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Quantum well, voltage-Induced quantum well, and quantum barrier 
electron waveguides: Mode characteristics and maximum current 

Daniel W. Wilson, Elias N. Glytsis, and Thomas K. Gaylord 
~portm~nt of El«trlcdl £1flin«ri"' Gnd Alicrwl«11'0nia Res~tJrch Cnter, G«Jrgi4 ludtllte 
qf Ttclmology, Atlllnlll. Gcorpl JOJJ2 

(Received 18 Apri11991; accepted for publication 22 July 1991) 

It is shown that finite-potential beterostructure wells, homostructure voltace-induced wells, 
and heterostructure burien can act as waveguides for ballistic electrons and that 
waveguidin& is described by a lincJe dispersion relation and can oc:cur at ene:rJies above aD 
bud edges. lbe guided mode cutoft's, electron velocity, eft'ective mass, density~ 
states, and ballistic current density (applicable to 2D electron pses) an presented. The 
maximum ballistic ,Wded CUI'I'alt ftowing in a given direction for a 10 monolayer 
Oao.,sAJo.uAs!Ga.As/Gao.,Aio,1As wavquide is found to be 2.3 mA per pm fA 
waveguide width-ellowing considerably pater CUI'I'alts than in lincJe-mode quantum wires. 

Receot experiments have demonstrated micron-length 
ballistic ( collisionless) electron transport and ballistic elec­
tron refraction in two-dimensional electron gas (2DEG) 
structures.1.l In these devices, the quantum well at the 
2DEG interface acts as a slab waveguide for electron 
waves. Other experiments have demonstrated that .. one­
dimensional (lD) wires" defined in G&As--GaAlAs hetero-­
ltnlctures can act as channel electron waveguides. 4 1n IDOit 

analyses of 2D and 1D electron waveguides, it bas been 
assumed that the waveguide bas bard-wall boundaries (in· 
finite potential),4•5 or that the confining potential does not 
couple the transverse and longitudinal electron wave vec· 
tor components.._. While the bard-wall boundary may be 
reasonable for the pte-voltage defined sidewalls of one­
dimensional wires, it is not valid for the boundaries formed 
by a heterostructure. The assumption that the transverse 
and longitudinal wave vector components an independent 
leads to a parabolic enerJY dispersion relation that does not 
give proper electron wave phase matching at the 
boundary.9•

10 In this Jetter, 2D electron waveguides an 
analyzed without any of the above assumptions. 

We ftnt consider a ballistic electron wave with enerJY 
E incident at an ancJe e1 on a sincJe potential enerJY step 
which can be either a rise ( J'1 < Y2 ) or a drop ( J'1 > Y2 ). 

The eft'ective masses an taken to vary in the same manner 
as the potential energies, i.e., mf < mf for J'1 < Y2 and vice 
versa. This holds explicitly for the Oa1 _ r4J..As system, in 
which the conduction band potential enerJY Y- b and 
the eft'ective mass m•- m0(.B.x +C), where A- 0.7131 
eV, B-0.067, c- 0.083, and "'o is the free electron mass. 
The time-independent SchrOdinger equation for the enve­
lope wave function • in the eft'ective mass approximatioa is 
( -~/2mf)V2.(r) + YJII(r) -E•(r), where) is there­
aion index ( j- 1,2). The boundary conditions an that. 
and {1/m•)(ih/1/ax) must be continuous. Snell's law for 
ballistic electrons is kt sin e.- kz sin ez, where k) 
- J<2mf!#)(E- Y1> (J-1,2).9 The onset of total in· 
ternaJ reftection (TIR) (e2 = 90") occurs at the critical 
an•Je e1~ - lin - 1(k2/k1).

11 TIRcan occur below thecrit· 

icaJ energy E~- (mfJ'2 - mfJ'1)/(mf - mf) for a po­
tential rise and above the critic:al energy for a potential 
drop. The existence of TIR for a potential drop requires 
dift'ering eft'ective masses. When Till occurs. the wave 
function in region 2 decays asap(- fJX), and the elec· 
tron wave in rqion 1 aperieuces a phase shift 

~ = -2 tan -•[(mf/mfHrz/k~.~r)]. where rz- ~iJ2- ~. 
ka.. - Jlq- IP. and the wave vector components are k1;c 

(transverse) and fJ (longituctinal). 
The two-dimensional (slab) electron waveguide is 

shown in Fig. 1 and is composed of a cover, film, and 
substrate with potential CDerJies Y,.Yp and J', and eft'ec-
• • • d • 'el Tb tial tive masses m~.m1, an m,, rapecttv y. e poten 

eDerJY diagrams for the three e1ectroo waveguide configu· 
rations an shown as insets in F'JI. 2. They are the hetero-­
structure well ( Y1 < Y, < Y,. m1 < m: < m~). the homo­
structure voltage-induced well ( Y1 < Y, < Y,. m7 - m: 
= m~), and the hetero~t.ructure bltrier ( Y1 > Y, > Y,. m1 
> m: > m~). The guidin1 region in aD cases is the 11m 
which bas thickness d, and the cover and substrate an 
taken to be ~tely thick. Both wells and burien can act 
as electron waveguides Iince TIR can occur for both a 
potential rise and a potential drop. The heterostructure 
well and barrier may be formed by MBE growth, and the 
homostructure voltage-induced well may be formed by the 
pte-defined sidewalls or one-dimensional wires. 

An electron injected into the film can be guided by 
Till if its zigzaa ancJe e is pater than both the film-cover 
and 11m-substrate critical anaJes. However, only those 
electrons that constructively interfere with themselves as 
they reflect from the cover and substrate boundaries will be 
guided over lianificant ~lances. This requireS that the 
sum of the phase shifts on TIR from the cover and sub­
strate plus the phase shift incurred due to round-trip trans­
vme propagation tbrouah the film must equal a multiple 
of 2.-. Thus the dispersion equation is 
2k1J!l + ~~ + ~,=2vrr, v=0,1,2, .... where k1;c is the 
transvme propaption constant in the film. and ~c and 
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flG. 1. "Slab electron wayquidc compoeed ~a CCMr,llm, ad IUbluate. 
Tbe auided mode lw propaptioa YCdor /J aDd zia-z.u anaJe 6. 

