e s e c o n d o r d e r c o r r e c t i o n t o t h e s i m i l a r t e r m i n t h e f i r s t 

o r d e r r e s u l t ( E q . ( 7 2 ) ) . T h e s e c o n d t e r m r e p r e s e n t s a c o r r e c t ­

i o n t e r m d u e t o t h e i n t r o d u c t i o n o f t h e G^ f u n c t i o n s i n t o t h e 

&2 e q u a t i o n . T h i s t e r m c a n b e s i m p l i f i e d b y m a k i n g t h e r e p l a c e ­

m e n t 

e ^ € ^ = _ L + l ( 1 2 5 ) 

T h e n t h e s e c o n d t e r m i n ( 1 2 2 ) r e a d s 

H £ ° \ [ ^ ^ j r r . ' - r . W ^ e - e " " " J*r ( 126 ) 

T h e l a s t t e r m i n ( 1 2 2 ) i s g e n e r a t e d b y t h e t e r m 

* < V " ^ 3 > i n t h e G ^ e q u a t i o n , w h i c h g u a r a n t e e s t h e e x a c t s o l u t i o n 

o f t h i s e q u a t i o n t o b e z e r o i f 1 * 2 , a s i t s h o u l d b e . T h i s t e r m 

i s a s u m o f t w o t e r m s , t h e f i r s t i n v o l v i n g < « > p , t h e o t h e r 

< n > P f t , Pz • M a k i n g t h e s u b s t i t u t i o n % = %+P-P , e x p a n d i n g t h e 

i n t e g r a n d f o r s m a l l £ a n d p t a n d u s i n g E q . ( 79 ) i n t h e f i r s t 

o f t h e s e t e r m s g i v e s , 

. 2fo < s ; o t f < » > P J ^ L _ l ! j * * £ < ™ * l W t S * * ( 127) 

N o w 

_ j f r fr-g-*' d

3

Fl , Q ( 128 ) 
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where a 0 i s d e f i n e d i n t e r m s o f t h e Watson i n t e g r a l s . 

N - V [ A S O - * R ** . / V J (129) 

Then ( 1 2 7 ) becomes 

- J < n > P [u-Ul e l e * ' W e ' * " * * d V <13°> 

The s e c o n d term i n t h e l a s t term i n ( 1 2 2 ) r e a d s 

+ o' r r r , . [ I M Mle^A , s i , , , ( 1 3 1 ) 
T h i s t e r m , a s i t s t a n d s , d i v e r g e s i n t h e l i m i t H 0 . In o r ­

d e r t o g e t around t h i s d i v e r g e n c e <N>PF()PI. i s a p p r o x i m a t e d by 

and Sp.,,.^ i s a p p r o x i m a t e d by 

S P .FRP.= 3- £fE™-r* (H*0) ( 1 3 3 ) 

U s i n g ( 1 3 2 ) and ( 1 3 3 ) , a n d e x p a n d i n g t h e r e m a i n d e r o f t h e i n t e ­

grand i n ( 1 3 1 ) f o r s m a l l p^ and p ( 1 3 1 ) becomes 

I t i s c l e a r t h a t t h i s i s t h e o n l y term i n t h e e q u a t i o n 

f o r t h e t i m e - d e p e n d e n t c o r r e l a t i o n f u n c t i o n w h i c h d o e s n o t 
- «DT/ 

c o n t a i n a damping f a c t o r , 6 . T h i s k ind o f a f a c t o r would 
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come from an in c l u s i o n of the G j functions into the theory 

Using ( 1 2 6 ) , ( 1 3 0 ) , and ( 1 3 M Eq . ( 1 2 2 ) b e c o m e s 

( 1 3 5 ) 

w h e r e has been replaced by S-Cs»s£> 

The t i m e - i n d e p e n d e n t correlation function is then 

given by 

(2TT)3 

+ 2. 

Putting 1 * 0 and solving for <S~st> , the leading terms are 

<-S;«*S:«>)>= *<#>iM"- sfciw+izOl * Z T T F « ) L [ ( 1 3 7 ) 

(138) 

(139) 



3 9 

f ™ P r a . - « d V l l k 0 ) 

7'<*> - I t <">P̂  < 4 X r.'- r P ' 3 rf3p ( U n ) 

S u b s t i t u t i o n o f ( 1 3 7 ) i n t o ( 1 3 5 ) g i v e s t h e s e c o n d o r d e r r e s u l t 

f o r t h e t i m e - d e p e n d e n t c o r r e l a t i o n f u n c t i o n i n t e r m s o f i n t e ­

g r a l s o v e r t h e b o s o n d i s t r i b u t i o n f u n c t i o n s <^>p and <n>p . 

The m a g n e t i z a t i o n p e r s p i n , M, i s d e f i n e d by 

S u b s t i t u t i n g ( 1 3 7 ) i n t o ( l 4 2 ) and s o l v i n g f o r M, t h e l e a d i n g 

t e r m s a r e 

M * I - Z. ?0Ce) [ i f ^ fl<£) + W>1 - 4 [ ( ? ; < • > ) - < ? o < « ) ) * ] ( 1 ^ 3 ) 

I n o r d e r t o e v a l u a t e M t h e r e n o r m a l i z e d e n e r g i e s €(P) 

must be known. T h e s e e n e r g i e s a r e f u n c t i o n s o f t h e S P f u n c ­

t i o n s , g i v e n by Eq. ( 7 9 ) . U s i n g E q s . ( 7 9 ) and ( 1 3 6 ) , 

S p = Z ^ X r O p + X £~ ( l 4 4 ) 

+ h i g h e r o r d e r t erms 

Then 

E C P ) = ^ " Z 7 \ S P 1 W a V + X^ ( 1 4 5 ) 



S u b s t i t u t i o n o f g i v e n by ( 1 1 - 1 5 ) i n t o {lk6) g i v e s 

U s i n g (1^7) t h e e t a f u n c t i o n s b e c o m e , t o o r d e r 

w h e r e 

and t h e c o n s t a n t s ^x) ( and ^ a r e g i v e n i n A p p e n d i x I I I 

U s i n g (150) and ( 1 5 2 ) , b e c o m e s , t o o r d e r 

?.<*> • ^ i K ^ r A * ' ^ * * m - C ' V c S > (cap)* 

S u b s t i t u t i o n o f t h e e t a f u n c t i o n s i n t o (1^3) g i v e s 

w h e r e 
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For t h e s i m p l e c u b i c l a t t i c e ( S e e Append ix I I I ) 

