NEW ACCELERATED METHODS FOR OPTIMIZATION AND
REINFORCEMENT LEARNING

A Dissertation
Presented to
The Academic Faculty

Tianjiao Li

In Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy in the
H. Milton Stewart School of Industrial and Systems Engineering
College of Engineering

Georgia Institute of Technology

August 2025

© Tianjiao Li 2025



NEW ACCELERATED METHODS FOR OPTIMIZATION AND
REINFORCEMENT LEARNING

Thesis committee:

Dr. Guanghui (George) Lan, Advisor Dr. Anatoli Juditsky

Industrial and Systems Engineering Laboratoire Jean Kuntzmann
Georgia Institute of Technology Université Grenoble Alpes

Dr. Ashwin Pananjady, Co-advisor Dr. Renato Monteiro

Industrial and Systems Engineering & Industrial and Systems Engineering
Electrical and Computer Engineering Georgia Institute of Technology

Georgia Institute of Technology
Dr. Arkadi Nemirovski

Industrial and Systems Engineering
Georgia Institute of Technology

Date approved: July 16, 2025



To my family.



ACKNOWLEDGMENTS

My six years at Georgia Tech have been a transformative journey—beginning with the
Master of Quantitative and Computational Finance (QCF) program, and followed by five
years as a PhD student in the School of Industrial and Systems Engineering (ISyE). I am
deeply grateful to the many people I have met along the way, and I would like to take this
opportunity to express my sincere gratitude.

At the forefront, my deepest thanks go to my advisors, Dr. Guanghui (George) Lan and
Dr. Ashwin Pananjady.

George entirely changed the course of my life. He offered me the invaluable opportu-
nity to conduct research under his guidance during the summer of 2020, at a time when I
knew nothing about research. With his mentorship, we obtained some nice results, and he
supported my transition into the PhD program. George has shaped my research direction
and taste, not only through problem-solving but also by setting a high standard for defining
meaningful and impactful research questions. His passion for research and his enthusiasm
for learning continually inspire me to push beyond my limits. Beyond academia, George
has also been a role model. He is always generous in sharing his experiences and advice,
and consistently offering unwavering support whenever I need it.

I am very proud to be Ashwin’s first PhD student. Ashwin’s mentorship has extended
far beyond research — it has encompassed writing, presentations, teaching, student men-
toring, and job searching. His energy and passion for everything he does have left a lasting
impact on me, both professionally and personally. He has also been a great friend, always
willing to listen and offer support, especially during my times of stress and uncertainty. I
am especially grateful for his patience during those moments when I needed reassurance
the most.

I would also like to express my sincere appreciation to Dr. Anatoli Juditsky, who has

been a close collaborator since my third year of PhD studies. Anatoli has taught me a

v



great deal about optimization and statistics, and his meticulous and rigorous approach to
mathematical research has set a high bar for my own work. I fondly recall the month I
spent visiting him at Université Grenoble Alpes, which remains one of the most memorable
experiences of my PhD.

I am grateful to Dr. Arkadi Nemirovski and Dr. Renato Monteiro for serving on my
thesis committee. I am particularly thankful to Arkadi for his insightful research advice
and his generous support during my job search.

I also want to thank Dr. Yangyang Xu, Dr. Yingbin Liang, Dr. Shaofeng Zou, Dr.
Jiapeng Huang, Dr. Lihui Bai, and Dr. Xiaoyu Chen, who mentored me on various research
projects and taught me so much along the way.

I am deeply grateful for the support of my lab mates, collaborators, and friends through-
out this journey. I would like to thank Georgios Kotsalis, Zhe Zhang, Yan Li, Caleb Ju,
Yao Ji, Zhichao Jia, Feiyang Wu, Mengqi Lou, Liwei Jiang, Sheng Zhang, Jingyan Wang,
Kabir Verchand, Milind Nakul, Xuanzhou Chen, Sen Na, Jiaming Liang, Yiling Xie, Yuhao
Wang, Linyun He, Moyi Guo, Tian-Yi Zhou, Sasila Ilandarideva, Ziwei Guan, Xinyuan
Cao, Guanghui Wang, Ye Tian, Jinwen Yang, Zikai Xiong, Yujia Jin, and Yifan Hu. Spe-
cial thanks to Yan Li, who is like a brother to me, always being there to listen and support
me. I’'m grateful to Mengqi Lou, my wonderful office mate, for sharing so many fun and
memorable moments. I am also thankful to Sen Na, Liwei Jiang, Yiling Xie, Linyun He,
Yao Ji, and Yifan Hu for their help and encouragement during my job search. My heartfelt
thanks go to Ye Tian for being a great companion during our internship at Amazon. I would
also like to thank my master’s classmates, Zhe Zheng, Shigang Yang, Zijie Li, Xiaoyu Du,
Chi Zhang, Mengxiao Li, and Maiqi Ding, who encouraged me greatly in pursuing the PhD
degree. Special thanks to Chun Chen, Yuhe Xiao, Lingyao Xie, Ziqing Xu, Ziying Peng,
Yanting Yang, and Yujie Yan for all the fun and joyful moments we shared together.

Lastly, I would like to thank my family. My heartfelt thanks to my wife, He Zhou,

for her unconditional love and constant support in every decision I’ve made. I am also



deeply thankful to my parents, Zhifeng Li and Juan Teng, for always standing behind me

and encouraging me to pursue my goals with confidence and determination.

vi



TABLE OF CONTENTS

Acknowledgments . . . . . . . . . . i ittt e e e e e v
Listof Tables . . . . . . . . . i i i it it et it i it i et Xiii
Listof Figures . . . . . . . i i i i it it ittt ittt et oo eeseeeos Xiv
SUMMATY . & & v v i vt e e e e vt o ot o oo ot o oo o oo o oo oeesoees Xvii
Chapter 1: Introduction and overview . . . . . . . . . . 0 ittt v vt v v o v 1
1.1 Convex optimization and Nesterov’s accelerated gradient method . . . . . . 2

1.2 Stochastic convex optimization under different noise settings . . . . . . . . 4

1.3 Parameter-free optimization . . . . . . . . . . .. ... ... ... 5
1.3.1 Convex optimization . . . . . . . . .. .. .. ... ... .. 6

1.3.2 Bilinear saddle-point optimization . . . . . .. ... .. .. .... 7

1.3.3 Nonconvex and stochastic optimization . . . . ... . ... .... 8

1.4 Reinforcementlearning . . . . . . . ... ... L L. 8
1.4.1 Policy evaluation . . . .. ... ... ... ... ... ....... 9

1.42 Constrained MDPs . . . . . .. ... ... oo 10

1.5 Related work not appearing in this thesis . . . . . . . .. ... ... .... 11

1.6 Generalnotation . . . . . . . . . ... 12

Vil



I Accelerated methods for optimization

Chapter 2: Accelerated stochastic approximation with state-dependent noise . .
2.1 Introduction . . . . . . . . ...
2.1.1 Contributions and organization . . . . . . . . . ... ... ....
2.1.2 Notation . . . . . . . .. e

2.2 Problemstatement . . . . . . . ... ...
221 Assumptions . . . ... oL e e
222 Mini-batchsetup . . . . . ... ...

2.3 SAGD for general convex problems . . . . ... ... ..........
2.4 SGE for general convex problems . . . . ... ... oL
2.5 SGE for convex problems with quadratic growth condition . . . . . . ..
2.6 SGEforsparserecovery. . . . . . . . . . . i e e

2.6.1 Application: sparse generalized linear regression . . . . . . . ..

2.6.2 SGE-SR: stochastic gradient extrapolation for sparse recovery

2.7 Numerical experiments . . . . . . . . . . .. ..o
2.8 Proofs . . . ..

2.9 Concludingremarks . . . . . . . . . . ... ...

Chapter 3: A uniformly optimal method without line search for convex opti-
Mization . . . . . . . i e e e e e e e e e e e e

3.1 Introduction . . . . . . . ... ..
3.1.1 Notation . . . . . . ..o
3.2 AC-FGM for smooth convex problems . . . . . ... ... ... .....

3.2.1 Algorithmic framework of AC-FGM . . . . . .. ... ... ...

viil

13

14
14
18
20
22
22
24
25
30
35
37
39

41



33

34

3.5

3.2.2 Convergence guarantees and stepsize policies for AC-FGM . . . . . 77

AC-FGM for convex problems with Holder continuous gradients . . . . . . 93
Numerical experiments . . . . . . . . . . .. . ... . 101
3.4.1 Least squares linear regression and Lasso regularization . . . . . . . 103
342 SquarerootLasso . . . ... ... ... ... ... ... 105
3.4.3 Sparse logistic regression . . . . . . ... ..o oo 107
3.4.4 Ablation analysis for line search in first iteration . . . . . . . . . .. 108
345 Adaptiverestart . . . . ... .. L e 110
Concludingremarks . . . . . . .. . ... oL 111

Chapter 4: Auto-conditioned PDHG and ADMM for bilinear saddle point opti-

4.1

4.2

4.3

4.4

MIZation . . . . . . o i e e e e e e e e e e 113
Introduction . . . . . . .. L 113
4.1.1 Smoothing scheme and primal-dual methods . . . . . . .. ... .. 114
4.1.2 Alternating direction method of multipliers (ADMM) . . . . . . .. 115
4.1.3 Adaptive methods for bilinear saddle point problems . . . . . . .. 116
4.1.4 Contributions and organization . . . . . . . . ... .. .. ..... 118
415 Notation . . . . . . . oL 120
An adaptive primal-dual hybrid gradient (PDHG) method . . . . . . . . .. 120
4.2.1 AC-PDHG for bilinear saddle point problems . . . .. .. ... .. 122
4.2.2 AC-PDHG for linearly constrained problems . . . .. .. ... .. 135
An adaptive alternating direction method of multipliers (ADMM) . . . . . . 139
Adaptive PDHG and ADMM with acceleration . . . . .. ... ... ... 152
4.4.1 AC-APDHG for bilinear saddle point problems . . . . . . ... .. 152

1X



4.5

4.4.2 AC-APDHG for linearly constrained problems . . . .. ... ... 161
4.4.3 Auto-conditioned accelerated ADMM . . . . . ... ... ..... 163

Concludingremarks . . . . . . . . . . .. e 169

Chapter 5: Projected gradient methods for nonconvex and stochastic optimiza-

5.1

5.2

5.3

5.4

5.5

5.6

tion: new complexities and auto-conditioned stepsizes . . ... .. 171
Introduction . . . . . . ... 171
5.1.1 Contributions and organization . . . . . ... .. ... ....... 174
5.1.2 Notation . . . . . . . . . . 177
Projected gradient methods for nonconvex optimization . . . . . .. .. .. 177
5.2.1 A novel analysis of the projected gradient (PG) method . . . . . . . 178
5.2.2 Auto-conditioned projected gradient (AC-PG) method . . . . . .. 182

Stochastic projected gradient methods for nonconvex stochastic optimization 187
5.3.1 Stochastic projected gradient (SPG) method . . . . . . .. ... .. 188
5.3.2 Auto-conditioned stochastic projected gradient (AC-SPG) method . 193

5.3.3 Atwo-phase auto-conditioned stochastic gradient method with high

probability guarantees . . . ... ... ... ... .. L. 203
Variance reduction methods for nonconvex stochastic optimization . . . . . 210
5.4.1 Variance-reduced stochastic projected gradient method . . . . . . . 210

5.4.2 Auto-conditioned variance-reduced stochastic projected gradient (AC-

VR-SPG)method . . . . . . . .. ... .. 218
Numerical experiments . . . . . . . . . . . ... ... .. 224
5.5.1 Box-constrained nonconvex quadratic programming . . . . . . . . . 225
5.5.2 Semisupervised smoothed support vector machine . . . . ... ... 226
Concludingremarks . . . . . . . . . ... .. 228



Il Accelerated methods for reinforcement learning 230

Chapter 6: Accelerated and instance-optimal policy evaluation with linear func-

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

tion approximation . . . . .. ... 231
Introduction . . . . . . . L 231
6.1.1 Relatedwork . . . ... ... .. ... ... 233
6.1.2 Contributions and organization . . . . . . ... ... ... ..... 235
Background and problemsetting . . . .. ... ... ... ... .. ... 236
6.2.1 Markov reward process and policy evaluation . . . . ... ... .. 236
6.2.2 Linear function approximation . . . . . .. ... ... ... .. .. 237
6.2.3 Observation models and problem statement . . . . ... ... ... 238
Lower bounds in weighteg-norm . . . . . . . ... ... ... ...... 240
6.3.1 Oracle complexity lower bound on deterministicerror . . . . . . . . 240
6.3.2 Instance-speci c lower bound on stochasticerror . . . ... .. .. 242
Algorithms for policy evaluation in the i.i.d. setting . . . . . . ... .. .. 245

6.4.1 A warm-up algorithm: variance-reduced temporal difference method 246

6.4.2 Variance-reduced fast temporal difference method . . . . . . . . .. 249
Algorithm for policy evaluation in the Markovian setting . . . . . . .. .. 251
Numerical experiments . . . . . . . . . . .. e 256
6.6.1 Thei.i.d. setting: A simple two-state construction . . . . .. .. .. 257
6.6.2 The Markovian setting: 2D GridWorld . . . . . . ... ... ... 259
Proofs . . . . . . 260
Concludingremarks . . . . . . . . ... 282

Xi



Chapter 7: Accelerated primal-dual method for constrained Markov decision

ProCESSES . . . . . . . . e e e 284
7.1 Introduction . . . . . . . ... 284
7.1.1 Maincontributions . . . ... ... 285
7.1.2 Relatedworks . . . . . . ... 286
7.2 Preliminaries . . . . . . ... 287
7.2.1 Markov decCision proCess . . . . . . . . . e e 287
7.2.2 Constrained Markov decisionprocess . . . . . ... ... .. ... 288
7.3 An accelerated primal-dual approach for CMDPs . . . . .. .. ... ... 289
7.3.1 Existing primal-dual approaches . . . . . ... ... ... ..... 289
7.3.2 AR-CPO: an accelerated primal-dual approach . . . . . .. .. .. 291
7.4 Convergencerate and optimality . . . . ... .. ... ... ........ 293
7.5 EXperiments . . . . . . . .. 295
751 2DGridWorld . . ... ... .. 295
7.5.2 OpenAlGym . . . . . . . . 297
7.6 Concludingremarks . . . . . . . ... 298
AppendiCes . . . . .. e e 299
Appendix A: Supplementary materials for Chapter6 . . . . . ... ... .. .. 300
Appendix B: Supplementary materials for Chapter7 . . . . .. ... ... ... 314
References . . . . . . . . e 337
Vita . . 358

Xii



3.1

3.2

3.3

3.4

LIST OF TABLES

Least squares regression (3.4.1): Comparison of the averaged CPU time in
[sec] and averaged oracle calls per iteration. . . . . .. ... ... ..... 103

Lasso (3.4.2): Comparison of the averaged CPU time in [sec] and averaged
oracle calls periteration. . . . ... ... ... .. ... .. .. .. ... . 105

Square root Lasso (3.4.3): Comparison of the averaged CPU time in [sec]
and averaged oracle calls periteration. . . . .. ... .. ... ....... 106

Sparse logistic regression (3.4.4): Comparison of the averaged CPU time
in [sec] and averaged oracle calls per iteration. . . . . .. ... ... .... 110

Xiii



2.1

2.2

2.3

2.4

2.5

2.6

LIST OF FIGURES

Left plot: variance of the stochastic ora@gx; ) as function ofx (solid

line) and upper bound 2(0) + 3[f (x) f (0)] (dashed line); right plot:
variance of5(x; ) as function ok (solid line) and upper bour2i3 2(0)+

3[f(x) f(O)](dashedline). . ... ... ... ... .. . . ... ..... 23

Activation functions . . . . . . . . .. 44

Estimation errokx; X k, against the number of stochastic oracle calls for
SGE-SR and SMD-SR algorithms. In the left, middle, and right columns

of the plot we show results for the linear activatio) and nonlineau; -,
andu;-,q, respectively. Two gure rows correspond to two different noise
levels, = 0:1 (the upper row) and = 0:001 (the bottom row). The

legend speci es the valueg of the batch size of the preliminary phase of

the algorithm for both routines. . . . . . . ... ... ... ... ...... 45

Estimation errokx; X k, against the number of stochastic oracle calls for
SGE-SR in Gaussian (light-tail) and Studéniheavy-tail) regressor and

noise generation setups. In the left, middle, and right columns of the plot
we show results for the linear activation, and nonlineat-, andui-q,
respectively. Two gure rows correspond to two different noise levels,

0:1 (the upper row) and = 0:001 (the bottom row). The legend speci es

the valuemg of the batch size of the preliminary phase of the algorithm for
bothroutines. . . . . . . . . . . . .. 46

Errorkx; X k, of the SGE-SR algorithm for three values of the prob-
lem condition number. First row: algorithm error against the number of
oracle calls; second row: error against the number of algorithm iterations.
Figure columns correspond to the resultsdgru;-,, andu,-; activation
functionsand =0:00L . .. .. ... .. ... ... ... 47

SGE-SR compared to “vanilla” SMD-SR and its mini-batch variant. First
row: errorkx; X Kk against the number of oracle calls; second row: the er-
ror against the number of algorithm iterations. Figure columns correspond
to the results fouq, u;-,, andu;-1o activation functions and =0:001L . . 48

Xiv



3.1

3.2

3.3

3.4

3.5

3.6

3.7

5.1

5.2

Least squares regression (3.4.1): Comparison between AC-FGM, FISTA,
NS-FGM, and AdGD in terms of the number of iterations. . . .. ... .. 103

Lasso (3.4.2). Comparison between AC-FGM, FISTA, NS-FGM, and AdGD
in terms of the number of iterations for datasgtsette(column 1) and
rcvl.binary(column 2). Row 1 takes = %kATbkl and Row 2 takes

= BOLATHG .o 104

Square root Lasso (3.4.3): Comparison between AC-FGM, NS-AGD, NS-
FGM, and AdGD in terms of the number of iterations for datagetstte
(column 1) andrearPredictionMSD.tegtolumn 2). Row 1 takes = 100

m ¥ (1 0:01=n) and Row 2 takes = 1000 m 2 (1 0:01=n).

We set =10 ® whenimplementing the algorithms. . . . . . . ... ... 106

Sparse logistic regression (3.4.4): Comparison between AC-FGM, FISTA,
NS-FGM, and AdGD in terms of the number of iterations for datasets
gisette rcvl.binary real-sim andcovtype.binary Penalty parameter: =
0:00IKATIK, . . . . o e 108

Sparse logistic regression (3.4.4): Comparison between AC-FGM, FISTA,
NS-FGM, and AdGD in terms of the number of iterations for datasets
gisette rcvl.binary real-sim andcovtype.binary Penalty parameter: =
0:00KATIK, . . . . o e 109

Ablation analysis on initial line search: Test mvl.binary (c=0.01)in

Lasso (3.4.2)YearPredictionMSD.test (c=1000) square root Lasso (3.4.3),
andgisette (c=0.005pandreal-sim (c=0.005)n sparse logistic regression

(3.4.4). “LS” represents the experimental group with the initial line search. 111

Adaptive restart (3.4.5): Comparison between AC-FGM, FISTA, AC-FGM
with adaptive restart, and FISTA with adaptive restart. Row 1 reports the
performance in terms afumber of iterationsand Row 2 reports the per-
formance in terms afiumber of oracle callsTest problem: Sparse logistic
regression (3.4.4) with = 0:00%KATbky . . ... ... ... ....... 112

Average and standard deviation results by the PG and AC-PG methods on
solving 10 independently generated instances of box-constrained quadratic
programming. Left: norm of projected gradient mapping at each iteration;
Right: estimated local gradient Lipschitz constants by AC-PG starting from
differentinitial estimates. . . . . . . . . ... . oo 225

Average and standard deviation results by SPG, VR-SPG, AC-SPG, and

AC-VR-SPG on solving 10 independently generated instances of (5.5.2) of
dimensiomn = 10 with pre-generated data sets fgrandu,. . . . . . . . . 227

XV



5.3

5.4

5.5

6.1

6.2

6.3

7.1

7.2

Average and standard deviation results by SPG, VR-SPG, AC-SPG, and
AC-VR-SPG on solving 10 independently generated instances of (5.5.2) of
dimensiomn = 100 with pre-generated data sets fgrandu,. . . . . . .. 228

Average and standard deviation results by SPG, VR-SPG, AC-SPG, and
AC-VR-SPG on solving 10 independently generated instances of (5.5.2) of
dimensiom = 10 in an online manner, i.e., with samples generatedifor

andu, whileneeded. . . . ... . .. ... .. 229

Average and standard deviation results by SPG, VR-SPG, AC-SPG, and
AC-VR-SPG on solving 10 independently generated instances of (5.5.2) of
dimensionn = 100 in an online manner, i.e., with samples generated for
upandu, whileneeded. . . . . . . . .. .. 229

Log-log plots of the squared -norm error versug=(1 ). Logarithms

are to the natural base. The number of samples used in each single exper-
imentisN = do=(1 )2e. Each point in the plot is an average 1000
independent trials. The slope of the lower boundis1. . .. ... ... ... 258

Log-log plots of the squared -norm error versugd=(1 ). Logarithms

are to the natural base. The number of samples used in each single exper-
imentisN = d5=(1  )2e. Each point in the plot is an average 00
independenttrials. . .. .. ... ... ... . ... 259

Comparison of the algorithms for the 2D-Grid world example. From left to
right is set t00:99, and0:999respectively. In thg-axis we report ratios
in terms of the Euclideannorkn k . . . . . .. ... .. ... ...... 260

Comparison between Algorithm 20 and Algorithm 21 on a randomly gen-
erated GridWorld environment witisj = 100 and(fg;f1;fg;fr;fu) =
(0:02 0:05;0:1;0:73,0:1). The dual functionisde nedad{ ):=max , L(; ).

Comparison between AR-CPO and PDO in Acrobot-v1. An “episode” here
means one full rollout of the agent in the environment. The opaque lines
provide the accumulated discounted reward (for the objective and the con-
straints) averaged ov&O0 random initialized seeds, and translucent error
bands have the width of one standard deviations obtheandom initial-
izations, respectively. The dashed lines in Figure 7.2 (b) and (c) are the
constraint thresholds, i.egandc,. . . . . . . ... .. ... .. ...... 297

XVi



SUMMARY

First-order methods are widely used to tackle modern data science and machine learning
problems. In this thesis, we focus on the design and analysis of novel accelerated rst-order
algorithms for large-scale nonlinear and stochastic optimization, addressing key challenges
such as stochasticity, nonconvexity, and uncertainty in problem structures and parameters.
We also develop new accelerated methods for reinforcement learning, accompanied by
improved computational and statistical complexity guarantees.