~~are the phase shifts oo TIR from the cover and substrate 
respectively.11 Thus 

~c,;a~~- tan- l ( mzrl ) -tan -I ( mzr~ ) -w. (l) 
m1 1c111 m~k111 

where y c.~ • $2- Pc,~~ 1c /1l • Jk}- iP. and 
v • 0,1.1, ..•• 10 This equation is valid for all three types ol 
electron wavesuides. Elec:tron waves that satisfy Eq. (I) 
are ,Wded modes and have wave functions of the form 
~ .. (r) - ~.,(:a)exp(i/l·r1). where the mode propaptioo 
vector 1J = p; + pj. and r1 - n + zi The transverse 
wave functions of the ,Wded modes will be evanescent in 
the cover and substrate. and oscillatory in the film. Note 
that separation of the wave function into transverse and 
lonJitudinal parts does not lead to independent wave we­
tor components. 

Cutoff of the ,Wded modes occurs when: IJ = 0 or 
y, - 0. When 1J decreases to zero. the electron no Jonaer 
propaaates down the wavepide. it merely reflects back and 
forth between the cover and the substrate. When f 1 de­
creases to zero, the wave function is no Jonaer evanescent, 
and the electron is refracted into the substrate. The coodi­
tion rl - 0 is sufticient for pided mode cutoff since r. < 
r~ by definition. Equations for the cutoff enerJies E11• 0 and 
E1,.0 can be found by subst.itutina/J-= 0 and r, - 0 into 
Eq. (1).10 Equation (l) and the cutoff equations can be 
numericaUy solved to yield the E vs IJ dispersion curve and 
the cutoff energies .of each pided mode M ~ These results 
are shown in Fia. l. The Ga1 _..AI~ compositions of Fia. 
2 were used for consistency among the three wave,Wde 
types. The heterostructure well [Fia. 2(a)] bas both a 
IJ • 0 (lower energy) cutoff and a y1 -= 0 (upper energy) 
cutoff. The voltage-induced well [Fia. 2(b)] bas ODJy a 
fJ- 0 (lower energy) cutoff, and the heterostructure bar­
rier [Fia. 2(c)] bas only a y1 - 0 (lower energy) cutoff'. 
Cearly, waveauidina can occur at enerJies above the bend 
edaes of all three reJions (cJ ,s). Further, all of the dis­
persion curves are nonparabolic (Eq. (1)]. This is in con­
trast to the commonly used parabolic subband approxima· 
tion, E(/J) =E11• 0 + fl'-fJ"I(2m1>· From Eq. (1 ), the 
dispersion curves are parabolic only in the limit of infinite 
confinement ( J'~ = oo, Y1 -= oo). 

The guided electron velocity v11 is the group velocity of 
an· electron wave packet, v11 ... ( 1/li) (aE;a{J). By difl'eren-

18!8 ADD!. Phys. lett., Vol. 59, No. 15,7 October 1"1 

tiatina Eq. (1), it can be shown that v11 = P,.»~+PJ4JJ+ 
PJJ. where PJ is the probability of finding the electron in 
regjonj, and vJ • lt{Jim1 is the velocity an electron would 
have in bulk material like that ofreJionJ ()=cJ,s). Ex· 
ample velocity curves for the "- 1 mode in each of the 
three wavesuide types are plotted in Fia. 3(a). Note that at 
the rl - 0 cutoK, f)/1 - v, By differentiating the velocity U· 

pression, the JUided mode effective mass 
llmJ'"" {1/W){~E/a/i) is obtained. From Fig. 3(b), it 
is seen that mJ can differ sipificantly from m1, and that 
the JUided electron can become infinitely "heavy" when 
~E;a{i-o (usually near the r~-o cutolr). The auided 
mode density of states per unit area 611(£) was ~erived by 
applyinJ periodic (Bom-voo Karman) boundary condi· 
tioos to the JUided mode wave function. This yields the 
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flG. 1. Dispenion c:arwa lor Ga1 _ .AJ..As elec:tron wavquides with 
tl• 50 lhOIIOlayen. (a) Hetcr'Oitnleture wen with ;r, • 0.4, x1• 0, and 
Jf,- 0.1. (b) Homostruc1UR voltaae-induced wen with ;r, - J( I - Jf, - 0. 
but J',.J'~ and J', the same u in (a). (c) Heterostruc1ure barrier with 
x, • o.;c1 - 0.4, and ;r, • O.l.In (a) and (b) only three modes propapte, 
whcreu in (c) an infinite number ~modes propapte (on1y four arc 
shown). The duhed curves arc the free electron dispcnion curves E1 
• ftl/1 /(2MJ) + J' j( )•c./ ,s). Solid squares indicate /l • 0 cutolrs; IOiid 
circles indicate y, • 0 cutoff's. 
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FIG. 3. (a) Guided mock Ydocity, (b) DOnDaJized pided mode el'ectiw 
mas5, and (c) normalized auided mode dalsity chutes llo• mo/(.tl)) 
lor the v • I mode in the wavepidcs o( F"11. 2. In (a) the dashed aancs 
are the electroa velocity in a bulk repoa). "J • Jl<E- J'1)1m1. 1D (b) 
the dasbcd curves are the el'ectiw IIIUICS "'1· and in (c) the daahcd 
c:una are the DOCiballistic lDEG dalsity rA Slates lor rqjoa. Solid 
lqiW'a and c:irdcs have the same mamna as iD rJI. 2. 

density of states between mode propaption angles a aDd 
a+ da, fp(E)da = JJ(E)dal[2fil(aE!aP>]. and the den· 
aity of states over all a, gp(E) - JJ(E)I 
[,-(aE;ap)], where the spin degeneracy of 2 bas been in· 
eluded. The guided mode density of states lp(E) and the 
nonballistic 2DEG density of states fw(E) = m•/(frlr) 
are compared in Fig. 3(c). 

lbe ballistic guided current density flowing in a Jiven 
direction ( + z) can be obtained by integrating over an 
occupied states the product of the charge, the + z compo­
nent of the velocity, and the density of states. Thus, the 
ballistic guided current density is 

. 