( 1 5 6 ) 

Do/D - 1.7.o 

and t h e r e f o r e 

Q S I. (08O (157 ) 

w h i c h i s t h e e x a c t r e s u l t o b t a i n e d by D y s o n . For t h e o t h e r 

c u b i c l a t t i c e s t h e a g r e e m e n t s h o u l d a l s o be e x a c t s i n c e t h i s 

was found t o be t h e c a s e f o r t h e s i m p l e c u b i c l a t t i c e . The 

v a l u e s g i v e n by Dyson f o r Q, can t h e r e f o r e be u s e d t o c a l c u ­

l a t e t h e m i d d l e term i n ( 1 5 5 ) . T h a t i s 

a r e D y s o n ' s v a l u e s f o r Q. The v a l u e s o f C 0 a r e i m p o r t a n t b e ­

c a u s e t h e y a p p e a r i n t h e p r o p o r t i o n a l i t y c o n s t a n t i n t h e ma,;:non-

magnon i n t e r a c t i o n e n e r g y . 

The a n o m a l o u s T^ term w h i c h i s p r e s e n t i n t h e f i r s t o r ­

d e r t h e o r y h a s b e e n o a n c e l e d o u t i n t h e s e c o n d o r d e r r e s u l t . 

The c a n c e l l a t i o n can be s e e n i n t h e t h i r d term o f Eq. ( l ^ 3 ) . 

zfioT)oiJ> = Q-I - 2O0/3 • C 0 
(158) 

where 

(159) 
' U 8 s.c. 

G(s< I. SS" F E E . I 1 . 4 ^ W. C. C 
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h 

T H E I N F I N I T E R A N G E A P P R O X I M A T I O N 

T H E S O L U T I O N O F T H E G^ E Q U A T I O N I N T H E L I M I T N - » » , J " - > o , 

S U C H T H A T N J = C O N S T A N T , I N T H E S E C O N D O R D E R T H E O R Y I S V E R Y S I M ­

P L E . 

G lO>uO= ^ , f ( 1 6 D 

T H E T I M E - D E P E N D E N T C O R R E L A T I O N F U N C T I O N I S O B T A I N E D B Y 

S U B S T I T U T I N G ( l 6 l ) I N T O (^2) G I V I N G 

< S „ - ( T ) S T < O ) > ^ 2 < S * > < N > ZA/o ft1*4"*1*1* • H'O (162) 

(163) 

<n> = 1 ^ 7 7 

T H E M A G N E T I Z A T I O N D E F I N E D B Y 

H= ^ . / - Z < S f s : > (165) 

I S O B T A I N E D F R O M T H E T I M E - I N D E P E N D E N T C O R R E L A T I O N F U N C T I O N 

< S ; S X > . U S I N G (162) 

T H E N 

I T I S A L S O N O T E D T H A T T H E T T E R M S C O N T R I B U T E D B Y T H E S E T E R M S 

E X A C T L Y O A N C E L . 
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<JT * f - < s ? > ^ > ( 1 6 7 ) 

S o l v i n g ( 1 6 7 ) f o r M g i v e s 

M = | / C *<N>) ( 1 6 8 ) 

< N > = I / ( € ^ F - M - ( ) ( 1 6 9 ) 

S u b s t i t u t i o n o f ( 1 6 9 ) i n t o ( L 6 8 ) and s o l v i n g f o r M g i v e s 

H E * S J W ( J ± M _ \ ( 1 7 0 ) 

4 

w h i c h i s t h e e x a c t r e s u l t g i v e n by K i t t e l and S h o r e . 

I t i s n o t t o o s u p r i s i n g t h a t t h i s i s t h e c a s e s i n c e 

t h e s e c o n d o r d e r r e s u l t f o r G^ g i v e n by ( L 6 L ) can be o b t a i n e d 

by a s i m p l e H a r t r e e - F o c k t e r m i n a t i o n o f t h e G^ f u n c t i o n s i n 

t h e G-̂  e q u a t i o n . T h a t i s 

G * a a . 3 , * ) = < , S R S J > G , ( 2 < - T ) ^ < ' S I « 5 J > G , 0 / O ( 1 7 1 ) 

S u b s t i t u t i o n o f t h i s i n t o t h e G^ e q u a t i o n , u s i n g t h e r e s u l t 

<S^Sj ! j>*0 f o r n * o , and F o u r i e r i n v e r s i o n o f t h e r e s u l t g i v e s 

e x a c t l y t h e G^ f u n c t i o n ( L 6 L ) . S i n c e t h i s i s an i n f i n i t e r a n g e 

i n t e r a c t i o n p r o b l e m t h e H a r t r e e - F o c k s h o u l d g i v e v e r y good r e ­

s u l t s a n d , i n d e e d , i t g i v e s t h e e x a c t r e s u l t . 

I f no a t t e m p t had b e e n made t o w r i t e t h e G^ r e s u l t s i n 

t e r m s o f t h e G 1 , and h e n c e t h e G 1 f u n c t i o n s , t h e r e s u l t ( 1 7 0 ) 

would n o t h a v e b e e n o b t a i n e d . I n t h i s c a s e s u b s t i t u t i o n o f 

( 1 0 8 ) i n t o ( 7 7 ) and t a k i n g t h e p r e s c r i b e d l i m i t s g i v e s 



kk 

' CO T C o 

Substitution of this result into (h2) gives 
<s;st>= 2(s J><n)' + 2 fo/s(s?><s;s*>f^>'f e13£* ( 173 ) 

Solving (17**) for e and substituting this result into 
( 1 7 3 ) gives 

<s;s£> - 2<S*Xn^ + 2<s;s+>(9f.C<fl>% t < n > V j ( 1 7 5 ) 

or 

( 1 6 5 ) . 