The main body of this thesis is divided into two parts. Part | studies accelerated methods
for different classes of optimization problems. Speci cally, Chapter 2 considers stochastic
convex optimization under rather general state-dependent noise assumptions. We inves-
tigate two accelerated stochastic approximation routines—stochastic accelerated gradient
descent (SAGD) and stochastic gradient extrapolation (SGE)—which carry a particular du-
ality relationship. Although both routines can achieve the optimal convergence rate under
appropriate conditions, the corresponding assumptions for the SGE algorithm are more
general; they allow, for instance, heavy tail noises and discontinuous score functions. We
also discuss the application of SGE to problems satisfying quadratic growth conditions,
and show how it can be used to recover sparse solutions.

Chapters 3 to 5 focus on designing adaptive accelerated algorithms for optimization
problems with ambiguous structures and unknown parameters. In Chapter 3, we begin
with convex optimization and propose a new accelerated gradient descent type algorithm,
which demonstrates that line search is super uous in attaining the optimal rate of conver-
gence when problem parameters are not given a priori. In Chapter 4, we consider bilin-
ear saddle point and linearly constrained problems, and introduce new primal-dual hybrid
gradient (PDHG) and ADMM-type methods, which can fully adapt to the linear opera-
tor while requiring no line search subroutines. In Chapter 5, we present a novel class of

projected gradient (PG) methods for stochastic smooth but not necessarily convex prob-

XVii



lems, establishing new complexity bounds in different oracle settings and developing new
parameter-free stepsize policies.

In Part Il, we develop acceleration schemes for problems arising from reinforcement
learning. Chapter 6 studies the problem of policy evaluation with linear function approxi-
mation, proving lower bounds that establish baselines on both the deterministic error and
stochastic error. We then develop an accelerated, variance-reduced fast temporal difference
algorithm (VRFTD) that simultaneously matches both lower bounds and attains a strong
notion of instance-optimality. Chapter 7 investigates the problem of constrained Markov
decision process (CMDP) and proposes an accelerated primal-dual approach with a novel
integration of entropy regularization and Nesterov's accelerated gradient method. The pro-
posed approach is shown to converge to the global optimum with an improved complexity

in terms of the optimality gap and the constraint violation.
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CHAPTER 1
INTRODUCTION AND OVERVIEW

Optimization is fundamental to modern data science, driving advancements in statistical
modeling, machine learning, and the broader eld of arti cial intelligence. In the mean-
time, the rise of big data and the rapid growth of Al technologies create new challenges
for optimization, such as high problem dimensionality, large-scale and noisy datasets, and
increasingly complex problem structures.

In this thesis, we focus on designing nowlcelerated rst-orderalgorithms, with
a goal of improving the algorithmic ef ciency for solving both classical problems, such
as convex optimization, and emerging applications, such as reinforcement learning. Our
algorithmic development is guided by three key principlesSibplicity, meaning it should
be easy to implement in practice; Aflaptivity, meaning it should thoroughly exploit the
problem structure; and J)heoretical optimality and robustness

In this chapter, we introduce some background on accelerated methods and provide
an overview of the main optimization problems studied in this thesis, along with our key
contributions. Firstly, Section 1.1 reviews the complexity theory of convex optimization
and the celebrated Nesterov's accelerated method [1]. Section 1.2 introduces the stochastic
convex optimization problem with inexact rst-order information and highlights our con-
tribution in the setting with state-dependent noise. In Section 1.3, we introduce parameter-
free optimization and discuss our algorithmic developments for convex, nonconvex, and
bilinear saddle point problems. In Section 1.4, we introduce the reinforcement learning
setting and discuss our contributions in policy evaluation and constrained Markov decision
processes (CMDPs). Section 1.5 brie y discusses some closely related work not appearing
in this thesis. Section 1.6 concludes this chapter with the general notation used throughout

this thesis.



1.1 Convex optimization and Nesterov's accelerated gradient method

Consider a basic convex optimization problem, formulated as

f :=min f(x); (1.1.1)

x2X

where X R" is a closed convex set, aid: X ! R is a closed convex function,
represented by a rst-order oracle which retufr(x) andg(x) 2 @f{x) upon request at
X. Here,@1x) denotes the subdifferential 6{ ) atx 2 X, andg(x) denotes one of its
subgradients.

Different problem classes of convex optimization have been studied in the literature. A
problem is said to beaonsmoothf the functionf , although not necessarily differentiable,

is Lipschitz continuous, i.e.,
f(x) f(y)] Mkx vyk; 8x;y 2 X: (1.1.2)

For nonsmooth convex optimization, the classic subgradient descent method exhibits an op-
timal O(1:Io k) rate of convergence, supported by the lower bound proved in Nemirovski
and Yudin [2]. Herek denotes the number of calls to the rst-order oracle. This conver-
gence rate can be signi cantly improved femoothproblems that have a differentiable

objective functiorf with Lipschitz continuous gradient, i.e.,
kg(x) g(y)k Lkx yk; 8x;y 2 X: (1.1.3)

For smooth problems, the gradient descent method exhibits a @&kek) rate of conver-
gence. However, this rate fails to match the lower complexity bo(ihék?) for smooth
convex optimization, as proved in [2]. This gap motivates the development of accelerated

methods.



Notably, Nesterov introduced in 1983 the celebrated accelerated gradient descent (AGD)
method [1] and established the optin@1=k?) rate of convergence (see also [3, 2] for Ne-
mirovski and Yudin's earlier developments on AGD). In a more recent important work, Lan
[4] showed that AGD is also optimal for nonsmooth convex problems. For completeness,
here we adopt a general three-line version of Nesterov's AGD method (which can also be

found in Section 3.3 of the book [5]):

X =1 o)X 1+ GX; 1

xg =argmin - (hg(x,);xi + gkx; 1 XK
x2X

Xy = (1 )Xt 1+ Xt

Here, x;, X; andx; are three sequences of search pointgjenotes the stepsize in each
iteration, and { 2 [0; 1]andq 2 [0; 1] are weight parameters. In comparison with gradient
descent, the AGD method builds up a lower approximation of the objective furfdtio)+
hg(x;);x  x;i at the search point;, rather than at the original search poxit The
search point sequen€&,g serves as the output solution. Although requiring slightly more
computational steps than the gradient descent method, AGD still needs only one rst-order
oracle and one projection subproblem per iteration, thereby preserving its simplicity.

While accelerated gradient methods and their stochastic variants achieve optimal guar-
antees for important problem classes like smooth convex optimization, they are often con-
sidered to be less adaptive to unknown problem parameters and structures, and less robust
to noise and uncertainty, compared to “vanilla” (stochastic) gradient methods. As a result,
many practitioners tend to prefer the “non-accelerated” methods, despite their slower con-
vergence rates and potentially higher computational cost. These phenomena highlight the
lack of advanced design and comprehensive understanding of accelerated methods, par-
ticularly in the context of more complex and realistic problem settings. This thesis seeks

to address some of these concerns by developing novel accelerated algorithms with sharp



theoretical guarantees, as outlined in the following sections.

1.2 Stochastic convex optimization under different noise settings

This section considers the smooth convex optimization problem (1.1.1) in the stochastic
setting where only stochastic rst-order information abbus available. Speci cally, at

the current search poing 2 X, a stochastic oracle (SO) generates the stochastic opera-
tor G(x¢; t), where { 2  denotes a random variable, whose probability distribution is
supported on . We suppose that is independent oXko; :::; X;, andf ;g o are mutually
independent; we also assume tk&k;; ;) is an unbiased estimator gfx;) = r f ()
satisfyingE , [G(X; )] = g(xy).

Notably, Lan [4, 5] introduced an accelerated stochastic approximation (AC-SA), also
known as stochastic accelerated gradient descent (SAGD), which was obtained by replacing
exact gradients with their unbiased estimators in the AGD methods [1] outlined above. It
was shown in [4] that AC-SA achieves the optimal sample complexity for stochastic smooth
convex optimization (see [6, 7] for generalization to the strongly convex settings). It should
be noted that the original analysis of AC-SA in [4] was carried out undeutti®rmly

bounded variance condition

E.[KG(x; ) gk =

However, recent studies (see, e.g., [8, 9]) have pointed out that this assumption may not
hold in certain important applications, such as generalized linear regression (GLR) in sta-
tistical learning.

In comparison, we consider tis¢gate-dependent noise conditjavhere the variance of

stochastic gradients is related to the “sub-optimality” of the approximate solutions deliv-



ered by the algorithm:

E. kG(x; ) g(x)k? )= LI f1+ =

This condition can be seen as a re ned assumption on the structure of the stochastic oracle,
which can be easily veri ed in various settings of the GLR problem. However, to the best of
our knowledge, despite the prior research efforts [8, 9], none of the existing stochastic ap-
proximation algorithms attain optimality in terms of the dependence on accuracy, problem
parameters, and mini-batch size.

Our main contributions: In Chapter 2, we resolve the aforementioned question by
proposing a novel non-Euclidean stochastic gradient extrapolation method (SGE)—which
carries a particular duality relationship with the SAGD method. We show that the SGE
method achieves the optimal convergence rate, attaining the optimal iteration and sample
complexities simultaneously. In particular, the assumptions for the SGE algorithm are very
general; they allow, for instance, for ef cient application to statistical estimation problems
under heavy tail noises and discontinuous score functions. We also discuss the application
of the SGE to problems satisfying quadratic growth conditions, and show how it can be
used to recover sparse solutions. This chapter is based upon llandarideva et al. [10], with

Sasila llandarideva, Anatoli Juditsky, and Guanghui Lan.

1.3 Parameter-free optimization

As discussed above, Nesterov's AGD method achieves the optimal convergence rates for
smooth and nonsmooth problem classes [1, 4]. However, attaining these optimal rates re-
quires prior knowledge of the problem class to which the objective funétibalongs, as

well as parameters such as the Lipschitz constanésd M, to be supplied as input to

the algorithm. These constants can be unavailable or dif cult to compute in many prac-

tical scenarios. Additionally, parameter estimation over a global scopentdy lead to



overly conservative stepsize choices and consequently slow down the convergence of the
algorithm.

To alleviate these concerngarameter-freemethods have been developed, featuring
that they do not require prior knowledge of the problem parameters like the Lipschitz con-
stantL. For example, Nesterov's original paper on AGD [1] incorporated a (backtracking)
line search procedure for smooth problems and eliminated the requirement of thé input
While this approach is theoretically optimal, the line search subroutine can substantially
complicate the algorithmic structure, increase the computational overhead, and introduce
additional “bias” in stochastic settings.

Due to widespread use of rst-order methods in data science and machine learning,
the past few years have witnessed a growing interest in the development of easily imple-
mentable parameter-free rst-order methods, with one notable line of research being to
eliminate the need for line search procedures. In the remainder of this section, we dis-
cuss our recent contributions to this line of work—speci cally, the developmeautd-

conditionedmethods that are both parameter-free and line search-free.

1.3.1 Convexoptimization

In Chapter 3, we show that line search is super uous in attaining the optimal rate of conver-
gence for solving a convex optimization problem whose parameters are not given a priori.
In particular, we develop a novel accelerated gradient descent type algorithm called auto-
conditioned fast gradient method (AC-FGM) that can achieve an op@(b#k?) rate of
convergence for smooth convex optimization without requiring the estimate of a global
Lipschitz constant or the employment of line search procedures. We then extend AC-FGM
to solve convex optimization problems withblder continuous gradients and show that it
automatically achieves the optimal rates of convergence uniformly for all problem classes
with the desired accuracy of the solution as the only input. Our numerical results demon-

strate the advantages of AC-FGM over the previously developed parameter-free methods



for convex optimization. This chapter is based on the reference [11], a joint work with

Guanghui Lan.

1.3.2 Bilinear saddle-poinbptimization

Line search procedures are also often employed in primal-dual methods for bilinear saddle

point problems, in the form of
min rygxf (x)+ PA YT o(y);

especially when the norm of the linear operafoiis large or dif cult to compute. In
Chapter 4, we demonstrate that line search is unnecessary by introducing a novel primal-
dual method, the auto-conditioned primal-dual hybrid gradient (AC-PDHG) method, which
achieves optimal complexity for solving bilinear saddle point problems. AC-PDHG is fully
adaptive to the linear operator, using only past iterates to estimate its norm. We further tailor
AC-PDHG to solve linearly constrained problems, providing convergence guarantees for
both the optimality gap and constraint violation. Moreover, we explore an important class
of linearly constrained problems where both the objective and constraints decompose into
two parts:

min fF(x)+ G(w): Bw Kx = bg:

x2X;w 2W

By incorporating the design principles of AC-PDHG into the preconditioned alternating
direction method of multipliers (ADMM), we propose the auto-conditioned alternating di-
rection method of multipliers (AC-ADMM), which guarantees convergence based solely on
one part of the constraint matrix and fully adapts to it, eliminating the need for line search.
Finally, we extend both AC-PDHG and AC-ADMM to solve bilinear problems with an ad-
ditional smooth term. By integrating these methods with a novel acceleration scheme, we

attain optimal iteration complexities under the single-oracle setting. This chapter is based



on the reference [12], a joint work with Guanghui Lan.

1.3.3 Nonconvexandstochastioptimization

In Chapter 5, we present a novel class of projected gradient (PG) methods for minimizing
a smooth but not necessarily convex function over a convex compact set. We rst provide a
novel analysis of the “vanilla” PG method, achieving the best-known iteration complexity
for nding an approximate stationary point of the problem. We then develop an auto-
conditioned projected gradient (AC-PG) variant that achieves the same iteration complexity
without requiring the input of the Lipschitz constant of the gradient or any line search
procedure. The key idea is to estimate the Lipschitz constant using rst-order information
gathered from the previous iterations, and to show that the error caused by underestimating
the Lipschitz constant can be properly controlled. We then generalize the PG methods
to the stochastic setting, by proposing a stochastic projected gradient (SPG) method and a
variance-reduced stochastic gradient (VR-SPG) method, achieving new complexity bounds
in different oracle settings. We also present auto-conditioned stepsize policies for both
stochastic PG methods and establish comparable convergence guarantees. This chapter is

based upon Lan et al. [13], with Guanghui Lan and Yangyang Xu.

1.4 Reinforcement learning

In this section, we switch our attention to reinforcement learning (RL) problems, generally
formulated in terms of Markov decision processes (MDPs). Speci cally, an MDP is deter-
mined by a ve-tuple(S; A; P;r; ), whereS is the state spacé, is the action spac® is

the transition kernetl; is the reward function and 2 (0; 1) is the discount factor. At any
timet 2 N., an agent takes an actiap 2 A at states; 2 S, and then the environment
transits to the next statg,; according to the distributioR(s;+1 jSt; &). At the same time,

the agent receives a rewardrdk;; a;). The eventual goal of the agent is to learn a policy

, Which maps a state2 S to a distribution ( js) overA, to optimize the reward accrued



over time, namely .

1.4.1 Policyevaluation

A fundamental building block in RL is the problem pblicy evaluationin which we are
interested in estimating the long-term (discountemljeof each state under a xed policy

with sample access to the transition and reward functions. Since the policy is xed, the
policy evaluation problem can be de ned as a Markov reward process (MRP), described by
a tuple(S; P;r; ). The value function speci es the in nite-horizon discounted reward as

a function of the initial state:
P, . _
V(s)=E |, 'R(st;St+1)jso = s ;
which satis es the following xed-point equation (Bellman equation):
V = PV +r

It is common to use stochastic approximation (SA) algorithms (also known as temporal
difference (TD) learning in the RL literature) to solve the above xed point equation [14,
15]. Given the iterative nature of these algorithms, their convergence rates can be decom-
posed into two types of error: deterministic errorthat measures how fast the algorithm
converges to its xed point even in the absence of noise, astbehastic errorthat mea-
sures the contribution of the noise. The eventual goal of algorithm design is to develop
practical algorithms that have optimal deterministic and stochastic errors. However, de-
spite the related studies on deterministic error lower bounds [16, 17] and stochastic error

lower bounds [18, 19], the following questions remain unresolved:

1. What are the optimal deterministic and stochastic errors of policy evaluation in weighted

“»-norm with linear function approximation?



2. If the aforementioned lower bounds can be proved, how to design a practical method

that achieve both lower bounds simultaneously?

Our main contributions : We address the two questions above in Chapter 6. Firstly, we
prove lower bounds that establish baselines on both the deterministic error and stochastic
error in policy evaluation with linear function approximation. In particular, we prove an
oracle complexity lower bound on the deterministic error in an instance-dependent norm
associated with the stationary distribution of the transition kernel, and use the local asymp-
totic minimax machinery to prove an instance-dependent lower bound on the stochastic
error in the i.i.d. observation model.

Existing algorithms fail to match at least one of these lower bounds. In our earlier work
[20], we propose a fast temporal difference (FTD) method that accelerates the TD method
to achieve the optimal deterministic error. In Chapter 6, we further develop an acceler-
ated, variance-reduced fast temporal difference algorithm (VRFTD) that simultaneously
matches both deterministic error and stochastic error lower bounds and attains a strong no-
tion of instance-optimality. Finally, we extend the VRFTD algorithm to the setting with
Markovian observations, and provide instance-dependent convergence results. Our theo-
retical guarantees of optimality are corroborated by numerical experiments. This chapter is

based upon Li et al. [21], with Guanghui Lan and Ashwin Pananjady.

1.4.2 ConstrainedDPs

In many practical applications, such as autonomous driving, it is critical for an agent to
meet certain safety constraints. These safe RL problems are commonly formulated as con-
strained Markov decision processes (CMDPs) [22], in which the goal is to nd an optimal
policy that maximizes the expected accumulated reward among policies satisfying a num-
ber of constraints, i.e.,

max V, subjectto V, G; fori=1;:::;m:

10



Various primal-dual type algorithms have been proposed to solve CMDPs, where two
recent studies [23] and [24] showed that algorithms with alternating updates between policy
optimization over the policy and gradient descent over dual variables achieve the computa-
tional complexity ofO(1= 2). However, recent advances in policy gradient type methods
[25, 26] showed that the global optimum of MDPs can be achieved ef ciently, despite
the nonconcave optimization landscape. These optimistic insights naturally motivate the

following research question:

» Can CMDPs be solved with an improved complexitydfl= )? This would match

the known lower bound for convex optimization with convex constraints [27, 17].

Our main contributions : In Chapter 7, we provide an af rmative answer to the above
guestion. Speci cally, we propose an accelerated primal-dual approach with a novel in-
tegration of entropy regularization and Nesterov's accelerated gradient method. The pro-
posed approach is shown to converge to the global optimum with a complex@xylef)
in terms of the optimality gap and the constraint violation for the rst time in the litera-
ture, which improves the complexity of the existing primal-dual approaches by a factor of
O(1=). This chapter is based upon Li et al. [28], with Ziwei Guan, Shaofeng Zou, Tengyu
Xu, Yingbin Liang, and Guanghui Lan.

1.5 Related work not appearing in this thesis

In this section, we brie y highlight some other papers on closely related topics that the
author contributed to during his PhD, along with references and background information

for interested readers.

1. Stochastic variational inequalities [29, 20]: In this series of two papers, we propose
a novel and optimal method, namely the stochastic operator extrapolation (SOE)
method, for solving stochastic variational inequalities. In the second paper [20],

we apply the acceleration technique in SOE to the policy evaluation problem.

11



2. Average-reward MDPs [30]: This paper develops rst-order methods for average-
reward MDPs, addressing both policy evaluation and policy optimization. In partic-
ular, it introduces a novel algorithmic framework that resolves the exploration issue

in policy evaluation.

1.6 General notation

In this section, we collect some of our notational conventions throughout the thesis. Some
other chapter-speci ¢ notation will be introduced when needed.

For a positive integer n, we de n@] := f1;2;:::;ng. When the dimensiom is clear
in the context, we let denote the all-ones vector R". We lete; denote thg -th standard
basis vector irR™. Letls : X ! f 0; 1g denote the indicator function of the subSet X.
Given a vectox 2 R™, denote its-th entry by X). Let kxk; := i Xy kxkp =
| t”llx(zi) andkxk; := maxizmjjX(j denote theq, ", and 1 -norms respectively. Let
( )+ be the entry-wise recti ed linear function, i.e., the¢h entry of(x). is maxf 0; X;)0.
We sayx vy, ifandonly ifxg  yq, foralli = 1;:::;m. Given a matrixA, denote
its (i;] )-th entry byA;; . LetkAk, denote the spectral norm of matx We let i, (A)
and max(A) denote the smallest and largest eigenvalue of a square Matreéspectively.
For a symmetric positive de nite matri&, de ne the inner produd; yi, := x' Ay and
the associated norkxky, = P xTAX. We refer tokxka as the 5-norm ofx. When clear

from context, we us€ to hide logarithmic factors in problem regularity parameters and

target accuracies.

1n situations in which there is no ambiguity, we also uséo denote thé-th coordinate of a vecto.

12
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CHAPTER 2
ACCELERATED STOCHASTIC APPROXIMATION WITH STATE-DEPENDENT
NOISE

2.1 Introduction

This chapter focuses on the stochastic optimization problem given by

f =min f(x) (2.1.1)

x2X

whereX is a closed convex subset of a Euclidean sgaandf : X ! R s a smooth

convex function with Lipschitz continuous gradient, i.e., for sdme 0,
0 f(y) f(x) hr f(X);y xi %ky xk?; 8x;y 2 X: (2.1.2)

We assume throughout the chapter that the problem in (2.1.1) is solvable, i.e., ¥e set
of optimal solutions is nonempty.