Jz-2~ I r· r- Pv<E>coa<a>ft.J<E.a>dE da. 
v•O Jo J -w 

(2) 

where ft.J(E,a) is the distribution of ballistic electrons in 
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energy and angle. lbe ballistic electron injector determines 
ft.J(E,a) in much the same way alight source determines 
the wavelength· and angle-dependent distribution of pho­
tons launched into an optical waveguide. Equation (2) is 
valid .for all three types of electron waveguides. AI. an 
cumple, we calculate the maximum current density 
for a single-mode 10 monolayer (d = 2.8267 nm) 
Gao.,~~GaAI/Oao.,Alo.1AI. heterostructure well 
waveguide. For this waveguide, £6• 0 -= 0.0743 eV and 
E.,,.o-= 0.2885 eV (below the L-valley minim• in GaAs to 
avoid intervalley ~c:~ttering) which yields a mode propap· 
tion energy range I.E- 0.2142 eV. For maximum current, 
all the allowed modes prop~~atina in the forward direc­
tion, would be 8lled, i.e., /t.J(E,a) -= 1 for Ep.o<E< 
E.,,.~ - •n<a<•n. and /t.J(Ep) - 0 for all other E, 
a. 1bis cue yields ~I or 2.3 mA per pm of waveguide 
width. This value can be roughly compared to that pre­
dicted by the known maximum current in a single-vertical­
mode (subband) hard-wall 1D wire of width W, 
liD=Ntl.£/(n),12 where N-2Jf'/J.. is the number of 
lateral modes. For the comparison, we choose an equiva­
lent energy E_..-= O.ts eV (near middle of 1.£) which cor· 
RSpODds to a wavelength J.,.q or 12.2 nm. For W- 1 pm, 
then N =r163.S and r.i) or 2.7 mA which is in close apee­
ment With ,r:u. 1be sizeable value of ,r:u makes it feasible 
to interconnect multiple ballistic electron devices with a 
lingle slab waveguide, as opposed to using multiple Jow. 
current-capacity 10 quantum wires. 

Electron waveguides are potentially useful in high· 
speed electronic circuitry. They could also be a c:entral 
component in future integrated electron guided-wave cir­
cuits similar to present-day integrated optical circuits. 1bis 
research was sponsored by the Joint Services Electronics 
Program under Grant No. DAAL-03-9()..C0004 and by 
the National Science Foundation Grant No. ECS-9111866. 
One of us (E.N.G.) was supported by a Research lnitia· 
tion Award from the National Science Foundation. 
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BALLISTIC ELECTRON EMISSION TESTING OF SEMICONDUCTOR HETEROSTRUCTURES 
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(Received 11 July 1Sl91 by R. H. Silabee) 

(In Revised Form September 19, 1991, by R.H. Silsbee) 
In ballistic electron emission microscopy (BEEM) and apectroscopy, ballistic 

electrona are injected into a aample usin& a acanniq tunnelin& microscope to probe 
the electrical proper~ia of buried interfaces. In ~his Gommunication, a method is 
proposed ~hat usa the BEEM technique to obaerve the electron wave optical prop­
erties of aemiconductor heterostructures. This method provides a three-terminal 
confi&uration for characterizin& electron wave devices that overcomes many of the 
limitations encountered in other two- and three-terminal meuurement techniques. 
Specifically, the method provides an injector, which is well isolated from the het­
erostructure, that injects a collimated bum of ballistic carrien with a precisely 
controlled ener&Y distribution. Theae carrien accurately probe the quantum trans· 
mittance of a voltage-tunable electron wave interference atructure, which can be 
designed with a Iicht doping to minimize impurity and electron-electron •catter· 
ing. A general procedure is presented for analyzing this experimental configuration 
bued on a combination of the models und to describe BEEM and ballistic electron 
transport in 1emiconducton. U1ing this procedure, BEEM tatin& of an electron 
wave ener&Y filter is modeled and dear quantum interference effects are predicted. 
This BEEM configuration should allow for the precin characterization of a wide 
range of ballistic electron transport effects 1uch u quantum reftectiona from inter­
facet and electron wave interference effects, phenomena that are presently of wide 
interest. 

Due to recent advances in nanostructure fabric&· 
tion techniques such u molecular beam epitaxy and 
nanolithography, electron wave interference effects have 
been ob1erved in umiconductor heterostructure~ for 
electron enerciea below the barrien in resonant tunnel­
inc structures (l-3J and for ener&ia above the barr~ 
en In umiconductor heterostructure~ (2-7J. In all of 
these experiments, a degenerately doped emitter rqion 
wu used u the source of ballietic electrone. The bal­
listic electrons were injected by tunnelin& throuch a 
barrier or by bein& emitkd above a barrier. Interfer­
ence effecta were manifested u peaks in the current­
•oltqe and conductance-voltace characteristic.. Two 
of these structures (4,6J used a three-terminal confic· 
uration in order to tune the interference resonances 
without chancin& the di1tribution of injected electrons. 

In spite of impressive experime.ntal reaulta that 
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have been achieved in theae electron wave interfer· 
ence experiments, all of these confiaurations auffer from 
three common limitationa. Fint, since electron wave 
interference effects are dominant only at low tempera· 
\urea (due to phonon scatterin&), the emitter mu1t be 
decenerately doped in order to provide aufficient car· 
riera. This deaenerate doplnc causa increued Impu­
rity and electron-electron acatterinc, which have been 
shown to be the principal mechanism~ that destroy 
quantum interference effecta at low temperatures (8J . 
Alao, u a conaequence of heavy emitter dopinc, there 
is cenerally larae band bendinc Induced between the 
emitter and the interference structure (4J. This band 
bend in& a! ten the quantum tranamlttance of the struc· 
ture, makina quantitative modelin& difficult. Second, it 
ia difficult to make a third contact to the bue reaion of 
the atructure. The contact must be extremely smatt, on 
the order of 5~100nm, and requires dqenerate dop­
in& of the bue layer (4,eJ, thus creat!y increuin& the 
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scattering. Third, collimation of the injected electrons 
hu been limited in previous designs because the de­
vices have relied on potential-induced acceleration as 
the collimatinc mechanism. Since biu voltaces are 
constrained to be less than the threshold voltage for in­
tervalley scatterinc (~ii:S 1 V), the degree of collimation is 
limited. A poorly collimated input distribution emean 
out the interference resonances, further obscurinc the 
locations and amplitudes of the interference pub. 

ln this communication it ia propoaed to use bal­
liatic electron emiuion microscopy (BEEM) and spec­
troecopy as a diagnostic measurement technique for 
eemiconductor electron wave heterostructures that can 
overcome the above limitationa. This complement.a the 
previoua uses of BEEM for studying buried interfaces 
IQ,10J and scatterine in the base electrode lllJ. ln 
the BEEM configuration ballistic electrons are injected 
with precise energy control from a scanning tunneling 
microecope (STM) into a metal base. These electrons 
propagate ballistically through the base (approximately 
10..20nm) to probe a base-semiconductor inte.rface. By 
monitoring the number of electrons transmitted across 
the interface u a function of tip-base voltage, the elec­
trical characteristics of the interface, such u the barrier 
height, can be determined. The method presented in 
the present communication is an extension of conven­
tional BEEM where a multilayer electron wave struc­
ture is placed directly below the bue-aemiconductor 
interface, u is shown in Fie. 1. By monitorine the 

ELECTRON ENERGY 
FILTER 

Fie. 1 - En ere band configuration in BEEM testine of a 
quantum electron wave interference structure, where the 
eemiconductor ltructure is directly below the cold bue. 
Balliatic electrons Injected from the STM tip are ueed 
to probe the quantum transmittance of the atructure. 
The atructure ehown is an electron eneriY filter which is 
deaiened to transmit at 53 meV above the r conduction 
band minimum in the output region. At this enerc, 
the barrier and wells are quarter- and half-wavelength 
layers, respectively. 

number of electrons that are transmitted throueh the 
structure u a function of tip-base voltace, the quan­
tum transmittance of the structure can be determined. 
Interference resonances will appear u peak. in the 
conductance-voltace curves in a manner •imilar to other 
quantum interference meaaurement.a 1t-7J. 

