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A platform independent control approach for mo- 
bile manipulation and coordinated trajectory following 
is proposed and analyzed. Given a path for  the gripper 
to follow, another path is planned for the base an such 
a way that it is feasible with respect to manipulabil- 
ity. The base and the end-effector then follow their re- 
spective reference trajectories according to proven sta- 
ble, error-feedback control algorithms, while the base 
is placed in such a way that the end-effector trajectory 
always is within reach for the manzpulator. 

1 Introduction 

In many autonomous robot applications the ability 
to perform mobile manipulation is of key importance. 
These applications range from robots in space or under 
water to construction and service robotics. This last 
category is the motivating application for this work, 
and we believe that there is much to gain in terms 
of performance if an intelligent service agent is not 
restricted to manipulating its environment statically, 
or in other words, with a fixed base [3, 7, 91. The 
experimental platform that we intend to use for this 
is a Nomadic XR4000 base platform together with a 
Puma560 manipulator arm, depicted in Figure l (a ) .  

There are already a number of redundancy resolu- 
tion schemes for static manipulation [4, 91, and the 
major contribution of this work consists of a trajec- 
tory based coordination approach. Our main aim is 
to construct globally stable control algorithms. The 
global aspect is very important if the mobile manip- 
ulation is to be conducted within a behavior based 
framework where we do not have full control over the 
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base motions due to the outputs from reactive safety 
behaviors such as obstacle avoidance [2]. 

Given a path for the gripper to follow, the idea is 
to plan another path for the base, on-line, in such 
a way that the end-effector trajectory always lays in 
the dextrous workspace. These two paths are then 
tracked using a so called vzrtual vehzcle approach [6], 
where the motions of the reference points on the de- 
sired base and gripper paths are governed by their own 
dynamics, containing both position error feedback as 
well as coordination terms. We, furthermore, propose 
intuitive, high-level control algorithms for the two co- 
ordinated robots. This type of control strategy has 
the advantage that it is not depending on the spe- 
cific hardware, making it easier to upgrade or change 
equipment. At the same time the proportional error 
feedback terms make the control strategy quite robust 
to measurement errors. 

The outline of this paper is as follows: In Section 
2, we briefly discuss the kinematics of the mobile ma- 
nipulator and show how the individual controls of the 
two robots can be decoupled from each other, using 
inverse kinematics. We then, in Section 3,  present our 
virtual vehicle approach, and we show how it can be 
used in order to coordinate the motions of the two 
robots, given the two reference trajectories. In the 
next section, we analyze the stability of our prd'posed 
control algorithm, and we show that both the base 
and the end-effector follow their respective reference 
trajectories robustly. In Section 5, we discuss some 
implementation issues, including the choice of an ap- 
propriate on-line planner for the base. We also show 
some preliminary results from simulating our proposed 
method. 
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2 Mobile Manipulator Kinematics 

In order to demonstrate our coordinated control 
methodology, we first show that for the Nomad 
XR4000 and the Puma560, the coordinated motion 
problem can be viewed as two decoupled tracking 
problems by extracting the kinematics of the arm from 
the formulation. This feature will then be utilized 
for exploiting model independent, high-level tracking 
schemes when coordinating the arm and the base mo- 
tions. 

The notation that we are going to use corresponds 
to that of Figure l (b ) ,  and it is straight forward to 
compute the position of the end-effector, relative to 
the base, r z ,  as 

) (1) i - f s ( a )  + 11 + h 

) 

cos(a1)fc ( a )  
r? = s in (a i ) f c (a )  , 

where the indexes A and B stand for arm and base 
respectively, which is a notation that will be used 
throughout the paper. Furthermore, in ( l) ,  fc(a) = 
l3 cos(a2 + a3) + 12 cos(az), and f.y(a) = 13 sin(a2 + 
a3) + 12 sin(a2). 

This expression can be compared to 

sin(OB + a l ) f C ( a )  + Y B  9 (2) T A  = ( cos(OB + al)fC(a) + ZB 

-fs(.) + 11 + h 

where we have calculated the gripper position relative 
to a fixed, Cartesian coordinate system. In (a), OB is 
the orientation of the base, and rg  = (ZB, YB, O ) T  is 
its global position. 

Figure 1: The configuration of the Nomad XR4000 with 
the Puma560 mounted on top (a) and the notation used 
in this paper (b). 

For the Puma560, the base fixed Jacobian is given 
by TAB = J ~ ( a ) d r ,  and this can be computed by dif- 
ferentiating r z  in (1). Furthermore, straight forward 
calculations give that the determinant of J g ( a )  is 
1312 sin(ag)fc(a),  which is non-singular as long as the 
gripper remains in the dextrous workspace relative to 
the base [9]. 

