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SUMMARY

Previous thecretical analyses have pointed out the role of the
different heat and mass transfer mechanisms in the freeze-drying proceés.
However, very few have made successful attempts to analytically describe
the process by inecluding all of the mechanisms. These include heat con-
duction in both the frozen and dried regions of the food, and hydrody-
namic and diffusionél vapor flow in the dried region. Therefore, the
objective of this investigation is to make a detailed analysis is which
all of mechanisms are included. The results will provide more accurate
methods for estimating drying times under a variety of boundary condi-
tions. In addition, relationships will be established between the many
variables affecting the drying rate so as to indicate the best ways. to
improve the rate of freeze-drying. A primary aim will be to present
closed form relations for the interface temperature and drying time
which have been lacking in all previous analyses.

In the theoretical analysis, the energy equations governing heat
conduction in the dried and frozen regicns are solved. A temperature
distribution is presented for the dried region, which contains a térm
showing the effect of mass transfer on the distributien. Vapor. flow
equations are pfesented for hydrodynamic and diffusional flow in the
free—mqlecule, transition, and continuum flow regimes. The energy and
vapor flow equations are coupled to give closed form equations for.the
interface temperature as a function of the drying regime, interface

position, transport property data, and externally controlled boundary

NESC ML AR S|




T

A

| LI

conditions. The equations are valid for simultanecus hydrodynamic and

- diffusional flow in the continuum and transition flow regimes, and are

valid for molecular diffusion in the free-molecule regime. Finaliy,
closed form equations are presented for the interface position as a
function of time for the cases where the interface temperature ié.either
constant or a linear function of the interface position, Théreforé,

the theoretical analysis includes all of the heat and mass transfer
mechanisms, and governs drying at all possible pressures,

The results of the theoretical anélysis indicate that the inter-
face temperature remains constant during drying if heat is transferred'
through the dried layer only. If heat is transferred thrbugﬁ both the
dried and frozen layers, the interface temperature will change as the
interface position changes. Numerical calculations are carried out for
freeze-drying beef, and it is found that drying time can be reduced by |
increasing the surface temperatures and reducing the water vapor partial
pressure in the vacuum chamber. It is also found that the optimum
pressure at which to dry beef is between 0.5 and 1.0 tory. An increase
or decrease in pressure from this range results in a slower drying rate.
In addition, for all beef samples 1-1/2 inches thick or less, drying is
faster when it takes place from both faceslthan when it takes placé from
only one face and heat is conducted through the back face. The analysié
also applies to the special case of afﬁospheric-freeze-drying, and
numerical calculations are carried out to show the feasibility of this
process to thin samplés.

The experimental investigation involved measuring the equilibrium

vapor pressure of chopped sirioin, lamb, veal, pork, chicken, and beef
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fat for a temperature range of -269C to -4°C. Measurements are pre-

sented for a leg of veal, leg of lamb, center cut lein of pork, fat

froﬁ sirloin steak, chopped sirloin steék, and the white and dark meat
of chicken. The results show that the equilibrium vapor pressure of
all of the meats tested is between 13 per cent and 20 per cent lower
than the vapor pressure of pure ice at the same temperature. The vapor
pressure measurements are used with the Clausius-Clapeyron equation to
obtain the latent heats of sublimatiﬁn for all of the meats. The lateﬁt
heat of sublimation of frozen meats is about 9 to 22 per cent higher

than the latent heat of sublimation of ice under similar conditions.
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CHAPTER I
INTRODUCTION

General

Sublimation dehydration is a process whereby food or bioclogical -
substances are preserved for future use by the methods of freezing and
drying. The basic process involves the following steps: The substance
to be dried is frozen and then placed in a vacuum chamber where the
pressure is lower than the triple poiﬁt of water. Héat is supplied tQ
the product whereupon the frozen water component in the product subli-
mates and the vapor passes out into the chamber. The vapor is then

collected or carried away. The process is depicted as a one-dimensiocnal

situation where the ice front recedes into thé product as heat is con- .

tinually supplied. The vapor flow is out through the resulting dried
layer and occurs under the influence of a total preséure gradient and
a partial pressure gradient of the water vapor.

Commercial and laboratory freeze-driers can use varied equipment

to accomplish the drying. The most common ways of supplying the vacuum

~are by use of a mechanical vacuum pump or by use of steam ejectors. .

However, the steam ejector is much more costly and alsec it is difficult
to obtain a pressure lower than approximately 0.65 mm Hg. The heat

energy necessary for sublimation can be supplied by conduction where a

heated platen is in direct contact with the product, by radiation where

the heated platen is not in direct contact with the product, or by some




elaborate means such as dielectric heating where the material is placed
in a high-frequency electric field. The latter method is extremely
expensive ;nd in addition, there have been problems with ionization of
the residual gas in the chamber. The water vapor is usually remdved by
a refrigevated condenser cr a chemical absorption unit. Extended
surfaces of activated alumina or silica in the chamber could also be
used and would serve the same purpose as the chemical desiccants.

The freeze-drying process originated in the early 1940's because
there was a need to preserve certain biological substances. The main
application today is for food preservation. Some of the foods that are
freeze-dried in big vcolumes are: chicken, beef, mushrooms, shrimp,
crab, strawberries, blueberries, peaches, soluble coffee, chives,
cottage cheese, tea, ham, tuna, sausage, asparagus, snap beans, celery,
bell peppers, and eggs.

After drying the food, it has to be packaged so that it will not
rehydrate until ready for use. In addition, many foods need protection
from light and oxygen to keep oxidation at a minimum. Commen containers
are tin cans and aluminum foil-polyethylene laminated bags. Some foods'
are also packaged with nitrogen to prevent oxidation. Most dried

products can be rehydrated in two to ten minutes by the addition of.

water or other liquids.

=

There are many advantages of freeze-drying over other types of
food preservation; Chemical ‘and flavor losses are avoided, and nutrients
remain dispersed in their original position within the food. This is in

contrast to evaporation drying and other types of atmospheric drying

where the nutrients migrate to the surface with the water and remain
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there after the water evaporates. Bacteria, molds, and yeasts have

little chance of multiplying, and the foods have a shelf life of up to

two years. In evapcoration drying, the food cells collapse when the
water migrates to the surface. Consequently, there is shrinkage and
the food is hard to rehydrate. In freeze-drying the cells do not
collapse and rehydration occurs quickly. The resulting food product is

light in weight (beef is approximately 75 per cent water) and needs no

refrigeration.
Literature
General

A majority of literature concerning freeze-drying deals with a
general discussion of the process and/or the biological aspects. One
of the first books written was by Flosdorf (l).* A great deal of his
material deals with applications, not only to the food industry but alsa
to the medical field. A survey of the biclogical aspects is contained
in a book edited by Harris (2). In addition, books by Van Arsdel (3),
Desrogier (4), and Charm (5) all devote a portion of their works to

freeze-drying.

Two of the most comprehensive studies concerning the field are
given by Harper and Tappel (6) and Burke and Decareau (7). Their work
is aimed primarily at the food industry and they discuss, among other
things, the methods and equipment used for laboratory and commercial

’ application. They also review the important analytical work that has

%
Numbers in parentheses refer to references given in the
Bibliography.
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been done, report the important property data that has been measured,
discuss applications to specific types of food, and list additional
research needs. BHardin (8) and Dyer (9), besides presenting important
analytical and experimental work of their own, also give excellent
detailed discussions and criticisms of the previocus literature con-
cerning experimental and analytical work in freeze-drying. |

Heat and Mass Transfer Analyses

Harper and Tappel (6) present an analytical investigation in
which they consider hydrodynamic and diffusional flow of the vapor in
the dried region. They do not combine the two modes of vapor transport,
and their results are for the case of heat transfer only through the
dried region. The main conclusion of their work is that drying time is
proportional to the square of the thickness of the food sample,

Bannister (10) and Xoumoutsos and Sunderland (11) present similar
analyses on the basis of hydrodynamic and diffusional flow through a
bundle of capillaries. Their diffusion equation is only applicable to
the case of constant total pressure which does not correspond to the
usual situation. They solve the heat transfer and mass transfer equa-
tions simultaneously with several simplifying assumptions (such as no
heat transfer through the frozen region) for the various flow regimes,
but indicate that additiomal work is needed to clarify when the various
effects must be accounted for. Also, they make no provision for speci-
fying the interface temperature and pressure that appear in the equa-
tions. Their chief results coincide with those of Harper and Tappel.

Hardin (8) presents an analysis for the general mathematical

model considered in this thesis in which heat transfer is assumed to




take place through the dried and frozen regions and thus, the interface %

temperature is allowed to vary throughoﬁt the process. However, he éon—
siders only hydrodynamic flow in the transition regime:. He does presenf
important experimental data.for temperature and pressure distributions
and drying rates for beef over a range of chamber pressures and concen-
trations.

Dyer and Sunderland (12) present a mathematical solution to the
transient heat conduction equation governing the freeze-drying model
used in this thesis. They also present a drying rate equation as a
presult of their analysis. A major simplifying assumption wﬁich limits
the generality of the solution is that no Heat transfer takes place
through the frozeh'region, and thus as will be shown in Chapter'2, thé
interface temperature remains constaﬁt as the drying'proceeds.

Dyer and Sunderland (13) derive and.solve the differential equa-
tion of metion for the vapor species in an air-sublimating wvapor diffu;
sion process. The analysis is for flow in the transition regime and is.
valid for the case where a total pressure gradient. is superimposed on
the diffusion process. Their results are in the form of effective
diffusion coefficients and are bompared with experimental meésurements._
A major drawback is the fact that the solution to the differential equa-
tion is a series éolution.

Dyer and Sunderland (13) present an analytical solution for
freeze-drying in.the transition regime by coupling the energy, diffusion,
and hydrodynamic equations. They consider the general case where heat is
transferred through both the dried and frozen regions and the interface

temperature varies throughout the process. Aside from only considering
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drying in the transition regime, they assume that the temperature

distribution in the dried region is linear. This seems to be quite

valid for drying of beef, but might limit the application of the_sblu-'
tion to other processes. In addition, the calculation procedure

involves trial and error solutions that must be carried out on a

1 ' computer.

Lambert (15) presents an extensive and detailed study of heat
and mass transfer effects in freeze-drying. He considers the mass
transfer rate as a particular driving force/resistance system and bre-
sents his results in terms ¢of an-overall coefficient which he calls
"cake permeability." This analysis does not ghow clearly how tﬁé dif-

ferent heat and mass transfer mechanisms are related.

Kan and de Winter (1¢) present an anaiysis of the freeze-drying .
process where drying occurs from both sides of the sample. They assume

the interface temperature to be constant (which will be shown to be

correct for the -model they chose), the temﬁerature profile in the dried
layer to be linear, and the total pressure in the dried layer to be con--
stant. fhey therefore assume that fhe vapor flux is entirely by diffu—.
sion., This seems to be valid when a purged atmosphere of non-condensable
gas surrounds the sample, which was the case in their expefimental work,,

but is certainly not valid for the standard freeze-drying process.

Transport Properties

Important experimental measurements are presented by Hill, et al.
(17), for the thermal conductivity of frozen beef, pork, lambsand veal.
They also present a summary of previously available thermal conductivity

data for varicus meats. Thermal conductivity of dried meats is presented




by Harper and El Sahrigi (18), Lusk, et al. (19), and Massey and Sunder-.
land (20). Dyer, et al. {21), present experimeﬁtal data for thé
equilibrium vapor préssure of beef. Also, Sevcik and Sunderlandl(QQ)
give the results of measurements of the thermal emissivity.of beef fat,
and fresh and freeze-dried beef.

