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SUMMARY

The prediction of the far-field radiation patterns of antennas
from measurements made in the near field has been an area of consider-
able interest. This research concerns a new method for determining the
far-field pattern of an antenna from probe compensated near-field meas-
urements over the surface of a right circular cylinder enclosing the
antenna. The method is derived by expanding the radiated fields in
cylindrical wave expansions and using the Lorentz reciprocity theorem
to solve for the field radiated by the antenna from the probe output
voltage. It is shown rigorously that the antenna pattern can be deter-
mined independently of the characteristics of the measurement probe pro-
vided that certain calibration data for the probe are known. A method
for determining these data from the meesured far field of the probé is
described.

Since the measurement of the near field of any antenna potentially
requires the accumulation of a large arount of data, the problem of spa-
tial sampling is of great practical importance. This problem is dis-
cussed for the cylindrical measurement surface and lower bounds are
established for the axial and polar angle sample intervals on the
cylinder. It is specifically assumed that the antenna is not a high-Q
or supergain structure.

The theory is verified experimentally by calculating the far-

field patterns of a test antenna from measured near-field data. The
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near-field measurements on the test antenna are presented for four cases
corresponding to different orientations and positions of the antenna
inside the measurement cylinder and to different near-field probes. The
far-field patterns of the test antenna are calculated for each case and
compared to the measured far-field patterns of the antenna.

The computational process required to evaluate the far-field
patterns is complex and requires numerical techniques. Specifically,
the calculations are centered around an application of the Fast Fourier
Transform algorithm to evaluate the necessary integrals and summations.
Detailed descriptions of the methods used in the pattern calculations
are given, and an example pattern from the literature is computed to

verify them.



CHAPTER I

INTRODUCTION

1.1 Definition of the Prcblem

This research concerns the problem of the determination of the
far-field pattern of an antenna from measurements made on the near
field radiated by the antenna., A new method is developed to determine
the far-field pattern of ar antenna from near-field measurements made
with a probe over the surface of a right circular cylinder enclosing
the antenna. It is shown that the pattern can be determined independ-
ently of the characteristics of the measurement probe. Although the
choice of the probe is arbitrary, certain a priori information must be
known about it in order to compensate for its effect on the measurements.
The required probe Information is specified and a method for determining
it is described.

An important consideration in the experimental implementation of
any near-field measurement scheme is that of spatial sampling. This
problem is discussed for the cylindrical measurement surface. Sample
spacings are developed for antennas which are not high-Q structures.

The method is verified experimentally by calculating far-field
patterns of a test antenna from measured near-field data. The far-field
patterns are calculated from near-field data obtained with the test
antenna in different orientations inside the measurement cylinder and

with different near-field probes. The calculated far-field patterns are



compared to the experimentally determined far-field patterms of the test

antenna.

1.2 Origin and History of the Problem

The prediction of the far-field radiation patterns of antennas
from measurements made in the near field has been an area of considerable
interest (1-11). This is particularly true in the case of microwave
antennas for which the distance tc the far field exceeds the dimensions
of available antenna test ranges. Another case of interest is the
determination of far-field patterns from measurements made in the low-
noise environmenf of anechoic chambers. The ability to predict far-
field patterns from near-field measurements allows the use of smaller
and less expensive anechoic chambers.

Early work in this area inveolved an application of the aperture
field method described by Silver (12). More recent and promising tech-
niques have involved modal expansions of the antenna fields. A tech-
nique inveolving the plane wave spectrum expansion described by Clemmow
(13) has been used by Kerns (1) and Joy and Paris (2) to predict the
far-field pattern from near-field data measured over the surface of a
plane located in front of the antenna. The far field 1s expressed as a
two-dimensional Fourier transform of the Field over the measurement
plane. A rigorous fechnique was used to compensate for the effects of
the measurement probe.

A similar method has been described by Hamid (3) in which the
two-dimensional autocorrelation function of the near field over a plane

located in front of the antenna is determined. The far-field power



pattern is then computed as the two-dimensional Fourier transform of
this autocorrelation function. No provision was made for compensating
for the probe effects.

Although the plane-wave spectrun is invaluable for theoretical
work, it does present some problems experimentally. First, the plane
over which the field must be measured is of infinite extent. Any actual
measurements must be restricted te a finite portion of this plane. Thus
there is an uncertainty in any results due to the field over that part
of the plane which is not measured. Second, the plane wave expansion is
valid for only one hemisphere of space. This i1s a disadvantage when the
radiation pattern is desired in all directions.

Brown and Jull (4) have described and experimentally verified a
technicue based on a two-dimensional cvlindrical wave expansion in which
the field is represented as a Fourier series in the polar angle §.
Although this method can be used to obtain a full 360° pattern around
the antenna, it is limited to two-dimensional problems for which there
is no dependence on the z-coordinate. Thus any practical applications
would be restricted to flared beam antennas having broad vertical pat-
terns. In such cases, measurements would be made at a distance such
that the vertical pattern is fully developed. A probe compensation
scheme was also described and tested for which the plane wave spectrum
respeonse of the probe must be known.

Jull (5) has described an additional technique in which the far
field is expanded as a series of derivatives of the near field. Again

the expansion assumes no variation with the z-coordinate and has the



same restrictions mentioned above. A probe compensation technique was
described using the approximate plane wave expansion for a particular
probe.

Jensen (6) has described a method for cbtaining the far field
from the near field measured over a sphere enclosing the antenna. A
probe compensation method was also described. However, neither was
experimentally tested. Indeed, Jensen (6) implies that the method does
not seem to be suitable for practical purposes unless an ideal probe is
used.

James and Longdon (7) have described a method for obtaining the
far-field spherical wave expansion of an arbitrary antenna from measure-
ments of the radial component of the electric and magnetic fields over a
sphere enclosing the antenna. A disadvantage of this method is the
rapid rate at which the radial fields decrease with distance from the
antenna. In addition, the method requires the use of two measurement
probes, one for the electric field and one for the magnetic field. No
probe compensation method was described.

The general problem cof far-field prediction applies to acoustics
as well as electromagnetics. The close connection between the two
results from the fact that the sinuseoidal steady state acoustic pressure
field external to a transducer also satisfies the homogeneous Helmholtz
equation (14%). This problem has been of particular interest in pre-
dicting the far-field radiated noise of submarines (15). Another area
has been in the calibration of sonar transducers from measurements made

in the near field (16).



A problem of great importance in the measurement of electromag-
netic fields is that of sampling. This problem can be broken into two
parts: the sampling density problem and probe compensation. It has
generally been assumed that sampling distances on the order of a wave-
length are sufficient teo characterize a field (17). Actually, the spa-
tial rate of change of the fields over any surface is determined by the
nature of the sources illuminating that surface and the distance sepa-
rating the sources from the surface. It is well known that the near
field of an antenna can vary rapldly w-.th distance, especially in those
cases where the fields are highly reactive. In contrast, the far field
does not change appreciably over distarnces subtending an angle less than
the half-power beamwidth.