Then, with respect to the fixed, global coordinate 
system, we repeat the procedure by differentiating r A  

in (2) in order to obtain 

+ A  - ~ ( a ,  O B ,  x B ,  YE, 4 B )  = J ( ~ B ,  a)&,  

where the relative Jacobian, J ( O B ,  a ) ,  can be shown 
to have the same determinant as J B ( ~ ) .  

From this it follows that whatever motions we can 
execute with a static manipulator, we can still ex- 
ecute with a mobile one, and as long as we make 
the end-effector stay in the dextrous workspace, the 
relative Jacobian, J ( O B ,  a ) ,  is invertible. From the 
non-redundancy of the Puma560 [7, 91 (modulus the 
standard elbow-up/elbow-down ambiguities) it fol- 
lows that we can decouple the motion of the arm 
from the motion of the base, which will be exploited 
in the remainder of this paper.' The point to be 
made here is thus that as long as +A,  OB , X B ,  and YB 
are well-defined, we can calculate the corresponding 
joint velocities as long as the arm is in the dextrous 
workspace. 

We now let the kinematics of the base be given by 
the standard unicycle model 161 

where zlg is the longitudinal velocity of the base rel- 
ative to the fixed coordinate system, and W E  is its 
angular velocity. 

With this formulation of the model, all of the fol- 
lowing calculations can be made relative to the fixed 
coordinate system, and if we, once again, differentiate 

= ( Z A ,  Y A ,  Z A ) ~  in ( 2 ) ,  we can calculate the joint 
velocities as 

We thus have five free control parameters 
( X A  , C A ,  Z A ,  V B ,  W E )  that we have to determine 
in the sections to follow. 

'In this paper, we do not consider the three extra degrees of 
freedom that the orientation of the end-effector gives rise to. 
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3 Coordinated Control 
In this section, we propose a high-level path follow- 

ing control strategy, based on position and orientation 
error feedback, combined with a suitable reparameter- 
ization of the desired arm and base trajectories [4, 51. 

The general idea behind our approach can be 
viewed as a combination of the conventional trajectory 
tracking, where the reference trajectory is parameter- 
ized in time, and the dynamic path following in [8], 
where the criterion is to stay close to the geometric 
path, but not necessarily close to an a priorz speci- 
fied point at  a given time. In our approach, reference 
points on each of the two reference paths are chosen, 
and a simple, intuitive control algorithm is used to 
steer the coordinated robots toward those points. 

What is different from [SI in our approach is that 
the evolution of the reference points is governed by 
differential equations that contain position error, and 
we thus design the controller in a closed loop fash- 
ion. This fact indicates that our method should be 
robust with respect to measurement errors and exter- 
nal disturbances, and the idea is that while the ref- 
erence points move along the reference trajectories, 
the robots should follow them within the prespecified 
look-ahead distance. If, due to errors or disturbances, 
the robots get out of phase with the reference points, 
these should slow down and wait for the robots. 

One observation that needs to be made, before we 
can proceed to actually designing the controllers, is 
that given the base position, ( ~ g , y g , O ) ~ ,  the dex- 
trous workspace, where the manipulator can operate 
efficiently, is given by ( C A  - CB)’ + ( y ~  -YE)’ + ( Z A  - 

E [P$n,P&x], or, if we project this onto the 

P,$,,, Pz,, - ( Z A  - h)’], where h is defined in Figure 

We, for the remainder of this article, assume that 
the desired end-effector trajectory is feasible in the 
vertical direction, i.e. that we can always reach it 
from some position. What we want to accomplish is 
thus to shape the evolution of the reference points in 
such a way that 

( E ,  y)-plane, ( C A  - .E)’ + (YA - YE)’ E [ ( Z A  - h)’ - 

where &in and &,, depend on the current height of 
the desired end-effector position. Here, the subscript 
d denotes desired position. 

What this means is that we have to design the evo- 
lution of the two virtual vehicles in such a way that 
the projected distance’ between them always lies in 

ticle, the distance in the (z, y)-plane. 
’With projected distance is understood, throughout this ar- 

the projected dextrous workspace of the robot arm, 
[&in 1 ~ m a x l .  

3.1 Control Algorithm for the Base 

Our task is to find lateral and longitudinal veloc- 
ity controls so that the base platform follows a vir- 
tual vehicle, s ~ ( t ) ,  moving on a smooth reference 
path, given by zk?d = P b ( S B ) ,  YBd = q B ( S B ) ,  (0 5 
S B  5 SE,), where smoothness directly implies that 
P L ’ ( S B )  + q L 2 ( s B )  # 0 V S B .  

Our control objectives are 

lim suppg ( t )  5 dg (5) 
t+w 

limsupIOg -6BdI 5 68, (6) 
t+w 

where Pg(t)’ = (Zgd-$g)2+(Ygd-Yg)2. Here, e g d  = 
atan2(ygd - yg,  C B ~  - zg) is the desired orientation 
of the base, and (CB,YB)  is the center of the base 
where the arm is mounted. Furthermore, 68 > 0 is a 
small number that, among other things, depends on 
the maximum curvature of the reference path, and d B  
is the desired look-ahead distance. 

