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SUMMARY

Kriging, or Gaussian process modeling, is widely used in estimating unknown functions
based on the (noisy) evaluations. Originally, kriging was introduced in geostatistics by [1]
and has seen revived interest (and many new results) in the areas of spatial statistics [2, 3],
computer experiments [4, 5] and machine learning [6, 7].

The main idea of kriging is to assume the underlying function is a realization of a Gaus-
sian random field. The accuracy of kriging, or more generally, nonparametric regression,
depends very strongly on the manner in which data is collected [8, 9, 10] and the proper-
ties of the underlying function, especially the smoothness of the underlying function. This
dissertation addresses three important problems related to: (1) What type of data collection
might be expected to enable one to build an accurate model; (ii) Based on a high-quality
design, what is the accuracy of the model; and (iii) Can we construct estimators that achieve
the optimal convergence rate without knowing the true smoothness in advance.

In Chapter 1 we consider the first problem: What type of data collection might be
expected to enable one to build an accurate model. This problem is known as computer
experimental design in the field of computer experiments. In many situations actual phys-
ical experimentation is difficult or impossible, so scientists and engineers use simulations,
or computer experiments, to study a system of interest. Many simulations are stochastic in
the sense that repeated runs with the same input configuration will result in different out-
puts. For expensive or time-consuming simulations, stochastic kriging [11] is commonly
used to generate predictions for simulation model outputs subject to uncertainty due to
both function approximation and stochastic variation. In this chapter, we develop and jus-
tify a few guidelines for experimental design, which ensure accuracy of stochastic kriging
emulators. We decompose error in stochastic kriging predictions into nominal, numeric,
parameter estimation and parameter estimation numeric components and provide means

to control each in terms of properties of the underlying experimental design. The design
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properties implied for each source of error are weakly conflicting and broad principles
are proposed. In brief, the space-filling properties “small fill distance” and “large separa-
tion distance” should balance with replication at distinct input configurations, with number
of replications depending on the relative magnitudes of stochastic and process variability.
Non-stationarity implies higher input density in more active regions, while regression func-
tions imply a balance with traditional design properties. A few examples are presented to
illustrate the results.

In Chapter 2 we derive error bounds of the (simple) kriging predictor under a uniform
metric. The kriging method has pointwise predictive distributions which are computation-
ally simple. However, in many applications one would like to predict for a range of untried
points simultaneously. In this chapter we introduce some error bounds for the (simple)
kriging predictor under the uniform metric. The predictive error is bounded in terms of the
maximum pointwise predictive variance of kriging, which can be further bounded with the
fill distance of the design set. It works for a scattered set of input points in an arbitrary
dimension, and also covers the case where the covariance function of the Gaussian process
is misspecified. These results lead to a better understanding of the rate of convergence of
kriging under the Gaussian or the Matérn correlation functions, the relationship between
space-filling designs and the accuracy of kriging models, and the robustness of the Matérn
correlation functions.

In Chapter 3 we consider identifying the smoothness of an underlying function, by em-
ploying maximum likelihood estimation for the Gaussian process model. The function esti-
mator based on the smoothness estimator is also constructed in this chapter. This maximum
likelihood approach is widely used in estimating the smoothness parameter in practice, but
theoretical studies are lacking. We propose a modified maximum likelihood method to es-
timate the underlying function as well as its smoothness based on noisy evaluations. We
prove the consistency of the proposed smoothness estimator and that the function estimator

achieves a nearly optimal rate of convergence for all degrees of smoothness.
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CHAPTER 1
CONTROLLING SOURCES OF INACCURACY IN STOCHASTIC KRIGING

1.1 Introduction

In many situations actual physical experimentation is difficult or impossible, so scientists
and engineers use simulations, or computer experiments, to study a system of interest.
For example, [12] study a complex simulation model for turbulent flows in swirl injec-
tors, which are used in a spectrum of propulsion and power-generation applications, un-
der a range of geometric conditions, [13] estimate sexual transmissibility of human pa-
pillomavirus infection via a stochastic simulation model, and [14] use the Cardiovascular
Disease Policy Model to project cost-effectiveness of treating hypertension in the U.S. ac-
cording to 2014 guidelines. Commonly, these simulations require a cascade of complex
calculations and simulator runs are expensive relative to their information content. To en-
able exploration of the relationship between inputs and outputs in the system of interest,
a typical and apparently high-quality solution is to collect data at several input configura-
tions, then build an inexpensive approximation, or emulator, for the simulation.

In many cases, the data collected from the computer simulation is stochastic in the sense
that repeated runs with the same input configuration will have different outputs, driven pri-
marily by elements of the simulation model which are inherently stochastic. Consider
for example, the Coronary Heart Disease Policy Model, which is the simulation backbone
underlying the cost-effectiveness study in [14]. For each subject in a large cohort (the
U.S. adult population), this model generates a simulated Markov trajectory through risk
and event categories. These trajectories involve, for each subject and time-increment, ran-
domly assigning a new state according to a specified distribution. Even if all the simulation

settings, what we are calling inputs here, are unchanged, a new run of the simulation model



will have slightly different random trajectories, and in turn slightly different outputs. For
emulation of stochastic computer experiments, the stochastic kriging model proposed in
[11] has gained considerable traction as a quality approximation in a broad spectrum of
real applications. In the stochastic kriging model, output associated with each input is
decomposed as the sum of a mean (Gaussian process) output and random (Gaussian) noise.

The accuracy of the stochastic kriging emulator depends strongly on how the data is
collected [8, 9, 10]. Notably, [11] provides a few useful results relating to mean squared
prediction error (MSPE) integrated over the design space indicating that the distinct data
sites should be relatively space-filling, while the number of replications is driven by the
relative magnitudes of process and stochastic variability. Unfortunately, these results are
limited to stationary process covariance with no non-trivial regression functions in the pro-
cess mean. Further, no explicit consideration is given to very important experimental design
impacts on numeric stability and parameter estimation (or numeric stability in parameter
estimation). A spectrum of practical sequential design heuristics for stochastic kriging are
explored in [15].

[10] examine the qualitative features of high-quality experimental designs for building
accurate Gaussian process emulators of deferministic computer experiments. For determin-
istic emulators, it is shown that the weakly conflicting space-filling properties “small fill
distance” and “large separation distance” ensure well-controlled error. Non-stationarity in
the process’s correlation decay indicates a higher density of input locations in regions with
more quickly decaying correlation, while non-trivial regression functions indicate a bal-
ance between the space-filling properties and traditional design properties targeting small
variances of least squares coefficient estimates. In the common situation where correlation
parameters are estimated within the Gaussian process framework, space-filling designs are
slightly shifted to emphasis particular sizes and orientations of pairwise differences be-
tween input locations.

Here, we seek to develop and justify overarching principles of data collection for stochas-



tic kriging. Importantly, the primary target here is a qualitative indication of what type of
designs might be expected to enable one to build an accurate model, not optimal design.
Broadly, the development here follows the framework and many of the results laid out in
[10]. Throughout, results which extend in a relatively straightforward manner from the
deterministic case to the stochastic case will be described in brief, at a high level with
differences highlighted, while completely unique results and those for which extension is
more complex will be described in more depth.

Inaccuracy in stochastic kriging will be decomposed into four components, nominal,
numeric, parameter estimation, and parameter estimation numeric error. The overall ap-
proach is to bound these four types of error in terms of experimental design properties.
It will be shown that the implied design characteristics for these four sources of error are
weakly conflicting. In Section 1.2, the problem is formally stated, some notation provided,
and several important well-known results stated. Then, in respective Sections 1.3, 1.4, 1.5,
and 1.6, the nominal, numeric, parameter estimation, and parameter estimation numeric
error are bounded. Designs which are high-quality with respect to the provided bounds
are discussed and a few examples are given, with consideration to stationary and non-
stationary cases as well as non-trivial regression functions. In Section 1.7, a few numeric
examples comparing the accuracy of stochastic kriging emulators based on a spectrum of
designs, numbers of replications, and process/noise variances are presented to illustrate the

proposed principles. Conclusions and implications are discussed briefly in Section 1.8.

1.2 Preliminaries

1.2.1 Stochastic Kriging Model

We consider the situation where a noisy output y(z) can be observed at an input configura-
tion z in a compact set 2 C R?. The output is noisy, or stochastic, in the sense that another

run, or observation, at x will give a different output value. The noisy outputs are modeled



as the sum of a deterministic function plus mean zero Gaussian noise. That is,

y(x) = f(z) + e(x), (L.1)

where e(x) ~ N(0,02 (x)) and 7, € RP' is a vector of parameters. Throughout, we
will annotate true parameter values, which are not subject to estimation or any type of
numeric error, with an * whenever this distinction between the true parameter values and
their estimated or noisy counterparts is useful. Notably, the noise components are taken as
independent across both input locations and replications at the same input location, and we
have suppressed the dependence of y(z) and €(z) on a random element, say v. Following
[11], the deterministic component f : {2 — R is modeled as a Gaussian process (GP) (see,
for example, [4] and [5]), f ~ GP(h(:)'Bs, Wy, (-, -)) for some fixed, known regression
functions h : 2 — R? and a positive definite covariance function Wy, (-,-). Here, the
process mean and covariance depend on respective unknown parameters 3, € R? and 6, €
Rz, Letd = (87,607, 77)T denote the vector consisting of all the parameters. Throughout,
the underlying mean function in the stochastic kriging model will be considered as the
primary estimation target.

As shown in [11], the best linear unbiased predictor, as well as its MSPE, can be ex-
pressed in terms of the distinct data locations and the average output at each. The likelihood
of the unknown parameters given the data, on the other hand, depends on all the individual
outputs, not just the average at each distinct location, as shown in [16]. Throughout, we
will use notation following [16]. Let Y denote the vector of average responses at each of
the n distinct locations and X to denote the corresponding distinct design locations. On
the other hand, we will use Y to denote the full vector of m outputs (not averaged) and X
to denote the corresponding (potentially non-distinct) design locations. For the i*" distinct
design location x;, let k; denote the number of replications observed at ;. Then, the exper-

imental design corresponding to the i*" component of Y can be described in terms of the



pair (z;, k;) fori = 1,...,n, where x; € 2 denotes a distinct design point, and k; denotes

the number of replicates at z;. Let

denote the sample mean at point z;, where y,(x;) denotes the jth experiment at ;. Sim-
ilarly, let ¥, = diag{o?(z1)/k1,...,0%(x,)/k,} denote the diagonal matrix of marginal
noise variances of the components Y, and let ¥, denote the diagonal matrix of marginal
noise variances of the components Y.

If S, is unknown, but both 6, and 7, are known, then the BLUP for f at an arbitrary

location of interest x € € is [8]

~ — —

folw) = h(@)" B+ Ty(z, X)[Ty(X, X) + T (Y — H(X)B), (1.2)

where 3 = (HX)T[Wo(X, X) + ] T H(X)TH(X)T[Wy(X, X) + 2]71Y, H(X) has
i™™ row h(x;)’ for distinct data location x;, and Wy(A, B) has elements Wy (a;, b;). Similarly,
the BLUP (1.2) has expected squared prediction error (conditional on the observed data),

or mean squared prediction error, (MSPE)

-1

(1.4)



At first glance, the stochastic kriging model, which assumes a Gaussian process mean
with Gaussian noise, appears quite narrow and restrictive. In fact, the model is not as
restrictive as it appears. In particular, if one believes that the target function f lies in a
reproducing kernel Hilbert space (say for example, f has a fixed number of continuous
partial derivatives), then a representer theorem [18] ensures that the solution to a very
broad range of loss or likelihood-based penalized regression problems has the form given in
(1.2), although B would be estimated differently and the regularizing matrix 3, constructed
differently, depending on the loss or likelihood. In practice, the stochastic kriging model is
typically a high-accuracy non-parametric estimate of the underlying function f, and would
represent a high-quality starting approximation for each of the three examples mentioned in
the first paragraph of this article (turbulent flows, sexual transmissibility, and cardiovascular
policy).

The stochastic kriging model, which is adapted to simulations with noisy outputs, dif-
fers from a kriging model for simulations with deterministic outputs only by the inclusion
of ¥, = diag{o?(x1)/k1,...,02(x,)/k,} in the BLUP and MSPE formulas above. In a
sense, the kriging model for deterministic simulations is a special case of the stochastic
kriging model for which o2(-) = 0. Many of results developed below extend immediately
to the kriging model for deterministic simulations by taking o2(-) = 0 or the number of
replications at the i*® distinct input location k; — oo across i. Similarly, many of the re-
sults developed in [10] for deterministic kriging translate directly to the stochastic kriging
context with only a cosmetic rework. The aspects of parameter estimation error that relate

to estimation of ¢2(+) are an exception.

1.2.2  Sources of Inaccuracy

As stated in the final paragraph of Section 1.1, inaccuracy in stochastic kriging will be de-
composed into four components, nominal, numeric, parameter estimation, and parameter

estimation numeric error. The numeric emulator is, in a sense, the actual, tangible emula-



tor, which is subject to parameter estimation error as well as numeric error in both emulator
calculation and parameter estimation. Let v, 19, and ¢ respectively denote the true param-
eters, estimated parameters not subject to floating point errors, and estimated parameters
subject to floating point error in both computation and optimization. As noted previously,
x will be used throughout to annotate true parameter values. Similarly, we will use * and
- to identify quantities subject to estimation and numeric error, respectively. Similar to
decompositions in [9] and [10], the norm of the difference between the estimator of the
unknown function and real function can be decomposed into nominal, numeric, parameter
estimation, and parameter estimation numeric components using the triangle inequality as

follows,

If = F5ll = f = fo. + fo. — Fs+ f5— f5+ F5— fl

. N . N (1.5)
<WfF=fol+ oo =Sl + s =Sl + 15— f3ll -
nonrnal parameter estimation parameter numeric numeric

Here f, denotes the nominal emulator subject to floating point errors. Nominal error refers
to the difference between the target function f and its idealized approximation fﬂ* , which
is not subject to floating point or parameter estimation error. Numeric error refers to the
difference between the computed emulator ﬁ;, which is subject to floating point arithmetic,
and an idealized version of the emulator which is not subject to floating point error in
emulator computation ﬁ;. Parameter estimation error represents the difference between
emulators with the true and estimated parameters, f,g* and fé’ respectively. Parameter
estimation numeric error refers to the difference between the emulator with numerically
estimated parameters under floating point arithmetic ]% and the emulator under an exactly
estimated parameter fqg. While decomposition (1.5) holds for any norm, here the Lo(£2)

norm will be the primary focus. Taking the expectation (conditional on the data) of (1.5)



and applying Jensen’s inequality and Fubini’s theorem [19] gives

E|lf - fll < \/ / — folw 2dx+\/ / (fo (2) = fy(a))?da
\// f§ 2d$—|—\// f3(x))2d.

Notice that the BLUP with parameter v, is the nominal emulator ﬁg* in the first term in

(1.6)

(1.6) above, while the portion of the first term, bounding the nominal error above, under

the square root and inside the integral, E(f(z) — fy, ()2, equals the MSPE (1.3).

1.3 Nominal Error

For a particular design problem, we have two approaches to reduce MSPE. The first ap-
proach is to add more distinct input locations to reduce the distance between potential
inputs and design points, the other is to take more experimental runs at a particular loca-
tion to reduce the predictive variance at that location. Intuitively, if there is a cluster of
design points, then the MSPE of the experimental design including the cluster is almost
the same as the MSPE of the experimental design with multiple experiments at one of the
points in this cluster. Our intuition is correct, as a consequence of the continuity of matrix

summation, inverses, and quadratic forms, as summarized in Proposition 1.3.1 below.

Proposition 1.3.1. Suppose f ~ GP(h(-)'5,%Yy(-,")), for some fixed, known functions
h(-) and a positive definite function Wy (-, -), with stochastic observations generated by the
stochastic kriging model described in Section 1.2.1. Let X = (X1, X3), where X; =

(x1,29,...,x,) and

X'=(z%,...,2%, Xs).
—_——’

r replications

If 02(:) > 0 and o*(-), h(-), and Wy(-,-) are continuous, then MSPE(x) — MSPE'(z)



as v; — «* fori = 1,...,r, where MSPE(x) is the MSPE of the BLUP based on X and

MSPE'(x) is the MSPE of the BLUP based on X'.

A bound on the nominal error for the uppermost terms of the MSPE (1.4), which pro-
vide the MSPE for a mean model with no regression functions, is provided in Theorem
1.3.1. A proof is given in Section A.1 of Appendix. Notably, the proof follows the strategy
laid out in the proof of Theorem 3.1 in [10], with a few additional complexities in handling
Y.. In fact, the deterministic kriging result in Theorem 3.1 of [10], can be obtained as
a special case of the Theorem below by setting Ay (3.) = 0. Throughout, we will use

the notation Apax(A) and Apin(A) to denote the maximum and minimum eigenvalues of a

symmetric matrix A.

Theorem 1.3.1. Suppose f ~ GP(0,Wy(-,-)) for a positive definite function Wy (-, -) with
Wy(-,-) = 0, stochastic observations are generated by the stochastic kriging model de-
scribed in Section 1.2.1, (n — 2) sup, ,eq Vo(u, v) > Anax(Zc), then the MSPE of f has
upper bound

(Wo(xi, x) — Wo(wi,2:))*
nsupy o Vo(t, v) + Amax(Xc)

A max (Ze) (n sup,, yeq Yol(u, v) + 2(Vo(xi, x) — Wo(zs, 7:)))
nSup, eq Yo(u,v) + A max (Ze) '

Vo(z,x) — 2Wg(x;, ) + Vo(x;, 25) —

(1.7)

+

Two special cases are examined. These cases respectively represent broadly applicable
stationary and non-stationary covariance models for the process f, and will be referred
to as the Stationary Model and Non-Stationary Model. These models provide a concrete
structure within which we can gain a qualitative understanding of the design implications
of both stationarity and non-stationarity. In the upcoming development, the overall bound

on the uppermost terms of (1.4) will be expressed in terms of the maximum of local bounds,

sup B{f(w) — fy(w)}* = max sup B{f(z) — fo(2)}?, (1.8)

€N tozeA;



where U; A; = . The maximum over i in (1.8) can be controlled by imposing a uniform
bound over each of its components. Below, ¢(+) is a decreasing function of its non-negative

argument and I is diagonal.

1.3.1 Stationary Model

Suppose Wy(u,v) = o?0o(||O(u — v)||2) with ¥, = oI, where ¢ € R, is a parame-
ter and © € R¥*? is a non-singular matrix, which could be a parameter in its own right
or a function of a lower dimensional parameter. Consider using the bound (1.7) as a
guidepost for identifying the features of a high-quality experimental design. Unlike in
the deterministic case discussed in [10], in the stochastic kriging case, the denominator
influences the bound (1.7) through ¥, inducing a balance between the variance at each
point and the fill distance. Notice that in (1.7), the bound is an increasing function of
Uy(z,z) — Wy(x;, ) = Yo(a;,x;) — Vo(zy, z). Let A; = V;(©), the Voronoi cell [20]

anchored by distinct data point x;, with respect to a Mahalanobis distance [21]

Vi(©) ={x € Q:de(z,2;) < do(z,z;) VjF#i},

where dg(u,v) = \/(u —v)’0'O(u — v). On A; = V;(©), the bound given by (1.7) can
be bounded in terms of the smallest value of Wy (x;, z), which is attained for z maximizing
de (i, r). Taking the maximum over 7, and letting v = (0) — ¢ (max; sup,cy; (o) do (i, ¥)),

(1.7) can be rewritten as

N Auwa(T) (n0(0) + 20)
7 (2” 12(0) + o) 19(0) + Aume(D) )

(1.9)

Notice that

max sup_de(z;, z) = sup min de(z:, )
o zeVvi(O) zeQ) U
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is the fill distance with respect to the distance dg. Since (1.9) is an increasing function of
v € [0,¢(0)], the upper bound can be controlled by demanding the fill distance is small,

balanced with small largest element of T .

Interpretation. In the context of the stationary stochastic kriging model described above,
experimental designs which balance small fill distance, with respect to the distance dg,
for the distinct input locations with replication targeting uniformly small Y. ensure well-

controlled nominal error.

1.3.2 Non-Stationary Model

Here, we consider a relatively simple model of non-stationarity, adapted from [22], which
forms a good approximation in many practical situations. In brief, the correlation decay
is taken to be composed of more rapidly and more slowly decaying components, with
the emphasis on the components depending on the input locations. This model of non-
stationarity is reasonably well-suited to situations where the surface of interest is varying
more quickly in some input regions and more slowly in others, and the model provides a
structure for examining the design implications of this type of non-stationarity.

Suppose Ve (u, v) = o (w1 (u)wr (v)@(||O1(u = v)[|2) + w2 (u)w2(v)([|O2(u — v)]|2))
with ¥, = ¢?[, where ¢ € R, is a parameter, and ©,,0, € R?? are non-singular
matrices, either parameters in their own right or functions of lower dimensional param-
eters. For the Non-Stationary Model case, assume in addition w;(-),ws(-) > 0 have
Lipschitz continuous derivatives on {2 with Lipschitz constants k; and ks, respectively,
w3(-) + wi(-) = 1, ©1, O are non-singular, and \..(0,55,Z20,) < 1, where =, = 6.
The final assumption can be interpreted as ¢(||O2(-—-)||2) is narrower than ¢(||©1(-—-)||2).
For the Non-Stationary Model, we will localize the bounds over unions of Voronoi cells

V* =V;(01) UV;(O3). Note that V* =~ V;(0;) and V;* = V;(0,) if ©; ~ cO, for some c.

7
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Similar to the Stationary Model, we take the maximum over 7, and let

v =p(0) — inf {w(2)wi(2:)p(|O1(z — z3)l2) + wa(@)wa(2:)p([|O2(r — x4)|2) }-

z€eV*

(1.10)

Then, (1.7) again gives upper bound (1.9). Using Lipschitz continuity of w;(-),ws(+) and

Taylor’s theorem [23], it can be shown that [10],

v < p(0) - (Wf(ﬂfi)so(suvp de, (i, r)) + wg(xi)w(suvp de, (i, ))}
zeVy* zeVy*

— ©(0)(k1 + k2) max sup ||z — z4]|2)- (1.11)

K3 xe‘/’i*

By plugging the right-hand side of (1.11) into (1.9), we can obtain an upper bound, and cor-
responding guidepost for identifying features of a high-quality nominal error experimental
design.

Following the development in [10], it can be shown that for fixed o?(z;)/k;, i =
1,...,n (or equivalently I'), (1.9) is bounded uniformly over the design space by an ex-
perimental design with smaller union of Voronoi cells, with respect to both dg, and dg,, in
regions with more emphasis on the quickly decaying correlation, and vice versa. Similar to

[10], the global and local correlation emphases are given concretely by

wi(2)? (so (Seuvlg d@(%ﬂ)) —¢ <S;l£ d@z(xi,x)» , k=12

Interpretation. In the context of the non-stationary stochastic kriging model described
above, experimental designs which balance smaller fill distances for the distinct input lo-
cations, with respect to distances do, and de,, in regions of the input space with more
rapidly decaying correlation and larger fill distances in regions with more slowly decaying
correlation, with replication targeting uniformly small ¥, ensure well-controlled nominal

error.
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1.3.3  Regression Functions

Next, we consider the lowermost terms in (1.4), expressing the contribution of the regres-

sion terms to the overall accuracy. The regression terms can be bounded as

x (h(z) — H(X)"[Ug(X, X) + 5] 0y (X, z))
2 n90<0)+)‘max(F) ST _ _1 )
S O N (H *),H(X—))Hh(ﬂf) — H(X)T[Ws(X, X) + 5] 0s(X, z)| 2

(1.12)

The term A,.x (1) encourages balanced replication in the sense that it encourages a small
maximum of o2(x;)/k;. The term Ay, (H(X)'H(X)) in the denominator, on the other
hand, encourages some degree of traditional design properties. For example, linear regres-
sion functions would push input locations towards the edges or corners of the design space.
On the other hand, the final term is the sum of squared errors for smoothed estimates of
the regression functions and would be expected to be small in precisely the same situations
when the topmost terms in (1.4) are small, under the assumption that the regression func-
tions can be well-approximated using the kernel Wy [10]. That is, replication and traditional

design properties need to be balanced with fill distance-based criteria.

Interpretation. In the context of stochastic kriging models with non-trivial regression
functions, experimental designs which balance space-filling properties, of the stationary or
non-stationary variety as appropriate, replication targeting uniformly small ¥, and tra-
ditional design properties targeting low-variance regression function coefficient estimates

ensure well-controlled nominal error.

1.3.4 Example Designs

Here, we seek to illustrate the type of designs indicated by the nominal error bounds, and

provide a measure of corroboration for the qualitative features of good experimental de-
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signs that the bounds suggest. For a given practical context and hypothetical values for the
covariance parameters, the actual nominal error (1.4) is computable, and could represent a
component of a reasonable objective.