We consider the stochastic setting where only stochastic rst-order information about
f is available for solving problem (2.1.1). Speci cally, at the current search pigtX
a stochastic oracle (SO) generates the stochastic op&@tgr ;), where ; 2  denotes
a random variable, whose probability distribution is supported oiWe suppose thag
is independent oko; :::; X, andf g o are mutually independent; we also assume that

G(x¢; ¢) is an unbiased estimator gfx;) = r f (x;) satisfying

E . [GXt; )] = 9(xt) (2.1.3)

(expectation w.r.t. to the distribution).
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Stochastic approximation (SA) and stochastic mirror descent (SMD) methods are rou-
tinely used to solve stochastic optimization problems; see, e.g., [31, 32, 33, 34]. More
speci cally, it was shown in [34] that SMD can achieve the optimal sample complexity
for general nonsmooth optimization and saddle point problems. For smooth stochastic op-
timization problems, Lan [4, 5] introduced an accelerated stochastic approximation (AC-
SA), also known as stochastic accelerated gradient descent (SAGD), which was obtained
by replacing exact gradients with their unbiased estimators in the celebrated accelerated
gradient methods [1] (see also [35, 3, 2, 36] for early developments). It was shown in [4]
that AC-SA achieves the optimal sample complexity for smooth, nonsmooth and stochas-
tic convex optimization (see [6, 7] for generalization to the strongly convex settings). It
should be noted that the original analysis of AC-SA in [4] was carried out wnd&rmly

bounded variance condition

E.[KG(x; ) gx)k] 2 (2.1.4)

wherek k is the norm conjugate th k. However, it has been observed recently (see,
e.g., [8, 9]) that this uniformly bounded variance condition is not necessarily satis ed in
some important applications in which the variance of the stochastic gradient depends on the
search poink;. As a motivation, consider the fundamental to Statistical Learning problem
of parameter estimation in trgeneralized linear regressiofGLR) model in which one

aims to estimate an unknown parameter vegta2 X  R" given observationé ¢; ),

c=u( (x)+ o t=1;20 (2.1.5)

where, in generalized linear models terminology,2 R are responses,; 2 R" are
random regressors, 2 R are zero-mean random noises which are assumed to be mutually

independent and independent @f andu : R! R is the (generally nonlinear) “activation
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function”. Then it follows directly that
E[ «(u( {x) l=E[ J=0: (2.1.6)

Thus, the problem of recovery af from observations; and ; may be formulated as a
stochastic optimization problem. Speci cally, when denotingR ! R the primitive of
u, i.e.,v{t) = u(t) and assuming that 2 intX, (2.1.6) may be seen as as the optimality

condition for the problem

T

min f (x) := E[V( Tx) x]: (2.1.7)

Clearly, the gradient of is given byg(x) = E[ (u( "x) )], and one of its unbiased

23| {
stochastic estimator i6(x; (; )) = (u( Tx) ). Under mild assumptions, one can

show (see Section 2.6.1) that the noise
GG (6 ) g()= «u( {x) u( {x) e+gx) gx)
(hereg(x ) = 0) of the gradient observatic&(x; ( ¢; {)) atx satis es the condition
E. kG(x; 1) g(x)k? x)= L[f(x) f ]+ 2 (SN)

for someL; > 0. In what follows, with some terminology abuse, we refer to (SN)
and similar conditions astate-dependent noisessumptions. More generally, if compared

to the “uniform noise” condition (2.1.4), (SN) may be seen as a re ned assumption on the
structure of the stochastic oracle. Furthermore, one can easily verify that in various settings
of the GLR problem, condition (SN) holds, while condition (2.1.4) of uniformly bounded
noise variance is violated (e.g., in the case of unbountexhd linearu). Similar condi-

tions have been recently introduced in the context of reduced variance stochastic algorithms
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for nite sum minimization, see, e.g., [37, 38, 39, 40] and references therein. Various
stochastic optimization problems in which similar state-dependent noise assumptions ap-
ply can also be found in recent literature on machine learning [41, 9, 42] and reinforcement
learning, see, e.g., [29, 20, 21, 30].

Motivated by these aforementioned statistical applications, Juditsky et al. [9] proposed
an SMD algorithm that exploits state-dependent noise assumption to attain optimal conver-
gence rates in the situation of “dominating stochastic error”, i.e., when the amplitude of the
error of the gradient observation is comparable to the amplitude of the gradieaot the
problem objective. In the similar setting, the authors of [41] have recently established sharp
lower complexity bounds for stochastic optimization under state-dependent noise in the Eu-
clidean setting for both general and strongly convex situations. However, it is well-known
that SMD is suboptimal in the so-call mini-batch setting, where the noise of the gradient
estimator is reduced by using a batch of samples. This setting has been widely used for
applications of stochastic optimization algorithms especially under a distributed comput-
ing environment. To achieve the accelerated convergence, the application of the classical
SAGD algorithm of [4] to the state-dependent noise setting was the subject of [43, 44, 41].
The authors of [41] proved (expected) optimal accuracy bdind =k? afterk iterations
for the “standard” SAGD under condition of uniform (for alj H-Lipschitz continuity
on the stochastic operat®&( ; ). However, this assumption impose signi cant limitations
on the form of the stochastic operator in statistical learning applications and is violated in
the simple case of unbounded (e.g., Gaussian) regressa@tc. To conclude, in spite of
these efforts, to the best of our knowledge, the question of building an optimal stochas-
tic approximation routine of general smooth convex optimization under state-dependent
noise assumption (SN) (when onlyf rather tharG( ; ) is Lipschitz continuous) has not

received a complete answer.
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2.1.1 Contributionsandorganization

Given the state of affairs, this chapter focuses on designing accelerated algorithms and
providing sharp analysis for the general stochastic optimization problem (2.1.1) with state-

dependent noise. Our contribution is threefold.

1. We analyze the convergence rates of the generic (hon-Euclidean) SAGD for solv-
ing stochastic optimization with state-dependent noise. We show that under condi-

tion (SN), SAGD attains a convergence rate

O LR2 4 LRZ, erRZ + 2R?2

2 m ki m km

wherek is the number of iteration® is the initial distance to the optimal solution,
andm is the batch size. The terms in the above bound are optimal, except for the third
term which has a sub-optimal dependence on the batchtsiz&s a consequence,

in order to achieve the optimal iteration complexﬂ}yp LR2= , SAGD requires a

larger batch size, resulting in a sub-optimal sample complexity

However, imposing the condition of boundness of the second moment of the Lips-
chitz constant of the gradient observatigf; ) allows to improve the second term

in the above sample complexity bound@d1=). The corresponding iteration com-
plexity boundO P LR?= is an improvement w.r.t. the bour@ P HR2=  of

[41], and our assumption is more general than the “uniform” Lipschitz continuity

1In what follows we refer to the total numb& = N( ) of calls to the stochastic oracle which are
necessary for the approximate solutikmnafterk = k() iterations andN oracle calls to attain the expected
(in)accuracy, i.e.,
E[f (k)] f (2.1.8)

as sample(or informatior) -complexityof the method. We also caileration -complexitythe minimal
iteration counk such that (2.1.8) holds.
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assumption in [41]. Moreover, unlike [41], our analysis does not require the feasible

regionX to be a bounded set.

2. Under state-dependent noise assumption (SN) we analyze an alternative accelerated
SA algorithm—stochastic gradient extrapolation method (SGE). The gradient extrap-
olation method was introduced in [45] by exchanging the primal and the dual vari-
ables in a game interpretation of Nesterov's accelerated gradient method (see [45]
and Chapter 3 and 4 of [5]). SGE uses the same sequence of points for both gradient
estimations and output solutions. This appears to be a signi cant advantage of the
SGE over the SAGD in the present setting and allows for direct “compensation” of
the state-dependent noise term by the suboptimality gap of approximate solutions.

As a result, SGE achieves the optimal convergence ratelaiterations

') LR2 , LRZ | 2R?

k2 km km

. : L . P—— :
Consequently, it attains the optimal iteration complegty LR?2= along with the
. P —
optimal sample complexit9 = LR2= + LR2= + R? 2=2 | as supported by lower

bounds in [2, 41].

3. We propose a multi-stage algorithm with restarts for solving problems satisfying the

quadratic growth condition stating that for some Oandx 2 X ?

f(x) f kx x k% 8x 2 X: (2.1.9)

2

We show that the proposed procedure attains the optimal iteration comm]mﬁt)LT log(1=)

and the optimal sample complexi®y g L= log(l=)+ L= log(l=)+ 2= )

simultaneously. Furthermore, we specify the multi-stage SGE to solve the sparse re-

2We suppose for convenience that in this case the optimal sobatigunique. Note that (2.1.9) can be
seen as a relaxation of the strong convexity assumption, i.e., fosgng X ,f (y) f(x) hr f(x);y xi
ky xk?=2:
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covery problem. This is done by incorporating hard-thresholding of the approximate
solution at the end of each algorithm stage to enforce the sparsity. The convergence
results match the quadratic growth setting up to a multiplicative factor of the sparsity
level s, with only logarithmic dependence on the dimensionTo the best of our
knowledge, the corresponding convergence guarantees are new to the optimization
literature and lead to extremely ef cient algorithms for sparse recovery problems in

the distributed setting.

Remaining sections of the chapter are organized as follows. In Section 2.2, we formalize
the general problem statement and introduce the mini-batch setup. In Section 2.3, we study
the SAGD method for solving the general convex problem with state-dependent noise. Sec-
tion 2.4 introduces SGE and provides convergence guarantees in the general convex prob-
lem. We introduce the multi-stage SGE for solving problems satisfying quadratic growth
condition in Section 2.5. Section 2.6 further extends the multi-stage SGE to be applied to
the sparse recovery problem. Finally, in Section 2.7, we present some results of a prelim-
inary simulation study illustrating the numerical performance of the proposed algorithms
in the high-dimensional setting of sparse recovery. Proofs of the statements are postponed

until Section 2.8.

2.1.2 Notation

Forx 2 R, we let(x). = max(x;0)and(x) = max( x;0). In what follows,E is a
nite-dimensional real-vector (Euclidean) space. Given a n&rnk on E, the associated
dual normk k is de ned askzk := supfhx;zi : kxk 1g. Wedene! : E! R,
the distance generating functionyhich is a continuously differentiable strongly convex
function with modulusl. Without loss of generality, we assume thék) ! (0) =0 and

for some 1,

I(x) skxk* 8x2E: (2.1.10)
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Ideally, we want to be “not too large® Meanwhile, a desired distance generating func-

tion should be “prox-friendly”, i.e., for ang 2 E, the minimization problem

. i ]
g;l)pfha, xi +!1(x)g

can be easily solved. Note that whiek is the Euclidean norm, we can sgx) = kxk3=2,
and the corresponding= 1 . Another “standard” choice ils k= k ki, k k =k k;,

and one can choose the distance generating funtti@h [46])
I (x) = felogn n® D Py p=1+ L

the corresponding satis es €’ logn in this case.
Given an initializationxg 2 X, we de ne thexg-associated Bregman's divergence of

X;y 2 X as

Vie(y)=1(y Xo) !'(X Xo) hr !'(x Xo)y Xi:
Clearly, for anyy; x; Xo 2 X, we have

Vie(Xo;y) 5Ky Xok* and Vi, (xjy) Zkx yk* (2.1.11)

We use the shorthand notatidi{x; y) for Vi, (x;y) whenxg is clear in the content.
Unless stated otherwise, all relations between random variables are assumed to hold

almost surely.

3Note that condition (2.1.10) is only required in Sections 2.5 and 2.6.
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2.2 Problem statement

We summarize below the setting of the stochastic optimization problem and our assump-

tions.

2.2.1 Assumptions

The problem under consideration is a stochastic optimization problem (2.1.1) with a convex
and smooth objective function as given in (2.1.2).
We assume that stochastic oraGlg; ) is unbiased, i.e., satis es (2.1.3). Furthermore,

we consider the following “state-dependent” oracle noise assumption.

 [State-dependent variancd/e assume that forad 2 X and somd. < 1

E. kG(x; ;) g(x)k? 2(x):= L[f(x) f hogx)x xi]+ 2 t22Z,;
(SN)

forsomex 2 X .

Assumption (SN) can be further weakened &x) := L[f(x) f ]+ 2. Inthe case of
unconditional minimizex 2 intX, the latter condition is clearly equivalent to (SN). In
the case ofj(x ) 6 0, utilizing the relaxed assumption results in convergence guarantees
which depend explicitly offi (xo) f . We use (SN) for the sake of convenience, the term
hg(x );x  x i in the right-hand side when combined with smoothnesk aflow us to
upper bound the variance &{(xo; ;) at X, by the term proportional téx, x k?; see,
e.g., (2.4.9).

When proving the convergence rates for the stochastic variant of Nesterov's accelerated
gradient descent method (SAGD; see Section 2.3), we also consider the following assump-

tion:

* [Lipschitz continuous stochastic gradigRor each 2 |, there exists &( ) > O,
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such tha€ [K( )?]< 1 and

kG(x; ) G (y; )k K ()kx vyk; 8x;y2 X: (LP)

This assumption relaxes the assumption in [41] that ass@hes) is H-Lipschitz contin-

uous for all 2 . For instance, for GLR model with Gaussian/sub-Gaussian regressors
t,» (LP) holds, but theH -uniform Lipschitz continuous condition is violated. Neverthe-

less, (LP) is not a necessary condition of Assumption (SN) since the latter one may hold

in various situations of interest whe@¢ ; ) is not Lipschitz (and even not continuous). In

Figure 2.1 we present the plot of the expectation in the left-hand side of (SN) as a function

of x for two choices of scalar discontinuous gradient observa@d@s; ) = u (x ) and

G [; D= u(x + )where and areindependentr.v. with Studentdistribution

andu(t) = (1 + P jtj)sign(t).

Figure 2.1. Left plot: variance of the stochastic ora&g(x; ) as function of (solid line)

and upper bound 2(0) + 3[f (x) f (0)] (dashed line); right plot: variance G(x; ) as

function ofx (solid line) and upper bour2t3 2(0) + 3[f (x) f (0)] (dashed line).

Given the limitations of Assumption (LP), we will only use it partially in Section 2.3 in
order to improve the convergence rates of SAGD. In the following sections, we will propose

an alternative accelerated algorithm called SGE that does not rely on Assumption (LP) but

attains stronger convergence guarantees; see Section 2.4 for more details.
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2.2.2 Mini-batchsetup

We consider the mini-batch approach widely used in practice. Speci cally, we assume
that at each search point the stochastic oracle is called repeatedly, thus genegating

i.i.d. samples gt , m; being the number of oracle calls. We de ne ltratidf, =

the conditional expectation with respectio
Given anF; ;-measurable search point 2 X, we compute the unbiased estimator

Gt = Gi(uy) of g(ur),*

G 1 G
L (Ut; ti):

i=1

Based on the state-dependent noise Assumption (SN), we have the following character-

ization of the properties of the mini-batch estimator:

Lemma 2.2.1 Denote
Vixo(Y) = max thy;z - xi - Vi (x;2)9 (2.2.1)

(we use the shorthand notati®f (y) whenxg is clear in content). The mini-batch estima-

tor G; satis es for anyxg; X, andu 2 X and 2 R,
Er gy Vixo [GiU) 0] zE L[KG(U; 1) g(u)k?]; (22.2)
Consequently, when Assumption (SN) holds,

Erygn Vo [G(U) O] 5o LIF(W) £ hgkx)u xil+ 2
(2.2.3)

“Hereu; is a general place holder forfa 1-measurable search point. Note that, with a slight ambiguity
of notation, search pointg andx; in Algorithms 1 and 2 ar&;-measurable.
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In the following section, we present accelerated algorithms equipped with mini-batches
that achieve the optimal iteration complexity for stochastic optimization with state-dependent

noise.

2.3 SAGD for general convex problems

Algorithm 1 describes a mini-batch variant of the standard stochastic accelerated gradient
descent (SAGD) method. The SAGD method, also called accelerated stochastic approxi-
mation (AC-SA), maintains three sequences of points. Speci cailyg is the sequence

of “prox-centers” for the prox-mapping updates (2.3.1b), wnandx; are weighted aver-

ages of the past's; fy;g is the sequence of search points where stochastic gradients are
estimated using mini-batches, and poifitsg is the trajectory of approximate solutions

(outputs) at each iteration.

Algorithm 1 Stochastic accelerated gradient descent method (SAGD)
Input: initial point z; = Xo, nonnegative nonrandom parametérsg andf g, and

batch sizd mg.
fort=1:;2::::do

ye=(@1 OXt 1+ tZ 1 (2.3.1a)

P
G =+ in:lG(yt; ti);

mt

z; = argminthGy; zi + (V(z 1;2)g; (2.3.1b)

22X

Xt = (1 t)Xt 1 + tZt- (231C)

end for

We start with the following characterization of the approximate solutipiof Algo-

rithm 1.
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Theorem 2.3.1 Suppose Assumption (SN) is satis ed. Let the algorithmic parameters

and . satisfy for some; 0,

ttot t 1t 1t 1 t=2500kK (2.3.2a)

«>L pt=1;00k (2.3.2b)

Furthermore, suppose that = 1 and

t( )@+ rl) 1 =200k (2.3.3)

Then

kEf (x) f 1+ « k kE[V(Z;x)]

Xk Xk
111V (20X )+ tre (LLE[V(z 1;x )]+ i % (2.3.4)

t=1 t=1

Wherert = [2( t L t)mt] ! t-

Corollary 2.3.1 In the premise of Theorem 2.3.1, let 2, andlet ; = (t +1)(t +2),

— 3 — — H
t= gz M= m,and = 7 with

6k L. 9k+1)2LL.  2(k+2)3

=max 4L; - = ' D 3m

whereD > 0Ois such thatv(z;;x ) D2 ThenE[V(z;x )] 3D2?foralll t Kk,

and

p— p_
12LD 2 6LD?2 18D2° LL M D 2.
Elf () 1] (k+1)( k+2) + (k+2) m + (k+1) " m + P k+)m" (2.3.5)
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Remarks. Bound (2.3.5) of Corollary 2.3.1 allows us to establish the complexity bounds
for the SAGD algorithm when solving a general convex problem with state-dependent
noise. Let us rst consider the case when= 1. The total number of iterations/oracle
calls used by SAGD to nd an-optimal solution, i.e.k 2 X such tha€[f (k) f ] ,

is bounded by

q o

O LD? 4 LD? 4 "LLD? 4 D222 : (2.3.6)

Considering the setting with = O(L), as in the context of [41], this upper bound matches
the optimal sample complexity under Assumption (SN), supported by the lower bound in
Theorem 4 of [41].

In the mini-batch setting, the bound in (2.3.5) means that in order to achieve the optimal

n 0
1.kL.k2_L.k32 —

"L L 'D

) . ) p — — .

iteration complexity ofO LD 2= , the batch sizen max T2
n

KL K 2 s heeded. Consequently, the total sample complexity is bounded by

max 1= 5oz

= > (2.3.7)

in this situation. When comparing (2.3.7) to (2.3.6), we observe that the second term in
(2.3.7) is sub-optimal. This implies that, based on our analysis, SAGD does not simulta-
neously achieve the optimal iteration complexity and sample complexity under Assump-
tion (SN).

The analysis on the convergence of SAGD in the state-dependent noise setting reveals
the “bottleneck”: in the recursion (2.3.1), different poigtsandx; are used for gradient
estimations and output solutions. Improving the convergence rates in Corollary 2.3.1 re-
quires better control of the objective value at the points of stochastic gradient estimation.
This can be achieved by imposing the Lipschitz regularity assumption in (LP) on stochastic

gradients.
Lemma 2.3.1 Suppose Assumptions (SN) and (LP) hold.fixet), f y;g andf z;g be gen-
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erated by Algorithm 1. Then for any2 R,

Ea 1 V, ,( [Gt  9(W)])

ZOK? 2k 1z dKPH3BL[F(x 1) f ohog(x)ix 1 xi]+3 2 ;

t

whereV, () isas de nedin (2.2.1) and
K:= 3E,[K(1)3+3L2 "7 (2.3.8)

We have the following analog of Theorem 2.3.1 under Assumptions (SN) and (LP).

Theorem 2.3.2 Let Assumptions (SN) and (LP) hold. Let . satisfy (2.3.2) for some

t+ O,andletalso ; =1 and
(1 ¢+3r¢L) ¢ 1 t=2;00k: (2.3.9)
Then

kEIf (x) 1+ « « kE[V(zc;x)]
11 1V(Zo;x )+ 210tbkzy  x K2+ e PKPEKX; 1z (K2 + 3 %

t=1 t=1

(2.3.10)

whereK is de ned in (2.3.8) and; := T Ome

Corollary 2.3.2 In the premise of Theorem 2.3.2, suppose that 2, V(zo;x ) D?,

and let ; = _t+32 ,My=mand = 57 with
q . q -
=max 4L, —18“:1“ 12 K, —2(";2)
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ThenE[V(z;z)] 3D?t=1;::k, and

P
13LD 2 54LD?2 7§KD? it D 6.
E[f (Xk) f ] (k+1)( k+2) + (k+2) m + (k+2) 1 (k+D) m + P D m’ (2311)

Remarks. Letm = 1. By (2.3.11), the iteration/sample complexity of the SAGD is
bounded by

q 2
2 2 2 3 2 2
0 LD2 , LD2 . KD + B2

When = O(L3D?=K?), this sample complexity is optimal.
In the mini-batch setting, in order to obtain the optimal iteration compk@(ityp LD?=
SAGD batch sizen should be of the order of

n

2 3 2
max 1.kL.kK .k

'L L2 L2D2

As a result, the corresponding sample complexity becomes

q

O D74 Ll Kidi, Dl (2.3.12)

WhenK?2 = O(LL), this complexity bound is optimal (cf. Theorem 4 of [41]). The result

of Corollary 2.3.2 re nes the corresponding statement of [41] in three aspects. First, the
corresponding iteration complexity bour@ P ID2= s stated in terms of the Lips-
chitz constant of the expected gradient. Second, it relies upon Assumption (LP) which is
signi cantly weaker than the assumption of uniform Lipschitz continuity of the stochastic
gradient observatiof(x; ) used in [41]. Third, unlike [41], our analysis does not require

the feasible regioX to be bounded.
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2.4 SGE for general convex problems

In this section, we discuss an alternative acceleration scheme to solve the general smooth
convex problem with state-dependent noise which we refer to as stochastic gradient ex-
trapolation (SGE). SGE (Algorithm 2) is a variant of the gradient extrapolation method

proposed in [45]. We consider here the mini-batch version of the routine.

