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SUMMARY

The subject of this dissertation lies in the area of space- and
energy-dependent neutron noise analysis, which in turn falls within the
field of reactor kinetics. The objective of this investigation has been
fourfold:

1. to indicate the interrelation between time- and frequency-
domain noise techniques,

2. to demonstrate how modal approximations of the neutron noise
follow from the manner in which the Green's function or transfer matrix
is approximated,

3. to derive an exact solution and several modal approximations
of the coherence function in one-dimensional coupled core reactor models,
and investigate their characteristics with changing core and detector
conditions,

4. to postul#te and utilize methods by which some important dy-
namic reactor parameters can be inferred from the measured cohererce func-
tion or modified coefficient of correlation in Zero-power coupled core
reactors.

The interrelation between time- and frequeney-domain noise tech-
niques, which still retain the space- and energy-dependence, was shown in
a direct manner by starting with the formulation of the covariance. The
Green's function or transfer matrix was involved in each noise techmnique

investigated. Modal formulations of the noise techniques were demonstrated



to be dependent upon the manner in which the Green's function or transfer
matrix was approximated. The point reactor noise approximation was shown
to result when the fundamental prompt decay mode was dominant.

A one-dimensional exact solution of the coherence function was de-
rived to serve as a standard of comparison for the modal approximations
and to investigate the nature of the coherence function as the core and
detector conditions changed. It was found that the absolute value of the
coherence function decreases as a reactor becomes more decoupled, and

that the value of the coherence function "sink" or "

null” frequency is
very sensitive to the degree of coupling and location of the detectors.
It was demonstrated that the local thermal neutron lifetime could be in-
ferred from plots of the coherence function phase angle only when the
local neutron leakage was small.

Modal approximations of the exact solution in one-dimensional
geometry were derived. For detector locations external to the decoupling
region, the two-mode expansion approximation was observed to compare well
with the exact solution in loosely coupled reactor models, Using these
two-mode approximations, methods were postulated by which the eigenvalue
separation (a measure of the spatial coupling), neutron generaéion time,
and the effective delayed neutron fraction could be inferred by interpre-
tation of the measured zero-power reactor coherence function or modified
coefficient of correlation. These methods were applied to extract the
above parameters from frequency-domain noise measurements from the Solid
Homogeneous Assembly at Knolls Atomic Power Laboratory and an Argonaut

type reactor at the Karlsruhe Research Center. Results obtained using
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these methods compared favorably with other experimental interpretations
and with direct calculations. In general, the quality of the results de-

creased as the reactors were made more tightly coupled.



CHAPTER I
INTRODUCTION

All phenomena in nature exhibit random fluctuations about a mean
value. The neutron population density existing in a steady state nuclear
reactor is no exception to this general rule. Since the neutron popula-
tion density variation results from the sum of the effects of the various
processes involved, a measurement of this quantity provides a means whereby
some dynamic characteristics of a reactor may be inferred.

Neutron detectors are used te measure the local neutron population
density and their response rates also fluctuate about a mean value,.

These fluctuations are commonly referred to as "noise,”

and the interpre-
tation of this "noise"” is called noise analysis. The detector noise will
vary with location in large heterogeneous reactor cores where the neutron
population density variation and neutron energy spectrum changes with
position. Any noise analysis method used to infer global dynamic charac-
teristics of a reactor must take this spatial-spectral change into account.
It is for this reason that it is important to study the space- and energy-
dependent noise in reactors which exhibit this dependence. Coupled core
reactors, by definition, fall within this category.

The terminology used in reactor noise analysis has borrowed heavily

from the disciplines of communications and statistics. The very word

"noise"” itself originated from the electrical "noise" present in varying



amounts in communication channels.1 Although at first considered a
nuisance, it was later realized that useful information could be found in
the noise. Use has been found for noise aralysis in other fields, such
as resolving binary star systems in astronomy,2 detection of the natural
frequencies found in the brain waves of huﬁans and other animals,3 the
analysis of ocean waves in oceanography,4 and the detection of reflections
in seismic records in the field of geology,5 to mention only a.few.

Although one of the aims of noise analysis in reactor technology
is to extract useful information on reactor dynamics, this may often be
done with more esase by other well known methods. Pulsed neutron, pile
oscillator, and rod drop techniques all possess the ability to measure the
dynamic parameters of a reactor. BEasy interpretation of the resulting
data is characteristic of these methods. However, they all have one
common disadvantage, that of perturbing the reactor from its normal operat-
ing conditions. The beauty of nolse analysis lies in its non-perturbing
character. Special procedures outside the normal operation routine need
not be undertaken in the procurement of noise data., Other advantages
offered by noise analysis are:

1. existing instrumentation and equipment may normally.be used,
whereas in pulsed neutron and pile oscillator methods special equipment
is needed,

2. complex phenomena, such as the variance in the number of neu-
trons per fission, sometimes require noise analysis as one of their modes
of investigation, and

3. considerable precedent now exists in monitoring for reactor



stability by noise analysis,

Much work has been devoted to the development of experimental
techniques to measure reactor noise and many mathematical models have been
presented to pradict and interpret the observed noise. The noise signal
is composed of fluctuations which are Poisson and non-Poisson in charac-
ter. If the neutrons were born independently of one another, uncorrelated
by location or time of birth, the detector noise would be entirely Poisson
distributed.

In fact, however, neutrons are born together, correlated as to
location and time of birth, in fission events and in some other pro-
cesses occurring in a reactor. This correlation in the neutren
birth process leads to [detector] fluctuations which are non-
Poisson in character. Moreover, these [non-Poisson] fluctuations
can be observed and they reveal important properties of the mul-
tiplication process.

Historically, the first reactoer dynamic parameter to be inferred
by noise techniques was the prompt neutron decay constant, in work con-
ducted at Leos Alamos.7-10 Though this parameter, as well as others, can
be easily obtained by other techniques, it was of interest in the develop-
ment of nbise analysis to demonstrate some practical applications. The
variance in the number of neutrons per fission, sometimes called the
Diven parameter,ll was also measured during this time.8 The next param-
eters to be measured by noise analysis were the suberitical reactivity12
and the absolute power level of low power reacl:ors.l3 Noise analysis has
been applied to various different types of measuring devices in power
reactors.la Attempts have been made to interpret the statistical correla-
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tions of several different types of detectors, such as gamma and

1 .
pressure detectors, 8 in an effort to understand the dynamic character-



istics of the entire system. Recently, Ackermann et al.19 have indicated
a noise method by which the neutron lifetime may be determined independ-
ently of the delayed neutron fraction.

Very recently, work has been undertaken in an effort to describe
and interpret the neutron noise in zero-power coupled core reactors, in
both the time- and fr.c_-v:p.ua-nc},z-domain.20"29 These investigations were
carried ocut, for the most part, independently of each other and generally

for different reasons. In one case,20’29

the major objective was to
develop analytical and experimental methods, in the time domain, by which
the spatial coupling could be predicted. A spatial coupling parameter,
called the eigenvélue separation, is important in predicting xenon oscilla-
tions,30 flux tiltability of the reactor core when subjected to local re-
activity perturbations, and nodal space-time kinetics coupling parameters,
Other noise analysis work in the frequency- and time-domainn’z?’zB was
undertaken as part of the fast reactor development program being under-
taken by the United States and West Germany. The time-domain work of
Borgwaldt et al.21 was concerned with the study of the coupling effects

27,28
on

in moderator-reflected fast assemblies. Seifritz and Albrecht,
the other hand, studied coupling parameters in a thermal reactér using a
simple frequency-domain model. Likewise, the group at lowa State Univer-
sityzz-zs has proposed several simple to complicated frequency-domain
models to describe some rather curious features of the space-dependent
noise in a thermal coupled core reactor.

As previously mentioned, the recent time and frequency domain work

has developed more or less independently from each other, although the



results are closely related and the techniques complementary. The manner
in which the space- and energy-dependence has been treated in both methods
appears to be fragmented. Also, the curious and interesting features of
each method have not been explained or related to the other method.
¥inally, it appears that the techniques to infer some reactor parameters
from the measured time domain noise may be applied in the frequency domain
with little modification and perhaps some improvement.

To this end, the following four objectives have been undertaken in
this dissertation work:

1. to indi_cate the interrelation between the time- and frequency-
domain noise techniques,

2. to demonstrate how modal approximations ¢of the space- and
energy-dependent noise follow from the manner in which the Green's func-
tion or transfer matrix is approximated,

3. to derive an exact solution and several modal approximations
of the noise in one-dimensional coupled core reactor models and investi-
gate their characteristics with changing core and detector conditions,
and

4. to postulate and utilize methods by which some important dy-
namic reactor parameters can be inferred from the measured detector noise
in zerco-power coupled core reactors.