Example high quality designs for stochastic kriging problems in the stationary situation,
across a range of ratios o2(x;) /02, and the non-stationary situation, as well as the stationary
situation along with a constant and linear regression functions are shown in Figure 1.1. For
the stationary cases shown in Panels 1-4, distinct design locations arrange themselves in a
space-filling pattern, minimizing the fill distance. For the the non-stationary case shown in
Panel 5, more distinct design locations are needed in portions of the input space with more
emphasis on the more rapidly decaying correlation. For the situation where a constant
and linear regression functions are included with a stationary stochastic process variance,
distinct design locations are pushed towards the corners of the input space, balancing space-
filling and traditional design properties. As the ratio of noise variance to functional variance
o2(x;)/o? increases, more replications are needed at each distinct design location, moving
from no replication when o%(z;)/0? = 0.03 to four replications when o2 (z;)/0* = 0.45.

These designs are obtained by minimizing the nominal error bounds given by (1.9), by
plugging (1.11) into (1.9), and by taking the summation of (1.12) and (1.9), for the respec-
tive stationary, non-stationary, and non-trivial regression functions situations. Since the
noise variance is constant over the region, we need only consider the case where the num-
ber of replications at each distinct input location are equal. The designs which minimize the
upper bounds can then be obtained by minimizing over the number of replications. In gen-
eral, finding high-quality experimental designs is challenging, particularly when the value
of the objective function is non-smooth and non-convex. For a given number of replica-
tions, we can adopt the homotopy continuation [24] procedure applied in [10]. In brief, we
optimize the bounds over several iterations, slowly transitioning from and easier objective

to the target objective.
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Figure 1.1: Panels 1-4: Nominal error designs for stationary correlation
with ¢(d) = exp{—d?} and respective ratios o2(z;)/o%, which is a con-
stant, of 0.03, 0.10, 0.25, and 0.45. Panel 5: Nominal error design for
non-stationary correlation with p(d) = exp{—d?}, wi(z) = 1, ©1 = I,
Oy = 415, and ratio o2(x;)/0? of 0.10. Panel 6: Nominal error design for
stationary correlation with ¢(d) = exp{—d?}, and ratio o2(z;)/o* of 0.25,
along with a constant and two linear regression functions. Design points
annotated with number of replications throughout.

1.4 Numeric Error

Numeric error comes from at least two sources. The first source is rounding error in the
computer’s representation of real numbers, and the second source is numeric solution to the
parameter optimization problem. In this section we develop bounds, in terms of properties
of the experimental design, on the numeric error coming from the first numeric source of
error, namely || f;— f;||. It can be shown that, similar to the non-stochastic kriging situation

[10], increasing the number of data points always decreases the nominal error. Unlike non-
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stochastic kriging, increasing the number of data points in the stochastic situation has far
less ability to adversely affect numeric accuracy, particularly when o%(z;) is non-negligible.
It will be shown that the first source of numeric error can be controlled via the minimum

eigenvalue of Wy(X, X) + %, which has
)\min(\ljﬁ(Xa X) + ie) 2 Amin(\lle(X7 X)) + Amiﬂ(i€)‘

Numeric accuracy depends on the accuracy of floating point matrix manipulations.

Commonly, computer and software have 15 digits of accuracy meaning roughly that
12 = z]l2/[lz]l2 < 1077,

where x denotes the actual value and = denotes the value that the computer stores. Theorem
1.4.1 provides a bound on numeric error. The proof is essentially identical to the proof
of Theorem 4.1 provided in the Appendix to [10], except with the additional X, in the

representation of the emulator (1.2), so is omitted for brevity.

Theorem 1.4.1. Suppose f ~ GP(h(-)'8,%y(-,-)), for some fixed, known functions h(-)
and a positive definite function Vy(-,-), with stochastic observations generated by the
stochastic kriging model described in Section 1.2.1. For any fixed parameter estimate 0,

under Assumption A.2.1 (see Section A.2 of Appendix),

[f(@) = J5()]
20 o

< lla@)allBllz + = I6(X, @)l (1H () l2l1B1lz + 1 (X)]]2) g (Lo (X,

e
1—r ) 2,

where
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and k(Vy(X, X) + X.) denotes the condition number of ¥o(X, X) + 2.

Assumption A.2.1 requires the calculation of functions A, f and W to be relative accu-

rate (see Section A.2 of Appendix). Note that

< ( N nsup,, eq Vo(u,v) + /\max(ie))
Amin (o (X, X)) + Amin(Ze) Amin (Uo (X, X)) + Aunin (S
(1.13)

where the inequality follows from Gershgorin’s theorem [25]. See, equation (A.3).

The norm ||h(z)||2 does not depend on the experimental design. For experimental de-
signs which are not too small and have reasonable parameter estimation numeric proper-
ties, it will be shown in Section 1.6 that ||3]|; will approximately equal ||3]|5. Similarly,
for experimental designs which are not too small and have reasonable nominal properties,
| £(X)]|2 depends primarily on the sample size and large sample distribution of the inputs,
as well as the target function f. Further, for experimental designs which are not too small,
the norms ||¥;(X, z)||2 and ||H(X)||2 depend primarily on the sample size and large sam-
ple distribution of the inputs. Thus, aside from g(¥y(X, X),3.), the other terms in the
bound in the theorem influence the numeric error only weakly. The bound depends on
the experimental design primarily through g(¥,(X, X),3.), which can be controlled via
Amin(Po (X, X)) + Amin(Ze) as seen in (1.13). Unless Apin(3.) is very near zero, the nu-
meric error associated with generating predictions from a stochastic kriging model may be
expected to be substantially less than in the deterministic case. On the other hand, when
Amin(3) is very near zero, the numeric error in generating predictions would behave in a
manner described in Section 3 of [10], favoring designs with well separated distinct loca-
tions and, in the presence of non-stationarity, a greater (lesser) density of distinct input lo-
cations in sub-regions of the input space with more emphasis on local (global) correlation.
Within the framework described above, the relatively common practice in deterministic

kriging of including a small so-called nugget 6, corresponding to ¥, = §1,, has the ef-
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fect of greatly reducing numeric and parameter estimation numeric error, while (hopefully)

only slightly increasing nominal and parameter estimation error.

Interpretation. In the context of the stochastic kriging model described above, numeric
error is well-controlled for experimental designs with either well-separated distinct input

locations or \pin(2.) not too small.

1.5 Parameter Estimation Error

Throughout this section, the variance of the noise component o%(z) is taken as a contin-
uously differentiable function of the unknown parameter vector 7. Maximum likelihood
estimation of parameters is considered. As shown in [16], the likelihood of the parameters
given the observed data depends on each individual output, not just their average at each
distinct design location. In this section, we will work with the full observation vector Y
and corresponding (potentially repeated) full design X. Up to an additive constant, the

log-likelihood is

[ = —% log det[Wy(X, X) + %] — %(Y — H(X)B)"[W(X, X) + S (Y — H(X)B).

Note that this log-likelihood can be computed in an efficient manner using results in [16].

Let E denote the expectation conditional on X and Y. Then, for n and k; not too small,

af (z)
o,

E{fs.(z) — f3(z)}* = (0.7 (1.14)

where Z(v,) denotes the information matrix. For approximation (1.14) to hold, we need
the sequence of likelihood functions to become increasingly peaked. For more details, see
[26].

In general, parameter estimates might be expected to affect the accuracy of Gaussian

process regression models relatively weakly. In fact, the order of approximation error will
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be the same across a wide range of parameter estimates, as long as the target function is
in the reproducing kernel Hilbert space associated with the basic kernel [9]. The Fisher’s
information based error approximation in (1.14), while highly accurate only for large (and
informative) samples, provides guidance for ensuring that the data we collect will enable
construction of parameter estimates within this wide acceptable range.

For parameter estimation error, we have the following theorem, whose proof is provided
in Section A.3 of Appendix. Similar to Theorem 1.3.1, the proof of Theorem 1.5.1 follows
the strategy laid out in the proof of Theorem 5.1 in [10], with a few additional complexities
in handling the noise variance parameters 7. Once again, the deterministic kriging result
in Theorem 5.1 of [10], can be obtained as a special case of the Theorem below by setting

2

07(-) = 0 and omitting the ¢, terms. In the theorem, the Gaussian process covariance’s

parameters are separated as Wy(-, ) = o2®,(-, -).

Theorem 1.5.1. Let f ~ GP(h(-)',0°®,(-,)) for some fixed, known functions h(-) and
positive definite function ®,(-, -), with stochastic observations generated by the stochastic
kriging model described in Section 1.2.1. Suppose U is the maximum likelihood estimator

of the full set of unknown parameters ) = (3,02, p, 7). Then, an approximate upper bound

for B{fy.(x) — f;(x)}? is given by

o?[les[l3(msup, yeq Pp(u, v) + Amax(E5)) N o' lcll3(msup, veq Pp(U; v) + Amax(Z5))°
mss m2s;

Y

(1.15)

19



where

o :ag(ﬁx) = h(z) — HX)T(@,(X, X) +5,) 12, (X, ),
ey =20 (P20 g 1 ), 0, ) 3, 220
X (P,(X, X)+3,)" (Y —H(X)B), j=1,..,p2,
(ca)s :agf) = ®,(z, X)(®,(X, X) +Zv)_1diag(gfyt1[kl,.. ?ZI,C . (?j[kn)
X (P,(X, X)+3X,)" (Y —H(X)B), t=1,..,pi,
c=(cz,c1),

where (c;); denotes the i™ element in vector c;, v; = o%(x;)/0?, S, = diag(y11x,, - Yk, )
k; is the number of replicates on i™" point, m = > i ki, and sy and s, are respectively

defined in (A.7) and (A.10) in Appendix.

The upper bound is approximate in the sense that for a sequence of experimental designs
with convergent large sample distribution and maximum likelihood parameter estimates,
the probability that the upper bound is violated by more than € > 0 goes to zero.

Following the development in [10], both ||c;||% and ||c3]|3 involve interpolation errors,
for the regression functions and the derivatives of the Gaussian process covariance, re-
spectively, and these components would be expected to be small for high quality nominal
designs. The remaining terms in cs are either well-controlled for high quality numeric
designs, in the case of (Uy(X, X)+3.)!, or depend only weakly on aspects of the experi-
mental design beyond its size and large sample distribution, in the case of Y — H (X)) /3. For

c4, we have the following proposition, whose proof is given in Section A.4 of Appendix.

Proposition 1.5.1. Under the conditions of Theorem 1.5.1,

2@ X)[llY = H(X)B]:

1 O
[(ca)e| <

k_iaTt

Do (@,(X, X) 1 5,))7 02 (110
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The initial terms in (1.16) are either well-controlled for high quality numeric designs,
for Apin(®,(X, X) + 3, or depend only weakly on aspects of the experimental design

beyond its number of distinct locations and their large sample distribution, for || ®,(z, X)||

8

and |Y — H(X)pB||2. The last term in (1.16), max , encourages replication, since

10y
ki

it is a decreasing function of k;. Moreover, replication is more strongly encouraged near
locations x; where ; = %(z;)/0? is changing more rapidly with respect to one of the pa-
rameters 7;. The term s, introduces a push towards experimental design properties targeting
reduction in variance of the regression function coefficients.

The term s is somewhat more complex. Let Wy (z,y) = ®,(z,y)+02(x)/0°I;,—yy and

€= (p, 7). By (A7), 51 > 0 and s; > 0 unless 2 8(6 ) g, = Wi (z, y)b with probability 1

oW1 (z,y) 0®,(z,y) 80 (m)
185 s 5, and I

for some (a,b) # 0. There are two parts to {z=y}- Consider the

distinct and replicated locations, x # y and x = y, separately. The term s; will be large

if two conditions are met. First, the differences between distinct locations {x; — x;} make

0%, (zi,2;5)

op far from zero, balanced with respect to a basis of R4i™ 2 and not collinear with

.. . . . 2 (s
P, (z;,x;), similar to [10]. Second, the locations of replications make ‘%g—i‘“) far from zero,

not collinear with @ ,(x, z) 4+ 02(z)/0?, and balanced in the sense that locations for which

903 (xi)

the derivative 2 == is small in magnitude require more replicates and vice versa. Notice

that this encouragement of more replications where the derivative is smaller runs contrary

10
k; ot

to the influence of the term max ‘

in ¢4, which encourages more replications where
the derivative is large in magnitude. Taken together, numeric studies suggest that the bound
(1.15) is small for experimental designs whose distinct locations have good nominal and

numeric properties, balanced with sufficient replications at each distinct data site.

Interpretation. In the context of the stochastic kriging model described above with pa-
rameters estimated via maximum likelihood, experimental designs with good nominal and

numeric properties ensure well-controlled parameter estimation error.
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Figure 1.2: Contour of % and parameter estimation error design.

1.5.1 Example Design

Consider an example with U(d) = exp(—d’d), V,(-) = ¥(diag{p}(-)), and p = (1,1)".
In addition, suppose the stochastic error is given by o?(z) = 7||x||2 + 0.04, where 7 is
a parameter with true value 1. Suppose we want design points on 2 = [0, 1]%. Since
% = ||z||2, by (1.16), a high quality experimental design should put more replicates on
the locations that are far from zero. The total number of design points (may not be distinct
locations) is 72, and the number of unique location is 24. The corresponding design that
minimizes the parameter estimation error bound (1.15) is shown in Figure 1.2. Notice that

90 ()

B

by balancing the stochastic error and —%—, the number of replicates are consistent with

T

2 .
the contours of &'5—?), subject to edge effects.

1.6 Parameter Estimation Numeric Error

In this section, the numeric error coming from numeric optimization of parameter esti-
o= 15
h(z)TB + Wo(x, X)[Wy(X, X) + 3,72y — H(X)S), where each element of X denotes

5, is discussed. Recall that fy(z) =

mates, the second source of numeric error,
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a distinct data location, and ¥, = diag(c2(z1)/k1, ..., 02(;) [kis ..., 02 () J k). Let A =
U;(X,X) + s and A = W;(X, X) 4 5; denote the corresponding quantities subject to
parameter estimation numeric error from numeric optimization and theoretical parameter

estimates. The below result links experimental design properties to parameter estimation

numeric error. A proof is provided in Section A.5 of Appendix.

Theorem 1.6.1. Suppose f ~ GP(h(-)'5,¥y(-,-)) for some fixed, known function h(-) and
positive definite function Vy(-,-), with stochastic observations generated by model (1.1).
Let U denote the parameter we derive from numeric optimization and let U denote the true
solution to the parameter optimization problem. Let fqg and fﬁ denote the BLUPs for f with

respective parameters J and 9. Then, under Assumptions A.2.1, A.5.1, and A.5.2,

: g 26k (A)
15— f3l < A

+ 26 (K(A)H(H(X)TH(X)) (1 +(1+6)*+ (11+_‘?2/<(,21)) + 1)

195 (X, )2 (11 £ (@) l2 + 12 (X)) ]15]12)

1+7r > > 5
x (1A () [l2 + O I (XI5 (X ) |2) 151]2- (1.17)

Remark 1.6.2. If Assumption A.5.2 does not hold, we can still use Lemma A.5.1 to derive

, which is of order §k(A)3.

an upper bound of |f7§ — f@

Most of the terms above also appeared in Theorem 1.4.1. The parameter estimation
numeric error can also be controlled via )\min(\Ifg()_( X )+ )\min(ig) as seen in (1.13). See
Section 1.4 for a detailed discussion. The term x(H (X)T H(X)) requires some degree of
traditional design properties, as discussed in Section 1.3. However, the parameter estima-
tion numeric error has a higher order of influence on the error as a whole on the left-hand

side of (1.5) than the numeric error since there is a K(A)Q on the right-hand side of (1.17).

Interpretation. In the context of the stochastic kriging model described above with variance-
covariance parameters estimated via numerically maximizing the likelihood, experimen-

tal designs with good numeric properties, slightly shifted towards good traditional design
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properties if non-trivial regression functions are included, ensure well-controlled parame-

ter estimation numeric error.

1.7 Numeric Examples

In this section, we report simulation studies comparing designs with different numbers of
replications. Notably, we focus on the relationship between the number of replications at
each distinct input location and the relative sizes of process and noise variation, potentially
varying over the input space. The relationship between the space-filling properties of the

distinct input locations and emulator accuracy is examined empirically in [10].

1.7.1 Constant ratio of noise and process variance

Take ¥ (u,v) = exp(—||lu — v|]3), 02 = 1, and space of interest 2 = [0,1]%. The total
number of design points (potentially non-distinct) is set at 72, and the number of replicates
varied across 1,2, 3, and 4, for 72, 36, 24, and 18 distinct locations. Take ¢(z) ~ N(0, 0?)
for all x € (.

For the initial study, set 052 to be 0.5, 0.1, and 0.01. Designs examined for the distinct
input locations include the nominal designs shown in the first four panels of Figure 1.1,
S-optimal Latin hypercubes [27], random Latin hypercubes [28], random uniform designs,
and MaxPro designs [29]. First, 300 draws from the Gaussian process with mean zero and
the correlation function W(-, -) are generated. For each generating, the observations based
on the design and 100 point random uniform testing set are made. Random errors draw
from N(0,0?) are added to each of the observation on the design points. Based on the
observations with random noise on the design points, predictions generated on the testing
set are calculated, and the maximum squared prediction error are computed. The R pack-
ages 1hs [30] and MaxPro [31] were used for generating Latin hypercube and MaxPro

designs. The average maximum squared prediction error over 300 draws is calculated, and

the results are reported in Table 1.1.
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Table 1.1: Average maximum squared prediction error for a spectrum of
experimental designs across numbers of replications.

02 =105
Design |rep=4 |rep=3 |rep=2 |rep=1
nominal | 0.206 | 0.202 | 0.221 | 0.212
optLHS | 0.236 | 0.229 | 0.221 | 0.244
randLHS | 0.261 | 0.240 | 0.246 | 0.217
random | 0.295 | 0.278 | 0.249 | 0.237
MaxPro | 0.192 | 0.214 | 0.214 | 0.203
o2 =0.1
Design |rep=4 |rep=3 |rep=2 |rep=1
nominal | 0.071 | 0.071 | 0.071 | 0.065
optLHS | 0.088 | 0.083 | 0.079 | 0.073
randLHS | 0.109 | 0.092 | 0.091 | 0.081
random | 0.137 | 0.117 | 0.095 | 0.084
MaxPro | 0.059 | 0.063 | 0.067 | 0.067
o2 =0.01
Design |rep=4 |rep=3 |rep=2 |rep=1
nominal | 0.012 | 0.012 | 0.013 | 0.012
optLHS | 0.020 | 0.018 | 0.017 | 0.014
randLHS | 0.033 | 0.024 | 0.020 | 0.017
random | 0.047 | 0.036 | 0.025 | 0.017
MaxPro | 0.012 | 0.011 | 0.011 | 0.010

For a particular choice of experimental design strategy for the distinct input locations,
we see an overall trend favoring replication as noise increases and space-fillingness as
noise decreases. Similar to [10], we see good performance for MaxPro designs [29] for the
distinct input locations, as well as designs selected via the nominal error bound (1.9).

Next, we examine the quality of the nominal error bound (1.9), as well as any po-
tential losses in accuracy due to following the guidance of the nominal error bounds in
terms of the number of replications. Here, the Gaussian process draws follow the same
settings as the previous study. The designs examined here are optimal Latin hypercube
and MaxPro. The total number of (potentially non-distinct) design points is set at 72, with
numbers of replicates in {24, 18,12, 9,8, 6,4, 3,2, 1}, for numbers of distinct locations in
{3,4,6,8,9,12,18, 24,36, 72}. Noise standard deviations o are taken in {0.05,0.35,0.5}.

Comparisons of the nominal error bound (1.9) to the average maximum squared prediction

25



error over 300 draws of the Gaussian process are presented in Figure 1.3. As the number of
replicates increases, the bound decreases, then increases. The simulated average maximum
squared prediction error, on the other hand, varies somewhat more slowly than the upper
bound.

Consider using the nominal error bound (1.9) as guidance for choosing the number of
replicates. Here, we compare the average maximum prediction error under the best choice
of replications to the average maximum prediction error under the number of replications
suggested by the nominal bound. The noise standard deviations are taken to be o. = 0.05k
fork =1,...,10. Relative and absolute differences in error are shown in Table 1.2. Results
suggest that the bound provides useful guidance describing the qualities of a high-quality

experimental design.

Table 1.2: The average maximum prediction error under the best choice
of replications to the average maximum prediction error under the num-
ber of replications suggested by the nominal bound.

MaxPro optLHS
o. | relative error | absolute error | relative error | absolute error
0.05 0.132 0.00052 0 0
0.10 0 0 0 0
0.15 0.194 0.00401 0.093 0.00285
0.20 0.049 0.00173 0.040 0.00176
0.25 0.065 0.00331 0 0
0.30 0.036 0.00209 0.266 0.02271
0.35 0 0 0.058 0.00577
0.40 0.003 0.00027 0 0
0.45 0.065 0.00700 0 0
0.50 0.076 0.00968 0.030 0.00459

1.7.2  Input varying ratio of noise and process variance

Next, we examine the model discussed in Section 1.5.1, with noise level varying over the
input space. In particular, U(d) = exp(—d’d), ¥,(-) = U(diag{p}(-)), and p = (1,1)7,
with stochastic error given by o?(z) = 7| z||2 + 0.04, where 7 is a parameter with true

value 1. Again, the input space is Q = [0,1]?, and the total number of design points
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Figure 1.3: Comparisons of the nominal error bound (1.9) to the average
maximum squared prediction error.
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(potentially not distinct) is 72. The parameter estimation design is provided by minimizing
the upper bound provided in Theorem 1.5.1. Several designs for the distinct input locations
including the nominal design provided in this paper, numeric designs obtained along the
lines described in [10], optimal Latin hypercubes [27], random Latin hypercubes [28],
random uniform designs, and MaxPro designs [29], are considered. We compare designs
with equal replication at all distinct input locations and designs with unequal replications at
the input locations as guided by (1.7), in which we require that the diagonal elements in 2,
are nearly equal. The number of unique locations used in the comparison are 18, 24, and 36.
Then, we run 300 independent Gaussian processes (with noise) and compare the average
maximum squared prediction error of these processes. Results are shown in Table 1.3. In
brief, accuracy is dramatically improved by varying the number of replications across the

distinct input locations in the situation where the noise level varies across the input space.

Table 1.3: Average maximum squared prediction error comparisons
across number of distinct input locations and input varying replication
vs. constant replication.

18 points 24 points 36 points
Design Varying | Const. | Varying | Const. | Varying | Const.
Nominal 0.139 | 0.182 | 0.146 | 0.192 | 0.164 | 0.212
Numeric 0.108 | 0.155 | 0.128 | 0.185 | 0.159 | 0.193
Parameter Est. | 0.113 | 0.141 | 0.125 | 0.170 | 0.125 | 0.190

optLHS 0.157 | 0.209 | 0.144 | 0.209 | 0.129 | 0.198
randLHS 0.176 | 0.210 | 0.162 | 0.228 | 0.148 | 0.225

rand 0.229 | 0.267 | 0.184 | 0.239 | 0.160 | 0.227
MaxPro 0.111 | 0.159 | 0.113 | 0.173 | 0.116 | 0.197

1.8 Discussion

We have developed and justified guidelines for ensuring accuracy of stochastic kriging
predictors based on experimental design. By controlling nominal, numeric, parameter es-
timation and parameter estimation numeric sources of error, we can control overall error

in stochastic kriging. As in [10], the space-filling properties, “small fill-distance” and
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“large separation-distance”, are also largely non-conflicting with each of the sources of
error. Unlike [10], there is a trade-off between the number of replicates at each distinct
design location and the space-filling properties of the distinct design locations. This trade-
off is reflected in the upper bounds for each of the four sources of errors. The numeric
error and parameter estimation numeric error are closely related to the condition number
of Uy(X, X) + X, which always becomes larger as more replicates or data locations are
added. Nominal and parameter estimation error, on the other hand, tend to encourage small
fill-distance.

This work has several limitations. Only upper bounds on the sources of error are con-
sidered. There may be two designs with the same upper bound, where one is much better
than the other with respect to the expected error. We do not consider error from incorrectly
using Gaussian process regression with maximum likelihood estimation to estimate the
target function (model mis-specification). From another perspective, the order of approx-
imation error will be the same across a huge range of parameter estimates, as long as the
target function is in the reproducing kernel Hilbert space associated with the basic kernel
[9]. Projection design properties have not been explicitly discussed. On the other hand, the
results presented here indicate that if inert inputs are expected, then the distinct design lo-
cations should be space-filling in lower-dimensional projections of the design. Lastly, there
are situations where a stochastic emulator is need. If the Gaussian noise model fits the data
well, then a stochastic emulator could be constructed by adding Gaussian noise with the
estimated variance. If the noise model fits poorly, then perhaps a localized resampling of
residuals could be useful.

In brief, these results provide further motivation and rationale for using one of several
apparently high-quality, space-filling experimental designs for the distinct input locations,
including but not limited to [29], [32], [33], [34], [35], [36], [37], [38], [39], [40], [41], or
[42], particularly when there is no reason to expect non-stationarity in the process or noise.