Algorithm 2 Stochastic gradient extrapolation method (SGE)
Input: initial point Xy = z5, nonnegative parametdrs;g, f ;gandf .g, and batch size

fmg.
Xo= X 1.

fort=1:;2::::do

G =G 1(xt 1)+ (Gt 1(Xt 1) Gt 1(Xt 2)); (2.4.1a)
z, = argminfh@; xi + Vi, (z 1;X)0; (2.4.1b)
x2 X

Xt = (1 t)xt 1 + tZt, (241C)

where

1 P mg

GS( ) = ms =1 G(; s;i): (2.4.2)

end for

Remarks. The basic iterative scheme presented in Algorithm 2 is conceptually simple. It
involves two sequences of search pofrggy andf x. g, the latter being weighted averages of

the former. Note that botky andz; areF; ;-measurable. Notably, the stochastic gradients

are estimated at the search poifixgsg, which are also the approximate output solutions
generated by the algorithm at each iteration. This property brings bene ts for dealing with
state-dependent noise of the gradient estimation over the stochastic accelerated gradient

descent (SAGD) method, where the output and gradient estimation use different sequences.
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Notice that in step (2.4.1a) we utilize random noises.1; ! + 1m, , {0 compute
gradient estimate&; 1(X; 1) andG; 1(X; ») at search pointg; , andx; ;. In other
words, it requires using two series of stochastic gradient computations at each search point
Xs Of the method. This is indeed allowed in classical (gray-box) applications like the GLR
problem introduced in Section 2.1, and it ensures that Bgthye[G; 1(X¢ 1)] = g(X¢ 1)
andEg 2[G: 1(X¢ 2)] = 9(X; »2) hold. However, in the “black-box” setting where only
the value ofG(x; ) may be computed at a search pointhis will require performing two
series of queries to the stochastic oracle at each search point to ensure the above-mentioned
conditions.

The special relationship between SGE and SAGD merits an explanation. It has been
discussed in detail in [45, Section 3] and [5, Section 5.2] in the deterministic setting. For
the sake of completeness, we summarize the corresponding argument here.

For the sake of simplicity, let us consider the problem of unconstrained minimization
min f (x)
X

wheref : E ! R is strictly convex and continuously differentiable. 2 E let us
denote

(& =max ;& f(x) ;
X
sothat : E! Ris strictly convex and continuously differentiable Bn Thenf has the
Fenchel representation

f(x)= max _& i

'(8? , X2 E;

= F (X&)

and we can reformulate the original minimization problem as a saddle point problem:
f =min maxF(x;&
X &
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Let us de ne the Bregman divergence associated Widtcording to
Wi (;&)="(& [ ()+hr'( )& i]; ;&2E;

and the (generalized) prox-mapping

n 0
argmax F(z;& Ws(;&) ; z; 2E: (2.4.3)
&

As shown in Lemma 1 of [47] (cf. also Lemma 3.6 of [5]), the maximizer of (2.4.3) is the

value ofr f at certainx 2 E, speci cally,
r f(x)=argmaxfF(z;® W;s(;&)g
&

wherex =[z+ r ' ()]=(1+ ).
Using the above observation, we can rewrite the corresponding deterministic version of
the SGE recursion in a primal-dual form. It is initialized w(i& 1; &) andxg = r ' (&),

with the update$x;; &) computed according to

&=& 1+ (&1 & 2); (2.4.4a)
z; = argmin fh&; xi + Vy, (zt 1;X)0; (2.4.4Db)
&= argr;laxf F(z:8 Wi (& 1;89: (2.4.4c)

Because ' (& 1) = X; 1, by the above& = r f(x;) withx; = (z + X¢ 1)=(1+ )
which is the de nition ofx; in (2.4.1c) with = 1=1+ ). The corresponding stochastic
iteration (2.4.1) is obtained from (2.4.4) by replacifagvith its estimationG;—the mean
of m; stochastic gradients(x;; ;). Similarly (see [47, Section 2.2] and [5, Section 3.4]),

one can show that SAGD iteration can be viewed as a speci c stochastic version of the
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following (deterministic) primal-dual update:

z=z 1% (z1 z 2); (2.4.5a)

&= argrgafo(Zt;& Wi (& 1,80; (2.4.5b)

z; = argmin th&; xi + Vi, (zt 1;X)0: (2.4.5¢)
X

Recursion (2.4.4) can be seen as a dual version of (2.4.5); the principal difference between
the two resides in the extrapolation step which is performed in the dual space in (2.4.4a)
and in the primal space in (2.4.5a).

We now establish the convergence guarantees of SGE method in expectation, i.e.,
E[f (xx) f ]. We should stress here that the convergence analysis of SGE under As-
sumption (SN) is much more involved than the ones for its basic scheme in [45], and the

SAGD method in Section 2.3. Therefore, the details are deferred to the Section 2.8.

Theorem 2.4.1 Suppose Assumption (SN) holds. Assume that the parameterd g

andf (g of Algorithm 2 satisfy and a nonnegative sequeingg satisfy

t1= ottt tr o t=2000K (2.4.6a)
‘(l—tt) o ; t=3;:::k (2.4.6b)
2216 k(1 W) Lo (2.4.6¢)
Denote
t+1 (1 12+ * t2+ = .
=20ty vtz gng = & (2.4.7)
If 1 =1 and the parameters satisfy
D, A 2 (2.4.8)

t t 1
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then

K 1
LE[f(x) f 1 1 aV(xeix )+ Eobkxo x K2+ 2 . (2.4.9)
t=0

We now specify a particular stepsize policy in order to establish the convergence guar-

antee of SGE.

3

Corollary2.4.1 Let (=t (= 4 m=m; (=2,

and = ¢ for > 0. Suppose

thatV(xo;x ) D?and that

q__
18k+2) L. 2(k+1)3

= max 24L; =5 =
Then
p_
E[f () ] [57+54D%y 6D 2. (2.4.10)

Remark. Observe rst that SGE achieves the optimal sample complexity

q
O D?4Lp?, D?° (2.4.11)

in the case ofm = 1. In the mini-batch setting, by setting the batch sizenof
n

max 1:Lk: K2

. : . . . P———
. Bz theiteration complexity of the algorithm is bounded®y LD 2=

and the overall sample complexity is

q 2 2 D2 2
O 24 LDy 27 ° (2.4.12)

Notably, the SGE attains the optimal iteration and sample complexity bounds.

In particular, wherkx, x k R andV(xg;x ) D?:= 5kxo X k?, setting

2

g
=max 24 BkAL.2 - (eDE (2.4.13)
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we obtain

q__

Elf () f1 Zoeh+ZrR+6 R o (2.4.14)

This bound will be used in the proof of the multi-stage SGE method in the next section.

2.5 SGE for convex problems with quadratic growth condition

In this section, we consider the problem setting in which the smooth objdctivg2.1.1)

satis es the quadratic growth condition (cf. (2.1.9)), i.e., when for someOandx 2 X

f(x) f skx xk%8x2X: (2.5.1)

We propose a multi-stage routine with restarts that utilizes Algorithm 2 as a working

horse.

Algorithm 3 Multi-stage stochastic gradient extrapolation method
Input: initial pointy® 2 X . LetR, be a positive real.

fork=1;2;:::;K do
Il g_m
(@) SetRx = Rp2 ¥2,N = 10 2L . RunN iterations of SGE (Algorithm 2)

with xo = zp = y* *and

=t =5 T = t=1LuN
18(N +2) L q 2(N+1) 3

— . + - +

= Mmax 24L, —mk Ry mK ,

m |
2 2
mK = max 1: 3L(|\LJ+2) . 8N(N+2)

! 9 L2R?

(b) Sety* = xn, wherexy is the SGE solution obtained in Step (a).

end for

Algorithm 3 has a simple structure. Each st&gef the routine, consists dfiy = N
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iterations of the SGE with initial conditioxy = y* * being the approximate solution at the
end of the stagk 1. Method parameters are selected in such a way that the upper bound
R2 for the expected squared distarigle/*  x k2 between the approximate solutighat

the end of th&-th stage and the optimal solutions reduces by factor 2.

Corollary 2.5.1 LetfyX g be approximate solution by Algorithm 3 aftkr 1 stages.
Assume thaty® x k* R3. Then

E[f(y<) f] 2¥ 'R2Z and E[ky* xk¥j 2KXRZ

Remarks. By Corollary 2.5.1, the number of stages of Algorithm 3 required to attain
the expected inaccuracyis bounded withO (log( R 3=)). When recalling what is the

total numbemN of iterations at each stage, we conclude that the “total” iteration complex-

ity of the method i0 P L = log(R 3=) . Consequently, the corresponding sample
Py Py .
complexity ., -, m“is of the order of

ng __ , 0
O Llog =2 + L-Jog .

&
+

Similarly, the iteration complexity of solutioy satisfyingE[kyX  x k2] 2 does not
exceed

0 "L = logRo=) ;

the corresponding sample complexity is then bounded by

2
O LYlog B +L5 Jog Be +

Similar to Corollary 2.4.1, the three terms in the sample complexity bounds represent the
deterministic error, the state-dependent stochastic error, and the state-independent stochas-
tic error, respectively. Regardless of the dependence,dhe multi-stage SGE achieves

the optimal iteration complexity and sample complexity simultaneously, supported by the
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lower bound in Theorem 5 of [41].

2.6 SGE for sparse recovery

An interesting application of stochastic optimization with state-dependent noise arises in
the relation to the problem of sparse recovery when it is assumed that (2.1.1) has a sparse
or low-rank solutionx . This problem is motivated by applications in high-dimensional
statistics, where stochastic estimation under sparsity or low-rank constraints has garnered
signi cant attention. To solve this problem, one usually builds a sample average approx-
imation (SAA) of the expected risk and solves the resulting minimization problem. To
enhance sparsity, a classical approach consists of incorporating a regularization term, e.g.,
"1~ or trace-norm penalty (as in Lasso), and minimizing the norm of the solution under
constraint (as in Dantzig Selector), see, e.g., [48, 49, 50, 51, 52, 53, 54, 55, 56, 57] among
many others.

Stochastic approximation also serves as a standard approach to deal with the sparse re-
covery problem. However, utilizing traditional Euclidean stochastic approximation usually
leads to sub-optimal complexity bounds: in this setting, the expected squaeebr of
the stochastic operat@(x; ) is usually proportional to the problem dimensionThere-
fore, non-Euclidean stochastic mirror descent (SMD) methods have been applied to ad-
dress this issue. In particular, the SMD algorithm in [58, 8] attains the high probability
complexity bound (k) f = O( P s=N) (up to some “logarithmic factors”) in recov-
ering ans-sparse signat under the sub-Gaussian noise assumption with subgaussianity
parameter 2, referred to as “slow rates” for sparse recovery. To improve the convergence
rate toO( ?s=N), multi-stage routines exploiting the properties similar to strong/uniform
convexity could be used, cf. [6, 59, 60]. In [61, 62], the authors utilize the “restricted”
strong convexity condition to establi€h 2s=N) complexity bounds when assuming that
N s?. The latter assumption means that the optimal rates are only valid in the range

S g N of sparsity parameter. Recently, in [9, 42], new multi-stage stochastic mir-
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ror descent algorithms were proposed which rely on the idea of variance reduction. The
proposed method improved the required number of iterations in each st@ys)tothus
attaining the best-known state-dependent stochastic error. However, the iteration complex-
ity of those routines is still sub-optimal in the mini-batch setting, leaving room for further
acceleration.

In this section, we suppose that stochastic optimization problem (2.1.1) admits a sparse

solutionx 2 X. Standard examples of the sparsity assumptions are as follows:

» “Vanilla” sparsity: we assume that an optimal solutton2 X has at moss n

nonvanishing entries. We pkt k = k k; andk k =k Kkj .

o Group sparsity: let us partition the def into b subsets |1 4;:::; 159, and letx, the
kth block of x, meaning thajxy]; = 0 for alli 2 1,. We assume that the optimal
X 2 X is a block vector with at mot B nonvanishing blocks,. We de ne
kxk = P f;l kxpky (block “1=",-norm) andkxk = maxy g kxpk, (block *; ="5-

norm).

* Low rank sparsity: consider the matrix spaRé % wherep g equipped with
Frobenius inner product. We assume that the optim& X satis esrankx ) s.
P
We consider the nuclear noxk = L, {(x) where () are the singular values

of x, so thatkxk = maxi,[q i(X) is the spectral norm.

In what follows we assume that problem (2.1.1) and ndknksandk k satisfy conditions
(2.1.2), (2.1.3), and state-dependent noise conditions in Assumptions (SN) and (LP) of
Section 2.2. Also, instead of-quadratic growth (with > 0) condition with respect to
k k as inthe previous section, we suppésandx verify the quadratic growth condition

with respect to the Euclidean norm, i.e.,

f(x) f 1 kx xKk3 8x2X; (2.6.1)
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for some_> 0.

2.6.1 Application: sparsegeneralizedinearregression

Let us check that problem assumptions of this section hold in the case of generalized linear

regression problem (GLR), as described in the introduction. Let us assume that

* regressors; satisfyE[ ; 1] = I with > Oandk ki :=maXizmpj2m] i

* noises ; are zero mean with bounded variance, £¢.2] 1 without loss of gener-

ality;

* activation functionu is strongly monotone and Lipschitz continuous, i.e., for some

r r O,

(ut) ud t9 r@ t9% and ju(t) u(td rjt ty; 8tt°2R:
(2.6.2)

As already explained in the introduction, estimationxof 2 intX may be addressed

through solving the stochastic optimization problem
min f (x) := E[V( ™) Tx] (2.6.3)

wherev{t) = u(t). The gradient of the problem objective and its stochastic estimate are

given by

gx)=E[ u( 'x) 1 and G(x;(; )= u( "x)
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Itis easy to see that condition (2.1.3) is veri ed in this case, and invok[ny= E[u( Tx)],

we conclude thag(x ) = 0. To check the quadratic growth condition (2.6.1), we write

z 1
f(x) f = gx +t(x x)"(x x)dt
VA
= E u "(x +t(x x)) u "x T(x x)dt
)
[by (2.6.2)] rEf[ T(x  x))%gtdt = Skx  x k*  Skx x ki (2.6.4)

0

Therefore, condition (2.6.1) holds with= r which is independent of problem dimension
n.

Since we are interested in the high-dimensional setting, the desired recovery error
should have, at most, logarithmic dependence in the problem dimemsidowever, the ,
variance of the stochastic rst-order informati&@kG gk3 is proportional to the problem
dimensionn, making the standard Euclidean SA methods not applicable. To address this
issue, we work in the non-Euclidean setting wkttk = k k; andk k = k k; . Next, let
us examine the smoothness condition (2.1.2) and state-dependent variance condition (SN).

Note that for allx; x°2 R",

kg(x) g(xYks = sup hg(x) g(x9;zi = sup Ef Tz[u( "x) u( "x9]g

kzky 1 kzk;y 1

() R (i) p_
sup rEfj Tzjj T(x x%g r sup Ef( Tz)2gkx x%
kzks 1 kzk, 1

P x% . (2.6.5)

where (i) is a consequence of (2.6.2) and (ii) follows from the Cauchy inequality. Conse-

guently, we have

EKG(x; (; )) g()ki = Ek u( 'x) u( 'x) + +[g(x) gx)]ki

[oy (2.6.5)] 3Ek u( "x) u( "x) ki +3Efk k¥g 2+3r% kx xk?
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[by (2.6.2)] 3r2Efk k2 Tx  Tx ‘g+3Efk k¥g 2+3r2 kx x k:

By (2.6.4), we conclude that the condition (SN) holds whenever

2

Ek K "™x  "x 7. [ "(x x)°

]. kx x K?:

e.g., when the regressoris bounded or sub-Gaussian. Finally, under similar assumptions
on the regressors and sub-Gaussian assumption on the additive nocmedition (LP)

naturally follows.

2.6.2 SGE-SRitochastigradientextrapolatiorfor sparseecovery

We extend SGE to solve the sparse recovery problem. Similarly to Algorithm 3, sparse
recovery routine is organized in stages; each stage represents a run of SGE (Algorithm 2).
The principal difference with Algorithm 3, apart from the different choice of algorithm
parameters, is the sparsity enforcing step (see, e.g., [63, 64, 65]) implemented at the end of
each stage.

Observe that fox 2 X one can ef ciently compute a sparse approximationxpf

speci cally, xs = sparsé€x), an optimal solution to

minkx  zk, overs-sparsez 2 X: (2.6.6)

For instance, in the “vanilla sparsity” case, when theXeis positive monotoneé xs is

obtained by zeroing all bugt largest in amplitude entries af®

SForx 2 R", letjxj denote a vector iR} whose entries are absolute values of the corresponding entries
of x. We say thaX is positive monotone if whenever 2 X andjyj j Xj (the inequality is understood
coordinate-wise), one also ha® X . Atypical example of a monotone convex ¥eis a ball of an absolute
norminR".

6In the block sparsity case, whex is positive block-monotone, the corresponding “sparsi cation”
amounts to zeroing out all bgtlargest (in"2-norm) blocks ofx; whenX is a ball of a Schatten norm in
the space op greal matrices, low ranks may be obtained from by trimming the singular values af
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Algorithm 4 Stochastic gradient extrapolation method for sparse recovery (SGE-SR)
Input: initial pointy® 2 X.

fork=1;2;:::;K do
(a) SetN = 40p sL = andRy =2 ?Ry. RunN iterations of SGE (Algorithm 2)

with xo = zo = y¢ ' and

=6 =5 T 5 = pt=1uN
q
=max 24 18(':;2)L;R—k Z(N:]::-()s )
I m | mo
mk=max 1; G2 BEE - r=05uN

(b) Sety* = xn, wherexy is the solution obtained in Step (a). Calculate

y¥ = sparsé&/):

end for

The following corollary characterizes the convergence rate of SGE-SR for solving the

sparse recovery problem.

Corollary 2.6.1 Letfyk; y*gbe computed by Algorithm 4. Assuky® x k? R3. Then

we have fok 1

Eff(y") f 1 _s'2%*RZ and Eky* x k¥ 2 *RZ:

Remarks. From the result of Corollary 2.6.1 we conclude that the SGE-SR algorithm
nds an s-sparsey® 2 X such thatE[kyk  x k?] 2 for any 2 (0;Ry) in at most
k = O (log(Ro=)) stages. The corresponding iteration complexity of the SGE-SR is
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O S _Jog Re | and the overall sample complexity is

(@) L]OQE +L|Ogﬂ + =

Similarly, the iteration complexity of the solutigrf 2 X (which is nots-sparse in general)

q
suchtha€[f (y*) f ] isO  *—log *Sig , while the total sample complexity is

2
+ S

sL _R% sL _R3
@] Tlog =2 + >log =

The above results may be compared to the convergence guarantees obtained in [9] in the
similar setting of the sparse recovery problem. The iteration complexity of the SGE-SR al-
gorithm attains the optimal dependence on the problem's condition nuﬁqlsda—r;_, which
improves over the corresponding result in [9] by a facto@Q? sL=). Furthermore, the
proposed solution matches the best-known sample complexity bounds for the stochastic

error in [9].

2.7 Numerical experiments

In this section we present a simulation study illustrating numerical performance of the pro-
posed routines. We consider the sparse recovery problem in generalized linear regression
(GLR) model with random design as discussed in the previous section. Recall that we are

looking to recover the-sparse vectox 2 R" from i.i.d observations
i=u( Tx)+  i=1;200N:
In experiments we report on below, the activation functign is of the form

u (x) = x1fj xj g+sign(X)[  (jx] D+1)1fjxj> g > 0, x2R:
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We consider three different activations, namely, the linear link funatign, u,-»( ), and

Ui=10( ) (cf. Figure 2.2). In our simulations nonvanishing components of the signal

Figure 2.2: Activation functions

x are sampled from the-dimensional standard Gaussian distribution. We explore two
setups—Ilight tailed and heavy tailed—for generating regressors and additive noises. In
the light-tail setup, regressors are independently drawn from a multivariate Gaussian
distribution ; N (O; ) , where is a diagonal covariance matrix with diagonal entries
0< 11 nn- IN the heavy-tail setup, regressors are independently drawn from
a multivariate Student distributionn  t,(; 0; ) , being the corresponding degree of
freedom [66]. The condition numberof the problem is de ned as the ratio of the largest
and the smallest eigenvalues of The additive noise of the model in the light-tail setup is
the zero-mean Gaussian noise with varianggn the heavy-tail setup, the additive noises
have (scaled) univariate Student distributign  t ( ), 3, with scale parameter

= P ( 2)= with unit variance. Because of the memory limitations, observations
( i; i) are generated on the y at each oracle call.

In all our experiments, we run 50 simulation trials (with randomly generated regressors

and noises); then we trace in the plots the median and the rst and the last deciles of the

errorkx; X Ko.

The aim of the rst series of experiments is to compare the procedure described in Sec-
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tion 2.6 to the SMD-SR algorithm of [9]jn the light-tail noise setting, the corresponding
results are presented in Figure 2.3. In Figure 2.4, we present results of simulations of the
accelerated algorithm in the light-tail and heavy-tail setup. We used the same algorithmic
parameters in both simulation setups. In the above experimert§500 000 the maximal
number of calls to the stochastic oracle (estimation sampleNize250 00Q and sparsity

level s = 250; unless stated otherwise, the problem condition number is setth.

Figure 2.3. Estimation errokx; X Ky against the number of stochastic oracle calls for
SGE-SR and SMD-SR algorithms. In the left, middle, and right columns of the plot we
show results for the linear activatian, and nonlineau,-, andu;-1o, respectively. Two
gure rows correspond to two different noise levelss 0:1 (the upper row) and = 0:001

(the bottom row). The legend speci es the valug of the batch size of the preliminary
phase of the algorithm for both routines.

In the second series of experiments we put 100000 N = 20000Q ands = 50.
Experiments reported in Figure 2.5 illustrate the impact of the condition number on the
convergence of the SGE-SR algorithm.

Finally, we illustrate the performance of SGE-SR and SMD-SR algorithms which share

the same size of mini-batch. Recall that both algorithms if “normally set"—SGE-SR with

SMD-SR is a stochastic approximation algorithm for sparse recovery utilizing hard thresholding which
relies upon “vanilla” non-Euclidean mirror descent; both algorithms use the same distance generating func-
tion! (x) = c(n)kxk3.
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Figure 2.4. Estimation errokx; X ky against the number of stochastic oracle calls for
SGE-SR in Gaussian (light-tail) and Studésntheavy-tail) regressor and noise generation
setups. In the left, middle, and right columns of the plot we show results for the linear
activationu;, and nonlineau;-, andu;-1o, respectively. Two gure rows correspond to
two different noise levels, = 0:1 (the upper row) and = 0:001 (the bottom row). The
legend speci es the valuag of the batch size of the preliminary phase of the algorithm for
both routines.

mini-batch of optimal size and SMD-SR with “trivial” mini-batch (of sire, = 1)—
converge linearly during the preliminary phase. In Figure 2.6 we report on the simulation
of algorithms with the same (optimal for the accelerated algorithm) size of the mini-batch
[9].

