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SUMMARY

Healthcare problems have tremendous impact on human life. The past two decades

have witnessed various biomedical research advances and clinical therapeutic effectiveness,

including minimally invasive surgery, regenerative medicine, and immune therapy. However,

the development of new treatment methods relies heavily on heuristic approaches and the

experience of well-trained healthcare professionals. Therefore, it is often hindered by

patient-speci�c genotypes and phenotypes, operator-dependent post-surgical outcomes, and

exorbitant cost. Towards clinically effective and in-expensive treatments, this thesis develops

analytics-based methodologies that integrate statistics, machine learning, and advanced

manufacturing.

Chapter 1 of my thesis introduces a novel function-on-function surrogate model with

application to tissue-mimicking of 3D-printed medical prototypes. Using synthetic metama-

terials to mimic biological tissue, 3D-printed medical prototypes are becoming increasingly

important in improving surgery success rates. Here, the objective is to model mechanical

response curves via functional metamaterial structures, and then conduct a tissue-mimicking

optimization to �nd the best metamaterial structure. The proposed function-on-function

surrogate model utilizes a Gaussian process for ef�cient emulation and optimization. For

functional inputs, we propose a spectral-distance correlation function, which captures im-

portant spectral differences between two functional inputs. Dependencies for functional

outputs are then modeled via a co-kriging framework. We further adopt shrinkage priors to

learn and incorporate important physics. Finally, we demonstrate the effectiveness of the

proposed emulator in a real-world study on heart surgery.

Chapter 2 proposes an adaptive design method for experimentation under response

censoring, often encountered in biomedical experiments. Censoring would result in a sig-

ni�cant loss of information, and thereby a poor predictive model over an input domain.

For such problems, experimental design is paramount for maximizing predictive power

xvi



with a limited budget for expensive experimental runs. We propose an integrated censored

mean-squared error (ICMSE) design method, which �rst estimates the posterior probability

of a new observation being censored and then adaptively chooses design points that min-

imize predictive uncertainty under censoring. Adopting a Gaussian process model with

product correlation functions, our ICMSE criterion has an easy-to-evaluate expression for

ef�cient design optimization. We demonstrate the effectiveness of the ICMSE method in an

application of medical device testing.

Chapter 3 develops an active image synthesis method for ef�cient labeling (AISEL)

to improve the learning performance in healthcare and medicine tasks. This is because

the limited availability of data and the high costs of data collection are the key challenges

when applying deep neural networks to healthcare applications. Our AISEL can generate

a complementary dataset, with labels actively acquired to incorporate underlying physical

knowledge at hand. AISEL framework �rst leverages a bidirectional generative invertible

network (GIN) to extract interpretable features from training images and generate physically

meaningful virtual ones. It then ef�ciently samples virtual images to exploit uncertain

regions and explore the entire image space. We demonstrate the effectiveness of AISEL

on a heart surgery study, where it lowers the labeling cost by 90% while achieving a 15%

improvement in prediction accuracy.

Chapter 4 presents a calibration-free statistical framework for the promising chimeric

antigen receptor T cell therapy in �ghting cancers. The objective is to effectively recover

critical quality attributes under the intrinsic patient-to-patient variability, and therefore

lower the cost of cell therapy. Our calibration-free approach models the patient-to-patient

variability via a patient-speci�c calibration parameter. We adopt multiple biosensors to

construct a patient-invariance statistic and alleviate the effect of the calibration parameter.

Using the patient-invariance statistic, we can then recover the critical quality attribute during

cell culture, free from the calibration parameter. In a T cell therapy study, our method

effectively recovers viable cell concentration for cell culture monitoring and scale-up.
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CHAPTER 1

FUNCTION-ON-FUNCTION KRIGING, WITH APPLICATIONS TO 3D

PRINTING OF AORTIC TISSUES

3D-printed medical prototypes, which use synthetic metamaterials to mimic biological

tissue, are becoming increasingly important in urgent surgical applications. However, the

mimicking of tissue mechanical properties via 3D-printed metamaterial can be dif�cult

and time-consuming, due to the functional nature of both inputs (metamaterial structure)

and outputs (mechanical response curve). To deal with this, we propose a novel function-

on-function kriging model for ef�cient emulation and tissue-mimicking optimization. For

functional inputs, a key novelty of our model is the spectral-distance (SpeD) correlation

function, which captures important spectral differences between two functional inputs.

Dependencies for functional outputs are then modeled via a co-kriging framework. We

further adopt shrinkage priors on both the input spectra and the output co-kriging covariance

matrix, which allows the emulator to learn and incorporate important physics (e.g., dominant

input frequencies, output curve properties). Finally, we demonstrate the effectiveness of the

proposed SpeD emulator in a real-world study on mimicking human aortic tissue, and show

that it can provide quicker and more accurate tissue-mimicking performance compared to

existing methods in the medical literature.

1.1 Introduction

Three dimensional (3D) printing is an emerging layer-by-layer additive manufacturing

technology, with growing interest in medical applications [1]. This is because 3D-printed

prototypes provide precise mimicking of organ shape at an acceptable price and time cost.

Such prototypes can be extremely helpful for doctors to practice and be pro�cient in surgical

procedures [2] as well as personalized pre-surgical planning [3]. One limitation is that the
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mechanical property (i.e., stress-strain curve) of printed prototypes is completely different

from biological tissues [4]. Currently, the state-of-the-art approach is to embedmetamaterial

structure to mimic the desired mechanical property of biological tissue ([5]; see Figure 1.1).

However, the optimization for this mimicking may take days or even weeks to perform,

due to thefunctionalnature of the metamaterial structure. This greatly limits the medical

applicability of tissue-mimicking prototypes since surgery timing is a critical factor for

outcome success. In this paper, we propose a novel kriging model for emulating functional

mechanical response over the design space of functional metamaterial structure, which can

be used for ef�cient tissue-mimicking optimization in practical turnaround times.

There are two key reasons why state-of-the-art tissue-mimicking methods are impractical

for urgentsurgical needs. Firstly, such methods rely solely on both physical experiments

and computer experiments, which are expensive and/or time-intensive to run. In particular,

a single physical experiment (3D-printing and testing a prototype) takes hours to perform,

and a single computer experiment (�nite element analysis) requires at least 30 minutes

for a reliable mechanical response simulation. Secondly, to optimize for a good structure

which mimics the mechanical response of biological tissue, such methods requiremany

experimental runs over the design space of functional metamaterial structures. This makes

current tissue-mimicking methods prohibitively expensive for urgent surgical applications,

where the tissue-mimicking prototype is needed within a day. One strategy (which we

adopt) is to train asurrogatemodel (oremulator, see [6]) which, given data over the design

space, can ef�cientlypredict the mechanical response of an untested metamaterial structure.

However, due to the expensive nature and functional complexities, it is necessary to integrate

the rich physics of the tissue-mimicking problem within the emulator model speci�cation,

in order to achieve accurate mimicking in a timely fashion.

The proposed emulator utilizes a technique calledkriging [7], which models the un-

known simulation output via a Gaussian process (GP). Kriging is widely used in computer

experiment modeling for its interpolating property, and the fact that both the predictor and
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Figure 1.1: (a) 3D-printed aortic valve (no metamaterial structure), (b) stress-strain curves
of biological tissue and printable polymer, (c) a numerical (�nite element) simulation case with
sinusoidal metamaterial, (d) 3D-printed aortic valve with tissue-mimicking metamaterial.

its uncertainty have closed-form expressions [6]. The literature on kriging forfunctional

outputstypically involves some form of reduced-basis modeling [8, 9, 10, 11] or co-kriging

framework [12, 13]. There has also been some work on modeling time series outputs [14].

For functional inputs, several techniques have been proposed in functional data analysis

literature (see, e.g., [15]), including varying-coef�cient models [16] and historical functional

linear models [17]. However, the literature on kriging with functional inputs is scarce. For

time-series inputs, [18] proposed a kriging model with a covariance function depending

on time order. Reduced-basis models were also proposed in [19] and [20]. Such models,

however, do not incorporate prior physical knowledge of the tissue-mimicking problem,

and can therefore yield poor emulation and mimicking performance given the paucity and

functional complexities of the experimental data.

To address this, we introduce in this work a new function-on-function kriging model

which integrates an important source of physics: the spectral information of the functional

metamaterial structure input. Speci�cally, we propose a newspectral-distance(or SpeD)

correlation function, which uses the spectral-distance – the (weighted) Euclidean distance

between two functional inputs in spectral domain – to model the process correlation of the

GP. This new correlation function captures the appealing property oftranslation-invariance,

where two input metamaterial structures which are the same except for a translation shift

have the same mechanical properties. We then integrate this within a co-kriging framework

for modeling the functional mechanical response output. This emulator-based approach

allows for timely and accurate mimicking of biological tissues, and extraction of important
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physics (e.g., dominant input frequencies, output curve properties) via sparsity, which

broadens the applicability of printed prototypes for urgent surgical procedures.

The paper is structured as follows. Section 1.2 gives an overview of the tissue-mimicking

problem. Section 1.3 presents the proposed SpeD emulation model and its shrinkage prior

speci�cation. Section 1.4 outlines the algorithm for parameter estimation. Section 1.5

investigates the emulation accuracy, uncertainty quanti�cation, physics extraction and a

real-world tissue-mimicking case study. Section 1.6 concludes the work.

1.2 Tissue-mimicking and �nite element modeling

We �rst describe the tissue-mimicking problem (or the metamaterial design problem) and

explain the physics of this problem. We then introduce the �nite element (FE) analysis as a

simulation tool, and provide a brief discussion on experimental design for the FE simulation.

1.2.1 Tissue-mimickingproblem

As discussed, 3D-printing technology can print patient-speci�c prototypes with precise

geometry (Figure 1.1 (a)), but the mechanical properties of these printed prototypes can

differ greatly from that for true organs (Figure 1.1 (b)). The considered mechanical property

is thestress-straincurve [21], de�ned as stress (external tensile load per area) as a function

over strain (tensile displacement as a percentage of the specimen length). The stress-strain

curve of the biological tissue typically possesses the property ofstrain-stiffening, which

means the curve is concave upward (see solid blue line in Figure 1.1 (b)), indicating it

becomes stiffer as more load is introduced [4]. However, for 3D-printable material, an

opposite property ofstrain-softeningis exhibited (see dotted red line in Figure 1.1 (b)) due

to the plastic-slipping effect and energy dissipation [22].

To achieve the strain-stiffening property of the biological tissues, one approach is

to introducemetamaterialstructure (i.e., printed enhancement sub-structure) within the

prototypes [5]. Figure 1.1 (c) shows an example of a metamaterial with sinusoidal structure.
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Here, thestiffer enhancement �ber is designed to have a sinusoidal shape, inside the cuboid

matrix of asoftmaterial. In this work, we treat the structure (or shape) of the enhancement

�ber (assumed to have uniform diameter) as the functional input for our SpeD model. Our

goal is to mimic the target mechanical property of human tissues, by carefully choosing the

shape of the enhancement �ber. Figure 1.1 (d) shows a printed “tissue-mimicking” aortic

valve with the optimal metamaterial structure.

1.2.2 Finiteelementmodelingandexperimentaldesign

In this work, FE modeling is used to simulate the output stress-strain curve of a given

metamaterial structure. FE modeling is frequently used for stress analysis in solid mechanics;

it transforms the partial differential equations to their integral form, so that a piece-wise

linear formula can be used to approximate the true deformation pro�le [23]. The key

advantage of FE simulations, compared to physical experiments, is that high accuracy can

be achieved with no material cost or human error.

Here, FE simulations are performed using COMSOL Multiphysics. The overall size of

the metamaterial cuboid (with one enhancement �ber inside) is20mm by 4mm by 2mm,

with physics-based quadratic tetrahedral elements for meshing. To compute the stress-strain

curve of the metamaterial, one end of the cuboid is �xed while a series of load levels (up to

15% uniaxial deformation) is applied to the other end. The total computation time for one

metamaterial is around 30 minutes on 24 Intel Xeon E5-2650 2.20GHz processing cores.

We use a sinusoidal wave structure for designing the training metamaterial structures, as

such a form exhibits the best strain-stiffening property from a recent study [5]. The design

space has four parameters [24]: the diameter of the enhancement �berd 2 [0:2; 2] mm, and

the amplitudeA 2 [0; 1] mm, frequency! 2 [0; 0:8] mm� 1 and initial phase� 2 [0; 2� ] of

the sinusoidal wave:

I (t) = A sin(2�!t + � ): (1.1)

The experimental design adopted for the sinusoidal coef�cients is the maximum projection
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(MaxPro, [25]) design, which has good space-�lling properties on design projections,

thereby enabling good predictions from a GP model. Note that the parametric sinusoidal

form (1.1) is used only togeneratedata for training the emulator; we will explore a bigger

non-parametric input space forpredictionand tissue-mimickingoptimization. A total of

n = 58 metamaterial structures are simulated as the training dataset. An 18-run Sobol'

sequence [26] is used as the testing dataset, since it provides a low-discrepancy coverage

of the design space, disjoint from the training MaxPro design. Despite the relatively small

training dataset (n = 58 samples), we show later that the functional stress-strain predictions

from the proposed emulator are quite accurate, and provide noticeable improvements over a

standard kriging model with four sinusoidal coef�cients as inputs.

1.3 Emulation model

We present the proposed emulation model in three parts. First, we introduce the proposed

model for functional inputs, using the simpli�ed setting of scalar outputs. We then extend this

for functional outputs using a co-kriging structure. Finally, we discuss a prior speci�cation

for model parameters which encourages sparsity.

1.3.1 Spectral-distancekriging model

We introduce �rst the proposed kriging model for functional inputsI (�) 2 I , whereI is the

functional input space (to be de�ned later). For simplicity, assume �rst the case of scalar

outputs (functional outputs are introduced next). For the mapy(�) : I 7! R from functional

inputs to scalar outputs, we propose the following GP model:

y(�) s GPf �; � 2� (�; �)g; (1.2)
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where� is the scalar process mean and� 2 is the process variance. Here,� (�; �) : I � I 7! R

is the proposed spectral-distance (SpeD) correlation function, de�ned as:

� (I 1(�); I 2(�)) = Corrf y(I 1(�)) ; y(I 2(�))g = exp
�
� D2 (jF [I 1(�)]j ; jF [I 2(�)]j ; � )

�
: (1.3)

Here,D(�; �; � ) is a distance function (de�ned later),jai + b j is the modulus of a complex

numberai + b (wherei =
p

� 1 is the unit imaginary number), andF [�] : I ! Î is the

Fourier transform from the input space of integrable functions,I = f I (�) :
R

jI (t)jdt < 1g ,

to its spectral spacêI . We will use the following de�nition of a Fourier transform for an

input functionI (�):

Î (� ) = F [I (t)] =
Z

I (t)e� 2� it � dt; � 2 R: (1.4)

Similar to the scale-parametrized distance function in the Gaussian correlation (which is

widely used for GP emulation of computer experiments, see [6]), we will use the following

scale-parametrizedl2 distance function in thespectraldomain:

D(jF [I 1(�)]j ; jF [I 2(�)]j ; � ) =
� Z

� (� )
� �

�
� Î 1(� )

�
�
� �

�
�
� Î 2(� )

�
�
�
� 2

d�
� 1=2

: (1.5)

Here,� (�) is a weight function in spectral space, with a larger value of� (� ) indicating greater

importance of frequency� in the SpeD correlation function. In contrast to the standard

Gaussian correlation, we assign importance to eachfrequency componentof a functional

input, rather than to each inputvariable. Plugging (1.5) into (1.3), the SpeD correlation

function becomes:

� (I 1(�); I 2(�)) = exp
�

�
Z

� (� )
� �

�
� Î 1(� )

�
�
� �

�
�
� Î 2(� )

�
�
�
� 2

d�
�

: (1.6)

In our implementation (see Section 1.4), this correlation is computed via a discrete approxi-
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Figure 1.2: An illustration of the translation-invariance property: for the two input structures which
are equivalent up to a translation shift oft0, their mechanical responses are the same.

mation of the integral in (1.6).

One advantage of the SpeD correlation function is that it can capture known properties of

the tissue-mimicking problem. First, recall that thetranslation-shiftingproperty of Fourier

transform [27]: for anyt0 > 0, if I 2(t) = I 1(t � t0), then

Î 2(� ) = e� 2� it 0 � Î 1(� ): (1.7)

For two metamaterial structures with a shift, i.e.,I 1(t) = I (t) andI 2(t) = I (t � t0), we can

then show that their outputs are perfectly correlated, i.e.:

� (I 1(�); I 2(�)) = exp
�

�
Z

� (� )
� �

�
� Î 1(� )

�
�
� �

�
�
�e� 2� it 0 � Î 1(� )

�
�
�
� 2

d�
�

= 1: (1.8)

We call this thetranslation-invarianceproperty of the SpeD correlation. As illustrated in

Figure 1.2, this is a desirable property, since we know from physical knowledge that any

translation of the metamaterial structure does not affect the output mechanical response.

To contrast, the existing functional input models in Section 1.1 do not enjoy this property.

Second, it is known that the stress-strain curve depends largely on frequency! and amplitude

A, but not on initial phase� in the sinusoidal parametrization(1.1) [5, 24]. One can

therefore expect that (i) the Fourier frequencies� are signi�cant, and (ii) variations in

mechanical response are largely due to differences in frequency intensitiesjÎ (� )j. The
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proposed correlation function (1.6) nicely captures both of these properties.

For our tissue-mimicking problem, the speci�c choice of the Fourier transform withl2

distance of the modulus gives an intuitive parametrization of known physical properties. For

other applications, the SpeD correlation (1.6) can also be used with other spectral transforms

(e.g., wavelet transforms) and other distance metrics (e.g.,l1 distance). The choice of

spectral transform and distance should be made on a case-by-case basis, motivated by prior

information from the problem at hand.

The following theorem ensures that the SpeD correlation function� (�; �) (1.6) is a valid

positive semi-de�nite kernel.

Theorem 1. The SpeD correlation function� (�; �) : I � I 7! R in (1.6), is a positive

semi-de�nite kernel, i.e.:

nX

i =1

nX

j =1

ci cj � (I i (�); I j (�)) � 0; (1.9)

holds for anyn 2 N; c1; � � � ; cn 2 R and any distinct functionsI 1(�); � � � ; I n (�) 2 I .

