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SUMMARY

The thesis presents a geometric nonlinear theory for analyzing the mechanics of accreting-
ablating bodies, extending previous work on accretion mechanics. The focus is on large defor-
mations of bodies simultaneously experiencing continuous accretion and ablation under external
loads. The theory de nes the natural con guration of such bodies as time-dependent Riemannian
3-manifolds, with an a priori unknown metric determined by solving the accretion-ablation initial-
boundary-value problem. This formulation incorporates time of attachment and time of detachment
maps, along with accretion and ablation velocities, to describe the time-dependent reference con-
guration. To illustrate the geometric theory in a practical context, we provide a detailed analysis
of a thick hollow circular cylinder. The cylinder, made of an incompressible isotropic material,
undergoes continuous ablation on its inner boundary and accretion on its outer boundary during a
nite time-dependent extension. The state of deformation and stress during the accretion-ablation
process, and the residual stretch and stress after the completion of the accretion-ablation process
are computed. Additionally, we formulate the initial-boundary value problem for accreting circular
cylindrical bars under nite torsion, assuming that the bar grows by printing stress-free cylindrical
layers on its boundary while subject to time-dependent torque (or twist) and free axial deformation.

In the latter part of this thesis, the Stefan's condition for thermoelastic accretion induced by
phase change is discussed. This is aimed at studying elastic deformations coupled with mass
transport and heat transfer in accretion-ablation problems involving phase changes. A continuum
theory of solidi cation is formulated within the context of nite-strain coupled thermoelasticity.
This contribution addresses a gap in the literature, as the existing studies on solidi cation typically
decouple the thermal problem (the classical Stefan's problem) from the elasticity problem, and
often limit themselves to linear elasticity with small strains. Treating solidi cation as an accretion
problem, with the growth velocity correlated with the jump in heat ux across the boundary, it

presents an initial boundary-value problem (IBVP) over a domain whose boundary location is a

Xiii



priori unknown. This is solved numerically for the speci ¢ example of radially inward solidi ca-
tion in a spherical container. Several parametric studies are conducted to compare the numerical
results with the rigid cases in the literature and gain insights into the role of certain dimensionless

constants in the formulation.
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CHAPTER 1
INTRODUCTION

Various types of phase changes are observed in our surroundings, ranging from the freezing of
seas [1] and the polymerization of proteins within living cells [2, 3] to the ongoing solidi cation
process in the Earth's core [4, 5, 6, 7, 8]. In engineering, phase transitions are highly relevant
in various contexts, including concrete solidi cation [9], the shape memory effect observed in
polymers and alloys [10, 11], cryopreservation [12, 13], as well as the applications of phase change
materials in thermal energy storage and photonics [14, 15]. Several theoretical studies [16, 17, 18,
19] comprehensively categorize all such phase transition phenomena that are observed in Nature.
Without delving into excessive detail, we specify that in this work our focus is on the liquid-to-
solid phase transition, which is classi ed as a rst-order phase transition. These transitions are
characterized by a nite discontinuity in the rst derivative of free energy with respect to a speci c
thermodynamic variable. In the case of solidi cation, this discontinuity manifests as a change in
density, which can be heuristically related to the derivative of free energy with respect to pressure.
Such transitions involve the release of latent heat while the temperature remains constant. This
latent heat release causes a jump in heat ux across the moving boundary, which is typically known
as the Stefan's condition.

The termStefan's problenbroadly refers to the family of mathematical models describing
physical processes involving heat transfer, diffusion, and latent heat, which feature a moving
boundary with ara priori unknown location. The earliest known work in this eld was a study
conducted by Lara and Clapeyron [20] on the cooling of a positive half-space lled with a ho-
mogeneous liquid at its solidi cation temperature. They demonstrated that the thickness of the
solidi ed crust is proportional to the square root of time. However, it was when Stefan [1] pub-

lished his work on the formation of ice in polar seas that this type of problem caught the attention



of the majority of scientists, and the eld was named after him. The history of what is now known
as the Stefan's problem has been meticulously compiled in several texts [21, 22, 23, 24, 25, 26], all
of which provide extensive and comprehensive bibliographies on the subject matter. Therefore, we
do not attempt to provide a historical survey here. Over the past century, research on Stefan-type
problems has predominantly fallen into the following categories: mathematical modeling of natural
and engineering processes involving moving interfaces [27, 28, 29], investigations into the exis-
tence and uniqueness of solutions [30, 31, 32, 33], development of ef cient numerical techniques
for solutions of problems with an unknown moving boundary [34, 35, 36, 37], and generalizations
such as extensions to higher dimensions [38, 39].

Solidi cation plays a vital role in several manufacturing processes that constitute the back-
bone of modern-day industry, such as traditional casting [40], injection molding [41, 42], selective
laser sintering [43], vat photopolymerization [44, 45], and ice-templating [46]. However, there is
a shortage of studies addressing the mathematical modeling of the evolution of deformations and
stresses during the solidi cation process within the realm of fully nonlinear and coupled thermoe-
lasticity. Such modeling is of paramount importance for the design and analysis of manufacturing
processes involving solidi cation, where molten materials cool to ambient temperatures. The sub-
stantial temperature drop in this process can result in severe part distortion and the development
of high residual stresses. It is equally important to obtain the continuous evolution of thermal
stresses and deformations throughout the manufacturing process to assess the potential occurrence
of mechanical instabilities and failures [47]. Residual stresses play a vital role, as they dictate how
manufactured components respond to external stimuli, including service loads [48]. Excessive
residual and thermal stresses can give rise to issues such as layer delamination during deposition
and the formation of cracks as the part cools [47]. Moreover, thermal contraction can distort parts
made through these processes, affecting their geometric tolerance [49]. While many methods exist
for measuring thermal stress during fabrication or residual stresses post-fabrication, they typically

measure the values at speci c locations due to the cost and time constraints [50]. Thus, understand-



ing the continuous evolution of thermal stresses and residual stress distribution, whether through
numerical or analytical tools [51], is critical for designing manufacturing processes to mitigate
geometric inaccuracies, instabilities, and failures [52].

The aim of this work is to analyze stress and deformation during solidi cation and their residual
effects in a nonlinear thermoelastic framework. As new layers are deposited onto the surface
of a solidifying body, it gives rise to an accretion problem. Accretion refers to the growth of a
deformable body through the addition of material points.

There are numerous examples of structures in Nature and engineering that are built through
an accretion process and/or during their lifetime experience ablation. As examples in Nature one
can mention growth of biological tissues and crystals, formation of planetary objects, volcanic
and sedimentary rock formations, snow and ice cover build-up, glacier accumulation and abla-
tion, etc. As engineering applications one can mention additive manufacturingbapdnting,
metal solidi cation, construction of concrete structures in successive layers, construction of ma-
sonry structures, the deposition of thin Ims, ice accretion on an aircraft wing that may lead to
degradation of aerodynamic performance, and laser ablation of polymers, etc.

The rst accretion mechanics problem was solved by Southwell [53], namely the analysis of
thick-walled cylinders manufactured by wire winding of an initial elastic tube. The problem of
a growing planet subject to self-gravity was studied in a seminal paper by Brown and Goodman
[54]. Their analysis was done in the setting of linear elasticity and it was observed that accretion
may induce residual stresses. In the seminal work of Skalak et al.[55, 56], the kinematics of
surface growth was formulated and a time of attachment map was introduced. Another notable
work is the paper of Meltov [57] who formulated a large-deformation theory of aging viscoelastic
solids undergoing accretion. He also introduced a time of attachment map as part of the kinematic
description of accretion. There have been many more works on the mechanics of surface growth
in the literature [58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 66, 68, 69, 70, 71, 72,73, 74,75, 76, 77, 78,

79, 80], see [81] and [70] for more detailed reviews.



Drawing inspiration from Eckart [82] and Kondo [83], a natural approach to accreting bodies is
to treat them as time-dependent Riemannian manifolds. The metric for the new points depends on
the state of deformation at that point during the accretion process. If the source of anelasticity in
the problem is time-independent, the metric at each point remains constant after attachment. How-
ever, in the case of thermoelastic accretion, this metric is assumed to be temperature-dependent
and therefore evolves with time at each point. The geometric theory of accretion was initially for-
mulated by Sozio and Yavari [70] for surface growth in cylindrical and spherical bodies. Several
theoretical results related to accretion boundary value problems were discussed in [75]. Accretion
of circular cylindrical bars under nite extension in a study by Yavari et al. [80]. Further, Sozio et
al. [76] formulated a thermoelastic accretion boundary value problem using the geometric theory
of thermoelasticity proposed by Sadik and Yavari [84]. In their work, Sozio et al. [76] modeled the
effects of heat conduction and thermal expansion in an in nite cylinder &mit@lock undergoing
accretion through the addition of hot molten layers. However, the effect of phase transition was not
taken into consideration, and the accretion surface velocities were assumed to be externally con-
trolled. In this thesis, we model accretion induced by solidi cation as a Stefan's problem, where
the accretion velocity is a priori unknown. We take into account the effects of latent heat released
during solidi cation, and the accretion velocity is related to the heat ux through the Stefan's
condition.

This thesis is organized as follows. In 82, a geometric theory of accretion-ablation mechan-
ics is formulated. The kinematics, material manifold, material metric, constitutive equations, and
the balance laws are discussed in detail. An example is analyzed in detail in 83 as an application
of the geometric theory. More speci cally, a thick hollow cylinder under nite time-dependent
extension while undergoing simultaneous accretion and ablation is analyzed. Both displacement
and force-control loadings are considered. The state of deformation and stress during accretion-
ablation and the effect of loading during accreting-ablation on the residual stress distribution are

analyzed. Several numerical examples are presented in the case of incompressible neo-Hookean



solids. In 84, the nonlinear accretion problem of a circular cylindrical shaft that is under nite
torsion while it is free to deform axially is formulated. The natural con guration (material mani-
fold) of the growing shatft is constructed, and stresses and residual stresses are calculated assuming
that during the accretion process either a time-dependent applied torque or a time-dependent twist
per unit length is given. Several numerical examples are solved and discussed. The kinematics,
stresses, and residual stresses are calculated in the setting of linear accretion mechanics. The lin-
ear and nonlinear solutions are compared in a numerical example. The mechanics of thermoelastic
accretion resulting from phase change, in conjunction with the Stefan's condition, are discussed in
85. The example of radially inward solidi cation of a liquid, initially at the melting temperature

inside a cold spherical container, is thoroughly discussed in 86. Conclusions are given in 87.



CHAPTER 2
A CONTINUUM THEORY OF ACCRETION AND ABLATION

In classical nonlinear elasticity the reference con guration is a xed manifold (a xed set of ma-
terial points equipped with a metric inherited from the Euclidean ambient space). Motion is a
one-parameter family of maps from the xed reference con guration to the Euclidean ambient
space. In anelasticity (in the sense of Eckart [82]) the reference con guration is a xed mani-
fold equipped with a metric that explicitly depends on the source of anelasticty, e.g., temperature
changes, swelling, bulk growth, remodeling, defects, etc. In this more general setting, motion is
still a map from the xed reference con guration to the Euclidean ambient space. However, the
natural distances in the reference con guration are measured using the non- at metric of the mate-
rial manifold. Theory of anelasticity has been used in modeling a very large class of problems, e.g.,
thermoelasticity [85, 86, 84], mechanics of distributed defects [87, 88, 89, 90, 91, 92], swelling and
cavitation [93, 94, 95, 96, 97], and bulk growth [98, 99, 100, 101]. Anealsticity has traditionally
been formulated using the multiplicative decomposition of deformation gradient into an elastic and
an anelastic parf = FE.! This leads to the notion of the so-called “intermediate con guration”,
which is usually de ned only locally. A more natural approach would be to follow Eckart [82]

and Kondo [83, 105] and use a Riemannian material manifold, which is a xed manifold with a
possibly time-dependent metric if the source of anealsticity is time dependenf[E06gxample,

in the case of bodies undergoing bulk growth the reference con guration is a Riemannian manifold
(B; Gy), whereB is a xed 3-manifold with a time-dependent Riemannian me@ic[100].

For accreting-ablating bodies the set of material points is time dependent; the reference con-

For detailed historical accounts of this decomposition see [102, 103].

2See [104, 103] for discussions on global intermediate con gurations (manifolds).

3Anelastic bodies are non-Euclidean in the sense that their reference con gurations are not Euclidean, in general.
The termNon-Euclidean solidbas been used interchangeably for anelastic bodies in the recent literature [71, 72, 74]
(this term was coined by Henri Poin&af107]). Also, anelastic plates have been called-Euclidean plates the
literature [108].



guration is a time-dependent sBt. In the absence of any other anelastic source, the initial body

Bo has a at metricG that is inherited from the Euclidean ambient space (the induced Euclidean
metric). A point on the boundary of the body is either non-active or active. At an active point of

the boundary and at a given tinh¢here is either accretion (addition of new material) or ablation
(removal of material); accretion and ablation cannot occur simultaneously at the same point and at
the same time. Stress-free or pre-stressed material can be added on the accretion boundary. The
material metric is controlled by both the state of stress of the material before joining the body
and the state of deformation of the body at the time of attachment. It is known that accretion
may induce residual stresses due to the non- atness of the material metric [70, 75] and this is the
nonlinear analogue of Brown and Goodman [54]'s observation.

Most of the existing works in the literature of surface growth mechanics are restricted to ac-
cretion problems without ablation. Exceptions are [109, 78], and [110]. Naghibzadeh et al. [110]
considered both accretion and ablation in a Eulerian large-deformation setting and analyzed ac-
cretion and ablation problems without explicitly using an evolving reference con guration. They
used the governing equations in a Eulerian setting ﬁ/i(lthe elastic part of the deformation gra-
dient) as their kinematic descriptor. They recovered some of the results from [70] in their Eulerian
formulation for an in nite thick hollow cylinder accreting on its outer surface with a hydrostatic
pressure applied on its inner surface. They also analyzed a thick hollow spherical shell undergo-
ing accretion through its xed inner boundary while ablation takes place on its traction-free outer
boundary.

Recently, the nonlinear geometric accretion theory developed in [70, 75] was used to examine
the time-dependent nite extension of incompressible isotropic accreting circular cylindrical bars
[80]. In the absence of accretion, these deformations are subsets of Bamnilyersal deforma-
tions [111]. It was shown that even in the presence of cylindrically-symmetric accretion these
deformations are universal [80].

Let us consider a body in a time-dependent motion. This body while undergoing large defor-



mations is simultaneously growing on part of its boundary by absorbing mass while it is losing

mass on another part of its boundary. We are interested in understanding the mechanics of such

accreting-ablating systems. There are four questions that any mechanical/mathematical model of
accretion-ablation should be able to answer:
i) What is the state of deformation and stresses during a process of accretion-ablation?

i) At the end of an accretion-ablation process and after removing the external loads, what is the
state of deformation and internal stresses (residual stresses) in the body?

iii) Now the nal structure is put under service loads. How can one analyze such a residually-
stressed structure?

iv) How should an accretion-ablation process be designed in order to build structures with the
desired distribution of residual stresses, and the optimum stiffness/compliance under service
loads?

In the next chapter we show how our theory can be used in answering the rst three questions. The

fourth problem will be studied in a future communication.

In this chapter, we formulate a geometric nonlinear theory of the mechanics of accreting-
ablating bodies. This is an extension of the non-linear theory of accretion proposed in [75]. We are
interested in large deformation analysis of bodies that undergo simultaneous accretion and ablation
on their boundaries continuously while under external loads (Figure 2.1). In this formulation, the
natural con guration of an accreting-ablating body is a time-dependent Riema&mramnifold
with a metric that is an unknown a priori and is determined after solving the accretion-ablation
initial-boundary-value problem. In addition to the time of attachment map, we introduce a time of
detachment map that along with the time of attachment map, and the accretion and ablation veloc-
ities describes the time-dependent reference con guration of the body. The kinematics, material

manifold, material metric, constitutive equations, and the balance laws are discussed in detail.



Figure 2.1: Motion of an accreting-ablating elastic body. The material manifold is a time-dependent Riemannian
manifold(B;; G) whose metric is to be determined. The deformed body is embedded in the Euclidean ambient space
(S; 9), whereg is a time-independent background metric.

Figure 2.2: An initial body By in the material ambient spadel and partitioning of its boundary into accretion,
ablation, and inactive surfaces.

2.1 Riemannian geometry and kinematics of nite deformations

In this section we tersely review some basic concepts of Riemannian geometry that are used in the
description of the kinematics of accreting-ablating bodies. A sm8atianifoldB is a topological

space that locally looks like the three-dimensional Euclidean SR&ca coordinate chartX A g :

B! RZ2is alocal diffeomorphism. The body in its reference con guration is identi ed with the
3-manifoldB. The tangent space &f at a pointX 2 B is a three-dimensional linear space and is
denoted byTy B. The three-dimensional Euclidean ambient space is denot&d Bylocal chart

on S is denoted byf x?g. Motion' ; : B! S is a one-parameter family of smooth, invertible,

and orientation preserving maps between the reference con guration and the ambient space (more

precisely, motion is a cunvie7! ' | in the space of all con gurations &). The derivative (tangent)



map of' ; is denoted byr; = T' , and is a two-point tensor, i.e., is a linear map between tangent
spaces of two different manifoldB,(X;t) : TxB ! TG, wherex = ' (X) andG = ' {(B). In
the continuum mechanics literatufes called deformation gradient. This term may be misleading
as gradient is a metric-dependent operator while the tangent map is not. With respect to the local
coordinate chartsX A g andf x2g for B andS, respectively, deformation gradient has the following
representation

@ @™

— a = A. a — .
F_FA@R dX?;  F2, % (2.1.1)

The set of vectors @—% and co-vectorsi-forms) f dX”g are bases for the tangent spaGe
and co-tangent spacB, B, respectively. A smooth vector eld oB is a smooth assignment
of vectors (elements of the tangent space) to pointB.ofThus, for a smooth vector el
onB, Wyx 2 TxB, X 7! Wy 2 TxB varies smoothly. Push-forward of a vector eld on
B by the deformation mapping is a vector eld in the ambient space and is de néd\&s =
T W ' 1 Pull-back of a vector eldv onC= "' (B) is a vector eld onB and is de ned as
"w=T(C 1) w '.Thepush-forward and pull-back of vectors have the following coordinate
representationg! W)2 = F3, WA and(" w)* = F, Awa.

A bilinear mapT : TxB TxB ! Risa(9)-tensor atX 2 B. In a local coordinate chart
f X Agfor B and arbitrary vectorl andW , one writesT (U; W) = Tag UA W, Let us consider
an inner producG x on the tangent spacg B that varies smoothly, i.e., Il andW are vector
elds on B, thenX 7! Gy (Ux;W x) is a smooth function. A positive-de nite bilinear form
G is called a metric. The inner product induced by the mefic is denoted byh;:i ; . The
manifold B equipped with a smooth metr is called a Riemannian manifold and is denoted as
(B; G). Distances in the ambient space are calculated using the background Euclideargmetric
The Riemannian manifol@S; g) is called the ambient space manifold. In elasticity, the reference
con guration inherits a at metric o from the ambient space and the material mani(@dG ) is

at. In anelasticity the natural distances explicitly depend on the source of anelasticity and so does

the material metrics, which is non- at, in general. For the two Riemannian manifol@sG)
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and(C, g), and the deformation mapping: B ! C , push-forward of the metriG is denoted by

G, which is a metricorC= ' (B), and is de ned as
Hu wad gy = B u)x; (0 Wi, s (2.1.2)

wherex = ' (X). It has component§ G)a, = Fa * F, B Gag . Similarly, the pull-back of the

metricg is denoted by g and is a metricin (C) = B de ned as
MU Wi gy, = M U) (0 Wi g (2.1.3)

It has components, g)as = F2a FP% 0. The two Riemannian manifold®; G) and(C; g)
are called isometricic = ' g, or equivalentlyg = ' G. In this case) is called an isometry.

The adjoint of deformation gradieft’(X;t) : T,G! Ty B is de ned such that
h ;FWi=H"® ;Wi; 8W 2TxB; 2T,C; (2.1.49)

whereh; :i is the natural paring af-forms and vectors, e.ch, ;wi = ,w?, andT, B andT, G
are the co-tangent spaces®fat X andG at x, respectively. F? has the following coordinate

representation

@°(Xit) o @ (2.1.5)

@x @x’

The transpose of the deformation gradiEn(X;t) : T,G ! Tx B is de ned such that

F7(X;t) =

HFU;Wig:HU;FTWiG; 8U 2 TxB; w2T,G: (2.1.6)

It has the component& T *, = GB Fbg g, or FT = GIF?g.

The Jacobian of deformatiah(X;t) relates the undeformed and deformed volume elements

11



asdv ' (X;t)= J(X;t)dV(X;t).* Itis de ned as
S
J(X;t) =

detg(" (X;t))

detG (X) detF(X;t): (2.1.8)

For incompressible materiald(X;t) = 1

The material velocity is de ned a¥ (X;t) = €88 2 T )G. The spatial velocity is
de nedasvi(x) = V; ', (x) 2 T,G, wherex = ' ((X). The material acceleration is de ned as
AX;t)=DIV(X;t)=r

voe Y (Xt) 2 T )G, whereD¢ is the covariant derivative along

the curve ((X) in G. In componentsi? = %": + 3, VPVC, The spatial acceleration is de ned
asa(x) = Ar ' '(x) 2 T,G. It has components® = &% + S%vP+ a,"¢. Equivalently,

the spatial acceleration is the material time derivative dfe.,a = v = @t+ r dv.

2.2 Kinematics of accreting-ablating bodies

Consider an initial stress-free boBy that inherits the ( at) metrics o from the Euclidean ambient
space. The boundary of the initial body is partitioneddBs = ' ot ot o, Where+ 0, o0, and
o are the accretion, ablation, and inactive parts of the boundary, respectively, dgmbtes the
disjoint union of sets (see Figure 2.2). It should be noted Bgas the initial body prior to the
onset of accretion-ablatioﬁ,o represents the portion @, where accretion is about to occur and
o comprises of the points that are about to leave once the process startf atn other words,
as soon as accretion-ablation begins, the body ceases to be By g®t points on ¢ leave and

new points are attached onte.

LetM B  be aconnected and orientaBkenanifold with boundary embeddableR?. This

4Any Riemannian manifold has a natural volume form. For the Riemannian man{Btd3) and (C,g) the
volume3-forms are denoted byg and 4, respectively. With respect to the coordinate chéix¢ g andf x2g for B
andC, respectively, they have the following representations

P—— pP——
= detGdxAdx?ndx3; g = detgdx!” dx?” dx3; (2.1.7)
where” is the wedge product of differential forms. In terms of the volume forms the Jacobian is de ned gs=

J 5.
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is called thematerial ambient spaceThe accretion-ablation process occurs in the time interval
t 2 [0; T], whereT is the nal time. Let us de ne a time of attachment map (M nB o) [ ' o!

[0; T] and a time of detachment map: At M! [0; T], whereA+ is the subset oM that

is ablated in the time intervd®; T]. Note that 1(0) = ' o,and 1(0) = . Letus de ne the

reference con guration at timeas
B.:= Bo[ = X0:t] n 0;t); 8t2][0;T]; (2.2.1)

which is constructed by removing all the points which have been ablated out before friome
the union ofB, and the points accreted onBy up to timet.> It is assumed that the differentials

d” and d never vanish. Let us introduce the level sets

+

t:+1(t); t

Y(t); t2[0TI; (2.2.2)

and de ne

A+t:[ A [ . t2[0;T]: (2.2.3)

“210:] 2[0:t]

It is assumed that; and ; are2-manifolds. It is also assumed that all's are diffeomorphic to
o and all the 's are diffeomorphic to 4.6 Since accretion and ablation cannot take place at a

given point and at the same time, it is required that

+

(V=5 8t2][0;T]: (2.2.4)

It should be emphasized that the intersect&m A may be nonempty,see Figure 2.3. Note

SNote that” 1[0;T]= ~ L(0)[ ~ Y0;T]= o[ (MnBo)= Mn (intBo[ o[ o), and (0;T] =

Ho; TIn 20)= At n .