The series of experiments conducted indicates that the SGE-SR algorithm outperforms
its non-accelerated counterpart. Despite both algorithms exhibiting linear rates of conver-
gence, SGE-SR reaches a better precision for a xed number of samples in every setting.
This advantage is also observed when the two algorithms are compared in terms of the num-
ber of iterations, where the accelerated algorithm clearly outperforms its non-accelerated
counterpart by a signi cant margin. The improved iteration complexities make SGE-SR a
viable solution for distributed sparse recovery problems, where it is crucial to reduce the
number of communication rounds between the servers and the clients while keeping high

precision.
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Figure 2.5. Errorkx; X ky of the SGE-SR algorithm for three values of the problem
condition number. First row: algorithm error against the number of oracle calls; second
row: error against the number of algorithm iterations. Figure columns correspond to the
results forus, u;-,, andu,-1o activation functions and = 0:001

2.8 Proofs

Proof of Lemma 2.2.1 To save notation, we put

t= G(u)  g(u); i = G ) g(u):
Recall that, by de nition,

Vixo,(Y) =max fhy;z  xi Vi, (X;z)g
' z2E

:mglé(fhy+r!(x Xo);Z Xi 1(z X+ !'(X Xo)g:

Then, by thel-strong convexity of w.r.t. thek k-norm, we have tha¥,., = is smooth with
1-Lipschitz continuous gradient w.r.t. the dual nokmk . Thus,

roox ! +
w1 w1 . 2

XX o0 XX 0 mt

a7



Figure 2.6. SGE-SR compared to “vanilla” SMD-SR and its mini-batch variant. First row:
errorkx;  x ky against the number of oracle calls; second row: the error against the
number of algorithm iterations. Figure columns correspond to the resultsg for -,, and

U190 activation functions and = 0:001

When using the above relationship recursively, by the independengg; af 2 [m] and

the fact thav,., (0) = 0, we get

EVe, ] 5-EK (1K

2my

which completes the proof.

Proof of Lemma 2.3.1 Note thatx; ; andy; areF; ;-measurable. By Lemma 2.2.1,

Ea 1e Vo ,( G 90D  #-Ea 1e KVt t1)  g(Y)K?
n
3m_t Ea 1 KG(Yt; t1) G (Xt 1 t;1)k2 + Eq 1e KG(Xt 1, t1)  9(Xt 1)k2
(0]
+ Ea 10 KO(X¢ 1) 9(Vr)K?

2 E LK)+ L2 kye x K2+ LEF(e 1) f ohgx )ixer xi]+ 2
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(the last inequality being the consequence of Assumptions (LP) and (SN)). When utilizing

Xt1 Ye=X1 (1 )Xt 1 1zt 1= t(Xy 1z 1), we obtain the desired result.

Proof of Theorem 2.3.1 For the sake of completeness, we start with the following state-

ment similar to the previous results for ASGD (e.qg., Proposition 3.1 in [5]).

Proposition 2.8.1 Letf zg; f y;g andf x;g be generated by Algorithm 1. Suppose thag
andf g satisfy (2.3.2) forsomg 0. Then for anyk 2 X one has

Xk
f (X)) FOOI+ k k «V(zkiX)
t=1
Xk
t@ JF e 1) FOOI+ 11 1V(ZosXx) + ¢ thox  zoql
t=1 t=1
Xk
+ ettt LoV, T (2.8.1)
t=1

where ( := G; g(y:) andV, () isde nedin (2.2.1).

Taking Proposition 2.8.1 as given for the moment, let us complete the proof of the theorem.
When settingxk = x and taking expectation on both sides of (2.8.1), using (2.2.3) in

Lemma 2.2.1, we get

X«
EIF (%) 1+« « «EIV(z:x )]

t=1

t( OE[f(xt 1) f ]+ 111V(zoix)

+ ELf(y) f hogx)y: xi + 2;

t=1

wherer, is de ned in Theorem 2.3.1. Recall thgt= (1 )Xt 1+ tZ 1. Onthe other
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hand, by smoothness of when recalling thaltig(x );x; 1 xi 0O,

fiy) f hoax)y Xi
(1 ) f(xe ) £ o hogx)ixer xi+ (f(zz1) f hox)zi1 Xxi
L ¢

@ Of(x1) f hogx)xe:1 xi +5kz 1 x K

1 )f(xes) f +L V(=Z 1;x):
When combining the above inequalities we obtain

(E[f (X)) f 1+ « k kEIV(Z;x)]

t=1
Xk
(1 D@+ rLE[f(y: 1) F 1+ 11 1V(20x)
t=1
X 2
+ e t{LLEV(Z 1;x )]+ 1y :

t=1

Due to (2.3.3), and taking into account that= 1, we conclude that

kElf (x) 1+ « « E[V(zc;x )]

Xk Xk )
11 1V (Zo;X )+ v (LLE[V(z 1,x )]+ tre
t=1 t=1

what is (2.3.4). In order to complete the proof, it remains to prove Proposition 2.8.1, which

we do next.

Proof of Proposition 2.8.1

First, by convexity of and due to the de nition ok;, we have for alz 2 X,

f@+h2):xe zi=1 IIf@D+E)ixi 1 zi]+ ([f(2)+ 0(2);z zi]
@ Ofx )+ [f(D+ 2.z zi]
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Now, by the smoothness 6f

f(x) f(2)+h2);x zi+5kx zK°

Q@ Of(xe )+ @+ y(2);zz zi]+ %kxt zk?;
so that forz = y; we have
f(xe)) @ Of(xe )+ Jfy)+ )iz wil+ %kxt yik?: (2.8.2)

On the other hand, the optimality condition for (2.3.1b) in Algorithm 1 implies the follow-

ing relationship (see, e.g., Lemma 3.5 of [5]):

hWGi;ze v+ (V(z 1;z2)+ (V(z;x) hGyx wi+ (V(z 1;x); 8x2X:
(2.8.3)

By combining (2.8.2) and (2.8.3) we obtain for alR X,

F(x)+ ¢ V(@ 5z)+ ¢ V(zX)
1 Of(xe )+ ([f () + hoy)ix  wil
+ thgx  zi+ ¢ (V(ze X))+ Skxe  yik?
1 Of(xe )+ ([f () + hay)ix  wil

+ thgzor zi+ thgx zodi+ V(z ux)+ Sk ik’ (2.8.4)

From (2.3.1a) and (2.3.1c) we haxg y; = (zzx z .); after substituting into (2.8.4)

and taking into account (2.1.11), we obtain

f(x)+  V(z;%)

1 Of(xe )+ [f (yo) + Oy x wiil
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+ hgx oz 4+ ¢ (V(z yx)+ thyze 1z +(L tz t OV(Z 1;7)

@ of(xe D+ [f(y)+ hoy);x wil+ thgx z 4+ ¢ (V(Z 1:%)

+ (¢ L)V, T
the last inequality being a consequence of (2.3.1c) and the de nitidf) 69. When sub-

tractingf (x) on both sides we get

[f(xe) f)I+ ¢ V(z:x)
0

Z H {
@ Off (e 1) FOOI+ olf (yo) + Moy x wid £+ ¢ V(z 1:X)

+ thex zea+ (0 L)V, , ——

(1 Jlf Xe 1) FT)I+ ¢ V(ze X))+ thgx  z gl

+ «(t+ L)V, —

t 1 t Lt

After multiplying by  and summing up fromh= 1 to k we arrive at

Xk Xk
f (X)) F0OOI+ « k kV(Zk;X) @ JIf (e 1) FOII+ 11 1V (20:%)
t=1 t=1
Xk X
+ t thegX  zql+ ettt L )V, T
t=1 t=1

which is (2.8.1).

Proof of Corollary 2.3.1

1°. Observe rstthatfor 4L andm; = m one has

24(t+1) _ 2.
o= (D) 3= m T (2.8.5)

ry =
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6(k 1)L
m

As a result, when and given the de nition of y and , we have

(@ D@+ L) (Dt 1) 1+ UL eyt 1) 14 G0

tt+1)= ¢ 1
so that (2.3.3) holds. On the other hand,
ttt:(t+1)(t+2)(t+2)3w:3 S t1t1t 1 (2.8.6)
so condition (2.3.2a) is satis ed, so Theorem 2.3.1 applies. By (2.8.5), we also have

e (LL  2efbb el (2.8.7)

tm tm

2°. Next, let us check tha[V(z;x )] 3D?forallt 1. Indeed, fort = 1 we have
by (2.3.4), the de nition of ;; ;  and due to (2.8.5)—(2.8.7)
E[V(zi;x )] V(zoix )+ 220EEV(zg;x ) + 20 2
V(zoix )+ B5V(zg;x )+ 2 2
V(zo;x )+ V(zo;x )+ D?  3D?%

n (0]
9(k+1) 2LL , 2(k+2)3 2
m ' 3D2m

where the last inequality follows fron?  max

Now we assume that far=1;:::;;t 1, E[V(zs;x )] 3D?2 Then

Xt Xt
E[V(zi;x )] 222V(zo0x )+ =E=tLEV(zs x )|+ 2k 2
s=1 s=1
Xt Xt
V(zo;x )+ ELLENV(zs 1x )]+ = 2
s=1 s=1
V(ZO,X )+ 3(t+]é)njLL 3D2+ 2\(?)t+22r213 2

V(zo;x )+ D?+ D? 3D?
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n 0
; TR : 9(k+1)2LL . 2(k+2) % 2
where the last inequality is, again, a consequencé of max —— “3p2m

3°.  Finally, when substituting the above estimates into (2.3.4), we obtain

|
XK Xk '
E[f (Xk) f ] L 11 1V(ZO;X )+ 3 tlt tLLD2+ tlt 2

k
t=1 t=1
(i) 2 2 3 2
1 2, 27(k+1)2LLD 2(k+2)
(e SD°F m T

m

@ ype 4+ 18LD? 18" LLp2 , 2 6(k+2) 2D2
(k+1)( k+2) (k+2) m (k+1) " m (k+1) " m

where (i) follows from (2.8.5)—(2.8.7), and (ii) is a consequence of the de nition dhis

implies (2.3.5) due t§*2  2fork 2

The subsequent proofs follow those of Theorem 2.3.1 and Corollary 2.3.1. We present

them here for reader's convenience.

Proof of Theorem 2.3.2 Note that assumptions of Proposition 2.8.1 hold. When taking

expectation on both sides of (2.8.1) and using the bound Lemma 2.3.1, we obtair for

X,
XK
(E[f (X)) ]+ « « kEIV(z;x )]
t=1
XK
t(1 OE[f (X 1) f I+ 111V(2oiXx)
t=1
XK
+ IE K? 2kxy 1z (K?2+3L f(x¢ 1) f hg(x)x 1 xi +3 2:
t=1

By rearranging the terms and utilizing (2.3.9) and= 1, we get

Eff (xe) 1+ « « «E[V(zc;x )]

111V (Zo;x )+3 ik f(z0) f holx);zo xi
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X

+ (I{E K? ZEkxy 1 2z (K®+3 2
t=1
Xk
111V (zo;x )+ 2lbbkzy  x K+ tE K2 2Ekx; 1 2z k*+3 ?;
t=1

what is (2.3.10).

Proof of Corollary 2.3.2 Observe thatfor 4L andm; = m (cf. (2.8.5))

r( 2. (2.8.8)

m

18(k+1) L
m )

Then, due to

(1 (+3rl) (t+1)(t+2) LI+ BUDHL

t+2 | ({2 m

(t+1) t 1+ 22 tt+1)= ¢ g

thus (2.3.9) holds. We have (cf. (2.8.6))

tte=(t+1)(t+2) ng, = t1t1t 1

so (2.3.2a) is veri ed and the conclusion of Theorem 2.3.2 applies. We also have
oy 2 2t s (2.8.9)

Let us now check thaE[V (z;x )] 3D2?forallt 1. First, fort = 1, applying (2.3.10)
and taking into account (2.8.8)—(2.8.9), we get

E[V(Zl;x )] V(ZO;X )+ %kzo X k2 + ?_11r11 2

V(zo;x )+ 1lkzy x k*+ 3L 2
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V(zo;x )+ £V(zo;x )+ D*>  3D%

2(k+2) 3 2

. . . . 18(k+1) L .
the second inequality being due to (2.1.11) and max 4L; ; BZm

m

Now, assume thatfas=1;::;;t 1, E[V(zs 1;x )] 3D?2. Becauses is a weighted

average of the previous iterates, by the convexitly of?, we have fors <t

Ekxs zk?® 2Ekxs X k®+2Ekzs x K?

20m_axEkzi X k> +2Ekzs x k2
1 S

4 maxE[V (z;x )] + 4E[V (26 x )] 24D
[
As a consequence, when substituting into (2.3.10) the bounds of (2.8.8)—(2.8.9)

XK XK

. . 3riLL 2 24 1y 2K2D?2 3re 2

+ 3antl + Ll fR7D7 4 SALI

EV(z:x )] V(zo;X) 2kkkao x k e PP
t=2 t=1

(i)

3 2 (i)
V(z;x )+ 2bkz, x k?+ 144K LKED 4 20c2). 3D?2:

due to
18(k+1) L . a kK_Z.q 2(k+2) 3 2
mo 12 T

max 4L; X 5Zm

Finally, from (2.3.10) and the de nition of we conclude that

Eff (xk) f ]

]
)Q< !
L1 V(zox )+ 2bbkzs  x k2 + ife 2K%Ekzy 1z 1K+ 3rp 2

Kk 2 t

t=2 t=1
1 3D 2+ 3BLL 4 432(k 1)K?2D? + 6(k+2) 3 2
(k+1)( k+2) m m m
13LD 2 54LD2 7K D2 4 6 2(k+2) 2p?,
(k+1)( k+2) (k+2) m (k+2) e m (k+1) k+1 m '

This completes the proof due E@% ‘5‘ fork 2
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Proof of Theorem 2.4.1 For 0O ¢ 1, denote ; = 1 —. Relationships (2.4.6) in

variables ;; t; t, and ; become

t 1= ottt te 1 t=2000k (2.8.10a)
- AL t=35k (2.8.10b)
12 1603 kL (2.8.10c)

with (2.4.1c) of Algorithm 2 replaced with

Xe = (ze+ ¢ )=(1+ ) (2.8.11)

We need the following technical statement.

Proposition 2.8.2 Let the algorithm parametefs g, f (gandf (gsatisfy; 0; > 0
forallt 2, along with relations (2.8.10a)—(2.8.10c) for some 0. Then for allx 2 X

Xk
fodf () F(xe 9] halx)ix  xig
t=1
1 1V (Xo; X)
% 1h @ 2 2 i
+ ﬂTszt (4 t(xt)) + tfl;z Vi @ (X)) ahi(X);z2 xi
t=0
K1
+ o1 e he(Xe 1) o(Xe);ze X (2.8.12)
t=1

where ((Xs) = Gi(Xs) g(Xs) with G;( ) as de ned in Algorithm 2.

Taking Proposition 2.8.2 as given for the moment, let us complete the proof of the theorem.
By taking expectation on both sides of (2.8.12), and using (SN), (2.2.3) along with the

fact that

hg(xe);x  xd o £(X)  f(x)
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we have for allk 2 X,

EF A ff(x) f(xe )] [F(x) f(x)lg
XK
1 1V (Xo; X) + ¢1 LEF(Xc 1) f ho(x)ix 1 xi]l+ 2 ;

t=1

where  is de ned in (2.4.7). Note that (2.4.8) implies that

tetLber 1+ )t 2 (2.8.13)

Thus, by settingk = x and usingg(x );x; xi 0,f(xg) f hg(x);xo Xxi

tkxo x k? and ; =0, we obtain

Xk X1
k(1 + WEMF (xk)  f ] I+ OE[f(x)) f] 1+ OE[f(x) f]

t=1 t=1
Xk

I+ OE[f(x)) f] (et ¢ lD)E[f (X 1) f]
t=1 t=2

1 1V (Xo;x )+ 25hkxg  x K+ (1 °

t=1

which is (2.4.9). Next, we complete the proof by proving Proposition 2.8.2.

Proof of Proposition 2.8.2

1°. By the smoothness df, we have

%kg(xt) gixe DK*  F(x¢ 1) [F )+ hgx)ixe 1 Xd]:

58



Then foranyx 2 X, using the above inequality and the fact thatx; = X z (X 1

Xt) due to (2.8.11), we get

(X)) ho(Xe);x X = fff (X)) + hg(Xe);%e 1 X¢d]+ hg(xy); 2z xi

f (e 1) srkg(x)  g(xe 1)K+ hg(x);z xi:
By the optimality condition of (2.4.1b), we have
hS;z  Xi tV(ze ,X)  V(zx) NV(z 1 z):
Combining two previous inequalities, we obtain

f (Xt) hglxe);x Xl tf (Xt 1)

V(z X)) Vzox) ) Ghz xio tkg(x) o DK V(z 1z):

Note that

hg(x:) Gz xi

= hg(x)  o(xe 1) (90 1) 9(xe 2));z Xi
hooal )+ (oo 1) ol 2))iz2e xi

=hg(x)  gxt 1)z xi dhg(xe 1) Xt 2)iz 1 Xi

+ (X 1) (Xt 2);zc ze a2l b a(Xe )+ (e a(Xe 1) ¢ (X 2));z Xi:

Xo = Zo, and using (2.8.10a), we obtain

Xk
f ff (X)) F(xe )] ho(x);x  Xig

t=1
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1 1V(X0iX)  k kV(Ziox)+ khog(xe)  o(Xk 1)z Xi+ (2.8.14)

where

Xk
k= eodoXe 1) 9(Xe 2);z Zai srkg(x) g% 1)K

t=1

hoo (X )+ (¢ 2(Xt 1) t 1(Xt 2));zc  xi tV(z 1;2z) :
Observe that

Cdo ) Ok iz zoai piiokz z dkPH Lhtkg(xe 1) 9(% 2K

so that, after rearranging the terms,

k2 20(X1)  O(X0);zz  zi + ztiflkzt 7o 1K Sekg(xe) Ok 1)K
XK
:11 t tV(Z 1,%)
| —{z }
= k1
_ XK
the a(Xe 1)+ (e 1(Xe 1) ¢ 1(Xe 2))ize Xi % t tV(Ze 1,2):
| =1 {z t=1 }
=ok2

2°. Letusbound \.;. By Young's inequality,

2hg(X1)  d(Xo);z2  zi %kg(xl) g(Xo)k? + +kz, z,K?

2ikg(x1) gxo)kP+ 2V (z1:22):
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Thus,

o 2B G0 Ly il ut Kz 7 K
t=3
Sikg(xk) gk 1)K
Sikg(xe)  gxk 1)K (2.8.15)

where the last inequality follows from (2.8.10b) and the bound

2 gkg(xl) g(Xo)k2 22 %szxl X()k2 - 2 %szzl Zok2 4 5 gLZV(Zl;Zo) 1 1V (21;20) .
2 2 2 2 4 ’

Note that

WV(zaX)+ ) gk 1);zc xi Fkg(x)  g(xk 1)K
Skzo XK+ hg(xe) O(Xk 1)iz  Xi o Fka(Xe) 9k 1)K

(+ F)kz xk 0

due to the second relationship in (2.8.10c). Now, substituting the bound (2.8.15) into
(2.8.14) results in

Xk
tff (X)) F(Xe )] hg(x);x xiig
t=1
1 1V(X0;X)  k kV(zZ;x)+ kho(xk)  9(xk 1);z  Xi
Srkg(x)  glxk DK+ k2

1 1V(Xoy X) + k2 (2.8.16)

3°. Tobound ., we act as follows. Observe that

k:2 tfhe 1(Xe 1);z2 z 10+ he (X 1)z 1 Xi]
t=1
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Xk
t tfhe a(Xe 1)5z2c ze 2l + he (X 1);20 1 Xi]

t=2
X( . .
+ t tlhe 1(Xe 2)sze z 10+ hy (Xt 2);z0 1 Xi]
t=2
Xk
% t tV(Zt 1;2):
t=1

Recall thatz; is F; ;-measurable. Recalling the de nition & (y) in Lemma 2.2.1, for

a> 0,
h;zr Z; 1i aV(Zr 1;Zr) aVzr 1(5):
As a result,
X( .
k2 [75Vo (4 ¢ a(Xe 1)) the a(Xe 1)52e 1 Xi]
t=1
Xk , .
+ [V @ a(Xe 1) 0 dhea(Xe 1)z 1 Xi]

t=2

2 -
+ o [V @ X )+ the a(Xe 2z 1 Xi]
t=2

1+ 2) 41t
—a 7V (4 a(Xe 1))+ V,, (4 (Xt 1)

4 141
t=1
X( - % -
the 17z 1 xi+ t tht 1(Xe 2) t 1(Xt 1);z0 1 xi: (2.8.17)
t=1 t=2

When substituting the bound (2.8.17) fok., into (2.8.16) we obtain (2.8.12).
Proof of Corollary 2.4.1

1°. Note that in the premise of the corollary one has % Let us check that with the
present choice of stepsize parameters conditions (2.8.10a)—(2.8.10c) and (2.8.13) (which

are equivalents (2.4.6) and (2.4.8)) are satis ed. It is easy to see that (2.8.10a) holds.
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Because 24L, we have

1 2= 5(24L)* 16 LL%

tr 1T —8L(i 2 4 ;t=3;uk

k1 8Lk D .
k k k73 K L:

To check (2.8.13), notice that for 1,

(@ Ba) w2 P _ 2+ 242 3(t+1)2.

q = - '

t+1 t+2

thus

6(t+1) 2.
=

= 20
t my

Given the above inequality, far 3 we have

—+t 1 tt 1) o 6t (1) ot 1 ()t 1),
titbeastmy+loy THFo+ o Tt e s Ty

18(k+2) L
m

where the second inequality follows from . Combining the above bound with

cad+ q) = CED we arrive at

t 1+ 1) (tetLleg) O t 2

which is (2.8.13). We conclude that the bound (2.4.9) of Theorem (2.4.1) holds.

On the other hand, when ~ 2&0° % we have
1 1 -
X 2 X 6(t+1) 2 2 2(k+1) 3 2 2(k+1) 3 2p2,
t m m m .
t=0 t=0

When substituting the above bound into (2.4.9) and noticing fat+ «) = ““$2 and
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L o %, we conclude that

73LD 2 54LD2 72 2D?
Elf (x«) f ] ke T oomk T mk

which completes the proof of (2.4.10).

