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ABSTRACT

When traveling across multiple planetary or moon systems, invariant manifold structures may be leveraged to allow

for efficient transfer within multi-body dynamics. However, the sole use of these structures is restrictive in many

cases, as the manifold may not reach a desired departure or arrival location in the phase space. In particular, the

use of low-thrust propulsion together with manifold dynamics requires an optimization framework that captures these

mechanisms into a single problem. This work proposes an approach to design gravity-assist low-thrust transfers

that leverage manifold structures at departure or arrival. The approach involves a modification to the Sims-Flanagan

transcription by incorporating parametrization of arrival to a manifold Poincaré section instead of a celestial body. A

key advantage is its use of two-body dynamics for the propagation of the majority of the transfer. This enables large-

scale and realistic assessment of possible solutions through a combination of ODE-based propagation of the manifold,

and Lagrange coefficients-based propagation of the inter-system portion of the transfer. Leveraging the proposed

method, a low-thrust transfer from Earth to the Sun-Venus system, also incorporating an Earth fly-by in between, is

studied.

INTRODUCTION

The interplanetary transport network,1 which leverages multi-body dynamics for efficient transfers across the so-

lar system, is becoming an increasingly attractive tool for mission designers. For example, in the context of the

Earth-Moon system, the Sun-Earth and Earth-Moon manifolds of libration point orbits (LPOs) are often leveraged to

construct preliminary designs of low-energy transfers.2 One possible approach in the cislunar transfer context is to

patch two manifolds at some pre-defined Poincaré section (PS), in a fashion similar to the patched-conics method in

interplanetary trajectory design. However, this is not possible if the manifolds of the two systems do not intersect in

phase space. For instance, a spacecraft leaving the Earth cannot immediately insert into the manifold of a LPO about

Venus or Mars, as these do not intersect with the orbit of the Earth.
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Accounting for this shortcoming, several previous approaches have been introduced to design conic sections con-

necting manifold insertion points through a predominantly two-body system in between. The use of manifold struc-

tures in interplanetary transfer contexts has been introduced by Topputo et al3 and Eapen and Sharma.4 Upon arrival

at a PS of a Sun-planet system manifold, Topputo and Belbruno5 studied the use of weak-stability boundary captures

for planetary capture, specifically for the Earth-Mars case. Canales et al6 leveraged a similar approach for outlining

an analytical transfer design method for hopping between planetary moons. All of these works considered impulsive

transfers between insertion points from and into manifolds, which may be executed as deep-space maneuvers. This

is suitable for considering transfers of spacecraft with high-thrust propulsion, while they fall short of considering

transfers of spacecraft with low-thrust propulsion.

Transfers leveraging manifold insertions are of particular interest for low-thrust propulsion, as there is no need for

a large braking maneuver at any point. The use of some Sun-planet system LPOs have been studied, and this class

of transfers would enable the spacecraft to be brought to these LPOs using low-thrust propulsion alone. For example,

the Sun-Mars L1 and L2 halo orbits have been investigated for establishing a permanent communication link between

Earth and space systems in the Martian system.7, 8 Shirobokov et al9 proposed the use of a Sun-Venus L2 halo for

placing a space-telescope, permitting earlier detection of potentially hazardous near-earth asteroids (NEAs), while

Kovalenko et al10 considered the use of Sun-Venus L2 LPOs by small spacecraft to enhance the scientific return of the

planned Venera-D mission.11 While beyond the scope of this work, it is also possible to use the LPO as a temporary

orbit, transferring further to a final orbit closer to the planet or moon using low-thrust propulsion and leveraging

three-body dynamics. Tanaka et al12 considered the Sun-Mars L1 halos as generating mechanisms for weak-stability

boundary captures into the Martian system.

This work presents a low-thrust inter-system trajectory design scheme, where the inter-system portion of the transfer

involves a low-thrust phase, rather than impulsive transfers involving large deep-space maneuvers. Furthermore,

in the presented framework, leveraging previous transfer design approaches, fly-by’s at certain bodies between the

departure and arrival may also be incorporated. This enables the preliminary design and solution-space analysis of

low-thrust transfers with manifold captures. The inter-system portion is based on the Sims-Flanagan Transcription

(SFT),13, 14 which is a direct trajectory optimization approach that approximates the low-thrust acceleration through

a discretization. This is particularly suitable for preliminary analysis of transfer opportunities.15–17 This feature is

inherited by the presented method, where exploration of the solution space for inter-system, gravity-assist low thrust

transfers with manifold captures can be conducted.

