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SUMMARY

Random matrix has been found useful in many real world applications. The celebrated

Johnson-Lindenstrauss lemma states that certain geometric structure of deterministic vec-

tors is preserved when projecting high dimensional space Rn to a lower dimensional space

Rm. However, when random vectors are concerned, it is still unclear how the distribution

of the geometry is affected by random matrices. Since random projection or embedding

introduces dependence to independent random vectors, does it imply random matrices are

inferior for transforming random vectors?

We will start with establishing a new central limit theorem for random variables with

certain product dependence structure. At the same time, we obtained its Berry-Esseen type

rate of convergence. Then we apply this general central limit theorem to random projection

and embedding of two independent random vectors X,Z. In particular, we show the distri-

bution of inner product structure is preserved by random matrices. Roughly speaking, two

orthogonal random vectors remain orthogonal in the randomly projected lower dimensional

space or randomly embedded high dimensional space. More importantly, we also quantita-

tively characterize the distortion of distribution introduced by random matrices. The error

term has a bound at most O( 1√
m
+ 1√

n
).

Then we also establish the fact that random matrices have low distortion on the norm

of a random vector. It is first justified by establishing concentration of the projected or

embedded norm under sub-Gaussian assumptions. A central limit theorem for the randomly

projected norm is established as well similar to the CLT for inner product.

viii



CHAPTER 1

INTRODUCTION

In the first chapter, we will use two sections to introduce the problem of random projec-

tions. In the first section we introduce the historical development for random projection

of deterministic vectors and discuss its applications. In the second section, we introduce

the random projection and embedding of random vectors which is our focus of this thesis

(based on the author’s work [1, 2]).

1.1 Random projection of deterministic vectors

Due to the internet boom and computer technology advancement in the last few decades,

data collection and storage have been growing exponentially. With ’gold’ mining demand

on the enormous amount of data reaches to a new level, we are facing many technical

challenges in understanding the information we have collected. In many different cases,

including text and images, data can be represented as points or vectors in high dimensional

space. On one hand, it is very easy to collect more and more information about the object

so that the dimensionality of the represented vectors grows quickly. On the other hand it is

very difficult to analyze and create useful models for high dimensional data due to several

reasons including computational difficulty as a result of curse of dimensionality [3] and

high noise to signal ratio in random matrix setting [4, 5]. It is therefore necessary to reduce

the dimensionality of the data while preserving the relevant structures.

The celebrated Johnson-Lindenstrauss lemma [6] states that random projections can be

used as a general dimension reduction technique to embed topological structures in high

dimensional Euclidean space into a low dimensional space without distorting its topology

too much. Since then random projection has been found very useful in many applications

such as signal processing and machine learning. For example fast Johnson-Lindenstrauss
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random projection is used to approximate K-nearest neighbors to speed up computation

[7, 8]. Random sketching uses random projection to reduce sample sizes in regression

model and low rank matrix approximation [9]. Random projected features can be used to

create low dimensional base classifiers which are combined as robust ensemble model [10].

Practitioners found applications of random projection in privacy and security [11] as well.

Before we begin to state our problem, let us state the Johnson-Lindenstrauss lemma [12].

Lemma 1.1.1 (Johnson and Lindenstrauss). Given a set of vectors {u1, · · · , up} in Rn, for

any m ≥ 8ε−2 log p, there exists a linear map A : Rn → Rm such that

(1− ε)∥ui − uj∥ ≤ ∥Aui − Auj∥ ≤ (1 + ε)∥ui − uj∥

Given two fixed vectors X,Z ∈ Rn, by Johnson-Lindenstrauss lemma, we can find a

random projection A : Rn → Rm such that the projected distance ∥AX − AZ∥ has only a

small distortion of the original distance ∥X − Z∥. More precisely, take ϵ = 3√
m

, we have

(remarkably independent with the original dimension n)

[
1−O(

1√
m
)

]
∥X − Z∥2 ≤ ∥A(X − Z)∥2 ≤

[
1 +O(

1√
m
)

]
∥X − Z∥2 (1.1)

Equivalently, this property can be reformulated as random projection preserves the inner

product of two vectors (equivalence can be obtained by elementary computation which we

will present afterwards). Namely given X,Z two vectors in the unit ball of Rn (∥X∥ ≤

1, ∥Z∥ ≤ 1) , then there is a random projection A : Rn → Rm such that

|⟨AX,AZ⟩ − ⟨X,Z⟩| ≤ O(
1√
m
)

For general vectors not in the unit ball, the bound on the right hand side has the norms as a
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factor

|⟨AX,AZ⟩ − ⟨X,Z⟩| ≤ O(
1√
m
)∥X∥∥Z∥ (1.2)

To go from Equation 1.1 to Equation 1.2. We note by Johnson-Lindenstrauss Lemma 1.1.1,

we can select a matrix A that has the property that X,Z and X −Z satisfy norm preserva-

tion with error O( 1√
m
) similar to Equation 1.1. That is |∥AX∥2 − ∥X∥2|, |∥AZ∥2 − ∥Z∥2|

and |∥A(X − Z)∥2 − ∥X − Z∥2| are small and at most O( 1√
m
). Then linearly combining

these small terms, we will obtain Equation 1.2.

|⟨AX,AZ⟩ − ⟨X,Z⟩|

=
1

2
|(∥A(X − Z)∥2 − ∥X − Z∥2)− (∥AX∥2 − ∥X∥2)− (∥AZ∥2 − ∥Z∥2)|

≤ 3

2
O(

1√
m
)

To go from Equation 1.2 to Equation 1.1, we replace the vectors X and Z in Equation 1.2

by (X − Z).

By looking at the inner product form Equation 1.2, Johnson-Lindenstrauss Lemma 1.1.1

essentially can be viewed as a random matrix preserving inner product of a set of fixed

vectors with errors depend on the projected dimension m and number of vectors p.

1.2 Random projection and embedding of random vectors

The natural extension is to consider random vectors X,Z and ask the question that how ran-

dom projections affect random vectors. Suppose X and Z are independent. After applying

a random projection or embedding, independent random vectors become strongly depen-

dent. Does this mean random projection is inferior to be used for dimension reduction of

random vectors? Is there an invariance phenomenon in the distribution sense? Closeness

of distribution is often characterized by the difference of cumulative distribution function

3



(cdf). If we look at inner product, then we will be interested in comparing cdf of inner

products,

sup
t

|P (⟨AX,AZ⟩ < t)− P (⟨X,Z⟩ < t)|

We will try to address this question under the constraint that X and Z are independent

random vectors in chapter 2 and chapter 3 by deriving central limit theorems and rate of

convergence.

In chapter 2 we develop a general central limit theorem involving dependent random

variables which will serve as a tool for chapter 3. We first briefly review the historical

achievements on central limit theorem (CLT) involving dependent random variables in sec-

tion 2.1. After that we prove product-CLT theorems and obtain the rate of convergence in

section 2.2 and section 2.3. Along the way, we will also discuss some alternative assump-

tions for product-CLT theorems.

In chapter 3, using product-CLT theorems proved in chapter 2, we derive an invariance

principle of random projections and random embeddings for independent random vectors

which is similar to the inner product form of Johnson-Lindenstrauss lemma but extended

to the distribution sense.

Furthermore, one particular important question is whether the distribution of norm

⟨X,X⟩ is preserved, so we need to understand

sup
t

|P (⟨AX,AX⟩ < t)− P (⟨X,X⟩ < t)|

which will be partially addressed in chapter 4. We first derive a concentration of the pro-

jected norm around original norm for any m,n (projections and embeddings) but with

sub-Gaussian assumption on the random variables in section 4.1. For the case m/n → 0

(random projections), we prove a CLT for the projected norm in section 4.2 without sub-

Gaussian assumption.

Along the way, we use some simulations to validate our theoretical results. The random

4



distributions used to generate random vectors and random projection matrices range from

common continuous distributions to discrete distributions.

In summary, our contributions include:

1. We prove random matrices preserve distribution of inner product of independent ran-

dom vectors. Roughly speaking, two orthogonal random vectors remain orthogonal

in the randomly projected lower dimensional space and randomly embedded higher

dimensional space.

2. More importantly, we also quantitatively characterize the distortion of distribution

introduced by random matrices. The error term has a bound at most O( 1√
m
+ 1√

n
).

For m ≤ n, this shows the error term is the same order as in Johnson-Lindenstrauss

lemma.

3. We also establish the fact that random matrices have low distortion on the norm of

a random vector by establishing concentration of the projected norm. For the case

m/n → 0, we obtain a stronger theorem which is a CLT for the randomly projected

norm.

4. Lastly, a new central limit theorem is established for random variables with certain

product dependence structure. At the same time, we obtained its Berry-Esseen type

rate of convergence. This alone can be of great interests in many applications involv-

ing dependent random variables.
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CHAPTER 2

PRODUCT CENTRAL LIMIT THEOREM

This chapter is focused on discussing central limit theorems (CLT) involving dependent

random variables. It will be used as a tool to study random projections and embeddings.

We will start with review of CLT for dependent random variables in section 2.1. Then we

will state our results, product-CLT theorem and the rate of convergence, in section 2.2.

After that, we will give proofs in section 2.3 and section 2.4

2.1 Brief review of CLT for dependent random variables

Central limit theorem plays an important role in probability and has many real world appli-

cations. One pitfall in the classical theory is that we can only deal with independent random

variables. There are many attempts to extend the theory to handle dependent random vari-

ables. Hoeffding and Robbins [13] formulated one of the early result which shows CLT

still holds for locally dependent sequence. One of the most interesting development is the

martingale difference central limit theorem in [14]. In a nutshell, if the conditional variance

converges in probability, then a Lindeberg condition implies CLT for the sequence.

Theorem 1 (Martingale CLT). Let {xk} be a sequence of martingale differences, {Fk}

be the natural filtration, Let Ex2
k = 1, denote E[x2

k|Fk−1] := σ2
k. If the following two

conditions hold

1. 1
n

∑
k σ

2
k

p−→ 1

2. Lindeberg condition: 1
n

∑
k Ex2

kI(|xk| > ε
√
n) → 0 for all ε > 0.

Then
1√
n

n∑
k=1

xk −→ N (0, 1)
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The exact rate of convergence is obtained by [15]: with uniformly boundedness con-

dition, the rate of convergence is shown as O( logn√
n
). Slightly more general results can

be found in [16] and [17]. There is another line of research considers mixing weak de-

pendence which is extensively discussed in [18] and [19]. A mixing condition requires

dependence between random variables in the sequence decays as their positions are further

apart. Essentially, far apart random variables become almost independent.

2.2 Main theorems

Theorem 2 (product-CLT). Given random variables {xk} such that Exk = 0 and Ex2
k =

1. Given another sequence of random variables {yk}. Assume {yk} are independent with

{xk} (yk and yk′ could be dependent). Assume all third moments exist and bounded, namely

there is fixed large number A

E[|xk|3] < A < ∞, E[|yk|3] < A < ∞, ∀k (2.1)

Further assume

E[xk|Fk−1] = 0, E[x2
k|Fk−1] = 1 (2.2)

where Fk is the filtration generated by the (martingale difference) sequence {xk}.

Assume {yk} satisfies
1

n

n∑
k=1

y2k
p−→ 1 (2.3)

Then we have the following CLT

1√
n

n∑
k=1

xkyk → N (0, 1)

Remark. The product-CLT can be viewed as an extension of Martingale-CLT Theorem 1.

If X is vector of martingale difference sequence which has CLT by Theorem 1. Our

product-CLT asserts that if there is another Y vector with complicated unknown depen-

7



dence but satisfies a law of large number condition, then the dot product XTY has a CLT.

This extension is useful because no other CLT can deal with a sequence {XiYi} with un-

known dependence. As we will see in the proof of invariance principle of random projec-

tions, there is no way to apply martingale-CLT. Moreover, the assumptions on conditional

variance in martingale-CLT are very hard to verify in practice. In real world applications

it is almost impossible to compute a conditional variance. Instead, we can decouple the

dependence, for example extract a sequence of independent random variables X , and a

sequence of Y that has complicated dependence controlled by law of large number on the

squares so that we can apply our product-CLT.

In principle, one can replace the third order moment condition (Equation 2.1) by Lin-

deberg type condition. But we prefer third moments in this work since third moments is

necessary in the control of rate of convergence which are more useful for our study on ran-

dom projections. After proving the theorem in section 2.3, we will also give a few practical

conditions that guarantees the weak law of large number (LLN) assumption (Equation 2.3)

which will be useful for practitioners.

Moreover, we are interested in the rate of convergence. In developing a Berry-Esseen

type rate of convergence theorem, we will also need assumptions on how fast the average

of {y2k} converges. We state our result as follows,

Theorem 3 (rate of convergence product-CLT). Assume all conditions in Theorem 2 holds.

Further assume if rate of convergence for LLN of y2k is controlled by the following condition

E

1 ∧
∣∣∣∣∣∣
√√√√ 1

n

n∑
k=1

y2k − 1

∣∣∣∣∣∣
 < O(εn) (2.4)

where εn converges to zero. Then we have

∣∣∣∣∣P( 1√
n

n∑
k=1

xkyk < t)− P(G < t)

∣∣∣∣∣ ≤ O(
1√
n
∨ εn) ∀t ∈ R

8



where G is the standard normal random variable.