The work described in this dissertation was undertaken for several
reasons: Firstly, to date there exists no comprehensive space- and
energy-dependent noise theory which shows the interrelation between time-

and frequency-domain methods. From the literature, it appears that



time- and frequency-domain noise methods have been developed independently
from each other and that both schools have ignored the applicable work
done in space-time (and energy) kinetics. Secondly, it is important to
give future experimenters involved in coupled core work insight on how
best to perform some experiments. Also, a clear understanding of some of
the dynamic properties of coupled cores is gained wheﬁ interpreted in
light of the noise models. Lastly, some important reactor parameters
which have not been measured yet are obtained by the methods presented
herein. These parameters are the effective delayed neutron fraction (B)
and the neutron generation time (A,q). In addition, the eigenvalue sep-
aration obtained By the time-domain analysis of Rydin et al.20 is shown
to be obtained also by a frequency-domain analysis.

A comprehensive historical background discussion of zero-power
reactor noise theories is presented in Chapter II. This is undertaken in
an effort to put the rest of the dissertation in the proper perspective,
Chapter III is concerned with the development of several space- and energy-
dependent noise techniques (variances, correlation functions, and power
spectra) starting with an expression for the covariance which was derived
by Borgwaldt and Stegemann31 and Harris.6 This was undertaken in order to
indicate the close interrelation of these various techniques. It is found
that the Green's function or transfer matrix is used in each one of these
methods. The modal approximation form of the above methods is found to
follow from the manner in which the Green's function or transfer matrix
is approximated. The common point reactor formulation of these methods

results when the prompt neutron decay mode dominates.



A one-dimensional exact solution of the space- and energy-dependent
noise is derived in Chapter IV to serve as a standard of comparison for
the modal approximations and to provide a means to investigate the nature
of the noise as the core and detector conditions change. Another type of
solution of the space- and energy-dependent noise, called the modal approx-
imation, is developed in Chapter V. Using the special case of the modal
scheme, called the two-mode approximation, methods are developed by which
reactor dynamic parameters may be extracted from noise measurements. The

methods developed in Chapter V are applied with fairly good success in

Chapter VI.



CHAPTER II

HISTORICAL DEVELOPMENT OF NOISE THEORIES AND EXPERIMENTS

FOR ZERO-POWER REACTORS

Background and Definitions

Many noise theories for zero-power reactorsg, both in the time- and
frequency-domain have been developed rather independently from each other,
It is the purpose of this chapter to present a brief review of these
various theories and to classify them as to type. It has been observed
by Seifritz and Stegemann32 that all existing noise theories fall into
four separate categories:

1. differential methods,

2. integral methods,

3. noise equivalent source method, and

4, the quantum-Liouville methed.

Dragt,33 on the other hand, has condensed the above four groups into only
two; the autonomous and the Green's function approaches. Likewise,
Uhrig34 has only two categories which he calls the microscopic and macro-
scopic approaches. The microscopic and autonomous approaches are equiva-
lent and include both the differential and quantum-Liouville methods

's function techniques may

listed above. Also, the macroscopic and Green
be thought to be identical and they include the integral and noise equiv-

alent source methods.



As mentioned earlier, very little interaction between the various
theoretical developments has taken place. Theories within each category
have started with simple, space- and emergy-independent models and pro-
gressed, with time, to take into account space- and energy-dependence.
There are advantages and disadvantages with each of the different methods.
The integral and noise equivalent source methods tend to be easier to
comprehend and are more directly applicable to the interpretation of ex-
perimental results., However, these methods require a more intuitive feel
for the problem and are not as rigorous as the differential and quantum-
Liouville approaches. For the most part, workers in the reactor noise
field have applied their skills to the development of more elegant theo-
ries, in attempts to describe the noise space- and energy-dependence,
rather than trying to infer any dynamic reactor parameters from the mea-
sured noise. Only recently has this situation changed, as evidenced by
papers presented at the recent American Nuclear Society Meeting.35

In order to better understand the ensuing discussion in this chap-
ter and the next, a number of terms and equations used in the discussions

are defined or described in alphabetical order.

Auto-Covariance--the time lag function which results when a detector's

response rate is correlated with itself as a function of time displace-
ment.,

Auto-Power-Spectral-Density (APSD)--the lag time Fourier transform of the

auto-covariance,.

Chapman-Kolmogoroff Equation--an equation relating the meutron transition

probabilities of Markoff processes from one state to another as an inte-

gral product of two earlier tramsition probabilities.
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Coherence Function--a type of normalized CPSD which is quite useful in

coupled core noise analysis work. It is defined as the CPSD divided by
the square root of the product of each detector's APSD,

Covariance--the expected value of the product of the fluctuations of two
different detector response rates. It is similar to the variance, but
involves two detectors.

Cross-Covariance--the time lag function which results when one detector’s

response rate is correlated with another as a function of time displace-

ment.

Cross-Power-Spectral-Density (CPSD)--the lag time Fourier transform of

the cross-covariance.

Eigenvalue Separation (A(1/K,))--a quantity which gives an indication of

the degree of coupling within a reactor core. If b(l/Kl) = 2% ﬁK/K, the
core is termed loosely coupled, and if A(1/K,) > 2% AK/K, the core is
termed tightly coupled.

Ergodic Processes--processes whose time averages are equal to their en-

semble averages,

Fokker-Planck Equation--the probability generating function form of the
Kolmogoroff equation. The first order moment of this equation yields
the transport equation or its approximations and the second order moment
gives the correlation equations.

Green's Function--the time, space, and energy dependent neutron density

due to an impulse of source neutrons of some eunergy and spatial location

that was introduced at some initial time.
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Kolmogoroff Equation--the Chapman-Kolmogoroff equation for stationary

processes. This equation may be subdivided into forward or backward
parts depending on whether one is dealing with forward or backward
Markoff processes.

Langevin Equation--an integro-differential equation which describes the
statistical nature of the neutron interactions, It may be thought of as
the statistical version of the transport equation.

Markoff Processes--short-memory processes in which the condition of a

neutron is determined by the most recent past interaction.

Modified Coefficient of Correlation (MCC)--the time-domain equivalent of

the coherence function. It is defined as the ratio of the covariance
divided by the product of each detector's standard deviation.

Null Frequency--that frequency (if any) where the absolute value of the

coherence function vanishes.

Probability Generating Function--a particular type of mathematical trans-

formation of the transition probabilities,

Quantum-Liouville Equation--a statistical description of the neutron

probability distributions. This equation is closely related to the
Langevin equation.

Rossi-o Method--a particular noise method by which the prompt neutron de-

cay constant is obtained by observing the slope of the auto- or cross-
covariance.

Schottky Formula--an equation originally developed to calculate the elec-

tron noise in a temperature-limited electromic diode. In reactor noise
analysis it is used to calculate the driving noise source called the noise

equivalent source.
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Sink Frequency--that frequency (if any) where the absoclute value cof the

coherence function reaches a local minimum.

Stationary Processes--processes whose statistics are not affected by a

shift in the time origin.
Variance--the expected value of the square of the fluctuations of a de-
tector's response rate. It is the square of the standard deviation.

Variance-to-Mean--a particular noise method by which the prompt neutron

decay constant is obtained by observing the change in the ratio of the
variance divided by the mean as the detector's gate time is increased.
The nature of the neutron noise problem is to attempt a prediction
of the statistical variation of the neutron population as indicated by a
detector, sepnsitive to some neutron energy, at any position within a
reactor. The adjunct problem, which is more difficult, is that, once an
adequate prediction is in hand, can any reactor parameters be extracted
from the measured noise? In light of this background information and
the definitions, the various noise analysis approaches are outlined along

the lines presented by Seifritz and Stegemann.32

Differential Methods

The first differential reactor noise theory was proposed in 1946
by Courant and Wallace36 to estimate the neutron detector standard devia-
tion observed in an operating reactor. They started with the forward
Kolmogoroff equation to establish a sét of differential equations for the
conditional probability distributions of neutron counts. A point reactor
model with delayed neutrons was used but the effect of detector insertion

was not taken into account properly. Several years later Frisch and
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Littler,37 using the same Kolmogoroff equation formalism but treating
only prompt neutrons, correctly treated the detector. This theory3? was
constructed to account for the disturbing noise in a pile oscillator
experiment.

Up to then the space and energy effects had been neglected. In
1958, Raievski38 took a one-velocity homogeneous reactor model aﬁd
divided the reactor velume into a number of cells. Starting from the dif-
ferential equation for the probability generating function, where the
transitions of neutrons from one space cell to another were taken into
account, he derived corrections to the point reactor theory. Neutron
slowing-dowm was iﬁcluded approximately in the statement that the thermal
neutrons produced by fission spread out uniformly, within a sphere about
the fission source, to a radius equal to the slowing-down length.

MatthesSg’40

extended Raievski's work by treating the space- and
energy-dependence using a multigroup Green's function approach. By
integrating corresponding products of Green's functions over the reactor
volume he obtained correction factors with respect to the results of point
reactor theory. Later Matthe341 rederived his previous results starting
from the Kolmogoroff equation, producing a very general formalism Eor
treating fluctuations in neutron fields, Matthes42 showed the close
relation between the backward Kolmogoroff equation and the concept of
neutron importance. A general set of theories was produced by Da1f3542-47
using the Fokker-Planck and Langevin approaches, but he only tock the de-
tector into account in one of his papers.46 The Fokker-Planck and Schottky

formulation was incorporated by Blaquiére.ag-so Hurwitz51 and Koziksz’53
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used the binary or doublet neutron density in their developments., Finally,
using a forward Kolmogoroff equation approach, Stacey54 calculated space-
energy- and time-dependent variances, covariances, and correlation func-

tions for low source start-up problem models.