Harper (23); Harper, et al. (24), and Harper and Chicheéteb (25)
all present transport properties for the freeze—drying.procéss. These
include thermal conductivity of the dried product, permeability, diffu-
sivity, and porosity. The results were uéed by Harpef (23) to present
tortucsity factors and mean capillary diameters for beef, apple, and
peach samples. Dyer and Sunderland (13) present data for the diffusion
coefficient in dried beef, and Dyer (9) presents experimental meaéﬁré-”"
ments of the permeability of dried beef to water'vapor.

Other Related References

Several other publications that are not concerned direcfly_wifh i

heat and mass transfer analyses or transport properties are also

important to a thorough investigation into the problem. Hatcher (26)

used a gamma radiation beam to study the interface movement while freeze-

drying beef. Massey {27) also presents drying times for beef that were
determined in conjunction with his thermal conductivity measurements .

Kennard (28}, Loeb (29), and Present (30) all present discussions of

-transition and free-molecule flow, and Carman (31) discusses the épplica—

tion of their equations to flow in porous media. 'Schneider (32) analyzes
conduction and convection heat transfer in porous media, and Bird; et al,
(33), present .a general discussion of diffusive mass transfer. Scott

and Dullien (34) and (35) conduct an analysis of diffusive and bulk flow




in the transition regime with special emphasis on flow in porous media.
Dyer (36) presents an analysis for bulk and diffusional transport in the

continuum regime of a binary gas mixture flowing through a tube.

Purpcse and Scope

One of the primary aims in a study of.the freeze-drying process
is to determine the rates and times for.drying. In order to carry out
a significant analysis, all of the mechanisms involved muét be cén-
sidered; in addition, a vast amount of experimental data are needed.
Values of permeability, diffusivity, thermal conductivity of the frqzen

and dried material, equilibrium vapor pressure of the frozen material,

latent heat of sublimation, and porosity are just sowe of the quantities

that must be known for any one product under study. It would be short
of -impossible in a single project to experimentally determine all these
quantities for a given material and then to donduct an analysis on the
drying of this materizl. The purpose of thié thesis will be to make
additional experimental measurements of property data, significant to-

the drying of several different meats. In addition, an .analytical study

of the general drying process will be conducted. Numerical calculations

will be carried out on the drying of beef, about which a great deal is -
known.,

One-of the boundary conditions used when coupling the mass trans-

fer and heat transfer equations is that the temperature of the interface

is assumed to equal the equilibrium temperature of the frozen substance
at the pressure that exists at that position. The scope of the experi-

mental work will include the measurement of this vapor pressure-

R ap—— . e s

ey j
e
i

— T
i L

e




temperature relationship for meats that are commonly freeze-dried.
These include veal, lamb, pork, beef fat, lean beef, and the white and
dark meat of chicken, By taking several measurements on each meat or

fat, an equilibrium vapor pressure-temperature curve will be established.

These results will be plotted on semi-logarithmic paper and by using the
Clausius-Clapeyron equation, the latent heats of sublimation will be
determined.

The scope of the analytical work will include'a comprehensive

analysis coupling the heat transfer through the dried and frozen regions

with the mass transfer of vapor through the dried region. Bulk and dif-
fusional flow will be studied in the ceontinuum, transition, and free-
melecule flow regimes. The validity of the analysis will be checked by
comparing the results with experimental data previously presented Ffor

drying of beef,
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CHAPTER II
THEORETICAL ANALYSES

General

Freeze-drying is assumed to take place as shown in Figure 1.
As drying proceeds, a dried layer forms and is distinctly separated
from the frozen layer of the product. The interface thickness between
the dried and frozen layers has been measured during drying of beef by
Hatcher (26) and found to be less than 5 mm thick. Hatcher also found
that after the phase front passed a specific point in the meat, there
was no more than a 3 per cent variation in the meoisture content there
for the remainder of the process. In addition, there was less than a
3 per cent change in the moisture content of the frozen section until
the passage of the phase front. Now some foods like meats have.a con-
struction similar to wood in that they have a grain growth in a certain
direction. This grain or fiber divection is usually oriented parallel
to tﬁe heat and vapor transport, as this allows the fastest drying time.
The reason for this is that the thermal conductivity of the product is
a maximum parallel to the grain, and alsc this path offers the least
resistance to vapor flow. The pore structure of the dried region is
therefore such that there is a complex path in one general direction
which can be idealized as a tortucus bundle of capillary tubes of non-
uniform cross section. The heat required for sublimation may be trans-

ferred by conduction through the porous dried layer, or it may be
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Figure 1, Model of Freese-Drying Process,
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conducted through the frozen layer, or it may he conducted.through both.
The sublimated vapor flows through the dried layef under the influence
of both a total pressure gradient and a partial pressure gradient., If
the total chamber pressure is low compared to the equilibrium vapor pres-

sure of the frozen product, the primary driving force for the vapor flow

will be a total pressure gradient. However, if the chamber pressure is .

approximately equal to the interface pressure, the primary driving force
will be a partial pressure gradient or concentration gradient of the
water vapor. The model described above can easily be adaﬁtéd to the
special case where there is equal drying from both sides by simply let-
ting x = L be the center line of the product and setting the heat trans-
fer through the frozem layer equal to zero.

The theoretical analyses involve solving the ehérgy equation for
both the dried and frozen regions, solving the continuity and momentum
equations for the vapor flux in the continuum, transition, and the free-
mclecule flow regimes, and combining the equations to determine how the
interface temperature varies throughout the drying process. With the
interface temﬁeraturg established, equations will be derived for both
the drying rate and the dryihg time as a function of the sample thiékness
and drying regime.

All transport properties which are pressure and/or temperature
dependent will be evaluated at the vacuum chamber pressure and mean
temperature, respectively.. Tﬁus, fbr a given vacuum chamber pressure
and fixed boundary temperatures, all transport properties will be treated
as constants. In addition, at any point in the dried layer, the vapor

temperature and the dried food product temperature are assumed equal.
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This has been confirmed experimentally (32)}.

All of the energy, continuity, and momentum equations used will
be oné—dimensional and "quasi-steady.™ This implies that both the heat
and mass fluxes are zero except in the x-direction, and that the time
rates of change of properties are assumed negligible in comparison to
the space rate of change. This.assumption appears to be valid since it
takes approximatély 30 hours to dry a slab of beef 1-1/2 inches thick.
In addition, Dyer (9) solved the "exact” and "quasi-steady" energy equa-
tions assuming that the interface temperature remained constant. He
used the results to get drying times and found that the two separate

methods differed by only 2 per cent.

The type of flow in the capillary channels depends upon the degree

to which the vapor is rarefied. The flow is free-molecule for highly
rarefied gases. In this tyvpe of flow, viscosity does not play a role,
and the regime is characterized by the fact that collisions of the air -
and water vapor molecules with the wall are large in number in compari-
son to intermolecular collisions. For more dense gases the flow is
Poiseuille flow for laminar conditions, with the well-known parabolic
velocity distribution and zero wall velocity. Iﬁ this regime, wall
collisions are insignificant with respect to intermolecular collisions.
For gases which are only moderafely rarefied, the flow is.known as
transition flow, in which there is a finite velocity at the wall due
to the "slip flow" of molecules along the wall. In this type of flow
vigcosity also plays a role, and both types of collisions ére gsignifi-
cant.

The particular type of flow depends upon the ratio of the mean-

0
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free path of the vapor molecules to the capillary diameter which is

known as the Knudsen number.
Kn = A/2r_ | (1)

The type of flow for different ranges of the Knudsen number is given

by the following

2 < Kn Free-molecule flow
.01 < ¥n < 2 Transition flow
Kn < .01 Continuum flow

Energy Equations

The equation governing the heat transfer in the dried region is

derived in Appendix A and is given by

2
2 k dt dx
dx I

The first term repfésents fhe‘heat transfer by pure conduction and fhe
second term represents the contribution of the mass transfer to the
temperature diétribution. If_the second term were small in comparison
to the first (i.e., the mass transfer rate was émall), the governing
equation would simply be the same as that for one-dimensioha; COnducfidn
in a slab, the soluticn being a linear temperature profile. Therefore,

the mass transfer accounts for the nonlinearity of the temperature pro-
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file in the dried regicn.

The boundary conditions applied to Equation (2) are

(3)

u
[

T_ =T, at x

T =T at x = X (4)

" The solution to Equation (2) is given by Schneider (82) and takes the

"~ form

R I K !

= “EX - A8)

X 0 l-e '
where
p, o C . _ '
g = —. P & _ (6)
kI - dt )

Tt will be seen later in the theoretical analyses that TX actually

varies during the drying process if heat is conducted through both the

dried and frozen layers. Sinée the interface movement is extremely
slow, it will be assumed that Equation (5) Stiil adequately represents
the temperature distribution in the dried3region at any instant.

The equation gqverning the'heaf transfer in the frozen region

is
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., o (7)

The boundary conditions for Equation (7) are

Typ © Tx at x = X o (8)

(9)

"
P

TII = TL at x

The solution to Equation (7) is

II L _=x-1L (10)

Now it will become evident when relations are being developed
for the interface temperature and thé drying time, that the above
temperature distribution in the dried region cannot be used if closed
form equations are desired. The reason is that the interface position
and its derivative both appear in the argument of the exponential term.
Some approximation to the above profile must then be used, Dyer and
Sunderland (14} expanded the exponential terms into series and neglected
all terms of higher order than one. This amounts to the same thing as
assuming a linear profile in the dried region. The apprecach used in
this thesis will be siﬁilar to that used by Goodman (37) and (38) where

he studies heat transfer problems using an integral technique.




17

i T T B

A second order temperature profile is assumed in the dried region

and the boundary conditions used to solve for the three constants are -

given by Equations (3) and (4) and also a heat balance at the interface.

_d_X_ = k _--.dTII
dt IT 4ax

8H p, © - (li).
X=X

The two terms on the right side of the équation represgent the energy
conducted to the interface through bofh regions, and the left side of
the equation represents the energy used for the sublimation of the
frozen liquid. The result of applying Equations (3), (u), (10), and

(11) to an equation of the form

T. = a' + b'x + c'x2 {12)

ke -0 6 |
e = T g - =l |&-F %] (13)
T, - T, X x| X7 "2 .

where

pHp, o & _ EX_TIzl
1 93t " kiU

(o =™

£14)
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Continuity Equations

For either the sublimated vapor or air, from the conservation
of mass for steady, one-dimensional flow, it follows that the flow rate
is constant. Since for the air species the flow rate is zero at the

interface, it is zero throughout the entire dried layer.