Those two product-CLT theorems will be used to obtain invariance principle of random

matrices in chapter 3. We shall present the proof in the following sections. Some of the

techniques used in the proofs are very general, which play an important role in justifying

some claims in chapter 3.

9



2.3 Proof of Theorem 2: product central limit theorem

2.3.1 A proof based on Lindeberg swapping

Proof Let us begin with the Lindeberg argument.

Take any function f from C∞
c (R) smooth function with bounded support on the real

line. Let Sn =
∑n

1 xiyi. Let z, {zi}1≤i≤n be independent standard normal random vari-

ables. It is sufficient to show

E[f(
1√
n
Sn)]− E[f(z)] → 0

Our strategy is to split the difference into two parts

E[f(
1√
n
Sn)]− E[f(

1√
n

n∑
i=1

ziyi)], and E[f(
1√
n

n∑
i=1

ziyi)]− E[f(z)]

then show both are small.

First step, let us try to show

E[f(
1√
n
Sn)]− E[f(

1√
n

n∑
i=1

ziyi)] → 0

We write the difference as a telescopic sum,

∆n := f(
1√
n
Sn)− f(

1√
n

n∑
i=1

ziyi) =
n∑

k=1

f(Tk)− f(Tk−1)

where

Tk :=
1√
n

[
k∑

i=1

xiyi +
n∑

i=k+1

ziyi

]

To make notation easier to read, denote

Uk :=
1√
n

[
k−1∑
i=1

xiyi +
n∑

i=k+1

ziyi

]

10



It is easy to see Uk = Tk − 1√
n
xkyk = Tk−1 − 1√

n
zkyk. Now let us take a Taylor expansion

on f(Tk), f(Tk−1) around Uk,

f(Tk) = f(Uk) + f ′(Uk)
1√
n
xkyk +

1

2
f ′′(Uk)

1

n
x2
ky

2
k +O(n− 3

2x3
ky

3
k sup

x
f ′′′(x))

f(Tk−1) = f(Uk) + f ′(Uk)
1√
n
zkyk +

1

2
f ′′(Uk)

1

n
z2ky

2
k +O(n− 3

2 z3ky
3
k sup

x
f ′′′(x))

Since yk is independent with xk, zk, by conditioning on Fk−1 we compute

E[f ′(Uk)
1√
n
xkyk] = E[f ′(Uk)

1√
n
yk E[xk|Fk−1]] = 0

E[f ′(Uk)
1√
n
zkyk] = E[f ′(Uk)

1√
n
yk E[zk]] = 0

and found the first order terms match. Similar argument shows second order terms match,

E[f ′′(Uk)
1

n
x2
ky

2
k] = E[E[f ′′(Uk)

1

n
x2
ky

2
k|Fk−1]]

= E[
1

n
f ′′(Uk)y

2
k E[x2

k|Fk−1]]

= E[
1

n
f ′′(Uk)y

2
k]

E[f ′′(Uk)
1

n
z2ky

2
k] = E[f ′′(Uk)

1

n
y2k]E[z2k]

= E[
1

n
f ′′(Uk)y

2
k]

Therefore, we obtain

E f(Tk)− f(Tk−1) = O(n− 3
2 Ex3

ky
3
k sup

x
f ′′′(x))

Sum up the n terms,

E∆n = O(
1√
n
E(x3

k + z3k)y
3
k sup

x
f ′′′(x))

11



In the case xk, yk have finite third moments, we conclude replacing xi by Gaussian

random variables zi will only introduce error of the order n−1/2

E∆n = O(
1√
n
)

Now it suffices to show
1√
n

n∑
i=1

ziyi → N (0, 1)

Notice by computing the moment generating function, we can verify, for all n

1√∑
y2i

n∑
i=1

ziyi ∼ N (0, 1)

Then by Slutsky’s theorem and condition 1
n

∑n
i=1 y

2
i → 1, we conclude our desired result.

2.3.2 Alternative assumptions

Here we discuss a variation of the law of large number condition of y2i (Equation 2.3) in

product-CLT. This version has the advantage that the assumptions are easier to verify in

practice. We only impose the mixed second moments conditions which can be approxi-

mately computed with empirical data.

Proposition 2.3.1. In Theorem 2, if yk satisfies,

E y2k → 1, E[y4k] < C < ∞, ∀1 ≤ k ≤ n

Further assume the mixed second moments satisfy

1

n2

∑
i ̸=j

E[y2i y2j ]
n→∞−−−−−−−→ 1 (2.5)

12



Then the following LLN holds
1

n

∑
k

y2k
p−→ 1

Proof By Chebyshev’s inequality,

P(
1

n
|
∑
i

(y2i − 1)| > ε) ≤
1
n2 E[|

∑
i(y

2
i − 1)|2]

ε2

Notice by the assumptions on finite fourth moments and Equation 2.5,

1

n2
E[|
∑
i

(y2i − 1)|2] = 1

n2

[∑
i

E y4i +
∑
i ̸=j

E y2i y
2
j − 2n

∑
i

E y2i + n2

]

→ 1

n2

[∑
i

E y4i +
∑
i ̸=j

E y2i y
2
j

]
− 1

→ 0

Therefore we see for any ϵ > 0,

P(
1

n
|
∑
i

(y2i − 1)| > ε) → 0

This implies there is a weak law of large number for the sequence {y2k}, namely

1

n

∑
k

y2k
p−→ 1

In practice, Equation 2.5 can be verified by showing the average 1
n2

∑
i,j y

2
i y

2
j is close

to 1. This is very convenient for practitioners. It turns out that the mixed second mo-

ments condition is equivalent to a fourth moment matching to fourth moment of standard

normal which is a necessary condition for a CLT. And these results presented here (Propo-
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sition 2.3.1 and Proposition 2.3.2) show it is also sufficient.

Proposition 2.3.2. Assume Ex4
i < C < ∞,∀k. The condition Equation 2.5 in Proposi-

tion 2.3.1 is equivalent to

E
[
P 4
n

]
→ 3, where Pn =

1√
n

∑
i

xiyi (2.6)

Proof

E[P 4
n ] = n−2

∑
1≤i1,...i4≤n

Exi1yi1 . . . xi4yi4

Now we want to analyze the indices I = {i1, i2, i3, i4}. If one of index ik is different from

the other three, then E[xik |Fk−1] = 0 implies the whole product vanishes. Therefore the

only surviving terms must be either all indices the same or indices appear as pairs. Namely

E[P 4
n ] = n−2

[ ∑
1≤i≤n

Ex4
i y

4
i + 3

∑
1≤i ̸=j≤n

Ex2
i y

2
i x

2
jy

2
j

]

where the factor 3 is because there are three cases for pairs (i1 = i2, i3 = i4), (i1 = i3, i2 =

i4) and (i1 = i4, i2 = i4).

Then notice

Ex2
i y

2
i x

2
jy

2
j = E(x2

ix
2
j)E y2i y

2
j = E y2i y

2
j

since E(x2
ix

2
j) = E[E[x2

ix
2
j |Fmin(i,j)]] = 1. Combining the assumption that fourth moment

is bounded we see

E[P 4
n ] → 3 ⇐⇒ 1

n2

∑
i ̸=j

E y2i y
2
j → 1

14



2.4 Proof of Theorem 3: rate of convergence

The proof will be several steps. First we record a variation formula in Lemma 2.4.1. Then

we use the variation formula to rewrite the error term by introducing a standard normal

variable in Lemma 2.4.2. Then we use Lindeberg type argument to reduce the control of

error to the control of two separate terms. One term is a telescopic sum which we will

control in Lemma 2.4.3 with the moments information. The other term is the difference

of two cumulative distribution functions (cdfs) that are close to normal cdf which we will

control in Lemma 2.4.4 with the LLN property of y2i (condition Equation 2.4).

Lemma 2.4.1. Let X and ξ be two independent random variables. Let σ =
√

E ξ2. Let Φ

be the cumulative distribution of standard normal. Denote

δ = sup
t

|P(X ≤ t)− Φ(t)| δ∗ = sup
t

|P(X + ξ ≤ t)− Φ(t)|

Then

δ ≤ 2δ∗ +
5√
2π

σ, δ∗ ≤ 2δ +
3

2
√
π
σ

Proof See for example [15]

Lemma 2.4.2. Denote

δ := sup
t

∣∣∣∣P(∑xiyi√
n

≤ t

)
− Φ(t)

∣∣∣∣ , δξ := sup
t

∣∣∣∣P(ξ +
∑

xiyi√
n

≤ t

)
− P

(
ξ√
n
+G ≤ t

)∣∣∣∣
Given the same setting in Theorem 3, and let G, ξ be independent standard normal random

variable. Then

δ ≤ 2δξ +
3√
n

Proof

15



By Lemma 2.4.1 we have

η : = sup
t

∣∣∣∣P (G ≤ t)− P
(

ξ√
n
+G ≤ t

)∣∣∣∣
≤ 2 sup

t
|P (G ≤ t)− P (G ≤ t)|+ 3

2
√
π

√
1

n

=
3

2
√
π

1√
n

Again by Lemma 2.4.1, we see

δ ≤ 2 sup
t

∣∣∣∣P(ξ +
∑

xiyi√
n

≤ t

)
− Φ(t)

∣∣∣∣+ 3

2
√
π

1√
n

≤ 2(δξ + η) +
3

2
√
π

1√
n

< 2δξ +
3√
n

Now we are ready to prove the rate of convergence in Theorem 3.

Proof Let {zi} be a sequence of independent standard normal random variables which is

independent from {xi, yi}. By conditioning, we can rewrite δξ of Lemma 2.4.2

δξ = sup
t

∣∣∣∣P(ξ +
∑

xiyi√
n

≤ t

)
− P

(
ξ√
n
+G ≤ t

)∣∣∣∣
= sup

t

∣∣∣∣P(ξ +
∑

xiyi√
n

≤ t

)
− P

(
ξ +

∑
ziyi√

n
≤ t

)
+∆t

∣∣∣∣
= sup

t

∣∣∣∣∣E
[

n∑
m=1

Φ (Tm)− Φ (Tm−1)

]
+∆t

∣∣∣∣∣
where

∆t = P
(
ξ +

∑
ziyi√

n
≤ t

)
− P

(
ξ√
n
+G ≤ t

)

16



Tm = t
√
n−

m∑
i=1

xiyi −
n∑

i=m+1

ziyi

Therefore with Lemma 2.4.3 controlling the part of telescopic sum and Lemma 2.4.4 con-

trolling supt |∆t| (which we will prove later in subsection 2.4.1), we see,

sup
t

∣∣∣∣P(ξ +
∑

xiyi√
n

≤ t

)
− P

(
ξ√
n
+G ≤ t

)∣∣∣∣ ≤ O(εn ∨
1√
n
)

Then by Lemma 2.4.2, we conclude the desired result

sup
t

∣∣∣∣P(∑xiyi√
n

≤ t

)
− Φ(t)

∣∣∣∣ ≤ O(εn ∨
1√
n
)

Remark. If we let yk = 1 for all k, then we recover the rate of convergence O( 1√
n
) for a

martingale difference sequence {xk}. This is not contradicting the Martingale difference

CLT which has a rate O( logn√
n
), see [15]. Martingale CLT is derived under a slightly weaker

condition on variance, which only requires 1
n

∑
k E[x2

k|Fk−1] → 1 instead of our condition

that E[x2
k|Fk−1] to be constant 1 for all k.

2.4.1 Proof of two Lemmas

Lemma 2.4.3. If Ex3
k < A < ∞,E y3k < A < ∞,∀k then there is a constant c

sup
t

∣∣∣∣∣E
[

n∑
m=1

Φ (Tm)− Φ (Tm−1)

]∣∣∣∣∣ ≤ c√
n

(2.7)

Proof Let Uk = Tk − xkyk = Tk−1 − zkyk, then

Φ(Tk)− Φ(Uk) = Φ′(Uk)
1√
n
xkyk +

1

2
Φ′′(Uk)

1

n
x2
ky

2
k +O(n− 3

2 |x3
ky

3
k| sup

x
Φ′′′(x))

17



Φ(Tk−1)− Φ(Uk) = Φ′(Uk)
1√
n
zkyk +

1

2
Φ′′(Uk)

1

n
z2ky

2
k +O(n− 3

2 |z3ky3k| sup
x

Φ′′′(x))

Similar arguments from the CLT proof shows the first two terms match. Therefore

∣∣∣∣∣E
[

n∑
m=1

Φ (Tm)− Φ (Tm−1)

]∣∣∣∣∣ ≤ E

[
n∑

m=1

O(n− 3
2 (|x3

k|+ |z3k|)|y3k| sup
x

Φ′′′(x))

]

≤ c√
n

Note Φ′′′(x) = x2−1√
2π

e−x2/2 and | supx Φ
′′′(x)| < 2

5
.