The required sampling density for any electromagnetic field is
also a function of the numerical integration method used to calculate
the far field from the sampled near-field data. Brunstein, et al., (18),
have compared the sampling densities reguired to calculate the radiation
pattern of a particular aperture with a cylindrically symmetric illumi-
nation function using two different numerical integration schemes.

Using a technique described by Ludwig (17), the required sampling

density was 1.5 points per square wavelength, while a technique described
by Rusch (19) required an eguivalent 25 points per square wavelength.

The Rusch method is actually a cne-dimensional integral applied to sur-
faces possessing cylindrical symmetry. Thus the actual density was 5

points per linear wavelength.



In calculating the radiation patterns of multilayered radomes
illuminated by a pyramidal horn, Paris (20) found that a sampling
density of 2.25 points per square wave ength gave acceptable results.
Joy and Paris (2) found that a sampling density of 9 points per square
wavelength gave accurate results in the calculation of the far-field of
a parabolic reflector from samples taken on a plane located 10 wave-
lengths in front of the reflector aperture. In this case, Fast Fourier
Transform techniques were used to calculate the far field.

Regardless of the sampling density used, the accuracy of any
calculated far field depends on the accuracy of the measured samples.
Since the ideal probe is not physically realizable, any test antenna
used to measure the near field will have an output proportional to a
weighted average of the field over its effective aperture. Thus the
ability to compensate for the effects of a non-ideal probe is an impor-
tant consideration in any near-field measurement scheme,

The probe compensation problem has been solved by Kerns (1) when
the measurement surface is a plane and the plane wave spectrum response
of the probe is known. Joy and Paris (2) have demonstrated excellent
agreement between calculated and measured patterns using this scheme.
Brown and Jull (4) have solved the probe compensation problem when the
probe is used to measure two-dimensional cylindrical fields on a circle
containing the source. It was assumed that the probe response could be
represented by a two-dimensional plane wave spectrum. Jensen (6) has
solved the probe compensation problem when the measurement surface is a

sphere enclosing the source. It was assumed that the probe response



could be represented by a spherical wave expansion. The method was not
tested experimentally. In fact, the author stated that the method for

obtaining an exact solution is unsuitable for practical purposes.



CHAPTER II

THEORETICAL BASIS

2.1 Introduction

In this chapter the mathematica’ background for the problem of
determining the far field of an antenna from probe compensated near-
field measurements on a cylinder containing the antenna is developed.
First, a derivation of the three-dimensional cylindrical wave spectrum
of a radiating field is presented. It is shown that the cylindrical
wave spectrum of the field radiated by any antenna can be determined
uniquely from a knowledge of the tangerntial field on a cylinder com-
pletely enclosing the antenna. The far-field approximation to the
cylindrical wave spectrum is then developed using the method of steepest
descent to evaluate the necessary integrels.

In cases of practical interest, the measurement of the near field
of an antenna must be done with a probe which has non-ideal characteris-
ties. That is, the ocutput of the probe is not proportional to a single
vector component of the measured field at a point but to a weighted
average of all vector components over some finite area. The output of
an arbitrary probe, when it is used to measure the field of an arbitrary
antenna, 1is derived as a function of the c¢ylindrical wave spectrum of
the field radiated by the antenna and the cylindrical wave spectrum of
the field radiated by the probe when it is used as a transmitter. It

is then shown that the cylindrical wave spectrum of the antenna can be



obtained from the cutput of the probe when it is used to measure the
tangential electric field on the surface of a cylinder enclosing the
antenna. The results are then specialized to cbtain the  far field
radiated by the antenna.

In general, the measurement of the near field of an antenna
requires a potentially large amount of data, Thus the problem of spatial
sampling is one of great practical importance. A spatial sampling cri-
terion for a cylindrical measurement sirface containing an antenna is
developed. It is assumed that the antenmna is not a high-Q or supergain
Structure.

2.2 The Cylindrical Wave Expansion
of an Electromagnetic Field

In this section, & derivation of the cylindrical wave spectrum of
the field radiated by an antenna is developed. A solution for the mag-
netic vector potential function is first found for a region of space
containing no free-charge density. This solution is next used to obtain
the corresponding solutions for the electric and magnetic field intensi-
ties. It is then shown that the cylindrical wave spectrum of the field
radiated by any antenna can be cbtained from a knowledge of the tangen-
tial electric (or magnetic) field intensity on the surface of a cylinder
containing the antenna.

In any region of space containing no free-charge density, the
sinusoidal steady state form of the vector magnetic potential function

satisfies the differential equation
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vk + kA = 0 (2-1)

where k2 = u2u€ - jwpo. A general solution to this equation can be
- - + .
obtained by using a technique described by Stratton (21) in which A is

expressed as a linear combination of the three independent vectors

M = Uxay (2-2)
N = %—vx; (2-3)
—

L = Wy (2-1)

where a is any constant unit vector and ¢ is a scalar function which

satisfies the differential equation
vzw - k2¢ = 0 (2=5)
S = g s .
It follows trivially that M, N and L satisfy Equation (2-1) sub-
ject to Equation (2-5). In addition, it follows that M is related to N
=5
and L by

U= Txa = % 7xN (2-6)

. =>* > 3 - 1
Since M and N are both defined as the curl of a vector, they are
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-
solencidal vector fields. Since L is defined as the gradient of a
scalar, it is a conservative vector fiald.
. . , ; > > >
In a given coordinate system, soluticns for M, N and L may be
obtained by first solving Equation (2-5) in that system., In the present
case, a solution is desired as a function of the cylindrical coordinates
(r,¢,2z) illustrated in Figure 1. By the method of separation of vari-
ables, it can be shown (22) that a particular solution to Equation (2-5)

in cylindrical coordinates is
i o | ing -jhz .
lp;h(r’,@,z) = an(ﬁr‘)ej & e ST B )
where n is any integer, h is any real number, A is given by

5% RIR2 (2-8)

3 i G FE ;
and where Zn(ﬁr) are the cylindrical Bessel functions

2 Ar) = J (Ar) (2-9)
(2 Tl

ZQ(A‘) = ¥ (Ar) (2=10)
At s S 3 0T -
Zi(ﬂr) = Hil)(ﬂr) = J_(Ar) + 3¥_(Ar) (2-11)

Zi(ﬁr) = H;z)(ﬁr} = Jn(hr) - an(AP) (2-12)
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Figure 1. Coordinate System Definitions
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In the present case, a solution for A is desired which is wvalid

in the region external to a cylinder containing all scurces. In order
Eq - - -

for A to satisfy the radiation ceondition for large r, it follows that
the large argument asymptotic expansion of the circular cylinder func-
tion must represent surfaces of constant phase which propagate in the
positive vadial direction. The only one of these four functions which
satisfies this condition is the Hankel function of the second kind