While evidence of non-stationarity in process or noise variance, from an initial design per-
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haps, would indicate a varying density of distinct input locations or number of replications
at distinct locations, respectively, precise characterization of this variation across the input
space is challenging. More generally, optimization of experimental designs is very chal-
lenging under many criteria, due to the high-dimensional and multi-modal nature of many
of these problems. On the other hand, a fixed number of replications across the design
space, paired with one (or even a few) high-quality and computationally attractive space-
filling designs, as might be appropriate in a situation with stationarity in both process and
noise, could conceivably be chosen in a computationally efficient manner for a moderately

sized belief-set of noise to process variance ratios.

30



CHAPTER 2
ON PREDICTION PROPERTIES OF KRIGING: UNIFORM ERROR BOUNDS
AND ROBUSTNESS

2.1 Introduction

Kriging is a widely used methodology to reconstruct functions based on their scattered
evaluations. Originally, kriging was introduced to geostatistics by [1]. Later, it has been
applied to computer experiments [43], machine learning [6] and related areas. With krig-
ing, one can obtain an interpolant of the observed data, that is, the predictive curve or
surface goes through all data points. Conventional regression methods, like the linear re-
gression, the local polynomial regression [44] and the smoothing splines [45], do not have
this property. It is suitable to use interpolation in spatial statistics and machine learning
when the random noise of the data is negligible. The interpolation property is particularly
helpful in computer experiments, in which the aim is to construct a surrogate model for a
deterministic computer code, such as a finite element solver.

A key element of kriging prediction is the use of the conditional inference of Gaussian
processes. At each untried point, the conditional distribution of a Gaussian process is nor-
mal with explicit mean and variance. The confidence interval of the kriging predictor is
then constructed using this conditional distribution. However, there is a gap between the
theory of kriging and its practical usage. In practice, kriging is mostly used to recover a
function, not just to predict at one particular point. In this situation, the pointwise predic-
tive distributions do not contain the desired information. For example, combing the 95%
confidence intervals at each point of the input space does not yield a 95% confidence limit
for predicting the whole function, although this inaccurate approach is commonly used.

In this work, we derive error bounds of the (simple) kriging predictor under a uniform
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metric. The predictive error is bounded in terms of the maximum pointwise predictive vari-
ance of kriging, which can be further bounded with the fill distance of the design set. This
work shows that the overall predictive performance of a Gaussian process model is tied to
the smoothness of the correlation function as well as the space-filling property of the de-
sign. We also show that a less smooth correlation function is more robust in prediction, in
the sense that prediction consistency can be achieved for a broader range of true correlation
functions. Since our work shows that the kriging predictor can achieve both the uniform
convergence and robustness, we refer to this property as universal convergence of krig-
ing. The theory of radial basis function approximation [46] and a maximum inequality for
Gaussian processes [47, 48] are employed as axillary tools in our technical development.
This paper is organized as follows. In Section 2.2, we review the mathematical foun-
dation of simple kriging and state the objective of this paper. In Section 2.3, we discuss
kriging interpolation under a misspecified correlation function. In Section 2.4, we review
some concepts and results from the theory of radial basis approximation. In Section 2.5,
we present our main results on the uniform error bounds for kriging predictors. Some
simulation studies are conducted in Section 2.6, which confirm our theoretical analysis.
Concluding remarks and discussion are given in Section 2.7. Appendix B.1 includes some
necessary mathematical tools. Appendix B.2 contains the proof of Theorem 2.5.1, the main

theorem of this work.

2.2 Review on the simple kriging method

Let Z(x) be a Gaussian process on R¢. In this work, we suppose that Z has mean zero and
is stationary, i.e., the covariance function of Z depends only on the difference between the

two input variables. Specifically, we denote

Cov(Z(x), Z(x') = c?¥(x — '),
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for any =, ' € RY, where o2 is the variance and V is the correlation function. The correla-
tion function should be positive definite and satisfies W(0) = 1. In particular, we consider
two important families of correlation functions. The isotropic Gaussian correlation func-

tion is defined as

U(x; ¢) = exp{—¢|z|}, (2.1)

with some ¢ > 0, where || - || denotes the Euclidean norm. The isotropic Matérn correlation

function [5, 26] is defined as

¥(@i116) = Fromr (2VElel) K 2yl e2)

where ¢, v > 0 and K, is the modified Bessel function of the second kind. The parameter
v is often called the smoothness parameter, because it determines the smoothness of the
Gaussian process [49].

Suppose that we have observed Z(x1),...,Z(x,), in which x4, ..., x, are distinct
points. We shall use the terminology in design of experiments [50] and call {x, ..., x,}
the design points, although in some situations (e.g., in spatial statistics and machine learn-
ing) these points are observed without the use of design. In this paper, we do not assume
any (algebraic or geometric) structure for the design points {x1, ..., x,}. In other words,
they are scattered points.

The aim of (simple) kriging is to predict Z(x) at an untried & based on the observed
data Z(x,), ..., Z(x,), which is done by calculating the conditional distribution. It follows
from standard arguments [5, 51] that, conditional on Z (1), ..., Z(x,), Z(x) is normally

distributed, with

E[Z(x)|Z(x1),...,Z(x,)] = rT(z)KY, a.s., (2.3)

Var[Z(x)|Z(x1), ..., Z(x,)] = o*(1 — rT () K 'r(x)), a.s., (2.4)
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where r(z) = (V(z—x1),...,V(z—z,))", K = (V(z;—x))rand Y = (Z(x1),..., Z(x,))T.

The conditional expectation E[Z(x)|Z(x1),. .., Z(x,)] is a natural predictor of Z(x)
using Z(x1), ..., Z(x,), because it is the best linear predictor [26, 5]. It is worth noting
that a nice property of the Gaussian process models is that the predictor (2.3) has an explicit
expression, which explains why kriging is so useful.

The above simple kriging method can be extended. Instead of using a mean zero Gaus-
sian process, one may introduce extra degrees of freedom by assuming that the Gaussian
process has an unknown constant mean, or more generally one may assume the mean func-
tion is given by a linear combination of regression functions. The corresponding methods
are referred to as ordinary kriging and universal kriging, respectively. A standard predic-
tion scheme then is the best linear unbiased prediction [5, 26]. For the ease of mathematical
treatment, we only consider simple kriging in this work. The convergence theory for ordi-
nary and universal kriging requires separate developments. Further discussions are deferred

to Section 2.7.

2.2.1 Goal of this work

Although kriging has nice and simple predictive distributions, there remain several theoret-
ical issues which have not been addressed.

First, (2.3) and (2.4) only give the predictive distribution at a single point. In many
practical problems, we are interested in recovering a whole function rather than predicting
for just one point. Therefore, it is natural to ask whether the kriging predictor converges
uniformly in the domain of interest. Also, one may want to known whether or how the cor-
relation function has an effect on the kriging prediction power. For example, one may raise
this question: between Gaussian random fields with Gaussian and Matérn correlations,
which one is easier to predict?

Second, (2.3) and (2.4) said nothing about experimental design. When the design points

are controllable, like in computer experiments and related areas, one may want a good
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allocation scheme of the design points, to ensure certain overall balancing or optimality
properties. In the area of computer experiments, space-filling designs [5, 4], in which the
design points spread (approximately) evenly in the experimental region, are commonly
used for fitting a kriging model. But no theoretical justification of doing so can be seen
from (2.3) and (2.4).

Finally, (2.3) and (2.4) hold only when the correlation function and the variance are
known. But this rarely holds true in practice. Therefore, it is natural to ask what would
happen if a misspecified correlation function is used. Also, are there correlation functions
which are more robust against model misspecification? And what is the cost of gaining
robustness?

This paper is devoted to answer the above questions by establishing a uniform error
bound for the kriging predictor, given the covariance function and a quantity that measures
the space-filling property of the design.

In the function approximation context, the error estimates of the kriging-type inter-
polants are studied in the literature of radial basis function approximation. We refer to [46]
for a comprehensive coverage. Although the mathematical formulations of the interpolants
given by kriging and radial basis functions are similar, the two methods are different in
their mathematical settings and assumptions. In radial basis function approximation, the
underlying function is assumed fixed, while kriging utilizes a probabilistic model, driven
by a Gaussian random field. Because there is a lack of explicit error bounds for kriging in
the literature, in recent years, quite a few authors (e.g., [52, 9, 53, 54]) use error bounds
for radial basis functions to justify the predictive behavior of kriging. Because such results
from radial basis functions do not directly address the random behavior of kriging, there is
an urgent need to establish a uniform convergence theory for kriging.

Kriging with misspecified correlation functions is discussed in [55, 56, 57, 58, 59].
It has been proven in these papers that some correlation functions, especially the Matérn

correlation family, are robust against model misspecification. However, explicit rate of
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convergence in a general situation has not been obtained. More discussions on this point

are given in Section 2.7.

2.3 Kriging interpolant

The conditional expectation in (2.3) defines an interpolation scheme. To see this, let us
suppress the randomness in the probability space and then Z () becomes a deterministic
function, often called a sample path. It can be verified that, as a function of z, 7" K~'Y in
(2.3) goes through each Z(x;),j =1,...,n.

The above interpolation scheme can be applied to an arbitrary function f. Specifically,
given design points X = (x1,...,x,) and observations f(x;),..., f(x,), we define the

kriging interpolant by

Toxf(x)=r" () K 'F, (2.5)

where r(z) = (V(z—x1),...,V(z—x,))", K = (V(x;—x))rand F = (f(x1), ..., f(z,))".
The only difference between (2.5) and (2.3) is that we replace the Gaussian process Z by a

function f here. In other words,

EZ(x)|Z(x1),...,Z(x,)] = TvxZ(x), a.s. (2.6)

As mentioned in Section 2.2, the conditional expectation E[Z(x)|Z(xy), ..., Z(x,)]
is a natural predictor of Z(x). Thus we are interested in bounding the predictive error
of the kriging method, given by Z(x) — E[Z(x)|Z(xy), ..., Z(x,)], which is equal to
Z(x) — Ly x Z(x) almost surely.

Recall from Section 2.2.1 that we are looking for a theory that also works under model
misspecification. Because V¥ is not known, we use another correlation function ® for pre-
diction. We call W the true correlation function and ® the imposed correlation function.

Under the imposed correlation function, the kriging interplant of the underlying Gaus-
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sian process becomes Zg x Z (). In this situation, the interpolant cannot be interpreted as
the conditional expectation. With an abuse of terminology, we will still call it the krig-
ing predictor. Thus our aim is to study the approximation power of the kriging predictor.

Specifically, we are interested in bounding the quantity

sug |Z(x) — To x Z(x)], (2.7)
xe
where (2 is the region of interest, also called the experimental region, and Q2 D {x; ..., x,}.

The present setting is related to the fixed-domain asymptotic analysis for kriging [55, 56,
58], which studies the asymptotic theory of kriging assuming that the experimental region
) is fixed while the design points become dense over the experimental region.

Because the predictive error in (2.7) is quantified under a uniform metric, the theory to

be established can directly address the first theoretical concern raised in Section 2.2.1.

2.4 Power function and its upper bounds

In Section 2.3, we have defined the kriging interpolation operator Zg x which can be ap-
plied to an arbitrary function. In the area of scattered data approximation, the interpolation
using operator Zg x is also called the radial basis function approximation. We refer to [46]
for details.

A major problem in radial basis functions approximation is to bound the interpolation
error f(x) — Zp x f(x) for an arbitrary deterministic function f. Because ® is not the true
correlation function, to use the terminology in applied mathematics and machine learning,
we call ® a kernel function.

A standard theory of radial basis function approximation works by employing the re-
producing kernel Hilbert space generated by @, denoted by Ny (£2). A definition and some

basic properties of the reproducing kernel Hilbert spaces are given in Appendix B.1.1.
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If f € N3(Q), then there is a simple error bound ([46], Theorem 11.4):

f(®) = Zox f(@)] < Pox ()] fllne), (2.8)

for each « € ), where || f||x; () is the norm of f in the reproducing kernel Hilbert space,
Py x () is a function independent of f. The square of Py x () is called the power function,

given by
Pix(®)=1—7r"(x)K 'r(z), (2.9)

where r(z) = (P(x — x1),...,P(x — x,))", and K = (®(x; — )) k.

The statistical interpretation of the power function is evident. From (2.4) it can be seen
that, if U = &, the power function is the kriging predictive variance for a Gaussian process
with 02 = 1.

Inequality (2.8) gives an upper bound of the interpolation error, which is the product of
two simpler quantities. The first quantity is independent of f, while the second depends

only on f. To pursue a convergence result under the uniform metric, we define

Py x :=sup Py x(x). (2.10)

e

As in (2.8), we wish to find an upper bound of Py x, in which the effects of the design
X and the kernel ® can be separated. This step is generally more complicated, but fortu-
nately some upper bounds are available in the literature, especially for the Gaussian and
the Matérn kernels. These bounds are given in terms of the fill distance, which is a quantity
depending only on the design X. Given the experimental region €2, the fill distance of a
design X is defined as

hx = ilélggégl{”:n—mjﬂ (2.11)

Clearly, the fill distance quantifies the space-filling property [5] of a design. A design
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having the minimum fill distance among all possible designs with the same number of
points is known as a minimax distance design [60].
The upper bounds of Py x in terms of the fill distance for Gaussian and Matérn kernels

are given in Theorem 2.4.1 and 2.4.2, respectively.

Theorem 2.4.1 ([46], Theorem 11.22). Let Q = [0, 1]%; ®(x) be a Gaussian kernel given
by (2.1). Then there exist constants c, hy depending only on ) and the scale parameter ¢

in (2.1), such that P x < h;éhx provided that hx < hy.

Theorem 2.4.2 ([61], Theorem 5.14). Let §2 be compact and convex with a positive Lebesgue
measure; ®(x) be a Matérn kernel given by (2.2) with the smoothness parameter v. Then
there exist constants c, hy depending only on ), v and the scale parameter ¢ in (2.2), such

that Py x < ch provided that hx < h,.

2.5 Uniform error bounds for kriging

We now state the main results on the error bounds of kriging predictors. Recall that the
prediction error under the uniform metric is given by (2.7).

The results depend on some smoothness conditions on the imposed kernel. Let f be the
Fourier transform of the function f. According to the inversion formula in Fourier analysis,
0 /(27)%is the spectral density of the stationary process Z if W is continuous and integrable

on R?.
Condition 2.5.1. The kernels ¥ and ® are continuous and integrable on RY, satisfying
/ |w||P(w)dw < +oo0, (2.12)
R
and

10/®|1, @y = A < +o00.
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We will show in Theorem 2.5.1 that, under Condition 2.5.1, the kriging predictor can
attain the full convergence rate.
Now we are able to state the main theorem of this paper. Recall that o2 is the variance

of Z(x).

Theorem 2.5.1. Suppose Condition 2.5.1 holds and Py x < C' min{A;, 1}, where Py x is
defined in (2.10) and C' is a constant depending on §2. Then for any u > 0, with probability

at least 1 — 2exp{—u®/(2A10°P§ x)}, the kriging predictive error has the upper bound

sup | Z(x) — Tox Z(x)| < K\/1+ A Aj0Pgx log"?*(1/ Py x) + u, (2.13)

e
where K is a constant depending only on ().

Theorem 2.5.1 presents some non-asymptotic upper bounds for the kriging predictive
error. It implies some asymptotic results which are of traditional interests in this area. For
instance, suppose we adopt a classic setting of fixed-domain asymptotics [26] in which
the probabilistic structure of Z(x) and the kernel function ¢ are fixed, and the number of
design points increases so that Py x tends to zero. Then from Theorem 2.5.1, it can be seen

that, under Condition 2.5.1, the rate of convergence of the kriging predictor is

sup | Z(x) — Tox Z(x)| = O,( Py x log"/*(1/Psx)). (2.14)

xe)

We believe that (2.14) is the full convergence rate because from (2.8) we can see that
the convergence rate of the radial basis approximation for deterministic functions in the
reproducing kernel Hilbert space is O( Pp x ) and these two rates are nearly the same, expect
for a logarithmic factor. This is reasonable because the support of a Gaussian process is
typically larger than the corresponding reproducing kernel Hilbert space. Specifically, the
support of a Gaussian process is equal to the closure of the corresponding reproducing

kernel Hilbert space under the uniform metric [62]. As said in Section 2.4, if U = @,
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Pg x 1s the supremum of the pointwise predictive standard deviation. Thus Theorem 2.5.1
implies that, if W is known, the predictive error of kriging under the uniform metric is not
much larger than its pointwise error.

Using the upper bounds of Py x given in Theorems 2.4.1 and 2.4.2, we can further
deduce error bounds of the kriging predictor in terms of the fill distance defined in (2.11).
Since these upper bounds are functions of the fill distance, we have justified the use of
space-filling designs to fit kriging models. We demonstrate these results in Examples 2.5.1-

2.5.3.

Example 2.5.1. Here we assume @ is a Matérn kernel in (2.2) with smoothness parameter

v. It is known that

B(w) = 2dwd/2—””§j/ 2 (4 (4vd? + )2,

where ¢ is the scale parameter in (2.2). See, for instance, [46, 63]. Suppose VU is a Matérn
correlation function with smoothness 1. It can be verified that Condition 2.5.1 holds if and
only if 1 < v < 1. Therefore, if 1 < v < vy, we can invoke Theorems 2.4.2 and 2.5.1 to
obtain that the kriging predictor converges to the true Gaussian process with a rate at least
0, (h% log'/?(1/hx)) as hx tends to zero. It can be seen that the rate of convergence is
maximized at v = 1. In other words, if the true smoothness is known a priori, one can

obtain the greatest rate of convergence.

Example 2.5.2. Suppose @ is the same as in Example 2.5.1, and V¥ is a Gaussian correlation
function in (2.1), with spectral density [5] ¥(w) = (7/¢)* % exp{—||w||?/(4¢)}, where ¢
is the scale parameter in (2.1). Then Condition 2.5.1 holds for any choice of v. Then we
can invoke Theorems 2.4.2 and 2.5.1 to obtain the same rate of convergence as in Example

2.5.1.

Example 2.5.3. Suppose & = W, and ¢ is a Gaussian kernel in (2.1). Then we can invoke

Theorems 2.4.1 and 2.5.1 to obtain the rate of convergence Op(h;/hx_l/ *log"?(1/hx))
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for some constant ¢ > 0. Note that this rate is faster than the rates obtained in Examples
2.5.1-2.5.3, because it decays faster than any polynomial of ~Ax. Such a rate is known as a

spectral convergence order [64, 46].

2.6 Simulation studies

In Example 2.5.1, we have shown that if W and ® are Matérn kernels with smoothness
parameters v, and v, respectively, and 1 < v < 14, then the kriging predictor converges
with a rate at least O, (hk log"/?(1/hx)). In this section we report simulation studies that
verify that this rate is sharp, i.e., the true convergence rate coincides with that given by the
theoretical upper bound.

We denote the expectation of the left-hand side of (2.13) by £. If the error bound (2.13)

is sharp, we have the approximation
£ ~ ch log'*(1/hx)

for some constant ¢ independent of hx. Taking logarithm on both sides of the above for-

mula yields
1
log€ ~ vloghx + 5 log(—vloghx) + logc. (2.15)

Since log(—v log hx) is much smaller than log hx, the effect of log(—v log hx) is negligi-

ble in (2.15). Consequently, we get our second approximation
log £ ~ vloghx + loge. (2.16)

As shown in (2.16), log £ is approximately a linear function in log hx with slope v. There-
fore, to assess whether (2.13) is sharp, we should verify if the regression coefficient (slope)

of log & with respect to log hx is close to v.
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In our simulation studies, the experimental region is chosen to be Q = [0,1]2. To
estimate the regression coefficient v in (2.16), we choose 50 different maximin Latin
hypercube designs [5] with sample sizes 10k, for £ = 1,2...,50. Note that each de-
sign corresponds to a specific value of the fill distance hx. For each k, we simulate
the Gaussian processes 100 times to reduce the simulation error. For each simulated
Gaussian process, we compute sup,cq, |Z(€) — Zs xZ(x)| to approximate the sup-error
SUDgcq | Z () — Lo x Z ()|, where €2, is the set of grid points with grid length 0.01. This
should give a good approximation since the grid is dense enough. Next, we calculate the
average of sup,cq, |Z(x) — Lo x Z(x)| over the 100 simulations to approximate £. Then
the regression coefficient is estimated using the least squares method.

We conduct four simulation studies with different choices of the true and imposed
smoothness of the Matérn kernels, denoted by vy and v, respectively. Their values are
shown in Table 2.1.

Figure 2.1 shows the relationship between the logarithm of the fill distance (i.e., log hx)
and the logarithm of the average prediction error (i.e., log &) in scatter plots for the four
cases. The solid line in each panel shows the linear regression fit calculated from the data.
We summarize the results in Table 2.1.

Table 2.1: Numerical studies on the convergence rates of kriging pre-
diction. The first two columns show the true and imposed smoothness
parameters of the Matérn kernels. The third column shows the con-
vergence rate obtained from the simulation. The fourth column shows
the convergence rate given by Theorem 2.5.1. The last column shows
the relative difference between the third and the fourth columns, given
by —Regression coefficient-Theoretical assertion—/(Theoretical asser-

tion).
vo | v | Regression coefficient | Theoretical assertion | Relative difference
3 125 2.697 2.5 0.0788
5 135 3.544 3.5 0.0126
35135 3.582 3.5 0.0234
515 4.846 5 0.0308

From Figure 2.1, it can be seen that, as the fill distance decreases, the supremum of the
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logarthm of prediction error

logarthm of prediction error

T T
-3.0 -2.5 -2.0 -1.5

logarthm of fill distance

(@) vp=3,v=25.

T T
-3.0 -2.5 -2.0 -15
logarthm of fill distance

(c) vp = v =3.5.

logarthm of prediction error

logarthm of prediction error

T T
-3.0 -25 -2.0 -15
logarthm of fill distance

(b) vy =5, v =3.5.

T T
-3.0 -2.5 -2.0 -15
logarthm of fill distance

(d) vg =v =5.

Figure 2.1: The regression line of logsup,cq €(x) on log hx. Each point
denotes one average prediction error for each n.
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kriging prediction error also decreases. From the results in Table 2.1, the regression coeffi-
cients are close to the values given by our theoretical analysis, with relative error no more
than 0.08. By comparing the third and the fourth rows of Table 2.1, we find that the re-
gression coefficient does not have a significant change when v remains the same, even if v
changes. On the other hand, the third and the fifth rows show that, the regression coefficient
changes significantly as v changes, even if 1y keeps unchanged. This shows convincingly
that the convergence rate is independent of the true smoothness of the Gaussian process,
and the rate given by Theorem 2.5.1 is sharp. Note that our simulation studies justify the
use of the leading term log hx in (2.15) to assess the convergence rate but they do not cover
the second term log(—v log hx ), which is of lower order.

From the simulation studies, we can see that if the smoothness of the imposed kernel
is lower, the kriging predictor converges slower. To maximize the prediction efficiency, it
is beneficial to set the smoothness parameter of the imposed kernel the same as the true

correlation function.

2.7 Conclusions and Discussion

We first summarize the statistical implications of this work. We prove that the kriging pre-
dictive error converges to zero under a uniform metric, which justifies the use of kriging
as a function reconstruction tool. Kriging with a misspecified correlation function is also
studied. Theorem 2.5.1 shows that there is a tradeoff between the predictive efficiency and
the robustness. Roughly speaking, a less smooth correlation function is more robust against
model misspecification. However, we shall lose some predictive efficiency by gaining ro-
bustness. With the help of the classic results in radial basis function approximation (in
Theorems 2.4.1 and 2.4.2), we find that the predictive error of kriging is associated with
the fill distance, which is a space-filling measurement of the design. This justifies the use
of space-filling designs for (stationary) kriging models.

Theorem 2.5.1 shows that the predictive error is bounded by a function of Py x. This
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inspires us to construct designs using the criterion that minimizes Py x. In fact, it can be
proven that, under certain regularity conditions, the first part of Theorem 2.5.1 is still true
for non-stationary Gaussian process models if & = W. Hence this construction of designs
can be particularly useful if a non-stationary Gaussian process model is adopted (e.g., [65,
66, 67, 68]). It is known that space-filling designs are justifiable if the underlying Gaussian
process is stationary. Therefore, when a non-stationary Gaussian process model is used, it
may not be appropriate to continue using space-filling designs. A more general construction
of design points should be studied in the non-stationary situation.

In this paper, we only consider Gaussian process models with mean zero, which is
referred to as the simple kriging. A natural extension of this work is to include the Gaussian
process models with a mean function modeled as a linear combination of a finite set of
functions, known as the universal kriging. In this situation, one would consider the best
linear unbiased predictor (BLUP) instead of the conditional expectation. The mathematical
treatments to obtain new asymptotic theorem is more cumbersome. But we believe that
the main idea of this work is still valid, and the general message of the theory remains the
same.

We have proved in Theorem 2.5.1 that the kriging predictor is consistent if the true
correlation function is smoother than the imposed correlation function. [55] proved that
kriging with any Matérn correlation function achieves predictive consistency for any sta-
tionary Gaussian processes, although they did not derive the rate of convergence. In light
of this result, we may consider extensions of Theorem 2.5.1 in a future work.