Lemma 2.4.4. Suppose condition Equation 2.4

E

[
1 ∧

∣∣∣∣∣
√∑

y2k
n

− 1

∣∣∣∣∣
]
≤ O(εn)

is satisfied. Then

sup
t

|∆t| ≤ O(εn ∨
1√
n
)

Proof With similar computation in Lemma 2.4.2, we can remove the same variation term,

the normal random variable ξ√
n

in ∆t.

sup
t

|∆t| ≤ sup
t

∣∣∣∣P(ξ +
∑

ziyi√
n

≤ t

)
− P (G ≤ t)

∣∣∣∣+ sup
t

∣∣∣∣P (G ≤ t)− P
(

ξ√
n
+G ≤ t

)∣∣∣∣
≤ 2 sup

t

∣∣∣∣P(∑ ziyi√
n

≤ t

)
− P (G ≤ t)

∣∣∣∣+ 3

2
√
π

1√
n
+

3

2
√
π

1√
n

Therefore,

sup
t

|∆t| ≤ 2 sup
t

∣∣∣∣P(∑ ziyi√
n

≤ t

)
− P (G ≤ t)

∣∣∣∣+ 2√
n

18



sup
t

∣∣∣∣P(∑ ziyi√
n

≤ t

)
− P(G ≤ t)

∣∣∣∣ = sup
t

E
∣∣∣∣P(G ≤ t

√
n∑
y2i

)− P(G ≤ t)

∣∣∣∣
= sup

t
E

∣∣∣∣∣
∫ t

√
n∑
y2
i

t

1√
2π

e−
x2

2 dx

∣∣∣∣∣
:= sup

t
Eh(t)

≤ E sup
t

h(t)

where we denote Sn =

√∑
y2i
n

, h(t) =
∣∣∣∫ t/Sn

t
1√
2π
e−

x2

2 dx
∣∣∣.

Notice 0 < h(t) < 1 and h(t) < |t− t/Sn| 1√
2π
e−

min(t2,t2/S2
n)

2 . So

sup
t

|h(t)| ≤ 1 ∧ sup
t

[
|t/Sn − t| 1√

2π
e−

min(t2,t2/S2
n)

2

]

Notice the fact supx
1√
2π
|xe−x2

2 | < 1
2
. When Sn > 1, min(t2, t2/S2

n) = t2/S2
n, we

conclude

sup
t

|h(t)| ≤ 1 ∧ 1

2
|1− Sn| ≤ 1 ∧ |1− Sn|

When 1
2
< Sn < 1, we have 4S2

n > 1. Then min(t2, t2/S2
n) ≥ t2

4S2
n

. We see

sup
t

|h(t)| ≤ 1 ∧

[
|2− 2Sn|

t

2Sn

1√
2π

e−
t2

4S2
n

2

]

≤ 1 ∧ 1

2
|2− 2Sn|

= 1 ∧ |1− Sn|

When Sn < 1
2
, we use the bound supt |h(t)| < 1. And

P(Sn <
1

2
) ≤ 2E[1 ∧ |1− Sn|, Sn <

1

2
]
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Combining condition Equation 2.4, we conclude

E[sup
t

h(t)] ≤ E
[
1 ∧ |Sn − 1|, Sn >

1

2

]
+ E

[
1, Sn <

1

2

]
≤ O(εn) + P

(
Sn <

1

2

)
≤ O(εn) + 2E[1 ∧ |1− Sn|, Sn <

1

2
]

≤ O(εn)

Then we conclude

sup
t

|∆t| ≤ O(εn ∨
1√
n
)

2.4.2 Discussion on the assumptions

A natural question is whether the condition Equation 2.4 is necessary for Theorem 3. We

will first show the condition Equation 2.4 for Lemma 2.4.4 is sharp when xi are replaced

with independent standard normal random variables zi. This is done by obtaining a lower

bound for supt Eh(t). Since our theorems are essentially normal approximations. Then for

general xi, it is unlikely the condition Equation 2.4 is not sharp. This also implies the rate

of convergence in Theorem 3 is optimal for this specific case.

Proposition 2.4.1.

sup
t

Eh(t) := sup
t

∣∣∣∣P(∑ ziyi√
n

≤ t

)
− P(G ≤ t)

∣∣∣∣ ≥ O(E

[
1 ∧

∣∣∣∣∣
√∑

y2i
n

− 1

∣∣∣∣∣
]
) (2.8)

Proof We follow the same notation as in the proof of Theorem 3. Sn =

√∑
y2i
n

. Let’s take

20



t = 1 we find

Eh(1) = E

∣∣∣∣∣
∫ 1/Sn

1

1√
2π

e−
x2

2 dx

∣∣∣∣∣
≥ c E

[∫ 1/Sn

1

dx,
1

Sn

≤ 2

]
+ E

[∫ 2

1

1√
2π

e−
x2

2 dx,
1

Sn

> 2

]
≥ c E

[
|1− 1

Sn

|, Sn ≥ 1

2

]
+ c E

[
1, Sn <

1

2

]

where c = 1√
2π
e−

22

2 ≥ 1
20

.

We will further separate Sn ≥ 1
2

into three events.

1

2
≤ Sn ≤ 1 :

1

Sn

− 1 ≥ 1− Sn ≥ 0

1 < Sn < 2 : 1− 1

Sn

≥ 1

2
(Sn − 1) ≥ 0

Sn ≥ 2 : 1− 1

Sn

≥ 1

2

So overall on the event Sn ≥ 1
2
, we have

| 1
Sn

− 1| ≥ 1

2
[1 ∧ |Sn − 1|]

Combining all together,

sup
t

Eh(t) ≥ Eh(1) ≥ 1

40
E
[
1 ∧ |Sn − 1|, Sn ≥ 1

2

]
+

1

20
E
[
1, Sn <

1

2

]
≥ 1

40
E [1 ∧ |Sn − 1|]

Therefore we conclude

sup
t

∣∣∣∣P(∑ ziyi√
n

≤ t

)
− P(G ≤ t)

∣∣∣∣ ≥ 1

40
E

[
1 ∧

∣∣∣∣∣
√∑

y2i
n

− 1

∣∣∣∣∣
]
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Let {xi}, {yi} be i.i.d. random variables with mean zero, variance one (e.g. standard

normal). Then by the classical CLT and Berry-Esseen we know

P(
1√
n

n∑
i=1

xiyi < t) = P(G < t) +O(
1√
n
) ∀t ∈ R

We will show for i.i.d. xi, yi, the rate of convergence obtained from our Theorem 3 is the

same as Berry-Esseen in classical CLT. This implies the condition Equation 2.4 is essen-

tially sharp for this specific example. In general, any nontrivial improvement will require

more restrictive assumptions on the random variables.

Proposition 2.4.2. In Theorem 3, if xi, yi are i.i.d. sequences with mean zero and variance

one. Then condition Equation 2.4 is satisfied with εn = 1√
n

.

Proof

For i.i.d. yi mean zero and variance one, we have by CLT

√
n(
∑

y2i /n− 1) → N (0, 1)

and

(
√∑

y2i /n+ 1)
p−→ 2

which we used the fact that (by LLN) for any 0 < ϵ < 0.1,

P(|
√∑

y2i /n− 1| > ϵ) = P(
∑

y2i /n > (1 + ϵ)2) + P(
∑

y2i /n < (1− ϵ)2)

≤ P(|
∑

y2i /n− 1| > ϵ) → 0
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Now we can apply Slutsky’s theorem,

√
n

(√∑
y2i
n

− 1

)
=

√
n

(
∑

y2i /n− 1)

(
√∑

y2i /n+ 1)
→ N (0,

1

4
)

Therefore condition Equation 2.4 is satisfied with

E

(
1 ∧

∣∣∣∣∣
√∑

y2i
n

− 1

∣∣∣∣∣
)

= O(
1√
n
)

Then Theorem 3 gives the same conclusion as Berry-Esseen.

The condition Equation 2.4 may not be easy to verify. Here we provide an alternative

condition for our theorem. A more intuitive control of the LLN of y2k would be controlling

the tail probability directly, which will not be sharp.

Proposition 2.4.3. In Theorem 3, condition Equation 2.4 can be replaced by

P

(∣∣∣∣∣
√∑

y2k
n

− 1

∣∣∣∣∣ > O(εn)

)
≤ O(εn) (2.9)

where εn → 0. This condition is stronger than Equation 2.4. In other words, it is sufficient

but not necessary for Theorem 3.

Proof Let Sn =

√∑
y2k
n

. Assume Equation 2.9 holds.

E [1 ∧ |Sn − 1|] = E [1 ∧ |Sn − 1|, |Sn − 1| > O(εn)] + E [1 ∧ |Sn − 1|, |Sn − 1| ≤ O(εn)]

≤ P(|Sn − 1| > O(εn)) +O(εn)

≤ O(εn)

To show condition Equation 2.9 is stronger than condition Equation 2.4, we look at the

example of i.i.d. {yi} sequence.
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For i.i.d. yi mean zero and variance one, we have
√
n(
∑

y2i /n − 1) → N (0, 1) and

(
√∑

y2i /n+ 1) → 2 in probability and we can apply Slutsky’s theorem.

√
n

(√∑
y2i
n

− 1

)
=

√
n

(
∑

y2i /n− 1)

(
√∑

y2i /n+ 1)
→ N (0,

1

4
)

Therefore condition Equation 2.4 is satisfied

E

(
1 ∧

∣∣∣∣∣
√∑

y2i
n

− 1

∣∣∣∣∣
)

= O(
1√
n
)

However, condition Equation 2.9 is not satisfied since

P

(∣∣∣∣∣
√∑

y2k
n

− 1

∣∣∣∣∣ > O(
1√
n
)

)
= P

(
√
n

∣∣∣∣∣
√∑

y2k
n

− 1

∣∣∣∣∣ > O(1)

)

≈ P
(
|N (0,

1

4
)| > O(1)

)
= O(1)
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CHAPTER 3

INVARIANCE OF RANDOM MATRIX FOR THE INNER PRODUCT

Suppose we have X,Z two independent random vectors. In this section, we will investigate

how much the independence structure is preserved in the projected space. Let S be a

random projection, the resulting projected random vectors SX, SZ will be dependent. We

will see the distribution of inner product is preserved under certain conditions.

Given two independent random vectors in Rn:

X =


x1

...

xn

 , Z =


z1
...

zn


with i.i.d. entries and Exi = E zi = 0, Ex2

i = E z2i = 1, E |xi|3 ∨ E |zi|3 < C < ∞.

Then it is clear the following CLT holds:

1√
n
XTZ =

1√
n

n∑
i=1

xizi
d−→ N (0, 1)

And the classical Berry-Esseen theorem [20, 21, 22] tells us

sup
t

∣∣∣∣P( 1√
n
XTZ < t

)
− P (N (0, 1) < t)

∣∣∣∣ ≤ O

(
1√
n

)
(3.1)

Consider a random matrix S : Rn → Rm whose entries have mean 0 and variance

1. Then the natural question is whether CLT holds for product of the randomly projected

vectors SX and SZ. Namely

1√
n an,m

XTSTSZ
?−→ N (0, 1)
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where an,m is a scaling parameter depending on both m and n. Moreover, if there is a

CLT, we will need to derive the rate of convergence in the spirit of Berry-Esseen theorem,

namely find

sup
t

∣∣∣∣P( 1√
n an,m

XTSTSZ < t

)
− P (N (0, 1) < t)

∣∣∣∣ ≤ ?

If we try to use existing CLT that dealing with dependent random variables, for example

martingale CLT, it will not be applicable. The major difficulty is that there is no natural

filtration since the terms in the sum will be very dependent so the conditional variance in

martingale CLT is not computable. It turns out our product-CLT is the right tool to use.

We decouple the dependence into the sequence of independent random variables X and

another sequence STSZ with complicated dependence.

Now what are the necessary conditions required to apply our product-CLT? Since {xi}

is a sequence with independent random variables, it satisfies all conditions in Theorem 2

and Theorem 3. So we need to show the assumptions on the second dependent sequence

Y =


y1
...

yn

 :=
1

an,m
STSZ

are also satisfied. Denote i-th column of S as Si, then yi =
1

an,m
ST
i SZ. Moreover, {yi} are

identically distributed even though they are dependent random variables. The Lindeberg

swap idea in Theorem 2 requires the variables yi have finite third moments and a weak law

of large number of y2i . We shall prove the weak law of large number in Lemma 3.2.1. In

the proof we will follow Proposition 2.3.1 using Chebyshev’s inequality to show the weak

law of large number statement. To find the rate of convergence, we will need to compute

the exact order of Equation 2.4.

26



3.1 Main theorems

Theorem 4 (Randomly mapped inner product CLT). Given two independent random vec-

tors in Rn:

X =


x1

...

xn

 , Z =


z1
...

zn


with i.i.d. entries. And assume Exi = E zi = 0, Ex2

i = E z2i = 1, E |xi|3 ∨ E |zi|3 < C <

∞. Consider a random matrix S : Rn → Rm with independent entries and ESi,j = 0 and

ES2
i,j = 1. Further assume S,X,Z are all independent and ES8

1,1 ∨ E z41 < C < ∞, then

we have
1√

m2n+mn2
XTSTSZ → N (0, 1) as m,n → ∞

Theorem 5 (Invariance of randomly mapped inner product). Given the same moment as-

sumptions as in Theorem 4, the following bounds hold,

sup
t

∣∣∣∣P( 1√
m2n+mn2

XTSTSZ < t)− P(G < t)

∣∣∣∣ ≤ O

(
1√
n
+

1√
m

)
(3.2)

sup
t

∣∣∣∣P( 1√
m2n+mn2

XTSTSZ < t)− P(
1√
n
XTZ < t)

∣∣∣∣ ≤ O

(
1√
n
+

1√
m

)
(3.3)

where G is a standard normal random variable.
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3.2 Proof of Theorem 4: CLT - random matrix preserves inner product

Lemma 3.2.1. Given m,n → ∞, an,m =
√
m2 +mn, and ES4

i,j ∨ ES8
i,j ∨ E z4i < C <

∞. If we let

yi =
1

an,m
ST
i SZ

then we have

E y2i → 1,∀i

and
1

n

n∑
i=1

y2i → 1

Proof First, we note yi are identically distributed. By Proposition 2.3.1, it suffices to prove

E y2i → 1, E y4i < C < ∞, and E y2i y
2
j → 1.

