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SUMMARY

The thesis presents a geometric nonlinear theory for analyzing the mechanics of accreting-

ablating bodies, extending previous work on accretion mechanics. The focus is on large defor-

mations of bodies simultaneously experiencing continuous accretion and ablation under external

loads. The theory de�nes the natural con�guration of such bodies as time-dependent Riemannian

3-manifolds, with an a priori unknown metric determined by solving the accretion-ablation initial-

boundary-value problem. This formulation incorporates time of attachment and time of detachment

maps, along with accretion and ablation velocities, to describe the time-dependent reference con-

�guration. To illustrate the geometric theory in a practical context, we provide a detailed analysis

of a thick hollow circular cylinder. The cylinder, made of an incompressible isotropic material,

undergoes continuous ablation on its inner boundary and accretion on its outer boundary during a

�nite time-dependent extension. The state of deformation and stress during the accretion-ablation

process, and the residual stretch and stress after the completion of the accretion-ablation process

are computed. Additionally, we formulate the initial-boundary value problem for accreting circular

cylindrical bars under �nite torsion, assuming that the bar grows by printing stress-free cylindrical

layers on its boundary while subject to time-dependent torque (or twist) and free axial deformation.

In the latter part of this thesis, the Stefan's condition for thermoelastic accretion induced by

phase change is discussed. This is aimed at studying elastic deformations coupled with mass

transport and heat transfer in accretion-ablation problems involving phase changes. A continuum

theory of solidi�cation is formulated within the context of �nite-strain coupled thermoelasticity.

This contribution addresses a gap in the literature, as the existing studies on solidi�cation typically

decouple the thermal problem (the classical Stefan's problem) from the elasticity problem, and

often limit themselves to linear elasticity with small strains. Treating solidi�cation as an accretion

problem, with the growth velocity correlated with the jump in heat �ux across the boundary, it

presents an initial boundary-value problem (IBVP) over a domain whose boundary location is a

xiii



priori unknown. This is solved numerically for the speci�c example of radially inward solidi�ca-

tion in a spherical container. Several parametric studies are conducted to compare the numerical

results with the rigid cases in the literature and gain insights into the role of certain dimensionless

constants in the formulation.
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CHAPTER 1

INTRODUCTION

Various types of phase changes are observed in our surroundings, ranging from the freezing of

seas [1] and the polymerization of proteins within living cells [2, 3] to the ongoing solidi�cation

process in the Earth's core [4, 5, 6, 7, 8]. In engineering, phase transitions are highly relevant

in various contexts, including concrete solidi�cation [9], the shape memory effect observed in

polymers and alloys [10, 11], cryopreservation [12, 13], as well as the applications of phase change

materials in thermal energy storage and photonics [14, 15]. Several theoretical studies [16, 17, 18,

19] comprehensively categorize all such phase transition phenomena that are observed in Nature.

Without delving into excessive detail, we specify that in this work our focus is on the liquid-to-

solid phase transition, which is classi�ed as a �rst-order phase transition. These transitions are

characterized by a �nite discontinuity in the �rst derivative of free energy with respect to a speci�c

thermodynamic variable. In the case of solidi�cation, this discontinuity manifests as a change in

density, which can be heuristically related to the derivative of free energy with respect to pressure.

Such transitions involve the release of latent heat while the temperature remains constant. This

latent heat release causes a jump in heat �ux across the moving boundary, which is typically known

as the Stefan's condition.

The termStefan's problembroadly refers to the family of mathematical models describing

physical processes involving heat transfer, diffusion, and latent heat, which feature a moving

boundary with ana priori unknown location. The earliest known work in this �eld was a study

conducted by Laḿe and Clapeyron [20] on the cooling of a positive half-space �lled with a ho-

mogeneous liquid at its solidi�cation temperature. They demonstrated that the thickness of the

solidi�ed crust is proportional to the square root of time. However, it was when Stefan [1] pub-

lished his work on the formation of ice in polar seas that this type of problem caught the attention

1



of the majority of scientists, and the �eld was named after him. The history of what is now known

as the Stefan's problem has been meticulously compiled in several texts [21, 22, 23, 24, 25, 26], all

of which provide extensive and comprehensive bibliographies on the subject matter. Therefore, we

do not attempt to provide a historical survey here. Over the past century, research on Stefan-type

problems has predominantly fallen into the following categories: mathematical modeling of natural

and engineering processes involving moving interfaces [27, 28, 29], investigations into the exis-

tence and uniqueness of solutions [30, 31, 32, 33], development of ef�cient numerical techniques

for solutions of problems with an unknown moving boundary [34, 35, 36, 37], and generalizations

such as extensions to higher dimensions [38, 39].

Solidi�cation plays a vital role in several manufacturing processes that constitute the back-

bone of modern-day industry, such as traditional casting [40], injection molding [41, 42], selective

laser sintering [43], vat photopolymerization [44, 45], and ice-templating [46]. However, there is

a shortage of studies addressing the mathematical modeling of the evolution of deformations and

stresses during the solidi�cation process within the realm of fully nonlinear and coupled thermoe-

lasticity. Such modeling is of paramount importance for the design and analysis of manufacturing

processes involving solidi�cation, where molten materials cool to ambient temperatures. The sub-

stantial temperature drop in this process can result in severe part distortion and the development

of high residual stresses. It is equally important to obtain the continuous evolution of thermal

stresses and deformations throughout the manufacturing process to assess the potential occurrence

of mechanical instabilities and failures [47]. Residual stresses play a vital role, as they dictate how

manufactured components respond to external stimuli, including service loads [48]. Excessive

residual and thermal stresses can give rise to issues such as layer delamination during deposition

and the formation of cracks as the part cools [47]. Moreover, thermal contraction can distort parts

made through these processes, affecting their geometric tolerance [49]. While many methods exist

for measuring thermal stress during fabrication or residual stresses post-fabrication, they typically

measure the values at speci�c locations due to the cost and time constraints [50]. Thus, understand-
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ing the continuous evolution of thermal stresses and residual stress distribution, whether through

numerical or analytical tools [51], is critical for designing manufacturing processes to mitigate

geometric inaccuracies, instabilities, and failures [52].

The aim of this work is to analyze stress and deformation during solidi�cation and their residual

effects in a nonlinear thermoelastic framework. As new layers are deposited onto the surface

of a solidifying body, it gives rise to an accretion problem. Accretion refers to the growth of a

deformable body through the addition of material points.

There are numerous examples of structures in Nature and engineering that are built through

an accretion process and/or during their lifetime experience ablation. As examples in Nature one

can mention growth of biological tissues and crystals, formation of planetary objects, volcanic

and sedimentary rock formations, snow and ice cover build-up, glacier accumulation and abla-

tion, etc. As engineering applications one can mention additive manufacturing and3D printing,

metal solidi�cation, construction of concrete structures in successive layers, construction of ma-

sonry structures, the deposition of thin �lms, ice accretion on an aircraft wing that may lead to

degradation of aerodynamic performance, and laser ablation of polymers, etc.

The �rst accretion mechanics problem was solved by Southwell [53], namely the analysis of

thick-walled cylinders manufactured by wire winding of an initial elastic tube. The problem of

a growing planet subject to self-gravity was studied in a seminal paper by Brown and Goodman

[54]. Their analysis was done in the setting of linear elasticity and it was observed that accretion

may induce residual stresses. In the seminal work of Skalak et al.[55, 56], the kinematics of

surface growth was formulated and a time of attachment map was introduced. Another notable

work is the paper of Meltov [57] who formulated a large-deformation theory of aging viscoelastic

solids undergoing accretion. He also introduced a time of attachment map as part of the kinematic

description of accretion. There have been many more works on the mechanics of surface growth

in the literature [58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 66, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78,

79, 80], see [81] and [70] for more detailed reviews.
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Drawing inspiration from Eckart [82] and Kondo [83], a natural approach to accreting bodies is

to treat them as time-dependent Riemannian manifolds. The metric for the new points depends on

the state of deformation at that point during the accretion process. If the source of anelasticity in

the problem is time-independent, the metric at each point remains constant after attachment. How-

ever, in the case of thermoelastic accretion, this metric is assumed to be temperature-dependent

and therefore evolves with time at each point. The geometric theory of accretion was initially for-

mulated by Sozio and Yavari [70] for surface growth in cylindrical and spherical bodies. Several

theoretical results related to accretion boundary value problems were discussed in [75]. Accretion

of circular cylindrical bars under �nite extension in a study by Yavari et al. [80]. Further, Sozio et

al. [76] formulated a thermoelastic accretion boundary value problem using the geometric theory

of thermoelasticity proposed by Sadik and Yavari [84]. In their work, Sozio et al. [76] modeled the

effects of heat conduction and thermal expansion in an in�nite cylinder and a2D block undergoing

accretion through the addition of hot molten layers. However, the effect of phase transition was not

taken into consideration, and the accretion surface velocities were assumed to be externally con-

trolled. In this thesis, we model accretion induced by solidi�cation as a Stefan's problem, where

the accretion velocity is a priori unknown. We take into account the effects of latent heat released

during solidi�cation, and the accretion velocity is related to the heat �ux through the Stefan's

condition.

This thesis is organized as follows. In §2, a geometric theory of accretion-ablation mechan-

ics is formulated. The kinematics, material manifold, material metric, constitutive equations, and

the balance laws are discussed in detail. An example is analyzed in detail in §3 as an application

of the geometric theory. More speci�cally, a thick hollow cylinder under �nite time-dependent

extension while undergoing simultaneous accretion and ablation is analyzed. Both displacement

and force-control loadings are considered. The state of deformation and stress during accretion-

ablation and the effect of loading during accreting-ablation on the residual stress distribution are

analyzed. Several numerical examples are presented in the case of incompressible neo-Hookean
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solids. In §4, the nonlinear accretion problem of a circular cylindrical shaft that is under �nite

torsion while it is free to deform axially is formulated. The natural con�guration (material mani-

fold) of the growing shaft is constructed, and stresses and residual stresses are calculated assuming

that during the accretion process either a time-dependent applied torque or a time-dependent twist

per unit length is given. Several numerical examples are solved and discussed. The kinematics,

stresses, and residual stresses are calculated in the setting of linear accretion mechanics. The lin-

ear and nonlinear solutions are compared in a numerical example. The mechanics of thermoelastic

accretion resulting from phase change, in conjunction with the Stefan's condition, are discussed in

§5. The example of radially inward solidi�cation of a liquid, initially at the melting temperature

inside a cold spherical container, is thoroughly discussed in §6. Conclusions are given in §7.
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CHAPTER 2

A CONTINUUM THEORY OF ACCRETION AND ABLATION

In classical nonlinear elasticity the reference con�guration is a �xed manifold (a �xed set of ma-

terial points equipped with a metric inherited from the Euclidean ambient space). Motion is a

one-parameter family of maps from the �xed reference con�guration to the Euclidean ambient

space. In anelasticity (in the sense of Eckart [82]) the reference con�guration is a �xed mani-

fold equipped with a metric that explicitly depends on the source of anelasticty, e.g., temperature

changes, swelling, bulk growth, remodeling, defects, etc. In this more general setting, motion is

still a map from the �xed reference con�guration to the Euclidean ambient space. However, the

natural distances in the reference con�guration are measured using the non-�at metric of the mate-

rial manifold. Theory of anelasticity has been used in modeling a very large class of problems, e.g.,

thermoelasticity [85, 86, 84], mechanics of distributed defects [87, 88, 89, 90, 91, 92], swelling and

cavitation [93, 94, 95, 96, 97], and bulk growth [98, 99, 100, 101]. Anealsticity has traditionally

been formulated using the multiplicative decomposition of deformation gradient into an elastic and

an anelastic part:F =
e

F
a

F.1 This leads to the notion of the so-called “intermediate con�guration”,

which is usually de�ned only locally.2 A more natural approach would be to follow Eckart [82]

and Kondo [83, 105] and use a Riemannian material manifold, which is a �xed manifold with a

possibly time-dependent metric if the source of anealsticity is time dependent [106].3 For example,

in the case of bodies undergoing bulk growth the reference con�guration is a Riemannian manifold

(B; G t ), whereB is a �xed 3-manifold with a time-dependent Riemannian metricG t [100].

For accreting-ablating bodies the set of material points is time dependent; the reference con-

1For detailed historical accounts of this decomposition see [102, 103].
2See [104, 103] for discussions on global intermediate con�gurations (manifolds).
3Anelastic bodies are non-Euclidean in the sense that their reference con�gurations are not Euclidean, in general.

The termNon-Euclidean solidshas been used interchangeably for anelastic bodies in the recent literature [71, 72, 74]
(this term was coined by Henri Poincaré [107]). Also, anelastic plates have been callednon-Euclidean platesin the
literature [108].
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�guration is a time-dependent setBt . In the absence of any other anelastic source, the initial body

B0 has a �at metricG0 that is inherited from the Euclidean ambient space (the induced Euclidean

metric). A point on the boundary of the body is either non-active or active. At an active point of

the boundary and at a given timet there is either accretion (addition of new material) or ablation

(removal of material); accretion and ablation cannot occur simultaneously at the same point and at

the same time. Stress-free or pre-stressed material can be added on the accretion boundary. The

material metric is controlled by both the state of stress of the material before joining the body

and the state of deformation of the body at the time of attachment. It is known that accretion

may induce residual stresses due to the non-�atness of the material metric [70, 75] and this is the

nonlinear analogue of Brown and Goodman [54]'s observation.

Most of the existing works in the literature of surface growth mechanics are restricted to ac-

cretion problems without ablation. Exceptions are [109, 78], and [110]. Naghibzadeh et al. [110]

considered both accretion and ablation in a Eulerian large-deformation setting and analyzed ac-

cretion and ablation problems without explicitly using an evolving reference con�guration. They

used the governing equations in a Eulerian setting with
e

F (the elastic part of the deformation gra-

dient) as their kinematic descriptor. They recovered some of the results from [70] in their Eulerian

formulation for an in�nite thick hollow cylinder accreting on its outer surface with a hydrostatic

pressure applied on its inner surface. They also analyzed a thick hollow spherical shell undergo-

ing accretion through its �xed inner boundary while ablation takes place on its traction-free outer

boundary.

Recently, the nonlinear geometric accretion theory developed in [70, 75] was used to examine

the time-dependent �nite extension of incompressible isotropic accreting circular cylindrical bars

[80]. In the absence of accretion, these deformations are subsets of Family3 universal deforma-

tions [111]. It was shown that even in the presence of cylindrically-symmetric accretion these

deformations are universal [80].

Let us consider a body in a time-dependent motion. This body while undergoing large defor-
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mations is simultaneously growing on part of its boundary by absorbing mass while it is losing

mass on another part of its boundary. We are interested in understanding the mechanics of such

accreting-ablating systems. There are four questions that any mechanical/mathematical model of

accretion-ablation should be able to answer:

i) What is the state of deformation and stresses during a process of accretion-ablation?

ii) At the end of an accretion-ablation process and after removing the external loads, what is the

state of deformation and internal stresses (residual stresses) in the body?

iii) Now the �nal structure is put under service loads. How can one analyze such a residually-

stressed structure?

iv) How should an accretion-ablation process be designed in order to build structures with the

desired distribution of residual stresses, and the optimum stiffness/compliance under service

loads?

In the next chapter we show how our theory can be used in answering the �rst three questions. The

fourth problem will be studied in a future communication.

In this chapter, we formulate a geometric nonlinear theory of the mechanics of accreting-

ablating bodies. This is an extension of the non-linear theory of accretion proposed in [75]. We are

interested in large deformation analysis of bodies that undergo simultaneous accretion and ablation

on their boundaries continuously while under external loads (Figure 2.1). In this formulation, the

natural con�guration of an accreting-ablating body is a time-dependent Riemannian3-manifold

with a metric that is an unknown a priori and is determined after solving the accretion-ablation

initial-boundary-value problem. In addition to the time of attachment map, we introduce a time of

detachment map that along with the time of attachment map, and the accretion and ablation veloc-

ities describes the time-dependent reference con�guration of the body. The kinematics, material

manifold, material metric, constitutive equations, and the balance laws are discussed in detail.
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Figure 2.1: Motion of an accreting-ablating elastic body. The material manifold is a time-dependent Riemannian
manifold(Bt ; G) whose metric is to be determined. The deformed body is embedded in the Euclidean ambient space
(S; g), whereg is a time-independent background metric.

Figure 2.2: An initial body B0 in the material ambient spaceM and partitioning of its boundary into accretion,
ablation, and inactive surfaces.

2.1 Riemannian geometry and kinematics of �nite deformations

In this section we tersely review some basic concepts of Riemannian geometry that are used in the

description of the kinematics of accreting-ablating bodies. A smooth3-manifoldB is a topological

space that locally looks like the three-dimensional Euclidean spaceR3. A coordinate chartf X A g :

B ! R3 is a local diffeomorphism. The body in its reference con�guration is identi�ed with the

3-manifoldB. The tangent space ofB at a pointX 2 B is a three-dimensional linear space and is

denoted byTX B. The three-dimensional Euclidean ambient space is denoted byS. A local chart

on S is denoted byf xag. Motion ' t : B ! S is a one-parameter family of smooth, invertible,

and orientation preserving maps between the reference con�guration and the ambient space (more

precisely, motion is a curvet 7! ' t in the space of all con�gurations ofB). The derivative (tangent)
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map of' t is denoted byF t = T ' t , and is a two-point tensor, i.e., is a linear map between tangent

spaces of two different manifolds,F(X; t ) : TX B ! TxCt , wherex = ' (X ) andCt = ' t (B). In

the continuum mechanics literatureF is called deformation gradient. This term may be misleading

as gradient is a metric-dependent operator while the tangent map is not. With respect to the local

coordinate chartsf X A g andf xag for B andS, respectively, deformation gradient has the following

representation

F = F a
A

@
@xa


 dX A ; F a
A =

@'a

@XA
: (2.1.1)

The set of vectors
�

@
@xa

	
and co-vectors (1-forms) f dX A g are bases for the tangent spaceTxC

and co-tangent spaceT �
X B, respectively. A smooth vector �eld onB is a smooth assignment

of vectors (elements of the tangent space) to points ofB. Thus, for a smooth vector �eldW

on B, W X 2 TX B, X 7! W X 2 TX B varies smoothly. Push-forward of a vector �eld on

B by the deformation mapping is a vector �eld in the ambient space and is de�ned as' � W =

T ' � W � ' � 1. Pull-back of a vector �eldw on C = ' (B) is a vector �eld onB and is de�ned as

' � w = T(' � 1) � w � ' . The push-forward and pull-back of vectors have the following coordinate

representations:(' � W )a = F a
A W A , and(' � w)A = Fa

� A wa.

A bilinear mapT : TX B � TX B ! R is a (0
2)-tensor atX 2 B. In a local coordinate chart

f X A g for B and arbitrary vectorsU andW , one writesT (U ; W ) = TAB UA W B . Let us consider

an inner productGX on the tangent spaceTX B that varies smoothly, i.e., ifU andW are vector

�elds on B, thenX 7! GX (U X ; W X ) is a smooth function. A positive-de�nite bilinear form

G is called a metric. The inner product induced by the metricGX is denoted byhh:; :ii G X
. The

manifoldB equipped with a smooth metricG is called a Riemannian manifold and is denoted as

(B; G). Distances in the ambient space are calculated using the background Euclidean metricg.

The Riemannian manifold(S; g) is called the ambient space manifold. In elasticity, the reference

con�guration inherits a �at metricG0 from the ambient space and the material manifold(B; G0) is

�at. In anelasticity the natural distances explicitly depend on the source of anelasticity and so does

the material metricG, which is non-�at, in general. For the two Riemannian manifolds(B; G)
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and(C; g), and the deformation mapping' : B ! C , push-forward of the metricG is denoted by

' � G, which is a metric onC = ' (B), and is de�ned as

hhux ; wx ii ( ' � G )x
= hh(' � u)X ; (' � w)X ii G X

; (2.1.2)

wherex = ' (X ). It has components(' � G)ab = Fa
� A Fb

� B GAB . Similarly, the pull-back of the

metricg is denoted by' � g and is a metric in' � 1(C) = B de�ned as

hhU X ; W X ii ( ' � g)X
= hh(' � U )x ; (' � W )x ii gx

: (2.1.3)

It has components,(' � g)AB = F a
A F b

B gab. The two Riemannian manifolds(B; G) and(C; g)

are called isometric ifG = ' � g, or equivalently,g = ' � G. In this case,' is called an isometry.

The adjoint of deformation gradientF?(X; t ) : T �
x Ct ! T �

X B is de�ned such that

h� ; FW i = hF?� ; W i ; 8W 2 TX B ; � 2 T �
X C; (2.1.4)

whereh:; :i is the natural paring of1-forms and vectors, e.g.,h� ; wi = � a wa, andT �
X B andT �

x Ct

are the co-tangent spaces ofB at X andCt at x, respectively.F? has the following coordinate

representation

F?(X; t ) =
@'a(X; t )

@XA
dX A 


@
@xa

: (2.1.5)

The transpose of the deformation gradientFT (X; t ) : TxCt ! TX B is de�ned such that

hhFU ; wii g = hhU ; FT wii G ; 8U 2 TX B ; w 2 TxCt : (2.1.6)

It has the components
�
F T

� A
a = GAB F b

B gba, or FT = G ] F?g.

The Jacobian of deformationJ (X; t ) relates the undeformed and deformed volume elements
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asdv � ' (X; t ) = J (X; t ) dV(X; t ).4 It is de�ned as

J (X; t ) =

s
detg(' (X; t ))

detG(X )
detF(X; t ) : (2.1.8)

For incompressible materials,J (X; t ) = 1 .

The material velocity is de�ned asV (X; t ) = @'(X;t )
@t 2 T' t (X )Ct . The spatial velocity is

de�ned asv t (x) = V t � ' � 1
t (x) 2 TxCt , wherex = ' t (X ). The material acceleration is de�ned as

A (X; t ) = D g
t V (X; t ) = r g

V (X;t )V (X; t ) 2 T' t (X )Ct , whereD g
t is the covariant derivative along

the curve' t (X ) in Ct . In components,Aa = @Va

@t + 
 a
bcV bV c. The spatial acceleration is de�ned

asat (x) = A t � ' � 1
t (x) 2 TxCt . It has components,aa = @va

@t + @va

@xb vb + 
 a
bcvbvc. Equivalently,

the spatial acceleration is the material time derivative ofv , i.e.,a = _v = @v
@t + r g

v v.

2.2 Kinematics of accreting-ablating bodies

Consider an initial stress-free bodyB0 that inherits the (�at) metricG0 from the Euclidean ambient

space. The boundary of the initial body is partitioned as@B0 =
+


 0 t
�


 0 t � 0, where
+


 0,
�


 0, and

� 0 are the accretion, ablation, and inactive parts of the boundary, respectively, andt denotes the

disjoint union of sets (see Figure 2.2). It should be noted thatB0 is the initial body prior to the

onset of accretion-ablation,
+


 0 represents the portion of@B0 where accretion is about to occur and
�


 0 comprises of the points that are about to leave once the process starts att = 0. In other words,

as soon as accretion-ablation begins, the body ceases to be the setB0; the points on
�


 0 leave and

new points are attached onto
+


 0.

Let M � B 0 be a connected and orientable3-manifold with boundary embeddable inR3. This

4Any Riemannian manifold has a natural volume form. For the Riemannian manifolds(B; G) and (C; g) the
volume3-forms are denoted by� G and� g , respectively. With respect to the coordinate chartsf X A g andf xag for B
andC, respectively, they have the following representations

� G =
p

det G dX 1 ^ dX 2 ^ dX 3 ; � g =
p

det g dx1 ^ dx2 ^ dx3 ; (2.1.7)

where^ is the wedge product of differential forms. In terms of the volume forms the Jacobian is de�ned as' � � g =
J � G .
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is called thematerial ambient space. The accretion-ablation process occurs in the time interval

t 2 [0; T], whereT is the �nal time. Let us de�ne a time of attachment map
+
� : (M n B 0) [

+


 0 !

[0; T] and a time of detachment map
�
� :

�

A T � M ! [0; T], where
�

A T is the subset ofM that

is ablated in the time interval[0; T]. Note that
+
� � 1(0) =

+


 0, and
�
� � 1(0) =

�


 0. Let us de�ne the

reference con�guration at timet as

Bt :=
�

B0 [
+
� � 1(0; t]

�
n

�
� � 1[0; t) ; 8t 2 [0; T] ; (2.2.1)

which is constructed by removing all the points which have been ablated out before timet from

the union ofB0 and the points accreted ontoB0 up to timet.5 It is assumed that the differentials

d
+
� and d

�
� never vanish. Let us introduce the level sets

+


 t =
+
� � 1(t) ;

�


 t =
�
� � 1(t) ; t 2 [0; T] ; (2.2.2)

and de�ne
+

A t =
[

+
� 2 [0;t ]

+


 +
�

;
�

A t =
[

�
� 2 [0;t ]

�


 �
�

; t 2 [0; T] : (2.2.3)

It is assumed that
+


 t and
�


 t are2-manifolds. It is also assumed that all
+


 t 's are diffeomorphic to
+


 0 and all the
�


 t 's are diffeomorphic to
�


 0.6 Since accretion and ablation cannot take place at a

given point and at the same time, it is required that

+


 t \
�


 t = ; ; 8 t 2 [0; T] : (2.2.4)

It should be emphasized that the intersection
+

A t \
�

A t may be nonempty,7 see Figure 2.3. Note

5Note that
+
� � 1[0; T] =

+
� � 1(0) [

+
� � 1(0; T] =

+


 0 [ (M n B 0) = M n (int B0 [
�


 0 [ � 0), and
�
� � 1(0; T] =

�
� � 1[0; T] n

�
� � 1(0) =

�

A T n
�


 0.
6Clearly, this is a restrictive assumption. One way to remove this restriction is to divide the analysis into time

intervals in which there is no change in the topology of either
+


 t or
�


 t .
7For a pointX 2

+

A t \
�

A t , which is accreted and subsequently ablated out,
+
� (X ) <

�
� (X ). This also implies that
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Figure 2.3:The material manifold is shown at timest1 andt2 wheret1 < t 2. The accretion boundaries are shown in
green and the ablation boundaries are shown in red. It should be noted that the set of all those points that have been
ablated until timet2 may include points other than those in the initial body.

thatM = (
+

A T n
+


 0) [ B 0, and

Bt =
�

B0 [ (
+

A t n
+


 0)
�

n (
�

A t n
�


 t ) ; t 2 [0; T] : (2.2.5)

The deformation mapping' t : Bt ! C t is assumed to be aC1 homeomorphism for eacht, where

Ct = ' t (Bt ) is the current con�guration of the accreting-ablating body. The deformed level sets

are de�ned as
+
! t = ' t (

+


 t ), and
�
! t = ' t (

�


 t ). We denote the non-active portion of the boundary by

� t = @Bt n(
+


 t [
�


 t ) in the reference con�guration and� t = ' t (� t ) in the deformed con�guration,

so that

@'t (Bt ) = ' t (
+


 t [
�


 t [ � t ) =
+
! t [

�
! t [ � t : (2.2.6)

For X 2 M and
+
� (X ) � t <

�
� (X ), denote' (X; t ) = ' t (X ). Let us de�ne the following two

time-independent maps

+
' (X ) := ' (X;

+
� (X )) ;

�
' (X ) := ' (X;

�
� (X )) ; (2.2.7)

as soon as a layer has been ablated it cannot be reattached to the body.
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where
+
' is de�ned on

+

A T and
�
' is de�ned on

�

A T . Note that fort 2 [0; T]

+
' (

+

A t ) =
[

+
� 2 [0;t ]

+
! +

�
;

�
' (

�

A t ) =
[

�
� 2 [0;t ]

�
! �

�
: (2.2.8)

It should be noted that
+
' and

�
' need not be injective. Next, we de�ne the following two-point

tensors
+

F(X ) := F(X;
+
� (X )) ;

�

F(X ) := F(X;
�
� (X )) ; (2.2.9)

and call them the accretion and ablationfrozen deformation gradients, respectively. The derivative

mapsT
+
' andT

�
' are neither injective nor invertible, in general. They are related to

+

F and
�

F as

(T
+
' ) i

J =
@'i (X;

+
� (X ))

@XJ
= F i

J (X;
+
� (X )) + V i (X;

+
� (X ))

@
+
� (X )
@XJ

=
+

F i
J +

+

V i @
+
�

@XJ
;

(T
�
' ) i

J =
�

F i
J +

�

V i @
�
�

@XJ
;

(2.2.10)

where
+

V (X ) := V +
� (X )

(X ), and
�

V (X ) := V �
� (X )

(X ). The coordinate-free forms of (2.2.10) read

T
+
' =

+

F +
+

V 
 d
+
� ; T

�
' =

�

F +
�

V 
 d
�
� : (2.2.11)

For t 2 [0; T], on each layer, one has
+

Fj
T

+

 t

= T
+
' j

T
+

 t

= F t j
T

+

 t

, and
�

Fj
T

�

 t

= T
+
' j

T
�

 t

= F t j
T

�

 t

.

2.2.1 Thegrowthvelocityandthematerialmetric

The material metric of an accreting-ablating body at a given material point depends on the state

of stress of the accreting particles, the growth velocity, and the state of deformation of the body

at the time of attachment of the new material point. One can de�ne anaccretion tensorvia the

frozen deformation gradient and a material growth velocity. Material metric is then de�ned to be

the pull-back of the ambient space metric by the accretion tensor [70]. The time dependence of

an accreting body can be modeled as a material motion in the material ambient space. It turns out
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that given a time of attachment map such material motions are not unique; instead one can de�ne

an equivalence class of material motions. Using any member of the equivalence class results in the

same material metric. In the presence of ablation one has two material motions. Again, these are

not unique. For calculating the material metric only the accretion material motion is needed as we

are not concerned with the material metric of a particle after it has left the body. In the following

we brie�y review the construction of the material metric.

In an accreting-ablating body, what is given is the rate at which material points are added

to the body on the accretion boundary and the rate at which material points are removed from

the ablation boundary. These two vector �elds may be unknown �elds in the presence of phase

change, for example. In this paper, we assume that they are given. It should be emphasized that

the material analogues of the accretion and ablation velocities are not de�ned uniquely.

Recall that we have assumed that fort 2 (0; T],
+


 t is diffeomorphic to
+


 0 and
�


 t is dif-

feomorphic to
�


 0. This guarantees the existence of1-parameter families of diffeomorphisms
+

� :
+


 0 � [0; T] ! M , and
�

� :
�


 0 � [0; T] ! M , such that
+

�(
+


 0; t) =
+


 t , and
�

�(
�


 0; t) =
�


 t ; 8t 2 [0; T]. However, these diffeomorphisms are not unique. Let us �x two diffeomorphisms
+

� and
�

� . For X 2
+

A T , there is a unique
+

X 0 2
+


 0 such that
+

�(
+

X 0;
+
� (X )) =

+

� +
� (X )

(
+

X 0) = X .

