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SUMMARY

The objective of this thesis is to introduce and formalize a framework to guarantee
task satisfaction for a robotic system, subject to a variety of constraints such as collision
avoidance with obstacles, inter-agent collision avoidance in the case of swarm robotic type
applications, connectivity constraints, and actuator constraints. In particular, this thesis is
aimed at guaranteeing task satisfaction for complex speci cations such as motion planning
type problems for robotic systems such as autonomous vehicles and multi-robot systems.
To do this, we make use of a recently developed tool known as control barrier functions. In
addition, one of the major focus of this work is on the synthesis of controllers with real-time
implementation capabilities that are amenable to deployment on actual robotic systems.

The synthesized controllers are embedded in an optimization framework known as a
guadratic program, and hence feasibility of this program is an important issue that must
be addressed when executing complex, safety-critical tasks. This thesis will provide tech-
niques to address certain infeasibility scenarios which are not tackled in existing barrier
function-based methods. In addition, existing literature asserts certain assumptions which
are restrictive when dealing with complex task speci cations. For example, a robot navi-
gating an unknown environment has no knowledge of the obstacles in the domain. Hence,
using the traditional barrier function-based framework is dif cult since the unsafe regions
are unknown. We will illustrate such scenarios, and provide frameworks to guarantee task
satisfaction of the speci cation.

In addition to the algorithmic and theoretical contributions, we also implement our
techniques on differential drive robots in order to validate the ef ciency and advantages of
the proposed methods. Algorithmic implementation insights and results are also discussed
which will be useful when one considers such algorithms for deployment on large scale

commercial autonomous platforms.

XViii



CHAPTER 1
INTRODUCTION

1.1 Motivation

Robotic systems such as the Boston dynamics SpotMini[1], Amazon's warehouse robots [2],
or autonomous vehicles are tasked with executing complex behaviors while respecting a
wide range of physical and environmental constraints. Hence, controllers with formal
guarantees on task and constraint satisfaction are required for such applications. In par-
ticular, for safety-critical behaviors such as lane changing for autonomous vehicles, it is
imperative that the safety constraints are satis ed during execution of the task, since other-
wise it could lead to disastrous consequences. Similarly, motion planning tasks for systems
such as robotic manipulators [3], personal assistants [4], and quadrotors [5] involves com-
plex speci cations to be satis ed by the system. Safety critical systems such as the power
grid [6] and automation oors [2] rely on distributed controllers in order to function in the
desired manner. These controllers are again tasked with satisfying complex speci cations.
Hence, failure of these controllers can lead to a collapse of the safety critical infrastructure.
All these examples of existing technologies clearly illustrate the importance and need for
control synthesis frameworks that guarantee safety, while satisfying the task at hand.

This dissertation will provide fundamental results aimed at task execution with con-
straint satisfaction. We provide techniques to synthesize controllers that guarantee task
satisfaction without the need to perform computationally dif cult methods such as abstrac-
tions of the state space. In particular, the emphasis is on the synthesis of controllers that are
amenable to real-time implementation on actual robotic systems. To achieve this, we use
tools from dynamical systems theory coupled with ef cient convex optimization programs.

This chapter will provide mathematical background on these tools.



1.2 Mathematical Background

As discussed earlier, the main topic of this thesis is on the notion of safe task execution
for robotic systems. To that end, this section will provide background on the tools used to
address this objective. In particular, we discuss methods to guarantee safety and reacha-
bility, the formal task speci cation language, and the structure of the optimization-based

controller.

ControlBarrier Functions

Consider a continuous time, control-af ne dynamical system of the form

x f7xe gxeu, (1.2)

wheref D R" andg D R"™ ™ are locally Lipschitz continuous vector elds,
x >D * R" is the state of the system, and>R™ is the control input applied to the system.
Here,D is the compact domain in which the system operates.

Now, consider ase€ “x >D Sh™xe COe de ned as the super-zero level set of a
functionh. Given an initial conditiork”0s >C, we are interested in renderi@forward
invariant. That is, the system trajectory is constrained to stay witfor all time. This
is shown in Fig 1.1, where we see a robot that is avoiding an obstacle while trying to
reach the desired goal region. In this case, the desired safe set is all points outside of the
ellipsoidal obstacle. More formally, we are interested in guaranteeing safety for the system
by ensuring thax"te >Cfor all t CO.

Below, we formalize zeroing control barrier functions (ZCBFs), which guarantee for-
ward invariance of a desired safe set in the state space. This tool will be used to address the
safety constraints that are expected to be satis ed by the system. Before we introduce the
notion of ZCBFs, we de ne an extended cldsdunction [7] R R as a function that

is strictly increasing and”0s 0.



Figure 1.1: A differential drive robot moving towards a goal region, while avoiding the
ellipsoidal obstacle. In this case, the €t “x >R2 Sh"xe CO0e is the safe set i.e. the set
of all positions of the robot outside the ellipse.

De nition 1 (De nition 3, [8]). [Zeroing Control Barrier Function (ZCBF)] A continu-
ously differentiable functiom D R is a zeroing control barrier function (ZCBH)

there exists a locally Lipschitz extended cl&s&unction such that for alix >D,

supakih™xe Lgh™xeu  “h'xesj CO (1.2)

u>Rm

@Hhxe
@x

@hxe

ax J xe are the Lie derivatives df alongf

whereL; h™xe

f"xe andLg4h"xe

andg respectively. ]
Let b D be asafety setdenedas “x >D Sh™xe C0O» whereh D Risa
ZCBF. The set of control inputs that satisfy (1.2) at any given stat® is then de ned as
U "xe oa>R™ S h"xe Lgh"™xeu  "h™xee CO;: (1.3)

One can guarantee forward invariance of desired sets under the existence of a valid

ZCBF as formalized in the following proposition.



Proposition 1 (Corollary 1, [8]) If his a ZCBF, then any continuous feedback controller

satisfyingu >U “xe renders the set forward invariant for the systerfl.1).

Proposition 1 provides necessary and suf cient conditions for constraining the system
trajectory to stay within the safe set Typical forward invariance constraints that one can
encounter when dealing with robotic systems include collision avoidance with obstacles,
connectivity maintenance and inter-robot collision avoidance in swarms of robots, or auto-
motive applications such as adaptive cruise control (ACC) where the vehicle must maintain
a minimum safe distance and speed from the vehicle ahead.

In addition to guaranteeing safety, ZCBFs also guarantee asymptotic convergence to the
safe set if the system starts outside the set. However, since we are interested in task execu-
tion and motion planning type applications where one could have a sequence of tasks that
need to be executed in nite time, we require nite time convergence guarantees. Hence,
we now de ne nite time convergence control barrier functions, rst introduced in [9],

which guarantee nite time convergence to desired sets in the state space.