For the second moment,

E[y21] =
1

a2n,m
E[(ST

1 SZ)
2]

=
1

a2n,m

∑
1≤i,j≤m,1≤p,q≤n

ESi,1Si,pzpSj,1Sj,qzq

=
1

a2n,m

∑
1≤i,j≤m,1≤p,q≤n

ESi,1Si,pSj,1Sj,q E zpzq

Notice the random matrix S and random vector Z are centered, ES = 0, EZ = 0. The

surviving terms have to be even powers, which are {p = q ̸= 1, i = j}, {p = q = 1, i, j}.

Therefore

E[y21] =
1

a2n,m

[ ∑
1≤i≤m,2≤p≤n

ES2
i,1S

2
i,p E z2p +

∑
1≤i,j≤m

ES2
i,1S

2
j,1 E z21

]

=
1

(m2 +mn)
[m(n− 1) + (mES4

1,1 +m2 −m)]

= 1 +
ES4

1,1 − 2

m+ n
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= 1 +O

(
1

m+ n

)
→ 1 (3.4)

Now we will show E y2i y
2
j → 1 for all i ̸= j.

E[y21y22] =
1

a4n,m
E[(ST

1 SZ)
2(ST

2 SZ)
2]

=
1

a4n,m

∑
E(Si1,1Si1,p1Sj1,1Sj1,q1zp1zq1) (Si2,2Si2,p2Sj2,2Sj2,q2zp2zq2)

First, there are eight indices in the summation. And 1 ≤ i1, i2, j1, j2 ≤ m, 1 ≤ p1, q1, p2, q2 ≤

n. Since ESi,j = 0,E zi = 0, the surviving terms in the summation must have higher pow-

ers for Si,j and zi. We will count the total number of possible such terms.

Surviving terms will satisfy the following condition

zp1zq1zp2zq2 = z2pz
2
q , 1 ≤ p, q ≤ n

We will analyze and count in two different cases:

{p, q} ∩ {1, 2} ≠ ∅, {p, q} ∩ {1, 2} = ∅

There are still many sub-cases, we need to treat differently.

• Case 1: {p, q} ∩ {1, 2} ≠ ∅

– Case 1-1: {p, q} ⊆ {1, 2}.

* Case 1-1-1: p = q = 1. Then each term is ES2
i1,1

S2
j1,1

Si2,2Si2,1Sj2,2Sj2,1z
4
1 .

Then i2 = j2 in order to have squares. So the total is

m3 E z41 +O(m2)

* Case 1-1-2: p = q = 2. Same as the computation in case 1-1-1, we have
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total

m3 E z41 +O(m2)

* Case 1-1-3: p = 1, q = 2. This will give us
(
4
2

)
= 6 separate cases.

p1 q1 p2 q2

1 1 2 2

1 2 1 2

1 2 2 1

2 1 1 2

2 1 2 1

2 2 1 1

Only the first case (1, 1, 2, 2) produces terms ES2
i1,1

S2
j1,1

S2
i2,2

S2
j2,2

z21z
2
2 .

In total it is m4 + O(m3). All other five cases admit similar analysis with

same number of terms, we only show the second case (1, 2, 1, 2), which is

ES2
i1,1

Sj1,1Sj1,2Si2,2Si2,1S
2
j2,2

z21z
2
2 . Then j1 = i2 must hold for the surviv-

ing terms, which in total is m3 +O(m2). Combining all together, we have

in total

m4 +O(m3)

– Case 1-2: p = 1, q /∈ {1, 2}. Same as 1-1 there are
(
4
2

)
= 6 separate cases.

p1 q1 p2 q2

1 1 q q

1 q 1 q

1 q q 1

q 1 1 q

q 1 q 1

q q 1 1

Only the first case (1, 1, q, q) produces terms ES2
i1,1

S2
j1,1

Si2,2Si2,qSj2,2Sj2,qz
2
1z

2
q .
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In this case i2 = j2 must hold. In total, there are m3(n− 2) +O(m2n) terms.

All other five cases have similar analysis with same number of terms, we only

show the the second case (1, q, 1, q), ES2
i1,1

Sj1,1Sj1,qSi2,2Si2,1Sj2,2Sj2,qz
2
1z

2
q . In

this case j1 = i2 = j2 must hold. In total, there are m2(n− 2) +O(mn) terms.

Combining all together, we have in total

m3n+O(m3 +m2n)

– Case 1-3: p = 2, q /∈ {1, 2}. Again there are
(
4
2

)
= 6 separate cases.

p1 q1 p2 q2

2 2 q q

2 q 2 q

2 q q 2

q 2 2 q

q 2 q 2

q q 2 2

Only the last case (q, q, 2, 2) produces terms ESi1,1Si1,qSj1,1Sj1,qS
2
i2,2

S2
j2,2

z2qz
2
2 .

Then i1 = j1 must hold. In total it is m3(n− 2) +O(m2n).

All other five cases have similar analysis, we only show the first (2, 2, q, q)here.

ESi1,1Si1,2Sj1,1Sj1,2 Si2,2Si2,qSj2,2Sj2,qz
2
qz

2
2 . Then i1 = j1, i2 = j2 must hold

for the surviving terms, which in total is m2(n − 2) + O(mn). Combining all

together, we have in total

m3n+O(m3 +m2n)

• Case 2: {p, q} ∩ {1, 2} = ∅.

To have squares for variables from matrix S, we must have squares produced for
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Si1,1Sj1,1Si2,2Sj2,2 and Si1,p1Sj1,q1Si2,p2Sj2,q2 separately. Therefore i1 = j1, i2 = j2.

Denote i1 := i, j1 := j. Then we can further split into two cases, i = j and i ̸= j.

– Case 2-1: {p, q} ∩ {1, 2} = ∅ and i = j. Then each term involving S is

ES2
i,1S

2
i,2Si,p1Si,p2Si,q1Si,q2 . This will produce 3 possible matches for {p1, p2, q1, q2} =

{p, q}. which counting all indices will yields total 3m(n− 2)2 terms. Some of

those terms will have p = q, which will produce m(n− 2)ES4
1,1 E z41 which is

of a smaller order. So total will be

3mn2 +O(mn)

– Case 2-2: {p, q} ∩ {1, 2} = ∅ and i ̸= j. In this case {p1 = q1, p2 = q2

must be true. That in total will produce (m2 − m)[(n − 2)2 − (n − 2)] terms

which we excluded the cases when p = q. Then the cases of p = q in total are

(m2 −m)(n− 2) of E z41 . In total

(m2 −m)[(n− 2)2 − (n− 2)] + (m2 −m)(n− 2)E z41

=m2n2 −mn2 + (E z41 − 5)m2n+O(mn+m2)

Adding all the cases together we obtain

E[y21y22] =
1

(m2 +mn)2
[m4 + 2m3n+m2n2 +O(m3 +m2n+mn2)] (3.5)

=1 +
O(m3 +m2n+mn2)

(m2 +mn)2
(3.6)

=1 +O

(
1

m
+

1

m+ n

)
→ 1 (3.7)

Therefore,

1

n2

∑
i ̸=j

E[(y2i − 1)(y2j − 1)] =
n2 − n

n2
E[y21y22 − y21 − y22 + 1] → 0
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For the fourth moment, we will show E y4i ≤ C < ∞.

E[y41] =
1

a4n,m
E[(ST

1 SZ)
4]

=
1

a4n,m

∑
ESi1,1Si1,p1Sj1,1Sj1,q1zp1zq1

Si2,1Si2,p2Sj2,1Sj2,q2zp2zq2

Similarly, the surviving terms are {p1 = q1, p2 = q2, i1 = j1, i2 = j2}, {p1 = p2, q1 =

q2, i1 = i2, j1 = j2} and {p1 = q2, q1 = p2, i1 = j2, j1 = i2} which in total will give

3m2n2 +m4 +6m3n+O(m3 +m2n+mn2) where m4 comes from counting terms of the

form {p1 = q1 = p2 = q2 = 1}, and m3n comes from

{p1, q1, p2, q2} = {1, q}

Therefore

E y4i = 3
n

m+ n
+

m2

(m+ n)2
+

O(m3 +m2n+mn2)

(m2 +mn)2
≤ 4 +O

(
1

m
+

1

m+ n

)

Lastly we shall apply Chebyshev’s inequality.

P
(
| 1
n

∑
y2i − 1| > ε

)
≤ 1

n2ε2

[∑
E(y2i − 1)2 +

∑
i ̸=j

E(y2i − 1)(y2j − 1)

]
→ 0

Proof (Theorem 4)

Combing Lemma 3.2.1 with the product-CLT Theorem 2, we conclude random pro-

jection preserves distribution of inner product of X and Z, namely given conditions in
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Theorem 4 we have

1√
m2n+mn2

XTSTSZ → N (0, 1) as m,n → ∞

As in every computation, we do not specify whether m > n or n > m. Then the results

hold for both random embeddings and projections.
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3.3 Proof of Theorem 5: rate of convergence

Now we shall discuss the rate of convergence. Obtaining the exact rate is usually very

hard since both lower bound and upper bound need to be obtained. In our case, one has to

compute the exact rate of convergence for the law of large number statement on y2i (namely

condition Equation 2.4) for which the quantity is not practically computable if no further

information given. However it is possible to carry out an argument (for example using

relaxations or proposition Proposition 2.4.3) to obtain an upper bound.

Proof (Theorem 5)

We will start with relaxation. Since
∣∣∣∣√∑

y2k
n

− 1

∣∣∣∣ ≤ ∣∣∣∑ y2k
n

− 1
∣∣∣

E

(
1 ∧

∣∣∣∣∣
√∑

y2k
n

− 1

∣∣∣∣∣
)

≤ E
(
1 ∧

∣∣∣∣∑ y2k
n

− 1

∣∣∣∣)
≤ E

[∣∣∣∣∑ y2k
n

− 1

∣∣∣∣]

≤

√√√√E

[(∑
y2k
n

− 1

)2
]

The last step uses Jensen’s inequality and f(x) =
√
x is concave. Notice,

E

[(∑
y2k
n

− 1

)2
]
=

1

n2

[
n∑

k=1

E(y2k − 1)2 +
n∑

i ̸=j

E(y2i − 1)(y2j − 1)

]

=
1

n
E(y21 − 1)2 +

n2 − n

n2
E(y21 − 1)(y22 − 1)

Therefore computing a bound for the rate of convergence boils down to compute the

order of E(y21 − 1)2 and E(y21 − 1)(y22 − 1) explicitly which have already been computed in

the proof of Lemma 3.2.1.

E[y22] = E[y21] = 1 +O

(
1

m+ n

)
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E[y41] ≤ 4 +O

(
1

m
+

1

m+ n

)
≤ 4 +O

(
1

m

)
E y21y

2
2 = 1 +O

(
1

m
+

1

m+ n

)
= 1 +O

(
1

m

)

This implies

E(y21 − 1)2 = O

(
1

m

)
, E(y21 − 1)(y22 − 1) = O

(
1

m

)

and So we conclude

E

(
1 ∧

∣∣∣∣∣
√∑

y2k
n

− 1

∣∣∣∣∣
)

≤

√√√√E

[(∑
y2k
n

− 1

)2
]

= O

(
1√
m

)

Applying Theorem 3, we conclude Equation 3.2. Then combining Berry-Esseen inequality

Equation 3.1 and triangle inequality, we obtain Equation 3.3.
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3.4 Simulation and open questions

We first give some simulations to show the random embedded or projected inner product

converges to normal distribution.
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Figure 3.1: Random projected inner product (m=10, n=100)
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Figure 3.2: Random projected inner product (m=500, n=5000)

Figure 3.1 and Figure 3.2 plotted histograms of 1000 samples of the projected inner

product 1√
m2n+mn2X

TSTSZ with different dimension settings. The random variables we
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used for X,S, Z are standard normal random variables. As dimension m,n increases, the

convergence improves.

Next we give simulations for random embedded inner product where m > n.

−4 −3 −2 −1 0 1 2 3 4
0.0

0.1

0.2

0.3

0.4

0.5

0.6

Pr
ob

ab
ilit

y

Figure 3.3: Random embedded inner product (m=500, n=50)
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Figure 3.4: Random embedded inner product (m=5000, n=500)

Figure 3.3 and Figure 3.4 plotted histograms of 1000 samples of the embedded inner

product 1√
m2n+mn2X

TSTSZ . The random variables we used for X,S, Z take discrete

values {−2.5, 0, 2.5} with probability {0.08, 0.84, 0.08}. The kurtosis of such random
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variable is 6.25 which is much larger than standard normal random variable. Again as

dimensions m,n increase, the histogram converges to a standard normal shape.

