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In all chaos there is a cosmos, in all disorder a secret order.

Carl Jung
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SUMMARY

The pursuit of safe and reliable control under uncertainties stands as a fundamental
challenge in control theory. Traditional approaches, which typically involve designing a
nominal trajectory followed by the addition of a feedback controller, often falter in ensur-
ing safety and robustness, particularly under large and potentially unbounded uncertainties.
The system behavior, in uenced by these random disturbances, no longer follows a deter-
ministic path but, instead, becomes a stochastic process. This shift in the point of view of
the dynamics necessitates a strategic pivot: from steering speci ¢ states to steering the en-
tire state trajectory distribution. The theory of covariance steering (CS) directly addresses
this shift, aiming to steer the entire distribution of system states from an initial distribution
to some target distribution. This theory has historically focused on systems with normally
distributed disturbances and Gaussian boundary states, as well as chance constraints to
manage the joint likelihood of constraint violations along the planning horizon.

Along with CS theory, a critical prerequisite for effective control design is obtaining a
representation of the underlying system dynamics. This foundational step can be achieved
through various methods, including rst-principles modeling or data-driven system iden-
ti cation. Following this identi cation step, traditional control synthesis employs these
estimated models to design control laws. Signi cant advancements in data collection and
processing, fueled by breakthroughs in machine learning and deep neural networks, have
given rise to the burgeoning eld of direct, data-driven control. These approaches harness
the power of extensive, potentially real-time, system data collected from the underlying
system process to design control laws, bypassing the intermediate step of system identi -
cation.

This thesis contributes to the eld in two signi cant ways. Firstly, it extends the current
state-of-the-art in model-based distribution steering theory (Chapters 2-4). This includes

enhancing computational ef ciency of existing methods and addressing more complex real-

XiX



world scenarios, such as steering state distributions under non-Gaussian disturbances and
boundary conditions, optimizing risk pro les across the planning horizon, and modeling as
well as as controlling distributional uncertainty. Existing methods often struggle to balance
tractability with robustness, especially in safety-critical scenarios involving ambiguous un-
certainties, incomplete models, and data-limited environments. The second major contri-
bution of this thesis is the integration of data-driven methods to formulate and solve the
distribution steering problem, speci cally for system with unknown dynamics but avail-
able data collected off-line (Chapters 5-7). By applying the aforementioned model-based
CS principles (and extensions therein) in the data-driven context, this research aims to
establish a robust framework for safe and adaptive data-driven state density control and
distribution steering.

The versatility and effectiveness of these theoretical advancements are demonstrated
on a wide range of practical applications, including spacecraft rendezvous, interplanetary
transfer guidance, quadrotor path planning and landing guidance, as well as, more gen-
erally, motion planning for ground vehicles. These serve as case studies to illustrate the
broader applicability of the proposed methods, emphasizing the integration of model-based
advancements within a data-driven context. In summary, this dissertation aims to advance
and merge the precision of model-based approaches with the adaptability of data-driven
methods in distribution control, with the ultimate aim of advancing the capabilities to con-

trol dynamical systems under uncertainty.
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CHAPTER 1
INTRODUCTION AND BACKGROUND

The control of dynamical systems under uncertainty is at the cornerstone of safe and
reliable automatic control. Complex missions nowadays require increasing levels of pre-
cision and accuracy for the state variables being controlled. Indeed, if we compare, for
instance, the several hundred meter splashdown errors of the Apollo 11 mission [1] with
the meter-level requirements of the SpaceX landing missions, there is almost a two or-
ders of magnitude difference. Other notable and emerging examples in the areas of aerial
and ground autonomy are that of aircraft/\VTOL landing under turbulence, hypersonic tar-
geting, quadrotor planning and landing in the presence of obstacles, factory process and
humanoid robotics applications, and many others. These systems, as a whole, face sce-
narios in which either the disturbances are highly time varying, dif cult to characterize, or
unknown entirely- or the dynamics themselves are highly complex and nonlinear. It fol-
lows that traditional methods (e.g., LQR/MPC) which have shown success in a wide range
of mild cases, fail to provide the robustness and performance guarantees in these more
dif cult, though increasingly important, settings.

In general, there appears to be two emerging schools of thought on how to handle these
complex systems with varying uncertainties and environments; either through computa-
tional approaches or through analytical approaches. Computational approaches refer to
learning-based methods that use data to output control actions that achieve some desired
system behavior (e.g., reinforcement learning [2], neural-network control [3]), whereas an-
alytical approaches refer to control-theoretic methods and analyses aimed towards the same
goal. Learning-enabled strategies, especially in the modern era of big data and immense

processing power, have shown to be highly effective, but struggle with rigorous safety



guarantees as their outputs are in essence unknown a priori against all initial conditions.
There are many notable efforts to this end that study and prove the theoretical guarantees
of machine learning models with respect to output safety [4, 5, 6, 7], though this is still
a nascent and developing eld, especially in the context of probabilistic veri cation [8, 9,
10]. Theoretical methods, on the other hand, are mathematically well-de ned, enjoy supe-
rior guarantees, but suffer from limiting assumptions in order to aid in tractability. Indeed,
there is a well known trade-off with model-based methods involving expressivity and fea-
sibility; generally speaking, the more general the problem, the harder it is to solve. The
central aim of this dissertation is two-fold: rstly, to take non-trivial steps in extending the
state of the art in model-based methods in stochastic optimal control, posing and solving
more realistic and practical problems of interest, and secondly, developing a framework
which blends the adaptability of data-driven methods and availability of input/output data
with the assurances of model-based stochastic control methods.

The problem setting which we consider falls under the umbrella of stochastic optimal
control, whereby a control history is the result of the minimization of the expected value
of a cost functional, subject to a stochastic dynamics model with probabilistic noise, and
while satisfying transient constraints on the state and control inputs. The approach we take
to study and solve this class of problems is inspired by the recently developed theory of
nite-horizon covariance steering (CS) [11, 12], which was formulated as a viable method
to control the dispersion of trajectories for a linear dynamical system. In this paradigm, the
focus is not so much to control the system subject to the uncertainties (as in, for example,
robust control [13, 14]), but instead to conttbk uncertainties in the underlying system.
This switch in thinking forces one to view a dynamical system not as a deterministic point
moving through time and space, but rather as an evolving random process characterized
by some probability distribution 4 (t). To this end, controlling the uncertainty of the
dynamical system is akin to transforming the distribution of the state over the planning

horizon, as in Figure 1.1.
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Figure 1.1: Constrained distribution steering problem for the state density evolution.

In the following sections, we will review the current theory on model-based covariance
steering, as well as an introduce behavioral systems theory and data-driven control, which

will serve as the foundation for data-driven covariance steering developments.

1.1 Background and Literature Review

1.1.1 Model-BasedCovarianceSteering

While solving stochastic optimization problems is inherently intractable, it is fruitful to
view the random process of state evolutions instead asléterministicevolution of its
density. For continuous-time systems, this becomes the celebrated Fokker-Planck (FP)
equation, which is a second-order PDE characterizing the evolution of the state density.
Many researchers have studied the properties and solutions of the FP equation and its syn-
thesis with the Hamilton-Jacobi-Bellman (HJB) with computational methods for their fast
computation on a discretized grid, for example [15, 16, 17, 18, 19].

Covariance steering, on the other hand, is concerned with the propagation, and control,
of the moments of the state distribution. When the disturbances and initial state are nor-

mally distributed, the state evolution remains Gaussian over the entire planning horizon.
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Consequently, the control problem can be thought of as one of steering the mean and the
covariance of the state to their desired terminal values. The problem of covariance control
has a history dating back to the '80s, with the works Hotz and Skelton [20, 21]. Much of
the early work focused on the nite horizon problem, where the state covariaasgmp-
totically approaches its terminal value. Only recently has the nite-horizon problem drawn
attention, namely, the problem of steering an initial Gaussian distribution to a nal Gaus-
sian distribution at a nal time subject to linear time-varying (LTV) dynamics. The problem
can be thought of as a linear-quadratic Gaussian (LQG) problem with a condition on the
terminal covariance. Moreover, it has been shown that the nite-horizon CS controllers can
be constructed as state-feedback controllers, and the problem is traditionally formulated as
a convex program [11, 12] in discrete-time, or as the solution of a pair of Riccati differen-
tials equations coupled through their boundary conditions [22, 23, 24], in continuous-time.
Alternatively, for certain special cases, one can solve the CS problem directly by solving
a stochastic LQ problem with a particular choice of cost weights [11]. Other approaches
[25] use an af ne-disturbance feedback control having two components, one that steers the
mean state, and the other that steers the covariance. The desired terminal constraints can
be encoded either as linear matrix inequalities (LMIs) [11, 12] or through the Wasserstein
distance [26], and the entire problem can be subsequently reformulated as a semi-de nite
program (SDP).

Steering the covariance is also related to the theory of steering the marginal distribu-
tion, which has a long history, stemming from the problem of 8dimger bridges and
optimal mass transport [15, 27, 28, 29]. Of course, steering the state distribution sub-
ject to Gaussian distributions is rather restrictive in practice. As such, most recent work
on covariance steering has focused on extending this baseline framework by either adding
constraints or relaxing the underlying simplifying assumptions. For example, notable ad-
vancements include incorporating state and input constraints [30, 31, 32, 33], obstacles

in path-planning environments [34], incomplete state information [35], and extensions in



the context of nonlinear systems [36, 37]. For real-time applications, a moving horizon
approach (CS-MPC) was developed in [38] and synthesized with other stochastic control
methods such as model-predictive path integral control [39]. We also mention here other
interesting applications such as in belief space planning [40] and stochastic differential
games [41, 42]. This baseline formulation and extensions therein has been successfully
applied in a variety of applications, including spacecraft rendezvous [43, 44], interplane-
tary trajectory optimization [45, 46, 47], powered-descent guidance [48], spacecraft station
keeping [49], multi-agent path planning [50], quadrotor planning [51, 52], and autonomous
driving [53].

Other advancements are related to computational ef ciency improvements of the re-

sulting convex program. The original formulation, termed $listem-levedpproach here,

nated state, and solving an optimization problem over the system-level inputs with respect
to the joint random variable of the state along the entire horizon. While tractable as a
semi-de nite program (SDP), the resulting number of decision variables and constraints
yields slow computation times, especially for larger horizons. Instead of optimizing over
system level behavior (similarly to system-level synthesis in robust control [54]), a more
computationally feasible approach would be to encode the one-step moment propagation
constraints and the individual control variables at each time step. We refer to this approach
as thelocal approach, and we show that it is over an order of magnitude faster than the
system-level approach. We review all of these notions in detail in Chapter 2.

This dissertation contributes to the model-based CS theory in a variety of ways. Firstly,
when it comes to incorporating state and input constraints, we note that since the state
is represented by some probability distribution, the probability of violating constraints is
almost-surely non-zero since the state may be unbounded. As a result, we generally enforce
probabilistic, orchance constraints, which limit the probability of violating an event (or

series of events) to be less than some desired thresh@ldO; 1), see Figure 1.2.



Figure 1.2: Comparison of deterministic constraints (left) and chance constraints (right).

To this end, satisfying chance constraints with respect to the joint probability of viola-
tion along the entire horizon is, in general, intractable, and therefore we decompose these
joint constraints into individual constraints along each time step, assigning an individual
risk ; 2 (0; 1) among each, with the added constraint tFI‘)1qt i [55, 56]. In practice,
this is a rather conservative relaxation, and may lead to undesirable optimal trajectories
with unfavorable performance. Instead, it is better to jointly optimize over the control pair
and the allocation of the various risks. In Chapter 2, we derive an iterative risk allocation
(IRA) algorithm that accomplishes this aim, and show its improved performance over just
blindly assigning a uniform risk. Additionally, current work only considers a polyhedral
representation of the constraint spaces, which is rather restrictive in practice. We extend
this theory to more general constraint spaces, such as convex cones and norm-bounded
sets, which are especially useful in the contexts of powered-descent guidance, rendezvous
problems with constrained line-of-sight, and thrust magnitude bounds, see Figure 1.3. We
formulate and solve the resulting optimization problems using both the system-level and

local approaches for completeness, and show tractability in all cases.



Second, the original CS formulation focused solely on the full state feedback case,
whereby the control designer has access to perfect state measurements. If the state is only
partially known, however, then the control actions must be taken with respect to the mea-
sured output values, i.e., need to uséput feedback In the standard LQG theory, we
note that both a separation principle and certainty equivalence holds, whereby the optimal
control and the optimal estimator are decoupled and may be obtained independently and
synthesized together a posteriori, and where the optimal control is independent of the noise
entering the system and may be equivalently solved with respect to a deterministic linear
system. When constraints are added however, it has been shown [35] that the control in-
deed depends on the underlying parametric uncertainty, as well as the measurement model,
breaking the traditional separation and certainty-equivalence principles. Recent work has
been able to extend the system-level CS formulation to this partial state setting, using con-
trol policies such as estimated state feedback (e.g., via Kalman Itering) [35] or auxiliary
state feedback, where the auxiliary state is a type of uncontrolled Itered state [44]. In
this regard, we have extended the current state-of-the-art for computational ef ciency as
mentioned above, and with respect to optimal risk allocation with the IRA algorithm.

Lastly, the baseline covariance steering theory has primarily focused on the linear sys-
tem model with Gaussian boundary conditions. Recent work has been able to relax the
linearity assumption, extending the framework to nonlinear systems through successive
convexi cation [57], which is an iterative algorithm that solves linearized sub-problems
with the aim of obtaining a local minimum of the original problem. Relaxing the Gaus-
sianity assumption is particularly challenging because the tractability of the problem fun-
damentally relies on the premise that only the rst two moments of the state—mean and
covariance—need to be controlled. Many natural phenomena, however, are inherently non-
Gaussian. For example, power grid frequency uctuations are characterized by Levy-stable
laws and superstatistics [58], wind gusts are often treated as Weibull distributions [59], as-

set returns can exhibit heavy-tailed distributions, and in general, many disturbances can



(a) Line-of-sight constraints. (b) Landing and tilt constraints. (c) Thrust magnitude constraints.

Figure 1.3: Chance constraint applications for non-linear constraint spaces. (Left) Spacecraft rendezvous and docking with line-of-sight
constraints. (Middle) Quadrotor position landing cone constraints and thrust tilt angle constraints. (Right) Powered-descent guidance
minimum and maximum thrust magnitude constraints.



have a non-stationary structure and may enter the dynamics in a nonlinear fashion. One
notable recent work [60] along this front extends the CS problem to account for Gaus-
sian random elds, which are a generalization of Gaussian processes to multi-dimensional,
spacial inputs (for example, in atmosphere modeling). Additionally, the CS problem with
additive martingale noise was solved in [61] and with multiplicative noise in [62, 63, 64].

In Chapters 3-4, we contribute along these lines of current research by solving the
distribution steering problem for more general families of disturbances. We split the de-
velopments into two parts: rst, we present a solution to the most general case where the
noise and boundary distributions can essentially be arbitrary, leveraging the theory of char-
acteristic functions (CFs) to tractably formulate and solve the problem. Second, instead of
assuming an exact parametric distribution for the noise, we instead modiethleutional
uncertaintyin the noise distribution, through Chebyshev (or moment-based) and Wasser-
stein ambiguity sets, which are speci ¢ sets of probability distributions that the true noise
may be an element of. Chebyshev ambiguity sets represent the family of all distributions
that have common rst two moments, and allows more expressivity for the noise distri-
bution than just a Gaussian. Wasserstein ambiguity sets further generalize this notion to
allow for any distribution that has a bounded Wasserstein distance to a given, center distri-
bution. In fact, in the data-driven case where we sample the noise, one can exactly compute
the minimum number of samples needed to capture the true underlying distribution in the
Wasserstein ambiguity set with high probability [65]. Using the developed techniques in
Chapter 2 and other techniques from optimal transport [66, 67], we can then propagate the
ambiguity set of the state. From there, using recent results in distributionally robust opti-
mization [68], we solve an associated distributionally robust steering problem as a convex

program, wherein we minimize a worst-case cost and satisfy worst-case risk constraints.



1.1.2 Data-DrivenCovarianceSteering

Covariance steering theory, when put in a more general context, constitutes only half of
the control problem. Indeed, one of the hidden assumptions of CS is that the model is
given a priori. In practice, however, this model is either acquired through rst-principles
based physics modeling (i.€,= ma), or through system identi cation techniques. These
approaches to model-based design each pose some fundamental challenges when consid-
ered in this wider context, as described in more detail in Chapter 5. In general, however,

it is worth noting that thigndirect data-driven approach of rst obtaining a model and
subsequently performing control design on the estimated model is the cobigkel

optimization problem

minimize cost function @);
subject to 2is a trajectory of modelB ;
where B is identi ed from given data zg;

which is, in general, inseparable [69]. Many research efforts, both past and present, have
been devoted to the investigation of alternative strategies such as dual control [70, 71] and

identi cation for control [72].

Figure 1.4: Comparison of direct and indirect data-driven control designs.
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Instead of relying on a dedicated model of the system, and in the spirit of major re-
cent advances in data processing and machine learning, the elideat data-driven con-
trol has emerged as a promising alternative to these traditional control methodologies, and
provides an end-to-end solution from data collected of the underlying system to optimal
control output. These approaches bypass the necessity for a parameteric system model,
and instead derive control laws directly from empirical data, as shown in Figure 1.4. Be-
havioral systems theory is the mathematical foundation used as the bridge to embed data
into the control problem [73]. To gain intuition on this framework, we note that behav-
ioral systems theory abstracts away the traditional notions of state, input, and output in the
classical state-space representation, reducing a dynamical system to its most fundamental
entity: the set of all possible trajectories,m@haviors that it can exhibit. This shift allows
for a broader and more general analysis of systems by focusing on the observable signals
themselves rather than the internal mechanisms or representations that produce them. In
essence, behavioral systems theory abstracts away the “how” (internal dynamics) to focus
on the “what” (observable signals). To this end, LTI systems are treated as a speci ¢ sub-
class of behaviors characterized by structural properties like linearity and time-invariance.
In this more general non-parametric representation, collecting a sample input/output tra-
jectory is interpreted as obtaining a single element from the associated behavior space, i.e.,
W, (Ro;:::;%1;00;:::;07 1) 2 B. When the input to the system is persistently ex-
citing, as outlined in Chapter 5, it can be shown that the collected data spans the entire
trajectory space, an important result known as the Fundamental Lemma (WFL), credited
to Jan Willems' [74]. This allows one to parameterize future inputs and outputs of the
system directly as linear combinations of the data collected, or indirectly to obtain an ex-
act model-based representation of the system. These developments have paved the way
for data-driven analysis and control in various domains including data-driven stabilization
[75], nite-horizon LQR [76, 77] and data-enabled predictive control (DeePC) [78, 79, 80].

The fundamental issue, however, with the use of Willems' Fundamental Lemma in
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many applications is the fact that it only holds exactlydeterministid_TI systems. When

the system is perturbed by bounded disturbances or is subject to stochastic dynamics or
measurement noise, these direct data-driven schemes degrade rather quickly [79]. As a re-
sult, much of the recent work on this front has been tailored to exploring ways to robustify
against noisy data. Notable methods along this line of research include suitably regulariz-
ing the optimization problem [81], adding slack variables to account for data infeasibility
[78, 82], and low-rank approximations of the data using truncated singular value decom-
position [83, 84]. In fact, certain regularizers have a one-to-one correspondence with the
corresponding indirect design methods, such as certainty-equivalence and subspace predic-
tive control [85], providing a bridge between the two approaches [86, 79]. Extensions such
as -DeePC [87] and generalized-DeePC [88] have been proposed, which aim to bridge the
gap between subspace predictive control and DeePC, bene ting from the positive aspects
of both methods to tackle noisy data. In the context of direct state-feedback control design,
techniques from robust control have been used to robustly stabilize all possible systems
consistent with the data and perturbed by energy-bounded disturbances [89, 90].

The setting of stochastic predictive control (SPC), however, is far less studied, and the
problem of designing optimal controllers for stochastic LTI systems under noisy data is
much more challenging. Existing works on data-driven stochastic control adopt rather re-
strictive assumptions, such as noise-free of ine data [91] or exact polynomial chaos expan-
sions of stochastic measurements [92, 93]. A notable step towards a generalized framework
for SPC is [94], where the authors explicitly quantify the statistical properties of error quan-
ti cation from an indirect design based on noisy data, use a Kalman Iter to estimate the
initial condition, and reformulate the chance-constrained SPC problem as a semi-de nite
program (SDP).

In this regard, Chapter 5 develops the baseline theory of data-driven CS (DD-CS) to
steer the rst two moments of system states to their terminal values under unknown linear

models with available data, in direct analogy to the model-based case. In the noise-free
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setting, we are able to achieve an exact correspondence between the model-based and data-
driven designs. Chapter 6 then tackles the problem of noisy measurements and stochastic
systems, wherein we develop a framework called DUST (Data-driven Uncertainty quan-

ti cation and density STeering), which estimates the disturbance realizations entering the
data, and leverages its statistical properties to solve associated robust data-driven mean and
covariance steering problems. Finally, Chapter 7 extends this framework to include distri-
butional uncertainty in the noise and boundary distributions of the problem, representing
these terms as Wasserstein ambiguity sets with empirical center distributions derived from

data samples.

1.2 Summary of Contributions

At a high level, this dissertation aims to extend the current state-of-the-art in nite
horizon distribution control along the various avenues outlined in Section 1.1.1, as well as
develop the theory of data-driven distribution control. An outline of speci ¢ contributions

is given below.