From the definition of the reference path we directly 

implies that if the base would track its path perfectly 
we would have 

get that XBd = pb(Sg)Sg, y g d  = q&(Sg)Sg,  which 

since this corresponds to X B  = xgd and.yg = yBd. 
If we now denote U; = X ; + y i ,  and assume S B  2 0, 

then this implies that S B  = ~ g / J p b ’ ( s g )  + q b 2 ( S g ) .  

On the other hand, these expressions do not con- 
tain any position error feedback, which is important 
for robustness. We thus add error feedback to S B ,  
and propose the dynamics for the reference point as 
follows: 

(7) 

where C X ~  and C B  are positive numbers that are to be 
determined later. With the right choice of  CY^ and C B ,  

it will also be shown that U B O  is the desired speed at  
which we want the vehicle to track the path. Further- 
more, SEA is a term needed for coordinating the two 
robots, which will also be determined later. 

We now design the total base control algorithm as 
follows: 
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Algorithm 3.1 (Base Control) 

where both y and kB are positive, and AeB = eBd -OB. 

I t  is obvious that this control just steers the base 
platform toward the reference point on the desired 
path with a speed proportional to the distance track- 
ing error, which can be applied to any platform. 

Figure 2: The base ( B )  and the arm ( A ) ,  together with 
the reference trajectories and the two reference points used 
in our control design. 

3.2 Control Algorithm for the End- 
Effector 

as seen in Figure 2, and set 
Similarly to  the base case, our problem is to find 

high-level arm controls that make the end-effector fol- 
low another virtual vehicle,  SA(^), moving on the ref- 

~ A ( s A ) ,  (0 L S A  L S A , ) ,  
Once again, we require limsup,,, p ~ ( t )  5 d A .  

Here the projected distance onto the horizontal (x, y ) -  
plane is given by PA( t ) ’  = (XAd - zA)’  + (YAd - YA)’ ,  

and, as before, d A  is the desired look-ahead distance. 
Similarly to the base case, we now propose the fol- 

lowing simple, proportional control algorithm for the 
arm: 

erence path, ZAd = p A ( s A ) ,  ?./Ad = q A ( S A ) ,  ZAd = 

Algorithm 3.2 (Arm Control) 

Y A  = kA(YAd - Y A )  I i A  = kA(ZAd - Z A ) ,  

where k A ,  CYA, C A  > 0 ,  and SAB is the base coordina- 
tion term. 

3.3 Motion Coordination 

As we have already mentioned, it is vitally impor- 
tant that the projected distance between the two refer- 
ence points should lie in [Rmin, R,,,]. If, due to some 
initialization errors or interruptions, the two virtual 
vehicles do not meet this condition, then the dynami- 
cal equations that govern the evolution of the virtual 
vehicles should be designed so that this is compen- 
sated for. This should be done in such a way that the 
two reference points approach each other. 

Let us denote 

A straight forward computation now gives that 

and we want the system to behave in such a way that 

thus need to shape the coordination terms, SBA and 
SAB,  in Algorithms 3.1 and 3.2 respectively. 

Our method here is to use SBA to assure that 6, _< 
0 if Pr 2 R,,,, and SAB to assure that p ,  2 0 if 
p r  5 Rmin. This is achieved by defining 

pr 2 0 if p r  5 Rmin, and pr 5 0 if pr 2 Rma,. We 

where ,UA and ,UB are any positive numbers, and 
straight forward calculations now show that with this 
choice of coordination factors, or controller meets the 
requirements stated above. 

In fact pr < 0 when Pr > Rmax if cos(Ar -OB,.) # 0 
and p p  > 0 when p r  5 &in if COS(A, - OA,) # 0. By 
differentiating A,, one sees right away that neither 
cos(Ar - OA,) = 0 nor cos(A,. - OB,.) = 0 can be 
stationary. Thus the inequalities almost always hold.3 

31t is also quite natural to see that the norm of jp will be well 
bounded below from zero if PB is small, in the case pr > R,,,, 
or if P A  is small (close to Rmin),  in the case of pr < &in.  
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4.2 Stability Analysis of the Manipula 
Algorithm 

In pretty much the same way as for the base, we can 
show the boundedness of the projected tracking error 
in the manipulator case as well. The only difference is 
that for the manipulator the control algorithm has an 
even simpler form, making the analysis more straight 
forward than in the base case.5 

4 Stability Analysis 

4.1 Stability Analysis of the Base Algo- 
rit hm 

From (3) we have the kinematics of the base plat- 
form, and we now consider the error dynamics: 

k g  = &(sB)iB - YpfJ COS(A8B) COS(0B) 
AYE = f.&(SB);B - y p ~  cos(AOB)sin(OB) (10) 
A6B = -kBAeB, 

where S B  is defined in (7). 
Suppose that the desired speed of the robot, VBO, 

is greater than zero, and that S E ,  = 03. (In prac- 
tice, this means that the desired path should be long 
enough.) We will now show that by using Algorithm 
3.1, after the initial exponential decay, the tracking 
error p~ can be made as small as one wants while OB 
tends to 6Bd exponentially. 