De nition 2 (Finite Time Convergence Control Barrier Function (FCBHA)continuously
differentiable functiorh D R is a nite time convergence control barrier functioh

there exist parameters> 0;1e and AOQO such that for alix >D,

sup“Lih™xe Lgh™xeu signh™xee B"x+Se CO (1.4)
u>Rm
whereL¢h"xs  €2¢f xe andLgh'xe 23 g xe. j

Let bD beatargetsetdenedas “x>D Sh"xe CO» whereh D R. Letthe

set of control inputs that satisfy (1.4) at any stateD be given by

U "xe o&>R"W;hxe Lgh™xeu sign h™xee B"x*S COj (1.5)

If his avalid FCBF, then there exists a control inpuhat drives the state of the system

4



X to the target sétx >D Sh™xe CO0e in nite time, as formalized next.

Proposition 2 (Proposition 1l1.1, [9]) If his a FCBF for(1.1), then, for any initial condi-
tion xo >D and any continuous feedback conttol D  R™ satisfyingu >U “xe for all
x >D, the system will be driven to the setn a nite time 0 @I @ suchthatx"Te > |,
where the time bound is given Gy %. Moreover, is forward invariant so that

the system remains inforall t CT.

ZCBFs and FCBFs will form the basis for our control synthesis methodology. The
advantage of the above results is that one can encode them in computationally ef cient,
convex optimization programs that will allow us to translate the above theoretical guaran-
tees into actual robotic platforms. To that end, next we discuss the structure of the convex

optimization program which uses the barrier functions as constraints.

QuadraticProgrambasedcontroller

Given a FCBF or ZCBH, the constraints (1.3) and (1.5) are af ne in the control input
and hence they can be conveniently encoded as af ne constraints in a quadratic program
(QP). Hence this formulation is amenable to ef cient online computation of feasible control
inputs, and thus a good control strategy that can be deployed on actual robotic platforms.
In particular, for xedx >D, the requirement that >U “xe and/oru >U “xe¢ becomes a
linear constraint and we de ne a minimum power QP as

min  9£8S

uR" (1.6)
s.t u>U “xe and/oru >U “xe.

We note that (1.6) can encode both nite time reachability as well as forward invariance
requirements as constraints. This QP when solved, returns the point-wise in time, minimum
power control law that drives the system to the goal st nite time and/or guarantees

forward invariance of the safe set We will reference this idea of a QP based controller



throughout this thesis in the context of our theoretical framework.

Remark 1. We note that multiple ZCBFs and multiple FCBFs can be encoded as separate
constraints in the QP. In this case, we solve a single QP with multiple barrier function

constraints. For example, see [8], [9].

Given the controller structure, and the techniques to guarantee safety and reachability,
the next step is to formally de ne the speci cation language which captures a wide range

of robotic tasks that the system has to satisfy. This is detailed below.

Linear TemporalLogic

Complex and rich system properties can be expressed succinctly using linear temporal
logic (LTL). The power of LTL lies in the wealth of tools available in the model checking
literature [10] which can be leveraged for the synthesis of controllers in the continuous
domain. LTL formulas are developed using atomic propositions which label regions of
interest within the state space. These formulas are built using a speci c grammar. LTL

formulas without the next operator are given by the following grammar [10]:

S s- sU (1.7)

where is a member of the set of atomic propositions denoted pgnd is a proposi-
tional formula that represents an LTL speci cation. Since we deal with continuous time
systems in this work, the use of the “next” operator)(lacks meaningful interpretation,
and hence, this operator is not included in our framework. Nonetheless, a large class of
motion planning speci cations (for example, the class of speci cations proposed in [11])
do not require the next operator. In particular, nite time reachability speci cations can be
encoded in our proposed work.

We use the standard graphical notation for the temporal operators inclad{tA-

ways”),3 (“Eventually”),32 (“Persistence”) an@3 (“Recurrence”). From the negation
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( ) and the disjunction-() operators, we can de ne the conjunctign)(implication ( ),

and equivalence () operators. We can thus derive for example, the eventulyatd al-

ways @ ) operators a8 —J and2 3 respectively. Below we provide informal

interpretations of these operators with respect taBh formula .

3 issatisedif is satis ed sometime in the future. That is|s satis ed at some

point of time in the future.
2 issatis edif is satis ed for all time. Thatis, is satis ed for all time.

32 issatisedif becomes satis ed at some point of time in the future and then

remains satis ed for all time.

23 issatis edif issatis ed in nitely often at various points of time in the future.

1.3 Thesis Outline

Below we provide an outline of the chapters in this thesis.

Chapter 3: In this chapter, we introduce the framework for translating a given user
de ned speci cation into a sequence of barrier certi cate-based controllers. The
speci cation is formally de ned in linear temporal logic (LTL). We describe a class

of LTL speci cations which capture a wide range of complex behaviours expected
from a robotic system. Then, we provide algorithms which translate such a speci-
cation to a sequence of reachability objectives which are then encoded as barrier
certi cate-based controllers. We also provide formal guarantees that the synthesized
trajectories from the framework satisfy the given task speci cation. We discuss tech-
niques to smoothly transition between different reachability objectives, and provide

guarantees on continuity of the control law as well

Chapter 4: In this chapter, we illustrate a complex, multi-robot task where different

behaviors of robots are encoded using barrier functions, and we propose a frame-
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work that smoothly transitions between different graph structures required for each
behavior. We discuss the key assumptions of this framework and the one presented in
Chapter 3 which must be addressed when such techniques are used for safety-critical

applications

Chapter 5: Enforcing reachability and safety constraints using barrier certi cates
can prove to be strict in certain scenarios, and hence in this chapter, we provide two
techniques to alleviate infeasibiliy scenarios associated with traditional control bar-
rier function based methods. We provide motivating examples along with theoretical

results to showcase the advantages of our proposed approaches

Chapter 6: When dealing with complex systems with differential constraints (non-
holonomic systems), then one has to account for such complexities in dynamics while
synthesizing controllers. In this chapter, we introduce a new nite time control bar-
rier function which can be used to satisfy both position and orientation reachability
requirements for a differential drive robot. We show that traditional nite time bar-
rier function techniques fail when considering such a system for this kind of task,

and provide techniques to guarantee feasibility and task satisfaction for the system

Chapter 7: Traditional control barrier functions guarantee safety for the system
state, which is a point in the state space. However, in reality, robotic systems have a
volume associated with them. Hence, in this chapter, we introduce “Extent-Compatible
Control Barrier Functions” which guarantee safety for the shape of the robotic sys-
tem in addition to its state. We provide two approaches to enforce such a safety

constraints along with simulation and robotic implementation results

Chapter 8: A key assumption that is prevalent in barrier functions literature is that
the robotic system has complete knowledge of the safe sets i.e. complete knowledge
of the barrier function that guarantees safety. However, this is a restrictive assumption

as we show in this chapter with a simple path planning task. We thus propose a data-
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driven approach wherein the robotic system learns the barrier function using sensory
inputs from the environment. Implementation results are provided which show the

ef ciency of the proposed approach



CHAPTER 2
LITERATURE REVIEW

In this chapter, existing research and state-of-the art methods in control barrier functions,
temporal logic based control of robotic systems, and machine learning based approaches
to barrier functions, are discussed. We provide a brief history of control barrier functions,

followed by a detailed literature survey.