1.2.1 Model-Basedstochasti®©ptimal Control

» Derive an iterative risk allocation algorithm to jointly optimize the risk of constraint

violations and the feedback control design.

» Tractably formulate probabilistic constraints for convex cone and norm-bounded

constraint spaces as convex constraints.

» Develop a computationally-ef cient, output-feedback convex programming solution

to steer Gaussian state distributions under partial state information.

* Pose and solve a general distribution steering problem for LTV systems under arbi-

trary disturbances and boundary conditions.
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» Develop a convex programming solution to solve distributionally-robust control prob-

lems under moment-based and Wasserstein ambiguity.

1.2.2 Data-DrivenStochasti®Optimal Control

* Formulate and solve via convex programming the data-driven covariance steering

problem for unknown linear systems with exact data.

* Formulate and solve via convex programming and robust optimization the data-
driven covariance steering problem for unknostachastidinear systems with noisy

data.

» Develop a convex programming solution for distributionally-robust control problems

under data-driven Wasserstein ambiguity sets with sampled noise histories.

1.3 Comments on Notation

Real-valued vectors are denoted by lowercase lettei®, R™, matrices are denoted by
upper-case lettery, 2 R" ™, and random vectors are denoted by bold-face letterg,

RP.  denotes the cumulative distribution function of the standard Gaussian distribution,
and 3, denotes the inverse cumulative distribution function of the chi-square distribution

with p degrees of freedom and quantde The Kronecker product is denoted asand

of two matrices or vectors of compatible dimension. We de ne thB§t, f1;:::;Tg
and similarly[T]o , fOg[ [T], for any natural numbef 2 N. The Moore-Penrose
pseudoinverse of a matri is denoted byAY.

We denote the matrix Frobenius norm ky kg and, depending on the context, we
denote the matrix two-norm by k . We denote the identity matrix of size n asl,

and the zero matrix of sizem n asO, ,. For simplicity, we denote the-long vector
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of zeros a9),,. Often, we will drop the subscript in these matrices if the dimension is clear
from the context. The set of all positive (semi-) de nite matrices of dimensionn is

denoted by&], (S}); a matrix in this setisgivenbly  0(P  0). Lastly, we succinctly

Throughout this thesis, we assume a common probability §pgde; P) for all random
objects. The space of probability distributions o®Rérwith nite gth moment is denoted
by P4(RY). GivenP;Q 2 P4(RY), we denote by?  Q their product distribution and by
P N theN -fold product distributiorP P with N terms. Given a matrid 2 R™ ¢,
the pushforward oP is given byA; P and is de ned by(A; P(B)) = P(A (B)), for all
Borel setsB R™. We denote by, the Dirac delta distribution concentrating unit mass
at the atonx 2 R". The convolution ofP and , is denoted by, P, and is de ned by

(x P)XB)=PB X).
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CHAPTER 2
CHANCE-CONSTRAINED COVARIANCE STEERING

The material in this chapter is based on Refs. [95, 52, 96, 47, 49].

2.1 Introduction

To begin our foray into optimal distribution steering, we will rstly review the current
state-of-the-art with respect to the baseline problemosfriance steeringnamely, steer-

ing the distribution of states from an initial Gaussian to a terminal Gaussian with respect
to a discrete-time linear system with additive Gaussian noise. In this regard, there are two
main techniques to tractably reformulate this problem, which we refer to in this dissertation
as thesystem-levednd thelocal approaches. Using an af ne state feedback controller, the
CS problem is reformulated as a tractable semi-de nite program, which can be solved to
global optimality using off-the-shelf solvers [97]. To provide some intuition, the original
stochastic control problem over optimizingndomstate trajectories is converted into two
sub-problems over optimizing thaeterministicmean and covariance trajectories. By in-
troducing an af ne state feedback law, it follows that the mean dynamics are solely driven
by the feed-forward control input, while the covariance dynamics are solely driven by the
feedback gains. Optimizing over the closed-loop system trajectories simultaneously is,
in general, more optimal and desirable than just optimizing over the nominal control and
adding a feedback controller afterwards. The traditional decoupled design often fails in
practice due to control saturations and constraint violations owing to the random nature of
the state, see Figure 2.1 for an example. Indeed, when designing a nominal controller for
a deterministic system, one may have encounter a scenario in which a large disturbance
signi cantly perturbs the system, leading to state constraint violation. To counteract this

large disturbance, the sequential feedback control will have large gains, potentially leading
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to controller saturation. By designing the nominal control in tandem with the feedback
gains, we are able to effectively and precisely steer both the mean state and its dispersion
(i.e., covariance), taking into account the evolution of the entire state density for safety and

robustness.

Figure 2.1: State (top) and input (bottom) constraint violations resulting from a decoupled
open-loop and feedback design.

Following this, we introduce chance constraints into the problem formulation, which
limit the probability of violation for both the state and control inputs, and are the next natu-
ral step in the problem development. Chance constraints fundamentally couple the nominal
and feedback designs, since a state trajectory close to the boundary of the constraint space
will undoubtedly need to have a smaller covariance in order to satisfy the desired con-
straints to some risk tolerance. In both the system-level and local approaches, tractability

results exist, though the system-level approach offers an exact reformulation, while local
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approaches require convex relaxations. Additionally, both approaches require decompos-
ing the joint chance constraints over the entire planning horizon into individual constraint
along each time step through Boole's inequality [98]. This relaxation introduces extra de-
cision variables, which are the individual risks at each time step, and in general, these
variables are unknown and need to be optimized. For instance, a vehicle ying suf ciently
far away from a constraint boundary need not be as risk-averse as compared to when the
vehicle is near it. In these cases, an optimal solution would allocate less risk in this safe
transient motion and more risk in more critical phases of the ight path. This is a non-trivial
problem, however, as the risks appear bilinearly in the resulting optimization program. The
majority of works in chance-constrained covariance steering simply assign a uniform risk
allocation, thereby yielding sub-optimal and conservative solutions. To this end, our pro-
posed method introduces an iterative risk allocation (IRA) algorithm that jointly optimizes
over the individual risks as well as the control law.

Along these lines, the current literature is limited to only polytope state and input con-
straint spaces, which are rather restrictive in practice. In powered descent guidance or ren-
dezvous line-of-sight problems, the feasible space is a cone as it captures more naturally the
physical geometries involved. Additionally, spacecraft thruster magnitude constraints are
similarly formed as norm-ball sets, which fall under the convex cone class of constraints
(see Figure 1.3). To this end, we propose several different methods to handle this more
general family ofquadraticchance constraints, and show they can be second-order cone
representable in the majority of cases. In the process, we also discuss two-sided (i.e. abso-
lute value) and norm-bounded chance constraints, and compare the proposed developments
to recently proposed methods in the literature [49, 45].

Lastly, we consider the case of imperfect state measurements, where the state is only
partially observable through measurements corrupted by Gaussian noise. Previous ap-
proaches that have tackled this problem [35, 44, 99] have only focused on the system-

level framework, which is computationally expensive. We extend these results to the local
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approach, and bridge the gap between computational performance and tractability in the
output-feedback case. Using a Kalman lter, the covariance steering problem is tradition-
ally reformulated as one of steering the estimated mean state and estimated covariance.
With the addition of chance constraints, we demonstrate that, in contrast to the standard
LQG theory, the optimal feedback control depends on both the process noise and the ob-
servation model.

For all developments, we illustrate our proposed methods with in-depth case studies,
particularly in the context of spacecraft rendezvous and interplanetary trajectory optimiza-
tion, where the proposed CS framework is demonstrated to outperform traditional control

methods in a variety of aspects, including performance, robustness, and ef ciency.

Contributions

The contributions of this chapter are summarized as follows. A novel iterative risk allo-
cation (IRA) is introduced to jointly optimize over the risk allocation and control law for
chance-constrained CS problems. Additionally, we introduce tractability results for a gen-
eral class of quadratic constraint spaces, including convex cone and norm-bounded sets.
We also extend the more computationally ef cient local approach to covariance control
to output feedback scenarios, reformulating the chance-constrained steering problem over
the estimated state process as a convex (or, in some cases, difference-of-convex) program.
Lastly, we apply these proposed developments to the problems of spacecraft rendezvous

and interplanetary transfer guidance.

Organization

This chapter is organized as follows. In Section 2.2, we de ne the baseline CS prob-
lem in its general context. In Section 2.3, we reformulate the stochastic optimal control
problem as two deterministic subproblems over the mean and covariance evolutions of the

state. Sections 2.4-2.5 review the traditional system-level and the recently introduced lo-
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cal approaches to solve the mean and covariance subproblems. Sections 2.6-2.7 introduce
Gaussian chance constraints into the problem formulation, and outline the IRA algorithm
for optimizing the risk pro le over the planning horizon. Section 2.8 then formulates and
solves the output-feedback control problem in the presence of imperfect state information.
We Dbrie y cover extensions to nonlinear systems in Section 2.9 via successive convexi ca-
tion. Lastly, Section 2.10 illustrates the proposed methods on various space autonomy and

planning problems.

2.2 Baseline Problem Statement

Consider the following discrete-time stochastic time-varying system subject to noise
Xk+1 = Aka + Bkuk + Dka; k 2 |[N 1]|0, (21)

wherexy 2 R" is the stateuy 2 R™ is the control, andvy N (04 1;14) iS @ zero-mean
Gaussian noise with unit covariance. We assume the noise is independent and identically
distributed and is independent of the initial state, thaE[wkwj'] = jkl andE[wkx'o] =

0, where ji is the Kronocker delta. The initial and target state distributions are chosen to

be normally distributed as
Xo N (5 i)y X¢ N (5 ) (2.2)

where ;;: ; 2 R" are the state means, ang 0 are the state covariances. Let the
mean state and input be denoted as= E[x] anduy = E[u], respectively, and the state
and input deviations as, = Xk k andar, = Uy Uy, respectively. We aim to minimize
the quadratic objective

X 1 X 1 #

J(u), (u)t+ E %l Quxk + Rt (2.3)
k=0 k=0
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whereQy  0is the state weight matrixg, 0 is the control weight matrix, andis,

without loss of generality, a jointly convex function i anduy. Intuitively, this represents

the sum of amominalcost in terms of the mean state and control input, as welbevition

cost which penalizes deviations from the mean quantities. Lastly, under the assumption of
perfect state information, we assume that the control impus an af ne function of the

state, and de ne a control sequerfag, g}, to beadmissibleif it satis es this property

over the entire horizon. This requirement is made to ensure that the distribution of the
state will remain Gaussian over the time horizon, since as the initialxsg¢adad noise are
Gaussian and the system dynamics are linear in the state, input, and noise, then the state

will remain normally distributed for the entirety of the planning horizon.

Remark 1. We assume that the syst¢ml)is controllable, that is, for anyg; x; 2 R",
and no noiseWx O; k 2 [N  1]), there exists a sequence of control inpliggh._,*

that steer the system froxg to x; .
The stochastic optimal control problem is now stated below.

Problem 1. Find an admissible control sequenceg , fukgﬁ‘zol that minimizes the cost
functional(2.3) subject to the dynamid®.1), such that the initial and terminal state satis-

es (2.2).

2.3 Problem Reformulation

To make Problem 1 tractable, we decompose it into two sub-problems, namelyniedof
steering anatovariancesteering. The linear dynamics (2.1) may thus be decomposed into

the mean and deviation dynamics as

k+1 = A+ Bug; k2 [N 1]p; (2.4a)

Xk+1 Axy + B+ Dwy; k2 |[N 1]'0 (24b)
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From (2.4b), the covariance dynamics of the system are

Xks1 = A XkAl + A xkukBl + B LkukAl + B ukBl + DD': (25)

Similarly, the cost functional (2.3) is decomposed in terms of a mean and covariance cost

as

D( 1

J ()= (ks Uk); (2.6a)
k=0
D( 1

I Cxe uwd= ((Qu x )+ (R u)): (2.6b)
k=0

Lastly, we decompose the boundary conditions as

0= i N = f; (2.7a)

0= i NT £l (2.7b)

Consequently, Problem 1 can be recast as the two sub-problems due to this decoupling of

the mean and covariance dynamics as follows.

Problem 2 (Model-Based Mean Steering (MB-MS)Jind an admissible control sequence
fu kgE=01 that minimizes the mean cd& 6a)subject to the mean dynami&4a)with the

boundary condition$2.7a)

Problem 3 (Model-Based Covariance Steering (MB-CS)Find an admissible control
sequencd ugr_,* that minimizes the covariance co&.6b) subject to the covariance

dynamicq2.5)with the boundary condition@.7b)

In the following sections, we review the various system-level approaches to tractably
reformulating Problems 2-3, along with their bene ts and shortcomings. We then introduce
the local approach, which we adopt for the remainder of this dissertation, and discuss the

various bene ts of this method compared with the existing methods.
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2.4 System-Level Approach

The system level approach to distribution control involves reformulating the problem in
terms of the full history of state and input sequences. To this end, using [30, 12], we can

reformulate the linear dynamics (2.1) as

X = AXo+ Bu + Dw; (2.8)
where
X | [X|0,,X| ]| 2 R(N+1)n
u, [uh;::ul 40 2 RN™;
w, [whiwl ]2 RN

are the state, input, and disturbance sequences, respectively. The naBcesdD are
de ned accordingly [12, 11]. In a similar manner, the mean and deviation state sequences

are written as

= A o+ Bu; (2.9a)

X = Axo+ Ba+ Dw: (2.9b)

Using this notation, we can write the cost function compactly as

D( 1
J(u)= “(Ex :F xu) + E[¥! Qx + v/ Ru]; (2.10)
k=0

whereEy 2 R" (N*Dn gandF, 2 R™ N™ extract thekth component of the state and input,

sinceQx OandRy Oforallk 2 [N 1], it follows thatQ OandR 0. The
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initial and terminal conditions (2.7) can be written as
0= Eo; 0= Eo xEl; (2.11)

and

¢ = Epn ¢ = En «EL; (2.12)

where  , E[xx!]

2.4.1 ConvexReformulation

In the system-level approach, the control is assumed to follow the causal state history feed-

back law
X«
Uk = W + Kk;ix'i: (213)
i=0

Letting the block lower-triangular matrik be given by

2
Koo 0 0
K = K1;0 K1;1 0 0 5 RNm (N+l)n; (214)
KN 1,0 KN 11 KN 1,2 0

and lettingv 2 RN™ be the vector obtained by stacking the feed-forward coftrgy, the

control law (2.13) is given in block-matrix notation as

u=v+ Kx: (2.15)

Remark 2. Note that the given control parameterizatihl15)incorporates the full state
history in the feedback law, which greatly increases the number of decision variables in the
resulting optimization problem. For computational ef ciency, one may also opt to simply

feed back the current state, which leads to a similar formulation, the main difference being
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that the block feedback matrk in (2.14)will be diagonal rather than lower-triangular.

Given the block notation (2.15), the mean control is theretore v and the control

deviation istr = K %, which leads to the mean and deviation state sequences

= A o+ Bv; (2.16a)

x=(1 B K) YAxq+ Dw): (2.16b)

SinceK is block lower-triangular an@® is strictly block lower-triangular, it follows that
the matrixl B K is invertible. Following [47, 12], we perform the change of variables
L, K( B K) L It can be shown that is block lower-triangular and satis es the
equalityl + BL = (I B K) . Furthermore, the feedback gain matkixis provided

as a function of. asK = L(lI + BL) . Therefore, by optimizing over the decision
variableL , we can retrieve the original feedback matixpost-optimization. Substituting
the change of variables far into both the state deviation dynamics (2.16b) and into the

control deviation equatios = K x, we obtain the state and control deviation sequences as

x=(l + BL)(Axo+ Dw); (2.17a)

&= L(AXxo+ Dw): (2.17b)

Since the noise sequeneeis independent from the initial state deviatigg, the vector

AXxo+ Dw has covariance

=cov[ Axo+ Dw]= A oAl + DD!: (2.18)
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As a result, the covariances of the state and control sequences are given by

«=cov[x]=(l +BL)T | + BL)!; (2.19a)

o =covfu]= L~L!: (2.19b)

The cost (2.10) may now be re-written in terms of the block-covariance matricesd
v as a function of the feedforward control sequeneand the gain matrik as
D( 1

J(v;L) = (v) QI+t (R] (2.20)
k=0

Substituting the state and control covariance expressions (2.19a) and (2.19b) into the ob-
jective function (2.20), we obtain the cost
K 1 h [

J(viL) = (v +tr (1+BL)!QU +BL)+ LIRL ~: (2.21)
k=0

Since the state matriQ is positive semi-de nite and the input matri is positive de nite,
it follows that the cost (2.20) is convex inandv.
The terminal mean and covariance constraints (2.12) are expressed in terms of the block

matrix formulation as

= En(A o+ BV); (2.22a)

_,,
|

= En(I + BL)T | + BL)'E\: (2.22b)

_,,
|

Note that while the terminal mean constraint (2.22a) is convex (in fact, linear) in the de-
cision variablev, the terminal covariance constraint (2.22bnh@nlinearin the decision
variableL. Hence, to promote tractability, we relax the terminal covariance constraints

to xy » Which, using the Schur complement, can be re-written as the linear matrix
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inequality (LMI) 2 3
f En(l + BL)~%E

. 0; (2.23)
~z(I + BL)'E], |
or, equivalently, as the second-order cone constraint
1 1
k~z2(I + BL)'EL, %k 1 ©; (2.24)
1
where ™z is a matrix satisfyinq*%)| ~3 =~ (and similarly for ?). Due to the convex

reformulation involving the covariance matrix square roots, this system-level approach is

often referred to as thelock-Choleskyormulation [45].

2.4.2 Final OptimizationProblem

With the reformulated objective function (2.21) and reformulated terminal constraints (2.22a),

(2.23), Problems 2 and 3 are recast as the following convex program

K 1 h i
min (evi)+tr (1+BL)Q( +BL)+ LIRL ~ (2.25a)
v,

k=0
sit: ¢t = EN(A o+ Bv); (2.25b)

2 3

En(l + BL) ™2
o n N (2.25¢)
~z2(1 + BL)'E], |

The speci ¢ reformulation in (2.25) results in a SDP, though one can equivalently refor-
mulate it in terms of a second-order cone program (SOCP). In any case, both are amenable

to standard off-the-shelf solvers [97].
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2.5 Local Approach

The local approach to solving the CS problem involves treating all ofrttegmediate
moments of the state distribution, namelyand , , as decision variables of the result-

ing program. This is in stark contrast of the system-level approach, which augments all
of the decision variables together and solves for the entire optimal control sequence in a
batch manner. Shortly, we will show that the local method inherits superior computational
ef ciency due to this separating construction. To begin, we restrict ourselves to the family
of control laws which are af ne in only theurrentstate. This is a necessary restriction as
the full state history feedback law with respect to the local covariance propagation results
in nonlinear constraints, and it is not clear how to tractably reformulate them.

In any case, inserting this control law into the mean and covariance dynamics, we obtain

k«1 = Ak kT BiVi; k2 [N 1]; (2.26a)

= (A + BeKy) (A + ByKy)! + D D/; k2N 1J: (2.26b)

Xk+1

Similarly, the objective function (2.3) becomes

D( 1
J(V;K) = “Covi) ] Qe x, ]+ ReKye x KT (2.27)
k=0

In this form, the mean dynamics (2.26a) are already convex (in fact, linear) in the decision
variablesvi. However, the covariance dynamics (2.26b) are nonlinear and non-convex in

the decision variables due to the terms involvitg «, Kl'(.
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2.5.1 ConvexReformulation

To remedy these nonlinearities, de ne the new decision varidbles Ky «,, which,
when inserted into the one-step covariance propagation (2.26b), yields

= Ax x AL+ BKUA]L + ALULB + BUc 'ULBL + DD|: (2.28)

Xk+1

Similarly, the objective function is equivalently re-written as

D( 1
J(v;K) = (Vi) F T Qe x I+t ReUe (KT (2.29)
k=0

Unfortunately, both the cost (2.29) and covariance dynamics (2.28) are still nonlinear in the
decision variable$Uy; «,g. To this end, we relax the dynamics and objective function
by de ning the decision variabléyy Uk Xkul'(, which, using Schur complement, is

equivalent to the LMI 2 3

g¥ Yz o (2.30)
Ul|< Xk

The objective function is similarly relaxed to
X 1

J(v;K)= o)+t Qc x, ]+ ReY] (2.31)
k=0

It can be shown (see Appendix C.1) that this relaxation is, in fasgless meaning the
feasible set of solutions to the resulting relaxed program is equivalent to that of the original
(non-convex) problem. Additionally, note that in the local approach, we do not need to
reformulate the terminal constraints in terms of the feedback gains because the covariance

matricesare the decision variables in the problem.
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2.5.2 Final OptimizationProblem

Combining the reformulated objective function (2.31) with the relaxed covariance propa-

gation constraints (2.30), we obtain the following convex program.

y( 1
min (ks V) ] Qx Xk] +tr] Ry Yk] (2.32a)
KiVks x Uk Yk k=0
Sit: forallk =0;:::;N 1; (2.32b)
k+1 = Ak k *+ BiW; (2.32¢)
v = A x AL+ BLUA]L + AULBL + B YB| + DD/ ;
(2.32d)
2 3
Y« U
9™ L o (2.32€)
Ul|< Xk
0= i 0= iy (2.32f)
N= N = fe (2.329)

Again, the resulting convex program is an SDP, which may be ef ciently solved to

global optimality.

