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SCIENTIFIC REPORT 

1 . P r o j e c t t i t l e R e s e a r c h G r a n t N o . 

" C o l l e c t i v e D y n a m i c s o f N o n l i n e a r O s c i l l a t o r A r r a y s " 

CRG 950282 

2. ( a ) P r o j e c t C o - o r d i n a t o r (please give name, official address, telephone and fax numbers) 

P r o f e s s o r K u r t W i e s e n f e l d 

S c h o o l o f P h y s i c s , G e o r g i a I n s t i t u t e o f T e c h n o l o g y , A t l a n t a , G A 3 0 3 3 2 U S A 

T l : ( 0 1 ) 4 0 4 8 9 4 2 4 2 9 F A X : ( 0 1 ) 4 0 4 8 9 4 9 9 5 8 

( b ) O t h e r P r i n c i p a l I n v e s t i g a t o r s (please give names only) 

D r . P e r e C o l e t 

3. P u b l i c a t i o n s r e s u l t i n g f r o m t h e p r o j e c t 

N o . (Please list the publications from the entire grant period and enclose one set of 
reprints and manuscripts accepted for publication) 

N A T O s u p p o r t 

a c k n o w l e d g e d 

Y E S I N O 

( 4 ) 

" S y n c h r o n i z a t i o n T r a n s i t i o n s i n a D i s o r d e r e d J o s e p h s o n 

S e r i e s A r r a y " , P h y s . R e v . L e t t . v o l . 7 6 , 4 0 4 - 4 0 7 ( 1 9 9 6 ) 

" N e w R e s u l t s o n F r e q u e n c y - l o c k i n g D y n a m i c s o f D i s o r d e r e d 

J o s e p h s o n A r r a y s " , P h y s i c a B v o l . 2 2 2 , 3 1 5 - 3 1 9 ( 1 9 9 6 ) 

" F r e q u e n c y L o c k i n g i n J o s e p h s o n A r r a y s : C o n n e c t i o n w i t h t h e 

K u r a m o t o M o d e l " , P h y s . R e v . E v o l . 5 7 , 1 5 6 3 - 1 5 6 9 ( 1 9 9 8 ) 

( i n p r e p a r a t i o n ) " O r d e r - D i s o r d e r T r a n s i t i o n s i n R e c t a n g u l a r 

J o s e p h s o n A r r a y s " (X) 



4 . A b s t r a c t o f t h e w o r k a c c o m p l i s h e d a n d t h e r e s u l t s o b t a i n e d 

(Please refer to the publication numbers overleaf A more detailed report should be submitted If the protect did not result In any publication.) 

T h e p r i m a r y g o a l o f t h e p r o p o s e d r e s e a r c h w a s t o e x p l o r e t h e r o l e o f d i s o r d e r o n 

t h e s p o n t a n e o u s s y n c h r o n i z a t i o n o f o s c i l l a t o r a r r a y s . O u r o r i g i n a l p l a n w a s t o s t u d y 

t h i s p h e n o m e n o n i n t h e c o n t e x t o f t w o e x a m p l e s , t h e J o s e p h s o n s e r i e s a r r a y a n d t h e s o l i d 

s t a t e l a s e r a r r a y . O u r p r o g r e s s o n t h e f o r m e r p r o b l e m w a s u n e x p e c t e d l y r a p i d , a n d p r o m p t e d 

u s t o c o n s i d e r a m o r e c o m p l i c a t e d v a r i a t i o n o f t h e s e s u p e r c o n d u c t i n g s y s t e m s , n a m e l y 

t w o - d i m e n s i o n a l a r r a y s . C o n v e r s e l y , o u r p r o g r e s s o n t h e l a s e r a r r a y p r o b l e m h a s b e e n 

s o m e w h a t s l o w , a n d h a s n o t a d v a n c e d t o t h e p o i n t w h e r e w e c a n , f o r e x a m p l e , p u b l i s h a 

r e s e a r c h a r t i c l e o n l a s e r a r r a y s a t t h i s p o i n t . 

J o s e p h s o n S e r i e s A r r a y s . T h e s e d e v i c e s a r e c a p a b l e o f s u s t a i n i n g v o l t a g e o s c i l l a t i o n s 

a t e x t r a o r d i n a r i l y h i g h f r e q u e n c i e s ; f o r m o s t a p p l i c a t i o n s a r r a y s w i t h s y n c h r o n i z e d e l e ­

m e n t s a r e n e c e s s a r y t o a c h i e v e u s e f u l p o w e r l e v e l s . B e g i n n i n g w i t h t h e l u m p e d c i r c u i t 

e q u a t i o n s f o r a s e r i e s a r r a y , w e a p p l i e d a n a v e r a g i n g t e c h n i q u e w h i c h t r a n s f o r m e d t h e d y ­

n a m i c a l e q u a t i o n s i n t o a t r a c t a b l e f o r m f i r s t s t u d i e d b y S a k a g u c h i & K u r a m o t o . F o r t h e 

f i r s t t i m e , t h i s a l l o w e d u s t o m a k e p r e d i c t i o n s o n t h e p e r f o r m a n c e o f d i s o r d e r e d a r r a y s 

c o n s i s t i n g o f l a r g e n u m b e r s o f j u n c t i o n s . T h e r e s u l t s , f i r s t r e p o r t e d i n p u b l i c a t i o n # 1 , 

a n d e l a b o r a t e d o n i n p u b l i c a t i o n # 3 , s h o w e d t h a t t h e a r r a y u n d e r g o e s t w o d i s t i n c t t r a n s i ­

t i o n s a s a f u n c t i o n o f t h e l e v e l o f d i s o r d e r . O n e t r a n s i t i o n c o r r e s p o n d s t o t h e o n s e t o f 

p a r t i a l s y n c h r o n i z a t i o n , a n d t h e o t h e r c o r r e s p o n d s t o t h e o n s e t o f c o m p l e t e p h a s e l o c k i n g . 

O u r a n a l y t i c p r e d i c t i o n s a c c u r a t e l y r e p r o d u c e t h e s e t r a n s i t i o n s a s d e t e r m i n e d b y d i r e c t 

c o m p a r i s o n w i t h n u m e r i c a l s i m u l a t i o n s o f t h e f u l l n o n l i n e a r d i f f e r e n t i a l e q u a t i o n s w h i c h 

d e s c r i b e t h e l u m p e d c i r c u i t m o d e l . 

A s i d e f r o m t h e f u n d a m e n t a l t h e o r e t i c a l p r o g r e s s r e p r e s e n t e d b y t h e s e r e s u l t s , w e w e r e 

a l s o a b l e t o d e t e r m i n e a n i m p o r t a n t p r a c t i c a l q u e s t i o n : i s p r e s e n t f a b r i c a t i o n t e c h n o l o g y 

s u f f i c i e n t t o a c h i e v e c o m p l e t e s y n c h r o n i z a t i o n ? O u r f i n d i n g s ( t h e f i r s t t o a d d r e s s t h i s 

q u e s t i o n ) a r e t h a t i t s h o u l d b e s u f f i c i e n t , b u t j u s t b a r e l y . T h a t i s , i t s h o u l d b e p r o v i d e c 

t h e v e r y b e s t t e c h n o l o g y i s u s e d . M o r e r e a l i s t i c a l l y , o n e n e e d s s o m e f u r t h e r i m p r o v e m e n t s 

e i t h e r i n r e d u c i n g d i s o r d e r o r i n e x p l o r i n g a l t e r n a t i v e a r c h i t e c t u r e s . T h i s l a s t i d e a l e d 

u s t o c o n s i d e r t w o - d i m e n s i o n a l a r r a y s . 