_ 2<s>><*> (176) 

Then M is obtained by the substitution of ( 176 ) into 

fl- 1 *M<n> ( 1 7 7 ) 

or 
| / ( ,* i < n ^ (178) 

which is not the same result as that given by ( 1 7 0 ) . However, 
this result does agree with (170) in the limit of very low 
temperatures. As the temperature increases (178) will differ 
drastically from the exact solution ( 1 7 0 ) . See Figure k. 
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CHAPTER VII 

I f t h e h i g h e r o r d e r momentum t e r m s i n 5^p) a r e n e g l e c t e d 

GENERAL RESULTS 

R e n o r m a l i z e d Magnon E n e r g i e s 

The s e c o n d o r d e r c a l c u l a t i o n h a s produced a r e n o r m a l -

i z a t i o n o f t h e f i r s t o r d e r magnon e n e r g y 

Ep = H H + Z R S C X O - 2 F P 7 ( 1 7 9 ) 

i n t e r m s o f t e m p e r a t u r e - d e p e n d e n t c o r r e c t i o n s . The s e c o n d 

o r d e r e n e r g y e x p r e s s i o n a t l o w t e m p e r a t u r e s i s g i v e n by 

T C P ^ = HH+ 2islt.-6p]-Z7[r0-rpj ( 1 8 0 ) 

The t h i r d term i n t h i s e x p r e s s i o n r e p r e s e n t s a n e t d e ­

c r e a s e i n t h e e n e r g y o f t h e magnons a s t h e y move t h r o u g h an 

a v e r a g e p o t e n t i a l f i e l d , w h i l e t h e l a s t term r e p r e s e n t s a n e t 

d e c r e a s e i n t h e e n e r g y due t o t h e i n t e r a c t i o n o f a magnon w i t h 

a l l o f t h e o t h e r m a g n o n s . At l ow t e m p e r a t u r e s and momenta 

( L 8 0 ) r e d u c e s t o Eq. ( L 4 7 ) . The l e a d i n g t e m p e r a t u r e t erms a r e 

Sip) = Ep- 2 T [ * . - * P 3 4 * A * D . P * ? ( < • > / ! > * . ( 1 8 1 ) 



1*6 

where 
(182) 

(183) 

EpE = t-p°- ZTUo'-Tp] (18k) 

which is the Hartree-Fock energy. Substitution of into 
(l8l) gives 

fcCp)= + j { 1 - 2fQ - ro.3^<(f) ( ^ ; J 5 / 2

+ OC©3)*P* (185) 

The constant Q is given by Eq. (155). 

Q * 1 + 2/?.Do/D * |0o (186) 

or 

^ - Q E * | + Zff0T>a/D (187) 

The factor 2FL4»D0/j> represents the contribution to the 
energy due to magnon-magnon interactions. The number one in 
(187) represents the Hartree-Fock energy contribution. The 6 
term in (185) gives a ©* contribution to the magnetization 
while the term of order G gives a © contribution. Thus the 
lowest temperature contribution produced by dynamical inter-
actions is & , which agrees with Dyson's results. 

This renormalization of the energy can be thought of as 
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p r o d u c i n g an e f f e c t i v e t e m p e r a t u r e - d e p e n d e n t e x c h a n g e c o n ­

s t a n t f o r s m a l l momenta. I n t h i s r a n g e 

S(p-y = H H + 3 " E F F P 2 ( 1 8 8 ) 

U s i n g Eq. ( 1 8 4 ) 

^ = L - z»oDo/Dl/t0 + OCe*) ( 1 8 9 ) 

The r a t i o 3eff/T can be measured by i n e l a s t i c n e u t r o n d i f f r a c ­

t i o n . ^ F i g u r e 1 shows a p l o t o f Eq. ( 1 8 9 ) f o r a f a c e - c e n t e r e d -

c u b i c l a t t i c e . A v a l u e o f © c = 4 was us ed i n t h e p l o t a g a i n s t 

e / e e . T h i s v a l u e f o r t h e n o r m a l i z e d C u r i e p o i n t , G c , w i l l 

be d i s c u s s e d l a t e r on i n t h i s c h a p t e r . F i g u r e 1 a l s o shows 

t h e r e s u l t s from e x p e r i m e n t s on n i c k e l , which i s a f a c e - c e n t e r -

e d - c u b i c f e r r o m a g n e t i c s o l i d w i t h S c l o s e t o o n e - h a l f , wh ich 

w e r e r e p o r t e d by Lowde."*"^ 

L i f e t i m e s 

The i m a g i n a r y p a r t o f t h e r e n o r m a l i z e d e n e r g y g i v e n by 

( 9 4 ) i s i n t e r p r e t e d a s t h e l i f e t i m e o f a s i n g l e p a r t i c l e s t a t e . 

To s e e t h i s c o n s i d e r t h e c o r r e l a t i o n f u n c t i o n ^ S ^ T O J S ^ t ) ) . S u b s t i ­

t u t i o n o f t h e s e c o n d o r d e r s o l u t i o n , ( 9 6 ) , i n t o ( 4 O ) , u s i n g 

Eq. ( 2 8 ) , and r e t a i n i n g t h e l o w e s t t e m p e r a t u r e term g i v e s 

<i:i,>s-itf> - $ 1 E i ? - V " " E ( 1 9 0 ) 
P 
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The F o u r i e r i n v e r s i o n o f t h e S . o p e r a t o r s i s g i v e n by 

(191 ) 

when S i s t h e c r e a t i o n o p e r a t o r f o r a magnon, g i v e n by ( 1 2 ) , 
P 

and S + i s t h e d e s t r u c t i o n o p e r a t o r f o r a magnon. U s i n g (190 ) 
P 

and (191 ) i t i s e a s i l y shown t h a t 

I t i s assumed now t h a t t h e s e t o f s t a t e s u s e d t o c a l ­

c u l a t e ( 1 9 0 ) can be r e p l a c e d by a s e t o f o r t h o g o n a l s i n g l e 

p a r t i c l e magnon s t a t e s . I n o t h e r words i t i s assumed t h a t 

t h e l o w t e m p e r a t u r e b e h a v i o r o f t h i s s y s t e m can be e n t i r e l y 

e x p l a i n e d by u s i n g a s e t o f o n e - p a r t i c l e "wave f u n c t i o n s " , 

j P , T > w h i c h a r e t e m p e r a t u r e d e p e n d e n t and w h i c h d e s c r i b e t h e 

s t a t e o f a magnon w i t h a r e n o r m a l i z e d t e m p e r a t u r e d e p e n d e n t 

e n e r g y , , and momentum p . Then 

( 1 9 2 ) 

(193) 

S i n c e t h e s t a t e s /p,T> a r e assumed t o be o r t h o g o n a l 

(19*0 

Then ( 1 9 2 ) b e c o m e s 

-1 
( 1 9 5 ) 

or 
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I<P,T/ sJ<*)SP<*>l /»T>/* = E 

(196) 

