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SUMMARY

This dissertation presents an efficient computational procedure
for the synthesis of linear stationary control systems. The procedure
is generally applicable to the design of linear controllers that minimize
the mean squared system error of multi-input linear plants that are
subject to stationary stochastic disturbances. The controller is
designed to operate only on the basis of information that is physically
measurable, and the powers associated with the plant's control inputs
are constrained by the design to lie within prescribed bounds,

The dissertation begins with the formulation of the control problem
in state space terminologv as the minimization of system error subject
to constraints on the variances of the components of the control input,
The Kuhn-Tucker theorem 1s used to reduce this problem to a sequence of
problems in which the objective is the unconstrained minimization of a
lagrange function defined to be the sum of the system error and the
variances of the control input components weighted by undetermined multi-
pliers. The results of modern control and estimation theory, including
the certainty equivalence principle, are used to establish that the
solution of the unconstrained problem is a controller consisting of a
linear dynamical system whose parameters are determined by the solution
of two quadratic matrix equations that are referred to as the control

and the estimation equations. Both of these equations have the form

PF+FTP+HTH=PG T'ZGIP



where the matrices F, G, and H are determined by the system to be control-
led and P is the unknown matrix defining the controller, The matrix P
has an order equal to that of the system and it is required to be
symmetric and positive definite. T 2, which appears only in the control
equation, is a diagonal matrix containing the undetermined multipliers
associated with the control variances, The solution of this matrix equa-
tion, which is equivalent to n (ntl)/2 simultaneous quadratic equations,
is the crux of the computational aspect of the control synthesis problem.
A novel and computationally attractive scheme for the solution of
the crucial matrix equation is developed in this dissertation. Certain
transformations devised by Luenberger for the representation of control-
lable dynamical systems are used to convert the control and estimation
equations to a single canonical form, A theorem due to Potter is
introduced whereby the solution of the canonical equation may be written
in terms of the eigenvectors of a linear Hamiltonian system whose order
is twice that of the system to be controlled. Methods based on a set of
Special Notational Conventions devised for dealing with systems in
canonical form are used to obtain explicit expressions for the eigen-~
vectors of the Hamiltonian system in terms of the solutions of a much
simpler reduced homogeneous system whose order is equal to the number
of control inputs (or measured outputs, in the case of the estimation
equation), A concise solution of the canonical matrix equation is then
written in terms of these explicit expressions. It is further shown
that the parameters of the optimal controller may be determined directly
from steps intermediate to the full sclution of the canonical matrix

equation.



These results have important theoretical {mplications: they
constitute, together with Potter's thearem, a purely algebraic proof
that the control equation has a unique positive definite solution when
the underlying system is controllable. The results are exploited in this
dissertation, however, primarily as the basis of a computational algorithm
for the determination of the parameters of the optimal controller.

The algorithm for determining the parameter of the optimal control-
ler begins with the numerical determination of the transformation that
converts the control or estimation equation to canonical form., This is
accomplished by an adaptation of Danilevskii's method for determining
the characteristic equation of a matrix. The remaining computationally
significant steps are the solution of a polynomial equation and the
inversion of a matrix, both of order equal to that of the system to be
controlled. The number of arithmetic steps required to carry out the
alpgorithm is carefully determined and shown to be significantly less
than alternative conventional algorithms for determining the parameters
of the optimal controller. Such conventional algorithms depend on
calculating the eigenvectors of the Hamilitonian system.

An iterative procedure for the determination of the multipliers
which appear as parameters in the control equation is also developed.

It is shown the contrel system determined by the solution of the control
equation leads to control input components whose variances are monotonic
decreasing functions of their associated multipliers, Experience and
physical reasoning lead to the following conclusions:

1). The variance of a given control input component is

relatively independent of the multipliers not directly



associated with it.
2). The variances of the contrel input components are

approximately exponential functions of their

assoclated multipliers,
These assertions form the basis for the following iterative procedure:
Two initial guesses are made for values of the multipliers and the
control system parameters are computed. The control input variances
which correspond to these guesses are then determined by the solution
of a linear matrix equation whose form closely resembles that of the
quadratic matrix equations. Successive guesses for values of the
multipliers are then determined by logarithmic interpolation until
values have been found such that the control input variances meet their
prescribed bounds.

The computational algerithm for the solution of the quadratic
matrix equations and the iterative procedure for the determination of
the control input multipliers together constitute the complete computa-
tional procedure for the synthesis of linear stationary control systems,
These procedures are tested in their application to a number of test
cases and to the synthesis of lateral and longitudimal control systems
for an aircraft subject to random gust disturbances, The computational
experience gained in these applications is summarized. This experience
is generally excellent. The aircraft control system design study also
demonstrates the effectiveness of the design procedure as a practical

method of designing complex control systems.



CHAPTER 1

INTRODUCTION

The objective of this dissertation is to develop computatiomal
procedures for the synthesis of linear stationary control systems. The
design of linear control systems is the central problem of classical
control theory, and the techniques of this theory, which are by and
large analytic, have led to many excellent control system designs. As
the systems under consideration have become more complex and the
performance requirements wmore stringent, the methods of the classical
theory have become inadequate, and efforts have been made to devise more
powerful and essentially synthetic design techniques. These efforts
have met with considerable success from a theoretical point of view,

The results of these efforts, which are a part of mpdern control and
estimation theory, now provide the basis for the rational synthesis of
a broad class of optimal linear control systems, There are, however,
serious computational problems that arise in connection with the new
theory, and this dissertation is an effort to resolve these difficulties
by the development of efficient computatiomal procedures, based on the

new theory, for the synthesis of linear stationary control systems.

Statement of the Problem

The control synthesis problem considered in the present research
is the design of controllers that minimize the mean squared system error

of multi-input linear plants operating in a stochastic environment. The



problem is broad enocugh to include a wide variety of practical control
systems and has been so formulated as to lead to realizable control
system designs.

A block diagram of the most general contrel problem that falls
within the framework of the present formulation, the serve problem, is
shown in Figure 1. Disturbance and reference signals which are assumed
to be stationary multi-dimensional processes with known second-order
statistics emanate from their respective sources. The design objective
is the synthesis of a linear controller that causes the plant output to
follow the reference source output with minimum mean squared error in
spite of the adverse influence of the disturbance signal. When the
reference source is absent and the objective is taken as the minimiza-
tion of the plant output due to the disturbance signal, then the control
problem becomes the regulator problem.

An important part of the formulation of the control problem is
the requirement that the controller operate only on the basis of informa-
tion that is physically measurable. These measurements may or may not
include the outputs of the plant and the two stochastic sources, but
the measurements are, in any event, usually incomplete and imprecise.
An other important part of the formulation is the requirement that the
power associated with the control inputs and specified plant variables
not exceed the bounds imposed by the plant's physical limitations.
These two requirements assure that the resulting control system will
be physically realizable.

The results of modern control and estimation theory establish

that the solution to this formulation of the control problem is a



DistorBANCE

SeurcE *
15 Y
Q
&
3 g
S by
¥ %)
2 PLAanT B ant Our bur ’_@
u'é’ {
] . 5
s & T N
R g 3 S
d -
X 3 i
2 N N
G ¥
e Com TROLLER 4 Rer. teas. ?EFE QENC:'__E
SoLRCE

Figure 1,

Control System Block Diagram.



controller consisting of a linear dynamical system whose inputs are the
physically measurable system variables and whose outputs drive the fixed
plant. The parameters of the controller are determined by two quadratic
matrix equations and a saddle point condition that are given explicitly
in Chapter II, The solution of these equations and the satisfaction of
the saddle point condition are the crux of the computational aspects of

the control synthesis problem.

History of the Problem

The modern control and estimation theory on which the control
synthesis procedure is based began with the well known work of Wiener
on the estimation of stochastic signals in the presence of corrupting
noise [1]. Subsequent developments fall into two broad catagories:
those that grew directly out of Wiener's work and depend on transform
techniques, and later developments that grew out of Kalman's work and
depend on state space techniques,

Wiener formulated the problem of designing linear filters for
the estimation of statiomary stochastic signals in the presence
stationary stochastic noise with minimum mean squared error. He showed
that the impulse response of the optimal filter is determined by an
integral equation, now known as the Wiener-Hopf equation, and he gave
the widely applicable method of spectral factorization for its solution,
At about the same time Wiener, and his co-workers formulated the stochas-
tic control problem and suggested that it was equivalent to the estima-
tion problem. Newton [2] pointed out that this was not strictly true

since an essential aspect of the control problem is the presence of



fixed components that are subject to saturation. Newton showed, however,
that undetermined lagrange multipliers may be introduced in the formu-
lation of the control problem to bound the saturable variables, and that
in this form the problem is identical to the estimation problem.
Chang [3] considered the problem of designing controllers for plants
with saturable components and devised a computational technique, the
root square locus technique, for the solution of the spectral factori-
zation problem and the determination of values for Newton's bounding
multipliers,

An important generalizatiom of Wiener's work has been its

extension to multivariable* systems. Amara (4], for instance, formu-
lated the problem of controlling plants with multiple inputs and outputs.
Other workers have dealt with the corresponding estimation problem.

These formulations both lead to matrix equivalents of the Wiener-Hopf
equation which may be solved by a generalization of the method of
spectral factorization. In its multivariable form, however, spectral
factorization is a truly formidable computational task and has begun

to receive attention in its own right. Amara presented a method for
solving the problem that involves undetermined polynomials. Davis [5]
and Youla [6] gave alternative methods. None of these methods is
attractive, however, for systems with more than two or three variables.
Before considering more recent developments in this area, it is necessary
to review the contrel and estimation theory that grew out of Kalman's

work.

*
The term "multivariable” is used throughout this dissertation to
mean systems with multiple inputs and/or outputs.



The principle motivation for the application of state space
techniques to control and estimation theory was its extension to non-
stationary problems where transform techniques do not apply. The state
space approach has led, however, to results that bear in important ways
on the stationary problem. Kalman and Bucy [7] considered the estimation
problem from the new point of view, They were able to state that observ-
ability of the signal source is a sufficient condition for the existence
of a solution to the estimation problem and to characterize the solution
in a simple way: the optimal estimator consists of a model of the
signal source which is driven by the difference between the measured and
the estimated source outputs. The gains of the inputs to the source
model are determined from the solution of a non-linear matrix differen-
tial equation of the Ricatti type,

Kalman alsc formulated the deterministic regulator problem in
which a control signal is sought that minimizes the mean squared output
of a linear plant that is subject to a known initial disturbance [8].

If this problem is naively formulated, the solution leads to impulsive
control signals which violate the obvious physical requirement that the
control energy be finite. For this reason the objective is modified to
be the minimization of the weighted sum of the control energy and the
plant output. Although it is rare to see their role explicitly
mentioned, the weights on the control energy are in fact equivalent to
the multipliers that Newton introduced in the formulation of the control
problem, Kalman demonstrated that the deterministic regulator problem
is the "dual" of the estimation problem. He showed that the optimal

controel signal is the feedback of each component of the system state



according to gains that do not depend on the initial disturbance and
that these gains are determined by the solution of the same Ricatti
equation that arises in the estimation problem.

Webb [9] investigated the stochastic servo problem. He showed
that this general problem may always be reduced to the problem of regu-
lating a plant subject to uncorrelated stochastic disturbances by the
introduction of shaping filters to account for the statistics of the
external signals. Webb further showed that the solution of this problem
is identical to the solution of the corresponding deterministic problem.
This is an important conclusion, but its practical implications are
restricted by the fact that the control signal depends on each component
of the system state (including those associated with the shaping filters)
and these variables are rarely directly measurable.

Kalman and others conjectured, however, that the inaccessible
state components could be estimated with the aid of an optimal filter
and that a control signal based on these estimates would be optimal iIn
an overall sense. Under appropriate circumstances this conjecture is
true; it has become known as the certainty equivalence principle. This
result was first obtained by Simon [10] for discrete systems. Joseph
and Tou [11] also obtain this result for discrete systems. Roberts [12]
proves the principle for continuous stationary systems and Schultz [13]
for nonstationary continuous systems., On the basis of this principle,
the optimal controller consists of an optimal state estimator whose
inputs are the physically measurable variables cascaded with the optimal
deteministic controller., The parameters of the overall system are

determined by the solution of the Ricatti equations associated with the



control and the estimation aspects of the problem,

The foregoing account summarizes the theoretical contributions of
the state space approach to the control synthesis problem. In addition
to extending the theory to include non-stationary problems, the new
approach sheds considerable 1light on the structure of the optimal
control system.

The central computational problem in the synthesis of linear
controllers when seen from the state space point of view is the solution
of the matrix Ricatti equation. TFor non-stationary controllers the
equation is a non-linear matrix differentiasl equation; for stationary
controllers a quadratic matrix equation. It is not surprising that in
the statiomary case the Ricatti equation may be cast in the form of the
Wiener~-Hopf equation and solved by spectral factorization. In fact,
Anderson [14] has used the reverse procedure to achieve the most recent
result in the solution of the spectral factorization problem,

The Ricatti equation arises also in the Calculus of Variations
and has been studied by many authors [15-17]. An important result is
that the differential Ricatti equation is equivalent to a coupled system
of two linear matrix differential equations known as the Hamiltonian
system., Sufficient conditions for the existence of a unique, symmetric
positive definite equilibrium point of the differential equation have
also been developed., The equilibrium point is important in that it is
also the solution of the quadratic matrix equation. Until recently,
except in the single input case where spectral factorization may be
easily used, the guadratic equation was solved by integrating the

differential equation numerically until equilibrium was established,



This approach was used, for instance, in the Automatic Synthesis Program
that was developed under Kalman at RIAS [18]. Several investigators,
including Bass [19] and the author, discovered independently that the
solution to the quadratic equation may be written down in terms of the
eigenvectors of the Hamiltonian system. Potter [20] obtained the prior
and more complete result that when a matrix related to the eigenvectors
of the Hamiltonian system is non-singular, then the solution written in
terms of these eigenvectors is unique, symmetric and positive definite,
In this dissertation a novel and computaticnally attractive
scheme will be developed for the solutien of the quadratic matrix
equation. Briefly described, the scheme begins with the transformation
of the matrix equations as they arise in connection with the control and
the estimation problems to a single canonical form. Explicit expressions
which will be developed for the eigenvectors of the associated Hamil-
tonian system are then used to write down the solution of the canonical
matrix equation. An iterative procedure for determination of the
lLagrange multipliers that enter in the formulation of the control problem
will also be devised. This procedure and the scheme for the sclution of
the matrix equation, taken together, constitute a completely seli-
contained computational procedure for the synthesis of optimal linear

stationary control systems,
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CHAPTER 11

THE CONTROL PROBIEM AND ITS FORMAL SOIUTION

In Chapter I the control synthesis problem was stated and the
history of the theory underlying the synthesis procedure was outlined.
Before proceeding with the development of computational procedures for
the solution of the synthesis problem, it is necessary to formulate
rigorously the contrel problem in state space terminolegy and to
organize and precisely state the theoretical results that lead to its

formal solution.