2.6 Gaussian Chance Constraints

Given the baseline CS theory established in Sections 2.4-2.5, we are now ready to incorpo-
rate chance constraints into the respectively problem formulations (both system-level and

local). To this end, we consider constraints on the state and the control input. Since the

disturbance entering the system dynamics (2.1) are inherently random, and hence possibly
unbounded, it is generally not possible (except in special cases [33]) to enforce determin-

istic constraints. Instead, we enforce probabilisticcloanceconstraints on the state and

input, restricting the probability of violating the constraints over the entire planning hori-
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zon.

We will consider a variety of constraint spaces for the state and input, including poly-
topes, convex cones, and norm balls, all of which @evexsets. These form a broad
class of constraint spaces for physical applications, such as thrust-bounded inputs [47, 44,
49, 46] and rendezvous line-of-sight and precision landing position cones [43, 100, 48].
Non-convexonstraint spaces, such as planning for a vehicle in the presence of obstacles
(e.g., no-y zones) can be handled in a variety of ways, most notably using mixed-integer
programming (MLP) [34], lossless convexi cation [101], or successive convexi cation ap-

proaches [102, 47, 57]. We describe the latter most approach in detail in Section 2.9.

2.6.1 ConstraintFormulation

To begin, we formally write thgoint chance constraints on the state and control, respec-
tively, as
| |
\N ' N1t '
P Xk 2 Xy 1 «; P Uy 2 Uy 1 us (2.33)
k=1 k=0

where ; y 2 [0;0:5) are the joint risk levels across the entire horizon, XpaUy are
the constraints spaces for the state and input, respectively, at timé&.st€pe chance-

constrained CRCC-CS) problem that we wish to solve is posed as follows.

Problem 4 (CC-CS) Find an admissible control sequencg = fu kgE:01 that minimizes
the cost functionaf2.3) subject to the dynamid2.1), the initial and terminal state distri-

butions(2.2), and the joint chance constraing.33)

Unfortunately, directly evaluating joint chance constraints over the entire horizon is, in
general, an intractable problem. As a result, we resort to relaxing the joint chance con-
straints (2.33) to ensure their satisfaction. Speci cally, we relax the constraints by using

Boole's inequality [98], which provides an upper bound on the probability of the intersec-
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tion of events. This results in the followingdividual chance constraints

X!

Pxx2Xy) 1 i koo k>0 (2.34a)
k=1
b(l

Pluk2U) 1 ] Kk w k>0 (2.34b)
k=0

While represents thpint risk of constraint violation, each, represents thadividual
risk along each discrete point in time horizon. In the following sections, we reformulate

the individual chance constraints for the various constraint spaces.

2.6.2 PolytopeConstraintSpace

The polytope constraint spaces for the state and input are, respectively, given by

WUx Nu
Xek= fx: j';k X k9 U= fu: a]!;k u bxo: (2.35)
j=1 j=1

Plugging the constraint sets (2.35) into the individual chance constraints (2.34) gives
! !
L\ | N |
P KXk ok 1 & P apuc by 1 5 (2.36)
j=1 j=1

Again, to make the chance constraints tractable in (2.36), we employ Boole's inequality to

conservatively decompose the constraints into the individual facet chance constraints

| _ XX
PCLoe w) 1 B J 2 [N k2 INT o (37

k=1 j=1

I _ X 1K
Pacuk Bx) 1 g J2INJ k2 [N 1 i u;  (2.37D)

k=0 j=1

where i ; i represent théndividual risks along each sidg of the polytope and time
stepk, for the state and input, respectively. Note that these individual risks are, in general,

decision variables as we do not a priori how to assign risk to each of the constraints. It is
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common practice to assignuamiformrisk along the constraints and planning horizon, that
is, % = x=(NNy)and 7 = =(NNy), however, this may lead to overly conservative
designs. Instead, in Section 2.7, we will outline an iterative scheme to jointly optimize for
the control paif K; v g as well as the optimal risk allocatidn?, ; 5 9.

First, however, we need to make the individual chance constraints (2.37) tractable.

Sincex; ui are both normally distributed, it follows that

| ) | o )
Xk e NGk k0 ks ko xe gk

ail;kuk gk N (""1!;kVk l3;'<;""1!;I< i Bk );

where ,, = Ky ka||<- As a result, we can express the individual chance constraints

(2.37) in terms of the standard normal C¥F) as

0 1
y |

@q"klzl'kkA 1 % i 2 [N<I: k 2 [N]; (2.38a)
ik Xk Tk

0
. Y

@ B A 1y 2N K2IN 1b: (238b)
Ak u ik

Lastly, re-arranging terms yields

q
howt M%) b x i gwo 02 INGDs k2 INT; (2.39a)

q___
At M1 ) dk wax B §2INJK2IN 1k (2.39b)

In the following, we show how the reformulated chance constraints in (2.39) are amenable

to the two CS methods outlined in Sections 2.4-2.5.
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System-level Approach

Recall that in the system-level approach, we replace the mean and covariance of the state

and input in terms of the augmented control gairK g, that is, via

k= Ex(A o+ Bv);, uc= Fyv;

«w = Ex(l +BL)T I +BL)E; . =FLLF:
It follows, then, that the chance constraints (2.39) become

LEKA o+ Bv)+ 1 %)k LE(l +BL)"Zk (2.40a)

dyFev+ M1 Hoka, Rl TPk by (2.40b)

The resulting (deterministic) constraints (2.40) are convex second-order cone (SOC) con-
straints with respect to the decision variabiesLg. Hence, they can be inserted into the

baseline CS program in (2.32) and the resulting program remains convex.

Local Approach

It is clear that the constraints in (2.39) are not convex in the decision variakles
due to the square root terms. There have been a variety of methods explored to relax
this non-convexity, each having their own pros and cons, which we outline shortly. Be-
fore that, however, recall that in the local approach, we relax the covariance propaga-
tion constraints by de ningyy Uy xk1U||<' From the de nition ofUy, it follows that

Uc Ul = K x KL = 4, Sowe see that at optimality, we havg_= Y;?. It can be
shown that the introduction of the chance constraints (2.39) keep this lossless relaxation in

tact [52]. Hence, the control constraints (2.39b) can be equivalently written as
| 1 u g | i
B Vk T 1 ) @ Yax Bk 2N k2 [N 1o (2.41)
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which is still non-convex due to the square root term with respe¥t to

Square Root Linearization [52]. Naturally, the simplest approach is to linearize the
non-convexity in the constraints with respect to some reference values. For example, let-
tingf Lok, be a trajectory of reference covariance values, the constraints in (2.39) can
therefore be approximated to rst-order as

M) YT
= jl;k xi jik T jl;k k R jl;k ko ik (2.42a)

2 jl;k I'k jik 2
RO | KOO R arvr
_q:aj;k Ykai;k + aj;k Vk h;k f a]-;k Yk a.j;k y (242b)
2 a Y'a
A Yk Gk
or more succinctly as
N Xk\ + j!;k K Tk e Yee+ a]-';k Vi qk : (2.43)

Noting that the square root is a concave function, the linear approximation serves as a global
overestimator, and hence the feasible space for the linearized constraints is a subset of the
origin (non-convex) feasible space. Hence, the approximations in (2.43) are conservative,
but suf cient for satisfaction of the chance constraints (2.39). One could potentially reduce
the conservatism of this method through an iterative convexi cation approach, as outlined
in Section 2.9, though it was noted in [45] that in certain problem contexts, this method is

still quite conservative.

Difference-of-Convex Programming [96]. Another approach is to reformulate the con-
straints into a form amenable to well-known optimization algorithms. To this end, by

performing simple algebraic operations, it follows that the chance constraints (2.39) are
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equivalent to the set of constraints

(' 5% b womx Gk he? o how o (244a)

( '@ ik ))Za]_l;k Yeak (B a]!;k wi)? O a]!;k Vi B (2.44b)

The constraints in (2.44) are now a difference of convex (DC) functions, and so the resulting
optimization problem becomes a DC program, to which there exist specialized sequential
convex programming methods such as the convex-concave procedure (CCP), with guaran-
tees of convergence to a feasible point [103]. Additionally, if the nominal cissstrictly
convex, then the CCP will further converge to a local minimum of the original non-convex

problem [104]. An outline of this procedure is given in Appendix C.2.

Auxiliary Variable Linearization [46].  Lastly, we present another tractable method to
approximating the non-convex constraints (2.34). Instead of linearizing the square root

terms directly, de ne a set of auxiliary variables

jik jl;k Xk ks j);(k =( j>;<k)2; (2.45a)

jik a]!;k Vi ; ik = ( j‘;‘k)z; (2.45b)

with s ik 0. The above set of constraints are suf cient to enforce the original con-
straints (2.34) due to the relaxation (upper-bound). Unfortunately, the constraints relating
ik to jx are quadratic and non-convex in the decision variables, so we linearize about

some reference; , which yields
e () +2 (i jx): (2.46)

The resulting set of constraints is now convex in all of the decision variables, and hence

tractable. Note, however, that since linearization provides a glatdgestimator of the
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guadratic constraints, suf ciency is no longer enforced, and hence the original constraints
may not be satis ed strictly. In practice, however, it has been shown that this linearization
coupled with a successive convexi cation scheme (see Section 2.9) yields good results in

practice, with the desired constraint satisfaction [45].

2.6.3 ConvexConeConstraintSpace

In many engineering applications, polyhedral constraints such as (2.35) are not realistic.
Often, the position constraints have the form of a convex cone, namely, the feasible region
is characterized by

X¢, fx2 R":kAX + bk, Jx+ dg: (2.47)
The chance constraints, in turn, become

X
P(KAX, + bk, dxe+d) 1 % k2][NI; X - (2.48)
k=1

where for simplicity, we drop the time dependence on the constraint sets. In general, the
constraints (2.47) are not convex (although the underlying constraint space is), and as a
result, we need to make a convex approximation so that (2.47) holds fox &l (0; 0:5].

To this end, we relax the chance constraint (2.48) with the quadratic chance constraint

P(KAX + bk, d +d) 1 % k2][NJ; (2.49)

which can be shown to be a conservative relaxation of the original constraints (2.48). A
formal proof of this statement is given in Lemma 8. The resulting chance constraints (2.49)
arenowintheforniP(k k r) 1 ,which fallsinto the class of norm-bounded chance

constraints, and can be tractably enforced in a variety of ways, which we outline next.
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2.6.4 Norm-BoundConstraintSpace

Consider the general norm-bounded chance constrBifkisk r) 1 , Where
N (; ) isap-dimensional random vector. Depending on the dimension dfere
are different conservative approximations of the norm-bounded chance constraints. We rst

begin with the general case, which is formalized in the following result.

Theorem 1. Let N (; ) be ap-dimensional random vector with 1, let =

g max() ,let > 0,andletl> > 0. Then,

r !

Kk k+ 2logt+ Pp =) Pkk ) 1 (2.50)

In the case that the dimension of the random variabfessl or p = 2, the following

results provide a sharper bound on the norm-bounded chance constraints.

Lemma 1. Let N (0; ) be ap-dimensional random vector whepe?2 f 1;2g, let

= P max() ,andlet > 0. Then.

2_2 2

Pkk ) 1 e ™= (2.51)

Theorem 2. Let N (; ) be ap-dimensional random vector whepe2 f 1; 2g, let

=P max() ,let > 0,andletl> > 0. Then,

r
k ke 2logt =) Pkk ) 1 - (2.52)

Additionally, recent work [49] has showed that the general approximation in (2.50) is
unnecessarily conservative, and there exists a tighter approximation given by the following

result.

Theorem 3. [44] Let N (; ) be ap-dimensional random vector, with 1, let
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= P max() ,let > 0,andletl> > 0. Then,

q__
k k+ 21 ;p) =) Pkk ) 1 °: (2.53)

The authors in [49] provide a quantitative analysis on the performance of the tight
bounds (2.53) compared to that of the loose bounds (2.50). There, they also show that
in the case 2 f 1; 2g, the two approaches coincide. Using Theorem 3, we can tractably
reformulate norm-bounded chance constraints using either linearization or DC program-
ming, as outlined previously. For instance, using the auxiliary variable method, we de ne

K max( x,) and relax the state chance constraints as

q__
k «k+ « 21 :p) el k= B (2.54)

from which we linearize the quadratic equality constraints about some refergnce
Lastly, we outline another promising approximation approach based on the notion of
two-sidedchance constraints. To this end, note that (2.49) can be equivalently written as
2 |1 3

" !
P4 (alx+ h)? B 15 k2N (2.55)

i=1

where , d +d anda,! 2 R" denotes théth row of A. Squaring both sides of (2.55)

and lettingvi, , a x, + h yields
P Vi & 1 ;. k2][NJ: (2.56)

The next proposition provides a suf cient condition for the satisfaction of the chance con-

straints (2.56).
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Proposition 1. The quadratic constraint

P vZ 2 1 (2.57)

PGvij fi) 1 i; 82 Ny, f2 % =1 (2.58)

We now present two methods for approximating the two-sided chance constraints (2.58),

one that utilizes a result from [105], and one that utilizes the reverse union bound.

Three-Cut Outer Approximation. We state, without proof, the following result form

[105].
Lemma 2. Let N (; ) be ap-dimensional random vector, and 1815 > 0.
LetLL! = be the Cholesky decomposition af Leta;b2 R and 2 R" be decision

variables. Then,

t kL K (2.59a)

a | YO (2.59b)
b | 1 ) (2.59¢)
a b 2 (=24 (2.59d)

is a SOC outer approximation of the constraint

Pa | b 1 ; (2.60)
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which, in fact, guarantees

Pa ! b 1 1.25: (2.61)

Using Lemma 2 and Proposition 1, it follows immediately that the constraint (2.49) is

satis ed if the following convex constraints are satis ed, foria [n] andk 2 [N]

k~2(I + BL) Elak ty; (2.62a)

[fix + b+ alEx(A o+ BV)] Ot (2.62Db)
fiw h aEdA o+ Bv) @ ot (2.62c)
fi i 2t (2.62d)

Reverse Union Bound Approximation. The following result gives an alternate approx-
imation of the two-sided chance constraints in (2.58) using the cumulative distribution of

the standard normal distribution.

Proposition 2. Let"} ;"% > Oforalli 2 [n]andk 2 [N]. Assume that the constraints

A Ex(A o+ Bv)+ k~Z(1 + BL)'Elak (") fi b; (2.63a)

A Ex(A o+ Bv)+ k™7(1 + BL) Elak ("2 fix + b (2.63h)

are satis ed for somé%k + ,2k 2 i k. Then, the chance constrair{z58)are satis ed

as well.

xed so that the resulting constraints i{2.62) are not bilinear in the decision variables.
Similarly, in the reverse union bound approximation, the parameétgraind "2, need to

be xed for the same reason.
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2.7 lterative Risk Allocation

All of the methods outlined in the previous section approximate the original joint chance
constraints (2.33) as convex constraints, either directly as SOC constraints, or indirectly
through linearization or DC programming. The one caveat, however, is that the individ-
ual risk allocations, namely; for convex cones and norm-bounded constraints;orfor
polytope constraints, assumedo be x for the resulting constraints to be convex. As
mentioned, however, this leads to unnecessarily conservative solutions, which might not be
attractive from a design standpoint. In the sequel, we develop an algorithm knoten as
ative risk allocation(IRA) that aims to reduce this conservativeness. The high-level idea is
to allocate , concurrentlywhen solving (2.32) with chance constraints, so as to minimize
the total cost. This gives rise to a natural two-stage optimization framework.

Consider, for simplicity, the constraint space of a polytope. Following the approach
in [56], the upper stage optimizations nds the optimal risk allocatiofy ; g for a
given (optimal) controllef K; v/g, and the lower stages solves the CC-CS problem for
the optimal controller given the risk allocation from the upper stage. Let the value of the
objective function after the lower stage optimization for a given risk allocatiah hehat
is,

J7'()= rKnlr\ll J (K w); (2.64)

whered (K; v) is given in (2.32a). The upper-stage optimization can then be formulated

as the following

, XX X 1R
min J°() st ik X itk u (2.65)
ik 7 gk k=1 j=1 k=0 j=1
As shown in [56], (2.65) is a convex program, given that the objective fundtigQy; vi)

is convex, and 4; 2 (0;0:5]. To gain insight into how to solve (2.65), we rst state a

theorem from [56] about the monotonicity &f°( ).
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Theorem 4. The optimal cost from solving the CC-CS probléh®25)is a monotonically

decreasing function inj , that is,

@

0; 8k;j: 2.66
@ j (2.66)

Proof. See [56]. O

In lieu of Theorem 4, we may devise an iterative algorithm that solves (2.65) by low-
ering the cost at each iteration via carefully increasing the risk allocatigns To this
end, the algorithm lowers the risk (equivalently, tightens the constraints) for the constraints
that are too conservative, i.e., inactive, and increases the risk (equivalently, relaxes the con-
straints) for the constraints that are already active. The following remark introduces this

idea and de nes active and inactive constraints in the context of risk allocation.

Remark 4. The state and input chance constraints can be written in another form that will

prove useful below. Starting fro(@.40), notice that we can write the chance constraints as

R
ik =1 P ks

o (2.67)
u 1 h;k aj;k FkV'

K (L) Flagk

Similar formulas can be derived in the local setup, as well. The quantityepresents the

true risk experience by the optimal trajectories, i.e., when uiigL?) (equivalentlyy;

andK/ in the local setup). Clearly, the risk we have selected does not need to be equal to
the actual risk once the optimization is completed. When these values are equal we will say
that the constraint$2.67)is active, and is inactive otherwise. Good solutions correspond

to cases when the true risk is within a small margin of the allocated risk. Maniiaving

values smaller than their true counterparts would imply an overly conservative solution.

Now, suppose we start with some feasible risk aIIocatﬁBrfor both the state and input,
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wherei = 1 denote the iteration of the IRA scheme. Forlal] such that J('k) is active,

keep the corresponding allocation the same, i o= {0, However, for allk;j such

that J('k) is inactive we let j(;ik)o < J('k) This corresponds to tightening the constraints, and
since the new risk allocation is smaller and that the inverse CDz) is a monotonically
increasing function, it follows that (1 j(;ik)o) > J('k)) Furthermore, this implies

that

| ?< 11 (i)oq | ? < 11 (')q | ? . 268
ik K ik ( j;k) ik xyx Tk JHS ( j;k) ik xy Bko ( : )

with a similar result for the input constraints. Constraint (2.68) ensures that the optimal
solution for @ is feasible for ©°. Further, since)" < (!, it follows that the feasible
spaceR( 9 R (), so the optimal solution for® is also the optimal solution for®’

as well, hencel ?( 9 = J ?( ). Next, construct a new risk aIIocatioéik”) from j(;ik)o
as follows. For allk;j such that J('k) is inactive, leave the new risk allocation the same.
For all k;j such that j(;ik)o is active, let j(;ik”) > J('k)o which corresponds to relaxing the
constraints. Following the same logic, Theorem 4 implies that ®%) J ?( (+D).
Thus, we have laid out an iterative scheme for a sequence of risk allocati®ns::; (g

that continually lowers the optimal cost until convergence. This two-stage IRA scheme is

summarized in Algorithm 1.

2.8 Output Feedback

The CC-CS theory developed in Sections 2.4-2.6 focused on the simplistic case of full state
measurements. In practice, though, we only ever have access to partial state information
from noisy measurements, and hence the state is only indirectly accessible. In this chapter,
then, we formulate and solve tlmtput feedback CC-CEF-CC-CS) problem, which
proposes an output feedback control law to drive the estimated state mean and covariance to

the desired terminal distribution. In this sense, the stochastic process of the estimated state
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Algorithm 1: Iterative Risk Allocation CS (IRA-CS)
Input: Jxk x=(NNy); j‘fk o=(NNY); ;
Output: f 7 9,37 fvig, fK/g
while jJ7? Jé’re\,j > do

J ? ?
prev

Solve chance-constrained CS with curremd obtain

N number of indices where constraint is active

if & =0 orXl = MN then

| break;
foreach (k;j ) such thaj th constraint akth time step isnactivedo

L ik Fj;kN’ng )j jik

res k=1 j=1 k
foreach (k;j) such thaj th constraint akth time step isactivedo
ik ik T res:l<r

is derived via the standard Kalman Iter, from which we can exactly compute of ine the
propagation of the state estimation error covariance. The chance constraint approximations
developed in this chapter are similarly reformulated to be amenable to the estimated state
dynamics, and the IRA framework is similarly applied to jointly optimize over the control
pair and risk allocation.

Current theory on OF-CC-CS is formulated in the system-level approach [35, 99], and
hence, suffers from large problem sizes due to its batch nature. We thus extend the local ap-
proach to incorporate measurement models using similar techniques as in the system-level
approach, but with some nuance speci c to the local method that appeared in Section 2.5.
We further apply the IRA framework to optimize over the output feedback gains and feed-
forward input. In total, the resulting inner optimization problem remains either an SDP or

a DC program, depending on how we treat the non-convex chance constraints.

2.8.1 ProblemFormulation

We again begin by considering the discrete-time linear stochastic system (2.1), except now

the state is not directly accessible. Instead, the state is measured through the observation
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process

Y = CXk+ Devi; k2 [N 1]o; (2.69)

wherey, 2 R is the measurementa@, 2 R ";D, 2 R  are observation matrices.
The observation noisex, N (0;1-) at each time step is assumed to be an i.i.d. normal

random vector.