E q u a t i o n (196) t h e n g i v e s t h e p r o b a b i l i t y t h a t one c o u l d add 

a magnon w i t h momentum p t o t h e s y s t e m a t t i m e t = - t ^ , remove 

a magnon w i t h momentum p a t t=0, and come back t o t h e o r i g i n a l 

s t a t e . H o w e v e r , i f t h e magnon t h a t was added t o t h e s y s t e m a t 

t = - t ^ i n t e r a c t s w i t h a n o t h e r magnon b e f o r e t=0 t h e n i t i s im­

p o s s i b l e f o r t h e s y s t e m t o r e t u r n t o t h e o r i g i n a l s t a t e s i m p l y 

by d e s t r u c t i o n o f a magnon w i t h momentum p . T h e r e f o r e i t 

s h o u l d be e x p e c t e d t h a t t h e p r o b a b i l i t y (196) s h o u l d d e c r e a s e 

a s l t | i n c r e a s e s . Hence x"' i s a m e a s u r e o f t h e " i n t e r a c t i o n 

r a t e " and i s c a l l e d t h e l i f e t i m e f o r t h e s e s i n g l e p a r t i c l e 

s t a t e s . 

t u r e e x p a n s i o n o f (94) i s o b t a i n e d by u s i n g (l44) f o r S . 

A f t e r one i n t e g r a t i o n t h e l e a d i n g term i s 

The l i f e t i m e T"<P) i s g i v e n by Eq. (94) . The l o w t e m p e r a -

<N>,LP'-PFLP'» T»S & C/PX (197) 

where © i s t h e a n g l e b e t w e e n |5 and p ' . The l e a d i n g term o f 

(197) i s t h e n 

, 3 (W J 3 . Q 
' 3ZTT JJ> £(4)P 3e (198) 

pa>*> © (199) 

w h e r e a i s t h e l a t t i c e c o n s t a n t . 
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E q u a t i o n (198) d i f f e r s by t h e f a c t o r JFC/D from t h e l i f e -
1 7 

t i m e c a l c u l a t e d by P i n c u s , S p a r k s , and LeCraw w h i c h was o b -
7 

t a i n e d u s i n g D y s o n ' s mean f r e e p a t h , a f t e r Eq . ( i l l ) o f Ref­

e r e n c e ( 7 ) h a s b e e n c o r r e c t e d by r e p l a c i n g by ± . 

The M a g n e t i z a t i o n 

The m a g n e t i z a t i o n f o r m u l a (15**) f o r t h e n e a r e s t n e i g h ­

b o r a p p r o x i m a t i o n i s i n e x a c t a g r e e m e n t w i t h D y s o n ' s r e s u l t s 
4 - 3 

up t o o r d e r © i n t h e t e m p e r a t u r e . The a n o m a l o u s T term i s 

m i s s i n g i n t h i s s e c o n d o r d e r e x p r e s s i o n due t o i t s c a n c e l l a t i o n 

by t e r m s g e n e r a t e d by t h e ^ O ^ o ^ s f s ^ term i n t h e G 2 e q u a t i o n . 

Thus G 2 b e i n g z e r o i f 1 = 2 i s a n e c e s s a r y c o n d i t i o n f o r t h e r e -
3 

moval o f t h i s a n o m a l o u s T-' t e r m . 

In o r d e r t o make an e x t e n s i o n o f t h e s e r e s u l t s t o h i g h e r 

t e m p e r a t u r e s c o n s i d e r t h e l e a d i n g t e r m s i n Eq. (lJ*l|) . 

I- I l + Z Q O + ( 2 0 0 ) 

The f u n c t i o n %Le>) was i n t r o d u c e d i n t o t h e t h e o r y a s a r e s u l t 

o f t h e i n t r o d u c t i o n o f t h e G-̂  f u n c t i o n i n t o t h e s o l u t i o n o f 

t h e G 2 e q u a t i o n . Eq. (200) g i v e s t h e c o r r e c t l ow t e m p e r a t u r e 

e x p a n s i o n o f t h e m a g n e t i z a t i o n up t o o r d e r . 

S u p p o s e ( 2 0 0 ) i s e x t e n d e d t o h i g h e r t e m p e r a t u r e s . The 
2 

i n t e r a c t i o n e n e r g y i s known o n l y t o o r d e r p i n t h e momentum 

and t h e r e f o r e h i g h e r momentum c o n t r i b u t i o n s a r e n e g l e c t e d . 
2 

The t e m p e r a t u r e d e p e n d e n c e o f t h e p term i s known e x a c t l y t o 

o r d e r O . H i g h e r o r d e r t e m p e r a t u r e c o r r e c t i o n s can be n e g -



l e c t e d h e r e s i n c e t h e i r n u m e r i c a l c o n t r i b u t i o n s to 

s m a l l . Then i n t h i s a p p r o x i m a t i o n ft, r e d u c e s t o 

( 2 0 0 ) a r e 

? . c & - - * % ) { i + J ^ z h l £ d l ^ i i (201) 

wh e r e 

$Ce) = X ( 2 0 2 ) 

TFI i r f H p 

V » " (iri3 J <n>, IK-KpU'p ( 2 0 3 ) 

* P- I ( 205) 

The e n e r g y E i s t h e H a r t r e e - F o c k e n e r g y . Only t h e f i r s t term 
P 

i n t h e d e f i n i t i o n o f yx has been r e t a i n e d s i n c e t h e o t h e r 

term can be n e g l e c t e d f o r t e m p e r a t u r e s up t o t h e C u r i e p o i n t . 

Then t h e m a g n e t i z a t i o n f o r m u l a becomes 

Eq. ( 2 0 7 ) i s p l o t t e d i n F i g u r e 2 f o r a s i m p l e c u b i c 

l a t t i c e . The C u r i e p o i n t i s found t o be 

e c = 1.92, ( 208 ) 

T h i s v a l u e i s a b o u t f o u r p e r c e n t o f f t h e t h e o r e t i c a l v a l u e 



18 
o f © c = 2 . 0 g i v e n by Dorab and S y k e s from a h i g h t e m p e r a t u r e 

s e r i e s . 