Hig)(ﬂr). The large argument asymptotic expansion for this function is

(23)
(D) - 775 [T it (2-15)

For A real, it can be seen that this equation represents phase propaga-
tion in the positive v direction. With this choice for Z;(Ar), the

function ¢ becomes
w:h(r,¢,z) = Hiz)(ﬁr)e3“¢e‘3hz (2-14)

Examination of Equation (2-14) reveals the form of the linear
; ; > > > .
combination of the vectors M, N and L for the general solution to Equa-
tion (2-1). There are two independent parameters, n and h, over which
the linear combination must be formed. Since n is an integer, the
combination must be in the form of & sum over all n. Since h is any
real number, it follows that the combination must be in the form of an

integral over all real h. Thus the general solution for A is
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oo

Rragoz) = 50 T [ [a (0F (r,8,2) + b (0, (r,0,2)  (2-15)

= 7= -% -—m

+ cn(h)iih(v,¢,2)]dh

where aq(h), bn(h) and cn(h) are scalar amplitude weighting functions.

=1 : ; s ;

The factor =— has been chosen to simplify the resulting expression for
- ) . . . e

the electric field intensity E.

Solutions for the electric and magnetic field intensities can be

- - 0 — “* - - L] -
cbtained from the solution for A with the familiar relations

T
H

vk (2-18)

B14

= ——— UxH (2-17)

where it has been assumed that the conductivity o is zero in the region

of interest. With the aid of Equations (2-2) through (2-4) and Equation

= -)-
(2-6), it follows that E and H are given by

- - " i N
: [ J e i
- ng_m - [an(H)Mnh ¥ bn(h)hnhjdh (2-18)
I Kk ; "m lf —
S e ¥ 1 »
; Jwy 1) fan(h)hnh + bn(h,Mnh]dF (2-19)

N=—=< -

- .-b . £ - + + —
The absence of the vector L in the sclutions for E and H also follows

P
from the fact that L has non-zero diversence. Thus it cannot be used to

- - ) . . > -+
represent E or H in a source-free region since V+E = V+H = 0.
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Although the constant unit vector a in Equation (2-2) may be
-
chosen arbitrarily, it is convenient to choose it so that M has no z-

component, If Equation (2-2) is rewritten in the form

M o= Vpxa (2-20)

it can be seen that the choice a = z mekes this true. It follows from

Equations (2-2) and (2-3) that the solutions for M and N can be written

e +i jn¢_-jhz L
Mo m e e (2-21)
N: = ;l.ejn¢e_]hz (2-22)
nh nh
where
ool
o= AR 2y - g o (2-23)
nh ~ © p “p T >
3 ¢ QZi 2 >
1 ~ ih n ~ b 1 . ~ N i
iy St O g PN § 2 e .
o P e ) s Zn(ﬂr, z < Zn(ﬁr) (2-24)

With the introduction of Equations (2-21) and (2-22) into Equa-

tion (2-18), it follows that the electric field intensity can be written

E= ] ™[ ram +b (WA leT "% (2-25)

n=-—-c —o0
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U y : ; ‘
where m . represents a solution which Is transverse electric to the z-

; : s ; 7 ;
direction or (TE)z and n_. represents one which is transverse magnetic

nh
to the z-direction or (TM)Z. On any cylinder on which r is constant,
each scalar component of this equation is in the form of a Fourier
series in ¢ and a Fourier integral in z. Thus it follows that the
inverse relationship

-in¢ jhz

o il
_ >l +4 1 e -
a (hdm, +b (hn, =— [ E(r,,¢,2z)e d¢dz (2-26)

Liqr =00 =Tf

must exist, whepre r. 1s the radius of the cylinder.

1
It follows that Eguation (2-26) cen be solved for an(h) and bn(h)
if it is separated into its scalar components and the resulting equations
solved simultaneously. However, only twc compcnents of E need be known
since there are only two quantities to be determined. If the two com-

ponents are chosen to be £¢ and Ez on the cylinder, the resulting equa-

tions are

J" a?{(z) —
= ‘n nh (2) o
an(h)t 5 L bn(h) E? I‘In (J'\I")_‘ = .L¢ (2—27)
b (h)[EE-H(Q)(ﬂ )| =1 (2-28)
n Lj< n r__ Tz ~2
where
. _\_~3in¢ _jhz.
Iy, = <y f H$(rl,¢,g,e e “d¢dz (2-29)
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w T - .
= h
1, = =5 [ E(r.0.2)e e agaz (2-30)

Z
bpg~ —e -7

These equations can be solved simultaneously to yield

-1 nhI
a_(h) = @ ! Z (2-31)
3 (2) 2 d (2)
ar. ! n (Arlﬂ 8 Pl dr. En (Arli]
3 =E ;i ¢
L "
bn(n) E ﬁg . (2-32)
- H (hrl)

Thus it follows that a knowledge of the tangential electric field inten-
sity on the surface of a cylinder containing all sources is sufficlent
to determine the fields at all points external to the cylinder. A solu-
tion involving the tangential magnetic fleld on the cylinder follows
similarly.

In order to use Equations (2-31) and (2-32), the tangential field
on the c¢ylinder must be either known a priori or measured with an ldeal
probe. A new method for determining the functions an(h) and bn(h) from
measurements on the cylinder with an arbitrary probe is developed in
Section 2.4, The method assumes only that the cylindrical wave expan-
sion of the field radiated by the probe, when it is used as a transmit-

ter, 1s known.
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2.3 The Far-Field Approximation to
the Cylindrical Wave Expansion

In the previous section, a general expression for the electric
field intensity external tc a closed surface containing all sources was
developed. In general, the evaluation of this expression is a formi-
dable task. However, a considerable simplification results if the field
is to be evaluated in the far-field region of the source. In this sec-
tion, the far-field approximation to the cylindrical wave expansion
given by Equation (2-25) is developed. First, the Hankel functions

. . . . >4 U
which appear in the cylindrical wave vectors m_ and n, are replaced

h h

by their large argument asymptotic expansions. The integral in Equation
(2-25) is then be evaluated using the method of steepest descent. The
far field is then shown to be a spherical transverse electromagnetic
field.
C—— il -+ .
For large r, the cylindrical wave vectors M and nnh which are

defined in Equations (2-23) and (2-24), can be simplified considerably

{23

if the Hankel function Hn (Ar) and its partial derivative with respect

to r are veplaced by their large argument asymptotic expansions. The

(2)

(Ar) has been given in Equa-

large argument asymptotic expansion for H a3
oH

tion (2-13). The corresponding expansion for can be obtained by

ar

taking the partial derivative of this equation with respect to r to

vield

(2) B
-1 > =3
n n-s JZA . Jhr

T "o (2-3%)
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where the term involving r / has been neglected for large r. The
i ; : g >4 G
resulting expressions for the cylindrical wave vectors L and n . are
>l ~.n-t 20 ~jhr
= - = —= - -34
™nh ¢ /TTP © (2 )
.n+% .
U4 L ~ f -
W= o(fhean) - fEA I (2-35)
k mr