The BEEM diacnoatic measurement technique de­
scribed here is not reatricted by the first two limitations 
of put quantum interference measurement methods. 
The first limitation, the degenerate dopine of the semi­
conductor etructure, is removed since the carriers are 
cenerated by the STM. This sienificantly reduces the 
impurity and electron-electron acatterine, thus enhanc­
ine the quantum interference eft'ect.a. A Iicht doping 
(around 1011 em-•) of the etructure can be used to 
control the band bending impoeed by the Fermi level 
pinnina at the base-semiconductor interface. lf the 
device is made sufficiently thinner than the depletion 
width, there will be minimal band bendine through 
the structure; the Fermi level will be pinned near mid­
cap throuchout. The second limitation, the difficulty of 
providine a base contact, is removed because the base is 
exposed and thus easily accessible in this conficuration. 
Chancing the base-collector voltace will allow precise 
tuninc of the resonance enercies, without aft'ectinc the 
enerl)' of injection. The third limitation, poor colli­
mation of the injected distribution, can be improved 
in the BEEM technique. Of the electrons incident at 
the bue-aemiconductor interface, only those within a 
few decrees of normal incidence are transmitted into 
the semiconductor, due to the small critical angle or 
the bue-aemiconductor interface ll0,12J. The electrons 
within this small aneular ranee are, however, refracted 
into the semiconductor into a broad distribution (rom 
0 to Qadeg. This distribution is collimated in the for­
ward direction due to the nonlinearity of the refraction 
process 1121 and the hieh reflectivity for those elec­
trons incident near the critical anele in the bue I12J. 
lf one auumes the worat cue condition in which the 
electron• in the base are uniformly distributed in eolid 
ancle between normal incidence and the critical ancle, 
then the normalised distribution in the semiconductor 
is clven as g(la) • 11- r'(I,)Jeosl,, where I, is the 
ancle of refraction (measured from the interface nor­
mal) inaide the semiconductor, and r is the reftectivity 
of the bue-aemlconductor Interface for a civen Incident 
enerc. This distribution is ahown in Fie. 2 for an inter­
face between cold and Gao.1 AluA• with an enerc of 
incidence of lOOmtV above the conduction band in the 
Gao.,AluAI. Althouch the electrons tunnel throuah 
the AlA' layer and then directly enter the first GCJAs 
layer of the three-layer filter, the input distribution is 
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Fia. 2 - Distribution of electrons injected from a cold 
base into a Gao.a A10 .2 A& aemiconductor. The distri­
bution is plotted with respect to the anale of refrac­
tion (measured from the interface normal) in the aemi­
conductor (02 ) for a kinetic enerty of lOOmeV in the 
Gao.1 AI0 •2 A&. The solid line is the distribution that 
includea the quantum reftectivity at the interface, the 
da.shed line is the approximate distribution co&l2 that 
results from neglecting the quantum reftectivity. 

calculated in Gao.a A10 .2 A& (rather than GaA1) aince 
the output reference region is Gao.a Alu A1. The input 
distribution could equally well be calculated in GaA1 
(or any other material) but the device response would 
remain unchanged. The shape of the injected diatri­
butlon, however, is very inaensitive to the enero or 
Injection and the composition of aluminum in the en­
erl)' range of 0 to 1 eV and the aluminum composition 
ranee of 0 to o.•s. The diatribution could be further 
collimated in the forward direction if a bue metal were 
used that had a band minimum close to the top or 
the Schottky barrier v ••.• ,,. (Fia. 1), thua reducin& the 
anale of refraction 12 [12J. 

The use of an STM injector provides aianificant ad­
vantaaes beyond the removal of the above limitations. 
At low temperatura, the enerl)' of the injected elec­
trons can be accurately controlled (within a few meV) 
by the tip-base voltage of the STM I13J, while the injec­
tion current is jndeRtndently set by adjuatin& the tip­
base aeparation. Feedback contr9l of the this aeparation 
holda the injected current at a fixed value, automati­
cally normalizing the collector current to the injected 
current (10J. These features allow for a precise charac­
terization of the transmittance o( the heterostructure, 
decoupllng it from the Injector response. 

The collector current I. of the atructure can be 
calculated by integrating the product of the electron 
transmittance of the heterostructure (T,(E.,E,) = 1-
r (E., E, )J and the injected electron distribution over 
the tip energies E s E. + E,, where E. iJ the en­
ero usociated with the component of the momentum 
normal to the interface, and E, iJ the enero auociated 
with the component of the momentum tangential to the 
interface. The electrons in the base are propqatin& at 
an angle 11 = Grctan( ..jE.j(E. - V1 )) (measured from 

the interface normal) which are then refracted into 11 

in the output reaion, where V, iJ the potential en­
erl)' of the electrona in the bue (12J. The inte&ral of 
~he collector current can be evaluated numerically u a 
function of tip-base voltaae V,;~-.... to calculate the 
current--volta&• characteriltic of the structure. By in­
Hrtin& T,(E.,E,) into the collector current expreuion 
developed in Ref. (10J, one achiev• an expreuion for 
the collector current I, normalized to the tip current 
I., 

I./I,-= 
R J;. D(E.) fo•··· T,(E.,E,)/(E)dE,dE. 

fo• D(E.) / 0.1/(E) -/(E + eV,,p_ .. .,)JdE,dE.' 
(1) 

where /(E) il the Fermi-Dirac diltribution, E iJ the 
electron enerl)' in the tip, D(E.) iJ the tunnelin& pro~ 
ability, R iJ an enero-independent ecatterin& term in 
the base, E,.. 1,. iJ the minimum normal enero that 
can be tranamitted to the collector due to the Schot.­
tky barrier v._,,,., (Fia. 1), and E ••• ia the maxi­
mum enero (for a aiven E.) that can be tranamitted 
to the collector due to total internal reSection at the 
bue-aemiconductor interface I10J. The electron trana­
mittance of the 1trueture can be calculated uin& any 
of the methods employed to describe quantum trana­
port auch u the chain matrix extenaion of the envelope 
function appradmation jU) or the Wiper function ap­
proach I15J. 

