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Orthogonal Polynomials, Julia Sets, and Invariant Measures. 
A progress report. 

The principal investigators in collaboration with Professor 

F. Barnsley have been investigating the nature of Julia sets as 

11 as the invariant measure and orthogonal polynomials associated 

th them.The research was initially focused on the quadratic mapping 

= (z-A) 2 , Barnsley et. al. 	In this case we were able to explicitly 

instruct infinite subsequences of polynomials orthogonal to the natural 

variant measure when the measure is supported on the real line and 

exhibit the relation between the orthogonal polynomials and the 

.erates of T. This then allowed us to obtain a number of interesting 

ormulas on the - Pads approximates to the moment generating function, 

lowing that the 12n-1/2 n l Pade's were none other than the derivative of 

le denominator polynomial divided by 2 n . Some further results contained 

I Barnsley et. al. Ill are relations among the coefficients in the three 

a-m recurrence formula satisfied by the orthogonal polynomials. 

Since Barnsley et. al. Ill a number of discoveries have been made. 

;ing the balanced property of the invariant measure we have been able to 

:tend the relations mentioned between the orthogonal polynomials and 

le iterates of the mapping T, to any polynomial mapping of the form 

= zN + k1zN+1  +000+ kN, Barnsley et. al. 12). These relations hold whether 

le support of the measure, i.e. the Julia set, is real or complex. 

irthermore using these relations we have been able to show that 

lim(P 	1/Nn ,(z)) 	= F(z) 
n— Nn  

:re P „(z) is the monic orthogonal polynomial of degree Nn  and F(z) is 
N-  

B function mapping conformally the exterior of the Julia set to the 

terior of the unit circle. One of the most interesting points in Barnsley 

. al. (21 is that one can relate integrals of polynomials to the symmetric 

nctions associated with Tz and therefore can compute explicit numerical 

sults. In another paper Barnsley et. al.'^ (3) we were able to compute the 

neral relations among the coefficients in the three term recurrence 

rmula satisfied by the orthogonal polynomials when the Julia set is a 

bset of the real line. 

Returning to the quadratic map we have, Barnsley et. al. I4l, 

ploited the nature of the (2 n-1/2n l Pa4 approximants to determine 



licitly the location of all the zeros and poles of these Padgs. Further- 

e we have shown that for certain values of A < 2 the Julia set has a 

e like structure in the complex plane and the points of the tree are 

ated at the zeros and poles of the (2 n-1/2n 1 Pade approximates. Some 

lications to approximation theory are suggested in [51. Finally 

(41 we were able to show that the polynomials P (Z) are also the 
2n  

bychev polynomials on the Julia set. 

A unifying theme in our study of the Julia set BA  for TIz) = Iz-A) 2 

 the relationship with A-chains, A * VIA * VIA * •••)), which we have 

mined for -1/4 5 A < co with the aid of the BOttcher equation and Cremer's 

orem (61. 

In this content we have studied the geometry and topology of OA , the 

.st cascade and the Feigenbaum functional equation, and the order of 

)earance of individual cycles on the real line as A varies from -1/4 to 

We show the choice of the branch cut to be important in simplifying these 

;cussions. 



Recent Developments and Continuing Research (4) 

We have made substantial new progress in investigating the properties 

the orthogonal polynomials associated with Julia sets. In Barnsley et. al. , 

1 we have been able to generalize the Chebychev property to any even or 

polynomial mapping. Furthermore we have shown that the Julia set for 

y polynomial mapping will have a tree like structure for certain values 

its parameters. We have been able to generalize the Pade formulas 

arbitrary polynomial transformations which gives us a nice formula 

r the 1Nn-1/Nn l Pads approximants. However in the general case the analysis 

the location of the zeros and poles is not as simple as in the quadratic 

Lse. As far as the asymptotics of the polynomials is concerned, we have 

'own that the P. (z) are none other than the Faber polynomials associated Nn 

nth the function mapping conformally the exterior of the Julia set to the 

cterior of - the - unit circle. This result is interesting because it shows 

at the asymptotics of these classes of polynomials are very different 

rom those given by Szego's formula 191. Part of our continuing research 

Efort will be to investigate the asymptotic properties of these polynomials. 

In 1101 Bessis et. al. were able to show that for the quadratic 

apping referred to above the coefficients in the recurrence formula satisfy 

he following remarkable relation 

lim a((N) k +s) 	a(s) 
	

X 2 2 
k-Pm 

(sing this result Bessis et. al. have been able to show 1111 that for X 2 3 

he (a(n)) are quasi-periodic. This is very interesting since they have shown 

,111 that the infinite tridiagonal matrix formed from the (a(n)) can be related 

:o an important problem in solid state physics having to do with the 
0 

5chrodinger equation with a quasi-periodic potential. We have recently 

Deen able to show that the above relations_hold even in the complex plane 

when IX' 2 4. Since it is clear from the recurrence relations satisfied 

by the coefficients that they are rational functions of X, the above result 

says that all their zeros and poles are localized in the circle of radius 4. 