Integral Methods

Reactor noise work first started at Los Alamos in 1944 when de Hoff-

mann »10

proposed the first integral method to describe the magnitude of
the reactor fluctuations. The reactor was described by a point model
which neglected delayed neutrons. The starting point in treating the
neutron fluctuation was to pursue the events in a neutron's lifetime by
means of the theory of branching processes and correlation measures which
were borrowed from the theory of gemeral stochastic processes, The re-
sults of this treatment produced integral equations for the probability
distributions of the neutron densities. In addition te de Hoffmann's
early work, two other papers were publisheds’12 in which the variance-to-
mean and the Rossi-& methods were postulated. These four publications
formed the nucleus for many others that followed and that are particularly
well suited for use by experimentalists.

Pél55 presented a complex analytical theory based on essentially
the backwards Kolmogoroff theory for branching processes. In a later
paper, Pél56 used the generating function method to establish a probabil-~
ity distribution of neutronm counts in a certain time interval that could
be used in calculating the neutron variance. Starting with a modified

Boltzmann equation, Borgwaldt and Sanitz57 attacked the space- and energy-

dependent problem and calculated binary densities of neutrons by taking
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into account two detectors. A similar technique was employed by Bells8
who published his results in 1965.

In 1965, Borgwaldt and Stegemann31 presented a unified noise theory
based on the Green's function and branching processes approach. From a
basic formula, which in principle contains the space-energy- and angular-
dependence, expressions for the variance and covariance were derived.
Specializing to a point reactor model, relations between the variance-to-
mean, Rossi-&, and power-spectra techniques were shown. At the same time
Harri56 and later Dragt33 calculated correction factors for the point
reactor model. Harris et a.l.59 have recently retained the capabilities
for treating the space- and energy-dependent time domain problems by using

6,59 work

natural modal expansions. Rydin et al.20 have applied Harris's
to loosely coupled core reactors.

Following the line of references 6 and 31, Borgwaldt, Murley, and
Sanitz21 presented a theory which was applied to a Rossi-o experiment in
a fast reflected reactor system, In 1967, Williams,sofollowing the pro-
cedure suggested by Bell and P&l, started with the backward equation for
the probability generating function to obtain a general formalism account-
ing for slowing-dowm effects, delayed neutrons, and detector geometry.

He evaluated simple working expressions for the variance, the correlation
function in the time-domain,and the power-spectra in the frequency-domain.
Recently Williams61 used the Fokker-Planck formalism to deduce the neutron
density probability distribution with a random source excitation. At the
same time, Williams and Cassell62 derived expressions for the cross-power-

spectral-density in a uniform infinite medium using one-speed transport

theory.
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Starting with the probability balance equation written in terms
of the probability gemerating function formalism and with the solutions
satisfying the sourceless forward Kolmogoroff equation, Vaurio and
Jauk063 developed a two-group model for reactor noise in an effort to
evaluate slowing-down parameters. Another approach for evaluating the
two-energy group diffusion parameters by correlating fast and thermal
neutron detectors has been provided by Bulavin.64

The complete distribution of neutron counts for a stationary sys-
tem has been calculated by Zolotukhin and Mogil' ner at first wrongly65
and later correctly.66 Moments of higher order were considered later by
Dragt,67 Furuhashi,68 and Borgwaldt,69 who evaluated third-order moments
of neutron counts in a reactor due to threefold correlation of the de-
tected neutrons.

Recently Congdon and Albrecht?g treated theoretically the problem
of the effective detector efficiency for the analysis of correlation ex-
periments in large reactor systems. Zolotar71 used a Monte Carlo scheme
to calculate the spatial corrections to the point reactor model. His
results compared well with those calculated by using the one-que Boltz-

58

mann model of Bell.

The Noise-Equivalent-Scurce Method

This approach was first formulated by Cohn72 for a uniform reactor
and later73 for a reflected reactor. It starts with the familiar equa-
tions for the point (or two point) reactor kinetic model but with the
addition of a stochastic (noise-equivalent} source, This source is com-

puted by means of the Schottky?4 formula. The resulting equation to be
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solved is called the Langevin equation and has been extensively used in

2,75

the study of Brownian motion and in stellar dynamics, This approach

has the advantage over the other methods in that it is applicable to power
14 . . . s 76,77

reactor work, if the noise-equivalent source can be specified. Moore

showed that the correlated part of the noise spectrum is proportional to

the square modulus of the zero-power reactor tramsfer function. Several

years later, Mnore78 proposed a space-dependent theory where both the

input and output correlation functions were expanded in spatial eigen-

functions.

Sheff and Albrecht’  ~°2

extended Cohn's theory to space-dependent
problems using the method of image383 borrowed from the theory of heat
conduction in solids. They looked at space effects in several different
geometrically shaped reactor models and showed that the input noise source
is not white when delayed neutron effects are included. In 1969, Sheff84
extended his theory to include energy-dependence by casting the Langevin
equation in matrix form. This technique has also been used by Ackermann
et al.19 in their two-group point reactor noise theory. They have shown
that the thermal neutron lifetime may be measured independently of the
effective delayed neutron fraction by using the two-group approach. A

two point, one-group noise theory was adopted by Hendrickson and Murphy22
to describe the behavior of the cross-power-spectral-density. Akcasu and
Osborn85 have developed a general space- and energy-dependent noise theory
using the Langevin technique and the eigenfunction expansion modes of the

Boltzmann operator. They established the conmnection between the Langevin

technique and the quantum-Liouville approach. Johnson, Macdonald, and
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Cohngf'-88

have calculated the space- and energy-dependent noise using a

standard static diffusion theory code.89 They could only treat problems

at low frequencies due to convergence properties of the static algorithm.
A further extension of Cohn's work has been achieved by Otsuka,

Saito, and Iijima90-93 who justified the Green's function approach.

Iijima,90 Ukai,g4 and Furuhashi95 have presented space-dependent formulae
for the Rossi-« experiments. They showed that some modification is
necessary for the well known formula based on the point reactor model
even if the system is sufficiently small.

23,24 Betancourt,zs and Nagy26 have formulated a one-

Danofsky,
dimensiocnal, sPacé-dependent noise theory, based on modal expansions, in
an attempt to describe the null or sink frequencies observed in the CPSD
or coherence function experimental results. A nodal treatment along the
lines of Hendrickson's approach22 has been presented by Albrecht and

Seifritz”’z8

to describe the observed sink or null frequencies in coupled
core reactors, The nature of this particular problem may be seen in Fig-
ure 1, which shows the magnitude of the coherence function for a typical
coupled core reactor. As will be shown later, the shape of the coherence
function is very dependent on the coupling characteristics of the core

and the spatial location of the detectors. As the reactor becomes more
loosely coupled, the wvalue of the coherence function decreases at low
frequencies. Also, the sink or null frequency decreases as the reactor
becomes more loosely coupled. It is because of the occurrence of a sink

or null frequency that one is enabled to extract some important reactor

parameters. Detailed discussions of these points will be undertaken in
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later chapters.
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Figure 1. Typical Coherence Function Plot for a Coupled Core Reactor

The Quantum-Liouville Method

Lastly, a special technique for the treatment of stochastic neutzon
fluctuations has been developed which differs considerably from the pre-
. . . 96-100
ceding theories., Osborn, Yip, Natelson, and Shure borrowed the
Liouville equation from quantum mechanics to give a statistical descrip-
tion of the probability distribution (or doublet demsity) of the a-
particles occurring in a detector when neutrons react with the filling

gas. This technique is intimately related to corresponding ones used in

the theory of plasmas., In a relatively simple way this method allows for



20

the effects of infinite and finite geometry reactor models, detector size,
and delayed neutrons. The interrelation between this approach and the
Langevin technique has been established.85’99
Some new ideas, outside the scope of these classifications, for

considering specific gquestions in reactor noise analysis have been pre-
sented by Albrecht and Seifritz.101 Fundamental concepts of information
and communication theory (e.g., entropy, channel capacity, equivocation,
prevarication, mutual information, etc.) have been introduced in order to

show the applicability of these concepts to the analysis of the statisti-

cal fluctuations in the neutronm demsity in nuclear reactors.
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CHAPTER III
THEORETICAL DEVELOPMENT

Of the four noise methods described in the previous chapter, only
the Integral and Noise Equivalent Source methods are easily applied to
the prediction and description of the measured noise. For this reasonm,
their applications and interrelations are studied in this work.

Little developmental interaction has taken place betweén the
Integral Noise metheds, which use the time-domain as their frame of ref-
erence and the frequency-domain Noise Equivalent Source methods, even
though they both involve the use of the Green's or transfer functionm.
Also, within each method, the manner in which the space-dependence is
approximated (nodal or modal) has developed independently. The task of
this chapter is to show the interrelation of the time- and frequency-
domain noise methods and to indicate how the space- and energy-dependence
approximations follow according to the manner in which the Green's or
transfer function is approximated. The point reactor noise approximation,
both in the frequency- and time-domain is shown tc result from usiﬁg a
special case of the Green's or transfer function approximation.