The Simplest Regulator Problem

The simplest form of the control problem is the regulation of a
plant that is subject to uncorrelated stochastic disturbances. The
probiem may be formilated mathematically as follows: a linear dynamical

system QJ is described by the vector differential equation

Jgf : x=Fx+G V+¢ u z=H x+w
v u z

where x is the system state, u is the control input, v ig the (uncorre-

*
lated, =zero mean) disturbance input, z is the measurable output which

*
The term "uncortrelated" is used here to mean '"white.®
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is corrupted by the (uncorrelated, zero mean) measurement noise w, and y

is the significant output. The covariances of v and w are given by

2
3 ['v (&) vi (& + ) :| =Ts (1) T = diag |-U1 :|

2
Efw @w ¢+rn]= N6 M N -dtag fu; ]

The control problem is the determination of the linear dynamical system

qg c with input z and output u
" .
Eﬁ . x =F x +6G_ =z u=H xa
- : c ¢ z u

which minimizes the stochastic morm }JyW of the significant output

where the stochastic norm is defined by

wits e @y @l £y @y’ @]

There is, however, the important restriction that the variances of the
components of the control input not exceed prescribed bounds; in other

words, the minimization is to be achieved subject to the constraints
2 2 2
Hu 7= E I‘u:L (t)] < Y, 1=1, 2,...,m

The motivation for this formulation of the control problem is the
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following: The objective of the control design is to minimize the
significant output, which may or may not be measurable, by operating
on the measurable outputs to produce the centrol input. The controller
must function, however, in such a manner that the power associated with
the control input components not exceed the bounds impesed by the
physical limitations of the fixed plant., It is well known that unless
such bounds are imposed the formal solution of the synthesis problem

will lead te controllers with infinite control power.

Two Extensions of The Regulator Problem

The formulation of the regulator problem can be extended to cover
the case where the disturbance input is not uncorrelated by appending
"shaping filters" to the mathematical description of the plant to
account for the statistics of the disturbance input. Suppose the

disturbance input ¥ is correlated with covariance

£ |'<r‘ &) 3% (¢ + T):I = Ryp (1)

It is well known (Webb [9] ) that if the corresponding spectrum is

rational, it is possible to construct a linear dynamic system 48'0

Mw
F

e |
"
+
]
<
<S>
1}

= o
»

S b p~ “p % Dv v *D
whose input v is uncorrelated with covariance

8[\? (t) " (t + ‘T)] = Tza (T) T - diag [Uj_]
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*
and whose output ¥ has the specified covariance RGG {T). The disturb-
ance system 98 p ™Y be appended to the plant system g& to form the

augmented system Cg'a'

r - - -~ —‘ —
.1 X  F # X G. |v ¢ |u
S a Di _ |_ D —] t DE & | Dv +L
% G H FP_| %p | Gp, 6o
. %p | | . %5 |
z= [HzD HZ?J xP*}+ v ¥y= [HyD HyP] X5

where LN and xp are the states associated with the disturbance system
and the plant system, and the matrix subscripts D and P refer to the
disturbance and plant systems respectively., It is important to note

that due to the special structure of the augmented system the plant

state and the control input can have no effect on the disturbance vari-
ables, The significant and the measurable outputs, however, may directly
invelve the disturbance state. If these facts are kept in mind, then

the augmented system may be described by the same vector differential

equation used to describe the simpler system md.

In a similar mannetr the formulation of the regulator problem way

The construction of the system given the covariance, a non-trivial
problem when v is multi-dimensional, is mot considered directly in this
dissertation. This construction is closely related to the issues dealt
with here in that it is the first step in Anderson's solution of the
spectral factorization problem,
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be extended to cover the servo problem where the objective of the
control design is to minimize the error with which the plant's signifi-
cant output tracks an arbitrary stochastic reference signal. Shaping
filters which account for the statistics of the reference signal are

appended to the plant description to form the augmented system a{fm’

> ) nEELT B
fat: %] [T #i%R Oy ® [V, ¢ |

= | + +'

‘| L

*p ¢ Fpd Lxp ¢ py— =P i-Pu
*R l_ er{f
z = I—HzR HzP] rX__| +w y =T Hpl L{ |
L_P P-—i

where Xp is the state associated with the reference system and xP is the
state associated with the plant system which may in fact constitute a
system already augmented to account for correlated disturbances. Again
it is important to note the special structure of the augmented system.
The plant state and the control input can have no effect on the reference
variables and, in this case, the reference variables can have no direct
effect on the plant. As before, the augmented system Ed<al may be
described by the same vector differential equation used to describe the
system Qd .

A different type of peneralization of the control problem, the
extension of the formulation to include bounds on the variances of plant

variables other than the control input components, is discussed in

Appendix I. Further generalizations avre possible, but those considered
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here and in Appendix I cover the majority of the natural situations.

The Constrained Minimization Problem

The formal solution of the control synthesis problem begins with
the introduction of (generalized) lagrange multipliers to reduce the
synthesis procedure from a constrained minimization problem to &
sequence of unconstrained minimization problems. The stochastic norm
of the significant plant output as well as the variances of the control
input components depend only on the control system ‘gc . This func-
tional dependence may be used explicitly in the formuilation of the

problem. Define
codo- it w0

and the problem becomes the minimization of £ ( qg C) subject to the

constraints

2
gi ( ﬂ& c) o Yy

It can be shown that this problem falls within the framework of
minimizing & convex function subject to convex inequality constraints
and that consequently the Kuhn-Tucker theorem, which justifies an
extension of the classical lLagrange multiplier technique, is applicable,

As in the classical case, a Lagrange function is defined by

(-t + T ' £ Jc)'YiZ]
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*

where A is a vector of undetermined multipliers., The Kuhn-Tucker theorem
A

then asserts that for a control system cﬂ?c to be optimal (i.e., mini-

mize f ( Ckf c) subject to the imposed constraints) it is necessary and

A
sufficient that there exist multipliers A such that

-

A A A
P C o Ms @0 of N <9 of 2N

for all admissible A and o .
c
This condition, known as a saddle point condition, may be used to
A
obtain a solution to the synthesis problem as follows: TFor fixed ) the
)
determination of the system Q{f c which satisfies the right hand
inequality is equivalent to finding fhe unconstrained system which

minimizes
2
3N T Oymet o A um]

where @ ( eg’c,h) is defined to be ¢ ( <§? o»M) minus the constant
U2

li Yiz andf\::diag rhi]. This unconstrained minimization problem,
! N

which will be discussed in the next section, leads to a controller !f c

L
whose properties depend on the fixed A. It is possible by methods to be

*Kunzi et al. [21] give a proof of the Kuhn-Tucker theorem for fumc-
tions defined on a finite dimensiomal vector space. The extension of
this proof to the infinite dimensional vector space required im its
present application appears to be straightforward but is beyond the scope
of this dissertation. The issue is mot critical, however, since it is
only the suificiency of the saddle point condition, which is easily
proved without regard to the dimensionality of the space, that is used
directly in this dissertation.
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discussed in the next section to compute the control variances

2

gy ( < = 8:"::[

A

which result from the particular system Qf .. A

Since the multipliers ii determine the control system é?c which,
in turn, determines the control variances, these variances may be
regarded as functions of the multipliers li. It is shown in Appendix II
that, in fact, each control variance is a monotonic decreasing function
of its corresponding multiplier. This fact provides the basis fer an
iterative solution process whereby multipliers that satisfy the left
hand inequality of the saddle point condition may be determined., An
initial guess of ) is made; the system gc which minimizes o ( Egc,l)
is determined and the resulting control variances are computed, If a
control variance exceeds its bound, then the corresponding multiplier is
increased (or vice versa); the minimization problem is resolved, and the
control variances are recomputed. In this manner the multipliers are
iteratively adjusted until each control bound is exactly met,

Once this process terminates, the left hand inequality of the
saddle point condition is satisfied and the sufficiency of this
condition guarantees that the resulting controcller is the solution of
the constrained minimization problem. It is worth pointing out that
the necessity of this condition is not used directly; it rather serves

only to guarantee that an optimal solution may in fact be characterized

in this manner,
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The Unconstrained Minimization Problem

Each step in the solution of the constrained minimization problem
involves the determination of the unconstrained system qfcwhich

minimizes the lagrange function

(o om=- Elf@y@+t® A w ® |

*
It is well known that the minimization of this quadratic form in the
plant output and the control input may be achieved by a control imput

which is a constant linear transformation of the plant state

where the transformation or gain matrix is determined from the symmetric

positive definite solution of the quadratic matrix equation in P

-2
T T T
PF+F P+ H H = G A ¢ e (1)
by
)
B = A cTp
u u

A sufficient condition (Kalman [23]) for the existence of a unique

*
Athans and Falb [22] discuss the deterministic case which by the
certainty equivalence principle is applicable to the stochastic case.
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positive definite solution of (1), which will be referred to as the
control quadratic equation, is that the underlying system be controllable.

It is seen that the optimal control input depends explicitly
on each component of the system state. These components, however, are
not known in general on account of incomplete and imprecise measurements
and for this reason a controller consisting simply of the feedback of a
transformation of the system state is not implementable and thus not an
admissible solution of the optimization problem, On the other hand, the
certainty equivalence principle (Schultz [13]) states that the optimal
implementable controller consists of the feedback of the same trans-
formation of the best estimate of the system state that may be made from
the available measurements.

It is well known (Kalman [7]) that the best estimate of the state
of the system 53 as it responds to its stochastic inputs is given,

on the basis of the measurements z, by the state of the system ,8’8
o . = (F-G B)x +G u+6, =

where the gain matrix Gz is determined from the symmetric positive

definite solution of the gquadratic matrix equation in P

pri+re+c T2 -pu N 7w p (2)

by

G = PHZT 2
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A sufficient condition (Kalman [23],using duality) for the existence of
a unique positive definite solution of (2}, which will be referred to as
the estimation quadratic equation, is that the underlying system be
observable,

The solutions of the quadratic control and estimation equations

determine the optimal controller which constitutes the linear dynamical

system 25 c

£ . ;cc=(F-Gsz-GuHu)xc+Gzz u=H x_
In order to complete the corresponding step in the constrained minimi-
zation problem, it is necessary to compute the control variances that
result from the controller 4 e At the same time it is of interest
to compute the stochastic norm of the plant output to determine the
degree of minimization that has been achieved.

The system _é together with the controller Q/ e constitute

the composite system J m

which may be more compactly represented in the form



where

and the covariance matrix

r T
(C; v (&) v (t + 'T)J = Tm

-

Z 5 (1)

is determined in an obvious way from covariance matrices of v and w.
Now it is well known (Ralman [7]) that the covariance of the output of

a linear system such as the composite syatem
[ T |
& | ¥ (B y " ()] =R

may be determined from the symmetric positive definite solution of the

linear matrix equation in P

T 2
PFm+FmP+Gme G~ = 0 3)

R=H PH
m m

21



A sufficient condition for the existence of a unique positive definite
solution of (3), which will be referred to as the linear variance
equation, is that the system be stable, As a matter of fact, the
composite systems which arise in this dissertation will alsc be

observable. Now the diagonal elements of the covariance matrix R are

ii
r(i+f1(i+x) = Ei [ﬁi (t)] i=1,2,...m

from which the stochastic norm of the plant output and the variances

of the control input compenents may be immediately determined. In
summary, the solution of the unconstrained optimization problem and the
computation of the resulting variances involves the solution of two
quadratic matrix equations and one linear matrix equation, all of
substantially the same form, In the next chapter it will be shown that

these three equations can be reduced to a single canonical form.

22
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CHAPTER IIX
SYSTEMS IN CANONICAL FORM

In Chapter II it was shown that the érux of the control synthesis
problem is the solution of two quadratic matrix equations and one linear
matrix equation. The importance of controllability and observability as
sufficient conditions for the existence of solutions of the quadratic
equations was emphasized. In this chapter certain canonical forms
devised by Luenberger [24] for controllable multi-variable systems will
be introduced. It will be shown that the transformations that lead to
canonical system representations may be used to reduce the three matrix

equations to a single canonical form foi which concise solutions will be

developed in Chapter IV.

Controllability and Obsexvability

A linear dynamical system QS

=FX+GU- y:.-H.X

P

e

is said to be controllable if for every initial condition x(0) there is
a control input u(t) that carries the state x(t) to the origin in a
finite amount of time. The system is observable if the state x(t) at
the end of a finite amount of time may be determined from observations
of the output y(t) and the input u{t) on this interval of time,

In the case of time invariant systems the issues of controllability
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and observability are simply decided (Athans and Falb [22]): The system

‘gg is controllable if and only if the contrellability matrix

¢’ - [G, rG,... ! G]

has rank n where n is the order of the system. Similarly the system is

observable if and only if the observability matrix
Y - [HT, FLa, ..., o™l HT]
has rank n. Corresponding to the system éz is the dual system

Qé? D X = FT ®x + HT u ¥ = GT X

It is important to note that if the system ,Sg is observable, then its

dual is controllable.

State Transformations and Canonical Forms

It is usually the case in the study of linear dynamical systems
that only the relation between the system's inputs and its outputs is
important. In this event the representation of the system by a partic-
ular vector differential equation is only one among an infinity of
similar representations. Let S be a non~singular linear transformation

and define
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Then the system Jé; given above may be represented by the alternative

vector differential equation

& 5. FF 4+ ¢ u -
where
F-s! ps T-s5tlag H=us

This transformation of the system representation may be symbolized as

follows:
{F. ¢, il $ [F, ¢ %

Among the infinity of system representations some are preferred
for their particular form. If V is the modal matrix of F, that is, the
columns of V are n linearly independent (generalized) eigenvectors of F,

then

{F, G, H} v {A,F zl}

where A is a matrix in Jordan canonical form. The transformation V
thus has the effect of decoupling the components of the system state.
More important representations for this dissertation are those devised

by luenberger for multi-variable systems. These forms are extensions
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of the familiar phase variable form for single input systems. They are
generally applicable to observable and controllable systems.

Suppose the nth order systeunlay with m inputs and .2 outputs is
controllable. The input matrix G may be written in terms of its columns

as follows:

G = rgl, gz,...,gm]

where the g; may be assumed to be linearly independent. Since the
controllability matrix has rank n, it i1s possible to choose from its

n X m columns n vectors which include all the 8 and which are linearly
independent. It is important to note that this choice is not always
unique. Let 8 be the transformation whose columns are made up of the

chosen vectors from the controllability matrix arranged as

-l V-1 -1
S - l-gl, Fgiseves F U Bys Bpseees F o ByuenesF g, |

It is shown in Appendix III that
AA
{F, G, H} 5 1%, &, H}

T A A
Where F and G have the forms shown in Figure 2 and H has a general form.
This representation of the system will be referred to as pre-canonical
form.