2.1 Control Barrier Functions

Brief History

As motivated earlier, the requirement of safety is critical for all systems. Safety in the
context of continuous time dynamical systems has been studied since the early 1940's.
Nagumo in his seminal work [12] provided necessary and suf cient conditions for invari-
ance of desired sets in the state space. In particular, given a dynamical systénxe
wherex > R" is the state, the requirement that the system is forward invariant within a
desired se€ “x >X & xe COe is satis ed by using Nagumo's theorem which provides
necessary and suf cient conditions for set invariance by evaluating the time derivative of
the smooth functioi on the boundary of the s& That is,

dh™xe

Cis forward invariant i

COforallx >@C (2.1)

where@ “Xx>R"& xe 0e isthe boundary of the desired set.

Then, in the early 2000's, “Barrier Certi cates” were introduced in order to certify
safety in the context of nonlinear [13] and hybrid systems [14]. The authorsin [13] and [14]
discussed the use of barrier functions in order to certify that a system would never enter an

unsafe set in the state space. In particular, the authors also explored the necessity of barrier
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certi cates detailed in [15] and also discussed the application of barrier certi cates in the
stochastic framework [16].

This idea of barrier certi cates was then extended onto the control theoretic setting by
[17]. Given a safe s&$ in the state space de ned by the smooth functignhe condition
for safety is

dh™x; ue

u>R™s.t
8 dt

Co0 O Sisforward invariant (2.2)

Subsequently, the idea of uniting the stability property from Lyapunov functions and the
invariance property from barrier functions was combined together to form the “Control
Lyapunov Barrier Function” as discussed in [18]. However, the constraints in these works
are much stronger than necessary. Hence, this led to the development of the modern version
of control barrier functions introduced rst in [19] and [20]. Given a safeGetR", the

barrier function constraint which enforces forward invariance is given by

dh™xe

§ u>R™sit C “h™xee O Cis forward invariant (2.3)

where is a locally Lipschitz extended clagsfunction.

This modern version of the barrier function constraint is the one used in this thesis. Sub-
sequent research in barrier functions is distributed over a wide range of domains ranging
from automotive applications, multi-robot tasks, autonomous vehicles, and robotic manip-

ulators. Below, we discuss literature pertinent to each of these applications.

Control Barrier Functions for Automotive Applications

Control barrier functions (CBFs) have been widely applied to problems in the area of auto-
motive control. The authors in [19] relaxed the earlier formulation of the barrier certi cate
constraint (2.2). In particular, [19] rst used the barrier function constraint in a quadratic

program (QP) to generate the control action which guaranteed satisfaction of the constraint.
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The QP formulation, by virtue of its convex cost and af ne constraints in the control law,
resulted in superior computational advantages. Subsequently, in [8], the authors introduced
zeroing control barrier functions (ZCBFs) along with robustness properties associated with
the safety set. That is, upon perturbation, the system converges back to the safe set asymp-
totically. Again, this was shown with a case study in the context of adaptive cruise control.
The authors in [21] validate the previously described controllers on actual robotic hardware
consisting of scaled down model cars. Driver assist features such as adaptive cruise control
(ACC) are implemented in the car models. Recently, the authors in [22] have used CBFs
to address the issue of autonomous vehicles merging at an intersection subject to safety
constraints. The authors decompose the merging problem into a sequence of subproblems

each characterized by a separate QP with barrier function constraints.

Control Barrier Functions for Robotic Systems

In the domain of robotics, control barrier functions (CBFs) have been used extensively in
recent years. In particular, they have been used in the context of multi-agent systems to
guarantee collision avoidance between robots [23], [24], [25]. Given a minimum distance
to be maintained between the robots, the safety set is encoded as the super zero level-set
of a zeroing control barrier function (ZCBF) [8]. The authors then use a QP based con-
troller with the control barrier functions as af ne constraints in the control law, in order to
guarantee forward invariance of this safety set. This in turn implies that the robots never
collide. Such a framework has also been applied to quadrotors [23] where the safety set is
considered to be a super ellipsoid which allows quadrotors to avoid collisions. In [26], the
authors combine ideas from reinforcement learning (RL) with discrete time barrier func-
tions in order to control a brushbot. The authors in [27] also discuss the use of Sum of
Squares (SOS) programming to synthesize control barrier functions which maximize the
volume of the invariant set within which the system is rendered forward invariant. The

authors in [28] address the issue of composability of multiple objectives using barrier func-
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tions. In particular, the authors use tools from non-smooth analysis in order to guarantee
the existence of a controller which satis es the objectives for a multi-agent system. In our
paper [29], barrier functions that guarantee safety not just for the system state (center of
mass) of the robot but also its volume are introduced.

In addition to safety, nite time control barrier functions (FCBFs), rst introduced in
[9], guarantee nite time convergence to desired sets in the state space as opposed to ze-
roing control barrier functions which only guarantee asymptotic converge to desired sets.
Recently, [9], [30], [31], [32], have explored nite time control barrier functions for nite
time reachability speci cations. In [9] and [30], nite time barrier functions were used to
achieve smooth transitions between different behaviors in a multi-agent system. The key
objective in [9] and [30] was to ensure composability of different behaviors in order to
ensure that the graph formation is ready for the next desired behavior. In [32], the authors
proposed a method for the composition of multiple nite time barrier functions in order to
mitigate infeasibility issues associated with the QP based controller. The authors in [31]
developed a fully automated framework for the control of mobile robots under temporal
logic speci cations, using barrier functions. Similar to [9], the authors in [33] use nite
time barrier functions for achieving graph formations which are r-robust. This allows for
the robots to achieve formations even in the presence of malicious robots.

Control barrier functions have also been used in the context of energy aware control
for robotic swarms and prioritization of tasks in robotic swarms. In particular, [34] used
control barrier functions in order to ensure that the energy levels of the system was never
depleted beyond a certain minimum threshold. This allows for execution of robotic tasks
over long periods of time during which conservation of energy levels is of key importance.
In [35], the authors use barrier functions to develop a prioritization scheme for tasks to be
performed by robotic swarms. This is useful in situations when one would require some
robots to ignore tasks in order to conserve energy and later prioritize other tasks.