2°.  The “Furthermore” part of the statement immediately follows from (2.1.11) and the

fact that when 41 one has
1 -
XE o, s e (k+1)3 2RZ,
m m -
t=0

Proof of Corollary 2.5.1 Note that bound (2.4.14) of Corollary 2.4.1 implies that when-
ever sizem of the mini-batch satis es

0
3(k+2) L. 16N (N+2)2 2
L

n
m max 11 1 9 L2R2 :

we have for the approximate soluti®q by SGE afteiN iterations,

73L R? 27 LR? °R? 73L R? 9L R? 9L R? _ 50L R?
E[f (xn) f ] 2N (N +2) Sl +6 mk 2N (N +2) N (N +2) + 2N(N+2) — N(N+2)
(2.8.18)

whereR is an upper bound for the “initial distancexo.”
Note thatky® x k Ro. Letus now assumethatfar k K,ky* ¥ x k Ry,
so that at the beginning of theh stagekx, X k  Ry. Based on the above inequality,

by the choice oN,

50L R?2 R 2
Eff () 1 Ry i

1
N
~
iR
Py
on
1
YT
Py
=N
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Due to (2.5.1) this also means that
Elkxy x k] RZ=2 kR3:

Proof of Corollary 2.6.1 We haveky® x k Ry. Let us assume th&y® ' x k

Rk 1 forsomel k K. From (2.8.18)we conclude that

50L R?2 2
Ef (V) f] ot 3e=2 F“%s 'R}

16s

by the choice o . Furthermore, recalling thgt = sparséyX), we have
k P k P k .
ky® x k 2sky®  x ko 2 2sky® X Ko: (2.8.19)

Indeed, given that botj andx ares-sparse, we conclude thgit x is 2s-sparse, thus

ky*  x k P 2sky®  x k»: On the other hand, by the optimality @f for (2.6.6),
kv x ko k V¢ vk + ky®  x ko 2ky* X ky:
We conclude that
E[ky x k’] 8sky® x ki 16s 'E[f(y) f ] RZ2=2 kRZ
which completes the proof.

2.9 Concluding remarks

In this chapter, we investigate the problem of stochastic smooth convex optimization with
“state-dependent” variance of stochastic gradients. We study two non-Euclidean acceler-
ated stochastic approximation algorithms, stochastic accelerated gradient descent (SAGD)

and stochastic gradient extrapolation (SGE), and provide optimal iteration and sample com-
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plexities for both algorithms under appropriate conditions. However, the optimal conver-
gence guarantees for SGE require less restrictive assumptions, thus leading to wider ap-
plications such as statistical estimation problems with heavy tail noises. In addition, we
propose a multi-stage routine of SGE to solve problems that satisfy the quadratic growth
condition and further extend it to the sparse recovery problem. Our theoretical guarantees
are corroborated by numerical experiments in high-dimensional settings. Further research
will be directed to proving large deviation bounds to ensure the reliability and robustness

of the solutions.
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CHAPTER 3
A UNIFORMLY OPTIMAL METHOD WITHOUT LINE SEARCH FOR
CONVEX OPTIMIZATION

3.1 Introduction

In this chapter, we consider the convex composite optimization problem
= mZiQf ( xX):=f(x)+ h(x)g; (3.1.1)
X

whereX R"is aclosed convex set. We assuimeX ! R is a closed convex function,
represented by a rst-order oracle which retufr(x) andg(x) 2 @f{x) upon request at
X. Here,@1x) denotes the subdifferential 6{ ) atx 2 X, andg(x) denotes one of its
subgradients. We assume the functionX ! R is a closed convex and “prox-friendly”

function, meaning that the proximal-mapping problem

n 0
argmin h;zi + h(z) + Lky zk* ; where > 0, 2R",y2X,

is easily computable either in closed form or by some ef cient computational procedures.
Throughout the chapter we assume that the set of optimal solutions nonempty, and
letx denote an arbitrary point iK .

Different problem classes of convex optimization have been studied in the literature. A
problem is said to be nonsmooth if the functiopalthough not necessarily differentiable,

is Lipschitz continuous, i.e.,

f(x) f(y)] Mkx vyk; 8x;y 2 X: (3.1.2)
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It is well-known that the classic subgradient descent method exhibiﬂa(hnp k) rate of
convergence for nonsmooth convex optimization [2]. Hedenotes the number of calls to
the rst-order oracle. This convergence rate can be signi cantly improved for smooth prob-
lems which have a differentiable objective functiomvith Lipschitz continuous gradieigt

such that
ka(x) g(y)k Lkx vyk; 8x;y2 X: (3.1.3)

Speci cally, while the gradient descent method exhibits onlyG{i=Kk) rate of conver-

gence for smooth problems, the celebrated accelerated gradient descent (AGD) method
developed by Nesterov [1] has @(1=k?) rate of convergence (see also [3, 2] for Ne-
mirovski and Yudin's earlier developments on AGD). Between nonsmooth and smooth
problems there exists a class of weakly smooth problems witdét continuous gradient,

ie.,
kg(x) o(y)k L kx yk ; forsome 2 (0;1): (3.1.49)

Clearly, when = 0 this condition also indicates (3.1.2), and whers 1 it reduces to

(3.1.3). Nemirovski and Nesterov [36] showed that the AGD method has an

2
L kxo x ki* 1+3
@) L RR0 2 R

oracle complexity for solving weakly smooth problems. In a more recent work, Lan [4]
further showed that AGD with a properly de ned stepsize policy also exhibi@(atzpp k)

rate of convergence for nonsmooth (and stochastic) problems. Therefore, AGD is con-
sidered to be a universally optimal method [4, 67] for solving different classes of convex
optimization problems, since its rates of convergence match well the lower complexity

bounds for smooth, nonsmooth, and weakly smooth problems established by Nemirovski
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and Yudin in [2].

However, in order to achieve these optimal rates of convergence, one needs to rst
know which problem clask belongs to, and then supply AGD with prior knowledge about
f, including parameters like, , andL , as the input of the algorithm. These constants
can be unavailable or dif cult to compute in many practical scenarios. Additionally, prob-
lem classi cation and parameter estimation over a global scode gy lead to overly
conservative stepsize choices and, as a consequence, can slow down convergence of the
algorithm. To alleviate these concerns, Nesterov's original paper on AGD [1] incorporated
a (backtracking) line search procedure [68] for smooth problems (without the compos-
ite termh) and eliminated the requirement of the infut see also Nesterov's textbook
[69]. Beck and Teboulle [70] proposed the fast iterative shrinkage-thresholding algorithm
(FISTA) with line search for solving the composite problem (3.1.1) with sméo#nd
possibly nonsmooth, which also achieves the optim@i(1=k?) rate without the knowl-
edge ofL. To further address the structural ambiguity of the problem, Lan [71] suggested
studying the so-calledniformly optimalmethods, signifying that they can achieve the op-
timal convergence guarantees across all classes of smooth, weakly smooth, and nonsmooth
convex optimization problems without requiring much information on the problem class
or problem parameters. Moreover, by noticing that the classic bundle-level method [72]
does not require any problem parameters for nonsmooth optimization, Lan [71] introduced
a few novel accelerated bundle-level type methods that are uniformly optimal for convex
optimization. These methods can terminate based on the gap between computable upper
and lower bounds without using the target accuracy in the updating formula for the iterates.
However, these bundle-level type methods require the solution of a more complicated sub-
problem than AGD in each iteration. In addition, the analysis in [71] requires the feasible
regionX to be bounded, which may not hold in some applications. In an effort to address
these issues, Nesterov in an important work [67] presented a new fast gradient method

(FGM) obtained by incorporating a novel line search procedure and smooth approximation
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scheme into the AGD method. He showed that FGM achieves uniformly (or universally)
optimal rate of convergence for solving smooth, weakly smooth, and nonsmooth convex
optimization problems with the target accuracy of the solution as the only input. While the
cost per iteration of FGM might be higher than AGD due to the line search procedure, the
total number of calls to the rst-order oracle will still be in the same order of magnitude as
AGD up to an additive constant factor. Further developments for adaptive AGD methods
with line search can be found in [73, 74, 75, 76, 77], among others.

Due to the wide deployment of rst-order methods in data science and machine learn-
ing, the past few years have witnessed a growing interest in the development of easily
implementable parameter-free rst-order methods that have guaranteed fast rates of con-
vergence. One notable line of research is to eliminate the incorporation of line search
procedures in rst-order methods to further speed up their convergence and reduce the cost
per iteration. Speci cally, in some interesting works, [78, 79, 80, 81, 82, 83, 84] studied the
problem of parameter-free online regret minimization that pertains to nonsmooth convex
optimization, [85, 86, 87] developed adaptive line-search free subgradient type methods
for nonsmooth objectives in deterministic or stochastic settings, while [88, 89, 90, 91,
92, 93, 94] established the convergence guarantees for line-search free gradient descent
methods for deterministic smooth objectives. However, all the aforementioned line-search
free methods at most match the convergence rate of non-accelerated (sub)gradient descent
in the worst case, thus failing to achieve the optimal convergence rates for smooth and
weakly smooth problems with 2 (0; 1]. It is worth noting that there exist a few accel-
erated variants of line-search free adaptive gradient type methodOlthk?) rate for
smooth objectives [95, 96]. However, these methods require the stepsize to either depend
on the diameter of a bounded feasible region or be ne-tuned according to the unknown
initial distancekx, X k. To the best of our knowledge, no optimal rst-order method
currently exists that meets the following criteria for solving smooth optimization problems

with an unknown Lipschitz constaht it offers simple subproblems, does not assume the
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feasible region to be bounded, and does not require line search procedures. As pointed out
by Malitsky and Mishchenko [90] and Orabona [94], this remains a challenging problem
to resolve. Furthermore, there is no such method with the aforementioned properties that
is uniformly optimal for smooth, weakly smooth, and nonsmooth convex optimization.

In this chapter, we attempt to address the aforementioned unresolved issue in the devel-
opment of optimal methods for convex optimization. Our major contributions are brie y
summarized as follows. Firstly, we introduce a novel rst-order algorithm, caletb-
Conditioned Fast Gradient Method (AC-FGMyhich can achieve the optim&(1=k?)
convergence rate for smooth convex optimization without knowing any problem parame-
ters or resorting to any line search procedures. The algorithmic framework, being as simple
as the AGD method, can completely adapt to the problem structure. The major novelty of
AC-FGM lies in the management of two extrapolated sequences of search points, with one
serving as the “prox-centers” and the other used for gradient computation, respectively.
This design plays an essential role in getting rid of line search required by [67] and remov-
ing the assumption of a bounded feasible region used in [71]. Moreover, we propose a novel
stepsize policy that is highly adaptive to the local smoothness level, which can lead to more
ef cient empirical performance compared with other existing adaptive methods. Secondly,
we show that AC-FGM can be extended to solve convex problems viiltidd continuous
gradients, requiring no prior knowledge of problem parameters except for the desired accu-
racy of the solution. Our analysis demonstrates that AC-FGM is uniformly optimal for all
smooth, weakly smooth, and nonsmooth objectives wizh[0; 1]. Thirdly, we con rm the
theoretical advantages of AC-FGM through a series of numerical experiments. Our results
show that AC-FGM outperforms the previously developed parameter-free methods, such as
adaptive gradient descent [91], FISTA [70], and Nesterov's FGM [67], across a wide range
of testing problems.

It is worth noting that we focus on convex problems with the function optimality gap

as the termination criterion for our algorithms in this chapter. We do not consider strongly
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convex or nonconvex problems. However, Lan, Ouyang, and Zhang in a concurrent pa-
per [97] show that by using AC-FGM as a subroutine in their new algorithmic framework,
one can achieve tight complexity bounds to minimize (projected) gradients for convex,
strongly convex, and nonconvex problems in a parameter-free manner. Therefore, the re-
sults reported in this chapter may have an impact in the broader area of parameter-free
optimization methods.

The remaining part of the chapter is organized as follows. In Section 3.2, we propose
AC-FGM and prove its optimal convergence guarantees vihisra smooth convex func-
tion. In Section 3.3, we extend AC-FGM to solve problems wlielhas Hlder continuous
gradients and establish its uniform optimality. Finally, in Section 3.4, we provide numerical

experiments that demonstrate the empirical advantages of AC-FGM.

3.1.1 Notation

In this chapter, we use the convention tlgat 0,and§ =+ 1 if a> 0. Unless stated
otherwise, we leh; i denote the Euclidean inner product &k denote the corresponding
Euclidean norm’-norm). Given a vectox 2 R", we denote it$-th entry byx(). We use

kAk to denote the spectral norm of matAx

3.2 AC-FGM for smooth convex problems

In this section, we rst consider solving problem (3.1.1) whieris smooth, satisfying

condition (3.1.3) or equivalently,

akay) gk f(y) f(x) hg(x)y xi Lky xk% 8xy2X: (3.2.1)

Our goal is to present a new parameter-free AGD-type optimal algorithm that does not

require line search for solving this class of problems.
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3.2.1 Algorithmic frameworkof AC-FGM

We start to introduce the basic algorithmic framework of the Auto-Conditioned Fast Gra-

dient Method (AC-FGM).

Algorithm 5 Auto-Conditioned Fast Gradient Method (AC-FGM)
Input: initial point zg = yg = Xo, NONnegative parameters 2 (0;1), 2 R: and

2 Ry,
fort=1; ‘k do

Zy = arg I’T}IQ (ho(x; 1);zi + h(2)]+ 3ky: 1 4 G (3.2.2)
z

ye=(1 DYt 1+ 1Z; (3.2.3)

Xt = (Zt + X 1):(1 + I): (324)

end for

As shown in Algorithm 5, the basic algorithmic scheme is conceptually simple. It
involves three intertwined sequences of search pdints, f y;g, andf z;g, wheref x;g and
fyig are two weighted average sequencetzfl. The sequencekx;g is used for gradient
computation and also represents the output solutions, Witgis the sequence of “prox-
centers” of the prox-mapping problems in (3.2.2). The search ppistupdated according
to (3.2.2) by minimizing the summation éfand a linear approximation &f at x; i, but
not moving too far away from the prox-centgr ; with ; as the stepsize. Notice that in
(3.2.3)-(3.2.4), we present the two weighted average sequdnggandf y;g, in different
formats to simplify the algorithm analysis. Additionally, the parameten (3.2.4) has a
speci ¢ meaning when expressing AC-FGM in its primal-dual form (see (3.2.8) below).
To illustrate some basic ideas behind the design of AC-FGM, let us compare it with a

few other well-known and closely related rst-order algorithms in the literature.
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» Nesterov's accelerated gradient methddkesterov's accelerated gradient method can

be expressed using three sequences of search points (see, e.g., Section 3.3 of [5]):

Xe=(1 )y 1+ Gz 1

ze=argmin  ([hg(x,);zi + h(z)] + 3kz 1 zK* ;
22X

ye=(1 DYt 1+ tZ:

Notably, the gradients are computedfatg, which is also a weighted average se-
guence of z;g. However, the method uség.g as the prox-centers, while AC-FGM
uses the sequenég,g, another dynamically weighted average sequende@f as

the prox-centers.

» Gradient extrapolation method (GEMEBEM [45, 10] is another method related to
AC-FGM, which carries a particular duality relationship with Nesterov's accelerated
gradient method and also achieves the optimal rate of convergence for smooth convex

optimization. The algorithm follows the steps

& = g(xt 1)+ (g(xt 1)  9(Xt 2));

zz=argmin hg;zi + h(2)]+ 3kz 1 zk* ;
z2X

Xe =(ze+ X )71+ o):

Notice that the last step of GEM is the same as AC-FGM, which generates search
points for both gradient computation and solution output. The difference between
these two methods exists in that GEM utilizes extrapolation in the dual space, as
in the rst step. It is noteworthy that this dual extrapolation idea is also used in
the operator extrapolation (OE) method [20, 29] for solving variational inequalities

(Vls).
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» Golden ratio method for variational inequalitie¥he idea of using an extrapolated
sequencéd y;g as the prox-centers was introduced in the Golden ratio method [98,

99] for Vls:

zz=argmin  (F(z 1);zi + Ikyy 1 ZK®
22X

yi=(1 OVt 1+ Z;

whereF () is the VI operator. Itis shown in [98, 99] that the Golden ratio method is a
fully adaptive approach for smooth VIs without requiring the line search procedures.
However, one can only achieve @{§1=Kk) rate for smooth VIs, which differs from the
optimal convergence rate for smooth convex optimization. Therefore, we construct
another sequence of search poimtgg as in GEM and shift the gradient estimations

to accelerate the convergence rat®{d=k?). In summary, the relationship between
AC-FGM and the golden ratio method resembles the relationship between GEM and
the OE method, in that the former approaches (i.e., AC-FGM and GEM) accelerate
the rate of convergence for the latter methods (i.e., Golden ratio method and OE)

applied to smooth convex optimization.

To further illustrate the design intuition behind AC-FGM, we consider the following

saddle-point reformulation of (3.1.1), i.e.,

= min ggﬂxfhx;& J: (&g + h(x)

x2X

Here we assume for simplicity is well-de ned inR" andJ; : R" ! R is the Fenchel

conjugate function of . Due to thel-smoothness df, it is clear thatl; is strongly convex

with modulusl=L. Therefore, we can de ne the Bregman divergence associatedlyith

according to

Di (&&= Ji (& [J(®+ hP(§;& & &&2 R";
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whereJ?(8 2 @J(8. Then we consider the (generalized) prox-mapping associated with

this Bregman divergence,

n 0
arg max he& Ji(& Di(&&; x&2R" (3.2.5)

As shown in Lemma 1 of [47] (see also Lemma 3.6 of [5]), the maximizer of (3.2.5) is the

gradient off at a certairx 2 R", speci cally,

n 0]

argmax he & 3 (§ Di(&i& = g(x); wherex = = i

1+

Using the above observation, we can rewrite AC-FGM in Algorithm 5 in a primal-dual

form: Starting fromxy = yo = zp and& = g(Xo), AC-FGM iteratively updateéz; y:; &)

by
zo=argmin ([h& 1;7i + h(2)]+ 3kye 1 2K (3.2.6)
z
ye=(1 DYt 1+ 1Z; (3.2.7)
& =arg rgg%%dhzt;& Ji (& tDi (& 1;80: (3.2.8)

With a selection 0f12(& 1) = X 1 in D¢ (& 1;&, we have& = g(x;) with x; = (z +

Xt 1)=(1 + ) which is the de nition ofx; in (3.2.4). From a game point of view, the
above expression can be intuitively interpreted as follows: In (3.2.6)-(3.2.7), the “smart”
primal player determines the next actiprbased on the last action of the dual pla§er,

but not too far away from the weighted average; of the past decisions; in (3.2.8), the
dual player determines the next acti@rbased on the latest action of the primal plaxer
but not too far away from the last decisi&n;.

Similarly, one can show that Nesterov's accelerated gradient method discussed above
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has the following primal-dual update (see [47, Section 2.2] and [5, Section 3.4]):

zZ=z 1+t (z 1 z 2); (3.2.9)
&=argmaxthz;& Ji(§ Dr(& 1;,89; (3.2.10)
z=argmin - ([n&;xi + h(z)] + Ikzy 1 ZK® (3.2.11)
z
with = (1 J=tand (= ¢ (1 1)= ¢ when = g. The principal difference

between this method and AC-FGM exists in that here, the dual player is considered to
be “smart” by determining the next actiéhbased org, the past decision of the primal
player with a “correction” using extrapolation. Moreover, the GEM algorithm can also be
expressed in a similar primal-dual form, by switching the role of primal and dual variables

in (3.2.9)-(3.2.11).

3.2.2 Convergencguaranteeandstepsizepoliciesfor AC-FGM

In the remaining part of this section, we establish the convergence guarantees for AC-FGM
and specify the selection of algorithmic parameters,, and ;. To ensure that AC-FGM
operates in groblem-parameter-freenanner, we suppose that we do not possess prior
knowledge of the smoothness paramétan conditions (3.1.3) and (3.2.1). Instead, we
estimate the local smoothness level in each iteration. In the rst iteratiserl(, we select

an initial stepsize; such tha; 6 xg and calculatd.; as

_ ko(x1) g(xo)k.
L= S (3.2.12)
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For subsequent iterations ( 2), we calculate

8
20 iff(x 1) f(x) hgXx)ix 1 X =0;
I—t =

3 k K2 oo . - :
) 2[f (x: 1)g(fx(t)zt)gh(xgt(x:3;)(t IR Iff(xt 1) f(Xt) h g(Xt),Xt 1 Xil > 0

(3.2.13)

It should be noted that here we apply different local Lipschitz estimators forl and

t 2, as our algorithmic analysis requires treating the initial iteration separately from the
subsequent ones. Moreover, it should be noted that this de nition allows us to calculate
L: whenever a new search poixtis obtained in each iteration. As the search painis
calculated using the parameteksand ¢, to obtain the desired line-search free property,
the parameters, and  should be chosen according to the local estimdtars::; L ; but
notL;.

The following two results (i.e., Proposition 3.2.1 and Theorem 3.2.1) characterize the
convergence behavior and the line-search free property of Algorithm 5. It should be
noted that our analysis differs signi cantly from the existing analyses of the golden ratio
method and gradient extrapolation method (GEM), thus appearing to be nontrivial. Propo-
sition 3.2.1 below provides an important recursive relationship for the iterates of the AC-

FGM algorithm.

Proposition 3.2.1 Assume the parametefrs;g, f (gandf .g satisfy

1=0; 1=0; (= >0t 2 (3.2.14)
n 0]
n (6]

¢omin 21 ) gt o, ot 3 (3.2.16)

whereL, andL:; t 2are de nedin (3.2.12) and (3.2.13), respectively. We have for any
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z2 X,

Py

=t [f () + O0a)ixe zi o F (e )+ h(z)  h(2)]

+ 5= kzy yik? + kz,  z:k?

F)
Akyr K Ekyen  zk+ g (3.2.17)
where fort 2,
. ) : k k2 k k.
=g 1) 9 2)ize 1 zid tt o1 g(XZIL(l)lg(Xt 2) 2 y21 1k .

Proof. First, by the optimality condition of step (3.2.2) and the convexitii,ofre have
fort 1,

hXt )+ 2z Y 1.2 zi tfh(z) h(z)]; 8z2X; (3.2.18)

and consequently fdr 2,

he 10Xt 2)+ 2 1

Ve 222 Z 4l t 1lh(z 1)  h(z)]: (3.2.19)

By (3.2.3), we have the relationshzp ;
(3.2.19) as

- 1
Vi 2= 7——(z 1

Vi 1), SO We can rewrite

ha(x; 2) + ﬁ(zt 1 Yo 1)z Zp 4l {fh(z. 1) h(z)]:

(3.2.20)
Summing up (3.2.18) and (3.2.20) and rearranging the terms give ts f@;
thg(Xe 1);2 z 4+ g% 1) (Xt 2);z 1 zi
the yiuz ozt —g e Yoz o zdd Mz 1) h@)l:
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By utilizing the fact thahx  y;z xi = ky zk? k x yk?® k x zk? on the last

two terms of the LHS of the above inequality, we obtain

do(Xe 1);2 z 4+ (o(Xe 1) O(Xe 2)iZ 1z
+ %kyt 1 zk? :—ZLkzt Vi 1k2 %th zk?