To have CLT result in Theorem 4, it is essential the dimension of the projected space m

diverges. Fixed m will not lead to a CLT.

For example, we let m = 1, n → ∞. Then let X ∈ Rn be Gaussian vector, Z ∈ Rn

be Rademacher vector and let S : Rn → R has Rademacher entries. Suppose all random

variables are independent, then

1√
n
XTZ = N (0, 1)

which holds exactly without error. On the other hand

1√
12n+ 1n2

XTSTSZ ∼ N (0, 1)×N ′(0, 1) +O(
1√
n
)

that is the product of two independent standard Gaussian random variable. To see this is

the case, note first 1√
n
XTST is exactly standard Gaussian N (0, 1). 1√

n+1
SZ converges to

another N ′(0, 1) with error O( 1√
n
). The independence is due to the fact that Rademacher

in S can be absorbed into X and Z so that we may replace all entries of S by constant 1’s.

Therefore the cdf of 1√
n
XTZ and 1√

12n+1n2X
TSTSZ differ by O(1) = O( 1√

m
).

The bound Equation 3.2 in general can not be improved if there is no additional as-

sumption. O( 1√
n
) is necessary as it is in Berry-Esseen. O( 1√

m
) is also very likely to be

necessary as the above example achieves the error rate when m = 1. For general m we

do not pursue a precise proof here but we give some heuristics. Let X ∈ Rn be stan-

dard Gaussian vector, Z ∈ Rn be standard Rademacher vector and let S : Rn → Rm

has Rademacher entries as well. Suppose all random variables are independent. Denote

Y = 1√
m2+mn

STSZ. Notice 1√
n
XTZ is a standard Gaussian variable. By the proof in
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Lemma 2.4.4 and Proposition 2.4.1, we have the lower bound.

sup
t

∣∣∣∣P(∑xiyi√
n

≤ t

)
− P(

1√
n
XTZ ≤ t)

∣∣∣∣ ≥ O(E

[
1 ∧

∣∣∣∣∣
√∑

y2k
n

− 1

∣∣∣∣∣
]
)

Now it is very likely E
[
1 ∧

∣∣∣∣√∑
y2k
n

− 1

∣∣∣∣] = 1 + O
(

1√
m

)
since E

[(∑
yk

2

n
− 1
)2]

=

O
(

1
m

)
. Therefore a lower bound of O( 1√

m
) is obtained.

On the other hand, it is not clear whether Equation 3.3 can be improved. In some cases,

O( 1√
n
) is not necessary. For example, if we let m → ∞, n = 1, then

1√
m21 +m12

XTSTSZ ≈

(
1

m

m∑
i=1

S2
i

)
XZ → XZ

In the original Johnson-Lindenstrauss lemma, the number of vectors p can be arbitrary

(p ≥ 2) and the error has a factor log p. So far, we only discussed the case p = 2 in

chapter 3. It would be interesting to see if there is a log p factor for invariance of p random

vectors.

Moreover, we only discussed invariance of independence for random projection. To

stretch the understanding to another level, we need to characterize invariance of dependent

random vectors. A special case one can consider is when X = Z, so that we will have a

quadratic form XTSTSX , which will be addressed in next chapter.
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CHAPTER 4

INVARIANCE OF OF RANDOM MATRIX FOR THE NORM

Suppose there are p independent random vectors X1, · · ·Xp with i.i.d. entries, and a random

matrix S. In this chapter, we will investigate how much the full structure is preserved in the

projected or embedded space. As in the dot product form of Johnson Lindenstrauss lemma,

we are interested in 2p2 quantities:

⟨Xi, Xj⟩, ⟨SXi, SXj⟩ ∀1 ≤ i, j ≤ p

In the previous chapter, we have addressed the cases i ̸= j. So we have a good un-

derstanding of the off-diagonal terms. We will focus on the remaining diagonal terms.

Namely, we will try to understand how random projection affects the distribution of the

norm of a random vector X , and try to find relations between the norm and projected norm

⟨X,X⟩, ⟨SX, SX⟩

Before getting into technicality, we will first obtain a loose concentration result. Such con-

centration properties allow one to analyze the problem from an error control perspective.

In section 4.1, concentration result in our setting (random matrix and random vectors) will

be obtained by carrying out a similar argument of proving Bernstein’s inequality.

In section 4.2, we would go one step further to deal with the distribution directly and

show the distribution of the norm is invariant under random projections. In particular, if

m/n → 0 we show the random projected norm converges to normal distribution after

properly centered and scaled.
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4.1 Concentration of projected or embedded norm for sub-Gaussian variables

The purpose of this section is to show the randomly projected norm is concentrated around

both the original random norm and expectation of the norm. Concentration inequalities

concern the tails of a random quantity deviates from its mean, which are very powerful

tools in many applications ([23, 24, 25]). Johnson-Lindenstrauss Lemma 1.1.1 itself is a

result of concentration inequality for sub-Gaussian random matrix over fixed vectors (see

[24, 25]). Concentration properties of random quadratic forms involving either determin-

istic vectors or deterministic matrix have been well-studied in the literature (see [26, 27,

28, 25]). Most of the existing results control the tail probability of the distortion by the

matrix or expected distortion quantitatively. We shall use similar techniques to prove the

concentration of randomly projected norm of sub-Gaussian random vectors. First let us

recall some properties of sub-Gaussian random variables.

Definition 4.1. We say X is a sub-Gaussian random variable if there is v > 0 such that

E eλX ≤ e
λ2v
2

Using Markov inequality, we can easily see sub-Gaussian random variable admits the

tail probability

P(|X| > t) ≤ 2e−
t2

2v , ∀t ≥ 0

For now let us assume sub-Gaussian random variable X is centered and standardized,

namely EX = 0, v = 1. It is not hard to verify sub-Gaussian tail property implies moments

bounds (see section 2.3 of [24]).

EX2q =

∫ ∞

0

P(X2q > s)ds

=

∫ ∞

0

qtq−1P(X2 > t)dt
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≤
∫ ∞

0

qtq−12e−t/2dt

≤ 2q+1q!

This will allow us to compute moment generating function of X2, and some useful bounds

to be used later. Firstly,

E eλX
2

= 1 +
∞∑
q=1

λq EX2q

q!

≤ 1 +
∞∑
q=1

λq2q+1

=
1 + 2λ

1− 2λ
, ∀ λ <

1

2

≤ e5λ, ∀ λ <
1

5
(4.1)

Secondly, let X ′ be an independent copy of X .

E eλ(X
2−1) E e−λ(X′2−1) = E eλ[(X

2−1)−(X′2−1) = 1 +
∞∑
q=1

λ2q E(X2 −X ′2)2q

(2q)!

Notice by Minkowski’s inequality we have E(X2 − X ′2)2q ≤ 22q EX4q, and by Jensen’s

inequality E e−λ(X′2−1) ≥ e−(EX′2−1) = 1. Therefore

E eλ(X
2−1) ≤ 1 +

∞∑
q=1

λ2q22q22q+1(2q)!

(2q)!

≤ 1 + 16λ2

1− 16λ2
, ∀ λ <

1

4

≤ e40λ
2

, ∀ λ <
1

5
(4.2)

From a high level, these properties (Equation 4.1, Equation 4.2) of X2 are expected

since it is a sub-exponential random variable. For a centered sub-Gaussian X with variance

1, it is easy to see X2 has sub-exponential tail decay. Because P(X2 > t) = P(|X| >
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√
t) ≤ 2e−

t
2 . The centered version X2−1 has tails shifted by a constant 1 thus again admits

sub-exponential decay. For extensive detailed discussions and proofs of the properties, we

refer to [24, 25].

Theorem 6. Given X = [x1, · · · , xn]
T . Let A = 1√

m
S be a m × n random matrix. Let

all random variables xi, Si,j are independent identically distributed with mean zero and

variance one. Suppose all random variables are sub-Gaussian, then we have

1.

P
(

1√
n

∣∣∥X∥2 − n
∣∣ > t

)
< 2 exp

{
−min(

t2

160
,
t
√
n

10
)

}
(4.3)

2.

P
(

1√
n

∣∣∥AX∥2 − ∥X∥2
∣∣ > ∥X∥2

n
t

)
< 2 exp

{
−min

(
t2 C

160
,
t C

√
n

10

)}
(4.4)

where C = m
n

.

Proof

1. Notice xi are i.i.d. sub-Gaussian with variance v = 1, then (x2
i − 1) are i.i.d. sub-

exponential random variables. We can use Chernoff type argument (or apply Bern-

stein’s concentration inequality directly) to calculate

P
(

1√
n

(
∥X∥2 − n

)
> t

)
= P

(
e

λ√
n(∥X∥2−n) > eλt

)
≤ e−λt E

[
e

λ√
n(∥X∥2−n)

]
= e−λt

n∏
i=1

[
E e

λ√
n(x

2
i−1)

]

which holds for any λ ≥ 0. We know by Equation 4.2, for any λ/
√
n ≤ 1

5
, we have

E e
λ√
n(x

2
i−1) ≤ e40λ

2/n
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then we obtain

P
(

1√
n

(
∥X∥2 − n

)
> t

)
≤ e−λt+40λ2

, λ <

√
n

5

Minimizing the right hand under the constraint λ ≤
√
n
5

, we find optimal λ∗ =

min(
√
n
5
, t
80
). Therefore we obtain

P
(

1√
n

(
∥X∥2 − n

)
> t

)
≤


exp{− t2

160
}, if t < 16

√
n

exp{8
5
n− t

√
n

5
} ≤ exp{− t

√
n

10
}, if t ≥ 16

√
n

= exp

{
−min(

t2

160
,
t
√
n

10
)

}
(4.5)

Repeat the same argument for 1√
n
(n− ∥X∥2), we find the other half admits the same

tail bound, thus we obtain Equation 4.4

P
(

1√
n

∣∣∥X∥2 − n
∣∣ > t

)
< 2 exp

{
−min(

t2

160
,
t
√
n

10
)

}

We see as n → ∞, the tail has a Gaussian behavior namely e−ct2 which coincide

with the CLT of 1√
n
(n− ∥X∥2) → N (0,E(x2

1 − 1)2).

2. Now we want to quantify how much ∥AX∥2 deviates from ∥X∥2.

∥AX∥2 =
m∑
i=1

(Ai,.X)2 =
m∑
i=1

(
n∑

j=1

Ai,jxj

)2

=
m∑
i=1

n∑
j=1

n∑
k=1

Ai,jAi,kxjxk

We can use conditioning on X and only deal with the conditional probability.

P
(

1√
n

∣∣∥AX∥2 − ∥X∥2
∣∣ > t

)
= E

[
P
(

1√
n

∣∣∥AX∥2 − ∥X∥2
∣∣ > t

∣∣∣∣X)] (4.6)

In which case, we can think of X being fixed when computing conditional probabil-
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ity. To simplify notation, define

yi :=

[(
n∑

j=1

Ai,jxj

)∣∣∣∣∣X
]
, 1 ≤ i ≤ m

Therefore ∥AX∥2|X =
∑m

i=1 y
2
i . Notice E yi = 0 since EAi,j = 0. Moreover

Ai,j, Ai,k are independent if j ̸= k, we find

E y2i = E

( n∑
j=1

Ai,jxj

)2
∣∣∣∣∣∣X


= E

[
n∑

j=1

n∑
k=1

Ai,jAi,kxjxk

∣∣∣∣∣X
]

=
n∑

j=1

x2
j EA2

i,j

=
n∑

j=1

x2
j

1

m
ES2

i,j

=
1

m
∥X∥2

And this also shows conditional expectation of projected norm is the original norm

E
[
∥AX∥2

∣∣X] = m∑
i=1

E[y2i |X] = ∥X∥2

We may rewrite the tail of norms (Equation 4.6) in terms of random variable yi,

P
(

1√
n

∣∣∥AX∥2 − ∥X∥2
∣∣ > t

)
= E

[
P

(
1√
n

∣∣∣∣∣
m∑
i=1

(y2i − E y2i )

∣∣∣∣∣ > t

)]

In fact, linear combination of sub-Gaussian is still sub-Gaussian. We shall prove yi

is sub-Gaussian random variable so that we can obtain Bernstein’s type inequality
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again by applying Equation 4.2.