In this work, we suppose that the kriging interpolant can be computed exactly. However,
this cannot be achieved in reality due to the limit of the machine precision. Specifically, the
matrix inversion in (2.5) can be numerically unstable, especially when a Gaussian kernel is
used. Thus the numerical error of kriging is generally non-negligible in practice. We refer
to [9] for some related theoretical studies. A standard technique to eliminate the numerical

instability in kriging is to introduce a nugget term [69, 70]. The convergence theory for
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kriging with a nugget term as a numerical stabilizer requires a separate development.

There is a series of papers by [56, 57, 58, 71, 59] investigating the asymptotic effi-
ciency of the kriging predictor. The theory in this work does not yield the assertions about
prediction efficiency, although we provide explicit error bounds for kriging predictors with
scattered design points in an arbitrary dimension.

Another important topic is the kriging predictive performance when the correlation
function is estimated. In this paper, we consider kriging with a misspecified but fixed kernel
function. It is shown that the prediction error can be minimized if the imposed kernel has
the same smoothness as the true correlation function. A natural question is whether the

optimal rate of convergence can be achieved by using a data-driven approach.
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CHAPTER 3
SMOOTHNESS ESTIMATION AND ADAPTIVE KERNEL RIDGE
REGRESSION

3.1 Introduction

In non-parametric regression, the goal is to estimate an underlying function based on its
noisy evaluations. One important class of non-parametric regression methods, called the
kernel ridge regression, proceeds by minimizing a loss function involving the norm in a
reproducing kernel Hilbert space as a regularization term. Some special forms of the kernel
ridge regression, like the smoothing splines and the thin-plate smoothing splines, are known
for a long time [45]. We refer to [72] for a general discussion of the kernel ridge regression.
This methodology has been applied to many areas, including machine learning [73], spatial
statistics [74] and biostatistics [75].

The optimal rate of convergence for non-parametric regression is determined by the
smoothness of the underlying function [76]. In most practical scenarios, the true smooth-
ness of the underlying function is unknown. This explains why we should consider esti-
mating the smoothness of the underlying function from the data. In addition, estimating the
smoothness is also of interest in its own right, because the smoothness itself is an important
perspective of a surface in many scientific and engineering contexts [77, 26, 78]. Some es-
timators of the smoothness are proposed in [79, 80, 81, 82, 77]. However, these smoothness
estimators suffer from some defficiencies. They may be subject to strong restrictions on the
region of interest or the true smoothness of the underlying function, or may be complicated
to compute.

Also, we are interested in obtaining non-parametric estimators of the underlying func-

tions, which can achieve the optimal rate without knowing the true smoothness in advance.
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Such estimators are known as adaptive ones in the literature [83]. Adaptive estimators have
been constructed via kernel estimates [84], thresholding [85, 86], estimators of regularity
based on process increments [79, 82] and rescaling a smooth Gaussian random field [83].
Such estimators are usually within a hypercube or regions within the Euclidean space no
more than two dimensional. In particular, these estimators do not naturally deduce esti-
mators for the smoothness, although the problems of the smoothness estimation and the
adaptive regression are conceptually related. Detailed discussions will be given in Section
3.3.3.

In this work, we propose a method that estimates the underlying function and its smooth-
ness simultaneously. This approach is motivated by the Gaussian process regression method,
which has a natural connection with the kernel ridge regression from the computational
point of view [45]. The smoothness of a Gaussian process can be parametrized by the
smoothness parameter. In the literature, the smoothness parameter is usually estimated us-
ing the maximum likelihood estimation [6, 5, 26]. However, to the best of our knowledge,
there is no theoretical guarantee of the maximum likelihood estimation of the smoothness.
In this article, we propose a new smoothness estimator by maximizing a modified likeli-
hood function. This estimator is proven to be consistent. In addition, we prove that the
kernel ridge regression estimator using the estimated kernel function is consistent with a
nearly optimal rate of convergence. Compared to the exsisting methods, the theoretical
results for the proposed method are more general and require milder regularity conditions.

The rest of this paper is organized as follows. In Section 3.2, we introduce the problem
formulation and the proposed method. In Section 3.3, we state the main results on the
consistency and the adaptiveness. Comparison to existing methods is also given in this

section. The technical proofs are given in Section 3.4.

3.2 Methodology

In this section, we introduce the problem of interest and the proposed methodology.
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3.2.1 Problem Setting

Suppose f is an underlying function defined on a convex and compact set ) C R? with a
positive Lebesgue measure. We assume that the observations are obtain by random sam-

pling. Specifically, we observe pairs (z;,v;),7 = 1,...,n, given by

yi = f(x;) +e, i=1,...,n, (3.1)

where x;’s are independent samples from the uniform distribution over (2, and e;’s are the
measurement error. In this work, we suppose that ¢;’s are independent and identically
distributed random variables with zero mean and finite variance. Problems of this kind are
encountered in areas such as nonparametric statistics [87, 88, 45], spatial statistics [51, 2,
89], and machine learning [90, 91, 6].

In this article, we mainly concern about two questions. First, we would like to esti-
mate the smoothness of the underlying function f. For a moment, we loosely say that “a
function has smoothness m” means that it has |m |-th derivatives but is not (|m] + 1)-th
differentiable. Interpreting the non-integer part of the smoothness requires most technical
details, which will be given in Section 3.3.1. The second objective of this work is to obtain
an estimator of f, which is a nearly optimal for all degrees of smoothness. An estimator of

this kind is call adaptive [83].

3.2.2  Proposed Method

Before introducing the proposed estimators, we review the kernel ridge regression method.
Consider the nonparametric model (3.1). Given m > d/2 and a kernel function W¥,,, with

smoothness m, the kernel ridge regression reconstruct f using

R 1 & . -
o= angmin (2520 — o)+ 211, 0 ) 62)

feNu,, @ \T 7
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where i, is the smoothing parameter, and Ny, (£2) is the reproducing kernel Hilbert space
generated by the kernel function W,,. Under certain conditions, the optimal order of mag-

nitude of (i, is known in the literature [92], given by
d
i, = C'n2m+d (3.3)

with a constant C' > (. A prominent class of kernel functions with finite smoothness is the

(isotropic) Matérn family [26], after a proper reparametrization, defined as

1
(m — dj2)2m—d/2-1

V(@) = 3 ™= Kon—a o] 1), (3:4)

where || - || denotes the Euclidean distance; K,,_4/» is the modified Bessel function of the
second kind.

To estimate the true smoothness of the underlying function f from the data X =

(x1,...,2,) T and Y = (yi,...,yn)T, we first define the loss function

mn

(m; X, Y, o) = 1 d

logn B glog(YT(Km + Mm]n)_le(Km + ,um]n)_IY),

(3.5)

where K, := (V,,(x; — x;));; is the kernel matrix; /,, denotes the identity matrix; and /i,

is given by (3.3). Now we propose to estimate the smoothness of f using

my, = argmax £(m; X, Y, tn). (3.6)

m>d/2

Now we turn to the estimation of f. By plugging (3.6) into (3.2), we suggest using

2 1 < A .
[, = argmin <— Z(yz — flz:)? + i, Hinmen (Q)) (3.7

feNw,, @ \T T "

51



to recover the underlying function f. It can be shown that (3.7) is equivalent to
fon (@) = 3w, (@ = 23), (3.8)
i=1

with u = (uy,...,u,)" determined by the liner system Y = (K, + fis, I, )u [88].

We shall call m,, the smoothness estimator and fmn the function estimator. We shall
call £(m; X,Y, uu,,) the modified likelihood function, because  is related to the likelihood
function of a Gaussian process model with a Matérn correlation function. Details are given

in the next subsection.

3.2.3 Some Intuition and Related Methods

The proposed method is partially inspired by the Gaussian process modeling technique,
which has been used to recover unknown functions in the areas such as spatial statistics [2,
3], computer experiments [4, 5] and machine learning [6, 7].

Again, consider the regression model given by (3.1). The main idea of Gaussian process
modeling is to assume the underlying function is a realization of a Gaussian random field.
Specifically, let Z(z) be a Gaussian random field. It is known that the law of a Gaussian
random field is governed by its mean and covariance. We assume that the mean of Z(z) is
zero, and the covariance function is given by a Matérn kernel, i.e., Cov(Z (1), Z(x2)) =
oW, (r, — x3), where o2 is the variance and U, is as in (3.4). The current use of the
Matérn kernel is not much different from a more general case where the (isotropic) Matérn
correlation family is indexed by (fixed) scale parameters [26], because we can stretch the
region € to adjust the scale parameters at will.

We use the Matérn correlation family because the parameter m can determine the
smoothness of the associated Gaussian process. It is known that a stationary Gaussian
process with a Matérn correlation function in (3.4) has p times almost surely continuously

differentiable sample paths if and only if m > p + 1/2 when d = 1 [49]. In view of this

52



fact, we would ask whether and how the smoothness of the underlying function can be
estimated from the data with the help of the Matérn kernels. It is natural to first consider
the maximum likelihood estimate of the Gaussian process models with Matérn correlation
functions.

To obtain a tractable likelihood function, we postulate that e; follows the normal dis-
tribution NV (0, 1) with g > 0. Here we remark that this assumption does not need to be
true in reality. As in a standard Gaussian process model, we assume f is a realization of a
stationary Gaussian process with mean zero, variance o and correlation function ¥,, with
m > d/2.

Recall that one of our goal is to estimate the smoothness of the underlying function.
That is, to estimate the smoothness parameter from the data. The maximum likelihood
method is a widely used method in Gaussian process modeling to estimate unknown pa-
rameters [5]. Here we consider using the maximum likelihood method to estimate the
smoothness parameter m from the data X = (21,...,2,)" and Y = (y1,...,y,)". Direct

calculations show that, up to an additive constant, the log-likelihood function is

61(?7170'2;)(, Y7 N) (39)

n 5 1 1 7 1
=-3 logo” — 5 log det (K, + puly,) — @Y (K + pl,) 7Y,

where K, := (¥,,(x; — x;));; is the correlation matrix; and /,, denotes the identity matrix.

We refer to [2, 6, 5] for the maximum likelihood method of Gaussian process models.

2 2

It is easily seen that, given m, the maximizer of (3.9) with respect to o° is 0° =

YT (K,, + pul,)"'Y/n. Substituting & into (3.9), we obtain the profile likelihood func-

tion with respect to m given by
1
£a(m; X, Y, ) = = log(det(Ko + pl,)) — glog(YT(Km +ul)7lY),  (3.10)

It is reasonable to believe that the minimizer of (3.10) gives a consistent smoothness
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estimator. But unfortunately, we cannot proof this result unless we make a modification on
the loss function and use
1
l(m; X, Y, p) = — 5 log(det( Ky, + pim 1))

(3.11)

B g log(YT(Km + NmIn)_le(Km + p’m]”)_ly)'

The second modification we make is to replace the first term in (3.11) to (mn)/(2m +
d)logn as in (3.5), because they are asypmtotically equivalent. See Appendix C.13. This

modification reduces the computational cost by waiving the determinant calculation.

3.3 Theoretical Results

In this section we present our main theoretical results on the consistentcy of the smooth-
ness estimator and the nearly optimality of the function estimator. Some comparison with

existing results is also provided in this section.

3.3.1 Mathematical Formulation of Smoothness

Before introducing our asymptotic results, we first formalize our notion of smoothness.
We define the smoothness of a function using the order of the corresponding (fractional)
Sobolev space. Let €) be a subset of R%. For a multi-index o = (ay,--- ,aq) € Ng,
define its length by || = a3 + ... + a4. Denote a-th (weak) derivative of a function
f by D*u = ﬁu. For a positive integer k, the Sobolev space H*(£2) consists of

functions u € Ly () such that [[ul|7 g, = 224 <k [Dull7, o) is finite.

For an integrable function f on R, its Fourier transform is defined as
F()w) = @m) | flo)e ™ “da,
R4

and with the help of some functional analysis machinery, this definition can be naturally

extended to all f € Lg(Rd). See [93] for the details about this extension.
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For 2 = RY, the Sobolev norm can be expressed using the Fourier transform:

[ /Rd [F () (@) (1 + o)) dw. (3.12)

Identity (3.12) allows us to define the Sobolev spaces with non-integer orders, which are
commonly known as the fractional Sobolev spaces, denoted by H™(R?) with a non-integer
m. We refer to [94] for more discussions about Sobolev spaces.

The Fourier transform of the Matérn kernel is [95]

s I'(m)
F(n)() = 2/

Sy (L Il (3.13)

By comparing (3.12) and (3.13), it can be seen that the Sobolev norm is proportional to
Jga |F(w)(w)]?/ F(¥,,) (w)dw, which is the norm of the reproducing kernel Hilbert space
generated by W,,, [46]. In addition, this relationship implies that ¥,,, is a reproducing kernel
of H™(R?) up to a constant.

In this article, we say that a function u € Ly(R%) has a finite degree of smoothness if

the quantity
sup{k > 0:u € H*(R?)} (3.14)

is finite. We call the quantity (3.14) the smoothness of u, and we are only interested in
the functions with smoothness greater than d/2, which guarantees the continuity of the
function according to the Sobolev embedding theorem [94].

Fractional Sobolev spaces over a bounded region (2, denoted by H*(€2), can be defined
by the restriction of functions in H k (Rd), if {2 is not too complex, for example, if €2 is
convex. On the other hand, if {2 is convex, there exists an extension operator from Lo (2) to
Ly(IR?), such that the smoothness of each function is maintained [96]. For each u € Ly(2),

denote its extended function to the whole space through the proceeding operator by u,. €
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Ly(R?). Hence, we can define the smoothness of a function u € Lo({2) by the smoothness
of u, € Ly(R?) using (3.14).

Clearly, given a function u« with finite smoothness m,, there are two cases: 1) u €
H™(Q) but u ¢ H™(Q) for any m’ > mg; 2) u € H™(Q) for any m’ < my but
u ¢ H™ (). We differentiate these two cases by saying that u is of type-I or of type-II,
respectively.

To the best of our knowledge, the exsiting work on the smoothness estimation and the
adaptive estimation only consider underlying functions of type-I. In this work, we will
prove the consistency of proposed smoothness estimator in Section 3.3.2 for both types of

functions. The rate of convergence will also be given.

3.3.2 Main Theorems

Recall that in Section 3.2.1 we mentioned two objectives. The first objective is to esti-
mate the smoothness of the underlying function, and the second objective is to obtain an
estimator of f which is adaptive. In this section we provide theoretical justification of the
smoothness estimator given by (3.15) and the estimator of f given by (3.17) can achieve
these two objectives, respectively.

In order to show the consistency of the smoothness estimator, we assume the true
smoothness Mg € [Mmin, Mmax|, Where M, Mmax > d/2 are known. In this case, the

smoothness estimator of f becomes

m, = argmax {(m;X,Y, ), (3.15)

me[mmin;mmax]

and the function estimator is

n

S|

fmn = argmin <

A (i — F(@))? + 2113, (Q)) (3.16)
feNw,, (9) n o

=1
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which is equivalent to
Fin () = Zuzlpml (z — ), (3.17)
i=1

with u = (uy, ..., u,)? determined by the liner system Y = (K, + fis, In)u.

The technical assumption on the known m i, Mmax values should be mild in many
practical situations, because we can choose m,,., sufficiently large and m,,;, sufficiently
close to d/2. We believe that the general smoothness estimator (3.6) is also consistent like
the constrained version in (3.15). However, it requires extra efforts to complete such a
proof, and needs a separate development.

First, we introduce the following Lemma 3.3.1, which defines some helpful concepts in

the description of the rate of convergence.

Lemma 3.3.1. Let mg € (d/2,+00) be the smoothness of g. If g € H™ (RY), then there

exists an increasing positive function hy on [0, 00) such that

/Rd |F(g)(w) 21 (||w]) (1 + [|w]>)™ dw = oo,

/Rd 1 F(9)(@)Pha (|l (1 + [Jw]|*)™e ™ dw < o0, (3.18)
and

L loghn(a)
r—+00 log x

=0, (3.19)

forany e; > 0. If g ¢ H™ (RY), then there exists an increasing positive function hy such

that

FGOWE |, 1 omg, - o
LL7mmVﬂ+HM<i<,

F 2
e fupymreds = o, (320)
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and
m ——= =0, (3.21)

for any e; > (.

The conditions (3.19) and (3.21) essentially require that s, (x) and hs(z) increase slower
than any power function ¢ with € > 0. The intuition behind Lemma is pretty clear. For
example, consider f(z) = 1/, we know that [, f(x)dx = +ooand [ f(z)/adx <
+oo for any € > 0. It is easily seen that, the funtion h(z) := log? x, which increases slower
than any power function ¢ with ¢ > 0, satisfies f1+°° f(z)/h(x)dx < +oo. The proof for
the general situation is more involved and contains only elementary mathematical analysis.
We therefore send the proof of Lemma 3.3.1 to Appendix C.7.

We also need the following assumption on the errors, which means that the error is

sub-Gaussian [92].

Assumption 3.3.1. Suppose e;’s in (3.1) are i.i.d. random variables satisfying
C2(Bell /e 1) < o2 (3.22)

for some constant Cy and o?.

According to Theorem C.1.1 in Appendix C.1, {(m; X,Y, u) is closely related to the

following function

2m

2m4-d’ ULES mo,
g(m) == )
mo
3m+dr > Mo,

which is maximized at m,. See Figure 3.1 for an illustration with d = 0.8m.
With the bounds of ¢(m; X, Y, 1), we have the following theorem, which states the

consistency of the smoothness estimator given by (3.15).
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Figure 3.1: The plot of function g(m), where d = 0.8ms.

Theorem 3.3.1. Suppose my is the true smoothness of the underlying function f defined
on a compact and convex set Q) € R% Suppose the errors satisfy Assumption 3.3.1. Fix
any constant C > 0 and let p,, = Cn zra. Then for n > Cs, with probability at least

1 — Cyexp(—Cyn™),

1, —mo| < 2d(2mg + d)?sy, where

log(Cyhi(n)logn)/logn  for f € H™(Q),
log(Cy(logn)?ha(n))/logn for f ¢ H™(Q),

S1 =

hi, ho are defined as in Lemma 3.3.2 and constants Cy, Cy, Cs, Cy and 1, are positive and

depend on only f, Q, and C.

Theorem 3.3.1 shows the consistency of the smoothness estimator because the quantity
s1 in Theorem 3.3.1 decays to zero because we have log h;(z)/logz — 0 fori = 1,2

according to Lemma 3.3.2.
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Now we turn to the estimator of f given by (3.17). In the following theorem, we show

that this estimator is nearly optimal.

Theorem 3.3.2. Suppose mqy and f are given in Theorem 3.3.1, and the errors satisfy
Assumption 3.3.1. Set i, as in Theorem 3.3.1. If f € H™°(QQ), the estimator fmn given by
(3.17) satisfies || f, — fll2 = Op(n=m0/@motd) (hy(n))), where hs(n) depends on hy(n)
(defined in (3.18)) and My if f € H™(S2), and ho(n) (defined in (3.20)) and my,.y if

f & H™(Q). In both cases hs(n) satisfies lim,,_,, 2230 — (.

logn

Recall that, when the true smoothness my is known, the optimal convergence rate is
n~mo/(2mo+d) Theorem 3.3.2 implies that the estimator fn given by (3.2) is nearly optimal

without knowing m, in advance, because h3 increases slower than any n® with o > 0.

3.3.3 Comparison with Existing Results

We compare the proposed method with the existing ones in the literature in the following
directions.

First, the proposed method works on any compact and convex region {2 within any
dimension d, given the smoothness is greater than d/2. The previous methods of con-
structing the smoothness estimation are usually considered on regions within Euclidean
space R with d < 2. For instance, [79, 80, 82, 97] construct the smoothness estimator
with equispaced data on a line transect, where the dimension is one. [98, 77] estimate the
smoothness via quadratic variation, in which the area is within a compact domain in R¢
where d € {1,2}. Some of the adaptive function estimators have the same problem. For
instance, [86, 85, 97, 99, 100] construct adaptive estimators on [0, 1] with equispaced data.
[101] constructs an adaptive estimator based on the random data points on [0, 1]. [102, 83]
are able to construct an adaptive estimator with the input space of the underlying function
is [0, 1]¢, which is a hypercube, for d > 0.

Second, the proposed method is able to estimate any smoothness which is greater than

d/2. In contrast with the proposed method, [79, 80, 82] estimate the smoothness within
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(1/2,3/2), while [81] assumes that the smoothness is within (D + 1/2, D + 3/2) for some
known integer D.

Third, the conditions on the underlying function is milder than some of the adaptive
function estimators. For instance, [102, 83, 99] consider the underlying function that is
within some Holder class, which is more restrictive than Sobolev spaces (?).

Last, we consider the two cases, f € H™(Q2) and f ¢ H™°()), separately. The
estimators are assuming that f € H™0(Q)). To the best of our knowledge, our work is the
first result obtaining the function estimator with convergence rate op(n~"0/(motd)+<) for

any € > 0.

3.4 Proofs

In this section we prove Theorems 3.3.1 and 3.3.2. Some necessary lemmas are introduced,
where the proofs are in Appendix. In this section and Appendix, we define the empirical

norm of a function g as

1 n
lgliz =~ > gw)*.
=1

Let Hg(0n, 3G, | - ||) denote the bracket entropy number of the metric space (G, || - ||oo)-
For detailed discussion of the bracket entropy number, see [92]. Lete = (e, ..., en)T. For
notational simplicity, we will use C'y, Cy, ... and 79, 71, ... to denote the constants, of which
the values can change from line to line. We will use (-, -),, to denote the empirical inner

product, which is defined by
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for two functions f and g. In particular, let

for a function f.

3.4.1 Proof of Theorem 3.3.1

This theorem is a direct corollary of Theorem C.1.1. More specifically, by taking the
lower bound of I3(mg; X, Y, 1) larger than the upper bound of I3(m; X, Y, ) for all m €
[Mimin, Mo — €,) U [Mo + €5, Mumax], We have the following results for n > Cj, where Cj is
a constant.
Case 1: f € H™(Q). Let €, = max{(4mgs;)/(1 — 2s1),2d(2mg + d)*s5}, where s; =
log(C1hi(n)logn)/logn, and so = log(Cylogn)/logn. With probability at least 1 —
Czexp(—Cyn™), m,, € [mg — €,, Mg + €,].
Case 2: f ¢ H™(Q): Let e, = max{(4mgs1)/(1 — 2s1),2d(2mo + d)?ss}, where 51 =
log(C1(logn)%hy(n))/logn, and so = log(Cylognhy(n))/log n. With probability at least
1 — Csexp(—Cyn™), 1, € [mo — €,, Mo + €3)-

By noting that: (i) 1 — 2s; > 1/2 and s; > s, for n > C5 with some constant C'5, and

(i) mo > d/2 > 1/2, we can take €, = 2d(2mg + d)*s;, and obtain the desired results.