This paper is organized as follows. Firstly, the relevant dynamical models are introduced, along with a discussion on

the treatment of the boundaries between the two dynamical regimes. Transformations of the spacecraft state between

the two regimes as well as invariant manifold structures within three-body systems are also introduced. Then, the

traditional SFT approach, along with the modification made to account for manifold captures is described. Finally,
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the proposed method is implemented for a transfer to a Sun-Venus L2 halo orbit, involving an Earth fly-by during its

transit.

DYNAMICAL SYSTEMS MODELING

When considering inter-system trajectories, the majority of the transfer occurs in primarily two-body dynamics,

where only the gravitational acceleration of a primary body is relevant. Here, inter-system denotes either interplanetary

or inter-moon trajectories. For an interplanetary transfer, the spacecraft is mostly under the influence of heliocentric

two-body dynamics, while for an inter-moon transfer, it is mostly under the influence of the planet hosting the moons.

In contrast, manifold structures arise specifically when considering three-body dynamics, involving primary and

secondary bodies, together with the spacecraft. For an interplanetary transfer, this would correspond to a Sun-planet-

spacecraft three-body problem, while for an inter-moon transfer, this would correspond to a planet-moon-spacecraft

three-body problem. Figure 1 illustrates a generic scheme of the class of transfers studied in this work.

While one approach in designing inter-system transfers may involve accounting for third-body perturbations through-

out the transfer, this is unnecessary in most portions where the perturbing force is minute. There is also a substantive

difference in computational resource necessary to compute the trajectories, as purely two-body low-thrust transfers

may be effectively approximated by a series of small impulses; the spacecraft state is propagated sequentially using

some form of Kepler’s equation, introducing velocity discontinuities as �v’s along the way. In contrast, the inclusion

of the third-body perturbation necessitates the direct integration of equations of motion as ODEs, which is a com-

putationally heavier procedure. The latter in fact enables higher-fidelity modeling of the thrust, where a continuous

acceleration due to the thrusters may be incorporated into the ODEs. To benefit from this feature while accounting for

the computational time drawback, Yam et al18 proposed the use of Taylor-integrators in lieu of Runge-Kutta schemes.

Nonetheless, ODE-based propagation still remains impractical particularly when large search spaces must be explored

at a preliminary mission planning stage. Thus, this work adopts the use of fully two-body inter-system portions, where

all perturbing effects are neglected when the spacecraft is located far enough from any celestial body. As a conse-

quence of this choice, the boundary between a fully two-body regime and a three-body regime must be selected with

caution.

This section initially describes the propagation schemes available for propagating a low-thrust spacecraft state-

vector in the inter-system portion of a transfer. Then, invariant manifolds, which are structures that exist uniquely in

the three-body system, are introduced. This is followed by a treatment of the boundary between the two-body and

three-body systems. Finally, the coordinate transformation applied at the boundary is introduced.

Trajectory Propagation in the Inter-System Portion

In the inter-system portion, the motion of the spacecraft may be assumed to be void of any perturbing forces besides

the gravity of the central body and its own thruster. Then, the continuous, low-thrust acceleration may be further
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Figure 1. Concept of interplanetary low-thrust trajectory with manifold capture

approximated by a series of impulsive� v's. This results in the spacecraft motion being described by Keplerian

dynamics, and the two-body state-vector of a spacecraft may be propagated forward in time using Lagrange coef�cients

f andg by

r = f r 0 + g v0 (1)

v = _fr 0 + _gv0 (2)

wherer is the position vector andv is the velocity vector. For the use off , g, and their derivatives, see Bate et al.19

In this way, a low-thrust trajectory may be discretized inton segments, each containing a single impulsive change

in velocity. The impulsive� v added at each segment, denoted as� vk , is to be passed as a decision variable to an

optimizer, and its treatment is discussed in the next Section. It is also noted that in this way, the spacecraft mass is

updated discontinuously at each impulse via the relation

mk+1 = mk � � mk (3)

where� mk corresponds to the propellant consumed within thekth segment, given by

� mk = � tsegment� k _m (4)

where� tsegmentis the duration of a segment,� k is the throttle of the thruster between0 and1 used during thekth

segment, and_m is the mass-�ow rate of the thruster. The Algorithm for propagating the trajectory through this

approach is presented in the Appendix.
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Three-Body System, Libration Point Orbits, and Manifolds