E[eyit] = E et
∑n

j=1 Ai,jxj =
n∏

j=1

E exjtAi,j =
n∏

j=1

E e
xjt

Si,j√
m

≤
n∏

j=1

ex
2
j t

2/2m

= e(
∑n

j=1 x
2
j t

2/2m)

= e(∥X∥2/m) t
2

2

Then the tail probability

P(yi > t) = P(eyiλ > etλ)

≤ e−tλ E eyiλ

≤ exp

(
−tλ+ (∥X∥2/m)

λ2

2

)
∀λ > 0

If we minimize on the right side over λ > 0, we should take λ = tm/∥X∥2. There-

fore we obtain

P(yi > t) ≤ exp

(
− t2

2(∥X∥2/m)

)
Repeat the same argument for P(yi < −s), we will obtain two-sided sub-Gaussian

tail bound. This shows yi is sub-Gaussian with variance v = ∥X∥2/m. Therefore

y2i − E y2i is sub-exponential. Then with Chernoff’s method, we calculate

P

(
1√
n

∣∣∣∣∣
m∑
i=1

(y2i − E y2i )

∣∣∣∣∣ > t

)
= P

(
1√
n

∣∣∣∣∣
m∑
i=1

(y2i /v − E y2i /v)

∣∣∣∣∣ > t/v

)

≤ 2e−λt/v

m∏
i=1

E e
λ√
n
(
y2i
v
−E y2i

v
)

which holds for any λ ≥ 0. Notice yi/v are centered and standardized independent
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sub-Gaussian random variables. By Equation 4.2, we know for any λ ≤
√
n
5

, we have

E e
λ√
n
(
y2i
v
−E y2i

v
) ≤ e40λ

2/n

then we obtain

P

(
1√
n

∣∣∣∣∣
m∑
i=1

(y2i − E y2i )

∣∣∣∣∣ > t

)
≤ 2 exp

{
−λt

m

∥X∥2
+ 40λ2m

n

}
∀λ ≤

√
n

5

Optimize the right hand side under the constraint λ ≤
√
n
5

, we find optimal λ∗ =

min(
√
n
5
, t n
80∥X∥2 ). Therefore we obtain

P

(
1√
n

∣∣∣∣∣
m∑
i=1

(y2i − E y2i )

∣∣∣∣∣ > t

)
≤


2 exp{− t2 mn

160(∥X∥2)2}, if t < 16∥X∥2/
√
n

2 exp{8m
5
− t

√
n m

5∥X∥2 }, if t ≥ 16∥X∥2/
√
n

≤


2 exp{− t2 Cn2

160(∥X∥2)2}, if t < 16∥X∥2/
√
n

2 exp{− t
√
n Cn

10∥X∥2 }, if t ≥ 16∥X∥2/
√
n

where C := m
n
≥ 0 is a constant. Therefore

P

(
1√
n

∣∣∣∣∣
m∑
i=1

(y2i − E y2i )

∣∣∣∣∣ > t

)
≤ 2 exp

{
−min

(
t2 Cn2

160(∥X∥2)2
,
t
√
n Cn

10∥X∥2

)}

Replacing t by ∥X∥2t/n, we obtain

P

(
1√
n

∣∣∣∣∣
m∑
i=1

(y2i − E y2i )

∣∣∣∣∣ > ∥X∥2

n
t

)
≤ 2 exp

{
−min

(
t2 C

160
,
t
√
n C

10

)}

Taking expectation with respect to X we obtain Equation 4.4.

Remark. The first tail bound implies ∥X∥2 is close to n. The second tail bound implies
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∥AX∥2 is close to ∥X∥2 and thus also close to n. Later next section we will obtain a CLT

type result for

∥AX∥2 = 1

m
XTSSX

This concentration result actually suggests the centered and rescaled projected norm has

a tail that decays at a sub-Gaussian rate when t ≤
√
n provided the random variables

are originally sub-Gaussian. Thus a Gaussian limit (though without assuming random

variables are sub-Gaussian) which we will prove in section 4.2 is not surprising.

4.2 Random projection preserves distribution of norm

Notice by central limit theorem, we have

∥X∥2 − n√
n(Ex4

1 − 1)

n→∞−−−→ N (0, 1)

To understand if the random projected norm ∥SX∥2 has any type of convergence, it

is necessary to find proper center and scale which are corresponding to first and second

moments. Let us compute the mean first.

E ∥SX∥2 −mn =EXTSTSX −mn

=E tr(XXTSTS)−mn

=tr(EXXT ESTS)−mn

=tr(In mIn)−mn

= 0

For the variance,

E(∥SX∥2 −mn)2

=E(XTSTSX)2 −m2n2
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=E(XTSTSXXTSTSX)−m2n2

=E
(∑

xi1Si2,i1Si2,i3xi3xj1Sj2,j1Sj2,j3xj3

)
−m2n2

The surviving terms must have even powers since first moments of the random variables

are all 0. Therefore we only need to count four cases {i1 = i3 = j1 = j3 := i}, {i1 = i3 :=

i ̸= j1 = j3 := j}, {i1 = j1 := i ̸= i3 = j3 := j}, {i1 = j3 := i ̸= i3 = j1 := j}.

E
(∑

xi1Si2,i1Si2,i3xi3xj1Sj2,j1Sj2,j3xj3

)
=E

m∑
i2,j2=1

n∑
i=1

xiSi2,iSi2,ixixiSj2,iSj2,ixi + E
m∑

i2,j2=1

n∑
i,j=1
i ̸=j

xiSi2,iSi2,ixixjSj2,jSj2,jxj

+ E
m∑

i2,j2=1

n∑
i,j=1
i ̸=j

xiSi2,iSi2,jxjxiSj2,iSj2,jxj + E
m∑

i2,j2=1

n∑
i,j=1
i ̸=j

xiSi2,iSi2,jxjxjSj2,jSj2,ixi

=E
m∑

i2,j2=1

n∑
i=1

x4
iS

2
i2,i

S2
j2,i

+ E
m∑

i2,j2=1

n∑
i,j=1
i ̸=j

x2
ix

2
jS

2
i2,i

S2
j2,j

+ E
m∑
k=1

n∑
i,j=1
i ̸=j

x2
ix

2
jS

2
k,iS

2
k,j + E

m∑
k=1

n∑
i,j=1
i ̸=j

x2
ix

2
jS

2
k,iS

2
k,j

where the last two terms dropped the zero terms i2 ̸= j2,

=(m2n−mn+mnES4
11)Ex4

1 +m2(n2 − n) + 2m(n2 − n)

=m2n2 + (Ex4
1 − 1)m2n+ 2mn2 +mn[(ES4

11 − 1)Ex4
1 − 2]

=m2n2 + σ2m2n+ 2mn2 + ξmn

where σ2 := ES4
11 − 1, ξ := [(ES4

11 − 1)Ex4
1 − 2]. Therefore

E

( XTSTSX −mn√
σ2m2n+ 2mn2 + ξmn

)2
 = 1 (4.7)

Next we will show the centered and scaled projected norm actually also converges to a
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normal. That means distribution of the norm of a vector (with independent entries) is also

invariant under random projection.

4.2.1 CLT for Random projection of norm

Theorem 7. Given a random vector X in Rn with i.i.d. entries

X =


x1

...

xn


Let Ex1 = 0,Ex2

1 = 1,Ex4
1 = 1+ σ2(0 ≤ σ < ∞). Consider a random matrix S : Rn →

Rm with independent identically distributed entries Si,j with ESi,j = 0, ES2
i,j = 1 and

ES4
1,1 < c < ∞. Further assume S,X are all independent. Define

A(m,n) :=
∥SX∥2 −mn√

σ2m2n+ 2mn2 + ξmn

where ξ = [(ES4
11 − 1)Ex4

1 − 2]. If m
n
→ 0, then

A(m,n)
m,n→∞−−−−→ N (0, 1) (4.8)

Remark. Before we proceed with the proof, it is worth mentioning that the random norm

is a complicated sum of mn2 correlated terms.

XTSTSX =
m∑
k=1

n∑
i,j=1

xiSk,iSk,jxj

Therefore most analytical methods and tools fail to treat the quantity properly. For example,

characteristic function need independent property, Lindeberg swapping needs martingale

property, and Stein’s method needs exchangeable structure and precise control of first and

second moments of conditional perturbed differences. So we are constrained to use a robust
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and universal approach, the moment method, which can be used to prove convergence to a

limit law with known moments.

In the moment method we present below, we need to control the order of m by m ≤ o(n)

because the counting procedure would be impossible to carry out if this is not the case. The

scaling in this case is dominated by
√
2mn2 which allows us to limit the significant terms

in the moment calculation. However in simulations, we will see convergence to normal

even when m > n. But we could not find a proof for the general case yet due to too many

correlated terms.

Proof We will first note that a truncation argument will show it is sufficient to prove the

same CLT result for bounded random variables. Details can be found in many standard

moment method proof for CLT in many standard textbook (see for example [26] 2.2).

From now on, we assume all random variables are bounded, so that they have finite

moments of all order which is very important in moment method. We will compute all mo-

ments of A(m,n) in the limit and we expect all odd moments vanish and all even moments

match with standard normal random variable.

The key idea is to separate the random norm into m identically distributed but depen-

dent random variables. Let Sk,. be k-th row of S. Then ∥SX∥2 =
∑m

k=1(Sk,.X)2. Define

Lk :=
(Sk,.X)2 − n√

σ2mn+ 2n2 + ξn
=

(
∑n

i,j=1 xiSk,iSk,jxj − n)√
σ2mn+ 2n2 + ξn

=⇒ A(m,n) =
1√
m

m∑
k=1

Lk

=⇒ lim
m,n→∞

EA(m,n)t = lim
m,n→∞

1

mt/2
E

(
m∑
k=1

Lk

)t

Let us first record some moments properties of these identically distributed Lk.
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(1) ELk = 0.

(2) EL2
k = 1−O(m

n
).

(3) For any fixed t ∈ R, there is a constant Ct independent of m and n so that

|ELt
k| ≤ Ct < ∞ (4.9)

(4) The order of the expectation of a polynomial is determined by the number of single-

tons. Given integer q1, · · · qr ≥ 0,

E[Lq1
1 · · ·Lqr

r ] ≤ O

(
1

(σ2m+ 2n)d/2

)
, where d =

r∑
i=1

1(qi=1) (4.10)

Here d is the total number of variables Li with multiplicity 1.

(5) For any fixed r ∈ R,

E(L2
1 · · ·L2

r) =

(
2n

σ2m+ 2n

)r

+O(
1

n
)

which converges to 1 if m
n
→ 0.

We will prove one by one.

(1) Obviously, ELk = 0.

(2) The variance EL2
k = 1−O( mn

σ2mn+2n2+ξn
) since

E(
n∑

i,j=1

xiSk,iSk,jxj − n)2 = E(
n∑

i,j=1

xiSk,iSk,jxj)
2 − n2

= E(
n∑

i=1

x2
iS

2
k,i)

2 + 2E[(
n∑

i=1

x2
iS

2
k,i)(

n∑
i,j=1
i ̸=j

xiSk,iSk,jxj)]

+ E(
n∑

i,j=1
i ̸=j

xiSk,iSk,jxj)
2 − n2
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= [nEx4
1S

4
1,1 + n(n− 1)] + 0 + 2n(n− 1)− n2

= 2n2 +O(n)

Therefore EL2
k = 1−O( 1

n
) when m = o(n).

(3) It is also true that Lk has finite moments of all order which also hold in the limit. We

will use a careful counting procedure. First we notice

|ELt
k| =

∣∣∣∣∣E
[
(
∑n

i,j=1 xiSk,iSk,jxj − n)√
σ2mn+ 2n2 + ξn

]t∣∣∣∣∣
≤ n−t

∣∣∣∣∣E
[(

n∑
i,j=1

xiSk,iSk,jxj − n

)t]∣∣∣∣∣ (4.11)

Since n =
∑

i,j δi,j where δi,j = 1 when i = j and 0 otherwise. Then we expand the

t-th moment on the right as polynomials.

E

[(
n∑

i,j=1

xiSk,iSk,jxj − n

)t]

=E

[(
n∑

i1,j1=1

(xi1Sk,i1Sk,j1xj1 − δi1,j1)

)
· · ·

(
n∑

it,jt=1

(xitSk,itSk,jtxjt − δit,jt)

)]

=
n∑

i1,j1=1

· · ·
n∑

it,jt=1

E[(xi1Sk,i1Sk,j1xj1 − δi1,j1) · · · (xitSk,itSk,jtxjt − δit,jt)]

Notice E[(xi1Sk,i1Sk,j1xj1 −δi1,j1) · · · (xitSk,itSk,jtxjt −δit,jt)] vanishes if cardinality

of {i1, j1, · · · it, jt} is greater than t since that will have at least one singleton factor

ESk,i = 0. So the index set must collapse to a set of at most t distinct indices. This

means total number of nonzero terms is exactly nt. As we are assume all variables

are truncated to have bounded moments, we find

∣∣∣∣∣E
[(

n∑
i,j=1

xiSk,iSk,jxj − n

)t]∣∣∣∣∣ ≤ O(nt)

54



Therefore plugging into Equation 4.11 we find |ELt
k| ≤ O(1). This proves Equa-

tion 4.9.

(4) Equation 4.10 is an important property concerns the product of Lk’s. The order of the

expectation of a polynomial E[Lq1
1 · · ·Lqr

r ] is determined by the number of singletons

d =
∑r

i=1 1(qi=1). More precisely, for any product of Lk involving d term of power

1, then the expected value is of order (m+n)−d/2. In other words, each power 1 term

contribute a factor of (m + n)−1/2. we use an argument by conditioning and careful

counting. First, noticing Lk conditioning on X are independent,

E[Lq1
1 L

q2
2 · · ·Lqr

r ] = E [(Lq2
2 · · ·Lqr

r )E(L
q1
1 |X,S2,., · · ·Sr,.)]