The proof of Theorem 1 is provided in Appendix A.1. This positive semi-de�nite property

ensures the validity of� (�; �) as a proper correlation function to use for GP modeling. Note

that� (�; �) is not (strictly)positive-de�nite, in that an equality in(1.9)does not implyci = 0

for all i = 1; � � � ; n. This can be seen by setting all input functions(I i (�))n
i =1 to be the

same modulo a translation shift; the resulting correlation matrix[� (I i (�); I j (�))]n
i =1

n
j =1 then

becomes a matrix of ones, which is clearly not positive de�nite. The fact that� (�; �) is not

positive-de�nite is not an issue, since for most space-�lling designs (including the adopted

MaxPro design, see [25]), all training input functions are distinct even after translation

shifts.
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1.3.2 Spectral-distanceco-krigingmodel

For the tissue-mimicking problem, the output (i.e., the stress-strain curve) is of functional

form as well. Below, we generalize the scalar model in Section 1.3.1 to account for functional

outputs. Denote the functional input asI (�) 2 I and functional output asO(�), whereO(s)

is the output stress at strain levels. For our training dataset ofn = 58 simulated structures,

the functional outputsOi (�); i = 1; � � � ; n are discretized intom levels, yielding output

vectorsy i 2 Rm , i = 1; � � � ; n. We assume the following SpeD co-kriging model on

y(�) : I 7! Rm :

y (�) s GPf � ; C (�; �)g; (1.10)

where� 2 Rm is the process mean vector andC (�; �) : I � I 7! Rm� m is the corresponding

covariance matrix function.

Consider �rst the speci�cation of the covariance matrix functionC (�; �). Let

C (I 1(�); I 2(�)) = Cov(y(I 1(�)) ; y(I 2(�))) = � (I 1(�); I 2(�)) � and � � 0: (1.11)

Here,� (�; �) is the SpeD correlation kernel in (1.6), and� 2 Rm� m is a symmetric, positive

de�nite co-kriging covariance matrix quantifying correlations between different output

levels.

Equation (1.11) implicitly assumes separability in the co-kriging covariance structure.

Here, separability means the covariance between output levels observed at different func-

tional inputs can be decomposed as the product of the covariance between output levels and

the covariance between functional inputs. This separability assumption is used extensively

in the literature for reducing computational complexity [13].

Consider next the speci�cation of mean� . We assume� follows the basis representation:

� = P� ; (1.12)
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where each column ofP 2 Rn� q represents a pre-speci�ed basis function and� 2 Rq

denotes its coef�cients. This basis representation is similar to the modeling framework of

[28, 29]. The choice of basis functions inP should be guided by prior knowledge on the form

of output stress-strain curves. We will describe in Section 1.5.1 a speci�c parametrization of

� which incorporates monotonicity information on the stress-strain curve.

Now, we derive the equations for prediction and UQ. Lety1:n =
�
yT

1 ; yT
2 ; :::; yT

n

� T

denote the vector of functional outputs of the whole training set. Using the conditional dis-

tribution formula of the multivariate normal distribution, the discretized functional response

ynew at a new functional inputI new(�) 2 I follows the multivariate normal distribution:

ynewjy1:n s N
�

Pnew� + ( r � 
 � )T �
R � 1

� 
 � � 1
�

(y1:n � 1n 
 P� ) ;

� � (r � 
 � )T �
R � 1

� 
 � � 1
�

(r � 
 � )
�

;
(1.13)

where
 is the Kronecker product,1n denotes 1-vector ofn elements,Pnew denotes the

regression matrix at the new input,� and� are regression coef�cients and co-kriging covari-

ance matrix,r � =
�
� (I new(�); I 1(�)) ; � � � ; � (I new(�); I n (�))

� T
andR � = [ � (I i (�); I j (�))]n

i =1
n
j =1 .

After algebraic manipulations, the posterior meanŷnew = Ef ynewjy1:ng and posterior vari-

ance Varf ynewjy1:ng can be written in a more concise form:

ŷnew = Ef ynewjy1:ng = Pnew� +
�
r T

� R � 1
� 
 I m

�
(y1:n � 1n 
 P� ) ; (1.14)

Varf ynewjy1:ng =
�
1 � r T

� R � 1
� r �

�
� ; (1.15)

whereI m denotes anm � m identity matrix. Equation (1.14) can be used to predict (or

emulate) the stress-strain curve for a new metamaterial structure, while Equation (1.15) can

be used to construct a con�dence band for quantifying the uncertainty of this prediction.
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1.3.3 Prior speci�cation

Finally, we provide a prior speci�cation for the model parameters(� (�); � ; � ). Consider

independent priors on each parameter in(� (�); � ; � ). For the weight function� (�), we

assign independent exponential priors at each frequency� , i.e.:

� (� ) i:i:d:� Exp(� I ); (1.16)

where� I is a rate parameter for the exponential priors. Similar to the Bayesian LASSO [30],

the shrinkage prior(1.16)encouragessparsityin the maximum a posteriori estimate of� (�).

This sparsity is desired for two reasons. First, this allows us to identify dominant frequencies

in metamaterial structure which in�uence mechanical response. Second, sparsity in� (�)

greatly speeds up the tissue-mimicking procedure using the proposed emulator, which is

paramount for ef�cient tissue-mimicking in urgent surgical applications. We note that, in

other applications where the time budget allows for a fully Bayesian implementation (see

Section 1.4), a spike-and-slab prior [31] could be used.

For the covariance matrix� , we assign the following prior:

� (� ) / exp(� � ok� � 1k1): (1.17)

Here,� o is a rate parameter, andk � k1 is the element-wisel1 norm. The prior(1.17)on

� can be viewed as a shrinkage prior which encourages sparsity on the elements of the

inverse covariance matrix� � 1 [32]. This corresponds to the widely-used graphical LASSO

[33] method for sparse covariance estimation. For our problem, this sparsity can be used to

identify important and interpretable physical couplings in the stress-strain relationship (see

Section 1.5.3).

For the regression coef�cients� , we assign a non-informative �at prior� (� ) / 1, since

little information is known on� prior to data in our problem. A more informative prior
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can be used on� , if additional domain knowledge is available on the mean trend of the

stress-strain curve.

1.4 Parameter estimation

In implementation, the functional inputsI (�) are also discretized top levels. Letx 1 =

(xk
1)p� 1

k=0 andx 2 = ( xk
2)p� 1

k=0 denote the discretized input vectors for bothI 1(�) andI 2(�),

respectively. The proposed SpeD kernel� (I 1(�); I 2(�)) in (1.6) can be approximated as:

� (x 1; x 2) = exp

0

@�
(p� 1)=2X

k=0

� k
� �
� x̂k

1

�
� �

�
� x̂k

2

�
� � 2

1

A ; (1.18)

where� = ( � k)(p� 1)=2
k=0 is the discretized weight vector, andx̂k =

P p� 1
l=0 x le� 2� i

p lk is thek-th

entry of thediscreteFourier transform̂x for x . Note thatx̂ is symmetric becausex is

real-valued [34]; hence, only the �rst half of̂x is used in (1.18).

With this input discretization, we adopt a maximum a posteriori (MAP) approach for

estimating the parameters(� ; � ; � ). The main reason we prefer MAP over a fully Bayesian

approach is computational ef�ciency, for both parameter estimation and tissue-mimicking

optimization. For parameter estimation, a fully Bayesian approach typically requires Markov

chain Monte Carlo sampling (MCMC; [35]). Given the complexities of functional inputs

and outputs, MCMC sampling can take several days, which is more time-consuming than

a single computer experiment run! Furthermore, the primary application of the proposed

emulator is for tissue-mimicking optimization, which typically requiresmanyevaluations

of the emulation predictor. Therefore, it can beverytime-consuming in a fully Bayesian

implementation, sinceeachevaluation involves an average over all MCMC samples. In

urgent surgical planning, the MAP approach (described next) offers a quicker way to survey

the metamaterial design space, which enables timely tissue-mimicking optimization.

From the GP model in (1.10) and (1.13), the MAP estimation of(� ; � ; � ) boils down to
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minimizing the following penalized negative log-posterior [6]:

min
� ;� � 0;� � 0

l � (� ; � ; � ) = min
� ;� � 0;� � 0

�
n log det� + m log detR � + � I k� k1 + � ok� � 1k1

+ ( y1:n � 1n 
 P� )T �
R � 1

� 
 � � 1
�

(y1:n � 1n 
 P� )
�
:

(1.19)

Here,R � is the correlation matrix in (1.13) with scale parameters� , and� I and� o are the

rate parameters for the shrinkage priors in Section 1.3.3.

From a regularization perspective, the two prior terms� I k� k1 and� ok� � 1k1 in the

negative log-posterior(1.19)can equivalently be viewed as penalty terms on� and� � 1,

with the rate parameters� I and� o corresponding to penalization parameters. In this sense,

the parameters� I and� o control the degree of sparsity imposed on� and� � 1, with a larger

� I (or � o) resulting in a sparser estimate of� (or � � 1), and vice versa. In practice, these

penalization parameters can be estimated from the data itself, or speci�ed from the problem

at hand. For example, if predictive accuracy of the emulator is the end goal, then� I and� o

can be estimated based on cross-validation techniques [36]. However, if the extraction of

important physics is desired, then� I and� o can be set so that a desired number of physical

features can be learned. We will return to this in Section 1.5.3.

Consider now the MAP optimization in(1.19)for �xed � I > 0 and� o > 0. We will

use the following blockwise coordinate descent (BCD) optimization algorithm, described

below. First, assign initial values for� , � and� . Next, iterate the following three steps

until the convergence is achieved: (i) for �xed GP parameters� and regression coef�cients

� , compute the correlation matrixR � and then optimize for covariance matrix� using

the graphical LASSO algorithm [33]; (ii) for �xed� and� , compute� using closed-form

expressions (see [6] for details); and (iii) for �xed� and� , optimize for� using the L-BFGS

algorithm [37]. The full optimization procedure is provided in Algorithm 1. Since (1.19)

is a non-convex optimization problem, the proposed BCD algorithm only converges to a

stationary solution [38]. Because of this, we suggest performing multiple runs of Algorithm
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Algorithm 1 BCD algorithm for minimizing the penalized negative log-likelihood (19)

1: � Set initial values�  0q, �  I m and�  1p, and setY  [y1; y2; :::; yn ]T

2: repeat
3: Optimizing� :

4: � SetR � =
�
exp

�
�

P (p� 1)=2
k=0 � q

� �
� x̂k

i

�
� �

�
�
� x̂k

j

�
�
�
� 2

�� n

i =1

n

j =1
with x̂k =

P p� 1
l=0 x l e� 2� i

p lk

5: � Set� = P�
6: � SetW 0  1

n (Y � 1n 
 � T )T R � 1
� (Y � 1n 
 � T ) + � o � I m

7: � EstimateW by Graphical LASSO usingW 0 as initialization
8: � Update�  W � 1

9: Optimizing� :
10: � SetS = ( P 
 1n )T

�
R � 1

� 
 W
�

(P 
 1n )
11: � Update�  S� 1(P 
 1n )T

�
R � 1

� 
 W
�

y1:n

12: Optimizing� :
13: � Update�  argmin� l � (� ; � ; � ) with L-BFGS
14: until � , � and� converge
15: � return � , � and�

1 with random initializations for each run, then taking the converged estimates for the run

with smallest negative log-likelihood.

1.5 Emulation results

In this section, we present the numerical performance of the proposed model for tissue-

mimicking. This is presented in four parts. First, we compare the predictive performance

of the proposed SpeD emulation model with two baseline emulation models. Second, we

provide a comparison of the uncertainty quanti�cation from these three emulation models.

Third, we analyze the physical properties learned via shrinkage priors on� and� . Finally,

we demonstrate the usefulness of the �tted model for mimicking human aortic tissue.

1.5.1 Predictionaccuracy

As mentioned in Section 1.2.2, the proposed SpeD model is �tted using the training data

of n = 58 FE simulations. The input functionI (�) 2 I is discretized top = 81 parts at

f 0; 0:25; 0:5; � � � ; 20g mm, which we denote as a vectorx 2 R81. This corresponds to the

discretized� at frequenciesf 0; 0:05; 0:1; � � � ; 2g mm� 1. In the speci�c tissue-mimicking
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Figure 1.3: Predicted stress-strain curves for thel2-distance emulator (“l2”), feature-based emula-
tor (“Feature”), and the proposed SpeD emulator (“SpeD”) on two test metamaterial structures.
The corresponding MAREs are included in the legends.

problem, the diameter of the metamaterial enhancementd 2 R (assumed to be uniform over

the whole functional curveI (�)) is also important. To account for this extra design variable,

we use the following separable correlation function� s(�; �) : R82 � R82 7! R:

� s([d1; x 1]; [d2; x 2]) = � (x 1; x 2) exp
�
� � d (d1 � d2)2�

; (1.20)

where� (�; �) is the discretized SpeD kernel in (1.18) and� d is the scale parameter for

diameterd. Let s 2 Rm=41 denote the vector of strain levels equally spaced froms = 0 to

s = 15%, and lety = O(s) 2 R41 be the discretized stress functionO(�). Here, the input

and output discretization levels are selected heuristically to capture features of the input and

output functions: the output functions are quite smooth require less levels, and the input

functions are more rugged and require more levels.

From the underlying physics of the stress-strain relationship, it is known that (i) the

stressO(s) is always positive, (ii) the stress is zero when the strain is zero (this is known as

the free-standing state, see [21]), and (iii) stress-strain curves are typically monotone and

non-decreasing, since a larger force is needed to stretch further. To account for (i), a standard

log-transformation of stressO(s) is performed prior to modeling and parameter estimation,

and the �nal results are transformed back to ensure the predicted stress is always positive.

To account for (ii) and (iii), we choose the basis functions in(1.12)to beP = [ 1m ; log(s)],

along with an additional constraint of� 2 > 0 to ensure the mean function is monotone
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Figure 1.4: Boxplots of the MARE ratio between the baseline emulators and SpeD emulator on the
18-run test set. The red line marks the MARE ratio of 1.0, where the baseline emulator has the same
MARE as the SpeD emulator.

and non-decreasing. This is equivalent to assuming the mean stress-strain curve takes the

following form O(s) = asb; a; b > 0, which is a typical parametrization in biomedical

literature [1, 24]. This provides a simple and effective way to encourage monotonicity via

the mean function speci�cation; one can also extend the shape-constrained GP model in

[39] to impose sample path monotonicity, but this is beyond the scope of this work.

For comparison, we also �t two different emulators as baseline methods, using the same

dataset. The inputs of the �rst emulator are the parameters from the sinusoidal wave design

x p = [ d; A; !; � ]T 2 R4, which represents the diameter of the metamaterial �ber, amplitude,

period and initial phase of the sinusoidal wave (see Figure 1.1 and Equation(1.1)). This

emulator uses a GP model with correlation function:

� p(x 1; x 2) = exp

 

�
4X

k=1

� k
�
xk

1 � xk
2

� 2

!

: (1.21)

The same correlation function (with scalar output) is used in [24]. We refer this as the

feature-basedmethod. The second emulator also assumes a GP model with correlation

function:

� f (I 1(�); I 2(�)) = exp
�

�
Z

� (t) ( I 1(t) � I 2(t))2 dt
�

: (1.22)

This correlation (1.22) is essentially the Gaussian correlation function, with distance taken

to be thel2-distance between input functions. A similar correlation function is used in [18]
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Table 1.1: The median MARE of the SpeD emulator and two baseline emulators over the 18-run test
set.

Median MARE

SpeD 0.11
Feature-based 0.19

l2-distance 0.26

for time-series inputs, with additional dependencies on time order. We refer this as the

functionall2-distancemethod. Both baseline methods assume the same separable co-kriging

structure for discretized outputsy1:n , along with MAP parameter estimation.

Predicting stress-strain curve

To test the performance of the proposed emulator, we compare the predictions of stress-

strain curves (using Equation (1.14)) for the metamaterial designs from the test set (see

Section 1.2.2). Figure 1.3 shows the emulated stress-strain curves for two test metamaterial

structures, along with the true stress-strain curve (ground truth) from FE simulations. To

quantitatively measure the difference between the predicted and true curves, we use the

following mean absolute relative error (MARE) metric:

MARE =

R
s jO(s) � Ô(s)jds

R
s jO(s)jds

; (1.23)

wheres is the strain level,O(s) is the stress at strains from FE simulation (ground truth),

andÔ(s) is the predicted stress from the emulators. The MARE values for the two test cases

in Figure 1.3 are included in the legends. Tab 1.1 reports the median MARE values for the

three considered emulators, over the whole test set. The proposed SpeD emulator appears to

perform very well, in that it achieves noticeably lower median MARE than the two existing

emulators. Figure 1.4 shows the boxplots of the MARE ratio between the baseline emulators

and the SpeD emulator for the 18 test cases (note that a ratio of 1.0 means the SpeD model

yields similar MARE to a baseline model). We see that these ratios are mostly larger than
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Figure 1.5: (a) visualizes the three characteristics of mechanical performance: moduliE1 andE9,
and curvature� . (b) and (c) show the pairwise absolute relative error forE1 andE9 between the
two baseline emulators and the SpeD emulator. The red line marks a relative error ratio of 1.0.

one, which suggests that the proposed emulator is noticeably better in predicting the true

stress-strain output curve. This is not surprising, since our model captures known physical

properties of the tissue-mimicking problem.

Predicting physical characteristics

In addition to predicting stress-strain curveO(s), engineers are also interested in predicting

key physical characteristics. An accurate prediction of these characteristics can be as

important as emulating the stress-strain curve itself, because it provides interpretability to

the black-box emulation model. Two important physical characteristics of interest are (i)

the elastic modulus of the stress-strain curve, and (ii) the classi�cation of material type as

strain-stiffening or strain-softening. For (i), themodulus, i.e., the slope of the stress-strain

curve at different strain levels, can be interpreted as the stiffness or hardness of the material

[4]. Here, we are interested in the elastic moduliE1 andE9 at strain levels1% and9%,

respectively, whereEk = @O(s)=@s
�
�
s= k%

; this allows us to evaluate the elastic moduli

prediction over a wide range of strain levels. For (ii), we wish to classify the stress-strain

curve asstrain-stiffeningor strain-softening; this is particularly important given the goal

of mimicking biological tissues (see Section 1.2.1). One way to classify is to use the

curvature of the stress-strain curve, which can be approximated by the slope of the two

moduli, � = @2O=@s2 � (E9 � E1)=(9%� 1%). Assuming no �uctuations ins 2 [1; 9]%

[21], a positive curvature� suggests a strain-stiffening property is present (due to increasing
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Table 1.2: The true positive rate, true negative rate, and classi�cation rate of strain-stiffening and
strain-softening, for the three considered emulators.