The three-body problem, �rst introduced by Sir Isaac Newton in 1687, is a system with no closed-form analytical

solution. Due to its complexity, this problem is commonly studied in approximate models, which are known to

yield insightful preliminary solutions that may be extended successfully to the full ephemeris model. A common

approximation involves the circular restricted three-body problem (CR3BP), where the motion of the two bodies are

considered to be circular about their barycenter, and the mass of the spacecraft is considered to be negligible compared

to the mass of the two celestial bodies. The CR3BP is commonly studied in a rotating frame, where the x-axis connects

the two celestial bodies, the z-axis points to the direction of the angular momentum vector of these two bodies, and

the y-axis completes the triad. The equations of motion of the CR3BP are given by

•x � 2 _y =
@U
@x

•y + 2 _x =
@U
@y

•z =
@U
@z

(5)

whereU is the pseudo-potential given by

U =
x2 + y2

2
+

1 � �
r 1

+
�
r 2

(6)

and� is the mass-parameter of the CR3BP system, given by

� =
M 2

M 1 + M 2
(7)

whereM 1 is the mass of the primary body, andM 2 is the mass of the secondary body.

Libration Point Orbits While motions in the three-body system are chaotic, there are �ve well-known equilibrium

points, known as libration or Lagrange points, along with periodic orbits in the vicinity of these points. Of particular

interest in this work are periodic orbits around the L1 and L2 points, also referred to as LPOs, due to their relatively

close proximity to a body of interest, hence enabling their use as either a science orbit or a transition orbit. In this

work, the halo orbit family is considered as target LPOs, due to their saddle-stable property that leads to the existence

of invariant manifolds, and their spatial structure compared to the likes of Lyapunov orbits. The latter property is

suitable for mission design, as spatial motions enable the possibility for observing or accessing surfaces of the body

outside of its equatorial plane.

To construct a LPO, a typical strategy involves constructing an initial guess in simpli�ed systems, followed by

a numerical correction scheme such as shooting methods or collocation. In this work, the initial guess halo orbit
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is constructed via a third-order approximation of the periodic motion,20 followed by a single-shooting correction

leveraging the xz-plane symmetry of the halo orbit family.21

Manifolds Given a state-vectory 0 along the LPO, its invariant manifolds may be obtained by perturbing states

on the LPO along the local stable or unstable eigenvector direction. Starting withy 0 and LPO periodP, the state-

transition matrix� is obtained from the initial value problem

_� = A�

�(0) = I 6;6

(8)

where theA matrix is given by

A(y ) =

2

6
4

03;3 I 3;3

Uyy 2


3

7
5 ; 
 =

2

6
6
6
6
4

0 1 0

� 1 0 0

0 0 0

3

7
7
7
7
5

(9)

whereUyy is a 3-by-3 matrix consisting of second order partial derivatives ofU, from equation (6). The stable

and unstable eigenvectors of the problem,Y s and Y u , are obtained from solving the eigenvalue problem for the

monodromy matrix�( P). Then, the initial conditions of the stable and unstable manifold branches are obtained by

perturbing the state along the LPO in the eigenvector direction with some magnitude� .

y s
ptb (tLPO) = y 0(tLPO) � � Y s(tLPO) (10)

y u
ptb (tLPO) = y 0(tLPO) � � Y u (tLPO) (11)

wheretLPO denotes the time along the LPO, and0 � tLPO � P . The stable branches are obtained by propagating

the initial statey s
ptb (tLPO) for some time� tmanifold < 0, while the unstable branches are obtained by propagating the

initial statey u
ptb (tLPO) for some time� tmanifold > 0. Figure 2 shows an example of stable and unstable manifolds for

a Sun-Venus L2 halo orbit. In addition, utilizing the corresponding stable and unstable eigenvalues, the stability index

� of the LPO may be computed by

� =
1
2

j� s + � u j (12)

Approximate Boundary Between Two-body and Three-Body Regimes

Traditionally, preliminary inter-system trajectory designs leverage patched-conics approximations, where the pri-

mary gravitational body is instantaneously switched between the Sun and a planet, in the case of an interplanetary

transfer, or between the planet and a moon, in the case of an inter-moon transfer, at the sphere of in�uence (SOI),
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Figure 2. Sun-Venus L2-halo orbit, unstable, and stable manifold, in Sun-Venus rotating frame, centered at Venus

de�ned as

rSOI = aM 2

�
M 2

M 1

� 2=5

(13)

whereaM 2 is the semi-major axis of the smaller body. While the SOI is a useful tool for designing transfers with

hyperbolic departure or arrival, it is unsuitable to be used for switching dynamics between two-body and three-body

regimes; in fact, LPOs commonly exist close to the SOI.