"nh
Substitution of these expressions into the equation for the
(2-36)

‘+ 3 -
general sclution for E yields

<11

ing L. R
e {m A [¢jan(h)

(fh_zﬂ)bn(h)]e'JAre“thdh

This equation can be simplified by making the change

where A = vk2-h2

in variables

(2-37)

h = ksina

and by converting the far-field point to spherical coordinates with the

(2-38)

transformations
r = Rsind
(2-39)

= Rcost
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The result is

5 178 J 3 v .0 N [ on. ; )
B 2 90K Heing z je é E¢]an(k51na) (2-40)

n=-o

9 e 3/2 -jkRsi
- (Psina-zcosalb_(ksino)leos” ‘o e IRSIR(HO)q

where C is the contour illustrated in Figure 2.
The integral in the above expression is evaluated in Appendix A
using the method of steepest descent. The resulting expression for the

electric field intensity is shown to be

2 _ —2ksing -jkR

= z jnejn¢[$aq(kcose) (2-41)

Ti= -

- j(fcos&—gsine)bj(keosﬁ)]

Since § = rcos® - zsin®, this equation can be separated into the

spherical components

Ep = 0 (2~42)
_ -j2sin8 -jkR ¢ .n ing ;
B, & —p ot y 3 b_(keoso)e (2-43)
= =00
B, = TESATE JmlkR ) ja (kcoss)e ¥ (2-u4)
) R B n

Thus the far-field electric field intensity is transverse to the radial

direction, as would be expected.
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Comparison of Equations (2-18) and (2-~19) reveals that the far-
field magnetic field intensity can be obtained from the solution for the
electric field intensity by simply interchanging the amplitude weighting
functions an(h) and bn(h) and by including the multiplicative factor

-k/jwp. The resulting expressions are

= -4
Hy (2-45)
E
o]
H — - -
5 = (2-46)
Eﬂ
H = — 2-47
5" 5 ( )
where n = v¥u/e . Thus the far-field mazgnetic field intensity is also
transverse to the radial direction and is related to the solution for B
by the vector equation
> RxE
H = —*q—"‘- (2‘1‘!’8)

- >
Since both E and H have no radial components and are mutually perpen-

dicular, the far field comprises a spherical transverse electromagnetic
field,

Examination of the foregoing solutions shows that the far field
is determined only by those values of aj(n) and bn(h) for which
-k £ h < k since |kcos8| < k. Thus it can be concluded that the part of

the near field for which |h| > k represants evanescent waves in the
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vicinity of the antenna. These waves represent reactive energy storage
which in no way influences the far-field structure except to the extent
that they are necessary to support a perticular current distribution on
the antenna. In Section 2.5 a spatial sampling criterion is developed
for the near field on the surface of a cylinder enclosing the antenna.
In that section, it will be assumed that the reactive energy stored out-
side the cylinder is negligible. This assumption will be shown to be
true for any antenna which is not a high-0 or supergain structure,

2.4 The Determination of the Far Field of an Antenna

from Probe Compensated Near-Field Measurements
on a Cylinder Containing the Antenna

In this section a new method will be develcped to obtain the far
field of an antenna from probe compensated near-field measurements over
the surface of a cylinder containing the antenna. It will be shown that
the far field of the antenna can be calculated independently of the
receiving properties of the probe. The only information which will be
assumed about the probe is a knowledge cof the cylindrical wave expansion
of its radiated field, when used as a radiator. It will then be shown
that the required information can be obtained knowing only the far field
radiated by the probe over a sphere containing it.

In Figure 3, let the surface Ea be a cylinder of radius T that
contains an arbitrary test antenna connected to signal generator A. It
has been shown that in the region r 2 r_ the field radiated by this

antenna can be expressed as
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E(r,9,2) = [ [ [a (Wi (r,6,2)

n=-0 -0
+ b_(R)N. ( )1dh
+ b nh_r,¢,z d

o oo

]T;‘E E f Ebn(n)mnh(r’(p’Z)

n=-% -0

H(r,0,2) =

-l : X
B an(h)NDh(l,o,z)]dn
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(2-49)

(2-50)

Let this field be incident on a probe antenna whose reference origin 0'

is located at the point (ro,¢0,zo), as shown in Figure 3,

be connected via a wavegulde feeder to signal generator B.

Let the probe

The field

radiated by the probe when generator B 1s activated can be expressed as

gb(r',¢',z') = E f [Cm(ﬂ)ﬁ;n(r!,¢lsz')

m._— =00 00
Sl
# dm(n)Nm”(r',¢',z‘)]dn

oo L+ 4]

j-i“]:l“:r(r'5‘(?')"21) - %m:gm {roa [:im{q)ﬁ:m(rl’d}"z')

-l
+ cm(n)Nmn(r',¢',z‘)3dn

where (r',¢',2') are measured with respect to 0%.

(2-51)

(2-52)

Denote the fleld scattered by the test antenna when generator B

. . e =5
is activated by Eas and Hac

These can be written in the form
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4 0 .-DO N
B _(r,0,2) = ] | [ams(n)ﬁmn(r,:t,z) (2-53)

m==% =%

>l .
1 ¢
+ Dms(”)Nmn‘P°¢’z)Jd”

Uy _k o0 (=] i
fo(ratsa) = 25 ] f |_bms(n)”ﬁ;n(p,¢,z) (2-54)

In: =00  —CO

>4
+ ams(n)Nmntr,¢,z)]dn

Similarly, the field scattered by the probe when generator A is acti-

vated can be written

fss(f',¢’,2'l = ) f [:ns(h)ﬁih(r',¢',z') (2-55)

[1=-o -

1yt ' 1 1
+ dns(n)Nnh(r ,¢',2z')]dh

i (n',et,2) === [ [ [dns(h)ﬁih(r‘,qb',z‘) (2-56)

==—% —=x

>4
+ Cns{h)Nnh(r"¢"Z')]dh

In the following analysis, it will be assumed that there are no multiply
scattered fields between the antenna and the probe so that the total
scattered field is given by Equations (2-53) through (2-56).

It is desired to solve for the voltage induced across the

terminals of generator B when only generator A is activated. After
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solving for this voltage, it will be shown that the far field of the
test antenna can be calculated frem this voltage when its amplitude and
phase are known as functions of ¢, and z_ over the cylinder of radius
v It will be assumed that the cylindrical wave expansion of the field
radiated by the probe when generator B is activated is known. A numer-
ical method is developed in Section 3.3 for obtaining this information
from the measured far field of the probe antenna. Alsoc, without loss of
generality, it will be assumed that generator B is matched to the wave-
guide feeder for the probe antenna.