J o s e p h s o n 2 D A r r a y s . P r e v i o u s w o r k t o o u r s h a s s u g g e s t e d t h a t t w o - d i m e n s i o n a l a r r a y s 

a r e m o r e t o l e r a n t w i t h r e s p e c t t o d i s o r d e r t h a n a r e s e r i e s a r r a y s . T h e s e q u a l i t a t i v e a n d 

s i m u l a t i o n a l s t u d i e s p r o v i d e d t h e m o t i v a t i o n f o r u s t o t r y t o e x t e n d o u r ( u n e x p e c t e d l y g o o d ) 

p r o g r e s s f o r s e r i e s a r r a y s . K e y a d v a n c e s i n t h e 2 D c a s e — w h i c h i s d e s c r i b e d b y c o n ­

s i d e r a b l y m o r e c o m p l i c a t e d e q u a t i o n s — m a d e p o s s i b l e f u r t h e r a d v a n c e s i n t h e s e s y s t e m s 

( s e e p u b l i c a t i o n # 2 ) . I n p a r t i c u l a r , t h e r e i s a s e n s e i n w h i c h t h e a n i s o t r o p y o f t h e 2 D 

d y n a m i c s a l l o w s u s t o v i e w e a c h r o w o f e l e m e n t s a s a " c o m p o s i t e o s c i l l a t o r " a n d t h e r e b y 

r e s c a l e t h e 2 D s y s t e m i n t o a n e q u i v a l e n t s e r i e s a r r a y . O u r r e s u l t s ( t o b e s u b m i t t e d a s 

p u b l i c a t i o n # 4 w h e n c o m p l e t e ) s h o w t h a t 2 D a r r a y s s h o u l d s h o w c o m p l e t e s y n c h r o n i z a t i o n 

w i t h r e l a t i v e l y l i t t l e d i f f i c u l t y . M o r e f u n d a m e n t a l l y , o u r t h e o r y d o e s a n e x c e l l e n t j o b 

p r e d i c t i n g t h e p e r f o r m a n c e i n t h e v i c i n i t y o f t h e c o m p l e t e l y l o c k e d t r a n s i t i o n , b u t n o t 

s o w e l l t h a t n e a r t h e t r a n s i t i o n t o p a r t i a l l o c k i n g . W e d o n o t c u r r e n t l y u n d e r s t a n d t h e 

o r i g i n o f t h i s d i f f e r e n c e . 

Remarks, if any 

T h e e x t e n d e d v i s i t s m a d e p o s s i b l e b y t h e N A T O g r a n t g a v e u s t h e f l e x i b i l i t y w h i c h 

m a d e i t e a s i e r t o t a k e a d v a n t a g e o f t h e n e w ( a n d u n e x p e c t e d ) o p p o r t u n i t y t o p u r s u e t h e 

t w o - d i m e n s i o n a l a r c h i t e c t u r e . I s i n c e r e l y d o u b t i f p r o g r e s s w o u l d h a v e b e e n t h i s r a p i d 

i f w e w e r e r e s t r i c t e d t o l o n g - d i s t a n c e c o l l a b o r a t i o n o n l y . 

I 



FINANCIAL REPORT 
Award, in Belgian francs: i-62-000 
INCOME : 5 530 Payment received 

Bank interest earned 
Positive balance brought forward at reporting on a renewal) 

TOTAL INCOME 
EXPENDITURE : 1. Travel expenses (detail below) 

2. Living expenses (detail below) 
3. Other expenses (not exceeding 15% of award - specify) 

TOTAL EXPENDITURE 
OUTSTANDING BALANCE 

NOTE ; If the outstanding balance is positive, the amount should be returned to NATO by chegue together with this final report (cheque made payable to NATO, Brussels). If the outstanding balance is negative, it will be paid to the grant holder by NATO on acceptance of the report, up to 10% of the last award, budget permitting. 
DETAILS OF TRAVEL AND LIVING EXPENSES Name From/To Reason Period from/to Currency (specify) .-Name From/To Reason Period from/to Travel Expenses Living Expenses 
P. Colet Barcelona/Atlanta visit Georgia Tech 7/20/95 -8/15/95 $492 $643 
K. Wiesenfeld Atlanta/Palma visit U.I.B. 4/30/96 -5/29/96 $925 $970 
P. Colet Barcelona/Atlanta visit Georgia Tech 7/1/97 -7/29/97 $586 $1199 

Sub-Totals $2003 $2812 
Signature: 

Currency 
(specify) 

US dollars 
$5 580 
.$2 .003 $2 812. 
...$4.815 
......7.65 



P H Y S I C A L R E V I E W E V O L U M E 5 7 , N U M B E R 2 F E B R U A R Y 1 9 9 8 

L I N T R O D U C T I O N 

J o s e p h s o n j u n c t i o n a r r a y s a r e o f i n t e r e s t f o r a v a r i e t y o f 

r e a s o n s , b o t h f u n d a m e n t a l a n d a p p l i e d [ 1 - 4 ] . O n t h e f u n d a ­

m e n t a l s i d e t h e y h a v e b e e n u s e d t o s t u d y t w o - d i m e n s i o n a l 

m e l t i n g , flux c r e e p i n t y p e - I I s u p e r c o n d u c t o r s , a n d t h e n o n ­

l i n e a r d y n a m i c s o f c o u p l e d o s c i l l a t o r s [ 5 ] . J o s e p h s o n a r r a y s 

a r e p r e s e n t l y u s e d t o m a i n t a i n t h e U . S . L e g a l V o l t [ 6 ] , a n d 

researchers a r e p u r s u i n g a p p l i c a t i o n s w h e r e a r r a y s c o u l d b e 

u s e d a s s e n s i t i v e p a r a m e t r i c a m p l i f i e r s [ 7 ] a n d t u n a b l e l o c a l 

o s c i l l a t o r s [ 8 ] a t m i l l i m e t e r a n d s u b m i l l i m e t e r w a v e l e n g t h s . 

T h i s l a s t a p p l i c a t i o n d i r e c t l y o v e r l a p s w i t h a p a r t i c u l a r 

f u n d a m e n t a l t o p i c d r a w n f r o m t h e f i e l d o f n o n l i n e a r d y n a m ­

i c s , n a m e l y , m u t u a l s y n c h r o n i z a t i o n . I t i s w e l l k n o w n t h a t 

p o p u l a t i o n s o f c o u p l e d n o n l i n e a r o s c i l l a t o r s c a n s p o n t a n e ­

o u s l y s y n c h r o n i z e t o a c o m m o n f r e q u e n c y , d e s p i t e d i f f e r ­

e n c e s i n t h e i r n a t u r a l f r e q u e n c i e s . T h i s p h e n o m e n o n h a s 

b e e n o b s e r v e d i n m a n y p h y s i c a l a n d b i o l o g i c a l s y s t e m s , i n ­

c l u d i n g relaxation o s c i l l a t o r c i r c u i t s , n e t w o r k s o f n e u r o n s 

a n d c a r d i a c p a c e m a k e r c e l l s , c h o r u s i n g c r i c k e t s , a n d fireflies 

t h a t flash i n u n i s o n [ 9 , 1 0 ] . T h e f i r s t s y s t e m a t i c e x p e r i m e n t a l 

s t u d y w a s p e r f o r m e d i n 1 6 6 5 b y H u y g e n s w i t h t w o m a r i n e 

p e n d u l u m c l o c k s h a n g i n g f r o m a c o m m o n s u p p o r t [ 1 1 ] . 

I n a p i o n e e r i n g s t u d y , W i n f r e e [ 1 2 ] d e v e l o p e d a m a t h ­

e m a t i c a l f r a m e w o r k f o r s t u d y i n g l a r g e p o p u l a t i o n s o f l i m i t -

c y c l e o s c i l l a t o r s a n d s h o w e d t h a t t h e o n s e t o f s y n c h r o n i z a ­

t i o n i s a n a l o g o u s t o a t h e r m o d y n a m i c p h a s e t r a n s i t i o n . T h i s 

o b s e r v a t i o n w a s r e f i n e d b y K u r a m o t o [ 1 3 ] , w h o p r o p o s e d 

a n d a n a l y z e d a n e x a c t l y s o l v a b l e m e a n - f i e l d m o d e l o f 

c o u p l e d o s c i l l a t o r s w i t h d i s t r i b u t e d n a t u r a l f r e q u e n c i e s . T h e 

K u r a m o t o m o d e l h a s s t i m u l a t e d m u c h t h e o r e t i c a l w o r k [ 1 4 -

2 2 ] , t h a n k s t o i t s a n a l y t i c a l t r a c t a b i l i t y . 