SClearly, this is a restrictive assumption. One way to remove this restriction is to divide the analysis into time
intervals in which there is no change in the topology of eit+heor t.

For a pointX 2 At \ A, which is accreted and subsequently ablated oiX,) < (X ). This also implies that

13



Figure 2.3:The material manifold is shown at timgsandt, wheret; <t ,. The accretion boundaries are shown in
green and the ablation boundaries are shown in red. It should be noted that the set of all those points that have been
ablated until timet, may include points other than those in the initial body.

thatM = (Arn o) [B o and
Bi= Bo[ (Atn o) n(Ain ); t2][0T]: (2.2.5)

The deformation mapping; : B; ! C | is assumed to be@?! homeomorphism for eadhwhere
G = ' {(By) is the current con guration of the accreting-ablating body. The deformed level sets
aredenedad =" t(+ ¢),and! = ' {( ). We denote the non-active portion of the boundary by
¢ = @B n(+ +[ +t)inthe reference con gurationand = ' {( ) inthe deformed con guration,
so that

+

@'t(Bt)='t(+t[ e[ o=l Yl o (2.2.6)

ForX 2M and (X) t< (X),denote (X;t) = "' (X). Letus de ne the following two

time-independent maps

O =X X)) =G (X)) (2.2.7)

as soon as a layer has been ablated it cannot be reattached to the body.
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where” is de ned onAt and' is de ned onA+. Note that fort 2 [0; T]

Ro= T L A= ot (2.2.8)

“210:] 2[0:t]

It should be noted thdt and' need not be injective. Next, we de ne the following two-point
tensors

F(X):= FOG (X)) F(X) = FOG (X)) (2.2.9)

and call them the accretion and ablatfoozen deformation gradientsespectively. The derivative

mapsT" andT' are neither injective nor invertible, in general. They are relatddl andF as

N @'i(xi+(x)) _ Ci St iyt @(X) _ Ci i @ .
(T )J—@—)Q—FJ(X1 (X)) + V(X (X))@—)Q—FJ*'V@—)Q, (2.2.10)
(T )y =Fi)+ Vi@@—)q;

Where\7 (X):= V+(X)(X), andV (X) =V (X). The coordinate-free forms of (2.2.10) read

(xX)

+

T =F+V d; T' =F+V d: (2.2.11)

Fort 2 [0; T], on each layer, one hésj; = T'+jT+ = thT+ ,andFjT = T'+jT = thT .
t t t t t

t

2.2.1 Thegrowthvelocity andthe materialmetric

The material metric of an accreting-ablating body at a given material point depends on the state
of stress of the accreting particles, the growth velocity, and the state of deformation of the body
at the time of attachment of the new material point. One can de nacaretion tensowia the

frozen deformation gradient and a material growth velocity. Material metric is then de ned to be
the pull-back of the ambient space metric by the accretion tensor [70]. The time dependence of

an accreting body can be modeled as a material motion in the material ambient space. It turns out
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that given a time of attachment map such material motions are not unique; instead one can de ne
an equivalence class of material motions. Using any member of the equivalence class results in the
same material metric. In the presence of ablation one has two material motions. Again, these are
not unique. For calculating the material metric only the accretion material motion is needed as we
are not concerned with the material metric of a particle after it has left the body. In the following
we brie y review the construction of the material metric.

In an accreting-ablating body, what is given is the rate at which material points are added
to the body on the accretion boundary and the rate at which material points are removed from
the ablation boundary. These two vector elds may be unknown elds in the presence of phase
change, for example. In this paper, we assume that they are given. It should be emphasized that
the material analogues of the accretion and ablation velocities are not de ned uniquely.

Recall that we have assumed that fo2 (0;T], +t is diffeomorphic to+ o and . is dif-
feomorphic to . This guarantees the existence Isparameter families of diffeomorphisms
' +0 [O;T]!'M ,and : o [O;T]!M , such that+( +O;t) = +t, and ( o;t) =
t; 8t 2 [0; T]. However, these diffeomorphisms are not unique. Let us x two diffeomorphisms

+

and . ForX 2 AT, there is a uniquezo 2 +o such that+( io;*(x )) = ' ()Zo) = X.

"(x)

Similarly, for X 2 At there is a uniqu&y 2 ( such that( Xo; (X)) = (Xg) = X .8

x)
The maps and de ne a motion of layers in the material manifold, with which we associate the

following velocities

0(Xoit) = @@;( Xot);  U(Xoit) = @@t( Xo:1): (2.2.12)

Differentiating the relationé(+( )Zo;t)) = t,and (( Xp;t)) = twith respectto time, one obtains

the following constraints

d (X);U(Xoit) =1; d (X);U(Xe;t) =1 (2.2.13)

8We use the notation(X) = ( X;t).
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where+( )Zo;t) = X = ( Xp;t). It should be emphasized that for a given pair of time of attach-
ment and time of detachment maps, material motion is not uniquely de ned; there are in nitely
many material motions corresponding to a given [§gir ). These equivalent material motions
satisfy the constraint (2.2.1,3)75] and correspond to isometric material metrics.

One can de ne a material motiqﬁt; 1) using foliation chart§ *; 2;") onA-, and( 1, %)
onAt,where( 1; ?)and( !; ?)arethein-layer coordinates on and , respectively, while
" and are globally de ned on&T andA+, respectively. The material motion preserves the in-
layer coordinate¢ ; 2) and( '; 2). This means that K, 2 ", has coordinateg *; 2;0),
then+t maps it to the poinK; with coordinate§ !; ?2;t). Similarly, if X 2 o has coordinates
( % ?),then  maps itto the poinK, with coordinateg *; ?2;t). Trajectories of the material
motion are the curves with constant layer coordinates, ‘i4ines and -lines. The growth and

ablation velocities corresponding tq and ¢, respectively, are de ned as

@

U= = :
@ . -

U= (2.2.14)

e
@ ..

D E D E
Notice that d+;5@ =1,and d;g@ =1.

Let us next calculate the total velocitiesiafand! ;. The map’ : o [0;T]!S tracks
the deformed accretion surfate, and' o [0;T]!'S tracks the deformed ablation

surfacel ;. The total velocities are calculated as

+ d st + + + . + + + + + +
WX)= & (Xot) =[FX)+V(X) d (X)JUXot) = FX)U(Xoit) + V(X);
d
WX)= & (Xot) =[F(X)+V(X) d (X)JUXot) = FX)U(Xoit) + V(X):
(2.2.15)
The spatial velocities are de ned as ' = W andw ' = W. Letu, be avector eld describing

the velocity at which material is being added ohtoi.e., U is its relative velocity with respect
to !, just before attachment, and leti; be a vector eld describing the velocity at which material

is being removed fronh, i.e., u; is its relative velocity with respect to; just after detachment.
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If ny denotes the unit normal to,(@3;), then we must havé Gt) n; < O for accretion, i.e.,
Uy n; > 0, as the material would be moving towards the body. Similarly, in the case of ablation
we needs; n; > 0as the material removed would be moving away from the body.

ForX 2 M , let us de ne the following time-independent tensor eld

h [

+
+

Q)= FO)+ Uy ) FOOU L 000 d); 2219

Where+ +&)(X) can be understood as the pull backXf2 M to ' o along the trajectory in-
duced by . Q is called theaccretion tensof75]. Note thatQ ( Xg;t) U Xo;t = u (°

+)( )Zo;t);t , 8 )Zo 2 o. Letg be the metric of the Euclidean ambient sp&eAssuming that
the new material points are stress-free at their time of attachment the material mefrip isn

de ned to be the pull-back of usingQ, i.e.?

G(X)= Q’(X)g "(X) Q(X); (2.2.17)

or in componentsG;; (X) = Q' (X) g (" (X)) Q;(X). Therefore, the material metric is written

as

8
SGO(X) for X 2Byg;
G(X)= (2.2.18)

2 Q°(X)g "(X) Q(X) forX 2 Ar:

The natural distances in the accreting-ablating body are measured using the materialGmetric
Note that, for the layers that are joining the body, the material metric depends on the state of
deformation of the body at the time of attachment. However, we are not interested in the state
of deformation and stress of those layers that have already left the body. The material metric of
those points after leaving the body has no effect on the rest of the body and does not appear in our

accretion-ablation theory.

Remark 2.2.1. The map partitions the accreted manifo(@:T; G) into a collection of subman-

9Generalizing the analysis to pre-stressed added material is straightforward [70].
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ifolds (++;G+) : © 2 [0;T] . Similarly, partitions the ablated manifoldh; G) into another
collection of submanifolds(+ ;G ): 2][0;T] . Here,G+- andG are the rst fundamental
forms inherited fronG by ". and , respectively. LeN- andN be the unit normals to - and

, respectively, where orthonormality is with respect to the m@rid_etn- andn be the unit
normals tof - and! , respectively (here orthonormality is with respect to the ambient mg}ric

Let us decompose the accretion and ablation velocities as
U=U+UNN: U=U"+UYN: (2.2.19)
in the material manifold and
0= 0%+ U"h; u=u+u'n; (2.2.20)
in the deformed con guration, where we haﬂfé; u" > 0. Note that, ifY is tangent to , then

QY istangenttd . G(Y:Q n)= g(QY:n)=0,andG(Q n;Q n)= g(n;n)=1. Thus,

+

it can be deduced tthJ" = uk,Q|<l = h,and henc& = U0 .

2.2.2 Stressstrain,andconstitutiveequations

Strain. A few different but related measures of strain are usually used in nonlinear elasticity
and anelasticity [112, 113, 101, 103]. The right Cauchy-Green strain is de néd as' g =

F?gF, which is the pulled-back of the spatial metric to the reference con guration. Here,
T«C ! T,Cisthe atoperator that maps a vector to its corresponding co-vetttorn): w =

wa@—% 7! wl = g,pwPdx2. In componentsCag = F2a gapF °s. The familiar de nition of the

right Cauchy-Green stain8 = F'F : TxB ! B , which has components®g = G" Cyg =

(G Fay, gu)FP = FT *,FPs. The spatial analogue of the right Cauchy-Green strain is

dened ascl = ' G = F ?GF !. The left Cauchy-Green strain is de ned B$ = ' ¢!,

where] : T,C ! T,Cis the sharp operator that maps a co-veclsfofm) to its corresponding
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vector:! = 1,dx® 71 11 = ¢ b@—%. The left Cauchy-Green strain has componeésh8
(F HAL(F HA.g®, whereg® are components of the inverse spatial metric suchdffag, =
& The spatial analogue @! is de ned asb! = ' G! = FGIF?, which has components
?° = F2,F% G”B. The tensob : T,C ! T,Cis de ned asb = blg. Similarly,c = glcl.
Notice thatch = glclblg = g/F °GF FG!F’g= g/F "GGIF’g= glF ’F’g=glg=ids,

and hencéd = ¢ *. Similarly,B = C 1.

Stress. For a hyper-elastic solid there exists an energy fundfibr W (X; F; G;g). Material-
frame-indifference (objectivity) implies tha¥ = W (X; Cl;G). The Cauchy , the rst Piola-
Kirchhoff P, and the second Piola-KirchhoH stress tensors are related to the energy function

as

o J@ '’ @l

They are also related & = F P, andP = J F . Let us consider a surface elemeif

P=g (2.2.21)

in the reference con guration with unit normal vectdr. This surface element is mapped to its
deformed surface elemedt with unit normaln. Tractiont is related to the Cauchy stress as
t = n = th;ni . In componentst® = abg,.n¢. The force acting on the deformed area
element isf = tda. From the Piola identitynlda = JF ?NIdA, or in componentsp.da =

J(F YH)A,NadA—Nanson's formula. Thud,= todA = P NdA.

Material Symmetry. For an elastic body the material symmetry gré@gpat X 2 B with respect

to the reference con guratio(B; G) is de ned as

W(X; K F:K G;g)= W(X;FK;G;g)= W(X; F;G;0); 8 K 2Gx 6 Orth(G);
(2.2.22)
for any deformation gradieri, whereK : Ty B ! Ty B is an invertible linear transformation,

Orth(G)= fQ : TxB! TxBjQ’GQ = Gg, andG; 6 Orth(G) means tha6G is a subgroup
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of Orth( G). Equivalently,

W(X; K CLK G)= W(X; K?FK ;G)= W(X; Cl;G); 8K 2Gx 6 Orth(G):
(2.2.23)
In this thesis, for the sake of simplicity, we restrict our calculations to isotropic solids. However, it

should be emphasized that our accretion-ablation theory is not restricted to isotropic solids.

Isotropic solids. For an isotropic solid the symmetry group is the orthogonal group, i.e., the
energy function is invariant under rotations in the reference con guration. For an isotropic solid,

W depends only on the principal invariants®¥, i.e., W = W (X; 1 1;1,;13), where

I1=trGC: CAA:CAB GAB;
1

1 1
I, = > |12 trg C? = > |f Chg CBp = > |12 Cwg Cna G GV (2.2.24)
detCl
I3—detC—detG.

For an isotropic solid the Cauchy stress has the following representation [114, 115]
= p= LW, + 13W;3 g+ Wbl 13W,c (2.2.25)
3
whereW; = @v i =1:2:3. Foran incompressible isotropic solig= 1, and hence

= pg' +2W.bl 2W,d; (2.2.26)

wherep is the Lagrange multiplier associated with the incompressibility constilaintp I3=1.
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2.2.3 Thebalancdaws

Balance of mass

Let o(X) be the mass density eld in the material con guratidh and (X;t) be the mass
density eld in the deformed con guratioh(B;). For a body undergoing accretion and ablation,
mass is not conserved globally. However, local mass conservation still holds BB, away
from +t and i, i.e.,

oX)="(Xt);t (X t): (2.2.27)

The total mass of the body at tinhés given by
Z Z

m(t) = X;t dv = o X dV: (2.2.28)
" t(Bt) Bt

In terms of the material foliations one has

z z, z z, Z
m(t) = odV + . oUNdA d’ oUNdA d : (2.2.29)
BO 0 + 0
The rate of change of mass can be expressed as
z Z Z ) Z
mit)= , o uN dA 0 UN dA = , O u" da ou"da: (2.2.30)

t t It Iy

Balance of linear and angular momenta

The local form of the balance of linear momentum in terms of the Cauchy stress reads:

divy + b= a; (2.2.31)

wherediv, is divergence with respect to the spatial metric. In componédisy )* = 2, =

@ab

ox T ac b+ ¢ a, where 2,is the Christoffel symbol of the Levi-Civita connectiorf. In
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alocal coordinate chaftx®g,r 9g@= 2%, @, where %,.= %ga" (Gkb:c+ Okeb  Obck). b isthe

body force, andh is the spatial acceleration. The local form of the balance of angular momentum
is the symmetry of the Cauchy stress, i.€5= b2,
The rate of change of linear momentum for the whole body is written as

Z Z

E vdv:E oVdv
dt " t(Bt) dt
d? z, z zZ, Z
= oVav + . oUVVdA d oUNVdA d dv
dt g, 0 . 0
z z z Z
= ., oAdv+ , UVvdA oAdVv oUNVdA
ZAt 7t ZAt t
= LAdV+ . oUNVdA JUNVA:
B( t t
(2.2.32)
Thus
q Z Z Z . Z
— vav = adv+ (o ')U"vda (o '")u"vda: (2.2.33)
dt " t(Bt) " t(Bt) I He
Sincedivy + b= a, one writes
q Z Z Z Z . Z
— vav = bdv+ tdv+ (o ')u"vda (o '")u"vda; (2.2.34)
dt . t(Bt) " t(Bt) @'t (Bt) 't Iy

whereb is the body force ant s traction.

Let us decompose the traction vectortas t€+ t , wheret® is due to external loads and
constraintst™ is the effect of new particles being added dndis the effect of particles leaving
the body. Since accretion and ablation cannot take place at the same point and at the same time,
the traction orl ist®+ t* and thatorl ist®+ t . For a new particle that is being added to the

body, the balance of linear momentum in the time intefiyal+ t] implies that

(o ")U'dard)(v U)+( t'da)Adt=(( o ')U"dar di)v: (2.2.35)
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Similarly, for a particle that is leaving the body, the balance of linear momentum in the interval

[t;t + t]implies that
(o ")Judanrdt)v=( o '")u'dardt)(v+u)+( t da)” dt: (2.2.36)

The joining particles exert the foraéda = (o ' )fjF1 U da on the body, while the leaving
particles exert the force da=( o ' )u"udaonthe body. Thus, the rate of change of the linear

momentum of the body is written as

Z Z Z Z Z

al Vv = b dv+ tdvt (o ')U[v Glda (o' )u"[v ulda:
dt - (e (B @ () g ¥
(2.2.37)

Notice that the traction due to accretion/ablatiohis=s (¢ ' )u"u.
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Figure 3.1:Cross sections of the reference and current con gurations of an accreting-ablating thick hollow cylinder.
(a) The material manifoldBy; G) at timet has inner radial coordinateS; (t) and outer radial coordinates;(t).
Accretion is occurring on the outer surface and ablation on the inner surface. Atttime t, the inner radial
coordinate isS; (t) + Uy (t) t and the outer radial coordinate 1S,(t) + Ux(t) t. (b) The deformed bar at tintehas

inner radiuss, (t) and outer radiuss,(t). Attimet + t, the inner radius is;(t) + ui(t) t and the outer radius is

sp(t) + up(t) t.

CHAPTER 3
ANALYSIS OF AN ACCRETING-ABLATING HOLLOW CYLINDRICAL BAR UNDER
FINITE EXTENSION

In this chapter, we present a detailed analysis of a thick hollow cylinder that while under a time-
dependent nite extension undergoes accretion on its outer cylinder boundary and ablation on its

inner cylinder boundary.

3.1 Kinematics

Let us consider a hollow circular cylindrical bar with initial lendth inner radiuskR; and outer
radiusR, > R ;. We assume a homogeneous isotropic and incompressible material with an energy
functionW = W(l4;1,), and use the cylindrical coordinaté®; ;Z) in the reference con gu-

ration, and cylindrical coordinatds, ;z ) in the current con guration. The metric of the current
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con guration has the following representation

2 3
1 0

g=§o r2 o7: (3.1.1)
0 0 1

Accretion is assumed to occur on the outer cylindrical boundary in the current con guration. The
outer radius of the deformed body is denotedspit) (Figure 3.1). Ablation is assumed to occur

on the inner cylindrical boundary of the current con guration that has the ragjig. Let us
assign a time of attachmentR) and a time of detachmen{R) to each layer with the radial
coordinateR > R ; in the reference con guration. Notice thatf& R R,, (R) = 0.
Hence, (R) is invertible forR  R,, while (R) is invertible forR  R;. We assume thatand

" are diffeomorphisms with non-vanishing derivatives. Their inverses are denot®dby ?,

andS, = * ! sothat

s1(t) = r(Su(t);1); S2(t) = r(Se(t); 1) (3.1.2)

We also assume that accretion and ablation take place continuously in the time in2i(@IT|.
It is assumed that the accreting-ablating body has non-vanishing volume at all time&(t)es
S,(t), 8t 2 (0; T]. Let us consider a time-dependent nite extension of the bar such that it is slow

enough for the inertial effects to be negligible and assume the following deformation mapping

r=rRit); = ; z= *t)Z; (3.1.3)
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where 2(t) is the axial stretch and is an unknown function to be determin&te deformation

gradient reads 3

2
re(Rit) 0 0
F=F(R;t)= § 0 1 0 % : (3.1.4)

0 0 2(t)

3.2 The material metric

Let us de ne the following functions

r(R)=r(R; (R); r(R)=r(R; (R); R= (R); (R= (R):
(3.2.1)
We assume that the accreted cylindrical layer at any instant ofttismstress-free. In other words,
stress-free cylindrical layers are continuously added to the outer cylindrical boundary of the bar.
This implies that the material metric Bt= S,(t) is the pull-back of the metric of the (Euclidean)

ambient space, i.e.,

G(S(1) = " 9r(SM:0); or  GRI="._gr(R'RY: (22

In componentsGag (Sz(t)) = Gas (R) = F2(R; (R)) FP(R; " (R)) gan(r (R; ' (R))). For this
accretion-ablation problem, the material manifold (the natural con guration of the body) is an

evolving Riemannian manifol(B;; G) with

Bi=f(R; ;Z2):0 <2;S:(t) R S(t);0 Z Lg: (3.2.3)

In a displacement-control loadindt) is given.
2|t is straightforward to extend this analysis to pre-stressed accreting cylindrical layers [70].

27



The reference con guration is equipped with the following material metric:

8 2 3
1 0
0 R? 07 Si(t) R<Ry;
0 0 1
G(R) = (3.2.4)
2 3
rr(R;"(R)I2 O 0
E r2(R) 0 ;' Ry R Sy(t):
0 “C(R))

Observe thatapaion:= (R2) is the time when the initial body is completely ablafed.

3.3 The incompressibility constraint

The Jacobian is calculated as

8
2
- ; (OROGHRY, gy g Ry
€tg
J(R;t) = (3.3.1)
detG E 2() r(R;t) rr(R;1) R, R<S,1):
2(R)r(R)r,R(R; “(R)
Whent <t gpation iNncOMpressibility in the regio8,(t) R R, gives us
R
r(Rit)rr(R;t) = o) ; (3.3.2)
thus implying that
r’(R;t) = sf(t) + Rzz—(?)f(t) (3.3.3)

3Note thatS; (t) < R, is equivalent td < t apjation
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Similarly, for the regiorR, R Sy(t), incompressibility requires that
2O r(Ri)ra(Rit)= 2(R)FR)Mr(R: (R); (3.3.4)

which can be integrated to obtain
Z R

20 ., OFOmRG O (335)

r2(R;t) = r?(Ryt) +

fort <t spation EQuivalently, one may integrate (3.3.4) frd®to S,(t) to obtain:

Z SZ(t) +

RO =50 g

2O)FO) rr(G 7 (Dd (3.3.6)

forR R;. Note that (3.3.6) holds for all> 0.

3.4 The accretion and ablation velocities

The accretion surfaces in the reference and the current con gurations have the following represen-

tations:

To=f(Sut); ;Z):0  <2:;0 Z Lg;
(3.4.1)

[o= (sa(t); ; 2(t)2):0 <2:0 Z L
The ablation surfaces in the reference and the current con gurations are represented as:

e = f(S(t); :2):0 <2;0 Z \Lg;
(3.4.2)

o= (so(t); 5 2(t)Z):0 <2:0 Z L

Thus
S1(t) = rr(Sa(t);t) Ur(t) + V(Su(t);t);

S2(t) = rir(S2(1); 1) Uz(t) + V(S(1);1) 5

(3.4.3)
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whereU(t) = Si(t) > 0, andU,(t) = Sy(t) > 0, i.e., both accretion and ablation interfaces
@r
@t

the accretion/ablation surface. We denote the ablation and accretion velocitig& ogndu,(t),

are moving radially outward. Her&, = is the radial component of the material velocity on

respectively, which are de ned as

Ul(t) = r;R(Sl(t); t) Ul(t) ; Uz(t) = r;R(Sz(t); t) Uz(t) . (344)

The choicedJ;(t) = uy(t), andU,(t) = u,(t) impose the following constraints aifR; t):*

re(Sut);t)=1;o0r rg(R; (R)=1;
(3.4.5)
re(Sa(t);t)=21; or rr(R; (R)=1:

In particular, the choice (4.1.9jnakes the material metr® (R;t) and the Jacobiad(R;t) con-

tinuous alR = R,. Now, (4.1.9) and (3.3.5) imply that fot < t apjation

2ZR

() &,

r2(R;t) = r¥(Ryit) + EOLOLE (3.4.6)

Sincer (R;t) is continuous aR = R, (3.3.3) and (3.4.6) imply that

Z g

RS SAN), 2

T2r Nk )
70) W n ()r()d; (3.4.7)

r’(R;t) = s2(t) +

forR, R Sy(t) witht <t gpation SubstitutingR = S,(t) in (3.4.7), one obtains

Z
R Sk 2 TS0

2 e .
2(t) 2(t) g, ()r()d: (3.4.8)

si(t) = s3(t)

4Other choices will lead to isometric material manifolds, and hence identical stresses [70, 116, 80].
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Now, one may substitute (3.4.8) into (3.3.3) and combine with (3.3.6) to write the kinematics in

terms off and . As s(t) = 1(Sa(t);t) = r(Sx(t)), whent < t apjation

8 R2 R2 2 Z Sa(t) .
2 12(S(1)) B ()i()d; R Ry
r2(R;t) = % 50 R (3.4.9)
7 12(Sa(1)) W - 2()F()d; R R;:
Fort 1:ablation' 7 St
r2(R;t) = FZ(Sz(t)) ’ +2( )F( )d . (3.4.10)
2 &

In a force-control problem, the functiong¢R;t) and (t) are not known. However, it can be
inferred from (3.4.9)-(3.4.10) that the knowledge 6R) and (t) is suf cient to calculate (R; t).
Since’ (R) is assumed to be given(R) = (' (R)) is not an independent function. ThugR)
and (t) are the only independent functions. Sing#) is given in a displacement-control problem,

r(R) is the only independent unknown function in displacement-control problems.