If a system in pre-canonical form jis further transformed by the
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matrix R that is given in Appendix III, then it is shown there that
{%, g, 'h} R {/Z . BD, ¢}

where,{, B, D, and C have the forms shown in Figure 3, It will be noted
that,d_is naturally partitioned into blocks of dimension ?} x ?3 {where

the V;.

diagonal blocks are companion matrices. Another important feature of

are the exponents appearing in the transformation S) and that the

these matrices is that D is an mth order upper triangular matrix with
unit diagonal elements and thus non-singular., The symbols used to
designate these matrices form part of a set of Special Notatiomal
Conventions that are defined in their entirety in Appendix IV and will
always be used to designate matrices of the form given in Figure 3. The
representation of the system ncp in terms of these matrices will be
referred to as canonical form. Note that the transformation T = SR
converts the original system directly to canonical form,

Suppose the system 'gf is observable. The dual system is thus
controllable and may be transformed to canonical form by a trans-
formation T = SR. An easy calculation shows that the transformation

T ~ gives

-7
{F, G, H} T IAT T, ot

.
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This representation of the system will be referred to as dual canomical

k3
form,

Transformations for Augmented Systems

A special difficulty presents itself in the case of a plant
system that has been augmented to account for correlated disturbances.
These systems are controllable in terms of the inputs u and v and
consequently may be put into canonical form. The canonical trans-
formations are not unique, however, and an arbitrary transformation does
not preserve the special structure of the augmented system which will be
important in the solution of the corresponding control equation, The
difficulty is resolved as follows: Iet the augmented system be repre-

sented by {F, G, H} where

F ¢ TG ¢ H H 1
t D
. Fep

FPJ ‘_GPV GPU

The disturbance system {F s GDV’ H 1 and the plant system

yD .
{FP, 1 are both controllable and may be transformed to pre-

Pa’ PByp |

canonical form by the transforwmations SD and SP‘ It is shown in

G

Appendix IIY that a matrix SPD can be constructed such that the trans-

formation

*
T as a superscript is used in this dissertation to indicate
transposition. Thus T-T is used to dencte
(TT)-I _ [T

(T )
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A A A
transforms the system to the pre-canonical form fF, G, H} while preser-

ving the structure of the system; that is

} - - ‘ "‘T
F é "G 1
M D A ) DV ¢
F = A » G = : A r

It can be shown that the transformation R introduced above to transform
an un-augmented system from pre-canonical to canenical form preserves the

structure when constructed in the usual manner.

Transformations of The Matrix Equations

The same transformations devised by Iuenberger for system repre-
gentations may be used to cast the three matrix equations into a single

canonical form. Consider first the control equatien (l). lLet

and the contrel equation becomes

pF+F P+ u- n=p["% ¢’ p %)

Assume that the system {F, G, H} is controllable and let T be a
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transformation that transforms the system to canonical form

{F, c, H} z {/(, BD, c}

A A

Define P = TT PT and note that since T is non-singular, P is unique,
-T A o

symmetric, and positive definite if P is. Substitute T T PT 1 into

(4), premultiply by TT, and postmultiply by T to obtain

T

PalED 4+ (TP T P+ (TL HY) (HT)

2

bl D rhe

But using the properties of the transformation T, this equation may be

reduced to the canonical quadratic equation

P A +Lf $+Tc- Pl ofsT$ (5)

A
The gain matrix Hu may be written in terms of the solution P of the

canonical quadratic equation as follows
- - A L A - -
Hu= ;\ZGUTP=FZ (GTTT) PT 1=1—12(DT BT By T 1=1_‘2KT 1

where K which will be referred to as the canonical gain matrix is

defined by
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The estimation equation (2) may be converted to precisely the

same canonical quadratic equation. Let

and the estimation equation becomes

PFL+FP+GG = PHY 2HEP (6)

Assume that the system {F, G, H} is observable and let T-T be a trans-

formation that transforms the system to dual canonical form

{F, G, H} T.—T {E, et ot BT}

A - A o
Again let P = TT PI. Subsbitute P = T T PT 1 into (6) and perform the

same multiplications as before to obtain
- - A A - A
Pl + (D) et @' =2t M2wrh) b

But using the properties of the transformation T_T this equation reduces
to the canonical quadratic equation (5). The gain matrix Gz may be

written in terms of the solution P of the canonical quadratic equation



34

as follows

o Y -
6T-. D% P TPwm sTsrot
Z Z A

A - ™ -
-T2’ p st T %gr?

where K is defined as above.

Finally the variance equation (3) may be similarly dealt with,

and the variance equation becomes

PFL+FP+GQCY = 0 (7)

Assume that the system {F, G, H} is observable and is transformed to

dual canonical form by the transformation T_T. Substituting P = T-'I
A -
PT 1 into (7) and using the properties of the transformation, the
variance equation may be reduced to the canonical linear equation
o .
PA-I-AT P +c’ ¢ =0 (8)

The covariance matrix R may be written in terms of the solution of the
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canonical linear equation as follows

- A - A
ReHPH = BT ) P(T H)-D B PBD = KBD

where K is defined as above,

Again the augmented systems present special difficulties, The
transformation of the control equation (1) depended upon the control-
lability of the system {F, Gu’ Hy}, but if the system is an augmented
system, the control input u can have no effect on either the disturbance
or the reference states, and thus the system is not controllable. The

resolution of this difficulty will be discussed in terms of a system

augnented to account for correlated distrubances. Let

= - - - 7
F.. F G G, | - A'l"
PD P _ Pv PU_I o 0

and the control equation (1) is equivalent to (4) as before since
G]_"2 GT = Gu A-z GuT. With these substitutions the system {F, G, H}
is controllable and the control equation may be reduced to the
canonical quadratic equation. The fact that the matrix D I is singular
in this case will present later difficulties, however, and should be
kept in mind.

In summary, the canonical transformations devised by ILuenberger
have led to the reduction of the three crucial matrix equations to what
is essentially a single canonical form. The next chapter will be

devoted to the solution of the camonical matrix equation,
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CHAPIER IV

SOLUTION OF THE CANONICAL MATRIX EQUATION

In Chapter III it was shown that Jmenberger's canonical trans-
formations may be used to convert the crucial matrix equations to a
single canonical form. In this chapter a concise solution of the
canonical matrix equation will be developed, The chapter begins with
the presentation of a theorem by Potter [20] that leads to the solution
of the matrix equation in terms of the eigenvectors of an associated
Hamiltonian system. Methods based on a set of Special Notational
Conventions that have been devised for dealing with systems in canonical
form are then used to obtain explicit expressions for the eigenvectors
of the Hamiltonian system in terms of the solutions of a much simpler
reduced homogeneous system. These expressions are then used to write
down the solution of the canconical matrix equation.

It will be vecalled from Chapter IT that the solutions of the
matrix equations are required only because the gain and variance
matrices discussed in that chapter are expressed in terms of those
solutions. In this chapter it will also be shown that these matrices

may be obtained without the full solution of the matrix equation,

The Hamiltonian System

The solution of the matrix equations (1), (2), and (3) is
equivalent in each case to the solution of n(n#l)/2 simultaneous

quadratic or linear equations. In this form the solution of these
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equations is an extremely difficult task even for moderately large n.
A considerable reduction in the effort required to obtain these
solutions is afforded, however, by a theorem due to Potter.

Agssociated with the nth order quadratic matrix equation

FTP+PF+H H = PG 2clp

is the 2nth order Hamiltounian matrix
- F el 2T
HTH FT i

It is well-known that the eigenvalues of this matryix are symmetrically
located about and distant from the imaginary axis. There are thus
exactly n eigenvalues with negative real parts (i.e., Hurwitz eigen-
values), lLet A = diag rli} be the nth order diagonal matrix whose
elements are these eigen#alues and suppose that V and U are nth order

square matrices that satify

r - T A
| - F c'? & v v oA
! |
s .i
H B Fl | U U
: L

In othexr words, the columns of V and U give the first and second halves
of the eigenvectors of T}4 that are associated with the n Hurwitz

eigenvalues, Potter's theorem asserts that if V-l exists, then



38

P=U0UYV

is the unique, symmetric positive definite solution to the corresponding
quadratic matrix equation. When G = ¢ the quadratic equation reduces
to the linear equation, and an easy modification of Potter's theorem
gives an analogous result for the linear system,

Potter did not resolve the matter of the non-simgularity of V,
In the remainder of this chapter, however, concise expressions for the
eigenvectors of the Hamiltonian matrix associated with the canonical
matrix equation will be developed, and it will be shown that the
resulting V matrix is non-singular. Since a matrix equation can be
transformed to canonical form precisely when the sufficiency conditions
{(controllability or observability of the underlying system) for the
existence of a solution are met, the remainder of this chapter consti-
tutes a constructive proof that the non-singular matrix required by

Potter's theorem does in these cases exist,

Modal Matrices and Transfer Functions

In order to introduce a number of the Special Notational Conven-
tions and also to establish certain results that will be used in subsge-
quent sections of this chapter, methods based on these conventions will
be applied here to the determination of the modal matrix and the trans-
fer function of a system in canonical form.

Suppose that J is an nth order system with m inputs and £

outputs in canonical form



1':=/{.x+BDu y = Cx

Associated with the system J are the m x m matrix '-3- (3) and the

£ x mmatrix "{oj (3.) whose polynomial elements

(7.) p.-1 V.
i () = aij(l) +aij(2) A F o, +aij 3733 +51j ) 2
) p.-1
gij ) = cij(l) + cij(Z) A+ ... +cij J A J

are defined in terms of the scalar elements aij (k) and ¢ (k) of the

1]

matricesAand C. Also associated with the system is the m x m matrix

=00 = diag [E (1)

whose diagonal elements are the Vj -vectors that are defined in the
glossary of Special Notational Conventions given in Figure 10. It is

shown in Appendix IV that

e

L]
-

is an eigenvector of/i when p is a non-zero solutionm of the reduced

homogeneous sytem

’3-(1) P

i
o]

39
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where p is an m-vector with scalar elements. A solution of the reduced

homogeneous system will exist if and only if

Det | -‘3-.(1)1 SF () =0

where F ()} is an nth order polynomial which is in fact the character-

istic polynomial of the matrix /4(_ ., If the roots 3}, of F (}) are

3
distinct, then there are n solutions p(j) of the reduced homogeneous
systems in terms of which an eigenvector v(j) of the matrix ,( may be
explicitly expressed. It should be pointed out that the determination
of the solutions p(j) is inherently simpler than the direct determina-
tion of these eigenvectors since the order of the reduced system is
equal to the number of system inputs rather than the number of system

states.

The modal matrix of the system J ig given by

V= I—V(l), v(z), cas s v(n) _-J

which will be referred to as a composite Vandermonde matrix. V is non-
singular by virtue of the fact that irs columns are eigenvectors associ-
ated with distinet eigenvalues, but this fact is proved directly in
Appendix V where the case of repeated eigenvalues is azlsc discussed.

The transfer function j—l(s) of the melti«variable system J
is an £ x m matrix of rational functions which gives the relation
between the laplace transforms of the inputs and the outputs of the

sys tem .
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y(s)= HEG)u (s)

In contrast to the vector differential equation representation of a
system the transfer function representation is unique., It is shown in

Appendix IV that

-1
Heo = do Fre o

The simplicity of this expression indicates the close relation between
the canonical form and the transfer function representation of the

system.

Solution of the Canonical Quadratic Equation

The same methods used to determine the modal matrix and transfer
function of a system in canonical form may be used to obtain the eigen-
vectors of the Hamiltonian metrix cofresponding to the canonical quad-
ratic equation, Iet V and U be the square matrices required by Potter's
theorem; then the celumns v and u of these matrices must satisfy the

homogeneous Hamiltonian system

\T- ./{ )v+3Df‘2DTBTu=0

cFevrar+r L Hu=o

——

Set v = = (OJp and define q = BTh where p and q are m-vectors with

scalar elements, Note that the premultiplication of u by BT has the
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effect of "picking out" certain elements of u. It is shown in Appendix IV
that v as defined above satisfies the Hamiltonian system when p and ¢

satisfy the reduced Hamiltonian system

G p+ d 0T q-0 (9)

4% @ ‘S ) p- "3~T (-\)q =0

a= -0 T I%ph Toaoe

and it is easy to verify that (9) is satisfied when p is a non-zerc

solution of the reduced homogeneous system

Twe=l 4T Gw+ 3" T2 3 wle=o

Note that by defining

1

-
oMt F W

)

T ) =

(10)

—

< (\) may be written as
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T = £ £ w (11)

For this system to have a solution it is required that

et [ * 1-F 0% -0

where F (12) is a 2nth order polynomial with exactly n Hurwitz roots

N

lj' If these roots are distinct, then there are n solutions p and

(1)

q to the reduced Hamiltonian system in terms of which corresponding

(&) 3

columns v and u of V and U may be explicitly expressed. Here

again it is inherently simpler to determine the solutions of the reduced

(1) .4

system than to directly determine the eigenvector components v

ey ()

is the solution of a homogeneous system whose

(1)

In this case p
order is equal to the number of system inputs and q is determined
easily from p(j). On the other hand, the direct determination of the
eigenvector components involves the solution of a homogeneous system
whose order is twice the number of system states,

(3}

The definition given above specifies each element of v in

terms of Kj and p(j). V is seen to be a composite Vandermonde matrix
and thus non-singular. A method for computing the elements of u(j) is

discussed in Appendix IV, but these computations are not necessary since

the canonical gain matrix K is given by

K=D'8 P2 = DL (8l u) vl -pfqv!



where

0. T (@ =7

L e

This completes the solution of the quadratic equation.

Solution of the Canonical lLinear Equation

The solution of the canonical linear equation invelves the

determination of v and u that satisfy the simpler Hamiltonian system

a1-_4d)yv=0

cCev+ar+ AHu-o

It is cleay that v is simply an eigenvector of /( and consequently V

is the modal matrix that was determined above, It is shown in Appendix IV

that u may be determined from the solution of the reduced system

FWp=0 ")

AT & @ 30 q=0

where p and q are m-vectors. Again, however, it is not necessary to

complete the solution for u since the gain matrix

k=D qv'!
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(33

where the columns of Q are the n solutions g to the reduced system (9°)

which is discussed in Appendix IV,

Solution of the Augmented Quadratic Equation

An essential step in the solution of the quadratic equation was

the expression of the m-vector q in terms of the m-vector p by

T2 -1
q=-D". D o) e

This is not possible in the case of augmented systems since r~2 is
singular, but a solution to the Hamiltonian system may nevertheless be
obtained without difficulty.

The treatment of augmented systems is discussed in its entirety in
Appendix Vi, On account of the notational complexity, however, only the
main features of the solution will be discussed here. It is shown in
Appendix VI that the problem separates into three parts, The first part
involves the determination of the feedback matrix HPu which is identical
to the gain matrix determined above from the solution of the un-augmented
control equation, The other two parts involve the determination of the
disturbance feedforward matrix HDu and the reference feedforward matrix
HRu' These two problems may be considered separately since the
disturbance matrix does not depend on the reference system and vice-
versa,

This completes the development of concise solutions of the linear

and quadratic matrix equations. These solutions are important thecret-

ically because their simplicity affords insight into the nature of the
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control problem and because they constitute & constructive proof of the
existence of the non-singular matrix required by Potter's theorem. This
constructive proof takes on added significance for the following reasons:
the demonstration thatr controllability is a sufficient conditlon for the
existence of the solution of the control equation (Kalman [23])is diffi-
cult; it is analytic in mature and depends upon the behavior of the
differential Ricatti equation as the interval of integration becomes
infinite. The constructive proof, on the other hand, together with
Potter's theorem forms a simple, direct algebraic proof of the suffi-
ciency of this condition. The primary importance of the solutions
obtained in this chapter are, for the purposes of this dissertation,
their computational implications. It will be shown in the next chapter
that they lead to significant reductions, beyond those afforded by
Potter's theorem, in the computational effort associated with the

control synthesis problem.
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CHAPTER V

COMPUTATIONAL PROCEDURLS

In the previous chapters of this dissertation it has been shown
that the control synthesis problem may be reduced to a sequence of
unconstrained minimization problems that involve the solution of three
matrix equations. It has been shown that these equations may be
reduced to a single canonical form, and concise solutions have been
developed for the equations in this form. Taking advantage of these
solutions it has been shown that the gain and variance matrices that
are required for the solution of the unconstrained minimization problem
may be obtained without the full solution of the matrix equations.