I n t h i s p a p e r w e s h o w h o w t h e l u m p c i r c u i t e q u a t i o n s f o r 

a s e r i e s a r r a y o f z e r o - c a p a c i t a n c e J o s e p h s o n j u n c t i o n s c a n b e 

m a p p e d o n t o t h e K u r a m o t o m o d e l i n t h e l i m i t o f w e a k c o u ­

p l i n g a n d w e a k d i s o r d e r . T h i s a l l o w s u s t o a n s w e r t h e q u e s ­

t i o n h o w l a r g e a s p r e a d i n t h e j u n c t i o n p a r a m e t e r s c a n b e 

t o l e r a t e d i f t h e a r r a y i s t o a c h i e v e p e r f e c t f r e q u e n c y l o c k i n g . 

I n f a c t , w e c a n a n a l y t i c a l l y d e t e r m i n e t h e f r a c t i o n o f j u n c ­

t i o n s t h a t f r e q u e n c y l o c k a s a f u n c t i o n o f t h e v a r i o u s c i r c u i t 

p a r a m e t e r s . T h e J o s e p h s o n a r r a y c a n d i s p l a y t w o t r a n s i t i o n s : 

T h e first c o r r e s p o n d s t o t h e o n s e t o f d y n a m i c a l o r d e r , t h e 

s e c o n d c o i n c i d e s w i t h c o m p l e t e f r e q u e n c y l o c k i n g . W e find 

t h a t b o t h t r a n s i t i o n s s h o u l d b e e x p e r i m e n t a l l y a c c e s s i b l e 

w i t h e x i s t i n g t e c h n o l o g y . 

I n S e c . I I w e review b o t h t h e l u m p c i r c u i t m o d e l f o r J o ­

s e p h s o n s e r i e s a r r a y s a n d t h e K u r a m o t o m o d e l f o r c o u p l e d 

o s c i l l a t o r s . S e c t i o n I I I e s t a b l i s h e s t h e c o n n e c t i o n b e t w e e n 

t h e t w o m o d e l s . T h e a n a l y t i c a l results k n o w n f o r t h e K u r a ­

m o t o m o d e l a r e s u m m a r i z e d i n S e c . I V a n d t h e n u s e d i n S e c . 

V t o p r e d i c t t h e s y n c h r o n i z a t i o n p r o p e r t i e s o f J o s e p h s o n a r ­

r a y s . W e s h o w t h a t t h e s e p r e d i c t i o n s a r e i n g o o d a g r e e m e n t 

w i t h n u m e r i c a l s i m u l a t i o n s o f t h e f u l l e q u a t i o n s f o r t h e l u m p 

c i r c u i t . S o m e o f t h e w o r k reported h e r e w a s p r e s e n t e d e a r l i e r 

i n a b b r e v i a t e d f o r m [ 2 3 ] . 

D . B A C K G R O U N D 

C o n s i d e r a s e r i e s a r r a y o f N j u n c t i o n s , b i a s e d w i t h a c o n ­

s t a n t c u r r e n t lB a n d s u b j e c t t o a l o a d w i t h i n d u c t a n c e L, 

r e s i s t a n c e R, a n d c a p a c i t a n c e C ( F i g . 1 ) . F o r j u n c t i o n s w i t h 

n e g l i g i b l e c a p a c i t a n c e , t h e g o v e r n i n g c i r c u i t e q u a t i o n s a r e 

[ 2 4 ] 

^ - ^ + / J s i n ^ + ^ = / B , j = l , . . . , / V ( 1 ) 
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FIG. 1. CIRCUIT MODEL FOR A CURRENT BIASED SERIES ARRAY OF JOSEPH-
SON JUNCTIONS SHUNTED IN PARALLEL BY AN INDUCTOR-CAPACITOR-RESISTOR 
LOAD. 

JUNCTION CRITICAL CURRENT, Q IS THE CHARGE ON THE LOAD CAPACI­
TOR, h IS PLANCK'S CONSTANT DIVIDED BY 2v, AND e IS THE EL­
EMENTARY CHARGE. THE OVERDOT DENOTES DIFFERENTIATION WITH 
RESPECT TO TIME. THE VOLTAGE DROP ACROSS THE jth JUNCTION IS 

(ft/2*)*,. 
EQUATION (1) SHOWS THAT THE COUPLING BETWEEN THE JUNC­

TIONS IS MEDIATED BY THE LOAD CURRENT Q. IN THE ABSENCE OF A 
LOAD THE JUNCTIONS ARE DYNAMICALLY UNCOUPLED AND (FOR IB 

>Ij) THE JTH ELEMENT EXECUTES VOLTAGE OSCILLATIONS AT ITS BARE 
FREQUENCY 

*>j=^rvl-ij)m- (3) 

THE LOAD CAUSES THE ELEMENTS TO OSCILLATE AT SHIFTED FREQUEN­
CIES {wj}, MAKING IT POSSIBLE FOR JUNCTIONS WITH DIFFERENT BARE 
FREQUENCIES {WJ} TO OSCILLATE AT A COMMON FREQUENCY SI. THIS 
REQUIRES THE COUPLING TO BE LARGE ENOUGH TO OVERCOME THE 
INTRINSIC SPREAD IN THE BARE FREQUENCIES; THE LARGER THE COU­
PLING, THE GREATER THE NUMBER OF ELEMENTS ENTRAINED. 

OUR GOAL IS TO CALCULATE, AS A FUNCTION OF THE VARIOUS SYS­
TEM PARAMETERS, THE FRACTION OF JUNCTIONS THAT BECOME PER­
FECTLY FREQUENCY LOCKED. WE ALSO WANT TO CALCULATE THE TOTAL 
POWER GENERATED AT THE LOCKING FREQUENCY Q , A QUANTITY THAT 
ALSO INVOLVES THE RELATIVE PHASES OF THE LOCKED ELEMENTS. WE 
CAN ACHIEVE THESE GOALS BY MAPPING EQS. (1) AND (2) ONTO THE 
KURAMOTO-SAKAGUCHI MODEL [15 ] FOR A SET OF N GLOBALLY 
COUPLED LIMIT-CYCLE OSCILLATORS 

K N 

0j=o>j- - X SIN( e r a ) W 

FOR j = 1 , . . . ,N, WHERE 6j IS THE PHASE OF THE YTH OSCILLATOR, 
Wj IS ITS BARE FREQUENCY, K IS THE COUPLING CONSTANT, AND a IS 
A CONSTANT WHOSE ROLE IS DISCUSSED BELOW. THE KURAMOTO-
SAKAGUCHI MODEL CAN BE SOLVED IN THE LARGE-A' LIMIT USING A 
SELF-CONSISTENCY APPROACH. IN SEC. ILL WE DERIVE EQ. (4) FROM 
THE JOSEPHSON CIRCUIT EQUATIONS, IN THE LIMIT OF WEAK DISORDER 
AND WEAK COUPLING; THE QUANTITATIVE CONSEQUENCES FOR THE 
DYNAMICS OF THE JOSEPHSON ARRAY ARE TACKLED IN THE FOLLOWING 
SECTIONS. THE REMAINDER OF THIS SECTION IS DEVOTED TO A SUM­
MARY OF THE QUALITATIVE PICTURE THAT EMERGES FROM THAT ANALY­
SIS. 

FIG. 2. TYPICAL BEHAVIOR OF THE FRACTION OF FREQUENCY LOCKED 
OSCILLATORS / AS A FUNCTION OF COUPLING STRENGTH X. 