Very recently, the authors in [36] have used control barrier functions with reinforcement
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learning in order to render systems safe during the learning process. However, the authors
consider af ne barrier functions and assume that the barrier is provided to the system. As
part of our future work, we propose to overcome this limitation by using tools in machine

learning to compute the barrier function for arbitrary sets in real time.

Control Barrier Functions for High Relative Degree Systems

Traditional barrier function formulations assume that the control in@ows up in the QP
constraint (1.3) after taking one derivative of the barrier. That is, the authors in previously
described papers assume that the barrier functions are of relative degree one. However,
when using these techniques for complex system dynamics, especially with non-holonomic
systems, this assumption proves to be restrictive. This is because when the control input
vanishes from the constraint (1.3), then there is no way to apply a control that guarantees
safety. Hence, the authors in [37], introduce a technique based on back-stepping in order to
generate barrier functions of high relative degree. Similarly, the authors in [38] introduce a
framework for synthesizing higher order barrier functions which is more generalized than
the previously discussed backstepping based paper. In this thesis, we discuss a speci c
example of an infeasibility scenario where the barrier function is not of relative degree one,

and we utilize the structure of the proposed barrier function in order to alleviate this issue.

2.2 Temporal Logic based Control of Mobile Robots

Mobile robotic systems are expected to execute speci cations which can be decomposed
into nite horizon tasks (reachability, persistence) and in nite horizon tasks (safety, persis-
tence, recurrence). In order to capture such speci cations, linear temporal logic (LTL) is a
commonly used speci cation language. Given a speci cation in LTL, one can synthesize
robot trajectories using the tools available in model checking literature [10]. LTL based
control of robotic systems has been of extensive research in recent years. Among exist-

ing works, one of the main steps in LTL based control of robots is the construction of a
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nite abstraction of the original system (see [39], [40], [41], [42]). This abstraction is a
graph that captures the different behaviors of the system. Given such an abstraction of the
dynamical system and an LTL speci cation, controllers can be automatically constructed
using an automata based approach [10], [43], [44], [41]. However, abstracting the system
is computationally expensive especially with complex dynamics and speci cations. Hence,
methods to alleviate this expensive procedure have been explored. For example, [45], [46],
[47] uses mixed integer linear programs (MILPS) in order to generate the control action by
adopting an abstraction free technique. In the context of this thesis, we focus on abstraction
free techniques for the control of robotic systems subject to temporal logic speci cations.
Recently, barrier functions have been used in conjunction with temporal logic. The au-
thors in [48] discuss the use of time varying control barrier functions for signal temporal
logic tasks (STL). In [48], the authors use a discretization free approach. Time varying bar-
rier functions are used for satisfying nite time reachability and invariance speci cations.
The authorsin [49], [50], [51] propose control approaches for STL tasks. Discrete time sys-
tems are considered by the authors and the methods result, even for single-agent systems,
in computationally dif cult mixed integer linear programs (MILPs). Control frameworks
for the discrete time non-deterministic setup have been presented in [52]. Learning based
approaches coupled with temporal logic have appeared in [53], [54], [55]. The authors
in [56] present a method to obtain satisfaction guarantees for continuous time multi-agent
systems under a fragment of STL tasks. For single agent systems, such continuous time
guarantees have been presented in [57], where a non-convex optimization problem may

have to be solved.

2.3 Barrier Functions and Machine Learning

In recent years, there has been a growing interest in using tools from the machine learning
community to address technology gaps in barrier function-based methods. Indeed, the ad-

vantages of model-free approaches help alleviate certain assumptions in existing literature.
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In particular, the combination of learning based techniques with barrier functions has made
their applicability more widespread and has garnered interest in the industry as well.

An imitation learning based approach was adopted by the authors in [58] in order to
synthesize valid control barrier functions using trajectories and control inputs obtained
from an expert provided dataset. The authors in [59] similarly use a neural network trained
over a dataset of expert trajectories in order to synthesize valid barrier functions. These
approaches however rely on a dataset of expert trajectories being available, which is quite
restrictive, and does not necessarily hold in the real world. In contrast to the above ap-
proaches, the techniques discussed in this thesis are more suited for the case where an
expert dataset is not available, and one has to synthesize the barrier functions during run-
time. Barrier functions and machine learning was combined in a different context in the
paper [60] where barrier functions guaranteed safety in a reinforcement learning framework
during the exploration prcess. One of the major challenges in reinforcement learning is to
guarantee safety for the system during the learning process, and hence barrier functions
were rightfully used for this requirement. The authors in [61] used the Dataset Aggrega-
tion (DAgger) algorithm and proposed a novel approach for learning uncertainties in the
system model which affects the evolution of a control barrier function. The functionality
of the proposed approach was validated on a Segway system, both in simulation and in

hardware.
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CHAPTER 3
FROM TASK SPECIFICATIONS TO CONTROLLERS: A TEMPORAL LOGIC
AND BARRIER FUNCTIONS APPROACH

In this chapter, we present an architecture for the control of robotic systems subject to linear
temporal logic speci cations using control barrier functions, which addresses some of the
challenges associated with the examples discussed in Chapter 1. In particular, we propose
an abstraction-free framework which provides computational advantages over other tempo-
ral logic based control techniques. We provide an automatic framework to translate a given
task into a sequence of barrier certi cate-based controllers, and provide formal guarantees
that the synthesized trajectories from the controller satisfy the given task.

Zeroing control barrier functions (ZCBFs) guarantee asymptotic convergence to desired
sets [8]. However, since we focus on motion planning speci cations, we require nite
time reachability guarantees. Recently, [9], [32] have introduced nite time control barrier
functions for nite time reachability speci cations. In [9], nite time barrier functions were
used to achieve smooth transitions between different behaviors in a multi-agent system.
The key objective in [9] was to ensure composability of different formation behaviors by
making sure that the multi-agent communication graph is appropriate for the next desired
formation, whereas in [32], a method for the composition of multiple nite time barrier
functions was introduced. Barrier functions have also been introduced in hybrid systems
theory [62] to guarantee forward invariance of hybrid inclusions.

Finite and in nite horizon speci cations which are useful for mobile robotic systems
can be conveniently encoded using linear temporal logic (LTL). The power of LTL origi-
nates from the wealth of tools available in the model checking literature [10] which allows
for generating trajectories for the robots given a speci cation in temporal logic. LTL based

control of robotic systems has been well studied and standard methods rst create a -
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nite abstraction of the original dynamical system [39], [40], [41], [42]. This abstraction
can informally be viewed as a labeled graph that represents possible behaviors of the sys-
tem. Given such a nite abstraction, controllers can be automatically constructed using
an automata-based approach [41], [10], [43], [44]. However, abstracting the state space is
computationally expensive especially with complex system dynamics and speci cations.