In Figure 3 let V be the volume bounded by the surfaces I L

ls b}

is the cylinder of radius r., I_ is the surface lying

and Z_, where L 1° “p

1
just outside the shield enclosing generator B and cutting the waveguide

feeder for the probe at S , and % is the sphere of infinite radius.

b
Since there are no source currents in V by assumption, it follows from

the Lorentz reciprocity theoram (24) that

+> > el o & o . S B "
§  [(E_+E, )x(H +H ) - (E+E_ Jx(H_+H_)]-nda = 0 (2-57)

where all multiply scattered terms have been neglected. The Lorentz

thecorem 1s the basis for all calculations of the ocutput of a recelving
antenna in the presence of a transmitting antenna (12). The integrand
of this expression vanishes identically over the shield enclosing gen-
erator B and over I_ (24). Also, E _=0andf,_ = 0 over S, by virtue

bs bs

of their definition. Thus Equation (2-£7) yields
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> > > A > e - ~
o o =7 : ki = o — “58
? (EaXHb EbXHa) (-r)da + ? (Eaxﬂas EaSXHa) (-r)da (2 )
) I,

T -

~ e -+ st ”
+ % (Ebsx b—Ethst-(—r;da + ? (Ebstas_Eastbs) (-r)da
1 1

+ [ LB x(E A )-(B +E_ )<l _1+(-x")da = 0
S

The integrand of the fourth integral in this expression involves
products of the scattered fields. If It is assumed that the scattered
fields are small compared to the incident fields, this term can be
neglected. In the integral over Sb’ it will be assumed that the con-

- e
tribution of the scattered terms EaS and Has is negligible, so that in

his i 18 +F _2E andB +H _#H ith th i
this 1ntegra Lb+ & Py an 5 + . With these assumptions,
Equation (2-58) reduces to
v e G WL = - . B R B
? (E_xH_-E xH_)-(-v)da + é (EpH__<E__xH_)+(-r)da (2-59)
"1 1

o B . B —;—g_—»
+ % (Lbsxhb~5bxubs) (-r)de + £ (E_xH, -E

i b

i ot
bea).(_x )da

Let the four integrals in the above expression be denoted by Il’
I2, 13, and Iu, respectively. To evaluate Il, it will be assumed ini-

tially that the fields are of the form

E_(r,9,2) = en(h)ﬁih(r,¢,z) + bn(h)ﬁih(r,¢,z) (2-60)
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> -k Sl en Y
Ha(r,¢,z) = faﬂ_[bn(h)Mnh(r’¢’z) + an(h)Nnh(r,¢,z)j (2-61)
E (r',67,2') = c (WA (27,6",2") + d (T (r',6",2")  (2-62)
b & ] ] m = mn L] ) m v mn 3 L}
& 1 v § o _;]:(__* rovrt ' 1 ' o
Hb(r J0',2') = e [dm.n}an(r ,0',2") (2-63)
>l
+ ¢ (MmN (p',¢",2")]
m mn

After Il is evaluated for these fields, the result must be summed in m
and n and integrated in n and h to obtain the final value of the
integral.
With the vector translation theorems developed in Appendix B,
the origin for EE and ﬁb is first changed from 0' to 0. The result is
e dnz

B (r.0,2) = ngm (1) fi;(kv jo B, O (2-64)

* Lo (ML, (2,0,2) + 4 (NI (r,8,2)]

e iLé  dnz
H (r,9,2) = 5&% L (-1) H( )(Ar & g 2 (2-65)
=

% [A_ (M (r,9,2) + e GONE _(psbsz)]
m _En a o m _Rn L] 3

where A = vk2-n2 , With the substitution of these expressions and the

2> = . - - - " -
ones for Ea and Ha into the integrand for I this integral becomes

l)
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o e jnz =
e T M D 0r e Ce °f [ |(a(d () (2-68)

Juu f=—s0 -0 -7

+ b (h)e (n))[M (r.b, z}xM (r,¢ &) + N (r,¢,z)Xﬁ%2n(r,¢,z)J
¢ 4 >1

+ (a (e (b (h)d, () (], (,0,2)60_, _(r,9,2)

+ ﬁ:h(r,¢,z)x§%£n(r,¢,z)£]-frldédz

From the orthogeonality properties of the cylindrical wave vectors

developed in Appendix C, it follows that the terms involving the products

p o] A i 2] i ¢ : .
M . %N r and N . xM *r have zero contribution to the above integral.
nh “-4h nh -£h

The remaining terms can be evaluated with the aid of Equations (C-3) and
(C-4). The result is
i nz

} o (-1) H(z)(l e ®e  fa(h)e_(n) (2-67)
g == n m

ke
Il T Fup

s(ntk) [-3!_ (e B (ar))

2
[uﬂ A
+b_(h)d (n)) 1 8 4

¥ Jgn(ﬂrl)Hﬁg)T(Arl)]

The term in the brackets can be simplified with the aid of the identity

2
; (2) (2)! _ (-2
J-n(ﬁrl)Hn n (ﬁrl) T 7 rkr

(Ar)) - J__(Ary)H >

1 (2-68)

Thus Il reduces to
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3n¢o inz

= L 5D ap e © e’ © s(nen(a_(h)e (n)ed_(m)A_(m))  (2-69)

Il - wi

which is independent of When this expression 1s summed over all m

1"

and n and integrated over all h and n, the result is

om jn¢ @ oo
. 81h s @ (2) ¥
e R Yo [ la () ) e (-h)H T (Ar ) (2-70)

*jhzo

T (2)
+b_(h) :gm d (-h)H_** (Ar )|e dh

m

where the sampling property of the impulse function §(n+h) has been used
to eliminate the integral in n.

The integrals I, and I, in Equation (2-59) can be shown to vanish

identically. First, that I, = 0 can be shown as follows: substitution

. - - — -+ .
of the cylindrical wave expansions for Ea’ H_, E*s’ and Has results in
i (=%

a

the expression

w
5= ] ( B n
IQ = j"T]_i {m {T‘ ‘an(h)Dms('=)+ams(”)bn(h)] (2—71)
Sy . > >y
x [Mnh(r‘,q},z)men(r,‘tgz)'P'Nnh(rstp:z)men(rs‘psz)]

: o Lol
- [an(h)ams(n)+bn(h)bms(n))[ﬁnh(r,¢,ZJXNmn(r,¢,z)

-l L} " -
+ Nnh(r,¢,z)Xan(r,¢,z)1}-rrld¢dz
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where the final result is to be summed over m and n and integrated in n
and h. From the vector orthogonality properties developed iIn Appendix