From (10) we immediately get that d B  = 
a6'B(0)e-kBt, which gives that AeB decays exponen- 
tially, and we now use equation (7) to compute 

b B  = -yCOS2(A6B)pB 
CBe-aBPB VBO cos(8Bd - OB,). 

Let us now denote a( t )  = -ycos2(dB) ,  and let 
O(t ,  8 )  be the transition matrix of a( t ) .  Then 

Now it is easy to see that the first term decays 
exponentially and the second term can be made arbi- 
trarily small by tuning y and k B .  Without going into 
detail, it can be noted here that with the choice of 
CB = effBuBo/7, it can be shown that VB M V ~ O  after 
the exponential decay4. 

4The proof of this is given in [6]. 

5 Implementation Issues 

5.1 Base Reference Trajectories 

For our proposed approach to work, it is necessary 
that we have an efficient way of calculating the ref- 
erence trajectory for the base. Given an end-effector 
trajectory, if numerical optimization methods, for in- 
stance the Calculus of Variations, or Pontryagin's 
Maximum Principle, were to be used we would typi- 
cally get the derivatives of the desired path as a result 
instead of the path itself. This can be dealt with by 
using numerical integration in order to produce look- 
up tables, containing the values of the desired base 
position at different times. However, this way of in- 
troducing a global path representation into the system 
clearly seems unnecessary, since our control algorithms 
only require local information. 

However, in Algorithm 3.1, only the derivatives of 
the desired base trajectory appear explicitly. This ob- 
servation suggests a way out of the planning problem 
that can be formulated as follows: Given XBd and YBd, 

simply calculate & ( S E )  and & ( S E )  in Algorithm 3.1 

& ( S E )  = V E O  COS(~AB) 
as 

(13) &(SE) = VEO sin(eAB), 

where e A B  = atan2(yAd - YBd,xAd - XBd). 
Then XCgd and YBd can be updated, using stan- 
dard difference approximations, xgd(t + At) = 

Atqh(sg(t))&g(t), where At is the sample time of the 
system. 

The beauty of this method is that we only need to 
specify a desired direction, moving the base towards 
the projected arm position, and then let Sg scale it so 
that the right distance is maintained according to the 
coordination and error feedback strategies. A result 
from this can be seen in Figure 3. 

xBd(t) + Atph(SB(t))SB(t),YBd(t + At) = YBd + 

51t should be stressed that, in general, we can only bound 
the terms to an arbitrarily small ball, and thus we do not have 
global asymptotic stability. 
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base is planned in such a way that the desired end- 
effector is within reach. Then a coordinated evolution 
of the reference points on the two trajectories, com- 
bined with the appropriate controllers augmented by 
tracking error feedback, gives a stable, coordinated 
trajectory tracking. 

The fact that we produce a globally stable, coor- 

the base gets stuck, or if a reactive safety behavior 
becomes active in the underlying behavior based con- 
trol structure, gives us means to compensate for these 
unpredicted movements in the base. In such scenar- 
ios, the dynamics of the virtual vehicles cause the arm 
to wait for the base, which suggests that  our solu- 
tion could be useful, not just as an isolated trajectory- 
following behavior, but also as an integrated part in a 
complex robot control system. 

c-- -_ __ 
0 1 dinated control algorithm that takes into account if 

\ --- - 

-1 m 

Figure 3: The desired arm trajectory together with the 
planned base trajectory. 

5.2 Simulation Results 

, 

't ................................ 1 

_. ... ._ ............. .- ...... . . , _._______-_ 

Figure 4: In the left figure, a simulated, coordinated path 
following is depicted. In the right figure, the bounded base 
and arm position errors (top), the norm of the arm posi- 
tion together with the boundary of the dextrous workspace 
(middle), and the norm of the projected position and 
boundary of the projected dextrous workspace (bottom) 
can be seen. 

A preliminary evaluation of our coordination 
method for mobile manipulation can be seen in Figure 
4, where we have simulated the proposed coordination 
strategy using the inverse kinematics of the manipu- 
lator arm. The results suggest that our method has a 
good chance of working on the real platform, as well 
as in theory. 

6 Conclusions 

In this paper, we propose a coordinated virtual ve- 
hicle solution to  the trajectory following problem for 
mobile manipulators. Given a desired trajectory for 
the end-effector to  follow, another trajectory for the 
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