In the presented framework in this chapter, we avoid the dif culties associated with
computation of any automaton from the speci cation or a discretization of the state space.
Since CBFs can be conveniently encoded within a QP, the controller is amenable to real
time implementations without the need for an abstraction of the state space or the system
dynamics. Other authors have explored discretization free techniques as well. The authors
in [48] discuss the use of time varying control barrier functions for signal temporal logic
tasks (STL). In [63], the authors use time-varying barrier functions for control of coupled
multi-agent systems subject to STL tasks. In both [48] and [63], the authors do not al-
low for repetitive tasks, a speci cation which can be captured by our proposed framework.
The authors in [49], [50], [51] discuss control methods for STL tasks. However, the meth-
ods proposed result in computationally expensive mixed integer linear programs. Control
methods in the discrete time non-deterministic setting have been explored by [52]. Learn-
ing based frameworks are discussed by the authors in [53], [54], [55]. Control techniques
for continuous-time multi-agent systems given fragment of STL tasks has been presented in
[56]. The authors in [57] discuss a similar continuous time method. However, a non-convex
optimization problem may have to be solved.

In this chapter, we propose a barrier function-based controller framework to synthesize
system trajectories that satisfy a given user de ned speci cation. In particular, the proposed
framework automatically translates the user de ned speci cation formalized in a subset of
LTL to a sequence of barrier function-based quadratic programs. The approach adopted in
this chapter is a discretization free approach which alleviates some of the computational is-

sues arising from abstraction based control of mobile robots [39, 40, 41, 42, 43, 44]. Then,
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we provide formal guarantees that the proposed controller framework produces a system
trajectory that satis es the given speci cation. The proposed family of LTL speci cations

in our work can capture more complex speci cations than the fragment considered in [48,
63]. In addition, our guarantees are different from other chapters on temporal logic based
control using barrier functions [48, 63] in that we characterize the family of trajectories
that satisfy the given speci cation, and then prove that the proposed controller indeed pro-
duces a trajectory that belongs to the set of satisfying trajectories. The trajectory generated
by the proposed CBF based controller is analyzed and the guarantees of CBFs translate to

guarantees on the system trajectory.

3.1 Problem Setup

We consider a continuous time mobile robotic system in control-af ne form as in (1.1). We
assume that the doma¥h contains regions of interest which are labeled by a set of atomic
propositions 7 1; 5 3;:::; n* with the labeling functio X 2 sothat >
is true atx >X ifand only if >L"xe. These regions may overlap and need not constitute
a partition or cover oX. Foreach >2 ,we haveL 1" ¢« “x>X S  L"Xee. Let

aug 1, 2,000 L 20 Tne be the augmented set of atomic propositions where

we de ne i foralli >71;2;:::;ne. The set 4 is also called the set diterals

[10]. Thus, we identify =5 ; foralli >71;2;:::;ne. In addition, de ne

S ag® I agS>J O >J forall > g0 (3.1)

P™ ag® ~J° agSTi>Je Ti>Jeforalli >T12;:00nee (3.2)
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where’ is the exclusive disjunction operator. Observe at 554~ S™ a4g°. A subset
of 4y belongs to the familyg™ ,.4e if it does not contain an atomic proposition and
its negation simultaneously, and it further belong$to .. if it contains each atomic
proposition exclusive-or its negation.
We consider a fragment of LTL, denoted by L ;onotic, Which is a modi cation of
the fragment considered in [64]. Our proposed fragment covers a large class of motion

planning tasks, such as the ones discussed in [11], expected from a robotic system.

De nition 3 (Fragment of LTL) The fragmentTL ohoiic IS de ned as the class of LTL

speci cations of the form

globes reach » recs act (33)

Where g|0be 2 1, reach 5y 3 J2 rec 5 23 gg and act 32 4- Herel 2 andl 3
=12 J>13
are nite index sets and;, ,forallj, 4forallj and 4, are propositional formulas of

the form ; with J; >S" 44 forall i >~ 1;4e, | withJl >S~ ,,4¢ for
>Jj >Jij

alli >72;3+ and for allj >1I;. j
Below we provide informal de nitions of the speci cations appearing in the above def-
inition.
* gobe This type of speci cation captures properties that must hold throughout the

execution of the system. For example, collision avoidance with obstacles must hold

at all times when a robot is navigating in the workspace.

* each Speci cations of this form capture nite time reachability requirements for the

system. For example, a robot must reach a region of interest within a nite time.

* e This recurrence speci cation captures, for instance, scenarios where the system
must visit regions in nitely often. For example, a robot must visit room A and room

B in nitely often.
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* .t This type of speci cation captures persistence requirements. For example, a

robot must reach a region and then stay within the region for all time.

As compared to [64], we additionally incorporate reachability speci cati@jswith-
out increasing the system complexity due to the abstraction free nature of our proposed
framework. We do not include response-to-environment speci catidis\(O 3 Be)
since time-varying or reactive system speci cations are not considered in the context of our
proposed barrier function framework. With regard to other widely used fragments, our pro-
posed fragment allows for persisten8 () which cannot be expressed by the Generalized
Reactivity (GR(1)) fragment or computation tree logic (CTL) [65]. Our proposed fragment
also allows for repetitive tasks 4 and .c) which cannot be captured by the fragment
considered in very recent work on barrier function based control using temporal logic [48,
63]. A wide range of robotic tasks such as path planning, environmental monitoring, long-
duration autonomy, and coverage can be expressed using our proposed fragment.

For any propositional formula omitting temporal operatorge(g, a conjunction of
literals), we de ne theproposition setdenoted) K as the set of all states that satisfy

That is,

JK “X>X L°xea o (3.4)

whereL"xs a signi es that is true under the evaluation for which all and only propo-
sitions inL"xe ~  are true.

We assume that for each atomic proposition , there exists a continuously differen-
tiable functionh X R suchthatl K “x >X$& “xe COe. In this chapter, similar to the
assumption in [8], we assume thath “xe x O for all x >X. We ignore the measure-zero
set"™x >X & “xe 0, and identifyJ K “"x >X & “xe @0 for each > . Thus we
deneh-"xe h "xeforall >

The fragmentLT L ;ohotic €NCOMpasses a class of speci cations which cover properties
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such as nite time reachability, persistence, recurrence, and invariance. These properties
are useful to express a number of common robotic system speci cations.