F i g u r e 3 r e p r e s e n t s a p l o t o f Eq. ( 207) f o r a f a c e ™ 

c e n t e r e d - c u b i c l a t t i c e and f o r t h e e x p e r i m e n t a l p o i n t s f o r 

N i c k e l . The C u r i e p o i n t g i v e n by t h i s t h e o r y i s found t o b e 

©c= 4.oo ( 213 / 

T h i s r e p r e s e n t s e x a c t a g r e e m e n t w i t h t h e v a l u e © C = 4 . 0 g i v e n 

by Domb and S y k e s . The r e l a t i v e l y p o o r a g r e e m e n t a t t e m p e r a * 

t u r e s up t o a b o u t e i g h t y p e r c e n t o f t h e C u r i e p o i n t may b e 

due t o t h e e x i s t e n c e o f c o n d u c t i o n e l e c t r o n s i n N i c k e l and t o 
1 9 , 20 

t h e e x i s t e n c e o f a n i n t e r n a l c r y s t a l l i n e f i e l d . H o w ­

e v e r , a t t e m p e r a t u r e s a b o v e t h i s r a n g e t h i s a p p r o x i m a t i o n 

g i v e s a g r e e m e n t w i t h t h e N i c k e l d a t a , i n d i c a t i n g t h a t t h e 

H e i s e n b e r g mode l may g i v e a n a d e q u a t e m a t h e m a t i c a l r e p r e s e n t 

a t i o n o f N i c k e l i n t h i s t e m p e r a t u r e r a n g e . 

The m a g n e t i z a t i o n f o r m u l a s (170) and ( 1 7 8 ) a r e p l o t t e d 

i n F i g u r e h. Eq , ( 170 ) i s e x a c t and was o b t a i n e d by e x p r e s s ­

i n g t e r m s i n t h e e q u a t i o n i n t e r m s o f G^ f u n c t i o n s and 

t h u s f o r c i n g a r e n o r m a l i z a t i o n o f t h e c o e f f i c i e n t o f G^ i n 

t h e G-̂  e q u a t i o n . Eq. ( 1 7 8 ) was d e r i v e d i n t h e s a m e manner a s 

(170) b u t no a t t e m p t was made t o e x p r e s s G^ i n t e r m s o f G^ 

f u n c t i o n s . 
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F i g u r e 1. T h e R e n o r m a l i s a t i o n F a c t o r f o r a F a c e -
C e n t e r e d - C u b i c L a t t i c e * 



0 . 5 1.0 

R E L A T I V E T E M P E R A T U R E T / T 
c 

F i g u r e 2. T h e o r e t i c a l Magnet i za t ion Curve f o r a 
Simple Cubic L a t t i c e , 



R E L A T I V E T E M P E R A T U R E , T / T 

F i g u r e 3. T h e M a g n e t i s a t i o n Curve f o r N i c k e l 
C o m p a r e d w i t h t h e T h e o r e t i c a l Curve. 



5 6 

F i g u r e 4 . The Magnet i za t ion FOR a Uniformly-
I n t e r a c t i n g Spin System. 
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C H A P T E R V I I I 

C O N C L U S I O N S 

T h i s w o r k s h o w s t h a t i t i s p o s s i b l e t o s o l v e t h e s e c o n d 

o r d e r G r e e n f u n c t i o n e q u a t i o n s d e f i n e d f o r t h e H e i s e n b e r g 

H a m i l t o n i a n w i t h i n a n e n e r g y r e n o r m a l i z a t i o n f r a m e w o r k , p r o ­

v i d i n g i n t h e c a s e o f t h e n e a r e s t n e i g h b o r a p p r o x i m a t i o n e x ­

p r e s s i o n s f o r t h e m a g n o n - m a g n o n i n t e r a c t i o n e n e r g y a n d l i f e ­

t i m e s f o r s i n g l e p a r t i c l e e x c i t e d s t a t e s . T h e s e e x p r e s s i o n s 

a r e g e n e r a t e d b y t h e G g e q u a t i o n a n d a r e n o t i n t r o d u c e d i n t o 

t h e t h e o r y f r o m e x t e r n a l a r g u m e n t s . 

T h i s t h e o r y a l s o s h o w s t h a t w h e n i n t e r a c t i o n s a r e n o t 

n e g l e c t e d a n e x p a n s i o n o f t h e G ^ f u n c t i o n i n t e r m s o f G^ f u n c ­

t i o n s i s i n g e n e r a l i m p o s s i b l e f o r d o u b l e - t i m e G r e e n f u n c t i o n s . 

H o w e v e r , a n e n e r g y r e n o r m a l i z a t i o n c a n b e e f f e c t e d b y a p r o p e r 

t r e a t m e n t o f t h e t e r m s i n t h e G ^ e q u a t i o n w h i c h g i v e s r i s e t o 

t h e s e i n t e r a c t i o n t e r m s . 

B e c a u s e o f t h e a g r e e m e n t o f t h e r e s u l t s o b t a i n e d i n 

t h i s w o r k w i t h D y s o n ' s r e s u l t s , i t i s c o n c l u d e d t h a t t h e G r e e n 

f u n c t i o n t h e o r y i s p r o v i d i n g a w e l l o r d e r e d s c h e m e f o r c a l c u l a ­

t i o n o f t h e p h y s i c a l p r o p e r t i e s f o r t h e H e i s e n b e r g f e r r o m a g n e t . 
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s 

A P P E N D I X I 

C A L C U L A T I O N O F G 2 FOR N E A R E S T N E I G H B O R A P P R O X I M A T I O N 

E Q U A T I O N ( 7 5 ) I S SOLVED BY L E T T I N G N - > o o . L N T H I 

L I M I T P BECOMES A C O N T I N U O U S V A R I A B L E AND 

d'r ( I - D 

WHERE THE I N T E G R A T I O N I S TAKEN OVER THE F I R S T B R I L L O U I N z o n e . 

T H E SYMBOL t f DENOTES THE NUMBER O F P A R T I C L E S PER U N I T VOLUME. 

I N TERMS O F THE L A T T I C E CONSTANT " A " FOR C U B I C S T R U C T U R E S 

zr= Q % = \ Q V * b.cc. 

A 3 / * P . C . C . 

I N T H I S L I M I T ( 7 5 ) CONVERTS TO A FREDHOLM I N T E G R A L E Q U A T I O N . 2 1 

U S I N G ( 1 - 1 ) AND MAKING THE S U B S T I T U T I O N 

E Q U A T I O N ( 7 5 ) BECOMES 

= z&vfsr* [ S T F F ^ T I(P X -CR,)] + 2 * 5 
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where £00 i s t h e D i r a c d e l t a f u n c t i o n . 