= E [(Lq2
2 · · ·Lqr

r )E(L
q1
1 |X)]

= E [E ((Lq2
2 · · ·Lqr

r )|X,S3,., · · ·Sr,.)E(Lq1
1 |X)]

= E [(Lq3
3 · · ·Lqr

r )E (Lq2
2 |X)E(Lq1

1 |X)]

· · ·

= E [E(Lq1
1 |X)E (Lq2

2 |X) · · ·E (Lqr
r |X)]

Without loss of generality, assume the first d variables are of multiplicity 1, namely

q1 = q2 · · · = qd = 1

To simplify notation, we denote E(Li|X) := µi, 1 ≤ i ≤ d. We would also only

need the above conditioning argument up to d-th variable Ld. That is

E[L1 · · ·LdL
qd+1

d+1 · · ·Lqr
r ] = E[µ1 · · ·µdL

qd+1

d+1 · · ·Lqr
r ]
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Then we apply Cauchy-Schwarz inequality, we find

E[L1 · · ·LdL
qd+1

d+1 · · ·Lqr
r ] ≤

(
E[µ2

1 · · ·µ2
d]
) 1

2 ·
(
E[L2qd+1

d+1 · · ·L2qr
r ]
) 1

2
(4.12)

Then we notice the random variables µ1, · · ·µd (conditional expectation is also a

random variable) are identical random variables (not just identically distributed).

µ1 = E (L1|X) = E

(
(
∑n

i,j=1 xiS1,iS1,jxj − n)√
σ2mn+ 2n2 + ξn

∣∣∣∣∣X
)

=
1√

σ2mn+ 2n2 + ξn

 n∑
i=1

x2
i ES2

1,i +
n∑

i,j=1
i ̸=j

xixj E(S1,iS1,j)− n


=

∑n
i=1 x

2
i − n√

σ2mn+ 2n2 + ξn

a.s.−−→ 0

This shows µ1 does not depend on the index 1 and indeed µ1, · · · , µd are identical.

As a side note, µ1 converges to 0 almost surely due to the strong law of large number.

We would not need this fact though. Now we can analyze first term on the right hand

side of Equation 4.12,

E
[
µ2
1 · · ·µ2

d

]
= E

[
µ2d
1

]
=

E (
∑n

i=1 x
2
i − n)

2d

(σ2mn+ 2n2 + ξn)d

=
1

(σ2m+ 2n+ ξ)d
E
(∑n

i=1 x
2
i − n√
n

)2d

= O

(
1

(σ2m+ 2n)d

)
(4.13)

The last step, we used the the fact

E
(∑n

i=1 x
2
i − n√
n

)t

≤ Ct < ∞
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that is due to independent sums (
∑n

i=1 x
2
i − n) in CLT has t-th moments of O(nt/2)

if xi has finite moments of all order (see [29, 30]), which holds true due to its bound-

edness by truncation argument.

On the other hand, applying Cauchy-Schwarz inequality repeatedly for the second

term on the right hand side of Equation 4.12, we can bound it by a constant c that

does not depend on m and n. Namely using the fact Lk has bounded moments of all

order (Equation 4.9)

E[L2qd+1

d+1 · · ·L2qr
r ] ≤

[
EL

4qd+1

d+1 E
[
L
4qd+2

d+2 · · ·L4qr
r

]]1/2
≤
[
EL

4qd+1

d+1

] 1
2
[
EL

8qd+2

d+2

] 1
4 · · ·

[
EL2r−d+1qr

r

] 1

2r−d

≤ c < ∞ (4.14)

Therefore Equation 4.14 combined with Equation 4.12 and Equation 4.13, we obtain

our desired result Equation 4.10.

(5) To compute E(L2
1 · · ·L2

r) we will use conditioning argument again.

E(L2
1 · · ·L2

r) = E
[
E(L2

1|X) · · ·E(L2
r|X)

]
Same as before, E(L2

1|X), · · · ,E(L2
r|X) does not depend on the indices 1, · · · , r,

and they are all identical random variables not just with same distribution. By defi-

nition,

E
(
L2
1|X
)
=

E
(
(
∑n

i,j=1 xiS1,iS1,jxj − n)2
∣∣∣X)

σ2mn+ 2n2 + ξn

We shall simplify the numerator (denoted as Q),

Q :=E

(
(

n∑
i,j=1

xiS1,iS1,jxj − n)2

∣∣∣∣∣X
)
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=E



(

n∑
i=1

(x2
iS

2
1,i − 1)

)
+

n∑
i,j=1
i ̸=j

xixjS1,iS1,j


2∣∣∣∣∣∣∣∣X


Expand the quadratic we find the cross terms vanish

2E


(

n∑
k=1

(x2
kS

2
1,k − 1)

)
(

n∑
i,j=1
i ̸=j

xixjS1,iS1,j)

∣∣∣∣∣∣∣∣X


=2
n∑

k=1

n∑
i,j=1
i ̸=j

E
[
(x2

kS
2
1,k − 1)xixjS1,iS1,j

∣∣X]

=2
n∑

k=1

n∑
i,j=1
i ̸=j

(x2
kxixj E[S2

1,kS1,iS1,j]− xixj E[S1,iS1,j])

since each term E[S2
1,kS1,iS1,j] = E[S1,iS1,j] = 0 as i ̸= j. So we are left with

Q =E

( n∑
i=1

x2
iS

2
1,i − n

)2
∣∣∣∣∣∣X
+ E


 n∑

i,j=1
i ̸=j

xixjS1,iS1,j


2∣∣∣∣∣∣∣∣X


=

(
n∑

i=1

n∑
j=1

x2
ix

2
j ES2

1,iS
2
1,j − 2n

n∑
i=1

x2
i ES2

1,i + n2

)

+

 n∑
i,j=1
i ̸=j

n∑
i′,j′=1
i′ ̸=j′

xixjxi′xj′ ES1,iS1,jS1,i′S1,j′


Notice the surviving terms in the second half are {i = i′ ̸= j = j′} and {i = j′ ̸=

j = i′}. Therefore,

Q =

 n∑
i,j=1
i ̸=j

x2
ix

2
j +

n∑
i=1

x4
i ES4

1,1 − 2n
n∑

i=1

x2
i + n2

+

2
n∑

i,j=1
i ̸=j

x2
ix

2
j


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=3
n∑

i,j=1
i ̸=j

x2
ix

2
j − 2n

n∑
i=1

x2
i + n2 +

n∑
i=1

x4
i ES4

1,1

Since E(L2
k|X) = Q/(σ2mn+ 2n2 + ξn) for all k, we simplifies

E(L2
1 · · ·L2

r) = E [Qr] /(σ2mn+ 2n2 + ξn)r

To prove E(L2
1 · · ·L2

r) → 1 it suffices to prove E [Q/(2n2)]
r → 1 since (σ2mn+ 2n2 + ξn)r

is dominated by (2n2)r as m/n → 0.

Q

2n2
=

1

2n2
(3

n∑
i,j=1
i ̸=j

x2
ix

2
j − 2n

n∑
i=1

x2
i + n2 +

n∑
i=1

x4
i ES4

1,1)

=
1

2
P +

1

2
+ P0

where (to simplify notation) we denoted

P :=

(
1

n2

n∑
i=1

x2
i (

n∑
j=1,j ̸=i

3x2
j − 2n)

)
, P0 =

1

2n2

n∑
i=1

x4
i ES4

1,1

First of all it is fairly easy to see E
(

Q
2n2

)r
< ∞ for all r ∈ R. This is because the total

number of nonzero polynomial terms (x2
i , x

4
i , x

2
ix

2
j ) in Q is O(n2) which will produce

O(n2r) polynomial terms for Qr, and xi has finite moment of all order. Now let us

use induction to prove the moments are actually constant 1 in the limit. Suppose we

have proved for all k ≤ r,

E
(

Q

2n2

)k

→ 1, and E

[(
Q

2n2

)k−1

P

]
→ 1

It is easy to see this holds for the initial steps. Then we try to prove the next induction

step namely

E
(

Q

2n2

)r+1

→ 1, and E
[(

Q

2n2

)r

P

]
→ 1
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Notice by linearity of expectation and Cauchy-Schwarz inequality,

E
[(

Q

2n2

)r

P0

]
= E

[(
Q

2n2

)r
(

1

2n2

n∑
i=1

x4
i ES4

1,1

)]

=
1

2n
E
[(

Q

2n2

)r

x4
1 ES4

1,1

]

≤ 1

2n
E

[(
Q

2n2

)2r
]1/2

E
[
x8
1 ES8

1,1

]1/2 → 0

We find

E
(

Q

2n2

)r+1

= E
[(

Q

2n2

)r [
1

2
P +

1

2
+ P0

]]
→ 1

2
lim
n→∞

E
[(

Q

2n2

)r

P

]
+

1

2
+ 0

Now it suffices to show E
[(

Q
2n2

)r
P
]
→ 1. We expand again

E
[(

Q

2n2

)r

P

]
= E

[(
Q

2n2

)r−1(
1

2
P 2 +

1

2
P + PP0

)]

By induction hypothesis E
[(

Q
2n2

)r−1 1
2
P
]
= 1

2
. And by Cauchy-Schwarz we know

E
[(

Q
2n2

)r−1
PP0

]
≤ O( 1

2n
) → 0. So it suffices to show E

[(
Q
2n2

)r−1
P 2
]
→ 1.

Repeat this argument r times, we find it suffices to prove EP r+1 → 1. And since

this has to be true for every induction step, we indeed need to show

EP k → 1, ∀k ∈ R

Now we calculate

EP k = E

(
1

n2

n∑
i=1

n∑
j=1,j ̸=i

x2
i (3x

2
j −

2n

n− 1
)

)k
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=
1

n2k

n∑
i1,··· ,ik=1

n∑
j1,··· ,jk=1,jt ̸=it

E

(
k∏

t=1

x2
it(3x

2
jt −

2n

n− 1
)

)

The summations produce total [n(n− 1)]k terms. Among them, there are total

n(n− 1) · · · (n− 2k + 1) =
2k−1∏
s=0

(n− s) = n2k −O(n2k−1)

terms that all indices are distinct, that is the cardinality |{i1, · · · , ik, j1, · · · , jk}| =

2k. So that we can evaluate the expectation directly by independence. For it ̸=

jt, it ̸= i′t, jt ̸= j′t

E

(
k∏

t=1

x2
it(3x

2
jt −

2n

n− 1
)

)
=

k∏
t=1

Ex2
it E(3x

2
jt −

2n

n− 1
)

= (1− 2

n− 1
)k = 1−O(

1

n
) → 1

For the remaining nk(n− 1)k −
∏2k

s=0(n− s) = O(n2k−1) terms, the expectations of

correlated variables are still bounded by some constant ck. So we find

EP k =
1

n2k

2k∏
s=0

(n− s) +
1

n2k
ck

(
nk(n− 1)k −

2k∏
s=0

(n− s)

)

= 1−O(
1

n
) +

1

n2k
ckO(n2k−1)

= 1 +O(
1

n
) → 1

After establishing these properties, we can start the standard moments method for a CLT.

By our definition of Lk,

lim
m,n→∞

EA(m,n)t = lim
m,n→∞

1

mt/2
E

(
m∑
k=1

Lk

)t
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We first expand E (
∑m

k=1 Lk)
t. Any term will have form Lq1

p1
· · ·Lqr

pr with the number of

distinct indices r : 1 ≤ r ≤ t and positive integer powers satisfy q1 + · · · + qr = t. If we

group the terms by total number of distinct indices

E

(
m∑
k=1

Lk

)t

=
t∑

r=1

∑
q1+···+qr=t

{p1,··· ,pr}⊂{1,··· ,m}

ct,q1,··· ,qr E(Lq1
p1
· · ·Lqr

pr)

where ct,q1,··· ,qr is the total number of orderings when we order {q1 number of index p1,

· · · , qr number of index pr, q1 + · · ·+ qr = t} all together, which is

ct,q1,··· ,qr =
t!

q1! · · · qr!

This constant only depend on t and q1, · · · , qr, and it may be upper bounded by tt.

Now we are going to analyze how much the terms contribute for each fixed r. In

particular, we will show the only significant terms which will survive after scaling are

when r = t
2

(if t is odd, that means no surviving terms).

For any term Lq1
1 · · ·Lqr

r with r > t
2
, there are at least

2

(
r − t

2

)
= 2r − t (4.15)

variables Li have multiplicity 1. It is true because increasing the length r by 1 will create

at least two singleton terms. For example if we want to increase length of L2
1L

2
2 from 2 to

3, we would end up breaking a square term into two singletons so that we have L2
1L2L3

or L1L
2
2L3. Formally, suppose that’s not the case. Namely suppose there are only s ≤

2r − t− 1 variables Li of multiplicity 1. Then adding all the multiplicity we get

t = q1 + · · · qr ≥ s+ 2(r − s) = 2r − s ≥ t+ 1

This is a contradiction.
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Combining Equation 4.15 and Equation 4.10, each of the term when r > t
2

contribute

at most

O

(
1

(σ2m+ 2n)d/2

)
, where d ≥ 2r − t

For each fixed r, the total number of possible choices of {p1, · · · , pr} ⊂ {1, · · · ,m} is(
m
r

)
≤ O(mr). Then we also need to count total number of ways to generate q1+· · · qr = t.

That is we are looking at separating the integer t into r nonzero integers q1, · · · , qr. Total

number will be
(
t−1
r−1

)
≤ O(tr) which only depend on t (we can model it as separating t

stones into r piles.
(
t−1
r−1

)
is due to the fact we can select r − 1 separating positions out of

t− 1 spaces.).