THE ESSENCE OF THE PROBLEM IS THE COMPETITION BETWEEN 
THE INTRINSIC DISORDER (I.E., VARIATIONS IN THE JUNCTION RESIS­
TANCES AND CRITICAL CURRENTS) AND THE DYNAMICAL COUPLING 
STRENGTH. IN THE KURAMOTO MODEL, THE DISORDER ENTERS VIA THE 
DISTRIBUTION OF NATURAL FREQUENCIES, WHILE THE EFFECTIVE COU­
PLING STRENGTH IS SET BY THE PARAMETER COMBINATION A. 
-XCOSA. IF X > 0 THEN THE COUPLING IS "ATTRACTIVE" AND 
TENDS TO INDUCE FREQUENCY LOCKING. AS X IS DECREASED FROM A 
LARGE POSITIVE VALUE, THREE DYNAMICAL REGIMES ARE ENCOUN­
TERED, AS SHOWN IN FIG. 2. FOR X > X 2 ALL OF THE OSCILLATORS ARE 
FREQUENCY LOCKED, FOR X 2 > X > X ! 8 0 0 1 6 FINITE FRACTION IS 
LOCKED, AND FOR \ , > X THERE IS NO FREQUENCY LOCKING. 

IN THE JOSEPHSON JUNCTION ARRAY, ONE DOES NOT HAVE INDE­
PENDENT CONTROL OVER THE PARAMETERS APPEARING IN EQ. (4). FOR 
EXAMPLE, THE MOST NATURAL CONTROL PARAMETER IS THE BIAS CUR­
RENT IB AND (AS WE SHALL SEE) VARYING THIS PARAMETER SIMULTA­
NEOUSLY CHANGES ALL OF THE QUANTITIES K, COSA. AND THE N BARE 
FREQUENCIES {W,}. MOREOVER, THE EFFECTIVE COUPLING STRENGTH 
X CANNOT BE INCREASED TO AN ARBITRARILY LARGE VALUE. AS MIGHT 
BE EXPECTED, THE VALUES OF THE TRANSITION POINTS INCREASE WITH 
INCREASING INTRINSIC DISORDER. CONSEQUENTLY, DEPENDING ON THE 
VARIOUS CIRCUIT PARAMETERS, IT CAN HAPPEN THAT ONE OR BOTH OF 
THE TRANSITION POINTS (X , , X 2 ) ARE NOT OBSERVED IN A PARTICULAR 
ARRAY. HOWEVER, WE FIND THAT COMPLETE FREQUENCY LOCKING 
should BE OBSERVABLE USING PRESENT TECHNOLOGY, WITH TOLER­
ANCES IN THE JUNCTION PARAMETERS ON THE ORDER OF A PERCENT 
[25] . WE DISCUSS THIS POINT IN SEC. V . 

HI. DERIVATION OF THE AVERAGED EQUATIONS 

IN THIS SECTION WE SHOW THAT THE JOSEPHSON SYSTEM (1) AND 
(2) CAN BE MAPPED ONTO KURAMOTO'S MODEL (4) IN THE LIMIT OF 
WEAK COUPLING AND WEAK DISORDER. OUR DERIVATION IS A 
STRAIGHTFORWARD EXTENSION OF THE AVERAGING PROCEDURE PREVI­
OUSLY APPLIED TO IDENTICAL JUNCTION ARRAYS [26 ,27] . 

THE FIRST STEP IS TO INTRODUCE "NATURAL ANGLES" 0, DEFINED 
BY 

lerjddj^ d<f>j 
h Wj lB-ljSind>j' 

THE ANGLES 6, ARE NATURAL IN THE SENSE THAT, IN THE UNCOUPLED 
LIMIT, THEY ROTATE UNIFORMLY, WHILE THE <f>j DO NOT. DIRECT IN­
TEGRATION OF THIS EQUATION YIELDS THE USEFUL TRIGONOMETRIC re­
LATION 
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f,-/̂My-<lJ-̂ (/r-#ye««>). (6) 
Thus Eq. (1) can be rewritten as "'J 

(7) We assume mat the disorder is weak, so it is convenient to write 

IrT(l + e[j), 
(8a) 
(8b) 
<8c) where e is a formal parameter used to keep track of small quantities and the overbar denotes a sample mean. Note mat Pj, Cj. and t$; are not independent: From Eq. (3), we see that to leading order. 

In what follows we also assume mat the bias current is not too close to the critical current [/«-/,>0(e)] and mat the coupling is weak [£>=i9(e)]. Thus Eq. (7) becomes 

^a+eaSj—T— (I,-Tcosfy+Ofe2). (9) The bask idea behind the averaging method is as follows. Equation (9) shows that 0;--e7=O(e); hence 6j(t)-wt is a slowly varying quantity that changes significantly only on a long time scale r = 0(l/e). Hence, on the fast 0(1) time scale of a single oscillation, 0/0 — at ii almost constant and may therefore be replaced by its running average over one cycle. To determine how 0/0 _ tat varies on the long time scale, we time average the right-hand side of Eq. (9) and replace 0/0 with wt+0/0) +0(e). This procedure yields an equation correct to first order for the slow evolution of 8}(t)~H>t. To do the calculation explicitly we need an ex­pression for Q(t), but this is readily obtained from Eq. (2), as we now show. 
To find g, note first that Eqs. (1) and (6) imply 

(10) 
so mat Eq. (2) becomes " • 
To leading order in e, *° 

-r(/i-r>2 * /B-/cos[w. + 0t(O)] (12) This is die equation for a periodically driven harmonic oscil­lator. For convenience, introduce the Fourier cosine series 
1 — — = 2 Ancoswwr (13) lg~ /cos(wr) 11=0 

so that, for example, 
2/ /« -1 (14) 

Then Eq. (12) has the steady-state solution 
C(»)"2 2 B(,cos[na./+n0t(O)+/81,], (15) 

t-l B = 0 where Pdl- P)Wm 

" (Ln2&-l/C)2 + n2P(R + NF)2 (16) 
and 

BH = arctan 
nu>(R + N7) 
Z.n2ft?-1/C* (17) The relative sign between A„ and B„ determines the correct branch of the inverse tangent: One can easily check that sin/?,, has the opposite sign of the ratio A„/B„ and, for w >l/>/LC, cosBn also has the opposite sign of A„/B„. We choose the B„ to be positive; consequently, if A„ is positive then -ir<B„<-ir/2. Having found Q(t) to leading order in e, we are now ready to derive the averaged equations for the phases. Sub­stitution of expression (15) into Eq. (9) and taking the time average over one period yields 

^ S + e S S j - ~ ^ Y 2 sin(0*-(18) where 0t(O)-0/O) has been replaced by 0t(»)-0/O-{This replacement introduces another negligible error of 0(e2) into the averaged equations.] To recast these equa­tions into the form of the Kuramoto model, set a— — tr -Bi. Then sin(0t-0/+/81)=sin(0;-0k+a). Finally, to first order in e, Eq. (18) is equivalent to 
jV̂S. sin(0,-0t+a), 

where, in terms of the original circuit parameters. 
(19) 
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-J2J-. J 
ft N rw\ —rlB-to 

[(LiP-l/C)2 + w~1(R + Nr)2]m 
(20) 

AND 

LiP-VC cosa= (21) [(LiP-l/C^ + ̂ R + NP)2]1^ 
WHERE -7r/2«O«0. 

IV. ANALYSIS OF THE KURAMOTO MODEL 
EQUATION (4) IS A VARIATION OF THE KURAMOTO MODEL STUDIED 

BY SAKAGUCHI AND KURAMOTO [15], WHO ANALYZED THE PROBLEM 
USING A SELF-CONSISTENCY APPROACH. FIRST, ONE INTRODUCES A 
COMPLEX ORDER PARAMETER 

ae e'\ (22) 

WHICH IS A USEFUL MEASURE OF THE PHASE COHERENCE OF THE 
DYNAMICAL STATE. FOR INSTANCE, <R=0 CORRESPONDS TO AN INCO­
HERENT STATE, WHEREAS CR= 1 FOR PERFECT IN-PHASE LOCKING. FOR 
A SYMMETRIC, UNIMODAL BARE FREQUENCY DISTRIBUTION g(w) AND 
IN THE LARGE-N LIMIT, NUMERICAL SIMULATIONS INDICATE THAT a 
SETTLES DOWN TO A CONSTANT VALUE AND iff ROTATES UNIFORMLY, 
WITH ip=Clt. THUS FL REPRESENTS THE MUTUAL LOCKING FRE­
QUENCY, WHICH IN GENERAL DIFFERS FROM THE MEAN BARE FRE­
QUENCY cj. 