In this chapter the entire synthesis problem will be discuased
from a computational point of view. A computational procedure for the
determination of the gain and variance matrices which is based on the
results of Chapters III and IV will be presented. It will be shown that
the procedure leads to important computationmal savings beyond those
afforded by Potter's theorem. An iterative procedure that has been
devised for the determination of the bounding lagrange multipliers
that enter as parameters in the matrix equations will also be presented.
Together these two procedures may be used for the solution of the
control synthesis problem. In the course of this chapter comments will
be made on the experience that has been accumulated in the use of

the computational methods that are presented.



48

Computation of the Gain Matrices

The concise solutions for the matrix equations provide the basis
for an efficient computational procedure for the determination of the
optimal control and estimation gain matrices and also for the determ-
ination of the variance matrix that are required in the solutian of the
control problem. The computational procedure will be discussed here as
it applies to the determination of the control pain matrix of an un-
augmented system with m inputs and outputs and an order n = m~ , and
whose canonical form involves a system matrix that is naturally parti-
tioned into blocks of dimension =~ x

Computation of the Canonical Transformatioms

The first two steps in the procedure are the numerical determ-
ination of the transformations S and R which are defined in Equations

(12) and (15) of Appendix III and which convert the system.{F, G, Hl

I
4

underlying the matrix equation (4) to precanonical and canonical form.
The product transformation T = SR is also required.
Step 1: The precanonical transformation $ is determined by a modifi-
cation of Danilevskii's method for the calculation of the characteris-
tic equation of a matrix. The procedure, which is described in detail
in Appendix VII, involves the performance of n successive, simply
determined transformations. The required precanonical transformation
S is given by the product of the simple transformations, The
procedure might be considered a departure from the straightforward
approach, but it has two important advantages:

1). A non-trivial aspect of the determination of the precanon-

ical transformation S is the choice of its columns so as to guarantee



49

their linear independence., The modification of Danilevskii's method
deals with this problem automatically.

2). The generation of the precanmonical transformation from its
constructed definition (12) is possible, but the determination of the
coefficients aij(k) of the precanmonical form would require a matrix
inversion and two matrix multiplications. The modification of
Danilevskii's method leads directly to these coefficients and to the
inverse of the transformation.

By counting the number of operations required to compute the
transformation §, its inverse, and the elements of the precononical
matrices %, é, and ﬁ, it can be verified that the total is less than
Zm3 }’,-'3 + 3 m3 o
Step 2: The transformation R which carries the system from precanonical
to canonical form is computed directly from its definition (15), =
process that is also discussed in Appendix VII. The total number of
operations required to compute the transformation R, its inverse and the
product transformation T = SR and its inverse as well as the elements of
the canonical matrices _)4 , C, and D is (m + 1) m2 3/3.

The Reduced Hamiltonian Svstem

The results of these two steps are the transformation that
converts the matrix equation (4) to canonical form, its inverse, and the
elements of the matricea,{, C, and D which appear in the canonical
matrix equation (5)., The elements of these matrices also constitute by
simple rearrangement the coefficients of the polynomial matrices ’E}(l)
and 45(1) which enter in the reduced Hamiltonian system. The

required n solutions to this system are determined in the following four
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steps:

Step 3: Compute EL(R) and d?(l) which are defined in Equations (10)
and (11) of Chapter IV. The matrix D- whose inverse is required for the
computation of E:(x) i§ an mth order diagonal matrix and thus trivially
inverted. The computation of EL(A) involves a sequence of . scalar

. . . .3, .
matrix multiplications and may be accomplished in m~ ./ operationms,.

The formation of the product

dw- &' Ew

involves m2 {m + 1) multiplications of the polynomial elements of

() defined by

tpij(k) () = ey (Meg, N
each of which requires L/Z operations for a total of m2 (m+ 1) L’z
operations,
Step 4: Determine the characteristic equation F (-12) and its n
Hurwitz roots. 1In contrast to the practice in computing scalar

determinants the characteristic equation
2 g
F (-1°) = Det[ 5(1);

is computed on the basis of its definition as the sum of certain

products of the polynomial elements of aé (3.). The computation
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. 2. 2 )
requires m! m~ |, /2 operations.
The determination of the n roots %, = 1i2 of the polynomial

equation
F (-xi) = F (-A.)=20

is a classical computational problem which, according to Bareiss (25},
may be accomplished in only 8 m2 PP 2 operations, The extraction of the

of F (%) involves negligible operations.

(1)

Hurwitz roots Ri of the roots xi

Step 5: Determine the n non-zero solutions p of the reduced homoge-

neous system

D o) o

!
(=)

and the corresponding
i -T —-2 _-1 i
q _ T D TG p(H)

It is, in fact, more convenient to compute

A 2T () pid 2% Yo%) p{t) - oy p(H)

since the gain matrix may then be written

.,ﬁ(“)} vlol_4yvlrl

3.

n- 4D



The computation of the p(i) requires first the evaluation of
aé(li) which may be accomplished in 2 m; ¥ operations and then the
solution of the resulting m x m homogeneous system which may be
accomplished in less than m3/3 operations. The total number of opera-
(i)

tions required for the n solutions p is m3 . (m+ 6 /)/3 and the

q(i) may be determined in m> 2 operations,

Step 6: The final step in the computational procedure is the calcula-
tion of the gain matrix H from the matrix Q and the composite Vander-
monde matrix by standard matrix coperations. The Vandermonde matrix

is trivially generated from the solutions of the reduced homogeneous
system; its inversion and premultiplication by ( consumes

3 .3

.2 .
m (2. + [ 7) operations,

Comparison with Conventional Procedures
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The number of operations required for the computationmal procedure

based on the concise solutions of the canonical matrix equation is
given in Table 1. 1If it is assumed that 1}  is large relative to m,

then the total number of operations is given by

Nesmo P+ G’ + (1)1/2) o+ 8m) p 2

On the other hand, the solution for the gain matrix on the basis of

Potter's theorem alone requires the solution of an eigenvalue eigenvector
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Arithmetic Steps
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Exact No. Approx. No, No. of Critical

Step of Operations of Operations Operations

1 w 23 +3 Y 2 w313 2 o V3

2 (m + 1) m2 1/3 m3 }’3 e

3 (m + 1) m2 Vz m3 "/’2 -

b4a m! (m-1) m }’2/2 m! mz }52}2 -

4b gmt . ° 8 m° 2 8 m’ V2

5a w L (m+ 61)/3 R 2 102

5b w2 w2

6 m3 (2,3-!-,-'2) 2m3 :/3 2m3 3/3

*
problem of order 2n, Using a reliable gemeral purpose procedure for

this purpose the computation of the gain matrix requires 130 m3-u 3

operations. If m= 4 and 1' = 10, there is a 25 to 1 advantage for the
new procedure,
The advantage of the new procedure is even more pronounced when

considered from two different points of view:

*In the computational studies performed in comnection with this
dissertation a procedure programmed by J. M. Varah [27] was used. The
procedure begins with the transformation of the matrix to Hessenburg
form and the use of the QR algorithm to determine the matrix eigenvalues,
The eigenvectors are determined by inverse iteration, Parlett [26]
states that the eigenvalue solution requires 16 n3 operations., Varah's
timing data show that the eigenvector solution requires an equal number
of operations.
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1). In contrast to situations such as the computation of the
discrete fourier transform where execution time is of controlling
importance, the number of operations required to carry out the present
computational procedure is also impertant in determining the manner in
which round-off error effects the stability of the calculation. A reduc-
tion in the number of operations associated with the critical phases of
a calculation can mean the difference between the success and the fail-
ure of the calculation. The critical phases of the new computational
procedure are a part of the determination of the canonical transforma-
tion requiring m3 ;'3 operations, the solution of the polynomial equa-
ticen requiring 8 m2 ;/2 operations, and the inversion of the composite
Vandermonde matrix requiring m3 }’3 operations. The critical phases of
the conventional method are the solution of the eigenvalue eigenvector
problem requiring 128 m3 }f3 operations and the inversion of the eigen-
vector component matrix requiring m3 1'3 operations, Thus for m
large the new method affords a 60 to 1 reduction in the number of
operations associated with the critical phases of the calculation.

2)., When the computational procedure is used repetitively in
conjunction with the iterative process to be discussed in the next
section for the adjustment of the lagrange Multipliers even more impor-
tant advantages accrue. The only steps in the new method which require
operations preportional to m3 I'3 are the determination of the canonical
transformation, the inversion of the Vandermonde matrix and several
matrix multiplications. Since the canonical transformation does not
depend on the values of the multipliers it may be determined once before

the iterative process begins, and the matrix multiplications can, by
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proper arrangement of the calculation, be deferred until the process
converges, This leaves only the inversion of the Vandermonde matrix

to be performed repetitively. On this basis the new method affords a-
reduction of approximately 130 to 1 in the computational effort required
to calculate the gain matrix.

Computational Experience

The computational procedure described in this sectien has been
implemented as a computer program for the Burroughs B-5500 and a great
deal of experience has been accumulated in its application to the
practical examples that are discussed in the next chapter and to various
test cases,

The test cases were designed to determine the accuracy of the
algorithm as it applied to the solution of a4 quadratic matrix equation
in canonical form. An addition to the algorithm which provided for the
determination of the eigenvector component matrix U was used to compute
P and to check the accuracy with which the canonical matrix equation (5)
was satisfied,

A fifth order example in which the coefficients of the polynomial
elements of ':}(1) and ‘43 ().} and the elements of the matrix

o[’

H

were chosen as integers is given in Appendix VIII, (This choice, it
should be noted, determines all the parameters of the canonical matrix
equation.) In this example the cancnical equation was satisfied to

within a  part per ten million., Results equally as good were obtained
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with similar seventh and eighth order examples.

In another series of test cases of order 10, 15, and 20 the roots
of the polynomial elements of ~3() and ~£j(l) were chosen randomly
from the unit square centered in the complex plane and the elements
of the matrix H were chosen randomly on the intewxval (-1, 1). In the
twentieth order example the canconical matrix equation was satisfied to
within a part per ten thousand,

The complete computational procedure for the determination of
the gain matrix was also used extensively in connection with the
practical examples that are discussed in the mext chapter. Many of the
runs were checked against results obtained from a general purpose eigen-
value eigenvector program, The agreement between the two methods has
been within a few tenths of a per cemnt. For example the matrix giving
the covariance of the vertical velocity w and the acceleration a of the

optimally controlled longitudinal system was computed to be

-4

€la,al a0 - T22.207 14637 22,207 14.637  x 10

o 14,638 17.072 , 14.637 17.072

by the new and conventional methods respectively.

Cases have been encountered, however, in which either or both of
the methods have failed. The failures of the new method have
always been assoclated with two aspects of the procedure;

1). All complete failures of the new method have been due to the
subroutine used to solve the polynomial equation. The solution of this

equation is inherently simpler than the solution of the eigenvalue
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problem required in the conventional method, but it is nevertheless a

non-trivial computational problem, The computer subroutines that were
available for the studies conducted in this dissertation did not
represent the state of the art (as exemplified, for instance, by the
work of Bareiss [25])and for this reason the difficulties encountered
here should not reflect on the efficacy of the new method,

2). A number of marginal failures of the new method were due to
inaccuracies in the computation of the canonical transformation: errors
on the order of five per cent in the calculation of the coefficients
ai.j (k) of the canonical form were encountered in some cases where the
number of states associated with a given input exceeded seven. For-
warning of this difficulty is contained in a paper by Frank [33] where
examples are cited of the failure of Danilevskii's method when used to
compute the characteristic equation of a tenth order matrix using eight
figure arithwetic. The author feels that the usefulness of the algorithm
in its present form could be greatly extended by the use of double
precision arithmetic and that a modification of the algorithm to improve
the conditioning of the transformation would extend its usefulness even
more, Should these expedients prove inadequate the transformation could
be computed on the basis of the eigenvectors of the system matrix as
described by Mufti [34].

In spite of occasional failures the overall experience with the

new method has been excellent.

Application to Variations of the Problem

The computational procedure for the solution of the matrix

equations has been described here as it applies to the determination of



the control and estimation gain matrices of an un-augmented system.
Modifications of this procedure may also be used to handle augmented
systems and to solve the linear matrix equation that determines the

variances of the outputs of a linear system.

Determination of The Bounding Multipliers

The computational procedure given in the previous section
provided the basis for the solution of the unconstrained minimization
problem that was stated in Chapter II. In order to complete the
synthesis procedure it is necessary to devise a method for choosing the
multipliers Ay of the langrangian function so as to satisfy the left-
hand inequality of the saddle-point condition that was also stated in
Chapter II,

It will be recalled that this condition is satisfied when the
control variances -9 ( ,J c) satisfy their bounds and that these
variances may be regarded as functions of the multipliers since their
specification leads, through the solution of the unconstrained minimi-
zation problem to the determination of the controllex ‘g e Making
explicit use of this functional dependence the control variances may be

written

By Opseeeody)

The determination of the miltipliers thus involves the solution of the

m inequalities

58
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in the m unknowns li'

It is difficult to make rigorous inferences into the nature of
the functions hi () and thus to devise a scheme for the solution of the
inequalites which can be guaranteed without reservation to be effective,.
An examination of the functions as they arise in connection with a control
problem where complete and precise measurements of the components of the
plant state are available, however, doés provide considerable insight
into the nature of the functions. 1In this case the dynamical system
that is associated with the estimator portion of the controller is

absent and the control inputs are given by

2 T _
u; = (1[11) g, P x

where P is the solution of the control equation (1). A number of
assertions can be made, with varying degrees of rigor, concerning the
variances of these control inputs:

1), It is well-known that as a multiplier li approaches zero,
the corresponding control variance becomes unbounded. It is also clear
that sc long as the resulting system is stable a control variance will
approach zero as its multiplier approaches infinity.

2). WNo attempt will be made to prove the statement, but it is
also clear that the control variances are continwous functions of the

multipliers.
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3). As the multiplier associated with a control variance is
decreased and the other multipliers are held fixed, the control variance
will increase due to its monotonicity and the variance of the plant
state will decrease due to the increased disposable control power. The
solution P of the control equation will also change since the multiplier
appears as a parameter in this equation. There is reason to believe,
however, that the predominant effect is due to the factor (llkiz) and

that the control variance is given approximately by the expression

hy (W) =k Ayt
4). The control inputs to a physical system are usually devised
g0 as to render the system controllable, and it is not unreasonable to
suppose that when multiple inputs are available that they affect strongly
distinct parts of the system. This asssumption leads te the conclusion
that a contrel variance is relatively independent of the multipliers
that are not associated with it.