Assumption 1. The observation noise matry is assumed to be full-rank, hence in-
vertible. The case whei@ is rank-de cient can be treated using well-known techniques

[106].

We aim to solve the CS problem with output feedback by rst Itering the measure-
ments to get an estimated state, and subsequently, using the deviation process of the esti-
mated state for control. To this end, before the lIter is initialized, we assume some a priori
knowledge of the initial state, that is, we have an initial state estithatand estimation

errorxge, with statistics

Roo N (05 2g0)s X0 N (0; xgo)s (2.70)

respectively gq; x,o 0and g2 R"isknown.

Assumption 2. We assume that the quantiti®sge; xqo; fwy g ,*, andfv,gi,' are all

independent.

De ne the ltration fF gf. ; by F 1, (Ree) andFy , (Rossy; @i 2 [klo)
for k 2 [N ]o, which represents the information that can be used to estimate the state and
control law. As before, lety = E[X] denote the mean state, and now de ne the estimated
(tered) state aRx = E[x]F k] and the estimation error & = Xx  Rk. Note that the
estimated state has meRfRx] = E[E[Xk]F «]] = E[Xk] = «, using the law of iterated

expectations. For convenience, we also de ne the estimated state and estimation error
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covariances as

ar E[R Rk 'l xs EDeedl]= E[Re xRk x)'l 2.71)

It can be shown that [35] the estimated state is uncorrelated with the estimation error, from
which it follows that y, = 3, + x.. Dene the a priori estimated state and a priori
estimation error a®ys , E[XkjFk 1] andxys , Xy  Ryo, respectively, with associated
covariance matricesy,, and ,, as given above. It follows, then, that the initial state is

distributed as

Xo N (o) xo) xo = R0t xo- (2.72)

The rest of the problem design is akin to that of Section 2.2. Lastly, we assume that the
control inputu is an af ne function of the measurement data, and similarly to Section 2.2,
we de ne a control sequencg, , fuygr.,' to be admissible if it satis es this property

over the entire horizon. In summary, the stochastic optimal control problem is stated below.

Problem 5 (OF-CC-CS) Given the initial state distributiorf2.70) nd an admissible
control sequence, that minimizes the cost function@.3) subject to the dynamidg.1),
measurement mod¢R.69) and chance constraint€.34) such that the terminal state

satis es(2.2).

2.8.2 KalmanfFilter

For a normally distributed state that follows linear dynamics and has a linear measurement
model, the optimal observe?LkgE:O1 that minimizes théd, norm of the estimation error
fxgh., over the time horizon is given by the Kalman lter [107]. In the discrete-time
setting for a given stef, the lter updates the estimated state as follows. First, a time
update is made by propagating the previous estimated state forward in time using the mean
dynamics as

Rie = A 1R« 1+ Br 11Uk 1: (273)

47



Then, the a priori estimated state at the current time step is corrected using the current
measurement as

R = Rea + Li(yx  CiRio); (2.74)

whereL is the Kalman gain given by
Lk = xoCh(Ck xsCh + DikD)) (2.75)

and the state estimation error covariances are similarly updated according to the time and

measurement updates

= Ak 1 x AL 1+ Ge 1GL (2.76)

XK9

= (I LG xolln LkCQ) + LyDkDLL: (2.77)
Following the discussion in [35], the estimated state process can be rewritten as
Rir1 = AkRi + Byl + Lo Yany o) (2.78)
whereRo = R¢9 + Loy andf y,.0b-, is de ned as thénnovationprocess
Yeo» Yk ElVdF« 1li k2 Npni; (2.79)
which is distributed ag.« N (0; ), where the covariance of the innovation is
g0 + Elfie¥ho] = Ci x,0Cl + DiD: (2.80)

Returning to (2.78), we have essentially converted the state and the observation process
models, (2.1) and (2.69), respectively, with a corresponding Itered state process with

noiseLl+1 ¥ +1)e- The Kalman gains and innovation covariances can be pre-computed
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of ine before the control optimization begins. In terms of the estimated state, the terminal

constraints may be written as
An N (5« xy ) (2.81)

from which we see that in order for,, = ,, it follows that xy - Lastly, we
may also reformulate the objective function (2.3) in terms of the estimated state. To this

end, note that we can equivalently the write state term as

El(xk ' Quxk )= E[(xk R+ R QxR+ R (2.82)

which, after expanding terms, becomes

El(xk  ©)'Qu(xk )= El(xk  R)'Quxk R

+ ER2xk R Re W]

+E[Re )Rk W

The rst term, by de nition, is equivalent tar[ =, Qk], while the second term is simply
zero using the law of conditional expectations. By recognizing that the estimated state error
covariance isiot a decision variable, the objective function (2.3) can be rewritten as

b( 1

JWV;K)Y= (o vi) + EDd Qoer + el Ry, (2.83)
k=0

where in this contexky is the deviation from the estimated state mean, as opposed to the

state deviation from the state mean as in Section 2.3.
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2.8.3 FilteredStateControl Design

We consider an af ne ltered state feedback control design of the form
ug = Kg(Rg )+ mg; K2 [N 1o: (2.84)

The rest of the analysis follows exactly from Section 2.3 by replacing the mojseith

the Itered state process nois& ., and the covariance propagation (2.26b) with

Y(k+1) 97

the ltered state covariance propagation
fen = (Ak+ BiKy) 2, (A + BkKi)! + Ly y-(k+1)9LL+1: (2.85)

For the state chance constraints (2.34a), one needs to substitute in the Itered state co-
variance instead of the full state covariance. For example, for polyhedral state spaces, we

obtain the constraints

q
(1 J');(k) J!;k( act ox) ket J!;k k jik - (2.86)

Starting from (2.86), we can then employ the various approximation methods to tractably
enforce these chance constraints, i.e., using either square-root linearization, DC program-
ming, or auxiliary variable linearization for polyhedral state spaces (Section 2.6.2), or using
the norm-bound relaxation, three-cut, or reverse union bound approximations for conical
and norm ball constraint spaces (Section 2.6.3). The resulting IRA algorithm, along with
the solution to the chance-constrained CS problem (in this case, Itered state CS problem)

is exactly equivalent to that of Section 2.7.
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2.9 lIterative Covariance Steering for Nonlinear Systems

The preceding theoretical developments of covariance steering relied on the fundamental
assumption of a linear dynamics model. However, we can apply similar technigues to non-
linear systems through successive linearization, similar to iterative LQG (iLQG) [108]. To

this end, consider the more general case of a continuous-time nonlinear stochastic system
dx = f(x;u;t)dt+ g(x;u)dw; t2 [to;t¢]: (2.87)

Suppose we are provided with a reference cohtirajectory(t) over the time interval
[to; t]. The corresponding reference state trajecg(ty is obtained by solving the deter-
ministic system

2= 1 (& 0;1); (2.88)

with the initial conditiom®(tg) = o, but can also more generally be attained by propagating
the reference control through the full stochastic dynamics [57]. The nonlinear system (2.87)

is then linearized along the trajectdiy(t); 2(t)) to obtain the linear stochastic system
dx = (A(t)x + B(t)u + ¢(t))dt + G(t)dw; (2.89)

where the system matrices are the rst-order partial derivatives evaluated along the refer-

ence as

f f
AW = SRO00) BO= SRO:A0): GO = gRW:AW):  (2.90)

o) = f(R(D);0(1); 1) ADRE)  B)A): (2.91)

1This can be obtained from, for example, solving a nominal optimal control problem without noise.
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Next, de ne a time partition of the intervélo; t¢ ], that, is

to=th< <t =t; (2.92)

and let us choose the zero-order hold (ZOH) control discretization

u(t) = u(th) Bt2[thth, 1 k2 [N 1; (2.93)

along with the af ne feedback control parameterization from (2.13).X,et x(t}) and
ux = u(t}) denote the state and control vectors at the discrete tifneas a result, the

discrete-time statesy satisfy the difference equation

Xk+1 = AXg + Brug + o+ Gewy; kK2 [N 1]o; (2.94)

wheref wgl_," is a sequence of i.i.d. standamedimensional Gaussian random vectors.
Please see Appendix C.3 for details on how this discretization is obtained. Now that we
have linearized and discretized the original continuous-time stochastic nonlinear dynamics
(2.87) as the discrete-time linear system (2.94), we can solve the convex program in (2.32)
to obtain the optimal solution. Naturally, however, the optimal control pgirL;?) will
not be the optimal solution to the original program, as we have linearized the system about
some reference. To this end, the solution to the original optimal control problem is obtained
by successively solving (2.32), where the optimal control obtained during each iteration is
used to propagate the nonlinear system in order to obtain the reference trajectory for the
following iteration [47]. In the context of deterministic optimal control, this method is
often referred to as successive linearization or successive convexi cation [102].

Care must be taken to ensure that the convex sub-problems iteratively converge to a lo-
cal optimum of the original nonlinear problem, which is, in general, not guaranteed [102].

Additionally, there are speci c emergent problems related to the linearized problem such
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asarti cial infeasibility, where even though the nonlinear problem is feasible, the convex
sub-problem is not; andrti cial unboundednesswherein the linearized problem solution

has arbitrarily large decision variables or unbounded objective function. To overcome in-
feasibility issues, the constraints in the resulting problem are relaxed with virtual buffers,

for example in the mean dynamics as
kel = Ak kT B+ Gt g (2.95)

where ¢ 2 R" is a virtual buffer to promote feasible solutions. In the context of dynamics,
these virtual buffers are also often called virtaahtrols These additional terms are then
penalized in the objective function accordingly with some large weights to promote as little

usage as possible. To overcome unboundedness issues, trust region constraints of the form
ke 20k o kw ok (2.96)

are often employed to make sure the new optimal decision variables do not stray too far
from their previous solutions (at iteration Note that the above trust region constraints are
purely deterministic, and in the stochastic setting it may be fruitful to implement stochastic
trust region methods in the form of norm-bound chance constraints [57]. By incorporat-
ing the extra ingredients in (2.95) and (2.96), and assuming some mild properties of the
underlying functions, it is possible to prove convergence to local optimality [109]. There
are other formulations of the successive convexi cation procedure outlined above, with
varying theoretical properties, such as GuSTO [110] and SCMK1]. In the context of

nonlinear CS, the iterative SCvx procedure is outlined in Algorithm 2.

2.10 Case Studies

To illustrate the proposed CC-CS method with IRA, we will consider two spacecraft guid-

ance applications, namely: rendezvous and interplanetary transfer. Both settings provide

53



Algorithm 2: Iterative Covariance Steering (iCS)
Input: System model , disturbance mode, initial state distribution o; o,
target state distributions ; ¢, timesto; t¢, initial control guess
(0@ (t) : t 2 [to; t¢ ]), time partitionf tPgh., , convergence tolerances
("x;"u), constraint setéX ; U), risk allocation tolerancé ; ), trust
region sizeg ; ), maximum iteration$may.
Output: Feed-forward contrdlvyg, feedback gaingK ;g
for j =1 tojmax do
Integrate nominal system (2.88) with reference confdland initial
condition®U)(tg) = o to obtain reference trajecto(gU)(t) : t 2 [to; t;]);
Linearize abouf(); 80)):
Discretize with respect to partitidfit gk, ;
Solve chance-constrained convex program to okftafnK ,Z, g;
if maxck g k(k’)k " andmax, kv O(k‘)k ", then
| return fv2 K 7g;
else
Seta! " (t) = v fort 2 [tP;tP,, 1;
[ N

unique opportunities to showcase the various constraint spaces outlined in Section 2.6 for
both the state and control input. It should be noted, however, that the rendezvous problem
inherently possesses linear dynamics, while for transfer guidance, the dynamics are nonlin-
ear due to Kepler's laws. To overcome the nonlinear dynamics in the latter case, we employ

the iCS described in Section 2.9 and presented in Algorithm 2.

2.10.1 SpacecrafRendezvous

IRA-CS with Polytopic Chance Constraints

Consider the problem of spacecraft proximity operations in orbit. We consider the problem
where one of the spacecraft, called the Deputy, approaches and docks with the second
spacecraft, called the Chief, such that in the process, the Deputy remains within the line-

of-sight (LOS) of the Chief, de ned initially to be a polytopic region shown in Figure 2.2.
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It is assumed that the two spacecraft are in the LVLH frame, that is, a rotating reference
frame where the axis is oriented in the direction of the center of the Earth,ytleis
negative to the orbit normal, and tixeaxis to complete the right hand rule. Moreover,
assuming that the Chief is in a circular orbit (at an altitide= 800 km), the relative
dynamics of the motion between the two spacecraft are given by the Clohessy-Wiltshire-

Hill (CWH) Equations [112],

x =31 2x + 2! y+ Fy=mg;
y= 2 x+ F=my; (2.97)

z= |%z+ F,==ny;

wheremy = 300 kg is the mass of the Deputy, = P ?8 is the orbital frequency,
andF , [Fy;Fy;F;] represents the thrust input components to the spacecraft. It is as-
sumed that the thrust is generated by a chemical propulsion system with PWM (pulse-
width-modulation) able to implement continuous thrust pro les from impulsive forces.

The equations of motion (2.97) are written in a relative coordinate system, where the
Chiefis located at the origin, angly; z represent the position of the Deputy with respect to
the Chief. Note that the dynamics are decoupled from tke y dynamics; furthermore,
thez dynamics are globally asymptotically stable, so in theory we need only to control the
planar dynamics. In Figure 2.2, the blue area represents the planar region. To write the

system in state space form, fet [p';p']' 2 R® to obtain the LTI systermx = Ax + Bu,

2
0
0
0
0

0

where 3

B = my[0s14]'; (2.98)
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Figure 2.2: Feasible state space region for spacecraft rendezvous problem.

andu = F 2 R3. To discretize the system, we divide the time interval iNto= 15
steps, with a time interval t = 4 sec. Assuming a zero-order hold (ZOH) on the control
input and adding noise that captures any modeling and discretization errors, as well as other

environmental disturbances, yields the discrete system
Xk+1 = AgXk + Bgug + GWk, (299)

whereAqy = € 'andBy = Rote"‘ B d . We choose the associated noise charac-
teristics asG = 10 “diag(1;1;5 10 45 10 %), adapted from [113]. We assume
that the initial state mean and covariance age= [90; 12Q90;0;0;0] and , =
diag(10 10;1G; 1;1; 1), respectively. We wish to steer the distribution from the above

initial state to the nal mean ; = 0 with nal covariance ; = =4, while min-
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imizing the cost (2.3) with nominal cost = LQ K+ vl'(Rvk with weight matrices

Q = blkdiag(10;10;10; 1; 1; 1) andR = 103l 5. We impose the joint probability of failure

of the position polytope constraints over the whole horizon to he= 0:03. The control
inputs are bounded &si k; 30N with probability = 0:99, which corresponds to a
maximum acceleration df0cm/<. Lastly, in the IRA algorithm, we use a scaling param-
eter () = 0:7(0:98) in Line 10 of Algorithm 1, where represents the current iteration.
The SDP in (2.25) with the reformulated convex chance constraints in the system-level
approach was solved in MATLAB using the YALMIP optimization suite [114] with the
MOSEK solver [97].

Figure 2.3: Optimal trajectories using IRA-CS, with 3zovariance ellipsoids.
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Figures 2.3 and 2.4 show the trajectories with optimal risk allocation, and Figure 2.4
shows the two-dimensional planar motion. Figure 2.5 compares the terminal trajectories
of CS with a uniform risk allocation with the proposed method. The two solutions look
similar, and both satisfy the terminal constraints on the mean and the covariance. However,
due to the relaxation y ¢, the uniform risk allocation scheme leads to more con-

servative solutions, as shown in Figure 2.5. The volume of the nal covariance ellipsoid,

Figure 2.4: Optimal planar trajectories using IRA-CS, with 8evariance ellipses.

VWn / logdet \ is smaller for the uniform allocation solution compared to the optimal

allocation solution (see Table 2.1). In fact, we see that a consequence of optimal risk al-
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location is that isnaximizeghe nal covariance given all the constraints, while still being

bounded by ;.

Figure 2.5: Comparison of terminal covariance steering using a uniform and the optimal
risk allocation.

Figure 2.6 shows the state trajectories and the optimal controls for the polyhedral
chance constraints. The control is almost linear but has a large variance in the rst 10
time steps, where it may saturate due to the disturbances. Figure 2.7 shows the a priori
allocation of risk, as well as the true riskonce the optimization is completed, whege
corresponds to the risk allocated for the right boundary grfdr the risk allocated for the
top boundary. Notice that in Figure 2.7(a) the true risk exposunsushlower than the
allocated risk, which con rms the conclusion that the solutions for the uniform allocation
case can be overly conservative. Comparing to Figure 2.7(b), we see a close correspon-
dence between the allocated risk and the true risk exposure over the whole horizon for the
optimal risk allocation case. It should be noted that although the true risk is still slightly
less than the allocated risk, the error between the two is much smaller when compared to

that of the uniform risk strategy.
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Figure 2.6: Trajectories of controlled system and their associated standard deviations using
iterative risk allocation.

The iterative risk allocation algorithm is robust in the sense that the algorithm will
assign risk proportionately to how close the solution trajectories are to the boundaries of
the state space. Since solutions are close to the right and top boundaries of the allowable
LOS region for more of the horizon, the optimal allocation weighs the respective risks more
than those of the left and bottom boundaries. Thus, IRA purposefully steers the trajectories
away from the boundaries proportionally to the amount of risk that is allocated to violating
those respective boundaries. Table 2.1 shows the true joint probability of failure, de ned as

“ W #

, 1P JEex? (2.100)
k=1j=1

It is clear that the uniform risk allocation does not even come close to the desired design of
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(a) Uniform allocation.

(b) Optimal allocation.

Figure 2.7: Comparison of allocated risk and true risk using: (a) uniform risk allocation,
(b) optimal risk allocation.
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=0 :03 while the IRA gives a true probability of failure very close to the desired one.

Figure 2.8: Optimal cost °( ) after every IRA iteration.

Table 2.1: Comparison of total true risk and terminal volume between uniform and optimal
allocations for polyhedral and conical state spaces.

Uniform  IRA Poly IRATC

0.00123  0.02998 0.02999
Vy  0.5546 0.6279 3.6818

IRARUB IRAGEO SMPC[115]

0.02999  0.02998 0.0011
VW  3.7038 4.0909 -

Finally, we looked at the optimal cost function over each IRA iteration, as in Figure 2.8.
The convergence criterion set in this exampleis10 °, or when all of the constraints are
active or inactive, which can be proved in [56] to be a suf cient condition for optimality for
the risk allocation problem in (2.65). We see that indeed (2.66) holds, and the optimization
resulted even in a slight decrease of the objective function. Thus, the iterative risk allocation

algorithm optimizes the risk allocation at each time step without increasing the cost.
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IRA-CS with Cone Chance Constraints

For this example, the following representation of a cone was used
X = f(x;y;2) : KAR( )xk, ¢ Ry( )x+ dg; (2.101)

whereR,( ), blkdiag(Rx( );Rx( )) andRy( ) 2 SO(3)is the standard 3D rotation
matrix about thex axis. The angle of rotation is = tan *(z,=yo), which corresponds

to a body-mounted sensor on the Chief that is angled to the relative position vector of the
Deputy. Additionally,A = diag(1;0;1;0;0;0); ¢ = [0; ; 0], and = tan( ), where

=15 isthe cone half-angle. We se&t= 10, which corresponds to an offset of 10 meters

used across all constraints in the three-cut approximationard , = 1 i k=2 was
used for the reverse union bound approximation. Lastly, the initial state was changed to
=[10;12Q 90; 0; 0; 0] for this simulation.
It should be noted that a rotated cone aboutitheaxis can be put in the form of a

standard cone as in (2.47) via the transformation
A, AR( ); c, R ()c: (2.102)

Thus, itis possible to make successive rotations of a cone by adjusting the cone parameters
A andc. In the context of the given parameterization, the cone becomes the set

2 3

2 & !Z;. (pycos  p,sin )+ d: (2.103)

pysin  + p, cos
2

Figure 2.8 compares the optimal costs among the three approximation, with the norm-
bound being the best and the three-cut approximation being less conservative than the

RUB approximation, as expected. Figure 2.9 shows the optimal trajectories in the three-
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(a) Reverse union bound two-sided approxi-
mation. (b) Norm-bound approximation.

Figure 2.9: Optimal trajectories using convex relaxations of conic chance constraints.

dimensional space and in the projection onsthe y plan, respectively. It should be noted
that for both the three-cut and RUB approximations of the cone constraint, and since we
approximated the quadratic constraint®gs) SOC constraints at each time step, the IRA
algorithm needs to be adjusted as follows. In Line 5 of Algorithm 1, a constraint is deemed
active at time stef if anyof the two-sided constraints in (2.58) are active. Similarly, when
tightening the constraints in Line 10, theaximuntrue risk , , max | is used. This is
not needed for the norm-bound approximation because it approximates each cone chance
constraint as aingleconvex constraint for ead) so the standard IRA algorithm is directly
applicable.

From Table 2.1, the norm-bound approximation actually has the highest terminal co-
variance of all three IRA methods discussed. Other than that, the two optimal inputs and

trajectories are very similar from Figure 2.9, and both successfully steer the distribution of
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(a) Covariance steering SMPC [38]. (b) Tube SMPC [115].

Figure 2.10: Stochastic MPC methods in the rendezvous problem

states to the terminal distribution, while satisfying the cone constraints.