In order to demonatrat.e the utility of thia method, 
an electron wave interference &Iter wu d•i1ned for 
r minimum eleet.rona in Ga,_.Al.A• (Fie. 1) uain& 
the deai&n method pr.ented in Ref. (l&J. This d~ 
vice il analoaoua to a thin-aim Fabry-Perot &Iter in 
opUca, where, at the d•i&n eneJ'I)', the center layer 
il a balf-wavelen&th resonant layer and the two ad­
jacent layers are quarter-wavelen&th refteetora. The 
filter in Fla. 1 wu desi&ned to be r.onant for a nor­
mal incidence (i.e. E. • 0) kinetic eDUJ)' (K E) of 
53 meV above the conduction band minimum in the 
output reaion, Gcao .• AluAI. The ·r•onant layer was 
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d•i&ned u a barrier aurrou.nded by two wella (u op­
pc»ed to the equivalent well aurrounded by ~wo bar· 
rlen) ln order to enaure that the reaultant etrecta are 
due to interference above the barriera and not due to 
reaonant tunnelin& throu&h the barriera. The electron 
tranamittance of thia atruetUH wu calculated ualn& the 
chain matrix exten.alon of the envelope apprarlmation 
(14]. The tran.amittance of the &Iter ia ahown in Fie. 3 
for both normal incidence (11 • O.Ockg) and an lncj. 

denee of 11 • 30.0clcg. At the desi&n kinetic enerc, 
KE • 53mcV, the normaJ.ineidence ua.namiUance of 

the device peab at 80%, u Ia thown in Fie. 3. The 
tran.am!ttance at resonance Ia not unity due to reflec· 

tiona from the bu•eemieonduewr boundary. ~ the 
an&le of incidence Ia increased, the resonant peak ahifta 
to hi&her enercies (aborter wavelenctha). The tran.amit.­
tance at 11 = 30.0clcg peab at 10mcV which ia conai. 
tent with the expected thift for thia ancle, u calculated 
from thin· film optlca principl• {12,17J. ~ the enerc 
of injection Ia varied from the resonance enerc, the 
tra.namittance drops. The full-width-at.half-max.imum 
(FWBM) of the reaonance peak Ia 16.6mcV. 

By aubttitutin& the co.mplete filter tran.amittance 
(for all an&let of incidence) into Eq. (1), the cunent.­

voltace, conductance-voltaae, and difl'erential-condue· 
tance-voltaae characteriatica or the filter can be calcu­
lated. These resulta are ahown ln Fip . .Ca, .Cb, and .Cc 

reapectively for temperatW'tll of 4.2K and 77 K . The 

two peab in the differential-conductance characteri. 
tic conespond to the two peab in the tra.namiUance 
T. ahown In Fi&· 3. Thia aimilarity can be eeen ln 

Fie. 4c where the tranamittance hu been auperimpoMd 
on the ditrerentiaJ.conductanee curvet. In the expcr· 
lment, It Ia likely that the amplitude of the tecond 

peak wUI be aicnificantly reduced alnce the electrona 
can atart enterin& the L minima in Gcao.1 Al0 .1 .A1 at 

V.·~- .... - v ....... • 0.16 V. The charactcrittia below 
thit voltace, however, ahould cloeely reaemble Fie. 4. 
It ahould be noted that u.ch ditrerentlal-condudanee 
peak occura a voltace for which the Fermi ener17 ln 
the tip it al i&htly above the enerc of that tran.amlt.­
tance peab. Thlt ahift it a complicated function of 
the power-law dependence of the eollector current near 

the threshold V.•~- .... • v ....... (lOJ, the dittrlbo­
tlon of Injected eleetrona 1(11 ) , and the tran.amlttance 
of the filter. Thlt ahift Ia conalatent, however, wlth 

the electromaanetic cue ln which the tran.amlttance 
of an interference lUter peab at an enerc that la 
diaplaced from the normal ~cldence resonant enerc 
when illuminated by a distributed aource {17J. For the 
flrat peak thlt ahift arnounta to 2 meV above the rea-
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Fla. 3 • Quantum tranamittance of the three-l&yer elec­
tron enercy filter ahown in F ia. 1 u meuured in the 
Gcao .• Al0•2 A• output rezion. At normal incidence, the 
filter tranamittance peab at K E = S3 meV, with a 
transmittance or 80% and a FWHM or 14.6 meV. As the 
anale or incidence it changed, the tran.amittance peaks 

at higher enerciea, resultin& in a peak at KE = 70meV 
for 12 = 30.0clcg. The transmittance at reaonanee Ia not 
unity due to reflections from the bue-aemieonductor in­

terface. 

onance enerc, conespondin& to a tip-bue voltace or 

V.4~-•·••- v .... 41• • 55meV. The FWBM of the con­
ductance peab can be apprcuimated u a tum of the 

width of the tran.amittance peak and the width of the 
derivative of the Fermi-Dirac diatribution (• 2A:, T). 
For the flrat peak, thit •timate &iv• a FWHM of 
17.3mcV at 4.2K and 31.2mcV at 77 K , which can be 

compared with the aimulation values of 14.8 meV and 
2Q.Q mcV, reapectlvely. 

It hu been demonatrated analytically that the pri­

mary effect of the application of a bue-collector voltace 
to this filter atructure Ia a linear ahift of the reaonance 

enerc (18J. Thua, tunln& of the bue-coUector volt. 
ace will thlft the reaonanee peak ln the conductance­

voltace characterittlc of the device. Thit tunability of 
the reaonanee abould allow for crut 8exibility in the 
cbaracteriaation of electron wave interference efreeta. 

The analyalt uaed to achieve the reaulta of Fie . .C 

were bued on an Ideal experimental con6curation with 

no back&round noite current, no acatterin& at the bue 
aemiconduetor boundary, and no acatterin& in the de­

vice, the three mechanitm1 that are moat likely to re­
duce the maanltude of the interference peab. Since 
the atept in the tl(lc f lt) fdV curve ahown in Fi&. 4 
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Fig. 4 • Cunent-voltage (a), conductance-voltage {b), 

and differential-conductance-voltage (c) chara.c:teristica 

of the interference filter of F ig. 1. The peaks in the 

differential-conductance-voltage chara.c:teristic (c) cor­

respond to the two peaks in the transmittance shown 
in Fig. 3. The differe.ntial conductance peab occur at 

energiu slightly highe.r than the transmittance peaks u 
discussed in the text. The firat peak occurs at V,,, ••••• -
v •• .,, •• ""SSmeV I with a FWRM or 17 .~meV at 4.2K 
and a FWHM of31 .2meV at 77 K . The second peak liea 

above the L minima in the output region and iJ therefore 

likely to have a aignificantly reduced amplitude. 

are an order magnitude larger than previoualy reaolved 

tll/tiV ateps(lOJ, it iJ likely that the aignal peab wlll 

be aignificantly larger than the background noiae cur-

rent fluctuationa . The accurate aveement between the 

momentum-conaervation theory and BEEM apectra for 

G4AI (10) indicate that the component or the current 
that acattera at the b ...... emlconductor interface will be 

amall compared to the momentum conaerving cunent . 