Together these assertions may be taken to mean that the functions

hi {\) are approximated by

-, (M)
hy 00 =k, )2 %

where the ki {(3) and the ay {(\) do not vary radically with A. Assertions
1). and 2). also assure that the inequalities will be satisfied as

equalities, On the basis of these assumptions the following iterative
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computational procedure was devised: Two initial guesses

(03 [, (0} (ON
D {xl PN W

(1) (1) (In
}\ !ll 3"-37\.m JI

are made for the multipliers and the functions h, 0% and h, oy
are evaluated. Successive values of the multipliers are then determined

by logarithmic interpolation. In other words, let

i_ (i)
Xi = log li
J_ » - 2
yy0 = leg h, (A7) y, = log v,
and for j = 2, 3,... set
N S DS R L i_z i_ i1

until convergence is obtained.

Computational Experience

The efficacy of the procedure described in this section, based as
it is on intuitive assertioms, can only be judged experimentally. 1In
fact, the procedure has been used extensively in connection with the

practical examples discussed in the next chapter, and the experience has
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been, without exception, excellent, Only one case requiring six itera-
tions was encountered; all other cases converged to within two per cent
in five iterations or less. A typical example, that of the dual input

lateral control problem, is given in Table 2. In this example the logs
of the bounds were taken as ;1 = ~-8.0 and ;2 = -10.0. The plots given

in Figure 4 of the logs of the variances versus the logs of the associ-
ated multipliers demonstrates that the assumptions of logarithmic

linearity and independence are well justified,

Table 2, Multiplier Convergence.

Iteration X, Yl Xy Yy
1 1.00 -7.44 1.00 -8.59
2 0.00 ~8.12 0.00 -9.76
3 0.17 -7.94 -0.21 -10.02
4 0.06 -8.04 -0.19 -9.99
5 0.11 -7.99 -0.19 -10.00

In summary the computational procedures discussed in the two sections
of this chapter may be put together to form a combined algorithm for the
synthesis of optimal control systems. The aligorithm begins with the
calculation of the estimation gain matrix, which need not be recalculated,

and the initial choice of the bounding multipliers, The iterative loop
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which adjust the multipliers so that the control bounds are met is

then entered., Each execution of the iterative loop requires the solution
of the control and variance equations. When the iterative process
terminates the parameters of the optimal control system have been
determined. A4n example of the application of the computational

procedure to the synthesis of a practical control system is given in

the next chapter.
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CHAPTER V1

A PRACTTICAL EXANMPLE

The computational procedure for the synthesis of linear station-
ary control systems developed in this dissertation was presented in
Chapter V. In this chapter the procedure is applied to the design of
lateral and longitudinal autopilots for a jet transport subject to gust
disturbances, The study was undertaken, first of all, to test the
computational procedure in its application to a real and non-trivial
design problem. The computational experience gained in this application
forms a part of the experience used in the evaluation of the computa-
tional procedure that was presented in Chapter V.

The study was also undertaken to demonstrate the effectiveness of
the procedure and the underlying theory as a practical method for design-
ing optimal control systems. The complete design study is presented in
this chapter., The longitudinal control system designed by the methods
of this dissertation is compared with a system designed by classical

metheds and shown to result in significantly improved performance.

The Aircraft Control Problem

The design of an autopilot for an aireraft subject to gusts
disturbances was chosen for consideration on account of its moderate
complexity and the extent to which the assumptions which underlie the
design procedure are fulfilled. Blakelock [28] gives an account of

classical design procedures as applied to the design of aircraft auto-
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pilots, The methods of this dissertation have been applied to the
same aircraft, whose behavior is typical of a jet transport, that
Blakelock considered, and the resulting longitudinal control system
has been compared with that designed by Blakelock.

The aircraft when considered as a rigid body has three rotational
and three translational degrees of freedom each leading to an equation
of motion. When the perturbations about an equilibrium flight path are
small, the equations of motion separated in to two uncoupled linear
systems. The longitudinal system determines the motion of the aircraft
in a vertical plane. This motion is specified in terms of the vertical
and forward horizontal velocities, « and u, and rotations about the
pitch axis ¢ as shown in Figure 5. The longitudinal motion of the
aircraft is disturbed by the vertical gust velocity dg and is control-
lable by the elevator deflection se.

The lateral system determines the motion of the aircraft in a
horizontal plane. This motion is specified in terms of the transverse
horizontal velocity B and rotations about the roll and yaw axes, ¢ and
¥, as shown in Figure 5. The lateral motion is disturbed by the trans-
verse gust velocity Bg and the transverse derivative of the vertical
gust velocity Py The motion is controllable by the rudder and aileron
deflections, 61‘ and éa.

The gust disturbances of the aircraft motion are regarded in
current aerodynamic practice as due to homogeneous, isotropic, stochas-
tic turbulence (Etkin [291). The gust inputs to the equations of motion
are thus stochastic processes. The spectra of the vertical and trans-

verse gust velocities are found to be well represented by the expression
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2 2 2
é{: o .5l 7t 36
oy (!'l,,) = B
2 L 2.7
(g, T4
where g is the rms gust velocity and o is a constant that is related

to the scale of the turbulence and the speed of the aircraft. Arguments
invelving isotropy lead to the conclusion that the spectrum of ¢% is
identical to that of the derivative of ug and thus given by

i

2

&t dew
These spectra together with the equations of motion determine the free
or uncontrolled motion of the aircraft. The purpose of the control

system is to modify this free motion through the control inputs to meet

certain objectives,

The longitudinal Contyol System

The objective of the longitudinal control system was taken as the
minimization of the vertical velocity & subject to bounds on the vertical

acceleration

and the elevator deflection § -
€

The Augmented System

The first step in the implementation of the design procedure is



69

the expression of the longitudinal system in state variable form and the
construction of a linear dynamical system to sccount for the statistics

of the vertical gust velocity as was discussed in the second section of

Chapter IT. It is easily verified that the system

-—’ - - - - -Iv
X 0 1 Xy 0
of »: X, -u 2 -20, x ¥ 1
2 “ o o 2
¥y = {2y ~.3 xy
L%

has an output crg with spectrum @( 4+ ) as defined above when its

input v has the flat spectrum
$ (L) = o

This system {(modified as explained in Appendix IX) is appended

to the plant description to form the augmented system that is shown in

Figure 6. The components of the state variable of the augmented system

are given by

5.1

|

T
x° = rkl X, Xy U0 &

where the x, are states associated with the shaping filter,
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The Conventional Control System

The system matrices shown in Figure 6 correspond to the same
aircraft for which Blakelock designed a contrel system by classical
methods. Blakelock chose a controller consisting of the uncompensated
feedback of pitch angle and pitch rate according to gains that were
adjusted by means of the root locus procedure to give satisfactory
damping. The gains chosen are given by the gain matrix HUBL that is
shown in Figure 6.

Blakelock did not, of course, consider that control problem in
the stochastic setting in which it is counsidered here, but as a further
step in this study the statistical response of his system to flight in
vertical gusts with an rms velocity of 10 fps was determined, Using
the variance equation (3) as it applies to the aircraft under the
control of Blakelock's system the rms values of the vertical wvelocity,
the acceleration, and the elevator deflection were camputed.* These
results are shown in Table 3. At the same time the velocity and the
acceleration of the free system were also computed,

The computational procedure developed in this dissertation was
applied to two formulations of the longitudinal contrel problem. In
the first formulation it was assumed that exact measurements of all of
the components ¢f the system state were available; in the second formu-

lation it was assumed that only limited and imprecise measurements were

71

available. 1In both cases the control power and the vertical acceleration

*

It should be emphasized that these rms values are given directly by
the solution of the variance equation. No "Montecarle" simulation of
the system is required.
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Table 3. Control System Performance.

o a ﬁc
(ft/sec) (ft!secz) (degrees)

Free 12,0 4.1 -——-
Blakelock 3.9 2.9 0.85
Bounded 2.6 2.9 0.85
Acc,

Unbounded 1.4 4.3 0.85
Acc.

were limited by the design to those of Blakelock's system.

The Optimal Exact Measurement Control System

When exact measurements of all the components of the system state
are available the optimal control system consists simply of the feedback
of a linear transformation of these states, The gain matrix which
minimizes the vertical velocity subject to the bounds imposed on the
control power and the vertical acceleration was determined by the
computer process to be the matrix Hu shown in Figure 6, It is seen from
Table 3 that the optimal system results in a 30 per cent reduction in
the vertical velocity.

The spectra of the velocities of the free system, Blakelock's
system, and the optimal system are shown in Figuxe 7. The spectra of

the contrel input for Blakelock's system and the optimal system are
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also shown. It is observed that at high frequencies the magnitude (but
not necessarily the phase) of the two control inputs are almost identical.
This implies that the optimal control input does not impose unreasonable
demands on the control servo's high frequency response,

In this study the multiplier associated with the contrel input was
adjusted automatically by means of the procedure described in Chapter V.
The multiplier associated with the acceleration was determined as

follows: The functional

tCd s 82 it a-n?lal
was minimized, subject to the control constraints, for § = 0.0, 0.2,
0.4, 0.6, 0.8, 1.0 and the resulting rms values of the velocity and the
acceleration were plotted as a function of the parameter § as shown in
Figure 8, From this figure it was determined that a value of § = 0.6
leads to the minimization of the velocity subject to the bound on the
acceleration. This procedure has the advantage that it establishes the
trade-off that exists between the minimization of the velocity and the
acceleration. It 1s seen, for instance, that if the acceleration bound
is removed, that a 60 per cent.improvement can be obtained in the
velocity, but the acceleration exceeds that of the free system. The
effect of a 50 per cent increase in the control power is also shown
in Figure 8,

The Optimal Limited Measurement Control System

A control system based on limited and imprecise measurements was

then designed. 1In this case the control system contains a dynamical
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portion whose function is to provide the best estimate of the optimal
control signal on the basis of the available measurements. The wmeasur-
able outputs were taken as the pitch angle, the pitch rate and the
vertical acceleration. The measurements are given by the output matrix
Hz shown in Figure 6.

The inaccuracies that are to be expected in these measurements
are due to such soutrces as mechanical vibrations, electronic noise, and
instrument non-linearities. The difficult problem of modeling these
inaccuracies was handled by imposing a white corrupting noise whose
level reflects the grade of measuring instrument on each measurement.
The noise levels were chosen as follows: the energy of the measured
variables is known to be concentrated in the frequency range between
zero and 1 radian per second. If it iz assumed that the spectrum of

each variable is given by

% (W) = 2627 +w?)

and that a white measurement noise with level v = 2 52 02 is super-
imposed, then an optimally designed instrument can measure the variable
with an rms eroor of ‘E B g. Thus a 5 per cent instrument with a 3 ¢
full scale reading which is typical of those currently available
corresponds roughly to B = 0.0L.

Calculations were made for B = 0.02, 0.01l, and 0.005 to determine
the gains associated with the estimator portion of the controller and
the effects the limited measurements have on the control system perform-

ance. The results which are summarized in Table 4 lead to the
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5 e 32 e 52
{%) (ft/sec)2 (ft/secz)2 (degrees)2
0.020 7 7.17 8.76 0.714
0.010 3 6.95 8.79 0.714
C.005 3 6.99 8.80 0.715
Exact Meas. 6.78 8§.82 0.717

the important conclusion that with instruments c¢f the grade currently
available the controller with limited measurements is essentially as
good as the controller that operates on the basis of complete and exact
measurements. Besides its own importance this fact is computationally
important in that the estimator portion of the controller need mot be
considered in the iterative determination of the bounding multipliers.
Another interesting result of these calculations is the manner
in which the estimator poles vary with the parameter B. It is seen in
Table 5 that there are five poles whose magnitudes are comparable to
the aircraft's cut~off frequency of approximately 1 radian per second
and that these poles do not change radically as P varies, On the other
hand, there is a pair of complex poles with extremely large magnitudes
that move out pronouncedly along the 45 degree line of the second and

third quadrants of the complex plane as B decreases, The presence of
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Table 5., Estimator Poles

=+

0.020  -0.004, =-0.009,  -0.241, =1.61 % j 0.66, =-24.5= j 22.0

0.010 -0.002, -0.010, 0,241, -1.61 + j 0.66, -34.8 + j 30.9

I+

-+

0.005  -0.001, ~0.010,  ~0.241, ~1.61 + j 0.66, =-50.8 & j 42.0

these poles and the corresponding high estimator gains, as exemplified
by the gain matrix G, shown in Figure 6 for g = 0.01, make the implemen-
tation of the controller difficult. There is the possibility, however,
that the high frequency components of the control signal that are
associated with the large magnitude poles have no sensible effect on

the aircraft response and that the controller complexity and the
difficulties associated with its implementation could be reduced by the
removal of these poles, Should this be the case, it would also mean
that the approximate manner in which the instrument inaccuracies were
handled is adequate since the remaining poles of the estimator system

do not vary radically with the noise level,

The [ateral Control System

The lateral control system was studied primarily to determine the
behavior of the iterative multiplier solution as it applied to a two
input system, The control objective was taken as the minimization of

the sum of the mean-squared yaw rate, roll rate, and transverse velocity



subject only to bounds on the rudder and aileron deflections. The
augmented system shown in Figure 9 is eighth-order and has two disturb-
ance inputs as well as the twoe control inputs. The filters which
account for the statistics of ﬁg and ¢g are simple second-order systems
which are included in the augmented system shown. The iterative calcu-
lation of the bounding multipliers and the optimal control gains as it
applied to the lateral control system is the example that was cited in
Chapter V. The calculation consumed less than two minutes of computer
time, The calculated gain matrix which is shown in Figure ¢ resulted
in a well damped, satisfactory controller.

This concludes the study of lateral and longitudinal aircraft
control systems. 1In addition to providing a realistic test of the
computational aspects of the design procedure, the study has demonstra-
ted the effectiveness of the procedure as a practical design method.

It is particularly significant that once the control problem is formu-

lated, the optimal control system is arrived at by the methods of this

dissertation without the intuitive intervention required when classical
methods are employed. The new method is thus applicable to systems

whose complexity precludes the use of classical methods,
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CHAPTER VII

CONCLUSIONS AND RECOMMENDATIONS

In this dissertation a complete computational procedure for the
synthesis of a bread class of optimal multi~input linear stationary con-
trol systems is developed. The computational procedure is based on
modern control and estimation theory which establishes that the optimal
controller is a linear dynamical system whose parameters are determined
by two quadratic matrix equations and a saddle point condition, New and
improved numerical procedures are developed for the solution of the matrix
equations and the satisfaction of the saddle point condition.

The scheme for the solution of the quadratic matrix equations
begins with the use of certain transformations devised by luenberger to
convert the equations to a single canonical form., A theorem due to Potter
i1z used to write the solution of the canonical equation in terms of the
eigenvectors of an associated Hamiltonian system whose order is twice the
number of system states., Explicit expressions are then obtained for these
eigenvectors in terms of the solutions of a reduced homogeneous system
whose order esquals the number of system inputs. A concise solution of
the canonical matrix equation is written in terms of these explicit
expressions. A computational algorithm based on this scheme reduces the
number of operations required to solve the quadratic matrix equation by
a factor of 25,

An iterative procedure for the satisfaction of the saddle point

condition has also been developed. This iterative procedure requires
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the repetitive solution of one of the quadratic matrix equations.