The groundwork for the next several chapters is presented within
this chapter. The equation from which the one-dimensional (1D) exact or
analytical solution of the space- and energy-dependent coherence function
(SECF) is derived (Chapter IV) is presented here. Also covered is the

basic methodology used in obtaining the 1D modal expansion approximation
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of the SECF (Chapter V), and the MCC, which in turn are used to extract

reactor parameters from experimental data (Chapter VI).

Fundamental Assumptions

A number of necessarily restrictive assumptions must be stated
before proceeding. It is assumed that the thermal reactor contains only
one type of fissionable material and has the properties of stationarity
and ergoticity. Also, it is assumed that the reactor is either critical
at a low power or slightly subcritical with a source which emits uncor-
related Poisson distributed neutrons. Furthermore, it is implied that
there are one or two noiseless, immediate-response absorption type (e.g.,
Blo) detectors of arbitrary geometry to indicate the state of the reactor
in their vicinity. Since in this analysis we are only interested in
reactor time responses on the order of the prompt neutron decay half-
life, the time (but not the magnitude) effects of delayed neutrons are
ignored.

Time- and Frequency-Domain Relations
+59

Borgwaldt and Stegemann31 and Harris6 have derived an expression
for the covariance (defined in Appendix A) between two neutrom detectors.

The result of these derivations is written as

T T

1 . .

P (p;sp,T) = == I dp, I dpa I dte J. de, 3.1)

i*h] T
reactor reactor 0 0

X VW(t1:ta)D(Pi,Pf=t1'to)Sz(P;,PJ)D(Pjapgsta‘to) ’
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where

ty tg
VW(t,y,tz) =I dtoVitg-ty) + I dtoW(ty-tz) , (3.2)
- -

and

Dlpe%t) = | dp Y see’0) (3.3)
detector-i detector-i

1l when £ 2 0 1 when E > 0
V(E) = 10 when E<0 , W(E) = 10 when E =

(3.4)

The symbol qa(pi,pj,T) represents the covariance between the detec-
tion rates of two neutron detectors which occupy phase space (positien
and velocity) Py and pj. T is the detection time interval, or alsc called
the detector gate time. p, and ps represent the phase space of the sto-
chastic source neutron and Sg(p{,pg) is the binary pair (correlated fisg-:
sion neutrons) production rate. D(pi,p',t) is the neutron detector re-
sponse rate sensitive to P; phase space neutroens at time t after a
source neutron of phase space p” is introduced into the system at zero
initial time. The detector response rate is closely tied to the Green's
function as shown in equation (3.3). 1In this equation, g(p,p”,t) is the
p phase space neutron flux at time t after a p phase space neutron is
introduced into the system at time zero. E}p) is the detector response
cross section,

The variance follows directly from the expression for the covari-

ance (see Appendix A) and may be represented as
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i1 , . T T
OB(Pi:Pi,T) =+ = J dp, I dp, Iodt2 JO dt, (3.5)

reactor reactor

X VW(t, ,tz)D(piap{st:{‘to)sa (p],”PB’)D(Pi’PQ’stE'to) .
Bi is the time averaged detection rate of the ith detector. The first
term on the right-hand side of the variance arises from the fact that
each registered reaction releases a trivial synchronized response in a
single detector. That is, every count is correlated with itself io a
single neutron detector for a variance type measurement.
Expressions for the cross- and auto-covariances (see Appendix A)

follow directly from equations (3.1) and (3.5), respectively

T T
1 ’ ,
Cyp T =r | def [ aes [ae, [ ar, wiees ) G.0)
1] T 0 0

reactor reactor

X Dp; 51 »t1 ~Co*Y1 (1)) 82 (1, p2)D(P,, 02, t2 Lot Vz (7))

and

D, 1 . T 1
C(pi,pi,T,T) =5 A(T,T) + Eg I dpy I dpg Iodtz Iodtl (3.7)

reactor reactor
X VW(Ey ,t2)D(P ;01,1 oYy (1)) Sz (Py,P2)D(R, ,P5 stz -totYa (T))

The functions Yy (7) and ¥, (T) are the lead or lag times, respectively
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IiA

|T| when T £ 0 0 when T

M =10 whenr>0, Y= {ﬂ when T >0 .

(3.8)

A function A(T,T) is proposed which represents the time overlap of the

lag or lead of the time displacement

0 when |T| > T

A(T,T) = (3.9)

T-|T

T when |T| =T.

This function arises because the trivial synchronized response in a single
detector does not ﬁccur if the lag (or lead) time is greater than the gate
time.

The expression for the detector response rate D(p,p',§+7) in equa-

tions (3.6) and (3.7) may be represented in a different form

D(p,p ,E+T) = £(p,E)D(p,p ,T) . (3.10)

The function £(p,E) is a scaling factor which is equal to one when £
equals zero, and less than one for E greater than zero.

Equations (3.6) and (3.7) may therefore be rewritten as

Cp;204,Ta™) = Ulpysp,,T) I dpy I dpy D(p, Py, Y1 (1)) (3.11)
reactor reactor

X Se(p{,ps)n(pj,pg,vz(w)) ,
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D, A(T,T) , .

reactor reactor

X D(p, Py, Y1 (1))S2 (P15 p2)D{p, P52 (1))

where U(pi,pj,T) is defined as

T T
1
U(Pi,P—,T) =17 I dty I dty VW(t,,tz)f(p ,ty-ta)f(p,,ta-tp) . (3.13)
| 0 0 1 ]

Fourier transforming equations (3.11) and {3.12) result in the
following equations for the cross- and auto-power-spectral-density,

respectively

20, T0) = U0 [ el [ deg Deeguel, 0 (316
reactor reactor

X 82 (p{’ Pzi)D(Pj:pz':w) »

and

5
b(o, 0, T,0) = AT, + UG, D | dod [ ded (1)
reactor reactor

* D(Di 1 P1', w%e (P;, Qai)D(Pi 1 DaJsCU) 3

where A(T,w) and D{p,p”,w) are the Fourier transforms of A(T,T) and
D(p,p’,7), respectively.

Equations (3.1), (3.5), (3.6), and (3.7) are representative of the
Integral Neise methods and equations (3.14) and (3.15) are representative

of the Noise Equivalent Source method. Notice that in both methods the
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space- and energy-dependence is retained explicitly through the flux
response or Green's functions g(p,p ,t), g(p,p”,T), or glp,p ,w). The
particular manner in which the Green'’s function is approximated (nodal
or modal) will determine the spatial form of the noise analysis method.
The Green's function, g(p,p ,t), is the solution to the inhomo-

geneous diffusion equation

B{p,t)g(p,p”,t) = 8(p-p)&(L) , (3.16)

where B(p,t) is the diffusion operator and 8{p-p”) and &§(t) are Dirac
deltas. In general, the exact solution of equation (3.16) is not pos-
sible, thereby necessitating some approximation. The usual procedure
in time-dependent multigroup diffusion theory problems is to use the
method of weighted residuals,l02 of which the modal expansion, synthesis,
nodal, and quasistatic methods are subsets.30 The same type of procedure
may be undertaken to approximate the solution of equation (3.16).

It was decided that time-synthesis modal expansions (see Appendix
B for a description of the time-synthesis modal approximations applied to
space-time kinetics problems) would be used to approximate the Green's
function. This technique was used because of its potential for interpre-
ting some of the dynamic characteristics of coupled core reactors. That
is, when the Green's function is approximated by some particular types of
time-synthesis expansion modes, reactor dynmamic information may be ex-
tracted from ncise measurements (both in the time- and frequency-domain).
Two specific types of expansion modes were considered. One group of

functions, called the lambda modes, are eigenfunctions of the static neu-
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tron diffusion balance operator. The other group of functions, called
the modified omega modes, are eigenfunctions of the prompt neutron diffu-
sion balance operator. These expansion modes were considered because of
their ease of computation and applicability to the problem at hand.
Another group of modal approximations, called the natural modes (eigen-
functions of the prompt and delayed neutrom diffusion balance operator),
also could have been used. They were not used because they are difficult
to calculate.

Presented in the next section is the derivation of the noise analy-
sis expressions using the time-synthesis modal expansion approximation of
the Green's function. It will be shown that the ordimary point reactor
noise form results when only a one mode expansion is assumed to be suf-
ficient. This was the procedure carried out by Borgwaldt and Stegemann.31
Harrisﬁ’59 retained the higher harmonic modes in his theoretical deriva-
tion of the variance and covariance, but in his expansions he used only

the natural modes,

Modal Expansion Approximation

In order to obtain the modal approximation forms of the noise
analysis expressions explicitly, it is necessary to assume some approxi-
mation of the diffusion equation. For the rest of this section we will
be working with the two-group prompt diffusion theory in three dimensional
space, Spatial variables are designated as r. Two by two matrix opera-
tors and functions are designated with a double arrow affixed above the
guantity, and 2x1 column vector functions have single arrows over them.

It is shown in Appendix C that the Green's function flux response
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may be approximated by the following finite modal expansion

A .

e Y (Y ()
2(r,r’,0) = E

n 1}
n=o < $n )?.