Therefore the three term recurrence formula can be analytically continued 

off the real line without any problems for IX1 2 4. This then allows one 

to compute upper bounds on the polynomials satisfying the recurrence 

formula (these may not be the same as the orthogonal polynomials associated 

with the invariant measure). 

In 131 we found that the coefficients in the recurrence formula 



,ciated with the cubic map Tz = z 3  -Az also satisfy similar relations 

.hose given above for the quadratic case. Furthermore using perturbation • 

)ry arguments one can show that these relations will hOld for aysmmetric 

lc polynomials. One of the questions we are actively investigating is, 

the quasi-periodic relations found for the quadratic and cubic case 

a for other polynomial maps that are not trivially derived from quadratic 

cubic maps listed above and can one determine the analytic properties 

the coefficients in the recurrence formula associated with other polynomial 

pings. 

Using the theory of continued fraction we are in the process of 

pleting some work 181 investigating how the periodic continued fraction 

order 2n  approaches the full continued fraction as wow. This work is 

)ecially interesting in the light of the recent quasi-periodicity results 

3 their relation to physical problems. 

• 



Addendum 

Just this week Harrington and Barnsley cracked the problem of 

:ursively calculating moments of the .balanced measure for a rational 

fiction. This is a large step. We expect to be able to generalize many 

our results for Julia sets of polynomial transformations to all Julia 

ts. 
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PART II—SUMMARY OF COMPLETED PROJECT (FOR PUBLIC USE) 

The primary purpose of this project was to investigate the properties 
invariant measures and the orthogonal polynomials associated with them 

. Julia sets J. 	Beginning with the Julia sets associated with poly- 

)mial mappings, Tz = z N + 
kN-1

zN-1 	... 	+ k 0, N 	2, we studied the pro- 

!rties of the balanced measures satisfying the relation 
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f 	f(x)dp(x) 	= 	E 	1ici- f 	f(T-i1(x))dp(x) 	f 	E 	L I (J,p),  
J 	 i=1 	J 

lereT-il , 	i= 1,2, . . . ,N are a complete set of inverse branches of T. 	In 

articular it was shown that these measures have the "quick mixing" pro-
arty 

f f(Tnx)Q(x)dp = f f dp f Q dp, 
J 	 J 	J 

here f E Lt(J,p) 	and Q is a polynomial of degree less than Nn . 	The 
onic polynomials of the second kind were investigated and shown to obey 
he relation 

(1) 	(z) 	= 	
T' (z) 	(1) 	(Tz). p N 	PmNn-1-1 mi\in_ l_  

/hereas p is a singular continuous measure supported on the Julia set J 
(1) 

:now assumed to be a real Cantor set) we have shown that p 	(the mea- 

sure with respect to which the p (1) 's are orthogonal) 	is purely discrete 

Ind supported nowhere on J. 	This was a rather unexpected result. 
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easures. These measures may be associated with the mappings 
k 	-r. 

R(z) + 6 	(z-a.) 1  in the limit as E 	0. Here R(z) is a rational 1 i=1 
ransformation of degree greater than one. The functional equations 
onnected to the condensed measures typifies those encountered in 
sing hierarchical models found in statistical physics. 
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The primary purpose of this project was to investigate 

the properties of invariant measures and the orthogonal 

polynomials associated with them on Julia sets J. Beginning 

with the Julia sets associated with polynomial mappings, 

Tz = zN + k
N-1 z

N-1 	
+ k0 , N 	2, we studied the properties 

of the balanced measures satisfying the relation 

N 1 f f(x)dp(x) =E ff  ff(T11 (x))dp(x) 
J 	 i=1 	J 

f E L'(J,p) 

 . where T i t , 	= 1,2,...,N are a complete set of inverse branches 

of T. In particular it was shown that these measures have the 

"quick mixing" property [1] 

I f(T
nx)Q(x)dp = f f dp f Q dp, 

J 	 J 	J 

where f E Ll(J,p) and Q is a polynomial of degree less than 

Nn . The monic polynomials of the second kind were investi-

gated and shown to obey the relation 

P
(1) 	 T' (z) 	(1) (z) = 	 (Tz). 
mNn-1 	N P

mNn-1-1 

Whereas p is a singular continuous measure supported on the 

Julia set J (now assumed to be a real Cantor set) we have 

(1) shown [2] that p 	(the measure with respect to which the 

(1), 
Pn 	s are orthogonal) is purely discrete and supported 

nowhere on J. This was a rather unexpected result. Finally, 

a new class of measures were discovered [3] which we called 

condensed measures. These measures may be associated with the 



k 	-r. 
mappingsz-)-R(z)-FsE(z-a.) 1  in the limit as s 	0. 

1 i=1 
Here R(z) is a rational transformation of degree greater than 

one. The functional equations connected to the condensed 

measures typifies those encountered in 'sing hierarchical 

models found in statistical physics. 
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