SpeD Feature-based l2-distance

True positive % 12/12=100% 11/12=91.7% 7/12=58.3%
True negative % 6/6=100% 5/6=83.3% 5/6=83.3%
Classi�cation % 18/18=100% 16/18=88.9% 13/18=72.2%

moduli), while a negative� suggests a strain-softening property is present. Figure 1.5 (a)

visualizes these physical characteristics from a stress-strain curve.

We now compare three emulators (SpeD and baselines) for predicting the moduli and

material type. The modulîE1 andÊ9, computed from the emulated stress-strain curves, are

compared with the moduliE1 andE9 from FE simulation. Figures 1.5 (b) and (c) show the

pairwise absolute relative errorjÊ � E j=E, between the baselines and the SpeD emulator.

We see that most of these ratios are larger than 1.0 in the test set, which shows that the

proposed SpeD model outperforms both baseline emulators. For classi�cation, the predicted

curvaturê� , computed from the emulated curves, are compared with the true curvature�

from FE simulation. Tab 1.2 shows the correct classi�cation rates for the three emulators.

The SpeD model has a perfect18=18 = 100%classi�cation accuracy: it identi�ed the correct

strain-softening/-stiffening property for all 18 test structures. On the other hand, the feature-

based model and thel2-distance model achieves only a16=18 = 88:9%and13=18 = 72:2%

classi�cation accuracy rate, respectively. One reason why the proposed SpeD model can

better capture these physical characteristics (compared to existing emulators) is because it

directly incorporates the underlying physics via the SpeD correlation function.

1.5.2 Uncertaintyquanti�cation

Particularly in healthcare applications, the quanti�cation of predictive uncertainty can

be as important as the prediction itself. For the proposed model, Equations(1.14) and

(1.15)can be used to construct 90% pointwise highest posterior density predictive intervals

(HPD-PIs) for the emulated stress-strain curves. Figure 1.6 shows the90%HPD-PI for the
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Figure 1.6: A comparison of the 90% pointwise HPD-PIs for the three emulation models (left:
SpeD, middle: feature-based, right:l2-distance). Different rows are for different test cases.

three emulation models. Note that there is little predictive uncertainty at low strain, with

uncertainty increasing as strain levels increase. This is consistent with the physical intuition

in Section 1.5.1: the stress always equals to zero when strain equals zero, i.e., no force at

free-standing condition. The increasing uncertainty for higher strain levels may be due to

the log-transformation of the functional output.

Comparing the predictive intervals for the three emulators, we see that the proposed

SpeD model returns narrower predictive intervals compared to both thel2-distance model and

the feature-based model. This is particular evident for the test case in the top row of Figure

1.6. Moreover, the90%HPD-PIs of the SpeD emulator covers the true stress-strain curves in

16=18of the test cases, whereas the coverage for the feature-based andl2-distance emulators

are only12=18and14=18, respectively. For example, the bottom row of Figure 1.6 shows a

test case where feature-based emulator fails to cover the true stress-strain curve. Over the

whole test set, our SpeD emulator appears to give reliable coverage of the true stress-strain

curve, with relatively low predictive uncertainty. The reasons for this may be two-fold: (i)

the SpeD correlation captures the physics of the tissue-mimicking problem, which can be

viewed as an additional source of data, and (ii) the shrinkage priors on spectral coef�cients

screens out inert frequencies, which also helps reduce predictive uncertainty. It is worth
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Figure 1.7: (a) The sparsity pattern visualization of the inverse covariance matrix� � 1 by graphical
LASSO with40%of non-zero entries. The pattern indicates three different regions of the stress-strain
curve, colored yellow, green and red. (b) The partition of strain-stress curves for soft materials into
toe, elastic, and yield regions up to strain level of15%.

noting that the predictive intervals here do not account for parameter uncertainties in the

emulator; accounting for such uncertainties would require a fully Bayesian implementation,

which would entail much more computational resources.

1.5.3 Learningphysicsvia sparsity

The SpeD emulator also provides a data-driven approach to learn important physics, via the

shrinkage priors on both the covariance matrix� and frequency coef�cients� .

Segmentation of stress-strain curve

We �rst analyze the important correlations selected by the shrinkage prior on the co-kriging

covariance matrix� . Setting the penalty parameter� o such that 40% of the entries of� � 1

are non-zero, Figure 1.7 (a) visualizes the selected (important) covariances in� � 1. Each

entry of� � 1 represents the corresponding covariance between two stress-strain curve points

conditional on all other curve points; note that this covariance quanti�es the deviation of

the curve from the parametric modelO(s) = asb. We see that the stress-strain curve can be

roughly segmented into three regions: small strain (from0%to 3%) with high conditional

correlation, medium strain (from3%to 9%) with moderate conditional correlation and large

strain (from9%to 15%) with high conditional correlation.
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Figure 1.8: Examples of metamaterial structure with very low (a) or very high (b) frequency. (c)
MAP estimates of spectral parameters� , where medium frequencies are non-zero.

These three regions suggest a connection to known physical properties in material

strength [21, 40], where the mechanical response of the soft bio-mimicking material can

also be divided to three regions: the toe region, the elastic region and the yield region (see

Figure 1.7 (b)). We see from Figure 1.7 (a) that there are fewer signi�cant conditional

correlations in the elastic region compared to the other two regions. One reason for this is

that, within the elastic region, the stress-strain curve can be better approximated by the form

O(s) = asb (which corresponds to the choice of basis functions inP). Figure 1.7 (a) also

suggests the presence of conditional correlations between the elastic and yield regions. One

plausible explanation of this is the migration of strain-stiffening or strain-softening property

to straightening.

Learning dominant frequencies

The proposed approach can also learn important frequencies� which in�uence mechanical

response, via the shrinkage priors on the weight function� (� ) (see Section 1.3.3). Figure

1.8 (c) shows the MAP estimate of� (�) in the spectral space, where the rate parameter� I is

chosen via cross-validation. We see that� (�) shrinks to zero at low and high frequencies,

with non-zero estimates only for medium frequencies between50m� 1 to 400m� 1. For these

two endpoint frequencies, Figures 1.8 (a) and (b) show the metamaterial structures with

frequencies� � 50m� 1 and� � 400m� 1, respectively.

The selected frequencies in� (� ) are also in line with the physical understanding of the
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problem. For low frequencies (Figure 1.8 (a)), the �uctuation in metamaterial design is too

weak to induce any effect on the stress-strain curve, whereas for high frequencies (Figure 1.8

(b)), the resulting strong �uctuation in metamaterial leads to mechanical properties similar

to a straight �ber (given nonzero diameterd, see [24]). While it is known that different

frequencies affect mechanical response in different ways, a strict law is dif�cult to �nd for

engineers. Here, our SpeD emulator sheds light on the in�uential frequencies, i.e., from

50m� 1 to 400m� 1, so those frequencies should be carefully chosen for metamaterial design.

We note that these selected frequencies may be sensitive to the choice of experimental design,

so further analyses should be taken to con�rm such �ndings from a physics perspective.

This identi�cation of important frequencies also allows us to greatly speed up optimization

for tissue-mimicking, which we show next.

1.5.4 Mimicking aortictissuevia optimization

We now tackle the motivating task of mimicking the mechanical properties of a target tissue

with the proposed emulator. Here, the SpeD model can be used to �nd a good metamaterial

design (both structureI (�) and diameterd) whose stress-strain curve matches the desired

mechanical propertyy � . This is achieved via the following optimization problem:

(d� ; I � (�)) = argmin
dnew ;I new (�)2I

E
�

ky([dnew; I new(�)]) � y � k2
2jy1:n

	
; (1.24)

whereI � (�) is the optimal metamaterial structure,d� is the optimal �ber diameter, and

y([dnew; I new(�)]) jy1:n is the conditional (discretized) stress-strain curve in (1.13) with

diameterdnew and structureI new(�). In words, equation (1.24) aims to �nd the optimal

metamaterial design whose stress-strain curve from the proposed model (conditional on

data) is closest to the target curvey � in terms of mean-squared error (MSE).

This MSE criterion can be further decomposed as follows:

kŷ ([dnew; I new(�)]) � y � k2
2 + tr (Varf y([dnew; I new(�)]) jy1:ng) : (1.25)
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Here,ŷ ([dnew; I new(�)]) andVarf y([dnew; I new(�)]) jy1:ng are the conditional mean and vari-

ance ofy([dnew; I new(�)]) jy1:n , respectively, andtr(A ) =
P

i A i;i is the trace of the matrix

A . The �rst term can be interpreted as trying to minimize thel2-norm between the emulated

stress-strain curve and the target curve. The second term can be viewed as trying to minimize

the predictive variance of the emulated curve. Such a decomposition is quite intuitive, since

we wish to �nd a metamaterial design whose emulated curve matches the desired curve, but

also has low predictive uncertainty from the emulation model.

One dif�culty in solving (1.24) is that the variableI (�) is functionalin form, and its

discretizationx 2 Rp, p = 81 can be toohigh dimensionalto optimize numerically. Here is

where the extracted important frequencies from Section 1.5.3 come into play. Letx̂ new 2 R7

denote the seven non-zero Fourier coef�cients (see Figure 1.8). Using these coef�cients

as inputs for optimization (and ignoring the other inert coef�cients), we get the following

lower-dimensional optimization problem:

(d� ; x̂ � ) = argmin
dnew 2 R;x̂ new 2 R7

E
�

ky([dnew; x̂ new]) � y � k2
2jy1:n

	
; (1.26)

wherey([dnew; x̂ new])jy1:n is the conditional random vector taking the frequencies as input.

While this problem is non-convex, it is muchlower-dimensional, and can be effectively

optimized using standard quasi-Newton methods (e.g., L-BFGS) and random initializations.

This framework (using the proposed SpeD model) offers signi�cant speeds up for

tissue-mimicking over the current state-of-the-art methods. To see why, consider �rst the

optimization of (1.24) using only numerical FE simulations: this requires hundreds of

evaluations of the optimization objective function, each of which requires around 30 minutes

of computation time. This means tissue-mimicking with only FE simulations can require

many days of computation, which is clearly unsuitable for urgent surgical planning [24]. To

contrast, each evaluation of the proposed emulator requires only seconds of computation,

which greatly speeds up the mimicking process. Furthermore, by exploiting sparsity in
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Figure 1.9: A case study which uses the proposed SpeD model for mimicking human aortic tissue.
(a) shows the stress-strain curves of the target aortic tissue (black), the mimicked curve from an
existing method (blue) and the curve optimized from the SpeD method (red). (b) shows the optimal
metamaterial design from our approach.

spectral coef�cients, the dimension of the optimization problem reduces from 82 to 8

variables. This dimension reduction greatly cuts down on the number of predictions from

the emulator, which yields signi�cant reductions in computation time. Such speed-ups are

paramount for performing tissue-mimicking in an accurate and timely manner. Section 1.5.5

provides a further comparison of timing.

Figure 1.9 (a) shows the stress-strain curve of a target aortic tissue (in black) from [41],

the stress-strain curve from the proposed mimicking procedure (in red), and the curve from

an existing mimicking method (in blue) in [5]. The latter method performs mimicking using

only the four sinusoidal metamaterial features (see Section 1.2.2). Compared to the existing

approach, which has an MARE (see Equation 1.23) of0:528, the proposed SpeD approach

achieves a much smaller MARE of0:089.

This improved tissue-mimicking performance can be seen in Figure 1.9 (a): the red

curve (from the proposed method) closely mimics the desired black curve, whereas the blue

curve (from [5]) overestimates stress at all strain levels. In particular, our method gives

much better mimicking in small strain regions – this is important in medical applications

due to the relatively small strain deformations in the human body.

There are two reasons for this improved performance. First, the existing mimicking

approach in [5] is too restrictive, in that it uses only four sinusoidal features and not the

full functional form of the input. Second, given a �xed timeframe, the proposed emulation-
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Table 1.3: Computation time for different modeling steps of the proposed emulator, parallelized over
24 processing cores.

Modeling Step Computation Time (in minutes)

Parameter estimation 21.72
Prediction & UQ at one input setting 0.01
Tissue-mimicking of a target material 2.69

based approach permits a larger number of objective evaluations via the proposed SpeD

model. Figure 1.9 (b) shows the optimal (discretized) metamaterial designx � from our

emulation-based approach, which is clearly not a sinusoidal function. By considering the

broader class of functional inputs as well as allowing for more objective evaluations, the

proposed method can identify better metamaterial designs for tissue-mimicking.

1.5.5 Computationtime

Another appeal of the SpeD emulator is its computational ef�ciency. Table 1.3 summa-

rizes the computation time required for each step of the emulation process, with timing

performed on a parallelized system of 24 Intel Xeon E5-2650 2.20GHz processing cores.

The computation time required for parameter estimation (with cross-validation on� I ) is

21:72minutes, which is typically performed before the arrival of the patient. Once the model

is �t, we can predict for multiple settings very quickly (0:01 minutes for each structure).

To contrast, FE simulations require 30 minutes for each structure, and a fully Bayesian

implementation of the emulator, which averages over a large amount of MCMC samples

(say, 2000), takes at least0:01� 2000 = 20minutes per structure. Because of this, our SpeD

emulator can effectively perform the tissue-mimicking procedure using only 3 minutes of

computation; this greatly improves upon the standard tissue-mimicking approach with only

FE simulations, which may require hours or even days to perform [5] with much poorer

mimicking performance (see Figure 1.9)! Therefore, the proposed SpeD model can provide

effective and personalized pre-surgical practicing and planning [3, 42] with dramatically

lower costs, which then mitigates risk in complex surgical procedures.
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1.6 Conclusion

We propose in this paper a novel function-on-function Gaussian process emulation model

for tackling the challenging tissue-mimicking optimization, under urgent surgical demands.

The key challenge is thefunctionalinput metamaterial structures and thefunctionaloutput

mechanical responses.

To address this, the proposed co-kriging model uses a new spectral-distance (SpeD)

correlation function, which integrates spectral information by directly modeling the effect

of metamaterial frequencies on mechanical response. One appealing feature of this new

correlation function is itstranslation-invarianceproperty, which accounts for the fact that

two metamaterial structures, which are equivalent modulo a translation shift, have the

same mechanical properties. For parameter estimation, we use MAP with shrinkage priors,

which identi�es key frequencies and thereby reduces the largefunctionalinput space. This

reduction greatly speeds up the tissue-mimicking optimization using the proposed emulator.

Applied to a real-world tissue-mimicking study, the proposed SpeD emulator outperforms

existing models in (i) emulating and quantifying uncertainty on mechanical response, (ii)

extracting meaningful physical insights, and (iii) providing ef�cient and accurate mimicking

performance for human aortic tissue. One direction for future work is the exploration of a

more elaborate design method for functional inputs, which may further improve emulation

performance. With the development of multi-material 3D-printing technology, this new

emulator can play an important role in furthering the impact of 3D-printing in important

biomedical applications in surgery planning and healthcare.
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CHAPTER 2

ADAPTIVE DESIGN FOR GAUSSIAN PROCESS REGRESSION UNDER

CENSORING

A key objective in engineering problems is to predict an unknown experimental surface

over an input domain. In complex physical experiments, this may be hampered by response

censoring, which results in a signi�cant loss of information. For such problems, experimental

design is paramount for maximizing predictive power using a small number of expensive

experimental runs. To tackle this, we propose a novel adaptive design method, called

the integratedcensoredmean-squared error (ICMSE) method. The ICMSE method �rst

estimates the posterior probability of a new observation being censored, then adaptively

chooses design points that minimize predictive uncertainty under censoring. Adopting a

Gaussian process regression model with product correlation function, the proposed ICMSE

criterion has an easy-to-evaluate expression, which allows for ef�cient design optimization.

We demonstrate the effectiveness of the ICMSE design in two real-world applications on

surgical planning and wafer manufacturing.

2.1 Introduction

In many engineering problems, a key objective is to predict an unknown experimental surface

over an input domain. However, for complex physical experiments, one can encounter the

unfortunate phenomenon ofcensoring, i.e., the experimental response is missing or partially

measured. Censoring arises from a variety of practical experimental constraints, including

limits in measurement devices, safety considerations of experimenters, and a �xed experi-

mental time budget. Figure 2.1 provides an illustration: experimental censoring typically

occurs when the response variable of interest is expensive or dangerous to measure. For

predicting the experimental surface, censoring can result in signi�cant loss of information,
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Figure 2.1: An illustration of response censoring in the measurement process.

and therefore, poor predictive performance [43]. For example, suppose an engineer wishes

to explore how pressure in a nuclear reactor changes under different control settings. Due

to safety concerns, experiments are forced to stop if the pressure hits a certain upper limit,

leading to censored responses. To further complicate matters, the input region which results

in censoring is typicallyunknownprior to experiments, and needs to be estimated from data.

Given the unavoidable and unknown nature of censoring in physical experiments, it is

therefore of interest to carefully design experimental runs, to best model the physical system

(speci�cally, the mean function of the experimental surface) via a statistical model. To this

end, we present a new integratedcensoredmean-squared error (ICMSE) method, which

sequentially selectsphysicalexperimental runs to minimize predictive uncertainty under

censoring. ICMSE leverages a Gaussian process model (GP; [44]) – a �exible Bayesian

nonparametric model – on the experimental surface, to obtain an easy-to-evaluate design

criterion that maximizes GP's predictive power under censoring. We consider two settings

of ICMSE, both motivated by real-world applications. The �rst is a “single-�delity” ICMSE

method for sequentially designing (potentially) censored physical experiments. The second

is a “bi-�delity” ICMSE method for sequentially designing (potentially) censored physical

experiments given auxiliary computer simulation data. These two ICMSE methods can

easily be extended for a broader range of experimental settings, which we discuss later.

