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SUMMARY

Discrete lattices use individually manufactured unit cell building blocks, which are
then assembled to form large lattice structures, the quality of which is not signi cantly
in uenced by the scale of the structure. Furthermore, the size of the nal structure is not
bounded by the footprint of the manufacturing equipment. Tuning the elastic behavior of
materials and structures provides the possibility for signi cant improvements to overall
performance, as demonstrated by structural and topology optimization studies. Similar im-
provements can be made in discrete lattice applications, as shown by the Coded Structures
Laboratory at NASA. Improvements made to performance of discrete lattice structures are,
so far, limited by the lack of a systematic, direct method to dictate the behavior—that
is, prescribe the deformation—of the nal structure. Here we present a direct method of
prescribed structural behavior integrating structural and topology optimization, for both
discrete lattice structures and general structures. Also presented are formulas and meth-
ods for calculating the determinant and inverse of a linear combination of matrices, which
originally stemmed from the development of prescribed behavior methods however, while
applicable to prescribed deformation problems, are much more useful in other situations.
The direct methods of prescribed deformation presented here automatically produce dic-
tated behavior from the candidate structure when possible and produce an approximation
when the desired behavior is impossible. These methods are shown to move towards a
minimizer with quadratic convergence, with improved results in situations with fewer lim-
its on the prescribed behavior. Additionally, the presented formula for calculation of the
determinant of a linear combination of matrices provides exact results in as little as one
tenth of the time of traditional approximation methods, and the exact inverse of the linear
combination is calculated in as little as one quarter of the time of traditional exact methods.
We show these formulas provide signi cant computational and conceptual improvement to

current methods and provide unmatched performance in parallel computing settings.



Introduction

Discrete lattices are structures which use individually manufactured unit cells as building
block components in a much larger structure. Some cases only require a single type of unit
cell to accomplish the goal, whereas other situations call for a variety of unit cell types. In
any case, the nal discrete lattice structure is assembled from the constituent unit cells to
meet the requirements of the design. There are several bene ts to such a fabrication frame-
work, the foremost of which is how the nal structure inherits reduced production cost,
improved quality, and higher performance tolerances from mass manufacturing of smaller
components relative to the nal structure. Another noteworthy bene t of discrete lattices
is the scale of such structures is not bound by the footprint of the equipment used, unlike
most manufacturing methods. Further bene t comes from the ease with which replacement
components can be acquired and kept on hand. However, there are some limitations which
accompany discrete lattice designs. Namely, current methods to t form with function rely
heavily on the use of manual iteration over the design, informed by engineering judgement,
which requires experienced engineers and can be quite costly in terms of engineering time
and workload.

To address the limitations of discrete lattice design, this research seeks to develop meth-
ods by which discrete lattice structures are directly constructed based on desired function.
The goal of the developed methods is to quickly and easily provide the engineer with an
initial design of the structure based on the functional requirements, as dictated by the en-
gineer. Speci cally, in this research, we associate the function of the structure with the
deformation behavior of said structure under various loadings, and as such, we refer to the
dictated function of the structure as a problem of satisfying prescribed displacements or,
in terms of the structure, prescribed deformation. In this work, we identify two distinct
classes of problem, which require different approaches to solve. These two classes are: (1)

cases where there are more or an equal number of design variables compared to the degrees



of freedom in the system, and (2) cases where there are fewer design variables than degrees
of freedom. This distinction corresponds to under determined and exactly determined sys-
tems in the rst case, and over determined systems in the second case. Note that the second
case where there are fewer design variables than degrees of freedom is far more common
than the other case. Even so, methods for solving both classes of problem are developed
in this work, and their current forms are presented and discussed in the body of this doc-
ument. Structural and topology optimization play a major role in both cases mentioned
above, for meeting additional design criteria in the rst case, and additionally as a method
to closely approximate the prescribed displacements in the second case. Worth noting, the
methods developed in this research are not restricted to discrete lattices but can be used for
any structure representable using nite elements, as is shown in various examples.