WE CAN READILY DETERMINE WHICH SET OF OSCILLATORS MUTU­
ALLY LOCK. UPON MULTIPLYING EQ. (22) BY e~'(eJ+a)

 AND TAKING 
THE IMAGINARY PART, WE CAN REWRITE EQ. (4) AS 

6j =<Oj-Kcr SIN(- ^+ A). (23) 
USING VARIABLES IN A ROTATING FRAME DEFINED BY <PY = dj-ftt, 
THIS EQUATION BECOMES 

<Pj = tOj — il — Ku SIN((pj+a). (24) 
THUS THE YTH OSCILLATOR LOCKS TO THE FREQUENCY ft PROVIDED \<Oj-Q,\^Ka. IN THE INFINITE-N LIMIT, THE FRACTION / OF 
LOCKED OSCILLATORS IS 

f= dwg(w). 
Jtl-Ko 

(25) 

WHAT ABOUT THE OSCILLATORS THAT DO NOT LOCK? EQUATION (24) 
CAN BE EXPLICITLY INTEGRATED AND ONE FINDS THAT EACH DRIFTING 
OSCILLATOR WINDS AT A DRESSED FREQUENCY wj GIVEN BY 

wj = (wril)2-(Kcr)2. (26) 
FOR THE ORDER PARAMETER TO REMAIN CONSTANT IN THE ROTATING 
FRAME (AS ASSUMED), IT IS NECESSARY TO IMPOSE THE FURTHER 
CONDITION THAT THE DRIFTING OSCILLATORS ARRANGE THEMSELVES IN A 
STATIONARY DISTRIBUTION AROUND THE CIRCLE. THE STORY OF HOW 
THIS COMES ABOUT (AND IN WHAT SENSE IT IS TRUE) IS AN INTEREST­
ING ONE [14,28], BUT HERE WE SIMPLY ASSUME ITS VALIDITY. 

BY SOLVING FOR THE STATIONARY DENSITY OF THESE DRIFTING OS­
CILLATORS, ALONG WITH THE PHASE POSITIONS OF THE LOCKED OSCIL­
LATORS, AND THEN SUBSTITUTING THE RESULTS INTO THE DEFINITION 
(22), ONE ARRIVES AT THE SELF-CONSISTENCY RELATION [15] 

OV°= Ka^U+ J"'* d£ g(Q, + Ka SIN£) <?'FCOS£J, 
(27) 

WHERE 
Cwi2 COS£(L-COS£) 
Jo SIN3£ [g(Cl + ti)-g(a-fi)] 

(28) 
AND fi=Ka/sin£. GIVEN THE PARAMETERS OF THE PROBLEM, 
NAMELY, K, a, AND THE FUNCTION G(A>), THIS EQUATION CAN BE 
SOLVED TO YIELD THE DESIRED QUANTITIES a AND ft, WHICH IN TURN 
ALLOWS ONE TO COMPUTE THE FRACTION OF LOCKED OSCILLATORS VIA 
EQ. (25). 

THERE IS ALWAYS THE TRIVIAL SOLUTION OR=0, CORRESPONDING 
TO A COMPLETELY DESYNCHRONIZED STATE. BUT FOR K LARGE 
ENOUGH, THERE IS ALSO A NONTRIVIAL SOLUTION WITH A>0. TYPI­
CALLY ONE NEEDS TO SOLVE EQ. (27) NUMERICALLY. FOR EXAMPLE, 
SUPPOSE ONE WANTS TO MAP OUT THE NONZERO SOLUTION BRANCH AS 
A FUNCTION OF THE WIDTH A OF THE GIVEN BARE FREQUENCY DISTRI­
BUTION. AN EFFICIENT SCHEME IS TO START WITH A VERY SMALL VALUE 
OF A, SO THAT PRACTICALLY ALL THE JUNCTIONS ARE LOCKED AND THE 
CORRESPONDING SOLUTION (ft.O-) LIES VERY CLOSE TO THE INITIAL 
GUESS (W,L). THE PRECISE SOLUTION CAN BE DETERMINED BY US­
ING, E.G., NEWTON'S METHOD FOR COMPUTING THE ZEROS OF FUNC­
TIONS. THEN ONE CAN FOLLOW THE SOLUTION BRANCH FROM THERE BY 
SLOWLY INCREASING THE WIDTH A, USING THE MOST RECENTLY CAL­
CULATED VALUES OF ft AND A AS THE INITIAL GUESS FOR THE NEXT 
CASE. NOTICE ALSO THAT THE NUMERICAL INTEGRATION ON THE RIGHT-
HAND SIDE OF EQ. (27) MAY REQUIRE SPECIAL CARE IF A IS VERY 
SMALL. 

V. COMPARISON WITH NUMERICAL SIMULATIONS 
HAVING ESTABLISHED THE CONNECTION WITH THE KURAMOTO 

MODEL, WE ARE IN A POSITION TO MAKE QUANTITATIVE PREDICTIONS 
ABOUT THE DYNAMICAL TRANSITIONS IN THE JOSEPHSON ARRAY. AS A 
FIRST EXAMPLE WE CONSIDER AN ARRAY OF N= 100 WITH DISORDER 
IN THE JUNCTION CRITICAL CURRENTS ONLY. FIGURE 3 SHOWS THE 
FRACTION OF LOCKED JUNCTIONS VERSUS THE SPREAD A IN CRITICAL 
CURRENTS. THE CRITICAL CURRENTS WERE CHOSEN TO MATCH A NOR­
MALIZED PARABOLIC DISTRIBUTION WITH MEAN T AND FULL WIDTH 
2A: 

/>(/)= ̂ [A 2 - ( / -TV] - (29) 

THE OTHER PARAMETER VALUES ARE LISTED IN THE FIGURE CAPTION. 
FOR THESE PARAMETER VALUES, ONE CALCULATES FROM EQS. (20) 
AND (21) THE CORRESPONDING KURAMOTO PARAMETERS K 
= 0.0601 AND COSA=0.3878. THE SOLID CURVE IS THEN GENER­
ATED BY SOLVING EQS. (27) AND (25) FOR EACH VALUE OF A. THE 
OPEN CIRCLES ARE THE RESULTS FROM DIRECT NUMERICAL SIMULATIONS 
OF THE ORIGINAL CIRCUIT EQUATIONS (1) AND (2). THE AGREEMENT IS 
VERY GOOD. 
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0.00 0.03 
0.06 0.09 A(mA) 0.15 FIG. 3. Fraction of junctions locked to a common frequency as a function of the spread A of critical currents for N= 100, IB= 1.5 mA, R = 50 fl, L = 25 pH, C=0.04 pF, T=0.5 mA, and all junc­tions r, = 0.5 Cl. Circles correspond to numerical simulations of Eqs. (1) and (2). The solid line corresponds to Eq. (25). Power spectra for regimes a-c are shown in Fig. 4. The inset shows his­tograms for the bare (thin line) and dressed (thick line) frequencies at the point A = 0.06 mA. 
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0.5 1.0 w(ps') Z0 2-5 3.0 FIG. 4. Power spectra (in arbitrary units) for the ac component of the total array voltage (h/2e)(I.4>k-(I.j>k)), where angular brackets indicate time average, for the three different regimes of Fig. 1: (a) A = 0.005 mA, (b) A = 0.06 mA, and (c) A = 0.14 mA. 