3.4.2 Proof of Theorem 3.3.2

Let ty,—c, = Con72(mofen)/(Z(mofen)er) (log n)2mmax if f e H™, andt = Con—Z(mofen)/(2(mofen)+d)hQ(n)
if f ¢ H™, where Cy is a constant, and ¢, is as in Theorem 3.3.1. From the proof of The-

orem C.1.1, it can be seen that

Hm — — Hm 7
7Y:F(Km i D) T K (Ko + o 1) 7Y = 7Hfmﬂi/%(m.
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Let A\; = p3, /n and Ay = C1 ;. Let /7, be the minimizer of optimization problem

min = A1 el s, 0

feNw,,

By (3.16), we have

1f = Falln + Ml F 3,0

<206, faw = Fin) F 1 = LB+ 2l B, o0+ Ml B, o

By the similar approach in the proof of Theorem C.1.1, it can be shown that there exists a

constant ¢; such that when n > ¢y,

2<€, fmn - f:?(zn> - n_nltmo—€n7 (323)
Himo 7112 <t 3.24
THfmnHNqun(Q) N YMmo—€n> ( . )
and
1 = £l + Xl £, R, @) < Emo—en (3.25)

with probability at least 1 — Cy exp(—C3n"?), where Cy, C3, and 7),’s are positive constants.
Therefore, combining (3.23), (3.24) and (3.25), we have that with probability at least 1 —
Cyrexp(—Csn™),

1f = fnall3 < tmo—e-

Since €,, converges to zero, there exists a constant ¢, such that when n > co, €, < 2my.
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Therefore, by direct calculation, it can be shown that

2Mmax

logn) :

—2mo/(2mo—+d)+ 2den,
ben = 20O

< n—2mo/(2mo+d) (nen ) ﬁ (log n)2mmax

By taking h3(n) = (n) Zmg T (log n)?™m=x we finish the proof of Theorem 3.3.2.
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APPENDIX A
APPENDIX OF CHAPTER 1

A.1 Proof of Theorem 1.3.1

Consider a location of interest z € ) and the nearest design point x; € X. The uppermost

terms in (1.4) can be expressed as

Uo(z,x) — Vg, X)[Te(X, X) + ] 10y(X, 2)
= Wy(z, z)
— [(Ty(z, X) — Wy(ws, X) — 02D [Wy(X, X) + S (Vg(X, 2) — Up(X, 7)) — 02¢;)
+2(Ug (a5, X) + 02e] ) [Vo(X, X) + B Wy (X, 2)
— (Up(xs, X) 4+ 07eD)[Wo(X, X) + 2] H(Uy(X, ;) + 0le;)]
= Uy(x,7) — 2] Up( X, 2) + el (Vg(X, 3;) + 07€;)
— (Wy(z, X) — Wy(xs, X) — 02e)[Wo(X, X) + ] H(Wy(X, ) — Uy(X, ;) — 0le))
= Wo(x,x) + Vy(x;, ) + 02 — 2Ug(x;, )
— (Wy(z, X) — Wy(as, X) — 02eD) [T (X, X) + ] 1 (Wy(X, ) — Up(X, 2;) — 02¢;),

(A.1)
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where e; denotes the i*" column of an n x n identity matrix. The fourth term on the right-

hand side of (A.1) can be bounded as

- (‘Pg(I,X) - \P@(qu) - 036?>[\P9(X7X) + 26]71(@9(X7I> - \119<X7xl) - Ui2€i>
(X, 7) — Wo(X, @) — ofes3

S N[ o (X, X) + 5]

< _ (Wy(mi,x) = Wo(zi, 2;) — 0f)?

h AmasxWo (X, X) + 2]

o (Ug(z, ) — V(24 7))? — 202 (Vg(24, 7) — Vg(24,75)) + 0}
h Amax [P0 (X, X)] + Amax(Ee)

<_ (Ug(zs,2) — Wo(x4,75))* — 202 (Vy(25, 7) — Wo(z4, 7)) + 0

N SUPy, e \Ilg(u, U) + )\max( e)
_ (Wp(xi,x) = Wp(xs, 1)) 4 207 (Wy(w;, ) — Wo(x;, 2;)) — 0} (A2)
nsupy, yeq Po(t, v) + Amax () nsup, peq Vo(u, v) + Amax(Se) '

where the first inequality is true because for any vector d and matrix G, d?G~'d >
Amin(G™H||d]]3 and Apmin(G™') = 1/Amax(G), the second inequality is true because the
sum of squares || - ||2 is larger than any one of its elements squared, the third inequality
is true because the maximum eigenvalue of a sum is at most the sum of the maximum

eigenvalues, and the final inequality is true because Gershgorin’s theorem [25] implies

Amax(Po(X, X)) < maxz% zi, x;) < n sup Vy(u,v). (A3)

i—1 u,vEN

Combining (A.1) and (A.2) gives

\IIQ(JZ,ZL‘) — \1/9(1‘, X)[\IIQ(X,X) + 2_36]_1\119()_(, JZ)

<\I'6($7 .',C) + ‘1/9(%‘, xl) - 2\:[[9(371'7 .',C) (A4)

(Uo(xi, ) — Vo4, 24))? 9 201»2(1119(%', x) — Vo, x;)) — Jf
nsup, yeq o, 0) + Amax(Ee) ° nsup, eq Yot v) + Amax(Ee)
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Consider the concave, quadratic function

2t (Vy(zs, ) — Wo(zs, 1)) — 2

) =t+ .
Si®) nsup,, yeq Yo(t, v) + Amax(2e)

where t € [0, Amax(2c)]. f1() has axis of symmetry

N SUPy, e \Ilg(u, U) )\max<i ) + 2(‘1’9(1‘17 iIZ') - qu(:lj'i’ $Z))
2
S (n —2) SUPy, veq Wo(u,v) + >‘maX<26)
= 2 )

where the last inequality is true because Wy (z;, ) > 0 and Wy (x;, 2;) < sup, ,eq Yo(u,v).
If (n — 2) sup, yeq Po(t, v) > Amax(Ec), then the axis of symmetry lies to the right of the

interval [0, Amax (3¢)] and f1(¢) is increasing in [0, Apax (3. )]. This indicates

2)\max ie v Ty, ) — v Ty, T4 - )\max ie 2
0 < (5 4 Dol E Vol ) = Vol ) ~ (50
N SUDy, ven Wo(u,v) + Amax(Xe)
Amax(Se) (n5Up,, yeq Wo(u, v) + 2(Vp(z;, ) — Wo(z;, 7))
nsup, ,eq VYo(u,v) + A max (Ze) '

M

(A.5)

Plugging (A.5) into (A.4), gives the result.

A.2 Assumptions for Theorem 1.4.1

Assumption A.2.1. Assume xk(Vy(X,X) + X.) =r/S withr < 1, and

1h(x) = h(@)ll2 < S| h(@)ll2, [|/(X) = FX) |2 < 0l F(X)]as
(X, X) + 5, — (Fg(X, X) + )|l < 0] Tp(X, X) + Sefl, and

1Wo(z, X) = Po(z, X)ll2 < 8[| Wo(w, X)ll2-
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A.3 Proof of Theorem 1.5.1

Here, the derivatives of the log-likelihood and emulator are expressed in terms of the equiv-

alent parameters ¥ = (', 02, p,7)’, where v; = Var(e(z;))/c?. The vector of derivatives

of the emulator with respect to the parameters ag_gz) has block components

v = ) — o) — HOXT(@,0X,X) + 2,) 1, (X, ).
0f (x)
Co QUZ 0,
() = ) = DR 0, (X, X) 4 2,) (£0X) — H(X)P)
=y X)(B, (X, X) + 2) TR 0,06, ) + £) () - HX)8),
(ca)r = a";f) ®,(z, X)(®,(X, X) + )" diag { ‘?i L, .. g”; I, ... aa'yj]k }

X (2p(X, X) +5,) " (y(X) — H(X)B),

where ¥, = diag(y11,, ..., YTnlk,). The vector of derivatives of the log-likelihood with

respect to the parameters % has block components

55 = S COTIR,X.X) 4 27 (7(X) - HX)5),
e LX)~ HOOBT(@,(X. X) )7 (£(X) ~ H(X)H),
% = —trace ([@(X, X) + zy]—l%ﬁjm)
530 = HOX)8)T[0,(X, ) + 2, 2R 0,04, ) + 2] (£(0X) = H(X)5)
aa_rlt - —%‘ztrace ([cbp(X,X) + %] diag {%Lﬂ, g% L., ,g—%:[kn})
+ T;(f(X) — H(X)B)T[®,(X, X) + ZV]_ldiag(a—ZtIkl, g;y’[,ﬁ, . ?j]k )
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So, the information matrix has block components

0?1 1 _
E — o = E(X)T[CDP(X,X) + 3T TH(X),
0?1
E 0B0o? 0,
B 9%l _
0B0T o
B 0?1 B
9B0p; ’
L _m
002002 204
A 0B, (X, X)
9oTop; 5 trace <[<I>p(X,X) + 3] 0, ) ,
el 1 ,0D,(X, X) ,00,(X, X)
— ="t P (X. X SR (XX DO el A el e
o = gtoce (12,00 X0 + £ 220 g (1, ) 4, 2R,
0?1 1 1. a’Yl a% 8'771
E— W = ﬁtrace ([q)p(X,X) + 3] 1d1ag{a tfkl, g t[k - tfkn}>
0?1 1 _,00,(X, X) _
_ —— 1) 1 4 ) 1
oy = gtrace (0,06, ) + 3,1 226 D (6, ) 4 3
) om 07; 0Vn
I, ....—1L. . ....—1
Xdlag{a 7, k1) ’37} ki ) 37} kn)}) )
| . o ;i OV
E — Grom. étrace <[<IDP(X,X) + 3] dlag{g o Iy, ... o — I, .. S o, Ikn}
-1 71: 6’71 8’72 a’yn
1 — JE—
X[(I)p(X,X) + EV] dlag{a tQIkl,..., aTt2fki,..., 8Tt21kn .
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Building from (1.14) and the block representations above gives

&1
F ¢ 2 T T T T afll 0 Ca2
E{fo.(x) = f3(2)}" = (c1, 5, ¢3,¢4)
0 7! c3
Cy
C2
=claje+(c3,ch,c)I | o
C4
= Part(I) + Part(II),
where
0%l In T
CL11=a—ﬁ2 and 7 = 1
Ly Ixp
with
0%l 021 921 D,
H 902002 TP ( D020y 00287’)’ 21 120 Lo2 D,
0%l 0?1 921
Dy =-E -E d Ds=—-FE ,
T 5rop 4 D= Egas

Applying block matrix inverse results [17] and noticing that ¢, = 0 gives

Part(I1) = ¢ By 'c,

where By = Ty, — I 1,1 Ts1, and ¢ = (

71

cr' ¢, With the aim of bounding Part (1), the



following notation is introduced. Let

a; = vec (02—8®p<X’X))
7 )

Ip;
: 0 i OV
by = vec (dlag {G_;Y‘,ilkl’ e @_thk“ e TZ}L%}) ,

Al = (al, ...,a‘p‘,bl, ...,bw).
Then,

By = S AT(@,(X,X) +5,)7"  (8,(X, X) + 5,)7!

o

_ %Vec([(bp( X, X) + 3] Dvee([®,(X, X) + 5,7 7) Ay

For simplicity, let

vec(Wr)

Wy=o,(X, X))+, and w=_—F7i++.
1= RN X0+ 5, Teec(W)[

The matrix inside the quadratic form has eigenvector w with corresponding eigenvalue 0.

Following the approach in [10], the minimum eigenvalue of B; can be bounded below by

1

1
;)\min(AlT(I — wa)Al) X Ao ((Wfl Q Wfl — EveC(Wfl)vec(Wl_l)T)),

where )y denotes the second smallest eigenvalue of its argument. Weyl’s theorem [103]

implies that the second smallest eigenvalue can be bounded below by

1 1
> :
0 A max (Yo (X, X) + X,)? at(m SUDy veq (Dp<u> v) + )‘maX(Ev»Q

1 _ _
;Amin(wl ! ® Wl 1) =

For Apin (AT (I — ww?)A;), an approximate lower bound is given. Let £ = (p, 7). Notice
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that

AT(I —wwh) A,

B oWy (z;, 25) OW4 (;, )
- = o€

2

~ e (2 e e ) (2 PR ) )

~ oW, ({L’, y) aI;Vl (ZL’, y) ’
~ m2|:/ ag ag, dFQ(ZZ',y)
1 OWi(z,y) W, (y)
NS (/ o i@, y>) ( | T e ara, y>)]
= ms, (A7)

where Wy (z,y) = @,(z,y) + UZ(x)H{x:y} and F? denotes the large sample distribution

o2

of point pairs. Applying a version of the Cauchy-Schwarz inequality for random vectors

[104], gives s; > 0 with s; > 0 unless

an (iIZ’, y)

(96 azwl(l’,y)b

with probability 1 with respect to large sample distribution of point pairs £ for some

vectors a and b. So, Part(II) has approximate upper bound

04(m SUpPy, ve (Dp<u> v) + AmaX(Z’y»z
m281

lell3- (A.8)

Also,

o?|lesll3
Moo HOOT@,(X, X) + 5, TH(X))
02| e1][3Amas (P (X, X) + 52,)
S A(HX)TH(X))

Part(I) <

(A.9)
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Following development similar to above, Ay, (H (X)T H(X)) admits approximation

Muwin(H(X)TH (X)) = Din(Y_ (i) o(2:)) 2 1N / h(y)h(y)dF (y)) = msy.
i=1
(A.10)
with respect to the large sample distribution of the input locations, /. Further, s, > 0

with equality if and only if there exists a # 0 such that h(y)'a = 0 with probability 1.

Combining (A.8) and (A.9) gives approximate upper bound for Part(I) + Part(II)

?[|e1][3Amax (2o (X, X) + 3,) N ot{|cfl3(m supy yeq Pp(t; v) + Amax(Z5))°
mss m2s;
<02||61||§(m SUPy, peq Pp(U, V) + Amax(24)) N ollell3(msup, yeq Pp(u, v) + Amax(E,))?

Y

= msoy m2s; ’
(A.11)
finishing the proof of Theorem 1.5.1.
A.4 Proof of Proposition 1.5.1
Recall that
(ca)e :ag(;) = D, (x, X)(P,(X, X) + Zﬂ,)ldiag(g—zlkl, Z—Z:' — aa—z’: o)

X (Dp(X, X) + 5,) " (y(X) — H(X)B).

In this section we would give an upper bound of (c¢,),;. Without loss of generality, we can

suppose @ ,(z, z) = 1. Let

Bi+ X%, RT
DX, X) + X, = g
R By + X,
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where

B, =117,
E’71 = O-%Iku
R = q)p(XQ,Zl'l)lT,

By = ®,(X5, Xs).

Thus, we have

((I)P(X> X) + Ev)_l =

By, —By'RT(By +%.,) 7!

—(By +%,,) "RB3; (Ba+%,) 7 4 (Ba+ 2.,) 'RBy RT(By + 5,,) !
where By = B; + X, — RT(By + X,,) ' R. Notice that

1

Bi+¥,) 1= ——
( 1+ 'Yl) /{:14—0'%

1,
we have

By' = (Bi+3%, — RY(B;+%,)'R)™*
- (Bl + 2’71>_1((Bl + 271)_1 - (Bl + E’Yl)_IRT(BQ + E’Y2>_1R(Bl + E’Yl)_l)_l(Bl + E’71)_1

1 -1
ml@p(:ﬁl, X5)(By + 2,,) 71, (Xo, xl)lT) (B 1%
1

D, (1, Xo)(By + 2,,) ' ®,( X, 11)
(lﬁ + O'%)Q

:wwx»(@+&mh

—1
S (CRSREE uT) (s,

75



By binomial inverse theorem,

- -1
((31 by 2ol X)(Bat Ty) 1<I>p(X2,:U1)11T)

(]{71 + U%)Q
— B, +Y. + q)P(‘rl?X?)(B?+272)_1(I)P<X27‘T1) (Bl +2W1)11T(Bl +Z“Y1)
— Pl " T 1 x
(ky _|_01>2 1— Py ( 1,X2)(322k-1i-f;12)) Do (X2, 1)1T<Bl +3, )1
B —|—E 4 P (.Tl,XQ)(BQ—i—E ) 1q)p(X2,£C1) (k1+01> 11T
-1 M 2 ®,(21,X2)(BatSry) 1@, (X2,21)
(k1 + o) 1 — Sl Rl o S (k) + 0%k
» 117
— Bl —I'_ Z’Yl + (Pp(xly X2)(B2 + 2]'}/2) QP(X27 ml) (bp(zlaX2)(B2+E'\/2)_1(bp(X2,£E]_)k .
- k1+0'% 1

Letd = q)p<I1, XQ)(BQ + 272)_1(I)p(X2, .Tl). ThllS,

117
By = (B +%,)7! (B1 +3, + d—d> (By +%,,)7"
L= 5k
_ (Bl +y >71 + d(Bl + E71)7111T(Bl + E71)71
- 71
L= k1+o2 +a kl

—llT

(k1+07%)?
= (B +%,)  Hd

( 1 ’y) 1— k1+a2k1

Since
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we have

D, X) (@,(X, X) + %)
=(@y(,21)17, @, (2, X))

By —By' RT(By + %,,) "
—(Ba+3,,) 'RB3; (B4 %4,) 7t + (B + 2,,) "RBy, RT(By 4+ 24,) 7!

= (<I>p(:r, )17 By — @ (2, X2)(By + ¥.,) 'RB5y',
— ®y(2,21)1" By RN (By + 1,) ™' + @y, X2)(By + 2,,) 7"

+ (By+ %,,) 'RBy RT (By + Ew)‘l).

Notice that
—1 1171
TR SR BTl
L= k1+02 k1
T
=(Bi+3%,) "1+ d—(’“”"l’ Grofp L L
L= k1+0 kl
dky
_ ( 1 (kl-‘rU%)Z )1
kl + U% 1— kldf:;% )
dkl
Ty to2)2
we have (let d; = (k 7+ k_1+d;§1) ) = k?1+0'%—dk1)

kq +ajl

@, (7, 71)1" By — ®,(x, X3)(Ba + 2.,) ' RByy'

=@, (v, 21)d1 1" — d1®,(z, X3)(By + 5,) '@, (Xg, 21)17,
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and

— @, (v, 21)1" By RT(By + 2.,) ' + @, (2, X2)(By + .,) ' + (Ba +X.,) 'RBy' R (By + %)
= — &, (z,11)k1d1 Vg(21, X2)(Ba + $,) " + @,(z, Xo) (B + B,) !
+® (21, Xo)(By + X,) '@, (Xa, 21) k1 dy @, (21, X2) (Ba + $p) !
= — @, (z, 21)k1ds (21, X2) (Ba + X,) 7 + @y (2, X5)(Ba + X,,)

+dk1d1q)p($1, XQ)(BQ + 272)_1.
With the same procedure, we have

(D,(X, X) +2,) " (y(X) — H(X)B)
:((y(ﬁl) — H(z1)B8)di1 — di®, (21, X2)(Bs + £,,) "' (y(X2) — H(X2)B)1,

— (y(z1) — H(z1)B)k1d1 (B + X.,) ' ®,(Xa, 71) + (B2 + £.,) " (y(X2) — H(X2)P)

+dk1d1(Bg + EV2>71(I)p(X2, .%'1>> .
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Thus,

(e =22 = 0o, X) (@06, X) 2 g G o T, SR
X (DX, X) + £,) 7 (y(X) — H(X)B)
L, 1) — Ry, o) (B + ), (Ko ) (o) = H (1))

— dy®, (21, X2) (B + £1,) " (y(Xs) — H(X2)B))
+ (=@ (x, 21)k1d1 @ (21, X2) (Ba + 20y) ™1+ Dp(, X2)(Ba + 2,,) 7

.0 0vi OV
+ dkldlq)p(l‘l, XQ)(BQ + 272)_1)d1ag( (972 [kQ, .. a’}/ Ik y e 87 Ik )
Tt Tt

X (= (y(x1) — H(x1)B)k1dy(Ba + 54,) '@ p(Xo, 21) + (Ba + 54,) ' (y(X2) — H(X2)5)
+dk‘1d1(BQ + 272)_1(I)p(X2,$1))

Let d2 = m, we have
1 871 -1
(ca)t = =7 o, - (Pp(w, 21)dy — da®y (2, Xo) (Ba + X,,) 7 @, (Xo, 1)) ((y(21) — H(21)B8)d2

— dy®, (1, X5)(By + X5,) " (y(X2) — H(X2)P))
+ (=P, (2, 21)d2® (21, Xo) (B2 + X, )*1 + &, (x, X2)(B2 + X, )*1

. 8 a 7 a n
+ ddy®, (21, X2)(By + %,,) ) diag( 872 Ly, .. 87 L, ... 87 I.)
t t

X (—(y(21) — H(x1)B)da(By + £,,) '@, (Xs,21) + (B2 + y,) " (y(X2) — H(X2)P)
+ddy(Bs + 262)71(1)[,()(2, x1))

Y 10 i 0Yn
=0y, X') (B(X', X') + 2,) " ding (- aZi ’aztl’“““‘ 81 1)

X (@p(X', X7) +3,) " (y(X') = H(X')B),
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where X’ = (x1, X5). Thus, by continuing this procedure, we have

(oo < 180 DI — HCDIB,
he ( mm( ( X) + X )) i €X

10y
k’i 07} ’

A.5 Proof of Theorem 1.6.1

The following lemma, which describes the accuracy of solving linear systems [105], will

be used to develop a bound on the numeric error.

Lemma A.5.1. Suppose Az = band Az = b with |A — Ally < || Al|2, [|b— b]2 <

and k(A) = r/8 < 1/8 for some § > 0. Then, A is non-singular,

il 1+r
ol < T
|z — z||2 20
A A.12
o, ST N

where k(A) = || A||2]| A7 |2

Further, for conformable A, b, fl, and B, we have

1Ab — Abllo = [ A(b — b) — (A — A)b2

<A@ = B)llz + [1(A = Al < N Alloll(0 = B)llz + |(A = A)[l2[[b] (A.13)

In order to satisfy the conditions of Lemma A.5.1, we make a few assumptions in addi-

tion to Assumption A.2.1, in particular, with regard to the accuracy of numeric optimization.

Assumption A.5.1. Assume r(A) = /8§ withr < 1 and

1A = Alla < 8l Ao, [|95(X, ) = W5(X,2)[l2 < 8 04(X, 7)o

Note that this assumption does not concern the parameter estimates themselves, but in-

stead the accuracy of the solution to the optimization problem. If the optimization problem
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is solved with sufficient accuracy, then this assumption will be satisfied. However, as we
will see in the following, the regression function coefficients [ have great potential to cause
problems. Briefly, in order to control parameter estimation numeric error, we need that nu-
meric properties are even more tightly controlled, in particular, an even smaller condition

number of Wy(X, X) + X, which is stated in the following assumption.

Assumption A.5.2.

(1+6)?

1—1r

5;@(A)/<;(H(X)TH(X))(1 +(1+6)2+ 5<A)> <1

Assumption A.5.2 is a strong assumption, since it requires o K(A)Q to be relatively small,
at least smaller than 1. However, since our goal is to make /a(fl) small, in practice this
condition is not too difficult to be achieved, since we can control the condition number of

~

A.
The following lemma states that if Assumption A.5.2 holds, combining Assumption

A.5.1, the conditions of Lemma A.5.1 holds.

Lemma A.5.2. Let

r = 0k(A)k(H(X)TH(X)) (1 +(1+6)+ (1+9) K(A))

1—r
(1+6)?
1—1r

+ %min{é, 1 —6r(A)k(H(X)TH(X)) (1 +(1+6)*+ H(A))}

o) = e (A.14)
R(H(X)TATTH(X))

Suppose Assumptions A.2.1, A.5.1, and A.5.2 hold, we have vy < 1 and

| H(X)TAH(X) — BT A H(X) s < 0 HX)TAHX) . (Al5)
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Thus, we have all tools to give an upper bound of | f@ — f1§|. Using Assumption 2,

= [h(2)"(5 = B) + F(X)T(AT(X, 0) — A7M5(X, 2))
— [V, X)AT H(X) S — Wy(x, X) AT H(X) )|
<NA@)28 = Bllz + 1F (Ol A 4(X, ) — A7 06(X, )l

+ [yl X)AT H(X)5 = Wyl X) AT H(X)5] 2

= Part(i) + Part(ii) + Part(iii). (A.16)
Part(ii) can be bounded using Lemma A.5.1 as
, 20 a1
Part(ii) < | f(X) |2y —#(A)IAT (X, 2)].. (A.17)

Similarly, Part(iii) can be bounded using (A.13) and Lemma A.5.1 as

26 A A _ _ A A e _
—r(4)]A "X, ) |2 + |H (X218 = Blll A1 W4(X, 2)2
147

Part(iii) < [[H(X)]l2]l Bll2;

AKX @)

_ 925 _
<HH(X)H2HBH21_T“(A)HA_l‘I’é(XJ)\bJFHH( )2llB - BHQ

(A.18)

Combining (A.16), (A.17) and (A.18) gives

20k (A)
(1 = ) Amin(A)

A~ 147 - -
+Hﬁ—5llz(Hh(3¢)Hz+(1_ )Amm@HH(X)HzH%(X,x)Hz) (A.19)

195X, ) o (L f (@)l2 + 1 H(X)]]18]12)

15— fal <

Notice that the first term in (A.19) can be controlled by restraining g(>,/, %), as defined

in (1.13). The second part can be controlled by, in addition, restraining |3 — ||». Recall
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that

Since by Lemma A.5.2, the condition of Lemma A.5.1 holds. Thus, by Lemma A.5.1,

we have

27“1

18— Bll2 < s(H(X)TATH(X))18]l2 = 5 Hﬁlb

1—7“1

By plugging in (A.14), we have

15 - 8l < 20 (s O HOON (14 1462+ Skl ) 1) e

(A.20)

Combining (A.19) and (A.20), we finish the proof.

A.6 Proof of Lemma A.5.2

Notice that if Assumption A.5.2 holds, we have r; < 1. We only need to prove (A.15).

Notice that

1H(X)TAT H(X) — H(X)TAT H(X)|2
<[HX)TATH(X) = HX)TATH(X) |2 + | H(X)TAT H(X) = HX)TAT H(X)|5
SSIH(X) 2| AT H(X) o + | H(X)TATH(X) = HX)TAT H(X)| s

SOHX)FIA o + | HX)TAT H(X) = HX)TATH(X)| |2, (A21)

where the first inequality is true because of the triangle inequality, the second inequality

is true because of Assumption A.5.1, and the third inequality is true because |G~1d||y <
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|G~Y||2||d|| for any vector d and non-singular matrix G. The second term in (A.21) has

12 (X)TAT H(X) — H(X)TAT H(X)|2
<|HX)TATH(X) - HX)TATHX) || + | H(X)TATH(X) - HX)TATH(X)|
SOHX) AT H Xl + [ H(X)T (AT = ATHHX)|s
SO BIA o+ 1A = A7 H(X)]13

<O(L+ 8P| H(X[ZIA Yo + (1 + )1 H (X)JSIIA™ — A7z, (A.22)

where the first inequality is true is because of the triangle inequality, the second inequal-
ity is true because of Assumption A.5.1, the third inequality is true because ||G'd||; <
|G—Y|2/|d||, and the last inequality is true because by Assumption A.2.1, [|H(X)|. <
(14 0)||H(X)]|2. Next, |[A~* — A~1]|, is bounded.