= , N =0,1,2... . (3.17)
¥, >

Y
g(r,r’,t) is the Green's function matrix

g(l’l)(r,r’,t) g(l :3)(r’r"t)
Fe,r’t) = , (3.18)
Py §®P o

where g(k’ﬂ)(r,r',t) is the kth group flux response at point r, time ¢

after one Lth group source neutron is introduced at point r’. ¢n(r) is
th , . . 24T, . .

the n  order expansion vector function (see Appendix B) and ¢n (r’) is

the nth order transpose of the adjoint expansion wvector function. W is

the nth order prompt neutron decay constant or eigenvalue. The bracketed

term in the denominator represents the scalar inner product

A
-
Dy
<]
v
i

i : I dr$+T(r)vhlﬁn(r) . | (3.19)

reactor

where ?Ll ig the diagonal matrix of inverse velocities

lfv(l) 0
¥ = (3.20)
0 l/v(a)

The superscript numbers indicate the energy groups.
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It will be further assumed that only thermal fissions are occurring

and that the fission neutrons are all born in the fast group.

With these
. . ?’ . 31
assumptions, the binary pair source rate (S;) is seen to be
1 0
? * ¢ , ’ (3) ”» (2) -
3(1‘.1 ,ra) = XQ'V: 6(r1-r2) z (rl)é (r1) » (3- 21)
3 0 0

where %z is the Divenll parameter, Vb is the average number of prompt

)
neutrons per fission, Ej is the thermal fission cross section, and
f
@(a)(r{) is the thermal flux distribution.

Covariance

The elements of the covariance matrix for the model at hand are

found by making use of equations (3.1), (3.17), and (3.21)

=

reactor reactor

i\ T
k,2 _ 1 . .,
02( ) (ri "rj ,T) = I dr1 I dre ;[Odtl J‘Odta W(tl ,ta ) (3-22)

® (ty-to)
(k) N e n- 1 ° ¢(k) (r)‘h(l)"'(rl’)
X J'dri (r)z — 1_,n
det-i det-i D=0 < ¢n’ﬁh *n >

(2)
X XaV° 8(ry-rz) X (xy]) ‘5(2) (ry)
P £

@ e L AR
X ‘r drz (r)E _,m — L 2
det-j det-j m=o
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The meaning of oa(ksﬁ)(ri,rj,T) is the covariance of detector rates for

a detection time T between the ith detector located ar ri sensitive to

the kth group of neutrons and the jth detector located at rj which is

. th
sensitive to the &4 group of neutrons,

Equation (3.22) may be written in a more compact form as

N
D =) Ei ¢, 8¢ )t 8™ .
=o
where
‘—Qz (r )@(2)(1. )41(1)"'(1' )¢(1)+(r )
Cnm = J. dry ?—1 g
reactor n’ ¥, >< wms ¢m >

o (1)
Py = | o) @®w ,
det-i det-i

&
pPap= [ o ) 0P,
det-j det-j

w T wT
w T+l-e ™ ® T+loe ™
[ )
¢ @ =& (o)’
onm wn + wm

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

The form of the covariance in equation (3.23) is identical with

that of Harris et al.59 and Rydin et al.zo except that they considered a

cortelated non-Poisson distributed spontaneous fission source.
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Variance

The variance is readily obtained using equations (3.5) and (3.23)

H,HUI

N N
PEVe e m=2s ) Y e d®en®ane @ . 6.2
m=0

nm n
n=o

Cross~-Covariance

By combining equations (3.6) and (3.23), the cross-covariance is

obtained
N N
(k) (£) 'y
z ¢ P ye @e ™,
n=o m=o0
¢k 8 CREIR SO when T Z 0 (3.29)
N N
. - T
(k) (2) n
E E Cann (ri)Dm (rj)Gnm(T)e s
n=¢ m=0
when T =0 .
Auto-Covariance

In a similar manner, combining equations (3.7) and (3.28), the

auto-covariance is obtained

GELY (.5, ,T,7) = (3.30)
D. N X w T
?1 A(T,T) + E cnmntfk)(r )D(k)(r )6 (Te "o
n=b m=c

when T 2 @

-0 T
n

D, ,
=+ Ty + E E cnmnlfk) (r, )D(k) (r,)G_(T)e ,
n=0 m=o

when 7 2 0 .
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Cross-Power-8pectral-Density

Fourier transforming the cross-covariance results in the cross-

power-spectral-density expression

§0 D ¢ T TL0) = E E (k)(ri)Drﬁ'g)(rj)Gnm(T)Hnm(w) (3.31)

n=o mwm=o

where
W_+Ho
B (W) = o0 (3.32)
(u)m-icn) (wn+1w)

and i is the imaginary number, V- I .,

Auto-Power-Spectral-Density

Fourier transforming the auto-covariance results in an expression

for the auto-power-spectral-density

3 (3.33)
@(k:k—) (ri’ri’T’w) = &(T w) + E z C D(k) (I‘ )D(k) (1‘ )G (T)H (U))

=0 m=e

Point Reactor Approximation

The one-group, point reactor expression for the neutron noise is
usually derived starting with the point reactor kinetic equations. A
slightly different approach is followed here in order to relate the gen-
eral modal method to the point reactor case.

Suppose that the time varying spatial neutron flux distribution
can be well described by the fundamental mode eigenfunction {see Appendix
B). In this event the modal approximation of the Green's function flux

response has only one term (see Appendix C)
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glr,r’,t) = — lo(r) %o = ) (3.34)

[ a0

reactor

which is just the scalar analogy of equation (3.17). When the expansion

function {, is the lambda eigenfunction, the following point reactor re-

lation holds

o = 1-B-1/R ¢ 5 Kegps(1-P)-1
° - AOO —AOO a '?' ‘

(3.35)

wy is the prompt decay constant, Agy is the neutron generation time, £
is the neutron lifetime, B is the effective delayed neutron fraction, and
the other quantities have their usual definitions.

The binary pair production rate for the model at hand is given by,

(=)
£

* 2 ’» P -’
S Gl vt =% ) @D ) (3.36)
Covariance

The covariance is found by the proper modification of equation
(3.22)

Ua(rigrj:T) = CooDo(ri)Do(rj)Goo(T) . (3.37)

Performing all the integrations and mathematical operations shown in

Appendix D, the covariance tan be expressed as

€K 2 waT
- eff 1 [wpT+l-e®
cz(ri,rj,T) = P (__I__) Xa 5; E ] . (3.38)
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This is identical with the results of Borgwaldt and Stegemann.31 Pis
the reactor power level and ¢ is the detector efficiency. There is no
space-dependence in equation (3.38) because the reactor is assumed to
respond as an entire unit, The variables T, and rj are therefore just to
indicate that there are twe physically separate detectors in the reactor.
Variance

An expression for the variance may be obtained directly from the

covariance with the addition of the triwvial correlated component

o (r,,r,,T) = 3% + P (f5%§£)2 [9 i;jrja ] (3.39)

Cross-Covariance

Introduction of a lag or lead time (T) into the covariance expres-

sion vields the cross-covariance

C(r.,r.,T,7) =P (EEEEE)Q [? waTrl-e 0 ew°|Tl (3.40)
il j, ] £ (u) T)a * »

Auto-Covariance

The auto-covariance results with addition of the trivial correlated

portion to the cross-covariance

eK
c{(r,,r,,T,T) = %? A(T,T) + P(——%ﬁg) [? Woltl-e 7 e’ ] ew°|T|.(3.41)
1° 1 (%T)B

Cross-Power-Spectral-Density

Fourier transformation of the cross-covariance gives the cross-
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power-spectral-density

o ¢ (S5 % R (25) . o

Autc-Power-Spectral -Density

The auto-power-spectral-density arises from the Fourier transfor-

mation of the auto-covariance

ek 3
4 _ Pe eff W T+1 - - ] 2
Sy r 70 = B e v (SEE) e s (%awa) (3.43)

Discussion

It is apparent from equations (3.38) - (3.43) that the same type
of reactor parameter information is available in the various point reac-
tor noise analysis methods., The most common quantity which is extracted
from peint reactor noise measurements is the prompt neutron decay constant
Wy, and, therefore, the subecritical reactivity. Lf the variance or co-
variance is plotted against detection time T, or if the cross-covariance
or auto-covariance is plotted against lag time T, or if the CPSD or APSF
is plotted against the frequency ®w, the prompt decay constant is deter-
mined by.interpretation of the various graphs in the light of the appro-
priate equation. The suberitical reactivity is determined by use of the

well known relationship

p(8) =1 - wo/ eritical . (3.44)
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The other quantities like the detector efficiency, absolute power level,
and the Diven parameter can at least, in principle, be measured by apply-
ing one or the other type of noise analysis formulations provided that
enough other information about the reactor is known, In general, better
accuracy is obtained in experiments using two separated detectors rather
than 2 single detector. The reason for this is that detector related
correlated events appear in single detector measurements (equations
(3.39), (3.41), and (3.43)) but not in the two detector measurements ({3.38),
(3.40), and (3.42)). It should also be mentioned that equations (3.38) -
{3.43) represent only the fluctuating portion of noise analysis measure-
ments. In an actual noise measurement a term equal to (Pe)2 is present
and must be subtracted to obtain the appropriate quantity of interest.
As a consequence of this, it is usually desirable to perform measure-
ments with detectors of high eificiency at very low power levels,
Additional information, over and above the one-group, point reactor
noise analysis methods may result if more emergy groups and/or modal ex-
pansions are retained. Ackermann et.al.19 observed that, if the two-
group dependence is retained for the point reactor model, the neutron
lifetime can be inferred from the CPSD independently of the délayed neu-

tron fraction. Seifritz and Albrechtz-‘?’28

were able to obtain nodal
reactivities and other coupling parameters when they interpreted ccherence
function measurements by a one-group, two node approximation. Rydin et
al.20 were able to find the eigenvalue separation in a loosely coupled

core assuming a three-group, two-lambda mode expansion approximation of

the MCC.
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CHAPTER IV
EXACT SOLUTION OF THE COHERENCE FUNCTION

An exact or analyticallo3 solution of the space- and energy-
dependent coherence function for one-dimensional representations of two
coupled core reactors was undertaken for the following reasons:

1. to serve as a standard of comparison with the modal approxi-
mations of the coherence fumction (developed in Chapter V),

2. to investigate how the shape of the coherence function changes
with changing detector locations and core properties, and

3. to give an indication as to what detector locations and core
properties are necessary to produce a sink or null frequency in the co-

herence function.