L e t 

e ( 1 - 6 ) & M = S 

Then ( I - U ) b e c o m e s 

T h i s i s a Fredholm I n t e g r a l e q u a t i o n o f t h e s e c o n d k ind 

The s o l u t i o n i s o b t a i n e d by a d i r e c t a p p l i c a t i o n o f t h e 

Fredholm t h e o r y . L e t 

f r = J XOOftOO ^ 3X ( 1 - 9 ) 

Then t h e s o l u t i o n o f ( 1 - 4 ) i s 

F ( X , P , + P 8 - * , > W = 1 0 0 * £ x f ° ^ ( 1 - 1 0 ) 

where t h e a r e s o l u t i o n s o f t h e m a t r i x e q u a t i o n 

[ I - C ] X - F ( L I D 

where I i s t h e u n i t m a t r i x . 

Assuming p ^ + p ^ p and p^ s m a l l 
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For a s i m p l e c u b i c s t r u c t u r e C i s a 6 x 6 m a t r i x . The s o l u ­

t i o n o f ( i - l l ) can be w r i t t e n i n t h e form 

where t h e £ j a r e g i v e n by ( 1 - 9 ) and D i s t h e d e t e r m i n a n t o f 

t h e m a t r i x [ i - C j . The 3^ a r e m i n o r s o f t h e m a t r i x [ i - C j which 

a r i s e n a t u r a l l y i n t h e s o l u t i o n o f ( I - l l ) by Cramer ' s m e t h o d . 

Then 

r t x ^ + P z - X / p j , = i w + £ I I , v 0 ^ ' * ? ' ( i - H O 

The d e t e r m i n a n t s have t h e s p e c i a l p r o p e r t y o f b e i n g e q u a l . 

L e t D D . Then 

F C ^ f J + P ^ P j , ^ - I W t 3 S I + i ° V * > V V ( 1 - 1 5 ) 
? f 

The d o u b l e sum i n ( 1 - 1 5 ) w i l l be n e g l e c t e d s i n c e i t a p ­

p e a r s t o be a h i g h e r o r d e r term than t h e s i n g l e sum term a l ­

though a p r o o f o f t h i s i s l a c k i n g . 

The f u n c t i o n s -ff a r e g i v e n by ( 1 - 9 ) . 

iff? - ; t f ? i - 2 * 3 l * ? 

t a n ) 3 i cjiAfH + z j s C 3 r 0 - V - * ) ? + V P ' + ^ 

U s i n g e q u a t i o n s ( 1 - 1 6 ) , ( 1 - 1 5 ) , ( 1 - 5 ) , and ( l - 3 ) 
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G U T , ftuD* 2S(27T) S P j Sfc+ft) 2 S (*TO*S fi * ( f t f f t > ( 1 - 1 7 ) 

where E"p i s t h e f i r s t o r d e r magnon e n e r g y 

£>° = ^u+zTSlfctr] ( 1 - 1 8 ) 

R e p l a c i n g S by <S > + <s;s£>. and u s i n g e q u a t i o n (67 ) t h e 

f i r s t t h r e e t e r m s on t h e r i g h t hand s i d e o f ( 1 - 1 7 ) can be w r i t -
e 

t e n i n t e r m s o f G^ f u n c t i o n s . I n o r d e r t o o b t a i n r e n o r m a l i z e d 
o 

e n e r g i e s f o r t h e magnons t h e s e G^ f u n c t i o n s must be r e p l a c e d 

by t h e G^ f u n c t i o n s w h i c h a r e s o l u t i o n s o f ( 7 7 ) . 

S u p p o s e f o r t h e moment t h a t t h i s r e p l a c e m e n t i s made. 

Then t h e c o e f f i c i e n t o f t h e G^ would be r e n o r m a l i z e d by t h e 

G^ t e rms i n t h e G 2 s o l u t i o n , g i v i n g a t e m p e r a t u r e - d e p e n d e n t 

r e n o r m a l i z e d e n e r g y , E^. T h e r e i s h o w e v e r , a more f u n d a m e n t a l 

p r o b l e m h e r e . The C^(P/tJ) f u n c t i o n h a s p o l e s which c o r r e s p o n d 

t o e n e r g i e s o f s i n g l e p a r t i c l e s t a t e s . The G 7 < f y f t , % u S ) f u n c t i o n 

h a s p o l e s w h i c h c o r r e s p o n d t o two p a r t i c l e s t a t e s . The 

K r o n e c k e r d e l t a f u n c t i o n s i n ( 1 - 1 7 ) r e d u c e t h e p o l e s o f t h e 

G 2 f u n c t i o n t o o n e s which c o r r e s p o n d t o s i n g l e p a r t i c l e s t a t e s 

a s l o n g a s magnon-magnon i n t e r a c t i o n s a r e a b s e n t . T h i s s e c o n d 

o r d e r c a l c u l a t i o n c o n t a i n s t h e i n t e r a c t i o n s and t h e r e f o r e some 
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a d j u s t m e n t must be made i f G^ f u n c t i o n s a r e t o be e x p r e s s e d 

by G^ f u n c t i o n s . 

L e t ££T>W b e t h e i n t e r a c t i o n e n e r g y b e t w e e n p a r t i c l e s 

o f momentum p-̂  and p 2 r e s p e c t i v e l y . Then t h e t o t a l i n t e r a c t i o n 

e n e r g y o f a p a r t i c l e w i t h momentum p-̂  due t o a l l o f t h e o t h e r 

p a r t i c l e s i s 

£ , = I <»\ £ < P 0 P x ) ( 1 - 1 9 ) 

w h e r e <n^?x i s t h e number o f p a r t i c l e s w i t h momentum p ^ . I f 

t h e p a r t i c l e s a r e i n d i s t i n g u i s h a b l e t h e n c e r t a i n l y 

f ( P . , P O = E(P*,P,) ( 1 - 2 0 ) 

and t h e t o t a l i n t e r a c t i o n e n e r g y b e t w e e n p a i r s o f p a r t i c l e s 

w i t h one o f t h e s e p a r t i c l e s h a v i n g a momentum p^ i s 

C i - i £ <n> P i E(Ptjr*) (1-21) 

The i n t e r a c t i o n e n e r g y w h i c h o c c u r s i n t h e p o l e s o f G ^ i s 

g i v e n by ( 1 - 1 9 ) w h i l e t h e i n t e r a c t i o n e n e r g y which o c c u r s i n 

t h e p o l e s o f G^ i s g i v e n by ( 1 - 2 1 ) . T h e r e f o r e i t i s c l e a r 

t h a t G^ f u n c t i o n s c a n n o t be s u b s t i t u t e d on t h e r i g h t hand 

s i d e o f Eq . ( 1 - 1 7 ) . H o w e v e r , i f a f u n c t i o n G-̂  i s d e f i n e d t o 

be e q u a l t o G^ e x c e p t t h a t i t c o n t a i n s ( 1 - 2 1 ) i n s t e a d o f 

( 1 - 1 9 ) t h e n ( 7 7 ) w i l l g i v e a s e l f c o n s i s t e n t s o l u t i o n f o r . 