3.5 Stress calculation

In this section, we compute the stresses for Hotht gpjaion @aNdt > t apiation The stresses are

calculated separately for the initial and the accreted parts of the body. The radial equilibrium

equationread§s-+* ™ r  =0.Interms of reference coordinates; &=+ — r  =0.
Thus, we have
re(R;t)
TRit)= r(R;t)  (Rit)  "(R;t) — : 3.5.1
,R(1) r(!) (1) (’)I’(R,t) ( )

5The other two equilibrium equations imply that p(R;t).
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Recall thatb! has components® = F2, FPs G*® andcl has components® = g2"g”"Co,,

wherecy, = (F D)A2(F Y)BpGas. ForSi(t) R Ry, andt <t apjation

2 3 2 1
R(Ri) 0 0 ZrRny O °
2
b](R;t):g 0 % 0Z: JdRH=8 o r4(RT;t) 0 7. (352)
0 o ¢
(t) 0 )
The principal invariants db read
(Rit) = rR(Ri1) + fz(;‘;‘) + D)
Dl 2/, _ (3.5.3)
12(R;t) = rR(R;t) *(t) + r;R(R,tézr (R + rZ(R,é)Z 4(t):
The Cauchy stress has the following non-zero compofents
rr . —_ . . . R’t .
Rit)= pRit)+ (R rk(R;t) rzR((—Rt))
- PR (R (RI)R?
(RiD) = rZ(R;t)+ R?2 r4(R;t) (3.5.4)
“RiO= RO RD O G

where = Z%Vand = Z%V(see (2.2.26)). Using the incompressibility constraint (3.3.2) each
of the components of (R;t) can be expressed solely in terms of the kinematic quarni(iest)
and (t), i.e., one can eliminateg (R;t) in (3.5.4) to obtain

R? (R;t) (R )r3(R;t) (1) .
2R D ~2 : (3.5.5)

T(Ri)= p(R;t)+

Notice that ~ does not have the dimension of stress. Its physical componeént is r?
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Substituting (3.5.5) and (3.54in (3.5.1), one obtains

rf(Rit) “() R* (Rit)

R(R;t) = RT4R1) 200 o) (R;t) : (3.5.6)
Since " (Si(t);t) =0, itis implied that
Z . .
rRy= GO T GY Ly g (35.7)

sy rAGt) (1) 41
for S;(t) R Ryandt <t apaion’ Thus, (3.5.5) gives the following expression for pressure

RZ R (RIOIRIY M) ZF r(it) 1) (it)

p(R;t) = R (D) Rz S 4(1) (;t) d:
(3.5.9)
Substituting (3.5.9) into (3.5.4)3, one obtains
Z
A pen s RID D RY (R . G Mt Gy L .
R T R B G IR ORI
R? r’(R;t) 4(t) 1
Y4 . —_ . 4 .
(R;t) = (F\;t) (t) (R0 D) + (Rit) R2 4(t)
oGy G
t) d:
"o A i o U
(3.5.10)
Alternatively, one may integrate (3.5.6) froRito R, to obtain
Z 2 4 - 4 4 .
TRY= TRay  LCD IO EGU Ly g (35.9)

reit) 2 (1)
forSi(t) R Ry, andt <t gpjation
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For R, R Sy(t); t <t aplation , OF t  taplaton S1(t) R Sy(t) :

2" #, 3 2" #,
rr(R;t) r=(R; (R)
wRCR) G
bI(R;t) = 1 I(R:1) = FZ(—R)
(Ri1) 0 cR O J(Rit) = 0 Ry O
A(t) "4
0 0 — 0 0 (R)
“(R) 4(t)
(3.5.11)
The principal invariants db read
R = R+ D, O
r2(R) 4(R) 351
AR r3(Rit)  r2(R;t) 4(t) R(R t) 4('[) (3.5.12)
(R t) = —— + ;
r*(R) f2(R) 4(R) 4R)
The non-zero components of the Cauchy stress are
(Rt = (R;t)
(Rit)= p(R;t)+ (R; t)r (R; 1) 2R
. PR . RY  (RiYFAR)
(Rit)= r2Ri1) r2(R) r4R;t) (35.13)
2Ry= pRiy+ D 0 (R;t4) ‘(R).
‘(R) ®)

Using the constraints (3.3.4) and (4.1.9), each of the componentgRift) can be expressed
solely in terms of the kinematic quanitie$R;t) and (t), i.e., one can eliminateg(R;t) in

(3.5.13) to obtain

(RiD)FXR) “R)  (R; DRI ().,

CRO= PR TR 2(R) (R)

(3.5.14)
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Substituting (3.5.13) , in (3.5.1), one obtains

h i w
. . + #
2(R) r'(R;t) “(t) r*R) “R) : -
R(R = F(Ri1) 201 (R) Wt e @519
' (R)
Since " (Sy(t);t) =0, itis implied that
. h o #
"R 1) = 50 0 rG fO PO 0 G, GY 4. (3516
RO= ri(;t) 20() WM T, o 88

whenever R, R Sy(1); t <t apjation » OF t  tapiation S1(t) R Sy(t) . Thus, (3.5.14)

gives the following expression for the pressure eld

(RiD)IZR) 4(R)  (Rir2(R;t) 4(t)

PRID= “omy @ 2(R) “(R)
5 . h R # (3.5.17)
R O S U A S SN O R S
. () 207() W ey
Substituting (3.5.17) into (3.5.13);, one obtains
. " #
R (R_t)_r4(R;t) 4t r4R) 4R) (Rit) . (RiD)
T (R OF2(R) ® R
Zsw 2() ri(it) AN FO) ) (1), (;t)#d.
" r4(;t) 2(BF( ) M Ty
n # " # (3.5.18)

W _RPR) o COPRY AR)
" 4(R) n Ar2(R;t) ’ _ : 4(R)F2(R) 4(t)
+ + Y

Zso PO GO O FOO Gy, (0,
R ré(;t) 20F() W ey

“(Rit)= (R:t)

for R, R Sy(t);t < taplaton ,» and t  tapjaton Si(t) R S(t) . Note that
(Sa(t);t) = 0, and #2(Sy(t);t) = 0, i.e., (Sy(t);t) = 0. Since " (R;t) has to be con-
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tinuous inR atR; at any timet <t spjaton We must have

fROEGH M 4 Gy

X d
ao TGO YO (1)

N . In
+ZSZ(t) 2() I’4(;t) 4(t) l’:4() 4() (;t)+ (;t)#d o (3.5.19)
. TENECHS) O ey
forallO<t<t ablation-8
Remark 3.5.1. Using (3.5.16), one obtains
. h IRURE ”
"(Ry;t) = Few O 0D O PO O COL GOy @sa
2T, r4(it) 2(OF( ) W ey

which can be substituted into (3.5.8) to give

"T(R;t) =

Z 2 . .
’ r4(’t).4(t) PGy, (;t) d
SRR RN R ‘
Zs,tn 2() rd(:t) 4t () 4() 1) ) (1) N (3.5.22)
R2 ri(;t) 20r() W Ty

whereS,(t) R R,, andt < t apaion” Thus, (3.5.5) gives the following expression for the

8Fort  tapiaton the boundary condition™ (Sy(t);t) = 0 yields a similar constraint

+ h . + I #
Zeo 20 FGH 0 OO o, Gy
51(0 () 207() MO ey

d =0; (3.5.20)

in view of (3.5.16).
9Setting " (S;(t);t) = 0 in (3.5.22) provides an alternative approach to recover (3.5.29).
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pressure eld

R2 (R:t) RIOPRiY 40 TG 4+ (), 1) d

PR ery 0 - R s GO AD A
JZs0 PO PG 0 OO Gy | (;t)#d_
R () 2WF() W ey
(3.5.23)
whereS;(t) R Rj,. Substituting (3.5.23) into (3.5.4); one obtains
Z
A peps PRD YD RY(RY) _ Gy .t G
B TRawry, w0 Y Tt T  UYE
Zow 70 GO Y0 OO G, o'
R Gt 2WF() W ey
2 2 . 4
ZRit) = (Rit)  “(t) —rZ(R;Rt) m T R r(R’RE)Z © 4tt)
Z 2 . .
LA B ORI €19 BRI
R GD A A . ,
Zs 2 ) ri(r) A FC) () GO, GO .
R Gt 2WF() W ey
(3.5.24)
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for S;(t) R R».1° On the ablation boundary

8
SOOI CTOR) .
. (500 = E.. lSf(t) S%(t) 4(t) #-: (Si(t);t) , t <1 ablation
TR 200 e S0) S, S
2(S:(0) =0 N Casq

sz_(t) ) 4(t) S%(t) (Sl(t); t) ; t<t ablation

R #
“(1) 4(Su(t))r2(Sy(1))
4(S4(1)) 4(t)si(t)

“(Su(t);t) =

8
% SM 40 1 (Suinsi |
§ (Su(t);t) =

4(1)s2 4
+ (Si(t);t) = QA0 (f(lt()t)) ; t  tablation:
(3.5.25)

4(S1(O)T2(S1(1)
Notice that and ?2 do not vanish on the ablation boundaty.

Remark 3.5.2.In [80] it was shown that the nite extension of an accreting circular cylindrical

bar made of an arbitrary incompressible isotropic solid is a universal deformation even in the
presence of radially-symmetric accretion. We have observed here that this result holds even when
there is simultaneous radially-symmetric accretion and ablation on the outer and inner boundaries,

respectively.

The applied axial force. The axial force at the two ends of the bar is given by

VA Sa(t)
F(t)=2 P?*(R;t)RdR; (3.5.26)
S1(t)

01t is clear from (3.5.24) and (3.5.18) that and ?? are continuous &R.

1n a similar problem, Naghibzadeh et al. [110] observed non-zercand on the ablation boundary of a
hollow spherical body undergoing accretion through its xed inner boundary while ablation takes place on its traction-
free outer boundary.
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whereP?%(R;t) = (Ri1)

is thezZ-component of rst Piola-Kirchhoff stress. F&;(t)

2(t)
R RZ andt<t ablatiorr
o R2 o PR A1) 1
P?2(R;t) = (ZR,t) (1) m + (R;t) R2 o(t)
LA ON R €17 b d
RO (3.5.27)
Zsm () r4( t) 4 ) 4() ), (;t)#d .
s r(5t) AF() W Ty

For R, R Sy(t);t<tapation and t tapiaion S1(t) R Sy(t) :

# ! . #

N O I TG ) W ORI AR)
PERD= (R +4(R) 6(t) r2(R; t) * (R’t_) +4(R)F2(R) °(t)
L 4 (3.5.28)
Z s () r4( ) ) ) ) (- :
Gt Gt q -
R rA(;t) 4r() M Ty '
Remark 3.5.3. Observe that (3.5.29) and (3.5.20) can be combined to de ne the following func-
tion'?
8 Z R2 .
r*Gt) G, (:t) d
Si(t) r4( t) () (1) i "
Zsm 2() riGt) A ) A) ) (:t)
+ - d; t tapation;
(1):= ri(;t) 2F() O e
L
% w020 GO OO0 ()
+ = d ; t tablation:
S.(0) ri(;t) 20 F() O e
(3.5.29)

In a displacement-control problem, wherg) is given, ( “(R)) = 0 is to be solved with (R,) =

R, to nd the unknown functiorf(R) forR>R,.

12 s continuous atapiaion Equivalently,  * is continuous aR,.
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3.6 The accretion-ablation initial-boundary-value problem for a neo-Hookean solid

LetT  tapation Consider a homogeneous neo-Hookean material for whight) = (R) =
o> Oand (R;t) = 0. In order to simplify the calculations, assume that the spatial accre-
tion/ablation velocities are constant, i.ey(t) = > Oanduy(t) = ~> 0. The signs of and

indicate that both accretion and ablation interfaces are moving radially outward. Thus,

R R
Si(t)= Ry+ t; or (R)= L

Ry

. (3.6.1)
S,(t)= R+ t; or (R)= —

The nonzero physical components of the Cauchy stress for this problem are listed as follows:

%—O R o SR
- ; R<R5;
T (R:t) = Z(t) Sa(t) 6(t) Si(t) r4( ;t) 2
WOy, Fsutiga |, Zs0i) o)
. ——— R Ry
s W T() M= ) 2
I’Z(R;t) R2 rr CE\ - .
% b, R 4(t)r2(R;t)#+ (R R<Rz;
" R= Ry 3.6.3
o 2, CRY_RCR) "(Rit); R Rg; 26
=% RR) HOrRY ) 2
8
RZ
4 rre LY - .
E 0" (t) 4(t)r2(R; t) + (R! t) ' R<R 2
Z(R;t) = + . #
3 (1) *(R)r’(R) "R): R Ry:
- 0 +4(R) 4)r2(R;1) 1) 2"
130n the ablation boundary,
A 1) = Sz(t) Sz(t) 7z TH — Sz(t)
GON= 0 S0 s S0:9= 0 0 g 362
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Traction continuity equation (3.5.29) simpli es to read

"z yd . # z Z o
A Rz ¢ Sa(t) 2( )d _ R2 3q Sa(t) I‘3( ) 6( )d .
(t) + + - a( - + a( -
Sa(t) Ro r() so MG r, ri(;t)

(3.6.4)

Now, one can differentiate (3.6.4) with respect @and use (3.3.3) and (3.4.7) to deduce that (the

detailed calculations are given in Appendix A)

Ro+ B ()d
PRy = 2t U9 (3.6.5)
(R)
and 8
% %; Sit) R Rg;
r(R;t) = E . (3.6.6)
(R)(R) .
0 R R Sy(1);
which when substituted into (3.6.3) implies thdt(R;t) = (R;t) = 0. Moreover,
% 0 4(t) ; Si(t) R Rz;
PZZ(R;t) = § 20 2(R)# (3.6.7)
4(R) WM R R S(1);

using which the axial force can be expressed as

S Rgr 1 LS .

z
F(t) _ RE S(Y) R 2(R)dR: (3.6.8)

_ 1
7 o 5 2(1) KO + A(1)

R2 +4(R) W R>

In a force-control problenk (t) is given (withF (0) = 0), andS;(t), Sy(t) are both known. All

one needs to nd is the unknown functiorft) that satis es (3.6.8).

Example 3.6.1.Consider a displacement-control problem wkh=2R,;, =2 %, =3 %, and

(t)=1+ a % " wheren 0,anda?2 R. Thentaaton = % andS;(tapiation = 3:5R;. We solve
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t N

Figure 3.2:Solution to the displacement-control problem described in Example 3.6al=fdr. For (t)=1+ +
(an increasing function) the variation of axial stres¥ (R;t) withR att = % for the cases 2 %; 1;2 isshown.
this problem fora 2 1 andn 2 %; 1,2 assuming the numerical valuBg =1 andT = 1.
At any givent <t apaiion  ““(R;t) is constant in the initial bodyR  R;), as we have assumed
the material to be homogeneous and the deformation to be uniform. Furthes,nonzero on the
ablation boundary (Figure 3.4). Note th4t) taken in this example blows up ndar 0 forn < 1
anda > 0. Thisis why when the bar is subjected to the elongati@hn = 1+ g we rst observe

a reduction in the outer diametefR), or equivalentlys,(t), see Figure 3.2. Later, as the rate of

elongation reduces, this effect is overshadowed by accretion(@)dncreases monotonically.
Example 3.6.2.Consider a force-control problem wifR, = 2R;, = B, " = 2B, Then
tapiaton = T and Sy(T) = 4R;. To nd solutions of the form (3.6.6), rst de neh(t) :=

R R, o* ! .
S0 ReR angk(t) = 2O R 2(R)dR, so thath(t) = 20 andk(t) = 'S(t) *(t). Dif-
2 AR 2 ®

ferentiating (3.6.8) with respect tpone obtains

" #
2® er h(t) + ;Et) & ZS%(t)“Lk(t) 0+ Sa(t) 4tt) () = 2F_(t)o:
(3.6.9)
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Figure 3.3: Solution to the displacement-control problem described in Example 3.64 for 1. For (t) =
1 % " (a decreasing function) the variation of axial stresg (R;t) withR att = % for the cases 2 %; 1,2
is shown.

Figure 3.4:Axial stress on the ablation boundary for the displacement-control problem described in Example 3.6.1.
The variation of 22 (Sy(t);t) witht(<t apjation) for (t) =1+ a }— " wherea 2 1 andn 2 %; 1;2 is shown.

Thus, we need to solve the following system of nonlinear ODEs:

h i
0+ i) )

2 (t) R3 zsf(t) + h(t) + _4 R2 ZS%(I) + k(t) ’

5(1)
'S,(t) .
ur~ﬁg, (3.6.10)

k(t) = 'S,(t) %(t);
mrlh@—oum%




. . Lo t "
Figure 3.5:Solution to the force-control problem described in Example 3.6.2R{th= 5 (R 2 T , Where

n 2 f 1;2g. The function (t) reported here is the solution to the integral equati@#6.8) The variation of the axial

stress 2 withR att = % is shown.

wheref (t) := % Assume the numerical valu& = 1 andT = 1. The time-dependent force

F (1) is taken as a polynomial function bin Figure 3.5, an error function dfin Figure 3.6, and

a sinusoidal function of in Figure 3.7. The sign of #* is the same as that & for monotonic

loads Figure 3.5). In Figure 3.6, &t) increases fron® untill the asymptotic value o R 2 is
reached,—(t) (and hence the axial strain rate) decreases until an asymptotic limit is reached. In
Figure 3.7 we look at three different time-dependent loads wif®) = F(T) = 0, but all of

them have different stretchestat= T because their loading histories are different. Similarly,
F(t) = oRZsin(+) andF(t) = R Zsin’(+) have the same load &t= I, but different

radial variation of #* at that instant because of their different loading histories.

3.7 Residual stress

We assume that the body is unloaded after the accretion and ablation processes ehd< Let

taplaion FOrt > T, (t) =1, andF(t) = 0. The material metric of the resulting body has the
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Figure 3.6: Solution to force-control problem described in Example 3.6.2 With) = o R erf T where

A 2 f 2;5;8g. The function (t) reported here is the solution to the integral equati®6.8) The variation of the
axial stress #* withR att = % is shown.

Figure 3.7: Solution to force-control problem described in Example 3.6.2. The functionreported here is the

solution to the integral equatio(8.6.8)with F (t) = ¢ R  sin™ '}— ,Wwherem 2 f 1;2gand! 2f ; 2 g. Further,

the variation of axial stress??* withR att = % is shown.

following representatiot

3 (3.7.1)
1 0 07

8 2 3
1 O
0 R2 0% Si(T) R<Ry;
45
0O 0 1
G = 2
2q



wherein the casB < R, ispresentonlyifl < (R;).Let'~: Bty !S map the material manifold
to the residually-stressed con guration. Consider cylindrical coordine{&s ;Z) = (¥, 7 2)

with == +(R), “= andz= ~2?Z. Incompressibilty constraint can be expressed as

8
3 ~2F(R)F°(R) _

=1; R Ry;
_ (3.7.2)
;w R, R
- 2R)F(R)
which implies that
S R2  S%(T)
SR(ST)+ R Ry
F(R) = : L Z sm (3.7.3)
T F(S(T)) = ()y()d; R, R:
R
The continuity of{R) atR, requires that
1 Z s, ?
F(S(T)) F(SuT)= = R Si(T)+2 ] Or()d (3.7.4)

Observe that the knowledge of eith€S;(T)) or {S,(T)) is suf cient to calculate(R). Let us

taker{S,(T)) as the only independent variable (other thgnin terms of which

8
2 e(smyr D, R Re;
I“‘Z(R) — 7 . (375)
3 ST+ = RE SHT)+2  ?()i()d ; R. R
R2
The deformation gradient reads
2 3
(R) 0 O
F(R)=§ 0 1 o% (3.7.6)
0 0 2
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ForR Ry:

2 3 2 4 3
MR 0 0 FRE
I(R) = 1 : 1(R) = R .
b'(R) g 0 =3 o% c'(R) g 0 4 (R) o% (3.7.7)
0 o 0 0 1
~4
The principal invariants db read
2 ~4
R = (AR T84 = Ry = Ry~ CETER), PR T

(3.7.8)

Using (3.7.2), the nonzero physical components of residual Cauchy stress can be expréssed as

T (R) - p(R) + (R) R2 (R)~4F2(R) ’

~42(R) R2
2
2 (R)= p(R)+ (Rg{f(R) ,EZR()RF; : (3.7.9)

(R)

~4

“*(R)= pR)+ (R)™

ForR < R ,, the radial equilibrium equation and the traction boundary conditlo(S,(T)) = 0

imply that
Z R ( ) " ~2 3 #
~T(R) = — O — 3 d;
S(T) . F( ;t
A — (R) ~4F2(R) R2 I .
~ (R)= ~—4+ (R) R2 |:2(R) + (R); (3.7.10)
Y44 —_ RZ ~4F2(R) l rr .
FR= R T ot R e S TR

15Note that® = 2~ .
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Now forR Rj:

2 3 2 4 3
[H(R)]? 0 0 T 0
2R
b](R)—E rZ(R) 0 ? cl(R)=§ 0 LAER; 0 é (3.7.11)
~4 +
; “(R)
4(R) 0 0 =
The principal invariants ob read
WR = (R T = FREER), TR, ERE
rA(R)  4R) r2(R) f2(R) 4R)  4R)

(3.7.12)

Using (3.7.2), the nonzero physical components of residual Cauchy stress can be expressed as

" (R) = . (R) .

TR= PR RORR) g

A (me (RIF(R) _(R)F*(R).

- (R)= pR)+ F2(R) 2(R) (3.7.13)
R™ (R ‘R

“(R)= pR)+ —

~4

“(R)

ForR Rj, the radial equilibrium equation and the traction boundary conditlo(S,(T)) = 0

give us
Zam., O, O = ROMO
~"(R) = () T ; s d
R acy r() ()
" VR PRR)
A — (R) (R) ” i .
~ (R)= “ + +4(R) Z(R) "2(3) +~"(R); # (3.7.14)
~4 4(R)r2(R) ~4I"2(R) +4(R)
~?2(R) = R - + R . + ~T(R):
(R)= (R) “®) ~42(R) (R) CRPR) - (R)

48



The continuity of~" (R) atR, requires thaf

" #
Z R2 ( ) ~2 3
Ea —+ 0O = =3
S1(T) ()
7 " #" . # (3.7.16)
S0 O, O = B0
+ () —++ . — d =0:
Ro Yoy () 2H()
Absence of an axial force in the residual state implies that
Z S2(T)
2R P?*(R)dR=0; (3.7.17)
S1(T)
. ~*(R) . : : :
whereP?*4(R) = —, s thezZ- component of residual Piola-Kirchhoff stress, calculated as
8 h L h~ze(R) P ®
E (R) — ~6|3(R) + (R) R2 ~_16 + ~—2, R Rz,
P?(R) =

3 GG 2PR) YR, (R . .
- (R "a(R) ~6r2(R) (R) “aRYI2(R) e = Re R
(3.7.18)

Residual stress in the case of a neo-Hookean solidConsider a homogeneous neo-Hookean

material for which (R)= (R)= o> 0and (R) =0 as in the previous section. The nonzero

BAlternatively,~" for R R, can be expressed as:

#
d,;

. h R
fre) O,y SE0 OO OO o, O

—(R)= R T2 () R, “2RA()P( ) e

)
(3.7.15)
in which case the condition (3.7.16) is recovered from the traction boundary condfiti¢®;,(T)) =0 .