2.1.1 3D-printedaorticvalvesfor surgicalplanning

The �rst motivating problem concerns the design of 3D-printed tissue-mimicking aortic

valves for heart surgeries. With advances in additive manufacturing [45], 3D-printed

medical prototypes [1] play an increasingly important role in pre-surgical studies [3].
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Figure 2.2: Illustrating the surgical planning application: (a) a 3D-printed aortic valve with
enhanced metamaterial, (b) simulation inputs in the computer experiment, (c) visualizing the physical
experiment and the measurement censoring of the load cell (labeled “F”).

They are particularly helpful in complicated heart diseases, e.g., aortic stenosis, where

3D-printed aortic valves can be used to select the best surgical option with minimal post-

surgical complication [2]. The printed aortic valve (see Figure 2.2(a)) contains a biomimetic

substructure: an enhancement polymer (white) is embedded in a substrate polymer (clear);

this is known asmetamaterial[46] in the materials engineering literature. The goal is

to understand how thestiffnessof the metamaterials is affected by thegeometryof the

enhancement polymer (see Figure 2.2(b)).

Using earlier terminology, this is a bi-�delity modeling problem involving two types

of experiments: a pre-conducted database of computer simulations and patient-speci�c

physical experiments. The physical experiments here are verycostly: we need to 3D print

each metamaterial sample, then physically test its stiffness using a load cell. Furthermore,

the measurement from physical experiments may becensoreddue to an inherent upper

limit of the testing machine. This is shown in Figure 2.2(c): if the metamaterial sample

is stiffer than the load cell (i.e., a spring), the experiment is forced to stop to prevent

breakage of the load cell. One possible workaround is to use a stiffer load cell, however, it

is oftentimesnot a preferable option: a stiffer load cell with a broader measurement range

can be very expensive, costing over a hundred times more than the standard integrated

load cells. Here, the proposed ICMSE method can adaptively design experimental runs to

maximize the predictive power of a GP model under censoring. The �tted GP model allows

for the exploration of different enhancement polymer geometries, which can then be used
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Figure 2.3: Illustrating the wafer manufacturing application: (a) visualizing the thermal processing
procedure with the 6 input parameters, (b) visualizing the measurement censoring of the temperature
sensor array.

for mimicking patient-speci�c mechanical properties in surgical planning [47]. Our method

is particularly valuable in urgent surgical applications, where one can perform only a small

number of runs before the actual surgery.

2.1.2 Thermalprocessingin wafermanufacturing

The second problem considers the design of the semiconductor wafer manufacturing process

[48, 49]. Wafer manufacturing involves processing silicon wafers in a series of re�nement

stages, to be used as circuit chips. Among these stages, thermal processing is one of the

most important stages [50], since it facilitates the necessary chemical reactions and allows

for surface oxidation. Figure 2.3(a) illustrates the typical thermal processing procedure:

a laser beam (in orange) is moved back and forth over a rotating wafer. Here, industrial

engineers wish to understand how different process parameters (see Figure 2.3(a)) affect the

minimaltemperature over the whole wafer after heating. The minimal temperature provides

information on the completeness of the chemical reactions, and is an important quality

measurement in wafer manufacturing [51].

However, laser heating experiments are quite costly, involving high material and op-

eration costs. In industrial settings, the minimal wafer temperature (response variable of

interest) is often subject tocensoring, due to the nature of measurement procedures. This

is shown in Figure 2.3(b): the wafer temperature is typically measured by either an array
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of temperature sensors or a thermal camera, both of which have upper measurement limits

[52]. While more sophisticated sensors exist, they are much more expensive and may lead to

tedious do-overs of experiments. The proposed single-�delity ICMSE method can be used

to adaptively design experimental runs that maximize the predictive power of a GP model

under censoring. The �tted GP model allows for ef�cient temperature prediction, which can

then be used for quality improvement, real-time control, and other downstream applications.

2.1.3 Literature

GP regression (orkriging, see [7]) is widely used as a predictive model for expensive experi-

ments [44], and has been applied in cosmology [53], aerospace engineering [10], healthcare

[47], and other applications. The key appeals of GPs are the �exible nonparametric model

structure and closed-form expressions for prediction and uncertainty quanti�cation [54]. In

the engineering literature, GPs have been used for modeling expensive physical experiments

[55], integrating computer and physical experiments [56], and incorporating various con-

straints [57, 58, 59, 60, 61]. We will adapt in this work a recent censored GP model [62],

which integrates censored physical experimental data.

There have been several works in the literature on experimental design under response

censoring, see, e.g., [63, 64]. These methods, however, presume a parametric form for the

response surface, which may be a dangerous assumption for black-box experiments, hence

the recent shift for more nonparametric models such as GPs. Existing design methods for

GPs can be divided into two categories – space-�lling and model-based designs. Space-

�lling designs aim to �ll empty gaps in the input space; this includes minimax designs [65],

maximin designs [66], and maximum projection designs [25]. Model-based designs instead

maximize an optimality criterion based on anassumedGP model; this includes integrated

mean-squared error designs [44] and maximum entropy designs [67]. Such designs can

also be implemented sequentially in an adaptive manner, see [68, 69, 70, 71]. Recently,

[72] proposed a design method for a heteroscedastic GP model (i.e., under input-dependent
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noise); this provides a �exible framework that allows for different correlation functions,

closed-form gradients for optimization, and batch sequential implementation.

The above GP design methods, however, do not consider potential responsecensoring.

The key challenge in incorporating censoring information is that an experimenter does

not know which inputs may lead to censoring prior to experimentation, since the response

surface is black-box. The proposed ICMSE method addresses this by leveraging a GP

model on the unknown response surface: it �rst estimates the posterior probability of a

potential observation being censored, and then �nds design points that minimize predictive

uncertainty under censoring. Under product correlation functions, our method admits an

easy-to-evaluate design criterion, which allows for ef�cient sequential sampling. We show

that ICMSE can yield considerably improved predictive performance over existing design

methods (which do not consider censoring), in both aforementioned motivating applications.

2.1.4 Structure

Section 2.2 presents the ICMSE design method for the single-�delity setting, with only

physical experiment data. Section 2.3 extends the ICMSE method for the bi-�delity setting,

where auxiliary computer simulation data are available. Section 2.4 demonstrates the

effectiveness of ICMSE in the two motivating applications. Section 2.5 concludes the work.

2.2 ICMSE design

We now present the ICMSE design method for the single-�delity setting; a more elaborate

bi-�delity setting is discussed later in Section 2.3. We �rst review the GP model for

censored data, and derive the proposed ICMSE design criterion. We then visualize this via a

1-dimensional (1D) example, and provide some insights.
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2.2.1 Modelingframework

We adopt the following model for physical experiments. Letx i 2 [0; 1]p be a vector ofp

input variables (each normalized to[0; 1]), and lety0
i be its latent response from the physical

experimentprior to potential censoring (see Figure 2.1). We assume:

y0
i = � (x i ) + � i ; i = 1; 2; � � � ; n; (2.1)

where� (x i ) is the mean of the latent responsey0
i at inputx i , and� i is the corresponding

measurement error. Since� (�) is unknown, we further assign to it a GP prior with mean� � ,

variance� 2
� , and correlation functionR� � (�; �) with parameters� � . This is denoted as:

� (�) � GP
�
� � ; � 2

� R� � (�; �)
�

: (2.2)

The experimental noise� i
i:i:d:� N (0; � 2

� ) is assumed to be i.i.d. normally distributed, and

independent of� (�).

For simplicity, we consider only the case of right-censoring below, i.e., censoring of

the response only when it exceeds someknownupper limit (this is the setting for both

motivating applications). All equations and insights derived in the paper hold analogously

for the general case of interval censoring, albeit with more cumbersome notation. Suppose,

from n experiments,no responses are observed without censoring, andnc responses are

right-censored at limitc, whereno + nc = n. The training set experimental data can then be

written as the setYn = f yo; y0
c � cg, whereyo is a vector ofobservedresponses at inputs

xo = x1:no = f x1; � � � ; xno g, y0
c is the latent response vector for inputs in censored regions

xc = x (no+1): n prior to censoring, andc = [ c;� � � ; c]T is the vector of the right-censoring

limit. Assuming known model parameters, a straightforward adaptation of the equations

(11) and (12) in [62] gives the following expressions for the conditional mean and variance
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of � (xnew) at new inputxnew:

�̂ (xnew) = E[� (xnew)jYn ] = � � + 
 T
n;new� � 1

n

�
[yo; ŷc]T � � � � 1n

�
; (2.3)

s2(xnew) = Var[� (xnew)jYn ] = � 2
� � 
 T

n;new(� � 1
n � � � 1

n �� � 1
n )
 n;new: (2.4)

Here, � n = � 2
� [R� � (x i ; x j )]n

i =1
n
j =1

+ � 2
� I n , 
 n;new = � 2

�

�
R� � (x1; xnew); � � � ;

R� � (xn ; xnew)
� T

, 1n is a one-vector of lengthn, andI n is ann � n identity matrix. Further-

more,ŷc = E[y0
cjYn ] is the expected response for the latent vectory0

c given the datasetYn ,

� c = Var[y0
cjYn ] is its conditional variance, and� = diag(0no ; � c). The computation of

these quantities will be discussed later in Section 2.3.3. The conditional mean(2.3) is used

to predict the mean experimental response at an untested inputxnew, and the conditional

variance (2.4) is used to quantify predictive uncertainty.

In the case of no censoring (i.e.,Yn = f yog), equations (2.3) and (2.4) reduce to:

�̂ (xnew) = E[� (xnew)jYn ] = � � + 
 T
n;new� � 1

n (yo � � � � 1n ) ; and (2.5)

s2(xnew) = Var[� (xnew)jYn ] = � 2
� � 
 T

n;new� � 1
n 
 n;new: (2.6)

These are precisely the conditional mean and variance expressions for the standard GP

regression model [54], which is as expected.

2.2.2 Designcriterion

Now, given dataYn from n experiments (no of which are observed exactly,nc of which are

censored), we propose a new design method that accounts for the posterior probability of a

potential observation being censored. Letxn+1 be a potential next input for experimentation,

Y 0
n+1 be its latent responseprior to censoring, andYn+1 = Y 0

n+1 (1� 1f Y 0
n +1 � cg)+ c1f Y 0

n +1 � cg

be its corresponding observationafter censoring, with1f�g denoting the indicator function.
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The proposed method chooses the next inputx �
n+1 as:

x �
n+1 = argmin

x n +1

ICMSE(xn+1 )

:= argmin
x n +1

Z

[0;1]p
EYn +1 jYn [Var(� (xnew)jYn ; Yn+1 )] dxnew:

(2.7)

The design criterionICMSE(xn+1 ) can be understood in two parts. First, the termVar(� (xnew)jYn ; Yn+1 )

quanti�es the predictive variance (i.e., mean-squared error, MSE) of the mean response at

an untested inputxnew, given both the training dataYn and the potential observationYn+1 .

This is a reasonable quantity to minimize for design, since we wish to �nd which new input

xn+1 can minimize predictive uncertainty. Second, note that this MSE term cannot be used

directly as a criterion, since it depends on the potential observationYn+1 , which is yet to be

observed. One way around this is to take the conditional expectationEYn +1 jYn [�] (more on

this below). Finally, the integral over[0; 1]p yields the average predictive uncertainty over

the entire design space.

The proposed criterion in(2.7)can be viewed as an extension of the sequential integrated

mean-squared error (IMSE) design [68, 54] for the censored response setting. Assuming

no censoring (i.e.,Yn = f yog), the sequential IMSE design chooses the next inputx �
n+1 by

minimizing:

min
x n +1

IMSE(xn+1 ) := min
x n +1

Z

[0;1]p
Var(� (xnew)jYn ; Y 0

n+1 ) dxnew: (2.8)

Note that, in theuncensoredsetting, the MSE termVar(� (xnew)jYn ; Y 0
n+1 ) in (2.8)doesnot

depend on the potential observationY 0
n+1 , which allows the criterion to be easily computed

in practice. However, in thecensoredsetting at hand, not only does this MSE termdepend

on Y 0
n+1 , but such an observation may not be directly observed due to censoring. The

conditional expectationEYn +1 jYn [�] in (2.7)addresses this by accounting for the posterior

probability of censoring inY 0
n+1 .

One attractive feature of the ICMSE criterion(2.7) is that it will be adaptiveto the
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experimental responses from data. The criterion(2.7) inherently hinges on whether the

potential observationYn+1 is censored (i.e.,Y 0
n+1 � c) or not (i.e.,Y 0

n+1 < c), but this

censoring behavior needs to be estimated from experimental data. Viewed this way, the

ICMSE criterion can be broken down into two steps: it (i) estimates the posterior probability

of a new observation being censored from data, and then (ii) samples the next point that

minimizes theaveragepredictive uncertainty under censoring. We will show how our

method adaptively incorporates the posterior probability of censoringYn+1 for sequential

design, in contrast to the existing IMSE method (2.8).

No censoring in training data

To provide some intuition, consider a simpli�ed scenario with no censoring in thetraining

set, i.e.,Yn = f yog (censoring may still occur for the newYn+1 ). In this case, the following

theorem gives an explicit expression for the ICMSE criterion.

Theorem 2. Suppose there is no censoring in training data, i.e.,Yn = f yog. Then the

ICMSE criterion(2.7)has the explicit expression:

ICMSE(xn+1 ) =
Z

[0;1]p
� 2

new � hc(xn+1 )� 2
new(xn+1 )� 2

new dxnew; (2.9)

where hc(xn+1 ) = h(zc) = �( zc) � zc� (zc) +
� 2(zc)

1 � �( zc)
; zc =

c � � n+1

� n+1
:

Here, � 2
new = Var[� (xnew)jYn ], � new(xn+1 ) = Corr[� (xn+1 ); � (xnew)jYn ], � n+1

= E[� (xn+1 )jYn ], and � 2
n+1 = Var[� (xn+1 )jYn ] follow from (2.5) and (2.6). � (�) and

�( �) are the probability density and cumulative distribution functions for the standard

normal distribution.

In words,� n+1 is the predictive mean atxn+1 given dataYn , � 2
n+1 and� 2

new are the predictive

variances atxn+1 andxnew, respectively, and� new(xn+1 ) is the posterior correlation between

� (xn+1 ) and� (xnew). Note that thep-dimensional integral in(2.9)can also be ef�ciently
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computed in practice; we provide more discussion later in Corollary 1. The proof of this

theorem can be found in Appendix B.1.2.

To glean intuition from the criterion(2.9), we compare it with the existing sequential

IMSE criterion(2.8). Under no censoring in training data (i.e.,Yn = f yog), (2.8)can be

rewritten as:

IMSE(xn+1 ) =
Z

[0;1]p
� 2

new � � 2
new(xn+1 )� 2

new dxnew: (2.10)

Comparing(2.10)with (2.9), we note a key distinction in the ICMSE criterion: the presence

of hc(xn+1 ) = h(zc), wherezc is the normalized right-censoring limit under the posterior

distribution atxn+1 . We callh(�) thecensoring adjustmentfunction. Figure 2.4 visualizes

h(zc) for different choices ofzc. Consider �rst the case ofzc large. From the �gure, we see

thath(zc) ! 1 aszc ! 1 , in which case the proposed ICMSE criterion(2.9)reduces to the

standard IMSE criterion(2.10). This makes sense intuitively: a large value ofzc (i.e., a high

right-censoring limit) means that a new observation atxn+1 has little posterior probability of

being censored atc. In this case, the ICMSE criterion (which minimizes predictive variance

undercensoring) should then reduce to the IMSE criterion (which minimizes predictive

varianceignoringcensoring). Consider next the case ofzc small. From the �gure, we see

thath(zc) ! 0 aszc ! �1 , and the proposed criterion(2.9) reduces to the integral of

� 2
new. Again, this makes intuitive sense: a small value ofzc (i.e., a low right-censoring limit)

means a new observation atxn+1 has a high posterior probability of being censored. In

this case, the ICMSE criterion reduces to the predictive variance of the testing pointxnew

given only the �rstn training data points, meaning a new design point atxn+1 offers little

reduction in predictive variance. Viewed this way, the proposed ICMSE criterion modi�es

the standard IMSE criterion by accounting for the posterior probability of censoring via the

censoring adjustment functionh(zc).

Equation(2.9)also reveals an important trade-off for the proposed design under cen-
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Figure 2.4: Visualizing the censoring adjustment functionh(zc), wherezc is the normalized right-
censoring limit.

soring. Consider �rst the standard IMSE criterion(2.10), which minimizes predictive

uncertainty under no censoring. Since the �rst term� 2
new does not depend on the new

design pointxn+1 , this uncertainty minimization is achieved by maximizing the second

term � 2
new(xn+1 )� 2

new. This can be interpreted as the variance reduction from observing

Y 0
n+1 [73]. Consider next the proposed ICMSE criterion(2.9), which maximizes the term

h(zc)� 2
new(xn+1 )� 2

new. This can further be broken down into (i) the maximization of vari-

ance reduction term� 2
new(xn+1 )� 2

new, and (ii) the maximization of the censoring adjustment

functionh(zc). Objective (i) is the same as for the standard IMSE criterion – it minimizes

predictive uncertainty assuming no response censoring. Objective (ii), by maximizing the

censoring adjustment functionh(zc), aims to minimize the posterior probability of the new

design point being censored. Putting both parts together, the ICMSE criterion(2.9) features

an important trade-off: it aims to �nd a new design point that jointly minimizes predictive

uncertainty (in the absence of censoring) and the posterior probability of being censored.

Censoring in training data

We now consider the general case of censored training dataYn = f yo; y0
c � cg. The

following theorem gives an explicit expression for the ICMSE criterion.
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Theorem 3. Given the censored dataYn = f yo; y0
c � cg, we have:

ICMSE(xn+1 ) =
Z

[0;1]p
� 2

new � 
 T
n+1 ;new� � 1

n+1 H c(xn+1 )� � 1
n+1 
 n+1 ;new dxnew; (2.11)

where� 2
new = Var[� (xnew)jYn ], and
 n+1 ;new and � n+1 follow from(2.3) and (2.4). The

matrixH c(xn+1 ) has an easy-to-evaluate expression given in Appendix B.1.3.