Reactor Diagrams and Nuclear Constants

One-dimensionél representations of the tightly coupled Argonautl04
type reactor, called the ARK28 (for the Argomaut Reactor Karlsruhe), and
the loosely coupled SHA Core 35A'20 (for the Solid Homogeneoué Assembly)
were postulated for use in the exact solution of the coherence function.

The SHA is a critical assembly at Knolls Atomic Power Laboratory in
Schenectady, New York of the type in which the core can be separated into
two sections for loading and shut-down. Each section consists of an
assembly of fuel-moderator blocks and reflector blocks stacked on a mov-

able bed. A general description of the SHA facility is given in reference
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105, while the physical properties of the SHA-TI type fuel are given in
reference 106. Since each core is quite long compared to its transverse
dimensions, the kinetic behavior cam be closely approximated by a one-
dimensional model. 1In order to make the reactor loosely coupled, a slab
of polyethylene of varying thickness was introduced at the center verti-
cal plane.

A detailed schematic of a SHA core (SHA Core 35A') is showm in
Figure 2. The BloF3 detector banks used in the experiments were located
at opposite ends of the core.

The ARK is a research reactor at the Karlsruhe Nuclear Research
Center in Karlsruhe, West Germany. The reactor is cylindrical in shape
with graphite located in the center and outer annulus with fuel in
between. Some of the fuel elements may be removed at symmetric locations
to form a slab configuration.28 Bacause each half-core in the slab con-
figuration is rather long compared to its transverse dimensions, it can
also be approximated by a cone-dimensional model. The physical arrange-
ment and type of material in the reactor produce a tightly coupled core.

A detailed schematic of the two slab ABK core is shown in Figure 3.
The He3 detectors, used in the experiments, were located near.the outer
diameter of the fuel in symmetric locations.

The one-dimensional representations of the SHA Core 35A' and the
ARK used in the exact computation of the coherence function are given in
Figures 4 and 5, respectively. The appropriate macroscopic constants for

the two reactor models were obtained in different ways. Constants used in

the ARK coherence function calculations were taken directly from the work



k"l"e"-'- - 61.8" -
- P
7R O, & REFLECTOR 0
2" CHp b ¢ )
E Y E
T E p
E T E
FUEL §12" | B FUEL o
RRE ¥ :
0 E 0
REFLECTOR | 6" | T E R
o
' o gm
; [ |
284" - 5"
PR S ppuen [ R ——————————— —
BED 2
Figure 2. Detailed Schematic of the SHA Core 35A'

oy



He o

n
=
[l el

1
1
6"

{

Figure 3,

Detailed Schematic of the Two-Slab ARK

41



POLY

FUEL

'Tl_. Zem

Figure 4. Onpe-Dimensional Representation of the SHA Core 354"

GRAPHTTE

He S

GRAPHITE

e— H5cm ]

gG tEmad

GRAPIITE

———— 105cH —————

Figure 5. One-Dimensional Representation of the Two-Slab ARK

42



43

of Danofsky23 or Kussmaul.lO? These nuclear constants are tabulated in
Table 1. Using the given ARK nuclear constants in the statics neutron
diffusion theory computer routine EXTERMINA.TOR-II,B9 the computed two-
group fluxes and keff were in excellent agreement with those calculated
by Dﬂnofsky,23 as may be seen in Figure 6.

Macroscoplc nuclear constants for the SHA Core 35A' were computed
using an jterative interchange between the fast cross section numgrical

code FORM,108 the thermal cross section code TEMPEST--II,109 and the

statics diffusion theory routine EXTERMINATOR-II.89 The iterative strategy

was initiated by inputing the fuel and poly atom nunber densitie3105’106
into FORM and TEMPEST-II. The light element moderation option was used

in the TEMPEST-II calculations. Initial estimates of the transverse and
regional longitudinal bucklings were used in both codes. Resulting macro-~
scopic cross sections were used in a 1D version of EXTERMINATOR-II to
calculate the fast and thermal fluxes. Regional longitudinal bucklings
were recomputed from the computed flux shapes and used in the cross sec-
tion codes to compute new macroscopic cross sections. The above procedure
was repeated until no change in the flux shapes was observed from ome
iteration to the next. From this point on, the cross section foutines

were no longer utilized.

The last stages of the iterative process consisted of varying the

1.2
H

(
macroscopic down-scattering cross section QE ) in the poly region and

adjusting the overall transverse buckling (B%) to obtain the best possible
agreement with the foil activation measurements and the experimental value

of keff.118 Final wvalues of the nuclear constants used in the coherence
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Nuclear Constant Definition Graphite Fuel
1
D( ) {cm) fast diffusion coef- 1.016 1.23
ficient
D(g) {cm) thermal diffusion coef- 0.840 0.189
ficient
v(l )2) -
/ (em™1) fast scattering cross 0.00276 0.0267
'(1) section
E: (ecm™1) fast absorption cross 0.00 0.00
2) section
E (em™) thermal absorption cross 0.00024 0.0908
() . section
{E (cm ™) # neutrons per fission 0.00 0.122
£ X fission cross section
B§ (cm™®) transverse buckling 0.00216 0.00216
1
v( ) (em/sec) fast velocity 4.36 x 10° 4.36 x 10°
v(e) (cm/sec) thermal velocity 2.2 x 10° 2.2 x 10°
B effective delayed neu- 0.00 0.0076

tron fraction
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function calculations of the SHA Core 35A' are listed in Table 2. A
comparison of the computed f£luxes and the appropriate foil activations and
are presented in Figure 7. The 55Mn foil activations

were assumed to be proportional to the thermal flux and the llsln activa-

the values of keff

tions proportional to the fast flux. The above assumptions are fairly
good in the highly thermalized SHA Core 35A'. That is, the epithermal

activation contribution to the 55Mn activity is small and the 1.5 eV

resonance activation peak accounts for almost all of the 1151n activity
(assuming that the foils were Cd covered). To a good approximation, the
flux spatial distribution at 1.5 eV 1is proportional to the fast flux in
the SHA Core 3547,1°3
The above modeling procedure did not take into account the varia-
tion of the transverse leakage from ome part of the core to the other,
nor the transport and spectral effects as considered by Rydin et &1.20
The adjustment of quantities other than Efl,a) in the poly and the over-
all B% could have been undertaken with perhgps more physical justificationm,
However, it was concluded that the SHA Core 35A' model was adequate for
this work because not only did the computed and experimental flux shapes
and keff agree well, but also the computed and experimentallyIdetermined
value of eigenvalue separation compared favorably (see Chapter VI). The

good agreement in the later value was the most difficult to attain in

this work and the most crucial to compute accurately.