C, it follows as in the expression for Ii that the terms involving the

s SR < TR . ¥ :
N . x%xN +r have zero contribution tec I.. Examina-
nh mn 2

T T

products M . xM -r and
nh mn

tion of Equations (C-3) and (C-4) shows that the contribution of the

X§;ﬂ'% is exactly cancelled by that of the term ﬁz Xﬁh v, Thus

>0
term M
n h mn

h
it follows that I2 is identically zero.
To show that I3 is zero, the origin for the vector functions

appearing in its integrand is first changed from 0' to 0 with the aid of

the vector translation theorems developed in Appendix B. The resulting

expressions for Eb and ﬁs have been given in Equaticns (2-64) and (2-65).
- -
Those for E and H are
bs bs
@ ji¢_  jhz_—
> _ 70 (- o o| . >1
Ebs(r,¢,z) = i—zm Hn+i(hro)e e Lins(h)M_ih(r,¢,z) (2-72)
LTl
+ dns(n)N_ib(p,¢,zﬂ
o ji iha
; _ k@ e, by
Hbs(r,¢,z) &y -=%m Hn+i(ArO)e e (2-73)
[_ =7 31
% L?ns{h)M—ih(r’¢’z) + cns(h)N_ih(r,¢,zi]

When these expressions and those for E

—
b and Hb are substituted inteo the

integrand of Iq, the result is
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o o . i(i+2)¢  j(h+n)z
_ k i+e (2) 72 o o P
I3 T i=§m izgm(—l) Hm+i(APo)Hn+£‘ﬂLo)e e (2-74)
=] m
r ¢ > el
x [ f ’—Lcm(n)dns(h)+dm(n)cns(h)] [M*in(r,tﬁ,Z)XM_ih(r,d:,z)

-3 =T =

>1 +T )
N (ra0,2)0 ) (r,6,2)) + (o (e, (h)+d (n)d ()

1
(B, (o,0,2040 ), (r,0,2)

W (oypa2)niE (2,0,2)) | P, dpas
+ N—in g g rid 2 _J Ty ddz

As in the case for I,, it follows from the vector orthogonality

propertles developed in Appendix C that the terms involving the products
-l

1-9 and ﬁi. =N

=] +]
e m in"N—2h

M—in -v have zero contribution to the integral for

I.. Also, it follows from Equations (C-3) and (C-4) that the contribu-

tion of the term g%inxﬁ%ih-; is exactly cancelled by that of the term
NE. st ep. Thus I, is identically ze:
N_, M e ws [, 1s identically zero.

The integral for I11L will be evaluated assuming that the waveguide
feeder for the probe antenna will support only the dominant TElG mode.
(This is not a restrictive assumption, for the same result will be
cbtained assuming any other mode or combination of modes. Only the final

constant of proportionality will differ.) The assumed transverse fields

in the waveguide are of the form

£5 Ty’ JBx'
Laz,(x‘,y',z') = Keces —%—-ej (2-77)
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H (=) gy'y@") = ji-cos EX-—-e]ﬁx (2-76)
ay Zw a
TR '
B (x'.y'2") = cos LA (2-77)
bz a
read et f
H. ity @) = =, cos D ¢ Jex (2-78)
by Zw a

where B is the propagation constant in the waveguide, g is the width of
the waveguide, and Zw is the wave impedance. The fields have been
normalized so that the electric field at the center of the waveguide has
unit magnitude when generator B alone s activated.

When these expressions are substituted into the integrand of Iu,

the result is

b a2
K 2 4 2 my'!
I, = == [ [ 2cos® Y _ gxtay’ (2-79)
L Z E a
e = B
2 2
- . &K
B Z

Since the voltage induced across the output impedance of generator B
when only generator A 1s activated is proporticnal to K, the expression
for I, will be written

ab

L, 588 o~ v(-pc,cpo,zo) (2-80)

where C is the constant of proportionality and v(ro,¢o,zo) is the

voltage induced.



35

It follows from the previous results that Equation (2-57)

reduces to

2 ® dng_ e @
ab _ BmA o ; (2)
& ig-v(ro,¢o,zo) L ) e f an(h) Z ( h)H (Aro) (2-81)

[=-® n=-w«

o0 -jhz
3 (2) I8
+b (h) ] dm(-h}Hr+m(Aro;]e dh

= o
n —t

The voltage induced across the probe load will be normalized by choosing

% 32732Wk2/wuab. With this choice

the constant of proportionality C

the nermalized voltage becomes

- m= =0

2 ©  qng
. Iy : (2)
V(PO')(PO:ZO) LHT2k2 :g (= @ j Ell(h) 2 C ( h)H (AI‘ ) (2—82}

-jhz
+b_(h) Z d_(- h)HLQ)(Ar )_] dh
m—_cxa

Examination of this equation reveals that V(PO,¢O,ZO} is in the

form of a Fourier series in $O and a Fourier integral in z Thus it
follows that the equation has an inverse which is given by
a_(h) ) e ( h)H(z}(Ar ) + Db (h) z d_( h)H(Q)(Ar ) (2-83)
m==—0c m= -0

-in¢_ Jhz
= ——-j v(ro,¢0,;o)e e d¢odzo

] _'ﬂ'

This expression is the desired result. It relates the cylindrical wave
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amplitude weighting functions an(h) and bn(h) of an arbitrary antenna to
the two-dimensional Fourier transform of the output voltage v(ro,¢0,zo)
of a probe when the measurement surface is a cylinder of radius T

If the cylindrical wave amplitude weighting functions for the
probe antenna are known, it can be seen that the above expression can be
solved for an(h) and bn(h) provided two independent measurements of
v(r0,¢o,zo} are made. Let v‘(ro,¢o,zo) represent the voltage output of
the probe antenna when it 1s rotated 90° about its longitudinal axis.
If the votated probe cylindrical wave amplitude weighting functions are

denoted by c%(n) and d%(n), the above equation becomes

(==}

) R . | R ¢-3) B
a_(h) MZ cl(-h)H 2 (Ar ) + b (h) } d'(-n)H L (Ar ) (2-84)
m=-—-0 m=—o
2 @ -jng jhz
= | o] o]
—-Ig {w {ﬂ v (ro,¢o,zo)e e dcbodz0

When this equation and Equation (2-83) are solved simultaneously, it is

found that the functions aq(h) and bn(h) are given by

-00

2 ., e}
a fnf = el E ) § arc-wrP ) (2-85)
ol h2A (h) n - m n+m o
n

; v (2)
- 1) (h) Y dm(—hJHn“m(Aroi]

m=-—-=

b (h) = =5 [Trem) e cnr@ar ) (2-86)
n hzﬂn(h) n m 7 n+m ro

==&
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1) ) w2 )]
! m:——m
where
I —jn¢o jhzc
I (h) = {m {7 v(r_,¢ .z e e d¢ _dz (2-87)
I rw —jncpO jhzO
"(h) = 1 -
In(“) {w ! v (ro,¢o,zo)e e d¢odzo (2-88)
s, = | 1 e (nmPar ) I oarnno >—t (2-89)
m.__.:xl m==m |
T vraya(2) v (2)
< m=§m cm(—n)jn+m{ﬁr :g dm{~h)Hn+m(hro)

Equations (2-85) through (2-83) Form the basis of the method for
the determination of the far Zield of an arbitrary antenna from measure-
ments made with a probe on a cylinder containing the antenna. By using
these equations to determine the cylindrical wave amplitude weighting
functions an(h) and bn(h), the far fielc of the antenna can be determined
from Equations (2-43) and (2-44). Since the far field is determined
from only those values of an(k) and bn(h) for which -k £ h £ k, it fol-
lows that the cylindrical wave amplitude weighting functions of the probe
need be known only for arguments inside this interval. Thus the speci-
fication of the far field radiated by the probe is sufficient to calcu-

late the probe compensated far field of ths test antenna. In the next
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chapter a numerical method is described for cobtaining the cylindrical
wave amplitude weighting functions for the probe antenna from its
measured far field over a sphere containing the probe. Also, a numeri-
cal solution based on the Fast Fourier Transform algorithm is developed

for the probe compensated far field of the test antenna.