We see that there are three different dynamical regimes. As the disorder is decreased from a large value, there is a transition at A = Ac signaling the onset of frequency locking; for AL<A<AC there is partial frequency locking; for A < AL the frequency locking is complete. The inset shows the distribution of bare and dressed frequencies at A = 0.06 mA, where about half of the junctions are locked. Each transition is accompanied by a distinctive signature in the power spectrum for the total voltage across the array. As A is lowered below At the power spectrum develops a sharp line at the locking frequency ft (and its harmonics), while at A = AC the broadband spectrum is completely quenched. These features are readily apparent in Fig. 4, which shows the results of numerical simulations for three values of A corresponding to the labeled a,b,c in Fig. 3. In principle, the addition of thermal noise can wash out these sharp freatures; however, we have run simulations including Johnson noise generated by both junction and load resis­tances for a temperature of 4 K and the spectra in Fig. 4 are essentially unchanged except for the presence of a fiat noise floor at 10'5. We consider as a next example a situation more natural for real experiments, where the bias current IB is used as the control parameter rather than the disorder level A. Varying IB simultaneously affects all of the Kuramoto parameters o)j, K, and a. As /g is decreased from a large value, the effective coupling strength Kcosa passes through a maxi­mum as shown in Fig. 5. As a result, the effective coupling strength may never be strong enough to induce complete locking. Figure 6 shows the results for two levels of intrinsic dis­order, plotting the fraction of frequency locked junctions vs Ig. For these runs, the junction critical currents /, were cho­sen to match Eq. (29) as before, but the product /,r> was the same for all junctions, a situation more typical of disorder in superconductor-normal-superconductor arrays [29]. Note 

that for a given A, keeping the product lfj constant in­creases the spread in bare frequencies and so increases the effective disorder. Once again, we see that the predictions based on the Kuramoto model agree quite well with the nu­merical simulations. Note that for the larger disorder case shown, A = 0.002 mA (asterisks), complete frequency lock­ing is never achieved. Even so, for somewhat larger critical currents (e.g., 2 mA) full locking is seen at larger values of A/T (e.g., 2%). This is in the range of present fabrication techniques [25]. We turn next to an issue concerning experimental obser­vation. Although recent developments have made it possible to directly image and identify mutually locked junctions [30], a more standard alternative is to measure the frequency spectrum of the total voltage across the load. As mentioned earlier, the onset of order is signaled by the birth of a narrow line at frequency ft [compare Figs. 4(b) and 4(c)]. We can calculate an explicit expression for the strength An of this line from the Kuramoto model as follows. According to Eq. (15), the load current Q(t) is 

0.04 1 ' 

I. (mA) FIG. 5. Typical dependence of the effective coupling strength 
Kcosat vs bias current /». 
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FIG. 6. Fraction of locked junctions / vs bias current IB, for N=100, R = 50 fl, L=2S pH, C=0.04 pF, f=0.5 mA, and 7 = 0.5 fl. The solid lines correspond to Eq. (25). The symbols cor­respond to numerical simulations of Eqs. (1) and (2), circles for A = 0.001 mA and asterisks for A = 0.002 mA. 
0(0-2 *«2 cos[n04(O + fl,]. (30) 

n k Using a = - ir- Bu the fundamental (n = 1) component Qx can be written as 
Ci(0«-*i2 cos[0t(r)-a]. • (3D 

By definition of the order parameter (22), we have 
e,(O=-Af«i«rcos(0-o) (32) 

or, using the Kuramoto ansatz tf/=Clt, the load current is 
Ql(t)=NBl<rSl an(ft'-a). (33) The voltage drop V across the array is directly related to the load current by the load circuit equation V=LQ+RQ + QIC. Thus the fundamental component of the voltage V, is given by V,(r)=Ansin(flf+y-a), where the amplitude is (34) 

An=2Ka-^—^Lil2-l/C)2 + il2R2 (35) or/ 

FIG. 7. Dependence of An vs the bias current IB, for the same parameters shown in Fig. 6. The solid lines correspond to Eq. (35), the symbols to numerical simulations of Eqs. (1) and (2). 
and the dephasing y is given by Lfl2-1/C cosy= vUn 2 - i /c) 2 +n 2 t f 2 (36) Figure 7 shows the results of simulations for the same set of circumstances as Fig. 6, except now An is plotted as a function of IB. The agreement between simulations and the predicted behavior is once again very good. The shape of the 
An-IB curves is very similar to that of the corresponding /-IB curves. The main difference is that A n shows no dramatic change at the complete-locking transition; consequently, for this transition it is better to monitor the broadband low-frequency part of the voltage output, which is quenched at this transition [compare Figs. 4(a) and 4(b)]. On the other hand, since An is directly proportional to a [ci. Eq. (35)] it is a good order parameter for determining the onset of co­herence. Finally, we note that the power delivered to a matched load at frequency fl is given by />n=/A2

1/2/?, which for these parameters is about 30 nW per junction. This should be sufficient power to detect using on-chip measurements. 
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We show that a current-biased series array of nonidentical Josephson junctions undergoes two 
transitions as a function of the spread of natural frequencies. One transition corresponds to the 
onset of partial synchronization, and the other corresponds to complete phase locking. In the limit 
of weak coupling and disorder, the system can be mapped onto an exactly solvable model introduced 
by Kuramoto and the transition points can be accurately predicted. 
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Populations of coupled nonlinear oscillators can spon­
taneously synchronize to a common frequency, despite 
differences in their natural frequencies. This remarkable 
phenomenon, known as collective synchronization, has 
been observed in many physical and biological systems, 
including relaxation oscillator circuits, networks of neu­
rons and cardiac pacemaker cells, chorusing crickets, and 
fireflies that flash in unison [1,2]. 

In a pioneering study, Winfree [3] developed a mathe­
matical framework for studying large populations of limit-
cycle oscillators, and he showed that the onset of synchro­
nization is analogous to a thermodynamic phase transition. 
This observation was refined by Kuramoto [4] who pro­
posed and analyzed an exactly solvable mean-field model 
of coupled oscillators with distributed natural frequencies. 
The Kuramoto model has stimulated a great deal of theo­
retical work [5-12], thanks to its analytical tractability, 
but it has not been used to describe any experimental 
system. 

In this Letter we show that a series array of Josephson 
junctions provides a physical realization of the Kuramoto 
model. This connection allows us to give the first ana­
lytical treatment of mutual synchronization in a Joseph-
son array for the realistic case where the junctions are 
nonidentical. We find that the array displays two transi­
tions: the first corresponds to the onset of dynamical or­
der, while the second coincides with total phase locking 
and the quenching of fluctuations. We calculate that both 
of these transitions are experimentally accessible with ex­
isting technology. 

Consider a series array of N junctions, biased with 
a constant current IB and subject to a load with induc­
tance L, resistance R, and capacitance C. For resistively 
shunted junctions with negligible capacitance, the govern­
ing circuit equations are 

— 4>j + ljsm<bj + Q = IB, j = \,...,N, (1) 2erj 

LQ + RQ + ^ Q = f X k , (2) 

where d>j is the wave-function phase difference across the 
y'th Josephson junction, r, is the junction resistance, Ij 
is the junction critical current, Q is the charge on the 
load capacitor, h is Planck's constant divided by 27r, 
and e is the elementary charge. The overdot denotes 
differentiation with respect to time. The voltage drop 
across the y'th junction is {h/2e)4>j. Note that the all-
to-all coupling in Eq. (2) arises naturally from the circuit 
analysis rather than from a mean-field approximation. 

The key feature of the dynamics is the competition be­
tween the intrinsic disorder (i.e., variations in the junction 
resistances and critical currents) and the coupling between 
the junctions mediated by the load. In the absence of 
a load the junctions are dynamically uncoupled and (for 
IB > Ij) the yth element executes voltage oscillations at 
its bare frequency Wj = (2erj/h)(l\ - lj)i/2. With the 
load, however, the nonlinear interactions cause the ele­
ments to oscillate at shifted (dressed) frequencies {«&,-}. 
In particular, junctions with different bare frequencies can 
oscillate at a common frequency. Typically this requires 
the coupling to be large enough to overcome the intrin­
sic spread in the natural frequencies the larger the 
coupling, the greater the number of elements entrained 
to a common frequency. In the design of useful high-
frequency voltage sources the goal is to achieve com­
plete frequency locking (and in addition, stable in-phase 
oscillations). 