Similarly, for X 2
�

A T there is a unique
�

X 0 2
�


 0 such that
�

�(
�

X 0;
�
� (X )) =

�

� �
� (X )

(
�

X 0) = X .8

The maps
+

� and
�

� de�ne a motion of layers in the material manifold, with which we associate the

following velocities

+

U (
+

X 0; t) =
@
@t

+

�(
+

X 0; t) ;
�

U (
�

X 0; t) =
@
@t

�

�(
�

X 0; t) : (2.2.12)

Differentiating the relations
+
� (

+

�(
+

X 0; t)) = t, and
�
� (

�

�(
�

X 0; t)) = t with respect to time, one obtains

the following constraints



d

+
� (X );

+

U (
+

X 0; t)
�

= 1 ;


d

�
� (X );

�

U (
�

X 0; t)
�

= 1 ; (2.2.13)

8We use the notation
�

� t (X ) =
�

�( X; t ).
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where
+

�(
+

X 0; t) = X =
�

�(
�

X 0; t). It should be emphasized that for a given pair of time of attach-

ment and time of detachment maps, material motion is not uniquely de�ned; there are in�nitely

many material motions corresponding to a given pair(
+
�;

�
� ). These equivalent material motions

satisfy the constraint (2.2.13)1 [75] and correspond to isometric material metrics.

One can de�ne a material motion(
+

� t ;
�

� t ) using foliation charts(� 1; � 2;
+
� ) on

+

A T , and(� 1; � 2;
�
� )

on
�

A T , where(� 1; � 2) and(� 1; � 2) are the in-layer coordinates on
+


 +
�

and
�


 �
�
, respectively, while

+
� and

�
� are globally de�ned on

+

A T and
�

A T , respectively. The material motion preserves the in-

layer coordinates(� 1; � 2) and(� 1; � 2). This means that ifX 0 2
+


 0 has coordinates(� 1; � 2; 0),

then
+

� t maps it to the pointX t with coordinates(� 1; � 2; t). Similarly, if X 0 2
�


 0 has coordinates

(� 1; � 2), then
�

� t maps it to the pointX t with coordinates(� 1; � 2; t). Trajectories of the material

motion are the curves with constant layer coordinates, i.e.,
+
� -lines and

�
� -lines. The growth and

ablation velocities corresponding to
+

� t and
�

� t , respectively, are de�ned as

+

U =
@

@
+
�

�
�
�
�
� 1 ;� 2

;
�

U =
@

@
�
�

�
�
�
�
� 1 ;� 2

: (2.2.14)

Notice that
D

d
+
�; @

@
+
�

E
= 1, and

D
d

�
� ; @

@
�
�

E
= 1.

Let us next calculate the total velocities of
+
! t and

�
! t . The map

+
' �

+

� :
+


 0 � [0; T] ! S tracks

the deformed accretion surface
+
! t , and

�
' �

�

� :
�


 0 � [0; T] ! S tracks the deformed ablation

surface
�
! t . The total velocities are calculated as

+

W (X ) =
d
dt

+
'

� +

�(
+

X 0; t)
�

= [
+

F(X ) +
+

V (X ) 
 d
+
� (X )]

+

U (
+

X 0; t) =
+

F(X )
+

U (
+

X 0; t) +
+

V (X ) ;

�

W (X ) =
d
dt

�
'

� �

�(
�

X 0; t)
�

= [
�

F(X ) +
�

V (X ) 
 d
�
� (X )]

�

U (
�

X 0; t) =
�

F(X )
�

U (
�

X 0; t) +
�

V (X ) :

(2.2.15)

The spatial velocities are de�ned as
+
w � ' =

+

W and
�
w � ' =

�

W . Let
+
u t be a vector �eld describing

the velocity at which material is being added onto
+
! t , i.e., �

+
u t is its relative velocity with respect

to
+
! t just before attachment, and let�

�
u t be a vector �eld describing the velocity at which material

is being removed from
�
! t , i.e.,

�
u t is its relative velocity with respect to

�
! t just after detachment.

17



If n t denotes the unit normal to' t (@Bt ), then we must have(�
+
u t ) � n t < 0 for accretion, i.e.,

+
u t � n t > 0, as the material would be moving towards the body. Similarly, in the case of ablation

we need
�
u t � n t > 0 as the material removed would be moving away from the body.

ForX 2 M , let us de�ne the following time-independent tensor �eld

Q(X ) =
+

F(X ) +
h

+
u+

� (X )

� +
' (X )

�
�

+

F(X )
+

U
� +

� � 1
+
� (X )

(X );
+
� (X )

� i

 d

+
� (X ) ; (2.2.16)

where
+

� � 1
+
� (X )

(X ) can be understood as the pull back ofX 2 M to
+


 0 along the trajectory in-

duced by
+

� . Q is called theaccretion tensor[75]. Note thatQ
� +

�(
+

X 0; t)
� +

U
� +

X 0; t
�

=
+
u

�
(

+
' �

+

�)(
+

X 0; t); t
�
, 8

+

X 0 2
+


 0. Let g be the metric of the Euclidean ambient spaceS. Assuming that

the new material points are stress-free at their time of attachment the material metric on
+

A T is

de�ned to be the pull-back ofg usingQ, i.e.,9

G(X ) = Q?(X ) g
� +
' (X )

�
Q(X ) ; (2.2.17)

or in components,GIJ (X ) = Qi
I (X ) gij (

+
' (X )) Qj

J (X ). Therefore, the material metric is written

as

G(X ) =

8
>><

>>:

G0(X ) for X 2 B0 ;

Q?(X ) g
� +
' (X )

�
Q(X ) for X 2

+

A T :
(2.2.18)

The natural distances in the accreting-ablating body are measured using the material metricG.

Note that, for the layers that are joining the body, the material metric depends on the state of

deformation of the body at the time of attachment. However, we are not interested in the state

of deformation and stress of those layers that have already left the body. The material metric of

those points after leaving the body has no effect on the rest of the body and does not appear in our

accretion-ablation theory.

Remark 2.2.1. The map
+
� partitions the accreted manifold(

+

A T ; G) into a collection of subman-

9Generalizing the analysis to pre-stressed added material is straightforward [70].

18



ifolds
�

(
+


 +
�
; ~G +

�
) :

+
� 2 [0; T]

	
. Similarly,

�
� partitions the ablated manifold(

�

A T ; G) into another

collection of submanifolds
�

(
+


 �
�
; ~G �

�
) :

�
� 2 [0; T]

	
. Here, ~G +

�
and ~G �

�
are the �rst fundamental

forms inherited fromG by
+


 +
�

and
�


 �
�
, respectively. Let

+

N +
�

and
�

N �
�

be the unit normals to
+


 +
�

and
�


 �
�
, respectively, where orthonormality is with respect to the metricG. Let

+
n+

�
and

�
n �

�
be the unit

normals to
+
! +

�
and

�
! �

�
, respectively (here orthonormality is with respect to the ambient metricg).

Let us decompose the accretion and ablation velocities as

+

U =
+

U k +
+

U
+
N

+

N ;
�

U =
�

U k +
�

U
�
N

�

N ; (2.2.19)

in the material manifold and

+
u =

+
uk +

+
u

+
n +

n ;
�
u =

�
uk +

�
u

�
n �

n ; (2.2.20)

in the deformed con�guration, where we have
+
u

+
n ;

�
u

�
n > 0. Note that, ifY is tangent to

+


 , then

QY is tangent to
+
! . G(Y ; Q � 1 +

n) = g(QY ;
+
n) = 0 , andG(Q � 1 +

n; Q � 1 +
n) = g(

+
n;

+
n) = 1 . Thus,

it can be deduced thatQ
+

U k =
+
uk, Q

+

N =
+
n, and hence

+

U
+
N =

+
u

+
n � ' .

2.2.2 Stress,strain,andconstitutiveequations

Strain. A few different but related measures of strain are usually used in nonlinear elasticity

and anelasticity [112, 113, 101, 103]. The right Cauchy-Green strain is de�ned asC [ = ' � g =

F?gF, which is the pulled-back of the spatial metric to the reference con�guration. Here,[ :

TxC ! T �
x C is the �at operator that maps a vector to its corresponding co-vector (1-form): w =

wa @
@xa 7! w [ = gabwb dxa. In components,CAB = F a

A gabF b
B . The familiar de�nition of the

right Cauchy-Green stain isC = FT F : TX B ! B , which has componentsCA
B = GAM CMB =

(GAM F a
M gab)F b

B =
�
F T

� A
b F b

B . The spatial analogue of the right Cauchy-Green strain is

de�ned asc[ = ' � G = F � ?GF � 1. The left Cauchy-Green strain is de�ned asB ] = ' � g] ,

where] : T �
x C ! TxC is the sharp operator that maps a co-vector (1-form) to its corresponding
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vector: ! = ! a dxa 7! ! ] = gab! b
@

@xa . The left Cauchy-Green strain has componentsB AB =

(F � 1)A
a (F � 1)A

a gab, wheregab are components of the inverse spatial metric such thatgacgcb =

� a
b . The spatial analogue ofB ] is de�ned asb ] = ' � G ] = FG ] F?, which has components

bab = F a
A F b

B GAB . The tensorb : TxC ! TxC is de�ned asb = b ] g. Similarly, c = g] c[ .

Notice thatcb = g] c[ b ] g = g] F � ?GF � 1FG ] F?g = g] F � ?GG ] F?g = g] F � ?F?g = g] g = id S,

and henceb = c� 1. Similarly, B = C � 1.

Stress. For a hyper-elastic solid there exists an energy functionW = W(X; F; G; g). Material-

frame-indifference (objectivity) implies thatW = Ŵ(X; C [ ; G). The Cauchy� , the �rst Piola-

Kirchhoff P, and the second Piola-KirchhoffS stress tensors are related to the energy function

as

P = g] @W
@F

; � =
2
J

@W
@g

; S = 2
@W
@C [

: (2.2.21)

They are also related asS = F � 1P, andP = J � F � ?. Let us consider a surface elementdA

in the reference con�guration with unit normal vectorN . This surface element is mapped to its

deformed surface elementda with unit normaln. Tractiont is related to the Cauchy stress as

t = � � n = hh� ; nii g . In components,ta = � abgbcnc. The force acting on the deformed area

element isf = t da. From the Piola identityn [ da = JF � ?N [ dA, or in components,nada =

J (F � 1)A
aNA dA—Nanson's formula. Thus,f = t 0dA = P � N dA.

Material Symmetry. For an elastic body the material symmetry groupGX atX 2 B with respect

to the reference con�guration(B; G) is de�ned as

W(X; K � F; K � G; g) = W(X; FK ; G; g) = W(X; F; G; g) ; 8 K 2 GX 6 Orth( G) ;

(2.2.22)

for any deformation gradientF, whereK : TX B ! TX B is an invertible linear transformation,

Orth( G) = f Q : TX B ! TX B j Q?GQ = Gg, andGX 6 Orth( G) means thatGX is a subgroup
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of Orth( G). Equivalently,

Ŵ (X; K � C [ ; K � G) = Ŵ(X; K ?FK ; G) = Ŵ(X; C [ ; G) ; 8 K 2 GX 6 Orth( G) :

(2.2.23)

In this thesis, for the sake of simplicity, we restrict our calculations to isotropic solids. However, it

should be emphasized that our accretion-ablation theory is not restricted to isotropic solids.

Isotropic solids. For an isotropic solid the symmetry group is the orthogonal group, i.e., the

energy function is invariant under rotations in the reference con�guration. For an isotropic solid,

W depends only on the principal invariants ofC [ , i.e.,W = W(X; I 1; I 2; I 3), where

I 1 = tr G C = CA
A = CAB GAB ;

I 2 =
1
2

�
I 2

1 � tr G C2
�

=
1
2

�
I 2

1 � CA
B CB

A
�

=
1
2

�
I 2

1 � CMB CNA GAM GBN
�

;

I 3 = det C =
detC [

detG
:

(2.2.24)

For an isotropic solid the Cauchy stress has the following representation [114, 115]

� =
2

p
I 3

��
I 2 W 2 + I 3 W 3

�
g] + W 1 b ] � I 3 W 2 c]

�
; (2.2.25)

whereW i = @W
@Ii

, i = 1; 2; 3. For an incompressible isotropic solidI 3 = 1, and hence

� = � pg] + 2W 1 b ] � 2W 2 c] ; (2.2.26)

wherep is the Lagrange multiplier associated with the incompressibility constraintJ =
p

I 3 = 1.
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2.2.3 Thebalancelaws

Balance of mass

Let � 0(X ) be the mass density �eld in the material con�gurationM and � (X; t ) be the mass

density �eld in the deformed con�guration' t (Bt ). For a body undergoing accretion and ablation,

mass is not conserved globally. However, local mass conservation still holds forX 2 B t , away

from
+


 t and
�


 t , i.e.,

� 0(X ) = �
�
' (X; t ); t

�
J (X; t ) : (2.2.27)

The total mass of the body at timet is given by

m(t) =
Z

' t (Bt )
�
�
x; t

�
dv =

Z

Bt

� 0
�
X

�
dV : (2.2.28)

In terms of the material foliations one has

m(t) =
Z

B0

� 0dV +
Z t

0

� Z

+

 +

�

� 0

+

U
+
N dA

�
d

+
� �

Z t

0

� Z

�

 �

�

� 0

�

U
�
N dA

�
d

�
� : (2.2.29)

The rate of change of mass can be expressed as

_m(t) =
Z

+

 t

� 0

+

U
+
N dA �

Z

�

 t

� 0

�

U
�
N dA =

Z

+
! t

� 0
+
u

+
n da �

Z

�
! t

� 0
�
u

�
n da : (2.2.30)

Balance of linear and angular momenta

The local form of the balance of linear momentum in terms of the Cauchy stress reads:

divg � + � b = � a ; (2.2.31)

wheredivg is divergence with respect to the spatial metric. In components,(div g � )a = � ab
jb =

@�ab

@xb + � ac
 b
cb+ � cb
 a

cb, where
 a
bc is the Christoffel symbol of the Levi-Civita connectionr g . In
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a local coordinate chartf xag, r g
@b@c = 
 a

bc@a, where
 a
bc = 1

2gak (gkb;c + gkc;b � gbc;k). b is the

body force, anda is the spatial acceleration. The local form of the balance of angular momentum

is the symmetry of the Cauchy stress, i.e.,� ab = � ba.

The rate of change of linear momentum for the whole body is written as

d
dt

Z

' t (Bt )
� vdv =

d
dt

Z

Bt

� 0 V dV

=
d
dt

� Z

B0

� 0 V dV +
Z t

0

� Z

+

 +

�

� 0

+

U
+
N V dA

�
d

+
� �

Z t

0

� Z

�

 �

�

� 0

�

U
�
N V dA

�
d

�
�
�
dV

=
Z

+
A t

� 0 A dV +
Z

+

 t

� 0

+

U
+
N V dA �

Z

�
A t

� 0 A dV �
Z

�

 t

� 0

�

U
�
N V dA

=
Z

Bt

� 0A dV +
Z

+

 t

� 0

+

U
+
N V dA �

Z

�

 t

� 0

�

U
�
N V dA :

(2.2.32)

Thus

d
dt

Z

' t (Bt )
� vdv =

Z

' t (Bt )
� adv +

Z

+
! t

(� 0 � ' )
+
u

+
n vda �

Z

�
! t

(� 0 � ' )
�
u

�
n vda : (2.2.33)

Sincedivg � + � b = � a, one writes

d
dt

Z

' t (Bt )
� vdv =

Z

' t (Bt )
� bdv+

Z

@'t (Bt )
t dv+

Z

+
! t

(� 0 � ' )
+
u

+
n vda�

Z

�
! t

(� 0 � ' )
�
u

�
n vda ; (2.2.34)

whereb is the body force andt is traction.

Let us decompose the traction vector ast = t e + t � , wheret e is due to external loads and

constraints,t + is the effect of new particles being added andt � is the effect of particles leaving

the body. Since accretion and ablation cannot take place at the same point and at the same time,

the traction on
+
! is t e + t + and that on

�
! is t e + t � . For a new particle that is being added to the

body, the balance of linear momentum in the time interval[t; t + � t] implies that

(( � 0 � ' )
+
u

+
nda ^ dt)(v �

+
u) + ( � t + da) ^ dt = (( � 0 � ' )

+
u

+
nda ^ dt)v : (2.2.35)
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Similarly, for a particle that is leaving the body, the balance of linear momentum in the interval

[t; t + � t] implies that

(( � 0 � ' )
�
u

�
nda ^ dt)v = (( � 0 � ' )

�
u

�
nda ^ dt)(v +

�
u) + ( � t � da) ^ dt : (2.2.36)

The joining particles exert the forcet + da = � (� 0 � ' )
+
u

+
n +

u da on the body, while the leaving

particles exert the forcet � da = ( � 0 � ' )
�
u

�
n �

u da on the body. Thus, the rate of change of the linear

momentum of the body is written as

d
dt

Z

' t (Bt )
� v dv =

Z

' t (Bt )
� b dv+

Z

@'t (Bt )
t edv+

Z

+
! t

(� 0� ' )
+
u

+
n [v �

+
u] da�

Z

�
! t

(� 0� ' )
�
u

�
n [v �

�
u] da :

(2.2.37)

Notice that the traction due to accretion/ablation ist � = � (� 0 � ' )
�
u

�
n �

u.
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Figure 3.1:Cross sections of the reference and current con�gurations of an accreting-ablating thick hollow cylinder.
(a) The material manifold(Bt ; G) at time t has inner radial coordinateS1(t) and outer radial coordinateS2(t).
Accretion is occurring on the outer surface and ablation on the inner surface. At timet + � t, the inner radial
coordinate isS1(t) + U1(t)� t and the outer radial coordinate isS2(t) + U2(t)� t. (b) The deformed bar at timet has
inner radiuss1(t) and outer radiuss2(t). At timet + � t, the inner radius iss1(t) + u1(t)� t and the outer radius is
s2(t) + u2(t)� t.

CHAPTER 3

ANALYSIS OF AN ACCRETING-ABLATING HOLLOW CYLINDRICAL BAR UNDER

FINITE EXTENSION

In this chapter, we present a detailed analysis of a thick hollow cylinder that while under a time-

dependent �nite extension undergoes accretion on its outer cylinder boundary and ablation on its

inner cylinder boundary.

3.1 Kinematics

Let us consider a hollow circular cylindrical bar with initial lengthL, inner radiusR1 and outer

radiusR2 > R 1. We assume a homogeneous isotropic and incompressible material with an energy

functionW = W(I 1; I 2), and use the cylindrical coordinates(R; � ; Z ) in the reference con�gu-

ration, and cylindrical coordinates(r; �; z ) in the current con�guration. The metric of the current
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con�guration has the following representation

g =

2

6
6
6
6
4

1 0 0

0 r 2 0

0 0 1

3

7
7
7
7
5

: (3.1.1)

Accretion is assumed to occur on the outer cylindrical boundary in the current con�guration. The

outer radius of the deformed body is denoted bys2(t) (Figure 3.1). Ablation is assumed to occur

on the inner cylindrical boundary of the current con�guration that has the radiuss1(t). Let us

assign a time of attachment
+
� (R) and a time of detachment

�
� (R) to each layer with the radial

coordinateR > R 1 in the reference con�guration. Notice that forR1 � R � R2,
+
� (R) = 0 .

Hence,
+
� (R) is invertible forR � R2, while

�
� (R) is invertible forR � R1. We assume that

�
� and

+
� are diffeomorphisms with non-vanishing derivatives. Their inverses are denoted byS1 =

�
� � 1,

andS2 =
+
� � 1, so that

s1(t) = r (S1(t); t) ; s2(t) = r (S2(t); t) : (3.1.2)

We also assume that accretion and ablation take place continuously in the time intervalt 2 (0; T].

It is assumed that the accreting-ablating body has non-vanishing volume at all times, i.e.,S1(t) <

S2(t), 8t 2 (0; T]. Let us consider a time-dependent �nite extension of the bar such that it is slow

enough for the inertial effects to be negligible and assume the following deformation mapping

r = r (R; t) ; � = � ; z = � 2(t)Z ; (3.1.3)
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where� 2(t) is the axial stretch and is an unknown function to be determined.1 The deformation

gradient reads

F = F(R; t) =

2

6
6
6
6
4

r ;R (R; t) 0 0

0 1 0

0 0 � 2(t)

3

7
7
7
7
5

: (3.1.4)

3.2 The material metric

Let us de�ne the following functions

�
r (R) = r (R;

�
� (R)) ;

+
r (R) = r (R;

+
� (R)) ;

�

� (R) = � (
�
� (R)) ;

+

� (R) = � (
+
� (R)) :

(3.2.1)

We assume that the accreted cylindrical layer at any instant of timet is stress-free. In other words,

stress-free cylindrical layers are continuously added to the outer cylindrical boundary of the bar.2

This implies that the material metric atR = S2(t) is the pull-back of the metric of the (Euclidean)

ambient space, i.e.,

G(S2(t)) = ' �
t g(r (S2(t); t)) ; or G(R) = ' �

+
� (R)

g(r (R;
+
� (R))) : (3.2.2)

In components,GAB (S2(t)) = GAB (R) = F a
A (R;

+
� (R)) F b

B (R;
+
� (R)) gab(r (R;

+
� (R))) . For this

accretion-ablation problem, the material manifold (the natural con�guration of the body) is an

evolving Riemannian manifold(Bt ; G) with

Bt = f (R; � ; Z ) : 0 � � < 2� ; S 1(t) � R � S2(t) ; 0 � Z � Lg : (3.2.3)

1In a displacement-control loading� (t) is given.
2It is straightforward to extend this analysis to pre-stressed accreting cylindrical layers [70].
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The reference con�guration is equipped with the following material metric:

G(R) =

8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

2

6
6
6
6
6
6
4

1 0 0

0 R2 0

0 0 1

3

7
7
7
7
7
7
5

; S1(t) � R < R 2 ;

2

6
6
6
6
6
6
4

[r ;R (R;
+
� (R))]2 0 0

0
+
r 2(R) 0

0 0 � 4(
+
� (R))

3

7
7
7
7
7
7
5

; R2 � R � S2(t) :

(3.2.4)

Observe thattablation :=
�
� (R2) is the time when the initial body is completely ablated.3

3.3 The incompressibility constraint

The Jacobian is calculated as

J (R; t) =

r
detg
detG

detF =

8
>>>><

>>>>:

� 2(t) r (R; t) r ;R (R; t)
R

; S1(t) < R � R2 ;

� 2(t) r (R; t) r ;R (R; t)
+

� 2(R)
+
r (R) r ;R (R;

+
� (R))

; R2 � R < S 2(t) :

(3.3.1)

Whent < t ablation, incompressibility in the regionS1(t) � R � R2 gives us

r (R; t) r ;R (R; t) =
R

� 2(t)
; (3.3.2)

thus implying that

r 2(R; t) = s2
1(t) +

R2 � S2
1(t)

� 2(t)
: (3.3.3)

3Note thatS1(t) < R 2 is equivalent tot < t ablation.
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Similarly, for the regionR2 � R � S2(t), incompressibility requires that

� 2(t) r (R; t) r ;R (R; t) =
+

� 2(R)
+
r (R) r ;R (R;

+
� (R)) ; (3.3.4)

which can be integrated to obtain

r 2(R; t) = r 2(R2; t) +
2

� 2(t)

Z R

R2

+

� 2(� )
+
r (� ) r ;R (�;

+
� (� ))d� ; (3.3.5)

for t < t ablation. Equivalently, one may integrate (3.3.4) fromR to S2(t) to obtain:

r 2(R; t) = s2
2(t) �

2
� 2(t)

Z S2 (t )

R

+

� 2(� )
+
r (� ) r ;R (�;

+
� (� ))d� ; (3.3.6)

for R � R2. Note that (3.3.6) holds for allt > 0.

3.4 The accretion and ablation velocities

The accretion surfaces in the reference and the current con�gurations have the following represen-

tations:
+


 t = f (S1(t); � ; Z ) : 0 � � < 2� ; 0 � Z � Lg ;

+
! t =

�
(s1(t); � ; � 2(t)Z ) : 0 � � < 2� ; 0 � Z � L

	
:

(3.4.1)

The ablation surfaces in the reference and the current con�gurations are represented as:

�


 t = f (S2(t); � ; Z ) : 0 � � < 2� ; 0 � Z � Lg ;

�
! t =

�
(s2(t); � ; � 2(t)Z ) : 0 � � < 2� ; 0 � Z � L

	
:

(3.4.2)

Thus

_s1(t) = r ;R (S1(t); t) U1(t) + V(S1(t); t) ;

_s2(t) = r ;R (S2(t); t) U2(t) + V(S2(t); t) ;
(3.4.3)
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whereU1(t) = _S1(t) > 0, andU2(t) = _S2(t) > 0, i.e., both accretion and ablation interfaces

are moving radially outward. Here,V =
@r
@t

is the radial component of the material velocity on

the accretion/ablation surface. We denote the ablation and accretion velocities byu1(t) andu2(t),

respectively, which are de�ned as

u1(t) = r ;R (S1(t); t) U1(t) ; u2(t) = r ;R (S2(t); t) U2(t) : (3.4.4)

The choicesU1(t) = u1(t), andU2(t) = u2(t) impose the following constraints onr (R; t):4

r ;R (S1(t); t) = 1 ; or r ;R (R;
+
� (R)) = 1 ;

r ;R (S2(t); t) = 1 ; or r ;R (R;
�
� (R)) = 1 :

(3.4.5)

In particular, the choice (4.1.9)1 makes the material metricG(R; t) and the JacobianJ (R; t) con-

tinuous atR = R2. Now, (4.1.9)1 and (3.3.5) imply that fort < t ablation

r 2(R; t) = r 2(R2; t) +
2

� 2(t)

Z R

R2

+

� 2(� )
+
r (� ) d� : (3.4.6)

Sincer (R; t) is continuous atR = R2, (3.3.3) and (3.4.6) imply that

r 2(R; t) = s2
1(t) +

R2
2 � S2

1(t)
� 2(t)

+
2

� 2(t)

Z R

R2

+

� 2(� )
+
r (� ) d� ; (3.4.7)

for R2 � R � S2(t) with t < t ablation. SubstitutingR = S2(t) in (3.4.7), one obtains

s2
1(t) = s2

2(t) �
R2

2 � S2
1(t)

� 2(t)
�

2
� 2(t)

Z S2 (t )

R2

+

� 2(� )
+
r (� ) d� : (3.4.8)

4Other choices will lead to isometric material manifolds, and hence identical stresses [70, 116, 80].
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Now, one may substitute (3.4.8) into (3.3.3) and combine with (3.3.6) to write the kinematics in

terms of
+
r and

+

� . As s2(t) = r (S2(t); t) =
+
r (S2(t)) , whent < t ablation:

r 2(R; t) =

8
>>><

>>>:

+
r 2(S2(t)) �

R2
2 � R2

� 2(t)
�

2
� 2(t)

Z S2 (t )

R2

+

� 2(� )
+
r (� ) d� ; R � R2 ;

+
r 2(S2(t)) �

2
� 2(t)

Z S2 (t )

R

+

� 2(� )
+
r (� ) d� ; R � R2 :

(3.4.9)

For t � tablation:

r 2(R; t) =
+
r 2(S2(t)) �

2
� 2(t)

Z S2 (t )

R

+

� 2(� )
+
r (� ) d� : (3.4.10)

In a force-control problem, the functionsr (R; t) and � (t) are not known. However, it can be

inferred from (3.4.9)-(3.4.10) that the knowledge of
+
r (R) and� (t) is suf�cient to calculater (R; t).

Since
+
� (R) is assumed to be given,

+

� (R) = � (
+
� (R)) is not an independent function. Thus,

+
r (R)

and� (t) are the only independent functions. Since� (t) is given in a displacement-control problem,
+
r (R) is the only independent unknown function in displacement-control problems.

3.5 Stress calculation

In this section, we compute the stresses for botht < t ablation and t > t ablation. The stresses are

calculated separately for the initial and the accreted parts of the body. The radial equilibrium

equation reads@�rr

@r + 1
r � rr � r� �� = 0.5 In terms of reference coordinates,1

r ;R

@�rr

@R + � rr

r � r� �� = 0.