Method of Solution and Results

The exact solution of the one-dimensional, two-group coherence

function was constructedlo3 by combining the definition of the coherence
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Table 2. SHA Core 35A' Nuclear Constants
Nuclear Constant Definition Poly Fuel
1
D( ) {cm) fast diffusion coef- 1.033 1.142
ficient
p®) (em) thermal diffusion coef- 0.135 0.354
ficient
(1 ,2) -1
ji {em %) fast scattering cross 0.0572 0.0186
1) section
j{ (em™Y) fast absorption cross 0.0004 0.0025
) section
? (cm™) thermal absorption cross 0.0185 0.0648
’ section
(=) -
QE- {em 1) # neutrons per fission 0.00 0.1113
£ X fission cross section
Bﬁ {em™®) transverse buckling 0.0069 0.0069
1
v( ) (cm/sec) fast velocity 4.36 x 10° 4.36 x 10°
v(z) (em/sec) thermal velocity 2.2 x 10° 2.2 x 10°
B effective delayed neu- 0.00 0.0078

tron fraction
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function (Appendix A), the exact solution of the Green's response or trans-
fer function (Appendix E), and the forms of the auto~ and cross-power-
spectral densities (equatioms (3.15) and (3.14)). By assuming that the
detectors subtend a very small region (point detector approximation) and
that the product of the frequency and detection time is much less than

one (Wl << 1), the auto- and cross-power-spectral-density for the models

at hand are, respectively

(k

3 (k. k) x, %, ,T,0) =3i ) glkik) (x, ,%,,T) (4.1)

(k) )
< I dx’ E’ (xi)g(k,l)(xi’x" wf&agi §j (xa)g(a)(x,)

reactor det-i £
(i) .
X i (xi)g(k’ )(xisx’sw) ’
det-1
and
& ’ (xi sxjsTsw) =T (xi:xj :T) (402)
) . % (=) 2
reactor det-i £
(£)
x ) et e
det«]
£
U(k’ ) is a function which, in principle, may be evaluated; however, it

cancels out when the coherence function is expressed
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30,0 -3
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’Xj ’w) =

~ ~ 1
V{é(k’k)(xi,xi,w) - ng)][é(ﬁ’ﬂ)(xj,xj,w) - B§£}]

=)
= ] e ® Ve of ) e i @B 6w
i

reactor

)
{ J dx'|g(k=1)(xi,x',w)laif (x')@(a)(x')

reactor

(2) %
X I dx'lg(ﬁ,l)(xj,x',w)l8 ng (x')g(a)(x')}

reactor

where g(k’za(x,x',w) is the exact solution of the Green's function (see
Appendix E),

The integrals in equation (4.3) were computed using the trapezoidal
rule on intervals of one centimeter and summing over the model dimensions.
This process was repeated for several different detector pair locations
and many frequencies. Results of these calculations are shown in Figures
8-29.

Absolute Magnitudes of the Exact Coherence Function

Absolute magnitudes of the symmetrically located, two thermal
detector coherence functions for the SHA Core 35A' and ARK models are
given in Figures 8 and 9, respectively. For small detector separations,
the coherence function is always positive for the frequency range of

interest, but for large detector separations the coherence passes from
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positive at low frequencies to negative at higher frequencies. This tran-
sition point is called the '"null frequency"z? because the coherence func-
tion passes through zero there. It should be noted that, for symmetric
reactors and detector locations, the coherence function is real, but for
asymmetric detector locations the coherence function is complex, The
occurrence cof the null frequency is usually ascribed to an interference

effect of traveling neutron waves from one core to the other.22’26'28

This approach is usually taken in conjunction with the two-node modelz?

which has incorporated in it a neutron wave traveling time distribution

function. It is generally very difficult to evaluate the distribution

28,110 ,

2,23

function, and the wave propagation times tend to be in doubt.
simpler approach is taken in this work to explain the null or sink2
frequencies by assuming an interference between the harmonic decay modes
of the entire reactor (see Chapter V).

It should be moted that the coherence function at low frequencies
(below the null frequency) decreases with increasing detector separations.
This seems entirely reasonable when viewed in terms of coupling of one

detector with the other. The extent of coupling should depend on the dis

tance in mean free paths from one detector to the other. Vieﬁed in this
light and realizing that the mean free paths are much shorter in regiomns
with higher scattering cross sections, the results of Figures 8 and 9 are
reasonable at low frequencies where the ;w/v(e) term (see Appendix E,

equation (E.19)) is small in comparison with the absorption cross section.

It has been suggested by Harris6 that the wvariation of the low frequency

coherences might be used to infer the migration length. When the fw/vce)
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term takes on values on the order of the absorption terms (mainly above
the null frequency), the coherence function tends to be less for smaller
detector separations than larger separations. The frequency dependent
mean free path has to be investigated in this case.

The null frequency tends to increase with decreasing detector
separations. This phenomenon may be ascribed to the relative magnitudes
of the fundamental to first harmonic values of the decay modes for the
given detector placements. Reasoning of this sort is studied in detail
in the next chapter.

Finally, it is seen that the coherence function is always smaller
in the SHA Core 35A' than in the ARK. This is consistent with the fact
that the eigenvalue separation is smaller in the SHA Core 35A' than in the
ARK. Again, the reason for this is given in the next chapter.

Everything mentioned above for symmetric detector locatioms also
holds for the asymmetric detector results as shown in Figures 10-17, The
exception is that null frequencies are no longer observed but rather

1nk22’23 frequencies, due to the fact that the coherence function is now
complex, in general. The sink frequency is defined as the frequency where
the absolute magnitude of the coherence function (or cross-powér-Spactral-
density) experiences a local minimum. The coherence function in Figures
15 and 16 shows a second sink frequency. This is most likely due to the
interference of the fundamental and second harmonic decay modes in the
ARK.  The SHA Core 35A" coherence function would probably show a similar
behavior but the range between the first and second sink would be much
greater because of the larger eigenvalue separation between the first and

second harmonics.
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Detector placement conditions needed to produce a sink or null
in the coherence functionm are vividly demonstrated in Figures 18-21. 1In
these figures, one detector is placed at a fixed location in the left
part of the reactor and the other detector is swept across the core. The
coherence function at several selected frequencies which bracket the sink
frequency is plotted as a function of the second detector's location.
The minimum detector pair separation distance to cause a sink and the
approximate value of this sink frequency may be inferred from these
figures. When one detector is moved from left to right, the first point
where two isofrequency lines intersect is the minimum detector distance
where a sink can occur. The value of the sink frequency will lie some-
where between these two frequencies. As the detectors are moved further
apart, the sink frequency tends to decrease to some asymptotic value.
Depth of the sink increases up to the point of symmetry (where the sink
becomes a null) and then decreases at lower sink frequencies. The first
place where a sink is formed, when one detector is placed far to the left
of the decoupling region, is located about 20 centimeters from the poly-
ethylene in the SHA Core 35A' and about 5 centimeters from the decoupling
graphite in the case of the ARK.

The coherence functions R(l’l)(xi,xj,w), R(l’a)(xi,xj,w), and

2 1
R( ? )(xi,x ,W) were also computed, It was found that the shapes of the

3
absolute values of these various coherence functions were almost identi-

2
cal to lR(a’ )(xi,xj,w)l. The phase angles of these several coherence

functions were quite different, as will be seen in the next section.
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Phase Angles of the Exact Coherence Function

The phase angle values of the CPSD and coherence function are
identical because the denominator of equation (4.3) is a real function.
Therefore, designating the phase of the coherence function by GR(k’£D

(xi,xj,m) and the phase of the CPSD by Ba(k’t)(xi,xj,w)

4 (k, 8)
. Imd* 77 (x, ,x,,w)
9@(k’£) (%, ,x,,w) = tan * [ A L ] = eR(k,fa) (x.,x,,w0) . (4.4)
173 Re 3 ® (x x.,w) v

1°%;

It is shown in Appendix H that the CPSD may be expressed as

A[E(Q) () - ;C;:i)'] Ag(ry) + By (x)

2 (x x, 0) = XN , 4.5)
and
D (x.,x.)
“(2,2) o TwNi

%D(xi)’ Bw(xi), and Dw(xi,xj) are complicated functions of the local leak-
age and the (fast) stochastic source spatial distribution. They are com-
piox Functions (real and imaginary components), in general, but the
imaginary component is much smaller than the real portion for frequencies
e lons :/E. £ is the thermal neutron lifetime, Cw(xi) is'always a real
fupnction which is only weakly dependent on frequency below £! and not

d- pundent on the local leakage. Ew(xi,xj) is either pure real or weakly

crmplex for frequencies less than L' and also not a function of the local
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leakage. When the detectors are placed in regions of the same type {(e.g.,

both in the graphite but not necessarily the same region), Ew(xi,x ) is

J
real. When the detectors are located in different types of regions,
Ew(xi’xj) is weakly complex for frequencies below 2. It should also

be noted that, for contiguous or symmetric detector locations, the numer-
ator in equation (4.6) is pure real and, therefore, the coherence function
exhibits zero phase at all frequencies.

The physical implications of Figures 22-29 may be understood by
judicious use of equations (4.4) - (4.6). Combination of equations (4.4)
and (4.5) lead to the expression

<®?

¢ ) (x,)ImA (x,) - v—(%')‘ Red (x;) + ImB (x,)

tanfR 1’2)(xi,xi,w) = - (4.7)

(=
E (x)Red (x,) - ‘—;(q’g)- ImA (x,) + ReB (x,)

If the leakage (both fast and thermal) is small at a given location,

equation (4.7) reduces to
(,2)
~tanbR (xi,xi,w) = wﬂ(xi) (4.8)

where £(xi) is the local thermal neutron lifetime (l/v(a) zfa)(xi)) .
Ackermann et al.19 obtained equation (4.8) by assuming a point reactor
model, which by definition has no leakage. Equation (4.7) represents a
generalization of the Ackermann method to the space-dependent case.
According to equation (4.8), the slope of the coherence functiocu
phase aneles is eqiral to the local thermal neutron lifetime {in Jow leak-

age regions). This relationship is well demorstrated in Fi_ures 22 and 23
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and has been observed by Penland.111 The thermal neutron lifetime is

longer in the polyethylene and graphite regions of low thermal absorption
than in the fuel regions of high thermal neutron absorption. The local
lifetimes change within any given material because the leakage (which is
not zero inm general) changes with position.