49



components of the residual Cauchy stress are written as

8
E_OZR d _OZR 3_d R<R,;
. 2 &M T sm M)’ ’
~(R)= Z (1) *2 Z sty 2306
3 o TEM0d o TEOEO O
g 2R () " r M) ’
F(R) R? "oy - .
- % o" R2 2R +1; (R); R<R,: ( |
~ = + R 3.7.19
2, TR TR L rm): ROR
8 r4(R) F(R)
RZ
~4 _r . .
% 0" ~2(R) + (R); R<R3;
~2(R) = N . #
;7 RER)

R ew B ROR

Continuity of~"" , i.e., (3.7.16) simpli es to read

+ + #
» Iog R, . Z S2(T) 2( )d Z R2 3d Z S2(T) M o (3 . 20)
Si(T) R, r() sum F() R, F( ) S
Further, 8 H
% 0 7wt t R R;;
P?(R) = E (3.7.21)
-2 “RICR) 4 (R . :
) 0 +4(R) ~~6?"2(R) * —2 ' R2 R '
so that the zero axial force condition (3.7.17) implies that
Z s, Z ot w Carovizron z
R2 So(T) 2 4 R 2 R 1 So(T)
0 2 RdR+ o . (RIFR) pars L R~T(R)dR =0
S1(T) °r#(R) Ro 4(R) °r2(R) 2 sym
(3.7.22)
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Note that

Z sy(m) Zgr, Zg Zo Zg
d 2 3d
R~”(R)dR:~—g = ROR ~—Z
S1(T) S1(T)  Sy(T)
JLsm 2

R dR
sm s M)

So(T) * Zgm Lo * #
2(T) 2( )d RdR+_O 2(T) 2()I’3() 6( )d

R» R r() 6 R, R F4( )
(3.7.23)

RdR;

~2

or equivalently,

Z S2(T) 2 Z R
R R ST R2 2] °d
R~"(R)dR =—2 RZlog —2 2 SiM o R °1°d
272 S,(T) 2 276 5 (1) F( )
+ Z . +
2002 R3] 2()d L0 202 RAr3() 5 )d |

272 g, () 27 g, () |
(3.7.24)

S1(T)
Z

which in view of (3.7.20) implies that

Z Z
S2(1) R~"(R)dR = O[R% S:%(T)] + 0 R >d
S(T) (RydR = 42 276 g1 F()
Z + Z . +
0 Sp(T) 2 2( )d .\ 0 So(T) 2r3( ) 6( )d .

272 g, () 27 g, ()

(3.7.25)

Thus, (3.7.22) can be rewritten as

" z # "z y4 o #
, R3 sf(T)+ S2(M RdR 1 ~Re R3dR+ S2(M R 4R)r3R)drR

) 2 R» +4%:3) :6 sim) F(R) R> r2(R)
2 2 Z s,y 272 Zgr, s Z sy 203/ 1\ 6 #
1 R SAT), ()d d 13() %) d

1
_— — o+ =
2™ 2 R, r() 278 sm F() R, F4( )

=0:
(3.7.26)
Determining the residual stretch and stress requires calculating the unkr{@y(iE)) and™ that

satisfy (3.7.20) and (3.7.26).

Remark 3.7.1. The functions+ (R) andr (R) are known from the deformation history of the bar

prior to the removal of external loads, and hence, are treated as given quantities while solving for
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the residually-stressed state. Observe that

(3.7.27)

%5 R Rz;
HR) =
3

(RIR). o g,

is a solution that satis es (3.7.2), (3.7.20) and (3.7.26). The residual Cauchy stress components

~ and® vanish for this solution. Moreover,

P-ZZ(R) - " . # (3728)

0 +~2 “(R) 7 R R;
Ry

8
§0~2ii R Raz;
3

so that the zero axial force condition (3.7.17) requires that

z Z " o
R> 1 So(T) ~2 Z(R)
oR 2 = dR+ oR < -~ dR=0: (3.7.29)
S1(T) 4 R2 4(R)
This implies that 7
SZ(T) +
R SX(T)+2 R %(R)dR
~6 _ R .
= 7 M RAR (3.7.30)
R S(T)+2 :
Rz “(R)
Example 3.7.2.Consider a displacement-control problem wRh = 2R;, = %, 7 = B

and (t) =1+ a L " wheren 0, anda 2 R. Thentapaion = 2T > T, Si(T) = 1:5R,
andS,(T) = 3R;. Firstwe needto ndr : [Ry;S,(T)] ! R asin Example 3.6.1. With the

knowledge of+ andr (see Figure 3.8), we need to ndS;(T)) and ™ that satisfy the following
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Table 3.1: Residual stretcH™ in the body when it is set free after the displacement-control loading described in
Example 3.7.2.

n=21|n=1|n=2

1:4733|1:3547| 1:2349

0:4727|0:5514|0:6477

nonlinear integral equations

& - z # "z y s #
- R% SXT) 52(M ROR 1 ~ Rz R%dR (MR 4R)FAR)dR
< -7 4 - B
2, R2 4(R) o s MPR), R, F(R)
z : # z z . #
1 R% Sf(T) S(T) 2 2( )d 1 R2 59 S2(T) 2r3( ) 6( )d
P + + t oo 4 + 4 =0;
274 2 R, r¢) 278 g1 F() R, F( )
" . # " . #
§ ) Z S2(T) 2( )d V4 R2 3d Z S2(T) FS( ) 6( )d
~4 |Og + . n + — N =0;
Si(T) R> r(¢) sy F() R> F( )
(3.7.31)
where
8 2 2
R SH(T
% F(Sy(T)) + ~—21(); R Ry;
F(R) = z . (3.7.32)
1 + .
.EF”Z(Sl(T))"' = R Si(T)+2 ()() ; Rz R:
R2
We solve this system numerically in Matlab @2 % andn 2 %; 1;2 (with the numerical

valuesR; = 1 andT = 1). Since the numerical values of' (R) and~ (R) are negligible,

they are not reported here. The values éf(see Table 3.1) ane?? (see Figure 3.9) obtained
numerically agree with those described in Remark 3.7.1. From Figure 3.9, we observe that even
if a bar is subjected only to elongation, the residual axial stresses in the initial portion of the nal
body are compressive due to stress redistribution after the bar is set free. Similarly, tensile residual

axial stress is observed in the initial portion of a bar shortened during accretion-ablation.

Example 3.7.3.Consider a force-control problem wi, = 2R;, = 52, and’ = R Then
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Figure 3.8:Solution of the displacement-control problem described in Example 3.7.2 during the loading process.

Figure 3.9: Residual stress-?*(R) in the body (Example 3.7.2) after the removal of the external forces for the

displacement-control loading(t) =1+ a L ", wherea2 1 andn2 1;1;2 .

tapiation= 2T > T, Sy(T) = 1:5R;, andS,(T) = 3R;. Firstwe nd the functions (t) andr (R) as

in Example 3.6.2, which are then used to solve (3.7.31) and (3.7.38)3¢fT)) and™. Assume

the numerical valueR; = 1 andT = 1. We report~** as a function oR in the residual con gu-

ration takingF (t) as a polynomial (Figure 3.10), error (Figure 3.11), and sinusoidal (Figure 3.12)
functions of timet. The residual stretche¥ for the same choices &f(t) are given in Table 3.2.

In Figure 3.10 we compare the axial residual stress for loads varying monotonically as linear and

guadratic functions of time. A monotonically increasing tenBi(¢) induces a compressiveé” in
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Table 3.2:Residual stretchi? in the body when it is set free after the force-control loading described in Example
3.7.3.

F(t) -2
0R?
A=2 1:0603
erf & A=5 1:0835
A=8 1:0910
a=5n=1 1:2158
) a=5n=2 1:1166
at
a= 5n=1 0:8479
a= 5n=2 0:9051
m=1,! = 1:0617
sinm L m=1,! =2 1:0219
m=2,! = 1:0468

the initial portion of the body, althougt? > 1. Similarly, a monotonically increasing compressive

F (t) leaves a tensile?Z in the initial portion of the nal body along with a residual stretth< 1.

In Figure 3.11,~%* is observed to be almost the same towards the outermost accreted layers for
all the three loading paths. This is probably because the load when those outermost layers were
accreted was very close to the asympotic limiEdt) in all the three cases. As a result, all those
layers experience the same state of stress during loading as well as when they are set free. In
Figure 3.12, we look at the residual stress print left after different sinusoidal loading cycles and

observe that** remains zero on the outer boundary even after the bar is unloaded.
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Figure 3.10: Residual stress-**(R) in the body (Example 3.7.3) when it is set free after the loadhirft) =
59RZ%2 ¢ " wheren 2 f 1; 2g.

Figure 3.11: Residual stress-**(R) in the body (Example 3.7.3) when it is set free after the loadhrft) =
oR Zerf 24 whereA 2f 2;5;8g.

3.8 Response of 8D-printed bar under axial loads

Let us assume that; and T, are suchthad < T < T ; < T,, and consider &D-printed thick

hollow cylinder in the time interval0; T,]. Accretion/ablation occurs during the interal T]
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Figure 3.12:Residual stress?*(R) in the nal body (Example 3.7.3). During the accretion-ablation process this
body was under a sinusoidal axial force.

under some time-dependent axial load, after which the body is in an unloaded state=uiiil

and service loads are applied durifg; T,]. The motion map has the following representation

% (R ;202 0t T

. HR); ; T<t<T,: (3.8.1)

T

whereS;(t) R Sy(t), and 2(t) is the axial stretch due to the service load. The functians

r«(Rit); 5 2(0)™2Z2 ; T. t Ty

s are assumed to satisfy the following condition§0) = 1, ¢(T.) = 1. Further, notice that

8 8
SR1+ t; t T, ER2++t; t T;
Si(t) = 5 ;o S(t) = 5 (3.8.2)
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so that they are invertible only {®; T], with their inverses being and ", respectively. Axial force

and the Cauchy stress are written as

(Rit); t T;

F(t) = ~(R); T<t<T,: (383)

8
§0R5f|(t>; ¢ T
éo; T<t<Ty; (Rit) =

WA AR ©0

oR2fq(t); To t Ty T os(Rt); Tt Ty,

where the function§,, f 5 are the dimensionless axial forces during the acrretion-ablation process
and service loading, respectively, and are assumed to satisfy the following condiii@)s= O,

fs(T1) = 0. Thezz-component of Cauchy stress during service loading is written as

8
1
20 om0 SM R R,
SR = wn~ 2R (3.8.4)
3 20 R R, R sM);
4Ry (D7
which implies that
F(t) _ RZ S¥T) 1 £ %M RdR 1 Cem .
= 2= M ——— + )72 : R 2(R)dR:
A 2 d(t)™ R:  4R) T R
(3.8.5)
whereT,; t T,. This can be rearranged as
F (1) R SY(T) ZsmrR' 1 R samy , £ ’
= 7 e : R R “R)OR
2 o 2 Rz 4(R) )~ 2 R2
(3.8.6)
with R .
o _ RS sim+2 2R 2R)R. 387

R sT)+2 o7 R _dR
4(R)
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This implies the following force-stretch relationship

1
fs)=a 2t —= (3.8.8)
s(t)
where
1 Zsm #s Zom g3
a= o R3 SXT)+2 R ?(R)AR R3 SXT)+2 . dR
1 R> R2 4(R)
(3.8.9)

A stress-free elastic body with the same size as t18®D-printed body. First observe that in the

absence of accretion/ablation (i.e.= = 0) (3.8.5) simpli es to read

F(t) _ RZ R%
2 o 2

2(1) (3.8.10)

1
4(t)
In this problem, we replad®; by {S:(T)), R, by H(S,(T)), andL by ~2L. Consider a stress-free
thick cylinder of inner radius(Sy(T)) = =T outer radius<(S,(T)) = 220 'jnitial length
~2L and subject it to the same service load during the time int§fyal’,]. For this new problem,

let the motion be denoted as
"W(R; ;Z)= rs(R;t); ; ANz ; (3.8.11)

where2D R (D= ando 7z ~2L. Letthe axial force b&s(t) = o R 2 f4(t), and
denote the Cauchy stress by. For{S;(T)) R HSy(T)),
" #

FRO= 0 10 o

(3.8.12)
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which implies that the axial force can be expressed as

! #
2 o 27 T
Thus, we have the following force-stretch relationship
" #
1
fs(t)=a 2t ” (3.8.14)
s(t)
where
h Rs Mp" '3
[ 2(M)s3(T) SHM] RE Si(T)+2 . 'R 2(R)dR
a= : (3.8.15)

Wl

R
R} R3 sym)+2 R

Note that ifa > a, then the3D-printed body is stiffer in comparison to a stress-free body of the

same dimensions, and vice-versa.

Example 3.8.1.ConsiderR, = 2R;, = %, = B T, = 2T, andT, = 3T. Then,tapiation =

2T > T,Si(T) = 1:5R4, andS,(T) = 3Ry, where we assume the numerical valigs= 1, and

T =1 asin Example 3.7.3. The valuesafnda for several loads (same as those from Example
3.7.3) are given in Table 3.3. The force-stretch relationship during the service loading is shown in
Figure 3.13 for two particular cases. It is observed that3berinted body is less stiffer than a
stress-free body of the same size and made of the same material provided that it was subjected to
monotonic tensile loading during the accretion-ablation time interval. Similarly, a body which was

under monotonic compressive loading during accretion-ablation time interval is stiffer (in tension)

than a stress-free body of the same size and made of the same material.

Example 3.8.2.LetR, = 2R;, = &, = B T, = 2T, andT, = 3T as in Example 3.8.1.
When the service load is constant, the Cauchy stress is a function of the radial coordinate alone.

We consider the time-dependent lodgd) = % during the accretion-ablation process, and the
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Table 3.3:The coef cients of the force-stretch relations (see equati@8.8)and (3.8.14) for the 3D-printed bar
(see(3.8.9) and a stress-free bar of the same size and made of the same materié3.&46).
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A=2 6:3782| 65900

A=5 6:2486| 65388

A=8 6:2076| 65233

a=5,n=1 5:7295| 62902

t a=5,n=2 6:1431| 64657
r a= 5n=1 8:0862| 73032
a= 5n=2 7:5304| 70902

m=1,! = 6:3695| 65918

1 m=1,! =2 6:6185| 67104
m=2,! = 6:4570| 66276



Figure 3.13:Force-stretch relationship for service loading (Example 3.8.1). In the cabg)f= i—t the 3D-printed
body is less stiff as compared to its corresponding body without any residual stressf \(then %t the3D-printed
body is stiffer than its corresponding stress-free body of the same size.

constant service loadg(t) = 10. The solid-blue curves in Figure 3.14 represent the following

sets
(R)

0

HR);

'SIT) R Sy(T) ; (3.8.16)

which show the radial variation ofz* resulting from a constant axial force applied to Bi@-
printed body. When a stress-free body of the same size a380k@inted one is subjected to
the same service load, it develops a constghtacross the cross-section (this is shown by the
dashed-red curves in Figure 3.14).

The 3D-printed body manufactured under the tensile [bgt) = % has tensile residual stress
on its inner layers and compressive residual stress on the outer layers. As a result, when a tensile
service load is applied, it always develops tensile stress on its inner layers while the stress on the
outer layers can be compressive for very small service loads. For larger loads that causestensile
throughout the cross-sectiorg? is greater than 2> on the inner layers, while it is the opposite for
the outer layers. If this body manufactured under the tensile load is subjected to compre&sion,

can still be tensile on the inner layers for small enough loads. It is possible to have slightly larger

compressive service load so that the inner layers have compressive stress, but lesser than that of a
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Figure 3.14.Thezz-component of the Cauchy stress generated by a constant service load (Example 3.8.2). The solid-
blue curves show the radial variation of tke-component of Cauchy stress in t82-printed body. The dashed-red
curves represent the same for a stress-free body of the same size and made of the same mate3id@intes one.
stress-free body of same size subjected to the same load, while the outer layers follow the opposite
trend. However, if the compressive service load is large enough, the stresses3ib+-phiated
body are more compressive than those of the stress-free body throughout the cross-section.
The residual stress in ti#D-printed body manufactured under the compressive foégl =

2 is compressive on its inner layers and tensile on the outer layers. If tensile service loads are
large enough, 2* in the3D-printed body is always tensile (with the inner layers being less stressed
than the outer ones) but less stressed than the stress-free body of the same size subjected to the
same service load. Similarly, if compressive service loads are large endiigh,the 3D-printed
body is always compressive (with the inner layers being more stressed than the outer ones) but less

stressed than the stress-free body of the same size subjected to the same service load.
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CHAPTER 4
TORSION OF AN ACCRETING CIRCULAR CYLINDRICAL BAR

In this chapter we formulate the initial-boundary value problem of symmetric accretion of a circular
cylindrical bar made of an incompressible isotropic hyperelastic solid that is undergoing nite
torsion while it is free to deform axially. In order to motivate the continuous accretion problem, let
us rstdiscuss a discrete accretion problem, which is a twist- t problem [117]. Consider a circular
cylindrical bar with radiusR; that is nitely twisted, see Figure 4.1. While the bar is twisted a
cylindrical shell with thicknes®, R; is printed on its boundary cylinder. In other words, we
start with a stress-free solid cylinder with radidg, remove a concentric solid cylinder of radius
R1, and replace it with the twisted bar with radigg, and then glue them. After removal of external
loads, the accreted bar is residually stressed. This is because the natural con gurations of the core
and the shell are incompatible. In the following, we will formulate the continuous analogue of this
problem. We will calculate the metric of the natural con guration, the stress distribution during

accretion, and the residual stress distribution after removal of the external loads.

4.1 Kinematics and the material metric.

Let us consider a circular cylindrical bar with initial lengthand radiusRk, that is made of a
homogeneous isotropic and incompressible material with energy funttienwW (I 1;1,). We use
the cylindrical coordinateéR; ;Z) in the reference con guration, and cylindrical coordinates

(r; ;z) in the current con guration. The metrics of the reference and current con gurations have
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Figure 4.1: The twist-t problem: A cylindrical bar is rst twisted. In the deformed con guration, a stress-free
cylindrical shell is printed on its cylinder boundary. When the accreted bar is released, the unloaded bar is residually
stressed.

the following representation( R Ry)

2 3 2 3
1 0 1 0
G:EO R2 oY ; gzgo rz2 o%: (4.1.1)
0O 0 1 0O 0 1

Let us consider a time-dependent torsion of the circular cylindrical bar such that it is slow enough
for the inertial effects to be negligible. Torsion of circular cylindrical bars is a subset of F&8mily
deformations that are universal for incompressible isotropic solids [111], and have the following

form?!

r=r(R;t); =+ (0Z; z= 2?)Z; (4.1.2)

where (t) is twist per unit length, and?(t) is the axial stretch, see Figure 4.2. Under a twist-

control loading (t) is given while (t) needs to be calculated. Under a torque-control loading the

LFamily 3 deformations are universal for certain inhomogeneous and anisotropic bars as well [118, 119, 120]. In
this paper, we restrict our calculations to isotropic and homogeneous bars.
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applied torque is given while both(t) and (t) are unknown functions to be determined. In the

numerical examples we will consider both cases. The deformation gradient reads

2 3
rqR;t) 0 O
F=FRt)= g 0o 1 (té ; (4.1.3)
0 0 2(t)
whererqR;t) = 282 The incompressibility condition is written as
i 2 (R ) rR; )
_ detg 2D (R IARY) L
J= oo detF = z =1: (4.1.4)
This condition, together with(0; t) = 0, gives us
R
r(R;t) = ﬁ; 0 R Rp: (4.1.5)

We assume that while the cylindrical bar is under the time-dependent deformation (4.1.2) cylin-
drical layers of stress-free material are printed continuously on its boundary (see Figure 4.3). The
growth velocity is assumed to be normal to the boundary in the current con guration and has mag-
nitudeuy(t). This means that in the time intervalt + dt] a stress-free circular cylindrical shell
of thicknessug(t)dt is attached to the deformed body. We also assume that this accretion pro-
cess is continuous in the time interdal [0;t,]. Let us assign a time of accretiofiR) to each
layer with the radial coordinat® in the reference con guration. F&¢F R Rg, (R) = 0.

We assume that there is no ablation during the accretion process, and (B)dg invertible for
R > Ry. Itsinverse is denoted as= 1, and it assigns to the timethe radial coordinate of

the accreted cylinder in the reference con guration. The growth surfaces in the reference and the
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Figure 4.2:An accreting circular cylindrical bar undergoing nite torsion while it is free to deform axially. (a) The
initial bar, (b) the accreting bar at timg and (c) the residually-stressed accreted bar after the completion of accretion
and removal of the external forces.

current con gurations are de ned as

f(s(t); ;Z):0 <2;0 Z Log;
(4.1.6)

(r(s(t);t); + (1)Z; %(t)2):0 <2:;0 Z L

Note that

S0 = SHSIDSD + Sfs:D = rIs®:) U+ VSO (@L7)

whereUy(t) = s(t), andV' = %{ is the radial component of the material velocity on the growth

surface. Inthe absence of accretion, the spatial velocity of the material points lying on the boundary
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Figure 4.3:Cross section of a circular cylindrical bar undergoing symmetric accretion and torsion simultaneously.
(a) The material manifoldB; G). The radial coordinate of the boundary of the accreting bar at tines(t). At a

later timet + dt the radial coordinate changes &§t) + Uy(t)dt. (b) The deformed bar under torsion with a layer of
stress-feee material of thicknesg(t)dt joining its boundary during the time intervith t + dt]. (c) The residually-
stressed accreted bar after the removal of the external torque.

isV'(s(t);t), and this implies that

Ug(t) = r%s(t);t) Uy(t): (4.1.8)

Following Sozio and Yavari [70], we choodé(t) = ug(t). It was showed in [70] that other
choices forUg(t) will result in isometric material metrics. In other words, this choice will not
affect the calculation of stresses, see Remark 4.1.1.

From (4.1.8), the choicly(t) = uy(t) imposes the following constraint oi{R; t):
rqs(t);t)=1:0or rYR; (R))=1": (4.1.9)

R
Note thats(t) = Rg + Sug( )d . In order to simplify the calculations, let us assume that the
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spatial growth velocity is constant, i.el4(t) = ug > 0. Thus

R R,

s(t) = Ro+ uot; or (R) = u (4.1.10)
0
The constraint (4.1.9) is simpli ed to read
R R
rARo + Upt;t)=1;0r r° R; - 0 =1: (4.1.11)
0

For the initial body, i.e., fo® R Ry, the material metric has the representation (6;1.4)
For Rg R s(t), we assume that the accreted cylindrical layer at any instant of ttiree
stress-free (generalizing our analysis to the case of pre-stressed material is straightforward [70]).
This implies that the material metric Rt = s(t) is the pull-back of the metric of the (Euclidean)

ambient space, i.e.,

G(s(t)) = " (9(r(s(t);t)); or  G(R)=" (g 9(r(R; (R))): (4.1.12)

In components, one ha&Bag (s(t)) = Gag (R) = F2(R; (R)) F’:(R; (R)) ga(r(R; (R))).

Therefore

2 3
r*(R; (R)) 0 0

G(R)=§ 0 r’(R; (R)) ( R)r3(R; (R)) %

0 ( (R)r*(R; (R) 2( R)r*R; (R)+ “*( (R)
2 3 (4.1.13)
1 0 0
= EO r’(R; (R)) ( R)r*(R; (R)) § :

0 ((RNrAR; (R) 2 (RYr*R; R+ *( (R)

where use was made of (4.1.9), ar(d) is given in (4.1.10).