Thus, we have

� rr
;R (R; t) =

�
r 2(R; t)� �� (R; t) � � rr (R; t)

� r ;R (R; t)
r (R; t)

: (3.5.1)

5The other two equilibrium equations imply thatp = p(R; t ).
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Recall thatb ] has componentsbab = F a
A F b

B GAB andc] has componentscab = gam gbncmn ,

wherecab = ( F � 1)A
a (F � 1)B

b GAB . ForS1(t) � R � R2, andt < t ablation:

b ] (R; t) =

2

6
6
6
6
4

r 2
;R (R; t) 0 0

0
1

R2
0

0 0 � 4(t)

3

7
7
7
7
5

; c] (R; t) =

2

6
6
6
6
6
6
4

1
r 2

;R (R; t)
0 0

0
R2

r 4(R; t)
0

0 0
1

� 4(t)

3

7
7
7
7
7
7
5

: (3.5.2)

The principal invariants ofb read

I 1(R; t) = r 2
;R (R; t) +

r 2(R; t)
R2

+ � 4(t) ;

I 2(R; t) = r 2
;R (R; t) � 4(t) +

r 2
;R (R; t) r 2(R; t)

R2
+

r 2(R; t) � 4(t)
R2

:
(3.5.3)

The Cauchy stress has the following non-zero components6

� rr (R; t) = � p(R; t) + � (R; t) r 2
;R (R; t) �

� (R; t)
r 2

;R (R; t)
;

� �� (R; t) = �
p(R; t)
r 2(R; t)

+
� (R; t)

R2
�

� (R; t) R2

r 4(R; t)
;

� zz(R; t) = � p(R; t) + � (R; t) � 4(t) �
� (R; t)
� 4(t)

;

(3.5.4)

where� = 2 @W
@I1

and� = 2 @W
@I2

(see (2.2.26)). Using the incompressibility constraint (3.3.2) each

of the components of� (R; t) can be expressed solely in terms of the kinematic quanitiesr (R; t)

and� (t), i.e., one can eliminater ;R (R; t) in (3.5.4)1 to obtain

� rr (R; t) = � p(R; t) +
R2� (R; t)

r 2(R; t)� 4(t)
�

� (R; t)r 2(R; t)� 4(t)
R2

: (3.5.5)

6Notice that� �� does not have the dimension of stress. Its physical component is�̂ �� = r 2� �� .
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Substituting (3.5.5) and (3.5.4)2 in (3.5.1), one obtains

� rr
;R (R; t) =

r 4(R; t)� 4(t) � R4

R r 4(R; t)� 2(t)

�
� (R; t)
� 4(t)

+ � (R; t)
�

: (3.5.6)

Since� rr (S1(t); t) = 0 , it is implied that

� rr (R; t) =
Z R

S1 (t )

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d� ; (3.5.7)

for S1(t) � R � R2 andt < t ablation.7 Thus, (3.5.5) gives the following expression for pressure

p(R; t) =
R2� (R; t)

r 2(R; t)� 4(t)
�

� (R; t)r 2(R; t)� 4(t)
R2

�
Z R

S1 (t )

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d� :

(3.5.9)

Substituting (3.5.9) into (3.5.4)2� 3, one obtains

�̂ �� (R; t) =
r 4(R; t)� 4(t) � R4

R2 r 2(R; t)

�
� (R; t)
� 4(t)

+ � (R; t)
�

+
Z R

S1 (t )

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d� ;

� zz(R; t) = � (R; t)
�
� 4(t) �

R2

r 2(R; t)� 4(t)

�
+ � (R; t)

�
r 2(R; t)� 4(t)

R2
�

1
� 4(t)

�

+
Z R

S1 (t )

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d� :

(3.5.10)

7Alternatively, one may integrate (3.5.6) fromR to R2 to obtain

� rr (R; t ) = � rr (R2; t) �
Z R 2

R

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d� ; (3.5.8)

for S1(t) � R � R2, andt < t ablation.
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For
�

R2 � R � S2(t); t < t ablation
	

, or
�

t � tablation; S1(t) � R � S2(t)
	

:

b ] (R; t) =

2

6
6
6
6
6
6
6
6
4

"
r ;R (R; t)

r ;R (R;
+
� (R))

#2

0 0

0
1

+
r 2(R)

0

0 0
� 4(t)

+

� 4(R)

3

7
7
7
7
7
7
7
7
5

; c] (R; t) =

2

6
6
6
6
6
6
6
6
4

"
r ;R (R;

+
� (R))

r ;R (R; t)

#2

0 0

0
+
r 2(R)

r 4(R; t)
0

0 0

+

� 4(R)
� 4(t)

3

7
7
7
7
7
7
7
7
5

:

(3.5.11)

The principal invariants ofb read

I 1(R; t) = r 2
;R (R; t) +

r 2(R; t)
+
r 2(R)

+
� 4(t)

+

� 4(R)
;

I 2(R; t) =
r 2

;R (R; t) r 2(R; t)
+
r 2(R)

+
r 2(R; t) � 4(t)

+
r 2(R)

+

� 4(R)
+

r 2
;R (R; t)� 4(t)

+

� 4(R)
:

(3.5.12)

The non-zero components of the Cauchy stress are

� rr (R; t) = � p(R; t) + � (R; t)r 2
;R (R; t) �

� (R; t)
r 2

;R (R; t)
;

� �� (R; t) = �
p(R; t)
r 2(R; t)

+
� (R; t)

+
r 2(R)

�
� (R; t)

+
r 2(R)

r 4(R; t)
;

� zz(R; t) = � p(R; t) +
� (R; t) � 4(t)

+

� 4(R)
�

� (R; t)
+

� 4(R)
� 4(t)

:

(3.5.13)

Using the constraints (3.3.4) and (4.1.9), each of the components of� (R; t) can be expressed

solely in terms of the kinematic quanitiesr (R; t) and � (t), i.e., one can eliminater ;R (R; t) in

(3.5.13)1 to obtain

� rr (R; t) = � p(R; t) +
� (R; t)

+
r 2(R)

+

� 4(R)
r 2(R; t)� 4(t)

�
� (R; t)r 2(R; t) � 4(t)

+
r 2(R)

+

� 4(R)
: (3.5.14)
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Substituting (3.5.13)1� 2 in (3.5.1), one obtains

� rr
;R (R; t) =

+

� 2(R)
h
r 4(R; t)� 4(t) �

+
r 4(R)

+

� 4(R)
i

r 4(R; t)� 2(t)
+
r (R)

"
� (R; t)
� 4(t)

+
� (R; t)
+

� 4(R)

#

: (3.5.15)

Since� rr (S2(t); t) = 0 , it is implied that

� rr (R; t) = �
Z S2 (t )

R

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� ; (3.5.16)

whenever
�

R2 � R � S2(t); t < t ablation
	

, or
�

t � tablation; S1(t) � R � S2(t)
	

. Thus, (3.5.14)

gives the following expression for the pressure �eld

p(R; t) =
� (R; t)

+
r 2(R)

+

� 4(R)
r 2(R; t)� 4(t)

�
� (R; t)r 2(R; t)� 4(t)

+
r 2(R)

+

� 4(R)

+
Z S2 (t )

R

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� :

(3.5.17)

Substituting (3.5.17) into (3.5.13)2� 3, one obtains

�̂ �� (R; t) =
r 4(R; t)� 4(t) �

+
r 4(R)

+

� 4(R)

r 2(R; t)
+
r 2(R)

"
� (R; t)
� 4(t)

+
� (R; t)
+

� 4(R)

#

�
Z S2 (t )

R

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� ;

� zz(R; t) = � (R; t)

"
� 4(t)

+

� 4(R)
�

+

� 4(R)
+
r 2(R)

� 4(t)r 2(R; t)

#

+ � (R; t)

"
� 4(t)r 2(R; t)
+

� 4(R)
+
r 2(R)

�

+

� 4(R)
� 4(t)

#

�
Z S2 (t )

R

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� ;

(3.5.18)

for
�

R2 � R � S2(t); t < t ablation
	

, and
�

t � tablation; S1(t) � R � S2(t)
	

. Note that

� �� (S2(t); t) = 0 , and� zz(S2(t); t) = 0 , i.e., � (S2(t); t) = 0. Since� rr (R; t) has to be con-
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tinuous inR atR2 at any timet < t ablation, we must have

Z R2

S1 (t )

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d�

+
Z S2 (t )

R2

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� = 0 ;

(3.5.19)

for all 0 < t < t ablation.8

Remark 3.5.1. Using (3.5.16), one obtains

� rr (R2; t) = �
Z S2 (t )

R2

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� ; (3.5.21)

which can be substituted into (3.5.8) to give

� rr (R; t) = �
Z R2

R

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d�

�
Z S2 (t )

R2

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� ;

(3.5.22)

whereS1(t) � R � R2, andt < t ablation.9 Thus, (3.5.5) gives the following expression for the

8For t � tablation, the boundary condition� rr (S1(t); t) = 0 yields a similar constraint

Z S2 ( t )

S1 ( t )

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� = 0 ; (3.5.20)

in view of (3.5.16).
9Setting� rr (S1(t); t) = 0 in (3.5.22) provides an alternative approach to recover (3.5.29).
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pressure �eld

p(R; t) =
R2� (R; t)

r 2(R; t)� 4(t)
�

� (R; t)r 2(R; t)� 4(t)
R2

+
Z R2

R

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d�

+
Z S2 (t )

R2

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� ;

(3.5.23)

whereS1(t) � R � R2. Substituting (3.5.23) into (3.5.4)2� 3 one obtains

�̂ �� (R; t) =
r 4(R; t)� 4(t) � R4

R2 r 2(R; t)

�
� (R; t)
� 4(t)

+ � (R; t)
�

�
Z R2

R

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d�

�
Z S2 (t )

R2

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d�;

� zz(R; t) = � (R; t)
�
� 4(t) �

R2

r 2(R; t)� 4(t)

�
+ � (R; t)

�
r 2(R; t)� 4(t)

R2
�

1
� 4(t)

�

�
Z R2

R

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d�

�
Z S2 (t )

R2

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� ;

(3.5.24)
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for S1(t) � R � R2.10 On the ablation boundary

�̂ �� (S1(t); t) =

8
>>>>><

>>>>>:

�
s2

1(t)� 4(t)
S2

1(t)
�

S2
1(t)

s2
1(t)

� �
� (S1(t); t)

� 4(t)
+ � (S1(t); t)

�
; t < t ablation

"
s2

1(t)� 4(t)
+
r 2(S1(t))

�
+
r 2(S1(t))

+

� 4(S1(t))
s2

1(t)

# "
� (S1(t); t)

� 4(t)
+

� (S1(t); t)
+

� 4(S1(t))

#

; t � tablation;

� zz(S1(t); t) =

8
>>>>>>>>><

>>>>>>>>>:

�
s2

1(t)� 4(t)
S2

1(t)
�

1
� 4(t)

� �
� (S1(t); t)S2

1(t)
s2

1(t)
+ � (S1(t); t)

�
; t < t ablation

� (S1(t); t)

"
� 4(t)

+

� 4(S1(t))
�

+

� 4(S1(t))
+
r 2(S1(t))

� 4(t)s2
1(t)

#

+ � (S1(t); t)
�

� 4 (t )s2
1 (t )

+
� 4 (S1 (t ))

+
r 2 (S1 (t ))

�
+
� 4 (S1 (t ))

� 4 (t )

�
; t � tablation:

(3.5.25)

Notice that� �� and� zz do not vanish on the ablation boundary.11

Remark 3.5.2. In [80] it was shown that the �nite extension of an accreting circular cylindrical

bar made of an arbitrary incompressible isotropic solid is a universal deformation even in the

presence of radially-symmetric accretion. We have observed here that this result holds even when

there is simultaneous radially-symmetric accretion and ablation on the outer and inner boundaries,

respectively.

The applied axial force. The axial force at the two ends of the bar is given by

F (t) = 2 �
Z S2 (t )

S1 (t )
P zZ (R; t)R dR ; (3.5.26)

10It is clear from (3.5.24) and (3.5.18) that� �� and� zz are continuous atR2.
11In a similar problem, Naghibzadeh et al. [110] observed non-zero� �� and� �� on the ablation boundary of a

hollow spherical body undergoing accretion through its �xed inner boundary while ablation takes place on its traction-
free outer boundary.
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whereP zZ (R; t) =
� zz(R; t)

� 2(t)
is thezZ-component of �rst Piola-Kirchhoff stress. ForS1(t) �

R � R2 andt < t ablation:

P zZ (R; t) = � (R; t)
�
� 2(t) �

R2

r 2(R; t)� 6(t)

�
+ � (R; t)

�
r 2(R; t)� 2(t)

R2
�

1
� 6(t)

�

�
Z R2

R

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 4(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d�

�
Z S2 (t )
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+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 4(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� :

(3.5.27)

For
�

R2 � R � S2(t); t < t ablation
	

and
�

t � tablation; S1(t) � R � S2(t)
	

:

P zZ (R; t) = � (R; t)

"
� 2(t)

+

� 4(R)
�

+

� 4(R)
+
r 2(R)

� 6(t) r 2(R; t)

#

+ � (R; t)

"
� 2(t) r 2(R; t)
+

� 4(R)
+
r 2(R)

�

+

� 4(R)
� 6(t)

#

�
Z S2 (t )

R

+

� 2(� )
h
r 4(�; t ) � 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t ) � 4(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� :

(3.5.28)

Remark 3.5.3. Observe that (3.5.29) and (3.5.20) can be combined to de�ne the following func-

tion12

�( t) :=

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

Z R2

S1 (t )

r 4(�; t )� 4(t) � � 4

� r 4(�; t )� 2(t)

�
� (�; t )
� 4(t)

+ � (�; t )
�

d�

+
Z S2 (t )

R2

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� ; t � tablation;

Z S2 (t )

S1 (t )

+

� 2(� )
h
r 4(�; t )� 4(t) �

+
r 4(� )

+

� 4(� )
i

r 4(�; t )� 2(t)
+
r (� )

"
� (�; t )
� 4(t)

+
� (�; t )
+

� 4(� )

#

d� ; t � tablation:

(3.5.29)

In a displacement-control problem, where� (t) is given,�(
+
� (R)) = 0 is to be solved with

+
r (R2) =

R2 to �nd the unknown function
+
r (R) for R > R 2.

12� is continuous attablation. Equivalently,� �
+
� is continuous atR2.
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3.6 The accretion-ablation initial-boundary-value problem for a neo-Hookean solid

Let T � tablation. Consider a homogeneous neo-Hookean material for which� (R; t) = � (R) =

� 0 > 0 and � (R; t) = 0 . In order to simplify the calculations, assume that the spatial accre-

tion/ablation velocities are constant, i.e.,u1(t) =
�
� > 0 andu2(t) =

+
� > 0. The signs of

+
� and

�
�

indicate that both accretion and ablation interfaces are moving radially outward. Thus,

S1(t) = R1 +
�
�t ; or

�
� (R) =

R � R1
�
�

;

S2(t) = R2 +
+
�t ; or

+
� (R) =

R � R2
+
�

:
(3.6.1)

The nonzero physical components of the Cauchy stress for this problem are listed as follows:13

� rr (R; t) =

8
>>>><

>>>>:

� 0

� 2(t)

Z R

S1 (t )

d�
�

�
� 0

� 6(t)

Z R

S1 (t )

� 3d�
r 4(�; t )

; R < R 2 ;

�
� 0

� 2(t)

Z S2 (t )

R

+

� 2(� )d�
+
r (� )

+
� 0

� 6(t)

Z S2 (t )

R

+
r 3(� )

+

� 6(� )d�
r 4(�; t )

; R � R2 ;

�̂ �� (R; t) =

8
>>>><

>>>>:

� 0

�
r 2(R; t)

R2
�

R2

� 4(t) r 2(R; t)

�
+ � rr (R; t) ; R < R 2 ;

� 0

"
r 2(R; t)

+
r 2(R)

�

+

� 4(R)
+
r 2(R)

� 4(t)r 2(R; t)

#

+ � rr (R; t) ; R � R2 ;

� zz(R; t) =

8
>>>><

>>>>:

� 0

�
� 4(t) �

R2

� 4(t)r 2(R; t)

�
+ � rr (R; t) ; R < R 2 ;

� 0

"
� 4(t)

+

� 4(R)
�

+

� 4(R)
+
r 2(R)

� 4(t)r 2(R; t)

#

+ � rr (R; t) ; R � R2 :

(3.6.3)

13On the ablation boundary,

�̂ �� (S1(t); t) = � 0

�
s2

1(t)
S2

1 (t)
�

S2
1 (t)

� 4(t)s2
1(t)

�
; � zz (S1(t); t) = � 0

�
� 4(t) �

S2
1 (t)

� 4(t)s2
1(t)

�
: (3.6.2)
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Traction continuity equation (3.5.29) simpli�es to read

� 4(t)

" Z R2

S1 (t )

d�
�

+
Z S2 (t )

R2

+

� 2(� )d�
+
r (� )

#

=
Z R2

S1 (t )

� 3d�
r 4(�; t )

+
Z S2 (t )

R2

+
r 3(� )

+

� 6(� )d�
r 4(�; t )

: (3.6.4)

Now, one can differentiate (3.6.4) with respect tot and use (3.3.3) and (3.4.7) to deduce that (the

detailed calculations are given in Appendix A)

+
r (R) =

R2 +
RR

R2

+

� (� )d�
+

� (R)
; (3.6.5)

and

r (R; t) =

8
>>>><

>>>>:

R
� (t)

; S1(t) � R � R2 ;

+

� (R)
+
r (R)

� (t)
; R2 � R � S2(t) ;

(3.6.6)

which when substituted into (3.6.3) implies that� rr (R; t) = � �� (R; t) = 0 . Moreover,

P zZ (R; t) =

8
>>>>><

>>>>>:

� 0

�
� 2(t) �

1
� 4(t)

�
; S1(t) � R � R2 ;

� 0

"
� 2(t)

+

� 4(R)
�

+

� 2(R)
� 4(t)

#

; R2 � R � S2(t) ;

(3.6.7)

using which the axial force can be expressed as

F (t)
2�� 0

=
R2

2 � S2
1(t)

2

�
� 2(t) �

1
� 4(t)

�
+ � 2(t)

Z S2 (t )

R2

R dR
+

� 4(R)
�

1
� 4(t)

Z S2 (t )

R2

R
+

� 2(R)dR : (3.6.8)

In a force-control problemF (t) is given (withF (0) = 0 ), andS1(t), S2(t) are both known. All

one needs to �nd is the unknown function� (t) that satis�es (3.6.8).

Example 3.6.1.Consider a displacement-control problem withR2 = 2R1,
�
� = 2 R1

T ,
+
� = 3 R1

T , and

� (t) = 1 + a
�

t
T

� n
, wheren � 0, anda 2 R. Thentablation = T

2 andS2(tablation) = 3 :5R1. We solve
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Figure 3.2:Solution to the displacement-control problem described in Example 3.6.1 fora = 1 . For � (t) = 1+
�

t
T

� n

(an increasing function) the variation of axial stress� zz (R; t ) with R at t = T
4 for the casesn 2

�
1
2 ; 1; 2

	
is shown.

this problem fora 2
�

� 1
	

andn 2
�

1
2 ; 1; 2

	
assuming the numerical valuesR1 = 1 andT = 1.

At any givent < t ablation, � zz(R; t) is constant in the initial body (R � R2), as we have assumed

the material to be homogeneous and the deformation to be uniform. Further,� zz is nonzero on the

ablation boundary (Figure 3.4). Note that_� (t) taken in this example blows up neart = 0 for n < 1

anda > 0. This is why when the bar is subjected to the elongation� (t) = 1+
q

t
T , we �rst observe

a reduction in the outer diameter
+
r (R), or equivalentlys2(t), see Figure 3.2. Later, as the rate of

elongation reduces, this effect is overshadowed by accretion and
+
r (R) increases monotonically.

Example 3.6.2.Consider a force-control problem withR2 = 2R1,
�
� = R1

T ,
+
� = 2 R1

T . Then

tablation = T and S2(T) = 4 R1. To �nd solutions of the form (3.6.6), �rst de�neh(t) :=
RS2 (t )

R2

R dR
+
� 4 (R)

, andk(t) :=
RS2 (t )

R2
R

+

� 2(R)dR, so that_h(t) =
+
�S 2 (t )
� 4 (t ) and _k(t) =

+
�S 2(t)� 2(t). Dif-

ferentiating (3.6.8) with respect tot, one obtains

"

2� (t)
�

R2
2 � S2

1(t)
2

+ h(t)
�
+

4
� 5(t)

�
R2

2 � S2
1(t)

2
+ k(t)

� #

_� (t)+
�
�S 1(t)

�
1

� 4(t)
� � 2(t)

�
=

_F (t)
2�� 0

:

(3.6.9)
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Figure 3.3: Solution to the displacement-control problem described in Example 3.6.1 fora = � 1. For � (t) =
1 �

�
t
T

� n
(a decreasing function) the variation of axial stress� zz (R; t ) with R at t = T

4 for the casesn 2
�

1
2 ; 1; 2

	

is shown.

Figure 3.4:Axial stress on the ablation boundary for the displacement-control problem described in Example 3.6.1.
The variation of� zz (S1(t); t) with t(< t ablation) for � (t) = 1+ a

�
t
T

� n
, wherea 2

�
� 1

	
andn 2

�
1
2 ; 1; 2

	
is shown.

Thus, we need to solve the following system of nonlinear ODEs:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

_� (t) =
f (t) +

�
�S 1(t)

h
� 2(t) � 1

� 4 (t )

i

2� (t)
h

R2
2 � S2

1 (t )
2 + h(t)

i
+ 4

� 5 (t )

h
R2

2 � S2
1 (t )

2 + k(t)
i ;

_h(t) =
+
�S 2(t)
� 4(t)

;

_k(t) =
+
�S 2(t)� 2(t) ;

� (0) = 1 ; h(0) = 0 ; k(0) = 0 ;

(3.6.10)
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Figure 3.5:Solution to the force-control problem described in Example 3.6.2 withF (t) = � 5� 0�R 2
1

�
t
T

� n

, where

n 2 f 1; 2g. The function� (t) reported here is the solution to the integral equation(3.6.8). The variation of the axial
stress� zz with R at t = T

2 is shown.

wheref (t) :=
_F (t )

2�� 0
. Assume the numerical valuesR1 = 1 andT = 1. The time-dependent force

F (t) is taken as a polynomial function oft in Figure 3.5, an error function oft in Figure 3.6, and

a sinusoidal function oft in Figure 3.7. The sign of� zz is the same as that ofF for monotonic

loads Figure 3.5). In Figure 3.6, asF (t) increases from0 untill the asymptotic value� 0�R 2
1 is

reached,_� (t) (and hence the axial strain rate) decreases until an asymptotic limit is reached. In

Figure 3.7 we look at three different time-dependent loads withF (0) = F (T) = 0 , but all of

them have different stretches att = T because their loading histories are different. Similarly,

F (t) = � 0�R 2
1 sin( �t

T ) andF (t) = � 0�R 2
1 sin2( �t

T ) have the same load att = T
2 , but different

radial variation of� zz at that instant because of their different loading histories.

3.7 Residual stress

We assume that the body is unloaded after the accretion and ablation processes end. LetT <

tablation. For t > T , � (t) = 1 , andF (t) = 0 . The material metric of the resulting body has the
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Figure 3.6: Solution to force-control problem described in Example 3.6.2 withF (t) = � 0�R 2
1 erf

�
At
T

�
, where

A 2 f 2; 5; 8g. The function� (t) reported here is the solution to the integral equation(3.6.8). The variation of the
axial stress� zz with R at t = T

2 is shown.

Figure 3.7: Solution to force-control problem described in Example 3.6.2. The function� (t) reported here is the
solution to the integral equation(3.6.8)with F (t) = � 0�R 2

1 sinm �
!t
T

�
, wherem 2 f 1; 2g and! 2 f �; 2� g. Further,

the variation of axial stress� zz with R at t = T
2 is shown.

following representation14

G =

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

2

6
6
6
6
6
6
4

1 0 0

0 R2 0

0 0 1

3

7
7
7
7
7
7
5

; S1(T) � R < R 2 ;

2

6
6
6
6
6
6
4

1 0 0

0
+
r 2(R) 0

0 0
+

� 4(R)

3

7
7
7
7
7
7
5

; R2 � R � S2(T) ;

(3.7.1)

14The constraint (4.1.9)1 has been used in calculating the metric of the accreted portion of the body.
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wherein the caseR < R 2 is present only ifT <
�
� (R2). Let ~' : BT ! S map the material manifold

to the residually-stressed con�guration. Consider cylindrical coordinates~' (R; � ; Z ) = (~r; ~�; ~z)

with ~r = ~r (R), ~� = � and~z = ~� 2Z. Incompressibilty constraint can be expressed as

8
>>><

>>>:

~� 2~r (R)~r 0(R)
R

= 1 ; R � R2 ;

~� 2~r (R)~r 0(R)
+

� 2(R)
+
r (R)

= 1 ; R2 � R ;
(3.7.2)

which implies that

~r 2(R) =

8
>>><

>>>:

~r 2(S1(T)) +
R2 � S2

1(T)
~� 2

; R � R2 ;

~r 2(S2(T)) �
2
~� 2

Z S2 (T )

R

+

� 2(� )
+
r (� )d� ; R 2 � R :

(3.7.3)

The continuity of~r (R) atR2 requires that

~r 2(S2(T)) � ~r 2(S1(T)) =
1
~� 2

"

R2
2 � S2

1(T) + 2
Z S2 (T )

R2

+

� 2(� )
+
r (� )d�

#

: (3.7.4)

Observe that the knowledge of either~r (S1(T)) or ~r (S2(T)) is suf�cient to calculate~r (R). Let us

take~r (S1(T)) as the only independent variable (other than~� ), in terms of which

~r 2(R) =

8
>>>><

>>>>:

~r 2(S1(T)) +
R2 � S2

1(T)
~� 2

; R � R2 ;

~r 2(S1(T)) +
1
~� 2

�
R2

2 � S2
1(T) + 2

Z R

R2

+

� 2(� )
+
r (� )d�

�
; R2 � R :

(3.7.5)

The deformation gradient reads

~F(R) =

2

6
6
6
6
4

~r 0(R) 0 0

0 1 0

0 0 ~� 2

3

7
7
7
7
5

: (3.7.6)
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ForR � R2:

b ] (R) =

2

6
6
6
6
4

[~r 0(R)]2 0 0

0
1

R2
0

0 0 ~� 4

3

7
7
7
7
5

; c] (R) =

2

6
6
6
6
6
4

1
[~r 0(R)]2

0 0

0
R2

~r 4(R)
0

0 0
1
~� 4

3

7
7
7
7
7
5

: (3.7.7)

The principal invariants ofb read

I 1(R) = [~r 0(R)]2 +
~r 2(R)

R2
+ ~� 4 ; I 2(R) = [~r 0(R)]2 ~� 4 +

[~r 0(R)]2 ~r 2(R)
R2

+
~r 2(R) ~� 4

R2
:

(3.7.8)

Using (3.7.2)1, the nonzero physical components of residual Cauchy stress can be expressed as15

~� rr (R) = � p(R) +
� (R) R2

~� 4~r 2(R)
�

� (R)~� 4~r 2(R)
R2

;

~̂� �� (R) = � p(R) +
� (R)~r 2(R)

R2
�

� (R) R2

~r 2(R)
;

~� zz(R) = � p(R) + � (R) ~� 4 �
� (R)

~� 4
:

(3.7.9)

For R < R 2, the radial equilibrium equation and the traction boundary condition~� rr (S1(T)) = 0

imply that

~� rr (R) =
Z R

S1 (T )

�
� (� )
~� 4

+ � (� )
� "

~� 2

�
�

� 3

~� 2 ~r 4(� )

#

d� ;

~̂� �� (R) =
�

� (R)
~� 4

+ � (R)
� "

~� 4~r 2(R)
R2

�
R2

~r 2(R)

#

+ ~� rr (R) ;

~� zz(R) = � (R)
�

~� 4 �
R2

~� 4~r 2(R)

�
+ � (R)

"
~� 4~r 2(R)

R2
�

1
~� 4

#

+ ~� rr (R) :

(3.7.10)

15Note that~̂� �� = ~r 2~� �� .
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Now for R � R2:

b ] (R) =

2

6
6
6
6
6
6
4

[~r 0(R)]2 0 0

0
1

+
r 2(R)

0

0 0
~� 4

+

� 4(R)

3

7
7
7
7
7
7
5

; c] (R) =
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6
6
6
6
6
6
4

1
[~r 0(R)]2

0 0

0
+
r 2(R)
~r 4(R)

0

0 0

+

� 4(R)
~� 4

3

7
7
7
7
7
7
5

: (3.7.11)

The principal invariants ofb read

I 1(R) = [~r 0(R)]2 +
~r 2(R)
+
r 2(R)

+
~� 4

+

� 4(R)
; I 2(R) =

[~r 0(R)]2 ~r 2(R)
+
r 2(R)

+
~� 4~r 2(R)

+
r 2(R)

+

� 4(R)
+

~� 4[~r 0(R)]2

+

� 4(R)
:

(3.7.12)

Using (3.7.2)2, the nonzero physical components of residual Cauchy stress can be expressed as

~� rr (R) = � p(R) + � (R; t)~r 2
;R (R) �

� (R)
~r 2

;R (R)
;

~̂� �� (R) = � p(R) +
� (R)~r 2(R)

+
r 2(R)

�
� (R)

+
r 2(R)

~r 2(R)
;

~� zz(R) = � p(R) +
� (R) ~� 4

+

� 4(R)
�

� (R)
+

� 4(R)
~� 4

:

(3.7.13)

For R � R2, the radial equilibrium equation and the traction boundary condition~� rr (S2(T)) = 0

give us

~� rr (R) = �
Z S2 (T )

R

+

� 2(� )

"
� (� )
~� 4

+
� (� )
+

� 4(� )

# "
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+
r (� )

�
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� 4(� )
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#
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"
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� (R)
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� 4(R)

# "
~� 4~r 2(R)

+
r 2(R)

�
+
r 2(R)

+

� 4(R)
~r 2(R)

#

+ ~� rr (R);

~� zz(R) = � (R)

"
~� 4

+

� 4(R)
�

+

� 4(R)
+
r 2(R)

~� 4~r 2(R)

#

+ � (R)

"
~� 4~r 2(R)

+

� 4(R)
+
r 2(R)

�

+

� 4(R)
~� 4

#

+ ~� rr (R):

(3.7.14)
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The continuity of~� rr (R) atR2 requires that16

~� :=
Z R2

S1 (T )

�
� (� )
~� 4

+ � (� )
� "

~� 2

�
�

� 3

~� 2 ~r 4(� )

#

d�

+
Z S2 (T )

R2

+

� 2(� )

"
� (� )
~� 4

+
� (� )
+

� 4(� )

# "
~� 2

+
r (� )

�
+
r 3(� )

+

� 4(� )
~� 2 ~r 4(� )

#

d� = 0 :

(3.7.16)

Absence of an axial force in the residual state implies that

Z S2 (T )

S1 (T )
2�R ~P zZ (R)dR = 0 ; (3.7.17)

where ~P zZ (R) =
~� zz(R)

~� 2
is thezZ- component of residual Piola-Kirchhoff stress, calculated as

~P zZ (R) =

8
>>>><

>>>>:

� (R)
h
~� 2 � R2

~� 6 ~r 2 (R)

i
+ � (R)

h
~� 2 ~r 2 (R)

R2 � 1
~� 6

i
+ ~� rr (R)

~� 2 ; R � R2 ;

� (R)
�

~� 2

+
� 4 (R)

�
+
� 4 (R)

+
r 2 (R)

~� 6 ~r 2 (R)

�
+ � (R)

�
~� 2 ~r 2 (R)

+
� 4 (R)

+
r 2 (R)

�
+
� 4 (R)

~� 6

�
+ ~� rr (R)

~� 2 ; R2 � R :

(3.7.18)

Residual stress in the case of a neo-Hookean solid.Consider a homogeneous neo-Hookean

material for which� (R) = � (R) = � 0 > 0 and� (R) = 0 as in the previous section. The nonzero

16Alternatively,~� rr for R � R2 can be expressed as:

~� rr (R) = �
Z R 2

R

~� 4~r 4(� ) � � 4

~� 2� ~r 4(� )

�
� (� )
~� 4

+ � (� )
�

d� �
Z S2 (T )

R 2

+

� 2(� )
h
~� 4~r 4(� ) �

+
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� 4(� )
i

~� 2~r 4(� )
+
r (� )

"
� (� )
~� 4

+
� (� )

+

� 4(� )

#

d� ;

(3.7.15)
in which case the condition (3.7.16) is recovered from the traction boundary condition~� rr (S1(T)) = 0 .
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components of the residual Cauchy stress are written as

~� rr (R) =

8
>>>><

>>>>:

� 0

~� 2

Z R

S1 (T )

d�
�

�
� 0

~� 6
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� 3d�
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+

� 2(� )d�
+
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+
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+
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8
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#
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~� zz(R) =

8
>>>><
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� 0

�
~� 4 �
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� 4(R)
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(3.7.19)

Continuity of~� rr , i.e., (3.7.16) simpli�es to read

~� 4

"

log
�

R2

S1(T)

�
+

Z S2 (T )
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+

� 2(� )d�
+
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#
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~r 4(� )

+
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R2

+
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� 6(� )d�
~r 4(� )

#

= 0 : (3.7.20)

Further,

~P zZ (R) =
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>>>><

>>>>:

� 0

h
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~� 6 ~r 2 (R)
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+ ~� rr (R)
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(3.7.21)

so that the zero axial force condition (3.7.17) implies that

� 0

Z R2

S1 (T )

�
~� 2 �

R2

~� 6~r 2(R)

�
R dR+ � 0

Z S2 (T )
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R dR+
1
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S1 (T )
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(3.7.22)
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Note that
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(3.7.23)

or equivalently,
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(3.7.24)

which in view of (3.7.20) implies that
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(3.7.25)

Thus, (3.7.22) can be rewritten as
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(3.7.26)

Determining the residual stretch and stress requires calculating the unknowns~r (S1(T)) and~� that

satisfy (3.7.20) and (3.7.26).