Momentum Equations

Free-Molecule Flow Regime

The momentum equation for a gasecus mixture in the free-molecule -
flow regime, in a capillary tube of uniform cross-section and length is
given by Present (30)

Q AP

N = 3 VW (l5)

Equation (15) was derived for isothermal flow. Therefore, in order to
use this equation, it will be assumed that the temperature gradient in
the dried region has no effect on thé flow vate, and the vapor ﬁroper-
ties can be evaluated at an average temperature. Dyer (2) showed both
experimentally and analytieally that this thermal transpiration effect

is negligible in the transition regime. It is shown in Appendix B that
the effect is also negligible in the free-molécule and continuum regimes,
According to Present, if a free-molecule flow of a binary gas mixture
takes place, the component gases will diffuse along the tube independ-
ently of each other and Equation (15) can be applied to each gas

separately, if AP is interpreted as the partial pressure drop.

o i i




Several corrections must be made to Equation (15) in order to
make it applicable to flow in porous media. The flow rate as given in
Equation (15) ié per unit area of the capillary tube. In order to con-
vert the flow to per unit surface area of the food sample, the equainn
must be multiplied by the porosity, which is defined as the ratio of the.
pore volume to the total food volume. The vapor actually travels a
longer, tortuous path through the food sample, so the equation ié cor-
rected by multiplying the dried region thickness by a tortucsity factor
7. In addition, a first order correction for the nonroundness and other
irregularities of the capillaries can be made by multiplying the equation
by a constant T, The temperature of the vapor in Equation (15) will be
taken as the average temperatﬁre between the interface and the surface.
Therefore, the momentum equation répresenting the flow rate of water

vapor in the free-molecule flow regime is given by

- y L T v, o EPwo - wa] a
w STXR[TO-rTX] J 8)

Continuum Flow Regime

The momentum equation for the gaseous mixture is derived from

Darcy's law (31) for flow through a porous material

N=—H€D—a'§' (17)

The law states that the flow rate is proportional to the density and

pressure gradient and inversely proportional to the viscosity.
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The proportionality constant e, is called permeability and is usually

D
experimentally determined for the material under study. If the equation
is integrated, again assuming isothermal flow, and the symbols are

changed to represent the parameters of the dried region of the freeze-.

drying model, the equation takes the form

N = (18)

In the analytical model, the pressure quantities that are
assumed known are the total chamber pressure, PO’ partial pressure of
the water vapor in the chamber, ﬁwo’ and the partial pressure of the

water vapor at the interface, P The latter quantity is assumed to be

WX’
the equilibrium vapor pressure of the frozen solid at the temperature
that exists at the interface, This relationship will be determined for

several frozen meats in the experimental phase of this theszis. Note

that in Equation (18), the total pressure at the interface appears and

is therefore an unknown quantity. It must be eliminated by use of an
additional momentum equation for this regime.
Johnson (39) suggests that the steady diffusion equation for

continuous transport can be interpreted as an equation of motion of

one of the constituent gases. Dyer and Sunderland (13) adapted the

suggestion to give the following differential equation of motion for

the sublimated vapor
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P 5 - dP = n, n, [uw - ua] dx (19)

The first term in Equatior (19) is the total external force per unit
area on the vapor component due to the total pressure gradient, thé
second term is the force per unit area on the vapor component due to a
partial pressure gradient, and the third term is the momentum transfer
to the vapor component due to collisions with the air. Equation (19)
is valid for the case of combined bulk and diffusicnal flow in the coh-
tinuum regime, under the condition of a non-uniform total pressure

gradient. The main assumption implied in the derivation of the above

“equation is that since a small total pressure gradient exists, the

Maxwell-Boltzmann distribution function evaluated at the averége pressure
is very nearly the same as for the uniform pressure case. Therefore, the
third term in Equation (19), which was originally for the uniform pres-
sure case, still adequately describes the momentum exchange between the
two constituents,

Now, by using the definition of coﬁcentration, the left side of

Equation (19) has the form
Pw
B 3 -df =-Pa |g| = -Pdy, (20)

By combining Equations (19) and (20)

W
W
!
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N
% |ln -n =
Nw a W =
P : Ny ' '
-— dyw = dx (21)
RT nbD -
aw
From Dalton's law of partial pressures,
y, t ¥, =10 _ (22)
by defining a,
ﬁa _
a=1+— (23)
N - :
W

by making use of the definition of Y and Vg and by combining Equations

(21), (22), and (23), the result is

P ﬁw ' '
- —dy = —[1 - ay ] dx {2u)

= W D W

RT aw

For the small pressure gradients considered, it is assumed that P can be

expanded in a Taylor series neglecting the second-order terms to give
P=P t I X .(25)

Also, %E-is approximated by %?-so that

. P ita gt mm—e— -
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- AP ' i
P = P0 + 7 ¥ (26)

From kinetic theory and agdin assuming isothermal flow
P'Daw
- = Cl . : 27)
RT

dyw Nw a ‘ﬁw
- ¥, = -7 (28)
dx Cl w Cl

.By solving the differential equation and applying the boundary condi-

tions,

Yo Yo at x =.0 (29)
' and
yw = YWX at » = X (30)
it can be shown that
1
_ FD ==~y —|
o= ——3% g, |2 ¥ (31)
¥ Rrax Loy
a w0

e I e Ce e - e
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Now by applying the conservation of mass of the air species, ﬁa.= 0
a=1 (32)
the result is
PD l -y
a wX
N = in (33)
w RTX 1l - Y0 |

Equation (33) correctly represents the flow if the diffusion coefficient

is the effective diffusion coefficient for flow in a porous medium. In

applying the theory, a value'for'[Daw]e of 1/3 the value for free dif-

fusion in air at atmospheric pressure, as suggested by Harper and.

Chichester (25), will be used.

Now Equations (18) and (33) can be combined to eliminate the total

pressure at the interface.

5 -
1 - wX
o [D_ 1] P, - LluwXN /pe g |
_ aw-e 0 W D Ze
N, =—=— 1In — (34)
1 - M9
: P
L ]

Transition Flow Regime

The momentum equation for the gaseous mixture is derived in

Appendix C and was previously derived by Dyer (9)}.
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R S0

p e [P, -P,lg
N = 0 X ¢ © (35)
u X

Note, the equation takes the same form as that of the continuum regime
with the exception that ¢ is now the permeability of the porous seolid
filled with gases at a pressure in the transition regime. Ffom molecular
theory it can be shown that the flow rate in the transition regime will
not be directly proportional to the pressure difference as seems to be
indicated by Equation {35). However, this is consistent with the present
analysis since the permeability itself contains pressure difference
terms.

Ag in the continuum regime, the total pressure must be eliminated
from Equation (35) by the use of an additional momentum equation. Dyer
and Sunderland (13) further extended the use of the steady diffusion
equation by presenting the following differential equation of motion for

the sublimated vapor in the transition regime

W = _ KT
—dP - dP = 5 g D [uw - ua] dx

aw

- dx
+Sm u_n

W oW W vw 2 rc (36)

The first three terms are the same as before and the fourth term has
been added to accecunt for the momentum exchange occurring when vapor

molecules collide with the wall.
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Now, intreducing the definition of Knudsen's diffusion coeffi-
cient,
D, =<y 7 (37)
kw = 3 Te Vw
and combining Equations (20), (36}, and (37), the result is
N
a
Ty T 0y o
P dy #
NI SO B ¥ (s8)
RT " " Paw ™ Dy

Using Dalton's law of partial pressures along with the definitions of

2 Y. and Ya

N odx = (39)

The Taylor series approximation of the pressure (Equation (26)) and
Equation:(27) are introduced to give the following differential equation

for the water vapor concentration

Tu Dl iy L (40)
& C, “w € 87 Dy, P, + %;-x
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A solution to this differential equation is presented by Dyer and

Sunderland (13). However, the solution is a series solution and cannot
be used in combination with the other equations to give closed form
relations for the interface temperature and the drying time. The
approach to solve Equation {(80) in this thesis will be to use an
integral technique. A linear concentration profile 6f the water vapor

is assumed

Vo " Yo ¥ — % % (41)

and Equation (40) is integrated term by term to obtain an algebraic

equation for the flux of water vapor.

75¥'dx - = 2 ax (42)
0 Q 1
X N C.RT
= - | LA QN I X dx
o &1 37D o+ AE
ot *
The result is
' N a V.. - ¥ 2
_ W wxX wl. X
wa-ywtj T E’wox" X ?J - 3)
. TE:X ) N 8.8 RT EL:ln PO + AP
Cl 3w Dkw AP P0
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After rearranging

§ o= (uu)

For the particular model under consideration, it has already
been pointed out that a = 1. In addition, completely diffuse momentum
transfer will be assumed giving S = 1. Although S has not Eeen measured
for the pregent case, data presented by Carman (31) for similar cases
indicate that this assumption is relatively accurate. If the definition

of Cl is also inserted into Equation (44), it takes the form

Vow = ¥

Nw - %_ wX w0 (u5)

LofTwo "V Gl 8 Tm [[, A2

D 2 31D AP P
aw kw 0
If the following approximation is made,

P P 2 3
m AP m |AP 1 AP 1 JAP
—In {l+ 5 *=|5—-F |5 +3 |5 - +» (ug)
AP PO AP PO 2|E’0:| SEC;I

and all of the terms of higher order are neglected due to the small

pressure drop considered,
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P P '
m AP m AP
—In [1+5 =52z 1 (47)
AP I: ch AP PO
Equation (45) takes the following form

Yoo = ¥
N = —}% WX wo (‘4-8)

Just as was the case in the continuum regime, Equation (48) can be cor-
rectly applied if Daw and Dkw are effective coefficients. Again, a
value for [Daw]e of 1/3 the value for free diffusion in air at atmos-
pheric pressure will be used. The effective value of the Knudsen dif-
fusion coefficient will be obtained by a formula suggested by Scﬁtt and

Dullien (35)

[p_ 1 D
awe . “aw (49)
[Dkw]e Dkw

It is convenient to define an effective diffusion coefficient for

the transition regime by means of the following equation

Nw = 3 1n 1= (50)

By combining Equations (50) and (48), the value of the effective

. . . M TRt Cmmi i amaiewn — -




30

average diffusion coefficient is given by

Yux =Y 1
[D] = wX wO- _ (51)
t7e 7 - +
n wa—| 1 Two T Ywx L __8
_ L= waJ I:Da_w]e 2 37 [Dkw]e

Pollard and Present (40) give the following simple equation for calcu-
lating the transition regime diffusion coefficient. They state that it
gives almost the same values as their morve complex expression, both
being derived for the special case of counter diffusing gases having
equal molecular weights.
1

1 N 1

o J [D, ]

aw-e kw-e

(0.3, = (52)

The similarity between Equations (51) and (52) can be immediately seen.
Harper and Chichester (25) state that experimental thefmal con-
ductivity data for gases in the transition regime can be used to predict
the product of pressure and diffusion coefficient, P D They point out
that for the continuum flow regime, simple kinetic theory éhows that both
the thermal conductivity and P Daw are independent of pressure. Further-
more, in the transition regime, due to the analogy hetween heat and mass
transfer, both quantities should decrease in a similar manner with
decreasing pressure. In reference (13}, it is pointed out that the two
mechanisms of transfer are not exactly analogous in the continuum vregime,

and therefore would probably not be in the transition regime either, .
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Their reasoning seems to be correct in view of the numerical results

obtained by the two separate methods. Table 1 contains Dyer and Sunder-

e

land's experimentally determined effective average diffusion coefficients

Ve

for freege-dried beef. In additixu values are also presented that were
calculated by Dyer and Sunderland's series solution, Equation (51) of

this thesis, and the theory of Harper and Chichester. As -can be seen,

R R e

the exact and integral solutions give favorable results and theose of

Harper and Chichester are somewhat off.

Now Equations (35) and (48) can be combined to eliminate the

total pressure at the interface.