2.5 ©Spatial Sampling on the Cylinder

Since the measurement of the near field of any antenna over some
surface enclosing the antenna potentially requires the accumulation of
a large amount of data, the problem of determining an optimum spatial
sampling rate is one of great practical importance. Sampling rates
which are too high result in the acquisition of more data than are
necessary to characterize a given near field, while rates that are too
low result in data which may be meaningless, In this section, the a
priori determination of a reasonable sampling rate on a cylinder enclos-
ing the antenna is discussed. Specifically, high-Q antennas, such as
supergain antennas, will be excluded from the discussion since no a
priori upper bound on the required sampling rate for such antennas can
be specified. The exclusion of this class of antennas is not restric-
tive iIn most cases since they are rarely if ever encountered in practice.

To establish a sampling criterion for the near field on a cylin-
der enclosing an antenna, the variation of the field with the coordi-
nates on the cylinder can be studied by examination of the cylindrical
wave expansions developed in Section 2.2. It was shown that each com-
ponent of the field on a cylinder can bz written in the form of a Fourier

series in the azimuth angle ¢ and a Fourier integral in the axial
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distance z. Thus it follows that the results of the sampling theory of
Fourier transform analysis can be used to establish a sample spacing
criterion on the cylinder if upper bounds on the angular harmonic n

and the wavenumber h can be determined. An examination of the antenna
quality factor, or Q, is one means of establishing these bounds.

The Q of an antenna is an important parameter which can be
related to the effect of the antenna size on gain, bandwidth, and
efficiency. A high Q means that a large amount of reactive energy 1is
stored in the near field of the antenna. This implies large currents on
the antenna structure, high ohmic losses, a narrow bandwidth, and
extreme frequency sensitivity. Although it is difficult in general to
relate the antenna @ to the degree to which it is a supergain structure,
it has been shown that a supergain antenna is necessarily a high-Q
antenna (25). Thus the exclusion of high-Q antennas from the discussion
will also exclude supergain antennas.

The Q of an antenna which has been tuned to resonance by the
addition of a reactive element is defined as (26)

g = TR SN (o)
where W' and W° are the time average magnetic and electric energies
stored in the near field of the antenna and P is the total power radi-
ated by the antenna. If the Q of a single cylindrical wave with mode

indices n and h is defined as
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it follows from Equation (2-90) that the Q of an antenna which radiates

a spectrum of cylindrical waves is given by the linear combination

{2 +] o0 . 2
n=§w {m L'nh] Pnhthdh

Q= BT (2-92)
T 2
) |“p_, b

==00 0 h

¢
nh

where Cn is the complex amplitude of tae cylindrical wave with mode

h
indices n and h. This equation is simply a weighted average of the

th over all n and h, where the weighting factors are [C |2

nh nh’

Collin and Rothschild (26) have evaluated Pn and th for a

h
single cylindrical wave radiated by an ideal, loss-free antenna of

radius a. The term '"ideal, loss-free antenna of radius g" was original-
ly defined by Chu (27) as one having no energy storage for R < a, where

R is the spherical radial distance from the center of the smallest sphere
of radius a completely enclosing the antenna. In the present case, it is
interpreted as an antenna for which there is no energy storage for r < a,
where d is the radius of the smallest cylinder completely enclosing the
antenna. The Q for this ideal antenna must be less than or equal to

that for any other loss-free antenna fitting into the cylinder r = a,
since any field for r < a can only add to the emergy storage.

The expressions for Pn and th for (TE)Z and (TM)z cylindrical

h

waves are identical and are given by (26)
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where h < k and the argument of the Bessel functions is fa = (kz—hz)fa.
=, & _ ‘s i ned.
For h =2 k, Pnh 0 and th is undefined

Collin and Rothschild (26) have shown that the quantity
2 2

k"-h oo

h2 th = EE'Pnhth increases very rapidly when n becomes larger

than Aa. Since this term, aside from the factor i%-, appears in the
numerator of the general expression for Q in Equation (2-92), it follows
that Q@ can become large if Cnh is not small for n > Aa. Since A £ k for
real h, it follows that the highest significant angular harmonic in the
cylindrical wave expansion of the fields of an antenna which is not a
high-Q structure is N = ka. If g is taken to be the radius of the
smallest sphere completely enclosing the antenna, this result agrees
with the conclusions reached by Chu (27) and Harrington (25) in study-
ing the physical limitations of antennas using spherical wave expansions.
In general, however, the radius of the smallest cylinder completely
enclosing an antenna is less than or equal to the radius of the smallest
sphere, the two being equal if the antenna is oriented so that its long-
est dimension is perpendicular to the axis of the cylinder.

A sample spacing criterion for the azimuth angle ¢ on a cylinder

enclosing an antenna can be obtained by applying the Nyquist sampling
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criterion of Fourier transform theory to the above result. If N is the
maximum angular harmonic in the cylindrical wave expansion of a given
field, then it follows that the maximum angular separation between
adjacent samples is

Ag = (2-95)

==

In this case N must be chosen as the smallest integer greater than ka,
where g is the radius of the smallest cylinder completely enclosing the
antenna.

The above limit on N has been verified by Ludwig (28) for a par-
ticular antenna. He has shown that over 99.9 per cent of the total
power radiated by a circular aperture hora is contained in spherical
waves with angular harmonics ]n| < ka, where @ is the radius of the
smallest sphere containing the aperture. Since a is a function of.the
location of the origin of the sphere with respect to the center of the
aperture, he was able to elegantly demonstrate the variation of the max-
imum significant angular harmonic with the radius of the sphere by
varying the position of the origin. Since both cylindrical wave and
spherical wave expansions are in the form of a Fourier series in the
azimuth angle ¢, it follows that his results are directly applicable to
cylindrical wave expansions for this particular antenna for which the
radius of the smallest cylinder completely enclosing the antenna is the

same as the radius of the smallest sphere.
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A z-sample spacing criterion follows in a similar manner. Collin

and Rothschild (26) have shown that the term Pth in Equation (2-92)

nh
increases rapidly for |n| 2 (kQ—hQ)%a. Thus it follows that )Cnhi must
. 2
be small for h2 > k2 - E§ . This implies that the highest significant
a

wavenumber in the cylindrical wave expansion of the field of an antenna
which 1s not a high-Q structure is |h| € k. It follows that the maximum

z-sample spacing on the cylinder is given by the Nyquist spacing

Az

==

(2-96)

It is interesting to compare the two sample spacing criteria
which have been developed. If the measurement cylinder is the smallest
cylinder completely enclosing the antenna, then it follows that the arc
length on the cylinder separeting adjacent sample points when sampling

in the azimuth direction is

As = ald (2-97)

=4

This is the same as the z-sample spacing with the exception that As > Az
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when sampling on a cylinder of radius greater than a.