As such, an alternative radius must be de�ned to construct a PS of a manifold, where the switch between the

two-body and three-body dynamics may be done without signi�cant deviation on the trajectory beyond this point.

This is done by adopting the approach previously introduced by Canales et al,6 where a threshold on the ratio of the

accelerations is de�ned as


 =
ka2k
ka1k

(14)

wherea1 anda2 are accelerations due to the primary and secondary bodies, respectively. Figure 3 shows the variation

of 
 as a function of Venus radii along the x-axis from Venus.

Consider the location where
 = 10 � 3 as a threshold radius; it is at approximately 1,000 times Venus radii, and well

beyond the SOI. The value of
 is a con�gurable parameter, whereby a mission designer may choose an appropriate

value based on the desired �delity of the preliminary trajectory or some mission requirements. Figure 4 shows the

deviation of the states, propagating backward in time from the PS where
 = 10 � 3 using the two-body equations of

motion

•r = �
GM 1

r 3 r (15)
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Figure 3. Acceleration ratio in the vicinity of Venus, along Sun-Venus x-axis

and the CR3BP equations of motion (5). The position offsets are within 2%, and the velocity offsets are within about

5% with respect to the length and velocity scale of the Sun-Venus system. This is deemed to be small enough for

preliminary design, as these offsets may be corrected further when transitioning the solution to higher �delity models.

Coordinate Frames and Transformations

The heliocentric phase of the transfer is designed in the ecliptic reference frame centered at the Sun, speci�cally the

ECLIPJ2000 frame following JPL's SPICE conventions. In contrast, the approach phase of the transfer is modeled in

the CR3BP frame, which is a rotating frame with the x-axis �xed to the Sun-planet line, and the z-axis parallel to the

axis of rotation of the planet's orbit. In this frame, the planet's motion around the Sun is assumed to be circular.

Given the planet's Keplerian orbital elements, transforming a state-vector de�ned in the CR3BP frame to the

ECLIPJ2000 consists of a series of transformations. The �rst transformationT 1 takes the CR3BP state and converts

it into an inertial, intermediate state, using the argument of periapsis (! ) and true anomaly (f ). The corresponding

transformation matrix is given by

T 1(t) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

cos� 1(t) � sin � 1(t) 0 0 0 0

sin � 1(t) cos� 1(t) 0 0 0 0

0 0 1 0 0 0

� ! CR3BPsin � 1(t) � ! CR3BPcos� 1(t) 0 cos� 1(t) � sin � 1(t) 0

! CR3BPcos� 1(t) � ! CR3BPsin � 1(t) 0 sin � 1(t) � cos� 1(t) 0

0 0 0 0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(16)
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Figure 4. Deviation of states in two-body against CR3BP regimes, propagated from � where 
 = 10 � 3

where! CR3BP is the rotational rate of the Sun-planet system, and the rotation angle� 1(t) is given by� 1(t) = ! + f (t),

wheref has an epoch-dependency. Then, a clockwise rotationT 2 about the x-axis by the inclination (i ) and a �nal

clockwise rotationT 3 about the z-axis by the right-ascension of ascending node (
 ) of the position and velocity

vectors are applied independently.

T 2(i ) =

2

6
4

t 2(i ) 03� 3

03� 3 t 2(i )

3

7
5 ; t 2(i ) =

2

6
6
6
6
4

1 0 0

0 cosi � sin i

0 sini cosi

3

7
7
7
7
5

(17)

T 3(
) =

2

6
4

t 3(
) 0 3� 3

03� 3 t 3(
)

3

7
5 ; t 3(
) =

2

6
6
6
6
4

cos 
 � sin 
 0

sin 
 cos 
 0

0 0 1

3

7
7
7
7
5

(18)

The combined transformation from CR3BP to ECLIPJ2000,T EC(t), is given by

T EC(t) = T 3T 2T 1(t) (19)
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