Recall that forany >2 ,L 1" ¢« “x >XS L"xes. We dene atraceas a
sequence of sets of atomic propositions. Tiaee of a trajectoryx”te of a continuous
time dynamical system is de ned as the sequence of propositions satis ed by the trajectory.
As formalized in [66], an in nite sequence o ;::: where ; b foralli >N is the
trace of a trajectorx”te if there exists an associated sequetite,::: of time instances
suchthat, O,tx 2 ask 2@ and foreachm >N, t;, >R satis es the following

conditions:
* iy @m 1
. XAtmo >SL 1" me

e If 1 X 1, thenfor some,, > ty;ty 1, X te >L 17 e forallt >ty ;tSe,
X“te >L ¥ o qe forallt >7t®;t, 1°, and eitherx t&e >L 1° o or X"t®e >

L 1= m 1..

e If m 1 for somem, then |, m k forallk AOandx"te >L 1= e for all

tCtp.

The last condition of the above de nition implies that a trace contains a repeated set
of atomic propositions only if this set is then repeated in nitely often. This is useful to
capture for example, a stability condition of the system. By forbidding repetitions in other
cases, we ensure that a particular trajectory possesses a unique trace. This exclusion is
without loss of generality since we only consid&rL ohoiic SPECi cations without the next

operator. We now de ne the problem statement that is addressed in this chapter.

Problem Statement 1.Given a speci cation irLT L (opeic @S in(3.3)which is to be satis-
ed by a continuous time robotic system with dynamics ad.ifh), synthesize a point-wise
minimum norm controller as i(il.6) which produces a system trajectory whose trace sat-

is es the given speci cation.
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We are interested in generating system trajectories using controllers of the form (1.6),
which guarantee satisfaction of the given LJdic Speci cation. As a secondary objective,
we are interested in achieving the stated task by expending minimum power, point-wise in
time. These objectives are captured by the problem statement. Note that a key requirement
in order to address the above objective is feasibility of the controller. This is taken as an
assumption in this chapter, however we touch upon this and other standard assumptions in

subsequent chapters of the thesis.

3.2 Synthesis and Analysis of Quadratic Program-Based Controller

In this section, we detail the theoretical framework which provides formal guarantees that
the quadratic program (QP) based controller indeed produces a system trajectory that sat-
is es the given speci cation. We also describe the methodology to synthesize the barrier

funtion based QP controller given & L ,opoic SPECi cation.

3.2.1 LassoType ConstrainedReachabilityObjectives

It is well established that if there exists a trace that satis es a speci cation belonging to
the fragmenLT L ,onotic; then there exists a trace which satis es the speci catiotasso

or pre x-suf x form ([10], pp 272), where a traceis in lasso form if it is comprised of

a nite horizon pre X e and a nite horizon suf x ¢ that is repeated in nitely often.

Both e and g, are nite sequences of sets of atomic propositions such that the trace

is equal to the pre x followed by an in nite repetition of the suf x. Such a lasso-type trace
isdenoted as " sur*' , Where! denotes in nite repetition. Atomic propositions of

a continuous time dynamical system are subsets of the domain, and, hence, it is possible
to interpret such lasso traces as sequences of constrained reachability problems in lasso
form, which forms the basis of our control synthesis methodology. This is formalized in

the following de nitions.
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De nition 4 (Constrained reachability objectivelsiven a target set ~ X and a safety
set ~ X, theconstrained reachability objectivdenoted byR™ ; e, is de ned as the
reachability problem to be solved so that the state of the system reaches thanseite

time while remaining in until it reaches . ]

The constrained reachability objective for a system (1.1) is solved from a given ini-
tial condition in if a control policy is found which drives the state of the system to
while remaining in until it reaches . For example, a reachability objective denoted by
R”™B; A« signi es that the system must reach regidiin nite time while staying in region
B until it reaches regioA. The constrained reachability objective implies nding a control
policy that solves the above objective successfully. The main intuition of our framework is
that given a reachability objectii®™ ; <, one can encode the safety setising zeroing
barrier functions, and the target setising nite time barrier functions.

In order to encode complex objectives such as recurrence and persistence, we need
to capture repetitive behavior, and hence, below we formally de ne a “Lasso Type Con-
strained Reachability Sequence” which can enncode complex objectives as a sequence of

reach-avoid problems.

De nition 5 (Lasso Type Constrained Reachability Sequenéelasso-type constrained
reachability sequencis a sequence of constrained reachability objectives in lasso form
such that each subsequent safety set is compatible with the prior goal set. That is, a lasso-

type constrained reachability sequence has the form

wherep AO, " C1, and eactR; R" ;; ;e forsome j; ;X satisfying ; b ; 4 for
allj >"1,2,;:::;p ° 1eand ,-b 1. The sequenceR;R,:::Rye is a nite horizon
pre x objective and R, 1;Rp 2:::Rp ¢ is a nite horizon suf x objective that is repeated

in nitely often. ]
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The lasso-type constrained reachability sequence is considered feasible if each con-
stituent reachability objective is solved successfully in sequence. For example, consider
the task speci cation, “The robot must rst visit regioh, then regiorB, while avoiding

the obstacl€. The lasso-type reachability sequence that satis es this task is given by

RIasso ®1R2‘GER3‘

whereR; R°C;A¢, R, R°C;Be andR; R"C;ge. Note thatifp 0, then the nite
pre x has length zero and the lasso sequence is then given by

!

R|asso CR]_, R2 T R“ . (3.6)

A reachability objectiveR; is said to be solved successfully if the state of the systam>
i 9 forsomet >70;2 « and foranyi >71;2;:::;p e.
By the preceding discussion, if there exists a trace that satis es a §iVénporic
speci cation, then there exists a lasso-type constrained reachability sequence which, if
feasible, guarantees that the system satis ed.hke onoiic Speci cation. One can view the
lasso type reachability sequence as a bridge betweelnTthe,,.ic Speci cation and the
set based approach of our proposed controller. The lasso-type reachability sequence is akin

to lasso runs that one would encounter in an automata-based approach to control synthesis.

3.2.2 ConstructionOf Lasso-typeReachabilitySequence

Consider aLTL ;onotic SPeCIi cation as in (3.3). Given , our rst objective is to gen-
erate the lasso-type constrained reachability sequence of the form (3.5). To do this, we

formally de ne alasso templateGiven aLTL ohoic SPECi cation , alasso templatés an
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enumeration of the form

O, "1;2::: ke 1y (3.7)

Oz "1,2:::7 3 (3.8)

where the index sels, andl ; are as per De nition 3and  $,Sand™ max'S ;S1e.

Note that it is computationally straightforward to obtaomeasso template simply by
arbitrarily enumerating the elements of the index $gtandl ;. A lasso-type reachability
sequence of the form (3.5) or (3.6) is constructed using Algorithm 1.LTHe qhotic SPEC-

i cation, and the lasso templa®, andO3 are the inputs to Algorithm 1. The output is a

lasso-type constrained reachability sequence of the form (3.5) or (3.6).