A f t e r t h e G^ f u n c t i o n h a s been found t h e r e p l a c e m e n t o f (1-21) 

by ( 1 - 1 9 ) i n t h e s o l u t i o n would g i v e G^. 

A p r o c e d u r e which w i l l g i v e t h e same r e s u l t s i s to find 

t h e term i n t h e G 2 e q u a t i o n which w i l l g i v e r i s e t o t h i s inter 

a c t i o n term i n t h e G^ s o l u t i o n and d i v i d e i t by t w o . T h i s is 

t h e a p p r o a c h t h a t w i l l be used h e r e . 

I t i s shown i n C h a p t e r V t h a t t h e term i n ( 1 - 1 7 ) which 

g i v e s r i s e t o t h e i n t e r a c t i o n e n e r g y i s t h e t h i r d term i n Eq. 

( 1 - 1 7 ) . Thus t h i s term i s d i v i d e d by two and 

_ * S ^ - - 2 E <S;SI>J ^ FICPTO) _ Z<s: S*O> ( 1 - 2 2 ) 

where E i s t h e r e n o r m a l i z e d s i n g l e p a r t i c l e e n e r g y and G_ is 
P 1 

t h e s o l u t i o n o f Eq. ( 7 7 ) . Then Eq. ( I - 1 7 ) becomes 

G2 (P„ PT, P3ILO) = <2JP S P J [ 5( J?+ r3) s, (PF/«U) + I Crx+ P3) G, 1 R,A»)J ( 1 - 2 3 ) 

+ 2 S ^ _ Z<S;S:>CZTT)3

Ŝ  R + IFPI + P?)-] 
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APPENDIX I I 

THE MAGNON-MAGNON INTERACTION ENERGY 

The i n t e r a c t i o n e n e r g y X<P) i s i n g e n e r a l a v e r y com­

p l i c a t e d f u n c t i o n o f t h e t e m p e r a t u r e . 

The f u n c t i o n Sp-f?-P2 i s g i v e n by { i k k ) . A f t e r making 

t h e c h a n g e o f v a r i a b l e s 

Eq. ( I I - 1 ) b e c o m e s , a f t e r some s i m p l i f i c a t i o n 

I n o r d e r t o o b t a i n t h e l o w t e m p e r a t u r e and momenta a p ­

p r o x i m a t i o n o f t h i s i n t e g r a l t h e i n t e g r a n d i s expanded i n 

powers o f x and ]£. The l e a d i n g term o f t h e e x p a n s i o n g i v e s 
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c* , v F C O S ? - ? c o s y - ? ' ,iv 

( i i - 5 ) 

^ ' - I 5 5 ) » F ^ 0 ? . ? ) ( ? - F > d3x ( I I - 6 ) 

T h e s e r e s u l t s a r e e a s y t o e v a l u a t e f o r a s i m p l e c u b i c 

l a t t i c e . I n t h i s c a s e 

P F > R = / ? F V = o IF ? * - ? / F ( 1 1 - 9 ) 

S i n c e <*f)f 9 , and Pfj 9 a r e i n d e p e n d e n t o f J , l e t 

* R F R - % ( N - I O ) 

Then ( I I - U ) becomes 

^ ( P ^ -«T<S^>f . | | 3 e p l

+ O ^ © 3 ) ( 1 1 - 1 1 ) 

Now a t low t e m p e r a t u r e s 

= 3 # 5 J F < N 3 5 I ^ ^ V Y - ( u -12 ) 

where i s g i v e n by ( l ^ O ) . Then 

T ^ P ) r - e r < s S > D 0 / » 0 ^ ( © ; P V ^ D + O C © J J ( 1 1 - 1 3 ) 



I t i s e a s y t o show t h a t f o r a f a c e - c e n t e r e d - c u b i c and 

b o d y - c e n t e r e d - c u b i c l a t t i c e s XV) can be w r i t t e n i n t h e form 

2 C , 0 = - A*?(te) p1 * O O 3 ) ( I I - U + ) 

H o w e v e r , t h e c o n s t a n t A i s much h a r d e r t o o b t a i n . Thus f o r 

t h e c u b i c l a t t i c e s t h e i n t e r a c t i o n e n e r g y can be w r i t t e n 

i n t h e form 

J < P ) = - 8 T < S > > P . * 0 P V « > / * . £ + OC©') ( 1 1 - 1 5 ) 

w h e r e A= °( 0 f o r t h e s i m p l e c u b i c l a t t i c e . 
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APPENDIX I I I 

( S e e I - l ) . Of c o u r s e t h e l i m i t t o an i n f i n i t e l a t t i c e must 

be t a k e n i n o r d e r f o r ( I I I - l ) t o be v a l i d . H o w e v e r , t h e i n t e ­

rning o v e r t h e a p p r o p r i a t e p v e c t o r s , t h e l a r g e r N t h e b e t t e r 

t h e a p p r o x i m a t i o n . 

For a s i m p l e c u b i c l a t t i c e t h e s e t o f p v e c t o r s g i v e n 

i n C h a p t e r I i s summed o v e r f o r a g i v e n N. For t h e f a c e -

c e n t e r e d - c u b i c l a t t i c e a d d i t i o n a l p v e c t o r s must be added t o 

t h e s i m p l e c u b i c s e t s i n c e t h e r e a r e now more l a t t i c e p o i n t s 

f o r t h e same vo lume o f t h e s a m p l e . T h i s can be a c c o m p l i s h e d 

i n two w a y s . 