Comparison with MPC-based Controllers

In addition to comparing the presented methods with each other, it is also worthwhile to
compare these methods to MPC-based methods in the context of the spacecraft rendezvous
problem. Although there exists a signi cant literature on the use of MPC-based approaches
for satellite rendezvous and proximity operations in space [116, 117, 118, 119, 120], most
of these results assume deterministic dynamics and do not handle chance constraints di-
rectly. To this end, we applied two recestochastiaMPC (SMPC) formulations, outlined
in [38] and [115], and compared them to the present formulation. Note that, with the excep-
tion of [38] and [115], most SMPC methods [116, 14, 121] asshmendeddisturbances
and/or chance constraints on the input, while in the present case, we assume more general,
unbounded disturbances with both state and input chance constraints.

Figure 2.10 shows the result from the MPC-based methods in [38] and [115]. In [38],
the authors iteratively solve a covariance steering problem over a receding horizon. There
are two terminal constraints at every time step; the rst is on the mean state to be inside a

maximally positive invariant (MPI) set de ned by+ BK 2 X, , whereK is the associated
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gain that satis es the steady-state Lyapunov equatiog A+ BK) ( A+ BK)! + DD/,

and is anassignablestate covariance [122]. The second, and similar to this work, is

a constraint on the terminal covariance to be less than or equal tevhere ; is the
aforementioned assignable covariance. Similarly, in [115], there are again two terminal
constraints on the mean and the covariance, but in this case, the MPI set is de ned as
(A+BKgr) 2 X;,whereK qr isthe gain computed as the solution of an LQ problem

for the nominal system, and; is chosen to solve the Lyapunov equatior ( A +

BK 1or) (A + BKor) + DD!.

The stochastic MPC algorithm in [115] wast able to solve the rendezvous problem
with the given parameters for a control boundugf,x = 30 N, as this was not enough
control authority to reach the MPI set at the end of the hor@n= 10; t = 2). The
MPC problems became feasible only when the bounds were relaxed to moreehanes
that of the current work. Additionally, in both SMPC formulations, the designer is not
allowed to freely choose the terminal covariance, since in order for the problem to be
feasible, the terminal covariance must satisfy certain constraints. Lastly, although both
MPC controllers successfully steer the system to the origin, there are no guarantees of
recursive feasibility for the closed loop system and the solutions are more sub-optimal
compared to that of the current work, as there is no optimization over the risk allocation
since it is uniform. As a result, thieue risk in these MPC methods is much lower than
the design goal, as shown in Table 2.1. Further, there is no current work to date that can
incorporate MPC-based methods for conical state spaces as was proposed here. As such,
one potential future application of the proposed CS-IRA algorithm is in the context of
SMPC, which would lead to less conservative and more optimal trajectory designs, without

having to uniformly allocate risk or use a polyhedral approximation of the LOS cone.
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Table 2.2: Parameters for Earth-to-Mars transfer example [123].

Property Value Unit f’ropterty s\ggz dgn;t
lo ( 0:94052 0:34502) AU uf 0 1 103 m/)slz
Vo (9:7746 28078) km/s max 02 U )
r ( 115431:1829) AU 2 Unax -
vi (16427 14861) kmis 1-5’271 10% ms

2.10.2 Low-ThrustInterplanetarylrajectoryDesign

Consider the problem of guiding a spacecraft on an Earth-to-Mars transfer orbit with a
low-thrust engine. For simplicity, the orbits of Earth and Mars are assumed to be co-planar
and the spacecraft mass-change dynamics are neglected. The pog&tiehand velocity

v 2 R? of the spacecraft are given in a Sun-centered inertial frame, and external perturbing
accelerations are modeled as a two-dimensional Brownian mat{oh At the initial time

to = 0, the spacecraft state is normally distributed with megn= [r'o;v})]| given in

Table 2.2, and covariance, = diag(10? km?; 102 km?; 0:12 km?=s?; 0:12 km?=s?). From

this initial time, the spacecraft trajectory is described by the SDE

2 3 2 3 2 3
r Vv 0
af £=9 Lo+ &dw: (2.104)
Vv |

r=krk3+ u

where is the gravitational parameter of the Sunjs a positive scalar indicating the
disturbance intensity, and 2 R? is the commanded thrust acceleration, which is con-
strained in magnitude bkuk  unax. These physically represent combined thrust mag-
nitude constraints on the spacecraft engines. We wish to steer the spacecraft to the ter-
minal mean state of Mars position in Heliocentric frame with a nal covariance given by

¢ = diag(0:0447 AU ?;0:0447 AU 2;0:3336 AU=day?; 0:3336 AU=day®) 10 *.
The nominal cost is given by = kvk, and the running cost weights were set@s
diag(0:1 AU 2;0:1 AU 2;0:001 day=AU?;0:001 day=AU?) andR = 0:1l day?=AU,

respectively.
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Figure 2.11: Nominal trajectory and controls with discrete times indicated as dots along
the trajectory.

Following the initial covariance provided km andkm=s, the problem was converted
into astronomical units and days, and hence the nal covariance and running costs are pro-
vided in these units. The remainder of the problem parameters are listed in Table 2.2. We
remark that these parameters are approximately equal to those from the numerical example
in [123]. The disturbance intensity, nal covariance, and running costs weights, however,
are arbitrarily set for the purposes of numerical demonstration.

The initial control gues®'(t) for the iCS algorithm was obtained as the solution to
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the nominal optimal control problem using an existing solver with a xed margin on the
maximum throttlé. Additionally, we did not use any virtual buffers or trust regions for
this speci c implementation SCvx. Algorithm 2 ran for ve iterations, and the resulting
nominal trajectory is shown in Figure 2.11. The nominal control with Monte Carlo samples
is shown in Figure 2.12 and the evolution of the position covariance for both open and
closed-loop control simulations is shown in Figure 2.13. The nal state covariance is

2 3
0:4468 00000 00128 0007
? 0:4468 00051 0010
NG 10 °: (2.105)
? ? 0:0022 0001

? ? ? 00011

in units of AU for position values and AU/day for velocity values, which is less than the
maximum allowed covariance.

Notice that due to the chance constraints, the controller plans for more aggressive feed-
back when the optimal open-loop control is not near the maximum value. Furthermore,
as we can see in Figure 2.12, the nominal control does not immediately increase to its
maximum value during the nal approach segment as would be the case for an optimal
deterministic controller. Instead, the nominal control is set so as to reserve a margin for the
corrective actions that are necessary to meet the nal covariance constraint. If the nal co-
variance is tightened then we expect that a larger margin will be left on the nominal control.
This behavior demonstrates the bene t of coupling the design of the reference trajectory to

the feedback gains.

2.10.3 Doublelntegratorwith Measurements

Lastly, we illustrate the OF-CS algorithm on a planar motion planning problem. Consider

a double integrator system with horizbh= 20 and t = 0:2. The system dynamics are

2GPOPS-II [124] was used to solve for the initial trajectory.
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Figure 2.12: Nominal control (black) with sample control trajectories (gray).

given by 2 3 2 3

2=9
a=§2 "Z.g-§ L (2.106)
0, I tl

with process noise matriisy = 0:01l;. The measurement model is given By =
[0; 1;13], meaning we are measuring the last three states, and measurement noise matrix
Dy = diag(0:1;0:003 0:003). The initial state estimate and estimation error are given by

23 = 10 2 diag(8; 9; 0:6; 0:6) and x3 = 10 2 diag(2 1; 1:4; 1:4), respectively, and
the initial state mean isy = [1:5; 3:5; 1:5; 8:5] . The desired terminal state distribution has
mean ; = [10:5;8:5;0;0] and covariance ,, = 10 2 diag(3;3;0:3;0:3). Lastly, we

enforce state chance constraints where the poly¥ofsede ned with two half spaces given
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Figure 2.13: Open-loop (left) and closed-loop (right) position covariance at each time step.

by ol=[ 0:2510,0]; ,=[0:5 1,00],and ;=6; ,= 21, with ajointrisk
level = 0:02 We incorporate IRA and solve the resulting optimization problem with

the CCP using YALMIP [114] with MOSEK [97].

Table 2.3: Statistics of solution times for varying horizon lengths.

N 10 20 50 100
Block CS [35]
(ms) 25.17 71.14 535.44 3827.02
(ms) 184 150 8.28 38.67
Sequential CS
(ms) 6.43 1043 27.52 47.83
(ms) 052 0.68 0.72 1.57

Figure 2.14 shows the evolution of the estimatecovariance of the state, state devia-
tion, and full state distributions. The chance constraints are satis ed with joint probability
x = 0:02, and interestingly, we see that the estimation error distribution becomes smaller
as the state nears the boundary, which intuitively is understood from (2.86) as the rstterm
must become smaller as we approach equality. Additionally, we also compare the compu-
tational speeds with this sequential CS method, where each intermediate state moment is a

decision variable, with the traditional block CS method as outlined in Section 2.4 for full
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state feedback and [35] for output feedback.

Table 2.3 shows that the solutions using this new proposed method are more than an
order of magnitude faster, with much better performance for increasing problem sizes.
Speci cally, for a large horizon lengtlN = 100 (20 seconds), the proposed solution is
almost a hundred times faster than the batch solution. This is due to the fact that the batch
solution scales quadratically with the problem size, whereas our method scales linearly.
As noted in [95], the terminal covariance constraints for the local approach SDP in (2.32)
requires onlyN 1 LMls of dimensionn n, whereas the system-level approach SDP in
(2.25) requires an LMI of dimensidaiN +2)n (N +2) n. In general, many smaller LMIs

are more ef ciently solved compared to that of a single large one.
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(a) Optimal 3- covariance ellipses for OFCS with no constraints.

(b) Optimal 3- covariance ellipses for OFCS with chance constraints.

Figure 2.14: Evolution of 3- covariance ellipses for the true state, estimated state, and
state estimation error.
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CHAPTER 3
NON-GAUSSIAN DENSITY STEERING

The material in this chapter is based on Ref. [100].

3.1 Introduction

The exposition in Chapter 2 solves the chance-constrained covariance steering problem un-
der the assumption that the noise and boundary states are all normally distributed. This
assumption, however, may not be realistic in many applications. Modeling the stochastic
uncertainty as a Gaussian distribution may potentially result in a large miscalculation of
risk. Thus, we would like to work towards a general framework that can steer distribu-
tions with non-Gaussian disturbances entering the system dynamics. Since any arbitrary
distribution may contain a potentially in nite number of moments, al@nsitysteering
framework will at best be approximate in satisfying the terminal constraints. To this end,
there are currently two main ways of attacking this problem; either by (i) treating the full
problem of steering arbitrary distributions and minimizing a distributional terminal cost
function (e.g., Wasserstein distance, Kullback-Leibler (KL) divergence), or (ii) modeling
ambiguity in the distribution through ambiguity sets. The latter method is analyzed in
Chapter 4. This chapter, on the other hand, addresses the more gemetzhussiasteer-

ing problem, with arbitrary initial, terminal, and noise distributions by leveraging tools
from probability theory to propagate the uncertainty. We encode the distribution of the
state (and noise) in terms of tlebaracteristic functio(CF), which intuitively represents

the Fourier transform of the associated density function. Using its properties, we reformu-
late all chance constraints and terminal constraints in terms of products and integrals of

the known CFs, resulting in a tractable, albeit nonlinear, program. Additionally, we use

LAside from the distributions being absolutely integrable, i.e2, L1(RP).
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the so-callecenergy distanceetween CFs to express the terminal distribution constraints.
Lastly, we illustrate the solution framework on a planning problem with a variety of non

Gaussian noise distributions.

Contributions

To the best of our knowledge, this is one of the only analytical frameworks that can tractably
solve the general distribution steering problem in discrete time. A notable effort in this
regard is in [125], which formulates the problem in terms of propagation of the states
power moments, though their theory is only applicable to scalar systems. Additionally,
optimal transport theory [28, 29] has been successfully used to control SDESs in contin-
uous time with arbitrary endpoint distributions. Other approaches use the Fokker-Planck
and Hamilton-Jacobi-Bellman theory to solve a Sdinger bridge problem [15], although

with the assumption of an additive Wiener process noise. Characteristic functions, on the
other hand, provide an effective and computationally tractable tool to encode and propa-
gate uncertainty through linear stochastic systems of any dimension, and even some non-
linear mappings. In fact, the work in [126] used similar concepts to propagate distributions

through ReLU neural networks, with the aim of probabilistic veri cation.

Organization

This chapter is organized as follows. In Section 3.2, we introduce and state the non-
Gaussian density steering problem. Section 3.3 reviews the relevant theory and properties
of characteristic functions that will be used throughout this chapter. Using this machinery,
Section 3.4 reformulates the density steering problem as a tractable optimization problem,
which is summarized in Section 3.5. Lastly, we showcase the proposed approach to linear
system case study in Section 3.6, where the state is subjected to Gaussian, Laplacian, and

mixture of Gaussian disturbances and initial conditions.
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3.2 Problem Formulation

The method used to formulate and solve the density steering problem falls under the
system-level class, as outlined for the CS problem in Section 2.4. To this end, we con-
sider the same discrete-time, stochastic linear system as in (2.1), but with disturbances
Wy wk- Unlike in Chapter 2, in this setting, we assume that the disturbances are inde-
pendent at each time step, but need not be identically distributed. Additionally, we assume
that the system starts g xo,» and we seek to steer the nal stateNato a desired dis-
tribution X x; - Given a deterministic reference trajectoy2 R" fork 2 [N 1],
we consider the quadratic cost

b( 1

JU) = Elxc x)'Qulxk  Xg)+ ukReul; (3.1)
k=0

whereQx 0,andRy 0Oas before. Recalling the system-level formulation presented in

Section 2.4, we concatenate the dynamics (2.1) as

X = AXo+ Bu + Dw; (3.2)

QNl

where the augmented disturbance follows the distribution , = =, _," w; due to
independence. As in Chapter 2, probabilistic constraints are imposed on the state and input,

namely

\N | N 1 !
P ExX2Xx 1 4 P Fu2Ue 1 o (3.3)
k=1 k=0

whereXy R"; Uc R™ denote the state and input constraint spaces, respectively, and
Ey; Fk isolate thekth element of the state and input, respectively. Lastly, , 2 [0;1)

are the constraint violation thresholds. Using (3.2), the cost in (3.1) can be re-written as

Jw)= E[(x xN)'Qx x")+ u'Rul; (3.4)
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admissible control sequences is the class of af ne state feedback laws. In total, then, the

generalistribution steeringdDS) problem is posed as follows.

Problem 6. Find an admissible control sequencg that minimizes the cost functional
(3.4)subject to the dynami¢8.2), chance constraint&3.3), initial distribution ,, termi-

nal distribution , , and noise sequencsy, .

3.3 Characteristic Functions

One way to represent the underlying system stochasticity is via characteristic functions

(CF).

De nition 1. For a continuous random vectav 2 RP such thatw w, the CF is
de ned by the Fourier transfornxf , g(t) of its probability density function (PDF), that
is, 7
') = Ew[exptw)] = €'7 ,(2) dz; (3.5)
RP

wheret; z 2 RP.

The CF has the following properties [127, 128]:

It is uniformly continuous.

' w(0) =1,

Itis bounded, i.ej’ (t)] 1,forallt2 RP.

It is Hermitian, i.e., ( t) ="y (t).

We additionally make the following extra assumption, to guarantee well-posedness of inte-

grals of CFs in the sequel.
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Assumption 3. The CF' ,, is absolutely integrable, that is, it is an elementqg{RP).

Assumption 3 is generally very mild in practice, and it is hard to imagine any naturally-
occurring distribution in practice which st square integrable. To this end, note that in
the formulation of Problem 6, the associated distributions meédave moments, only that
their respectively CFs exist. This is quite an advantage over methods that try to control the
PDF of the state, as many distributions, such as Cauchy, have not only practical relevance
[129] but also do not have well-de ned moments. To recover the PDF from its CF, we use

the following result.

Theorem 5(PDF Inversion Theorem [128, Theorem 1.2.6l)the CF' ,, 2 L,(RP), then

the PDF can be recovered via the inverse Fourier transférnif' , g(z), that is,

z
W(2) = Zi T oeitn b dt (3.6)

RP

Below, we summarize some useful properties of CFs. Wgtw,; w;z be random

vectors of appropriate dimensions.

1. Ifz=w;+wy, then ,(z2)= , w, (2)(i.e., convolution of their PDFs), and

"L(t) =" w, (1) w,(t) [130, Sec. 21.11].

2. 1fz=Fw+ gforF 2 RY P;g 2 RYthen' ,(t) = exp(it'g)' (F't) [130, Sec.
22.6].

3. Givenw, andw,, thenz = [w! ;W|2]| has the PDF ,(z) = Wl(e'lzl) Wz(ézzz); z=
[z:Zb], and CF ,(t) = ' w, (et)" w,(t); t = [th;th]l, wheree, ande; isolate

the rst and second component of the vector, respectively [130, Sec. 22.4].

4.1fz =[z, z; zp] 2 RPisa vector of scalar random variabteswith PDFs

2;, then the PDF oél z, witha 2 RP, is given by 4 ,(2) = Qip:l 2, (d,;paz), and

the CFis' 4,(t) = ' ,(t;) = QL ', (t), fort, = at, andt; = €t, [130, Sec.
22.4].
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We can also recover the cumulative distribution function (CDF) via the CF using the fol-

lowing theorem.

Theorem 6(Gil-Pelaez Inversion Theorem, [131, 128]Biven a random variableg with
CF', and PDF  satisfying the property tha|§R log(1 + jxj) x(z) dz < 1, then the
CDF ofy, , ateach pointy that is continuous, can be evaluated by

VA 1

JW=5 = pmle( i) o] 3.7)

wherey;t 2 R.

3.4 Problem Reformulation

We choose the af ndull state feedback control law, given by

X«
Uk = Kk;ixi+ Ok, (38)

i=0
which has the augmented form given by= K x + g, whereg 2 RN™ andL is a lower

block triangular matrix, de ned similarly as in Chapter 2.

Remark 5. The control law used in this chapter is slightly different than the one used in
Chapter 2 that is based on af ne state deviation feedback. However, this is without loss of
generality, as full state and deviation state feedback are equivalent under the transforma-

tiongy = v Ky «.

Plugging in the control law (3.8) into the augmented dynamics (3.2) results in the state

and input sequences

x =(1 B K) }(Axq+ Dw + Bg); (3.9a)

u=K( B K) }(Axyo+ Dw + Bg)+ g: (3.9b)
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Next, given the following change of variables

L=K( BK)? v=K( BK) Bg+ag; (3.10)

we can equivalently write the state and input sequences as

X
1

(1 + BL)(AXo+ Dw) + Byv; (3.11a)

c
|

= L(AXo+ Dw) + v: (3.11b)

Similar to Section 2.3, the resulting state and input mean and covariance are given by

=(l +BL)A o+ Bv; u=LA o+v; (3.12a)

«=(1+BL)TI+BL); ,=L"L; (3.12Db)

where™= A (Al + DDI!. Consequently, the objective function (3.4) is re-written as

JLv)= 'Q +uRu+tr[Q ]J+tr[R I (3.13)

which is quadratic and convex in bothandv from (3.12).

Next, given the reformulated input and state sequences (3.12), we proceed to reformu-
late the chance constraints (3.3). The high-level idea is that we re-write the probabilistic
constraints in terms of the CDF of a random variable, which can then be evaluated in terms

of the associated CF.

3.4.1 Non-GaussiafthanceConstraints

As in Section 2.6, we rst decompose the joint chance constraints into individual con-
straints using Boole's inequality. Additionally, for simplicity, we consider a polyhedral

constraint space (Section 2.6.2), however, it is straightforward to generalize the subsequent
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analysis for more general types of constraint spaces, such as convex cones (Section 2.6.3)
or norm-bounded spaces (Section 2.6.4).
State Chance Constraints

The joint state chance constraints in (3.3) are conservatively approximated into a set of

individual chance constraints through Boole's inequality [98]

| XX
k=1 j=1
or, equivalently,
XX
J!;k Ekx( j;k) 1 JXk ; JXk X (3.15)
k=1 j=1

where i 2 [0; «); k2 [N]; j 2 [N«]. Plugging the state sequence (3.11a) into the

individual constraints (3.15) yields
Cik ( ik jl;k ExBv) 1 j);(k ; (3.16)
wherecy , L Ew(l + BL)(AXo+ Dw).

Input Chance Constraints

Similar to the state chance constraints, we transform the joint input chance constraints in

(3.3) into a set of individual chance constraints as follows

X 1 X
P[a]' Fxu h] 1 J-L;Ik ; jl?k us (3.17)
k=0 j=1
or, equivalently,
X 1R
a}Fku(h) 1 fk; fk us (3.18)
k=0 j=1
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where ;i 2 [0; ,); k2 [N 1o; J 2 [Ny]. Plugging the input sequence (3.11b) into

the individual constraints (3.18) yields

R C T ST I (3.19)
wheredjy , & FiL(Axo+ Dw).