Figure 1 shows the results of simulations using typical 
parameter values for Josephson junctions. Shown is 
the fraction of junctions locked to a single common 
frequency as a function of the spread A in critical currents. 
(Junctions i and j are frequency locked if 4>j ~ 4>i 
remains bounded as t —* The critical currents were 
chosen to match a normalized parabolic distribution with 
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0 .00 0.03 0.06 0.09 A(MA) 0.12 0.15 

FIG. 1. Fraction of junctions locked to a common frequency 
as a function of the spread A of critical currents (see text); N = 
100,1B = 15 mA, R = 50 O, L = 25 pH, C = 0.04 pF, 7 = 
0.5 mA, and for all junctions, r, = 0 . 5 il. Circles correspond 
to numerical simulations of Eqs. (1) and (2). The solid line 
corresponds to Eq. (12) (see text). Power spectra for regimes 
(a), (b), and (c) are shown in Fig. 2. The inset shows 
histograms for the bare (thin line) and dressed (thick line) 
frequencies at the point A = 0.06 mA. 
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FIG. 2. Power spectra for the ac component of the total array 
voltage, (h/2e)(5iij>k - <X <£*)), where <•••) indicates time 
average, for the three different regimes of Fig. 1. (a) A = 
0.005 mA. (b) A = 0.06 mA. (c) A = 0.14 mA. 

mean 7 and full width 2A 

P ( / ) = ^ | J [ A 2 - ( / - 7 ) 2 ] . (3) 
There are three different dynamical regimes. Decreasing 
the disorder from a large value there is a transition at 
A = A c signaling the onset of frequency locking; for 
AL < A < A f there is partial frequency locking; for 
A < AL the frequency locking is complete. The inset 
shows the distribution of bare and dressed frequencies at 
A = 0.06 where about half of the junctions are locked. 

Figure 2 shows the corresponding power spectra for 
the total voltage across the array, for representative 
points in the three regimes [labeled (a), (b), and (c) in 
Fig. 1]. One sees that the onset of order is signaled 
by the birth of a sharp spike at the locking frequency 
[compare Figs. 2(b) and 2(c)], while the complete-locking 
transition coincides with the quenching of low-frequency 
fluctuations [compare Figs. 2(a) and 2(b)]. We have also 
run these simulations including Johnson noise on rj and 
R for a temperature of 4 K: Fig. 2 simply acquires a flat 
noise floor at 10~ 5 . 

We now show that the Josephson system can be 
mapped onto Kuramoto's model, a connection which 
enables us to make quantitative predictions about the 
observed dynamics. This can be done in the limit of 
weak coupling and disorder by extending an averaging 
procedure previously applied to identical junction arrays. 
The first step is to introduce "natural angles" dj defined 
by 

ddj dtp, 
— - - — (4) 

Wj (2erj/H)(IB - IjS\n<bj) 
The angles dj are natural in the sense that (in the 
uncoupled limit) they undergo uniform rotation, while 
the <bj do not. Using the trigonometric relation lB — Ij sin<£, = (/fj - IJ)/(1B - Ij cosdj) obtained by inte­
grating Eq. (4), Eq. (1) becomes 

In the weak-coupling limit, and for identical junctions 
(/, = /, Tj *= r , Wj = co), Swift and co-workers have 
shown how this system can be reduced using the method 
of averaging [13,14]. The basic idea is that one can 
replace the coupling terms on the right side by their 
time average over one period, which generates higher 
order corrections. The variable Q, meanwhile, can be 
eliminated by noting that the load equation (2) is just a 
quasiperiodically driven linear oscillator, which can be 
solved explicitly using the uncoupled solution of Eq. (5). 
As shown in [14], the first-order averaged version of 
Eq. (5) is 

K N 

0j, = w - — X sin(0, - 0k + a), (6) 
where 

„ = Nrco(2erIB/h~ - <o) 
[(Leo2 - 1 /C) 2 + w2(R + A/r) 2] '/2 ( l ) 

405 
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a n d 

= La>2 - 1 / C 
C O S a [(Leo2 - 1 / C ) 2 + w2(R + Nr)2Y12 ' 

w h e r e -v/2 < a ^ 0 . T h e s a m e s t e p s c a n b e c a r r i e d 

o u t f o r t h e c a s e o f s m a l l d i s o r d e r , w i t h t h e r e s u l t 

A: N 

bj = WJ - — X s i n ( f y - 6k + a ) , ( 9 ) 

N t - i 

w h e r e K a n d c o s a a r e g i v e n b y t h e same e x p r e s s i o n s ( 7 ) 

a n d ( 8 ) p r o v i d e d t h e q u a n t i t i e s / , r , a n d w a r e r e p l a c e d , 

r e s p e c t i v e l y , b y t h e m e a n v a l u e s o f / , , rj, a n d wj ( 7 , 

fj, a n d w). I n t h e s m a l l d i s o r d e r r e g i m e t h a t w e a r e 

c o n s i d e r i n g , w = (2ef/h)(I2

B - 7 2 ) 1 / 2 . 

E q u a t i o n ( 9 ) i s t h e K u r a m o t o m o d e l [ 1 5 ] . A g r e a t d e a l 

i s k n o w n a b o u t t h e d y n a m i c s o f t h i s s y s t e m i n t h e l a r g e - A 7 

l i m i t . A u s e f u l m e a s u r e o f t h e c o h e r e n c e o f t h e a r r a y i s 

t h e c o m p l e x o r d e r p a r a m e t e r ae"1' = ( 1 / A O X / e ' 8 ' - ^ 0 T 

a u n i m o d a l b a r e f r e q u e n c y d i s t r i b u t i o n g(w), a n d i n t h e 

l a r g e - N l i m i t , a s e t t l e s d o w n t o a c o n s t a n t v a l u e a n d ifi 

r o t a t e s u n i f o r m l y , tf/ = ftr. S a k a g u c h i a n d K u r a m o t o [ 6 ] 

s h o w e d t h a t t h e q u a n t i t i e s a a n d ft c a n b e d e t e r m i n e d 

f r o m t h e s e l f - c o n s i s t e n c y r e l a t i o n 

I" r "ft 
ae'a = K a \ U+ / d£ g ( f t + Ka s i n £ ) e ' ^ c o s £ , 

( 1 0 ) 

w h e r e 

/ - F W 2 ^ c o ^ ( 1 " c o s ^ [ g ( f t + M ) - G ( N - M ) ] , 
Jo s i n ^ f 

( 1 1 ) 

w i t h fi = Ka/sing. S p e c i f i c a l l y , a a c t s a s a n o r d e r p a ­

r a m e t e r f o r t h e o n s e t o f f r e q u e n c y l o c k i n g ; t h e c r i t i c a l 

p o i n t K = Kc i s w h e r e t h e a > 0 s o l u t i o n o f E q . ( 1 0 ) 

b r a n c h e s o f f o f t h e a = 0 s o l u t i o n . T h e l o c k i n g f r e ­

q u e n c y ft c a n b e s h i f t e d f r o m t h e m e a n b a r e f r e q u e n c y 

< w , a s s e e n i n F i g . 1 ( i n s e t ) . I n t h e K u r a m o t o m o d e l 

t h i s e f f e c t i s d u e t o t h e n o n z e r o v a l u e f o r a , a s c a n b e 

s e e n f r o m t h e s i m p l e c a s e w i t h o u t d i s o r d e r : f r o m E q . ( 9 ) , 

t h e i n - p h a s e s o l u t i o n i s 0 , = (w - A " s i n a ) f , s o t h a t t h e 

l o c k i n g f r e q u e n c y i s g i v e n b y ft = w — A T s i n a . 