Remark 3.7.1. The functions
+

� (R) and
+
r (R) are known from the deformation history of the bar

prior to the removal of external loads, and hence, are treated as given quantities while solving for
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the residually-stressed state. Observe that

~r (R) =

8
>>>><

>>>>:

R
~�

; R � R2 ;

+

� (R)
+
r (R)

~�
; R2 � R ;

(3.7.27)

is a solution that satis�es (3.7.2), (3.7.20) and (3.7.26). The residual Cauchy stress components

~� rr and~̂� �� vanish for this solution. Moreover,

~P zZ (R) =
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>>>>><
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(3.7.28)

so that the zero axial force condition (3.7.17) requires that
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� 0R
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~� 4
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dR = 0 : (3.7.29)

This implies that

~� 6 =
R2

2 � S2
1(T) + 2

Z S2 (T )

R2

R
+

� 2(R)dR

R2
2 � S2

1(T) + 2
Z S2 (T )

R2

R dR
+

� 4(R)

: (3.7.30)

Example 3.7.2.Consider a displacement-control problem withR2 = 2R1 ,
�
� = R1

2T ,
+
� = R1

T ,

and� (t) = 1 + a
�

t
T

� n
, wheren � 0, anda 2 R. Thentablation = 2T > T , S1(T) = 1 :5R1

andS2(T) = 3 R1. First we need to �nd
+
r : [R2; S2(T)] ! R as in Example 3.6.1. With the

knowledge of
+

� and
+
r (see Figure 3.8), we need to �nd~r (S1(T)) and~� that satisfy the following
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Table 3.1: Residual stretch~� 2 in the body when it is set free after the displacement-control loading described in
Example 3.7.2.

n = 1
2 n = 1 n = 2

a = 1
2 1:4733 1:3547 1:2349

a = � 1
2 0:4727 0:5514 0:6477

nonlinear integral equations
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(3.7.31)

where

~r 2(R) =

8
>>>><

>>>>:

~r 2(S1(T)) +
R2 � S2

1(T)
~� 2

; R � R2 ;

~r 2(S1(T)) +
1
~� 2

�
R2

2 � S2
1(T) + 2

Z R

R2

+

� 2(� )
+
r (� )d�

�
; R2 � R :

(3.7.32)

We solve this system numerically in Matlab fora 2
�

� 1
2

	
andn 2

�
1
2 ; 1; 2

	
(with the numerical

valuesR1 = 1 andT = 1). Since the numerical values of~� rr (R) and ~� �� (R) are negligible,

they are not reported here. The values of~� 2 (see Table 3.1) and~� zz (see Figure 3.9) obtained

numerically agree with those described in Remark 3.7.1. From Figure 3.9, we observe that even

if a bar is subjected only to elongation, the residual axial stresses in the initial portion of the �nal

body are compressive due to stress redistribution after the bar is set free. Similarly, tensile residual

axial stress is observed in the initial portion of a bar shortened during accretion-ablation.

Example 3.7.3.Consider a force-control problem withR2 = 2R1,
�
� = R1

2T , and
+
� = R1

T . Then
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Figure 3.8:Solution of the displacement-control problem described in Example 3.7.2 during the loading process.

Figure 3.9: Residual stress~� zz (R) in the body (Example 3.7.2) after the removal of the external forces for the
displacement-control loading� (t) = 1 + a

�
t
T

� n
, wherea 2

�
� 1

2

	
andn 2

�
1
2 ; 1; 2

	
.

tablation = 2T > T , S1(T) = 1 :5R1, andS2(T) = 3 R1. First we �nd the functions� (t) and
+
r (R) as

in Example 3.6.2, which are then used to solve (3.7.31) and (3.7.32) for~r (S1(T)) and~� . Assume

the numerical valuesR1 = 1 andT = 1. We report~� zz as a function ofR in the residual con�gu-

ration takingF (t) as a polynomial (Figure 3.10), error (Figure 3.11), and sinusoidal (Figure 3.12)

functions of timet. The residual stretches~� 2 for the same choices ofF (t) are given in Table 3.2.

In Figure 3.10 we compare the axial residual stress for loads varying monotonically as linear and

quadratic functions of time. A monotonically increasing tensileF (t) induces a compressive~� zz in
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Table 3.2:Residual stretch~� 2 in the body when it is set free after the force-control loading described in Example
3.7.3.

F (t)
� 0�R 2

1

~� 2

erf
�

At
T

�

A = 2 1:0603

A = 5 1:0835

A = 8 1:0910

a
�

t
T

� n

a = 5, n = 1 1:2158

a = 5, n = 2 1:1166

a = � 5, n = 1 0:8479

a = � 5, n = 2 0:9051

sinm
�

!t
T

�

m = 1, ! = � 1:0617

m = 1, ! = 2� 1:0219

m = 2, ! = � 1:0468

the initial portion of the body, although~� 2 > 1. Similarly, a monotonically increasing compressive

F (t) leaves a tensile~� zz in the initial portion of the �nal body along with a residual stretch~� 2 < 1.

In Figure 3.11,~� zz is observed to be almost the same towards the outermost accreted layers for

all the three loading paths. This is probably because the load when those outermost layers were

accreted was very close to the asympotic limit ofF (t) in all the three cases. As a result, all those

layers experience the same state of stress during loading as well as when they are set free. In

Figure 3.12, we look at the residual stress print left after different sinusoidal loading cycles and

observe that~� zz remains zero on the outer boundary even after the bar is unloaded.
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Figure 3.10: Residual stress~� zz (R) in the body (Example 3.7.3) when it is set free after the loadingF (t) =
� 5� 0�R 2

1

�
t
T

� n
, wheren 2 f 1; 2g.

Figure 3.11: Residual stress~� zz (R) in the body (Example 3.7.3) when it is set free after the loadingF (t) =
� 0�R 2

1 erf
�

At
T

�
, whereA 2 f 2; 5; 8g.

3.8 Response of a3D-printed bar under axial loads

Let us assume thatT1 andT2 are such that0 < T < T 1 < T 2, and consider a3D-printed thick

hollow cylinder in the time interval[0; T2]. Accretion/ablation occurs during the interval[0; T]
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Figure 3.12:Residual stress~� zz (R) in the �nal body (Example 3.7.3). During the accretion-ablation process this
body was under a sinusoidal axial force.

under some time-dependent axial load, after which the body is in an unloaded state untilt = T1,

and service loads are applied during[T1; T2]. The motion map has the following representation

' t (R; � ; Z ) =

8
>>>>>><

>>>>>>:

�
r (R; t); � ; � 2(t)Z

�
; t � T ;

�
~r (R); � ; ~� 2Z

�
; T < t < T 1 ;

�
r s(R; t); � ; � 2

s(t)~� 2Z
�

; T1 � t � T2 ;

(3.8.1)

whereS1(t) � R � S2(t), and� 2
s(t) is the axial stretch due to the service load. The functions� ,

� s are assumed to satisfy the following conditions:� (0) = 1 , � s(T1) = 1 . Further, notice that

S1(t) =

8
>><

>>:

R1 +
�
�t ; t � T ;

S1(T) ; t > T
; S2(t) =

8
>><

>>:

R2 +
+
�t ; t � T ;

S2(T) ; t > T ;
(3.8.2)
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so that they are invertible only in[0; T], with their inverses being
�
� and

+
� , respectively. Axial force

and the Cauchy stress are written as

F (t) =

8
>>>>>><

>>>>>>:

� 0�R 2
1 f l (t) ; t � T ;

0; T < t < T 1 ;

� 0�R 2
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8
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>>>>>>:

� l (R; t) ; t � T ;

~� (R) ; T < t < T 1 ;

� s(R; t) ; T1 � t � T2 ;

(3.8.3)

where the functionsf l , f s are the dimensionless axial forces during the acrretion-ablation process

and service loading, respectively, and are assumed to satisfy the following conditions:f l (0) = 0 ,

f s(T1) = 0 . Thezz-component of Cauchy stress during service loading is written as

� zz
s (R; t) =
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>>>>><

>>>>>:

� 4
s(t)~� 4 �

1

� 2
s(t)~� 2

; S1(T) � R � R2

� 4
s(t)~� 4

+

� 4(R)
�

+

� 2(R)

� 2
s(t)~� 2

; R2 � R � S2(T) ;

(3.8.4)

which implies that
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whereT1 � t � T2. This can be rearranged as
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R2

R
+

� 2(R)dR

#

;

(3.8.6)

with

~� 6 =
R2

2 � S2
1(T) + 2

RS2 (T )
R2

R
+

� 2(R)dR

R2
2 � S2

1(T) + 2
RS2 (T )

R2

R
+
� 4 (R)

dR
: (3.8.7)
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This implies the following force-stretch relationship

f s(t) = a
�
� 2

s(t) �
1

� 4
s(t)

�
; (3.8.8)

where

a =
1

R2
1

"

R2
2 � S2

1(T) + 2
Z S2 (T )

R2

R
+

� 2(R)dR

# 1
3

"

R2
2 � S2

1(T) + 2
Z S2 (T )

R2

R
+

� 4(R)
dR

# 2
3

:

(3.8.9)

A stress-free elastic body with the same size as the3D-printed body. First observe that in the

absence of accretion/ablation (i.e.,
+
� =

�
� = 0) (3.8.5) simpli�es to read

F (t)
2�� 0

=
R2

2 � R2
1

2

�
� 2(t) �

1
� 4(t)

�
: (3.8.10)

In this problem, we replaceR1 by ~r (S1(T)), R2 by ~r (S2(T)), andL by ~� 2L. Consider a stress-free

thick cylinder of inner radius~r (S1(T)) = S1 (T )
~�

, outer radius~r (S2(T)) = � (T )s2 (T )
~�

, initial length

~� 2L and subject it to the same service load during the time interval[T1; T2]. For this new problem,

let the motion be denoted as

�' t (R; � ; Z ) =
� �r s(R; t); � ;

�

� 2
s(t)Z

�
; (3.8.11)

whereS1 (T )
~�

� R � � (T ) s2 (T )
~�

, and0 � Z � ~� 2L. Let the axial force beFs(t) = � 0�R 2
1 f s(t), and

denote the Cauchy stress by�� s. For ~r (S1(T)) � ~R � ~r (S2(T)),

�� zz
s ( ~R; t) = � 0

"
�

� 4
s(t) �

1
�

� 2
s(t)

#

; (3.8.12)
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which implies that the axial force can be expressed as

Fs(t)
2�� 0

=
� 2(T)s2

2(T) � S2
1(T)

2~� 2

"
�

� 2
s(t) �

1
�

� 4
s(t)

#

: (3.8.13)

Thus, we have the following force-stretch relationship

f s(t) = �a

"
�

� 2
s(t) �

1
�

� 4
s(t)

#

; (3.8.14)

where

�a =
[� 2(T)s2

2(T) � S2
1(T)]

h
R2

2 � S2
1(T) + 2

RS2 (T )
R2

R
+

� 2(R)dR
i 1

3

R2
1

�
R2

2 � S2
1(T) + 2

RS2 (T )
R2

R
+
� 4 (R)

dR
� 1

3

: (3.8.15)

Note that ifa > �a, then the3D-printed body is stiffer in comparison to a stress-free body of the

same dimensions, and vice-versa.

Example 3.8.1.ConsiderR2 = 2R1,
�
� = R1

2T ,
+
� = R1

T , T1 = 2T, andT2 = 3T. Then,tablation =

2T > T , S1(T) = 1 :5R1, andS2(T) = 3 R1, where we assume the numerical valuesR1 = 1, and

T = 1 as in Example 3.7.3. The values ofa and �a for several loads (same as those from Example

3.7.3) are given in Table 3.3. The force-stretch relationship during the service loading is shown in

Figure 3.13 for two particular cases. It is observed that the3D-printed body is less stiffer than a

stress-free body of the same size and made of the same material provided that it was subjected to

monotonic tensile loading during the accretion-ablation time interval. Similarly, a body which was

under monotonic compressive loading during accretion-ablation time interval is stiffer (in tension)

than a stress-free body of the same size and made of the same material.

Example 3.8.2.Let R2 = 2R1,
�
� = R1

2T ,
+
� = R1

T , T1 = 2T, andT2 = 3T as in Example 3.8.1.

When the service load is constant, the Cauchy stress is a function of the radial coordinate alone.

We consider the time-dependent loadsf l (t) = � 5t
T during the accretion-ablation process, and the
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Table 3.3:The coef�cients of the force-stretch relations (see equations(3.8.8)and (3.8.14)) for the 3D-printed bar
(see(3.8.9)) and a stress-free bar of the same size and made of the same material (see(3.8.15)).

F (t)
� 0�R 2

1
a �a

erf
�

At
T

�

A = 2 6:3782 6:5900

A = 5 6:2486 6:5388

A = 8 6:2076 6:5233

a
�

t
T

� n

a = 5, n = 1 5:7295 6:2902

a = 5, n = 2 6:1431 6:4657

a = � 5, n = 1 8:0862 7:3032

a = � 5, n = 2 7:5304 7:0902

sinm
�

!t
T

�

m = 1, ! = � 6:3695 6:5918

m = 1, ! = 2� 6:6185 6:7104

m = 2, ! = � 6:4570 6:6276
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Figure 3.13:Force-stretch relationship for service loading (Example 3.8.1). In the case off l (t) = 5t
T the3D-printed

body is less stiff as compared to its corresponding body without any residual stress. Whenf l (t) = � 5t
T , the3D-printed

body is stiffer than its corresponding stress-free body of the same size.

constant service loadsf s(t) = � 10. The solid-blue curves in Figure 3.14 represent the following

sets
��

~r (R);
� zz

s (R)
� 0

�
: S1(T) � R � S2(T)

�
; (3.8.16)

which show the radial variation of� zz
s resulting from a constant axial force applied to the3D-

printed body. When a stress-free body of the same size as the3D-printed one is subjected to

the same service load, it develops a constant�� zz
s across the cross-section (this is shown by the

dashed-red curves in Figure 3.14).

The3D-printed body manufactured under the tensile loadf l (t) = 5t
T has tensile residual stress

on its inner layers and compressive residual stress on the outer layers. As a result, when a tensile

service load is applied, it always develops tensile stress on its inner layers while the stress on the

outer layers can be compressive for very small service loads. For larger loads that causes tensile� zz
s

throughout the cross-section,� zz
s is greater than�� zz

s on the inner layers, while it is the opposite for

the outer layers. If this body manufactured under the tensile load is subjected to compression,� zz
s

can still be tensile on the inner layers for small enough loads. It is possible to have slightly larger

compressive service load so that the inner layers have compressive stress, but lesser than that of a
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Figure 3.14:Thezz-component of the Cauchy stress generated by a constant service load (Example 3.8.2). The solid-
blue curves show the radial variation of thezz-component of Cauchy stress in the3D-printed body. The dashed-red
curves represent the same for a stress-free body of the same size and made of the same material as the3D-printed one.

stress-free body of same size subjected to the same load, while the outer layers follow the opposite

trend. However, if the compressive service load is large enough, the stresses in the3D-printed

body are more compressive than those of the stress-free body throughout the cross-section.

The residual stress in the3D-printed body manufactured under the compressive loadf l (t) =

� 5t
T is compressive on its inner layers and tensile on the outer layers. If tensile service loads are

large enough,� zz
s in the3D-printed body is always tensile (with the inner layers being less stressed

than the outer ones) but less stressed than the stress-free body of the same size subjected to the

same service load. Similarly, if compressive service loads are large enough,� zz
s in the3D-printed

body is always compressive (with the inner layers being more stressed than the outer ones) but less

stressed than the stress-free body of the same size subjected to the same service load.
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CHAPTER 4

TORSION OF AN ACCRETING CIRCULAR CYLINDRICAL BAR

In this chapter we formulate the initial-boundary value problem of symmetric accretion of a circular

cylindrical bar made of an incompressible isotropic hyperelastic solid that is undergoing �nite

torsion while it is free to deform axially. In order to motivate the continuous accretion problem, let

us �rst discuss a discrete accretion problem, which is a twist-�t problem [117]. Consider a circular

cylindrical bar with radiusR1 that is �nitely twisted, see Figure 4.1. While the bar is twisted a

cylindrical shell with thicknessR2 � R1 is printed on its boundary cylinder. In other words, we

start with a stress-free solid cylinder with radiusR2, remove a concentric solid cylinder of radius

R1, and replace it with the twisted bar with radiusR1, and then glue them. After removal of external

loads, the accreted bar is residually stressed. This is because the natural con�gurations of the core

and the shell are incompatible. In the following, we will formulate the continuous analogue of this

problem. We will calculate the metric of the natural con�guration, the stress distribution during

accretion, and the residual stress distribution after removal of the external loads.

4.1 Kinematics and the material metric.

Let us consider a circular cylindrical bar with initial lengthL and radiusR0 that is made of a

homogeneous isotropic and incompressible material with energy functionW = W(I 1; I 2). We use

the cylindrical coordinates(R; � ; Z ) in the reference con�guration, and cylindrical coordinates

(r; �; z ) in the current con�guration. The metrics of the reference and current con�gurations have
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Figure 4.1: The twist-�t problem: A cylindrical bar is �rst twisted. In the deformed con�guration, a stress-free
cylindrical shell is printed on its cylinder boundary. When the accreted bar is released, the unloaded bar is residually
stressed.

the following representations (0 � R � R0)

G =

2

6
6
6
6
4

1 0 0

0 R2 0

0 0 1

3

7
7
7
7
5

; g =

2

6
6
6
6
4

1 0 0

0 r 2 0

0 0 1

3

7
7
7
7
5

: (4.1.1)

Let us consider a time-dependent torsion of the circular cylindrical bar such that it is slow enough

for the inertial effects to be negligible. Torsion of circular cylindrical bars is a subset of Family3

deformations that are universal for incompressible isotropic solids [111], and have the following

form1

r = r (R; t) ; � = � +  (t)Z ; z = � 2(t)Z ; (4.1.2)

where (t) is twist per unit length, and� 2(t) is the axial stretch, see Figure 4.2. Under a twist-

control loading (t) is given while� (t) needs to be calculated. Under a torque-control loading the

1Family 3 deformations are universal for certain inhomogeneous and anisotropic bars as well [118, 119, 120]. In
this paper, we restrict our calculations to isotropic and homogeneous bars.
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applied torque is given while both (t) and� (t) are unknown functions to be determined. In the

numerical examples we will consider both cases. The deformation gradient reads

F = F(R; t) =

2

6
6
6
6
4

r 0(R; t) 0 0

0 1  (t)

0 0 � 2(t)

3

7
7
7
7
5

; (4.1.3)

wherer 0(R; t) = @r(R;t )
@R . The incompressibility condition is written as

J =

r
detg
detG

detF =
� 2(t) r (R; t) r 0(R; t)

R
= 1 : (4.1.4)

This condition, together withr (0; t) = 0 , gives us

r (R; t) =
R

� (t)
; 0 � R � R0 : (4.1.5)

We assume that while the cylindrical bar is under the time-dependent deformation (4.1.2) cylin-

drical layers of stress-free material are printed continuously on its boundary (see Figure 4.3). The

growth velocity is assumed to be normal to the boundary in the current con�guration and has mag-

nitudeug(t). This means that in the time interval[t; t + dt] a stress-free circular cylindrical shell

of thicknessug(t)dt is attached to the deformed body. We also assume that this accretion pro-

cess is continuous in the time intervalt 2 [0; ta]. Let us assign a time of accretion� (R) to each

layer with the radial coordinateR in the reference con�guration. For0 � R � R0, � (R) = 0 .

We assume that there is no ablation during the accretion process, and hence� (R) is invertible for

R > R 0. Its inverse is denoted ass = � � 1, and it assigns to the timet the radial coordinate of

the accreted cylinder in the reference con�guration. The growth surfaces in the reference and the
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Figure 4.2:An accreting circular cylindrical bar undergoing �nite torsion while it is free to deform axially. (a) The
initial bar, (b) the accreting bar at timet, and (c) the residually-stressed accreted bar after the completion of accretion
and removal of the external forces.

current con�gurations are de�ned as


 t = f (s(t); � ; Z ) : 0 � � < 2� ; 0 � Z � Lg ;

! t =
�

(r (s(t); t); � +  (t) Z; � 2(t)Z ) : 0 � � < 2� ; 0 � Z � L
	

:
(4.1.6)

Note that

d
dt

r (s(t); t) =
@r
@R

(s(t); t) _s(t) +
@r
@t

(s(t); t) = r 0(s(t); t) Ug(t) + V r (s(t); t); (4.1.7)

whereUg(t) = _s(t), andV r = @r
@t is the radial component of the material velocity on the growth

surface. In the absence of accretion, the spatial velocity of the material points lying on the boundary
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Figure 4.3:Cross section of a circular cylindrical bar undergoing symmetric accretion and torsion simultaneously.
(a) The material manifold(B; G). The radial coordinate of the boundary of the accreting bar at timet is s(t). At a
later timet + dt the radial coordinate changes tos(t) + Ug(t)dt. (b) The deformed bar under torsion with a layer of
stress-feee material of thicknessug(t)dt joining its boundary during the time interval[t; t + dt]. (c) The residually-
stressed accreted bar after the removal of the external torque.

is V r (s(t); t), and this implies that

ug(t) = r 0(s(t); t) Ug(t) : (4.1.8)

Following Sozio and Yavari [70], we chooseUg(t) = ug(t). It was showed in [70] that other

choices forUg(t) will result in isometric material metrics. In other words, this choice will not

affect the calculation of stresses, see Remark 4.1.1.

From (4.1.8), the choiceUg(t) = ug(t) imposes the following constraint onr (R; t):

r 0(s(t); t) = 1 ; or r 0(R; � (R)) = 1 : (4.1.9)

Note thats(t) = R0 +
Rt

0 ug(� )d� . In order to simplify the calculations, let us assume that the
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spatial growth velocity is constant, i.e.,ug(t) = u0 > 0. Thus

s(t) = R0 + u0t ; or � (R) =
R � R0

u0
: (4.1.10)

The constraint (4.1.9) is simpli�ed to read

r 0(R0 + u0t; t ) = 1 ; or r 0

�
R;

R � R0

u0

�
= 1 : (4.1.11)

For the initial body, i.e., for0 � R � R0, the material metric has the representation (6.1.4)1.

For R0 � R � s(t), we assume that the accreted cylindrical layer at any instant of timet is

stress-free (generalizing our analysis to the case of pre-stressed material is straightforward [70]).

This implies that the material metric atR = s(t) is the pull-back of the metric of the (Euclidean)

ambient space, i.e.,

G(s(t)) = ' �
t g(r (s(t); t)) ; or G(R) = ' �

� (R) g(r (R; � (R))) : (4.1.12)

In components, one hasGAB (s(t)) = GAB (R) = F a
A (R; � (R)) F b

B (R; � (R)) gab(r (R; � (R))) .

Therefore

G(R) =

2

6
6
6
6
4

r 02(R; � (R)) 0 0

0 r 2(R; � (R))  (� (R)) r 2(R; � (R))

0  (� (R)) r 2(R; � (R))  2(� (R)) r 2(R; � (R)) + � 4(� (R))

3

7
7
7
7
5

=

2

6
6
6
6
4

1 0 0

0 r 2(R; � (R))  (� (R)) r 2(R; � (R))

0  (� (R)) r 2(R; � (R))  2(� (R)) r 2(R; � (R)) + � 4(� (R))

3

7
7
7
7
5

;

(4.1.13)

where use was made of (4.1.9), and� (R) is given in (4.1.10)2.

For this accretion problem, the material manifold is an evolving Riemannian manifold(Bt ; G),
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where

Bt = f (R; � ; Z ) : 0 � � < 2� ; R 0 � R � s(t) = R0 + u0t ; 0 � Z � Lg; (4.1.14)

and2

0 � R � R0 : G =

2

6
6
6
6
4

1 0 0

0 R2 0

0 0 1

3

7
7
7
7
5

;

R0 � R � R0 + u0t : G =

2

6
6
6
6
4

1 0 0

0 r 2(R; � (R))  (� (R)) r 2(R; � (R))

0  (� (R)) r 2(R; � (R))  2(� (R)) r 2(R; � (R)) + � 4(� (R))

3

7
7
7
7
5

:

(4.1.15)

The incompressibility constraint forR � R0 is written as

J =

r
detg
detG

detF =
r (R; t)

r (R; � (R)) � 2(� (R))
r 0(R; t) � 2(t) = 1 : (4.1.16)

Thus

r (R; t) r 0(R; t) = �r (R)
� 2(� (R))

� 2(t)
; (4.1.17)

where�r (R) := r (R; � (R)) = r
�

R; R� R0
u0

�
. Hence

r 2(R; t) =
R2

0

� 2(t)
+

2
� 2(t)

Z R

R0

�r (� ) � 2(� (� )) d�; R 0 � R � R0 + u0t ; (4.1.18)

2Note that as soon as a layer is deposited it becomes part of the body and participates in the deformation process.
If the load is �xed, one would have a classical twist-�t problem (Figure 4.1). The time dependence of the load (or
twist) makes the natural state of the body (the material metric) inhomogeneous. In other words, after completion of
accretion if each cylindrical layer is allowed to relax independently of the rest of the body the collection of relaxed thin
cylindrical shells can not be put back together in the Euclidean ambient space without local elastic deformations. This
incompatibility of the local rest con�gurations depends on the state of deformation during accretion and indirectly on
the applied load during accretion.
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where use was made of (4.1.5). Thus

� 2(t) r 2(R; t) = R2
0 + 2

Z R

R0

�r (� ) � 2(� (� )) d� : (4.1.19)

The right-hand side is time independent, and hence,� 2(t) r 2(R; t) is independent of time. In

particular,� 2(t) r 2(R; t) = � 2(� (R)) r 2(R; � (R)), and hence

r (R; t) =
� (� (R))

� (t)
�r (R) : (4.1.20)

The constraint (4.1.9) gives the following ODE for the unknown function�r (R):

�r 0(R) +
� 0(� (R)) � 0(R)

� (� (R))
�r (R) = 1 : (4.1.21)

This ODE has the following solution:

�r (R) =
1

� (� (R))

�
R0 +

Z R

R0

� (� (� )) d�
�

: (4.1.22)

Therefore3

r (R; t) =
1

� (t)

�
R0 +

Z R

R0

� (� (� )) d�
�

: (4.1.23)

For0 � R � R0:

b ] (R; t) =

2

6
6
6
6
4

1
� 2 (t ) 0 0

0 1
R2 +  2(t) � 2(t) (t)

0 � 2(t) (t) � 4(t)

3

7
7
7
7
5

; c] (R; t) =

2

6
6
6
6
4

� 2(t) 0 0

0 � 4 (t )
R2 �  (t)

0 �  (t) R2  2 (t )+1
� 4 (t )

3

7
7
7
7
5

:

(4.1.24)

3This is identical to what was obtained in [121] in the case of accreting bars under �nite extension.
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The principal invariants ofb read

I 1(R; t) =
2 + R2 2(t) + � 6(t)

� 2(t)
; I 2(R; t) =

1 + R2 2(t) + 2 � 6(t)
� 4(t)

: (4.1.25)

The Cauchy stress has the following non-zero components

� rr (R; t) = � p(R; t) +
� (R; t)
� 2(t)

� � (R; t) � 2(t) ;

� �� (R; t) = � p(R; t)
� 2(t)
R2

+ � (R; t)
�

1
R2

+  2(t)
�

�
� (R; t) � 4(t)

R2
;

� zz(R; t) = � p(R; t) + � (R; t) � 4(t) � � (R; t)
1 + R2 2(t)

� 4(t)
;

� �z (R; t) =  (t)
�
� (R; t)� 2(t) + � (R; t)

�
;

(4.1.26)

where� = 2 @W
@I1

and� = 2 @W
@I2

(see (2.2.26)). Using the circumferential and axial equilibrium

equations one concludes thatp = p(R; t). The radial equilibrium equation reads@�rr

@r + 1
r � rr �

r� �� = 0. This can be rewritten in terms of the referential coordinates as

@�rr

@R
�

 2(t)
� 2(t)

�R = 0 : (4.1.27)

Thus

� rr (R; t) = � 0(t) �
 2(t)
� 2(t)

Z R0

R
� � (�; t ) d� ; (4.1.28)

where� 0(t) = � rr (R0; t). This implies that for the initial body one has

� p(R; t) = � 0(t) �
 2(t)
� 2(t)

Z R0

R
� � (�; t ) d� �

� (R; t)
� 2(t)

+ � (R; t) � 2(t) : (4.1.29)
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For thesecondary body, i.e., forR0 � R � s(t):

b ] (R; t) =

2

6
6
6
6
4

� 2 (� (R))
� 2 (t ) 0 0

0 � 4 (� (R))+�r 2 (R)(  (t )�  (� (R))) 2

� 4 (� (R))�r 2 (R)
� 2 (t )(  (t )�  (� (R)))

� 4 (� (R))

0 � 2 (t )(  (t )�  (� (R)))
� 4 (� (R))

� 4 (t )
� 4 (� (R))

3

7
7
7
7
5

;

c] (R; t) =

2

6
6
6
6
4

� 2 (t )
� 2 (� (R)) 0 0

0 � 4 (t )
� 4 (� (R))�r 2 (R)

 (� (R)) �  (t )
� 2 (� (R))

0  (� (R)) �  (t )
� (� (R)) 2

� 4 (� (R))+�r 2 (R)(  (t )�  (� (R))) 2

� 4 (t )

3

7
7
7
7
5

:

(4.1.30)

The principal invariants ofb read

I 1(R; t) =
� 4(t)

� 4(� (R))
+

2� 2(� (R))
� 2(t)

+
�r 2(R)( (t) �  (� (R))) 2

� 2(� (R)) � 2(t)
;

I 2(R; t) =
� 4(� (R))

� 4(t)
+

2� 2(t)
� 2(� (R))

+
�r 2(R)( (t) �  (� (R))) 2

� 4(t)
:

(4.1.31)

The non-zero components of the Cauchy stress are

� rr (R; t) = � p(R; t) + � (R; t)
� 2(� (R))

� 2(t)
� � (R; t)

� 2(t)
� 2(� (R))

;

� �� (R; t) = � p(R; t)
� 2(t)

� 2(� (R)) �r 2(R)
+

� (R; t)
�r 2(R)

�
� (R; t) � 4(t)

� 4(� (R)) �r 2(R)
+

� (R; t) (  (t) �  (� (R))) 2

� 4(� (R))
;

� zz(R; t) = � p(R; t) +
� (R; t) � 4(t)

� 4(� (R))
�

� (R; t) � 4(� (R))
� 4(t)

�
� (R; t) �r 2(R)( (t) �  (� (R))) 2

� 4(t)
;

� �z (R; t) =
 (t) �  (� (R))

� 4(� (R))

�
� (R; t) � 2(t) + � (R; t) � 2(� (R))

�
:

(4.1.32)

The equilibrium equation reads

@�rr (R; t)
@R

� � (R; t)
�r (R)( (t) �  (� (R))) 2

� 2(� (R)) � 2(t)
= 0 : (4.1.33)

Thus

� rr (R; t) = � 0(t) +
Z R

R0

� (�; t )
�r (� )(  (t) �  (� (� ))) 2

� 2(� ) � 2(t)
d� : (4.1.34)
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This implies that forR0 � R � s(t):

� p(R; t) = � 0(t) +
Z R

R0

� (�; t )
�r (� )(  (t) �  (� (� ))) 2

� 2(� ) � 2(t)
d� � � (R; t)

� 2(� (R))
� 2(t)

+ � (R; t)
� 2(t)

� 2(� (R))
:

(4.1.35)

Thus on the growth surface, one has

� p(s(t); t) = � 0(t) +
Z s(t )

R0

� (�; t )
�r (� )(  (t) �  (� (� ))) 2

� 2(� (� )) � 2(t)
d� � � (s(t); t) + � (s(t); t) :

(4.1.36)

Note that forR = s(t), � (R) = � (s(t)) = t, and hence (t) =  (� (R)). Thus

� (s(t); t) = [ � p(s(t); t) + � (s(t); t) � � (s(t); t)]

2

6
6
6
6
4

1 0 0

0 1
�r 2 (R) 0

0 0 1

3

7
7
7
7
5

: (4.1.37)

We know that� (s(t); t) = 0 (note that stress-free material is added on the boundary and this means

that the stress tensor vanishes on the boundary), and hence� p(s(t); t)+ � (s(t); t) � � (s(t); t) = 0 .