Encoding Chance Constraints via CFs

To illustrate how to encode the chance constraints (3.16) and (3.19) via CFs, consider rst

the state chance constraints in (3.16). Expanding the random vagjable can write
Ci = L;j;k Xo* tlz;j;k W (3.20)

where ., = j';k Ex(l + BL)A and (':;j;k = j';k Ex(l + BL)D arenonrandom variables
that are linear in the decision varialldle Under Assumption 1, Property 3 of CFs allows

us to decompose,,, as

Lo (D= Lin xo (D)’ L w(b): (3.21)

Next, Property 2 yields
Clexo(D = () (3.22a)
CLow(® = T w () (3.22b)
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wherety = cpktandty = ;«t. Finally, Property 4 yields

¥
"xo(l) = e (g, ) (3.23a)

i=1

"w(ty) = Yty (3.23b)

i=1

wheretg =~ = e,l;ntg0 andty, = e!;pN ts . Theorem 6 gives an analytical expression for the
CDF ofcjx evaluated atjy = j';k E.Bv as

Z
1 1°'1 _—
Cj;k ( ],k) = é - o flm e It ik Cj;k (t) dt, (324)

where' ¢, (t) is given in (3.21). Thus, (3.24) provides a means to compute the CDF in
the state chance constraints (3.16), and encodes the decision vatiadteby through
Theorem 6.

Similarly, we can also derive the input chance constraints in (3.19) for the random
variabled;, by re-writing

dj§k = ld;j;kX0+ (lj;j;kw; (3.25)

where ., = aFLA and |, = a FLD. From Property 3 of CFs, the CF dfy is

therefore
D (= b Xo bk w(t): (3.26)

Further, by Property 2 and Property 4, we have

v
b o = T xo(t) = (15, (3.27a)

i=1

D= W)= T w () (3.27b)

i=1

wheretd = gyt t8 = gt t9 =6 td  andtd = €\ td,. Thus, the expression

Xo!?
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for the CDF ofd;x evaluated atjx = b a]I FyV is given by

Z
1 1711 —_—
dix (k)= > , flm e ik dix (t) dt; (3.28)

where' 4, (t) is given in (3.26). Note that the chance constraints encoded by the CF in

(3.24) and (3.28) result inonlinearconstraints in terms of the decision variableandv.

3.4.2 TerminalDensityConstraints

Our approach aims at matching probability densities using the machinery of characteristic
functions. The bene t of using CFs to match between densities as opposed to other metrics
such as the KL-divergence or Wasserstein distance is two-fold. First, it can be shown that
the largest absolute difference between two PDFs is upper-bounded difference of
their CFs. Second, this holds for all distributions (including mixture distributions) which
have a CF inL(R") and directly results in an explicit integral expression over the fre-
guency domain, and not an integration over the entire state-space [26]. This is convenient,
as it is dif cult to formulate the terminal constraints analytically in the state-space due
to the non-Gaussian state evolution requiring several convolutions at each time step (see
Property 1 of operations on CFs).

Next, we rst derive a joint distribution representation of the terminal state, which
results in am-dimensional integral. We then show that due to the independence property
of the disturbances, we can compute this integral usisgparate matching constraints at

the nal time.

Terminal Density Representation

Using Properties 1 and 2 of CFs, the joint CF of the terminal statés

Y (D =expl 1) o (1) w(th); (3.29)
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where

] N w 1 N
xo(tig) = xoi (Lo )3 (3.30a)
i=1
Cw(th) = e () (3.30b)
i=1

and wheret) = t; th, = e Nt = it th = ¢

X0;) N “Xo?! *w ;PN

th,and | = €,Ex(I +
BL)A; | = é En(l + BL)D, and | = EyBv. Similarly, the joint CF of thedesired

terminal state is
Y
I Xt (t) = ' Xt (tl) (331)

i=1
We now introduce thé ; distance as an upper bound on the maxiniyrdeviation between

two probability distributions.

Theorem 7([128, Sec. 1.4]) If the joint PDF for the terminal state of the system ig,
with CF (3.29)and the desired joint PDF is,, with CF (3.31) then

(Lv)= sup i xw(@Liv) (@] D(Lv); (3.32)
z n
where
1 n nZ
D(Liv)= — Ky, 'xki= = P (@) Ty (Djdt (3.33)
2 2 -
Proof. Since
Z Z
exp(it' 2)' (1) dt exp(it' 2)' «, (t) dt
er Rn
Z

exp(it' 2)' x, (1) exp(it' 2)' , (t) dt; (3.34)

Rn

it follows, by multiplying both sides byl1=2 )" and using the PDF inversion from Theo-
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rem 5, that
n

: , 1 , .
Jxn (Z) X (Z)J 2_ K XN Xf kl: (335)
Lastly, since this hold#or all z 2 R", we obtain the desired result. ]

Corollary 1. Let > OsuchthatD(L;v) < forL andv. Thensup,,rnj x, (Z;L;V)
x; (2)]

Matching Densities

Since the desired nal state distribution elements are assumed to be independent, we can
derive a simpler representation of thelimensional integral of the joint representation in
(3.32). Speci cally, we construat separate density matching expressions with respect to

each terminal state variable, that is, foriall [n],
i(L;V):S_Uz%j xw (ZnLV) g ()] DidL;v); (3.36)

where, 7

DAL= 5 [ (1) 'y (I 337)

which follows from Theorem 7. The next result provides a relationship between (3.37) and

(3.33).

Theorem 8. Suppose there existk; v) such that, for ali 2 [n], we haveD;(L; V) i
P
ThenD(L;v) (1=2 )" ! where = _ ;.

Proof. By de nition of the L ; distance, for each2 [N ], we have

z

17 , _

5 e (i) T (Wrdt (3.38)
R
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Leta; , "o x,(ti)andh, ' (t). Then, sincgaj;jbj 1, itfollows that

. . Y] Y] X] - .
J' XN (t) I X (t)J = ' e!;n ENX(ti) I X fii (tl) JI e!;n XN (tl) I Xt (tI)J’
i=1 i=1 i=1
(3.39)
where we have used the fact that ggrh 2 C; i 2 [N], wherejgj;jhj 1, we have
] Qi a Qi bj iJa  hbj. The result now follows immediately from the de nition of
D(L;v). 0

3.5 Final Optimization Problem

With the elements derived for both the chance constraints in Section 3.4.1 and terminal

distribution constraint in Section 3.4.2, we present the resulting optimization problem.

X
L_r_nixr] , J(L;v)+ iDi(L;Vv) (3.40a)
Ve i=1
st: o Cie BBV 1 (3.40b)
g (B ARy 1 g (3.40c)
XX X 1 Xu
j);(k X jL;Jk us (3.40d)
k=1 j=1 k=0 j=1
whereJ (L; V) is given by
( xN)'Q(  x)+ uRu+t[Q x]+t[R I; (3.41)
with the state and input meayv and covariance 4;  givenin (3.12).

We treat the matching constraint as a soft constraint, as in [26]. By penalizing;this
distance in the cost, we provide exibility to the underlying nonlinear program solver and

enable increased feasibility.
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3.6 Numerical Example

We demonstrate our approach on a 2D double integrator with different disturbances and
initial conditions. Consider the system (2.1) with state [p' ;p']' 2 R*. The expressions
for the system matricely; By andDy are given in [47] with T =1 andN =5. We
assume polyhedral state constraints with = [1;1;0;0]; .« =[1;0:1;0,0]; 1k =
1275 5y = 8:75forallk 2 [N], and assume, x, Must be within the state polytope,
as well. We let the input constraint spacelpe= [ 4;4F forallk 2 [N 1]o. The desired
trajectoryx’ is interpolated from waypoini@; 5) to (8; 5) for k 2 f 0; 1; 2g and from(9; 5)
to (7:875 3) for k 2 f 3;4;59. We seek to drive the nal state to xi = N(C 5 1)
with mean ; =[7:75,2;0;0] and covariance; =6 10 2diag(L; 1;0:1; 0:1). The joint
risks are chosen as, = 0:1and , = 0:1, and cost weight§y = diag(10;1; 10, 1)
andRy = I, forallk 2 [N 1]. The weighting of the distance metric in the cost is
=[10;10,1;1] .

All computations were done in MATLAB with an Intel Core i9-10900K process and
64GB RAM. The optimization problems were solved usimgncon . The CF inversions
(3.24) and (3.28) use CharFunTool [132] and the density matching terms in (3.37) was
implemented using trapezoidal quadrature. Lastly, we u€tdonte Carlo samples to
verify average state and input constraint violation (denoted asnd ", respectively)

and cost (denoted aS(L; v)).

3.6.1 Gaussiamistribution

To validate our approach on a baseline case, we rst consider= N ( o; o), with

o = [4;5,0;0] and , = diag(0:18;0:18; 0:002 0:002). As shown in Figure 3.1, the
proposed method drives the system to follow the reference trajectory, while not signi cantly
violating the state constraints (Table 3.2). Likewise, input violation is minimal, as shown

in Figure 3.1 and Table 3.2. Since we steer the state from an initial Gaussian distribution to
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a nal Gaussian distribution, the maximum deviation between the nal and desired PDFs

and the correspondinlg; distances are small (Table 3.1).

3.6.2 HeavyTalil - LaplaceDistribution

Heavy-tailed distributions are of interest as they decay much more slowly than Gaussians,
but with a similar mean and variance. The Laplace distribution has thelPDEx) =

exp(j x J= )=2 . We assume the initial condition,, L (; ) withlocation ¢ =
[4;5;0;0] and scale , = [0:3;0:3;0:01;0:01] . The disturbance also follows a Laplace
distribution ,, L ( w; w) with location ,, = [0;0] and scale,, = [1;1] . Although

the Laplace distribution is not smooth (Figure 3.2), the proposed method is able to steer to
the nal desired density with little constraint violation (Table 3.2). The input in Figure 3.2
shows that their is some violation of the bounds, but it is within the violation threshold
(Table 3.2). The larger deviation between the nal and desired PDFs (Table 3.1) re ects the
fact that we modify a random variable that is not Gaussian so as to behave like a Gaussian

one.

3.6.3 Mixture Distributions- Normal

Lastly, we consider a Gaussian mixture with, = 0:5N ( 0.1; 01) + 0:5N ( 0.2; 0:2)

with means 1 =[4;5;0;0] ; o2 =[3:5;3:5;0:1;0:1] and covariances

0.1 = diag(0:3; 0:3; 0:03;, 0:01); 0.2 = diag(0:1; 0:5; 0:0L 0:01):

The disturbance is also an even mixture of two Gaussian, with mgans [0;0:1]; .2 =
[0:1;0] and covariances,.; = w.2 = |.. In Figure 3.3, we see that the af ne controller
steers the Gaussian mixture to a single Gaussian with minimal violation of the state con-
straints (Table 3.2). The input remains within acceptable limits (Table 3.2) despite the

multi-modal nature of the noise (Figure 3.3). The deviation between nal and desired
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Table 3.1: The largest deviation between the actual and desired PDFs (3.32), compared to
theL ; distance (3.33) for each scenario. The controller from (3.40) yields, atistance
that upper bounds the largest deviation in each case.

Disturbance H il \ D, \ 2 \ D,
Gaussian (3.6.1) 383 4| 26E 3| 169 | 1063
Laplace (3.6.2) 0:037 0:346 0:077 | 0:6838

Gaussian Mixture (3.6.3) 0.002 0.016 0.001 | 0.011

Disturbance e Dj; A D4
Gaussian (3.6.1) 3.36E-06 | 2.11E-05| 4.29 | 33.38
Laplace (3.6.2) 0.096 0.270 446 | 33.16

Gaussian Mixture (3.6.3) 2.94E-04| 0.031 494 | 31.87

Table 3.2: Cost and risk allocation (for the state and the input) when solving (3.40), and
averaged values froh0* Monte-Carlo (MC) samples for validation. The MC average cost

is consistent with the computed cost, and the MC state and input constraint violations are
lower than the computed violations.

Disturbance

[IK; V) [ Imc(K;v) |

|

X; MC \

u_|

X U;MC

Gaussian (3.6.1) 5317 4936 0:098 | 0:052 | 0:0975| 7TE 4
Laplace (3.6.2) 41:84 4181 0:0983| 0:0572| 0:0977| 0:0103
Gaussian Mixture (3.6.3) 4974 46:18 0:098 | 0:009 | 0:098 | 0:015

PDFs is much smaller than seen with the Laplace PDF (Table 3.1). This is likely because

the controller alters the weights of the mixture of Gaussian elements to match the desired,

nal Gaussian density.
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(a) State evolutionq andy) over 5 time steps, subject to state chance constraints and terminal
density constraints.

(b) Control input evolutiony; andus), subject to input chance constraints.

Figure 3.1: Distribution steering from one Gaussian distribution to another Gaussian dis-
tribution.

(a) State evolutionq andy) over 5 time steps, subject to state chance constraints and terminal
density constraints.

(b) Control input evolutiony; andus), subject to input chance constraints.

Figure 3.2: Distribution steering from a Laplace distribution to a Gaussian distribution.

91



(a) State evolutionq andy) over 5 time steps, subject to state chance constraints and terminal
density constraints.

(b) Control input evolutiony; anduy), subject to input chance constraints.

Figure 3.3: Distribution steering from a Gaussian mixture distribution to a Gaussian distri-
bution.
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CHAPTER 4
DISTRIBUTIONALLY ROBUST DENSITY STEERING

The material in this chapter is based on Refs. [133, 134, 67, 135].

4.1 Introduction

When controlling a dynamical system affected by noise, one needs to be able to discern
the statistical properties of the exogenous disturbances acting on the system. When such a
characterization is unknown, or is only approximately known, care must be taken to ensure
robust performance of the system under a range of uncertainties that can potentially affect
the system. The previous chapters have all assumed an exact, parametric disturbance model
that is drawn from some probability distribution, either from the Gaussian (Chapter 2) or
more general non-Gaussian (Chapter 3) families. This chapter, on the other hand, assumes
ambiguityin the noise distribution affecting the dynamical system, and models the set of all
possible disturbances as belonging to an ambiguity set. The distribution steering problem,
as a result, is generalized to an ambiguity set steering problem, where we aim to not only
steer the rst two moments of the state distribution, but also the distributional uncertainty
of the state to a target ambiguity set.

To this end, one natural question that arises is how to form these ambiguity sets so
that the resulting optimization problem is tractable. We focus on two different classes of
ambiguity sets here, nametgoment-basednd distance-basedTo illustrate the former

class formally, consider the following de nitions.

De nition 2. Given a constant| 2 N ;, the set of probability measures I(RY) with

R
nite gth moment is denoted B,(R?) , f 2P (R%j . kxkid < 1g.

De nition 3. The (second-order) moment-based ambiguity set of a random varable
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R" is given by
P*, P, 2P»(R")jE[X]= «;E[(X ) (X A= «g (4.1)

Thus, moment-based ambiguity sets allow us to enlarge the feasible set of distributions
we consider, from which a Gaussian distribution is just a single element of the set, that
iSN( x; x) 2 P*. On the other hand, distance-based ambiguity sets de ne a set of
probability distributions that are balls around some nominal distribution. There are many
different probability distances one may choose from, for example the Kullback-Leibler
(KL) divergence, total-variation (TV) distance, or Wasserstein distance. The Wasserstein
distance is especially attractive from this point of view as it also constitutes a metric for the

space of distributions. To formalize this notation, we again begin with some de nitions.

De nition 4. A structural ambiguity se$ is a subset oP,(RY) that is closed under posi-
tive semide nite af ne pushforwards, that is, for aQy2 S and any af ne transformation

f :RY! RYoftheformf( )= A +b forsomeA Oandb2 RY, wehaveQ f 128S.

Examples of structural ambiguity sets include the set of symmetric distributions, uni-
modal distributions, log-concave distributions, and elliptical distributions. Clearly, the en-

tire probability spac®,(R?) is trivially a structural ambiguity set.
De nition 5. The Wasserstein ambiguity set of radiugith transportation cost centered
at the nominal distributior® is de ned by

B, (P)= fQ2S :Wi(Q;P) "g; (4.2)

with respect to the typp\Wasserstein metric
z :
W5(P; P9, inf c(; 9P @d;d9 (4.3)

2(PPY) Rd Rd
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where ( P; P9 denotes the set of all joint probability distribution of2 R% and °2 RY

with marginalsP and P°, respectively.

In what follows, we will assume no structural information on the noise (Bex
P,(RY)), and we will work with thesquared type-2 Wasserstein distange% 2) and the
Euclidean norm transportation cost, ies k k,. For simplicity, we denot8** | B.'.‘;'gz

andw , W'gk.

Contributions

Firstly, we extend the covariance steering framework tailored between Gaussian distri-
bution to arbitrary distributions modeled using moment-based ambiguity sets. In doing
so, we also enforce distributionally robust chance constraints for state constraint satisfac-
tion, while solving the covariance steering problem, and obtain the optimal risk allocation
through a distributionally robust iterative risk allocation (DR-IRA) algorithm. This is a
direct generalization of the IRA algorithm developed in Chapter 2, suitable for distribu-
tionally robust problems. Second, in a similar matter, we solve the distribution steering
problem with respect to Wasserstein ambiguity sets. Current approaches have only been
able to tractably optimize over open-loop controls, but we extend this formalism to opti-
mize additionally over feedback laws, as in the traditional CS developments in Chapter 2.
In both cases, we steer the entire ambiguity set of the state to a target ambiguity set, thereby
controlling the dispersion of system states under all possible noise realizations with the as-
sociated ambiguity sets. Lastly, we illustrate the proposed DR frameworks in the settings

of spacecraft rendezvous and quadrotor path planning.

Organization

This chapter is organized as follows. Section 4.2 introduces the distributionally robust

density steering problems (both for moment-based and Wasserstein ambiguity sets). In

1This is equivalent to scaling the ambiguity set radiu8 &s "?2.
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Section 4.3, we reformulate and solve the problem with moment-based distributional un-
certainty. In Section 4.4, we similarly reformulate and solve the problem with Wasserstein
distributional uncertainty. Lastly, in Section 4.5, we illustrate the proposed methods on the

problems of spacecraft rendezvous and quadrotor path planning.

4.2 Problem Statement

We again consider the discrete-time stochastic linear system (2.1), however, now the initial
and target states distributions are chosen to belong to the ambiguitysatd S; , which

are either of the moment-based sets

P, fP,EXal= oEl(Xo o)(Xo o)1= x.0 (4.4a)

P, P, JEXN]I= Elxn  )xn D= g (4.4b)
or alternatively, the Wasserstein balls

So = B*(Po); (4.5a)

S = B (P); (4.5b)

where o; > Oare the xed boundary ambiguity set radii, aRg; P; denote the center
distributions of the boundary ambiguity sets, which, in this chapter, are assumed to be
Gaussian distributions with mean and covariance givenghy g and ¢; ¢, respectively.
Similarly, the noise distributiof,,, of wy is unknown but is also assumed to belong to an

ambiguity set of distributiongVy, which is either the moment-based set

W, = fP, j E[w,] = 0;E[w,wl] = Ig; (4.6)
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or, alternatively, the Wasserstein ball
Wy = BX(B,); P = N(O:1): (4.7

Remark 6. It is possible to de ne the noise ambiguity set for the entire noise sequence
asW = B-‘-‘k(ﬁ’w), where in this contex,, 2 P,(RVY), i.e., W encapsulates all of the

joint noise distributions along the entire time horizon. This construction is more general
and includes cases where the noise terms are not independent of one another, and possibly
have a time-varying correlation, for example in the context of wind gusts and turbulence
[136] or atmospheric models [137]. Assuming the noise is i.i.d., however, it can be shown

that the ambiguity set for the entire noise sequenﬁj&f’w'\‘) [66].

The objective, then, is to steer the trajectories of (2.1) frogn Py, 2 S to
Xn Py, 2 & over the planning horizoN . Additionally, and similar to Section 2.6, we
want to enforce probabilistic constraints on the states and control input over the whole time
horizon. In this setting, however, we need to enforce distributionally robust risk constraints,
which require the state and input to remain in the feasible space undeothecasedis-
tribution within the associated ambiguity set. To this end, we consider two classes of risk
constraints: Value-at-Risk (VaR) and Conditional Value-at-Risk (CVaR). VaR constraints
are the ordinary chance constraint we have been dealing with in the preceding chapters,
which upper-bound th€l  )-quantile of the probability distribution. However, now that
the distributions in question are ambiguous and could potentially be heavy-tailed, the VaR
risk measure is not appropriate to adequately constrain the tail risk and mitigate the likeli-
hood of so-called “black-swan” events, which are low-probability events with potentially
catastrophic consequences. Additionally, as we have seen in Chapter 2, VaR constraints are
notconvex, and are only exactly tractable when the underlying state distribution is normal;
otherwise, they are approximated using concentration inequalities [138]. Given all this, we

also consider the CVaR risk measure in this chapter, which is de ned as follows.
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De nition 6. Givenf : R"! R and arandom variabl&e P onR", the CVaR of (x)

at the quantilel is
CVaR} (f (x)) = in2fR + }Ep[maxfo;f(x) a : (4.8)

By de nition, the CVaR of a random variable is a convex function [139], and CVaR
constraints implicitly satis es the associated VaR constraints because of the alternative
de nition CVaR? (x) = Ep[x j x > VaR? (x)]. Additionally, because the CVaR
measure captures the expected value of the random variable beyond the VaR level, it follows
that CVaR constraints effectively mitigate the effects of extreme events by reducing the tail
probability of violating the constraints.