P

i

wX w0

_p Fo-uX Nw/p € &, Fo
N == (53)
W X f) §
S w0 + wX
1 1% Po'“XNw/"egc_l_ 8
[Daw]e 2 3w Dkw]e

Interface Temperature

An energy balance at the interface is used to couple the energy

and momentum equations to get the interface temperature relations.

dTiI dTI
k. —= - ik, == -C_ N [ET. - T, = [-N_ AH] (54)
IT dx %=X I dx %=0 p w O X W

The first term in brackets is the energy input to the interface from the

B - : , . .. - i e T Tt T -
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Table 1. Effective Average Diffusion Coefficients for Freeze-Dried Beef

[Dt]e Obtained [Dt]e Obtained

Average EDt]e by Theory-- by Theory—- [p, ], Calculated
Pressure Obtained Integral Exact by Theory of
(P0 + Px)/2 Yix Y0 Experimentally Solution Solution Reference (25)
(torr) (£t%/s) (£t%/s) (£t%/s) (£t%/s)
1.44 0.805 0.585 0.015 0.0152 0.017 0.031
1.58 Q.77 0.5865 c.019 0.0156 c.018 0.028
1.64 0.856 0.57 0.012 0.0133 0.015 0.028
2.25 0.813 0.52 0.010 0.0128 0.01¢ 0,021
2.28 0.683 0.55 0.017 0.01u45 0,015 0.020
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frozen region, the second term the energy.input to the interface from
the dried region, and the last term is the energy réquired to sublimate
the mass at‘the interface. If the temperature gradiénfs are obtained
from Equations (10) and (13), and Equation (54) is slightly rearranged,

the result is

_kII[TX - Tl ' klTp - Tyd
X - L X } :
EE. = =N | (55)
AH + 3 [T0 - TX]

After substitution of the appropriate flow equation (Equation

(16) for the free-molecule regime, Equation (34) for the continuum . .. -

regime, and Equation (53) for the transition regime) into Equation (55),
it was found that the interface'relationShip had the same form for all

three regimes.

. c :
ko [Ty - Tol + [8H + E?—[To - Txi] Q

X o)
X.f - = (56)
kilTy = i1
where expressions for Q are given below for thé.three flow regimes.
For the free-molecule flow regime,
o . .2 T-qg 2 o |
Q= [PWX - PWO] 3 rc + Vw.R T0 + TX .(57)'_
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2 1/2
R3 - [4 02 R, + R3 ]
Q = -
2 C.Q

where

R = Fo & % Fuo ¥ Fwo
3 &L

+ — + -~
Daw? 3 1T[Dkw]e PO'E g 2[Dawje

aw e

For the continuum flow regime,

Q
' 24
where

A=2P0].| _PWOIJ

P ED gc P p e
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In order to obtain the closed form relationship (Equation 56) for the
interface temperaturé,lcentain approximations had to be made to.the
flow equations in the transitiop and continuum regimes. The approxima%
tions in the transition regime have already been_given_in-fhe forﬁ of
Equations (46) and (#7). The apprqximations in the continudm regiﬁe
along with an estimation cf the error for bofh regimés-is.giﬁén in:'
Appendix D,

Special Case of No Back Face Heating

For the special case where the back face is perfectly insulated

or there is equal drying from both sides, Equafion (55)_takes.the form

7]

k. [T, -
I-°0 X . _ - :
SR = -N_ X - (88)
8H + 5= [T, - T,]

If Equation (18) is inserted into Equation (68) the result for the free-

molecule flow regime is

ke[Ty - Ty
BT, -
8H + 2= [T, - T,]

] 4y Tv off  -F ] o
o M WX WO (87
3 R[TO_+ TX] :

Note that the interface position X does not appear and T, is therefore’

X
a constant throughout the process. Equation (67) could be solved-._

direetly for T, except that it appears in the argumenf of an exponen;

™

tial term which is the form of the equation for ﬁw The interface

X.
temperature can be scolved for by graphically plotting the left and
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right side of Equation (67) and noting the value of TX at the intér-
section point.

In the_continuum flow regime, the interface tgmperafure-again
is seen to be constant from the relatiﬁn résultihg from the coﬁbination

of Equations (66) and (34).

1 w0
k. [T. - T.] TP
1-0 X _ 0
Eﬁi = p[Daw]e 1n . (68)
BH + o .[TO - TX] 1 - X
3
L X__
" where
P, =P, 4 -—E K1to - Ty | (69)
X 0o p €y 8 Cp _ : _
AH + - [TO - Tyd :

The interface temperature can be solved for as before, graphically.
As with the other twe regimes, the interface temperature in the

trangition flow regime is constant and is solved for from

PwO _ WX
k.[T. - T,] P P. _
I X
z 2 =p < X — (70)
. P _ - - -
AR + 5= [Ty = Ty wo | CwX
TP, .
1 0 X _ 4| .8
[Daw]eL_ 2 3 TrI:Dk'i«r'--'le

T Ao
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where
T kI[TO - TX] _]
P, =P + - :
X 0 o e gc EE
AH + [T0 - 7,1

Drying Time Equations

The differential equation describing the interface movement is

" obtained by using the energy balance at the interface (Equation (54))

and combining it with a mass balance at the interface.

_ dx '
N =es oqw -2

The right—haﬁd side of Equation (72) represents the mass rate of

sublimation of the frozen liquid, and the left-hand side represents

* the mass flux of the resulting vapor which must £low through the

capillary channels of the porous dried layer to the free surface. The

resulting differential equation takes the form

krlTy = Tl *alTo ~ Ty |
d¥ _ X -1 X :
& . A — (73)
plofH+2 [TO-TX]—-|
. with boundary condition
X=0 at t =0 : (74)

AT e e
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Before Equation (73) can be solved, a felationship_of TX as
a function of X must be substituted into the equation. The interface

temperature-position relation is given by Equation (56) and is the -

inverse of what is needed here. Equation (56) will have to be solved;

a plot of TX versus X will have to be made, and the least squares
method used to express TX as a polynomial function of X.
If it is possible to expreSs'Tx by

Ty =r, v 7y

then the differential equation can be solved in closed form to give

o

> 2 ¢ ' .
t =~E§'%?‘*'E§'X : IR (76)
5 5 '
¢, c.-C.¢C ¢, ¢
P ?6 ”1n6-5-x2+55x+1
2 ¢.° 3 3
5 .
[ ez 1/2]
R A (T N
2 : io 2 172
Co Cy = 20C5CyC5 - CpCyCq 12C X+ Cy+ 1[G~ -4y C)
¥ 2.2 o172 " in
2 ¢.“fc,“ ~2¢C, ¢ e 2 . 1/2
5 7y 3s c, - [e,” -ucycd
2 172
| ot [c,” - u ¢, ¢ )
where
Cy = LkIr, - T,] (77)

r +r. X . - (75)
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€, = kpglr, ~ T 1+ kp v Lo-kplr - T)) (78) ;f
Co = rlkyp - kyd o (79)
p, @ : C_ k.. .[r T.]
i - _ - p Il o L
Ce =5 2 AH + <.p r, L | CP[r-o_ Tyl + Jr— (80)
, C kpr L i cP k [ Toﬂ
( Ckpp - %] ;- k) J
c7=—2—ch[r° Tyl - 2 8H + LA _k];' {81)
I I~ _
80
C8 = ~. 5 Cp r (82)

The total time required for drying can be determined by substitution of

X = L into Equation (76).

For the case where Equation (75) does not adequately describe
the interface relation an equation of higher order must-be used, and
the differential equation must be integrated numerically. The
numerical technique used in this thesis is the feollowing:

(1) Values of TX are calcul;ted for small increments of X
from the polynomial apprqximation to the interface relation.

(2) Equation (55) is used to.calculate the value of -Nw at

each incremental step of X.
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(3) Equation.(72) is approximated by

..N_ rp, 0 == . ' . (83)

(4) Equation (83) is used to calculate the time fequired to

make the incremental step in X.
At = p, 0 —— (84)

(5) All of the increments of time are added to obtain the total .

drying time.

It should be noted that since the propentieé chaﬁge slowly with time, -
relatively large incremental changes in interface position can be used
with good approximation.

Special Case of No Back Face Heating

For the special case where the back face is perfectly insulated

or there is equal drying from both sides, Equation (73) takes the form

kI[TQ - -Tx]

—_—

X-

. ) .
Py UE&H + -—Bz [TO TX]

(85)

s
1]

As was pointed out by Equations (67), (68), and (70), the interface
temperature remains constant for this case. Therefore, Equation (85)'_

is easily integrated to give

L - . - tmimesr: e = mermnmn— e =

LA T T
B o i I

"

e L
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;_ Py O|&H + o [T = Tyd 2 _ _ :
| t = _ 5 (86)
kplTy - Ty | o i

The total drying time is obtained by setting X = L in Equation (86).

: ' ' Alternate Approach’

The momentum equations used.in the analyticalsphase of this
thesis have been dependent uﬁon the flow regiﬁe in which the drying
fakes place, This in turn is dependent upon the_préssube aﬁﬁ the-ﬁean.
éapillary diameter. Certainly in any porous media, the dimension of
fhe void space is hot unifdrm and dnly_the avefagé dimension-één be -
détérmined.u If the pressure is such that fhe flow seems to be néaf

the boundary separating two regimés, flow of_both regimes could very

well be taking place. It would be very’cdnfenient.if one flowiequatioh.
valid for all the regimes could be used.
Huang, et al., (41) present.a geﬁeral solutiqﬁ of the linéarize&_
'Boltzmann équation with the BHatnagar—GrosséKrook médei'foﬁ the problem
of a rarefied gas flowihg between two pérallél, ipfinite-pléfés'and o
based on the diécrete ordinate method. _Tﬁéy pfesent an aﬁalyticél' .:-“
expfession for the nondimensional volume flow rate ih the_form of a

! " - double summation where any desired aegpee of accuracy can be 6btained.

n-1 _ sinh[1/2 Pv]

Hit—3t
==
lp]

_ , | B : _
A =
- - + == |-—=— + T - (87)
v 2 12 [J\]
1 v=1 Pu[l - n, o ] _ - N _
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The volume flow rate Q' is determined from

Q'=6[%Rcﬂ O (se)
whepre

K = =-

. XX

(8

(89)

u

and d is the distance separating the pérallel plates. It would seem

_to be a good approximation to equate d to the mean capillary diameter,

which has already been deterﬁined for many paorous media. From ob~
serving the calculationé of Huang, et al., a vélﬂe of at least n = 4
must be chosen to give the desired flow minimum that oceurs in the

transition regime, and simultapeously fairly accurate results in the
free-molecule regime. Equation (87) would then contain 14 terﬁs énd
20 parameters that must be spedifiéd; If the modified quadféture is

used (which gave the best results for Huang, et al.), the follgwing

equations are used to specify the 20 parameters

o, = 0.133776447 : ©(90)
@, = 0.624324689 -~ (91)
g, =

3 = 1.342537825 (92)




&
ié e
'; T.ﬁ 43 =
piv
¢§ o, = 2.262664477 (93)
&
k-4 . .
i H, = 0,325302999 - (94)
i Hy = 0.421107102 | o (95)
i H, = 0.133442501 (96)
it
45
i o
ﬂﬁ H, = 0.837432347 x 1072 ' (97)
I - 72 o |
i n, = E—-Pv v = 1,2,3,4 - (98)
!E « 1 " . .
}: . __hﬂ_&___a.: %-«1/2 v = 1,2,3,4 , (99
i > - - T :
i. =1 1=y,
p P 'l
- - _
3 2 2 _
1 = e . e =~
_ C ' + — + T o {100)
1/2 z v 1/2 . . L/2
m v=l 1+ "v qk L nv aﬁJ

As was done with thé frée-molequ;e equaticn-for flow in a.
capillary tube (Equation (15)), correctiens must be applied to the
above flow equation to make it applicable to flow in porous media.