For this accretion problem, the material manifold is an evolving Riemannian magigl& ),
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where

Bi=f(R; ;Z2):0 <2;Rp R s(t)=Rp+ut; 0 Z Lg; (4.1.14)
and
2 3
1 0
0 R R02G=§0 R2 oé;
0 0 1
2 3
1 0 0
Ro R Ro+ut:G= go r’(R; (R)) ( (R)r3(R; (R) é :
0 ((R)rAR; (R) 2 (RYr¥R; (R)+ “( (R))
(4.1.15)
The incompressibility constraint f&® Ry is written as
r
_ detg 3 r(R;t) _ L
= oo detF = R RY XA (R) rqR;t) 2(t)=1: (4.1.16)
Thus
r(R;t) rq{R;t) = r(R)w; (4.1.17)
wherer (R) := r(R; (R))=r R;B X . Hence
R3 2 “R
r2(Rit) = —-2 r() 2(()d; Ry R Rg+ ugt; (4.1.18)

9 4=
2(t) 21w

°Note that as soon as a layer is deposited it becomes part of the body and participates in the deformation process.
If the load is xed, one would have a classical twist- t problem (Figure 4.1). The time dependence of the load (or
twist) makes the natural state of the body (the material metric) inhomogeneous. In other words, after completion of
accretion if each cylindrical layer is allowed to relax independently of the rest of the body the collection of relaxed thin
cylindrical shells can not be put back together in the Euclidean ambient space without local elastic deformations. This
incompatibility of the local rest con gurations depends on the state of deformation during accretion and indirectly on
the applied load during accretion.
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where use was made of (4.1.5). Thus

Z
() r’(R;t) = R3+2 Rr( ) 2(())d: (4.1.19)

Ro

The right-hand side is time independent, and henéé&) r?(R;t) is independent of time. In

particular, 2(t)r?(R;t) = 2( (R))r?(R; (R)), and hence

( (R))
(t)

r(R;t) = r(R): (4.1.20)

The constraint (4.1.9) gives the following ODE for the unknown functi@R):

1 (R) AR) _ ..
rqR) + C(R) r(R)=1: (4.1.21)
This ODE has the following solution:
1 ‘R
r(R) = TRy Ro + - (()d (4.1.22)
Thereforé
1 Z R
r(Rjit)= — Ro+ ((nd (4.1.23)
(t) Ro
ForO R Ro:
2 3 2 3
21(0 0 0 2(t) 0 0
b](R;t):g 0 L+ 2 1) (té; c](R;t)zg o - (t)
GO N

4(1)
(4.1.24)

3This is identical to what was obtained in [121] in the case of accreting bars under nite extension.
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The principal invariants db read

2+R? 2(t)+ °(t) . 1+R? () +2 °(1)

I1(R;t) = 2(1) I2(R;t) = ) (4.1.25)
The Cauchy stress has the following non-zero components
(RiD= PRDE Gl R 20
2 . 4
RO= pRY -G+ ®Y o+ o S
(4.1.26)
1+R? (1)

2R = pR+ (R ) (Rt) 0

ZRit)y= (1) (Rt) )+ (R;t)

where = 2%" and = 2%’ (see (2.2.26)). Using the circumferential and axial equilibrium

equations one concludes that p(R;t). The radial equilibrium equation rea% + % "

r = 0. This can be rewritten in terms of the referential coordinates as
@" z(t) R =0: (4.1.27)
@R (1) | -
Thus
2(t) ©

T(Rit) = oft) (:t)d; (4.1.28)

)k

where o(t) = " (Ro;t). This implies that for the initial body one has

2(t) Z Ro
2(t)

(R;t)
2(1)

p(R;t) = o(t) (;t)d + (Rit) (1): (4.1.29)
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For thesecondary bodyi.e., forR, R s(t):
2 3

2((R) 0 0
bI(R:1) = g

(1)
0 TCRYFPPR)C () C(R)2 2MC (M) ( (R)))é :
0

40 (R)rA(R) “C(R)
HOEONNEG))) MO)

2 4 (R)) 4( (Fi))3 (4.1.30)
2(2((3)) 0 0
TN I
0 ((R) (® SCRN+HI2R)C (M) ((R)?
( (R))? A1)
The principal invariants db read
LRD= O 22CR) RO (R’
CRY *(R) (4.1.3)
L(R:1) = CRY, 2%  r(RC O  ((R)? o
- M 2 (R) {0) |
The non-zero components of the Cauchy stress are
r . —_ . . 2 R . 2t .
RiD= PRDT R) e (R 5y
) = . 2(t) (R;1) (Rit) “(1) ROCEO®  ((R)Y?.
RO= PRY SRy e® ™ PR A RIPR) " (R) ’
22/ 1) — : (Rit) “t) (Rt) *((R) (Ri)r*((R)( (1) (RN,
(RO= PR 750w M (0 ’
2men - (O ((R) Y 2 4y 2 :
(R;t) = i (R) (Rit) “(+ (Rit) “( (R) :
(4.1.32)
The equilibrium equation reads
@"(R;t) ATRCM® RN _,.
er VTR w0 (#1.39)
Thus 7
R
T(Rit) = oft) + (o fOCO  CON*y . (4.1.34)
Ro 2( ) z(t)
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This implies thatfolRg R s(t):

Z g

4y = A FOCO  COm?  CR)) . ()
PRD= o0 EOT g ¢ B g T R SRy
(4.1.35)
Thus on the growth surface, one has
Z s r()@® O
p(s(t);t) = oft) + . (;t) 20y AN d (s(t);t)+ (s(t);1):
(4.1.36)
Note that forR = s(t), (R)= (s(t)) = t,and hence (t)= ( (R)). Thus
2 3
1 0
COREI I CORERNCOR (S(t);t)]go . %: (4.1.37)
O 0 1

We know that (s(t);t) = 0 (note that stress-free material is added on the boundary and this means
that the stress tensor vanishes on the boundary), and heafsé); t)+ (s(t);t)  (s(t);t) =0.

Therefore

50 () ®  (()?
N e SR R (4.1.38)

Thus, forRy R s(t) we have

e 1O () WCR) e O
PRID= 5 G o R R s
(4.1.39)

From (4.1.29),fo0 R Rg:

Z Z
BN O R 1 F0 OO ()
D= =g o TP mm o, PUTTTROO T L
St (R :
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Therefore, the non-zero physical components of the Cauchy stress for the initialdbodiR (

Ro) aréet

2 ZRo ZS(I) 2
Ry O Goa L CofOCO  COr
0 s © s, O
I O L 120 O () LR M)
I I O I O
I R I 120 O ()
RO =g, OO =g o GO ¢
2 2
FRD O et Ry TR
‘Riy= S RO 0 R
(4.1.41)
For the secondary bodRf R  s(t)) they read
1 Zsw r()C () (())?
"(R;t) = (;t) d;
0 s ()
1B O (O, . RHPRC O (R,
B =y, U %) 2( (R) ’
L LSS0 O® ()7, ROPR O ((R))?
RO= =, U9 ) " )
4 2 2 4
CED Sy g Y Ry Ao
‘rin= XL ®iy 29s RO A(R)
(4.1.42)

At the two ends of the baiZ( = 0; L), the axial force is assumed to be zero and the applied

torque is given, i.e.,

Z s(t)
F(t)=2 P?2(R;t)RdR =0
0

Z ) Z g (4.1.43)

M(t) =2 PZ(R;t)R?dR =2 PZ(R;t)r(R;t)R?dR;
0 0

4The physical components of the Cauchy stress are de ned%s abP Oaa Oob (NO summation) [122].
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whereP?? = P?#Z is thezZ-component of the rst Piola-Kirchhoff stress aRt¥ = rP ¢ is the

physical Z component of the rst Piola-Kirchhoff stress. Note that

L N
+ (R, t) 2(t) 41(t)|+ (Rit) 1 “Rj(t)zml; 0 R Ro;
P?(R;t) =
4(0 s(t) ( t)r( X (2)((§(.))2d (R:t)fz(R)G((t)(t) ()? |
+ (Rit) 4(2?;» 2(4((3»|+ (R;t)hz(l(R)) 4<6((§))|; Ro R s(t);
(4.1.44)
and
h i
% Ri)+ 55 0 R Rg;
PZ(R:t)= (4.1.45)
%

LB R 2+ (Ri) A()]: Ro R s(t):

Remark 4.1.1. Instead of the choicly(t) = ug(t) = uo, let us assume thaty(t) = Uy > 0. In

this case, instead of the constraint (4.1.9), one has
Uop Uo
rqs(t);ty= —;or  r(RAR) = —; (4.1.46)
Uo UO

whereR is the radial coordinate of the new material manifold lor R Ro, R = R). Note
that in the two material manifolds the time of attachment of the same layer should be the same,

i.e,N(R)= (R). This implies that

U U
R= 1 2 Ry+ —2R: (4.1.47)
Uog Uo

76



With this choice, the new time dependent material manifolds is

(6]
Bi= (R; ;Z):0 <2;R, R

s(t)= Rp+ Upgt; 0O Z L (4.1.48)
Let us denote the radial component of the deformation mapping with respect to the new material

manifold byA(R; t). The material metric has the following representation

2 3
1 0
0 R RO:G=§0 R2 0% ;
0O 0 1
) 3
0 0
Ro Q Ro+ Ugt: G =

re(R; N(R))
("(R)) F2(R; ~(R))

rOCOD N
o o Sk

("(R)) #2(R; ~(R)) % :
2CRY PR ARY + 4(M(R))

(4.1.49)
With respect to the new material manifold
2 3
MR;t) O O
F=FR;t)= g 0o 1 (té : (4.1.50)
0 0 2(t)
For0 R R, wehaveR = R, andi(R;t) = r(R;t) = & ForR Ry, incompressibility
implies that
A(R; 1)
- PAR:t) 2(t)=1: 4.1.51
g AR AR) 2(MR)) Ro70 ( :
Therefore
Z
20 0R;t) = RE+2:° () (M) d ; (4152)
Uo R,

wheref( ) = 4(; ~( )). The right-hand side of the above relation is time independent, and hence
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2() P2(R;t) = 2(M(R)) #2(R; A(R)), or

AMR;t) = #s))ﬁ(ﬁ): (4.1.53)

The constraint (4.1.46) gives the following ODE for the unknown funcfig®):

- ("(R) " s Uo
AAR) + AR)= —: 4.1.54
W+ — @y (R= g (4.1.54)
This ODE has the following solution:
Z 4 # " Z 4 #
_ _ 1 UO A _ 1 E A )
A(R) = (“(R) Ro + Uo n, *(Nd = R) Ro + Uo =, *()Nd : (4.1.55)

Q — Uo 0 RQ A _ RR . . . .
Note thatdR = 2dR, and henceﬁ—O Ro ™~ )Nd = Re ( ())d . Substituting this relation
back into (4.1.55), and comparing this with (4.1.23), we observeftidtt) = r(R;t). This
means that kinematics is not affected by the chaig@) = U, > 0. Consequently, stresses are

not affected either.

Remark 4.1.2.In [123] for each of the six known families of universal deformations of incom-
pressible isotropic solids [111, 124, 125] the corresponding universal eigenstrains (or equivalently
material metrics) were found. However, there may be many more pairs of universal deformations
and their corresponding universal eigerstrains (material metrics). In [121] one such family of uni-
versal deformations and eigestrains was found. In this paper, we have found another family of

universal deformations and eigenstrains. More speci cally, we have shown that the following pair
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of deformations and material metrifs G)

8 8
r=r(R;t)= 1 Z g
2 Ro+  (()d ; Ro R s(t);
(r; ;2) (t) Ro
% + tz;
tz= 2(0)Z;
(4.1.56)
and
82 3
1 O
EO R2 0% 0 R Ro;
0 0 1
G= 2 3
1 0 0
EO r’(R; (R)) ( (R)r*(R; (R)) %i Ro R s(t);
0 (R)r3R; (R) 2 (RNr¥(R; (R)+ “( (R)
(4.1.57)

are universal.

Example 4.1.3.For neo-Hookean solids(R) = (R) > Oand (R) =0. Let us also assume a
uniform shear modulus(R) = . Therefore, the non-zero physical components of the Cauchy

stress for the initial bodyd( R Rg) are

croe L CORE R o SO0 (07

) 2 W g ()
R ORT o L) () (()? R2 2(1)
RO= o= 3 M g, () O o

2t RZ RZ s(t) t 2 1

WOS ey g . o0 e 0 g

“(Ri)= oR (1) (1):
(4.1.58)
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For the secondary bodR§ R  s(t)) they read

o SO 2y,

0= = ()
(R:t) = Or() 1 CON?y . Orz(R)( ®  (R)?>.
’ 2(t) R 2(() 2(t) 2( (R)) ’ (4.1.59)
22(Rot) = Or() @ (( ) . ‘(1) ?( (R))
’ 2(t) = 2( () *( (R)) 2(t)
‘Rin= oG
Thus
8
2 Rst r t 2
% SOOREOR? 4 2 s A SOINQ (OG0 R R
P (R;t) = og
2(t 2 Rstr t 2 .
P LRy 1 T (O g R, R
(4.1.60)
and 8
% (t); 0 R Ro;
PZ(R;t)= o§ (4.1.61)
-W; Ro R s(t):
The applied torque is calculated as
4
M= 50— +2 Ro OMO () +2 o Oh®) N i (3162
where
Zs(t) Rz Zs(t) RZ ( (R))
mOT L R T T TRy T ]
s() R2 s(t) p2 R
= Sy R o= L ER R R (e
’ ’ (4.1.63)
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Thus

2(t 2(t) (t
2 2 T
g = PR ny = LB I e = up ()

wherehs(t) = (s(t)). We assume tha¥1 (0) = 0, (0) =1, and (0) = 0. Note also that
h;(0)=0,j =1;:;;5.

The zero applied force condition is written as

1 R§ Ry 2(1) Ka(t)

o 2 8 * Ok T |
2 |
Zizt?] 2(t) (Roks(t) + ka(t)) 2 (t) (Roks(t) + Ke(t)) + Rokz(t) + ka(t)
i
41(t) () RoKs(t)+ Ka(t) 2 (1) Roks(t) + Re(t) + RoKe(t)+ Kg(t) =0;
(4.1.65)
where
Zsy R Z 1)
ky(t) = —————dR; ka(t) = R % (R)dR;
Ro 4( (R)) ZRQ
ka(t) = ®_R dR; Ka(t) = R dR;
ST o CCR) - o CCR) T
S0 (R TS0 ((R) (R) .
O L Ry O TRy
_ TS0 2((R) _ 70 2((R) (R) . 4166

Ko (t) N 3§ R) dR; Ke(t) N 3 (R) dR; (4.1.66)
Z s(t) s(t) 1 s(t) s(t) ( )

Rs(t) = R —— —_ddR; Ret)= R d dR;
EE®) e
SECNERCINES) £s0 LS00 () ()

Rs(t) = R 3 ())ddR; Re(t) = R Wcl dR;

Ro R Ro R
e R O e pn O () Oy e,
W= R ey e k= R ) '
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Thus

0= 25 = ws) A0: K= s k= D
2 2
KO(t) = uog(t(;); Kty = U0 (tz(ésm); KO(t) = 3((8; Kty = o (ts)(t)(S(t)):
(4.1.67)
Note that
RO(t) = zli(zt) (1) R2 : (4.1.68)
Similarly.
Qo= 00 20 /R R= 20 S0 RS
ROt = w $(t) R2; Kot = “; 328) s2(t) R3 ; (4.1.69)
2
=20 e R
Note thatk,(0) = = kg(0) = 0, andR3(0) = = Rg(0) = 0. Therefore, we have the

SThis is a simple application of the Leibniz integral rule:

z z
_dTem _ . O @{;R) .
R9(t) = & f (R)dR = s%t) f (t;s(t)) + . o dR;
where Z s 4
TER=R Scoy
Note that
ote tha o) = S(t)Z s d _o. @ftR) _ R YY) 1 _ Ruo
’ sy () 7 @t 3 (s(t)) 3(t)
Thus
RO(t) = Z =) Ruo _ U 2 .
3() = - 3 RT3 s?(t) R3 :
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following system of nonlinear rst-order ODESs:

8

0 Y B o _
ZR‘)‘(Et?]h 2(t) (Roka(t) + ka(t)) 2 (t) (Roks(t) + Ke(t)) + Roks(t) + kg(t)l-
Qt) 2(t) Roks(t) + Ka(t) 2 (1) RoKs(t) + Re(t) + Roks(t) + f<‘8(t)I =0;
RTg 0%+2 oRo (t)hi(t) ho(t) +2 o (t)hs(t) hy(t) = M(t);
e = 50 gy = LSO, gy - LSOO,
i = =0 OO g = w0 0
Am= i K= st q0; ko= e ko= L
o =250 o= R0 = e 0 g = e e,
Q= 5o S0 R RO= Tl 0 R
Qo= 2o f0 R Ro= 2000 g0 RS
Bo="20 s R/ o= 2 00 vo &
=1 ©=m0O= =hs0)=k()= =k(0)=k(0)= =Re(0)=0:

(4.1.70)

Let us assume th&, = 1, up = 1, andt, = 1. We rst consider the following twist-control

loadings:
: L, 2t .8t ., 8t
1(t) = sin H(t) = sin? . 5(t)=  sin o 4t)= sin?
a ta a ta
(4.1.71)

The corresponding?(t) distribution for each loading is shown in Figure 4.4. Next we consider
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Figure 4.4:The axial stretch distribution for a bar under the four different twist-control loadings givef .ib.71)
during accretion.

Figure 4.5:The time-dependent axial stretch and twist per unit length for a bar under four different applied torques
given in(4.1.72)during accretion.

the following torque-control loadings.

.2t . 2t
My(t)= R 3sin — My(t) = R 3 sin? —
a a (4.1.72)
_ 3 . 8t _ 3 ., 8t
Mj(t) = R g sin o My(t) = R g sin :
a a

The corresponding?(t) and (t) distributions are shown in Figure 4.5.

Remark 4.1.4. Note that in (4.1.62)M (t) is a linear function of (t). Consequently, in (4.1.62)
and (4.1.63) the transformatior{t) ! (t) changes the sign ®fl (t). Note also that (4.1.65) is

unchanged under the transformatioft) ! (t). This implies that if( (t); (t)), is a solution
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for M (t),t 2 [0;t,], then( (t); (t)), is a solution for M (t), t 2 [O;t;]. Consequently, from

(4.1.58) and (4.1.59), if " (R;t), (R;t), **(R;t),and Z*(R;t) is the stress distribution for

M (t),t 2 [O;ty], then " (R;t), (R;t), #*(R;t),and ?*(R;t) is the stress distribution for
M (1), t 2 [0; ta].

4.2 Residual stresses

Let us assume that after the completion of accretion at tijtlee accreted body is unloaded, i.e.,
fort >t ., F(t) = M (t) = 0. In this section we calculate the residual stretéhresidual twist™,

and residual stresses. The material metric of the accreted body has the following representation:

2 3
1 0
0 R Rg: GZEO R?2 %;
0O 0 1
2 3 (4.2.1)
1 0 0
Ro R Ra: G= EO r’(R) ( (R) r3(R) % ;

0 ((RNrAR) 2 RYr2(R)+ “( (R))

whereR, = s(t;). Note that for a given loading during accretion the material manifBldG ),
whereB = By,, has already been constructed. The map from the natural con guration of the
accreted body to its residually-stressed con guration with no external loads is dendtedBy

C S. Incylindrical coordinates it has the representatigi; ;Z) = (+; 72 = (¥(R); +

Z; ~?Z). Using the incompressibility constraint one obtains

8
3R 0 R Ro;

F(R): 5 ZR (422)
P22 OO Re RORa
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The residual Cauchy stress has the following distribution for the initial bOdy R Ry)

R - ;Z e %Z; HIOC LN,
~ (R) = ;Z:o ()d %ZZF:E‘ () )(~2((())( )P (R)g;
(R) = ;zz:o ()d %Z:‘ () )(~2g#(())( ) 4.2.3)
PR LR o2 MRT
STSEL S
and for the secondary bodR§ R R.)
Ry = ~_ZZRR3 IO, L0
- ®)- %ZRRa IO LON , BEEC 0N,
gy L Z HrOC, );)2 L <(R);)2 s
POy el ® _2(~(2R)) o
=)= - "®e ® O

Example 4.2.1.For a homogeneous neo-Hookean solid, the zero applied torque and force condi-

tions are written as the following system of nonlinear algebraic equations

Re—+4Rg ~hy M, +4 ~hy; h, =0;

1 R2 R4Z k, R2D_ _ i
2 - 20 80‘“4 + zkl ~—i 2—-31 2 ROR3+.R4 2 RoKs + Kg + RoKy + Kg

1 h

|
po ~2 ROQ3+ E4 2~ Roﬁ‘s'*' Qe +ROE7+E8 :O;

(4.2.5)
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Table 4.1:Residual stretch and twist for the four different torque-control loadings givea.in72)

Mi(t)  Ma(t)  Ms(t)  My(t)

~211:24866 120544 126215 126174
- 10:18626 023904 0022172 @9500

ForRo =1, up =1, andt, = 1, the residual twists and stretches for the four applied torques

(4.1.72) are given in Table 4.1. The residual Cauchy stress components have the following distri-
butions. FoO R Rg:

e S TRER oSMIOC (O,
=2 = A0 O
Z
L ZRERE GORr()(- ()P, , RZ
R =75 = A U= g
~2 D2 2 Ra -~ 2
2(R) = 0~_ZROZR o R r()( - (())( MW7y &, ~ % :
~*(R)= o "R:
ForRp R Ra:
Rye 0 TOC (O
= ()
SR o O ()7, ePRIC (R
= 4 () . A R)
Z g, N , ) ) # (4.2.7)
e 0 TOC COD?y (R)
R= = 0 CH®) =2
“r(R)( ™ R
= o (),

ForRo = 1,up = 1, andt, = 1, in Figure 4.6 we show the residual stress distributions for the
loadingM (t) =2 R} i ®_Itis observed that the shear stress is an order of magnitude larger

than the normal stresses.
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Figure 4.6:Residual stresses in a bar under the applied torjug) =2 R 3 é 3 during accretion.

4.3 Linearized accretion mechanics

In this section we linearize the governing equations of the nonlinear accretion theory and nd
those of the linearized accretion mechanics. We assume that linearization is with respect to an
undeformed stress-free con guration of the bar. More precisely, let us consider a reference motion
' t, and a one-parameter family of motiong suchthat .o = ' { [112, 126, 70]. For the combined

torsion and extension of a bar we consider the following one-parameter family of motions
(R ) =(r (Rt + (M2 A(H)2): (4.3.1)

We will linearize the governing equations with respect to the reference mot@y ;Z;t) =
(R; ;Z), which corresponds to the motion of a cylindrical bar that is under no external forces

or torques while stress-free cylindrical layers are added to its boundary in the time if@etyhl
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The variation eld is de ned as

R )= S ROZDE(HR 072 02): (432

From

r(R;t) = dﬂ 0r (R;t); (4.3.3)

one concludes that(R) = r R;Ru—;—"o . The displacement eld is de ned as
UR; ;Z;t)= ' (R, ;Z2) ' ®w(R; ;2): (4.3.4)

Assuming that (0) = 0 and (0) = 1, for the initialbody 0 R Rp),"' (R; ;Z;0) =
(r (R;0); ;Z) = (R; ;Z), and hence' o(R; ;Z) = (0;0;0). Thus, for0 R Ro,
UR; ;Zt)= " ((R; ;Z).However, forthe new material poinR{ R s(t) = Rg+ ugt)

the displacement eld is de ned with respect to their positions at the time of attachment.

4.3.1 Linearizedkinematics.

ForO R Ro, the incompressibility condition for the perturbed motion is written as
2)r (R rYAR;)=R=1 (4.3.5)

which along withr (0;t) = 0, implies that

R

r (Ryt) = w;

0 R Ro: (4.3.6)

Taking derivative with respect toon both sides, evaluating at= 0, and noting that -o(t) =1,
one obtains

r(Rit)= R (t): (4.3.7)
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Knowing that (0)=1, (0)=0,andhencer (R;0)=0.
ForRo, R s(t):

FRI)= —— Re+  (()d (4.3.8)
® N
Thus
Z
r(Rit)= R (t)+ ) (()d: (4.3.9)
Ro
4.3.2 Linearizedstresses.
ForO R Rg, onehas
Z
LR RE o S ()@ (()P
RO= oZp—3 7 - 20 () d:

MR ORE o S ()@ (()? R? 2(t) |
RO= o5p—2 = o 2( () d* o5y
e QR RZ o SO () (()? 1
RiD= oy > o 0 d+ o 1) Ol
‘Ri)= oR () (1)

(4.3.10)
ForRp R s(t)
500y M) (()?
T(Rit)= — d;
® 2(()

R = _oZRS“’r()( M (), PRCO  (R)?