Therefore

� 0(t) = �
Z s(t )

R0

� (�; t )
�r (� )(  (t) �  (� (� ))) 2

� 2(� (� )) � 2(t)
d� : (4.1.38)

Thus, forR0 � R � s(t) we have

� p(R; t) = �
1

� 2(t)

Z s(t )

R
� (�; t )

�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� � � (R; t)

� 2(� (R))
� 2(t)

+ � (R; t)
� 2(t)

� 2(� (R))
:

(4.1.39)

From (4.1.29), for0 � R � R0:

� p(R; t) = �
 2(t)
� 2(t)

Z R0

R
� � (�; t ) d� �

1
� 2(t)

Z s(t )

R0

� (�; t )
�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d�

�
� (R; t)
� 2(t)

+ � (R; t) � 2(t) :

(4.1.40)

74



Therefore, the non-zero physical components of the Cauchy stress for the initial body (0 � R �

R0) are4

�� rr (R; t) = �
 2(t)
� 2(t)

Z R0

R
� � (�; t ) d� �

1
� 2(t)

Z s(t )

R0

� (�; t )
�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� ;

�� �� (R; t) = �
 2(t)
� 2(t)

Z R0

R
� � (�; t ) d� �

1
� 2(t)

Z s(t )

R0

� (�; t )
�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� + � (R; t)

R2  2(t)
� 2(t)

;

�� zz(R; t) = �
 2(t)
� 2(t)

Z R0

R
� � (�; t ) d� �

1
� 2(t)

Z s(t )

R0

� (�; t )
�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d�

+ � (R; t)
�
� 4(t) �

1
� 2(t)

�
+ � (R; t)

�
� 2(t) �

1 + R2 2(t)
� 4(t)

�
;

�� �z (R; t) =
R  (t)
� (t)

�
� (R; t)� 2(t) + � (R; t)

�
:

(4.1.41)

For the secondary body (R0 � R � s(t)) they read

�� rr (R; t) = �
1

� 2(t)

Z s(t )

R
� (�; t )

�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� ;

�� �� (R; t) = �
1

� 2(t)

Z s(t )

R
� (�; t )

�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� +

� (R; t) �r 2(R) ( (t) �  (� (R))) 2

� 2(t) � 2(� (R))
;

�� zz(R; t) = �
1

� 2(t)

Z s(t )

R
� (�; t )

�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� �

� (R; t) �r 2(R)( (t) �  (� (R))) 2

� 4(t)

+ � (R; t)
�

� 4(t)
� 4(� (R))

�
� 2(� (R))

� 2(t)

�
+ � (R; t)

�
� 2(t)

� 2(� (R))
�

� 4(� (R))
� 4(t)

�
;

�� �z (R; t) =
�r (R)( (t) �  (� (R)))

� (t) � 3(� (R))

�
� (R; t) � 2(t) + � (R; t) � 2(� (R))

�
:

(4.1.42)

At the two ends of the bar (Z = 0; L), the axial force is assumed to be zero and the applied

torque is given, i.e.,

F (t) = 2 �
Z s(t )

0
P zZ (R; t)R dR = 0 ;

M (t) = 2 �
Z s(t )

0

�P �Z (R; t)R2 dR = 2�
Z s(t )

0
P �Z (R; t) r (R; t)R2 dR ;

(4.1.43)

4The physical components of the Cauchy stress are de�ned as�� ab = � abp
gaa gbb (no summation) [122].
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where �P zZ = P zZ is thezZ-component of the �rst Piola-Kirchhoff stress and�P �Z = rP �Z is the

physical�Z component of the �rst Piola-Kirchhoff stress. Note that

P zZ (R; t) =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

�  2 (t )
� 4 (t )

RR0

R � � (�; t ) d� � 1
� 4 (t )

Rs(t )
R0

� (�; t ) �r (� )(  (t )�  (� (� )) 2

� 2 (� (� ) d�

+ � (R; t)
h
� 2(t) � 1

� 4 (t )

i
+ � (R; t)

h
1 � 1+ R2  2 (t )

� 6 (t )

i
; 0 � R � R0 ;

� 1
� 4 (t )

Rs(t )
R � (�; t ) �r (� )(  (t )�  (� (� )) 2

� 2 (� (� ) d� � � (R;t ) �r 2 (R)(  (t )�  (� )) 2

� 6 (t )

+ � (R; t)
h

� 2 (t )
� 4 (� (R)) � � 2 (� (R))

� 4 (t )

i
+ � (R; t)

h
1

� 2 (� (R)) � � 4 (� (R))
� 6 (t )

i
; R0 � R � s(t) ;

(4.1.44)

and

P �Z (R; t) =

8
>>>>>><

>>>>>>:

h
� (R; t) + � (R;t )

� 2 (t )

i
 (t) ; 0 � R � R0 ;

 (t )�  (� (R))
� 2 (t ) � 4 (� (R)) [� (R; t) � 2(t) + � (R; t) � 2(� )] ; R0 � R � s(t) :

(4.1.45)

Remark 4.1.1. Instead of the choiceUg(t) = ug(t) = u0, let us assume thatUg(t) = U0 > 0. In

this case, instead of the constraint (4.1.9), one has

r 0(s(t); t) =
u0

U0
; or r 0(R̂; �̂ (R̂)) =

u0

U0
; (4.1.46)

whereR̂ is the radial coordinate of the new material manifold (for0 � R � R0, R̂ = R). Note

that in the two material manifolds the time of attachment of the same layer should be the same,

i.e., �̂ (R̂) = � (R). This implies that

R̂ =
�

1 �
U0

u0

�
R0 +

U0

u0
R : (4.1.47)
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With this choice, the new time dependent material manifolds is

Bt =
n

(R̂; � ; Z ) : 0 � � < 2� ; R 0 � R̂ � s(t) = R0 + U0 t ; 0 � Z � L
o

: (4.1.48)

Let us denote the radial component of the deformation mapping with respect to the new material

manifold byr̂ (R̂; t). The material metric has the following representation

0 � R � R0 : G =

2

6
6
6
6
4

1 0 0

0 R2 0

0 0 1

3

7
7
7
7
5

;

R0 � R̂ � R0 + U0 t : G =

2

6
6
6
6
4

�
u0
U0

� 2
0 0

0 r̂ 2(R̂; �̂ (R̂))  (�̂ (R̂)) r̂ 2(R̂; �̂ (R̂))

0  (�̂ (R̂)) r̂ 2(R̂; �̂ (R̂))  2(�̂ (R̂)) r̂ 2(R̂; �̂ (R̂)) + � 4(�̂ (R̂))

3

7
7
7
7
5

:

(4.1.49)

With respect to the new material manifold

F = F̂(R̂; t) =

2

6
6
6
6
4

r̂ 0(R̂; t) 0 0

0 1  (t)

0 0 � 2(t)

3

7
7
7
7
5

: (4.1.50)

For 0 � R � R0, we haveR̂ = R, andr̂ (R̂; t) = r (R; t) = R
� (t ) . For R � R0, incompressibility

implies that

Ĵ =
r̂ (R̂; t)

u0
U0

r̂ (R̂; �̂ (R̂)) � 2(�̂ (R̂))
r̂ 0(R̂; t) � 2(t) = 1 : (4.1.51)

Therefore

� 2(t) r̂ 2(R̂; t) = R2
0 + 2

u0

U0

Z R̂

R0

r̂ (� ) � 2(�̂ (� )) d� ; (4.1.52)

wherer̂ (� ) = r̂ (�; �̂ (� )) . The right-hand side of the above relation is time independent, and hence
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� 2(t) r̂ 2(R̂; t) = � 2(�̂ (R̂)) r̂ 2(R̂; �̂ (R̂)) , or

r̂ (R̂; t) =
� (�̂ (R̂))

� (t)
r̂ (R̂) : (4.1.53)

The constraint (4.1.46) gives the following ODE for the unknown functionr̂ (R̂):

r̂ 0(R̂) +

�
� (�̂ (R̂))

� 0

� (�̂ (R̂))
r̂ (R̂) =

u0

U0
: (4.1.54)

This ODE has the following solution:

r̂ (R̂) =
1

� (�̂ (R̂))

"

R0 +
u0

U0

Z R̂

R0

� (�̂ (� )) d�

#

=
1

� (� (R))

"

R0 +
u0

U0

Z R̂

R0

� (�̂ (� )) d�

#

: (4.1.55)

Note thatdR̂ = U0
u0

dR, and henceu0
U0

RR̂
R0

� (�̂ (� )) d� =
RR

R0
� (� (� )) d� . Substituting this relation

back into (4.1.55), and comparing this with (4.1.23), we observe thatr̂ (R̂; t) = r (R; t). This

means that kinematics is not affected by the choiceUg(t) = U0 > 0. Consequently, stresses are

not affected either.

Remark 4.1.2. In [123] for each of the six known families of universal deformations of incom-

pressible isotropic solids [111, 124, 125] the corresponding universal eigenstrains (or equivalently

material metrics) were found. However, there may be many more pairs of universal deformations

and their corresponding universal eigerstrains (material metrics). In [121] one such family of uni-

versal deformations and eigestrains was found. In this paper, we have found another family of

universal deformations and eigenstrains. More speci�cally, we have shown that the following pair
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of deformations and material metrics('; G)

(r; �; z ) = ' (R; � ; Z ) :

8
>>>>>>>>>><

>>>>>>>>>>:

r = r (R; t) =

8
>>><

>>>:

R
� (t)

; 0 � R � R0 ;

1
� (t)

�
R0 +

Z R

R0

� (� (� )) d�
�

; R0 � R � s(t) ;

� = � +  (t)Z ;

z = � 2(t)Z ;
(4.1.56)

and

G =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

2

6
6
6
6
4

1 0 0

0 R2 0

0 0 1

3

7
7
7
7
5

; 0 � R � R0 ;

2

6
6
6
6
4

1 0 0

0 r 2(R; � (R))  (� (R)) r 2(R; � (R))

0  (� (R)) r 2(R; � (R))  2(� (R)) r 2(R; � (R)) + � 4(� (R))

3

7
7
7
7
5

; R0 � R � s(t) ;

(4.1.57)

are universal.

Example 4.1.3.For neo-Hookean solids� (R) = � (R) > 0 and� (R) = 0 . Let us also assume a

uniform shear modulus� (R) = � 0. Therefore, the non-zero physical components of the Cauchy

stress for the initial body (0 � R � R0) are

�� rr (R; t) = � � 0
 2(t)
� 2(t)

R2
0 � R2

2
�

� 0

� 2(t)

Z s(t )

R0

�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� ;

�� �� (R; t) = � � 0
 2(t)
� 2(t)

R2
0 � R2

2
�

� 0

� 2(t)

Z s(t )

R0

�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� + � 0

R2  2(t)
� 2(t)

;

�� zz(R; t) = � � 0
 2(t)
� 2(t)

R2
0 � R2

2
�

� 0

� 2(t)

Z s(t )

R0

�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� + � 0

�
� 4(t) �

1
� 2(t)

�
;

�� �z (R; t) = � 0 R  (t) � (t) :
(4.1.58)
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For the secondary body (R0 � R � s(t)) they read

�� rr (R; t) = �
� 0

� 2(t)

Z s(t )

R

�r (� )(  (t) �  (� (� ))2

� 2(� (� ))
d� ;

�� �� (R; t) = �
� 0

� 2(t)

Z s(t )

R

�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� + � 0

�r 2(R) ( (t) �  (� (R))) 2

� 2(t) � 2(� (R))
;

�� zz(R; t) = �
� 0

� 2(t)

Z s(t )

R

�r (� )(  (t) �  (� (� ))2

� 2(� (� )
d� + � 0

�
� 4(t)

� 4(� (R))
�

� 2(� (R))
� 2(t)

�
;

�� �z (R; t) = � 0
�r (R)( (t) �  (� (R)))

� 3(� (R))
� (t) :

(4.1.59)

Thus

P zZ (R; t) = � 0

8
>>>>>><

>>>>>>:

�  2 (t )
2� 4 (t )

�
R2

0 � R2
�

+ � 2(t) � 1
� 4 (t ) � 1

� 4 (t )

Rs(t )
R0

�r (� )(  (t )�  (� (� )) 2

� 2 (� (� ) d� ; 0 � R � R0 ;

� 2 (t )
� 4 (� (R)) � � 2 (� (R))

� 4 (t ) � 1
� 4 (t )

Rs(t )
R

�r (� )(  (t )�  (� (� )) 2

� 2 (� (� ) d� ; R 0 � R � s(t) ;

(4.1.60)

and

P �Z (R; t) = � 0

8
>>>>>><

>>>>>>:

 (t) ; 0 � R � R0 ;

 (t )�  (� (R))
� 4 (� (R)) ; R0 � R � s(t) :

(4.1.61)

The applied torque is calculated as

M (t) =
�� 0R4

0

2
 (t)
� (t)

+ 2�� 0R0
�
 (t) h1(t) � h2(t)

�
+ 2�� 0

�
 (t) h3(t) � h4(t)

�
; (4.1.62)

where

h1(t) =
Z s(t )

R0

R2

� 5(� (R))
dR ; h2(t) =

Z s(t )

R0

R2  (� (R))
� 5(� (R))

dR ;

h3(t) =
Z s(t )

R0

R2 
 (R)
� 5(� (R))

dR ; h4(t) =
Z s(t )

R0

R2  (� (R)) 
 (R)
� 5(� (R))

dR ; 
 (R) =
Z R

R0

� (� (� )) d� :

(4.1.63)
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Thus

h0
1(t) =

u0 s2(t)
� 5(t)

; h0
2(t) =

u0 s2(t)  (t)
� 5(t)

;

h0
3(t) =

u0 s2(t) h5(t)
� 5(t)

; h0
4(t) =

u0 s2(t)  (t) h5(t)
� 5(t)

; h0
5(t) = u0 � (t) ;

(4.1.64)

whereh5(t) = 
 (s(t)) . We assume thatM (0) = 0 , � (0) = 1 , and (0) = 0 . Note also that

hj (0) = 0 , j = 1; :::; 5.

The zero applied force condition is written as

�
� 2(t) �

1
� 4(t)

�
R2

0

2
�

R4
0  2(t)

8� 4(t)
+ � 2(t) k1(t) �

k2(t)
� 4(t)

�
R2

0

2� 4(t)

h
 2(t) (R0k3(t) + k4(t)) � 2 (t) (R0k5(t) + k6(t)) + R0k7(t) + k8(t)

i

�
1

� 4(t)

h
 2(t)

�
R0k̂3(t) + k̂4(t)

�
� 2 (t)

�
R0k̂5(t) + k̂6(t)

�
+ R0k̂7(t) + k̂8(t)

i
= 0 ;

(4.1.65)

where

k1(t) =
Z s(t )

R0

R
� 4(� (R))

dR ; k2(t) =
Z s(t )

R0

R � 2(� (R)) dR ;

k3(t) =
Z s(t )

R0

R
� 3(� (R))

dR ; k4(t) =
Z s(t )

R0


 (R)
� 3(� (R))

dR ;

k5(t) =
Z s(t )

R0

 (� (R))
� 3(� (R))

dR ; k6(t) =
Z s(t )

R0

 (� (R)) 
 (R)
� 3(� (R))

dR ;

k7(t) =
Z s(t )

R0

 2(� (R))
� 3(� (R))

dR ; k8(t) =
Z s(t )

R0

 2(� (R)) 
 (R)
� 3(� (R))

dR ;

k̂3(t) =
Z s(t )

R0

R
Z s(t )

R

1
� 3(� (� ))

d� dR ; k̂4(t) =
Z s(t )

R0

R
Z s(t )

R


 (� )
� 3(� (� ))

d� dR ;

k̂5(t) =
Z s(t )

R0

R
Z s(t )

R

 (� (� ))
� 3(� (� ))

d� dR ; k̂6(t) =
Z s(t )

R0

R
Z s(t )

R

 (� (� )) 
 (� )
� 3(� (� ))

d� dR ;

k̂7(t) =
Z s(t )

R0

R
Z s(t )

R

 2(� (� ))
� 3(� (� ))

d� dR ; k̂8(t) =
Z s(t )

R0

R
Z s(t )

R

 2(� (� )) 
 (� )
� 3(� (� ))

d� dR :

(4.1.66)
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Thus

k0
1(t) =

u0 s(t)
� 4(t)

; k0
2(t) = u0 s(t) � 2(t) ; k0

3(t) =
u0 s(t)
� 3(t)

; k0
4(t) =

u0 
 (s(t))
� 3(t)

;

k0
5(t) =

u0  (t)
� 3(t)

; k0
6(t) =

u0  (t) 
 (s(t))
� 3(t)

; k0
7(t) =

 2(t)
� 3(t)

; k0
8(t) =

u0  2(t) 
 (s(t))
� 3(t)

:

(4.1.67)

Note that5

k̂0
3(t) =

u0

2� 3(t)

�
s2(t) � R2

0

�
: (4.1.68)

Similarly,

k̂0
4(t) =

u0 
 (s(t))
2� 3(t)

�
s2(t) � R2

0

�
; k̂0

5(t) =
u0  (t)
2� 3(t)

�
s2(t) � R2

0

�
;

k̂0
6(t) =

u0  (t) 
 (s(t))
2� 3(t)

�
s2(t) � R2

0

�
; k̂0

7(t) =
u0  2(t)
2� 3(t)

�
s2(t) � R2

0

�
;

k̂0
8(t) =

u0  2(t) 
 (s(t))
2� 3(t)

�
s2(t) � R2

0

�
:

(4.1.69)

Note thatk1(0) = � � � = k8(0) = 0 , andk̂3(0) = � � � = k̂8(0) = 0 . Therefore, we have the

5This is a simple application of the Leibniz integral rule:

k̂0
3(t) =

d
dt

Z s( t )

R 0

f (t; R ) dR = s0(t) f (t; s(t)) +
Z s( t )

R 0

@f(t; R)
@t

dR ;

where

f (t; R ) = R
Z s( t )

R

d�
� 3(� (� ))

:

Note that

f (t; s(t)) = s(t)
Z s( t )

s( t )

d�
� 3(� (� ))

= 0 ;
@f(t; R )

@t
= R s0(t)

1
� 3(� (s(t)))

=
R u0

� 3(t)
:

Thus

k̂0
3(t) =

Z s( t )

R 0

R u0

� 3(t)
dR =

u0

2� 3(t)

�
s2(t) � R2

0

�
:
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following system of nonlinear �rst-order ODEs:

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�
� 2(t) �

1
� 4(t)

�
R2

0

2
�

R4
0  2(t)

8� 4(t)
+ � 2(t) k1(t) �

k2(t)
� 4(t)

�
R2

0

2� 4(t)

h
 2(t) (R0k3(t) + k4(t)) � 2 (t) (R0k5(t) + k6(t)) + R0k7(t) + k8(t)

i

�
1

� 4(t)

h
 2(t)

�
R0k̂3(t) + k̂4(t)

�
� 2 (t)

�
R0k̂5(t) + k̂6(t)

�
+ R0k̂7(t) + k̂8(t)

i
= 0 ;

�R 4
0

2
� 0

 (t)
� (t)

+ 2�� 0R0
�
 (t) h1(t) � h2(t)

�
+ 2�� 0

�
 (t) h3(t) � h4(t)

�
= M (t) ;

h0
1(t) =

u0 s2(t)
� 5(t)

; h0
2(t) =

u0 s2(t)  (t)
� 5(t)

; h0
3(t) =

u0 s2(t) h5(t)
� 5(t)

;

h0
4(t) =

u0 s2(t)  (t) h5(t)
� 5(t)

; h0
5(t) = u0 � (t) ;

k0
1(t) =

u0 s(t)
� 4(t)

; k0
2(t) = u0 s(t) � 2(t) ; k0

3(t) =
u0 s(t)
� 3(t)

; k0
4(t) =

u0 h5(t)
� 3(t)

;

k0
5(t) =

u0  (t)
� 3(t)

; k0
6(t) =

u0  (t) h5(t)
� 3(t)

; k0
7(t) =

u0  2(t)
� 3(t)

; k0
8(t) =

u0  2(t) h5(t)
� 3(t)

;

k̂0
3(t) =

u0

2� 3(t)

�
s2(t) � R2

0

�
; k̂0

4(t) =
u0 h5(t)
2� 3(t)

�
s2(t) � R2

0

�
;

k̂0
5(t) =

u0  (t)
2� 3(t)

�
s2(t) � R2

0

�
; k̂0

6(t) =
u0  (t) h5(t)

2� 3(t)

�
s2(t) � R2

0

�
;

k̂0
7(t) =

u0  2(t)
2� 3(t)

�
s2(t) � R2

0

�
; k̂0

8(t) =
u0  2(t) h5(t)

2� 3(t)

�
s2(t) � R2

0

�
;

� (0) = 1 ;  (0) = h1(0) = � � � = h5(0) = k1(0) = � � � = k8(0) = k̂3(0) = � � � = k̂8(0) = 0 :
(4.1.70)

Let us assume thatR0 = 1, u0 = 1, andta = 1. We �rst consider the following twist-control

loadings:

 1(t) = � sin
� 2� t

ta

�
;  2(t) = � sin2

� 2� t
ta

�
;  3(t) = � sin

� 8� t
ta

�
;  4(t) = � sin2

� 8� t
ta

�
:

(4.1.71)

The corresponding� 2(t) distribution for each loading is shown in Figure 4.4. Next we consider
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Figure 4.4:The axial stretch distribution for a bar under the four different twist-control loadings given in(4.1.71)
during accretion.

Figure 4.5:The time-dependent axial stretch and twist per unit length for a bar under four different applied torques
given in(4.1.72)during accretion.

the following torque-control loadings.

M 1(t) = � R 3
0 sin

� 2� t
ta

�
; M2(t) = � R 3

0 sin2
� 2� t

ta

�
;

M 3(t) = � R 3
0 sin

� 8� t
ta

�
; M4(t) = � R 3

0 sin2
� 8� t

ta

�
:

(4.1.72)

The corresponding� 2(t) and (t) distributions are shown in Figure 4.5.

Remark 4.1.4. Note that in (4.1.62),M (t) is a linear function of (t). Consequently, in (4.1.62)

and (4.1.63) the transformation (t) ! �  (t) changes the sign ofM (t). Note also that (4.1.65) is

unchanged under the transformation (t) ! �  (t). This implies that if(� (t);  (t)) , is a solution
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for M (t), t 2 [0; ta], then(� (t); �  (t)) , is a solution for� M (t), t 2 [0; ta]. Consequently, from

(4.1.58) and (4.1.59), if� rr (R; t), � �� (R; t), � zz(R; t), and� �z (R; t) is the stress distribution for

M (t), t 2 [0; ta], then� rr (R; t), � �� (R; t), � zz(R; t), and� � �z (R; t) is the stress distribution for

� M (t), t 2 [0; ta].

4.2 Residual stresses

Let us assume that after the completion of accretion at timeta the accreted body is unloaded, i.e.,

for t > t a, F (t) = M (t) = 0 . In this section we calculate the residual stretch~� 2, residual twist~ ,

and residual stresses. The material metric of the accreted body has the following representation:

0 � R � R0 : G =

2

6
6
6
6
4

1 0 0

0 R2 0

0 0 1

3

7
7
7
7
5

;

R0 � R � Ra : G =

2

6
6
6
6
4

1 0 0

0 �r 2(R)  (� (R)) �r 2(R)

0  (� (R)) �r 2(R)  2(� (R)) �r 2(R) + � 4(� (R))

3

7
7
7
7
5

;

(4.2.1)

whereRa = s(ta). Note that for a given loading during accretion the material manifold(B; G),

whereB = Bta , has already been constructed. The map from the natural con�guration of the

accreted body to its residually-stressed con�guration with no external loads is denoted by~' : B !

~C � S . In cylindrical coordinates it has the representation~' (R; � ; Z ) = (~r; ~�; ~z) = (~r (R); � +

~ Z; ~� 2Z). Using the incompressibility constraint one obtains

~r (R) =

8
>><

>>:

R
~�

; 0 � R � R0 ;

R2
0

~� 2
+

2
~� 2

Z R

R0

�r (� ) � 2(� (� )) d� ; R 0 � R � Ra :
(4.2.2)
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The residual Cauchy stress has the following distribution for the initial body (0 � R � R0)

�~� rr (R) = �
~ 2

~� 2

Z R0

R
� � (� ) d� �

1
~� 2

Z Ra

R0

� (� )
�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� ;

�~� �� (R) = �
~ 2

~� 2

Z R0

R
� � (� ) d� �

1
~� 2

Z Ra

R0

� (� )
�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� + � (R)

R2 ~ 2

~� 2
;

�~� zz(R) = �
~ 2

~� 2

Z R0

R
� � (� ) d� �

1
~� 2

Z Ra

R0

� (� )
�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d�

+ � (R)
�

~� 4 �
1
~� 2

�
+ � (R)

"

~� 2 �
1 + R2 ~ 2

~� 4

#

;

�~� �z (R) =
R ~ 
~�

h
� (R)~� 2 + � (R)

i
;

(4.2.3)

and for the secondary body (R0 � R � Ra)

�~� rr (R) = �
1
~� 2

Z Ra

R
� (� )

�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� ;

�~� �� (R) = �
1
~� 2

Z Ra

R
� (� )

�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� +

� (R) �r 2(R) ( ~ �  (� (� ))) 2

~� 2 � 2(� (� ))
;

�~� zz(R) = �
1
~� 2

Z Ra

R
� (� )

�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� �

� (R) �r 2(R)( ~ �  (� (R))) 2

~� 4

+ � (R)

"
~� 4

~� 4(� (R))
�

� 2(� (R))
~� 2

#

+ � (R)

"
~� 2

� 2(� (R))
�

� 4(� (R))
~� 4

#

;

�~� �z (R) =
�r (R)( ~ �  (� (R)))

~� � 3(� (R))

h
� (R) ~� 2 + � (R) � 2(� )

i
:

(4.2.4)

Example 4.2.1.For a homogeneous neo-Hookean solid, the zero applied torque and force condi-

tions are written as the following system of nonlinear algebraic equations

R4
0

~ 
~�

+ 4R0
� ~ ~h1 � ~h2

�
+ 4

� ~ ~h3 � ~h4
�

= 0 ;
�

~� 2 �
1
~� 4

�
R2

0

2
�

R4
0

~ 2

8~� 4
+ ~� 2 ~k1 �

~k2

~� 4
�

R2
0

2~� 4

h
~ 2

�
R0

~k3 + ~k4

�
� 2~ 

�
R0

~k5 + ~k6

�
+ R0

~k7 + ~k8

i

�
1
~� 4

h
~ 2

�
R0

~̂k3 + ~̂k4

�
� 2~ 

�
R0

~̂k5 + ~̂k6

�
+ R0

~̂k7 + ~̂k8

i
= 0 ;

(4.2.5)
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Table 4.1:Residual stretch and twist for the four different torque-control loadings given in(4.1.72).

M 1(t) M 2(t) M 3(t) M 4(t)

~� 2 1:24866 1:20544 1:26215 1:26174
~ 
� 0:18626 0:23904 0:022172 0:29500

where~hi = hi (ta); i = 1; : : : ; 4, ~ki = ki (ta); i = 1; : : : ; 8, and~̂ki = k̂i (ta); i = 3; : : : ; 8.

For R0 = 1, u0 = 1, andta = 1, the residual twists and stretches for the four applied torques

(4.1.72) are given in Table 4.1. The residual Cauchy stress components have the following distri-

butions. For0 � R � R0:

�~� rr (R) = � � 0

~ 2

~� 2

R2
0 � R2

2
�

� 0

~� 2

Z Ra

R0

�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� ;

�~� �� (R) = � � 0

~ 2

~� 2

R2
0 � R2

2
�

� 0

~� 2

Z Ra

R0

�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� + � 0

R2 ~ 2

~� 2
;

�~� zz(R) = � � 0

~ 2

~� 2

R2
0 � R2

2
�

� 0

~� 2

Z Ra

R0

�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� + � 0

�
~� 4 �

1
~� 2

�
;

�~� �z (R) = � 0
~ ~� R :

(4.2.6)

ForR0 � R � Ra:

�~� rr (R) = �
� 0

~� 2

Z Ra

R

�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� ;

�~� �� (R) = �
� 0

~� 2

Z Ra

R

�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� +

� 0 �r 2(R) ( ~ �  (� (R))) 2

~� 2 � 2(� (R))
;

�~� zz(R) = �
� 0

~� 2

Z Ra

R

�r (� )( ~ �  (� (� ))) 2

� 2(� (� ))
d� + � 0

"
~� 4

� 4(� (R))
�

� 2(� (R))
~� 2

#

;

�~� �z (R) = � 0

~� �r (R)( ~ �  (� (R)))
� 3(� (R))

:

(4.2.7)

For R0 = 1, u0 = 1, andta = 1, in Figure 4.6 we show the residual stress distributions for the

loadingM (t) = 2 �R 3
0

�
t

ta

� 3
. It is observed that the shear stress is an order of magnitude larger

than the normal stresses.
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Figure 4.6:Residual stresses in a bar under the applied torqueM (t) = 2 �R 3
0

�
t

t a

� 3
during accretion.