Here,� 2
new is the predictive variance at pointxnew conditional on the dataYn . The full

expression for(n + 1) � (n + 1) matrix H c(xn+1 ), while easy-to-evaluate, is quite long

and cumbersome; this expression is provided in Appendix B.1.3. The key computation in

calculatingH c(xn+1 ) is evaluating several orthant probabilities from a multivariate normal

distribution. The proof for this theorem can be found in Appendix B.1.3. Section 2.3.3 and

Appendix B.3 provide further details on computation.

While this general ICMSE criterion(2.11)is more complex, its interpretation is quite

similar to the earlier criterion – its integrand contains a posterior variance term conditional

on dataYn , and a variance reduction term from the potential observationYn+1 . The ma-

trix H c(xn+1 ) on the variance reduction term serves a similar purpose to the censoring

adjustment function. A large value ofH c(xn+1 ) (in a matrix sense) suggests a low posterior

probability of censoring for a new pointxn+1 , whereas a small value suggests a high pos-

terior probability of censoring. This again results in the important trade-off for sequential

design under censoring: the proposed ICMSE criterion aims to �nd the next design point

which not only (i) minimizes predictive uncertainty of the �tted model in the absence of

censoring, but also (ii) minimizes the posterior probability that the resulting observation is

censored. The posterior probability is adaptively learned from the training data, and is not

considered by the standard IMSE criterion.
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Figure 2.5: A 1D illustrative example(2.12): (a) shows the design criteria of the next runx7

for the three considered methods. (b), (c), and (d) show the 3 sequential runs(x �
7; x �

8; x �
9) using

CenGP+ICMSE, GP+IMSE, and CenGP+IMSE, respectively, with the censored regions shaded in
red. The top plots of (b), (c), and (d) show the true function� (�) (black line) and the predicted function
�̂ (�) (dashed line), with original design points (black crosses) and sequential runs (numbered). The
bottom plots show the corresponding predictive standard deviation.

2.2.3 An illustrativeexample

We illustrate the ICMSE criterion using a 1D example. Suppose the mean response of

physical experiments is:

� (x) = 0 :5 sin
�
10(x � 1:02)2

�
� 1:25(x � 0:75)(2x � 0:25) + 0:2; (2.12)

with measurement noise variance� 2
� = 0:12. Further suppose censoring occurs above an

upper limit ofc = 0:55. The initial design consists of 6 equally-spaced points, which results

in 5 observed points and 1 censored point. The Gaussian correlation function is used for

R� � , with model parameters estimated via maximum likelihood.

We compare our ICMSE method(2.11) to the standard IMSE methods(2.8), which
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practitioners might use. The �rst method, called “GP+IMSE”, uses the IMSE criterion

with anuncensoredGP model(2.6). Here,only the observed datayo are used, since the

uncensored GP model can not integrate any censored observations. The other method, called

“CenGP+IMSE”, uses the IMSE criterion with thecensoredGP model(2.4), which is �tted

using the entire training setYn . Our method is then denoted as “CenGP+ICMSE”, since it

uses the ICMSE criterion (2.11) with the censored GP model (2.4).

Figure 2.5(a) shows the proposed criterion for our CenGP+ICMSE method (in orange).

It selects the next design point atx �
7 = 0:068, which balances the two desired properties from

the ICMSE criterion. First, it avoids regions with high posterior probabilities of response

censoring, due to the presence ofH c(�) in (2.11). The next pointx �
7, which minimizes(2.11),

subsequentlyavoidsthe censored regions (shaded red), as desired. In contrast, Figure 2.5(a)

also shows the design criteria for GP+IMSE (green) and CenGP+IMSE (blue). We see that

both IMSE methods choose the next pointwithin the censored regions, as the IMSE design

criterion does not consider the probability of a new observation being censored. Second, the

next pointx �
7 chosen by CenGP+ICMSE minimizes the overall predictive uncertainty for the

mean function� (�), since the ICMSE criterion is small in regionsawayfrom existing design

points. This can be seen within the region[0:2; 0:5], where local minima of the ICMSE

criterion are found between training points.

The top plots in Figure 2.5(b)-(d) show the next 3 design points (x �
7; x �

8; x �
9) from the

three considered design methods, as well as the �nal predictor�̂ (�) with all 9 points. The

bottom plots in Figure 2.5(b)-(d) show the corresponding predictive standard deviation. We

see that CenGP+ICMSE yields noticeably lower predictive uncertainty compared to the two

IMSE methods, which is as desired. Table 2.1 shows the root mean-squared error (RMSE)

after the 3 sequential runs over a test set of 1000 equally-spaced points. The proposed

CenGP+ICMSE method achieves much smaller errors compared to the two IMSE baselines.

We will provide a more comprehensive comparison of predictive performance in Section

2.3.4.
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Table 2.1: RMSE for 3 sequential runs in the 1D illustrative example(2.12), using the proposed
method (CenGP+ICMSE) and the two IMSE baselines (GP+IMSE, CenGP+IMSE).

RMSE GP+IMSE CenGP+IMSE CenGP+ICMSE
6 runs 0.260 0.260 0.260
7 runs 0.260 0.214 0.119
8 runs 0.260 0.236 0.102
9 runs 0.260 0.203 0.096

2.3 ICMSE design for bi-�delity modeling

Next, we extend the ICMSE design to the bi-�delity setting, where auxiliary computer

experiment data are available. We �rst present the GP framework for bi-�delity modeling,

and extend the earlier ICMSE criterion. We then present an algorithmic framework for

ef�cient implementation, and investigate its performance on two illustrative examples.

2.3.1 Modelingframework

Let f (x) denote thecomputerexperiment output at inputx. We modelf (�) as the GP model:

f (�) � GPf � f ; � 2
f R� f (�; �)g: (2.13)

Following Section 2.2.1, let� (x) denote the latent mean response forphysicalexperiments

at inputx. We assume that� (�) takes the form:

� (x) = f (x) + � (x); (2.14)

where� (x) is the so-calleddiscrepancyfunction, quantifying the difference between com-

puter and physical experiments at inputx. Following [56], we model this discrepancy using

a zero-mean GP model:

� (�) � GPf 0; � 2
� R� � (�; �)g; (2.15)
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where the prior on� (�) is independent off (�). Here, physical experiments are observed with

experimental noise as in Section 2.2.1, whereas computer experiments are observed without

noise.

Suppose(n � m) computer experiments andm physical experiments (n experiments

in total) are conducted at inputsx1:n = f x f
1:(n� m) ; x �

1:mg, yielding dataf = [ f 1; � � � ; f n� m ]

andYm = f yo; y0
c � cg. Note that censoring occurs only in physical experiments, since

computer experiments are conducted via numerical simulations. Assuming all model

parameters are known (parameter estimation is discussed later in Section 2.3.3), the mean

response� (xnew) at a new inputxnew has the following conditional mean and variance:

�̂ (xnew) = E[� (xnew)jf ; Ym ] = � f + 
 T
n;new� � 1

n

�
[f ; yo; ŷc]T � � f 1n

�
; (2.16)

s2(xnew) = Var[� (xnew)jf ; Ym ] = � 2
f + � 2

� � 
 T
n;new(� � 1

n � � � 1
n �� � 1

n )
 n;new; (2.17)

where
 n;new = � 2
f [R� f (x i ; xnew)]n

i =1 + � 2
� [0n� m ; R� � (x i ; xnew)]m

i =1 is the covariance vector,

and � n = � 2
f [R� f (x i ; x j )]n

i =1
n
j =1

+ diag
�
0n� m ; � 2

� I m + � 2
� �

[R� � (x i ; x j )]m
i =1

m
j =1

�
is the covariance matrix. Here,ŷc = E[y0

cjf ; yo; y0
c � c] is the ex-

pected response for latent vectory0
c given dataf f ; Ym g, and� c = Var[y0

cjf ; yo; y0
c � c]

is its conditional variance, with� = diag(0n� nc ; � c). While such equations appear quite

involved, they are simply the bi-�delity extensions of the earlier GP modeling equations

(2.3)and(2.4). For simplicity, we have overloaded some notations from(2.3)and(2.4)here;

the difference should be clear from the context.

2.3.2 Bi-�delity designcriterion

Now, we extend the ICMSE design to the bi-�delity setting. The goal is to designphysical

experiment runs (which may be censored), given auxiliary computer experiment data (which

are not censored). This setting is often encountered in practice, particularly in designing

physical experiments forvalidatingcomputer codes.
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Under the above bi-�delity GP model, the following theorem gives an explicit expression

for the ICMSE design criterion.

Theorem 4. With experimental dataf f ; Ymg, the proposed ICMSE criterion has the follow-

ing explicit expression:

ICMSE(xn+1 ) =
Z

[0;1]p
EYn +1 jf ;Ym [Var(� (xnew)jf ; Ym ; Yn+1 )] dxnew

=
Z

[0;1]p
� 2

new � 
 T
n+1 ;new� � 1

n+1 H c(xn+1 )� � 1
n+1 
 n+1 ;new dxnew; (2.18)

where� 2
new = Var[� (xnew)jf ; Ym ], and
 n+1 ;new and � n+1 follow from(2.16)and (2.17).

The matrixH c(xn+1 ) has an easy-to-evaluate expression given in Appendix B.2.1.

The proof can be found in Appendix B.2.1. The following corollary gives a simpli�cation of

(2.18) under a product correlation structure.

Corollary 1. SupposeR� f (�; �) andR� � (�; �) are product correlation functions:

R� f (x; x0) =
pY

l=1

R(l )
� f

(x l ; x0
l ); R� � (x; x0) =

pY

l=1

R(l )
� �

(x l ; x0
l ); (2.19)

with x = [ x1; � � � ; xp]T . Then, the ICMSE criterion(2.18)can be further simpli�ed as:

ICMSE(xn+1 ) = �� 2 � tr
�
� � 1

n+1 H c(xn+1 )� � 1
n+1 �

�
; (2.20)

where�� 2 =
R

� 2
new dxnew, and� is an(n + 1) � (n + 1) matrix with(i; j )th entry:

� ij =
pY

l=1

� Z 1

0
� (l )(x i;l ; x)� (l )(x j;l ; x) dx

�
; and

� (l )(z; x) = R(l )
� f

(z; x) + 1f i> (n� m)gR(l )
� �

(z; x):

(2.21)

The key simpli�cation from Corollary 1 is that it reduces thep-dimensional integral in

the ICMSE criterion(2.18)to a product of 1D integrals, which are more easily computed.
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Furthermore, if Gaussian correlation functions are used, these integrals can be reduced to

error functions, which yield an easy-to-evaluate design criterion for ICMSE (see Appendix

B.2.2 for details). Given the computational complexities of censored data, this simpli�cation

allows for ef�cient design optimization. Corollary 1 is motivated by the simpli�cation of

the IMSE criterion in [74]. The proof can be found in Appendix B.2.2.

The interpretation of the bi-�delity ICMSE criterion(2.18)is analogous to that of the

single-�delity ICMSE criterion(2.11). Similar to the censoring adjustment function, the

matrix H c(�) factors in the posterior probability of censoring over the input space, and is

used to adjust the variance reduction term in the criterion. Viewed this way, the ICMSE

criterion(2.18)provides the same design trade-off as before: the next design point should

jointly (i) avoid censored regions by adaptively identifying such regions from data at hand,

and (ii) minimize predictive uncertainty from the GP model.

2.3.3 An adaptivealgorithmfor sequentialdesign

We present next an adaptive algorithmICMSE for implementing the proposed ICMSE

design. This algorithm applies for both the single-�delity setting (with �agI BF = 0) in

Section 2.2 and the bi-�delity setting (with �agI BF = 1) in Section 2.3. First, an initial

nini -point design is set up for initial experimentation: physical experiments for the single-

�delity setting, and computer experiments for the bi-�delity setting. In our implementation,

we used the maximum projection (MaxPro) design proposed by [25], which provides good

projection properties and thereby good GP predictive performance. Next, the following two

steps are performed iteratively: (i) using observed dataf f ; Ymg, the GP model parameters

are estimated using maximum likelihood, (ii) the next design pointx �
n+1 is then obtained by

minimizing the ICMSE criterion (equation(2.11)for the single-�delity setting, equation

(2.18)for the bi-�delity setting), along with its corresponding responseYn+1 . This is then

repeated until a desired number of samples is obtained.

To optimize the ICMSE criterion, we use standard numerical optimization methods
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Algorithm 2 ICMSE(nini , nseq, c, I BF ): Adaptive design under censoring
1: if I BF = 0 then . Single-�delity
2: Generate annini -run initial MaxPro designx1:n ini

3: Collect initial dataYn ini at inputsx1:n ini from physical experiments
4: Estimate model parametersf � � ; � 2

� ; � � g using MLE from initial dataYn ini

5: else . Bi-�delity
6: Generate annini -run initial MaxPro designx1:n ini

7: Collect initial dataf at inputsx1:n ini from computer experiments
8: Estimate model parametersf � f ; � 2

f ; � f g using MLE fromYn ini , and let� 2
� = 0

9: for k = nini + 1; � � � ; nini + nseq do . n seq sequential runs
10: if I BF = 0 then
11: Obtain new design pointx �

k by minimizing ICMSE criterion (2.11)
12: else
13: Obtain new design pointx �

k by minimizing ICMSE criterion (2.18)

14: Perform experiment atx �
k and collect responseYk (which may be censored)

15: Update model parameter estimates using new data

in theR packagenloptr [75], in particular, the Nelder-Mead method [76]. The main

computational bottleneck in optimization is evaluating moments of the truncated multivariate

normal distribution forH c(�) (see equations(B.10) and(B.13) in Appendix B). In our

implementation, these moments are ef�ciently computed using theR packagetmvtnorm

[77]. Appendix B.3 details further computational steps for speeding-up design optimization,

involving an approximation of the expected variance term via a plug-in estimator. Similar to

the standard IMSE criterion, the ICMSE criterion can be quite multi-modal. We therefore

suggest performing multiple random restarts of the optimization, and taking the solution

with the best objective value as the new design point.

2.3.4 Illustrativeexampleswith adaptivedesignalgorithm

We �rst illustrate the proposed algorithmICMSEon a 1D bi-�delity example. Suppose the

computer simulation is given by

f (x) = 0 :5 sin
�
10(x � 1:02)2

�
+ 0:1; (2.22)
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Figure 2.6: A 1D bi-�delity example(2.22). The top plots show the log-RMSE (a1), log-MIS (a2),
and log-computation time (a3, in seconds) over the number of sequential runs for each method. Solid
lines mark the median over the 20 replications, and the shaded regions mark the 25%-75% quantiles.
The bottom plots show the predicted functions and sequential runs (black crosses), using the three
considered methods. Here, the green line marks the computer experimentf (�), the black line marks
the mean physical experiment� (�), and the shaded regions mark the censored regions.

with the same physical experiment settings as in Section 2.2.3. We begin with annini = 6-

run equally-spaced pointsx f
1:6 = f (i � 1)=5g6

i =1 for computer experiments. We then perform

a sequentialnseq = 20-run design for physical experiments using the algorithmICMSE.

The Gaussian correlation function is used for both GPs. The proposed CenGP+ICMSE

method is compared with the existing CenGP+IMSE method (see Section 2.2.3) and the

seq-MaxPro method (“seq-MaxPro”, see [78]), which provides a sequential implementation

of the MaxPro design. This is then replicated 20 times.

We consider two evaluation metrics for predictive performance: RMSE and the interval

score proposed in [79]. The �rst assesses predictive accuracy, and the second assesses

uncertainty quanti�cation. The(1 � � )% interval score is de�ned as

IS(� l ; � u; � ) = ( � u � � l ) +
2
�

(� l � � )+ +
2
�

(� � � u)+ ; (2.23)

where(a)+ = max( a;0), � is the ground truth, and[� l ; � u] is an(1� � )% predictive interval.
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Here, we set1 � � = 68%, with predictive interval[�̂ �
p

s2; �̂ +
p

s2], where�̂ ands2 are

obtained from(2.16)and(2.17). The mean interval score (MIS) is then computed over the

entire test set. We also compared computation time on a 1.4 GHz Quad-Core Intel Core i5

laptop.

Figure 2.6 (a) shows the log-RMSE, log-MIS, and log-computation time for the consid-

ered methods. The proposed CenGP+ICMSE method performs constantly better over seq-

MaxPro, with smaller RMSE and MIS values for most sequential runs. While CenGP+ICMSE

requires more computation time compared to seq-MaxPro, it can adaptively consider the

posterior probability of censoring. Here, the CenGP+IMSE method is terminated early after

12 sequential runs, due to numerical instabilities (and thereby expensive computation) in

evaluating the predictive equations. This is because, by ignoring censoring, CenGP+IMSE

overestimates the potential variance reduction in censored regions, leading to many sequen-

tial points very close together in such regions.

Figure 2.6 (b) shows the sequential design points and the predicted mean responses�̂ (�)

for a single replication. Compared to the existing two methods, CenGP+ICMSE yields

visually improved prediction of the true mean response� (�) in both censored and uncensored

regions. One reason for this is that the ICMSE criterion chooses points which jointly (i) avoid

censored regions and (ii) minimize predictive uncertainty. For (i), note that only 1/20 = 5% of

sequential runs are censored for ICMSE, whereas 8/20 = 40% and 9/12 = 75% of sequential

runs are censored for seq-MaxPro and CenGP+IMSE. This shows that CenGP+ICMSE

effectively estimates the posterior probability of censoring, and avoids regions with high

probabilities for sampling. For (ii), Figure 2.6 (a3) shows that the sequential runs from

CenGP+ICMSE are far away from existing points, and also concentrated near the boundary

of the censored region. Intuitively, this minimizes predictive uncertainty by ensuring design

points well-explore the input space while avoiding losing information due to censoring.

Next, we conduct a 2D simulation. The computer simulation and mean physical experi-
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Table 2.2: The median RMSE, MIS, and computation time, under different sequential run sizes for
the three considered design methods in a 2D bi-�delity example(2.24).