’ V) 2( () ° 2(t) %( (R)) !

e Or () M (()? ‘M 2 (R)

RO= =g . 2( () T ) IR

G (;()() (O) .

(4.3.11)
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Thus,for0 R Ry
T(R;t) = (Rt)=0;

ZR1)=6 o (1); (4.3.12)
“(Rit)= oR (1);

and forRg R  s(t)
T(R;t) = (Rit)=0;

“(Rit)=6 o (1) ((R) ; (4.3.13)
‘(Ri)= oR (1) ( (R) :

For the perturbed motion (4.1.62) reads

z z #
_ R 4 (t) s(t) RZ s(t) RZ ( (R))
MO= " o2 oRe O Sy R CRY
ZaRe R) R ((R) (R)
2 d dR ;
HE N O ) O ) N
(4.3.14)
R _ Re
where (R) = Ro ( ())d . Noticethat -, (R) = ROd = R Rg. Thus
Z g Z g)
M _ R )+ () Ro R?dR Ry R? ( (R)dR
2 0 4 Ro Ro
Z g Z (1)
+ (1) R?(R Rp)dR R?(R Ro) ( (R)dR
o o Zst
- %3 O+ ORSD_R e () dR (4.3.15)
Z 5%
+ % 3si(t) 4Rps(t) + Rj ()RZ(R Ro) ( (R))dR
z Ro 7
_ si(Y) s 2 s 2 .
= (O Ro R ((R)dR R(R Ro) ( (R))dR:
Ro Ro
Taking time derivative of both sides one nds
;’Hto) - 544(10 ) : (4.3.16)
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Knowing that (0) = 0, one obtains

(t) =

Z,
2 M9 (4.3.17)

0o o S*X) -

Similarly, for the perturbed motion (4.1.65) reads

2 4 2
40 41(t) 5 s 4(t()t) F 0k _k24((tt))
2 [
> F\:t(()m 2(t) (Roks (t) + Ka (1)) 2 (t) (Roks (t) + ke (t)) + Roky (t) + kg (t)
i
4](-t) () Roks () + Ry (t) 2 (1) Roks (1) + Ko (t) + Roky () + Kg (t) =0;
(4.3.18)
where
Z s(t) R Z s(t)
ky (1) = ; dR; ke (1) = R *( (R))dR;
rRo  ((R)) SRo
s R ® (R
k = - : = -~ 7 :
O Ry T “O= L R
_ 0 ((R) . _ 0 Ry (R L.
O . R ™ O L TRy T
_ 0 2(R) o _ W 2 R) R L.
Ky (1) = - SCR) dR; ke (t) = N C(R) dR; (4.3.19)
s(t) s(t) VA s(t) YA s(t) ( )
Rs (1) = ——~ddR; Rs(t)= - d dR;
Fo R () Fo R W)
R (1) = W70 () d dR: Re (1) = OO () ()d iR
5 (1) = 3 v Ke (l) = B Ve ;
Fo R @) Fo R ()
R, (1) = OO 2 () ddR: Re (1) = W70 20()) ( )d iR
) e Ro R 3N '
Thus, linearizing (4.3.18), one obtains
z s(t)
(1) (1) =2 R ( (R)dR: (4.3.20)
Ro
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Taking time derivative of both sides one obtagi¢t) +t) =0, and hence ) = 0. Knowing
that (0) = 0, one concludes that (t) = 0. Therefore, the only nonzero linearized stress has
the following distribution:

8
2GR (1); 0 R Ry
*(RiD)= (4.3.21)

oR (1) ((R) ; Ro R s(t):

Or

0 R Ryp;
# (4.3.22)
dx ; Rp R s(t):

oS00
fNg), C O Mg
o s(x) o s'(X)

Z(Rt) =

8
gz_RZthx)d.
: 0

This can equivalently be written as

8 ,
% R le(f:;) dx; 0 R Ro;
Z(R;t) = : 7 N (4.3.23)
2R™Y MHAx) .
p—— . 54()() dX, Ro R S(t) .

4.3.3 Linearizedresidualstresses.

Linearizing the zero-force condition (4.2;5pne nds ~ = 0. Similarly, linearizing the zero-

torque condition (4.2.3) one obtains

Z Z _—
8 _“F T 0Nt

oR% R, 0 s*(x)

dxd : (4.3.24)
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Figure 4.7:Residual shear stress and linearized residual shear stress for the loltiitg= k R 3 sin % for four
different values oK.
The only nonzero linearized residual stress has the following distribution:
8
2 4R 7 0 R Ro;
~2(R) = N (4.3.25)
- oR 7 ((R) ; Ro R Ra;
or
8
Z Z _—
8R ~ Ra ) Mx
% A 3 #dxd : 0 R Rg;
z _ R a Ro 0 S (X)
~“(R)= Zo Z - A
28R "R T O M) 2R < (R M+x)
. a 2 dxd — 2 dx; Rp R Rj:
R2 Rro 0 s*(x) 0 s*(x)

(4.3.26)
ForRo=1,up =1, andt, =1, in Figure 4.7 the residual shear stress and the linearized residual

shear stress distributions for the loadikiyt) = k R 3sin 2;—; and four different values dft
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are shown. As expected, ksncreases the difference between the nonlinear and linear solutions

increases.
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CHAPTER 5
THERMOELASTIC ACCRETION INDUCED BY PHASE-CHANGE

Solidi cation is crucial in many modern manufacturing processes, such as casting, injection mold-
ing, laser sintering, photopolymerization, and ice templating. One of the earliest studies of so-
lidi cation that focused on mechanical stresses was conducted by Rongved [127], who examined
the residual stresses generated during the quenching of glass spheres. He modeled the viscoelas-
tic behavior of glass similar to that of a Maxwell material with temperature-dependent viscosity
and provided an explicit solution for transient thermal stresses in a compressible sphere. Weiner
and Boley [128] studied the one-dimensional growth of an elastic/perfectly-plastic slab that started
solidifying as the surface temperature of a molten liquid pool at one end was dropped below the
melting point. The liquid melt was assumed to be at a xed temperature initially. The time evolu-
tion and spatial variation of temperature in both phases were considered. They utilized Neumann's
solution [129, p. 283] for the temperature eld and the location of the moving boundary in one-
dimensional phase change problems. The slab was assumed to have vanishing stress at the moving
interface and was constrained against bending. Their problem was inspired by the early stages of
solidi cation during the metal casting process where temperatures are close to the melting point.
Their ndings revealed that plastic ow could initiate right from the beginning at both the casting
and solidi cation surfaces. Moreover, they observed that the stresses at the casting surface were
compressive.

Tien and Koump [130] studied the thermal stresses developed during the solidi cation of an
elastic beam with a temperature-dependent Young's modulus. Richmond and Tien [131] consid-
ered a nonlinear viscoelastic model with a temperature-dependent Young's modulus and viscosity
to study the early stages of solidi cation inside a rectangular mold with a uniform non-steady sur-

face temperature and pressure. In particular, they computed the stresses and deformations in the

96



solidifying skin for slow cooling processes and calculated the time required for the formation of
air gap between the mold and the skin.

O'Neill [132] used a boundary integral element method to study moving boundaries in phase
change heat transfer problems. The analysis was limited to problems with a very low Stefan's
number, meaning that heat capacity effects were negligible compared to latent heat effects. In such
cases, the temperature pro les within the individual phases remain relatively constant over time.
They investigated the radial freezing around a pipe with a thin initial frozen layer surrounded by
the unfrozen liquid initially at the freezing temperature. The temperature history of the surface
of the pipe was considered to be known and was assumed to decrease with time. They examined
the evolution of the freezing front radius until it became considerably large compared to the pipe
radius. They compared their numerical solution with the semi-analytical solution for phase change
around an annulus with an in nitesimally small radius. Although the semi-analytical solution
considered the transient heat equation in both phases while the numerical solution considered the
steady state heat equation only in the frozen state, there was still good agreement between the
two. They also studied the radial ablation of a pre-existing frozen layer around the same pipe,
melting due to a speci ed impinging surface ux. Furthermore, they studied radially-asymmetric
freezing around a cold pipe passing eccentrically through a drum containing uid and compared
their numerical solution with experimental results. However, they did not consider stresses due to
solidi cation and heat transfer.

Heinlein et al. [133] investigated solidi cation stresses generated duiihgolidi cation of
aluminum using the boundary element method. The aluminum bar is assumed to be solidifying as
it is chilled at one of the ends where the temperature is given as a function of time. The other end
of the bar is the moving solidi cation front, which is exposed to the hydrostatic pressure exerted
by the liquid aluminum. They solved tH® transient heat equation by modifying the boundary
integrals prescribed in [132]. For the elastic analysis, they worked in the realm of small strains

and linear elasticity theory. They assumed an additive decomposition of the total strain into elastic,
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thermal and other non-elastic strains.

Zabaras and Mukherjee [134] analyzed the motion of the phase-change inter2ix@riob-
lems. They considered the inward solidi cation of a liquid melt initially at its melting temperature
inside a square cavity whose surface is suddenly cooled down and maintained at a colder tem-
perature They used the boundary element method to solve the transient heat equation. Zabaras
et al.[135] studied the evolution of deformations and thermal stresses induced during radially in-
ward solidi cation of a circular cylinder with hypoelastic-viscoplastic behavior using a deforming-
moving FEM analysis. They assumed an additive decomposition of the strain rate into elastic and
non-elastic components with a hydrostatic state of stress at the solidi cation interface. Zabaras et
al.[136] examined the residual stresses generated during axially-symmetric solidi cation of cylin-
ders for different cooling conditions using the same FEM formulation.

Inspired by applications in cryobiology, Rubinsky et al.[137] and Rabin and Steif [138] exam-
ined the stresses generated during inward freezing of a sphere. These stresses induced due to the
freezing of water in the biological material can be a source of damage in the organ. Rubinsky et
al.[137] considered a homogeneous spherical organ, initially near its freezing temperature, which
is frozen by the application of a constant cooling rate on its outer surface. They modeled ice as a
perfectly elastic medium and computed the temperature and stress distributions until ninety percent
of the sphere is frozen. Rabin and Steif [138] considered an inviscid liquid initially at its solidi -
cation temperature occupying a spherical domain whose outer surface is subsequently cooled and
forcibly maintained at a xed temperature. They regarded the frozen portion as an elastic/perfectly-
plastic material, and conducted parametric studies to examine the mechanical stresses within the
solid and the hydrostatic pressure within the uid as the freezing front advances. They showed that
in materials with physical properties resembling water, the stresses arising from thermal expan-
sion in the solid state were notably lower in comparison to the stresses resulting from volumetric
expansion during phase transition. They demonstrated that following the completion of the freez-

ing process, a substantial portion of the frozen region would be occupied by a plastic zone. They
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concluded that the potential for tissue destruction was inevitable, regardless of the speed at which
the freezing process was conducted, as long as there was a substantial expansion associated with
phase transition.

Chan and Tan [139] conducted experiments to study the solidi cation dfexadecane inside
a sphere by keeping the surface temperature constant. They observed that the solidi cation front
starts to propagate inward in a spherically-symmetric fashion. Later, the phase-change interface
loses its spherical symmetry and develops some irregularity/eccentricity as the shrinkage in the
solidi ed material causes the formation of voids. The rate of solidi cation is very high initially
and reduces subsequently. However, they did not consider stresses generated during the process.

Numerous studies [140, 141, 142, 143] have explored the inward solidi cation of a spherical
liquid domain initially at its freezing temperature. However, their main focus was to improve the
approximation of the temperature pro le as the phase change interface neared the center of the
sphere. Another example of such a study is the asymptotic analysis conducted by McCue et al.
[144], who investigated th2D inward solidi cation of a melt within a rectangular domain at its
fusion temperature. For a large Stefan's number, they computed the time required for complete
solidi cation and observed that the phase change interface forms an exact ellipse as it approaches
the center. In none of these studies, mechanical stresses were taken into account in their analyses.

Pedroso and Domoto [145] studied the stresses generated during the inward solidi cation of
spheres.The state of stress at the freezing front was assumed to be hydrostatic, determined by
the corresponding pressure in the uid, and the stress inside the solid was modeled using linear
isotropic thermoelastic equations. They showed that the solid is residually stressed after the inner
liquid pressure and outer tractions were removed. They also investigated the effects of different
liquid compressibility, freezing temperature, and liquid pressure.

Tomassetti at al. [69] studied accretion-ablation induced by diffusion. They considered a thick
permeable spherical shell that has grown on the surface of a rigid spherical substrate. The spherical

shell is surrounded by a uid medium with free particles that diffuse into the permeable shell to
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reach the surface of the spherical substrate where they polymerize and accrete with the spherical
shell. As this accretion occurs at the the xed inner boundary some of the particles on the outer
boundary are ablated out into the uid medium. Accretion and ablation are governed by the fol-
lowing factors: strain energy of the solid shell, external mechanical power, and the difference in
chemical potential of the particles when they are free as compared to when they are attached to
the solid shell. The driving force—a measure of deviation from thermodynamic equilibrium—is
assumed to have a linear relationship with the ux of particles at the accretion-ablation bound-
aries. The accretion-ablation rates are thermodynamically determined in terms of the chemical
potential of the particles and strain energy density of the shell. They study accretion-ablation in
a treadmilling regime and simply consider the steady state solution of the diffusion equation. A
more general analysis would take into account the time-evolution of particle ux and stresses in
the solid due to transient diffusion.

Abeyaratne et al. [146] studied the stability of a pre-stressed elBtitalf space accreting
due to steady-state diffusion of free particles from the other half space. They reported that such
surface growth of a half space with surface tension is not always stable if the accretion interface
is traction-free. Abeyaratne et al. [147] examined the stability of a similar prestressed elastic half
space accreting by diffusion, while the other half space containing the free-particles is assumed be
compliant and provide some resistance to growth.

Polymerization is an example where phase transformation occurs as the result of an exothermic
reaction converting a partially cured gel to fully cured polymer. Kumar at al. [148] provided
analytical estimates for the velocity of the reaction front propagating steadily iDaadiabatic
domain. Kumar at al. [149] studied the evolution of mechanical stresses and large deformations
that are induced due to phase transformation by polymerization. The thermo-chemo-mechanical
model involves a coupled system of the following equations: the balance of linear momentum, the
transient heat equation and the reaction kinetics, where the unknowns are the deformation eld, the

temperature eld and the degree of cure. The reaction kinetics are assumed to be unaffected by the
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mechanical deformations while the thermo-mechanical coupling is evident in their formulation.
They considered the example of 2D adiabatic domain and observed that the reaction interface
travels at an almost constant speed.

Ferky [150] examined the evolution of stresses in thermoviscoelastic cylinder manufactured
via the process of selective laser melting. He modeled the process of additive manufacturing as
the accretion of discrete layers on the cylindrical boundary. Furthermore, Lychev and Ferky[151,
151] study the evolution of temperature and stress, as well as residual stresses and distortions in
a thermoelastic cylinder manufactured by lateral sintering. In the context of small deformations
and temperature gradients, they formulated discrete accretion as a recursive problem in terms of
strain and stress increments. However, the effects of latent heat during solidi cation has not been
considered in these works.

To the best of our knowledge, there are no existing works that investigate the evolution of de-
formations and stresses throughout the entire process of solidi cation, within the framework of
fully nonlinear and coupled thermoelasticity with phase change effects at the moving boundary.
Such modeling is vital for designing manufacturing processes that involve solidi cation, as rapid
temperature changes can result in substantial part distortion and elevated residual stresses. Under-
standing the continuous evolution of thermal and residual stresses throughout the process is crucial
for assessing potential mechanical issues and performance under external loads. This chapter is
aimed at analyzing the stress and deformation during solidi cation, as well as their residual effects
within the framework of nonlinear thermoelastic accretion. First, we provide a concise overview
of nonlinear thermoelasticity and the mechanics of accretion, which is followed by the application
of Stefan's condition in solidi cation problems. For a thorough analysis of geometric thermoe-
lasticity, refer to [86, 84]. In-depth insights into accretion mechanics are available in [75]. For
a comprehensive understanding of the Stefan's problem refer to the texts bystubjal] and
Gupta [26].

Consider the phase transition of a nite quantity of liquid undergoing cooling and solidi cation,
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either within a rigid container or as an inclusion within a deformable solid. As the liquid solidi es
and attaches to the surface of the container or the deformable body, it grows via accretion. In other
words, the solidifying body undergoes accretion and the adjacent uid undergoes ablation, while
the material points in the solid-liquid system as a whole remain conserved.

Let S denote the three-dimensional ambient Euclidean space gwibresenting its standard
at metric. Both the solid and liquid phases assume their respective deformed con gurations
endowed with this ambient Euclidean metric. Those parts of the solid-liquid (pair) composite
body which remain unaffected by phase transformation are equipped with a temperature-dependent
metric, which is at at the initial temperature. The individual reference con gurations of the solid
and liquid phases evolve as material points are transferred from one phase to other. The material
metric for an accreting layer is a priori an unknown eld and is determined by its temperature and

state of deformation at the moment of attachment.

The solidifying body. Consider a solid bodB, with a liquid inclusionL o, both of initially stress-
free. The initial solid-liquid bod¥ = By [L ¢ inherits a at metric from the ambient Euclidean
space. Assume that solidi cation (accretion) beging at 0. LetM Z denote the ambient
material space which is a connected and orientable three-dimensional manifold embedBable in
Letthemap :Lo! [0;1 ) assign atime of solidi cation (attachment) to every uid point. The
accreting solid and the ablating uid are identi ed with their respective time-dependent material

manifoldsB; andL; (Figure 5.1). They are de ned as follows

Bi=Bo[ }[0;t]; Li=Lon 10;t): (5.0.1)

Note thatB; [L { = Bo[L o, although(By;L;) 6 (Bo;Lyo). Itis assumed that the differential d
never vanishes. Let; @B be the accretion surface where the solidifying material is about to
attach. The level sets; =  1(t) are assumed to b2 manifolds which are diffeomorphic to

each other foralt 0. This assumption ensures the existence of a material motion.
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Figure 5.1:Deformation of an elastic solid with a liquid inclusion.

5.1 Kinematics of accretion.

For an accreting body, the deformation map: B; ! S is assumed to be @! homeomorphism
for eacht. The deformation gradier; = T' is a two-point tensoF; : TxB; ! T,G, where

X ="' (X)andG = ' {(B;).! The material and spatial velocity elds are de ned¥¢X;t) =

@@t' (X;t) andv, = V{ '.?, respectively. Similarly, the material and spatial acceleration elds
are de ned aA (X;t) = SV (X;t)andA, = a ' ’, respectively.

The function' (X) = ' (X; (X)) records the placement of at its time of attachment. In
general, thismap : Lo ! S is notinjective. Moreover, the tensé(X) = F (x)(X) which
captures the deformation gradient at the time of attachment, is not the tangent of an embedding.
Even when' is an embedding]"' is not equal toF. InfactT' = F+V d . WhileF is
compatible within each individual layer;, it is incompatible in general. This incompatibility of

theF is the fundamental reason behind anelasticity in accreting bodies, and hence the presence of

lLet f X Ag andfx2g be local coordinate charts d& andG S , respectively. The deformation gradient is
represented as
F= @° @

T @% @r
where we assume the exibility in notation (X ) = ' (X;t) andF(X) = F(X;t). Note that -& andfdX”g

@x
form the bases fofy G andT, B, respectively.
2In componentsA? = %": + 23, VPvCanda? = @ 4+ @%by a by Here, 2, denote the Christoffel

dxX A (5.1.1)

symbols for the Levi-Civita connectian?, i.e.,r 9@5 @% bc @%. Similarly, the Christoffel symbols af ©
are denoted as®gc , i.e.,r © _a, @% = Age @% )
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residual stresses.

Let!y = '{( ) denote the accretion surface in the deformed con guration. The growth
(accretion) velocityu, is a vector eld that describes the velocity at which new material is being
added ontd  (i.e., uy is the velocity of accreting particles relative!tpjust before attachment).
The material growth velocity, denoted s, is a vector eld that characterizes the time evolution
of the layers  within the material ambient space. The vector éld is not uniquely determined
and can be selected from an equivalence class of material growth velocities that yield isometric
material manifolds. Letv; andW ; be the spatial and referential depictions of the total velocity of
the accretion surfack, (i.e.,W; ' = wy). It can be shown thatv, = FU + V., where the
termFU ; accounts for the in uence of accretion.

The anelasticity of deformation is modeled by the accretion teQswrhich is a time-independent

two-point tensor, de ned as
Q(X)= F(X)+ u ) (X)) FXIU x)(X) d (X); X 2Lo: (5.1.2)
Sinceld ; Ui =1, it follows thatQU = u. Although the accretion tens@ is compatible within

each individual layer, it is not the tangent map of any embedding. For more details, see [75].

Remark 5.1.1. Let us consider a foliation chaft '; 2; ginduced by the time of attachment
map in the ambient material manifold and a local charftx?; x?; x3g in the ambient Euclidean

manifoldS. The accretion tensor has the following representation

2 3
1 1 ,
g g v
— 2 2 1
Q, = —gl % u? (5.1.3)
3 3 .
g g v
with respect to the framds % ; %; 2gandf & 5 %9 [75].
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Material metric for thermoelastic accretion. Consider a time-dependent material manifold
(Bt; G), where the metricG measures distances corresponding to the completely relaxed state,
taking into account the thermal history of the body. In geometric thermoelasticity theory, the met-

ric G is a function of temperaturé(X;t), and is given by

GX;T)= & *XTIGg(x)e *T), (5.14)

1

where! is a ;| -tensor characterizing thermal expansion properties in the soliand a tem-

perature independent metdcThe volumetric coef cient of thermal expansior(X; T ) is given

by

(X;T)= @@r! X;T): (5.1.7)

For areference temperature €l@d(X) independent of time, it is assumed thatX; To(X) = 0,
and henc& X;To(X) = Go(X). Inthe thermally accreted part of the body(X ) is assumed
to be the temperature of the attached material at the time of attachment. HolyéXerrepresents
the initial temperature in the primary segment of the body. The material n@@txg To(X) for
the accreted portion is calculated by pulling back the Euclidean ambient metadhe accretion
tensorQ as follows:

G X;To(X) =Q°(X)g ' (X) Q(X): (5.1.8)

The temperature-dependent material metric is therefore given by

G(X;T)= € ™TQ7(X)g ' (X) Q(x)e *T: (5.1.9)

3The adjoint of deformation gradieft’(X;t) : T,G ! Ty By is de ned such that

h ;FWi=H’ ;Wi; 8W 2TxB;; 2T,G; (5.1.5)
whereh:;:i is the natural paring of-forms in T, G with vectors inTyG, e.g.,h ;wi = w2, In fact, F?isa
i -tensor with the following coordinate representation
@* @
F?= ax” = 5.1.6
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Let dv and &/ denote the spatial and material volume elements, respectively. They are related by

the Jacobian r S

detg _ detg detF ., .
detg JetF = detg detQ°

J =

(5.1.10)

e, dv=JdV.

Remark 5.1.2. For isotropic homogeneous thermal expansion properties, (5.1.4) is simpli ed as
G(X;T)= & MNGy(X); (5.1.11)

where the scaldr(T) is related to the coef cient of thermal expansiofil) as follows:

Z 1(x)
T = O (5.1.12)

The volumetric coef cient of thermal expansion3D problemsis =3 .

Remark 5.1.3.Letn andN denote the unit normalsto and , with respect to the metrias
andG, respectively. The growth (accretion) velocities in the deformed and material con gurations

can be decomposed as follows
u=uk+u'n; U= UK+ UVN; (5.1.13)
wheretu*; ni ; = HU*;Ni ; = 0. MoreoverQU* = u*, QN = nandU™ = u" "> 0[75].