S u p p o s e t h e s e t o f p v e c t o r s c h o s e n f o r t h e s i m p l e 

c u b i c l a t t i c e i s g i v e n by 

( I I I - l ) 

g r a l s J — d*? can be a p p r o x i m a t e d by t a k i n g N l a r g e and sum-

( H I - 2 ) 

NUMERICAL RESULTS 

The i n t e g r a l s which m u s t be e v a l u a t e d i n o r d e r t o g e t 

n u m e r i c a l a n s w e r s a r e i n g e n e r a l t o o c o m p l i c a t e d t o o b t a i n i n 

c l o s e d form f o r a r b i t r a r y t e m p e r a t u r e s . The p r o c e d u r e f o r 

e v a l u a t i n g t h e s e i n t e g r a l s i n v o l v e s t h e r e p l a c e m e n t 
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O $ ">J < A/ 

I n o r d e r t o make a c o m p l e t e s e t o f v e c t o r s f o r t h e f a c e -

c e n t e r e d - c u b i c l a t t i c e t h e a d d i t i o n a l p o i n t s 

Y3 

o r any c y c l i c p e r m u t a t i o n o f t h e v a r i a b l e s xf y , and z , must 

be added t o t h o s e l i s t e d i n ( I I I - 3 ) . 

A n o t h e r way o f a c c o m p l i s h i n g t h e same t h i n g i s t h a t 

i n s t e a d o f a d d i n g more v e c t o r s p t o t h e s e t ( I I I - 3 ) a d d i t i o n a l 

s e t s o f e n e r g i e s a r e a s s i g n e d t o t h e b a s i c s e t o f v e c t o r s , ^ 

For a s i m p l e c u b i c l a t t i c e w i t h one l a t t i c e p o i n t p e r u n i t 

c e l l 

t0-t? = 6 - Zcosp^ -2cos>Py -ZCosP^ ( I I I - 5 ) 

and f o r a f a c e - c e n t e r e d - c u b i c l a t t i c e w i t h f o u r l a t t i c e p o i n t s 

p e r u n i t c e l l 

JFO-TFPR IZ i 4CC»S(ft/Z) COS(PY/XB | 4 C O S ( * V 2 ) C O S ( P * / * } ( I L L - 6 ) 

J 4 c o s (P$Mc*s(P*U) 
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where i n b o t h c a s e s t h e p v e c t o r s a r e g i v e n by ( I I I - 3 ) . In 

t h e c a s e o f t h e f a c e - c e n t e r e d - c u b i c l a t t i c e each o f t h e s e t s 

o f s i g n s i n ( I I I - 6 ) i s summed o v e r . 

A l l o f t h e sums were c a l c u l a t e d u s i n g a B u r r o u g h 1 s 

B - 5 5 0 0 c o m p u t e r u s i n g a method f o r summation o v e r t h e p v e c ­

t o r s o u t l i n e d i n R e f e r e n c e ( 1 0 ) . I t i s f a s t e r from t h e s t a n d ­

p o i n t o f c o m p u t e r t i m e t o u s e ( I I I - 5 ) and ( I I I - 6 ) f o r t h e 

f u n c t i o n X~Xf> t h a n t o add a d d i t i o n a l p v e c t o r s t o t h e s e t 

( I I I - 3 ) , and t h e r e f o r e t h i s p r o c e d u r e was use d i n w r i t i n g t h e 

A l g o l program f o r t h e c o m p u t e r . 

The Do/D R a t i o 

The n u m e r i c a l v a l u e o f D D / D i s i m p o r t a n t s i n c e i t a p ­

p e a r s a s a f a c t o r i n t h e magnon-raagnon i n t e r a c t i o n e n e r g y , 

^ c p ^ , t h e l i f e t i m e , r^cp; f and i n t h e c o n s t a n t 0, w h i c h d e t e r -
4 

m i n e s t h e c o e f f i c i e n t o f t h e 0 term i n t h e m a g n e t i z a t i o n . 

T h e s e d e t e r m i n a n t s a r e r e l a t i v e l y s i m p l e f o r t h e s i m p l e 

c u b i c l a t t i c e . 

Q b CR
 

C B B 

b 0 B B c B 

B G B B C 

C B B a B B 

b B B Q B 

y B C B Q 

( I H - 7 ) 
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where 

b b 
0 b 
b a 

b b 
C b 

t. b 
b t 
b b 
a b 
b 3 

p * J £ .T C Q 5 t P - t - C o s p-f , 

« w t ^ T , d p 

( I I I - 8 ) 

( I I I - 9 ) 

b* r cos?•<*-?)-cos?.? , ( i i i - i o ) 

( I I I - l l ) 

The c o n s t a n t s a , b , and c a r e i n d e p e n d e n t o f n e a r e s t n e i g h b o r 

d i s t a n c e s f . The computer r e s u l t s f o r t h e s i m p l e c u b i c l a t ­

t i c e a r e 

Q = o. S33 

b = o.o30 < J 

( 1 1 1 - 1 2 ) 

S u b s t i t u t i o n o f t h e s e v a l u e s i n t o ( I I I - 7 ) and ( I I I - 8 ) g i v e s 

( 1 1 1 - 1 3 ) 

T h u s , f o r a s i m p l e c u b i c l a t t i c e 



n 
J > . / D = I . Zo ( 1 1 1 - 1 4 ) 

I t i s e s t i m a t e d t h a t t h i s f i g u r e i s c o r r e c t t o w i t h i n an accu­

r a c y o f a b o u t f o u r p e r c e n t . 

The V a l u e o f Ap f o r t h e S i m p l e Cubic L a t t i c e 

The c o n s t a n t A 0 d e f i n e d by Eq. ( 1 1 - 1 5 ) i s 

. _ jr r cos2(P-f) . ( I I I - 1 5 ) 

The c o m p u t e r c a l c u l a t i o n g i v e s 

0 . / 4 O ( 1 1 1 - 1 6 ) 

V a l u e s o f C o n s t a n t s Used i n t h e T e x t 

/ S.C. 

I) = ZH f . cc . 

3 x i K C - C . 

3 2 . 

( 1 1 1 - 1 7 ) 

S . C . ( 1 1 1 - 1 8 ) 

ton - %S Lee. 

/.66 s.c. ( 1 1 1 - 1 9 ) 

Q = / . 3 r f e e , 

I . 4 T t . c . c . 
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The Watson i n t e g r a l s a r e 

I. Si 14 S . C ( 1 1 1 - 2 0 ) 

J_ = - £ T * 2 ,t 1 . 3 4 4 7 J . C . C . 

I. 3 9 3 2 J > . C . C . 

The R i e m a n n - z e t a f u n c t i o n s h a v e t h e v a l u e s 

£Y | ) * * . 6 / 2 ( 1 1 1 - 2 1 ) 

M 4 / ( H I - 2 2 ) 

< U Z 7 ( 1 1 1 - 2 3 ) 
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