Although the sample spacing crizeria defined by Equations (2-95)
and (2-96) are useful, they are in no way absolute, for it is impossible
to predict a priori an exact cutoff harmonic for n and an exact cutoff
wavenumber for h in the cylindrical wave expansicn of the fields radi-
ated by a given antenna. In practice, more conservative sample spacings
have been used. For example, Collin and Zucker (239) state that the
maximum order angular harmonic in the cylindrical wave expansion of the
field radiated by an aperture on a cylinder is approximately 2ka, where
a is the radius of the cylinder. This would lead to a sample spacing in
the ¢ direction of one-half that specified by Equation (2-95). Joy and
Paris (2) have obtained excellent results in the calculation of the far-
field patterns of reflector antennas using a sample spacing of A/3 on a
plane located in front of the antenna. This spacing effectively allows
for a 50 per cent error in the A/2 criterion. In the actual measurement
of the near field of an antenna, therefore, the sample spacings speci-
fied by Equations (2-35) and (2-96) should be used as guidelines in
determining the sample spacing between measurement points. In most
instances, the sample spacings chosen can be easily verified experi-

mentally on the near-field antenna range.
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CHAPTER III

NUMERICAL CONSIDERATIONS

3.1 Introduction

The numerical approzch taken to solve for the far field of the
test antenna used in the experimental phase of the research is described
in this chapter. The numerical work centers around the application of
the Fast Fourier Transform (or FFT) algorithm to evaluate the necessary
integrals and to sum the final Fourier series for the far field of the
antenna. The use of the FFT for far-field calculations requires careful
choice of sample rates in order for the calculated field to lie in the
visible region of space. A technique cf near-field data processing has
been developed which makes it possible to contrcl the region of visible
space in which the calculated field lies.

To compensate for the effects of the measurement probe in the far-
field calculations, it is necessary to know the cylindrical wave ampli-
tude weighting functions in the cylindrical wave expansion of the field
radiated by the probe when it 1s used as a transmitter. A numerical
method is described for determining these functions from the measured
far field of the probe over the surface of a sphere containing it.

The chapter is concluded with a test of the computer algorithms.
A far-field pattern of an aperture on a conducting cylinder is calcu-

lated and shown to be identical to results found in the literature.
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3.2 Method of Evaluating the Far
Field from Measured Data

In Section 2.3 it was shown that over the surface of a sphere of
radius R, the far-field electric field intensity radiated by an antenna

can be written in the form

oo

jsing [ §"b_(keose)e’™? (3-1)

n=-o

1]

Ee(8,¢)

oo

sing ] 3" (keoso)el™? (3-2)

n=-om

E¢(8,¢)

where the constant factor ~2k_ij/R has been suppressed in each equa-
tion. In these eguations an(h) and bn(h), where h = kcos6, are the
amplitude weighting functions of the cylindrical wave vectors M and ﬁ,
respectively, in the cylindrical wave expansicn of the field radiated
by the antenna. In Section 2.4 an analytical method was developed to
solve for these weighting functioﬁs from the voltage output of a probe
when it is used to measure the near field of the antenna over the sur-
face of a cylinder enclosing the antenna. In this section a numerical
solution for an(h) and bn(h) is developed which is based on this method.
The numerical evaluation of Equations (3-1) and (3-2) for the far field
of the antenna is then described.

Aside from the factors involving the amplitude weighting functions
of the probe when it is used as a transmitter, it was shown in Section

2.4 that the solution for an(h) and bq(n) requires the evaluation of the

integrals
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e —jn¢o jhzo

I (h) = {m {W vir_,9_ 2, )e e d¢,_ dz_ (3-3)
« hjn¢o jhzo

Ié(h) = f f v'(ro,¢o,zo}e a d¢0 dzo (3-4)
. :—Tr

where V(ro,¢0,zo) and VJ(rO,¢o,zo) represent the output voltage of the
probe on the measurement cylinder of radius T The primed function is
used to denote the prcbe cutput after it is rotated 90° about its longi-
tudinal axis.

Let the measurement cylinder be divided into a lattice of points
with coordinates (ro,nA¢,mﬁz} where 0 < n <€ N-1, 0 < m < M-1, and M and
N are positive integers. To exactly evaluate Equations (3-3) and (3-4)
from the output vecltages of the probe at these points, two conditions
must be satisfied. First, v and v' must be zero when z < 0 or
z > (M-1)Az. Second, v and v' must have no angular harmonic n greater
than 7/A¢ and must be wavenumber limited in h to a maximum wavenumber
less than or equal to n/4Az. The first condition cannot be met with any
radiating structure. However, if the tast antenna is aligned in the
cylinder so that it does not radiate aporeciably in the *z direction,
it can be met approximately if M is chosen large enough. The second
condition can be met if the test antenna is not a high-Q structure and
the sample intervals A4 and Az are chosen in accordance with the sam-
pling criteria discussed in Section 2.5. Assuming these conditions are
met, the integrals for In(h) and I;(h) can be evaluated most efficiently

with a two-dimensional Fast Fourier Transform (or FFT) algorithm (30).
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The FFT is an algorithm in which the conputations are perforned
"in place," i.e., the two-dinensional input data arrays v(r ,nAJ), mg)
and v' (r ,nXJ),mz) are replaced by the output arrays | (mdh) and |’ (mAh)
after the calculations are conpleted. As described by Cochran (30) the

output values of the integers mand n are

Z5<m<:- 1 (3-5)
| <n<i -1 (3-6)
and Ah is given by
Ah :; ~ (3-7)
\V/2v4

Snce the far-field expressions for E (6, ¢y and E (0,%$) are eval uated at
Y 9

h = kcos0O, the values of 8 corresponding to h = mAh are given by

)__ ‘= coS mA (3-8)

Since it is inpossible to nmeasure the near field over a conplete
cylinder enclosing an antenna, the present method for determning the
far field of the test antenna is nobst suitable when applied to antennas
whi ch radiate predominantly in the annular region about 0 = —defined by
9C <6<TT- oC. In order for all Om defined by Eguation (3-8) to lie

inthis interval, it follows that Az nust satisfy