5.2 Balance laws

Conservation of mass. Let the material and spatial mass densities be denoted Xyt ) and

%x; t), respectively. Leto(X ) represent the material mass density corresponding to the at metric
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Go. The mass of any sub-body P . is
Z z Z

%lv = dv = odVo ; (521)
"t(V) u U

where d/, is the volume element corresponding to the stress-free material metric, and is related to

q
dv asd/ = ddeettgo dVy. The mass densities are relatedl&= and Op detG, = P detG,

i.e.

JX; ) %' (X;t);t = (X;t)= e WHXTG) Joxy: (5.2.2)
The material mass continuity equation is written as

1
_+ 5 e G=0; (5.2.3)

while the spatial mass continuity equation reads
%+ %divgv = % +div4(W)=0: (5.2.4)

Here,() = @@tx () represents the material time derivative, wifi)g represents the partial deriva-

ve @
tive @tx().

Stress and strain tensors. The standard right and left Cauchy-Green strains are de nétl as

FTF andb = FF T, respectively. In components

Chs = G"™ F3y guF % ; By = FeAG"® F % 0o (5.2.6)

4The transpose of the deformation gradiEnt(X;t) : T,G ! Tx B is de ned such that

HFW;Wig:HW;FTWiG; 8W 2 TxBi; w2 T,G: (5.2.5)

In components,FT *, = GAB Fbg gya. Thus,F? andFT are related a6 ™ = GIF7g.
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Further, their inverses are denotediby= C *andc = b 1, respectively. Note that! is the pull-

back of the spatial metrig by the deformation map (i.e. C[ = ' g) andc! is the push-forward
of the material metricc by' (i.e. ¢l = ' G). Moreover,b! = ' (Gl)andB! ="' (g!).5 In

components

Cag = OwF?aAF%s; Cw=GasF “4F Py B"® = gF A.F By B°= G*®F%F%:

(5.2.7)
The principal invariants of right Cauchy-Green strain read
— A . — 1 2 A B . — .
I, = C%a; IZ_E(Il C"gC A), |3—detC. (528)
p_ q
In fact, I3 = J = geettg detF. The constitutive model for hyperelastic materials is given

by an energy density functio/ = W(X;T; F;g;G) = W(X;T; Cl;G), per unit undeformed
volume. The Cauchy stress tensoy the rst Piola-Kirchhoff stress tensd?, and the second

Piola-Kirchhoff stress tens@ are related to the energy function as

@v _,av
G 5_2@[. (5.2.9)

2@V
J @

NotethatP = J F ?andS= F 1P.

Remark 5.2.1. The energy function for an isotropic solid is a function the principal invariants of
C,ie,W = W(X;T;I41;1,13), and the Cauchy stress is represented as [114, 115]

2
= p2 av av

av av
lp—— + |3 —- 1
L ter @

g]+@b |3@c] : (5.2.10)

Remark 5.2.2. The energy function for hyperelastic uids is represented\as=s W (X;T;J),

whereW is a smooth, strictly convex function df that diverges ad approache® [152]. Thus,

SHere, the musical symbolsand! denote the at and sharp operators that lower and raise tensor indices.
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the Cauchy, the rst and the second Piola-Kirchhoff stress tensors are written as

= %g]; p= J%glp 7. S= J%F glF 7 (5.2.11)

Note that one must ha\%ﬁJ < 0, as hydrostatic stresses are compressive in uids.

The energy function for homogeneous materials is independetit oé.,W = W(T;C[; G)

for hyperelastic solids and/ = W(T; J) for hyperelastic uids (see Appendix E).

Balance of linear and angular momenta. The localized balance of linear momentum in terms

of the Cauchy and the rst Piola-Kirchhoff stress re&ds
divy + % = %a; dvgP+ B= A; (5.2.13)

whereb is the spatial body force (per unit mass), whideis body force referred in material

coordinates, i.eB (X;t) = b(" {(X);t). In components
I+ %b=%4 P';+ B'= A" (5.2.14)
The localized conservation of angular momentum reads
= 0, PYEl; = PUF: (5.2.15)

Note that for very slow accretion, the inertial effects can be disregarded.

Lett be the spatial traction eld and@ denote the traction referred in material coordinates.

5In local coordinates

ab
- @ + ac b + cb a .
@? cb cb

. a pA
(dIVG P) = PaAjA = 7%%

_ 1 _1
where 2pc = 20% (Gkbic + G Gbek) @nd “gc = 3G™™ (Gwgc + Guwce  Gecm )-

(5.2.12)
+ PaB ABA + FbAPCA acb;
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Consider a material surface elemenAt @ith unit normalN , which gets mapped to the elemeat d
with unit normaln in the deformed con guration. The traction is related to the Cauchy stress as
t = nl=th;ni andtothe rstPiola-Kirchhoff stress & = PN[ = HP;Ni ;.” Note that
tda= nlda=J F ?NIdA = PN[dA = T dA.2 Therefore, the force on the surface element

in considerationi$ da= T dA.

The heat equation. Let T (x;t) be the temperature eld in the current con guration and let
T(X;t) be the temperature eld in the reference con guration. Sirce ' (X;t), it follows that
TOGE) = T(C (X;t);0),1.e., Ty =T ', orequivalentlyT; = ', T;. Recall thatd = %dxa,

anddr = %dx A. Note that d@ is al-form in the Euclidean ambient manifold with components

(dT)a = &, while dT is al-form in the material manifold with componer{tfl ), = 57 related

to dT via pull back, i.e., @ ="' ,dT. Thus

@T_ @ @x
@xX @ra@X

= Fe(dT)a=(" dT)a: (5.2.16)

Let h(x;t) denote the heat ux in the current con guration. Note tiiit; ni da is interpreted
as the ux through the surface elemerat @ith unit normaln. The material heat ux vecto is

de ned via the Piola transform as follows

H(X;t)= J(X;t)F (X t)h( (X;t):t): (5.2.17)

In components,

HA = JF A.h2: (5.2.18)

Let N denote unit normal to the material surface elemeht dhich gets mapped to the de-

formed elementa Using (5.2.18) and the Nanson's formula, it is implied thER NgdA =

"Note thatnp = gpen® andNg = Gge NC. Thusit2 = 3 ny= g . n®andT? = P3 Na = P# Gpg NB.
8The Nanson's formulalda= JF ?N[dA has been used here. In components #@msnyda andNg dA are
related asi,da= JF ByNgdA.
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JF ®,h°NgdA = h°nyda, i.e. HH;Ni 5 dA = Hin;ni  da. Thus,HH;Ni  is interpreted as the
heat ux per unit undeformed area.

The generalized Fourier's law of thermal conduction in the deformed con guration reads
h= kdT; (5.2.19)

where theg -tensork represents the spatial thermal conductivity. In componérits, kab%.

The Fourier's law in the reference con guration is written as

KAB @T

—_ . A
H= KdT; or, H” = @%

(5.2.20)

whereK denotes the material thermal conductivity. Note that the material and spatial thermal

conductivity tensors are relatedlés= J' ,k.° In components
KAB = JF A.k®F B: (5.2.22)

Furthermore, upon substituting (5.2.2@)to the reduced form of the Clausius-Duhem inequality
hdT;Hi 0, it can be deduced th#t is a positive semi-de nite tensor. The spatial heat equation
reads

%eT+divgh=Tm:d+r,; (5.2.23)

wherecg is the speci ¢ heat capacity at constant strainjs the spatial thermal stress coef cient,
d = 1L, g denotes the rate of deformation tensor amelpresents a heat source (per unit deformed

volume) term (see section B.2 of Appendix B). Equivalently, the material heat equation is written

9Using (5.2.18), (5.2.19) and (5.2.16), it is implied that

ab@_ A Lab @T
ak @— JF ak @7

Hence, it can be inferred from (5.2.21) and (5.2,20ptK A8 = JF A, k®F B,

HA = JF A F By: (5.2.21)
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as

cCe L+divgH=TM :D + R; (5.2.24)

whereM is the material thermal stress coef cieft, = %C[ denotes the material rate of deforma-
tion tensor andR represents a heat source (per unit undeformed volume) term (see section B.1 in
of Appendix B). The material and spatial thermal stress coef cients are relat®d asJ’'  m
(see section B.2 of Appendix B).

Note that the ternf m : d (or equivalently,TM : D) can be omitted if there is no thermoelastic
coupling in the material under consideration [153, 1%4].

In the absence of heat sources, the spatial heat equation for a rigid heat conductor reads
%g T =divg(kdT); (5.2.25)
or, in componentb e T = kab% ja The equivalent material heat equation is written as
Ce L=dive(K dT): (5.2.26)

In components,cg T= K*"B % A The heat ux in thermally isotropic solids has the follow-
ing representation

H= B+ G+ ;Cl dT; (5.2.27)

where = “W(X;T;dT;Cl:G); k 2 f 1;0;1g are scalar response functions [155]. We con-
sider the modeH = K G!dT for our numerical examples, wheke = K (T) denotes the heat

conduction coef cient! Further,D = - is the traditional thermal diffusivity.

Stefan's condition Let { @B;and =" ( ). Letﬂ andh denote the heat ux per unit area

on the opposite sides of the interfagein the current con guration. In the absence of any phase

10A classic illustration of thermoelastic coupling is t@@ugh-Joule effecbbserved in vulcanized rubber, where
the temperature of a rubber band changes during adiabatic stretching.
INote thatgradg T = G1dT.
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Figure 5.2:The interface between the (cold) solid and (hot) liquid phases forms an isothermal surface at the solidi -
cation temperaturd, . The unit normah to the phase-change interface is assumed to point from solid to liquid.

Figure 5.3:The heat uxh_ is directed into the interface in the uid medium due to its higher temperature compared
to the melting point. However, in the solid, where the temperature is lower than the meltinghppistdirected into

the solid. The heat entering the solid comprises of the heat released during solidi cation and the heat transferred from
the liquid medium.

change or heat source/sink, the jump in the normal heat ux acrossnishes, i.e.

+

Hin h;nig:O on ; (5.2.28)

wheren is the outward unit normal to.. When . is the solidi cation interface between the (cold)
solid and (hot) liquid phases, it forms an isothermal surface at the melting fai(figure 5.2).
Let n be the unit normal to, pointing from solid to liquid, and let be an arbitrary subset of

. Lethg andh, be the heat ux in the solid and liquid phases, respectively, in the current
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con guration. As one moves into the liquid phase from the solidi cation interfacencreases,
implying thath_ points towards the solid (Figure 5.3). Hengg, = R ti,;ni , darepresents
the rate of normal heat in ow into the subseton the interface from the liquid via conduction.
There is a decrease h as one moves from the phase change interface into the solid, indicating
thathgs also points into the solid. Thus, the rate of heat owing out normally from the subset
the interface into the solid igoy: = R Hing; ni g da. The rate of mass solidi ed on the subset

of the interface is represented by the integRr)aIu "da [75]. As solidi cation is exothermic,
the rate of heat released in the process is expresseg@as | R u "da, wherel is the specic
latent heat of solidi cation. The heat owing into the solid consists of two components: the heat
released during solidi cation and the heat transferred from the surrounding liquid medium [21,

26]. In terms of heat ow per unit time oyt = Qexo + Qin (Figure 5.3), i.e.

Z Z Z
Hhs;ni jda=| % Jlda h,;ni  da; (5.2.29)
where ¢ IS an arbitrary subset. The localized Stefan's condition therefore reads
Hhs hy;ni gt % JJd =0 on ¢; (5.2.30)
where% J& = UN represents the mass accreted, per unit area, per unit time. The localized

Stefan's condition in the reference con guration is expressed as
HHs H;Nig+luN=0 on ;: (5.2.31)

Note that if the liquid is initially at the solidi cation temperature, there is no heat ux in the liquid

phase, i.eh, = 0. The Stefan's condition is simpli ed as

hHs;Nig=1UN on {; or thhs;ni = 19%Jd on : (5.2.32)
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Thus, the heat entering the solid from the phase change interface equals the heat generated in the

process of solidi cation.

5.3 Summary

In this framework, we model accretion induced by solidi cation as a Stefan's problem, where
the accretion velocity is initially unknown. We consider the effects of latent heat released during
solidi cation and relate the accretion velocity to the heat ux through Stefan's condition. This for-
mulation is applicable for analyzing the stresses and deformations in a solid undergoing accretion

induced by phase-change.
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CHAPTER 6
RADIALLY INWARD SOLIDIFICATION IN A COLD RIGID CONTAINER

Consider a spherical container of radiRg, lled with a liquid initially at uniform temperature
To. The inner wall of the container is maintained at a constant temperBtutest T,, denote the
melting point of the material, satisfying the conditidp < T, To. Att = 0, the outermost
layer of liquid begins to cool down and solidi es when the melting point is reached. The container
wall acts as a rigid substrate to which the outermost accreted layer rmly attaches, resulting in
no displacement of the outer boundary of the accreting body. Layers of liquid solidify and attach
to the inner surface of the accreting body—a spherical shell, causing the solidi cation front to
progress inward (Figure 6.1). The temperature elds within the accreting body and the liquid are
both unknowns.

We model both the liquid and solid phases as isotropic compressible hyperelastic materials.
To simplify the analysis, an assumption can be madeThat T, allowing for solidi cation to

initiate near the container wall &= 0 [142, 138].

6.1 Kinematics

The ambient space has the Euclidean metric

2
10 0
g=§o 20 4 (6.1.1)
0

0 r2sin®

1This problem draws inspiration from the experiments conducted by Chan and Tan [139] who investigated the
inward solidi cation of ann hexadecane in a spherical enclosure (capsule) with walls maintained at a constant tem-
perature. They placed this capsule in a cool water tank that was consistently stirred and supplied with cold water
from a refrigerated bath. They attached thermocouples to the capsule walls to track its temperature and ensure that it
remains constant throughout the process.
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Figure 6.1:Schematic representation of radially inward solidi cation in a spherical rigid container with cold walls
maintained at the temperatuie < T .
in terms of the spherical coordinatgs ; ), wherer 0,0 andO < 2.

Let S(t) denote the material radius corresponding to the inner surface of the solid at any time
t t¢, wheret; is the time taken for the completion of freezing. Note t8éf) is assumed to be a
continuous bijective map d; t; ] with the initial conditionS(0) = Roy. The inverse map= S 1
assigns the time of attachment to each spherical layer in the material manifold. The accreting solid

and the ablating uid are identi ed with the following time-dependent material manifolds

Bi=f(R; ;): S(t) R Ro;0 ;0 <2g9;
(6.1.2)
Le=f(R; ;):0 R S(t);0 ;0 <24q:
Let temperature eld be denoted @agR;t), and de ned piece-wise as follows
8
2TARY; SO R Ro;
T(R;t) = 5 (6.1.3)

“TY(R;t); 0 R S(t):

Note thatTl;(R) is continuous at the solidi cation interfade = S(t) caffarellil983continuity, i.e.,
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TS(S(t);t) = TT(S(t);t) = T, . The material metric for the liquid phase in its initial state reads
2 3

1 0 0
Go=§o R2 0 %: (6.1.4)

0 0 RZsin?

where(R; ;) are the material spherical coordinates. Thus, the temperature-dependent material
metric for the liquid phase is written as

3

2
1 0 0
G = & (TR go R2 0 % : (6.1.5)

0 0 RZsin?

where the scalar functioh’(T') characterizes isotropic and homogeneous thermal expansion in
the liquid phase. We consider radial deformatiop@; ;)= ( r(R;t); ; ),where = and
= ,and 8
2 r’(R;t); S(t) R Ro;
r(R;t) = (6.1.6)

2URi); 0 RS

whererS(Ro;t) = R andrf(0;t) = 0.2
Note thatr (R;t) is continuous aR = S(t) forallt 0. Lets(t) := r3(S(t);t) = rf(S(t);t)
andr(R) := r3(R; (R)) = rf(R; (R)). Thusr =s ,ors=r S.2The moving phase-change

2Podio-Guidugli et al. [152] investigated cavitation in hyperelastic uids undergoing similar radial deformations.
They termed the deformations satisfying the conditif®;t) = 0 regular, and those withrf(0;t) > 0, irregular
deformations corresponding to a cavity (hole) of radiis; t).

SNote that

S(t) = rer(S(1);t) S(t) + r% (S(1);t) = r'r (S(1);t) S(t) + ' (S(1);1); (6.1.7)
and thus
rPR(S():t)  rR(S);t) S+ ro(S(t);t) rf(S(t);1)=0: (6.1.8)

Hence, the velocity eldr(R;t) is continuous aR = S(t) if and only if the partial derivative g (R;t) is also
continuous aR = S(t).
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interface in the reference and current con gurations are represented as

= f(S(t); ;):0 ;0 <2g;
(6.1.9)
Pe=f(s(t);; ):0 ;0 <29
The respective deformation gradients in the solid and liquid phases read
2 3 2 3
r’s(R;t) 0 rfr(R;t) 0
FS(R;t) = § 0 10; FRY= g 0o 1 0f: (6.1.10)
0 01 0 01

LetU(t) := S(t) < 0be the material accretion velocity. Left) denote the growth velocity in the
current con guration, i.e., u(t) is the velocity of the relative velocity of the accreting particles
with respect to the interfadg. Further de neu(R) := u( (R)) andU(R) := U( (R)). Thus, the

accretion tenso has the following representation with respect to the framgs 2; 2 and

060 2 3
% o
Q(R) = g 0 1 % ; (6.1.13)
0 01

The accreting layer is not stress free due to the pressure exerted by the uid. hesthe
natural metric of the pre-stressed layers that are accreting to the solid. This metrabtained

by transforming the Euclidean metigcvia a pre-deformation as j = i(ga ') . Inthis

“Inourexampley (r)(' (r)(R; ;)= Uu(R)ZandU ()(R; ;)= U(R)Z% Recallthatthe components
of the accretion tensor are de ned as

h i
Q' (X)= Fhi(X)+ u' (" (X); (X)) FL(X)U’(X; (X)) (d)(X): (6.1.11)
d(R) — 1 - 1
Further,—gz=> = RO RIGE Thus, the nonzero components@fare
d u
Qr=F'r+ u F'RrU diR:U; Q =F =1; Q =F =1: (6.1.12)
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case, the material metric for the accreted layer is calculated by pulling back the natural metric

via the accretion tens@ [75]. Therefore, one has

(éo)u =Q, 1 Q,=0Q, N ") 1, (6.1.14)

d! 5(T*s) dl (Th
dTs drf
solid and liquid phases, respectively. In this example, it is assumed that

Further, 3(T®) = and (T" = are the coef cients of thermal expansion in the

@ dr+—@ d+—@ d; (6.1.15)

R)= *R)g, o+ g o

where the function 2(R) > 0 represents radial dilation if(R) > 1 and radial contraction if
(R) < 1. Thus, the temperature-independent material metric at the time of accretion is written as

2 3

&R) 0 0
5o=§ 0 rR) 0 é (6.1.16)

0 0 r?R)sin?
where&R) = %;)(R). Thus, the temperature-dependent material metric for the solid phase is
written as 2 3

&R) O 0
B 1S S .
G=¢&2"0 (R,t))g 0 I’Z(R) 0 % ;

0 0 r?R)sin?

(6.1.17)

where the scalar functioh®(T?®) characterizes isotropic and homogeneous thermal expansion in

the solid phase. The Jacobian of the deformation is written as

g F(R;t) “rig(R;t) |
J(R;t) = guwore 0 RSO (6.1.18)
R FRUPCRRY . h
! e3! S(TS(R;t))rZ(R) 8(R) y S(t) R Ro.
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dt f(T")
drf

d! 5(Ts)
dTs
solid and liquid phases, respectively.

are the coef cients of thermal expansion in the

Further, 5(T%) = and (T" =

6.2 Balance laws

Conservation of mass. The mass of the liquid and solid portions are calculatéd as

z S(t) R z S(t)
mf(t) = e '("R0) {(R;t)4 R 2dR = '(R)4R 2dR;
0 0
Zro Z g, (6.2.1)
mS(t) = e (MR SR:1)4 r2(R)&R)dR = S(R)4 r3(R)&R)dR:
S(t) S(t)

Thus, the total mass of the systenft) = m'(t) + mS(t) is written as
Z S(t) VA Ro

m(t) = H(R)4R %dR + S(R)4 r3(R)&R)dR: (6.2.2)
0 S(t)

Using the Leibniz rule, it can be shown that

mt) =4 o(S() S*(1)  F(S(1) s*() &(S(1) S(b): (6.2.3)

As the mass of the entire body is conserver{t) = 0. SinceS(t) is nonzero, it follows from
(6.2.3) that
0(S(1) S*(1) = 5(S(1)) s*(t) &(S(1)) : (6.2.4)

Z 5 Zg

0
SAlternatively, one has'(t) = ofr:t)4r 2dr, andmS(t) = o%B(r;t)4r 2dr.
0 s(t)
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The material continuity in the respective phases %ead

SR+ (TR ) T%(R;1) (R;t)=0;
(6.2.6)
LR+ TTIRD) T(Rit) (Rit)=0:
The density is assumed to be a function of temperature, {(&;t) = *S(TS(R;t)) and f(R;t) =
N(TH(R;1)). It follows that §(R) = *S(T§(R)) and L(R) = ~(T¢(R)), whereT$(R) andT{(R)
are the reference temperatures for the solid and liquid phases, respectively. Thus, the respective

continuity equations in (6.2.6) are rewritten as

ans d/\f
+

SAS — . -~ f Af — .
qTs 0; a7 + 0: (6.2.7)
This is integrated to obtain
Z TS Z Tf
MTY=AT) O MOd s A=) TONOd s (629
0 0
which are equivalent to
Z TS(R;t) Z TI(R;t)
(Rit) = &(R) ()M()d; '(Rit)= o(R) ()~N()d :
TS(R) Ti(R)

(6.2.9)
Note thatT{(R) is the initial temperature of the liquid, whilE$(R) represents the accretion tem-

perature, i.e.T5(R) = Tn.

Remark 6.2.1. To simplify the problem, it can be assumed that the liquid is initially at the so-
lidi cation temperature, i.e.T{(R) = T. Thus, there is no heat transfer in the liquid medium,

i.e., T'(R;t) = T,. Thus, it follows from (6.2.9)that "(R;t) = f(R;0) = L(R) = 1§,

5Note that

B d s L d!f
— S — STS — STS. — f — frf — frf.
trs G;t —6-[-_7”_3 =6 TP=2 > tr. G;t —6T_TTf =6 =2 'T¢; (625)

where the relations=3 Sand f=3 fhave been used. Therefore, (6.2.6) follows from (5.2.3) and (6.2.5).
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Rrs(rit)

™ ()™()d,

where F is a constant for homogeneous solids. R§S(t); t) = T, it follows from (6.2.6) that

which is a constant for homogeneous uifisSimilarly, S(R;t) = §

5(S(t);t) = §. Therefore, one has

&(S(t)) = 0S*(1). or equivalentl &R) = oR* . (6.2.10)
EECH ey EEG) -
Thus

2(S(t)) = REAOLIOR or equivalentl 2(R) = _oRUR) (6.2.11)

T MUl | Y " rERUR) -
Further, the mass fraction solidi ed up to tinhés simpli ed as% = %(gt).
Remark 6.2.2. The Jacobian is rewritten as
8 2
rf(R;t) “rig(R;t

(THR)) R2 ’
J(R;t) = : & , R (6.2.12)
S S, . S .
o PR DI r*r(R; 1) .
. CSTERE S(t) R Ro:

Heat equation. Let q(R;t) denote the spatial heat ux in material coordinates, gR;t) =
h(r(R;t);t), with H(R;t) being the material heat ux. In the model = K GIdT, the radial
components oH (R; t) andq(R;t) within the solid are as follows

K(T(R;1)) Tr(R;1)

R . — r . —
HY(R;1) = e TR &R) ' a(Rit)=

1 | 'S it . . .
T TCUKTRD) TaR:
(6.2.13)

"Alternatively, by substituting ",y = 0 into (6.2.6}, it is implied that f, = 0.
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Note thaf

: 1 dK
DivH = 55— —+ K Tgr%+KTgp+ —

7% a KTr ; (6.2.16)

where the notatiorf )° := %() has been used. Therefore, the heat equation (5.2.26) inside the

solid is written as

dK 2r°
KTrr + ——+ K Tgr2+ —

T KTr=¢€""&ceL: (6.2.17)

Rl R,

Let us assume that the heat conduction coef cient is independent of temperatuke(T.¢+ K3,

a constant. Thus, using (6.2.10), the heat equation (6.2.17) is simpli ed as follows

( )
; e SR w2, 4YR) 2 o _  RIRiD)
Df T;RR(R!t)-'_ (T(R!t)) T;R(th) + I’(R) ﬁ T;R(R!t) - r4(R)e!S(T(R;t)) y
(6.2.18)
KS( 5)3
where the constard? = - f°)4 is analogous to thermal diffusivity. Further, the temperature
0

eld TS(R;t) satis es the following boundary conditions

KT (Ro;t) = he[T3(Rost) Tl ;
(6.2.19)
T(S(1);t) = T,
whereh. is the coef cient of heat transfer between the walls of the container and the solidi ed

material. Thus, for the temperature eld, we have a Neumann boundary condition near the xed

8Here, we have used the fact that

oK

HA%a = K(MG¥Tg , = (TTGAB TaTe + KG™® Tag  CasTc (6.2.14)
In spherical coordinates, one has
. K
DivH = GRR T TrR2+KTgr KTg GRR R+ R +G R (6.2.15)

The Christoffel symbols € pg for the material metric are given in (D.0.3).
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wall of the container and a Dirichlet boundary condition on the moving interface.