For any = € R™ such that ||z||s = 1, let y1,y2 € R" such that /Alyl — z and Ay, = .

Letd, = A — A. Thus, (A + d4)y2 = x. Notice that by assumption,
A 4]l <O|ATYo||[Als =7 <1 and (I +A764)ys = u1.

The following Lemma from [105] will be used.
Lemma A.6.1. Suppose F' € R™", |F||s < 1. Then I — F is invertible and

1

(7= F)" e < -—
L—[[F]

where [ is identity matrix in R™*",

By Lemma A.6.1, we have

. 1 )
ly2ll2 < [1(2+A7604) 7 2lgell2 < T lmllz and y1 —yp = A5 pys.
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So,

lyr = wells < 1A 0allally2llo < S AT [lol|All21yall2 =

) u
= k(A

Plugging in y; and y, gives

o 5 N 0 Ayt
-1 j-1 < -1 < -1 =
(478 = Aalle < = n(ADIA el < T n(AAT e = = n D) —
(A23)

indicating

A g ) P 1

JAT = A7l € ——R(A)—— (A-24)

1_T )\min(A)

since (A.23) is true for any x with ||z||; = 1. Combining (A.21), (A.22), and (A.24) gives

1 (X)TAT H(X) — H(X)TAT H(X)|2

SENHZXBNA 2+ 61+ 62 HZX)INA |2+ (1 + 6 H(X)|FIA = A7),
IO s gl BB 00402 4 IHCO:
mlngA) )\min(A) L= mln( )
_dlHX)I3 R
o (A ) (1+(1+5) - (A)) (A.25)
Thus, (A.15) holds if
Ol H (X)]I3 (1+0)* NT -1 7%
mm(A) (1+(1+5) 1 /@(A)) <O||H(X) AT H(X)||2,
or equivalently
S| H(X)|I3 o, (L40)* 4 T i1
Mo (A o ()T AL (1—1—(1 9)° + T K(A)) < nk(H(X) AT H(X))
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Next, we simplify (A.26). Notice that the left-hand side of (A.26) has

so, if

(1+6)2
1—r

Sk(A)w(H(X)TH(X)) (1 +(1+6)2+ K(A)) < Sk(H(X)TAT H(X)),

(A.27)

(A.15) holds. By plugging in (A.14), we have (A.27) holds, which finishes the proof.
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APPENDIX B
APPENDIX OF CHAPTER 2

B.1 Auxiliary tools

In this section, we review some mathematical tools which are used in the proof of Theorem

2.5.1 in Appendix B.2.

B.1.1 Reproducing kernel Hilbert spaces

There are several equivalent ways to define the reproducing kernel Hilbert spaces. See, for
example, [45, 88, 46, 62]. Here we adopt the one using the Fourier transform. See [106]
and Theorem 10.12 of [46]. Let Lo(R?) be the space of complex-valued square integrable

functions on R?, and C'(R?) be the space of continuous real-valued functions on R.

Definition B.1.1. Let ® be a positive definite kernel function which is continuous and inte-

grable in RY. Define the reproducing kernel Hilbert space No(R?) as
Na(RY) = {f € LR NCR?) : f/VP € LyRY},

with the inner product

(Fa)aimn = @0 | %dw.

A reproducing kernel Hilbert space can also be defined on a subset 2 C R, denoted by
N4 (€2). The only thing that matters in this work is that the norm || f{| a7, () is the minimum

value among the norms of all possible extensions of f to the whole space, i.e.,

1 fllne ) = mf{[| follmme : fo € No(RY), frlo = f}, (B.1)
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where fr|q denotes the restriction of fz to €. See Theorem 10.48 of [46] for details.

B.1.2 A Maximum inequality for Gaussian processes

It is worth noting that Zs x is a linear map between two functions, and therefore Zo x Z ()
is also a Gaussian process. Therefore, the problem in (2.7) is to bound the maximum value
of a Gaussian process.

The theory of bounding the maximum value of a Gaussian process is well-established in
the literature. The main step of finding an upper bound is to calculate the covering number
of the index space. Here we review the main results. Detailed discussions can be found in
[47, 48].

Let Z; be a Gaussian process indexed by ¢ € T'. Here T' can be an arbitrary set. The

Gaussian process Z; induces a metric on 7', defined by
d(ty,t2) = VE(Zy, — Z1,)%. (B.2)

The e-covering number of the metric space (7, d), denoted as N (e, T, d), is the minimum
integer NV so that there exist NV distinct balls in (7', d) with radius ¢, and the union of these
balls covers T'. Let D be the diameter of 7". The supremum of a Gaussian process is closely

tied to a quantity called the entropy integral, defined as

D/2

V1og N (e, T, d)de. (B.3)
0

Theorem B.1.1 gives a maximum inequality for Gaussian processes, which is an equivalent

statement of Corollary 2.2.8 of [47]. Also see Theorems 1.3.3 and 2.1.1 of [48].

Theorem B.1.1. Let Z,; be a centered separable Gaussian process on a d-compact T, d the

metric, and N the e-covering number. Then there exists a universal constant K such that

88



forall u > 0,

D/2
P(sup |Z;| > K/ Viog N (e, T, d)de + u) < 2¢~% /%%, (B.4)

teT

2 _ 2
where 0F = sup,cr EZ7.

B.2 Proof of Theorem 2.5.1

Without loss of generality, assume o = 1, because otherwise we can consider the upper
bound of sup,cq |Z(x) — Lo xZ(x)|/o instead. Let g(x) = Z(x) — Zo x Z(x). For any

x,x' €,

d(z, z')* =E(g(z) — g(2'))*
=E(Z(z) - ToxZ(z) — (Z(2) — ToxZ(x')))’
=VU(x —x) - 2r" () K 'ri(z) + r’ () K 'K ;K 'r(x)
+U(z' — ') - 2rT (2K 'ry(2) + rT (2 ) K 'K K ()

22U (x — ) — rT () K 'ri(x) — v (K 'r(z) + r’ () K 'K\ K 'r(z')],

where 7(-) = (U(- — x1),..., V(- —x,))T, 7(:) = (D(- — x1),...., (- — x,))T, K; =
(V(x; — k) jk and K = (P(x; — k) ji-

The rest of our proof consists of the following steps. In step 1, we bound the covering
number N (¢, €2, d). Next we bound the diameter D. In step 3, we invoke Theorem B.1.1 to
obtain a bound for the entropy integral. In the last step, we use (B.4) to obtain the desired

results.
Step 1: Bounding the covering number

Let h(-) = U(x — ) — ¥(x' — ) and hy(-) = rT () K tri(-) — 1 (2 )Kry(-). Tt
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can verified that

d*(z,2") = — [M(z') — Lo xh(a")] + [M(z) — Lo xh(z)]

+ [P (2") — Lo xhi (2")] — [hi(2) — Zo xha(2)].

By Condition 2.5.1, h € Ng(R?), since ¥(x — -) € Np(R?) for any = € Q. Thus, by
(2.8),

d2(113, .’13’) < 2P<I>,X(HhHNq>(Rd) + thH/\/lp(Rd))' (B.5)

By Definition B.1.1,

2 _ —d ‘B(W)P
e = ) [ (B.6
Under Condition 2.5.1, by (B.6),
- [h(w)[? - [h(w)[?
I = ) | e = 0m |00 = A

(B.7)

However, since h(:) = V(x — ) — ¥(x' — ), ||h”/2\/\1/(Rd) =V(x —x) —2U(x' —x) +

U(x' — x’). Thus, by Fourier transform and the mean value theorem,

1713y ey = V(@ — @) — 20 (2 — ) + V(2 — )

— 2(2m)~ /R (1 T )
< (20 [ otz - <), ®3)
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By Condition 2.5.1, there exists a constant C'; such that

(20 [ lwlbwi) < ¢,

which implies
1Al ey < Crllz — '] (B.9)

Now we consider /(). It follows from a similar argument that || |3, gy < AT[|h1 13y, (e
Since 7y (-) = v’ (@)K v () —rT (/) K tri(-),
r(z)).

For any u = (uq, ..., uy),

i, ey = (r(@)—r(@)) KKK (r(2') -

Z Ujﬂk\lf(il,‘j — d,‘k)

7,k=1

1 - — (xi—xp)Tw T
:W /Rd E g, e’ @) O (W) dw
k=1

1 / - ixTw
ot [ |2
(27'(') R4 =1

2
¥ (w)dw. (B.10)

Thus, by Condition 2.5.1,

Z wupV(x; — )

jk=1

=A3 Z ujup®(x; — ).

jk=1
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We plug in u = K~ (r(x') — r(x)) to get
1l ey < Ai(r(a) — r(2)) K (r(2) — r(z)). (B.11)

Let hy(r) = &(- — a') — ®(- — ), thus, Zp xhs(-) = rI () K ' (r(z') — r(x)). By

(2.8) and note that [|h2[|3, gy = @(z — ) — 20(z' — z) + (2’ — 2),

(r(a') —r(x)) K} (r(z)) — r(z))

<|ho(x') — Lo xxho(x')| + [ho(x) — Zo xha(x)] + [ha(2')] + [h2(z)]

<2Ppx\/®(x — x) — 20(x! — ) + O(a' — ') + 2(P(x — ) — 20 (2’ — ) + P(x' — )

<2(Ppx +V®(x —x) — 20(x' —x) + (' — )/ P(x — ) — 20(2' — ) + P(x/ — ')

<2(Ppx +2)\/®(x — x) — 20(x' — x) + ®(2' — x') (B.12)

Thus, if P x < 1, by a similar argument in (B.8), and together with (B.11) and (B.12), we

have
1113, ray < CaAflle — a'[|'/2, (B.13)

where (5 is a constant.

In view of (B.5), (B.9) and (B.13), there exists a constant C'5 such that
P (x,x') < C5(A; + A?) Py x|z — /|4, (B.14)

provided that ||z — 2’| < 1.

Therefore, the covering number can be bounded as

8

€
log N(e,Q,d) <log N Q- B.1
og (67 7d) > log (Cg(Al + A%)QP‘;X? ’ || ”) ( 5)
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The right side of (B.15) involves the covering number of a Euclidean ball, which is well

understood in the literature. See Lemma 2.5 of [92]. This result leads to the bound

(B.16)

€

C-(A; + A2)1/4pl/2
log N(¢,Q,d) < Cylog <1 + 5(A1 1) <I>,X)7

provided that
e < Cs3(A; + A}) Po x, (B.17)

where C'; and C’5 are two constants.
Step 2: Bounding the diameter D

Recall that the diameter is defined by D = sup,, ,/cq d(x,2’). For any =, z’ € €,

d*(z,x') =E(g(x) — g(x'))* < 4supE(g(x))?

e
=4supE(Z(z) — To x Z(x))?
e
=4sup(¥(x — ) — 2r] (x)K 'r(x) + r"(x) K 'K, K 'r(z)), (B.18)
e

where r, 71, K and K are defined in the beginning of Appendix B.2.
Combining identity (B.10) with
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for any w = (uy, ..., u, ), under Condition 2.5.1, we have

W' Kiu—2u’r (z) + ¥(z — x)

1 / - o o2
= uje™ Y — e ¢ U(w)dw
A2 n . r |-
é— u'elm]w _elil: w @ w dw
=8 > (@)
=A?2(u"Ku — 2u’r(z) + &(x — x)). (B.19)

We can combine (B.19) with (B.18) by substituting u in (B.19) by K~'r(x) and arrive at

d*(x, ') <4ATsup(®(x — ) — r(x)K 'r(x)).

xe

Note that the upper bound of ®(x —x) —r(x)K~'r(x) is P x, which implies d(x, z')* <

4A3Pg x. Thus we conclude that

D < 2A,Pyx. (B.20)

Step 3: Bounding the entropy integral

Under Condition 2.5.1, if Py x < min{1, {/Cs(1 + A;)/A;, 3/CE1 + A))?/A,,
A /(23/C3 (14 Ap)?)} := C, (B.17) is satisfied for all € € [0, D/2]. Thus, by (B.16) and
(B.20),

D/2

€

A1Pgp x C-(A;, + A2 1/4P1/4
\/logN(e,Q,d)deg/ \/C4log (1+ s+ 4D ‘I”X)de
0

0

< Con/T+ A1 A1 Pox/log(C5 (1 + A1)12 ) (AYPY/A) + 1)

S 07\/ 1+ A1A1P¢,X\ / log(l/ng), (B21)

where Cs and C'; are constants and the second inequality follows from the Cauchy-Schwartz
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inequality.

Step 4: Bounding P(sup,.q, |Z(z) — To xZ(x)| > K [}”"* \/log N(e, T, d)de + u)
Noting that sup,.q E(Z(z) — Zo xZ(x))* = D?, by plugging (B.20) into (B.4), we

obtain the desired inequality, which completes the proof.
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APPENDIX C
APPENDIX OF CHAPTER 3

C.1 Upper and Lower Bounds of the modified likelihood function

Theorem C.1.1. Suppose mq and f as in Theorem 3.3.1. Let €, be defined in Theorem

3.3.1. Then for some constant Cy, when n > Cy, the following statements are true.

1. If f € H™ (), then with probability at least 1 — C exp(Cyn™),

< gptgnlogn + 5log Cshi(n)  forallm € [mg + €n, Minax],
((m; X,Y, 1) § < smranlogn + 5 log(Cylogn)  forallm € [Muypin, Mo — €5,
> gptgnlogn — §log(Cslogn)  form = my.

2. If f ¢ H™ (), then with probability at least 1 — C exp(Can™),

< stonlogn +nlog(Cylogn)  forall m € [mo + €, Mimax],
m; X, Y, 1) § < smgnlogn + §log(Cylogn)  for all m € [Mmuyin, mo — €5,
> gmonlogn — glog Cshe(n)  for m = my.

In the above statements, C;’s and n);’s are constants depending on f, Q and C. hy(n)

and hs(n) are defined in (3.18) and (3.20), respectively.

Before the proof of Theorem C.1.1, we introduce some lemmas used in this section.
Lemma C.1.1 states the lower bound of £ || me/Q\/wm(Q) whenm € [mo+e€,, Mmayx|. Lemma
C.1.2 states the lower bound of ’%”Hme/zwm(Q) when m € [Muyin, Mo — €,). Lemma C.1.3
states the upper bound of ¢ | Fme ”fz\fwmo (- The proofs of Lemmas C.1.1, C.1.2,and C.1.3

can be found in Appendices C.2, C.3, and C.4, respectively.
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Lemma C.1.1. Suppose m € [mg + €,, Muyax). Let pi, = Cnﬁﬂrd, where C' is any fixed
constant. Lett,, = Con=2m0/Cm+d) /p, (n) if f € H™, andt,, = Con=2m0/m+d) /(1og n)?
if f € H™ for any constant Cy < ¢, where hi(n) is defined in (3.18). Let C denote the
class { f : Ym € [mo+ €n, Mumax), M7m||fm||/2\/\lfm(g) < tm}. Under class C, with probability

at least 1 — Cy exp(—Con™),

Csn7 [hy(n)  if f € H™,

Hm 52
Mm@ = —2mg
Canzmta [(logn)® if f ¢ H™,

where C; for1 = 1,2, 3, ¢, and 1, are constants depending on [ and ().

Lemma C.1.2. Suppose m € [myin, Mo — €,]. Let ji,, = Cnzra, where C is any fixed
constant. Let t,, = Con~2™/@md) /logn for any constant Cy < ¢. Let C = {fm :
Vm € [Muin, Mo — €n), HTmemH?\/\I; @ < tm}. Under class C, with probability at least

1 — Cy exp(—Cayn™),
Ky 2 —2m/(2m
THfm”.%V’\pm(Q) > an 2m/(2 +d)/10gn,

where C; fori1 = 1,2, 3, ¢, and 1, are constants depending on f and ().

Lemma C.1.3. Let ji,,, = Cnﬁgﬂ, where C'is any fixed constant. Lett = Cyn~2m0/@motd) Jog
if f € H™, and t = Con=2mo/CGmotdlp, () if f ¢ H™ for any constant Cy < c, where

ho(n) is defined in (3.20). Let C = {fyn, : “%Hfmoﬂjzwmo @) = t}. Under class C, with
probability at least 1 — Oy exp(—Cynd/ (4Zmotd))

Canmos iff € H™,

Hmg 2
" Mol o < Cynatihy(n) if f ¢ H™
3’[’1, mo 2 n l I

where C; for 1 = 1,2, 3, and c are constants depending on f and ().

Now we are ready to present the proof of Theorem C.1.1.
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Proof of Theorem C.1.1:

Note that
Hm 1 1 Mm T 1
Y K., NHY = Y K, Y C.1
(Ko +pl)™ ngnn E (C.1)

which can be verified by taking minimization of the objective function inside the right-hand

side of (C.1). Let u = Kn‘ff/. By plugging 4 into the right-hand side of (C.1), we have

n

1 m < " . 1 m A ~
min — E (yi — 9:)° + 'LL—YTK;fY =min —(Y — K, )" (Y — K,,4) + 'u—uTKmu.
Yy n i1 n u N

Let Y = (41, ..., 5n)" be the solution to the right-hand side of (C.1). It can be verified that

Him BT (Ko )™ Ko (Ko + i 1) 'Y
. N MmAT N 1 ~ 2

=min —(Y — K, 0)" (Y — Kpa) + =" Kt — — D — i) C.2
mlnn( @) ( )+ —u Ky nE (% — i) (C2)

i=1

Therefore, by the representer theorem and (3.1), the right-hand side of (C.2) is the same as

min (1 S (i — fla)? + ’%nufuiv%(m) S Fal)?(€3)

feNw,, (@) \ = i—1

where f,,, is defined in (3.2) and || - || Ny, (@) denotes the norm of reproducing kernel Hilbert

space with kernel function W, (-, -). By Corollary 10.48 in [46], || - ||xs, (o) is equivalent

tO || . ||Hm(Q).

Combining

min (320~ el + 21 B )~ 2 308 = o)

feN‘I/m (Q) i=1

_ £o2
=Ll

with (C.1), (C.2) and (C.3), it suffices to obtain the bounds of || fm||/2\/@ @
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Next we consider the three cases described in Theorem C.1.1.
Case 1: m € [mg + €,, Mpyax]

Let t,, = Con=2m0/Cm+d) /p (n)if f € H™, and t,, = Cyn~2m0/Cm+d) /(log n)? if
[ ¢ H™, where C) is some constant determined later, and h,(n) is defined in (3.18).

In order to show the bounds stated in Theorem C.1.1, it is enough to show that the

probability

/j/ ~
P( L1l 00 <t

can be bounded by some small number.
By Lemma C.1.1 and taking C, = min{C}, c}/2, where c is as in Lemma C.1.1, we

have

M ~
P(LlilB 0 < tn) <0 ()

where py = Cyexp(—Csn™).
Case 2: m € [Mypin, Mo — €,
Let t,, = Con—2m/(2m+d) /logn for some constant Cjy which will be determined later.

Similar to Case 1, it suffices to show the probability

Hm ) 2
P( 21l < )

is bounded by some small number.

By Lemma C.1.2 and taking Cy = min{C5, c¢}/2, we have

//L A~
P (EHme%Wm(Q) < tm) <1, (C.5)

where p; = Cg exp(—C7n').
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Case 3: m = my
Lett = Con~2mo/Cmotd) Jogn if f € H™0, and t = Con=2mo/CGmotd) p,y (n)if f ¢ H™o,

where () is a constant determined later. In this case, it suffices to show the probability

Hmo | 7 2
Pmo >
P (2 ool > )

is bounded by some small number.

By Lemma C.1.3, if we choose Cy > 25,

Hm r
P (T°||fmo [ t) < ps, (C.6)

where p; = Cg exp(—Cyn'®).
By combining (C.4), (C.5) and (C.6), we finish the proof.

C.2 Proof of Lemma C.1.1

We first present the lemmas and the theorem used in the proof of Lemma C.1.1. Lemma
C.2.1 is from [107], which states the discrepancy of the empirical norm and the L, norm.
Lemma C.2.2 states that the absolute value of the empirical inner product | (e, f — fu)n| is
small when m € [mg + €,, Muyax|, Where fm is defined in (3.2). The proof of Lemma C.2.2
can be found in Appendix C.5.

In the rest of Appendix we use H (-, F,| - ||) and Hg(-, F,| - ||) to denote the en-

tropy number and the bracket entropy number of class F with the (empirical) norm || -

)

respectively.

Lemma C.2.1 (Theorem 2.1 in [107]). Let R := sup . || f

2, K = supcz || f|loor where

F is a class. Then for all t > 0, with probability at least 1 — exp(—t),

2RI (K, F)+ RKNVE  4J% (K, F) + K

sup ]Hfui _1IfI2
feF
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where C' is a constant, and

2

1
J2 (2, F)=C3 infE{z/ \/H(uz/Z,F, |- lnco)du + v/ndz| |
6>0 5

with Cy another constant.

Lemma C.2.2. Suppose m € [mg+ €., Mumax|- Let fy, = Cnﬁ, where C'is an any fixed
constant. Lett,, = Con=2m0/CGm+d) /b (n) if f € H™, andt,, = Con~?m0/@m+d) /(Jog n)?
if f ¢ H™, where Cy is some constant, and h,(n) is defined in (3.18). Let C denote the
class { fn - Ym € [mo+ €n, Mumax), HTm”me/Q\/q,m(Q) <t }. Under class C, with probability

at least 1 — C exp(—Cayn™),

2(e, f = fuul <07 P,

<€7f -

where Cy, Cy, 1o, and 1, are constants depending on f and (). In particular,

Now we are ready to prove Lemma C.1.1.
Proof of Lemma C.1.1:
Let Ay = p,n/n, and Ay = C g, where (] is a constant which will be determined later.

Let

fi= Aargmin Ilf— f”i + Al”f”?\fq/m(ﬂ)’
feNy,, (Q)

and

* . N CQM
fm=argmin |[f = fll3+——

feNy,, (RY) n ”fH/ZV\IJm(le)7 (€7
Yim
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where (5 is a constant. From (3.2), it can be seen that

1f = Al + Ml AR, @ < I = fulln + Ml i, @

<2e, fm = fo) +1F = Frlla + el e, @ + Ml e, ) (C.3)

which indicates
Ml fnllRe, @) = I1F = Al + MA@ = (I = Fall2 + el fallRe, @) — 2(e; fm

(C.9)

by rearrangement of (C.8). Therefore, it is enough to show that under class C, with proba-

bility at least 1 — C} exp(—Con™),

A~

* ,Um * *
Ml = (1 = £l Sl ) = 206 fon = £2)

Chpm
If = A2+ —E
n

Cinm¥ [hy(n)  if f € H™,
T | oo ogn)? it £ ¢ H™,
where C;’s, and n; are constants.

Let mg + €, = my < mg < ... < My, = Mpax be a partition of [mgy + €, Mumax|, and
Gi={g:9=1[— fm,Vm € [mi,mis1], fm € C}. Let G = |JG:. We will use Lemma
C.2.1. First, we calculate the quantity J2 (K, G!), in which we need to calculate the bracket
entropy of class G;. Consider the class F; = {g : g = fm,Vm € [mi,miﬂ],fm € C},
which has the same bracket entropy as class G;. Note that 7; C H™. Lett; = t,,, and
i = fim,. Define p,, = (nty, /)Y and p; = (nt;/u;)/?. Therefore, Hfm”JQ\/wm(Q) <P
for all m. Let F/ = {g : g = fum/pm;¥m € [ms,mip1],g € F/land G = {g : g =
(fn = f0)/Pm> Y € [mi, miia], fm € C}.
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Since F! C H™:, the bracket entropy satisfies

) 1 d/m;
Habu V@), FL - 1) < Ca 5 )

Therefore, since G and F have the same bracket entropy number, by the relation between

the entropy number and the bracket entropy number, we have

1 2
12(05.6) = CHint B[ i [ \HOK 2P o)+ v
> 5

g1 \Yem) 72
<czlk [ (= d
e Ge)

1 d/m;

By the interpolation inequality and the boundedness of || fi. |2,

. Woq_d o d N d d
[ fmlloo < Crllfnlly > N fmllfr, < Csllfnll 7 () < Cspi
Ko ()

d—2m

Since p,, — o0 as n — o0, and p,;;™ decreases when m increases, we have

d—2m

ol <Gy <o

me [mi,m¢+1]

d—2m;

for g € G. Therefore, we have K < Cyp, i By Lemma C.2.1, we have

sup |[lgl12 — lgl13| < pfvrsup |llgllZ — Nlgll3
9€G; 9€G!
, [2RJ(K,G)+ RK\t 4J2(K,G) + K2t
<Chiopia +
vn n

with probability at least 1 — exp(—t).