RMSE MIS Computation Time (in s)
Sequential runs 5 15 40 5 15 40 5 15 40

Seq-MaxPro 1.74 1.36 1.12 5.58 4.01 3.22 3.03 10.18 57.24
CenGP+IMSE 1.61 1.46 - 4.57 4.27 - 25.13 121.24 -

CenGP+ICMSE 1.40 1.21 0.97 4.58 3.80 3.01 9.77 25.01 95.67

ment functions are taken from [69]:

f (x) =
1
4

�
�

x1 +
1
20

; x2 +
1
20

�
+

1
4

�
�

x1 +
1
20

;
�

x2 �
1
20

�

+

�
(2.24)

+
1
4

�
�

x1 �
1
20

; x2 +
1
20

�
+

1
4

�
�

x1 �
1
20

;
�

x2 �
1
20

�

+

�
;

� (x) =
�
1 � exp

�
�

1
2x2

��
2300x3

1 + 1900x2
1 + 2092x1 + 6

100x3
1 + 500x2

1 + 4x1 + 20
; (2.25)

with measurement variance� 2
� = 1, and a right censoring limit ofc = 10. We begin with

an initial nini = 12-run MaxPro design for the computer experiment, then addnseq = 40

sequential runs for physical experiments usingICMSE. This is then replicated 20 times.

Table 2.2 summarizes the median RMSE, MIS, and computation time after 5, 15, and

40 sequential runs. We see that CenGP+ICMSE yields noticeably lower RMSE and MIS,

suggesting the proposed design method gives a better predictive performance. While slightly

more computationally expensive than seq-MaxPro, CenGP+ICMSE is much more effective

at incorporating censoring information for variance reduction, which leads to improved

predictive performance.

2.4 Case studies

We now return to the two motivating applications. For the wafer manufacturing problem

(which only has physical experiments), we use the single-�delity ICMSE method in Sec-

tion 2.2. For the surgical planning application (which has both computer and physical
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experiments), we use the bi-�delity ICMSE method in Section 2.3.

2.4.1 Thermalprocessingin wafermanufacturing

Consider �rst the wafer manufacturing application in Section 2.1.2, where an engineer is

interested in how a wafer chip's heating performance is affected by six process input variables

that control wafer thickness, rotation speed, heating laser (i.e., its moving speed, radius,

and power), and heating time. The response of interest� (x) is the minimum temperature

over the wafer, which provides an indication of the wafer's quality after thermal processing.

Standard industrial temperature sensors have a measurement limit ofc = 350°C [80], and

temperatures greater than this limit are censored in the experiment.

As mentioned earlier, certain physical experiments are not only costly (e.g., wafers and

laser operation can be expensive), but also time-consuming to perform (e.g., each experiment

requires a re-calibration of thermal sensors, as well as a warmup and cooldown of the laser

beam). To compare the sequential performance of these methods over a large number of

runs, we mimic the costly physical experiments1 with COMSOL Multiphysics simulations

(Figure 2.7(a)), which provides a realistic representation of heat diffusion physics [81].

Measurement noise is then added, following an i.i.d. zero-mean normal distribution with

standard deviation� � = 1:0°C.

The set-up is as follows. We start with annini = 30-run initial experiment, then perform

nseq = 45 sequential runs. Note that the total number ofnini + nseq = 75 runs is slightly

more than the rule-of-thumb sample size of10p recommended by [82] – this is to ensure

good predictive accuracy under censoring. Following the earlier simulations, the proposed

ICMSE method (this was “CenGP+ICMSE” in the previous section) is now compared with

only seq-MaxPro, since both IMSE baselines lead to poor predictive models under censoring,

and can be very time-consuming to perform (see Figure 2.5 and Table 2.2). The �tted GP

models are then tested on temperature data generated (without noise) on a 200-run Sobol'

1The surgical planning application in Section 2.4.2 performs actual physical experiments, but provides
fewer sequential runs due to the expensive nature of such experiments.
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Figure 2.7: (a) The temperature contour over the wafer chip, simulated using COMSOL Multiphysics.
(b) and (c) show the RMSE and MIS of the �tted GP models over the sequential design size,
respectively, for the two design methods.

sequence [26]. Of these 200 test samples, 25 samples have minimum temperatures that

exceed the censoring limit ofc = 350°C, suggesting that roughly12:5%of the design space

leads to censoring.

Predictive performance

Figure 2.7 compares the RMSE and MIS afternseq = 45 sequential runs. While both

sequential methods provide relatively steady improvements in RMSE and MIS, the proposed

ICMSE method gives a greater predictive improvement over seq-MaxPro. In particular, with

45 sequential runs, ICMSE achieves an RMSE reduction of roughly(5:8� 4:8)=5:8 = 17:2%

over the initial 30 runs, which is over two times greater than the RMSE reduction of

(5:8 � 5:35)=5:8 = 7:8%for seq-MaxPro. A similar conclusion also holds for MIS. Despite

this noticeable improvement over existing methods, there is only a moderate reduction in

RMSE magnitude for ICMSE. One reason might be that the response surface (for minimal

temperature over the wafer) is quite rugged and non-smooth, which makes it dif�cult to

learn with a limited number of experimental runs.

This improved performance can again be explained by the fact that ICMSE jointly avoids

censoring and minimizes predictive uncertainty. We observe that ICMSE yields no censored

measurements, whereas seq-MaxPro yields 5 censored measurements (a censoring rate of

5=45 = 11:1%). Moreover, ICMSEadaptivelychooses points that minimize predictive

uncertainty of the GP model under censoring. This is shown in the RMSE and MIS plots in
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Figures 2.7 (b) and (c): the ICMSE yields progressively lower RMSE and MIS values as

sample size increases.

2.4.2 3D-printedaorticvalvesfor surgicalplanning

Consider next the surgical planning application in Section 2.1.1, which uses state-of-the-art

3D printing technology to mimic biological tissues. Here, doctors are interested in predicting

the stiffness of the printed organs with different metamaterial geometries. We will consider

three design inputsx = ( A; !; d ), which parametrize a standard sinusoidal form of the

substructure curveI (t) = A sin(!t ), with diameterd (see Figure 2.2 (b) for a visualization).

This parametric form has been shown to provide effective tissue-mimicking performance in

prior studies [46, 24]. The response of interest� (x) is the elastic modulus at a strain level of

8%, which quanti�es the stiffness at a similar load situation inside the human body [46].

We use the bi-�delity ICMSE design framework in Section 2.3, since a pre-conducted

database of computer simulations is available, and we are interested in the sequential

design of physical experiments. Computer simulations were performed with �nite element

analysis [23] using COMSOL Multiphysics. Physical experiments were performed in two

steps: the aortic valves were �rst 3D-printed by the Connex 350 machine (Stratasys Ltd.),

and then its stiffness was measured by a load cell using uniaxial tensile tests (see Figure

2.2(c); [46]). Here, physical experiments are very costly, requiring expensive material and

printing costs, as well as several hours of an experimenter's time per sample. Censoring

is also present in physical experiments; this happens when the force measurement of the

load cell exceeds the standard limit of15N , corresponding to a modulus upper limit of

c = 0:23MPa= 15N (force)=8mm2(area)=8%(deformation).

The following design set-up is used. We start with annini = 25-run initial computer

experiment design, and then performnseq = 8 sequential runs using physical experiments.

The limited number of sequential runs is due to the urgent demand of the patients; in such

cases, only one to two days of surgical planning can be afforded [24]. Since physical
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Figure 2.8: RMSE (a) and MIS (b) for the two sequential design methods, over the number of
sequential runs.

experiments require tedious 3D printing and a tensile test (around 1.5 hours per run), this

means only a handful of runs can be performed in urgent cases. As before, we compare the

proposed ICMSE method with the seq-MaxPro method. The �tted GP models from both

methods are tested on the physical experiment data from a 20-run Sobol' sequence. Among

these 20 runs, 5 of them are censored due to the load cell limit; in such cases, we re-perform

the experiment using a different testing machine with a wider measurement range. The

re-experimentation is typicallynot feasible in urgent surgical scenarios, since it requires

even more time-consuming tests and higher material costs.

Predictive performance

Figure 2.8 compares the predictive performance of the two design methods overnseq = 8

sequential runs. While seq-MaxPro shows some stagnation in RMSE and MIS improvement,

ICMSE yields more noticeable improvements as sample size increases. More speci�cally,

ICMSE achieves an RMSE reduction of roughly(0:0315� 0:0235)=0:0315 = 25:4%over

the initial GP model (�tted using 25 computer experiment runs), which is around three

times greater than the RMSE reduction of(0:0315� 0:0288)=0:0315 = 8:57%for seq-

MaxPro. Similar improvements can be seen by inspecting MIS. This can again be attributed

to the key design trade-off. ICMSE adaptively identi�es and avoids censored regions

on the design space using the �tted bi-�delity model(2.16). Here, the proposed method

yields no censored measurements, whereas seq-MaxPro yields 3 censored measurements (a
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Table 2.3: RMSE on the full test set, the 5 censored runs, and the 15 observed runs, for the two
sequential design methods.

RMSE MaxPro ICMSE
Full 0.0288 0.0235

Censored 0.0462 0.0416
Observed 0.0199 0.0126

censoring rate of3=8 = 37:5%). Furthermore, in contrast to seq-MaxPro, which encourages

physical runs to be “space-�lling” to the initial computer experiment runs, ICMSE instead

incorporates censoring information within an adaptive design scheme, which allows for

improved predictive performance.

We investigate next the predictive performance of both designs within thecensored

region. This region (corresponding to stiff valves) is important for prediction, since such

valves can be used to mimic older patients [83]. We divide the test set (20 runs in total) into

two categories: observed runs (15 in total) and censored runs (5 in total). The responses

for the latter are obtained via new experiments on a stiffer load cell (which, as mentioned

in Section 2.1.1, is typically not feasible in practice). Table 2.3 compares the RMSE

of the two methods for the censored and uncensored test runs. For both methods, the

RMSE for observed test runs is much smaller than that for censored test runs, which is as

expected. For censored test runs, ICMSE also performs slightly better than seq-MaxPro,

with (0:0462� 0:0416)=0:0462 = 9:9%lower RMSE. One reason for this is that ICMSE

encourages new runs near (but not within) censored regions (see Figure 2.6), to maximize

information under censoring. Because of this adaptivity, ICMSE achieves better predictive

performance within the censored region, without putting any sequential runs in this region.

Discrepancy modeling

The ICMSE method can also yield valuable insights on the discrepancy between computer

simulation and reality. The learning of this discrepancy from data is important for several

reasons: it allows doctors to (i) pinpoint where simulations may be unreliable, (ii) identify
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Figure 2.9: Visualization of the estimated discrepancy�̂ (�) (a) overd andA, with �xed ! = 1 , (b)
overd and! , with �xed A = 1 , and (c) overA and! , with �xed d = 1 .

potential root causes for this discrepancy, and (iii) improve the simulation model to better

mimic reality. In our modeling framework, this discrepancy can be estimated as:

�̂ (x) = �̂ (x) � f̂ (x); (2.26)

where�̂ (x) is the predictor for the physical experiment mean, �tted using 25 initial computer

experiment runs and 8 physical experiment runs, andf̂ (x) is the computer experiment model

�tted using only the 25 initial runs.

Figure 2.9 shows the �tted discrepancy�̂ (x) as a function of each pair of design inputs,

with the third input �xed. These plots reveal several interesting insights. First, when the

diameterd is moderate (i.e.,d 2 [0:2; 0:7]), Figure 2.9(a) and (b) show that the discrepancy is

quite small; however, whend is small (i.e.,[0; 0:2]) or large (i.e.,[0:7; 1]), the discrepancy can

be quite large. This is related to the limitations of �nite element modeling. When diameter

d is small, the simulations can be inaccurate, since the mesh size would be relatively large

compared tod. When diameterd is large, simulations can again be inaccurate, due to the

violation of the perfect interface assumption between the two printed polymers. Second,

from Figure 2.9, model discrepancy also appears to be largest when all design inputs are large

(i.e., close to 1). This suggests that simulations can be unreliable, when the stiff material

is both thick (d � 1) and �uctuating (! � 1; A � 1). Finally, the model discrepancy is

mostly positive over the design domain, revealing smaller stiffness evaluation via simulation

compared to physical evaluation. This may be caused by the hardening of 3D-printed
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samples due to exposure to natural light, as an aging property for the polymer family (e.g.,

see [84]). Therefore, the printed aortic valves should be stored in dark storage cells for

surgical planning to minimize exposure to light.

2.5 Conclusion

In this paper, we proposed a novel integrated censored mean-squared error (ICMSE) method

for adaptively designing physical experiments under response censoring. The ICMSE

method iteratively performs two steps: it �rst estimates the posterior probability of a

new observation being censored, and then selects the next design point which yields the

greatest reduction in predictive uncertainty under censoring. We derived easy-to-evaluate

expressions for the ICMSE design criterion in both the single-�delity and bi-�delity settings,

and presented an adaptive design for ef�cient implementation. We then demonstrated

the effectiveness of the proposed ICMSE method over existing methods in real-world

applications on 3D-printed aortic valves for surgical planning and thermal processing in

wafer manufacturing. AnR package is currently in development and will be released soon.

Looking ahead, there are several interesting directions to be explored. In this work,

the censoring limitc is assumed to be known. While this is true for the two motivating

applications, there are other problems wherec is unknown and needs to be learned from

data; it would be useful to extend ICMSE for such problems. Another direction is to extend

the ICMSE for experiments with truncated data. Finally, for the bi-�delity ICMSE, it would

be interesting to explore more elaborate design schemes that allow for additional computer

experiments to be added sequentially.
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CHAPTER 3

ACTIVE IMAGE SYNTHESIS FOR EFFICIENT LABELING

The great success achieved by deep neural networks attracts increasing attention from

the manufacturing and healthcare communities. However, the limited availability of data

and high costs of data collection are the major challenges for the applications in those

�elds. We propose in this work AISEL, an active image synthesis method for ef�cient

labeling, to improve the performance of the small-data learning tasks. Speci�cally, a

complementary AISEL dataset is generated, with labels actively acquired via a physics-based

method to incorporate underlining physical knowledge at hand. An important component

of our AISEL method is the bidirectional generative invertible network (GIN), which can

extract interpretable features from the training images and generate physically meaningful

virtual images. Our AISEL method then ef�ciently samples virtual images not only further

exploits the uncertain regions but also explores the entire image space. We then discuss the

interpretability of GIN both theoretically and experimentally, demonstrating clear visual

improvements over the benchmarks. Finally, we demonstrate the effectiveness of our AISEL

framework on aortic stenosis application, in which our method lowers the labeling cost by

90%while achieving a15%improvement in prediction accuracy.

3.1 Introduction

Deep neural networks (NNs) [85, 86, 87] have achieved superior performance in computer

vision tasks [88, 89], and attracts increasing attention from other communities, including

manufacturing [90] and healthcare [91]. When fed with alargeamount of training data (at

least in the thousands [92]), NNs have shown great success in extracting high-level features

and modeling complex functions. However, the available data in actual life is oftenlimited

andexpensiveto collect. For example, in computer-aided diagnosis of aortic stenosis, a

59



common yet severe heart disease [93], doctors are interested in using pre-surgical CT scans

to ef�ciently identify the diseased patients. Here, a hospital may only have around a hundred

historical records over the years, leading to unsatisfactorily performance for NNs.

In the meantime, thanks to the advances in domain research, underlining physical

knowledge is often available for the learning problems in manufacturing and healthcare.

Take the same aortic stenosis application as an example, the pathophysiological reason

for the stenosis is mainly due to the deposited calci�cations on the valve lea�ets and the

valve wall, and therefore change the blood �ow pattern. The blood �ow can be numerically

simulated via computational �uid dynamics (CFD, see [94]), using the CT scans as the

input geometry and boundary conditions. Incorporating such knowledge (i.e., simulation)

would intuitively improve the learning model since it provides complementary information

against the collected historical records. We present in this paper anactivesampling method

to incorporate underlining physical knowledge via acomplementarydataset.

However, there are two major challenges involved in collecting such a complementary

dataset. First, the inputs of the dataset (i.e., unlabeled images) are dif�cult to acquire in

practice. This is particularly typical in the medical �eld, e.g., pre-surgical CT scans, due

to clinical, logistic, and economic restrictions. Therefore, an effectivesynthesismodel for

image inputs is needed. Second, physical labeling methods are usually expensive. For

example, it may take several hours of computation for a CFD model with complex geometry

[94], and it would be even longer if considering the interaction of blood �ow and soft

biological tissue [95]. Within a practical turnaround, one can only afford a relativelysmall

amount of labeled experiments. Therefore, an ef�cientsamplingstrategy is needed for data

synthesis.

We propose in this work AISEL (an Active Image Synthesis framework for Ef�cient

Labeling) to actively incorporate the underline physical knowledge in small-data learning.

Our AISEL framework contains two major components. We �rst propose the generative

invertible network (GIN) – a novelbidirectionalimage generative model – to encode the
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actual images (i.e., the training images) into the de�ned lower-dimensional feature space, in

which candidate virtual images can then be generated. GIN can be viewed as an extension of

the generative adversarial networks [96] by adding an inverse mapping for feature extraction

to the generative mapping. Moreover, we propose a new uncertainty sampling method

to actively select the candidate virtual images in the GIN feature space. In our sampling

method, virtual images are ef�ciently selected to represent thedistributionof uncertainty in

the energy-distance sense, and therefore bothexploitthe highly uncertain regions andexplore

the entire space without overlap. Labels for selected virtual images are then obtained via the

physical labeling approaches at hand. By merging the training data and our AISEL dataset,

improved downstream models are observed on both toy computer vision/manufacturing

applications and the medical application of aortic stenosis. This paper makes the following

contributions:

1. We incorporate physical knowledge into the learning process, via a complemen-

tary dataset. This ensures the incorporation of the additional information (by the

physics-basedlabeling approaches), and therefore improves the downstream predic-

tion performance.

2. We propose an ef�cient image sampling method for complementary dataset. Speci�-

cally, it minimizes the predictive uncertainty and mitigates the possible high labeling

cost.

3. We propose a newbidirectionalgenerative model – GIN for feature mapping and

actively generating virtual images, conditional on the actual images. Noticeable visual

improvements compared to the benchmarks are observed.

The paper is structured as follows. Section 3.2 summarizes the related works. Section

3.3.1 presents the proposed GIN with an emphasis on the difference with GAN. Section

3.4 discusses the new sampling method and features the whole AISEL learning framework.

Section 3.5 demonstrates the effectiveness of our method in both toy examples and the
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motivating application of aortic stenosis. Section 3.6 concludes the work with directions for

future research.