Many of the methods developed in this work are considered from the standpoint of the
objective of an optimization process. However, the vast majority of this work can be used to
create constraints on displacements in optimization problems, with little to no modi cation,
simply by implementing in a speci ¢ manner. The application of such a process is discussed
later in this document.

In addition to the work on prescribed displacements, this research has also made sig-
ni cant progress in developing an improved method for calculating and representing the
determinant and inverse of linear combinations of matrices. Many applications in struc-
tural analysis are de ned by linear combinations of component or element stiffness matri-
ces, and as such, these methods can provide more ef cient computation in such situations.
Speci cally, the result pertaining to the inverse of a linear combination of matrices has a
role in determining a solution to the second case of the prescribed displacements problem
mentioned earlier, that is when there are more degrees of freedom in the system than design
variables, which is how the work originally came about. However, the use of this method
for problems of prescribed deformation, while possible, has proven to be less ef cient than

the other methods presented here. Outside of that use case though, the methods developed



are shown to be signi cantly faster than traditional methods in situations where the deter-
minant or inverse must be computed for many different values of the linear coef cients.
Additionally, the performance of the methods presented here increases with sparseness of
the component matrices in the linear combination. Furthermore, these methods are de ni-

tively better suited to parallel computing applications than traditional methods.

Notation

Throughout this work, the tensor rank of tensor objects is denoted by underlines, so a vector
value has a single underline (e.g), a matrix value is double underlined (e.4), a third
rank tensor is triple underlined (e.¢£,), and so forth.

Additionally throughout this work, inner products and dot products are conducted along
the outermost dimension of tensors. For exampléy i2 FP9", u 2 FP, v 2 F9, and
w2 F', thenu A andA w are both permissible, resulting gby r andp by g matrices
respectively. However, there is no order in which the dot product can gtorly without
A rst being reshaped in some way since tidength dimension is between the other two
dimensions.

Speaking of reshaping tensors, since the transpose of tensors with rank three and above
is not uniquely de ned as it is for matrices, we de ne alternative notation. A tensor with
changed index order is denoted using a superscript one-line permutation inside of curly
braces. Furthermore, any indices which are mapped to themselves may be excluded from

the permutation. As such, if we have a third rank tenbythen the following hold.
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CHAPTER 1
INTRODUCTION

Discrete lattices are lattice structures which use individually manufactured unit cell build-
ing blocks to construct a much larger structure; a key bene t of this fabrication framework
is that the quality of the nal structure is not signi cantly in uenced by the structure's scale.
Beyond that, mass manufacturing of the unit cell building blocks signi cantly reduces pro-
duction costs while simultaneously being able to provide high quality unit cells. Mass man-
ufacturing of small, repeatable components, compared to large monolithic structures, also
improves tolerances for the nal product in two ways: smaller parts meet tight tolerances
more easily than larger parts, and (non systematic) errors in production of smaller parts
tend to cancel outin the nal assembly, in a process of error amortization. Furthermore, the
size of the nal structure is not bounded by the footprint of the manufacturing equipment,
nor is there any need for transportation concerns for a large entity, which would normally
arise from the manufacturing equipment not being collocated with the nal structure, since
small unit cells are easier to transport. Researchers at the Coded Structures Laboratory at
NASA Ames Research Center have been, and continue, investigating bene ts of discrete
lattices in aerospace applications. The Mission Adaptive Digital Composite Aerostructure
Technologies (MADCAT) project has demonstrated the successful use of discrete lattices
in constructing a morphing wing, in both model ( gure 1.1) and full-scale ( gure 1.2) ap-
plications. Additionally, the model wing has been attached to a radio-controlled airplane,
where the morphing wing provides unparalleled control authority and ef ciency, while the
full-scale wing has been used in full-scale wind tunnel tests at NASA's facilities, shown
in gure 1.3. Moving forward, the Coded Structures Laboratory is exploring the use of
discrete lattice structures in space applications, with remote and in-orbit drone assembly,

to construct large satellite and extraterrestrial structures. So far, the morphing capabilities
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