Stefan's condition. The rate of mass transferred from liquid to solid phasai@) = mf(t).

The rate of mass solidi ed is
m(t)= 4 §S(O&SH)S(t)= 4 (B u(t): (6.2.20)
Alternatively,m® can be expressed as
m(t)= m'(t)= 4 [S*t)U(t): (6.2.21)

The time rate of heat released in during solidi catiort m5(t). Further, the heat transferred into

the solid medium is
Z

HH;NigdA = 4S2(t) HRNGgr . 4S2(t) K (Tm) TR(S(t); 1)
. =S(t

(6.2.22)
If the liquid is initially at the solidi cation temperature, there is no heat ux within it, and the heat
entering the solid from the phase change interface is equal to the heat generated during solidi ca-

tion. Thus, Stefan's condition reads
S2(t) K (Tm) TR(S(t);t) = | §s*(t) u(t); (6.2.23)

or equivalently,

K(Tm) TR(S(1);t) = | §S(t): (6.2.24)

Assuming a constant heat conduction coef ci&{T) = K 3, Stefan's condition is written as

Tr(S(1);t) = L S(1); (6.2.25)
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f
o

wherelL = s

Conservation of linear momentum in the solid portion. The Cauchy stress tensor in the solid

portion is related to the energy functidvi(l1;1,; J; T) as follows

= 2] 1|2@+ @ gl +2

@V, av
@ @ T

=" Al
al =T (6.2.27)

SinceV'(R;t) = r¢(R;t), V (R;t) = V (R;t) = 0, one hasA"(R;t) = r4(R;t), and
A (R;t) = A (R;t) = 0.1% Using (5.2.12) and (D.0.1), the radial equilibrium equation (5.2.13)

is simpli ed to read

@rr
@r

2 .
= o + sin? + %b= %r: (6.2.28)

The inertial effects can be ignored if the solidi cation process is slow, and hence in the absence of

body forces, it follows from (6.2.28) that

@" ) 2, @r
= + sin r - — 6.2.29
@R r @R ( )
In this examplé'!
2 3 2 3
e’ 0 0 & 0 0
? r;R2 )
bl=e?B0 L o Z: d=¢&'F§ g T (6.2.30)
0 ro 1 r re
2 sir? 0 0 SGew
9Note that the rst Piola-Kirchhoff stress tensBr= J F 7 is written as
av av av » av
P= 2,—+J—— FB!+2 =_blF ? J2=_F "Bl ; 2.2
2@y V@ B2 @P ey, : (6.2.26)

whereb! = FGIF? andB! = F IglF 7.
10The Christoffel symbols for the Euclidean metga@re given in (D.0.1).

Recall that the components of andc! are related as® = g™ ¢y, g™. Thus, the component$ arec® =
gam = AmGAB = Bngnb_
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Further, the principal invariants of read?

l1 ;
& r2
4 4 2 2 2
r. 2r r r 2r.
|12 e 41 s R + _ + R

& 1t ez 12 &

I
0]

|2:

NI =

The Cauchy stress has the following nonzero components

av, av ., rR?2 @GV Je*°&@v |
@i @J Je? & @] re?2 @ °

1y, @V, @V 1., 1 @V Jerav
@ @ r Je?'rz @] r+ @i

=23 My —

sin?
Substituting (6.2.33) in (6.2.29), one obtaihs

@" g 1 r?2 rg? @v as 12 & @V

SR =T 4 e

@R r Je?* 2 & @ 2 rgp2 @4
2
In the solid, one had = e;: 2% Thus, (6.2.34) is simpli ed as
@rr :4Wle!s §L rzr;Rz + 4\{\/52 r;RZ gr ’
@R r &P e &r r2

whereW, = % fori =1;2. Using (6.2.10), (6.2.35) is rewritten as follows

s Wopr? FR2 Srérg?

=4 Wie
€ gz Srar LR2r3

12Here, we have used the fact that

l1 = GaF?AF%% G ; 1= 2 12 gmOaF™vF"NF2aFPs G GBN

NI =

BTherelationr?2 g +sin? g =2g" has been used here.
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(6.2.34)
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(6.2.36)
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Hence, (6.2.36) can be integrated to obtain

Z . .
T(Rit) = "(S(t);t)+4 ’ Wy(;t)e TE) V\{i(’t.)rz(’t)
S(t) e *(TCr2( )
(6.2.37)
0 ? O re’Gt) .
or2()r(st) o r3(:t) '

Remark 6.2.3. Note that " (R; t) has to be continuous B = S(t) in order to satisfy the traction

continuity across the phase change interface.

Conservation of linear momentum inside the liquid. The Cauchy stress inside the liquid is

related to the energy functioW (J; T) as = %g], ie.,

2 3
1 0 0
@v :
0 0 1,

r2sin

Note thatr? + sin? =2 . Inthe absence of inertial effects and body forces, the radial

equilibrium equation is written as

r = ( +sin? yrz 2" = =0: (6.2.39)

Hence, it follows tha%, i.e., "(R;t) isindependent oR. Moreover, one has

!
@ a@v
— — =0: 6.2.40
If the liquid is initially at the melting temperature, th@h(R;t) = T,, and there is no heat transfer
occurring inside the liquid during the entire process. Because there are no temperature changes,
W and, consequentl)% remain independent of temperature. Let us de ne the temperature-
independent functiop(J) asp= £, and denote(R;t) = p(J(R;t)). Since 2, & = $9)
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it follows from (6.2.40) tha @J = 0 [152]. Thus,J is independent oR, which is indicated as
J(R;t) = Jo(t), for some functionlo(t) > 0. Note that /(T") = 0 becausd’ = T,, throughout

the process. Since (6.2.12% simpli ed asJ = R2 , itis implied that inside the liquid one has
r3(R;t) = s3(t) + Jo(t) R® S%(t) : (6.2.41)

Sincer (0;t) = 0, it follows from (6.2.41) thady(t) = ;z—((tt)) and hence(R;t) = %41 Thus,

s(t)
S3(t)

T(R;t) = "(S(1):t) = (6.2.42)

In our numerical examples, we consider the following temperature-independent energy func-
tion

w@)= 0+ @ 172 (6.2.43)

where { denotes the the bulk modulus of the liquid at temperalgtewhile [ represents the
initial pressure in the liquid [156]. Hencp(J)= [+ §(J 1),and = [+ L@ 1) d.
If the liquid is initially stress-free, i.e., (R;0) = 0, then, it can be deduced frodg(0) = 1 that

I = 0. Therefore, one has

aRiD= "(Ri= § SO (6.2.44)

0 (1)

This means that the Cauchy stress remains uniform in a compressible hyperelastic uid in the

absence of inertial effects, body forces, and heat ow.

14Fyrthermore, it is implied that'.g (R;t) = g((tt)) andr’y (R;t) = R[S(t)s(” S(”S“)] inside the liquid. Thus,

rfe (S();t) = &5 andr®y (S(1);1) = s(t) =3, which agrees with the fact thaft) = rf.q (S(t);t) S(t) +
rf.e (S(t);t).

129



6.3 Stefan's problem for a neo-Hookean solid

Consider the following energy function for a thermoelastic neo-Hookean solid [76]

S

W(l1;3,T) = 7°(J 51y 3)+§’(J 1)2Tl0 S S (T To); (6.3.1)

i
h I _ or's ( 8)21’4I‘;R2 + 212 dJ _ 8]’2 rRr F d | f A d A
wnerel, = e _(fo)ZT 7 an = W or more detalls, reter to ppendix Ap-

pendix C. The nonzero components of Cauchy stress read

2W, r;RZ . % 2W,

mT =W + - = + —— = — : 6.3.2
T Jeg r2 = Je?°r2 sin® ( )
whereW; := %. These coef cients are calculated as follows
W= 035w = S(J 1) o538, 1L s ST To): (6.3.3)
T om, T J 0 3 1, ©0° 0/ >

Further, we assume thkt depends on the temperature as per the following relation (see (C.0.4))
3! S(T) — STS TO .
e =1+ T35 1 T (6.3.4)

Since " is continuous acrosR = S(t), it follows from (6.2.37) and (6.2.44) that

Z

3t R < . f 2 Sy4 2 ,t

L 1 [ AL J— R L @ LE. K 10N
S¥(t) s(t) ors()r(;t) o ri(;t)

(6.3.5)

rr (R, t) -

Thus, using (6.3.2)and (6.2.10), (6.3.5) is rewritten as

2 3r{(R)rr(R;t) | S(T(R: s3(t)
W-(R't) + 0 ; ’ W+ (R:t (T(Rit)) = f
2(Ri1) REzRpy  RibE 0 ()
‘e S S 10017 €O I
+4 Wy(;t)e TG ——— d;
s sr2O)r(;t) b 23(;t)
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where

s 2
W= oT€T bR

2T, or2re
ST sp2y. ST TR2Z 3 (5)2r4ro2 92
wy= 2L IR s Ty S o} LT, 2
To 063' R2 3Tg 8r2r;R ( 0)2R4 r2
(6.3.7)

Therefore, for the neo-Hookean solid, the moving boundary problem on the dé&tgainR

S(t) is written ag®

8
2 S\W R; ! S(T(R;t)) 4R ) R; 3
W;(R;t) + o Wi t)ngrz(R;rt)( el t): B ;3((?) 1
+4ZRW(.t)e!S(T(;t)) 0 ° ar*()rr?(t) d -
s sreO)r(;t) EE
s S)\3 4 .
S TR+ (TR TRy T+ T 2 riy = LD
. — fI .
TR(S(D):1) = 5 SO);
T(S();t) = Tm;
r(S(t);t) = r(S(t)) = s(t);
KST;R(RO;t) = he[Te  T(Ro;t)] ;
r(Ro;t) = Ro;
- S(0) = Ro;

(6.3.8)
where the temperature eld@ (R;t), the radial placement magR;t) and the location of the

moving boundans(t) are unknown.

15Recall that (6.3.8)was obtained in (6.3.6), while (6.38)estates the heat equation (6.2.18), and (6;3s8he
Stefan's condition (6.2.25). The thermal boundary conditions are written in (§.808) (6.3.89, while (6.3.8} and
(6.3.8) are the kinematic boundary conditions. Finally, (6.3.8¢notes the initial condition for the position of the
moving interface.
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Remark 6.3.1. On the moving boundary, (6.3.6) is rewritten as

Wi+ HEEQESO wison s L Gy 1 @39
where
U SR - ORI
O NGO
s 3D rR(SW):Y ; (S2) ¢ (9)7SDrRA(SWM);)
WS0= 8 e S T o = R B =T N

(6.3.10)
Therefore, traction continuity across the moving interface is writteh aé((‘T) rr(S(t);t) =0,

where

sXZy 2 s sxzy 3 ( f)2
F(xy)= 5 -0 1+ =0 027 ——~ 94 1 x3: (6311
( y) 0 f0 3 B ( 8)2X4y2 0 ( )

Sincer’r (S(t);t) = % traction continuity implies an implicit relation betweefg (S(t); t)

andr’z (S(t);1).

Non-dimensionalization. Let0O R 1andt 0 be the dimensionless radial coordinate and
time variable, respectively. The dimensionless radial placement map, temperature eld and the
location of phase-change interface are denoted(B®/t), T(Rt) andS(t), respectively. These

dimensionless quantities are de ned in Table 6.1. It follows from (6,3a8)d (6.3.7) that for
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Table 6.1:De nitions of the scaled variables and the dimensionless parameters incorpora{édii2} (6.3.15)

Category De nitions
R= £
. Ro
Independent variables
t = K S( 3)%t

ce ( 0)4Rg

Ce ( B)4R%t

- 1
r(Rt)_ R_or ROR K S( 8)3 )
: 1 h ce ( ))*R3t !
Unknown variables TRt)= - T RORW Tm
- 1 ce ( )*R3t
)= &S SR
p= -+
0
q= -+
0
f= 4
0
Constant parameters a=1 {=
b= §[Tm T
— heR
h= e
(93

L= et T
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1>R gt)*

fra(Rt)rr(Rt)[1  al(Rt)] s3(t)
ql aT(Rt)] R (a+ DT(R)] 1 + pbT(Rt)+1 S)
r2ROrARY) ° rYR 1 2R
* p[l (a+ b)T(Rt)] R r4(Rt) é erZ(R) rZ(Rt)r;zR(Rt) *1
Zq 2/ . ) z 2 4 2/ .
f . 3 f 20t
2p S(t)[l (a+ b)T(; t)] ' (’t)Z,R(,t) fre()r(;t) r gr)szy?(t) ) d =0;
(6.3.12)

wherer (R = r(RS Y(R), s(t) = r(Yt);t) anda, b, f, p, g are dimensionless constant parame-
ters de ned in Table 6.1/

Similarly, for1 >R > t), the heat equation (6.38is rewritten as

bT2(R ) 4R 2 _ R aTRO)ET(RY)
TRY g @roTRO @ROlT (@ R OO G@n @r p1RO)
(6.3.14)

and, (6.3.8) g are rewritten as

TR(S(t);t) = %;
T(S(t);t)=0;
r(S(t):t) = r(S(t)) = s(t); (6.3.15)
TRL;t)= h[1 T(Lt)];
rt)=1;
S0)=1;

1
3

h
loSincea=1 {=andb= §[Tm Tcl,itfollows from (6.3.4) thae' (M = L (&DT “ and[T, T ¥(T)=

b
31 (a+tb)TT an-
"The non-dimensionalized traction continuity condition across the moving interface reads

2O /(Si) 2 OS¢ s(t) _ s%()

= 1: (6.3.13)
S(t) 3 S(t) f2s4(t) rx(s(t);t)  S(t)
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whereh, L are dimensionless constant parameters de ned in Table 6.1. Thus, (6.3.12)-(6.3.15)
constitute the non-dimensionalized boundary-value problem on the evolving do(rair) : 0

St) R 1= 90)g.*® Further, the physical components of the Cauchy stress in the solid are
non-dimensionalised as® = Lpgg@ (no summation). Similarly, the pressure in the liquid,

which is independent d®, is non-dimensionalized qut ) = 28 19
0

Remark 6.3.2. Note that (6.3.14) is rewritten as
n #

R 1 (a+ HT(RL) * ) |
R 1 atry  ARY i RT(R1); (6.3.16)

which is integrated using (6.3.15) to obtain

1 (a+ BT Ls*()S(t) _ ‘s

. 2 . .
L TGO =7z =0 o To(;t)d: (6.3.17)
Since® 7.z, z.
T (; )d d = 2T(; t)d ; (6.3.18)
0 ) S(t)
it follows from (6.3.17) thatt
Z, ] 1 Z, 4
O N G LD I P L B
o TE Ty 4Ty O e a9

Thus, the Stefan's condition (6.3.15)an be replaced with the integral constraint (6.3.19).

Remark 6.3.3. Let z 0 be the time when the layer with radial coordin&esolidi es and

attaches to the shell, i.eR = §z). Let and denote the radial placement and temperature

BRecallthatm(t) ;=1 S°(t) represents the mass fraction solidi ed.
- . _ 3(t)
191t is implied from (6.2.44) thap(t)—Rll S0 R,
s 2TGHd = g 2Te(5t)d .

2INote that the change of variablgt Szl(sz)(#d = f(t) rd(# has been used here.

20This is implied from the fact th
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elds, respectively, expressed as functionzandt , i.e.,

(z;t) = r(S2);t); (z;t) = T(S(2);t): (6.3.20)

Thus, the heat equation (6.3.14) is rewritten in terms afd as?

b %(zit) R IS GO € R
L a(zL (@+b(zt)]  s@ S ) O
_ S@2@IL a(zt)s a(zt) .

s42)1 (a+ b)( z1)]5
(6.3.22)

22(Z;1)

wheres(t) = r(§(t)) = (t;t), and thuss(t) = . (t;t)+ . (t;t). Note that (6.3.22) can be
rearranged as follows
" #
@ sl (a+b) (zt)]: L(zt)

@ P2)N2)1  a( zt)]3 = S(@)92) «(z;1): (6.3.23)

Similarly, (6.3.12) is rewritten as

dl a( z:1)] f 2(z;t) (z;0)[1 a( z;t)] 141 s3(2)

S(2)Sz)[1 (a+ b)( z:t)] S(2)
Lo FAZY) Lzt) osE) 1 28(2)9(2)
MR LAY B=7r 73 @) 3 PsAz) Az 2y
Z 2
t v FGD LG () fs*() 25 1) _n.
rep Wb Gl ey () 0 2020 G 0
(6.3.24)
22The following relations have been used here
raRU) = 2EYD gy 2D gy 2@ @D 600

Sz) Sz) F(2) S(2)
whereR= $(z). These are obtained by differentiating the de nition (6.3.20) with respezt to

136



and, (6.3.15) is rewritten as

L(tit) = LE(t);

(t;t)=0;
(t;t) = s(t);
(6.3.25)
2(0;t) = h§0)[1 (0 ;t)];
O;t)=1;
S0)=1:

Hence, the transformed system of equations (6.3.23)-(6.3.25) form a boundary-value problem over
the xed triangular domairi(z;t): 0 z t tendd, Wheret ¢ qis the time taken for complete

solidi cation, i.e., Yt ¢ng) = 0.
Remark 6.3.4. Fort > 0, consider the ratis = ¥ 2 [0;1]. Let and denote the radial
placement and temperature elds, respectively, expressed as functiaradt , i.e.,

(t)= ( ut;t); (yt) = (ut;t): (6.3.26)

This change of variable transforms the triangular donfidmt) : 0 < z t t endd into the
rectangular domaif(u;t) : 0 u 1,0<t ten@. Further, the derivatives ofand are
related to those of and as

uw(upt)
t

w(upt)
t

wa(Ust)
t2 '

2(z;t) =

X 2(z;t) = : 2(z;t) = (6.3.27)

and,

t(Z;t) = w(ut) tg;u(u;t); (6.3.28)

whereu = £. Note that the thermal and displacement boundary conditions in (6.3.25) are ex-
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pressed in terms and as follows

w(Lit) = Lt S(1);
(1;t)=0;

(Lt) = s(t);
w(0t)=h30)t1  (Ot)];
Ot)=1;

S0)=1:

(6.3.29)

Thus, it follows from (6.3.29)thats(t) = . (1;t). Therefore, (6.3.22) is rewritten in terms of

and as
_ b 2(u;t) 4 ¢(L;ut) 29ut) ut) _
w0 S a @il @) @or T @uy swn sy MY
, S SUOL a uH]s U wut) taut)] _ .
“Lun)l (atb) (ut)]s '
(6.3.30)
Similarly, (6.3.24) is rewritten as
. f2ut) wW(ut)l a (ut)]
a2 Wl r ) SuL @+ b) wit)]
o fAut) w(ut) S ALut) 1 2t2SH(ut) K(ut)
PR @D O T sy AHun 3 R Amun awh) A0
Z, 2( - . z ) 401- 2( -
. feit) o(st) 3 S*( t) fA4L t) 5065t)
*2p " [ (@+b) (i 1) tS2( t) Y t) f 21 t) (;t) t22(t)R(t) 3(;t) e
3(2; ut) 1
S(ut) '
(6.3.31)

Hence, (6.3.30), (6.3.31) and (6.3.29) form a system of nonlinear PDEs coupled with af*ODE,

23Note that the integral equation (6.3.31) can be differentiated with respec¢btget rid of the integral term. Thus,
(6.3.31) and (6.3.30) are second-order nonlinear PDEs in terms of the unknown (@ipts) and (u;t). Similarly,
(6.3.29) is an ODE in terms of the unknown functi&t ).
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with the unknown elds (u;t), (u;t) and§(t) over the rectangular domafrfu;t) : 0 u

1,0<t tend

Remark 6.3.5. Note that the standard heat equation is recovered by se{fR}g= R and 5(T) =
0in (6.2.18), which is written as

Df Tar(RiD+ 2Ta(RiD) = TRD): (6.3.32)

Therefore, in the absence of any elastic deformation or thermal expansion, the non-dimensionalized

moving boundary problem reads

TalR) + ZT(R1) = Ty(R1);

T = L,
H&O:1) =0 (6.3.33)
TaLit)= h[1 T(L)];

S0)=1;

wherel R gt) andt 0. Here,his the Biot number, an(é is the Stefan number. The
phase change problem (6.3.33) has been analyzed by London and Seban [157], Tao [158], Shih
and Chou [159], Hill and Kucera [160], and possibly others. Furthermore, (6.3.19) is simpli ed as

L Zt Z 1
ht + = S(t) 1 hT(1; )d = 2T(; t)d : (6.3.34)
3 0 S(t)

Alternatively, since (6.3.33)is rewritten agRTR t)].z;x = [RTRt)],, it can be shown using
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Figure 6.2: The numerical solution for the evolution of the moving boundary obtained in the present work for the
decoupled thermal problerf6.3.33)with L = 10, is compared with that obtained by Tao [158].

(6.3.33) 5 that the Stefan's condition (6.3.33% equivalent t&*

L Z t Z 1
ht+= t) 1+ h T )d = T(:t)d : (6.3.37)
2 0 S(t)

Thus, for arigid conductor, Stefan's condition (6.3 38n be replaced with the integral constraint

(6.3.34), or equivalently with (6.3.37).

6.4 Numerical results and discussion

Several numerical methods for the solution of moving boundary value problems have been pro-
posed over the years [21, 161]. In this work, we follow the approach of Doughlas and Gallie [162],
where for a speci ed space grid, the corresponding instances of time are calculated as the moving

boundary assumes these discrete positions in progression. It should be noted that the bijectivity

24Using (6.3.33) 4, itis implied that

Z 1
[RTRt)].grgdR= h+[1 h]T(1;t)+ L(t)t): (6.3.35)
S(t)
Therefore, sincéRTR t)].zzr= [RTR t)].;, (6.3.37) follows from (6.3.33)and the fact that
z 1 z t " z 1 #
RTRt)dR= RT (R )dR d: (6.3.36)
S(t) 0 )
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Figure 6.3:The moving boundary evolution for the decoupled thermal problemiwit® obtained in the present work
is compared with numerical data from the literature [158, 159, 160]. Here, S-1 refers to the solution of §§<3e38)
while S-2 and S-3 correspond to the systems wl@@&33) is replaced by(6.3.37)and (6.3.34) respectively.

Figure 6.4.The temperature eld(R t) for the rigid conductor problenf6.3.33)withh = 0:5, L = 10 is depicted at

various instances of time as the solidi cation interface moves inward.

of S(t) is exploited here, allowing us to treat the time of accretion as the unknown. For each un-
known time step, the moving interface is rst assigned a position. Treating the domain as xed, we
calculate the deformation and temperature elds, along with the instant of time for this interface
location, by solving the conservation of linear momentum, transient heat equation, and Stefan's
condition. This is implemented using a nite difference approximation (an implicit scheme) in
MATLAB. The optimum time step that minimizes the residue from Stefan's condition to ensure a

suf ciently small magnitude is calculated usifiginunc , while the corresponding numerical so-
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