These include coﬁverting the flow rate 1o per unit surface area of
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the food, correcting the length of vapor travel by multiplication of
the dried food region thickness by the tortuosity factor, and correct-
ing the flow due to irregularities of the channels in the material, by
a linear correction factor I'. It should be noted that the previous
equations are also for isothermal flow.

The advantage of using the above flow equation in place of
Equations (16), (18), and (35) is somewhat offset by'the fact that
the flow of a binary gas mixture is being studied in which mutual
diffusion takes place. Equation (87) would have to be douﬁled with
the diffusion equation of the continuum and transition flow regimes
and used alone in the free-molecule flow regime, in which case AP
would be the water vapor partial pressure drop. Therefore, the three
flow regimes would still be studied separately. However, the above
approach would have the advantage that there would be no need for
experimental permeabilities. Calculations of water vapor flow rates
during drying of beef were carried out using Equations (87) and (88),

and the results are given in Appendix G.
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CHAPTER III
EXPERIMENTAL INVESTIGATION

Vapor Pressure Measurement

Instrumentation and Equipment

The same apparatus used for the experimental measurements of
equilibrium vapor pressure was used previously by Dyer et al.(2l1) and
is shown in Figure 2, A 2000 milliliter wvacuum flask was submerged
in acetone; the temperature of the system was contrelled with a freon
refrigeration unit. The refrigeration unit was censtructed using a
{I!c:p:e].an‘ufi.!= model CSAL-0100-CAB-001 compressor unit. A Welcﬁ** model
number 1402 mechanical vacuum pump was used to evacuate the vécuum.

flask. The temperatures of the acetonme bath and of two positions in

the sample were measured with 30-gage copper-constantan thermocouples.'

The pressure in the flask was measured with a type-160 absolute-

%k
pressure gage manufactured by the Wallace and Tiernan Company. The

thermocouple cutput was measured by use of a portable potentiometer
used in conjunction with a thermocouple multiple switch. The thermo-

couples were calibrated against secondary standard mercury-in-glass

]
Copeland, Sidney, Chio.

ok . ' '
W. M., Welch Scientific Co., 7300 N. Linder Avenue, Skokie,
Illinois.

Peded

New Jersey.

Wallace and Tiernan, Incorpbrated, 25 Main Street, Belleville 9,

S
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Pigure 2. Experimental Apparatus for Vapor Pressure Determination.
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thermometers, and fhe pressure gage was calibrated with the micro-
manometer arrangement described by Mayne (u43). o
Procedure

The following steps were taken to obtain vapor pressure data:

1. The vacuum system (see Figuve 2) was assembled and pumped
for approximately one day in order to remove contaminants without the
sample being included and without refrigerating the acetone bath.

2. The refrigeration system was thén started.

3, For tests on solid meat samples, two thermocouples were
located in the meat and the meat was then frozen. The sample sizeé used
was approximately 1.0 by 2.0 by 3.0 cm. For measurements made on the
chopped sirloin, chunks of sirloin steak were shreaded in a Waring
blender and then packed into a spherical ball. For méasurenents on
fat, strips of fat were nut from around the outside of the steak.
Thermocouples were then placed in these two samples and then they were
frozen. |

4. The éample was then placed in the vacuum flask.. Since the
thermocouple wires were extremely small in diameter, it was possible
to feed the wires out between the nubber stopper and the vacuum flask
wall without introducing leaks. The stopper was then replaced in the

flask.

§. The mechanical pump was started and the system pumped to a

‘low pressure (approximately 0.5 torr). Note that this allowed a slight .

amount of residual air to remain in the flask.

6. The acetone bath was allowed to reach the temperature at

which the vapor pressure measurement was desired and then to stabilize.
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7. The hose clamp located between the pump and flask was

closed.
B. The sample was allowed to come intc temperature equilibrium

with the external bath. This was determined by comparing the two

" thermocouple readings of the sample with the thermccouple reading of -

the bath. It was assumed that thermal equilibrium existed when the

o :
temperature of the sample was within #0.5 C of the bath temperature.

.9. The pressure in the flask was reéd. No changes of preésure
were observed for periods up to 10 minutes following the establishment
of thermal equilibrium,

10. In order to determine the residual air pressure, dry ice was
introduced into the acetone bath. The low temperatures produced by the
dry ice froze the water-vapor onto the inside walls of the flask. The
temperature and pressure inside the flask were read. By using Dalton's
law of partial pressures and the ideal gas law as described by refer-
ence (u44), the new pressure obtained can be converted into the partial
pressure of the residual air. Then, the actual vapof pressure is the
total pressure initially fead minus the computed air residual pressure.

After establishing that the leak;rate-for the apparatus was ﬁery
small, step 10 was carried out to determine the initial résidual air
pressure., Several data peints were taken as described in the first nine
steps for different temperatures by slowly alloﬁing the acetone bath
temperature to change (thﬁs, changing the.saﬁple temperature). The
residual air pressure was again détermined by step.lD and the leak rate

calculated from the known initial and final air pressures. The data

taken between the initial and final determination of the residual air

A

kS
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¥
pressure wWere corrected by means of the known leak rate. ;

Discussion of Experimental Accuracy

The overall accuracy of the experimental set-up was investigated

by measuring the vapor pressure of pure ice. Measurements were made

over the same range that was examined for the meats. The results of

this check corresponded to published vapor pressure data for pure ice

{u45) with 2 per cent.
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CHAPTER IV

DISCUSSTION OF EXPERIMENTAL RESULTS

The equilibrium vapor pressure of frozen foods is a very -. fj
important property that is used in the analytical studies of freeze- i”
drying. One boundary condition which is essential for calculating

i
drying rates involves the temperature at the interface where the dried 5@
and frozen layers meet. The temperature at this inferface is usually
assumed to equal the equilibrium temperature of pure ice at the pres-
sure that exists at that position. Dyer, et al. (21), stated that for Hﬂ
freeze-drying of beef, an error of 12°C in the assumed interface m

temperature could cause an error of 100 per cent in the calculated heat

flux through the undried layer, I

The equilibrium vapor pressuré is also important in that it - JF
enables the calCulétion'of the latent ﬁeat.of éublimatich of the food. | |
This is accomplished by plotting the vapor pressure-temperature data

on a semi-leogarithmic pleot and using the Clausius-Clapeyron equation

to calculate the latent heat. As was seen in Chapter 2, these latent EH
heats are required in order to predict freeze-drying rates. ' ZH
The work by Dyer, et al. (21 ), showed that the vapor pressure ;ﬁ

for frozen beef was depressed somewhat below that of pure ice at the ;ﬁ
same temperature, and that the depression was larger for the frozen ‘
beef than for the frozen juices that had been extracted from the beef, p
|

These results prompted the present work, in which the equilibrium vapor LW

- P L C T ‘o T T o n o T T T e T AT T e T s e - o s —




AR, S TR

S

5, 10, and 20 per cent moisture. The values do not correlate with the '
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pressure was measured for chopped sirlein, pork, wveal, lamb, chicken,

and fat {from sirloin steak).

Saravacos and Stinchfield (u46) carried out a series of experi-
ments on the adsorpticon of water vapor by freeze-dried beef. They

report values of equilibrium vapor pressure for beef that had adsorbed

data for beef containing approximately 75 per cent water that is
reported by Dyer, et al. (21).

The experimental results are shown in Figures 3 through 2 in
which the vapor pressure is plotted versus teﬁperature for several
meats and one fat sample. The points represenf runs for both ascending
and descending temperaturesg. Since there is no evidence of hysteresis,
it is concluded that the pressures measured are equilibrium values.

In Figure 3 data are plotted for chopped sirloin and in Figured fat
from sirloin steak, both along with the curve for beef présented by
Dyer, et al. (21). The former data were obtained to determine if small
pockets of juices existed within the pieces of meat and prevented a
true equilibrium situation. A piece of sirloin steak was chopped up
in order to destroy these pockets if they existed. As can be seen, the
data for chopped sirloin are identical with the frozén beef data pre-
sented by Dyer, et al. (21}. This tends to show that if there were
small pockets of frozen juices within the meats, they had no effect
on the results. The resulis for'fat show about an 18 per cent'depres-
sion below the values for pure ice, while frogen beef data is about 20

per cent below published data for ice.
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In Figures 5, 6, and 7, vapor pressure data are shown for lamb,

veal, and pork, respectively. There is only a very slight difference
between the lamb and veal over the whole temperature range, and the
values for these two meats are approximately 13 per cent below those
of pure ice. The pork differs significantly from lamb and veal only at

the lower and upper ends of the temperature range shown. The vapor

pressure depression for pork averages about 16 per cent.

In Figures 8 and 9, the vapor pressure-temperature relationship
ig shown for the white and dark meat of chicken. Even though the white
meat has a slightly greater depression, the values of both are about 15
per cent below those of pure ice. - To further insure that the data that
was cbtained represented equilibrium states, one test was made for a
piece of white meat that remained in equilibrium for 24 hours before the
final measurements were made. As can be seen, this measurement is in

excellent agreement with the others.

In discussing the results for beef, Dyer, et al. (21), considered
a piece of meat to consist of a frozen ;iquid phase which was dispersed
throughout a solid matrix. This matrix could contain cavities and
capillaries. The liquid phase, frozen meat juice, was considered to be
a dilute aqueous solution containing dissolved proteins and salts. The
equilibrium vapor pressure was then dependent on the nature of the
frozen liquid phase, of the solid matrix, and of the interactions

between these two. After careful analysis, they concluded that the.

difference between the vapor pressure of frozen meat and pure ice at
the same temperature was due to the influence of the solute species in

the frozen liquid. The greater the total concentration of these species

(=7 e T T i et T I g LR iaee am
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" From this equation it can be seen that by plotting the natural

60

present in the frozen liquid phase, the lower the vapor pressure of

water over a frozen solution would be compared to that of pure ice at
the same temperature. Now the fact that the meat juice values were
not depressed as low as those for the frozen beef was explained by pre-
senting an idealized model of the meat. The model shown in Figure 10
depicts the sclid matrix as having ionic species attached permanently
te it and they extend into the liquid phase. When the liquid solution
was sgueezed from the meat, these permanently attached species were not
removed and thus the concentration of solute species in the meat juice
which was removed was less than the concentration present in the meat
itself.