3.2.3 Synthesiof QuadratidProgrambasedController

We next encode the reachability objectives as nite time and zeroing control barrier
functions in a QP. This is described in Algorithm 2. Eachis encoded with FCBFs
with (1.5) or (5.6) as constraint(s) whereas eaghis encoded with ZCBFs with (1.3)
as constraint(s) in the QP. The designer is free to choose a locally Lipschitiction for
(2.3). In order to solve a particular reachability objecté ;; i wherei >71;2;:::;ne,
we solve a QP as in (1.6). Note that solving a QP in real time is typically done in a few
milliseconds, and hence Algorithm 2 is amenable to real time implementation on robotic
platforms. The next step is to provide theoretical guarantees that the trajectory generated
by the barrier certi cates based controller in Algorithm 2 indeed satis es the speci cation.
The next section builds the required machinery and provides a formal guarantee that if
the QP from Algorithm 2 is feasible, then the trace of the system trajectory satis es the

speci cation.
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Algorithm 1 Lasso-type Reachability Sequence Generator

Input: , Oy, O3
OUtpUt' R lasso

1: if J4 x g then

2 p k1

3: if kxOthen

4: . J P UKforalli 1;2::up 1
5: i JKforalli 1;2;:::;p 1
6: endif

7 p J 4K

8: p J 1K

o: pi J §3A"Kforalli 12000
10: ifJ; g then

11: pi JaKforalli 1;2;:::;°

12: else

13: pi J1K9J 4Kforalli 1;2;:::;"
14:  end if

15 Ry Ry” j; jeforalli 1,2;:::;p
16:  return Rasso @sin (3.5)

17: else

18 p Kk

19: if px Othen

20: . J P UKforalli 1;2::i;p
21: pi J SSA"Kfor alli 1;2;::::°
22: i JKforalli 21;2;:::;p
23: Ri R i; jeforalli 1;2;:::;p
24: return Rasso @s in (3.5)

25: else N

26: pi J ?3 “Kforalli 1;2::::;°
27: pi JaKforalli 1;2;:::;"

28: Ri R i; jeforalli 1;2;:::;p
29: return Rasso @s in (3.6)

30: endif

31: end if
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Algorithm 2 Quadratic Program based Controller
Input : Rasso

1: if px Othen
2. fori 1;2;:::;pdo
3 Encode ; with FCBFs
4 Encode ; with ZCBFs
5: while x § ; do
6
7
8
9

SolveR™ §; j*asin(1.6)
end while
end for
cendif
10: while truedo
11: fori p 1;:::;p " do
12: Encode ; with FCBFs
13: Encode ; with ZCBFs

14: whilex § ; do

15: SolveR™ i; j*asin(1.6)
16: end while

17:  end for

18: end while

3.2.4 AnalysisOf TrajectoryGeneratedby QP Controller

Observe that there is a one-to-one correspondence between elemnts,gfe and sub-
setsof . Let 2 P aw® 2 =« be the canonical bijective mapping for a subset

>2 with the corresponding mapping * >P~ 54° given by,

> >~ eand > > " e (3.9
For notational convenience, we do not explicitly differentiate between a subset and
its mapping”™ ¢ >P" 4.

Given Algorithm 2, we now provide formal guarantees which prove that the QP from
Algorithm 2 indeed produces a system trajectory which satis es the system speci cation.
This is done by leveraging the formalism of LTL and the guarantees of control barrier
functions. To that end, below we formalize the set of all system trajectories that satisfy a

given LTL speci cation, based on the user de ne lasso template (3.7).
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De nition 6 (Descendant)Given aLTL ohotic SPeci cation with a lasso templat®,

and O3, adescendanf the lasso template is any in nite length sequence of the form

11 12°00 10108 21 22000 2,0 i pa p2iil pingi cii, (3.10)

where ; >P~ ggeforalli 1;2;:::,) 1;2;:::;n and
1.J:b 4 foralli>"1;2;:::;p and forallj >71;2;:::;n;e
2. JSZAi' b 0,0, foralli >71;2;:0: ke
3.Jab pn,

4, J?SA“ b mn, wherem p d Oj'ie foralld>"0;1,2:::« and for alli >

1,200
5.J18J4b j foralli>"p 1;:::eandforallj >71;2;:::;n;e. j

Intuitively, a descendant of a given template is a sequence of atomic propositions
visited by the system such that it respects the safety sedad also reaches the target sets
iina nitetime foralli >71;2;:::;p l+. Consider the example discussed before, where
a robot must rst visit regiom, then regiorB while avoiding the obstacl€. The lasso
template for thistask i©,"1e A, O,"2* B. Given this template, one valid instantiation

of the descendant (3.10) is

A;B;Ce" A;B; Cejce™A;B; Ce" A;B; Cejoe™A;B; Cej ;

which satis es the conditions of De nition 6. In (3.10), each set = i1 i2:: in,®
corresponds to thié" constrained reachability objective in the lasso sequence (3.5) or (3.6)
andtheset, ~ p1 p2::: pin,* iSthe last constrained reachability objective in the nite

pre x part of the lasso sequence after which the sequence switches to the suf x.
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Proposition 3. Given a lasso template for BT L ;ohotic SPeci cation as in (3.3), any

descendant of this template is such thata

Proof. Let globes reach s recs act D€ @ Specication as in (3.3). L&D, andOs
be a lasso template for the speci cation. Lebe a descendant of the lasso template as in
De nition 6.

We provide a proof by construction by considering four individual cases for the speci-
cation . Then, since conjunction preserves the results from these cases (Fig 5.2, pp 236
[10]), we combine them to provide a proof for the entire fragment of LTL.

Case 1: Suppose  gipe 2 1for mnl m, Where ,, > 5,4. Thus we have
Ji T o n-,szA“ “ge foralli >”1;2;:::;k-,J§3Ai° “ge foralli >71;2;:::; e
andJ; “ge. A descendant trace of the template is as per De nition 6. Thus, from
condition 1 in De nition 6 , we observe thadt, = 1;:::; npe b 4 foralli >"1;2;:::e
and for allj >71;2;:::;n;*. Hence, we can conclude thaé ggpe.

Case 2: Suppose ¢ 32 4for 4 " m Where ,, > ,,4. Thus we have

m 1

Ji "ge, 97" tgeforalli >71;2;::: ke, 9% ~ge foralli >71;2;:::; e and

forallj >71;2;:::;n;*. Hence, we can conclude thath .