Taking advantage of the concise solutions developed for the matrix equa-
tion the only computationally significant operations which must be
performed repetitively as part of the iterative process gre the solution
of a polynomial equation and the inversion of a matrix. In this setting
the number of operations required to sclve the matrix equation is
reduced by a factor of 130.

The procedures developed in this dissertation have been implemented
as computer programs and applied to a number of test cases and to the
design of lateral and longitudinal control systems for an aircraft subject
to gust disturbances., The computational experience accumulated in these
applications has been excellent. The algorithm for the solution of the
quadratic matrix equation has been demonstrated to be effective for
equations of order as large as 20. Many of the matrix equation solutions
have been checked against those obtained by conventional methods and
found to be in close agreement.

The convergence of the iterative procedure for the satisfaction
of the saddle point condition has been shown experimentally to be quite
rapid: an eighth order, two input example converged in 5 iteratious
and required less than two minutes of computer time,

A complete design study of the aircraft control systems was
presented in this dissertation. The longitudinal control system was
compared with a control system designed by classical methods and shown
to result in a 30 per cent improvement in performance. An interesting
result of the study is the conclusion, based on the mathematical models

used, that currently available instruments are of sufficiently high
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grade that their errors lead to negligible degredation in control system
performance.

A particularly significant aspect of the computational procedure
developed in this dissertation is demonstrated by the aircraft control
system study: once the control problem is formulated the procedure
constitutes a step-by-step, rationally based process for arriving at
the optimal control system without the intuitive intervention required
when classical methods are used,.

The concise solutions of the quadratic matrix equations that have
been developed in this dissertation have theoretical importance in
addition to their computational importance. The application of Potter's
theorem requires that a matrix containing components of the eigenvectors
of the Hamiltonian system be non-singular. It is shown in this disserta-
tion that when the matrix equation is in canonical form, the eigenvector
component matrix is a generalization of the Vandermonde matrix; it is
proved in an appendix that this matrix is non-singular. This fact
together with Potter's theorem constitute a simple algebraic proof that
the quadratic matrix equation has a unique, positive definite solution

when the underlying system is controllable.

Recommendations

The results obtained in this dissertation have resolved some
issues and raised others. Computationally the most important issue that
has been raised is the possibility that the parameters of the optimal
control system can be determined without the inversion of the eigen-

vector component matrix V. It will be recalled from the first section
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of Chapter V that this is the only step requiring operations proportional
to n3 that is performed repetitively as part of the iterative multiplier
adjustment. 1In Appendix V it was shown that a certain unique factori-

zation

Sn-F "I, b

exists for the polynomial matrix appearing in the reduced homogeneous
system. The existence of this factorization rests on a result concerning
polynomial matrices which 1s constructively proved, It turns out that
the canonical gain matrix K can be written easily in terms of the poly-
nomial matrix ijb (X) and the question arises of whether or not it is
computationally feasible to determine 13"0 (X) directly. The construc-
tive nature of the result underlying the factorization guarantees that

it is possible to do so, but the number of steps required and the
stability of the calculation remain open questions that bear further
investigation.

A somewhat different issue raised by the dissertation is the
possibility of extending the results obtained, which apply only to
stationary systems, to noun-stationary systems. The explicit expressions
developed for the eigenvectors of the Hamiltonian system lead to concise
solutions of the differential Ricatti equation as it arises in connection
with time invariant systems considered on finite time intervals. It
should be possible to extend the results to time varying systems by

means of time-varying canonical transformations.
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Another issue is the following: 1in its present form the computa-~
tional procedure presented in this dissertation leads to control systems
that are more complex than classically designed systems, and that are
difficult to implement because of the high gains associated with the
estimator portion of the control system. Intuitive considerations
strongly suggest, however, that these problems can be eliminated by
approximating the transfer functions of the optimal control system with

that of a simpler system.

Finally, it is pointed out that the methods of this dissertation
are ideally suited to the study of the finite difference approximations
of systems with distributed parameters. It is suggested that these
methods and the associated computer programs afford an excellent

oppertunity for numerical experimentation with systems of this type.



APPENDIX I
BOUNDING THE PIANT VARIABIES

In this appendix the generalization of the control problem to
include bounds on the plant variables is discussed. The only difficul-
ties that arise in this generalization are notational complexity and

certain differences that arise in the satisfaction of the saddle point

condition.

The bounding of the plant variables begins with the expansion of
the definition of the significant plant output to include the variables

to be bounded., Let
'y'l:H. X
be the plant variable to be minimized and

yi=Hyix i= 2, 3,..-,1‘

be the variables to be bounded, where each of these outputs has
dimension li' The control problem may then be stated as the minimiza-

tion of

£, 0d )= ilyl‘lz - &[le ®) y; (0]

86
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subject to the additional constraints

.2 2
fi(g C)= .;yo, = BI 1= 2,...,1‘

1

This constrained minimization problem may be dealt with by defining the

lagrangian to be

r
¢ C o o8 N =1 ( g0 +§512[fi ¢ oF c)_Biz-]
)

where § is an additional vector of undetermined multipliers. Let A be

the diagonal matrix

-£| 41 'gr-
t__.-—--/\-..--u‘ f'-'—-"’\———-‘ p---—-l"«...-—w A
A= diag ! 1, -0,13 62300"623 ] ar’ ’6r :
and with
T T T T
y = '—yl s Y2 s"':yr iA

the Lagrangian may be written as before as a quadratic form in the plant

output and the contrel input
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? ( ‘f o O ) = [yT A? y + uT 1\2 u} - (a constant}

If I-ly is defined to be

then no modification of the matrix equations that arise in the solution
of the un-constrained minimization problem is required.

Although the proof that is given in Appendix II concerning the
monotonicity of a constraint function applies to plant variable as well
as the control input constraints, there is an important difference
between the two types of constraints; it is well known that if the bound
on a control input component is removed, the variance of that component
will be infinite, It is quite possible, however, that the minimization
of one plant variable will cause in itself another plant variable to lie
within a prescribed bound. When this occurs the later variable is
referred to in the language of non-linear programming as a ''slack”
variable, On account of difficulties associated with slack variables
the iterative procedure presented in Chapter V for the determination of
control input multipliers cannot be used for the determination of
plant variable multipliers,

When there are one or two constrained plant variables, however,
the following simple procedure may be used for the determination of the

corresponding multipliers;: take the significant output to be =2 ¥
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and minimize this output subject to the control input bounds, The
variances of the constrained variables which result from this minimi-

zation are then functions of the muliiplier components ¢f A

Al z . py (Bysenesb))

By choosing the multipliers over a range of values the regions where the
constraints are met may be mapped out graphically and the multipliers
thereby determined. This procedure, which is illustrated in Chapter VI,
is awkward compared to the automatic procedure developed for the control
input multipliers, but it has the compensating advantage that is
establishes the trade off that exists between the minimization of one

variable and the constraint of others.
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APPENDIX II
MONOTONICITY OF THE CONSTRAINT FUNCTIONS
In this appendix it is shown that the control variances 8 (qjc)

are monotonic decreasing functions of their multipliers li. Let

2

F (x)

]

t@+Y 2 e (% ) -y
a

" 2
G () = gy x) -y ] b= Ny

where the symbol x has been used in place of S‘fc‘ Then
(o M) =F @ +p6 &=V (x,n

let h (u) be a function defined as follows: for fixed p determine %

A
such that § (x, W) < ¢ (x, p) for all admissible x. Then set h ()

ES
G (%). Under these conditions, h (p) is then a monotonic decreasing
function of u.

To see this choose By < Hg and determine %1 and £2 such that

1) v Gpyok) <y (=)

ii) bRy 1) < b (K, Ky)



Using the definition of | and substituting §2 in i) and %1 in ii), it

follows that
1) F &) +tu 6 &) s F (X))t 6 ()
ii1) F ) +1,6 k) s F k) +u,6 (?:1)
Adding i') and ii') and subtracting
F o) +F (Ry) + 4y {c () + G (;22)]
from both sides, one obtains
My - ) G G = Uiy - kD 6 (K
But gince (”2 - pl) = 0, this implies that G (;2) <G (Ql) and

consequently that h (pz) < h (ul), which establishes the monotonicity

of the comstraint functions.

91
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APPENDIX III
CANONICAL TRANSFORMATIONS

In this appendix the state transformations that carry a control-
lable system into precanonical and canonical forms are discussed,
Luenberger, who devised these transformations, states only that "simple
matrix bookkeeping" verifies that they have the desired properties., By
making use of the Special Notational Cdnventions discussed in their
entirety in Appendix IV and defined in the glossary given in Figure 10
it is possible to deal with these matters explicitly.

let the non-singular transformation S that is given in Chapter III

be written as follows:
s-[s., s ...,smj (12)

) # 4.1 e () L (@ 2NN
s, = [gi, F8yse .o sF gi] - rsi AR A

It is easy to see that the matrix F shown in Figure 2 may be written in
terms of the Special Notational Conventions as

F= (3 - a¥ 8%
To verify that the transformation 5 has the desired effect on F it is

sufficient to show that



A
SF = FS or

But

T q T
(8 =) - FS) = !:51""’Sm_,' 3.9 - F[S
LSS
T T
- [sl 35 - FS8,...,8 I -F
Taking note of the "shifting' properties of JT,

it is seen that

s, Ior s, = [0,...,0,-F 7 gi:j= _p 71 g, T
and thus that
(s ‘UT-FS)=[FL131, .,F}mgm]BT
Equation (13) is therefore satisfied if
(% 71 800 ooF Yo gmj=-s?x.T

or

(13)
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which is equivalent to

() (-4)
~ i A (1) ) A ~1 1
1= 81 5Tt i1 1

+ ... +a S (14)

But F Vi 84 is simply an n-vector and since the columns of S, being
linearly independent, span the space, it is possible to find scalars
Sij(k) such that (14) is satisfied. This shows that S has the desired
effect on F,

To see that S-1 G = E where & is also given in Figure 2, it is
only necessary to note that all the rows of S"1 are orthogonal to g1
except for the first row whose inner product with 81 is unity. Similar
statements may be made with respect to the remaining columns of G. Thus
the transformation S does convert the representation {F, G, H} of the
system Ad to precancnical form.

A transformation R that carries a system from precanonical to

canonical form may be constructed as follows: Let the trans-

A
formation R be defined by

M
R = [31, Rysero R ] (15)

. o Viel
&= (o P o @D 4]



A
where F is a system matrix

columns of the matrix B as
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in precanonical form and the B; are the

defined in the glossary.

Let

- BA)

A

QN

and consider the equation

Frar-8 4T ® ~T.F (16)

It was shown above that an equation of this form may be satisfied by
appropriate choice of the scalar elements of A, so long as the columms

of R are linearly independent. Assuming that they are, take the trans-

pose of equation (16) and post-multiply by ﬁfT

A

AT
to see that the transformation R = R transforms F to canonical

form.

AT
R™ G = BD as required,

To prove that R is non-singular and that
it is finally necessary to resort to “simple matrix bookkeeping® which
establishes that ﬁ? has the form given in Figure 11, It is clear from
this form that Det [k] = 1 implying that R is non-singular and that

R ¢ -

BD.
To conclude this appendix the problem of constructing transforma-

tions that preserve the structure of augmented systems will be discussed.



let an augmented system be represented by {F, G, H} where

. )
and suppose that SD and SP transform the subsystems {FD’ GD’ HDf and

fFP, GP’ HP} to precanonical form. These transformations will then have

the forms

i-1) ¢ m-1) q
Sp = l.ng’ Fp 8py2- - »Fp 812+ +>Fp 8pmD |
By ) (K )
1-1 mP-1
Sp = rgm, Fp 8p1o--->Fp Bp1> o Fp & Pop -1

If § is taken to be the transformation

. (J‘
mD-1
S=[—g1, Fgl"-.’F qlgco-,F ) ,coc,qu_'_l’nvo,

(ey_q)
pol-1

~
=
v
[
s
[ E—]

Bap+ 127 F &n

then since



S will have the form

which clearly has the same effect on the two subsystems as the separate

transformation S, and S_.,. But the overall transformation S is a

D P

canonical transformation that transforms the augmented system to pre-
canonical form, and it is easily verified that when constructed in this

manner the transformation S preserves the structure of the augmented

system,

1+
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APPENDIX IV
SPECIAL NOTATIONAL CONVENTIONS AND THEIR APPLICATIONS

The purpose of this appendix is to introduce certain Special
Notational Conventions that have been devised for dealing with systems
in canonical form, to establish certain preliminary lemmas relating to
these conventions, and then to apply the conventions to the determin-

ation of the modal matrix and transfer function of a system in input

canonical form and also to the solution of the crucial canonical matrix
equations.

The idea of the Special Notational Conventions grew ocut of a
paper by Brand on the companion matrix (30).. To motivate their
introduction, the conventions will be discussed first as they relate
to a single input system in phase variable form, The system Qd

ed: X=AX+ bu ¥ = ¢X A= (J - ba)

is in phase variable form when the row vectors a and ¢, the column
vector b and the square matrix J have the forms given in the Glossary
of Special Notational Conventions shown in Figure 10. Associated with
the system q? are the polynomials £ (3 ) and g ()) and the column
vector £ (A) whose forms are also given in the glossary.

Four lemmas concerning the notational conventions may be

established immediately by inspection:

98



29

010...00 0] 't @, [ ¢,
o0/ 00 o A Q. C:
J—z : b =1 g(‘t\“: ' a_r= ' Cr.-.-
000 o/ 0 A" ' :
o ¢ (2] o 0] /] _K“'- ey  Ca

fO) = G+ 0 A+ L EQW N N

g = e ke + O

T 8 ... & b .. ORI

n b... a ...
BTN I PP LR
s 6. .3l g 4.4 ¢ ¢, .

r( PR - - -
Q(f: C‘; aﬂ' a/z e a./m-| C# . s Gm
) T 2 ‘ 1 . .
a:j = &:J Cl‘.j = cl“ A-"-' ' . C =| ,
W) ' ' '
) ] | G Bod . Can

N\

() m
jtlc)\) G-IJ IJ k‘f' ‘[' 1-j kl ""’3(] XJ

)

qi; (N) = Cy +C’tJ At o +C'«;jj }\"-‘

200 {3.. (N« .. G m}
geJ ). .. Geuw)

'A'h (}\) ju(?\) e 5;.-. (}\{
Foy=| '

S ) ot A < )

Figure 10. Glossary of Special Notational Conventions,
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Lemma: ~ da)  f () =ag Q)+
ib) £ Q) =cg Q)
1ia) QI-3) g€ () = b A"
1ib) (AT-A) € (\) = b £ (D)

Lemma iib) asserts that when Ay is a root of £ (A) then E (hi) is an
eigenvector of A corresponding to the eigenvalue li. f (A) is thus seen
to be the characteristic polynomial of A, If the roots of £ (3) are

distinct, then the modal matrix of A is
V= rg (A.l)) g ()\2):-°')§ (Kn)]

which will be recognized as a Vandermonde matrix,
The laplace transform of the vector differential equation that

describes the system may be written
{(sI = A) x (s) = b u (s) ¥=c¢x (8)
Using lemmas ib) and iib) it follows immediately that

x () = g () [u ()/£ ()] y () = [e ()/£ )] u (o)
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and consequently that the transfer function of the system is

h (s) = & (8)/f (s)
The nth order multivariable system with m inputs and,Q outputs in

canonical form that is shown in Figure 3 may be written in terms of

the special notational conventions as follows:
X -_-X x + BDu v
A - (T -

Cx

where the matrices "~} ,A, B, C, and D have the forms shown in the
glossary. Associated with the multivariable system are the polynomial
matrices " h(i) and ﬁ (1) and the matrix <3 ()) whose forms are
also shown in the glossary.