The vapor pressure data enabled the calculation of the heats of
sublimation of the meats tested from the Clausius-Clapeyron equation

(47},

d1lnP _ _ AH

—_ (101)"
R

logarithm of the vapor pressure against the reciprocal of the absolute
temperature, a straight line with a negative slope is obtained, The
value of this slope is the heat of sublimation divided by the universal 
gas constant, Figures 11 through 16 show plots of this sort for the

meats tested in this thesis. The heat of sublimation results are listed

in Table 2 along with the values obtained by Dyer, et al. (21).
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3 Table 2. Heats of Sublimation for Various Frozen Meats and Water
i
3
i Heat of
& Sublimation~--
i Type of Meat cal/g mole
B - Chicken, dark meat - 13,310
¥ Chicken, white meat 13,670
5 Pork, center cut of loin 13,990
% Veal, leg 13,460
3 Lamb, leg 13,410
Fat, from sirloin steak 14,400
Beef, bovine muscle 14,880
Frozen beef juice 13,230
Pure water 12,200

Using Figures 11 through 16, empirical equations can be obtained
“for the equilibrium vapor pressure as a functiom of temperature for the
meats tested. Using the equation for a straight line gives for the

davk meat of chicken,

| P, = exp[26.1 - 12100/T] (102)

for the white meat of chicken,

e

Ty

Fw = expl26.8 - 12400/T] (103)
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i for pork,
d B, = exp[27.3 - 12700/T] - ©(104)
g for veal,
i |
o ﬁw = exp[26.3 ~ 12200/T] (105)
for lamb,
ﬁw = exp[26.2 - 12180/T] (106)
and for fat from sirloin steak
ﬁw'z exp[28.1 - 13060/T) (107)
where T is in °R and ﬁw in torr.
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CHAPTER V
DISCUSSION OF THEORETICAL RESULTS

General

As was seen in the development of the thecretical analyses, thé
heat and mass transfer mechanisms are ﬁniquely related in the freeze-
drying process. As drying proceeds, the ice phase recedes inward
leaving a porous dried region of the product. The heat of sublimafion
must then be conducted through this insulating layer and also through
the frozen region (in the case of "unidirectional" drying), and the
vapeor must flow out through the dried layer.

The interface assumes . a tempeﬁature during drying such that
the heat transferred through the frozen and dried regions is just

sufficient to provide the heat of sublimation of the vapor flowing

outward. If a change is made in the temperature at the dried surface,

in the temperature at the back face, in the water vapor partial pres-
sure at the dried surface, or in the chamber pressure, the temperature

at the interface will change until a new equilibrium condition is

reached. Any restriction placed on the flow of water vapor through the .

dried shell, will result in a higher interface preésure, and thus a
higher interface temperature. On the other hand, if heat transfer is

lowered, the ice temperature will be lowered. Measurements during

freeze-drying commonly show that the interface temperature is well

below the melting point (approximately 28°F) throughout the majority
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of the drying circle. Therefore, it is usually felt that drying is
limited by the rate at which heat can be transferred to the interface.
Harper, et al. (24), state that if this.heat transfer limitation ecould
be removed, the drying times would only be about 10 per cent of their
present values.

The heat transfer rrate is restricted by the physical limitations
of the process.. The rate of heat flow through both the frozen an& dried
regions is proportional to the product of the thermal conductivity of
that region and the temperature difference across the region. Inasmuch
as the thermal conductivities cannot be controlled, it is importanf to
maiﬁtain the surface temperatures of the food as high as possible with-
out causing product damage. It should be noted that the thermal con-
ductivity of the dried region is extreﬁely low,.ranking among the best
thermal insulators. This is the main reason for the heat transfer
limitation on the process. Although the thermal conductivity of the
frozen region is approximately 20 times greater, the advantage of back
face heating is largely offset by the fact that the temperature of the
surface must be kept below the melting point of the frozen material,
The dried region surface temperature can be raised to approximately
100°F. Any higher temperature would cause scorching of the surface
and thus deterioration of the final product.

An additional heans of increasing the heatlfransfer rate is by
contrelling the total and partial pressures in the chamber, so that
the interface temperature is a minimum possible value, once the surface
temperatures have been set at their maximum values. This is slightly

deceiving since the thermal conductivity of the dried region is also
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pressure dependent. A change in chamber pressure to reduce the inter-
face temperature, might be cffset by the reduction of thermal conduc-
tivity of the dried layer.

Mumerical calculations have been carried out for the freeze;
drying of beef using the theoretical analyses of Chapter 2. Beef was
chosen since the property data available was numerous (see Appendix E),
and alsc experimental drying times were available for comparison with

the theoretical drying times.

Theoretical Interface Temperatures

The interface temperature as a function of the dimensionless
interface position, X(L, for_“unidireptipnal" dfying"ig qutteqqin____:_h
Fiéure 17 for several different pressures. .The boundary tempefatufes
and the chamber concentration are fixed. .Since the rate of heat trans-

fer is the limiting mode of tramnsfer for drying of beef, Figure 17 in

| conjunction with a knowledge of the thermal conductivities,_should

provide an insight as to the best pressure at which to dry beef. The
thermal conductivity of the frozen region is independent of pressure
and is relatively constant regardless of the average temperature of the
region. In contrast, the thermal conductivitj of the dried layer
decreases sharply and directly with pressure below 1.0 torr; On the .
basis of this intuitive analysis, it would appear best to dry beef at
approximately 1.0 torr.

As was pointed out in.the development of the thecretical
analyses, it is necessary to approximate the interface temperature by

a polynomial functien of X in order to solve for the drying times.

e e m e mn o w . emmm e = o e s ma e e e——— -
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The closed form Equation (76) can be used if the polynomial is of

first order. It appears that for all pressures.between 0.5 torr and

k.0 torr, a straight line would bé sufficiently accurate. This is
verified by comparing the drying times in Appendix F using a first order

and third order polynomial for T Figure 18 shows the inaccuracy of

X
the linear approximaticn at 0,01 torr and relative accuracy of it at
1.0 torr.

Figure 19 is a plot of the constant interface temperature as a
function of chamber pressure for the special case of drying from both
sides. The other externally controlled conditions are held fixed. As
can be seen, the interface temperature decreases with decreasing chamber .
pressure to a temperature squal to -44°F at a chamber pressure of 0.01
torr. Again since the thermal conductivity of the dried region (oniy
path of heat transfer for this case) decreases rapidly below 1.0 torr,
optimum drying would occur in-the vicinity of this pressure.

In Figure 20, a plet is made of the interface temperature at two
pressures in the continuum regime, one at 35 torr and the other at
atmospheric pressure. As can be seen, for the case of no back face
heating, the interface temperature is constant as was predicted by
Equation (68). Very slow drying rates shculd be expécted, not only
because the interface temperatures are relatively high, but because
the dried food surface temperature cannot be raised above 28°F. The
reason for this is that the pressure is above the triple point of
water, and the product would melt if any higher temperature were used.
In addition, the chamber concentration must be kept at or close to 0.0

since the vapor pressure at the interface (values given in Chapter 4)
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must be higher than the partial pressure of the water vapor in the

chamber to affect the vapor flow in the proper direction. This can bé
seen from Equation (3%). The theoretical analysis of this thesis
applied to drying at atmospheric pressure is unique in that all previous
analyses have considered atmospheric freeze-drying and ordinary evapora-
tion drying as governed by the same equations. Burke and Decareau (7)
point out that no valid thecries incorporating foodstuff parameters,
such as pore size have been attempted. This has been done in the
present work.

Figure 21 shows the dependence of interface temperature on the
chamber concentration. As can be seen,'a lower chamber concentration

will cause a decrease’in the interface temperature. This can be

explained from an analysis of the vapor flow. If the exit partial
pressure is decreased, the vapor flow rate will increase as can be
seen from Equation (48). This in tuyn will result in a deérease in
the partial pressure of the water vapor at the interface and éonse—

quently a decrease in the interface temperature.

Theoretical Drying Rates

In Figure 22, the drying rate is shown plotted versus the
dimensionless interface position, for the general case of back face
heating. The drying rate was calculated using Equation (55) and the
interface temperature relations. As can be seen, drying will occur
the fastest in the pressure range 0.5 to 1.0 torr. Figure 23 shows
that, in addition, drying will occur faster if the water vapor is

quickly removed from the vacuum chamber so¢ that the exit partial
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pressure of water vapor is at a minimum. 8imilar curves could be
drawn for the case of an adiabatic back face. As shown in Figure 22,
the flow rate is initially high and decreases as the thickness of the
dried region increases. For "unidirectional" drying the drying rate
increases again toward the end of the drying cycle but does not for
the case of drying from both sides. This can be seen from Figures 38,
39, and #0 and explained by Equation (55).

ety - T 1 k[T, - T3

X "L
X - 1 + X

AH + [Cp/?][TO -T

k11

= -N (55)
X]

For "unidirectional™ drying, the term in the numerator containing the
thermal conductivity of the frozen region predominates, particularly
toward the end of the cycle and continually gets larger since the
quantity (X - L) apprcaches zerc. For an adiabatic back face or dry-
ing from both sides, this term does not appear in the energy balance
and the flow rate steadily decreases with increasing time; since the
interface position in the denominator of the energy balance steadily

inereases with increasing time.

Thecretical Drying Times

In Figure 24, the interface position is plotted as a function
of time for the general case where heat in conducted through both
regions of a beef slab 1-1/2 inches thick. As was expected, drying at

1.0 torr is the fastest, taking approximately 30 hours. In Figure 25,
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the same result is shown.for the case where beef is dried equally from

both sides. However, the increase in drying time at 2.0, 3.0, and 4.0

torr is not nearly as large for drying from both sides as it is for

"unidirectional" drying.

Figure 26 shows the interface movement for drying in the con-

tinuum regime. As would be expected, drying occurs faster at 35 torr
than at atmospheric pressure, and at both pressures cccurs. faster with

the back face heated. It might be noted that under the condition of

"unidirectional” drying, it takes approximately 700 hours to dry a
1-1/2 inch slab of atmospheric pressure as compared to 144 hours. at 35
torr. This seems extremely uneconomical, however, atmospheric freeze-
drying could be used for thinmer slabs of food. For instance, a piece
_of beef 1/8 inch thick could be dried in approximately 15 hours when

allowed to dry from both sides.

Figure 27 shows the influence of hack face temperature on drying
time. As would be expected, the higher the back face temperature, the
shorter is the drying time. It is interesting to note fhat for the

back face temperature of 0°F, the interface temperature remains above

0°F throughout the whole process. Therefore, some of the energy con-

ducted through the dried layer to the interface is lost by conduction
out through the frozen region.

In Figure 28 and 29, it is shown that the drying times . are
smaller if the chamber concentration is reduced, regardleés_of the
drying arrangement.

In Figure 30, the interface -movement is plotted for 1.0, 2.0,

and 3.0 torr for the cases where the back face is heated and where it
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is insulated. The drying time at 1.0 torr is about 400 per cent longer

when the back face is insulated. The immediate conclusion seems to be F

%

that back face heating has tremendous potential for reducing the drying
time and thus the cost of tﬁe freeze-drying coperation. However, if the
back face is going to be insulated, the product might as well be allowed
to dry from both sides. The total interface movement for drying from

both sides. is plotted and compared with unidirectional® drying in

Figure 31. Even though the total time for drying a slab 1-1/2 inches
thick is approximately the same at 1.0 torr, in all cases the sample
dries faster when allowed to dry from both sides. It has been peinted.
out by Dyer, et al. (42}, that -a slab 2 inches thick, drying at 1.0
torf, will dry 40 per cent fasfer when heated from the back than when
allowed to dry from both sides. This can be seen if the curves of
Figure 31 are extrapolated to 2 inches., However, for all beef samples
of 1-1/2 inches or less, there appears to be no advantage to "uni-

directional" drying.