3.2 Related work

Data augmentationis widely used for different learning tasks with image inputs [97, 98], via

image translation, rotation and �ip, and changing of the tune and/or brightness to increase the

training data size. Usually, it assumes such augmentation does not change the label. However,

this may not hold in, e.g., medical images. Taking CT scans as an example, different

substances of human tissues correspond to different ranges of image intensity, alterations of

which may lead to a completely different interpretation of the pathophysiological condition

[2]. This signi�cantly limits the augmentation methods suitable for manufacturing and

healthcare applications. As to be shown later, the predictive performance with simple

augmentation is not good enough.

Generative adversarial networks(GAN) [96] opens an era of adversarial training for

multiple learning challenges, e.g., image segmentation [99] and domain adaptation [100].

We adapt in this work a GAN-based method for the generative model, because (i) compared

to variational autoencoder [101, 102], GAN achieves visually better performance, and

(ii) compared to generative �ow [103], GAN contains a generative mapping from the

low-dimensional features space, which can be used for our new sampling method.

To achieve ef�cient image sampling, study design in the feature space is desirable and

crucial. However, Most GAN-based methods feature only generation mapping. Exceptions

are adversarially learned inference (ALI) [104] and bidirectional GAN (BiGAN) [105],

which learns both generating mapping and its inverse by acoupledarchitecture of three

NNs. The model is proposed mainly for inference and representation learning. However,

complicated architectures and the coupled training of three NNs requires a large amount of

data, which is not suitable for our small-data learning problems. Our GIN will be compared

with BiGAN to show a noticeable improvement in visual quality.
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Conditional GAN (CGAN) [106] and auxiliary classi�er GAN (ACGAN) [107] can

generate images with given labels. Such models can be used to generatebothvirtual images

and the corresponding labels for data augmentation [107, 108]. In our AISEL framework,

weonlygenerate the input images, while the labels are acquired via physical experiments

to incorporate complementary knowledge. We will show that the proposed method has

noticeable better predictive accuracy compared to the ACGAN-based method.

Transfer learningis another popular approach for small-data learning tasks [109, 110].

Adapting the models trained on natural images (mostly, ImageNet [89]), researchers are

able to �ne-tune the pre-trained model coef�cients to address the limitation imposed by

the small sample size [91]. This approach explores the visual cues extracted from natural

images and assumes they are also useful in interpreting the training data at hand. However,

for learning tasks in manufacturing and healthcare, the rationality of such an assumption

is unclear. For example, comparing CT scans to natural images, (i) noticeable differences

in image appearances are observed, and (ii) pixel intensity value has intrinsically different

meanings. Nevertheless, transfer learning will be served as a baseline for the proposed

framework.

Active learning(or sequential experimental design [111] in statistics literature) methods

are also used for small-data learning with an oracle labeling method available [112, 113].

They aim to select the next “good” input data for labeling. Active learning methods are

popular in traditional machine learning, with recent improvements for deep learning models

[114, 115]. Most active learning methods in the literature assume that a sizeableunlabeled

dataset is available. However, in manufacturing and healthcare applications, the unlabeled

images are also dif�cult to acquire in nature.

One of the few exceptions is generative adversarial active learning (GAAL) [116] in

literature, which uses GAN to generate unlabeled data. However, GAAL is proposed

speci�cally for the support vector machine classi�er. Since the support vector machine

performs poorly in complicated classi�cation tasks (e.g., our aortic stenosis application), we
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Figure 3.1: Illustration of the proposed GIN: generatorG(�) and discriminatorD(�) are obtained
by optimizing the Wasserstein distanceW(�; �); encoderE(�) is a sample-to-sample inverse ofG(�),
explicitly trained by minimizing MSE. Compared to GAN, GIN contains the additional encoderE(�).

will compare our method with a modi�ed version of GAAL using a convolutional NN as the

classi�er.

Few-shot learningis another popular method for small-data learning tasks [117]. Though

it can successfully handle learning tasks with very small training data, it usually requires

many such tasks. Here, we only have one task, and therefore we will leave out few-shot

learning baselines.

3.3 Generative invertible network

In this section, we propose the novel bidirectional GIN as the feature encoding and image

generating model, for later ef�cient image sampling. We �rst present the GIN architecture

with a detailed comparison to GAN. We then show the implementation detail and algorithm

for the proposed GIN.

3.3.1 Imagegenerating

Following the standard GAN [96, 118], we model the training set images as realizations

of the distribution of the images of interestX : B[X] 7! [0; 1]. Here,X = Rn1 � n2 denotes

the space of images with pixel sizen1 � n2, andB[X] is its Borel set [119]. Furthermore,

in order to ef�ciently learn the generative mapping and later interpretation, we de�ne a
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feature spaceF = [ � 1; 1]r . Here,r is the pre-de�ned dimension of the feature space, usually

assumed to be much lower than that of the image space. We set a non-informative, uniform

measureU on the feature spaceF, which represents the lack of understanding of the feature

space. The goal is to learn a generative mappingG(�) : F 7! X which best pushforwards the

uniform measureX 0 = G# (U) and mimics the target measureX . We use in this work the

Wasserstein-1 metric [120] as the loss function:

W(X ; X 0) = inf



Z

X� X
kX � X 0k2d
 (X ; X 0); (3.1)

wherek � k2 is thel2 norm, and the in�mum is obtained with respect to all the possible joint

distribution
 : B[X� X] 7! [0; 1]whose marginals areX andX 0. We adopt the Kantorovich-

Rubinstein dual form [120] of Wasserstein distance for ef�cient implementation:

W(X ; X 0) = sup
kD (�)kL � 1

Ex�X [D(x)] � Ex0�X 0[D(x0)]: (3.2)

HereD(�) : X 7! R is an evaluating function andkD(�)kL � 1 represents thatD(�) is

Lipschitz-1 continuous [118].

We use a NN to approximate the generating mappingG(�), namedgenerator, and another

NN for the evaluating functionD(�), nameddiscriminator. The aim is to �nd the optimum

of the following minimax function:

min
G(�)

max
D (�)

Ex�X n [D(x)] � Eu�U [D(G(u))]; (3.3)

whereXn is the empirical measure for the training images with sizen, andU is the uniform

measure to be pushforwarded. Iterative training strategy can be adapted. Further discussion

on the numerical implementation and the convergence analysis can be found in Section

3.3.3.
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3.3.2 Featureencoding

Assume for now the generating mappingG(�) is known. We are interested in �nding an

encoding mappingE(�) : X 7! F to embed the images back to the feature space, which, to

be shown in Theorem 5, is an inverse ofG(�). Similar to the generating mapping, we use a

NN to parametrizeE(�), namedencoder. Since the task here is to extract the feature vectors

from images, a convolutional neural network (CNN) is used with mean square error (MSE)

loss:

min
E (�)

EX �X n kE(X ) � f k2
2; (3.4)

wheref 2 F is the corresponding feature vector associated with the imageX . The reason

we use an MSE loss is due to the desired regression task here: we want a strong metric to

ensure the sample-to-sample inverse ofG(�). Furthermore, we wantE(�) dedicated only on

this inversion task, and therefore permits an ef�cient sampling method later in Section 3.4.1.

However, the dif�culty is that the featuref for the actual imageX is unknown. In other

words,E(�) cannot be learned from the dataset of actual images at hand. Therefore, we

revise (3.4) to

E(�) = argmin
E (�)

Eu�U kE(G(u)) � uk2
2; (3.5)

whereX 0 = G(u) is the generated virtual images. Another advantage of using the virtual

data points is that the data size of the virtual images can be large, since one may generate

as many virtual imagesX 0as needed. We expect the encoderE(�) learned via(3.5)using

virtual data points (instead of theactual images in training set) is still the inverse of the

generatorG(�). Formally, we have the following Theorem:

Theorem 5. Denote the target distribution measuring asX on image spacef X; B[X]g.

Assume the generatorG(�) is obtained by(3.3) with the training error< � and encoder

E(�) is obtained by(3.5)with the training error< � . If bothG(�) andE(�) are Lipschitz-L

continues, then the reconstruction errorEx�X [G(E(x)) � x]2 can be bounded by(L2 + L +

1)� + L� .

66



This means the obtainedG(�) andE(�) are inverses of each other in the sense of minimizing

the reconstruction error. The proof of this theorem can be found in Appendix C.1.

The reason for introducing the encoding mappingE(�) as the inverse of generating

mappingG(�) is twofold. First, we can useE(�) to encode the actual images as vectors

in the feature spaceF. They can then be used as lighthouses inF, and provide intuitive

understanding of the feature space (we will discuss this later in Section 3.5.2). Second

and perhaps more important, in the following sampling method, we want to sample virtual

images for better predictive performance with a limited labeling budget. In our AISEL

method (see Section 3.4.1), the sampling is performed inF rather than the image spaceX,

for its lower dimension and the physical meaning. Moreover, while sampling virtual images,

we need guidance from the features of the actual images. For example, one may not want to

sample images that are too similar to any of the actual images to better explore the wholeF.

This can be achieved by introducing a separating distance between virtual images and actual

images (we will come back to this in Section 3.4.1); this needs to encode the actual images

to the feature space byE(�).

3.3.3 Summaryandalgorithmfor GIN

Putting everything together, the proposed GIN consists of three NNs: a generatorG(�)

for generating virtual images, an encoderE(�) for feature embedding, and a discriminator

D(�) for computing the Wasserstein distance. Figure 3.1 illustrates the architecture of GIN.

Note that in GIN,G(�) andE(�) is decoupled due to the limited training data. We present

Algorithm 3 to train the proposed GIN. The �rst part of the algorithm is to train a generator

G(�) parameterized by� , and the second part is to train an encoderE(�) parameterized by
 .

The generator and discriminator are coupled trained as GAN, while the additional encoder

is separately trained by the virtual images sampled byG(�). In the small-data situation,

the proposed GIN along with the associated algorithm can achieve visual improvement in

practice, compared to other methods like BiGAN; we will provide a detailed discussion in
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Algorithm 3 Generative invertible network

1: procedure GIN(f X i gn
i =1 )

2: Initialize G� (�), Dw(�), andE 
 (�)
3: while � has not convergeddo
4: Samplef f 0

i g
m
i =1 � U

5: LG = �
P m

i =1 Dw(G� (f 0
i ))

6: � = � � � r LG . Train generator
7: G(�) = G� (�)
8: for t = 0; � � � ; nd do
9: Samplef X i gm

i =1 a batch from the actual data.
10: Samplef f 0

i g
m
i =1 � U

11: LD =
P m

i =1 Dw(X i ) �
P m

i =1 Dw(G� (f 0
i ))

12: w = w + � r LD . Train discriminator
13: w = clip(w; � �; � )

14: while 
 has not convergeddo
15: Samplef f 0

i g
m
i =1 � U

16: Generatef X 0
i = G(f 0

i )g
m
i =1 � X 0

17: LE =
P m

i =1 (E � (X 0
i ) � f 0

i )
2

18: 
 = 
 � � r LE . Train encoder
19: E(�) = E 
 (�)

20: return G(�), E(�)

Section 3.5.1.

One may be interested in �nding out how “real” the virtual images can be generated using

the proposed Algorithm 3, since multiple heuristic strategies are involved (e.g., iterative

training ofD(�) andG(�), and clip). Furthermore, note that the above computation is done

with samplesof actual images, i.e., theempiricalprobability measureXn , instead of the

original probability measureX . Therefore, we have the following theorem for asymptotic

convergence.

Theorem 6. Denote the target measure asX and its empirical measure represented by the

training set data asXn . Assuming both neural networksG(�) andD(�) are obtained as the

optimum of target function (3.3). LetX 0be the measure obtained by the proposed Algorithm

3. Speci�cally, it is a pushforwarded measure ofU by G(�), i.e.,X 0[S] = ( G# (U))[S] =

U[G� 1(S)] for any S 2 B[X]. As the training data size approaches in�nity, we have

X 0 ! X in distribution.
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The proof, following [118], can be found in Appendix C.2.

Theorem 6 suggests that, if we have enough training data, the generated images arereal

enough compared to the actual images. Speci�cally, it means the generated images and the

measureX 0have the following two properties. First and most importantly, the supports of

the two measures are the same, i.e.,supp(X 0) = supp(X ), with probability 1.0. This is a

natural corollary of Theorem 6. It means any generated virtual imageX 0can be regarded

as a draw from the measure of actual imagesX , i.e., pX (X 0) > 0, wherepX (�) denotes

the probability density ofX . In other words, the generated images are always physically

meaningful. Moreover, besides their support, the two probability measures themselves are

the same asymptotically. This means the probability of generating the same group of images

(e.g., CT scans of male patients, or CT scans of patients with no complications) is the same,

which is an implicit requirement when endowing the feature space with physical meaning

and for the following sampling method. Though in practice we are dealing with a small-data

situation, it is still appealing to have this asymptotic convergence property.

3.4 AISEL Framework

We present now the proposed AISEL framework for small-data problems. For the simplicity

of illustration, we assume the learning task is aclassi�cationproblem with images inputs

(this is the case of the motivating application); the proposed framework can be easily

extended to regression tasks, which will not be elaborated on in this paper.

We adopt here the standardK -class classi�cation setting, which uses input images

X i 2 X to predict the probability of assigning to each classyi 2 [0; 1]K . The native

classi�er C(�) : X 7! [0; 1]K , parameterized by a NN, refers to the model learned with

only the small training data at hand. With the native modelC(�) and GIN (i.e., generator

G(�) and encoderE(�)) at hand, we �rst propose the new sampling method to selectm

virtual images. We then discuss the physical labeling methods and why they are crucial in

improving performance. Finally, an algorithmic framework is presented for implementation.
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3.4.1 Active imagesampling

We start with using the entropy [121] to quantify the uncertainty of the native modelC(�).

For any input imageX 0 2 X and the corresponding predicted labely0 = C(X 0), we have

H (X 0) = �
KX

k=1

y0[k] log(y0[k]); (3.6)

where,y0 = [ y0[1]; y0[2]; � � � ; y0[K ]]T . The reason for using entropy to quantify uncertainty

can be explained as: (i) If we are sure about the class label of the input image, e.g.,y0[1] = 1

andy0[k] = 0; k = 2; � � � ; K ; the corresponding entropy is zero, meaning no uncertainty

exists. (ii) Consider another extreme situation thaty0[k] = 1=K; k = 1; � � � ; K . One can

easily check this maximizes the entropy, re�ecting the maximal uncertainty for the label of

that image.

The image spaceX = Rn1 � n2 is too high dimensional to handle in reality. Since GIN

is already obtained, we can measure the uncertainty (i.e., entropy), for anyf 0 2 F in the

featurespace:

h(f 0) = H (G(f 0)) = �
KX

k=1

E(G(f 0))[k] log(E(G(f 0))[k]): (3.7)

Here, we select thefeaturesof the complementary dataset in the feature spaceF, rather than

in the high-dimensional image spaceX. Besides the dimensionality, ourG(�) can capture the

intrinsic structure of the image spaceX – selecting features inF (and then generating images

via G(�)) can ensure the existence of physical meaning. This is because any generated

imagesG(f 0) with anyf 0 2 F is physically meaningful thanks to theG(�), while randomly

sampledX 0 2 X is most likely a matrix without any visual clue.

The entropyh(�) : F 7! [0; logK ] can also be viewed as a (unnormalized) probability

density on the measurable spacef F; B[F]g. We denote thisuncertainty measureas� h.

We then propose to select the best set ofm virtual images, by matching its empirical
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distribution to the uncertainty measure:

f 0
1:m = argmin

f 0
1:m

dist(F 0
m ; � h): (3.8)

Here,dist(�; �) is a distance metric,f 0
1:m = f f 0

i g
m
i =1 denote the selected features, andF 0

m

denotes the empirical measure forf 0
1:m . Intuitively, (3.8)means to assign more points to

higher uncertainty regions (of the native model), and therefore exploit those regions. Fur-

thermore, if taking the Bayesian perspective, it can be viewed as changing the initial uniform

distribution, i.e., the non-informative prior, to the posterior distribution of uncertainty given

the actual training dataset.

Motivated by the literature in the statistical community [122, 123], we select the energy

distance as the metricdist(�; �) between distributions. Therefore, we minimize:

min
f 0

1:m

mX

i =1

E
 � � h kf 0
i � 
 k2 �

1
2m

mX

i =1

mX

j =1

kf 0
i � f 0

j k2: (3.9)

Note again, the above sampling optimization is conducted in the feature space. We observe

from (3.9) that the selected features not only try to match the target uncertainty measure in

the expectation sense (the �rst term), but also separate from one another (the second term).

The separating property is of great importance; this is because any two selected features that

are too close to each other can be viewed as a waste of the expensive labeling process.

Furthermore, the selected features should also be separated from the features of the

actual images, again to avoid waste. This can be taken into account by the following

modi�cation of (3.9):

min
f 0

1:m

mX

i =1

E
 � � h kf 0
i � 
 k2 �

m+ nX

i =1

m+ nX

j =1

kf 0
i � f 0

j k2

2(m + n)
; (3.10)

wheren is the size of the actual dataset and letf 0
i = f i for actual images with indies

i = m + 1; � � � ; m + n. Comparing(3.10) to (3.9), we notice the difference lies in the
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second term, where the separating property is incorporated not only between the selected

features but also between the selected features and the features of actual images. We use

(3.10)for sampling features, and then generate an AISEL dataset viaG(�). The following

theorem ensures the generated AISEL dataset follows the target uncertainty measure in

distribution.

Theorem 7. Let target uncertainty measure be� H in (3.6) and the selected features by

(3.10)bef 0
1:m with sizem. Assume theG(�) is continuous. Further denote the set of virtual

imagesf X 0
i g

m
i =1 = f G(f 0

i )g
m
i =1 , with its empirical measureX 0

m . We then haveX 0
m ! � H in

distribution.

Here, we show the convergence in the distribution of theimages(rather than thefeatures),

as the images are the quantity of interest. Therefore, a continuous assumption onG(�) is

needed according to continuous mapping theorem. The proof can be found in Appendix

C.3; it follows from [123].

The proposed sampling strategy(3.10)reveals an important trade-off. Consider the �rst

term, where the selected features are forced to be close to the target uncertainty measure.