‘ kze ¥ 1K Kz 1 y 1K kz z (K ih(z 1) h@)];

+
2¢ 11 ¢t 1)

(3.2.21)
Meanwhile, (3.2.3) also indicates that
kz, zK* = k%()’t z) 1—tl()’t 1 2K
© Lhy, zk? Iotky g zZkR+ L Iotky oy oK
= Lkyr zk*  —tkyr g zZKP+ (1 Okz yroaKG (3.2.22)

where step (i) follows from the fact thiata +(1  )bk® = kak®+(1  )kbk®> (1
Yka bk? 8 2 R. By substituting Eg. (3.2.22) into Ineq. (3.2.21) and rearranging the

terms, we obtain

thg(xi 1);z0 1 zi+ [z 1) h@I+ Ekye  ZK

2 2
trm o ka1 y Kt kz 7ok

%k)’t 1 ZK+ (X 1) _Q(Xt 2iZt 1 Zil
i

+ Lt kz, vy 1K (3.2.23)

t
2 2¢ 11 ¢ 1)

>0
NI~

Whent 3, by utilizing the fact thakz, ; y; 1kK®+ kzy 7z k* ikz y; 1k*to
simplify the LHS of Ineq. (3.2.23) and rearranging the terms, we obtain

thg(xe 1);z0 1 zi+ [z 1) h(@)]+ kye 2K

%kYt 1 ZKe+ (X 1) g0k 2)iz 1 Zd
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h [

1 ¢ t 2
+ 2 4¢ 11 ¢ 1) kz, Yt 1K

NI

(M _
sokye 1 ZK+ dhg(xe 1) 90 2)iz 1zl skz yoaKE (3.2.24)

where step (i) follows from; 2(1  )? ; 1in (3.2.16). On the other hand, recalling

the de nition of L, in (3.2.13) and the convention that0 = 0, we can write
Fx 1) F) hgl)ixe 1 xid = z-kg(x)  glx DK% 8t 20 (3.2.25)

Then for anyz 2 X andt 3, using the above equality and the fact that; z =

z1 z+ ¢ 1(Xy 2 Xt 1) dueto Eq. (3.2.4), we have

e af (Xe )+ (X 1);% 1z
= alf (¢ D)+ X )% 2 X ad]l+ Xy 1);z 1z

Calf (o) g o gk 1)izos 2 (3.2.26)

Combining Ineq. (3.2.24) and Eq. (3.2.26) and rearranging the terms, we obtain that for

t 3

tle off (X )+ (X 1) %X 1 zi ¢ 1f (Xt 2)+ h(z 1) h(2)]
sokye 1 Zk2 0 SEkye ZK+ hg(xe 1) 9% 2)iz 1 Zd

srtkg(xe 1) g(xe 2)K® Fkz oy K% (3.2.27)

Meanwhile, notice that; = 0 andx; = z; due to ; = 0, we can rewrite (3.2.23) for the

caset =2 as

2[g(x1); X1 zi + h(z1) h(z)]+ 3% kz yik? + kz, 2K

z—lzkY1 zk? ﬁkh Zk?+ ohg(x1)  g(xo);z 2zl
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h i
% + 2 ﬁ k22 yl k2

sokyr ZK2 0 SRky,  zKP+ ohg(xy)  g(xo)izn zel 3Kz yik?; (3.2.28)

where step (ii) follows from the condition, (1 ) 1in (3.2.15). By taking the

summation of Ineq. (3.2.28) and the telescope sum of Ineq. (3.2.27)4d;::;;k + 1,

and noting that; =0 and { = fort 2, we obtain

P .
le e [ of (X)) + hg(xe); e zi f X¢ 1)+ h(z) h(2)]
+ ﬁ kZl y1k2 + k22 Z]_k2

P
Fkyr 2K Fkyer 2K+ 5

where . is de ned in the statement of this proposition, and we complete the proofm

P . _
Utilizing Proposition 3.2.1, we further bound the extra term&’; ; and provide the

convergence guarantees for AC-FGM in terms of the objective values in the following

theorem.

Theorem 3.2.1 Assume the parametefs.g, f ;g andf ;g satisfy conditions (3.2.14),

(3.2.15) and (3.2.16). Then the sequentag;fy;g andf x.g generated by Algorithm 5

are bounded. Moreover, we have

h i
(x) (X)) =55 2K XK+ 22 oz okzy zok? ; (3.2.29)

and

h i
( x) (x) Pﬁ Lkzo x KP4+ 22 = kz Z0k? ;.  (3.2.30)
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where

P
Xy = D) Pt11+lt+f Pet( k*t1) ko1 Xk (3.2.31)
t=2

Proof. First, notice that Ineq. (3.2.17) in Proposition 3.2.1 holds. Now we work on the
upper bounds of ;. Fort 3, we can bound ; as

() 2
k k
t tkg(Xe 1) 9(x¢ 2)kkze 1 zk = g(xthtl)lg(Xt 2) skz v 1K

(i)

L 2 1 2
sztl zk §th Yi 1k

(iii )
b P tl(ll )Zth 1 Yt ok? % —tlt'tll kz: Wi 1K?

(iv)
kze 1 W K Lkz oy K5 (3.2.32)

Here, step (i) follows from Cauchy-Schwarz inequality, step (ii) follows from Young's

inequality, step (iii) follows from the fact that

kz 1 zk®=kzy 1 Yo 1+Yi1 zK=K1 Nz1 Y2+ V1 zK

2(1  )%kze 1 Y: oKP+2kz v 1K

and step (iv) follows from condition; e in (3.2.16). Meanwhile, we can bound,

by
()
2 2L1kX1 Xokkzl 22k %kZZ y1k2

(i)
oLikzy  yok(kzy Yok + kzo  yok) ikz  yok®
(il )
SZTlezl Zok2+ oL % k22 y0k2

(iv)
22likz; ok ikzp iK% (3.2.33)

where step (i) follows from Cauchy-Schwarz inequality and the de nitioh gfstep (ii)
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follows from triangle inequality and; = z;, Xg = Yo = Y1 = Zgdueto ; =0, ; =0;

1
4Ly

By substituting the bounds on; in Inegs. (3.2.32) and (3.2.33) into Ineq. (3.2.17), we

step (iii) follows from Young's inequality; step (iv) follows from the condition

obtain

i o v [F O+ )iz of (e )+h(z)  h(2)]

5L

Lkyr zk*  Ftkya zZK+ 22

2 1 2.
ﬁ kzy  zok®  zKzker  YKKS

(3.2.34)

Setz = x in(3.2.34). Then, by utilizing the relationshipg(x;); x; x i f(x¢) f(x)

due to the convexity of , and
1 (et D) h(X)] e fh(Xe 1) h(x )]+ walh(z) h(x)] (3.2.35)

due to the convexity df and step (3.2.4), and recalling the de nitignx) = f (x) + h(x),

we obtain

PO AD) e wll(X) OOIF( e+ D) wal(x) (X))

1 2[( Xo) ( X )] + zlkyl X k2+ % ﬁ kZ]_ Zok2 zlkyk+1 X k2

tkzer WK

—~

M 1 2 5 5L 2 1 2 1 2.
= okzg x k+ 2L o2 k7 zok® Sky X K2 gkzen ykkS

(3.2.36)

where step (i) follows from the condition that = 0 andy; = zp due to ; = 0. Then by

utilizing the condition . tzzl ¢ 1 to simplify the LHS of (3.2.16), we obtain (3.2.29).

By further invoking the de nition ofx, and using Jensen's inequality with the convexity of
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, we arrive at

h [

5L .
( x) (x) Pﬁ skzo x K+ 22 o okz 7ok

which completes the proof of (3.2.30). Moreover, recalling Eq. (3.2.22), we have

Lkysr X K2+ 3kzi  ykk?

min 4(1—1); % thYkﬂ X K? + (1 YKZy+1 o Yk k?
i
=min g3 Kz X K2+ 1 —kye x Kk ;

which, together with Ineq. (3.2.36), indicates that

. h i

L1 Lkzo x K¥+ 22 2 kzy o zok?

2 .
kzye1 X Kk min z7—; 5

Therefore, the sequente g and its weighted average sequenioeg andf y;g are bounded,

and we complete the entire proof. [ ]

Clearly, the conditions (3.2.15) and (3.2.16) indicate that it is possible to determine
the stepsize; without the line search procedure. Speci cally, we propose the following

adaptive stepsize policy with optimal convergence guarantees.

Corollary 3.2.1 (Stepsize policy 1) In the premise of Theorem 3.2.1, suppose 0; ; =

P
tfort 2, 2(0;1 =°], 1> 0O, and the stepsize follows the rule:

2=minf(l ) 1;50;
s=minf 3 z-g;

— H t Lt 1 A .
t=minf— 1,mg,t 4.
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Then we have far 2,

t —12& o wherel’; := maxf TR 1) - Lo Lo (3.2.37)
Consequently, we have
L h i
(%) (x) k%E—&) lkzg x kP+ , 21 ilkzl Z0k?
and
h [
(x) (x) pPet—— 2Ikzo x K+ , ‘5"71 ll kz; zok?
=2 6ly

Proof. First of all, from the de nition of ; and , it is easy to see that the stepsize
rule satis es conditions (3.2.14)-(3.2.16). Then, we prove Ineq. (3.2.37) using inductive

arguments. For = 2, invoking the de nition(; := maxf ﬁ; L.g, we have , = X,

4l
Next fort = 3, we have

. A TR 1.1 3 .
3=minf Z,Eg—mlnfm’mg 120,

which satis es (3.2.37). Now we assume that fdr a 3,

t+1
t

t+1 t t+1

— .t i . i L = ,
t+1 = min f ts mg minf o0, 1’ mg minf 12 '§g 0y~ 120’

where the last equality follows fron 3. Therefore, we proved Ineq. (3.2.37). By

utilizing it in Inegs.(3.2.29) and (3.2.30), we obtain the desired convergence guarastees.

The bounds in Corollary 3.2.1 merit some comments. Firstly, we notice that this step-
size rule is fully problem-parameter-free, with no line search required fol. In partic-

ular, the stepsize, is chosen based on the previous stepsjze and the local Lipschitz
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constant; ; from the previous iteration. Secondly, the initial stepsize of the rstiteration,
1, can be chosen arbitrarily, but this choice will in uence the subsequent stepsize selec-
tions. A desirable choice of; should be neither too large nor too small. A too-large
will introduce an extra term,z(f’LT1 il)kzl Zok?, on the right-hand side of the bounds
in Corollary 3.2.1. However, an excessively smaltan makeﬁ dominatel’;. Here
we propose two strategies for determining a proper initial stepsizand discuss the cor-

responding convergence guarantees.

» Aline search free strategy for choosing ;: The rst strategy is to set
1% 3@ 00 whereO<L, L; forsome > O: (3.2.38)

As a consequence, we halle O (L) forallt 2 Z,. If the conditionL,

%Lo is satis ed, bothx, andxy achieve the optimal convergence rate

O 5kzp x K :

In the case thdt, > 8(15—)Lo, the convergence rate will be bounded by

O 5lkzo x K2+ kzg 2K ;

depending on both iterates andzy. It should be noted that here, we require “easy
access’toaconstafit< L o L, which is also a requirement of Nesterov's original
AGD method [1], FISTA with line search [70], and universal fast gradient method
[67]. However, in the unconstrained setting, the tézp z;k in the convergence

rate of the fully line search free AC-FGM is on the order@f1=L,), while the
aforementioned methods with line search subroutines (as well as AC-FGM with an
initial line search procedure presented below) only have logarithmic dependence on

1=L,. Therefore, it is critical here to choose a proper constanfor the initial
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stepsize ;. In practice, a simple example of nding such kg is to choose a point
z 12 X (e.g., a perturbation o) and compute

Lo = XAz 1) gk, (3.2.39)

kz 1 Zok

However, a potential limitation of this approach is that (3.2.39) may yieldatinat

is zero or very small when the functidnis nearly linear betweer, andz ;, so that
1andkzy  z;k? can become excessively large. To address this, the user can instead

select a different ; or choose two other points that do not lie on a linear fack of

to computel .

» A line search procedure for choosing ;: Another strategy that can fully get rid of
the termkzy,  z;k? is to incorporate a simple line search procedure only in the rst

iteration:

a) Choos® <L, L,e.g.,asin(3.2.39). Choose? (1;+1 ).

b) Find the smallest 0 such that for f) = W and

. n 0
z{" = arg rry)r(l Dlhg(z0); zi + h(2)] + Tkzg zK?
z

we have

()

{ 5|_2“>; WhereL(li) = ka(zy) 9(zo)k.
1

kzy  zok

C) Set 1= :(I_i),X]_: Z) = Z:(Li),l_l = Lg_l)

As aresult, when the above line search procedure terminates fori sorfigwe have
2 2 2 .
5L sl v 1 g
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H H H — 1 .

indicating that’; := maxfw,Ll,...,Ltg 8(1 ),and
(x) (x) szo x Kk?;
( x) (x) szo x K2:

Therefore, in order to compute afoptimal solutionx satisfying ( x) ( x ) ,

we need at most

Lkzo x k2 L
O H®XC+log ()
calls to the rst-order oracle, which matches the lower bound in general complexity

theorem [2] up to only an additive factor of the initial line search steps.

Remark. Evenwherf is onlylocally smooththere exists an upper bouhdor ['; since
all search point§x;g are bounded (as proved in Theorem 3.2.1), thus we can obtain similar

convergence guarantees withreplaced by .

Although the worst-case guarantee is theoretically sound, the stepsize policy in Corol-
lary 3.2.1 can sometimes be conservative in practice. In particular, if the initial estimation
of the Lipschitz constarit,; happens to be close to the subsequent stepsizeswill be
chosen as; O (t=L) due to the update rulg ﬁ ¢+ 1. Consequently, regardless of
how small the local Lipschitz constaht is, the stepsizes will not be much increased to
re ect the local curvature. Therefore, to further improve the adaptivity of AC-FGM, we
propose the following novel stepsize rule, which makes the selectigmudre adaptive to
allow larger stepsizes.

Corollary 3.2.2 (Stepsize policy 1) Inthe premise of Theorem 3.2.1, suppqse 0; ,=1,
0

and 2 (0;1 —6] Let denote an absolute constanh 1]. We set, = min (1 ) 1;& ,

89



and fort 3,

n ) 0
. +
e=min § RS g (3.2.40)
R (3.2.41)
Then we have
A h i
( Xk) ( X ) (k +4 zlz)(kk +3 2) lkZO X k2+ 2 SLTl il kZl ZOk2 ;
(3.2.42)
and
h [
o 6 1 2 5L 1 2
i
grdes tkzy x K+ p BL L kzy 7k (3.2.43)

— 1
wherel; := maxf e

7T Lq; i Lygandxg is de nedin (3.2.31).

p_
Proof. First, by using the condition 1 -, wehave2(1 )2 3, which together
with (3.2.40) ensures the stepsize rule (3.2.16) is satis ed. Next, by the de nitioniof

(3.2.41), we have for 3

P ) P
R e I BN C L (3.2.44)
where step (i) follows from the condition 4th 11. Therefore, fot 3, we always have
a0 Py (3.2.45)

t t t

where step (i) follows from; t 1+ % due to (3.2.40) and (3.2.41), and step (ii) follows
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from Ineq. (3.2.44). Meanwhile, we have that
P L
t= 2t jt=3[5+ = j) llLJ ] 1+ (t22):

Next, we use inductive arguments to prove that %:f’) fort 2. First, it is easy

—_ : .1 — 1 —_ H .1 — 1 H H
to see that, = minf (1 ) 1; 97 i and 3 = minf 23597 i satis es this
condition. Then, we assume that fot a 3, we have ; 33 Based on the stepsize

120 1
rule (3.2.40), we have

—_ H 4_1 .t l+1 ot
t+1 — min 3 ty ¢ ty 4L
(i
f el L1+ (t 2)=2
min.- == T
; t+#1 3+ (t 3).2+ (t 2)
min- = 120y 1 ' 8Lt
3+ (t 2).
120y

where step (i) follows from Ineq. (3.2.45), and we complete the inductive arguments. By
utilizing the lower bounds on, and  in Inegs. (3.2.29) and (3.2.30) in Theorem 3.2.1, we

obtain the desired convergence guarantees. [

Corollary 3.2.2 introduces a stepsize policy that allows AC-FGM to take larger step-
sizes ; during execution. Remarkably, this policy remains line-search free, except for the
rst iteration where one can either consider using an initial line search stated after Corol-
lary 3.2.1 to determine the initial stepsize or run without line search but possibly pay the
price ofkzg  z;k? in the convergence rate. On the other hand, the stepsize rule contains
one extra constant, which can be set as any numberf@1]. When = 1, this policy
reduces to the policy in Corollary 3.2.1. It should be noted that, although the worst-case
upper bound in Ineq. (3.2.43) suggests us to choose a largesmaller may allow the
algorithm to accommodate larger stepsizes and consequently achieve faster convergence in

practice. Here we explain how it works in more detalil.
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 Let us consider the calculation of the stepsizen (3.2.40). If the previous stepsize
t 1 is relatively conservative regarding the local smoothness leval, the option

t2*L | in the (3.2.40) will be activated. Consequently, together with the rule in

t 1

(3.2.41), the parametey in (3.2.41) will grow more slowly than, = 1 + % in

Corollary 3.2.1, thus makingjt—*1 larger and allowing the stepsizes to grow faster

in subsequent iterations.

» Conversely, when the stepsizge ; is too large regarding the local smoothness level
L: 1, the optionﬁ in (3.2.40) will be activated for, and ; will grow faster, as
t= ¢t 1+ % consequently slowing down the growth of the stepsizes in subsequent

iterations.

In summary, if we choose a small, the interplay between; and ; can enhance the
adaptivity of the AC-FGM updates to the local smoothness level, thus potentially leading
to more ef cient algorithmic behavior in practice.

From the complexity point of view, whenis chosen as a constant(i; 1] and the ini-

1

tial stepsize ; is chosen properly, i.e.; % and ;- O (L) (see the discussion after

Corollary 3.2.1 on how to meet these conditions), AC-FGM need at @ost Lkzo x K

iterations to nd an -optimal solution, also matching the optimal complexity in [2]. On

the other hand, when = 0, the output sequendexyg of AC-FGM can guarantee an

O ko xk complexity for nding an -optimal solution, which matches the conver-
gence rate of vanilla gradient descent or adaptive gradient descent methods. However, this
is a worst-case guarantee determined by edge cases. In the upcoming section on numerical
experiments (Section 3.4), we will show that AC-FGM withselected across a certain
range of[0; 0:5] (including = 0) can signi cantly outperform the non-accelerated adap-

tive algorithms, as well as other accelerated algorithms with line search. Meanwhile, we
perform an ablation study in the experiments, showing that performing the initial line search

to choose ; does not have a signi cant impact on the algorithm performance. Therefore,

AC-FGM can be ef ciently implemented in a completely line search-free manner.
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3.3 AC-FGM for convex problems with Holder continuous gradients

In this section, we consider the weakly smooth setting where the convex fuhctiBi !

R has Hilder continuous (sub)gradients, i.e., for som2 [0; 1],

kg(x) d(y)k L kx yk; xy2R" (3.3.1)

This inequality ensures that

f(y) f(x) hgx):;y xi +t—kx yki*: (3.3.2)

1+

It is noteworthy that Lemma 2 in Nesterov [67] established a relation that bridges this

Holder continuous setting and the smooth setting by showing that for any andC

| 1
1 1+ 2

1+ )

Ll+

f(y) f(x) hgx);y xi %ky xk? + 5 8xy 2 X: (3.3.3)

Motivated by this result, in Lemma 3.3.1, we derive the lower bound fg) f (x)
hg(x);y xi similar to the rstinequality of (3.2.1), with a tolerance This lower bound
is crucial for our analysis of the AC-FGM method applied to th@der continuous set-
ting. Furthermore, we nd that this lower bound is an equivalent argument of tiiée

continuous condition (3.3.1) and the relaxed quadratic upper bound (3.3.3).

Lemma 3.3.1 Let functionf satisfy condition (3.3.1). Then for any 0 and

_2
L™ (3.3.4)
we have

fy) f)+hgx);y xi+Ekg(x) gyk® 5 8xy2X: (3.3.5)
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Consequently, we have

kg(x) g(y)k*  Ckx yk? . 8x;y 2 X: (3.3.6)

piny 2 !

Moreover, the arguments in (3.3.1), (3.3.3), and (3.3.5) are equivalent up to absolute con-

stants.

Proof. Sincef has Hilder continuous (sub)gradients, it satis es condition (3.3.3) that
follows from Lemma 2 in [67]. Let us dene(y) := f(y) h g(x);yi. Then clearly,

also satis es condition (3.3.3). We have (y) = g(y) d(x), which indicates that
min ()= (x):
Consequently, we have for afythat satis es (3.3.4),

x v i )
Ve hr ) It ()i Skir (nk+

= (y) ek (MK + 5 (3.3.7)

where step (i) follows from Ineq. (3.3.3). Recalling the expressions of , we obtain

that

fy) f)+hgx);y xi+ tkg(x) gk 3

which completes the proof of Ineq. (3.3.5). Moreovoer, Ineq. (3.3.6) follows directly by
summing up Inegs. (3.3.3) and (3.3.5).