Comparison Between Theoretical and Experimental Drying Times

Hatcher (28) measured the movement of the interface as a

function of time during the freeze-drying of beef. His data was -taken
‘by using a gamma radiation beam and is shown in Figures 32, 33, and

34, He attempted to dry 2-inch thick sampleé of beef unidirectionally

by thermally insulating the sides and back of cylindrical-shaped

. samples with 2-inch thick fiberglass insulation. If perfect insulation

had existed, the experimental data would be expected to follow the

theoretical results for an adiabatic back face. It can be seen that,
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during the initial stages of drying, the experimental and theoretical
curves compare closely, while at later stages of drying, a progressively
faster experimental drying rate -is achieved. A careful analysis of
Hatcher's experiment shows that initially there was a negligible
temperature gradient in the frozen layer but at later stages a tempepa-
ture difference of 2 to 3°F existed. It was felt that an upper limit
for the interface movement should be if the back face is heated at the
temperature experimentally measured there. The results of these
calculations are also showm ip Pigures 32, 33, and 34. As can be
seen, for a pressure of 2.0 and 3.0 torr, the experimental curve liesg
between the two theoretical curves. However, for a chamber pfessufe
of 1,0 torr, the_ekperimentai drying time is faster than the theo-
retical time if the back face is heated at 468°R. The explanation
of this discrepancy might be that the "unidirectional" drying results
for such a low back face temperature as this, might not account for
all the heat transferred through the sides and back of the sample;_ Tt
was polnted out in the last section, that for a back face temperature
of 4BO°R, the "unidirectional' results showed that the heat transfer
in the frozen region was actually away from the interface.

Hardin (8) presents data for the.drying_of beef at.0.5,_2.0,
and 3.0 torr. His results are shown in_Figures 35 through 40. Hardin_'
also used cylindrical samples which he tried to dry unidirectionally
and insulate the back face. He used an aluminum foil vapor seal and
fiberglass insulation around the sides and bottom. However, the thick-
ness of the insulation was only 1/2 inch on the bottom and 3/4 inch on

the side. Therefore, more heat transfer should have taken placé
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through the sides and bottom and thus the experimental data should lie 3
closer to the theoretical case of back face heating than 4id in ﬁ
Hatcher's case., As can be seen, for a pressure of 0.5 and 2.0 torr &

the interface movement dces lie closer to the theoretical results of

back face heating. For a pressure of 3.0 torr, the interface movement
was actually faster. Hardin attributed this to the fact that the
radial heat flux was larger at 3.0 torr than at 0.5 and Q.O torr,
since fiberglass insulation decreases in effectiveness as the pressure
increases.

Figures 38, 3%, and 40 contain experimental drying rate data
points that were measured by Hardin. Again, the data of 0.5 torr and
2.0 torr agree more closely with the theoretical results than does

the data of 3.0 torp.
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CHAPTER VI
CONCLUSIONS

The principal conclusions drawn from both the theoretical and

experimental analyses of this investigation are:

1. The equilibrium vapor pressure of frozen beef fat, lamb,

veal, pork, and chicken is depressed between 13 and 20 per cent below !
that of pure ice. 1In addition, pockets of juices that might exist
‘within frozen meats have no effect on the equilibrium vapor pressure.’ it

2. The latent heat of sublimation of frozen beef fat, lamb, - _ i

veal, pork, and chicken is between 9 and 22 per cent higher than that

of pure ice. ' : _

3. The effectivé'average difquion coefficient for an air-water
vapor diffusion pfocess in a porous s0lid in the transiticn regime,
can be calculated with sufficient accuracy from Equafidn (51).

4, When a product is dried from one side and the back faée is
heated and sealed against vapor flow, the interface temperature varies
with interface position and the relationship is given by Equation (56).

S. When a product is dried from one side and the back face is

insulated, or when it is dried from both sides, the interface tempera-

ture is constant throughout the drying process and is given by Equations
(67), (68}, and (70} for the free-molecule, continuum, and transition
flow regimes, respectively.

6. When beef is dried from one face and heated and sealed
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against vapor flow on the back face in the pressure range 0.5 to 4.0
torr, the interface temperature can be approximated by a linear function
of interface position. In addition, Equation (76) can be used to calcu-
late the interface position as a function of time.
7. The optimum pressure at which to fréeze-dry beef is 1.0 torr,
regardless of the arrangement.
8. Atmospheric freeze-drying appears to be economical and
practical for products that have a small thickness.
9. Drying times for the freeze-drying process can be reduced
by increasing the dried region surface temperature and frozen region
surface temperature, and decreasing the partial pressure of the water.
vapor in the chamber,
10, Drying times for the freeze;drying process cannot necessarily
be reduced by decreasing the total pressure at which drying takes place.
11. Beef samples which are equal to or less than 1-1/2 inches in
thickness, can be freeze-dried faster by drying from both sides than

drying from one side and conducting heat through the frozen region on

the other side.
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APPENDIX A
DERIVATION OF DRIED REGION ENERGY EQUATION

Consider the control volume taken from the dried region and-

shown in Figure 4l.

Unit Area

— Mass, Flux

+—— Heat Flux

| | |
x+Ax b4
+x

Figure 41. Energy Control Volume for Dried Region
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The conservation of energy for the control volume is

+N C T (108}

X+Ax

I dx XHAX

Equation (l108) equates the rate of energy flowing out of the control
volume to the rate flowing in for "quasi-steady" drying. The first two
terms represent the energy conducted and convected cut of the control

volume, and the remaining two terms represent the energy conducted and

convected into the control volume. If Equation (108) is divided by

QkIAx and the limit taken as Ax+0, it reduces to

2
Ty N C dT '
-2 e _1 ., (109)
2 k dx '
dx I

Since the mass flow rate can be expressed by

. g 3%
°; 93t
Equation (109) becomes
d2T p., o C dT
L, i P& _I._, (110)
2 k dt dx
dx_ 1
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APPENDIX B

THERMAL TRANSPIRATION EFFECT

Kennard (28) shows that for flow of a gas in a capillary tube,
a positive temperature gradient along the axis of the tube will produce
an increased flow rate over that of the isothermal flow. The equations
for the case of non-uniform temperature are for the free-molecule

regime,

~1/2
. m rc[161] - QI.g | (111)
W 35 Tl/? dx 2 T3/2 d=|"e '
W
for the transition regime, -
2 .
r P
N - S Y gy dF . 3 n dT
Nw_ 8nRTE+I‘C]dx+uT ax &c : (112)
where
2 -5
£=2 Cg = A

and

9L < Cy < 499

and for the continuum regime,
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9
r P .

- c dP . 3. ar . : )

N " " BnRTax ' ®T ax & (113)

The terms on the right side of all three equations represent respectively
the contributions to the maés flow of a total pressure and temperéture
gradient.

Since the temperature gradients in freeze-drying work are
relatively steep, it is desirable to ascertain whether the flow due
to the temperature gradient can be neglected. Dyer (9) showed that
the ratio of the flow due to thermal transpiration to that due to a
total pressure gradient was less than 0.03 for freeze-drying in the
transition regime. His calculations were. based on Equation (112). . .
The author used Equations (111) and (113) to calculate similar ratios
for freeze-drying in the free-moclecule and continuum regimes., For
typical freeze-drying conditions, the ratio was found to be approxi-
mately 0.05 and 0.03, respectively. It, therefore, appears that tﬁe
thermal transpiraﬁion effect can be neglected in the freeze-drying

analyses.
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I? APPENDIX C

ANALYSIS OF THE GASEOUS MIXTURE FLOW

é IN THE TRANSITION REGIME

-

% The analysis eof the flow of'the-gaseous mixture in the transi-

é tion regime is given here basically as.presented by Dyer (9).

: The porous material will be idealized-aé a bundle of capil-
laries of circulaf cross section. It will be'sufficiént to analyze .
the flow in & single capillary and modify the results fér the porous.

material. It is assumed that incompressible, steady, one-dimensional
flow exists in a constant area capillary. Slip effects at the wall

will be considered.

For flow in a circular tube, the velocity distribution obtained

from the Navier Stokes equation is.

_ 1 :
u =g T r° t Cyy (113) .

The  constant Clo will be determined by choosing an.apprepriate boundary

condition at the wall. In the continuum regime, the velocity at the
wall is taken to be zero. For the case under consideration, the mean
free path is appfoximately equal to the diameter of ‘the tube. This
condition results in.the sc-called "slip-flow" in Which a velocity
exists at the wall. The following definition is made for a force.

coefficient at the .wall

T et 1

RNt Y

e e ———————
T b SR
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F
cp = — (114)
u 7w 27r 2 :
c el
where Fwall ig the viscous force on the wall. By applyving a force
balance on the wall of the tube, it can be shown that (29)
- . _ndu -
Ue T T e arl (11s)
r r=pr
c
The value of Cl0 can be determined from Equations (113) and {(115).
Substituting the resulting value of C10 into Equation (113) gives
P. -P T
- .= 1 |n 22 S :
u = el v 2 r, o tr, r (116)

F

To obtain the mass flow rate, it is necessary to multiply Equa-
tion (116) by the gas density and integrate over the cross sectional
area of the capillary to give

o - _
weolf, - P11

'z - n_o4 '
N' = R r, 1+ =T : _ (117)
P Te

The ratioc n/CF is called the coefficient of slip. For a Maxwellian

gas, the coefficient can be determined analytically to be (29)

2 -8
5

i

. _n -
= 3 v (118)

.
CF 0

T e
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Substituting this expression into Equation (117) and assuming completely

diffuse reflections gives

r p[P, - P_]
2 1 b 7 Om- 4
T = _ L — —
N = B n & Ta ’l * P TV T (119}

Equation (119) is valid for flow tﬂrough a single capillary. Several
corrections enumerated below wiil make the equation valid for use with
porous media,

1. The flow rate will be converted to per unit area of the
food sample by multiplication of the equation by the porosity ¢, which
is defined as the ratio of the pore volume to the total food volume.

2. The vapor actually travels a longer, tortuous path through
the food sample so that Equation (119) must be corrected by multiplying
fhe length by the tortuosity factor rt.

3. In addition, a first order correction for the nonroundness
and other irregularities of the capillaries can be made by multiplying
Equation (119) by a constant T.

Applying the above corrections fo Equation (119) gives the

following equation for flow through porous media.

I .
m plP. - P.JT o r
2 1 ¢ n - 4
' - - d— Lo )
N = [% t 5 v r:] (120)
m e

| A

8 nTl

-Define
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¢ AP = P, - P (121)

l.; 2 1 ,.t
#i I r, o
¥ and
T - 4
BS =ngvV ;; (123)

Equation (120) now takes the form

Nt o= - AP

N
'4 THB l‘l‘P— . (12u)

Note that Bu'and B5 are cnly functions of the porous material, average
temperature, and gas flowing and should be constant for a given gas,
temperature, and porous material. Scott and Dullien (34) point out that

Equation (12u) fails to correlate experimental data for flow through

porous media. The reason for this failure is attributed to the fact
that in the derivation of the slip flow term, all of the molecules were
assumed to have undergone intermolecular collisions between two suc-
cessive wall collisions, At rcfk approximately equal to 1/2, it seems
logical that a fraction of the molecules do not undergo these inter-
molecular collisions; A modification of Equation (124) is required to

take this into account. We assume a certain fraction of the mclecules

F(PC/A) do not undergo intermolecular collisions. This fraction to a

first approximation is considered to flow as described by Knudsen's
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equation for molecular streaming. Equation (124) is assumed to
describe properly the remaining fraction of the molecules. With this

background, Equation (124} can be modified as follows

Bu AP p B5 _
t = - — e ———— =
N 1 F(rcfl) - 1+ Pm' (125)

AP
N BS 7f'r(rcfl)

where BS is a constant given by kinetic theory (34)

. 3 .
2T e ¥ I'o

and Equation (128) has been corrected in order that it applies to flow
in porcus media. Scott and Dullien show that by assuming diffuse
reflections and a long capillary tube, the fraction F(rc/k) is givén

approximately by

e
_sinh [ ;Y .
F(rcfl) = e (127)

Substituting Equation (127) into {(126) yields
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ﬁ | — — 1t 5 (128)

By analogy with Darcy's law for the present case of transition flow,

the permeability will be defined by

s R

A P

!; By comparing Equations (128) and (129) it is seen that

I
=1 c -
-zinh E"_';,L:l B 5
e

€= |1 - BB 1+ T (130)

E

B
n -«,'J'.nh-l T{|
+ E' B,7 a —

where

- __¢c
Be = —3 {131)

ks - - e P i e i ., P S
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and
2 e v TIo
5 5% Rt (132)

Note that in the absence of external forces, the above derivation is

valid for gas mixture transport as well as for a pure gas.

e ————— e R S —

iR e
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# APPENDIX D

i VAPOR FLOW APPROXIMATICNS

As was pointed out in Chapter 2, Equation (45) for flow of the

T TR

water vapor in the transition regime was approximated by Equaticn (48),

AP PO

P :
in which the term wﬂ-ln[g + é%} was assumed to be 1 for the pressures : 1
encountered in freeze-drying. In addition, to enable a closed form

relation for the interface temperature to be developed in the continuum

regime, the following approximation was made to Equation (383)

T . _ A 3
Yux| _ | Jwo ~ Ywx 2 Ywo ~ Yux _T . ..