However, if there ia aicnlficant ecattering at the base­

aemiconductor interface, the primary effect iJ to change 

the diatribution ofelectrona (g(l11 E)) iJU«ted into the 
aemiconductor. Simulationa that incorporate 'tl.lioua 

injected diatributiona ~how aimilar behavior to the re­

aulta ahown in Fig. 4. The locationa and amplitudes of 

the interference peab ehlft, but the interference reao­

nances are atill resolvable. The final contributor to the 

noiae current iJ acattering in the interference etrueture. 

Since the atructure iJ aignificantly thinner (.., 200nm) 

and more lightly doped (.., 1011 em-•) than previoua 

atructures uaed to demonatrate quantum interference 

effecta (~~:~ 800 to 1000nm), it ia likely that thia compo­
nent of the noiae current will not aignificantly de&rade 

the interference meuurementa. 

The m.odeling of thia aimple balliatic electron inter­

ference filter clearly demonatratea the potential BEEM 

holds u a diagnoetic tool for quantum atructure~. Thia 

method could be uaed in the preclae analyaia and char­

acterization of other quantum interference atruetures 

auch u resonant tunneling d iod• (19), multilayer en­

ere filters (16,18J, impedance tran.aformua (20J, and 

quantum interference tranaieton (21J. In addition, thia 

method could be uaed to inveetigate many other quan· 

tum tranaport effecta that ue preaently of great in­

terest. For inatance, the technique could be uaed to 
analyze the quantum mechanical reflection and trana­

miuion put a aingle interface, demonatratin& auch ef­
fecta u the dependence on effective mua differences 

acrou the interface and the exiatence of a Brewater 

angle 112,22). Additionally, the method could be uaed 

to characterise the reflectance and reaonance efrecta oc­

curring in quarter- and half-wavelength material layera 

(4-6,16,18). A complete undentanding and character­

iution of these fundamental efrecta iJ extremely im­

portant in the d•ign or future electron guided wave 

inte&r&ted circuita ll2J. 

In concluaion, a method hu been propoaed that 

uaes balliatic electron emlaaion micrOKopy and apec­

troecopy to teat ~d characterise quantum electron 

wave heterostructur.. The BEEM technique providea 

a three-terminal teating configuration that overcomes 

many of tile limitatione of other two- and three-ter­

m inal testing configurationa. A aimulation of the use 

of this technique hu been performed for an electron 

wave interference filter and the quantum interference 
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eft'ectl are ahown to be clearly obaervable. Thia method diffraction from cratincs 126]. 
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Electromagnetic analogies to general-Hamiltonian effective-mass electron wave propagation 
in semiconductQrs with spatially varying eft'e.ctive mass and potential energy 
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Atlanta, Gtorgia JOJ32 
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It is shown that exact, quantitative electromagnetic analogies exist for all forms of the aeneral Hamil­
tonian [R. A. Morrow and K. R. Brownstein, Phys. Rev. B 30, 678 (1984)], which applies to single-band 
eft'ective-mass electron wave propagation in semiconductors. It is further shown that these analogies are 
valid for propagation in the bulk, propagation past abrupt interfaces betweep materials, and propagation 
within one- and two-dimensionally inhomogeneous materials. These results indicate that the correct 
form of the single-band eft'ective-mass Hamiltonian can be determined through appropriate wave­
function-amplitude-sensitive experiments. Wave-function-phase-sensitive experiments (such as the mea­
surement of electron wave refraction directions) are not adequate to specify completely the Hamiltonian. 
The present analogies suggest many wave-function-amplitude-sensitive experiments that can be used to 
determine the correct form of the Hamiltonian. The results of the present analysis are broadly applic­
able to general eft'ective-mass propagation, unlike other recent work that has treated specific cases. 

Recent advances in nanostructure growth and fabrica­
tion techniques (such as molecular-beam epitaxy and 
nanolithography) have led to the development of semi­
conductor devices in which the device response is dom­
inated by ballistic-electron (phase-coherent) transport.1-s 
Such ballistic electrons have been reflected and refract­
ed.' focused,2•3 and interfered4

•5 in a manner analogous to 
electromagnetic waves in dielectrics. Based on these re­
sults, it has been shown analytically, that under the 
effective-mass approximation, exact, quantitative analo­
gies can be drawn between ballistic (collisionless) electron 
transport in semiconductors and electromagnetic wave 
propagation in dielectrics.6 

These previous analogies were developed both for 
propagation in the bulk and for propagation past abrupt 
interfaces between materials.6 In developing these analo­
gies, the electron wave boundary conditions at an abrupt 
interface between dissimilar semiconductors were as­
sumed to be the conservation of the electron wave ampli­
tude l/1 and the conservation of the product of the inverse 
effective mass and the normal component of the gradient 
of the electron wave amplitude, VY,·n/m. The choice of 
these boundary conditions is equivalent to choosing the 
Hamiltonian H such that 

_,2 I V·'·] HY,=-V· --!...L- +V<r>Y,=El/1 
2 m(r) ' 

for electron wave propagation in a region of spatially 
varying effective mass m ( r) and spatially varying poten­
tial energy V(r), where fl is Planck's constant divided by 
217', and E is the total electron energy.7 This Hamiltonian 
is probably the most widely used form of the effective­
mass Hamiltonian.'·' There are, however, other Hermi­
tian forms of the effective-mass Hamiltonian and each re· 
suits in different boundary conditions.9•10 von Roos9 has 
suggested a Hermitian class of effective-mass Hamiltoni· 

an functions. Using this class of functions, Morrow and 
Brownstein 10 have shown that only those Hamiltonians 
that lie within a subset of this class of functions have 
physical meaning when · considering the matching of the 
boundary conditions across an abrupt interface. There is, 
however, significant disagreement as to the exact form of 
the Hamiltonian within this class, based on consideration 
of a number of specific cases. 11 - 16 The purpose of the 
present paper, therefore, is to draw a set of exact, quanti­
tative analogies between electromagnetic wave propaga­
tion in dielectrics and effective-mass electron wave propa­
gation described by the complete class of Hamiltonians 
given by Morrow and Brownstein. These analogies will 
be drawn for propagation in the bulk, propagation past 
abrupt interfac.es, and for propagation within one- and 
two-dimensionally inhomogeneous materials, and will be 
valid for whatever form of the general Hamiltonian is ul­
timately shown to be correct. In addition, these analogies 
present the specific types of experiments that can be per­
formed to identify the correct form of the effective-mass 
Hamiltonian. 