4.3 Linearized accretion mechanics

In this section we linearize the governing equations of the nonlinear accretion theory and �nd

those of the linearized accretion mechanics. We assume that linearization is with respect to an

undeformed stress-free con�guration of the bar. More precisely, let us consider a reference motion

�' t , and a one-parameter family of motions' t;� such that' t;0 = �' t [112, 126, 70]. For the combined

torsion and extension of a bar we consider the following one-parameter family of motions

' � (R; � ; Z; t ) = ( r � (R; t); � +  � (t)Z; � 2
� (t)Z ) : (4.3.1)

We will linearize the governing equations with respect to the reference motion�' t (R; � ; Z; t ) =

(R; � ; Z ), which corresponds to the motion of a cylindrical bar that is under no external forces

or torques while stress-free cylindrical layers are added to its boundary in the time interval[0; ta].
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The variation �eld is de�ned as

�' t (R; � ; Z ) =
d
d�

�
�
�
� =0

' � (R; � ; Z; t ) = ( �r (R; t); � (t) Z; 2�� (t) Z ) : (4.3.2)

From

�r (R; t) =
d
d�

�
�
�
� =0

r � (R; t) ; (4.3.3)

one concludes that� �r (R) = �r
�

R; R� R0
u0

�
. The displacement �eld is de�ned as

U (R; � ; Z; t ) = �' t (R; � ; Z ) � �' � (R)(R; � ; Z ) : (4.3.4)

Assuming that (0) = 0 and � (0) = 1 , for the initial body (0 � R � R0), ' � (R; � ; Z; 0) =

(r � (R; 0); � ; Z ) = ( R; � ; Z ), and hence�' 0(R; � ; Z ) = (0 ; 0; 0). Thus, for0 � R � R0,

U (R; � ; Z; t ) = �' t (R; � ; Z ). However, for the new material points (R0 � R � s(t) = R0 + u0t)

the displacement �eld is de�ned with respect to their positions at the time of attachment.

4.3.1 Linearizedkinematics.

For0 � R � R0, the incompressibility condition for the perturbed motion is written as

� 2
� (t) r � (R; t) r 0

� (R; t)=R = 1 ; (4.3.5)

which along withr � (0; t) = 0 , implies that

r � (R; t) =
R

� � (t)
; 0 � R � R0 : (4.3.6)

Taking derivative with respect to� on both sides, evaluating at� = 0, and noting that� � =0 (t) = 1 ,

one obtains

�r (R; t) = � R �� (t) : (4.3.7)
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Knowing that� � (0) = 1 , �� (0) = 0 , and hence�r (R; 0) = 0.

ForR0 � R � s(t):

r � (R; t) =
1

� � (t)

�
R0 +

Z R

R0

� � (� (� )) d�
�

: (4.3.8)

Thus

�r (R; t) = � R �� (t) +
Z R

R0

�� (� (� )) d� : (4.3.9)

4.3.2 Linearizedstresses.

For0 � R � R0, one has

�� rr
� (R; t) = � � 0

 2
� (t)

� 2
� (t)

R2
0 � R2

2
�

� 0

� 2
� (t)

Z s(t )

R0

�r � (� )(  � (t) �  � (� (� ))2

� 2
� (� (� )

d� ;

�� ��
� (R; t) = � � 0

 2
� (t)

� 2
� (t)

R2
0 � R2

2
�

� 0

� 2
� (t)

Z s(t )

R0

�r � (� )(  � (t) �  � (� (� ))2

� 2
� (� (� )

d� + � 0
R2  2

� (t)
� 2

� (t)
;

�� zz(R; t) = � � 0
 2

� (t)
� 2

� (t)
R2

0 � R2

2
�

� 0

� 2
� (t)

Z s(t )

R0

�r � (� )(  � (t) �  � (� (� ))2

� 2
� (� (� )

d� + � 0

�
� 4

� (t) �
1

� 2
� (t)

�
;

�� �z (R; t) = � 0 R  � (t) � � (t) :
(4.3.10)

ForR0 � R � s(t)

�� rr
� (R; t) = �

� 0

� 2
� (t)

Z s(t )

R

�r � (� )(  � (t) �  � (� (� ))2

� 2
� (� (� )

d� ;

�� ��
� (R; t) = �

� 0

� 2
� (t)

Z s(t )

R

�r � (� )(  � (t) �  � (� (� ))2

� 2
� (� (� )

d� + � 0
�r 2

� (R) ( � (t) �  � (� (R))) 2

� 2
� (t) � 2

� (� (R))
;

�� zz
� (R; t) = �

� 0

� 2
� (t)

Z s(t )

R

�r � (� )(  � (t) �  � (� (� ))2

� 2
� (� (� )

d� + � 0

�
� 4

� (t)
� 4

� (� (R))
�

� 2
� (� (R))
� 2

� (t)

�

�� �z
� (R; t) = � 0

�r � (R)( � (t) �  � (� (� ))
� 3

� (� (� )
� � (t) :

(4.3.11)
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Thus, for0 � R � R0

� �� rr (R; t) = � �� �� (R; t) = 0 ;

� �� zz(R; t) = 6 � o �� (t) ;

� �� �z (R; t) = � 0 R � (t) ;

(4.3.12)

and forR0 � R � s(t)

� �� rr (R; t) = � �� �� (R; t) = 0 ;

� �� zz(R; t) = 6 � 0
�
�� (t) � �� (� (R))

�
;

� �� �z (R; t) = � 0 R
�
� (t) � � (� (R))

�
:

(4.3.13)

For the perturbed motion (4.1.62) reads

M � (t) =
�R 4

0

2
� 0

 � (t)
� � (t)

+ 2�� 0R0

"

 � (t)
Z s(t )

R0

R2

� 5
� (� (R))

dR �
Z s(t )

R0

R2  � (� (R))
� 5

� (� (R))
dR

#

+ 2�� 0

"

 � (t)
Z s(t )

R0

R2 
 � (R)
� 5

� (� (R))
dR �

Z s(t )

R0

R2  � (� (R)) 
 � (R)
� 5

� (� (R))
dR

#

;

(4.3.14)

where
 � (R) =
RR

R0
� � (� (� )) d� . Notice that
 � =0 (R) =

RR
R0

d� = R � R0. Thus

�M (t)
2� � 0

=
R4

0

4
� (t) + � (t) R0

Z s(t )

R0

R2 dR � R0

Z s(t )

R0

R2 � (� (R)) dR

+ � (t)
Z s(t )

R0

R2(R � R0) dR �
Z s(t )

R0

R2(R � R0) � (� (R)) dR

=
R4

0

4
� (t) + � (t) R0

s3(t) � R3
0

3
� R0

Z s(t )

R0

R2 � (� (R)) dR

+
� (t)

12

�
3s4(t) � 4R0 s3(t) + R4

0

�
�

Z s(t )

R0

R2(R � R0) � (� (R)) dR

=
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(4.3.15)

Taking time derivative of both sides one �nds

_�M (t)
2� � 0

=
s4(t)

4
_� (t) : (4.3.16)
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Knowing that� (0) = 0 , one obtains

� (t) =
2

� � 0

Z t

0

_�M (x)
s4(x)

dx : (4.3.17)

Similarly, for the perturbed motion (4.1.65) reads
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(4.3.18)

where
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(4.3.19)

Thus, linearizing (4.3.18), one obtains

s2(t) �� (t) = 2
Z s(t )

R0

R �� (� (R)) dR : (4.3.20)
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Taking time derivative of both sides one obtainss2(t) _�� (t) = 0 , and hence _�� (t) = 0 . Knowing

that �� (0) = 0 , one concludes that�� (t) = 0 . Therefore, the only nonzero linearized stress has

the following distribution:

� �� �z (R; t) =

8
><

>:

� 0 R � (t) ; 0 � R � R0 ;

� 0 R
�
� (t) � � (� (R))

�
; R0 � R � s(t) :

(4.3.21)

Or
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>>>><

>>>>:
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#

; R0 � R � s(t) :

(4.3.22)

This can equivalently be written as

� �� �z (R; t) =

8
>>>><

>>>>:

2R
�

Z t

0

_�M (x)
s4(x)

dx ; 0 � R � R0 ;
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� (R)
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dx ; R0 � R � s(t) :

(4.3.23)

4.3.3 Linearizedresidualstresses.

Linearizing the zero-force condition (4.2.5)2, one �nds � ~� = 0. Similarly, linearizing the zero-

torque condition (4.2.5)1, one obtains

� ~ =
8

�� 0 R4
a

Z Ra

R0

� 3
Z � (� )

0

_�M (x)
s4(x)

dx d� : (4.3.24)
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Figure 4.7:Residual shear stress and linearized residual shear stress for the loadingM (t) = k�R 3
0 sin

�
2�t
t a

�
for four

different values ofk.

The only nonzero linearized residual stress has the following distribution:

� �~� �z (R) =

8
><

>:

� 0 R � ~ ; 0 � R � R0 ;

� 0 R
�
� ~ � � (� (R))

�
; R0 � R � Ra ;

(4.3.25)
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(4.3.26)

For R0 = 1, u0 = 1, andta = 1, in Figure 4.7 the residual shear stress and the linearized residual

shear stress distributions for the loadingM (t) = k�R 3
0 sin

�
2�t
ta

�
and four different values ofk
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are shown. As expected, ask increases the difference between the nonlinear and linear solutions

increases.
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CHAPTER 5

THERMOELASTIC ACCRETION INDUCED BY PHASE-CHANGE

Solidi�cation is crucial in many modern manufacturing processes, such as casting, injection mold-

ing, laser sintering, photopolymerization, and ice templating. One of the earliest studies of so-

lidi�cation that focused on mechanical stresses was conducted by Rongved [127], who examined

the residual stresses generated during the quenching of glass spheres. He modeled the viscoelas-

tic behavior of glass similar to that of a Maxwell material with temperature-dependent viscosity

and provided an explicit solution for transient thermal stresses in a compressible sphere. Weiner

and Boley [128] studied the one-dimensional growth of an elastic/perfectly-plastic slab that started

solidifying as the surface temperature of a molten liquid pool at one end was dropped below the

melting point. The liquid melt was assumed to be at a �xed temperature initially. The time evolu-

tion and spatial variation of temperature in both phases were considered. They utilized Neumann's

solution [129, p. 283] for the temperature �eld and the location of the moving boundary in one-

dimensional phase change problems. The slab was assumed to have vanishing stress at the moving

interface and was constrained against bending. Their problem was inspired by the early stages of

solidi�cation during the metal casting process where temperatures are close to the melting point.

Their �ndings revealed that plastic �ow could initiate right from the beginning at both the casting

and solidi�cation surfaces. Moreover, they observed that the stresses at the casting surface were

compressive.

Tien and Koump [130] studied the thermal stresses developed during the solidi�cation of an

elastic beam with a temperature-dependent Young's modulus. Richmond and Tien [131] consid-

ered a nonlinear viscoelastic model with a temperature-dependent Young's modulus and viscosity

to study the early stages of solidi�cation inside a rectangular mold with a uniform non-steady sur-

face temperature and pressure. In particular, they computed the stresses and deformations in the
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solidifying skin for slow cooling processes and calculated the time required for the formation of

air gap between the mold and the skin.

O'Neill [132] used a boundary integral element method to study moving boundaries in phase

change heat transfer problems. The analysis was limited to problems with a very low Stefan's

number, meaning that heat capacity effects were negligible compared to latent heat effects. In such

cases, the temperature pro�les within the individual phases remain relatively constant over time.

They investigated the radial freezing around a pipe with a thin initial frozen layer surrounded by

the unfrozen liquid initially at the freezing temperature. The temperature history of the surface

of the pipe was considered to be known and was assumed to decrease with time. They examined

the evolution of the freezing front radius until it became considerably large compared to the pipe

radius. They compared their numerical solution with the semi-analytical solution for phase change

around an annulus with an in�nitesimally small radius. Although the semi-analytical solution

considered the transient heat equation in both phases while the numerical solution considered the

steady state heat equation only in the frozen state, there was still good agreement between the

two. They also studied the radial ablation of a pre-existing frozen layer around the same pipe,

melting due to a speci�ed impinging surface �ux. Furthermore, they studied radially-asymmetric

freezing around a cold pipe passing eccentrically through a drum containing �uid and compared

their numerical solution with experimental results. However, they did not consider stresses due to

solidi�cation and heat transfer.

Heinlein et al. [133] investigated solidi�cation stresses generated during1D solidi�cation of

aluminum using the boundary element method. The aluminum bar is assumed to be solidifying as

it is chilled at one of the ends where the temperature is given as a function of time. The other end

of the bar is the moving solidi�cation front, which is exposed to the hydrostatic pressure exerted

by the liquid aluminum. They solved the1D transient heat equation by modifying the boundary

integrals prescribed in [132]. For the elastic analysis, they worked in the realm of small strains

and linear elasticity theory. They assumed an additive decomposition of the total strain into elastic,
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thermal and other non-elastic strains.

Zabaras and Mukherjee [134] analyzed the motion of the phase-change interface in2D prob-

lems. They considered the inward solidi�cation of a liquid melt initially at its melting temperature

inside a square cavity whose surface is suddenly cooled down and maintained at a colder tem-

perature They used the boundary element method to solve the transient heat equation. Zabaras

et al.[135] studied the evolution of deformations and thermal stresses induced during radially in-

ward solidi�cation of a circular cylinder with hypoelastic-viscoplastic behavior using a deforming-

moving FEM analysis. They assumed an additive decomposition of the strain rate into elastic and

non-elastic components with a hydrostatic state of stress at the solidi�cation interface. Zabaras et

al.[136] examined the residual stresses generated during axially-symmetric solidi�cation of cylin-

ders for different cooling conditions using the same FEM formulation.

Inspired by applications in cryobiology, Rubinsky et al.[137] and Rabin and Steif [138] exam-

ined the stresses generated during inward freezing of a sphere. These stresses induced due to the

freezing of water in the biological material can be a source of damage in the organ. Rubinsky et

al.[137] considered a homogeneous spherical organ, initially near its freezing temperature, which

is frozen by the application of a constant cooling rate on its outer surface. They modeled ice as a

perfectly elastic medium and computed the temperature and stress distributions until ninety percent

of the sphere is frozen. Rabin and Steif [138] considered an inviscid liquid initially at its solidi�-

cation temperature occupying a spherical domain whose outer surface is subsequently cooled and

forcibly maintained at a �xed temperature. They regarded the frozen portion as an elastic/perfectly-

plastic material, and conducted parametric studies to examine the mechanical stresses within the

solid and the hydrostatic pressure within the �uid as the freezing front advances. They showed that

in materials with physical properties resembling water, the stresses arising from thermal expan-

sion in the solid state were notably lower in comparison to the stresses resulting from volumetric

expansion during phase transition. They demonstrated that following the completion of the freez-

ing process, a substantial portion of the frozen region would be occupied by a plastic zone. They
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concluded that the potential for tissue destruction was inevitable, regardless of the speed at which

the freezing process was conducted, as long as there was a substantial expansion associated with

phase transition.

Chan and Tan [139] conducted experiments to study the solidi�cation ofn� hexadecane inside

a sphere by keeping the surface temperature constant. They observed that the solidi�cation front

starts to propagate inward in a spherically-symmetric fashion. Later, the phase-change interface

loses its spherical symmetry and develops some irregularity/eccentricity as the shrinkage in the

solidi�ed material causes the formation of voids. The rate of solidi�cation is very high initially

and reduces subsequently. However, they did not consider stresses generated during the process.

Numerous studies [140, 141, 142, 143] have explored the inward solidi�cation of a spherical

liquid domain initially at its freezing temperature. However, their main focus was to improve the

approximation of the temperature pro�le as the phase change interface neared the center of the

sphere. Another example of such a study is the asymptotic analysis conducted by McCue et al.

[144], who investigated the2D inward solidi�cation of a melt within a rectangular domain at its

fusion temperature. For a large Stefan's number, they computed the time required for complete

solidi�cation and observed that the phase change interface forms an exact ellipse as it approaches

the center. In none of these studies, mechanical stresses were taken into account in their analyses.

Pedroso and Domoto [145] studied the stresses generated during the inward solidi�cation of

spheres.The state of stress at the freezing front was assumed to be hydrostatic, determined by

the corresponding pressure in the �uid, and the stress inside the solid was modeled using linear

isotropic thermoelastic equations. They showed that the solid is residually stressed after the inner

liquid pressure and outer tractions were removed. They also investigated the effects of different

liquid compressibility, freezing temperature, and liquid pressure.

Tomassetti at al. [69] studied accretion-ablation induced by diffusion. They considered a thick

permeable spherical shell that has grown on the surface of a rigid spherical substrate. The spherical

shell is surrounded by a �uid medium with free particles that diffuse into the permeable shell to
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reach the surface of the spherical substrate where they polymerize and accrete with the spherical

shell. As this accretion occurs at the the �xed inner boundary some of the particles on the outer

boundary are ablated out into the �uid medium. Accretion and ablation are governed by the fol-

lowing factors: strain energy of the solid shell, external mechanical power, and the difference in

chemical potential of the particles when they are free as compared to when they are attached to

the solid shell. The driving force—a measure of deviation from thermodynamic equilibrium—is

assumed to have a linear relationship with the �ux of particles at the accretion-ablation bound-

aries. The accretion-ablation rates are thermodynamically determined in terms of the chemical

potential of the particles and strain energy density of the shell. They study accretion-ablation in

a treadmilling regime and simply consider the steady state solution of the diffusion equation. A

more general analysis would take into account the time-evolution of particle �ux and stresses in

the solid due to transient diffusion.

Abeyaratne et al. [146] studied the stability of a pre-stressed elastic2D-half space accreting

due to steady-state diffusion of free particles from the other half space. They reported that such

surface growth of a half space with surface tension is not always stable if the accretion interface

is traction-free. Abeyaratne et al. [147] examined the stability of a similar prestressed elastic half

space accreting by diffusion, while the other half space containing the free-particles is assumed be

compliant and provide some resistance to growth.

Polymerization is an example where phase transformation occurs as the result of an exothermic

reaction converting a partially cured gel to fully cured polymer. Kumar at al. [148] provided

analytical estimates for the velocity of the reaction front propagating steadily in an1D adiabatic

domain. Kumar at al. [149] studied the evolution of mechanical stresses and large deformations

that are induced due to phase transformation by polymerization. The thermo-chemo-mechanical

model involves a coupled system of the following equations: the balance of linear momentum, the

transient heat equation and the reaction kinetics, where the unknowns are the deformation �eld, the

temperature �eld and the degree of cure. The reaction kinetics are assumed to be unaffected by the
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mechanical deformations while the thermo-mechanical coupling is evident in their formulation.

They considered the example of an2D adiabatic domain and observed that the reaction interface

travels at an almost constant speed.

Ferky [150] examined the evolution of stresses in thermoviscoelastic cylinder manufactured

via the process of selective laser melting. He modeled the process of additive manufacturing as

the accretion of discrete layers on the cylindrical boundary. Furthermore, Lychev and Ferky[151,

151] study the evolution of temperature and stress, as well as residual stresses and distortions in

a thermoelastic cylinder manufactured by lateral sintering. In the context of small deformations

and temperature gradients, they formulated discrete accretion as a recursive problem in terms of

strain and stress increments. However, the effects of latent heat during solidi�cation has not been

considered in these works.

To the best of our knowledge, there are no existing works that investigate the evolution of de-

formations and stresses throughout the entire process of solidi�cation, within the framework of

fully nonlinear and coupled thermoelasticity with phase change effects at the moving boundary.

Such modeling is vital for designing manufacturing processes that involve solidi�cation, as rapid

temperature changes can result in substantial part distortion and elevated residual stresses. Under-

standing the continuous evolution of thermal and residual stresses throughout the process is crucial

for assessing potential mechanical issues and performance under external loads. This chapter is

aimed at analyzing the stress and deformation during solidi�cation, as well as their residual effects

within the framework of nonlinear thermoelastic accretion. First, we provide a concise overview

of nonlinear thermoelasticity and the mechanics of accretion, which is followed by the application

of Stefan's condition in solidi�cation problems. For a thorough analysis of geometric thermoe-

lasticity, refer to [86, 84]. In-depth insights into accretion mechanics are available in [75]. For

a comprehensive understanding of the Stefan's problem refer to the texts by Rubin�ste��n [21] and

Gupta [26].

Consider the phase transition of a �nite quantity of liquid undergoing cooling and solidi�cation,
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either within a rigid container or as an inclusion within a deformable solid. As the liquid solidi�es

and attaches to the surface of the container or the deformable body, it grows via accretion. In other

words, the solidifying body undergoes accretion and the adjacent �uid undergoes ablation, while

the material points in the solid-liquid system as a whole remain conserved.

Let S denote the three-dimensional ambient Euclidean space, withg representing its standard

�at metric. Both the solid and liquid phases assume their respective deformed con�gurations

endowed with this ambient Euclidean metric. Those parts of the solid-liquid (pair) composite

body which remain unaffected by phase transformation are equipped with a temperature-dependent

metric, which is �at at the initial temperature. The individual reference con�gurations of the solid

and liquid phases evolve as material points are transferred from one phase to other. The material

metric for an accreting layer is a priori an unknown �eld and is determined by its temperature and

state of deformation at the moment of attachment.

The solidifying body. Consider a solid bodyB0 with a liquid inclusionL 0, both of initially stress-

free. The initial solid-liquid bodyZ = B0 [ L 0 inherits a �at metric from the ambient Euclidean

space. Assume that solidi�cation (accretion) begins att = 0. Let M � Z denote the ambient

material space which is a connected and orientable three-dimensional manifold embeddable inR3.

Let the map� : L 0 ! [0; 1 ) assign a time of solidi�cation (attachment) to every �uid point. The

accreting solid and the ablating �uid are identi�ed with their respective time-dependent material

manifoldsBt andL t (Figure 5.1). They are de�ned as follows

Bt = B0 [ � � 1[0; t] ; L t = L 0 n � � 1[0; t) : (5.0.1)

Note thatBt [ L t = B0 [ L 0, although(Bt ; L t ) 6= ( B0; L 0). It is assumed that the differential d�

never vanishes. Let
 t � @Bt be the accretion surface where the solidifying material is about to

attach. The level sets
 t = � � 1(t) are assumed to be2� manifolds which are diffeomorphic to

each other for allt � 0. This assumption ensures the existence of a material motion.
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Figure 5.1:Deformation of an elastic solid with a liquid inclusion.

5.1 Kinematics of accretion.

For an accreting body, the deformation map' t : Bt ! S is assumed to be aC1 homeomorphism

for eacht. The deformation gradientF t = T ' t is a two-point tensorF t : TX Bt ! TxCt , where

x = ' t (X ) andCt = ' t (Bt ).1 The material and spatial velocity �elds are de�ned asV (X; t ) =

@
@t' (X; t ) andv t = V t � ' � 1

t , respectively. Similarly, the material and spatial acceleration �elds

are de�ned asA (X; t ) = @
@tV (X; t ) andA t = at � ' � 1

t , respectively.2

The function �' (X ) = ' (X; � (X )) records the placement ofX at its time of attachment. In

general, this map�' : L 0 ! S is not injective. Moreover, the tensor�F(X ) = F � (X )(X ) which

captures the deformation gradient at the time of attachment, is not the tangent of an embedding.

Even when�' is an embedding,T �' is not equal to�F. In fact T �' = �F + �V 
 d� . While �F is

compatible within each individual layer
 t , it is incompatible in general. This incompatibility of

the �F is the fundamental reason behind anelasticity in accreting bodies, and hence the presence of

1Let f X A g and f xag be local coordinate charts onBt andCt � S , respectively. The deformation gradient is
represented as

F =
@'a

@XA

@
@xa


 dX A ; (5.1.1)

where we assume the �exibility in notation' t (X ) = ' (X; t ) andF t (X ) = F(X; t ). Note that
�

@
@xa

	
andf dX A g

form the bases forTx Ct andT �
X Bt , respectively.

2In components,Aa = @Va

@t + 
 a
bcV bV c andaa = @va

@t + @va

@xb vb + 
 a
bcvbvc. Here,
 a

bc denote the Christoffel
symbols for the Levi-Civita connectionr g , i.e., r g

@
@xb

@
@xc = 
 a

bc
@

@xa . Similarly, the Christoffel symbols ofr G

are denoted as� A
BC , i.e.,r G

@
@X B

@
@XC = � A

BC
@

@XA .
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residual stresses.

Let ! t = ' t (
 t ) denote the accretion surface in the deformed con�guration. The growth

(accretion) velocityu t is a vector �eld that describes the velocity at which new material is being

added onto! t (i.e., � u t is the velocity of accreting particles relative to! t just before attachment).

The material growth velocity, denoted asU t , is a vector �eld that characterizes the time evolution

of the layers
 t within the material ambient space. The vector �eldU t is not uniquely determined

and can be selected from an equivalence class of material growth velocities that yield isometric

material manifolds. Letw t andW t be the spatial and referential depictions of the total velocity of

the accretion surface! t (i.e., W t � ' t = w t ). It can be shown thatW t = �FU t + V t , where the

term �FU t accounts for the in�uence of accretion.

The anelasticity of deformation is modeled by the accretion tensorQ, which is a time-independent

two-point tensor, de�ned as

Q(X ) = �F(X ) +
�
u � (X )( �' (X )) � �F(X )U � (X )(X )

�

 d� (X ) ; X 2 L 0 : (5.1.2)

Sincehd�; U i = 1, it follows thatQU = u. Although the accretion tensorQ is compatible within

each individual layer, it is not the tangent map of any embedding. For more details, see [75].

Remark 5.1.1. Let us consider a foliation chartf � 1; � 2; � g induced by the time of attachment

map� in the ambient material manifoldM and a local chartf x1; x2; x3g in the ambient Euclidean

manifoldS. The accretion tensor has the following representation

�
Qi

J

�
=

2

6
6
6
6
6
4

@�' 1

@� 1
@�' 1

@� 2 u1
� � �'

@�' 2

@� 1
@�' 2

@� 2 u2
� � �'

@�' 3

@� 1
@�' 3

@� 2 u3
� � �'

3

7
7
7
7
7
5

(5.1.3)

with respect to the framesf @
@� 1 ; @

@� 2 ; @
@�g andf @

@x1 ; @
@x2 ; @

@x3 g [75].
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Material metric for thermoelastic accretion. Consider a time-dependent material manifold

(Bt ; G), where the metricG measures distances corresponding to the completely relaxed state,

taking into account the thermal history of the body. In geometric thermoelasticity theory, the met-

ric G is a function of temperatureT(X; t ), and is given by

G(X; T ) = e! ? (X;T )G0(X )e! (X;T ) ; (5.1.4)

where! is a
� 1

1

�
-tensor characterizing thermal expansion properties in the solid andG0 is a tem-

perature independent metric.3 The volumetric coef�cient of thermal expansion� (X; T ) is given

by

� (X; T ) =
@

@T
tr ! (X; T ) : (5.1.7)

For a reference temperature �eldT0(X ) independent of time, it is assumed that!
�
X; T0(X )

�
= 0,

and henceG
�
X; T0(X )

�
= G0(X ). In the thermally accreted part of the body,T0(X ) is assumed

to be the temperature of the attached material at the time of attachment. However,T0(X ) represents

the initial temperature in the primary segment of the body. The material metricG
�
X; T0(X )

�
for

the accreted portion is calculated by pulling back the Euclidean ambient metricg via the accretion

tensorQ as follows:

G
�
X; T0(X )

�
= Q?(X )g

�
�' (X )

�
Q(X ) : (5.1.8)

The temperature-dependent material metric is therefore given by

G(X; T ) = e! ? (X;T )Q?(X )g
�

�' (X )
�
Q(X )e! (X;T ) : (5.1.9)

3The adjoint of deformation gradientF?(X; t ) : T �
x Ct ! T �

X Bt is de�ned such that

h� ; FW i = hF?� ; W i ; 8 W 2 TX Bt ; � 2 T �
x Ct ; (5.1.5)

whereh: ; : i is the natural paring of1-forms in T �
x Ct with vectors inTx Ct , e.g.,h� ; w i = � a wa . In fact, F? is a� 1

1

�
-tensor with the following coordinate representation

F? =
@'a

@XA dX A 

@

@xa
: (5.1.6)
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Let dv and dV denote the spatial and material volume elements, respectively. They are related by

the Jacobian

J =

r
detg
detG

detF =

s
detg

detg � �'
detF
detQ

e� tr ! ; (5.1.10)

i.e., dv = J dV.

Remark 5.1.2. For isotropic homogeneous thermal expansion properties, (5.1.4) is simpli�ed as

G(X; T ) = e2! (T )G0(X ) ; (5.1.11)

where the scalar! (T) is related to the coef�cient of thermal expansion� (T) as follows:

!
�
T(X )

�
=

Z T (X )

T0 (X )
� (� ) d� : (5.1.12)

The volumetric coef�cient of thermal expansion in3D problems is� = 3� .

Remark 5.1.3. Let n � andN � denote the unit normals to! � and
 � , with respect to the metricsg

andG, respectively. The growth (accretion) velocities in the deformed and material con�gurations

can be decomposed as follows

u = uk + un n ; U = U k + UN N ; (5.1.13)

wherehhuk; nii g = hhU k; N ii G = 0. Moreover,QU k = uk, QN = n andUN = un � ' > 0 [75].

5.2 Balance laws

Conservation of mass. Let the material and spatial mass densities be denoted by� (X; t ) and

%(x; t ), respectively. Let� 0(X ) represent the material mass density corresponding to the �at metric
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G0. The mass of any sub-bodyU � P t is

Z

' t (U)
%dv =

Z

U
� dV =

Z

U
� 0dV0 ; (5.2.1)

where dV0 is the volume element corresponding to the stress-free material metric, and is related to

dV as dV =
q

det G
det G 0

dV0. The mass densities are related asJ%= � and� 0
p

detG0 = �
p

detG,

i.e.

J (X; t ) %
�
' (X; t ); t

�
= � (X; t ) = e� tr ! (X;T (X;t )) � 0(X ) : (5.2.2)

The material mass continuity equation is written as

_� +
1
2

� tr G
_G = 0 ; (5.2.3)

while the spatial mass continuity equation reads

_%+ %divg v = %;t + div g(%v) = 0 : (5.2.4)

Here,( )_ = @
@t

�
�
X

( ) represents the material time derivative, while( ) ;t represents the partial deriva-

tive @
@t

�
�
x
( ) .