Since the density of our target measure(3.6)is high when the uncertainty is high, the selected

features can be viewed as exploiting the highly uncertain regions. Now consider the second

term, where the separating distance is maximized. This suggests the selected features should

be away from (i) one another and (ii) the features for actual images. Therefore, selected

features are forced to be spread out and �ll the whole feature space – they explore the entire

feature space. Putting both parts together, selected features for virtual images jointly exploit

the highly uncertain regions and explore the entire image space. This trade-off of our AISEL

dataset will be shown as the key to improve the classi�cation performance.

We want to make a few remarks here. First, the proposed sampling method, speci�cally

the uncertainty measure(3.7), is speci�cally for the classi�cation problem at hand. With

a different uncertainty measure, the proposed approach is also suitable for regression

problems. For example, one may obtain the measure via predictive variance using kernel
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Figure 3.2: The proposed three-step framework AISEL to ef�ciently sample AISEL dataset and
improve classi�cation.

regression [124] or kriging [7] methods. Second, our method is motivated by active learning

literature [112], where the next input is selected from a pool of candidates with maximal

uncertainty. Different from those methods, our method (i) conducts sampling in a much

lower-dimensional GIN feature space due to the intrinsic structure of image space and

computational ef�ciency and (ii) sample a batch of images for labeling to both explore and

exploit the design space. Moreover, it is worth pointing out that the proposed method is

possible only whenboththe generating mappingG(�) : F 7! X and the encoding mapping

E(�) : X 7! F are available via GIN. In particular,G(�) is used to generating images based

on the selected features, whileE(�) is used to embed the features of the actual images

to guide the sampling. That is the key reason why we propose abidirectional GIN in

Section 3.3.1. Last but not least, the proposed method can also be used to balance the label

distribution with a modi�cation of our uncertainty measure(3.7). See Appendix C.6 for

more discussion.
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3.4.2 Labelingby physicalprinciples

A key component of the proposed AISEL framework, different from data augmentation, is

the incorporation ofphysical knowledgewhile learning. This is due to the circumstances of

real-world applications in manufacturing and healthcare: (i) the size of the historical records

is small, leading to a poor learning model; and (ii) thanks to the advances in domain research,

physical knowledge is oftentimes available yet expensive in implementation. Therefore,

we want to build a bridge to ef�ciently combine both the historical data (via the learning

model) and physical knowledge (via physical labeling). The resulting model can be viewed

as one that has learned from data and been taught by physical knowledge, and therefore

better performance can be achieved.

Here, weef�ciently incorporate physical knowledge via a complementary AISEL dataset.

Speci�cally, we separately acquire the input image and the output label. For virtual images,

(3.10)is used to ef�ciently sample a set of features to minimize the predictive uncertainty,

and GIN is then used to map those features to images. Meanwhile, for the labels, we use the

physical labeling method at hand. We then combine the actual dataset and AISEL dataset to

learn the downstream classi�cation model. With the proposed uncertainty sampling method,

our AISEL dataset (i) contains complementary information from physical knowledge, and

(ii) ef�ciently exploit and explore the image space, and therefore improves the downstream

learning performance.

Lots of different physics-based labeling approaches are available. For example, �nite

element analysis [23] and computational �uid dynamics [94] can solve partial differential

equations (i.e., representation of physical knowledge) numerically. These methods can be

used to label the input images in, e.g., manufacturing applications. Physical experiments can

also be applied. With the advances in additive manufacturing, tissue-mimicking 3D printing

[24] with an in-vitro study [3] can be used for medicine-related learning tasks. If none of the

above exists, one can also consult the experts or use certain empirical physical relationships;

these methods can be used in computer vision problems. The speci�c approach should be
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Algorithm 4 Improving classi�cation by AISEL framework

1: Native model
2: Train CNN,C(�) = CNN(f X i ; yi gn

i =1 )
3: Step 1: Train GIN
4: Set the feature spaceF = [ � 1; 1]r

5: Set prior uniform measure onF
6: TrainG(�),E(�) = GIN(f X i gn

i =1 ) by Algorithm 3
7: Step 2: Sampling features
8: Obtain the uncertainty measure� h by (3.7)
9: Obtain features for actual images,f i = E(X i )

10: Optimize (3.10) by CCP and obtain featuresf 0
j

11: Step 3: Acquiring AISEL dataset
12: Generate actual images,X 0

j = G(f 0
j ), j = 1; 2; :::; m

13: Obtain labels,y0
j of X 0

j by physical approaches
14: Improved model
15: Train CNN,C � (�) =CNN(f [X i ; X 0

j ]; [yi ; y0
j ]g)

made on a case-by-case basis, with the available resources at hand.

It is important to note that labeling one input image via physical-based approaches

is usuallyexpensive. For example, in medicine-related applications, it may take several

hours of computation for a CFD model with complex geometry [94], and it would be even

longer if considering the interaction of blood �ow and soft biological tissue [95]. This is

one of the reasons for introducing an ef�cient and effective sampling method to design our

AISEL dataset. Viewed this way, our approach can also be used to address the problem

where an expensive simulator available, and we want to use that simulator actively for the

classi�cation tasks.

3.4.3 Summaryof theAISEL framework

In summary, we propose an AISEL framework to ef�ciently incorporate physical knowledge

at hand and improve the classi�cation performance. The native modelC(�) can be �rst

obtained using the small training data. As illustrated in Figure 3.2, our AISEL framework

contains three steps. First, the proposed GIN is trained using the actual images, providing

a feature spaceF, and bidirectional mappings between it and the image space (i.e., the
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generating mappingG(�) and the encoding mappingE(�)). Second, the uncertainty ofC(�)

at different locations inF is quanti�ed via entropy, and then the features for virtual images

are sampled via(3.10). Third, virtual images are generated byG(�), and then labeled by

the physics-based approach. Finally, the additional AISEL dataset is merged to the original

training set, and an improved classi�erC � (�) can be trained. With the proposed AISEL

framework to actively incorporate complementary knowledge via labeling, we will show

later in the experiments,C � (�) can achieve better classi�cation accuracy.

We propose Algorithm 4 for our AISEL framework. In our implementation, the native

model and improved model are parameterized by CNN, for its popularity in the image

classi�cation tasks. Other, perhaps more advanced architecture (e.g., ResNet [125]) can

also be used. The optimization of(3.10)can ef�ciently implement by the convex-concave

procedure (CCP, see [123]). Note that for all the NNs, especially the native model and the

GIN, data augmentation methods (e.g., rotation and horizontal �ip) are used. Note that

our method can also be used for sequential implementation – run Algorithm 4 interactively

to generate a series of AISEL datasets and therefore provide even better improvement, if

budget allows.

3.5 Experiments

We �rst conduct toy computer vision experiments, and provide more insights on our AISEL

framework. We then deploy the proposed method to the medical application of aortic

stenosis, with emphasis on the pathophysiological meaning of the proposed framework.

3.5.1 Toy computervisionapplications

We conduct experiments on small versions (400 in total for training) of two single-channel

(i.e., grayscale) computer vision datasets – Fashion [126] and MNIST [127]. The two

datasets are of particular interest due to their visual similarity to the images in the manu-

facturing process and modeling. For example, the images captured by a thermal camera
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Figure 3.3: Qualitative results for our GIN on Fashion data, including the training dataX of all
ten classes, our reconstructionsG(E(X )) and reconstructions via BiGAN [105].

(or simulated via �nite element analysis), representing a gray-level temperature contour,

can be used to predict the throughput in steel manufacture and conduct quality control in

semiconductor manufacturing [128]. In the following subsections, we illustrate the visual

performance of the proposed GIN, and the improvement in classi�cation by our AISEL

method,only on the Fashion dataset; similar observation also applies for MNIST (see

Appendix C.5).

Fashion dataset

The Fashion dataset [126] is an MNIST-like dataset of Zalando's article images. As shown

in Figure 3.3 (see the rowsX ), it contains ten classes of out�ts. We observe that the

images associated with classes “T-shirt/top”, “coat” and “shirt” are visually similar in nature,

resulting in a more challenging classi�cation task than MNIST. Lots of works have been

dedicated to classifying the Fashion dataset [129], and the leading accuracy is96:7% by

WideResNets [130]. We use this model as our labeling approach (see Section 3.5.1 for a

detailed discussion).

The original Fashion dataset contains a large amount of training data (60,000 in total).

To mimic the real small-data situation in manufacturing, we randomly sample 400 as our
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Table 3.1: The classi�cation accuracy applying our AISEL method and baselines, on the Fashion
dataset and MNIST.

Native Transfer ACGAN Rand Rand AISEL AL Oracle Oracle
(400) (+400) (+5000) (+400) (+400) (800) (all)

Fashion 72.8% 74.3% 72.3% 76.4% 80.7% 81.9% 78.2% 81.3% 96.7%
MNIST 88.2% 87.4% 85.9% 90.2% 91.6% 91.2% 90.4% 91.3% 99.2%

training set, with roughly 40 data per label. The original test set (10,000 in total) remains

untouched.

Visual results of GIN

We test �rst the proposed GIN. The dimension of the feature space is set to ber = 2, i.e.,

F = [ � 1; 1]2. This is only for visualization purposes; for actual employment (and in the

later application of aortic stenosis), we suggest using a higherr for better performance. The

detailed architecture of the three NNs can be found in Appendix C.4. Figure 3.3 shows

the generated images (see the rowsG(E(X ))). Visually, they look sharp and reasonable

without apparent mode dropping.

Reconstruction test.To visually show the encoderE(�) is the inverse of generator

G(�), we conduct the following reconstruction test: for any actual imageX i , its feature is

extractedf i = E(X i ), and then a reconstructed image is generated based on that feature

G(f i ) = G(E(X i )) , which is compared with the actualX i visually. The test results of

all ten classes are shown in Figure 3.3, withX denoting the actual images, andG(E(X ))

denoting the reconstructing ones. The similarity between the two is noticeable, especially

in the sense of the same class. Note that we have already proven thatG(�) andE(�) are

inverses of each other in an ideal situation (see Theorem 5), and here we show the inverse

can be achieved in practice.

Comparison with BiGAN.We compare our GIN with BiGAN in literature, which also

features a bidirectional mapping [105]. The architecture of BiGAN is set to be similar to

GIN, with the same feature dimensionr = 2 and hidden layers. Figure 3.3 (see the rows
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Figure 3.4: A comparison of the selected features by our AISEL method, the random sampling
method and the active learning method, with uncertainty measure(3.7)as background.

“BiGAN”) shows the reconstruction test conducted by BiGAN using the same set of actual

imagesX as GIN. Further tuning (e.g., learning rate and hidden dimensions) of the BiGAN

is also conducted, with similar performance (also see Figure 4 in [105]). In contrast, our GIN

is easier to tune, and more importantly, achieves noticeable improved visual performance

– better reconstruction results with no mode dropping even in this small-data situation.

The reason for this difference contributes to the essentially different objectives of the two

methods. BiGAN uses one discriminator to supervise both the generator and the encoder

for representation learning purpose or even latent regression [104]. On the contrary, the

objective of our GIN is to �nd the best inverse mapping for ef�cient sampling. Therefore,

sequential order of trainingG(�) andE(�) is implemented in the proposed GIN to ensure the

sample-to-sample inverse isexplicitly trained by MSE metric. Therefore, we leave out the

comparison of BiGAN for downstream classi�cation.
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Figure 3.5: Qualitative results of generated images of all ten classes via ACGAN baseline.

AISEL framework

Now we test the rest of our AISEL framework. The native modelC(�) is set to be a CNN

with detailed architecture speci�ed in Appendix C.4. The classi�cation accuracy of the

native model is only72:8%, since only 400 data are used as the training set. We then generate

an AISEL dataset with size 400. Note that the labels are obtained by the oracle model (using

all 60,000 training data and WideResNet architecture, denoted as “Oracle (all)” in Table

3.1), mimicking the process of labeling by a domain expert. An improved classi�cation

modelC � (�) can then be obtained by the actual data and AISEL data. Final classi�cation

accuracy on the same test set is81:9%, an almost10%increase. This improvement shows

that the proposed AISEL framework can indeed improve the predictive accuracy in the

classi�cation tasks. The reasons are that (i) the additional knowledge, i.e., labeling by the

oracle model, is incorporated in the learning process, and (ii) the proposed sampling method

ensures that our AISEL dataset explores the feature space. The latter will be discussed

in detail below, with comparison to different baseline methods. Table 3.1 shows the �nal

classi�cation performance of the proposed method on both Fashion and MNIST, compared

to the baselines.

Features of AISEL dataset.We �rst visualize the actual features (i.e., the embedded

features of the actual images) in the feature spaceF = [ � 1; 1]2. Figure 3.4 (a) shows the

400 actual features (in black crosses) onF, with the background visualizing the uncertainty

measure(3.7). Speci�cally, yellow regions indicate high uncertainly of the native model

C(�). Figure 3.4 (b) shows the features for 400 AISEL dataset (in red circles) together with
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the actual features. We observed the key trade-off as mentioned: our AISEL features jointly

(i) exploits the highly uncertain regions and (ii) explores the whole feature space. On one

hand, objective (i) is achieved by sampling more points in the regions where uncertainty

is high, i.e., those with a yellow background. Visually, the AISEL features approximately

follow the uncertainty measure. On the other hand, objective (ii) is achieved by spreading

the AISEL features over the whole feature space with no features too close to one another.

Visually, there are no big “holes”, and no two points overlap. Therefore, our AISEL method

achieves a high (81:9%) classi�cation accuracy.

Comparison with GIN-based random sampling.We compare the proposed sampling

method to random sampling. Speci�cally, we uniformly sample 400 features, generate

virtual images using those features, and then label them using the same oracle model (i.e.,

Oracle (all)). Figure 3.4 (c) shows the randomly generated features. We see that those

features are (i) not exploiting (i.e., placing more points in) the highly uncertain regions, and

(ii) overlapping with one another and to the actual features, leading to poor exploration.

Therefore, the classi�cation accuracy of the 400 randomly sampled virtual images is only

76:4%, which is noticeably lower (81:9% � 72:8% = 9:1%) than the proposed AISEL

method. If increasing the number of random virtual images to 5000, the classi�cation

accuracy can be increased to80:7%. Our AISEL method achieves slightly higher accuracy

(81:9%� 80:7% = 1:2%), however much less virtual images, and therefore much lower

labeling cost.

Comparison with active learning.We compare the proposed sampling method to an

active learning (AL) method. Speci�cally, we adapt a similar setting in GAAL [116] in

literature, using the GIN to generate a potential unlabeled dataset. To sample a virtual

dataset, we set a grid (with size101� 101) on the feature space, and then select the top 400

features among the grid, whose uncertainty is the highest. Virtual images are then generated

and labeled by the oracle model. Figure 3.4 (d) shows the features selected by our setting of

AL. We observe that, though the selected features locate in the highly uncertain regions, they
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are too close to one another. Furthermore, the selected features do not explore the whole

feature space. The �nal classi�cation performance of this AL is78:2%, which is slightly

better than the random sampling (78:2%� 76:4% = 1:8%). However, our AISEL method,

jointly explore and exploit the feature space, achieves a better classi�cation performance

(81:9%� 78:2% = 3:7%).

Comparison with ACGAN.Another approach also for small-data tasks is the ACGAN-

based data augmentation method [108], which generates a set of images based on the chosen

labels. We train an ACGAN [107] using the actual dataset at hand. The complexity of the

ACGAN is set to be similar to our GIN. Figure 3.5 visualizes the generated images of all ten

classes. We see that due to the limited training size (400 in total), the images can sometimes

be wrongly labeled – in Figure 3.5, the generated “Trouser” is visually more close to “Dress”.

The �nal classi�cation accuracy is72:3%, i.e., it offers similar classi�cation accuracy as the

native model. This is because adapting ACGAN, the labels of the augmented dataset are

obtained by the training setwithoutcomplementary information. The data size is increased,

however, those labels may not be accurate; therefore, little improvement is observed in this

experiment. In our AISEL framework, we use an additional labeling method (i.e., by the

oracle model with an accuracy of96:7%) for more precise labels. Therefore, our method

achieves better predictive performance.

Comparison with transfer learning.Transfer learning is also popular for small-data tasks.

In our setting of transfer learning, we adapt a pre-trained ResNet18 [125] (by ImageNet [89])

and only �ne-tune the last fully connected layer using the training data (400 in total) at hand.

The classi�cation accuracy of the transfer learning is74:3%, only slightly better than the

native model with an accuracy of72:8%. The reason for this is that images of the Fashion

dataset are virtual different from the natural images in the ImageNet. This observation is

typical in the applications of manufacturing and healthcare, where the input images are,

e.g., images from a thermal camera or �ow velocity contour. In the transfer learning setting

[131], we implicitly assume the parameters learned by ImageNet data can use be used to
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interpret the current Fashion dataset at hand. From the result of classi�cation accuracy, the

above assumption may not be valid. Our AISEL framework incorporates more accurate

knowledge from physical experiments or experts, and therefore better classi�cation model

can be obtained.

Comparison with native model using 800 actual data.Another interesting baseline,

though not feasible in real applications, is directly using 800actualdata to train an oracle

model. In our setting, the �rst 400 data is the same as the 400 for the native model, and the

remaining 400 is again randomly selected from the actual training set of the Fashion dataset.

The same architecture as the improved modelC � (�) is used. We observe the classi�cation

accuracy is81:3%(denoted as “oracle (800)” in Table 3.1), which is similar to our AISEL

method with accuracy81:9%. This is again due to our ef�cient sampling method, which both

explores and exploits the image space. Meanwhile, this also veri�es the good generating

performance of our GIN.

3.5.2 Aortic stenosisapplication

We now go back to the motivating application of aortic stenosis (AS). An anonymous image

dataset containing 168 patients with aortic stenosis is collected (by Piedmont Healthcare,

Atlanta). For each patient, pre-surgical CT scans and the corresponding calci�cation amount

are acquired. The learning task is to classify the calci�cation level as high or low, which is

an important yet challenging clinical problem. Four-fold cross validation strategy is used

(see Appendix C.4), leading to only 126 data as the training set. We �rst provide more

background information on the medical problem and our dataset. We then visualize the

GIN performance, with a focus on the pathophysiological meaning. Finally, we discuss the

classi�cation accuracy, compared with baselines.
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