Four lemmas concerning the multivariable conventions may be

established by inspection on the basis of their single variable analogs:

— Vi
Lemma : Ia) “H) =4 FE Q)+ diag | JT.

m Yw=c =

) OI- “J ) Fi O) =B diag [3 7 ]

)y oI - 4 )

il

) =8 "F Q)
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These lemmas may be used to determine the eigenvectors of the canonical
matrix /4. as follows: Suppose that p is a non-zero solution of the

reduced homogenegus system
T
1"(1)?’-0 P =[P].’ pzs---spm]

where the p; are scalars, Such a solution exists if and only if

Det [ ’:3q(1)] = £()=0

—

where f ()) is an nth order polynomial, Let v = & (3) p; then

-t

al-A) E Mp=8"F0)p=0

by lemma IIb), and v is seen to be an eigenvector of /( . If the roots

of £ (3) are distinct, then the modal metrix of /{ is

va [ 5 op o™ 5 ope®. T oo o]

[ Py E ) - - - E Q)
Po; § (y) - - - Py 8 Q)
pml E (11) R pmn g (l.n)

which will be referred to as a composite Vandermonde matrix,
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The transfer function of the system a? may be determined in a
gimilar manner. The Laplace transform of the vector differential equa-

tion that describes the system may be written
(sI-/{)x(s)=BDu(s) y=o0c x (8)
x ()= 1t () Hl(pu (s
and by lemma IIb)
(sr-/( ) 5= (8) Du (s) = BD u (s)
it is seen that the transform equation is satisfied. But
y(=cx(s)=c = (s) "H ) Du(s)
and by lemma Ib)
y (= G ) F ) pu e

which proves that

H@- Yo H o
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where _H (s) is the system transfer function,

The Special Notational Conventions and their related lemmas may
also be used to determine the eigenvector components of the Hamiltonian
matrix that corresponds to a canonical matrix equation. Suppose that V
and U are the matrices required by Potter's theorem for the solution of
the canonical quadratic equation. Then the columns v and u of these
matrices must satisfy the homogeneous Hamiltonian system

2 T BT "

GI- A4 )Yv +BDp T ‘b =0 (17)

cTeveprs AHu-o (18)

A concise solution to these equations may be obtained as follows:

let

where the v, and the ug are‘vi-vectors; Set v = EE {(3)p and define

q = BTu, where p and q are m-vectors with scalar elements. Note that
the premultiplication of u by BT has the effect of "picking out" the

last element of each of the u,. Substitute v as defined inte (17) and

(18) and premultiply (18) by =T (-3} to obtain

—
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(RI'/{)?—__‘: (}L)p-l-BDFZDTBTu:O (19)

T

.

(mete Tp+ ST or+ 4 Hu=0 (0

But by lemmas ib) and IIb)
GL- 4> Hw=3Fw ¢ mw=94 w
and by these same lemmas (transposed, -3 replacing })
ST o+ LH=- 30t e - Yt e
Thus (19) and (20) become
3P G we+ol?0fq -0 1)

LT oY we- PP 0a=0 (22)

where q has been substituted for BTu. Equations (17) and (18) are
therefore satisfied if and only if p and q satisfy the reduced

Hamiltonian system.
“Fo) e+ p["2pTq -0 (23)

LT Y oe- T 0a=0 (26)
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letting

=T ==-2 _-
q=-DTA. JDl':j'l(l)p

it is easily verified that (23) and (24) are satisfied when p is a non-

zero solution of
Swe-TH T HBw+F sl o Fwp-o
o &

which, in turn, requires that

pec [ w] =7 -0

where F (-kz) is a 2nth order polynomial that contains only even powers
of %. (To see this note that Det r<£ (-1)] = Det l'cb T()\)] =
Det r <£;(x)] and consequently F (-12) is an even functionm of A.) This
guar;ntees that there are exactly n Hurwitz roots of F (-12). To each
of these roots li there corresponds a solution p(i) and q(i) to the system
(23) and (24) and an eigenvector component v(i). If the roots are distinct
then the matrix V is seen to be a composite Vandermonde matrix which is
shown to be non-singular in Appendix V. When the roots are not distinct,
a solution for V may nevertheless be found by the methods also outlined
in Appendix V, -

It will turn out that there is no need to know explicitly the

component u corresponding to the component v, but for completeness a
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method for calculating u will be briefly described, Equation (18)

written
GI-9H u=a""u-cTcv
But
Bu-=q=-0"7 7% ol e
cv cEWr= Lo
and thus
ar+ IHu=-[a 0" T20 oy +f Hw]e
Defining
£~ bl oa Ew-Toldw

o ¢ - TEJ(J\)_.'

this equation may be written

a1+ 3D u=-e" £ ) p

But the inverse of ()1 + :]T) is easily written down in cleosed form.
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It will be recalled that the objective of the solution of the
quadratic matrix equation was the determination of the gain matrix
K= DT BT P, It is not necessary to complete the solution of the matrix

equation, however, in order to determine K. Let

Q= [q(l),...,q(m)] = [BT MOSE-C u(m)] =8luU

1 = DT Q-\?} the gain matrix may

Then since P = UV © and K = DT (BT U v
be calculated directly from the matrix Q whose columns contain the
solutions q(i) of the reduced Hamiltomian system and the matrix V¥
whose columns are the corresponding eigenvector components,

The solution of the canonical linear equation involves the

determination of v and u that satisfy the simpler Hamiltonian system

LI}
=]

GL-Aorv (25)

CT Cv+ (HI +‘;(T) u =

1
<

(26)

Let v, p, and q be defined as before and the simpler system will be

satisfied if p and q satisfy the reduced system
FIW p=0 (27)

L5 A e J 0 a=0 (28)

It is immediately apparent that p and thus v are identical to the
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solutions that were obtainad above in the determination of the modal

matrix.of a system in input canonjcal form. g is given by

a= 3T LET Ol

The system n& which underlies the linear equation may be assumed to be
stable. This fact has two implications. First of all it implies that

the roots Ag of the characteristic equation

Det j"&m] = F (M) =0

are Hurwitz roots as required by Petter's theorem. Secondly, it

guarantees that 131T (-1) has an inverse since Ki cannot be a root of

pet [ 4 -] = F (0 =0

As in the case of the quadratic equation a solution for u may be

written down in closed form from the equation

(I +’:jT) wu=alq- CT'&!(R) P

but this is not necessary since the gain matrix K may be written

T T 1 1

K=D B UV = DTQV"

where Q is defined as above.
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It is convenient to end this appendix by pointing out a ramifi-
cation of Potter's theorem which obviates a great deal of complex
arithmetic, Suppose that the ith eigenvector components v(i) and u(i)
are complex; then the (i + 1} st components may be taken as the complex

conjugates of the ith components. Ilet X be the matrix formed from the

unit matrix by replacing the ith 2 x 2 diagonal block with

/2y - (372
(1/2)  (i/2)

Then since, for example

. * _— — .
VO, VBT T - Gy - [Gie [vP7), Fv“’]]
W

it is seen that the ith and (i + 1) st columns of the matrices .

U X

>
i

v X

<>
il

contain real and imaginary parts of the ith columns of the matrices V

and U, But since X is clearly non-singular and

P =W v Loyt

the solution of the matrix equation may be written in terms of the real



111

A A
matrices U and V., When these real matrices are used in place of the
complex ones, the matrix Q in terms of which the camonical gain matrix

is written is similarly handled,



112

APPENDIX V
COMPOSITE VANDERMONDE MATRICES

The purpose of this appendix is to demonstrate the non-singular-
ity of a composite Vandermonde matrix when the eigenvalues of the
associated reduced homogeneous system are distinct and also to treat
the related issue of the modifications required of this matrix when
these eigenvalues arxe not distinct. It will be recalled that a

composite Vandermonde matrix 1s given by
—_— (1) e (n)
v = : ()\.]) P LR (kn) P :I

i
where the p( ) are non-zero solutions of the reduced homogeneous system

o pM =0 i=1,2,...,n

’Eb(l) is an m X m matrix with polynomial elements and the Ays which are

the eigenvalues of this system, are roots of the polynomial equation

Det !'3.(1)] < F Q) =0

In order to simplify the notation it will be assumed that the degrees of

the elements of 3(A) are given by
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dgeg [£,, W= ¥

<V-1 i

P
#
LTy

“4()) is thus the matrix arising from a system in canonical form of

order n = m% . In this case

deg [F )] = n

It will now be shown that if the roots of F ()) are distinct,
then there exist exactly n solutions of the reduced homogeneous system,
that each solution is associated with a distinct root, and that these

solutions may be written as
T
i
P - p ;) = _|-p1 OV FRR (xi)]

where the P; (3) are polynomials., The proof depends on a well known
result from the theory of polynemial matrices (see Perlis [31]): Let ;
“3()) be an m x m polynomial matrix. Then there exist unique m x m
polynomial matrices q?, O, Q {3) and ) () such that
i) £ (A) and Q {(3,) are products of elementary matrices. As a
consequence their determinants are non-zero constants, kr and ks, and

their inverses are also polynomial matrices,

iy Do Ko - D w
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where
9 ) = atag [fi (W)s-nnf (), 0,...,0]

and the fi. ().) are monic polynomials (i.e., unity high order coefficient)
each of which divides its successor,

iii) ‘31 () and $ () have the same rank and the same determi-
nant,

Using this result it is easy to construct the polynomial solution of the

reduced homogeneous system. Since

pet [ "FH o0 ]=F G

and the roots of F ()) are distinct 3 (A} is required to be

D ()=diag fll F(h):]

e = ]-0,-.-.,0, 1]']:

then

P (?\.i) = @'(ll) e = [-rlm (?\.i):--':rm ()\.1):|T is= 1) 2,...,'{1
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comprise all the non-zero solutions of the reduced system. To see this,

note that

B ap FapRape =Dope =Fape=-0

As defined p (li) is not identically zero since this would imply that
2ach element of the last column of (R {}) contained the factor Ahgs

thus contradicting the assertion that

Det [@ ()\_)] = kr

On the other hand, the rank of 3(1) is m if ) # }‘i and m - 1 if } = }Li'

Thus e is the only solution of
$(xi)x=0 i=1,...,n
and since
Det [ f (1) ] = K, #0
@.(li)e is a solution of

Fa)y=0

This establishes that p ()) has the stated properties,

The question of the non-singularity of the composite Vandermonde
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matrix may be very concisely posed in terms of this polynomial solution

of the reduced homogeneous system. The matrix may now be written
valZ ap e op.n Ea) p o]
V is singular if and only if there exists a non-zeroc row vecter

b (-d),_”,b (v) 1
m

—

(1) 3) (1}
b = [bl PN AR T

such that bV

0. This condition will be referred to as the singularity

condition. Defining
L (D (2) (v) . v-1
q; () =b 7 +b, A+ oo+ by A
and noting that
b EW =[a, W, a, Mg, W= a0
it is seen that the singularity condition may be written as

It will now be shown that the singularity condition cannot hold.

Let "F()\) be written as



T - -‘rfl )

£, OO

£ 0D

- -
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where the f. ()) are the rows of F()) and define "3, (1) to be the

matrix obtained by replacing the ith row of "F ()) with q (A). For

example

t

F, =
1 Q)

ﬁn )

— -t

If the singularity condition holds, then the m homogeneous systems

Froprop=o k=1, 2,...,m

are satisfied non-trivially for i = 1, 2,...,n.

satisfied in only one of two ways:

i1) Det |-'3,k (W] =0 k=1,...

These systems may be

,Mm

If i) holds, then each Fk (») must have degree not less than n. From
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their definition the polynomial elements of q (3) have degrees not
greater than 2J - 1., The degree of Fk (1) is thus seen to be not greater
than mV - 1 = n - 1 and i) cannot hold. On the other hand, if ii)

holds it is easy to show that

Det F:}1(1)] =0

which is a c¢lear contradiction. This establishes that the singularity
condition cannot hold and that the composite Vandermonde matrix is non-
singular.

The modifications required of the composite Vandermonde matrix
when repeated roots occur will now be considered. The discussion will be
limited to roots occurring with multiplicity two, but the results can
be extended in an obvious manner to roots occurring with arbitrary

multiplicity., If

FO)=0-ap° F

then the matrix E$ (3) may have one of the two forms

Il

a) D

diag fl,...,l, - s - F (x)]

) B = aisg Ll 1, G-t F ]

If gﬂ(x) has the form a) then ﬁj(ll) and Eﬁ(kl) have rank m-2 and two
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independent solutions to the reduced homogeneous system may be found.
The corresponding columns of the composite matrix are also independent
and thus constitute true eigenvectors of the canonical system, If
ﬁ(l) has the form b) then only one sclution of the reduced system
may be found. The corresponding column of the composite matrix is the
only true eigenvector associated with the elgenvalue Ay
A generalized eigenvector associated with this eigenvalue may

nevertheless be obtained., Let

v o)== () p O

where p ()) is the polynomial solution of the reduced system, In

Appendix IV it was shown that

GI - A) v () =330 p ()

Taking the derivative of this equation gives
!
vy +ar- v w=3[3werw]

which shows that v’ (3) 1s a generalized eigenvector if

[Fopeoap] =o

Te see that this is in fact so recall that
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CWOITMWPW=F@e FIWrpW=F &L 0e
Taking the derivative gives
fowerw] =Trw{dtwl +r oy w]e

But since 3 is a repeated root of F (3) it is also a root of F' (3)
and the required condition heolds. The generalized eigenvector

i

Vi =i =T ) e )
is seen upon examination of the elements of = (\) and :‘:‘::, (1) to be
independent of the true eigenvector v (}}. This concludes the
discussion of the question of repeated roots.