Stress and strain tensors. The standard right and left Cauchy-Green strains are de�ned asC =

FT F andb = FF T , respectively.4 In components

CA
B = GAM F a

M gabF b
B ; ba

b = F a
A GAB F c

B gcb : (5.2.6)

4The transpose of the deformation gradientFT (X; t ) : Tx Ct ! TX B is de�ned such that

hhFW ; wii g = hhW ; FT wii G ; 8 W 2 TX Bt ; w 2 Tx Ct : (5.2.5)

In components,
�
F T

� A
a = GAB F b

B gba. Thus,F? andFT are related asFT = G ] F?g.
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Further, their inverses are denoted byB = C � 1 andc = b � 1, respectively. Note thatC [ is the pull-

back of the spatial metricg by the deformation map' (i.e. C [ = ' � g) andc[ is the push-forward

of the material metricG by ' (i.e. c[ = ' � G). Moreover,b ] = ' � (G ] ) andB ] = ' � (g] ).5 In

components

CAB = gabF a
A F b

B ; cab = GAB F � A
aF � B

b ; B AB = gabF � A
aF � B

b ; bab = GAB F a
A F b

B :

(5.2.7)

The principal invariants of right Cauchy-Green strain read

I 1 = CA
A ; I 2 =

1
2

(I 2
1 � CA

B CB
A ) ; I 3 = det C : (5.2.8)

In fact,
p

I 3 = J =
q

det g
det G detF. The constitutive model for hyperelastic materials is given

by an energy density functionW = ~W(X; T; F; g; G) = Ŵ(X; T; C [ ; G), per unit undeformed

volume. The Cauchy stress tensor� , the �rst Piola-Kirchhoff stress tensorP, and the second

Piola-Kirchhoff stress tensorS are related to the energy function as

� =
2
J

@~W
@g

; P = g] @~W
@F

; S = 2
@̂W
@C [

: (5.2.9)

Note thatP = J � F � ? andS = F � 1P.

Remark 5.2.1. The energy function for an isotropic solid is a function the principal invariants of

C, i.e.,W = �W(X; T; I 1; I 2; I 3), and the Cauchy stress is represented as [114, 115]

� =
2

p
I 3

��
I 2

@�W
@I2

+ I 3
@�W
@I3

�
g] +

@�W
@I1

b ] � I 3
@�W
@I2

c]

�
: (5.2.10)

Remark 5.2.2. The energy function for hyperelastic �uids is represented asW = �W(X; T; J ),

where �W is a smooth, strictly convex function ofJ that diverges asJ approaches0 [152]. Thus,

5Here, the musical symbols[ and] denote the �at and sharp operators that lower and raise tensor indices.
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the Cauchy, the �rst and the second Piola-Kirchhoff stress tensors are written as

� =
@�W
@J

g] ; P = J
@�W
@J

g] F � ? ; S = J
@�W
@J

F � 1g] F � ? : (5.2.11)

Note that one must have@�W
@J < 0, as hydrostatic stresses are compressive in �uids.

The energy function for homogeneous materials is independent ofX , i.e.,W = Ŵ(T;C [ ; G)

for hyperelastic solids andW = �W(T; J) for hyperelastic �uids (see Appendix E).

Balance of linear and angular momenta. The localized balance of linear momentum in terms

of the Cauchy and the �rst Piola-Kirchhoff stress reads6

divg � + %b = %a ; divG P + � B = � A ; (5.2.13)

whereb is the spatial body force (per unit mass), whileB is body force referred in material

coordinates, i.e.,B (X; t ) = b(' t (X ); t). In components

� ij
j j + % bi = % ai ; P iI

jI + � B i = � A i : (5.2.14)

The localized conservation of angular momentum reads

� ij = � ji ; P iJ F j
J = P jJ F i

J : (5.2.15)

Note that for very slow accretion, the inertial effects can be disregarded.

Let t be the spatial traction �eld andT denote the traction referred in material coordinates.

6In local coordinates

(div g � )a = � ab
jb =

@�ab

@xb
+ � ac 
 b

cb + � cb
 a
cb ;

(div G P)a = PaA
jA =

@PaA

@XA + PaB � A
BA + F b

A P cA 
 a
cb ;

(5.2.12)

where
 a
bc = 1

2 gak (gkb;c + gkc;b � gbc;k ) and� A
BC = 1

2 GAM (GMB;C + GMC;B � GBC;M ).
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Consider a material surface element dA with unit normalN , which gets mapped to the element da

with unit normaln in the deformed con�guration. The traction is related to the Cauchy stress as

t = � n [ = hh� ; nii g , and to the �rst Piola-Kirchhoff stress asT = PN [ = hhP; N ii G .7 Note that

t da = � n [ da = J � F � ?N [ dA = PN [ dA = T dA.8 Therefore, the force on the surface element

in consideration ist da = T dA.

The heat equation. Let T (x; t ) be the temperature �eld in the current con�guration and let

T(X; t ) be the temperature �eld in the reference con�guration. Sincex = ' (X; t ), it follows that

T(X; t ) = T (' (X; t ); t), i.e.,Tt = Tt � ' t , or equivalently,Tt = ' �
t Tt . Recall that dT = @T

@xa dxa,

and dT = @T
@XA dX A . Note that dT is a1-form in the Euclidean ambient manifold with components

(dT )a = @T
@xa , while dT is a1-form in the material manifold with components(dT)A = @T

@XA related

to dT via pull back, i.e., dT = ' �
t dT . Thus

@T
@XA

=
@T
@xa

@xa

@XA
= F a

A (dT )a = ( ' �
t dT )A : (5.2.16)

Let h(x; t ) denote the heat �ux in the current con�guration. Note thathhh; nii gda is interpreted

as the �ux through the surface element da with unit normaln. The material heat �ux vectorH is

de�ned via the Piola transform as follows

H (X; t ) = J (X; t )F � 1(X; t )h(' (X; t ); t) : (5.2.17)

In components,

H A = JF � A
a ha : (5.2.18)

Let N denote unit normal to the material surface element dA, which gets mapped to the de-

formed element da. Using (5.2.18) and the Nanson's formula, it is implied thatH B NB dA =

7Note thatnb = gbcnc andNB = GBC N C . Thus,ta = � ab nb = � abgbc nc andTa = PaA NA = PaA GAB N B .
8The Nanson's formulan [ da = J F � ?N [ dA has been used here. In components, the1-formsnbda andNB dA are

related asnbda = JF � B
bNB dA.
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JF � B
b hbNB dA = hbnbda, i.e. hhH ; N ii G dA = hhh; nii g da. Thus,hhH ; N ii G is interpreted as the

heat �ux per unit undeformed area.

The generalized Fourier's law of thermal conduction in the deformed con�guration reads

h = � k dT ; (5.2.19)

where the
� 2

0

�
-tensork represents the spatial thermal conductivity. In components,ha = � kab @T

@xb .

The Fourier's law in the reference con�guration is written as

H = � K dT ; or, H A = � K AB @T
@XB

; (5.2.20)

whereK denotes the material thermal conductivity. Note that the material and spatial thermal

conductivity tensors are related asK = J' �
t k.9 In components

K AB = JF � A
a kabF � B

b : (5.2.22)

Furthermore, upon substituting (5.2.20)1 into the reduced form of the Clausius-Duhem inequality

hdT;H i � 0, it can be deduced thatK is a positive semi-de�nite tensor. The spatial heat equation

reads

% cE _T + div g h = T m : d + r ; (5.2.23)

wherecE is the speci�c heat capacity at constant strain,m is the spatial thermal stress coef�cient,

d = 1
2L v g denotes the rate of deformation tensor andr represents a heat source (per unit deformed

volume) term (see section B.2 of Appendix B). Equivalently, the material heat equation is written

9Using (5.2.18), (5.2.19) and (5.2.16), it is implied that

H A = � JF � A
a kab @T

@xb
= � JF � A

a kab @T
@XB F � B

b : (5.2.21)

Hence, it can be inferred from (5.2.21) and (5.2.20)2 thatK AB = JF � A
a kabF � B

b.
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as

� c E
_T + div G H = T M : D + R ; (5.2.24)

whereM is the material thermal stress coef�cient,D = 1
2

_C [ denotes the material rate of deforma-

tion tensor andR represents a heat source (per unit undeformed volume) term (see section B.1 in

of Appendix B). The material and spatial thermal stress coef�cients are related asM = J' t
� m

(see section B.2 of Appendix B).

Note that the termT m : d (or equivalently,TM : D ) can be omitted if there is no thermoelastic

coupling in the material under consideration [153, 154].10

In the absence of heat sources, the spatial heat equation for a rigid heat conductor reads

% cE _T = div g(k dT ) ; (5.2.25)

or, in components,% cE _T =
�
kab @T

@xb

�
ja

. The equivalent material heat equation is written as

� c E
_T = div G (K dT) : (5.2.26)

In components,� c E
_T =

�
K AB @T

@XB

�
jA

. The heat �ux in thermally isotropic solids has the follow-

ing representation

H =
�
� � 1B ] + � 0G ] + � 1C ]

�
dT ; (5.2.27)

where� k = �̂ k(X; T; dT;C [ ; G); k 2 f� 1; 0; 1g are scalar response functions [155]. We con-

sider the modelH = � K G ] dT for our numerical examples, whereK = K (T) denotes the heat

conduction coef�cient.11 Further,D = K
cE � is the traditional thermal diffusivity.

Stefan's condition Let � t � @Bt and
 t = ' t (� t ). Let
+

h and
�

h denote the heat �ux per unit area

on the opposite sides of the interface
 t in the current con�guration. In the absence of any phase

10A classic illustration of thermoelastic coupling is theGough-Joule effect, observed in vulcanized rubber, where
the temperature of a rubber band changes during adiabatic stretching.

11Note thatgradG T = G ] dT.
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Figure 5.2:The interface between the (cold) solid and (hot) liquid phases forms an isothermal surface at the solidi�-
cation temperatureTm . The unit normaln to the phase-change interface is assumed to point from solid to liquid.

Figure 5.3:The heat �uxhL is directed into the interface in the �uid medium due to its higher temperature compared
to the melting point. However, in the solid, where the temperature is lower than the melting point,hS is directed into
the solid. The heat entering the solid comprises of the heat released during solidi�cation and the heat transferred from
the liquid medium.

change or heat source/sink, the jump in the normal heat �ux across
 t vanishes, i.e.

hh
+

h �
�

h; nii g = 0 on 
 t ; (5.2.28)

wheren is the outward unit normal to
 t . When
 t is the solidi�cation interface between the (cold)

solid and (hot) liquid phases, it forms an isothermal surface at the melting pointTm (Figure 5.2).

Let n be the unit normal to
 t , pointing from solid to liquid, and let� be an arbitrary subset of


 t . Let hS and hL be the heat �ux in the solid and liquid phases, respectively, in the current
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con�guration. As one moves into the liquid phase from the solidi�cation interface,T increases,

implying thathL points towards the solid (Figure 5.3). Hence,q in = �
R

� hhhL ; nii g da represents

the rate of normal heat in�ow into the subset� on the interface from the liquid via conduction.

There is a decrease inT as one moves from the phase change interface into the solid, indicating

thathS also points into the solid. Thus, the rate of heat �owing out normally from the subset� on

the interface into the solid isqout = �
R

� hhhS; nii g da. The rate of mass solidi�ed on the subset

� of the interface is represented by the integral
R

� � u nda [75]. As solidi�cation is exothermic,

the rate of heat released in the process is expressed asqexo = l
R

� � u nda, wherel is the speci�c

latent heat of solidi�cation. The heat �owing into the solid consists of two components: the heat

released during solidi�cation and the heat transferred from the surrounding liquid medium [21,

26]. In terms of heat �ow per unit time,qout = qexo + q in (Figure 5.3), i.e.

�
Z

�
hhhS; nii g da = l

Z

�
% Junda �

Z

�
hhhL ; nii g da ; (5.2.29)

where� � 
 t is an arbitrary subset. The localized Stefan's condition therefore reads

hhhS � hL ; nii g + l% Jun = 0 on 
 t ; (5.2.30)

where% Jun = � U N represents the mass accreted, per unit area, per unit time. The localized

Stefan's condition in the reference con�guration is expressed as

hhH S � H L ; N ii G + l� U N = 0 on � t : (5.2.31)

Note that if the liquid is initially at the solidi�cation temperature, there is no heat �ux in the liquid

phase, i.e.,hL = 0. The Stefan's condition is simpli�ed as

�hh H S; N ii G = l� U N on � t ; or � hh hS; nii g = l% Jun on 
 t : (5.2.32)
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Thus, the heat entering the solid from the phase change interface equals the heat generated in the

process of solidi�cation.

5.3 Summary

In this framework, we model accretion induced by solidi�cation as a Stefan's problem, where

the accretion velocity is initially unknown. We consider the effects of latent heat released during

solidi�cation and relate the accretion velocity to the heat �ux through Stefan's condition. This for-

mulation is applicable for analyzing the stresses and deformations in a solid undergoing accretion

induced by phase-change.
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CHAPTER 6

RADIALLY INWARD SOLIDIFICATION IN A COLD RIGID CONTAINER

Consider a spherical container of radiusR0, �lled with a liquid initially at uniform temperature

T0. The inner wall of the container is maintained at a constant temperatureTc. Let Tm denote the

melting point of the material, satisfying the conditionTc < T m � T0. At t = 0, the outermost

layer of liquid begins to cool down and solidi�es when the melting point is reached. The container

wall acts as a rigid substrate to which the outermost accreted layer �rmly attaches, resulting in

no displacement of the outer boundary of the accreting body. Layers of liquid solidify and attach

to the inner surface of the accreting body—a spherical shell, causing the solidi�cation front to

progress inward (Figure 6.1). The temperature �elds within the accreting body and the liquid are

both unknowns.1

We model both the liquid and solid phases as isotropic compressible hyperelastic materials.

To simplify the analysis, an assumption can be made thatTm = T0, allowing for solidi�cation to

initiate near the container wall att = 0 [142, 138].

6.1 Kinematics

The ambient space has the Euclidean metric

g =

2

6
6
6
6
4

1 0 0

0 r 2 0

0 0 r 2 sin2 �

3

7
7
7
7
5

; (6.1.1)

1This problem draws inspiration from the experiments conducted by Chan and Tan [139] who investigated the
inward solidi�cation of ann� hexadecane in a spherical enclosure (capsule) with walls maintained at a constant tem-
perature. They placed this capsule in a cool water tank that was consistently stirred and supplied with cold water
from a refrigerated bath. They attached thermocouples to the capsule walls to track its temperature and ensure that it
remains constant throughout the process.
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Figure 6.1:Schematic representation of radially inward solidi�cation in a spherical rigid container with cold walls
maintained at the temperatureTc < T m .

in terms of the spherical coordinates(r; �; � ), wherer � 0, 0 � � � � and0 � � < 2� .

Let S(t) denote the material radius corresponding to the inner surface of the solid at any time

t � t f , wheret f is the time taken for the completion of freezing. Note thatS(t) is assumed to be a

continuous bijective map on[0; t f ] with the initial conditionS(0) = R0. The inverse map� = S� 1

assigns the time of attachment to each spherical layer in the material manifold. The accreting solid

and the ablating �uid are identi�ed with the following time-dependent material manifolds

Bt = f (R; � ; �) : S(t) � R � R0 ; 0 � � � � ; 0 � � < 2� g;

L t = f (R; � ; �) : 0 � R � S(t) ; 0 � � � � ; 0 � � < 2� g:
(6.1.2)

Let temperature �eld be denoted asT(R; t), and de�ned piece-wise as follows

T(R; t) =

8
>><

>>:

Ts(R; t) ; S(t) � R � R0 ;

T f(R; t) ; 0 � R � S(t) :
(6.1.3)

Note thatTt (R) is continuous at the solidi�cation interfaceR = S(t) caffarelli1983continuity, i.e.,
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Ts(S(t); t) = T f(S(t); t) = Tm . The material metric for the liquid phase in its initial state reads

L

G0 =

2

6
6
6
6
4

1 0 0

0 R2 0

0 0 R2 sin2 �

3

7
7
7
7
5

; (6.1.4)

where(R; � ; �) are the material spherical coordinates. Thus, the temperature-dependent material

metric for the liquid phase is written as

L

G = e2! f (T f (R;t ))

2

6
6
6
6
4

1 0 0

0 R2 0

0 0 R2 sin2 �

3

7
7
7
7
5

; (6.1.5)

where the scalar function! f(T f) characterizes isotropic and homogeneous thermal expansion in

the liquid phase. We consider radial deformations' t (R; � ; �) = ( r (R; t); �; � ), where� = � and

� = � , and

r (R; t) =

8
>><

>>:

r s(R; t) ; S(t) � R � R0 ;

r f(R; t) ; 0 � R � S(t) ;
(6.1.6)

wherer s(R0; t) = R0 andr f(0; t) = 0 .2

Note thatr (R; t) is continuous atR = S(t) for all t � 0. Let s(t) := r s(S(t); t) = r f(S(t); t)

and�r (R) := r s(R; � (R)) = r f(R; � (R)). Thus,�r = s� � , or s = �r � S.3 The moving phase-change

2Podio-Guidugli et al. [152] investigated cavitation in hyperelastic �uids undergoing similar radial deformations.
They termed the deformations satisfying the conditionr f(0; t) = 0 regular, and those withr f(0; t) > 0, irregular
deformations corresponding to a cavity (hole) of radiusr f(0; t).

3Note that
_s(t) = r s

;R (S(t); t) _S(t) + r s
;t (S(t); t) = r f

;R (S(t); t) _S(t) + r f
;t (S(t); t) ; (6.1.7)

and thus �
r s

;R (S(t); t) � r f
;R (S(t); t)

� _S(t) + r s
;t (S(t); t) � r f

;t (S(t); t) = 0 : (6.1.8)

Hence, the velocity �eldr ;t (R; t ) is continuous atR = S(t) if and only if the partial derivativer ;R (R; t ) is also
continuous atR = S(t).
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interface in the reference and current con�gurations are represented as


 t = f (S(t); � ; �) : 0 � � � � ; 0 � � < 2� g;

! t = f (s(t); �; � ) : 0 � � � � ; 0 � � < 2� g:
(6.1.9)

The respective deformation gradients in the solid and liquid phases read

Fs(R; t) =

2

6
6
6
6
4

r s
;R (R; t) 0 0

0 1 0

0 0 1

3

7
7
7
7
5

; F f(R; t) =

2

6
6
6
6
4

r f
;R (R; t) 0 0

0 1 0

0 0 1

3

7
7
7
7
5

: (6.1.10)

Let U(t) := _S(t) < 0 be the material accretion velocity. Letu(t) denote the growth velocity in the

current con�guration, i.e.,� u(t) is the velocity of the relative velocity of the accreting particles

with respect to the interface! t . Further de�ne�u(R) := u(� (R)) and �U(R) := U(� (R)). Thus, the

accretion tensorQ has the following representation with respect to the frames
�

@
@R;

@
@� ; @

@�

	
and

�
@
@r;

@
@�;

@
@�

	
:4

Q(R) =

2

6
6
6
6
4

�u(R)
�U(R) 0 0

0 1 0

0 0 1

3

7
7
7
7
5

: (6.1.13)

The accreting layer is not stress free due to the pressure exerted by the �uid. Let� be the

natural metric of the pre-stressed layers that are accreting to the solid. This metric� is obtained

by transforming the Euclidean metricg via a pre-deformation� as� ij = � k
i (gkl � �' ) � l

j . In this

4In our example,u � (R ) (' � (R ) (R; � ; �)) = � u(R) @
@r andU � (R ) (R; � ; �) = �U(R) @

@R. Recall that the components
of the accretion tensor are de�ned as

Qi
I (X ) = �F i

I (X ) +
h
ui ( �' (X ); � (X )) � �F i

J (X ) UJ (X; � (X ))
i
(d� )I (X ) : (6.1.11)

Further,d� (R )
dR = 1

_S( � (R ))
= 1

�U (R ) . Thus, the nonzero components ofQ are

Qr
R = �F r

R +
�
�u � �F r

R �U
� d�

dR
=

�u
�U

; Q�
� = �F �

� = 1 ; Q�
� = �F �

� = 1 : (6.1.12)
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case, the material metric for the accreted layer is calculated by pulling back the natural metric�

via the accretion tensorQ [75]. Therefore, one has

(
B

G0)IJ = Qi
I � ij Qj

J = Qi
I � k

i (gkl � �' ) � l
j Qj

J : (6.1.14)

Further,� s(Ts) =
d! s(Ts)

dTs
and� f(T f) =

d! f(T f)
dT f

are the coef�cients of thermal expansion in the

solid and liquid phases, respectively. In this example, it is assumed that

� (R) = � 2(R)
@
@r


 dr +
@
@�


 d� +
@

@�

 d� ; (6.1.15)

where the function� 2(R) > 0 represents radial dilation if� (R) > 1 and radial contraction if

� (R) < 1. Thus, the temperature-independent material metric at the time of accretion is written as

B

G0 =

2

6
6
6
6
4

&2(R) 0 0

0 �r 2(R) 0

0 0 �r 2(R) sin2 �

3

7
7
7
7
5

; (6.1.16)

where&(R) = �u(R)� 2 (R)
�U(R) . Thus, the temperature-dependent material metric for the solid phase is

written as

B

G = e2! s(T s(R;t ))

2

6
6
6
6
4

&2(R) 0 0

0 �r 2(R) 0

0 0 �r 2(R) sin2 �

3

7
7
7
7
5

; (6.1.17)

where the scalar function! s(Ts) characterizes isotropic and homogeneous thermal expansion in

the solid phase. The Jacobian of the deformation is written as

J (R; t) =

8
>>><

>>>:

�
r f(R; t)

� 2
r f

;R (R; t)

e3! f (T f (R;t )) R2
; 0 � R � S(t) ;

[r s(R; t)]2 r s
;R (R; t)

e3! s(T s(R;t )) �r 2(R) &(R)
; S(t) � R � R0 :

(6.1.18)
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Further,� s(Ts) =
d! s(Ts)

dTs
and� f(T f) =

d! f(T f)
dT f

are the coef�cients of thermal expansion in the

solid and liquid phases, respectively.

6.2 Balance laws

Conservation of mass. The mass of the liquid and solid portions are calculated as5

mf(t) =
Z S(t)

0
e3! f(T f (R;t )) � f(R; t) 4�R 2 dR =

Z S(t)

0
� f

0(R) 4�R 2 dR ;

ms(t) =
Z R0

S(t)
e3! s(T s(R;t )) � s(R; t) 4� �r 2(R) &(R) dR =

Z R0

S(t)
� s

0(R) 4� �r 2(R) &(R) dR :
(6.2.1)

Thus, the total mass of the systemm(t) = mf(t) + ms(t) is written as

m(t) =
Z S(t)

0
� f

0(R) 4�R 2 dR +
Z R0

S(t)
� s

0(R) 4� �r 2(R) &(R) dR : (6.2.2)

Using the Leibniz rule, it can be shown that

_m(t) = 4 �
�
� f

0 (S(t)) S2(t) � � s
0 (S(t)) s2(t) &(S(t))

� _S(t) : (6.2.3)

As the mass of the entire body is conserved,_m(t) = 0 . Since _S(t) is nonzero, it follows from

(6.2.3) that

� f
0 (S(t)) S2(t) = � s

0 (S(t)) s2(t) &(S(t)) : (6.2.4)

5Alternatively, one hasmf(t) =
Z s( t )

0
%f(r; t ) 4�r 2 dr , andms(t) =

Z R 0

s( t )
%s(r; t ) 4�r 2 dr .
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The material continuity in the respective phases read6

� s
;t (R; t) + � s(Ts(R; t)) Ts

;t (R; t)� s(R; t) = 0 ;

� f
;t (R; t) + � f

�
T f(R; t)

�
T f

;t (R; t)� f(R; t) = 0 :
(6.2.6)

The density is assumed to be a function of temperature, i.e.,� s(R; t) = �̂ s(Ts(R; t)) and� f(R; t) =

�̂ f(T f(R; t)) . It follows that� s
0(R) = �̂ s(Ts

0(R)) and� f
0(R) = �̂ f(T f

0(R)), whereTs
0(R) andT f

0(R)

are the reference temperatures for the solid and liquid phases, respectively. Thus, the respective

continuity equations in (6.2.6) are rewritten as

d�̂ s

dTs
+ � s�̂ s = 0 ;

d�̂ f

dT f
+ � f �̂ f = 0 : (6.2.7)

This is integrated to obtain

�̂ s(Ts) = �̂ s(Ts
0) �

Z T s

T s
0

� s(� ) �̂ s(� ) d� ; �̂ f(T f) = �̂ f(T f
0) �

Z T f

T f
0

� f(� ) �̂ f(� ) d� ; (6.2.8)

which are equivalent to

� s(R; t) = � s
0(R) �

Z T s(R;t )

T s
0 (R)

� s(� ) �̂ s(� ) d� ; � f(R; t) = � f
0(R) �

Z T f (R;t )

T f
0 (R)

� f(� ) �̂ f(� ) d� :

(6.2.9)

Note thatT f
0(R) is the initial temperature of the liquid, whileTs

0(R) represents the accretion tem-

perature, i.e.,Ts
0(R) = Tm .

Remark 6.2.1. To simplify the problem, it can be assumed that the liquid is initially at the so-

lidi�cation temperature, i.e.,T f
0(R) = Tm . Thus, there is no heat transfer in the liquid medium,

i.e., T f(R; t) = Tm . Thus, it follows from (6.2.9)2 that � f (R; t) = � f (R; 0) = � f
0(R) = � f

0,

6Note that

tr B
G

� B

G ;t
�

= 6 _T s d! s

dT s = 6 � s _T s = 2 � s _T s ; tr L
G

� L

G ;t
�

= 6 _T f d! f

dT f = 6 � f _T f = 2 � f _T f ; (6.2.5)

where the relations� s = 3 � s and� f = 3 � f have been used. Therefore, (6.2.6) follows from (5.2.3) and (6.2.5).
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which is a constant for homogeneous �uids.7 Similarly, � s(R; t) = � s
0 �

RT s(R;t )
Tm

� s(� ) �̂ s(� ) d� ,

where� s
0 is a constant for homogeneous solids. AsTs(S(t); t) = Tm , it follows from (6.2.6)2 that

� s (S(t); t) = � s
0. Therefore, one has

&(S(t)) =
� f

0 S2(t)
� s

0 s2(t)
; or equivalently, &(R) =

� f
0 R2

� s
0 �r 2(R)

: (6.2.10)

Thus

� 2(S(t)) =
� f

0 S2(t) U(t)
� s

0 s2(t) u(t)
; or equivalently, � 2(R) =

� f
0 R2 �U(R)

� s
0 �r 2(R)�u(R)

: (6.2.11)

Further, the mass fraction solidi�ed up to timet is simpli�ed as ms(t )
m(t ) = 1 � S3 (t )

R3
0

.

Remark 6.2.2. The Jacobian is rewritten as

J (R; t) =

8
>>><

>>>:

�
r f(R; t)

� 2
r f

;R (R; t)

e3! f (T f (R;t )) R2
; 0 � R � S(t) ;

� s
0 [r s(R; t)]2 r s

;R (R; t)
� f

0 e3! s(T s(R;t )) R2
; S(t) � R � R0 :

(6.2.12)

Heat equation. Let q(R; t) denote the spatial heat �ux in material coordinates, i.e.,q(R; t) =

h(r (R; t); t), with H (R; t) being the material heat �ux. In the modelH = K G ] dT, the radial

components ofH (R; t) andq(R; t) within the solid are as follows

H R(R; t) = �
K (T(R; t)) T;R (R; t)

e2! s(T (R;t )) &2(R)
; qr (R; t) = �

1
&(R)

e! s(T (R;t )) K (T(R; t)) T;R (R; t) :

(6.2.13)

7Alternatively, by substitutingT f
;t = 0 into (6.2.6)2, it is implied that� f

;t = 0 .
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Note that8

Div H =
1

e2! &2

��
dK
dT

+ � sK
�

T;R
2 + KT ;RR +

�
2�r 0

�r
�

&0

&

�
KT ;R

�
; (6.2.16)

where the notation(�)0 := d
dR (�) has been used. Therefore, the heat equation (5.2.26) inside the

solid is written as

KT ;RR +
�

dK
dT

+ � sK
�

T;R
2 +

�
2�r 0

�r
�

&0

&

�
KT ;R = e2! s

&2� c E
_T : (6.2.17)

Let us assume that the heat conduction coef�cient is independent of temperature, i.e.,K (T) = K s,

a constant. Thus, using (6.2.10), the heat equation (6.2.17) is simpli�ed as follows

D s
f

(

T;RR (R; t) + � s(T(R; t))
�
T;R (R; t)

� 2
+

�
4�r 0(R)
�r (R)

�
2
R

�
T;R (R; t)

)

=
R4 _T(R; t)

�r 4(R) e! s(T (R;t ))
;

(6.2.18)

where the constantD s
f =

K s(� s
0)3

cE (� f
0)4

is analogous to thermal diffusivity. Further, the temperature

�eld Ts(R; t) satis�es the following boundary conditions

� K sTs
;R (R0; t) = hc [Ts(R0; t) � Tc] ;

Ts(S(t); t) = Tm ;
(6.2.19)

wherehc is the coef�cient of heat transfer between the walls of the container and the solidi�ed

material. Thus, for the temperature �eld, we have a Neumann boundary condition near the �xed

8Here, we have used the fact that

H A
jA =

�
K (T) GAB T;B

�
jA =

dK
dT

GAB T;A T;B + KG AB �
T;AB � � C

AB T;C
�

: (6.2.14)

In spherical coordinates, one has

Div H = GRR
�

dK
dT

T;R
2 + KT ;RR

�
� KT ;R

�
GRR � R

RR + G�� � R
�� + G�� � R

��
�

: (6.2.15)

The Christoffel symbols� C
AB for the material metric

B

G are given in (D.0.3).
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wall of the container and a Dirichlet boundary condition on the moving interface.

Stefan's condition. The rate of mass transferred from liquid to solid phase is_ms(t) = � _mf(t).

The rate of mass solidi�ed is

_ms(t) = � 4�� s
0s2(t) &(S(t)) _S(t) = � 4�� s

0s2(t) u(t) : (6.2.20)

Alternatively, _ms can be expressed as

_ms(t) = � _mf(t) = � 4�� f
0S2(t) U(t) : (6.2.21)

The time rate of heat released in during solidi�cation isl _ms(t). Further, the heat transferred into

the solid medium is

�
Z


 t

hhH ; N ii B
G

dA = � 4�S 2(t)
�
H RN RGRR

� �
�
�
R= S(t)

= � 4�S 2(t) K (Tm ) T;R (S(t); t) :

(6.2.22)

If the liquid is initially at the solidi�cation temperature, there is no heat �ux within it, and the heat

entering the solid from the phase change interface is equal to the heat generated during solidi�ca-

tion. Thus, Stefan's condition reads

S2(t) K (Tm ) T;R (S(t); t) = l � s
0 s2(t) u(t) ; (6.2.23)

or equivalently,

K (Tm ) T;R (S(t); t) = l � f
0

_S(t) : (6.2.24)

Assuming a constant heat conduction coef�cientK (T) = K s, Stefan's condition is written as

T;R (S(t); t) = L _S(t) ; (6.2.25)
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whereL = � f
0 l

K s .