By Lemma C.2.2 and its proof, there exist constants 7;’s and C}’s such that with prob-
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ab111ty at least 1 — 011 eXp(—C’mn’“) — 013 exp(—014n’7°),

n

R 1 R e
Mallf = Faly < S (@) = Ful@))? + 221l 00

=1
1 n n R m .
< DU @) = Fal@)) + = 3 elfnles) = @) + E2 7R

=1 i=1

2~ ,;

<ullf = Fall3+ = D eilfmles) = £ @) + Sl 00
i=1

2myin

<015n_ 2md 3

where f is defined in (C.7). Therefore, we have

_ Mmin _ __ ™Mmin
R=suplg|a < sup Cign 2t /p, = Cign *mit1+e/p,.
geg; me[mi,mHl}
d—2m, (d—Qmi ) 2
- 2m;

2m;—d
Since Joo(K,G!) < CeK 2 and K < Cop; ™™, we have Jo.(K,G!) < Cirp;
By taking m; 1 —m; < Cigloghy(n)/lognif f € H™ and m; 1 —m; < Cigloglogn/logn

if f ¢ H™°, it can be verified that there exist constant 7, and 73 such that

s RJ(K,G))
Pi+1T

< tm_"f‘.

J2(K,G!
< tn~™, and P?+1¥

d/m;
By taking t = (%) < n'™, where 7 is another constant, we have with probability at

least 1 — exp(—n"),

<tin~ min(n2,73)

sup |llglls — llgll2

9€G;

Similar results can be applied to f — f and f — f;, where f; is defined as in (C.12). Let
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p1,; and p, ; be the corresponding probability. Let

p
po=1- Z (Cn exp(—Cian™) — Cizexp(—Can™) —exp(—n™) — (1 — p1;) — (1 —Pzi))
i=1
< 1— 017 exp(—C’lsn"5), (ClO)

where 75 is a constant.

Using the extension theorem, with probability at least py,

1f = Al + MA@ — (L = £l + el fallie, @)
>\ = A3+ MA@ — UF = Fal3 + Xl fallie, @) —tn ™™

2\ = 12+ Gl i, ey = (I = Follz + Carall frlls,, wey) — tin™™, (C.11)

where \; = (1 \y, and f; is defined as

fi = argmin ||f f||2 + 03/\1||f||N\I, (R9)* (C.12)
N, (RY)

By Fourier transform, we have

1F = fall2 + Carell fa Iy, oy = / F(f)(w) = F(fr)(@)[Pdw + Cido / F () @) (1 + |w]*) " dw

/’f F(f2) (@) 4+ Cada| F(£) (@) (1 + |w|*) ™ dw
04/\2(1 + |wl]? ) )

and

03)\1(1 + ‘W‘2>m
L+ CsA (14 |w[?)m

I = F118+ oMl B e = [ F(H@)de. (€14
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By choosing C; = 2C4/C}3, and combining (C.11), (C.13) and (C.14), we have

1f = f715 + CsMll fi e, @) — (I = foll3 + Cidell fr Il )

. 03)\1(]. + |Cd|2)m 2 04/\2(1 -+ |(,d|2)m 2
_/ 14+ CsA (1 + |w]?)m FDw)Pdw = / 1+ Cyro(1 + |w|?)m F(f)(w) e

- CLCsho(1 + [w]?)™ Cida(1 + |w]?)™
_/ (1 + C105A (1 + [wP)™ 14 Cida(1 + |w]?)
/ ( Cllo(l+ W)™ Cida(1+|w)™
T Jema@ruymar \1+Ci0sha(1+ |w[2)™ 14 Cado(1 + |w]?)
=3 (14w () () P
Cyra(14|w|?)m<1

A
> 2/ (1 + [w]*)™[F(f) (w)[*dw.
6 04)\2(1+|w|2)m<1

m) F () ()P

m) F(F) )P

By similar approach as in the proof of Lemma C.5.4, which is presented in the supplemen-

tary materials, the results hold.

C.3 Proof of Lemma C.1.2

We need the following lemma, which states that the absolute value of the empirical inner
product |(e, f — fm>n\ is small when m € [Mmuyin, mo — €,], Where fm is defined in (3.2).

The proof can be found in Appendix C.6.

Lemma C.3.1. Suppose m € [mumm, mo — €,). Let t,, = Con=2™/?m+d) [logn and
fn = Cnzasa for any fixed constants C' and Cy. Let C = {fp, : Ym € [mumin, mo —
€n), MTmem”JQ\@m(Q) < tm}. Under class C, with probability at least 1 — Cy exp(—Cyn™),
e, f — fin)n| < 012, where Cy, Cy,mo, and 1 are positive constants depending on

f and Q. In particular, |{e, f — fo)nl = 0p(tm).

Proof of Lemma C.1.2:

Since m € [Muin, Mo—€,], we have f € H™. Under class C, since t,,, = Con~ 2™/ 2"+ /1og n,

we have Hme?vq, @ < C1/logn forany m € [muyin, mo — €,] and C} is a constant.

The rest of the proof is similar as the proof of Lemma C.1.1, where the differences are:
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(i) Calculating J2 (K, G!) in Lemma C.2.1; and (ii) Applying Lemma C.3.1. We will not

present the procedure for the conciseness of this article.

C.4 Proof of Lemma C.1.3

We first present the following lemma, whose proof is provided in Appendix ?.

Lemma C.4.1. Define f, as

* . A C’I,U/m r
frp = avgmin |f = fIB+ L2 fIR, o)
TN, @)
Iffed™,
Cf —2mg ff H
. Cli fim . o Tmo-+d if f € H™,
1f = fomoll2 + " oo, ) <

Con?a i hy(n) if f ¢ H™,
where hy(n) is defined in (3.20).

Now we are able to prove Lemma C.1.3.

Proof of Lemma C.1.3:

(C.15)

LetG = {g g = (f - fmo)/Hfm()HqumO(Q)}’ and F = {g ‘g = fmo/”fmonN\I/mO(Q)}'

Since F C H™°, the bracket entropy of F can be bounded by

1

d/mo
Hi(0,/V/(©), F | 1) < Co (5—) |

Applying Lemma C.5.1, we have

1 7»1_ €;g\x;
P(sup ‘" zd:l_l 9l d>‘ > Tn1/2> < Cyexp(—CsT?),

9€g Han 2mg HmeHf\Z:;O(Q)
where T? = @07 . Similar result holds for Jomo:
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Since fmo is the minimizer of (3.2), we have

1 mo

w2 - Fro(@))? + 22 o3y, 0
S () = £ @)+ 2 e — Frw) + g
“n i—1 z mor L o mot n Mo N, ()
=2l = )

1 - mo * — 2m 2m
S @) = Fr @)+ B 1 B+ 200 S = F A

=1

d
+2Tn~ 1/2Hf meHn 2monmOHQWO

Similar to the proof of Theorem C.2.2, we have
S0 2| f = foolln ™ [ foe I ] o+ 2T f = ol 5 £ I i y <tn™,

where 7; > 0 is a constant.

Notice that

B 00~ Faa o = 1 = S VD) < AT = Bl = £ B/ (V)

* * _2mg
H-f - meHOO < HfHoo + HmeHOO < ”fHOO + C4n2m0+dt’

where the second inequality is because of the interpolation inequality. By Bernstein’s in-
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equality, we have

1 n
P(5 Y @) = o) = 1 =SBV > 1f =, 18)
=1
oo - lf = Faall/2 )
SO\ AT o TRlT — Jan B/ V) 4317 — T el — Fou B
<exp ( — anTtmo) = exp(—C’gnﬁgﬂ“d).
tn2motd

Therefore, by combining the probability in (C.16), with probability at least 1—C exp(—011n4<2mdo+d> ),

we have

n

S|

* lum * —m
(f () = fo (@)’ + =2 g [, (0 + 07" (CAD)
=1

I o
%HmeHJZ\/\I,mO(Q) <

* Mo, i
SCua(If = foll3 + nOHmeHJQ\/’\me(Q))'

Combining (C.17) with Lemma C.4.1, we finish the proof.

C.5 Proof of Lemma C.2.2

Before the proof, we present the lemmas used in the proof of Lemma C.2.2. Lemma C.5.1 is
Lemma 8.4 in [92], which states the property of the absolute value of inner product |{e, g)|.
Lemma C.5.2 states the uniform bound of the ratio between the empirical norm and the Lo
norm. Lemma C.5.3 states the L, norm of fm (defined in (3.2)) is bounded. Lemma C.5.4
is needed for the L, condition of Lemma C.5.2. The proofs of Lemmas C.5.2, C.5.3 and
C.5.4 can be found in Appendix C.10, C.8, and C.11, respectively.

Lemma C.5.1. Suppose that for class G there exists a constant A and o € (0, 2) such that
H((Sa g» H ’ HOO) < Aéia?

for all 6 > 0, and sup,cg ||gllcc < R for some constant R. Furthermore, suppose e;’s
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satisfy Assumption 3.3.1. Then for some constant ¢ depending on A, o, R, K and oy, for

all'T > ¢,

900, 1Y < ot

Lemma C.5.2. Assume for class G, sup,cg ||9llcc < K < 1, Hp(6,/V(Q),G, || - loc) <

%’ and nd2 — oo, where V (§2) denotes the volume of 2 and 0 < 6,, < 1. Then we
have
P( inf lgllz < 771> < O exp(—Cond?/K?)
llglle>26n,9€G ||g||% = n )
and

2
P( sup Il , 772) < Cyexp(=Cyndy [ K?),

2
lgll2>26,.9¢6 11912
for some constants n,,m2 > 0 and C;’s only depending on ().

Lemma C.5.3. Suppose m € [mg + €, Mmax)- Let fiy = Cnﬁﬂrd, g = Cnﬁ,
ty = Con=2mo/CGm+d) /p (n) if f € H™, and t,, = Con=2m0/Cm+d) /(logn)2 if f ¢ H™,
where C' and Cy are any fixed constants, and hy(n) is defined in (3.18). Let C denote the
class { frn : Ym € [mo + €, Mumay) #Tm“meJQ\/q,n (@ < tm}. Under class C, with probability

Imll3 < Cs, where Cy, Cy, and Cs are constants related to

at least 1 — Cy exp(—Cofim,),
f, Q, C and myyqy.

Lemma C.54. Fix y,, = Cn Zra with any constant C. Define f} as

Cl Hm

fon = argmin [[f — fLI2+

feNg,, (RY) n Hf;va% (R%)* (C.18)
Ym
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If the extended function f € H™ (R?), we have

CYl Hm,
n

—2m,
||f:1||3\/'\1,m(Rd) > Con2n+d /h1(n),

Lf = o3+

where hy(-) is defined in (3.18).
If the extended function f ¢ H™ (R?), we have

Cl Hm
n

1 = £l + =220, ey > Connid/(1og ).

Now we are ready to prove Lemma C.2.2.
Proof of Lemma C.2.2:

We use the following notations. Let mg + €, = m; < mg < ... < My = Mypax bE
a partition of [mo + €n, Mmax)s Gi = {9 : 9 = f — fm,¥Ym € [mi,mit1], fn € C} and
G =G Letclass F; = {g : g = fm,Vm € [mi,miﬂ},fm € C}. Therefore, the

bracket entropy of class G; is the same as class F;, and ; C H™. Lett; = t,, and

1/2 /2 Since f,, € C, we have

Wi = fim,. Define p,, = (nt,,/pum)'* and p; = (nt;/ ;)

||fm||/2\/q,(g) < Cp2, forall m. Letclass F! = {g : ¢ = fm/pm,Vm € [ms, mis1], fm €
Chand G, ={g: 9= (f = f)/pm,¥m € [mi, mis1], fm € C}.

The proof consists of four steps. In Step 1 we apply Lemma C.5.1, which will be pre-
sented later, to class G; to link the empirical inner product (e, g),, with the empirical norm
lgll» for g € G;. Step 2 is to apply Lemma C.5.2 to G/ (which is a scaled class of G;) to
obtain the relation between ||g||,, and ||g||2 for ¢ € G;. In Step 3, the Ly norm of ||g||» is

bounded. In Step 4, by combining results obtained from Steps 1, 2, and 3, we complete the

proof.

Step 1:
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It can be checked that normal random noise satisfy (3.22). By interpolation inequality,
~ ~ 1= A my
[ fmllzzme < Cullfmllz ™ Ll m

where (; is a constant.

Since F! C H™:, the bracket entropy numbr can be controlled by [94]

1 d/m;
Ha VO ) <G5 )
Therefore, by Lemma C.5.1, we have
15n . )
P( sup |n Zzll jlg(dwl)l > Tn_1/2) < 03 eXp(—C4T2), (Clg)
gl (pm) | glln > i

where H™(p,,) denotes the Sobolev space with radius p,,, and T is a constant given in
Lemma C.5.1.

By Lemma C.5.3, ||g||2 < Cs for all ¢ € G with some constant C. Therefore, we can
normalize g by ¢g/Cs, thus ||g|]> < 1.

Consider class G;. By interpolation inequality, it can be shown that p,, < p;;1, which

indicates

‘% D i eig(xiﬂ S E Doy 6¢9(%’)|‘

1_% % - 1_2;31- 251-
HQHH Pin Han "Pit1
Therefore, by (C.19), we have
Ly eig(
P(sugp ‘" le:ldg(d” > Tn_l/z) < Oy exp(—C4T2). (C.20)
9geYy; 2m; 2m;

||9||n Pit1

Step 2:

In order to apply Lemma C.5.2 to G/, we need to check the conditions of Lemma C.5.2
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hold for G!. The first condition is the Ly norm of ¢ is bounded away from zero for any g €
!, which we refer as L, condition, and the second condition is the entropy condition. By
(C.18) and extension, (ji,,/n) ||fm||if\11m(Rd) < (Cipin/n) Hfm”/z\fq/m(ﬂ) < Cityp, for some

constant C';, we have

05 L C5Mm

If = flls + 1l ey < I = Fll3 + 1ol et
<N f = fumll2 + Cstm
Therefore, by Lemma C.5.4,
¢ * G Hm
1f = Full3 = 11f = fll3 + =221 £l @ — Cotm
> (C7/Cy — Cﬁ)tm' (C.21)

It need to be noticed that t,,, takes different value for f € H™ (R?) and f ¢ H™ (R?). Note
the L, norm is taken in R%. We can choose Cs and Cjy accordingly such that C;/Cy — Cg >
0. By restriction, it can be shown that || f — me% > Cst,,, where the L, norm is taken in
with Cg > 0.

By (C.21), we have

lgI2> min Gy =Cy min Am Cg’“+1 (C.22)

me[m;,miy1] ,Om me[mi,mip1] T

for g € G, which indicates L, condition holds for G.
Next, we turn to the entropy condition. By the interpolation inequality and the bound-

edness oOf || f||2, we have

N N 1—-4 A _d i
I fmlloo < Coll fnlly > | finllFn < Chioll finl 010,0 2
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for some constant C'yy. Therefore, ||g||- can be bounded by

d—om d—2m;

l9llo < Cro max  pp™ < Ciop, ™ (C.23)

me [mi,mi+1]

d—2m
for g € G, since p,,, — o0 as n — oo, and p,7™ decreases when m increases.

Since G! C H™, the bracket entropy can be bounded by

1 d/m;
Hu(6,/V(Q), G0 [ - o) < 011(5—> |

The entropy condition Hp(6,,/V(2),G", ||||c) < % is satisfied if for any fixed

constant C'q ,
Chs (—) <néZ /K2 (C.24)

since n — 0o, where K = sup,¢/ lg]|oo- By (C.23),

d;%w nt; | 4-2mi
K < Cyp; ™™ :Clo(f) i

(2

By (C.22), we have 6% > Cgp;y1/n. Therefore, (C.24) is true if for any fixed constant C}3,

2m;+d d—2m;

. 2m; . 2m; %
n(“’“) (’“‘—) > COat, ™ (C.25)

n n

We only present the case f € H™°. The case f ¢ H™ is similar. By plugging x; and f1; 41
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in (C.25), we obtain

1_m7;+1 2m;+d 2m;—d m0_2mi7d d—2m;

n m; 2mi+1+d 2m; m; 2m; hl(n) 2m; > 013

_(miy1=my)@mi+d) | (2m;—d)(m;—mg) d—2m;
an” Cmaitdm, CGmitdmi g (n) 2m > Chs
o tman —m)@mitd) | @mi— d)m —mo))
(2mit1 + d)m; (2m; + d)m

d — 2m;
+ (—m) IOg h1<n) = log 013
Qmi

for any fixed constant Cy3. By the conditions of Theorem C.1.1, it is true that for some
large n, €, > Ciyloghi(n)/logn for constant Cy, related to d and Cy3. Therefore, by
picking m;1 — m; such that

(Mig1 — my)(2m; + d) < (2m; — d)(m; —my)
(2mi1 + d)m; = 2m;(2m; +d)

the condition of Lemma C.5.2 holds. By Lemma C.5.2, with probability at least 1 —

Cy5 exp(—Cign™), where 19 > 0 is a constant, ||g||? > n:||g||3 for some constant 7;,
and ||g]|2 < m2||g||3 for some constant 7, for any g € G/. Thus, Lemma C.5.2 also can be

applied to G;.
Step 3:

In this step, we give an upper bound of || f — f. 13 + (Cspum /1) | £ |, (e Where Cs

is a constant. Let C,, = (Cs i) /1.
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By Fourier transform, we have

Lf = fll2 + Call follR (e

T = PP+ C [ IF(EI@PA+ o)
/ F@) = FU@P + CalF (L) @)L+ |wf)"de

Cr(1 4 |w]?)™ ,
/Rd 1+C, (14—‘0}‘ ) |~’r(f)(w)| dw

- [ " ()P + | e " 2y ) 2,

1+ CL(1+ |w]?) o 14+ Cp(1+ |w]?)

where Q) = {w : C,,(1 + |w|?)™ < 1}, and the third equality is because of (C.18). There-

fore,

1 = £ll3 + Call Frllry, @y (C.26)

G ) ) Co(1 + w]2) )
= [ e @R - [ F () P

<[ G rrIE P+ [ IF() )

1

If f € H™(Q) (therefore the extended function is within H™ (R?)), we have

/ Col1+ W) F () (@) P + / F () (w) P €.27)
951

af

<C’?'?/ (1 + [w]?)™|F (f)(w)[Pduw + C?/ (1 + |wf?)™ | F(f) (w)Pdw
[oh) Qf

1
2m,

mqg
<Gy ||f||/2\/@mo @ = Cﬁn”’"*od-

where the third inequality is because of C,,(1+|w[*)™ < 1forw € ©; and C,, (1+|w|?)™ >

1 forw € QF.
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If f ¢ H™ (), by Lemma 3.3.1, there exists an increasing h (|w]|) such that

IF(H)w)”
ha(|w])

|f<f)(w)|2 w2 mo+T1 W = 00
/—Mw) (1 + W)™ ™ dw = oo,

(1+ |w*)™dw < oo,

and

lim log hq(n)

=0,
n—oo log n

for any 7; > 0. By the proof of Lemma 3.3.1, there exists a constant C” such that h (|w]) <

C'(1 + |w|?)mmin/10, By setting 2y = {w : C,,(1 + |w|?)™ < hi(Jw|)™™}, we have

1F = Fall3 + Call £l 3, @) (C.28)

_ Cr(1 4+ |w]?)™ )
_/Rd 1+ Cp(1 + |wl|?)m | F(f)(w) [ dw

<[ e riE P+ [ IF()@) P

2

e m) | (1+\W\2)m°—|q£)‘fj))l aw+ci [ C(1+\w\2)mo—'q£)‘i"r))| o

<Cgn™ 2o hi(n),

where the second inequality is because when w € €y,

Cn(1+ |w|2)m _ (Cn(1+ |w’2)m>m0/m
ha (Jo])m/mo ha (Jo|)m/mo

and |w| < n, and

2\m \ Mo/m
(Gl
ha (|w])m/mo

when w ¢ .
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Combining (C.26), (C.27) and (C.28), we have

2 e Con ™2 if f € H™,
1f = follz + (Copm /)| I, ety < - (C.29)
Cﬁnfmhl(n) lff ¢ Hmo,

Step 4:
Note that inequality (C.20) can be also applied to g; = f — [, where f; is defined in

(C.18). By (3.2) and y; = f(x;) + e;, we have

n

1 A 2 A -

=3 (fl@) = @)+ = D @) = fnl@)) + B2 ol 0
B i=1

1 < ™y e

) - zel @) = Fr(@)) + P, 0

n

By (C.20), with probability at least 1 — Cs exp(—C,T?),

1 A -
o 2o = Ful@))? + Sl (€30
1 n 2 “ N m *
<D (@) = @) + =" alfula) = £ @) + B2 R, 0
i=1 =1
1 - m *
< Do) = @) + EE 0

d d d
2mL

]__
+2Tn 3| f = folln Lpf+f 2T Y| f = fullm ™ o7

In order to show 2(e, f — f,,) is small, by (C.20), we need to show that n~/2||f —

d

fm Hn i pffr"f is small compared to ¢;. We split it into three cases.

Case 1: || f — /|12 < ||f — f5 2. In this case we have || f — f |12 < |If = fall2 < noll f —
2m, _ 2mq . ~
LB +mCull frl, ey < Con™ 2t < Coan” Peni®@if f € H™, and || f — fu]l2 <

_d d

2mg
2m;

Con TrasiFa hi(n) if f ¢ H™. By direct calculation we have n™ /2| f — foulln " piii =

t;n~"™, where n3 > 0 is a constant.
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Case2: ||f — full2 = |If — /5 |2. By (C.30), we have

,u ~
—Z — Fn@))? + ) il
n
1 . :u * - * = ’i gl
3 (@) + S5l 0 + 270 20T = fill " o

d d

A~ 1—
+2Tn*1/2!|f — fmlln iy

1 n d  _d_

* o * - P Mg &g
S5 (fxi) = fon(@:))* + ngva\pm(Q) AT 2| f = fnlln ™ ol
=1

Under this case we have two cases:

d d d

N ~ 1— ~ 1+
Case 2.1: ||f — fml2 < ATnY2|f = fulln " pi}i. Therefore, ||f — fmlln ™ <

PO 4
4Tn_1/2ﬂz+1 By direct calculation we can show that n=/2||f — f,.|» o P =tm™™,

where 7, > 0 is a constant.

d _d

A A 11— A
Case 2.2: ||f — foull2 = 4Tn 2| f — finlln > p7i . In this case we have || f — f,||2 <

d d
2m;

~ 1—
41 f = fal? + %HJ%H/Q\/\M(Q)- Therefore, similar to Case 1, n= V2| f — fiulln " pi =

t;n~", where n5 > 0 is a constant.

Combining these three cases, taking 7 = min{ns, 74,75}, and noting 7' = n’s, we
have with probability at least 1 — Cyg exp(—Cign”®) — Ci5 exp(—Chen™), 2{e, f — fin) <

n~"/2t,.. and complete the proof.

C.6 Proof of Lemma C.3.1

Before the proof, we present the following lemma, whose proof can be found in Appendix

C.12.
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Lemma C.6.1. Define f as

Cl Hm,

fr = argmin [|f = f[I3+ 1 1, ety (C.31)

feNy,, (RY)

where C| is a constant. For m € [Myin, Mo — €], we have

C _
| R, ey > ComTia,

1f = fll2 +

where Cy is a constant depending on f, Q). C' and C'.

Now we are ready to prove Lemma C.3.1.
Proof of Lemma C.3.1:

Let Muyin = My < ma < ... < m, = My — €, be a partition of [Myin, My — €],
G ={{9:9=17[- fm,Vm € [my, mis], fm € C},and G = (JG;. Consider class
Fi={g:9= fm,Vm € [mi, mit1), fm € C}. The bracket entropy number of class G; is
the same as it of class ;. Note that 7; C H™, and sup¢ 7, ||g||gz= < C3/logn for some
constant C5 and for any 1 < 7 < p.

Similar to the proof of Lemma C.2.2, we will use Lemma C.5.2. Before using Lemma
C.5.2, we need to verify the entropy condition of Lemma C.5.2, Hg(9,,/V (2), Fi, |||l co) <
holds.

1200\/(9 VK2

Since F; € H™i(C3/logn), the bracket entropy can be bounded by

d/m;
Hp(6,/V(Q), Fi, || - [lo) < (5 Iign)

for some constant Cy. By interpolation inequality,

Cs

~ A 14 A a_ ~
[fmlloe < Csllfmlly > 1 fmllzr, < Csllfunl oan

H’rn < 1
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Therefore, the entropy condition is satisfied if for any fixed constant C'7,

1 d/m;
< noi(l 2 32
Cr(5mm) < noillogn)’ )

141
where §,, = Cgn?™i+1+t? with Cy a constant determined later. By (C.32), we have that the

entropy condition is satisfied if for any fixed constant Cy,

_ (mip1—my)d i My — My d sz +d
Cy < m Crivitdmi (Jog n) mi < logCy < — (i1 ) logn + ——— loglog n.
(2mi+1 + d)mz m;

loglogn

ogn the condition of Lemma C.5.2 is satisfied.

—M41

Next we show there exists a constant Cy such that || f — fm||2 Csn? i+l for f—f, €
Gi.