For notational simplicity, de ne the&iolation function for an arbitrary constraint space
Xk as x(Xk) 0if xxk 2 Xy and (xk) > Oif xx 2 Xg. In summary, the distribu-
tionally robust VaR (DR-VaR) and CVaR (DR-CVaR) constraints are encoded through the

following? optimization problem

sup Py, (xk 2Xi) 15 sup CVaR;™ ( ¥(x¥)) O, k2 [NI  (4.99)

Pe, 2 P, 2

X
K% (4.9b)
k=1

wherePy, is the marginal distribution of the state aBdis the associated state ambiguity
set.
Lastly, since the state distribution is ambiguous at any given timekste@ need to

slightly modify the objective function (2.3). To this end, we de ne the distributionally

2Note that we immediately go straight to the individual constraints in this formulation, since joint con-
straints, especially with regards to CVaR, are intractable analytically.
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robust objective function

X 1 llX l #
J(u)= (X u) + max Ep, %l Quxy + bl Rytr (4.10)
k=0 F'?Xwozzv\slo k=0

Remark 7. The nominal state as de ned in this context can no longer be associated with
the mean stat&p, [X«], as it was customarily done in the CS developments (Chapter 2).

In fact, the expectation of the state cannot even be computed because the underlying state
distribution is ambiguous by de nition. Instead, the nominal state simply refers to the
deterministic dynamicsy.; = AXy + Bug, and the deviation state is de ned similarly as

the deviation from the nominal state.

The risk constrained, distributionally robust, density steering (DR-DS) problem, and its

two variants, are now stated as follows.

Problem 7 (Moment-Based DR-DS)Given systen(2.1)and the total risk budget », nd
an admissible control sequencg that steers the system from the initial distributiBg,
and terminal distributionPy,, belonging to the moment-based ambiguity ¢étda)and
(4.4b) respectively, subject to the noise distributiBp, belonging to(4.6), while mini-
mizing the nite-horizon cost functio(.10) and satisfying the DR joint risk constraints
(4.9).

Problem 8 (Wasserstein DR-DS)Given systenf2.1)and the total risk budget 4, nd an
admissible control sequencg that steers the system from the initial distributi®g, and
terminal distributionPy,, belonging to the Wasserstein ambiguity s@t$a)and (4.5b)
respectively, subject to the noise distributidp, belonging to(4.7), while minimizing the

nite-horizon cost functior(4.10)and satisfying the DR joint risk constrain.9).

4.3 Moment-Based Distributional Robustness

To reformulate Problem 7 with moment-based distributional uncertainty, we again have

two options, namely the system-level and local approaches. We will present both here for
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completeness, though much of the reformulation follows from that of Chapter 2. To present
a different system-level perspective, we choose an alternative control law parameterization

from [34] as follows,

Uk = Vk + KiYy; Yier = Ay + Dwy: (4.11)

In this context,y, can be thought of as the uncontrolled state deviation, and it has been
shown recently that the above control policy is equivalent to the full state feedback policy
in Section 2.3 as there exists a bijective transformation between the two [140]. Writing the

control law (4.11) in block structure yields

u=v+Ky; y = Ay, + Dw; (4.12)

wherey,, Xo . The mean and covarianceyfare given by

Ely]=0; ,=A (Al+D ,DI ~; (4.13)

where in the last equality, note that the covariance of this auxiliary gtegequivalent to

the ~ de ned previously in Chapter 2. Substituting (4.13) into (4.12), we can infer that

Elul=v; ,=K K (4.14)

Similarly, substituting (4.12) into (2.8), the dynamics of the state meanE[x] and the

state covariance, can be written as

=A o+Bv; ,=(1+BK) ,(+BK)": (4.15)

Note that using this control parameterization doesrequire any type of change of vari-

ables, which is attractive from a computational point of view. Since the moment-based
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ambiguity sets in (4.4) and (4.6) are de ned purely with respect to the respective distri-
butions that have common rst-two moments, steering the rst two moments of the state
to their respective terminal values is suf cient for steering the entire ambiguity set to the
terminal ambiguity set. This isot the case in the context of Wasserstein ambiguity sets,
as they encapsulate a larger class of distributions, which need not have common rst two

moments, as we will see in Section 4.4.

Remark 8. The moment-based ambiguity sets de ned in De nition 3 are often equivalently
called (unstructured) Chebyshev ambiguity sets, denot&d by) . In the following dis-

cussion, we will use the two terms interchangeably.

In the section, we reformulate the Chebyshev distributionally robust risk constraints

(4.9) as tractable, convex constraints.

4.3.1 DR Risk Constraints

Let us assume, for simplicity, the polytope constraint space to start. Recalling from Chap-
ter 2, it is intractable to enforce joint chance constraints (and similarly CVaR) constraints

at each time step, hence we conservatively relax the constraints as

sup P ( LEx+ o 0) X i 2 [N« k2 [N]; (4.16a)
kazc( K Xk)
sup  CVaRP™, (L Ex+ ) 0 j2[NJ k2N (4.16b)
Px 2C( ki xy) g
XX
KX (4.16¢)
k=1 j=1

The individual relaxations of the VaR and CVaR constraints are suf cient for the satisfac-
tion of the original joint constraints. For the chance constraints, this is proved through
Boole's inequality [98], while for the CVaR constraints, a formal proof of this statement

can be found in Appendix A.2.2.
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Remark 9. We can alternatively write the chance constraint$4rii6a)more explicitly as
the VaR constraints

sup Vafok_x ( J-'.k Exx + jx) 0, j 2 [Ng]; k2 [NI: (4.17)

Px 2C( k3 xy) I Y
With De nition 15 and Proposition 6 (see Appendix A.2.2), it is clear that the worst-

case VaR and CVaR constraints in (4.17) and (4.16b) are speci c instances of the standard
risk coef cient. To see this, take for example, the VaR constraints (4.17); since the VaR is
a coherentrisk measure (in the sense of De nition 16), it follows that, for each [N]

andk 2 [N], we have

sup  VaRy™ (Lot w) 0§ 2 N k2 INT;

kaZC( K xk)
0 sup  VaR;™ ( hx) O
kazc( K xk) I ’
Px
0 ik T J!;k k+ sup  VaR; " ( J'l;k Xk ) O
Px 2C( & xy) g 0 1

d P L (X )
X k k k .
0 ik + J!;k k + jl;k Xk Jik SUp VaRl kj);(k @qJ:A 0,

Px 2C( ki xy) ik Xk @k

q
0 ik J!;k k+  var( j);(k) J!;k xi ik O (4.18)

where yar () is the standard risk coef cient corresponding to the VaR risk measure. All
that is left to do is compute the standard risk coef cient for the VaR and CVaR risk mea-

sures. Since this is general knowledge, we state these results (without proof) below.

Proposition 3([135]). If 2 (0;1);Rq 2fVaR? ;CVaRy® gforQ 2P, andS = Py,

then the standard risk coef cient is given by= P @a )=.

Consequently, the DR-VaR and DR-CVaR constraints are identical, and reduce to

ik + jl;k k+ T ik Xk ik 0; (419)



or, more explicitly in terms of the decision variablesK), as

S

1 X 1
ik + LEk(A o+ Bv)+ I 20+ BK)EL kO (4.20)
ik

where we use the mean and covariance of the state from (4.15). The constraints in (4.20)
are now manifestly SOC constraints, and can be inserted into the resulting convex program

as a tractable approximation of the original joint risk constraints (4.9).

4.3.2 DR ObjectiveFunction

Next, we reformulate the DR objective function (4.10) with respect to the Chebyshev
ambiguity sets. To this end, we can equivalently reformulate the worst-case quadratic ex-

pectation in (4.10) as

#
b( 1
| + ol - +
PT% Er, P, X Quxy + o Rty Pwrz'rg%fw)tr[Q «]TU[R ]
Pxo2S0 k=0 Px2C(0; o)
=t Q x]+t[R ]
=tr[ (I + BK)!'Q(I + BK)+ KIRK ,]; (4.21)

where in the rst equality, we use the expectation of a quadratic form of Gaussian random
variables; in the second equality, we use the fact that all distributions in the moment-based
ambiguity sets have the same covariances (for the noise and initial state, respectively), and;
in the last equality, we use the expressions for the state and input covariance from (4.15)
and (4.14), respectively. Thus, in the case of moment-based ambiguity, the DR objective
function (4.10) reduces to that of the nominal CS objective function (as in (2.21)) since
we assume common rst and second moments between distributions. Sjnce0, the

objective (4.21) is inherently convex and amenable to off-the-shelf convex solvers.
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4.3.3 Final OptimizationProblem

Given the reformulated moment-based distributionally robust risk constraints (4.20) and
the distributionally robust objective function (4.21), it remains to enforce the terminal con-
straints for the state to reside in the terminal ambiguityPset. To this end, since this
ambiguity set is only made of distributions with terminal mean and covariance constraints,
it suf ces to enforce the usual terminal mean and covariance constraints, as in (2.22). For
clarity, we rewrite these terminal constraints with respect to the proposed auxiliary feed-

back policy (4.12) as follows

t = En(A o+ Bv); (4.22a)

¢t En(l +BK) ,(I + BK)'EL; (4.22b)

where the above covariance constraints are equivalently formulated, using the Schur com-
plement, as the LMI

3
2 f En(l + BK) ég

. 0: (4.23)
2(1 + BK)'EL, |

Putting together all the above ingredients, the nal moment-based DR-DS problem is re-

formulated as the following tractable SDP.
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D( 1
min WEx(v);Fev) +tr (1 + BK)'Q(I + BK) + KIRK ]

k=0 S

1 .
St ot Lox)+ 0+ BK)EL Wk 0 8 2 [N k2 [NT;
ik

¢ = Enx(v);
2 3

g : En(l + BK) ég
(1 + BK) EL |

x(v)= A o+ Bv:

(4.24)

4.3.4 DR lterativeRisk Allocation

Recall from Theorem 4 in Chapter 2, the optimal cost obtained from solving the SDP in
(4.24) is a monotonically decreasing function of the stage risk buggetFor brevity of
notation, we de ne the vector of all individual risk bounds over the whole time horizon and
across all half-spaces de ning the state constrainiXsets , = [ I, Xonl 2 RMN
and similarly for the input risk allocation. Recall that in the risk allocation problem, the
stage risk budget;, becomes a decision variable along with K). However, in the
distributionally robust risk constraints given by (4.2G), occur in a bilinear form. A better
tractable approach, as mentioned in Section 2.7, would be to concurrently allgcateen
solving the optimization Problem 7, so as to minimize the total cost. In the following,
we outline the IRA algorithm for the distributionally-robust variant of the original CS,
following closely the algorithm developed in Chapter 2.

As before, we consider a two-stage optimization framework, where the upper stage op-
timization nds the optimal risk allocation’ and the lower stage solves the moment-based
density steering problem (4.24) for the optimal control gaf; K ?) given the optimal risk

allocation ? from the upper stage. Let the value of the objective function after the lower
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stage optimization for a given risk allocationbe J °( ) = min,x J (v;K). Then, as

before, we formulate the upper-stage optimization problem as

, XX
min J °( ) sit: ik Cok O (4.25)
k=1 j=1
Note that (4.25) is a convex optimization problem, given that the objective funttign)
is convex, and 2 (0;0:5]. Thus, by Theorem 4, the optimal cost can be reduced with
each successive iteration by carefully increasing the risk allocatjgnsThat is, the risk
can be lowered by tightening the constraints that are too conservative, and increased by
loosening the constraints that are already active. It now remains to de ne active and in-

active constraints in the context of distributionally robust risk allocation. Note that the

distributionally robust risk constraints given by (4.20) can be equivalently written as
? . | E ? : 23 !
jik jik Bk 5

o A1+ T
k 2(I + BK?)IE] jxk

ik (4.26)

Here, the quantity;, represents theuerisk experienced by the optimal trajectories, when
using (v?; K?). Clearly, the selected risk need not be equal to the actual risk once the
optimization is completed. When, = i, we say that the constraint (4.26) is active, and

is inactive otherwise. Solutions are termed good when the true risk is within a small margin
of the allocated risk and the conservative ones correspond to the cases;when;y .

Given this, we can now outline an iterative algorithm that carefully tunes the individual
risks with the goal of ultimately lowering the objective function with respect to all vari-
ables. To this end, starting with some feasible risk allocatidnwith i denoting the itera-
tion number, we solve (4.24) to get the optimal control p&js; K ;). Itis straightforward
to observe that using the above optimal controller at itergti@ads to the optimal mean
trajectory E’i) respecting the optimal stage risk budggi. The risk budget is then suc-

cessively loosened and tightened according to Algorithm 1 in Chapter 2, with the changes
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that we solve the distributionally robust CS variant (4.24) instead of the baseline CS prob-
lem (2.25), and similarly compute the distributionally robust true risk (4.26) instead of the
Gaussian risk (2.67). This iterative process generates a sequence of risk allocations by

continuously lowering the optimal cost, converging at a local minimum.

4.4 \Wasserstein Distributional Robustness

To reformulate Problem 8 with Wasserstein distributional uncertainty, we again have two

options, namely the system-level and local approaches. This dissertation only focuses on
the system-level approach due to its tractability, and we relegate a more in-depth discussion
on the local approach, as well as its shortcomings, to Chapter 8. For ease of readability, we

state again the augmented linear system which is used for analysis

X = AXo+ Bu + Dw; (4.27)

for appropriate matrice&; B; D [12, 11]. We consider the af ne state (deviation) feedback
law u, = KX + v, wherev, 2 R™ is the feed-forward control and, 2 R™ " is the
feedback gain. Augmented the feed-forward controls 20RN™ (N*1) " gand the feedback

gains to the block lower-triangular matri 2 RN™ (N+Dn the dynamics (4.27) become

X = AXg+ Bv; x=(1 B K) }Axq+ Dw): (4.28)

Assumption 4. Given that the initial Wasserstein ball E§<Ok(N ( o; o)), we assume the

initial nominal state isxo = ¢, from which it follows thak, Pg 2 Bkok(N ©O; o).

Following the development in Chapter 2, we de ne the new decision variable

K(l B K) 1, from which it can be shown that the deviation dynamics become

x=(1+ BL)(Axo+ Dw): (4.29)

107



See Section 2.3 for a detailed derivation.

4.4.1 PropagatingAmbiguity Sets

Givenw P, 2 W, it follows from (4.29) that the distributional uncertainty in the error
state, henceforth referred to&s results from both linear transformations and convolutions

of ambiguity sets, namely
Sc= E«(l +BL)A ,B*¥(Py,) Ex(l + BL)D ,Bf*(P,): (4.30)

To tractably compute the ambiguity sets in (4.30), we need a mechanism to (i) propagate
ambiguity sets under linear transformations, and (ii) convolve ambiguity sets. These re-

sults, adapted from [67], are stated next.

Theorem 9(Linear transformation) LetP 2 P (RY), and consider the linear transforma-
tion de ned by the matrixA 2 R™ 9. Moreover, letc : R4 ! R  be orthomonotorie
Therf,

AxBS(P) BSA(A4P): (4.31)

Moreover, if the matridA is full row-rank, then
AxBE(P) = BS A (A4 P); (4.32)

with AY = Al (AAl) 1.

Theorem 10(Convolution) LetP;Q 2 P(R"), and letc : R" ! R 4 be translation-

invariant and suppose there existpa 1so thatce satis es the triangle inequality. Then,

BL(P) BYL(Q) Blis, s, (P Q) (4.33)

3Thatis,c(x1 + X2)  ¢(x1) forall x1;x, 2 RY satisfyinghx1; x,i = 0.
“Note that the map AY is understood in the sense of its action on a vectoAY : 7! ¢(AY )
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LetC?, Ex(l + BL)A2 R" "andL) , Ei(I + BL)D 2 R" N4 for simplicity.
Noting that the nominal state is simply a delta distribution in the probability space, the

distributional uncertainty in the state time stepecomes

Sc= Axe+Bv X (4.34)

Furthermore, from Theorem 9 it follows that

CsS BN (@0, B, LMW BN wm,B, . (4.35)

and putting these together, the state deviation ambiguity set can be overapproximated by

kk (CQ)Y kk (L)Y (
0

S B (C«Ps, B L) Pu (4.36)

In order to employ Theorem 10, we need to make the transportation costs between the
convolved ambiguity sets in (4.36) the same. To this end, given an arbitrary ambiguity set
U = B* *(P) for some matrixA 2 R™ " and center distributio 2 P (R"), note the

following series of equivalences and inclusions

n o

U, Q:Wkk Ay(b,Q) n
Z

= Q: inf KAY(x  y)k* (dx;dy) "
2(PQ AR
Q: inf min (A)kx  yk? (dx;dy) "
2 ( ﬁ;Q)ZR” Rn
= Q: inf kx yk* (dx;dy) " Z.(A)
2(PQ R Rn
= B

where the rst inclusion follows from the fact th&\Yxk min (AY)kxk; 8x 2 R", and

the second to last equality follows fromy, (AY) = . (A). In summary, we have shown

109



thatu BX kmax (A)(ﬁ’). As a result, the ambiguity s& from (4.36) is upper bounded by

Sc B o (ED#Px B Li)s Pu (4.37)

0 %mx (EE " %ax (LKV) (
Lastly, using Theorem 10 results in the over-approximaBpn Bkkk(ﬁ’xk), where
_ P,
k = P 0 max(tg) +

pX‘k = ( I:(Ig)# px—o (LKV)# ﬁw: (4.38b)

max (L) 2; (4.38a)

Overall, using (4.34) and (4.38), we obtain a tractable upper bound on the ambiguity set of

the full state as
S Bkkk(l_)(ﬁ’xk); Ie’xk = Eex(v) IIE(L) #ISXO Ly(L) #ﬁw; (4.39)

where we have explicitly included the dependencies on the decision varidhkeg. To
elucidate how the control pair affects the transient motion of the ambiguity set, note that

sinceP,, = N (0; o) andP,, = N (0;1), we have

Pe, = N Epx(v);LO(L) oLg (L) + LY(L)LY (L)

N E(A o+ Bv);Ex(l + BL)(A (Al + DD!)(I + BL)' E}

N Ex(A o+ BV);Ex(l + BL)T | + BL)E! ; (4.40)

where, as in Chapter 2, we have de néd A oAl + DD!. Notice from (4.40) that the
propagation of theenterdistribution is exactly the same as in the baseline CS formulation,
where the mean state is driven the feed-forward input and the covariance of the state is
driven by the feedback gain matrix. In the distributionally robust case, however, we have
the additional element in that the ambiguity set radius is also evolving over time, and is

driven by the feedback gains. Hence, the feedbacklgaint only affects theshapeof the
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center distribution, but also trezeof the ambiguity set. In the next section, we tractably
formulate the DR-CVaR constraints (4.9) using the ambiguity set propagation (4.38) and

techniques from DRO.

4.4.2 DR Risk Constraints

We now aim to tractably reformulate the worst-case VaR and CVaR constraints in (4.9).
For simplicity, let us again assume a polytope constraint space, that is,

Xi= x: max hx+ 0
and let us start with the DR-CVaR constraints. Unfortunately, the joint structure in the
above feasible set makes the resulting constraints non-convex in terms of the decision
variables,® and we leave it as an open problem to tractably formulate joint DR-CVaR
constraints with respect to polyhedral constraint spaces. To remedy this, and similar to
employing Boole's inequality for chance constraints, we decompose the joint CVaR con-
straints into individual constraints with associated individual risk allocatigndndeed,
we nd that a similar result should hold in that the sum of the individual risks may not ex-
ceed that of the joint risk, that isI,D, Kk «. While the intuition is clear, the derivation

is quite different, and is presented in the following result.

Theorem 11. Given a set of measurable functionsj 2 [M], arandom variable P,

and a risk level , we have that

X
Cvar? (j()) O j =) CVaR!} jrpm‘j() 0 (4.41)
j2[M]

5In the case where the center distribution of the ambiguity set is empirical, it is possible to write these
constraints as difference-of-convex constraints, see Chapter 7.
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Letting *j (X«) » jl;ka + jk, Theorem 11 implies

X
CVaRfXKX Ci(xk) O i Ko=) CVaREka max “j (Xk) 0:
jik ] ' kK j2[Nx]
i2[Nx]
(4.42)
As a result, enforcing DR-CVaR reduces to tractably computing the worst-case CVaR risk
of an af ne transformation of the random variablg, which we will show is SDP repre-
sentable and linear in the decision variablelL). First, however, we need to de ne the

notion of aGelbrichambiguity set.

De nition 7. The Gelbrich ambiguity set of radiliscentered at a mean-covariance pair

(; ) Iisgiven by
G(; )= fQ2P(RY):(Eql ;Covo[ N2U-(; ) g (4.43)

whereU-(; ) isan uncertainty setin the space of mean vectors and covariance matrices,
de ned as

U )= (o) 2R s ()5() g (4.44)

where

1
G (1 0i(2 2, kv K+tr ™ 2" Ni2g (4.45)
is the Gelbrich distance between two mean-covariance pairs.

Theorem 12 ([135]). If the nominal distributionP has meam® 2 RY and covariance
N

0, then we hav& *(P) G -(1 9 . In addition, ifS is the structural ambiguity set

generated by? and if © 0, then the inclusion becomes an equality.

Since the Gelbrich ambiguity set constitutesoaber approximation of the associated
Wasserstein ambiguity set (under the 2-norm transportation cost), satisfaction of Gelbrich
DR-CVaR constraints implies satisfaction of Wasserstein DR-CVaR constraints. Using this

idea, the next result provides a reformulation of the constraints (4.42).
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Theorem 13. The individual DR-CVaR constrain(4.42)are satis ed if, for allj 2 [Ny]

andk 2 [N], the following convex constraints are satis ed

q
ik T J!;ka(V)'F j;kk~%(| + BL)Ell( j;kk+ k 1+ J-;zkk j;kk 0; (4.46)

wherexg(v) = Ex(A o + Bv) is the nominal statel,o_k = IO_okEk(I + BL)Ak +

P "kEk (I + BL)Dk is the state ambiguity set radius, and

"
|
, sup CVaR? —|9u = 1—; (4.47)

P2C(; ) |

is the standard risk coef cient corresponding to the CVaR risk measure, wi(ere)
denotes the Chebyshev ambiguity set of all distributiortS with same mean and co-

variance .