Conservation of linear momentum in the solid portion. The Cauchy stress tensor in the solid

portion is related to the energy function�W(I 1; I 2; J; T ) as follows9

� =
�

2J � 1I 2
@�W
@I2

+
@�W
@J

�
g] + 2

�
J � 1 @�W

@I1
b ] � J

@�W
@I2

c]

�
: (6.2.27)

Since V r (R; t) = r ;t (R; t), V � (R; t) = V � (R; t) = 0 , one hasA r (R; t) = r ;tt (R; t), and

A � (R; t) = A � (R; t) = 0 .10 Using (5.2.12) and (D.0.1), the radial equilibrium equation (5.2.13)

is simpli�ed to read

@�rr

@r
+

2
r

� rr � r
�
� �� + sin2 � � ��

�
+ % br = % r;tt : (6.2.28)

The inertial effects can be ignored if the solidi�cation process is slow, and hence in the absence of

body forces, it follows from (6.2.28) that

@�rr

@R
=

�
�
� �� + sin2 � � ��

�
r �

2
r

� rr

�
@r
@R

: (6.2.29)

In this example,11

b ] = e� 2! s

2

6
6
6
6
6
4

r ;R
2

&2
0 0

0
1
�r 2

0

0 0
1

�r 2 sin2 �

3

7
7
7
7
7
5

; c] = e2! s

2

6
6
6
6
6
4

&2

r ;R
2

0 0

0
�r 2

r 4
0

0 0
�r 2

r 4 sin2 �

3

7
7
7
7
7
5

: (6.2.30)

9Note that the �rst Piola-Kirchhoff stress tensorP = J � F � ? is written as

P =
�

2I 2
@�W
@I2

+ J
@�W
@J

�
FB ] + 2

�
@�W
@I1

b ] F � ? � J 2 @�W
@I2

F � T B ]
�

; (6.2.26)

whereb ] = FG ] F? andB ] = F � 1g] F � ?.
10The Christoffel symbols for the Euclidean metricg are given in (D.0.1).
11Recall that the components ofc] andc[ are related ascab = gam cmn gnb . Thus, the componentsc] arecab =

gam F � A
m GAB F � B

n gnb .
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Further, the principal invariants ofb read12

I 1 = e� 2! s

�
r ;R

2

&2
+

2r 2

�r 2

�
;

I 2 =
1
2

�
I 2

1 � e� 4! s

�
r ;R

4

&4
+

2r 4

�r 4

��
=

r 2

e4! s�r 2

�
r 2

�r 2
+

2r ;R
2

&2

�
:

(6.2.32)

The Cauchy stress has the following nonzero components

� rr = 2J � 1I 2
@�W
@I2

+
@�W
@J

+ 2
�

r ;R
2

Je2! s&2

@�W
@I1

�
Je2! s

&2

r ;R
2

@�W
@I2

�
;

� �� =
�

2J � 1I 2
@�W
@I2

+
@�W
@J

�
1
r 2

+ 2
�

1
Je2! s�r 2

@�W
@I1

�
Je2! s

�r 2

r 4

@�W
@I2

�
;

� �� =
� ��

sin2 �
:

(6.2.33)

Substituting (6.2.33) in (6.2.29), one obtains13

@�rr

@R
=

4r ;R

r

�
1

J e2! s

�
r 2

�r 2
�

r ;R
2

&2

�
@�W
@I1

+ J e2! s

�
�r 2

r 2
�

&2

r ;R
2

�
@�W
@I2

�
: (6.2.34)

In the solid, one hasJ =
r 2r ;R

e3! s�r 2&
. Thus, (6.2.34) is simpli�ed as

@�rr

@R
= 4 �W1e! s

�
&
r

�
�r 2r ;R

2

&r3

�
+

4 �W2

e! s

�
r ;R

2

&r
�

&r
�r 2

�
; (6.2.35)

where �Wi = @�W
@Ii

for i = 1; 2. Using (6.2.10), (6.2.35) is rewritten as follows

� rr
;R = 4

�
�W1e! s

�
�W2 r 2

e! s�r 2

� �
� f

0 R2

� s
0 �r 2r

�
� s

0 �r 4 r ;R
2

� f
0 R2r 3

�
: (6.2.36)

12Here, we have used the fact that

I 1 = gabF a
A F b

B GAB ; I 2 =
1
2

�
I 2

1 � gmb gna F m
M F n

N F a
A F b

B GAM GBN �
: (6.2.31)

13The relationr 2
�
g�� + sin 2 � g ��

�
= 2grr has been used here.
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Hence, (6.2.36) can be integrated to obtain

� rr (R; t) = � rr (S(t); t) + 4
Z R

S(t)

�
�W1(�; t )e! s(T (�;t )) �

�W2(�; t )r 2(�; t )
e! s(T (�;t )) �r 2(� )

�

�
� f

0 � 2

� s
0 �r 2(� )r (�; t )

�
� s

0 �r 4(� ) r ;R
2(�; t )

� f
0 � 2r 3(�; t )

�
d� :

(6.2.37)

Remark 6.2.3.Note that� rr (R; t) has to be continuous atR = S(t) in order to satisfy the traction

continuity across the phase change interface.

Conservation of linear momentum inside the liquid. The Cauchy stress inside the liquid is

related to the energy function�W(J; T ) as� = @�W
@Jg] , i.e.,

� =
@�W
@J

2

6
6
6
6
4

1 0 0

0 1
r 2 0

0 0 1
r 2 sin2 �

3

7
7
7
7
5

: (6.2.38)

Note thatr 2
�
� �� + sin2 � � ��

�
= 2 � rr . In the absence of inertial effects and body forces, the radial

equilibrium equation is written as

r
@�rr

@R
=

�
(� �� + sin2 � � �� ) r 2 � 2� rr

� @r
@R

= 0 : (6.2.39)

Hence, it follows that@�rr

@R , i.e.,� rr (R; t) is independent ofR. Moreover, one has

@
@R

 
@�W
@J

!

= 0 : (6.2.40)

If the liquid is initially at the melting temperature, thenT f(R; t) = Tm and there is no heat transfer

occurring inside the liquid during the entire process. Because there are no temperature changes,

�W and, consequently,@�W
@J remain independent of temperature. Let us de�ne the temperature-

independent function�p(J ) as�p = @�W
@J, and denotep(R; t) = �p(J (R; t)) . Since @

@R

�
@�W
@J

�
= d�p

dJ
@J
@R,
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it follows from (6.2.40) that@J
@R = 0 [152]. Thus,J is independent ofR, which is indicated as

J (R; t) = J0(t), for some functionJ0(t) > 0. Note that! f(T f) = 0 becauseT f = Tm throughout

the process. Since (6.2.12)1 is simpli�ed asJ = r 2 r ;R

R2 , it is implied that inside the liquid one has

r 3(R; t) = s3(t) + J0(t)
�
R3 � S3(t)

�
: (6.2.41)

Sincer (0; t) = 0 , it follows from (6.2.41) thatJ0(t) = s3 (t )
S3 (t ) , and hencer (R; t) = R s(t)

S(t ) .14 Thus,

� rr (R; t) = � rr (S(t); t) = �p
�

s3(t)
S3(t)

�
: (6.2.42)

In our numerical examples, we consider the following temperature-independent energy func-

tion

�W(J ) = � f
0J + � f

0(J � 1)2 ; (6.2.43)

where� f
0 denotes the the bulk modulus of the liquid at temperatureT0, while � f

0 represents the

initial pressure in the liquid [156]. Hence,�p(J ) = � f
0 + � f

0(J � 1), and� =
�
� f

0 + � f
0(J � 1)

�
g] .

If the liquid is initially stress-free, i.e.,� (R; 0) = 0, then, it can be deduced fromJ0(0) = 1 that

� f
0 = 0. Therefore, one has

p(R; t) = � rr (R; t) = � f
0

�
s3(t)
S3(t)

� 1
�

: (6.2.44)

This means that the Cauchy stress remains uniform in a compressible hyperelastic �uid in the

absence of inertial effects, body forces, and heat �ow.

14Furthermore, it is implied thatr f
;R (R; t ) = s( t )

S( t ) andr f
;t (R; t ) = R [S( t ) _s( t ) � s( t ) _S( t )]

S2 ( t ) inside the liquid. Thus,

r f
;R (S(t); t) = s( t )

S( t ) andr f
;t (S(t); t) = _s(t) � s( t ) _S( t )

S( t ) , which agrees with the fact that_s(t) = r f
;R (S(t); t) _S(t) +

r f
;t (S(t); t).
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6.3 Stefan's problem for a neo-Hookean solid

Consider the following energy function for a thermoelastic neo-Hookean solid [76]

�W(I 1; J; T ) =
�

� s
0

2
(J � 2

3 I 1 � 3) +
� s

0

2
(J � 1)2

�
T
T0

� � s
0 � s

0 (J � 1)(T � T0) ; (6.3.1)

whereI 1 = e� 2! s
h

(� s
0 )2 �r 4 r ;R

2

(� f
0 )2R4 + 2r 2

�r 2

i
andJ = � s

0 r 2 r ;R

� f
0 e3! sR2 . For more details, refer to Appendix Ap-

pendix C. The nonzero components of Cauchy stress read

� rr = �WJ +
2 �W1 r ;R

2

Je2! s&2
; � �� =

�WJ

r 2
+

2 �W1

Je2! s�r 2
; � �� =

� ��

sin2 �
; (6.3.2)

where �WJ := @�W
@J. These coef�cients are calculated as follows

�W1 =
� s

0T
2T0

J � 2
3 ; �WJ =

�
� s

0(J � 1) �
� s

0

3
J � 5

3 I 1

�
T
T0

� � s
0 � s

0 (T � T0) : (6.3.3)

Further, we assume that! s depends on the temperature as per the following relation (see (C.0.4))

e3! s(T ) = 1 + � s
0Ts

0

�
1 �

Ts
0

T

�
: (6.3.4)

Since� rr is continuous acrossR = S(t), it follows from (6.2.37) and (6.2.44) that

� rr (R; t) = � f
0

�
s3(t)
S3(t)

� 1
�

+ 4
Z R

S(t)

�W1(�; t )e! s(T (�;t ))

�
� f

0 � 2

� s
0 �r 2(� )r (�; t )

�
� s

0 �r 4(� ) r ;R
2(�; t )

� f
0 � 2r 3(�; t )

�
d� :

(6.3.5)

Thus, using (6.3.2)1 and (6.2.10), (6.3.5) is rewritten as

�WJ (R; t) +
2� s

0 �r 4(R) r ;R (R; t)
� f

0 R2 r 2(R; t)
�W1(R; t) e! s(T (R;t )) = � f

0

�
s3(t)
S3(t)

� 1
�

+ 4
Z R

S(t)

�W1(�; t )e! s(T (�;t ))

�
� f

0 � 2

� s
0 �r 2(� )r (�; t )

�
� s

0 �r 4(� ) r ;R
2(�; t )

� f
0 � 2r 3(�; t )

�
d� ;

(6.3.6)
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where

�W1 =
� s

0 T e2! s

2T0

�
� f

0 R2

� s
0 r 2 r ;R

� 2
3

;

�WJ =
� s

0T
T0

�
� s

0r 2 r ;R

� f
0 e3! sR2

� 1
�

� � s
0 � s

0 (T � T0) �
� s

0T e3! s

3T0

�
� f

0 R2

� s
0 r 2 r ;R

� 5
3

�
(� s

0)2 �r 4r ;R
2

(� f
0)2R4

+
2r 2

�r 2

�
:

(6.3.7)

Therefore, for the neo-Hookean solid, the moving boundary problem on the domainR0 � R �

S(t) is written as15

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�WJ (R; t) +
2� s

0
�W1(R; t) e! s(T (R;t )) �r 4(R) r ;R (R; t)

� f
0 R2 r 2(R; t)

= � f
0

�
s3(t)
S3(t)

� 1
�

+4
Z R

S(t)

�W1(�; t )e! s(T (�;t ))

�
� f

0 � 2

� s
0 �r 2(� )r (�; t )

�
� s

0 �r 4(� ) r ;R
2(�; t )

� f
0 � 2r 3(�; t )

�
d� ;

K s(� s
0)3

cE (� f
0)4

�
T;RR (R; t) + � s(T(R; t))

�
T;R (R; t)

� 2
+

�
4�r 0(R)
�r (R)

�
2
R

�
T;R (R; t)

�
=

R4 _T(R; t)
�r 4(R)e! s(T (R;t ))

;

T;R (S(t); t) =
� f

0 l
K s

_S(t) ;

T(S(t); t) = Tm ;

r (S(t); t) = �r (S(t)) = s(t) ;

K sT;R (R0; t) = hc [Tc � T(R0; t)] ;

r (R0; t) = R0 ;

S(0) = R0 ;
(6.3.8)

where the temperature �eldT(R; t), the radial placement mapr (R; t) and the location of the

moving boundaryS(t) are unknown.

15Recall that (6.3.8)1 was obtained in (6.3.6), while (6.3.8)2 restates the heat equation (6.2.18), and (6.3.8)3 is the
Stefan's condition (6.2.25). The thermal boundary conditions are written in (6.3.8)4 and (6.3.8)6, while (6.3.8)5 and
(6.3.8)7 are the kinematic boundary conditions. Finally, (6.3.8)8 denotes the initial condition for the position of the
moving interface.
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Remark 6.3.1. On the moving boundary, (6.3.6) is rewritten as

�WJ (S(t); t) +
2� s

0 s2(t) r ;R (S(t); t)
� f

0 S2(t)
�W1(S(t); t) = � f

0

�
s3(t)
S3(t)

� 1
�

; (6.3.9)

where

�W1(S(t); t) =
� s

0

2

�
� f

0 S2(t)
� s

0 s2(t) r ;R (S(t); t)

� 2
3

;

�WJ (S(t); t) = � s
0

�
� s

0s2(t) r ;R (S(t); t)
� f

0 S2(t)
� 1

�
�

� s
0

3

�
� f

0 S2(t)
� s

0 s2(t) r ;R (S(t); t)

� 5
3

�
(� s

0)2 s4(t) r ;R
2(S(t); t)

(� f
0)2S4(t)

+ 2
�

:

(6.3.10)

Therefore, traction continuity across the moving interface is written asF
�

s(t )
S(t ) ; r ;R (S(t); t)

�
= 0,

where

F (x; y) := � s
0

�
� s

0x2 y
� f

0
� 1

�
+

2� s
0

3

�
� s

0 x2 y
� f

0

� 1
3

�
1 �

(� f
0)2

(� s
0)2 x4 y2

�
+ � f

0

�
1 � x3

�
: (6.3.11)

Sincer f
;R (S(t); t) = s(t )

S(t ) , traction continuity implies an implicit relation betweenr s
;R (S(t); t)

andr f
;R (S(t); t).

Non-dimensionalization. Let 0 � R� 1 andt � 0 be the dimensionless radial coordinate and

time variable, respectively. The dimensionless radial placement map, temperature �eld and the

location of phase-change interface are denoted byr (R; t ), T(R; t ) andS(t ), respectively. These

dimensionless quantities are de�ned in Table 6.1. It follows from (6.3.8)1 and (6.3.7) that for
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Table 6.1:De�nitions of the scaled variables and the dimensionless parameters incorporated in(6.3.12)-(6.3.15).

Category De�nitions

Independent variables
R= R

R0

t = K s(� s
0 )3 t

cE (� f
0 )4R2

0

Unknown variables

r (R; t ) = 1
R0

r
�

R0R; cE (� f
0 )4R2

0 t
K s(� s

0 )3

�

T(R; t ) = 1
Tc � Tm

h
T

�
R0R; cE (� f

0 )4R2
0 t

K s(� s
0 )3

�
� Tm

i

S(t ) = 1
R0

S
�

cE (� f
0 )4R2

0 t
K s(� s

0 )3

�

Constant parameters

p = � s
0

� f
0

q = � s
0

� f
0

f = � s
0

� f
0

a = 1 � Tc
Tm

b = � s
0[Tm � Tc]

h = hcR0
K s

L = (� s
0 )3 l

( � f
0 )3cE [Tm � Tc ]
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1 > R � S(t )16

q[1 � aT(R; t )]
�

fr 2(R; t )r ;R(R; t )[1 � aT(R; t )]
R2[1 � (a+ b)T(R; t )]

� 1
�

+ pbT(R; t ) + 1 �
s3(t )
S3(t )

+ p[1 � (a+ b)T(R; t )]
�

fr 2(R; t )r ;R(R; t )
R2

� 1
3

�
�r 4(R)

r 4(R; t )
�

1
3

�
2R4

f2 �r 2(R) r 2(R; t ) r 2
;R(R; t )

+ 1
��

� 2p
Z R

S(t )
[1 � (a+ b)T(�; t )]

�
fr 2(�; t )r ;R(�; t )

� 2

� � 2
3

�
� 2

f �r 2(� )r (�; t )
�

f �r 4(� ) r 2
;R(�; t )

� 2r 3(�; t )

�
d� = 0 ;

(6.3.12)

where�r (R) = r (R; S� 1(R)), s(t ) = r (S(t ); t ) anda, b, f, p, q are dimensionless constant parame-

ters de�ned in Table 6.1.17

Similarly, for 1 > R > S(t ), the heat equation (6.3.8)2 is rewritten as

T;RR(R; t ) �
bT2

;R(R; t )

3[1� (a+ b)T(R; t )][1 � aT(R; t )]
+

�
4�r 0(R)
�r (R)

�
2
R

�
T;R(R; t ) =

R4[1 � aT(R; t )]
1
3 T;t (R; t )

�r 4(R)[1 � (a+ b)T(R; t )]
1
3

;

(6.3.14)

and, (6.3.8)3� 8 are rewritten as

T;R(S(t ); t ) = � L
dS(t )

dt
;

T(S(t ); t ) = 0 ;

r (S(t ); t ) = �r (S(t )) = s(t ) ;

T;R(1; t ) = h[1 � T(1; t )] ;

r (1; t ) = 1 ;

S(0) = 1 ;

(6.3.15)

16Sincea = 1 � Tc
Tm

andb = � s
0[Tm � Tc], it follows from (6.3.4) thate! s(T ) =

h
1� (a+ b)T

1� aT

i 1
3

and[Tm � Tc] � s(T) =
b

3[1� (a+ b)T][1� aT] .
17The non-dimensionalized traction continuity condition across the moving interface reads

q
�

fs2(t )r ;R(S(t ); t )
S2(t )

� 1
�

+
2p
3

�
fs2(t )r ;R(S(t ); t )

S2(t )

� 1
3

�
1 �

S4(t )
f2 s4(t ) r 2

;R(S(t ); t )

�
=

s3(t )
S3(t )

� 1 : (6.3.13)
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whereh, L are dimensionless constant parameters de�ned in Table 6.1. Thus, (6.3.12)-(6.3.15)

constitute the non-dimensionalized boundary-value problem on the evolving domainf (R; t ) : 0 �

S(t ) � R � 1 = S(0)g.18 Further, the physical components of the Cauchy stress in the solid are

non-dimensionalised as�� ab = � ab p
gaa gbb

� f
0

(no summation). Similarly, the pressure in the liquid,

which is independent ofR, is non-dimensionalized as�p(t ) = p(t )
� f

0
.19

Remark 6.3.2. Note that (6.3.14) is rewritten as

"
�r 4(R)

R2

�
1 � (a+ b)T(R; t )

1 � aT(R; t )

� 1
3

T;R(R; t )

#

;R

= R2T;t (R; t ) ; (6.3.16)

which is integrated using (6.3.15)1� 6 to obtain

h[1 � T(1; t )]
�

1 � (a+ b)T(1; t )
1 � aT(1; t )

� 1
3

+
Ls4(t ) _S(t )

S2(t )
=

Z 1

S(t )
� 2 T;t (�; t ) d� : (6.3.17)

Since20

Z t

0

� Z 1

S(� )
� 2 T;� (�; � )d�

�
d� =

Z 1

S(t )
� 2 T(�; t )d� ; (6.3.18)

it follows from (6.3.17) that21

Z t

0
h[1 � T(1; � )]

�
1 � (a+ b)T(1; � )

1 � aT(1; � )

� 1
3

d� =
Z 1

S(t )

�
� 2 T(�; t ) +

L �r 4(� )
� 2

�
d� : (6.3.19)

Thus, the Stefan's condition (6.3.15)1 can be replaced with the integral constraint (6.3.19).

Remark 6.3.3. Let z � 0 be the time when the layer with radial coordinateR solidi�es and

attaches to the shell, i.e.,R = S(z). Let � and � denote the radial placement and temperature

18Recall thatm(t ) := 1 � S3(t ) represents the mass fraction solidi�ed.
19It is implied from (6.2.44) that�p(t ) = 1 � s3 ( t )

S3 ( t ) .
20This is implied from the fact that@@t

R1
S( t ) � 2 T(�; t ) d� =

R1
S( t ) � 2 T;t (�; t ) d� .

21Note that the change of variable
Rt

0
s4 ( � ) _S( � )

S2 ( � ) d� =
RS(t )

1
�r 4 ( � ) d�

� 2 has been used here.
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�elds, respectively, expressed as functions ofz andt , i.e.,

� (z; t ) = r (S(z); t ) ; �( z; t ) = T(S(z); t ) : (6.3.20)

Thus, the heat equation (6.3.14) is rewritten in terms of� and� as22

� ;zz(z; t ) �
b� 2

;z(z; t )

3[1� a�( z; t )][1 � (a+ b)�( z; t )]
+

�
4_s(z)
s(z)

�
2_S(z)
S(z)

�
•S(z)
_S(z)

�
� ;z(z; t )

=
S4(z) _S2(z)[1 � a�( z; t )]

1
3 � ;t (z; t )

s4(z)[1 � (a+ b)�( z; t )]
1
3

;

(6.3.22)

wheres(t ) = �r (S(t )) = � (t ; t ), and thus_s(t ) = � ;z(t ; t ) + � ;t (t ; t ). Note that (6.3.22) can be

rearranged as follows

@
@z

"
s4(z)[1 � (a+ b)�( z; t )]

1
3 � ;z(z; t )

S2(z) _S(z)[1 � a�( z; t )]
1
3

#

= S2(z) _S(z)� ;t (z; t ) : (6.3.23)

Similarly, (6.3.12) is rewritten as

q[1 � a�( z; t )]
�

f � 2(z; t )� ;z(z; t )[1 � a�( z; t )]
S2(z) _S(z)[1 � (a+ b)�( z; t )]

� 1
�

+ 1 �
s3(z)
S3(z)

+ p[1 � (a+ b)�( �; t )]
�

f � 2(z; t )� ;z(z; t )
S2(z) _S(z)

� 1
3

�
s4(z)

� 4(z; t )
�

1
3

�
2S4(z) _S2(z)

f2s2(z)� 2(z; t )� 2
;z(z; t )

+ 1
��

+ 2p
Z t

z
[1 � (a+ b)�( �; t )]

�
f � 2(�; t )� ;z(�; t )

S2(� ) _S(� )

� � 2
3

�
S2(� )

fs2(� )� (�; t )
�

f s4(� )� 2
;z(�; t )

S2(� ) _S2(� )� 3(�; t )

�
d� = 0 ;

(6.3.24)

22The following relations have been used here

r ;R(R; t ) =
� ;z(z; t )

_S(z)
; T;R(R; t ) =

� ;z(z; t )
_S(z)

; T;RR(R; t ) =
� ;zz(z; t )

_S2(z)
�

� ;z(z; t ) •S(z)
_S3(z)

; (6.3.21)

whereR= S(z). These are obtained by differentiating the de�nition (6.3.20) with respect toz.

136



and, (6.3.15) is rewritten as

� ;z(t ; t ) = � L _S2(t ) ;

�( t ; t ) = 0 ;

� (t ; t ) = s(t ) ;

� ;z(0; t ) = h _S(0) [1 � �(0 ; t )] ;

� (0; t ) = 1 ;

S(0) = 1 :

(6.3.25)

Hence, the transformed system of equations (6.3.23)-(6.3.25) form a boundary-value problem over

the �xed triangular domainf (z; t ) : 0 � z � t � t endg, wheret end is the time taken for complete

solidi�cation, i.e.,S(t end) = 0 .

Remark 6.3.4. For t > 0, consider the ratiou = z
t 2 [0; 1]. Let � and 
 denote the radial

placement and temperature �elds, respectively, expressed as functions ofu andt , i.e.,


 (u; t ) = �( ut ; t ) ; � (u; t ) = � (ut ; t ) : (6.3.26)

This change of variable transforms the triangular domainf (z; t ) : 0 < z � t � t endg into the

rectangular domainf (u; t ) : 0 � u � 1; 0 < t � t endg. Further, the derivatives of� and� are

related to those of� and
 as

� ;z(z; t ) =
� ;u(u; t )

t
; � ;z(z; t ) =


 ;u(u; t )
t

; � ;zz(z; t ) =

 ;uu(u; t )

t 2
; (6.3.27)

and,

� ;t (z; t ) = 
 ;t (u; t ) �
u
t


 ;u(u; t ) ; (6.3.28)

whereu = z
t . Note that the thermal and displacement boundary conditions in (6.3.25) are ex-
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pressed in terms� and
 as follows


 ;u(1; t ) = � Lt _S2(t ) ;


 (1; t ) = 0 ;

� (1; t ) = s(t ) ;


 ;u(0; t ) = h _S(0) t [1 � 
 (0; t )] ;

� (0; t ) = 1 ;

S(0) = 1 :

(6.3.29)

Thus, it follows from (6.3.29)3 that _s(t ) = � ;t (1; t ). Therefore, (6.3.22) is rewritten in terms of

� and
 as


 ;uu(u; t ) �
b 
 2

;u(u; t )

3[1� a
 (u; t )][1 � (a+ b) 
 (u; t )]
+

�
4� ;t (1; ut )
� (1; ut )

�
2_S(ut )
S(ut )

�
•S(ut )
_S(ut )

�
t 
 ;u(u; t )

+
S4(ut ) _S2(ut )[1 � a
 (u; t )]

1
3 [u
 ;u(u; t ) � t 
 ;t (u; t )]

� 4(1; ut )[1 � (a+ b) 
 (u; t )]
1
3

= 0 :

(6.3.30)

Similarly, (6.3.24) is rewritten as

q[1 � a
 (u; t )]
�

f � 2(u; t ) � ;u(u; t )[1 � a
 (u; t )]
t S2(ut ) _S(ut )[1 � (a+ b)
 (u; t )]

� 1
�

+ p[1 � (a+ b)
 (u; t )]
�

f � 2(u; t ) � ;u(u; t )
t S2(ut ) _S(ut )

� 1
3

�
� 4(1; ut )
� 4(u; t )

�
1
3

�
2t 2 S4(ut ) _S2(ut )

f2� 2(1; ut )� 2(u; t ) � 2
;u(u; t )

+ 1
��

+ 2p
Z 1

u
[1 � (a+ b)
 (�; t )]

�
f � 2(�; t ) � ;u(�; t )

t S2(� t ) _S(� t )

� � 2
3

�
S2(� t )

f � 2(1; � t ) � (�; t )
�

f � 4(1; � t ) � 2
;u(�; t )

t 2S2(� t ) _S2(� t ) � 3(�; t )

�
t d�

=
� 3(1; ut )
S3(ut )

� 1:

(6.3.31)

Hence, (6.3.30), (6.3.31) and (6.3.29) form a system of nonlinear PDEs coupled with an ODE,23

23Note that the integral equation (6.3.31) can be differentiated with respect tou to get rid of the integral term. Thus,
(6.3.31) and (6.3.30) are second-order nonlinear PDEs in terms of the unknown �elds� (u; t ) and
 (u; t ). Similarly,
(6.3.29)1 is an ODE in terms of the unknown functionS(t ).
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with the unknown �elds� (u; t ), 
 (u; t ) andS(t ) over the rectangular domainf (u; t ) : 0 � u �

1; 0 < t � t endg.

Remark 6.3.5.Note that the standard heat equation is recovered by setting�r (R) = R and� s(T) =

0 in (6.2.18), which is written as

D s
f

�
T;RR (R; t) +

2
R

T;R (R; t)
�

= _T(R; t) : (6.3.32)

Therefore, in the absence of any elastic deformation or thermal expansion, the non-dimensionalized

moving boundary problem reads

T;RR(R; t ) +
2
R

T;R(R; t ) = T;t (R; t ) ;

T;R(S(t ); t ) = � L
dS(t )

dt
;

T(S(t ); t ) = 0 ;

T;R(1; t ) = h[1 � T(1; t )] ;

S(0) = 1 ;

(6.3.33)

where1 � R � S(t ) andt � 0. Here,h is the Biot number, and1L is the Stefan number. The

phase change problem (6.3.33) has been analyzed by London and Seban [157], Tao [158], Shih

and Chou [159], Hill and Kucera [160], and possibly others. Furthermore, (6.3.19) is simpli�ed as

ht +
L
3

�
S3(t ) � 1

�
�

Z t

0
hT(1; � )d� =

Z 1

S(t )
� 2 T(�; t ) d� : (6.3.34)

Alternatively, since (6.3.33)1 is rewritten as[RT(R; t )];RR = [ RT(R; t )];t , it can be shown using
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Figure 6.2: The numerical solution for the evolution of the moving boundary obtained in the present work for the
decoupled thermal problem(6.3.33)with L = 10, is compared with that obtained by Tao [158].

(6.3.33)2� 5 that the Stefan's condition (6.3.33)2 is equivalent to24

ht +
L
2

�
S2(t ) � 1

�
+ (1 � h)

Z t

0
T(1; � )d� =

Z 1

S(t )
� T(�; t ) d� : (6.3.37)

Thus, for a rigid conductor, Stefan's condition (6.3.33)2 can be replaced with the integral constraint

(6.3.34), or equivalently with (6.3.37).

6.4 Numerical results and discussion

Several numerical methods for the solution of moving boundary value problems have been pro-

posed over the years [21, 161]. In this work, we follow the approach of Doughlas and Gallie [162],

where for a speci�ed space grid, the corresponding instances of time are calculated as the moving

boundary assumes these discrete positions in progression. It should be noted that the bijectivity

24Using (6.3.33)2� 4, it is implied that

Z 1

S( t )
[RT(R; t )];RRdR= h + [1 � h]T(1; t ) + LS(t ) _S(t ) : (6.3.35)

Therefore, since[RT(R; t )];RR= [ RT(R; t )];t , (6.3.37) follows from (6.3.33)5 and the fact that

Z 1

S( t )
RT(R; t )dR=

Z t

0

" Z 1

S( � )
RT;� (R; � )dR

#

d� : (6.3.36)
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Figure 6.3:The moving boundary evolution for the decoupled thermal problem withL = 2 obtained in the present work
is compared with numerical data from the literature [158, 159, 160]. Here, S-1 refers to the solution of system(6.3.33),
while S-2 and S-3 correspond to the systems where(6.3.33)2 is replaced by(6.3.37)and (6.3.34), respectively.

Figure 6.4:The temperature �eldT(R; t ) for the rigid conductor problem(6.3.33)with h = 0 :5, L = 10 is depicted at
various instances of time as the solidi�cation interface moves inward.

of S(t) is exploited here, allowing us to treat the time of accretion as the unknown. For each un-

known time step, the moving interface is �rst assigned a position. Treating the domain as �xed, we

calculate the deformation and temperature �elds, along with the instant of time for this interface

location, by solving the conservation of linear momentum, transient heat equation, and Stefan's

condition. This is implemented using a �nite difference approximation (an implicit scheme) in

MATLAB . The optimum time step that minimizes the residue from Stefan's condition to ensure a

suf�ciently small magnitude is calculated usingfminunc , while the corresponding numerical so-
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