M e a n w h i l e , t h e f r a c t i o n / o f l o c k e d o s c i l l a t o r s i s 

s i m p l y 

ril+K<T 
f= / dwg(w) ( 1 2 ) 

Jil-Ktr 
s o t h a t t h e t r a n s i t i o n p o i n t Ki i s t h e s m a l l e s t K f o r 

w h i c h / = 1 . I n t h e s p e c i a l c a s e w h e r e a = 0 a n d g(io) 

i s s y m m e t r i c , f u r t h e r a n a l y t i c p r o g r e s s i s p o s s i b l e ( s i n c e 

t h e n ft a n d J = 0 ) , b u t m o r e t y p i c a l l y E q s . ( 1 0 ) a n d ( 1 2 ) 

n e e d t o b e s o l v e d n u m e r i c a l l y t o d e t e r m i n e t h e c r i t i c a l 

p o i n t s . N o t e t h a t Kc d e p e n d s o n t h e l o c a l p r o p e r t i e s o f 

g(w) n e a r i t s m e a n , w h i l e KL i s s e n s i t i v e t o t h e o u t l y i n g 

v a l u e s o f wj: i n f a c t , i n t h e N — • o o l i m i t t h i s t r a n s i t i o n 

e x i s t s o n l y i f g(w) h a s finite s u p p o r t . 

H a v i n g e s t a b l i s h e d t h e c o n n e c t i o n w i t h t h e K u r a m o t o 

m o d e l , w e a r e i n a p o s i t i o n t o m a k e q u a n t i t a t i v e p r e d i c ­

t i o n s a b o u t t h e d y n a m i c a l t r a n s i t i o n s i n t h e J o s e p h s o n a r ­

r a y . F o r t h e p a r a m e t e r v a l u e s u s e d t o g e n e r a t e F i g . 1 , t h e 

c o r r e s p o n d i n g K u r a m o t o p a r a m e t e r s a r e K — 0 . 0 6 0 1 a n d 

c o s a = 0 . 3 8 7 8 . T h e s o l i d l i n e o f F i g . 1 s h o w s t h e p r e ­

d i c t i o n f r o m E q s . ( 1 0 ) a n d ( 1 2 ) , f o r t h e f r a c t i o n o f l o c k e d 

j u n c t i o n s w h i c h a g r e e s f a i r l y w e l l w i t h t h e s i m u l a t i o n s . 

W e t u r n n e x t t o t h e p o s s i b i l i t y o f e x p e r i m e n t a l o b s e r ­

v a t i o n o f t h e s e t r a n s i t i o n s i n J o s e p h s o n a r r a y s . A g a i n t h e 

c o n n e c t i o n w i t h t h e K u r a m o t o m o d e l g i v e s u s s u b s t a n ­

t i a l i n s i g h t . T h e first c o n s i d e r a t i o n i s t h a t i n t h e i n - p h a s e 

s t a t e s h o u l d b e a n a t t r a c t o r w h e n t h e r e i s n o d i s o r d e r 

(wj = w). A l i n e a r s t a b i l i t y a n a l y s i s s h o w s t h a t t h i s i s 

s t a b l e i f a n d o n l y i f K c o s a > 0 . F r o m E q . ( 8 ) t h i s r e ­

q u i r e s t h a t 1/VTC < w. S e c o n d , i n o r d e r t o o p t i m i z e 

t h e s e n s i t i v i t y o f t h e m e a s u r e m e n t s , w e w a n t t o m a x i m i z e 

t h e p o w e r d e l i v e r e d t o t h e l o a d , w h i c h e n t a i l s m a t c h i n g 

t h e l o a d a n d a r r a y r e s i s t a n c e s , s o R = Nr. T h i r d , f o r 

s u p e r c o n d u c t o r - n o r m a l - s u p e r c o n d u c t o r j u n c t i o n s , fluctua­

t i o n s i n t h e c r i t i c a l c u r r e n t s / , a r e l i n k e d t o t h o s e i n t h e 

r e s i s t a n c e s rj, s u c h t h a t t h e p r o d u c t Ijrj i s fixed f o r a l l t h e 

j u n c t i o n s [ 1 6 ] . F o r a g i v e n A t h i s i n c r e a s e s t h e s p r e a d 

i n {wj} a n d s o i n c r e a s e s t h e e f f e c t i v e d i s o r d e r . F o u r t h , 

i t i s n o t p r a c t i c a l t o v a r y t h e l e v e l o f d i s o r d e r ; r a t h e r , 

t h e m o s t n a t u r a l c o n t r o l p a r a m e t e r i s t h e b i a s c u r r e n t Is-

O f c o u r s e , v a r y i n g / g a f f e c t s s i m u l t a n e o u s l y t h e c o u p l i n g 

s t r e n g t h K, t h e p h a s e s h i f t a , a n d t h e b a r e f r e q u e n c i e s wj. 

T h e s e c a n b e d e t e r m i n e d a c c o r d i n g t o t h e e x p l i c i t f o r ­

m u l a s g i v e n a b o v e . G e n e r a l l y s p e a k i n g , a s 1B d e c r e a s e s 

f r o m a l a r g e v a l u e , t h e t r e n d i s t h a t t h e f r e q u e n c y s p r e a d 

d e c r e a s e s , w h e r e a s t h e e f f e c t i v e c o u p l i n g s t r e n g t h K c o s a 

first i n c r e a s e s , g o e s t h r o u g h a m a x i m u m , a n d t h e n d r o p s 

t o z e r o a t t h e p o i n t w h e r e t h e i n - p h a s e s t a t e l o s e s s t a b i l i t y , 

a t w = ( L C ) - ' / 2 . 

F i f t h , i t i s n o t p r a c t i c a l t o m e a s u r e d i r e c t l y t h e n u m b e r 

o f f r e q u e n c y - l o c k e d j u n c t i o n s ; h o w e v e r , t h e t r a n s i t i o n s 

s h o u l d b e o b s e r v a b l e b y m e a s u r i n g t h e f r e q u e n c y s p e c ­

t r u m o f t h e t o t a l v o l t a g e a c r o s s t h e l o a d . S p e c i f i c a l l y , t h e 

o n s e t o f o r d e r i s s i g n a l e d b y t h e b i r t h o f a n a r r o w l i n e a t 

f r e q u e n c y ft [ c o m p a r e F i g s . 2 ( b ) a n d 2 ( c ) ] . T h e s t r e n g t h 

A n o f t h i s l i n e i s p r o p o r t i o n a l t o t h e K u r a m o t o o r d e r p a ­

r a m e t e r a: 

A n - 2Ka B
 , - J(LCl2 - 1 / C ) 2 + ft2/?2. ( 1 3 ) 
w-l * 

T h u s , A n i s a g o o d o r d e r p a r a m e t e r f o r d e t e r m i n i n g t h e 

o n s e t o f c o h e r e n c e . O n t h e o t h e r h a n d , A n s h o w s n o 

d r a m a t i c c h a n g e a t t h e c o m p l e t e - l o c k i n g t r a n s i t i o n , a n d i t 

i s b e t t e r t o m o n i t o r t h e b r o a d b a n d l o w - f r e q u e n c y p a r t o f 

t h e v o l t a g e o u t p u t , w h i c h i s q u e n c h e d a t t h i s t r a n s i t i o n 

[ c o m p a r e F i g s . 2 ( a ) a n d 2 ( b ) ] . 

F i g u r e 3 s h o w s t h e r e s u l t s o f s i m u l a t i o n s t h a t t a k e 

i n t o a c c o u n t a l l o f t h e a b o v e c o n s i d e r a t i o n s . F i g u r e 3 ( a ) 

p l o t s A{\ a n d , f o r c o m p a r i s o n . F i g . 3 ( b ) p l o t s t h e f r a c t i o n 

o f l o c k e d j u n c t i o n s . T h e j u n c t i o n c r i t i c a l c u r r e n t s w e r e 
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