— = + == (133)
L- ywO_ 2 - Ywo T Yux 312 - Ywo ~ yw&J

The higher ordered terms were neglected to give the following modified

form of Equation (33)

PD v -y .
N,y iy (184)
Yo wa

The accuracy of the above approximations were checkgd in the followiﬁg
manner: |

1. Tﬁe interface temper&tufe was calculated.using Equation (56)
and the value of Q for the specific flow regimes. HNote that these

relations were developed using the ahbove approximations.

ot e tmsrn ki A b iR L WL e emes
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2. The flow rate of vapor was then calculated using Equation -
(55).

3. Appropriate equations for the two flow regimes were then:
used to calculate the total pressure at the interface {Equaticn (18)
for the continuum regime and Equation (35) for the transition regime).

4. These values of interfacé total pressure, along with values
of chamber total and partial pressure and interface partial pressure
(from the equilibrium vapor pressure experimental measurements), were
used in the original Flow equations (before approximations were made)
to calculate water wvapor flow rates.

5. The flow rates calculated in steps (2) and (4) above were
compared and the accuracy of the appfoximations were considered by_'
comparing the closeness of the twe flow rateé. |

Tables 3 and 4 show the results of the above calculations for
typical freeze-drying conditions in the transition and continuum flow
regimes, respectively. As can be seen, the difference in the flow
rates isnegligible. It is therefore concluded-that the”above approxi-

mations cause no appreciakle error in the freeze-drying analysis.

e iy

TR el ¢

P (e = A S

iy, v

RT3 i vl iy
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ﬁ; Table 3. Flow Rate of Water Vapor for Freeze-Drying . w{
el of Beef in the Transition Regime B
¢ - crno - ‘
g T0 S560°R P0 1.0 torr
f:: = o P = -
-; TL 4B8°R Pwo 0.6 torr
i Dimensionless Flow Rate Flow Rate
b Interface Position (1bm/ft2sec) x 105 (1bm/ft2sec) x 10°
- X/L Equation (55} _ Equation (u45)
L 0.010 . 69.57 69.50
3 0.113 8.37 8.36
¥ 0.221 5.49 5.47
o 0.330 L.56 L.,54
: 0.437 u.18 L,16
i 0.540 4,05 : 4,01
b 0.637 4.0 _ .01
¥ 0.725 4,18 4.11
ik _ 0.803 L,37 L,28
i; 0.871 4b.65 k,51

0.930 5.00 ' 4.81

‘ Table 4. Flow Rate of Water Vapor for Freeze-Drying
| of Beef in the Continuum Regime

= o =
T0 4BBCR PO 35 trorr
= o b= -
TL LBECR _ PwO 0.0 tory
Dimensionless Flow Rate Flow Rate
Interface Position (lbm/ft2sec) x 105 . (1bm/ft2sec) x 105
X/L Equation (55) Equation (33)
0.001 91.881 91.836
0.027 4.4981 4.4981
0.062 2.u457 2.457
0.111 1.5585 1.556
0.179 : 1.076 1.076
0.283 0.766 0.767
0.u48 0.5u2 G.5L2
0.746 0.365 ©0.365
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é APPENDIX E

i TRANSPORT PROPERTY DATA USED IN THE

3 - THEORETICAL CALCULATIONS

J The following equations and data were used for carrying out

numerical calculations for the freeze-drying of beef:

‘Referencs
Number
I 1. Constant pressure speéific heat of water vapor
C = 0.uu5 2R (us)
F 1bm °R
2. Mean radius of capillary channels in freeze-dried beef
r = 0.000164 £t (23)
3. Thermal conductivity of freeze-dried beef
kp = 0.585 : o Bru (20)
' 1+ === hr ft °R

where P. 1is in torr.

| .- 3 ST s e = G P S s e rarw g St e Bt U R
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4. Thermal conductivity of frozen beef E
| li
2,04 2 Btu . g
Kep = 2.60 = Shmme T R (17) !
II (hooj2 Iim BF £t °R T |
_ _ ﬁ
is in © ' . . E
where TIIm is in R, S _ i
o . o I
5. Latent heat of sublimation of frozen beef : B
_ . I
8H = 1488  Btu/1lbm : (21) i
6. Absolute viscosity of water vapor ' _ It
. iH
0.659 T2/2 x 107° | | il
- Im lbm ' (48) il
623.0 + T ft sec ' 1
Im _ |l:
where T. is in °R.
Im
7. Density of the water vaper- _ L . ' S o ' 'kh
il
P Tl
0 i
= (47) ‘yt
Im |;|:
where P. is in lEf-emd T, 1is in °R. ' .}I
o £ 2 Inm : kr
t i
-
8. Equilibrium vapor pressure of frozen beef A
P = exp [27.7 - 12900/T] torr - (21)

where T is in °R.
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9.

10.

11.

12.

Poresity of freeze-dried beef

g = 0.70

Gas constant for water vapor

Diffusion coefficient for air and water vapor

a2
s 1 1
] (L
_ImEa M;_| 2
. . . Cm
P o’ @ se

D, = [1.09] 0.0018583

a c

0 an D,aw

where P0 is in atm and TIM is in °K. The procedure for
2 . s s ;

evaluating o_  and ﬂD,aw is given in refgrence (33). Ip

addition, the quantity 1.09 in the above equation is

suggested by reference (48).

Average velocity of the water vapor molecules

2.55 kT M2
5 = ;m m
w m sec¢

"where m is the mass of the water vapor molecule is kgm, TIm

in °K, and K is Boltzmann's constant in joule/®K.

122

(8)

(47)

(33)

(30)

"is




%{ 13. Permeability of freeze-dried beef to the flow of water vapor
-
i in the transition regime
b
: L. -8 o 2
nt, £ = -é—x 10 l.3.5 - 10.8 ln'é-.TB—'f f‘t. . - {9)
y s 2
3 where P0 is in 1bf/ft",
i 14, Permeability of freeze-dried beef to flow of water vapor
in the continuum regime
} 15, First order correction factor for ncnroundnéss of the
capillary tubes in the freeze-dried region
r=0.8 D
16. Tortuecsity factor for freeze-dried beef
Ty | (23)
17. Density of frozen beef, approximated by the density
of ice
py = 62.4 5-]3':‘31 | (45)
ft
— . s e
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DRYING TIMES FOR FREEZE-DRIED BEEF

P Table 5, Drying Times for Drying of Beef from Both Sides

T, P, P o'Po L Drying Time
°R tory S £t . Hours
, 560 0.01 0.6 0.1250 168.8
m 560 0.10 0.6 0.1250 : b4 .9
m 560 0.50 0.6 0.1250 28.0
w 575 0.50 0.6 0.1040 - 17.7
m 560 1.00 0.0 0.1250 24,6
_ 560 1.00 0.1 0.1250 25.1
m 560 1.00 0.2 0.1250 25.7
| 560 1.00 0.3 0.1250 26.3
7 560 1.00 0.4 0.1250 26.7
| 560 1.00 0.5 10,1250 27.1
! 560 1.00 0.6 0.1250 _ 27.6
560 1.00 0.7 0.1250 27,9
560 1.00 0.8 0.1250 28.4
560 © 1,00 0.9 0.1250 28.8
560 2.00 0.6 0.1250 29.2
575 2.00 0.6 0.10u40 17.4
560 2.00 0.7 0.1250 29.8
560 3.00 0.6 0.1250 31.3
560 3.00 0.7 .0,1250 32,0
560 3.00 0.8 0.1250 _ 32.7
575 3.00 0.6 0.1145 . 22.3
560 4,00 0.6 0.1250 - 3L1.7
488 35,00 0.0 0.1250 159.0
188 760.00 0.0 0.1250 1582.4
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Table 6. Drying Times for Unidirectional Drying

w of Beef with the Back Face Insulated
w . :
w Ty wo mzo\mo L Drying Time
1 °R torr ft hours
¢ 560 0.01 0.6 0.1250 675.0
1 560 0.10 0.6 0.1250 179.7
575 0.50 0.6 0.1040 70.7
560 0.50 0.6 0.1250 112.2
_ 560 1.00 0.0 0.1250 98,3
I 560 - 1.00 0.1 0.1250 100.6
560 1.00 0.2 0.1250 103.0
| 560 1.00 0.3 0,1250 105.0
\ 560 1.00 0.4 0.1250 106.6
i 560 1.00 0.5 0.1250 108.2
I 560 1.00 0.6 0.1250 110.5
i 560 1.00 0.7 0.1250 111.6
| 560 1.00 0.8 0.1250 : 113.4
560 1.00 0.9 0.1250 115.3
575 2.00 0.6 0.1040 69.4
560 2.00 0.7 0.1250 : 119.0
560 2,00 . 0.6 0.1250 116.8
57% - 3.00 0.6 0.11u8 89.1
560 3.00 0.7 0.1250 _ 127.9
560 3.00 0.8 0.1250 130.8
560 3.00 0.6 0.1250 125.2
560 4,00 0.6 0.1250 126.7
488 35.00 0.0 0.1250 635.8
488 760.00 0.0 0.1250 6329.6
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APPENDIX G

FLOW RATES FOR CHANNEL FLOW CALCULATED

BY THE DISCRETE ORDINMATE METHOD

The flow rate equation for rarefied gas flow between parallel
plates based on the discrete ordinate method (Equation (87)) was not
coupled with the energy equation in the thecretical development to
give an interface temperature relationship. However, water vapor flow
rates were calculated using the pressure drops that were obtaiﬁed-frbm
Equation (35). The results for drying of beef at 1.0 and 3.0 torr are
shown in Figure 42, Although the per'cent-difference betweén.the.
values obtained from Equation (87) and those cobtained from Equation
(53} is relativély high, the values are certainly of the same order of .
magnitude. The difference would seem to be the fact that on one hand.
it is assumed that the porous medium can be approximafed by a bundle
of capillary tubes, and 6n the other by a bundle of rectangﬁlar chan-
nels. It is doubtful whether the difference would cause. any appre-
¢iable change in the interface temperature and pressure calcplations.
It appears that the results of the discrete ordinate method would
certainly be applicable to drying when experimental permeabilities

are not -available.
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