Case 3: SUPPOSE reach . 3 L. Thus we havel, ~ge, JJ*" ~g- for
alli >71,2;:::;7«andJs  “ge. JAijescendant trace of the template has a closed form
expression as in De nition 6. Thus, from condition 2 in the de nition, we observe that
szAm' Toniitoaeb 02" m*ino - forallm >71;2;:::;ke. Hence, we can conclude
that a reach-

Case 4: SUPPOSE  rec . 23 L. Thus we havel; ~ge, J52'""  ~ge for

3

alli >71;2;:::;ke andJs, ~ge. A descendant trace of the template has a closed form

expression as in De nition 6. Thus, from condition 4 in the de nition, we observe that
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J§)3Aq' Tt oneb o, forallm p dl O3°ge, foralld>70;1;2:::¢ and for all
g>"1;2;:::; ». Hence, we can conclude that ec.
Thus, by combining the results from Cases 1, 2, 3 and 4 with conjunction [10] (Fig
5.2, pp 236 [10]), we can conclude thasatis es globes reach s rec, act- Ihatis,
a . I
Next we state Theorem 1 which provides a theoretical guarantee that if Algorithm 2 is

feasible, then the trace of the resulting system trajectory satis es the speci cation.

Theorem 1. Given aLTL ,oheic SPeCi cation and a lasso templat®, andOg, let R jass0
be the lasso-type constrained reachability sequence §3.%) generated from Algorithm

1. If Algorithm 2 is feasible, then the trace of the system trajectoty satis es .

Proof. As per Algorithm 2, each ; is encoded as constraint(s) with ZCBFs for ialk
“1,2;:::;p . From Proposition 1, this guarantees forward invariance of the atomic
propositions that need to remain true or need to remain false. Since the QP from Algorithm
2 is feasible, conditions 1 and 5 from De nition 6 are satis ed. Since egcis encoded

as constraint(s) with FCBFs for all>"1;2;:::;p e, from Proposition 2 (Theorem 6

can also be used, as is discussed in Chapter 5) we can guarantee nite time convergence to
atomic propositions that need to be reached in nite time. This satis es conditions 2, 3 and

4 of De nition 6. Thus, all conditions in De nition 6 are satis ed. Since the QP is feasible,

we conclude that Algorithm 2 generates a descendanfithe lasso template.

From Proposition 3, we know that given a lasso template, any descendétite lasso
template is such that it satis es the speci cation. From the previous analysis, we know
that the QP from Algorithm 2 produces a descendant of the lasso template. The mapping

being bijective and combining Proposition 3 with the previous analysis, we can conclude
that QP from Algorithm 2 produces a trace of the trajectory of the system that satis es the

given speci cation. Thatis, 1" « & . I
Note that while Algorithm 2 and Theorem 1 assume that the QP (1.6) is feasible, one
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can always use the technique of relaxing the QP as is discussed in Chapter 5, for feasibility.
In that case, although feasibility of the controller is more likely, Theorem 1 may no longer
hold since the relaxation parametersan be non-zero so that the corresponding atomic
propositions are no longer satis ed. However, such a situation is beyond the scope of this

thesis.

3.3 Framework Implementation Results

In this section, we provide a case study implemented in the Robotarium multi-robot testbed
at Georgia Tech [67]. The Robotarium consists of differential drive mobile robots which
can be programmed using either MATLAB or Python.

Consider a team of three robots: one surveillance radRQtand two attack robotR
andR,). The surveillance robot needs to collect information regarding the position of two
targets, and then return back to the base. Once the information has been relayed to the base
by the surveillance robot, the attack robots must visit the targets in nitely often. In addition
to this, the attack robots must stay connected with each other at all times, and all the robots
must avoid a danger zone where they can be attacked.

LetD ° R? be the workspace for each robot anddetD D ° R® be the domain of the
three robot system with regiods ~A; B; C; O«. The dynamics for each ager#™1; 2; 3¢

is

~IIITT|

IS

eSS

wherep! > R andp? > R represent the position of the robot, >~ ; represents
p; P p p p

its orientation,v; >R and!; >R are the linear and angular velocity inputs to the robot
T T
respectively. Denote; p! p, ; ,andxi p' p, .Forimplementationpurposes

in the Robotarium and theoretical reasons associated with the unicycle robot as discussed
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in [68], we use the NID technique discussed in [69] to control the differential drive robots
as a single integrator model. The NID technique allows for control over both input to a
differential drive robots as discussed in [68].
Target 1 is labelled a8, target 2 is labelled aB the base is labelled &, andO
is the danger zone (obstacle). The set of atomic propositions is given by [; i 8
~ conn.—COMNe for all i >71;2;3» andr >"A;B;C;Oe¢. The regionsA, B, C are de ned as
J K "x>D3®,"x;» COe forallr >"A;B;C;O¢ and for alli >71;2;3. For each) 'K
withi >71;2;3«,r >"A;B;C;O¢, let
¢
1 if X; >r
[ (3.11)
o 0  otherwise.

This means{ 1 if and only if agenti is in regionr. The additional connectivity

constraint that must be maintained RyandR; is given ash¢on,~x* COwhere
heonn "X 0Zonn"X* S8 X188 (3.12)

whered,oc,n D D D Risthe connectivity distance between the two agents that needs

to be maintained, an8& x;SB the inter-agent distance. We consider
d<2:onnAX° Ap% LY (3.13)

where ; and , are constants. The connectivity set corresponding to the proposiitn

is de ned asJ ©°MK “x >D3®,n X* COe. Such a constraint captures a situation in
which the robots have poor connectivity in certain areas of the workspace, which requires
them to maintain a closer distance with each other. In areas where the robots have strong

connectivity, they are free to maintain a larger distance from each other.
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TheLTL onotic SPeCi cation for the task described previously is given by

~ A B C ~ A B ~ C C ~ conn @) O O
33!33a33.$23 1,2.123 112.12 ’ 1 2 3.'

(3.14)

From the formalism in De nition 5 and Algorithm 1, we obtain the lasso-type con-
strained reachability objective,

!

Riasso @Ri™ 1, 1°R2™ 27 2R3 35 3*@ER4 45 4°Rs 5, 5

where ;| J K9 J°K9 J,°K9 J3OKfori 11,2345 1 J4K , JEK

3 JSK 4 JTKIJBK 5 J EKIJ $K Thus, we have ve quadratic programs

Figure 3.1: A still shot of the trajectories for the rob&s R, andR; for the speci cation

as in (3.14). Observe th& moves temporarily away from target 1 temporarily in order
to satisfy the connectivity constraint dictated by (3.12) and (3.13), but Theorem 6 results
in feasible solutions at those points. From the gure, we observe that the robots maintain
connectivity and avoid the danger zone at all times.

(corresponding to each reachability objective) that needs to be solved for guaranteed task
satisfaction, with the objectives in the suf x part of the lasso sequence solved for in nitely

many iterations.
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