Morrow and Brownstein 10 demonstrated that, of the 
general class of Hamiltonians (H) suggest by von Roos,9 

only those that take the form 

-ffl 
Hl/J=-

2
-(m(r)crV·(m(r>"V[m(r)0 t/J]} )+ V(r)Y,=Et/1 

(2) 

with the constraint 

2a+P=-l (3) 

have physical me.aning, when considering propagation 
past 4n abrupt interface between dissimilar semiconduc­
tors. Using comparisons of more exact theories and the 
effective-mass theory, many authors have attempted to 
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deduce the values of a and /J. resulting in a wide range of 
values from a= -t and pbo (Ref. 11) to a=O and 
/J=-1 (Refs. 12-14). As Morrow suggests,11 the deter­
mination of the correct values of a and fJ will doubtlessly 
depend on experiments. Galbraith and Duggan have 
used photoluminescence data to shown that a=O and 
{J= -1 for GaAs/Ga1- xGaxAs quantum wells.15 Simi­
lar results have recently been reported for 
GaAs/Ga1-xAlxAs quantum wells by Mojahedie and 
Osinski. 16 However, these results are valid only for 
GaAs/Ga1_xAlxAs heterostructures.15 Since the deter­
mination of a and fJ is still an open problem in general, 
this paper will draw electromagnetic analogies to the gen­
eral form of the Hamiltonian given in Eq. (2) for all 
values of a and /J. The analogies that are drawn dictate 
the form experiments must take in order to determine the 
correct values of a and /J. -~ · 

For the Hamiltonian of Eq. (2), the boundary condi­
tions for an electron wave at an interface are10 

m af/1 continuous (4) 

and 

m a+/Jv.p·n continuous , (S) 

where n is the unit vector normal to the interface. 
Analogously, the boundary conditions for an electromag­
netic wave at an interface between two dielectrics require 
the continuity of the tangential component of the electric 
field ((;) and the continuity of the tangential component 
of the magnetic field c:J() across the interface. Based on 
this consideration, it is reasonable to look for analogies 
between CZ, = m at/J and either C or 11. In the previous 
work based on Eq. (1), it was demonstrated that t/1 (not CZ,) 
was analogous to C for TE polarization and to 1f for TM 
polarization. 6 The analogies of the present paper will be 
consistent with these analogies because Eq. (1) is the a=O 
special case of Eq. (2) for which CZ. = t/J. 

For bulk propagation in a homogeneous medium, an 
exact analogy can be drawn between CZ. and both C and 
Ji. In this case, the Hamiltonian for the electron wave 
propagation [Eq. (2)] reduces to a Helmholtz equation of 
the form 

vlcz.= -klcz. • <6> 

where k 2=2m (E- V)! IP. This wave equation [Eq. (6)) 
is exactly analogous to the Helmholtz equation for an 
electromagnetic wave propagating in a homogeneous 
dielectric of permittivity E and permeability p., where CZ. is 
replaced by (; for the electric-field equation and by Jl for 
the magnetic-field equation. In the electromagnetic case, 
k~=w2p.E, where w is the radian frequency of the wave. 
Since the electron wave Helmholtz equtltion has exactly 
the same form as both the electric-field Helmholtz equa­
tion and the magnetic-field Helmholtz equation, an exact 
analogy can be drawn between CZ. and both (; and 11. Us­
ing these analogies and the definitions given in Ref. 6, one 
can define a phase-refractive index for electron waves as 

nEw =m 1n(E _ V)ln ph , , • (7) 

where m, = m lm ref is the relative effective mass and 

(£- V),=(E- V)/(E- V rer> is the relative kinetic ener­
IY· where mm and V mare the eff'ective mass and poten­
tial energy in a reference region.6 This electron wave 
phase-refractive index is analogous to the phase­
refractive index for electromagnetic waves n:~ =~. 
where p., is the relative permeability and E, is the relative 
permittivity of the dielectric. With these results, phase­
propagation effects, such as interference, can be analyzed 
using standard electromagnetic results where C (or Jf) is 
replaced by CZ, and n :~is replaced by n ::. These results 
are valid for all the Hamiltonians given in Eq. (2). 

The above analogies ~n be extended to describe elec­
tron wave propagation past an abrupt interface between 
materials 1 and 2 with effective masses m 1 and m 2 and 
potential energies V1 and V2, respectively. When a plane 
wave [the eigensolution to Eq. (6)) is incident upon such 
an interface, part of the wave is reflected back into region 
1 and part of the wave is transmitted (refracted) into re­
gion 2. The boundary conditions (Eqs. (4) and (S)) are 
used to calculate the directions of propagation and the 
amplitudes of the reftected and transmitted waves. By 
substituting CZ.1=exp(jk1,1·r)+rexp(jk1,,-r) and CZ.2 
=t exp(jk2·r) into the boundary conditions [Eqs. (4) and 
(S)], one finds that 

and 

6,=6,=61 • 

npb,1sin61=npb,2sin62 , 

r= "amp.tCOS6t-namp,2cos62 
namp,tCOS6t+n.mp,2cos62 ' 

1 
= 2n•mp.lcos61 

n amp, I cos61 + n amp,2cos62 

(8) 

(9) 

(10) 

(11 ) 

where the electron wave amplitude index of refraction is 
defined as 

(12) 

for region /. These expressions (Eqs. (8)-{11)] are exactly 
the same as the analogous electromagnetic expressions 
for the reflection and refraction of an electromagnetic 
wave from an interface between dielectrics 1 and 2 with 
relative perrnittivities E,, 1 and E, 2 and relative permeabili­
ties 1J.,,1 and p.,,2 respectively.~: In the electromagnetic 
case, Eqs. (10) and (11) give the reflectivity and transmis­
sivity of the electric field for TE polarization and of the 
magnetic field for TM polarization. Therefore, when 
co~sidering propagation past an abrupt material inter­
face, CZ. is analogous to the electric field for TE polariza­
tion and to the magnetic field for TM polarization. ln 
other words, CZ. is analogous to the electromagnetic field 
quantity that is parallel to the interface.6 In the elec­
tromagnetic case, the amplitude index of refraction for 
reRon 1 has one value for TE polarization, 
n.mp,1=E!,?IP!?, and another value for TM polariza­
tion, n~p.1 =p!,?IE!.?.6 Using the above results for the 
indices of refraction, one can construct a general set of 
analogies between electron wave propagation, TE-

. polarized electromagnetic wave propagation, and TM-

.. 
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polarized electromagnetic wave propagation. This set of 
analogies is shown in Table I. These analogies, which 
have been developed for the general form of the 
eft'ective-mass Hamiltonian given in Eq. (2), are valid for 
both propagation in the bulk and for propagation past 
abrupt interfaces between materials. In the case of an 
abrupt material interface, Eqs. (8)-0 1) are valid for elec­
tron waves, TE-polarized electromagnetic waves, and 
TM-polarized electromagnetic waves, where the ap­
propriate indices of refraction are used for each case. 