Proof. The result follows directly from Theorem 35 by identifyirg(v) = * as the ambi-
guity set center meai (1 + BL)! T | + BL)EL as the ambiguity set center covariance,

and i as the radius. O

The constraints in (4.46) are convex, but nonlinear in the decision vaiiablige to
the spectral norm showing up in. However, using Schur complement we can further
reformulate these constraints as tractable second-order cone constraints (SOCC) and linear

matrix inequalities (LMIs).

Corollary 2. The convex constrain{g¢.46)are equivalent to the following tractable con-
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straints, for allj 2 [Ny] andk 2 [N]

. q
CF bW +pckTz( + BL:)SEL jck+ a0 1+ Gk k0O (4.48a)

2];

2 tol Ev(l + BL)Ag o (4.48b)
Al(l + BL)'E] t0|

2 3

6 £l E(l + BL)Dg ; (4.480
DI (I + BL) E} £Vl

2 3

9 * "o pw o: (4.48d)
P—to 4 P 1

Proof. Notice that without the last term in the left-hand side of (4.46), the constraints are
manifestly SOC constraints. To handle the spectral norm terms, d§ nek Ey(l +
BL)AK andt¥ k Ex(l + BL)Dk. The last term of (4.46) now read® —ot0 + " )2,

which is still quadratic in the decision variables. Once again, we relax this term by upper-
bounding it by a new decision varialdg. We now effectively have convex quadratic con-
straints of the fornu2 sy, which is both SOC and LMI representable. For computational
ef ciency, we choose the SOC form, and the desired result follows immediately. Note that
all the above relaxations are lossless, as at optimality, the auxiliary inequality constraints

become tight. Hence, we have equivalence between the two formulations. O

Along the same lines, in the next section, we reformulate the DR objective function

(4.10) as a tractable convex function.
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4.4.3 DR ObjectiveFunction

Substituting the error dynamics (4.29) and feedback comtral Kx = L(Axg+ Dw)
into the cost (4.10) yields

DK 1
J = “k(Xi; Vi) + max_ Ep, [x! (Q + KIRK)x]

k=0 P2S
D( 1

= “k(ExX; Fyv) + max Ep, P, [(Axo+ DW)! ( L)(Axo+ Dw)]
k=0 Peo2S0
D( 1

= k(B Fev) + max Ee, w!D! (L)Dw]+ max Ep, [bA! ( L)Axq];
k=0 *0

(4.49)

where (L), (I + BL)!Q(lI + BL)+ L/RL. The last line follows from the fact that

the initial state deviation is independent of the disturbance. We now aim to compute the
respective worst-case expectations in (4.49) over the Wasserstein ambiguity sets. Since this
is, in general, intractable [68], similarly to Section 4.4.2 we instead compute the worst-case
expectation with respect to Gelbrich ambiguity sets, which will provide an upper-bound on
the objective function to minimize. However, in the case of a quadratic loss function as
we have in (4.49), it can be shown that the Gelbrich risk is equivalent to the Wasserstein
risk [68]. To this end, the next result reformulates the objective function (4.49) as a convex

program.

Theorem 14. The DR quadratic cost in the objective functi@h49)is equivalent to the
convex program

w1

Lmin 7 CWEXWIF) (P 6T W]+t w( Wl D (L)D) )
ol Al (L)A k=0

+ o( 3 tr[ o]+ otr[ ol of AT(L)A)Y): (450)

115



Proof. The result follows directly by applying Theorem 34 to the worst-case quadratic
Wasserstein risks in (4.49) and taking the Schur complement of the resulting constraints.
The optimal values oZ? andz” in the inequality constraints in (A.49) become tight at
optimality, hence we lift them back into the objective function, achieving the desired result.

]

Similar to the DR-CVaR constraints (4.46), the DR cost (4.50) is convex but nonlin-
ear in the decision variables,; o, andL. Using Schur complements, we can similarly

reformulate (4.50) as the following SDP.

Corollary 3. The convex prograr¥.50)is equivalent to the semi-de nite program

mn - Cexigvid+ w("? il WD+ o § Ul o)+t W]+t o] (4.51a)
wio 0 k=0
2 1 3
w W VEV 0
sit: w V%V wI D IM(L)D DILé 0; (4.51b)
0 LD R !
2 1 3
0 o ¢ 0
g o & o AIM(LA A'Lé 0; (4.51c)
0 LA R !

whereM (L), Q+ QBL+ L/'BlQandR, BIQB+R 0.

Proof. De ne the auxiliary variables,; o 0Oas 2 v%v( wl DI D)1? \,%v and
0 z é( o Al A)? é respectively. This reduces the inverse terms in (4.50) to
tr[ w]+tr[ o] by using the cyclic properties of the trace operator. Using the Schur com-
plement, the two auxiliary constraints above can be represented as the matrix inequalities
2 3 2 3

g " i 5 o 8 ° i

w4 Wl DI(L)D 02 o Al(LA

=N
O N

£ o (4.52)
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Lastly, given the de nition of ( L), we take the Schur complement of the bottom-right

blocks in (4.52), which yields the desired result. O

Lastly, in the next section, we reformulate the terminal constraints that require the ter-

minal distributional uncertainty of the state to lie within a desired target ambiguity set

4.4.4 TerminalConstraints

Using the distributional uncertainty of the state from (4.39), the propagated terminal am-

biguity set is upper-bounded &g Bk,f(f’,\, ), where

P— = P—kEn (1 + BL)AK + P "KE (I + BL)DK; (4.53a)

Py, =N En(A o+ Bv);Ex(1 + BL)T | + BL) EJ, : (4.53b)

N

To ensure the inclusioBy Bkk(ﬁf ), itis suf cient to enforce the constraints

xn(W) = ;7 ox (L) o N g (4.54)

Remark 10. The rsttwo constraints irf4.54)are equivalent to those from the baseline CS
theory (see Chapters 2). Indeed, the main goal of covariance control is to steer the covari-
ance (and mean) of the state distribution to some desired terminal covariance, where the
relaxation ¢ is often introduced to make the terminal constraints tractable. In this
context, however, the rsttwo constraints align the center distribution of the terminal state,
while the extra constraint if4.54) can be interpreted as a way to robustify against distri-
butionally uncertainty in the terminal state, providing an extra layer of safety guarantee

against unknown disturbance distributions.

To this end, the terminal mean constraint in (4.54) is simply a linear constraint in
given by
En(A o+ Bv) ¢ =0: (4.55)
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Second, the terminal covariance constraint in (4.54) can be written (as in Chapter 2) as the

following LMI 2 3
1
En(l + BL)D §
g . f N Pz (4.56)
ZD!I (I + BL)'E], |
Lastly, and using the same relaxations as in (4.48b)-(4.48c) of Corollary 2, the terminal

radius constraint can be rewritten as the following set of linear constraints

P+ P+ Py, (4.57a)
2 3
2 td 1 En(l + BL)Ag _ (4.57b)
Al(I + BL) E], t3 |
3
6 W En(l + BL)Dg 4570
DI (I + BL)'E, i

Note that the last two constraints in (4.57) are actually redundant because they are equiva-

lent to the constraints in (4.48b)-(4.48c) wkkh= N .

4.4.5 Final OptimizationProblem

In summary, combining all the ingredients of Sections 4.4.2-4.4.4, the DR-DS problem can

be solved as the following SDP.
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w1

min  W(ExxX(V);Fv) + w(M? ot W)+
k=0

subjectto ; o;Sqtot)

2 1 3 9
w w W 0

gwé o D >M(L)D D>L>§ 0;
0 LD R 1 =

3
1
06 0

A >M(L)A A>L>§ 0

LA R 1

ik + k(W) + kT + BL)ES kK

2
0

ol o tl o)+t wl+tr o

O, v 2 RNm; L2 RNm (N+1)n;

(Objective Constraints)

9
+sc 1+ 2k k0 8 2 [N 8k 2 [NI;
2 0 3
P— 0 ww
0; 8k2|[NTJ;
gp—otg+ P 1 : ™ .
2 3 (CVaR Constraints)
; 0] Bl +BLAZ o N
A>(l + BL)’E; 0]
2 3
; ] E(l +BLDZ o NI
D> (I + BL) E ] :
9
Ev(A o+ Bv)= ¢;
2 3
8 f EN (I +BL)D Wzg 0; _ (Terminal Constraints)
wzD! (1 + BL) EN! | %
P—to + Py P ’
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4.5 Numerical Examples

45.1 Moment-BasedR-DS

We demonstrate the proposed moment-based distributionally robust covariance steering
theory using the spacecraft proximity operations problem in orbit as described in Sec-
tion 2.10.1 albeit with certain parameter changes. We perform three set of simulations
here, namely: a) covariance steering with distributionally robust polytopic state risk con-
straints; b) covariance steering with distributionally robust iterative risk allocation for
polytopic state risk constraints; and c) covariance steering with distributionally robust
iterative risk allocation for convex conic state risk constraints using the reverse union
bound approximation. For the case of polytopic state risk constraints, we asgume
[100 12Q90,0;0;0] and , = 0:4 diag(%;1;1;0:1;0:1;0:1). We wish to steer the dis-
tribution from the above initial state to the nal meapn = 0 with nal covariance ; =
0:5 , while minimizing the cost function with penalty matric®s= diag(10; 10,10, 1; 1; 1)
andR = 10%l;. We impose the joint probability of failure over the whole horizon to be

= 0 :15 The disturbances are sampled from a multivariate Laplacian distribution with
zero mean and unit covariance. Similarly, the initial siates sampled form a multivariate
Laplacian distribution with meang and covariance o. For the cone constraints, we shift
the initialx meanto {" = 10.

The Monte Carlo results of DR covariance steering are shown in Figure 4.1, which show
thex y projection of the state trajectories abhdcovariance ellipses for three different risk
solution. Notice that the Gaussian solution Figure 4.1c remains too close to the boundary
of the state space, which implies that under non-Gaussian noises, a CS controller based on
Gaussian risk constraints leads to a signi cant miscalculation of risk, especially near the

terminal guidance phase of rendezvous. On the other hand, the DR solution in Figure 4.1b
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(a) DR chance constraint sofb) DR chance constraint sofc) Gaussian chance con-
lution with optimal risk allo- lution with uniform risk allo- straint solution with optimal
cation. cation. risk allocation.

Figure 4.1: Trajectories of 500 independent Monte Carlo samples for distributionally-
robust and Gaussian polytopic chance constraints3vittovariance ellipses. Each subplot
displays the projection of the full state onto the y plane.

steers to the middle of the space to ensure proper constraint satisfaction; but this too is
under suboptimal risk placement, from which Figure 4.1a arises as the optimal trajectories
corresponding to the optimal risk budget. Figure 4.2 shows the monotonically decreasing
costs with each iteration of the IRA scheme, which implies the optimal risk budget has

resulted in the lowest possible cost.

Figure 4.2: Optimal cost for each DR-IRA algorithm iteration for polytope and cone chance
constraints.

The simulation results of covariance steering with distributionally robust iterative risk

allocation for convex conic state risk constraints are shown in Figure 4.3, with the cost
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Figure 4.3: Optimal trajectories for 500 independent Monte Carlo trials under DR cone
chance constraints.

versus the iteration trade-off shown in Figure 4.2. The state trajectories an@® thais-
persions remain well within the cone at all time steps, and are robust to any zero mean, unit

covariance disturbances, as intended.
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45.2 WassersteibR-DS

Double Integrator Path Planning

As a rst example to showcase the proposed Wasserstein distributionally robust density
steering framework, consider a 2D double integrator with dynamics

2 3 2 3
a=§2 ", B=§7t2|2%; D=5 103, (4.59)
0, I, tl,

with (deterministic) initial statexo, = [ 1;2;0:1;0:1] and i.i.d. nominal disturbances
drawn fromP,, = N (0;1). The nominal target state distributionfys = N (0; (0:1=3)2I ),
and the desired target ambiguity set has radjus 0:05. Lastly, the planning horizon has
N = 20 time steps, t = 0:3, and we enforce DR CVaR constraints with respect to the
polytope de ned by 1gnyj=[ 1,0,0;0]; 2eny=[1;0;0;0], andbyg:ng = boeng =

0:2, which probabilistic enforces the constrain spacge  0:2 in the terminal stage
of planning, with probability % = 0:05 along each individual constraint. We compare
the performance of the Wasserstein DR-DS controller to that of the baseline CS solution
with chance constraints (as in Chapter 2). The convex programs were all solved using the
YALMIP optimization suite [114] with the MOSEK solver [97].

Firstly, we compare the optimal solutions subject to the nominal disturbances in Fig-
ure 4.4. Clearly, in the nominal case, when the disturbance is well-understood, both so-
lutions are able to successfully steer to the desired terminal distribution and satisfy the
constraints, since, by construction, this is what CS is designed to do. Additionally, the
empirical risk for the DR-CVaR constraints and (conservative) chance-constraints are both
zero for 1,000 Monte Carlo samples. Interestingly, however, note that the DR-DS solution
steers to a smaller terminal covariance compared to that of CS. For reference, the red co-
variance ellipse in the left plot in Figure 4.4 is ttniaximalnormal distribution in the target

ambiguity set with respect to the underlying structure of zero-mean Gaussian's, which is
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Figure 4.4: Optimal trajectories for (left) DR-DS solution witl 15, and (right) baseline
CS solution, subject to nominal disturbarigg

computed fromW,( ¢; # ¢) = ¢, or equivalently, by using the Wasserstein distance

between two normal distributions, as

=1+ p———: (4.60)

Thus, the DR-DS framework will steer the state distribution {Q fz ¢ for any distur-
banceP,, 2 B¥*(B,).

To illustrate this, Figure 4.5 shows the performance of the two methods when the noise
distribution is now given by,, = N (0; 21), where, as in (4.60),,, = 1 + ":p ] W]
is the maximal covariance in the ambiguity 8t (P,,). When the true noise affecting

the system is mis-characterized and not equivalent to the noise the system was designed to
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Figure 4.5: Optimal trajectories for (left) DR-DS solution witk 15, and (right) baseline
CS solution, subject tmaximaldisturbance®,, in disturbance ambiguity s& *(,,).

handle, the baseline CS controller is unable to steer to the terminal covariance nor satisfy
the chance constraints with the desired level of risk. The DR-DS solution, on the other
hand, is agnostic to the noise distribution by design (within limits, of course), and is able
to steer the state distribution to the terminal ambiguity set and still satis es the CVaR con-
straints. Indeed, the empirical risk of constraint violation is 0.1% and 5.5%, respectively,
for DR-DS and baseline CS.
Lastly, we would also like to see the effect mbn-Gaussian disturbances acting on

the system. Recall that since we assumed that the structural ambiguity set is the entire
probability space, this implies that the DR-DS solution should be able to account for any

disturbance distributiof® 2 P ,(RY) such thatw(P; P, ) ". To this end, we inject
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noise from a-distribution with 3 DOF, and the resulting optimal trajectories are shown in

Figure 4.6. Notably, the feedback gains in DR-DS are able to shape the covariance ellipses

Figure 4.6: Optimal trajectories for (left) DR-DS solution witlx 15, and (right) baseline
CS solution, subject tnon-Gaussian-distribution disturbance.

to satisfy the desired terminal ambiguity set constraints, while the baseline CS fails to take
into account this non-Gaussian structure. The DR-DS solution is also still able to satisfy
path constraints with a joint risk of 0.3%, while the heavy-tail nature of the disturbances
skews the transient dispersion of the states for the baseline CS solution, resulting in a joint
risk of 3.5%. Thus, by incorporating distributional robustness both into the constraints of
the system, as well as to the terminal ingredients, we are able to steer a much broader class
of systems, whose solutions are robust to uncertainties in our knowledge of the disturbance

structure.

126



Quadrotor Landing with Wind Turbulence

We now turn our attention to a more practical setting of landing a UAV in the presence of
harsh wind turbulence. To this end, we model the quadrotor as a 9-DOF system governed
by the nonlinear dynamics

r=v,

a= S(q)!; (4.61)

v=2( &g+ R@D );

wherer; v represent the position and velocity in an inertial fraope, [; ; ] represents

the attitude parameterized by ZYX Euler angl8¢¢) denotes the transformation matrix

for the body angular velocity to Euler angle rates, &1(d@) denotes the standard ZYX
rotation matrix. Additionally, the control inputs are the body frame angular tatasd

the net vertical acceleration Lastly, &; andf; denote the unit vectors along theaxis in

the inertial and body frame, respectively. The remaining parameter values can be found in
Table 4.2.

Table 4.1: Ratio of terminal position standard deviations between DR-DS and baseline CS
for different mean wind speeds.

Vo (mis) 1 5 10 15 20 50

X 2,967 2.369 2.935 3.899 5.123 14.095
(= ), Y 3.687 4296 5376 6.199 6.863 9.218
z 1.072 1.067 1.087 1.105 1.121 1.171

We rst compute a reference trajectory and control by solving an optimal control prob-
lem for the nonlinear system (4.61) with initial statg=[ 5;3;10,0, ¢]' using CasADi
[141]. We then linearize the system around this reference and subsequently discretize it
with T = 5 sec time horizon antl = 10 time steps. Speci ¢ details on the exact proce-
dure performed may be found in [47] or Appendix C.3 for reference. For the disturbance
model, we use the Dryden wind turbulence model [136], which is a zero-mean, stationary

Gaussian process de ned by its power spectral density (PSDYyaditionally, these mod-
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els have been used to study the wind effects on xed-wing aircraft. However, more recently,
these models have been simpli ed by making appropriate approximations in the context of
small-scale UAVs and quadrotors. For an in-depth overview of quadrotor wind modeling,
please see [142], and for more recent work using the Dryden model to study several aspects
of multi-rotor small UAVS, we refer the interested reader to [143, 144, 145)].

Speci cally, we assume six turbulence channels for the three linear and angular veloc-
ities, respectively. Since the state vector only contains the attitude, we assume the distur-
bances enter ag, = Wy t, and subsequently =[0; ;16]. To compute the covariance
matrix , 2 SY¢ of the turbulence for each chanrieR [d], note that by the Wiener-
Khintchine theorem [146], the covariance function is the inverse Fourier transform of the

power spectral density, that is,

Z
i( )= (e d: (4.62)

R

We choose a noise ambiguity set radius 1 as well as a desired terminal state radius

Table 4.2: Parameter values for drone landing problem.

3 System

X Yy z

rr(m 15 15 015 m(kg) 0.8
g (deg) 5 5 10 g(m/®) 9.81
vi (m/s) 0.5 0.5 0.05 Vy(m/s) 1

¢ = 0:1. For the terminal reference distribution, the state elements should I3aveadue
no greater than those in Table 4.2. For the nominal turbulence distribution, we assume a
mean wind speed d&fy. As in the rst example, both the baseline CS and DR-DS solutions
successfully steer the vehicle under the nominal calm turbulence model, thus we leave this
out for brevity.
We rst present the nominal optimal trajectories subject to the reference noise distri-

bution. Figure 4.7 shows the terminal splashpoints from the result of 1,000 Monte Carlo
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trials, as well as the covariances alongithg plane. We see that under a calm turbulence,

(a) Terminal splash-points of MC trajecto-
ries. (b) Terminal covariance of y position.

(c) Terminal covariances of z position.  (d) Terminal covariances ¢f z position.

Figure 4.7: Terminal position distribution and propagated Monte Carlo samples for DR-DS
(black) and baseline CS (blue) under nominal turbulence model.

all constraints are met quite conservatively. Similar to the rst example, we see that even
in the nominal case, the DR-DS solution achieves a smaller covariance compared to that
of the CS solution. Intuitively, this suggests that distributionally robustness against a set of
distributions implies more conservative nominal solutions.

Next, we inject a severe disturbance into the system dynamics, namely with a mean
wind speedvy = 20 m/s. The trajectories along with the terminal splashpoints are shown

in Figure 4.8. As expected, the DR-DS solution exhibits much more distributional control
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(a) DR-DS position trajectories. (b) CS position trajectories.

Figure 4.8: Monte Carlo trajectories and terminal splashpoints for (a) DR-DS and (b) CS
solutions with severe wind turbulence.

of the terminal state, even at large disturbances, though at the expense of wider dispersion
in the transient motion. One could potentially reduce these adverse effects through impos-
ing DR-CVaR constraints on the path of the quadrotor, however, we leave this investigation
to future work. Lastly, we would like to quantitatively determine the scale of robustness
for increasing levels of wind turbulence. Table 4.1 displays the ratios of the terminal posi-
tion standard deviations of the DR-DS solutiony with that of the CS solution,, . As
mentioned, even in the nominal case, we get a reduction in the covariances, however as the
turbulence increases, this reduction grows substantially, giving an almost 15x reduction in
standard deviation at extreme turbulence levels. The variance i+plsition, however,

does not reduce by all that much, and this is most likely due to the fact that the wind turbu-
lence in the lateral and longitudinal directions is more pronounced than that of the vertical

direction, especially at larger wind speeds.
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