Next, we establish the equivalence of (3.3.1), (3.3.3), and (3.3.5). First, we know that
(3.3.1) indicates the statement in (3.3.3) thanks to Lemma 2 in [67]. Second, we have that

(3.3.3) indicates (3.3.5) given the proof of (3.3.5) above. Therefore, it remains to show that
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(3.3.5) implies (3.3.1). To demonstrate this, we rst add two copies of Ineq. (3.3.5xwith

andy interchanged to obtain

h i1
1+

hg(x)  oy)ix yi  5ka(x)  g(y)k®  ; wherel( )= Z LT

Next, we maximize the RHS of the above inequality with respectand obtain

n 0
o) gv)ix v max k() gkt = AL T kg(x) gk

Then, by applying Cauchy-Schwarz inequality on the LHS of the above inequality and
rearranging the terms, we have

kg(x) o)k H— L kx yk 1262 kx yk:

Thus (3.3.5) indicates (3.3.1) up an absolute constant, and we complete the proofm

Clearly, Ineq. (3.3.5) provides a similar bound to the rst inequality of (3.2.1) with a
tolerance parameter Similarly, Ineq. (3.3.6) serves as another bridge between the smooth
case and the &lder continuous case, but with a focus on Ineq. (3.1.3). These inequalities
indicate that, with the knowledge of the tolerance parametee can treat a problem with
Holder continuous gradients as a smooth problem WithO 1 i L“i

We have established in Theorem 3.2.1 and Corollary 3.2.1 that AC-FGM can solve the
smooth problem (3.1.1) without knowing the Lipschitz constansimilarly, we can show
AC-FGM does not require prior knowledge bf and when applied to solve dlder

continuous problems. Speci cally, for a given accuracy 0, we need to de ne the local

constants:
8
P 7 -
3 kxi xok?kg(x1) g(xo)kZ+( =4)2 =4, =1
i kx1 xok? ! I - '
Ce() = (3.3.8)
3 ka(x) glxi 1)K? it 2

© O 1) FOx) ho(xO)Xe 1 XdF = o
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where ; is an algorithm parameter in Algorithm 5.

Now we are in the position to present the convergence properties for AC-FGM under the

Holder continuous setting, and consequently establish the uniformly optimal convergence

guarantees. The next proposition, serving as an analog of Propsition 3.2.1, provides a

characterization of the recursive relationship for the iterates of AC-FGM.

Proposition 3.3.1 For any given accuracy > 0, assume the parametefs,g, f ;g and

f (g satis es conditions (3.2.14) and

n 0]

, min (1 )1;F1() ; (3.3.9)
n 0

comin 21 )¢ g 11();Lﬂ i1 3t 3 (3.3.10)

t 1

wherel¢( ) is de ned in (3.3.8). We have for ay2 X,

i v [ )+ hgx)ixe zi of (% )+h(z)  h(2)]

+ ﬁ kZl y1k2 + k22 Zlk2
1 2 1 o P P ¢ .
>Kyr  zk® skyka  ZKT+ D Ti+ L5 (3.3.11)
where
~ . : k K2k K2,
e = X 1) (X 2);ze 1 zd Lt g(le_it 11)( )g(xt 2) a yzt =

Proof. First, we recall that in the proof of Proposition 3.2.1, the rst few steps up to

Ineq. (3.2.24) were obtained via the optimality conditions of step (3.2.2) and the conditions

on the stepsizes. Therefore, Ineq. (3.2.24) is still valid in this proof. On the other hand,

based on the de nition of( ), we have that, fot 2,

f(xe 1) f(X) hoXe);xe 1 X = Fl()kg(xt) a(x: 1)k 7 (3.3.12)
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Then foranyz 2 X, we have fot 3

t1f (Xe 1)+ (Xt 1); % 1 Zi
o talf (Xe 1)+ (X 1);Xe 2 Xe d]+ X 1);z 1z
(i)

= ¢ alf (X 2) ﬁkg(xt 1) (% 2)k*+

s+ (% 1)z 1 zi; (3.3.13)

where step (i) follows from the fact that x; ; = x

z 1 (Xt 2 X 1) dueto
Eqg. (3.2.4), and step (ii) follows from Eq. (3.3.12). Combining Inegs. (3.2.23) and (3.3.13)

and rearranging the terms, we obtain an analog of (3.2.27) in the proof of Proposition 3.2.1,

tle of (e )+ (Xt 1);% 1 Zi t 1f (X 2)+h(z 1) h(2)]

%kyt 1 ZK? %kYt Zk* +  thg(x; 1)

a(Xt 2);z 1 zi
tt 1

kI 1) g(xe 2K® Fkz

AELGR I (3.3.14)

Notice that Ineq. (3.2.28) in the proof of Proposition 3.2.1 also holds for this proof. There-

fore, by taking the summation of Ineq. (3.2.28) and the telescope sum of Ineq. (3.3.14) for
t=3;:;k+1,andrecallingthat, =0, (= fort 2, we obtain

Py

=t [f () + O0a)ixe zi F (e )+ h(z)  h(2)]

+ ﬁ kZl y1k2 + k22 Zlk2

P P
1 2 1 2 K+l ~ K+l .
>Kyr  zk® skyker  zZKC+ D T+ L5

where ~; is de ned in the statement of this proposition, and we complete the proofm

In the following theorem, we provide the convergence guarantees for AC-FGM in the
Holder continuous setting. Notice that we will focus on the convergence of the averaged
iteratexy rather than the last iterakg in order to provide the optimal rate of convergence.

Theorem 3.3.1 For any given accuracy> 0, suppose the parametdrsg, f (gandf .g
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satis es conditions (3.2.14), (3.3.9) and (3.3.10). Then we have,fde ned in (3.2.31),

h i

1 1 2 5 2F1() 2 .
(x) (x) Pror 5kzp X kT+ RS 5= kzi  zok® + 5

Proof. In this proof, we rst upper bound the termi% in Ineq. (3.3.11) of Proposition
3.3.1. Fort 3 ,thebound™ 2kz 1 Y 2k* 1kz y; 1k? holds for the same
reason as Ineq. (3.2.32) with replaced by=;( ). Fort = 2, we have

(i

)
2 2Ka(X1)  O(xo)kkzy zpk  1kzp  yik?

)
okg(z1) 9(zo)kkzy  zok+ 2kg(z1) 9(zo)kkzz  zok %kzz Zok?

(iii ) , , 2
2kg(z1) g(zo)k 2C1( )kz1 zok 2kg(z1) g(zo)k s 1 )
thl( ) + . 2 - + 41-_-1( ) + Ztl( )k22 Zok EkZZ ZOk

(iv)

3 2kg(z1) g(zo)k? + 2010)kz zok?
2

1 2
ar1() i kZz Zy k

(v) 2
5 2C1( )kz1 zok 3 1 2.
2l ; 1 ZoK% o 82 Zkzz ylk :

where step (i) follows from Cauchy-Schwarz inequality; step (ii) follows from triangle

inequality andx; = z;, Xo = Yo = Y1 = Zpdueto ; = 0 and ; = O; step (iii) follows

from Young's inequality; step (iv) follows from, AL step (v) follows fromy; = z,
and the fact thai%g(;o)k2 = [1( )kzi  zo0k? + 5 due to the de nition of;( ). Then,

we use the bound for, in (3.3.11) and obtain

Py

1 v L)+ )i zi f(xe )+h(z) h@)]+ Fkya zZK
P
Fhy, zk?+ 2280 oz kg 7k tkzes  wkP+ (G4 (3.3.15)

Then, we sex = x . Recall the de nition ( x) := f (x) + h(x). By utilizing the relation-

ships (3.2.35) ant(x;); x; x i f(x;) f(x )duetothe convexity df, and invoking
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the conditions (3.2.16) and = 0 in (3.2.14), we obtain

P
e+ w0 w2l OX) OXI+( k+D) kel (X)) (X))

P
Fkzo x K2+ 22Ol o2 okzy o zkP+ (G4 (3.3.16)

N

Then, by using the de nition o, in (3.2.31), we arrive at

h i
(x) (%) Pﬁ Fkzo x K2+ 2220 2 kg 7k 4+ g
which completes the proof. .

It should be noted that we do not provide the convergence guarantee for the last iterate
P .
Xk since the error introduced by the input accuracan blow up when fzzl ¢ iIs much
larger than( ¢+1) k+1. Next, with the help of Theorem 3.3.1, we establish in the following
corollary the uniformly optimal convergence rate for AC-FGM.
Corollary 3.3.1 Assume the algorithmic parameters of AC-FGM satisfy the conditions in
1

Corollary 3.2.1 withL; replaced byC;( ). Suppose the initial stepsize satis es ,

1 2
O f¥% L™ and;, %.Then we have
1()

1+

(x) (x) O kzo x K2 + 5

The same argument holds for taking the stepsize rule in Corollary 3.2.2 witlO; 1].

Proof. First, due to the de nition off;( ), we have

kg(x1) g(xo0)k? C1( )kx1 xok? _
2C1() 2 4

Together with Ineq. (3.3.6) in Lemma 3.3.1, it is easy to see that

1 2
L()=0 % LT
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Similarly, by combining the de nition oZy( ); t 2 and Ineq. (3.3.5) in Lemma 3.3.1,

we have that
1 2 1 2
c,()=0 -+ L* =0 ¥ L¥* .8t 2

2
Therefore, we obtain thatf;() = O ! o LY . Similar to (3.2.37) in Corol-

lary 3.2.1, we have that

¢ oy whereli() = maxf gty Ca( ) () g

1 2
Thus by recalling Theorem 3.3.1 and the conditonthat O ! ™ L* and

2
1 55,0y e have
f,lei()nnn
( Xk) ( X ) 0 maxf Iig) k()gkzo x k2 + 5
1 2
O L *¥¥ L¥ kzg xk +
_ L? T 2 .
- O T k1+3 kZo X k + z,
which completes the proof. ]

1

_2
Notice that the condition,* O ! ™ L¥ can be easily ensured by nding a

z ; 2 X and choosing; in the order oft, *( ) where

p
o kz Zo0k2kg(z 1) 9(zo)K2+( =4)2 =4
Co( ) := e ; (3.3.17)
To ensure the condition; 5Ef( ) at the same time, one can perform a similar line search

procedure for the rst iteration as in Section 3.2.2 after Corollary 3.2.1.

As a consequence of Corollary 3.3.1, for ang [0; 1], the AC-FGM algorithm requires
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at most

_2
') L kzg x k¥ 1+3

iterations to obtain an-optimal solution for any convex objective withdttler continuous
gradients, and this complexity is optimal, supported by the general complexity theory of
convex optimization in [2]. This uniformly optimal guarantee is obtained without any prior
knowledge oL. or , but with a pre-speci ed accuracy However, an important limitation

of this algorithm is that, unless the optimal objective valuas known, the algorithm does

not have a computable termination criterion to determine when the desired accinasy

been achieved.

3.4 Numerical experiments

In this section, we report a few encouraging experimental results that can demonstrate
the advantages of the AC-FGM algorithm over several other well-known parameter-free
methods for convex (composite) optimization. Speci cally, for smooth problems, we com-
pare AC-FGM against the fast iterative shrinkage-thresholding algorithm (FISTA) with line
search proposed in [70], Nesterov's fast gradient method (NS-FGM) proposed in [67], and
the line search free adaptive gradient descent (AdGD) proposed in [91]. In the nonsmooth
problem, we compare AC-FGM against NS-FGM and Nesterov's primal gradient method
(NS-PGM), also proposed in [67]. In all sets of experiments, we report the convergence
results of AC-FGM in terms of the current iterate erforx;)  ( x ) and the other algo-
rithms in terms of their convergence guarantees in the corresponding works. We also report
the per-iteration CPU time and oracle calls in tables, where the latter means the number
of queries of the rst-order oracle that returhéx) andg(x) 2 @1x). Speci cally, each
iteration of AC-FGM and AdGD requires one oracle call. The oracle calls used in each iter-

ation of NS-PGD equals the number of line search steps within the iteration, while the one
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required by FISTA and NS-FGM equals two times the number of line search steps within
the iteration. Moreover, in the instances where the optimal objedtive) is unknown,

we run the algorithms long enough until at least two methods converge to a high enough
accuracy, e.g.10 °. Then we take the lowest objective values among all solvers as the

approximation of( x ).

Notice that in our AC-FGM method, one can choose ar® [0; 1] in Corollary 3.2.2,
allowing different levels of adaptivity. To demonstrate this, we implement AC-FGM with
three different choices of in [0; 0:5], namely AC-FGM:0.5, AC-FGM:0.1, and AC-FGM:0.0,
in all sets of experiments. For simplicity, we set 1 pTé as suggested in Corollary 3.2.2
in the reported experiments, but more re ned choices ofay lead to superior convergence
in practice. For all the experiments, we set the initial pait 0. For the initial stepsize

1, we rst calculatelL, as de ned in (3.2.39) witlz ; = 0:1 1 and then set; := %
thus our implementation is fully line search fte&Vhen implementing FISTA, NS-PGM,
and NS-FGM, we take the line search constant 2 and takel o as the initial guess for
line search. When implementing the AdGD method, we usel:5 andL , for searching
the initial stepsize. Our source code for reproducing the experiments is publicly available.

In Section 3.4.1, we report the numerical results for solving the classic least squares
linear regression with and without Lasso regularization. Section 3.4.2 presents the exper-
iments for solving the nonsmooth square root Lasso problems with uniform (or universal)
methods. In Section 3.4.3, we report the experiments for the sparse logistic regression with
“;-regularization. In Section 3.4.4, we provide ablation analysis to compare the perfor-
mance of AC-FGM with and without line search in the rst iteration, showing that AC-
FGM is not sensitive to the initial line search. Finally, in Section 3.4.5, we incorporate
AC-FGM with an adaptive restart rule to further enhance its numerical performance and

compare it against FISTA with adaptive restart.

We choosg ; = 0:1 1 as asimple all-dimensional perturbationzgf= 0 just for simplicity. In our
experiments, we observe that the performance of AC-FGM is not sensitive to the chaiceafl .
2https://github.com/tli432/AC-FGM-Implementation
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3.4.1 Least squares linear regression and Lasso regularization

In this subsection, we rst investigate the performance of AC-FGM on the classical least

squares linear regression problem
i — 1 2.
min f(x):= kAXx  bks; (3.4.1)

whereA 2 R™ " is the design matrix and2 R™ is the response vector.

In the rst set of experiments, we consider two real-world datasets from LIBSVM with
relatively largem and smalin, e.g.,bodyfat (m=252, n=14andcadata (m=20640, n=38)
Thus, there is no need for feature selection. We report the convergence results in terms of
iterations in Figure 3.1 and in terms of CPU time and oracle calls in Table 3.1. Notice that
the average CPU time of AC-FGM in the table is calculated as the average of AC-FGM

with the three different choices of.

Figure 3.1. Least squares regression (3.4.1): Comparison between AC-FGM, FISTA, NS-
FGM, and AdGD in terms of the number of iterations.

Table 3.1: Least squares regression (3.4.1): Comparison of the averaged CPU time in [sec]
and averaged oracle calls per iteration.

Avg CPU time (per 1000 iterations) Avg # oracle calls (per iteration)
Instances m n

AC-FGM AdGD FISTA NS-FGM| AC-FGM AdGD FISTA NS-FGM
bodyfat | 252 | 14 0.058 0.059 0.062 0.141 1 1 2.0 4.0
cadata | 20640| 8 1.57 1.57 2.92 5.37 1 1 2.0 4.0

We make the following observations from the results in Figure 3.1. First, the accelerated

approaches, AC-FGM, FISTA, and NS-FGM, signi cantly outperform the non-accelerated
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AdGD method in the two instances. Second, FISTA and NS-FGM have similar conver-
gence behavior, while the AC-FGM with = 0:1 largely outperforms the other two accel-
erated methods, especially in the high accuracy regime.

Next, we consider the well-known composite optimization problem, namely least squares
regression with ;-regularization:

min f (X) = LkAXx b3+ kxky; (3.4.2)
X2R"

whereA 2 R™ " andb 2 R™. This problem is also known as the “Lasso” regression in
statistical learning, which is widely used for variable selection and model regularization.
We test the performance of the algorithms for solving (3.4.2) on two large-scale datasets
in LIBSVM, e.g., gisette (m=6000, n=5000)rndrcv1.binary (m=20242, n=47236)We
choose the penalty parameter= %kAT bk, with ¢ = 0:01and0:001respectively, sug-

gested by [100]. The experiment results are reported in Figure 3.2 and Table 3.2.

Figure 3.2. Lasso (3.4.2). Comparison between AC-FGM, FISTA, NS-FGM, and AdGD
in terms of the number of iterations for dataggitette(column 1) andcvl.binary(column
2). Row 1 takes = Z9kAThk; and Row 2 takes = 29MKAT bk, .
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Table 3.2: Lasso (3.4.2): Comparison of the averaged CPU time in [sec] and averaged
oracle calls per iteration.

Instances m N Avg CPU time (per 1000 iterations) Avg # oracle calls (per iteration)
AC-FGM AdGD FISTA NS-FGM| AC-FGM AdGD FISTA NS-FGM

gisette ¢ = 0:01) 6000 | 5000 56.61 56.11 119.78 213.62 1 1 2.0 4.0

gisette ¢ = 0:001) 6000 | 5000 57.80 62.30 116.78 199.74 1 1 2.0 4.0

rcvl.binary € = 0:01) | 20242| 47236| 55.35 55.56 85.09 158.96 1 1 2.0 4.0

rcvl.binary € = 0:001) | 20242 | 47236| 54.59 55.76 86.23  163.01 1 1 2.0 4.0

From Figure 3.2, we observe that AC-FGM with a smaller choice ,dike 0:1 and
0:0, exhibit faster convergence than = 0:5 in most of the experiments. Meanwhile,
compared with FISTA and NS-FGM, the AC-FGM algorithm with a smallecan take
more advantage of the larger penalty paramettr achieve faster convergence. Interms
of the computational cost (Table 3.2), FISTA takes around two oracle calls per iteration,
and the average CPU time is roughly 1.5 - 2 times that of AC-FGM and AdGD. NS-FGM
takes around four oracle calls per iteration, and the average CPU time is roughly 3 - 4 times

of AC-FGM and AdGD.

3.4.2 SquaregootLasso

In this subsection, we consider another well-known problem arisen from statistical learning,
known as “square root Lasso” [101].

min f (x) := pKAX bkt kxki: (3.4.3)

X2R"

The theoretical advantage of the square root Lasso problem over the “least squares Lasso”
in (3.4.2) lies in the more robust choice of the penalty parameter and fewer assumptions on
the model; see detailed discussion in [101]. Notice that this problem is nonsmooth, so we
consider solving it with the following uniform/universal methods, i.e., AC-FGM, NS-PGM,
and NS-FGM.

We test the performance of the algorithms on two real-word datasets from LIBSVM,
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i.e.,gisette (M=6000, n=5000pndYearPredictionMSD.test (m=51630, n=90)he theo-
retical guarantees in [101] suggest the choice of penalty parameter m ¥ 1(1
0:01=n), where isthe CDF of the standard normal distribution. For all datasets, we report
the algorithm performances under the choices10 and10Q respectively. Moreover, we

set =10 & when implementing all the algorithms. The results are reported in Figure 3.3

and Table 3.3.

Figure 3.3. Square root Lasso (3.4.3): Comparison between AC-FGM, NS-AGD, NS-
FGM, and AdJGD in terms of the number of iterations for datagéstte(column 1) and
YearPredictionMSD.tegtolumn 2). Row 1 takes = 100 m 2 1(1  0:01=n) and
Row 2 takes =1000 m 2 (1 0:01=n). We set =10 & when implementing the
algorithms.

Table 3.3: Square root Lasso (3.4.3): Comparison of the averaged CPU time in [sec] and
averaged oracle calls per iteration.

Avg CPU time (per 1000 iterationg) Avg # oracle calls (per iteration
Instances m n

AC-FGM NS-PGM NS-FGM | AC-FGM NS-PGM NS-FGM

gisette ¢ = 100) 6000 | 5000| 56.61 56.11 213.62 1 2.0 4.0
gisette ¢ = 1000) 6000 | 5000| 59.16 129.11 228.05 1 2.0 4.0
YearPredictMSD¢ = 100) | 51630 90 12.63 26.02 42.31 1 2.0 4.0
YearPredictMSD¢ = 1000) | 51630| 90 12.52 25.27 43.52 1 2.0 4.0
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From Figure 3.3, we observe that AC-FGM consistently outperforms NS-FGM in the
experiments in terms of the number of iterations. Also notice that, in this set of experiments,
the error may oscillate at a relatively high accuracy, which is expected given the design of
these universal or uniform methods. disttewith ¢ = 1000, NS-PGM achieves slightly
faster convergence than AC-FGM in terms of the number of iterations. However, due to
the line search steps, NS-PGM's computational cost is roughly two times of AC-FGM (see
Table 3.3). Therefore, AC-FGM with = 0:0 and0:1 still outperforms NS-PGM in terms

of the overall ef ciency.

3.4.3 Sparsdogistic regression

In this subsection, we consider another classical convex composite optimization problem,
known as the logistic regression witkrregularization,

min ( Xx) := P M log (1 +exp( bha;xi))+  kxkg; (3.4.4)

X2 R"

where > 0 is the regularization parameter, aad2 R" andh 2 f 1;1g represent
the feature vector and the binary index of each sample, respectively. This problem can be

equivalently written as
( x) = f(xX)+ h(x) = f{Kx)+ h(x);

wherefy) = P M log(1 + exp(yi)), h(x) = kxki, andK 2 R™ " satis esKjj =

af”h. Clearly, the Lipschitz constant 6fis bounded byl=4, thus the Lipschitz constant
of f can be upper bounded hy = . (K TK)=4. It is also noteworthy that the local
smoothness constantBfcan be much smaller thad4 asy gets far away from the origin.
Therefore, if we set the origin as the initial poky, the adaptive algorithms that can take
advantage of the local smoothness level may have much faster convergence than the non-

adaptive algorithms.
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We test the performance of the algorithms for solving (3.4.4) on four large-scale datasets
in LIBSVM, i.e., gisette (m=6000, n=5000Y)cvl.binary (m=20242, n=47236)eal-sim
(m=72309, n=20958) and covtype.binary (m=581012, n=54pand take two choices of

Figure 3.4 and Figure 3.5 indicate that AC-FGM with= 0:0 and 0:1 outperform
NS-FGM and FISTA in almost all test cases. We also notice that ADGD converges fast in
real-simandrcv.binarywhen = 0:00kATbk; . However, AC-FGM appears to be more

robust to different choices of the penalty parameter

Figure 3.4. Sparse logistic regression (3.4.4): Comparison between AC-FGM, FISTA,
NS-FGM, and AdGD in terms of the number of iterations for datagisistte rcv1.binary
real-sim andcovtype.binaryPenalty parameter: = 0:001kA T bk; .

3.4.4 Ablation analysisfor line searchin rst iteration

In this subsection, we conduct ablation analysis for the line search procedure in the rst

iteration of AC-FGM. Speci cally, we run the experimental group with line search in the

3The performance of the algorithms on more problem instances in LIBSVM can be found in our publicly
available repository (https://github.com/tli432/AC-FGM-Implementation).
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