Motivated by the results for abrupt interfaces, one can 
attempt to draw similar analogies for propagation within 
materials with general one- and two-dimensional inhomo­
geneities in eft'ective mass and/or potential energy. 
Again, the analogy will be drawn between 4> and either ' 
(for TE polarization) or J( (for TM polarization), where 
the electromagnetic wave is propagating in a one- or 
two-dimensionally inhomogeneous dielectric. In this 
case, TE <TM) polarization is defined as the polarization 
in which the electric (magnetic) field is polarized normal 
to the plane containing the gradient of the inhomogenei­
ty. In the case of such an inhomogeneity, the Hamiltoni­
an for the electron wave [Eq. (2)] can be expanded as a 
wave equation for 4>. 

[ 
Vm -P(r)·V I 

V24>- '-P 4> +k5m,Cr )[£- V(r)],CI>=O, 
m, ( r ) 

(13) 

where m,(r)=m(r)/m0 is the varying relative effective 
mass, [£-V(r)],=[£-Y(r)]/(£-V)0 is the varying 
relative kinetic energy, m 0 is the average effective mass, 
(£- V)0 is the average Jc.inetic energy, and 
k 0 =[2m0CE- V)0/~] 112 is the average wave vector of 
propagation in the medium. This wave equation (Eq. 
(13)] is exactly analogous to the wave equation for TE 
propagation in a one- or two-dimensionally inhomogene­
ous dielectric, 

2 [ Vp,(r)·V I 2 -
V C- p ,(r) C+k0p,(r )£,( r)6'-0, (14) 

where p,(r )=Jl(r )//Jo is the relative permeability modu­
lation, £,(r)=£( r )/£0 is the relative permittivity modula­
tion, Jlo is the average permeability, £0 is the average per­
mittivity, and k 0 =(C&>2Jlo£o)112 is the average wave vector 
of propagation. By comparison of these wave equations 
(Eqs. (13) and (14)], one can see that the analogies be­
tween electron wave propagation within a one- or two-

TABLE I. Analogies between effective-mass electron wave 
propagation and electromagnetic wave propagation in general 
dielectrics. The previously established constraint la+/J= -1 
applies. 

Electron wave 
EW 

Electromagnetic wave 
TE TM 

dimensionally inhomogeneous semiconductor and TE­
polarized electromagnetic wave propagation within a 
one- or two-dimensionally inhomogeneous dielectric are 
the .same analogies as those developed for propagation 
past abrupt material interfaces, which are shown in Table 
I. As one would expect, a similar analogy exists between 
electron wave propagation within a one- or two­
dimensionally inhomogeneous semiconductor and TM­
polarized electromagnetic wave propagation within a 
one- or two-dimensionally inhomogeneous dielectric, 

2 - [ V£,(r)·V I 2 -V Jl £,(r) Jf+k0p,(r)£,(r)JI-O, (lS) 

where the analogies are again given in Table I. Thus, the 
analogies of Table I are valid for propagation in the bulk, 
propagation past abrupt material interfaces, and propa­
gation within one- and two-dimensionally inhomogeneous 
semiconductors. For all of these cases, standard elec­
tromagnetic analysis techniques can be used to analyze 
electron wave effects such a.s interference, propagation, 
reflection, refraction, and diffraction, where the analogies 
of Table I are used. 

At this point, one might wonder whether such exact 
analogies exists for general three-dimensional inhomo­
geneities. In this case, the analogies do not bold. For 
general three-dimensional inhomogeneities, decoupled 
TE and TM polarization cannot be defined. Therefore, 
one cannot write scalar wave equations [like Eqs. (14) and 
(1 S)] for the electric and the magnetic field, but must use 
the curl equations. Since the vector field quantities are 
coupled, no exact analogy can be drawn between the vec­
tor electromagnetic fields and the scalar electron wave 
amplitude. 

In conclusion, this work has shown that exact, quanti­
tative analogies exist for all forms of the general Hamil­
tonian of Morrow and Brownstein. 10 In addition, these 
analogies were developed for propagation in the bulk, 
propagation past abrupt interfaces between materials, 
and propagation within one- or two-dimensionally inho­
mogeneous materials. With these analogies, one can ana­
lyze a wide class of electron wave effects such as 
reflection and refraction, 1•2 interference, 4•5 and 
diffraction17 using well-understood electromagnetic 
analysis methods. 

An understanding of these electron wave optical effects 
in semiconductors has become of increasing importance 
in the past few years. Recent experiments have verified 
that the electron wave phase index of refraction is pro­
portional to the product of the square root of the kinetic 
energy 1- 3 and the square root of the effective mass.18• 19 

It is likely that, in the near future, similar experiments 
wiU be performed to verify the dependence of the ampli­
tude index of refraction on kinetic energy and effective 
mass. Since the form of the amplitude refractive index is 
linked to the form of the effective-mass Hamiltonian 
(through n.m,a:mP+Jil), experiments that establish the 
power dependence of the effective mass in the amplitude 
index of refraction can be used to identify the correct 
form of the effective-mass Hamiltonian. The recent ex­
periments on transition energies in GaAs/Ga1_.-Al.-As 
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quantum wells15
•
16 fit this category since the transition 

energies are strongly dependent on the reflectivity of the 
barriers (and thus strongly dependent on {J). 15 Due to the 
exact analogies to electromagnetics, it is easy to conceive 
of other numerous experiments (such as measuring inter­
face reflectivity) to establish this dependence. However, 
regardless of the results of such experiments, the exact, 
quantitative analogies established in this paper remain 
valid. In addition, if the correct form of the Hamiltonian 
(for material systems other than GaAs/Ga1_xAlxAs) is 
shown to be other than a=O and /J= -1, the results of 
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