Therefore the total contribution for each fixed r > t
2

is

1

mt/2

∑
q1+···+qr=t

{p1,··· ,pr}⊂{1,··· ,m}

ct,q1,··· ,qr E(Lq1
p1
· · ·Lqr

pr)

≤ m− t
2O(mr)O(tr)ct,q1,··· ,qrO

(
1

(σ2m+ 2n)d/2

)

≤ O
(
mr− t

2

(
σ2m+ 2n

)−d/2
)

≤ O
(
mr− t

2

(
σ2m+ 2n

)−r+ t
2

)

Last step we used the fact d ≥ 2r − t. Since we assumed m
n

→ 0, we find the total

contribution is bounded by

O

(
m

σ2m+ 2n

)r− t
2

→ 0, ∀r > t

2

Therefore we can safely drop all cases of r > t
2
.

For all cases r < t
2
, each term E(Lq1

p1
· · ·Lqr

pr) = O(1) depend only on t by a repeated

Cauchy-Schwarz argument similar to Equation 4.14. We find total contribution is

m− t
2O(mr)O(tr)ct,q1,··· ,qrO(1) → 0, ∀r < t

2
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This implies for t odd

lim
m,n→∞

1

mt/2
E

(
m∑
k=1

Lk

)t

→ 0

Now for even moments, the above analysis shows we only need to count r = t
2

(since

contributions from r < t
2

and r > t
2

are both negligible). In this case, we are looking at

separate the integer t into r = t
2

positive integers q1, · · · , qr. The total number will be
(
t−1
r−1

)
which only depends on t (

(
t−1
r−1

)
is due to the fact we can select r − 1 separating positions

out of t− 1 spaces). There are still many terms not significant. By Equation 4.10, any term

has a Lk of multiplicity 1 will contribute at most O(n− 1
2 ), thus we may drop these terms.

Among these
(
t−1
r−1

)
terms, there is only one term that every Lk has multiplicity at least 2,

which will survive the scaling namely

q1 = · · · = qr = 2

In other words,

lim
m,n→∞

1

mt/2
E

(
m∑
k=1

Lk

)t

= lim
m,n→∞

1

mt/2

∑
r=t/2

{p1,··· ,pr}⊂{1,··· ,m}

ct,2,··· ,2 E(L2
p1
· · ·L2

pr)

= lim
m,n→∞

1

mt/2

(
m

t/2

)
ct,2,··· ,2 E(L2

1 · · ·L2
t/2)

= lim
m→∞

1

mt/2

(
m

t/2

)
t!

2t/2

=
t!

t
2
!2t/2

Which is exactly the even moments of standard normal random variable N (0, 1). One

can see this by finding a recurrent relation between moments using moment generating

function.

E[N (0, 1)]2k+2 = (2k + 1)E[N (0, 1)]2k
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4.2.2 Simulation

We first give some simulations to show the random projected norm converges to normal

distribution.
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Figure 4.1: Random projected norm (m=10, n=100)
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Figure 4.2: Random projected norm (m=500, n=5000)

Figure 4.1 and Figure 4.2 plotted histograms of 1000 samples of the projected norm
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1√
σ2m2n+2mn2+ξmn

XTSTSZ with different dimension settings. The random variables we

used for X,S, Z are standard normal random variables. As dimension m,n increases, the

convergence improves.

Next we give simulations for random embedded norms where m > n. Even though

we do not have a CLT in this setting but the Bernstein type (mixed sub-Gaussian and sub-

exponential) concentration behavior we proved in section 4.1 is still relevant.
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Figure 4.3: Random embedded norm (m=200, n=20)
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Figure 4.4: Random embedded norm (m=2000, n=200)
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Figure 4.3 and Figure 4.4 plotted histograms of 1000 samples of the random embedded

norm. The random variables we used for X,S, Z take discrete values {−2.5, 0, 2.5} with

probability {0.08, 0.84, 0.08}. The kurtosis of such random variable is 6.25 which is larger

than standard normal random variable. Again as dimension m,n increases, the histogram

converges to a standard normal shape.

4.2.3 Possibility of extending CLT to random embedding m ≥ O(n)

Figure 4.3 and Figure 4.4 shows it is very likely there is a CLT for random embedded

norms where m ≥ O(n). Of course the moment computation would fail because of the

complicated dependence structure.

If we view the random transformed norm ∥SX∥2 as a trace function on the spectral

of product of random matrices, there are potential ways from random matrix theory to

overcome the difficult of too many correlated random variables when m ≥ O(n).

XTSTSX = tr(XTSTSX) = tr(STSXXT )

It is clear the random matrix 1√
n
XXT has one nonzero eigenvalue which is λ1 =

1√
n

∑n
i=1 x

2
i =

O(
√
n).

From random matrix analysis [31], it is known that the empirical spectral distribution of

An := 1
m
STS converges to the celebrated Marčenko-Pastur law depends on the parameter

m
n
→ c, c ∈ (0,∞).

1

n

∑
i

δλi(Am)
m→∞−−−→ µM,c

where λi(An) are eigenvalues of An and δλi(An) is the Dirac delta function, µM,c is the

Marčenko-Pastur probability measure. Moreover, [32, 33, 34] showed if a non-negative

definite n×n random matrix Bn has a deterministic limiting distribution FB, then one can

characterize the limiting spectral distribution of the product, AnBn, converges in distribu-
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tion to probability distribution F .

1

m

∑
i

δλi(AnBn)
n→∞−−−→ µF

One may start thinking if it is possible to apply the result of product of random matrices

to our problem. Obviously, one would replace Bn with 1√
n
XXT . However the spectral

distribution of Bn does not converge properly since λ1 = O(
√
n). And our CLT result is

actually on another level of details. One has to first center and standardize spectral of Bn,

then see how the fluctuation is interacting with the spectral of An. In fact AnBn has only

one nonzero eigenvalue, we are actually looking at distribution of this single eigenvalue,

which usually requires very different techniques to compute. The extreme eigenvalues of

full rank random matrices usually converges to Tracy-Widom distribution [35, 36]. In our

case, we are looking at a version of this type but the random matrix has certain structure of

rank one.

4.3 Conjecture on rate of convergence

In this section we discuss the rate of convergence for the projected or embedded norm.

Based on some detailed calculation, we believe the following conjecture should be true.

Conjecture 8 (Random projection of norm rate of invariance). Given a random vector X

in Rn with i.i.d. entries

X =


x1

...

xn


Let Ex1 = 0,Ex2

1 = 1,Ex4
1 = 1+ σ2(0 < σ < ∞). Consider a random matrix S : Rn →

Rm with independent entries and ESi,j = 0 and ES2
i,j = 1. Further assume S,X are

all independent and ES8
1,1 ∨ E |x1|6 < c < ∞. Also let G be a standard normal random
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variable. Then we have

sup
t

∣∣∣∣∣P
((

XTSTSX −mn
)

√
σ2m2n+ 2mn2

< t

)
− P (G < t)

∣∣∣∣∣ ≤O

(
1√
n
+

1√
m

)
(4.16)

sup
t

∣∣∣∣∣P
((

XTSTSX −mn
)

√
σ2m2n+ 2mn2

< t

)
− P

(
(XTX − n)

σ
√
n

< t

)∣∣∣∣∣ ≤O

(
1√
n
+

1√
m

)
(4.17)

Remark. If we use Berry-Essen theorem for random sequence X2−1 = [x2
1−1, · · · , x2

n−1]

(the assumptions in Berry-Essen are satisfied since x2
i − 1 are i.i.d., Ex2

1 − 1 = 0, E(x2
1 −

1)2 = σ2 and E |x2
1 − 1|3 < ∞.) we find

sup
t

∣∣∣∣P (G < t)− P
(
(XTX − n)

σ
√
n

< t

)∣∣∣∣ ≤ O

(
1√
n

)

Then it is tempting to use techniques similar with the proof of Theorem 5 to prove Equa-

tion 4.16, then by triangle inequality one concludes Equation 4.17. However, the techniques

in the proof of Theorem 5 heavily relies on the fact that we can separate the quantity of in-

terests into two independent parts X and STSZ. For this conjecture on the rate of norm

invariance, there is no such luxury property that we can exploit.

There are some examples suggesting this rate is the correct order. We will try to analyze

in detail to see how much distortion is introduced in the projected norm with two examples.

From the variance calculation Equation 4.7, we know there is an error term at least the order

O( 1√
m+n

). Then let us analyze two special cases m = 1, n → ∞ and m → ∞, n = 1.

For m = 1, n → ∞, we find

(
XTSTSX −mn

)
√
σ2m2n+ 2mn2

=
(
∑n

i=1 S1,ixi)
2 − n

√
m
√
σ2n+ 2n2

=
1√
m

√
n2

σ2n+ 2n2

[(∑n
i=1 S1,ixi√

n

)2

− 1

]
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≈ 1√
m

√
n2

σ2n+ 2n2

[
N (0, 1)2 − 1

]
=

1√
2m

[N (0, 1)2 − 1]

Since m = 1, N (0, 1)2 − 1 differ from N (0, 1) by O(1), we see the error term is O( 1√
m
).

For m → ∞, n = 1, similarly we compute

(
XTSTSX −mn

)
√
σ2m2n+ 2mn2

=
x2
1

(∑m
i=1 S

2
i,1

)
−m

√
n
√
σ2m2 + 2m

=
x2
1

(∑m
i=1 S

2
i,1 −m

)
+m(x2

1 − 1)
√
n
√
σ2m2 + 2m

≈ x2
1√
mn

N (0, 1) +
x2
1 − 1√
σ2n

≈ 0 +
x2
1 − 1√
σ2n

In this case the error term is on the scale of O( 1√
n
) since x2

1 − 1 differs from N (0, 1) by

O(1). For large m and n, we believe both O( 1√
m
) and O( 1√

n
) are necessary.
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CHAPTER 5

CONCLUSION

Motivated by Johnson-Lindenstrauss lemma that random projection preserves the topologi-

cal structure of a set of p deterministic vectors simultaneously, we in this work try to extend

the study to random matrices, including random projection and embedding, acting on ran-

dom vectors. In a nutshell, we show given p independent random vectors X1, · · ·Xp ∈ Rn

with i.i.d. entries and a random matrix S : Rn → Rm, then the distribution of the inner

product structure in Rn,

⟨Xi, Xj⟩,

is preserved in the projected or embedded space Rm, or in other words is close in distribu-

tion to

⟨SXi, SXj⟩

In particular chapter 3 justifies for i ̸= j,

P(
XT

i S
TSXj√

m2n+mn2
< t) ≈ P(

1√
n
XT

i Xj < t)

by establishing a CLT type result in Theorem 4, and invariance properties in Theorem 5.

The results hold for both random embedding and projection.

In chapter 4, we justify

P(
XT

i S
TSXi −mn√

σ2m2n+ 2mn2
< t) ≈ P(

XT
i Xi − n√

n(Ex4
1 − 1)

< t)

by establishing CLT type result in Theorem 7 for random projection, and a concentration

of measure result in Theorem 6 for both random embedding and projection.

The results in this work can be used as tools to analyze real world applications involving
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random projections and embeddings such as, sketching for regression [9], weight analysis

in neural networks [37], minimum variance portfolios [5], etc..
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[31] V. A. Marčenko and L. A. Pastur, “Distribution of eigenvalues for some sets of ran-
dom matrices,” Mathematics of the USSR-Sbornik, vol. 1, no. 4, p. 457, 1967.

[32] Y. Q. Yin, “Limiting spectral distribution for a class of random matrices,” Journal of
multivariate analysis, vol. 20, no. 1, pp. 50–68, 1986.

[33] J. W. Silverstein, “Strong convergence of the empirical distribution of eigenvalues
of large dimensional random matrices,” Journal of Multivariate Analysis, vol. 55,
no. 2, pp. 331–339, 1995.

[34] Z. Bai and J. W. Silverstein, Spectral analysis of large dimensional random matrices.
Springer, 2010, vol. 20.

[35] C. A. Tracy and H. Widom, “Level-spacing distributions and the airy kernel,” Com-
munications in Mathematical Physics, vol. 159, no. 1, pp. 151–174, 1994.

[36] I. M. Johnstone, “On the distribution of the largest eigenvalue in principal compo-
nents analysis,” Annals of statistics, pp. 295–327, 2001.

[37] C. H. Martin and M. W. Mahoney, “Implicit self-regularization in deep neural net-
works: Evidence from random matrix theory and implications for learning,” Journal
of Machine Learning Research, vol. 22, no. 165, pp. 1–73, 2021.

75


	Title Page
	Acknowledgments
	Table of Contents
	List of Figures
	1 | Introduction
	Random projection of deterministic vectors
	Random projection and embedding of random vectors

	2 | Product central limit theorem
	Brief review of CLT for dependent random variables
	Main theorems
	Proof of 2: product central limit theorem
	Proof of 3: rate of convergence

	3 | Invariance of random matrix for the inner product
	Main theorems
	Proof of 4: CLT - random matrix preserves inner product
	Proof of 5: rate of convergence
	Simulation and open questions

	4 | Invariance of of random matrix for the norm 
	Concentration of projected or embedded norm for sub-Gaussian variables
	Random projection preserves distribution of norm
	Conjecture on rate of convergence 

	5 | Conclusion
	References