By Lemma C.6.1 and extension, and that f, is the solution to (C.31), we have

If we ple miy1 — My é 010

Cl Mo, Cl /Lm

If = Fllz +

13, ey < I = funlll +
<1/Culf - fm||§

<1/Cn(f = fmll2 + Cthm)a

= fnllv,, ey
Clﬂm

1 foalR, )

which indicates there exists a constant C's such that

CQ,U

1f = Fulls = Culllf = Fill3 + == F 3, @) — Cratm

> Cignontd — Chgty > Cynonta, (C.33)

since t,,, = anfﬂfird/ log n.
Therefore, the condition of Lemma C.5.2 holds. By applying Lemma C.5.2, there exist
constants C'4, Cy5, 1o, 71, and 79, such that with probability at least 1 — C4 exp(C15n™),

mllgll2 < llglln < 2llgll2 for g € Gi.

By Lemma C.5.1, it can be shown that there exists a constant (4 such that for any
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T>016

1 . . 2m1
p( sup P Zg(x’” >Tn—1/2( G ) ) < Cyexp(—CyT?).

bt gl T logn

The rest of the proof is similar to the proof of the proof of Theorem C.2.2, where the
d

d

2m; n 1—-d
difference is that we need to show that n~%/2 (%) |f = fmlln *™ is small compared

with ¢,,1, which can be done by using similar approach shown in Step 4 of the proof of

Theorem C.2.2. We do not present the proof here.

C.7 Proof of Lemma 3.3.1

There are two cases in Lemma 3.3.1. First We prove the case g € H™(R%).

Since g € H™ (R?), we have
/ F () @) P + w]2)™dw < oo. (C34)

By hyperspherical coordinate transformation, we transform w into a radial coordinate r,
and d — 1 angular coordinates ¢1, ¢y, ..., ¢g. Let ¢ = (¢q, ¢o, ..., ¢4), and the Jacobian of

the transformation be J. We can change the left-hand side in (C.34) by

/ ) /[ LG+ 2 elden o (€35)
0.27]d—1

Let gi(r) = (1 + 7)™ [ om0 [F(9)(r, @)[*|det(J)|d¢. Therefore, (C.35) is equal to

fo g1(r)dr, which is finite. It is enough to find an increasing function h, () satisfies

/OO g1(r)hi(r)dr = oo (C.36)
0
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and

|
lim 28 _ (C.37)
r—-+400 logT
This is because
/ [ F(9) (@) Pha([JwlD (1 + [[w]*) ™ dew < o0 (C.38)

for any €; > 0 follows (C.37). To be more specify, suppose (C.38) is not true, which means

there exists an ¢; > 0 such that

| IF@@ R )1+ oy = (€39)
By (C.37), there exists a constant C such that for r > C, % < €1, which is the same
as hi(r) < ret. Therefore, by (C.39), we have

- / | F () (@) PR ([leo] ) (1 + [Jo] )0~ doo

o [ |1 F ()W) + [Jw]?)™ 2 dw < oo,
Rd

which leads to a contradiction.

We construct /4 (r) by the following way. Let a; = 27 for7 € N, and z; = 1. Let
hi(r) = 1for 0 < r < 1. Since [ g1 (r)r*dr = oo for any o > 0, there exists z5 > x7"
such that fff gi(r)revdr > 1. Let h(r) = z{° “r* for r € (x1,x3]. Suppose we have
defined h(r) for r € (x;_1,x;]. There exists an x;,; > z;* such that f;j“ g1(r)reidr > 1.

Take hy(r) = hy(x;)x; “r* for r € (z;, z,41]. It can be seen that

%
Qaj_1—0
= |:HQ}‘]J ! J]Ta
=1
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and hq(r) is an increasing function satisfying (C.36). Next we show A, (r) satisfies (C.37).

For any € > 0, there exists an integer /N such that for x > z,

log hi(r) ( SV M — o) log z;) + (an—1 — ay)log zy + aylogr
logr logr
(Zi]\;l(ai—l — ;) log z;) n (an_1 —ay)logxy + aylogr
log r log r

<

<

+any_1 < €,
TN

since zny_1 — oo and a1 — 0.
The proof of case ¢ ¢ H™ (R?) is similar. The difference is that since we have
Jo~ 91(r)r=®dr < oo, we can pick a; = 27" and pick ; sequentially satisfying [~ gy (r)r~®dr <

27", Taking ha(r) = ho(x;)x; “iri for r € (x;, z;, 1], we finish the proof.

C.8 Proof of Lemma C.5.3

It suffices to show that the probability of || f,||2 > Cs can be bounded by some small
number, where C'5 is some constant which will be specified later. Choose function f =0e

Ny, (). Combing (3.2) with (3.1), we have

n

1< A 2 A -
- Y (fls) = fnlwi))® + - Y el f(@) = fula) + %||fml|i/@mm) (C.40)
=1 i=1

n n

S DY (A=) SN EA R DY (A ]

i=1 =1

where the last inequality is because of Cauchy-Schwartz inequality. Using Cauchy-Schwartz

inequality again, we have

2n 4 ,
=1 =1

% > cilf (@) = fulw) > L D (flai) = fnlw:)* = % Y e (C.41)
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since ", e? > 0 with probability one. From (C.40) and (C.41), it can be seen that

i=1 "1

n n

1 A 2 o m p

IS )~ Fuled)? + 23 7w — Fule) + 2l o
i=1 =1

1< -

el (C.42)

S|oo

>3- D (@) = @)’ + 52 ol o0 —

i=1 i=1
By (C.40) and (C.42), we have

n

1
2n

(F) = Fnle)? 4 P2 By o < 2 DG+ 2 S fw) (€43)

i=1 i=1 =1

By Cauchy-Schwartz inequality, it can be shown that

)~ e 2 23 (R - 37w?). can

By Hoeffding’s inequality, we have

1 n
P X f =11 > 1712)
=1
2ol 14
<6XP(— 4n|]f||§o) —e"p(‘ 2||f||i£o>’

By Bernstein inequality,

1 n
P(- ?—o07 = 2\/E(e? —02)?) < —n).
(et ot 22 /Eiet i) < e

Noting that e;’s are i.i.d. normal distributed, we have with probability at least 1 —exp(—n),

LS €2 < Cy, where Cy = 24/E(e? — 0%)2 + o} is a constant.
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Therefore, with probability at least 1 — exp < — ;””chlg) — exp(—n), we have
1 = - )
=D fml3)? < G, (C.45)
i=1

where C5 = 4(18C, + 14| f||3)/3.

Recall that C = {fm :Vm € [mg + €n, Mimax), "7m||fm||/2v¢(ﬂ) <ty }. Since fim € C,
Hfm||/\/q,m(9) < pm» Where p,,, = (nt,/pn)'/2. Since ||| ay, (@) and ||-|| = are equivalent,
by interpolation theorem, || fn|lco < Co |l fomll Ny, (@)» Where Cg is a constant.

Let G ={g: 9= fu,llfml2 = Cs, fn € C,m € [mo + €0, Munax]}. Let mg + €, =
my < mg < ... <My = Mpyax be a partition, andlet G; = {g: g = fm, Hme% > C’g,fm €
C,Ym € [m;,m;1]}. Obviously f;ll G; = G. We will use Lemma C.5.2 to link the
empirical norm shown in (C.45) and the L, norm. In order to use Lemma C.5.2, we need
to check the entropy condition of Lemma C.5.2, Hg(6,/V(2), Fi, || * |loo) < %,
holds.

Consider class F; = {g : ¢ = fum/((Cs + 1)pm), fm € Gi}. Thus, ||g|lc < 1 for all

g € F;. Since F; C H™:, the bracket entropy Hp(9,,/V (), Fi, || - || ) satisfies

1 d/m;
Halo V.7 ) <G5 )

The entropy condition of Lemma C.5.2 is satisfied if for any fixed constant Cs,

1 d/m;
@(?> < néd?. (C.46)

Direct calculation shows that if m; 1 — m; = 1/(Cqlogn), where Cy is a constant which
is related to mg and My, (C.46) is satisfied, and thus the entropy condition of Lemma

C.5.2 1s satisfied. Therefore, by Lemma C.5.2, there exists a constant 7, which only relates
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to V'(£2), such that

gl )
Pl inf < < Choexp(—Chifim, ),
(ge]—'i Jll2 n ) < Croexp(=Chifim,)

which indicates

2

gl )
P inf o< < Croexp(—Cisttmg ), (C47)
(B <) = Cnesp(-Cram

by taking the summation of the probabilities.

Combine (C.47) with (C.45), and choose C3 = C5/n + 1,

2 4
P(g €g,inf ol -, n,9 € C) < exp ( n”f“2> + exp(—n).

"9 Jlgll3 ~ 201 7115%

By (C.47), it can be shown that

2
P(g € g, inf ||g|]g <mn,g € C) < Cra exp(—Ch3fbm, )-
9€6 |93

Therefore, we have

2 2
Plge G,ge() :P(geg,inf HQHZ 277,96(3) +P(gE(],inf HgHg <n,gEC)
9€9 [lg]13 9<9 |lgll3
nllf1l2

< C112 eXp(_Cl?),Umo) + exXp (_ 2“fH4 ) + eXp(_n)7

which indicates with probability at least 1 — Ci5 exp(—Cisptm,) — €xp ( — ;h'flf) —

exp(—n),

1 fmll3 < Cs.

By noting that 1—C'5 exp(—C13 4L, ) —€Xp (— ;'%L) —exp(—n) = 1—C exp(—Capm,)
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for some constant C'; and C'5, we finish the proof.

C.9 Proof of Lemma C.5.4
Suppose [ € H™. By (C.15), we have

C —2m
1Mmo Hf”/\fq; (R S < Conam+d,

||f - f:;Lng +

<

Cl/lmo
Ly P -

If f ¢ H™,let C,, = C}pim,/n. By Fourier transform and (C.15), similar to the proof of

Lemma C.2.2 (see Appendix C.5), we have

15 = Tl + ol ol e

JFU) — F )P+ Co [ 1))+ )
/ FU@) = FU )P + CF( )R+ o)
- [ (e P

¢ 14+ Cp(1+ |w|?)mo

e T e mla STEI

14+ Co(1 + |w|?)mo ao 14+ Cp(1 + |w|?)mo

<[t kPmIEn@Pd [ IF P

5

<C4C,ha(n) /Q (1+ |w|2>m°%dw G /Qc(l i |“|2>m0%dw

2m,
<C4TL* 2m09rd hz(n)7

where 5 (|w]) is defined in (3.20), and ©; = {w : C,(1 + |w|?)™ < hy(Jw|)}. Therefore,

we finish the proof.

C.10 Proof of Lemma C.5.2

Before the proof, we present the following lemma, which states Bernstein’s inequality for

a single g. See, for example, [108].
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Lemma C.10.1. Suppose X; ~ Unif(Q) fori = 1,...,n. Let Z; = (||g]|3/V(Q) —
9(X)*) /9113, () Therefore, E(Z;) = 0. Suppose | Z;| < b for some constant b > 0. For

all t > 0, we have

& nt?/2
P( Zz'}t)éexp{——],
- E(Z2) + bt/3

SRS

which is the same as

2/V(Q 2 t2/2
P<H9H22/V( ) ||29||n > t) < exp {_ 7; / ]
1908, @ N9ll%,, @) E(Z3) +bt/3

Now we can prove Lemma C.5.2. Take g € G, and suppose that sd,, < g2 < (s+1)d,,
where s € {2,...}. Furthermore, let —K < g, < g < gv < K, and ||gv — 1]l <

9,/ V (), for functions g7, and gy. For 0 < C < m, by Cauchy-Schwartz inequality,

we have

91 <2¢°/C +20(g — g1)* < 2¢9°/C +2C682 )V (Q)?,

which indicates

2llglls = Cllgell — 2C%0,/V(Q)*.

The inequality ||g||2/||g||3 < m: implies

lgclls = gz ll3/V(Q) < 2mllgll3/C — llgcll3/V () +2C6; )V (2)?
<2m(s+1)262/C — (s — 1)%62/V(Q) + 2062 /V (Q)?

<om(s + 1)262/C — (s — 1)262/V(Q) + 2062 )V (Q)2.
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By choosing appropriate C' and 7; (the choice only depends on V (£2)), we have

Hmﬂi—”gﬂB/VGDsé—%@-—D%ﬁ/Vﬂﬂ- (C.48)
Note that
gzl = lgelis/V ()] < K2 (C.49)
and
E(g7 — lg1ll2/V(€2))* <AK?||grll3/V () < 4K3(s +2)%0; /V (). (C.50)

Combining (C.48), (C.49) and (C.50) with Lemma C.10.1, we have

P(IanlB/v (@)~ lowl > 5705 — %2

2 (
< ex SV(Q (8 )454
SO TR s 1 2)252 JV(Q) + K2 ko (s — 1)22
Ngvre ( 1)%62
< _
P T ARk (s 1 2)253 +RL(s - 1)253]

<o 1 n(s—1)%2
X €X -

P17 RV(Q) 36K + K7L
<o 1 n(s— 1)%62
SO TRVQ) T 3TK?

[ n(s—1)%5?

< = n .
S O T o506V Q) K> (D)

Therefore, by taking all g € G, we have

o gl - , n(s —1)252
P f 5 < H 571 Qa s |l 7 {loo -7
(n Jop <™) S 20 |Hs0u V), 6 lle) = vy

s=2
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. né2
Since Hp(0,/V (), |||ls0) < Tooov (e We have

, H!JH2 n(s — 1)z
P( inf S T
(ngulzrizan Ze P17 12000 (Q) K2

< C) exp(—Cynd? / K?)

for some constants C; and C5 only related to V(€2), which finishes the proof of the first
part.

For Cy < we have

1
X @)
9% < 29%/Co + 2Co(g — gr)* < 29%/Co + 2Co02 )V (),
which indicates

lgllz < 2llgrlln/Co + 2C0d, / V()%

The inequality ||g||2/||g||3 > 72 implies

—_

lgrllz = llgrll2/V(Q) = 5mCos®d, — llgrllz/V(Q) — C{o,/V (9)?

> 5mCos®o, — (s — 1), /V(Q) — C3o,/V ()%,

N

\)

By choosing appropriate Cy and 772, we have

lgrllz = llgrll3/V(Q) = (s — 1)*62/V(Q). (C.52)

A~ =

Note that

larlls = lgrll2/V(Q)] < K? (C.53)
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and

E(gr — lgrll2/V(Q)* < AK?|grll2/V () < 4K7(s +2)%0,/V(Q). (C.54)

By combining (C.52), (C.53) and (C.54) with Lemma C.10.1, similar to (C.51), we have

P(IlarlB/V(E) = lanl? > qy(s — D%02) <ewp | - pzdl].

Therefore, by taking all g € G, we have

o gl - , n(s —1)262
P f 53 < Hp(0n/V(2),9" lloe) = cnrirranios |-
(||912n>26n lglz =™ ;eXp 5(0n/V), G ) 600V () K2

Since Hp(6,/V(Q), G, || - [|lo0) < 5ol

moov (e We have

o gl ) - { n(s —1)252 ]
P inf o< < ex —_—
(||gu2>zan gz = ™ D oxp

— 1200V () K2

< 03 exp(—C’45721/K2)

for some constants C5 and C related to V' (€2), which finishes the proof of the second part.
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C.11 Proof of Lemma C.5.4

By Fourier transform, we have

17 = Fall3+ L g,
= [ F@) = F@Pde+ 2 [FEI@P+ oo
= [ F@) = FUD@F + S FEI @+ ol

Copim 2m| 2
o, [ IO,
Rd 1—|——L2n’"|w|2m

Colim | 19m
= 2 () ) Pl
‘w‘2<(CQer)1/m n
where the first equality is because || - Hifw (ra) IS equivalent to || - I m(gay» and the first

inequality is by (C.18). We prove the results of Lemma C.5.4 by contradiction.

First, let f ¢ H™ (R?). Suppose there exists some s; > 0 such that

lim inf £ |w]*™| F(f)(w)|*dw = s1, (C.55)

n—00 Nl |w|2<(027;m)1/m

where t,,, 1s as defined in Lemma C.5.3. Therefore, we can pick a sub-sequence such that

(for simplification, we still use n as the subscribe of this sequence)

lim £ w2 | F(f)(w)[2dw = s1.

n— 00 ntm “”‘2<(ngm )l/m
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Therefore, by summation by parts and (C.55), we have

/ F () @) PP d
w2 <( ) 1/

-/ F (PPl w0
|w|2<(L)1/m

mo—m

/”L m
<@(—) / F) @)l
Mo, w2 < (e y/m

log(n)? . 1
ot | FO PP x [
n-zmd J < (g |w|log(|wl)

< 077

where C77 is a constant related to s; that does not change when n changes. Since f ¢

H™ (RY), we have

o — / FO WA + |w]2)™dw < 08/ F() ()Pl dw < CsCr,
which leads to a contradiction. The proof for the case that f € H™°(R) is similar.

C.12 Proof of Lemma C.6.1

Pick any fixed orthogonal basis ¢y, for space Lo(R?). Therefore, we have f = >0 (f, dx) dr,
where (f, ¢) denote the inner product of f and ¢, in Ly(RY). Let ar, = (f, ¢x). By the

interpolation theorem, we have

1f = Fnll3 + =l ey = 1F = Fall + = 13-

Let f; be the solution to the optimization problem

02 Hm

min | f = f|5 +

) I1£115. (C.56)
feL2(RY)
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Suppose f; = 220:1 broy. Let C,, = Copy/n. Since f7 is the solution to (C.56), direct

calculation shows b, = =——ay,. Therefore, we have

C+l

Colbm . Coltm
If = Foll3+ 22 02 = 0 = £+ 22 712
o = Cn 2 OQH’m
_k:l a 1<f7¢1c> > mZ(f Pr)”
:C3n2:n2rd

which finishes the proof.

C.13 Asymptotic bounds of the determinant term

In this section, we provide an asymptotic lower bound and upper bound of det (K, + i, I,)-

C.13.1 Properties of eigenvalues

Since ¥, (-, -) is a positive definite function, by Mercer’s theorem, there exists a countable
set of positive eigenvalues )\gm) > )\gm) > ... > 0 and an orthonormal basis for Ly(2)

{o\™ 1 en such that

ZAk o (@)™ (v), (C.57)

where the summation is uniformly and absolutely convergent. We use the following no-
tations. For two positive sequences a,, and b,,, we write a,, < b, if for some constants
C,C" > 0, C < ap/b, < C'. Similarly, we use a,, < b, to denote a,, < Cb, for some

constant C' > 0. The following lemma states the asymptotic property of eigenvalues.
Lemma C.13.1. Let \\™ be as in (C.57). Then, \™ = k=2m/d.

Proof. Let T be the embedding operator of Ny, (€2) into Ly(€2), and T be the adjoint of
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T'. By Proposition 10.28 in [46],

T v(x) = /Q\I/(m,y)v(y)dy, v e Ly(§2), x € S

By Theorem 5.7 in [109], 1" and 7™ have the same singular values. By Theorem 5.10 in
[109], for all k € N, ax(T") = ux(T"), where ax(7") denotes the approximation number for
the embedding operator (as well as the integral operator), and 1, denotes the singular value
of T'. By Theorem in Section 3.3.4 in [110], the embedding operator 7" has approximation

number satisfying
Cak ™™ < ap < Cyk™™? Wk € N, (C.58)

where C3 and C) are two positive numbers. Since m € [Muyin, Mmax), We can choose
Cs and C that do not depend on m. By Theorem 5.7 in [109], T*T'¢, = p2ex, and
T*Toy, = T*pr, = A\pior, we have N\, = p2. By (C.58), Ay < k~2™/4 holds. O

C.13.2 Lower bound of the determinant term

We need the following lemma, which can be found in [111].

Lemma C.13.2 (Minkowski determinant inequality). Let A, B € R"*" be two symmetric,

positive definite matrices. Thus,

(det(A 4+ B))™ > (det(A)Y™ + (det(B))Y™.

Letp = |n2+a |, where |-] is the floor function. Let U = \/iﬁ(gogm) (X), ..o, o5 (X)),
and Wy = L (o0 (X), {13(X), ...). where o™ (X) = (o™ (21), .., p\" (2))" for
k= 1,2,..., and ©\™"s are as in (C.57). Let A, = diag(nA™ ... nAY™) and A, =
diag(n)\gj:)l, ..}, where \"™s are as in (C.57). Therefore, K,, = 5% A™ o™ (X) o™ (X)T

U A OT 4 U\ 0T
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By Lemma C.13.2, it follows that det (K, + i I,) = det(Uy Ay U 44, 1) +det (W Ao W),
since both W, Ay UT + 11,1, and Wy A, UT are positive definite and symmetric. Therefore,

by basic matrix calculation, we have

det(K,, + ptml,) = det(U AT + p, 1) (C.59)
= fi, det (i, W1 AW + 1)
= iy, det(p, M U7y + 1)
= i P det(Ay Uy + fu,, 1)
> P det (A UTW)

= P TTA™ det (97 04).

Since det(UTW,) > A\ (UTW,)P, it suffices to give a lower bound of Ay, (U7 0).
Consider u” U7 W u, where u = (uq,...,u,)" € RP with |jus = 1. Let Q,, = {g : g =
- uie!™} and let Q = U, Qp- Since ©™s are orthonormal, ||g|lz = 1. For any

g € Q. by Lemma C.13.1, ||g||%m < —mi— < p?™max/, By the interpolation inequality,

)\é’mmax>

_d_ Ld uz % d d
ol < Clalih. =35 )™ < COy o < Cunrien
Jj=17

where C' and C are constants. We use Lemma E.2 to link ||g||,, to ||g||2. Therefore, we
need to check the conditions of Lemma E.2 hold. Since ||g||> = 1, it suffices to check the
entropy condition. Note that || g||%» < ConZrmectd. Let p = Cy/*n¥mmra. Consider class
Q={g:9=1.feQ}

Since Q' C H™min there exists a constant C's such that

1

d/Mmin
Hp(6,/V(Q), F || - lo) < C3 <5—> .
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The entropy condition is satisfied if for any fixed constant C,

1 d/mmin
C, (5—) <né2 /K2, (C.60)
ﬁ
where §,, = %, K < 02%. By direct calculation, if 2m,d + d? — 4m?2; < 0, the

condition (C.60) is satisfied when n > ', where C' is a constant related to C,. Otherwise

we can divide [Mumin, Mmax] i0to p parts, and let My, = my < my < ... < My = Mimax

Mmin (4m12nin 7d2)

be this partition satisfying m;, 1 — m; < T d 12857 Let Q) =J,, clmimi] Q! . By

applying Lemma E.2 into each Q) and noting that the number of parts is finite, the entropy
condition holds.

By Lemma E.2, we have
1 n p 2
W= 30 (L wei(x0) = ol > c6n
i=1 N j=1
with probability at least 1 — C5 exp(—Cgn') for some constant 1 and 7;. Notice that
det(UT W) > Apin (PT01)P = (min v’ U] Upu)P. (C.62)
Combining (C.61) and (C.62), we obtain

det(UTW,) > P (C.63)

with probability at least 1 — C'5 exp(—Cgn™ ). By combining (C.63) with (C.59), the lower
bound of det(K, + ptmly) is s Pn? TN ™np.

C.13.3  Upper bound of the determinant term

In order to derive an upper bound, we need the following lemma.
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Lemma C.13.3. Let A, B € R™" be two symmetric, positive definite matrices. Thus,

det(I,, + A+ B) < det([,, + A) det(/,, + B).

Proof. Letay; > ay > ... 2 o, > 0and B; > P2 > ... = [, > 0 be eigenvalues of

matrices A and B, respectively. Therefore, we have

det(I, + A)det(I, + B) = | | (1 + ) (1 + Bnsii)

-
I 3
MR :

I

-
I
—

(14 a; + Bny1—i + Bnr1-icv)

WV

@
Il
—

(14 a; + Bny1-i)

> det(I, + A+ B),

where the last inequality is true because of the Fiedler bound [112]. [

Let Cy denote the bound uniform bound of ¥, (-, -). By Lemma C.13.3 and basic matrix

calculation, it is true that

det( K, + pm 1) < p det(p, 'Oy A O] 4 g 1WA UL + 1)
<l det(p MU A UT + 1) det (1, + p, WA, U
= 1P det(AyUT Uy + pd) det (1, + i, Wa Ao U2)
< CPu™ P det (AU W) det(1, + p, " Wy Ap W)
< CPpnPn? [T A™ det(W] ) det (1, + p,, Wo Ay UF)

Tr(UT,)\?
< crpnrnr [T (M> det(L, 4 ;) Wy Ay W)
p

< POy TTA™ det (I, + i, U2 A 07).
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Note that

1 n
det (I, + p, ' Uy AyUT) < (—tr(ln + M;%Aﬂgo
n
S (L+ namia)”

2",

/N

Therefore, we have
det(Kop + ) < 2"CPCRu e TP A™ .

Combine the lower bound and upper bound, we can conclude that log det( K, + pin1,) =

nlogn — (1 + 0,(1)) 52 log n.
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