The results obtained thus far in this appendix are restricted to
the composite Vandermonde matrix as the modal matrix of a system in
canonical form. These results can be extended, however, to the composite
Vandermonde matrix as a solution of the Hamiltonian system. It will be

recalled that in this case the p(l) are solutions of the reduced system
(i) _ -;"“T N (l) _
dap ™= tT @ Lap e oo

Using the result concerning polynomial matrices it can be asserted that

there are unique matrices @ {(3) and '( (}) such that
9 =
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Povodwdw - Dewdw

where
D o = disg[1,...,1, F, ]

Taking the transpose of this equation, replacing A by -3, and recalling

that

<5T (=2) = CB )

shows that

AT -0 $ w PTen=den dw

But the matrices q)(k) and :L ()) are unique which requires that

Jw = @ ewn

Thus

Sw-[ TP DwCPw™]

Define
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F,ow=-PnF w?

and since
pet [ )] = et [D ) Gt w] =, o

it is seen that

$ w - F.T o FLw
is the unique factorization of &(1) of this form such that

Det [ Th, W ]=kF, ()

Now it is clear that a polynomial sclution coastructed as above for the

reduced homogeneous system

T, ) p, ) =0
is also a solution of the system
$ w p, (1) =0

Using 13}) {3} in place of 13‘(h) in the proof given above of the non-

singularity of the composite Vandermonde matrix shows that the proof
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is applicable to this matrix as a solution of the Hamiltonian system.
An entirely similar argument extends the results on repeated roots

to this case.
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APPENDIX VI
AUGMENTED CANONICAL EQUATIONS

Because of the relative complexity of the calculations associated
with the solution of the canonical quadratic equation that arises from
augmented systems, this separate appendix will be devoted to a discussion
of these solutions. The solution proceeds as in the case of the simpler

systems to the point of the reduced homogeneous system

a) —;}\(h)p+DT‘2DTq20

b T Z g (W a=o0

Here it is necessary to examine the structure of the matrices "F (),
/?j ()}, and DT' . The transformation T that reduced the quadratic
equation to canonical form was chosen to preserve the structure of the
augmented system. Considering the manner in which the polynomial
elements of “F()) and -&j(l) are defined In terms of the canonical
matrices /{and C, it is seen that the structure of the augmented system
carries through to “3F()) and ;e_'j(h) and that these matrices may be

written as follows



“F )

)

where the subscripts 1, 2, and 3 now refer to the disturbance, the

reference and the plant systems respectively. WNow the diagonal matrix

= |3y W é
331 W ¢
-4, o

TI was chosen as

where Tt3 = _N_l.

written as

42 4,

i £
J3* O

= ¢ ¢
¢ ¢
¢ ¢

Fun ¢ ¢ Py
1, ¢ P,

.’331 4 I3 ] | P

o -
A1 {‘;1*%2 51*‘%3

4,4, fr 9
NER PR ERVE

¢
¢

"F33

Y, o 4,

¢ ¢
¢ ¢

2T
D3 T3 Dy

()

uﬂ

The reduced Hamiltonian system may therefore be

125
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*
where the arguments of the polynomial matrices have been omitted, ijj

T
indicates -:}ij (-») and the P; and q; are m -vectors. If the order of

the augmented system is

n=n1n + +n

1 o, ¥ 13

where the n, are the orders of the three subsystems, then n solutions of
the reduced Hamjiltonian system may be obtained by considering three cases:

Case a): Define

‘-JI? 33 (W) = |'.od 3*‘% 3+ s 0 T 0, M 1

and suppose that Ay is a root of

F3 (‘7\.2) = Det I_i 33 (l)l

Take

S 3 _

and let p33(j) be a non-zero solution of

It is then possible to determine qu(J) such that
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(3 (3 N G 69 (3 (i (N7
d =|_—_"‘13 »d23 7> T33P = [p13% 23" by -’

satisfy a) and b), The component ¢ & is given by
pa 33

() T =2 -1 »
4337 = = D3 T3 7 D3 "33 ) gy
Case b): Suppose Xj is a root of
.
F, (A) = Det rjj122 02 =0
Take

P2 =

(i

and let Py be a non-zero solution of

(1)
"oz ) By = 0

(9 (3

It is then possible to determine Pa) and 455 such that
(3) _ (i 1 (DT (1 _ & (3 )T
. (3 . 3) .

satisfy a} and b), The components P3; and Gg9 are given by



j -1 (i)
Psz(J) = Cf?zaa f£ 32 P2 ’

q32(j) _ (fd,”*)-l{_js* [‘_21 , pzz(j) + ﬁ3 sz(j)]

where

é 32 (W) = .Ud:s*f‘]z]
Case c): Suppose lj is a root of

P, () = et [, (x)]
Take

le =

and let Pll(J) be a non-zero solution of

’3‘11 Gy pll(j) =0

It is then possible to determine p31(J) and qil(J) such that

a3 rqll(j)’ c121(3')’ q3l(j)]T 3y _r, M (1)

128
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» (3

satisfy a) and b). The components Pag and 933 are given by

p31(j) = % 33~1%31 pll(j)
q3l(j) = (’3‘33*3'-1 103 3* r%l 1 Pll(j) +'?13 p?’l(j)]

where

@ 31 (W = I—%‘.I 3*{1 1 +,:+33* Ds_-T T 3-2 D3-1:3‘ 31]

Assuming the lj are distinct these three cases provide n solutions

to the reduced homogeneous system. The solutions p(j) may be displayed
as follows

P1y ¢ ¢

¢ Pys ¢

P31 P32 P33
where

_ ) (2) (n))-
Pij = rpij ¥ Pij )"'!pij J

The structure of these solutions requires the composite Vandermonde matrix

which satisfies the Hamiltonian system to have the similar structure
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V= vll ¢ #
¢§ v, 4
V31 Vi, Vi3

where Vll and sz are the modal matrices of the disturbance and the

reference systems and V,, satisfies the Hamiltonian system that arises

33
from the unaugmented plant system,
The gain matrix Hu for the augmented system may be determined as

follows: Define

(1) (2) (n,)"
Qi = rq3j ? q3j 9"‘sq.3j J i

Then

T 2l -2 T 1 ,-1 -1
B o= By Bps Byy = A3 D3 [a; 2, GV

where Hui has dimension n, X ni. It will be noted first of all that

(k)

only those components qij for which explicit expressions were given
above are required for the determination of the optimal gain matrix.
Further examination of the solutions of the reduced Hamiltonian system
and the matrices V and T reveals that Hu3 depends only on the plant
system, that Hu2 depends only on the reference and the plant systems, and

that Hu depends only on the disturbance and the plant systems. For this

1

reason Hu3, which is identical to the gain matrix cobtained from the
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solution of the unaugmented system, may be referred to as the plant feed-
back matrix. Similarly 1-1u2 and Hu3 may be referred to as the reference

and the disturbance feedforward matrices.
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APPENDIX VII

AN ADAPTATION OF DANTLEVSKII'S METHOD

Faddeev [32] describes in detail a method due to Danilevskii for
the determination of the characteristic polynomial of a matrix F. The
method in its more general form involves performing the similarity

transformation

A=8StFs
where S is the transformation
S = r x, Fx, ,Fn"1 X ]

and x is an arbitrary vector that is chosen, if possible, to insure the
non-singularity of 8, It is immediately apparent that if F is the system

- h!
matrix of a single input controllable system 4F, g, h!, then x = g does

|
insure the non-singularity of S and that $8 is in this case a precanonical
transformation.

The method devised as part of the present research for the determ-
ination of the precanonical transformation of a multi-variable system is

an adaptation of Danilevskii's method. The transformation is determined

in n steps each of which involves the transformation
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o, g0 00 Bl el (kb a0
. L - .

where

(©) _
and

k=% %1 %5 Sk 0%y G ej+1""’enJ

w
=

1}
P |
]
=

vy 1s Ky ek+1,...,en]

and e, is the unit vector whose only non-zerc element is the kth., The

transformation Tk rearranges the system matrices so that the pivotsal

element ka in the transformation Sk is maximized. The column xk of the

transformation 8, is chosen to be gk(k) for the first m steps and

k
k
f(kfm; for the remaining n - m steps where gi(k) and fi(k) are the ith
columns of G(k) and F(k). Note that the matrices H(k) are not involved
in determining the successive transformations. It can be verified that

the product of the transformations

§=T; 8 ... T S = rgl,...,g , Fgy,. .- Fg_,
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ig a transformation which by simple rearrangement of its columns can be
made a precanonical transformation.

It is convenient for the purpose of carrying out the successive

transformations to arrange the elements of the matrices G(k) and F(k)

as the single array
[, F(k):l

Each step of the calculation involves replacing this array with the

array

-1 (k) -1 (k) 7
Sy 6 S T S

An analysis shows that these n steps may be carried out with less than

2
n3 + 2 mn arithmetic opsrations. At the completion of the n steps the

(k)

last m columns of F(n) contain (a rearrangement of) the elements ﬁij

-1
k

and Sk are available; the calculation of the product matrices S-l and §

requires n3 - n2 operations, TFinally the calculation

A
of the precanonical matrix F, but only the elements of the matrices §

m>

= H S

2 3
requires m n operations for a total of less than 2 n” + 3 mn
operations,

At the kth step the matrix rG(k), F(k)] will have the form
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[ (k) (k)
1 0 0 P ERE
0
0 0 0

(k) (k)
01 Lok fen
(k) (k)
0 0 0 S

(k)
It may turn out that the (k+l)st to the nth elements of f(k-m) are all

zero thus precluding the carrying out of the (k+l)st step. This
situation, which may be expected to occur, indicates only that one of
the terms

[epP 5 &)

8;

is a linear combination of preceeding similar terms, This difficulty is
avoided simply by skipping the column f(kE;g and using the next instead,
The controllability of the system insures that there are always suffi-
cient columns remaining to complete the n steps of the transformation.
The transformation R which transforms the system from precanonical
to canonical form is computed directly from its constructed definition,.
It can be verified that R and Rfl have the forms shown in Figure 11.
When the system has m inputs and its canonical form is naturally parti-
(k)

tioned into blocks of dimension v x-J , the elements aij(k) and Bij

are determined by
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K 0 0 1 0 0 0 7

0 0 1 oD g o o)

11 21
(@) (1 _(2)
0 1 ap’ 9y 0 @y 9
(1 @ 3 (1 (2 _(3 T
Loy % %" 9% %10 91 = F

0 0 0 0 0 0 1

(1 (1)

0 0 0 ajy o 1 o,
(D (2) (b (2)

0 0 oy 0" 1 a5t ay,

5D 6@ o 1 5D 62 o]
o@D p® 1 0 6D e
Bgi) 1 0 0 aéi) 0 0
1 0 1) 4] 0 0 0 ;
o p® o 0 8@ s 1|
Bﬁg) 0 0 ) aé;) 1 0
) 0 ) 0 0 1 ) 0 J

Figure 11. Precanonical to Canonical Transformation.
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(o) (o) _
%5 = Oy Pry 7 i
m X
() S A @ (k-q) ) _
ay = Y ) A o, k=1,...,9 -1
p=1 =1
m k
(k) (@) (k-q}
Bys = Y Yoy, B k=1,...,V -1
p-1 gq=1

Similar expressions hold for the gemeral care of 'Oi x vj blocks. By
proper arrangement of the calculation it is possible to solve these

2 -
equations by summations alone in m operations. The coefficients

aij (k) of the canonical matrix 4{ are given by 2% (k) where
m -
(V) _ (9) (v -k)
%13 - ? T %ip “pj
Pl=]. q:].

The product transformation T = SR, its inverse, and the elements of the

cancnical matrix C may then be determined in approximately (mtl) mz'\) 3

operations,
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APPENDIX VIII
AN TLIUSTRATIVE EXAMPLE

In this appendix the computational procedure develeoped in
Chapter V for the solution of the canonical matrix equation is illus-
trated by its application to a simple example. Consider the canonical

equation which arises from 2 5th order two imput system

A+ +ctc-prrpT? 0 8 e

where the matrices /(, B, D, C, and T are shown in Figure 12. The poly-

nomial matrices associated with the underlying system are

(-x+2x2+x3) (1)

"3 (x)

(2 + 2 x) (1+x+x2)

H

‘{'J (x}

[¢-1-x (- 2 X)]

The matrix & (x) which appears in the reduced homogeneous system is

computed to be

& ) - F(21-26 x2 +30 x* -5x% (10 +7x +8x>~ 15 x0)

2

l(lO-?x+8x £15 %0 (10 + %2 + 5 %)

The determinant of this matrix is given by the polynomial
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o o 1 0o 0 ; 0 0
0 1 -2 -1 0 | 1 0
0 0 0 0 1 g 0 0
|
«2 -2 0 -1 -1 | 0 1
| . _s
C= ['-1 -1 0 0 -2:1 D= 1 2
2 -1
™ = (1/5) 1 0
0 ]

Figure 12. Canonical Equation Matrices,
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1
F (- x2) = 110 - 350 x2 + 105 x" + 75 x0 + 145 x° - 25 x°0

whose 5 Hurwitz roots are computed to be

{- .0.613, - 0.9238, - 2,515, - 5.454 & j 1.034}
To each of these roots there corresponds a solution p(J) of the reduced
homogeneous system, For example, when kl = - 0.613
Sy oM o [1s.20 12.17 - 0.8 -0
12 P = . . . =
13.84 11.08 1.0

The complete set of sclutions is given by

- 0.30 1.00 1.00 .00 0.28

1.00 - 0.79 0.74 1.00 .00

The matrices V and U which are required by Potters theorem may be
written explicitly in terms of the solutions of the reduced homogeneous

system, These matrices as well as the solution of the canonical equation

are shown in Figure 13. When this solution is substituted in the canonical

matrix equation the difference between the elements of the left and right-



- 0.

172
.203
460

.918

715

.376
.750
.B844
.848

.374

1.000
-0.924
0.853
-0.791

0.731

-4.647
-15.370
-5.256
2.533

2.916

20.750
67.810
23,240
-15.630

-7.761

Figure 13,

1.000
-2.515
6.327
0.741

-1.865

0.048
0.073
0.016
1.060

-2.682

6.844
23.240
8,046
~5.549

-2,588

Solution Matrices.

.000
0.300
-0.328
1.000

-0.545

1.432
1.335
00.198
2.106

~0.886

-3.848
-15.630
-5.549
6.096

2.050

141

0.277,
-0.151
-0.243

0.000 °

-1.084

-0.185

-1.738

-0.767
0.424

-1.747

-2.374

-7.761

-2.588
2.050

2,668
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hand sides is, in each case, less than 10-? times the corresponding

element of the left-hand side.
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APPENDIX IX
GUST DISTURBANCE SHAPING FILTERS

The shaping filters that were appended to the lateral and
longitudinal systems to account for the statistics of the gust disturb-
ances of these systems were modified in two respects that are discussed
in this appendix. 1In current aerodynamic practice transform techniques
are used for the analysis of flight in turbulent air. In the course of
this analysis certain difficulties arise on account of the divergence of
intergrals involving the derivative spectra such as that of ¢ﬁ' It is
known, however, that the aerodynamic transfer functions that appear in
the analysis are inaccurate for wave lengths shorter than the relevant
dimensions of the aircraft, and this fact is used to justify the
truncation of the spectra, a practice which eliminates the troublesome
divergent integrals. 1In the study of the longitudinal system the equiva-

lent technique of introducing the "roll-off factor®
r(s):'ﬂ_(,_)of (T]LJO"'S) n= 20

in the gust shaping filter was employed. This modification changes the
filter to a third order system. It was discovered that the "roll-off
factor" had a negligible effect on the aircraft response and since there
are no problems with divergent spectra when the methods of this disserta-

tion are employed the factor was omitted from the shaping filters for the
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lateral system.

On the other hand, the repeated roots associated with the gust
spectra are inconvenient when the present methods are employed. They
can be handled but at great expense in programming complexity. For
this reason the roots were perturbed slightly with negligible affect

on the aircraft response.
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