At higher frequencies, the complex leakage terms in equation (4.5)
become large and the slope of the phase becomes complicated, This is
particularly evident in Figure 23, This abrupt change in slope has been
experimentally observed by Penlancl]'11 and analytically predicted by
Ac;k(-rrmann]']'2 and Robinson. 1

The numerator in equation (4.6) tends to dominate at all frequencies
considered. As a consequence, the coherence function phase for two ther-
mal neutron detectors is

Ime(xi,xi)] .

(2 ’B) D T
6R (xi,xj ,W) == tan ReD (x, ,x,)
w i

(4.8)

At low frequencies, the imaginary part of Dw(xi,x ) is small and the

h|
phase is therefore also small, as indicated in Figures 24-27. It is ob-
served that the phase angle tends to be smaller in the SHA Coré 35A', at
any given frequency, than in the ARK. The reason for this is not entirely
clear. It may arise from the fact that the SHA Core 35A' is loosely
coupled and the ARK is tightly ccupled. It should also be noted that,

for certain detector locations, the phase fluctuates widely near the sink

frequencies. In this sense, the phase tends to be a more accurate measure

of the sink frequency than the absolute magnitude of the coherence functionm.
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Perhaps the reason for these large fluctuations is due to the interference
effects of the fundamental and first harmonic leakage modes (second de-
rivatives of the eigenfunctions).

From Figures 28 and 29 it may be seen that, around the sink fre-
quencies, the real part of equation (4.8) has a dominant role for all
detector locations in the SHA Core 35A' but not in the ARK, This prob-
ably stems from the previous observation that the phase is generally
smaller in the SHA Core 35A'. When the two detectors are at symmetric
positions, the imaginary part is zero, and the real part passes from

positive to negative to form a null.

Discussion

It is apparent from the preceding presentation that the coherence
function is a complicated function of the spatial coupling and stochastic
source distribution. The spatial coupling, or the number of mean free
paths between detectors, is a complex frequency-dependent function. This
complex nature arises from the presence of an imaginary (number) Ew/v(a)
absorption cross section (see equations (H.1l) and (H.2) in Appendix H) in
addition to the normal static destruction operator (i.e., absorption

=)

cross section and leakage). At low frequencies, the iw/v term is small
in comparison with the static destruction operator. Consequently, in this
case, the coherence function will assume values which reflect the static
coupling. As the frequency is increased, thé effective mean free path
length deereases, resulting in a smaller spatial coupling. The net effect

is a decrease in the coherence function for inereasing frequency. However,

for frequencies above the sink or null, it appears that the effect of the
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()

Ew/v term is one of production rather than absorption. The frequency
at which this can occur is very dependent on the static core coupling,
detector separations, and stochastic source distribution. It is quite
difficult to separate one effect from another.

The effects of the Ew/v(z) absorber are well reflected in the
shape of the phase angle. Here the effect of this imaginary absorber is
highly dependent on the relative magnitude of the local destruction
operator., In this case as before, for frequencies above the sink or null,
the effect of the Ew/v(z) term is that of production.

All the major conclusions of this chapter may be qualitatively
explained by use of the frequency dependent spatial coupling and stochas-
tic source spatial distribution concepts. A more quantitative analysis
follows in the next chapter, The major conclusions and explanations are
listed below.

1. Sink or null frequencies in ]R(z’a)(xi,xj,w)l oceur for certain
detector separations and placements and not for others. Sink or nvll
frequencies arise because the net effect of the Ew/v(z) term changes from
that of an absorption to production cross section. It appears that, in
principle, sink or null frequencies can appear for any detectof separa-
tion. However, for detectors located in the decoupling region, the sink
or null frequency is most likely wvery high.

2. For the symmetric reactor models investigated, symmetric ther-
mal neutron detector locations produced real coherence functions and,

consequently, null frequencies. Conversely, asymmetric detector locations

produced complex coherence functions and, therefore, sink frequencies.
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This comes about because the integrated value of one detector's Green's
function is equal to the other (see equation (4.3)). Consequently, when
the complex conjugate is taken, the CPSD is real and therefore s¢o is the
coherence function.

3. lR(a’g)(xi,xj,w)l tends to be smaller in the SHA Core 354’
than in the ARK, particularly at low frequencies. The number of frequency
dependent mean free paths between detectors is the explanation for this
phenomenon.

4. The sink or null frequency increases with decreasing detector
separation for a given reactor model. If it is assumed that the sink or
null occurs when the two detectors are a certain number of frequency de-
pendent mean free paths apart, then the above conclusion follows. That
is, the closer the detectors are, the higher must be the effective de-
struction probability per unit length of intervening material to produce
the same number of mean free paths. This is accomplished by having a

~ 2
higher iw/v( )

term in the destruction operator.
(z,2) .

5. The value of |R (xi,xj,w)l at any given frequency decreases
with increasing detector separation for frequencies below the sink or null
frequency, but increases with increasing detector separation for fre-
quencies above the sink or null frequency. This may be explained by assum-

ing that the {w/v(z)

term acts as an absorption cross section below the
sink or null frequency and a production cross section above it.
6. The relative magnitude of the imaginary to real component of

the coherence function (i.e., the phase angle) tends to be smaller in the

SHA Core 35A' than in the ARK at low frequencies. This stems from the



(2)

fact that the Ew/v term is relatively small in comparison to the
destruction operator in the SHA Core 35A' but not in the ARK,
7. The local thermal neutron lifetime can be inferred from

GR(l’z)(xi, x,,w) only when the local leakage is very small.

70
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CHAPTER V

MODAL APPROXIMATION OF THE COHERENCE FUNCTION

Modal approximations of the space- and energy-dependent coherence
function (SECF) for 1D representations of two coupled core reactors were

undertakenll4 to answer the following questions.

1. How many expansion modes are needed to closely approximate the
exact solution?

2, What coupled core reactor characteristics and detector pair
placements are mnecessary for the two-omega (2w) or the two-lambda (2))
mode expansion approximation of the exact solution to be valid?

3. Can the measured coherence function null or sink frequency be
interpreted using the 2w or 2 mode approximation?

4. Can a method be developed to extract reactor parameters from
the measured coherence function when interpreted in the light of the 2w
or 2\ mode approximation?

5. What is the relationship between the MCCZO’59

(see Appendix A)
and the coherence function in coupled cores?

Modal and nodal expansion approximations of the space- and energy-
dependent noise are characterized as those procedures in which the Green's
function or transfer matrix is approximated by a series expansion of trial

functions. The type of trial functions chosen for this task is dependent

on the npature of the problem under investigation. In this work, the objec-
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tives were to use thﬁse trial functlons whereby some global reaétor dynamic
parameters could be inferred from the measured noise and to.maintain the
capability of extension to two-dimensional, multiregion systems. These
particular objectives immediately ruled gut the use of nodal expansionszz’Z?
and the natural,25 Green's function,23 Helmholtz,30 and iw:rhfs.ge?"9 modal ex-
pansion trial functions. However, the lambda and modified omega modal

approximations were consistent with the objectiVes.114

Method of Solution and Results

The same 1D geometrical representations of the SHA Core 35A" and
ARK, which were used in the last chapter, are used here (Figures 4 and 5,
respectively). Also, the macroscopic constants are the same (SHA Core
354A', Table 1; ARK, Table 2).

Modal approximations of the SECF for the particular two-group, ome-
dimensional models at hand were arrived at by the use of the coherence
function definition (Appendix A), the mndal approximations of the Green's
response function (Appendix C), the method to produce the eigenvalues and
eigenvectors (Appendix F), and finally the form of the auto- and cross-
power-spectral-densities (equations (3.33) and (3.31)). Again assuming
the point detector approximation, the APSD and CESD for the models at

hand are written, respectively

koK) (x, %, T,0) = Bj(_k) M%El (5.1)

+
I~z

N
=0 .
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and
) N N
Q(k,.ﬂ)(xi,xj"r’w) D) cant(lk)(xi)Dtﬁﬂ)(xj)Gnm(T)Hnm(w) , (5.2)
n=o m=¢
where

) '
Xg;; Ef (x*) @(3) (x|)¢£1)+(xt)¢r§1)+(xl)

C = dx' - - -—= (5.4)
o realtor < *ns?l ¥, ”< "m’? lﬁm >
(k)
Py = ) i (5.5)
det-i
w T w T
[wnT+1—e n w T+l-e " :| .
¢ (T) = + (w +w ) (5.6)
o (0 T)2 (w T)? .
n m
— (wmmn)
Hnm(w) = (3.7)

(wn+§w) (wm-gw) .

If it is also assumed that the detection time is small such that |wr| << 1
and ‘wnTl << 1 for all n from 0 to N, then the following approximations

hold

(5.8)
and

G (T) = 1/(mm+wn) . (5.9
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Using equations (5.1) - (5.9) and the definitions of the coherence
function (Appendix A), the modal approximation of the SECF may be written
R

K W) = (5.10)

(k) €
? il Comla U (X))
m=0

n=o0 (wn+1w)0%n-iw)

[ § § Cnm‘htgk) (xi) ‘{l:gk) (xi) [ § % Cnmwt(lz) (xi)¢1§|£) (xi)
n=o m=o Gnn+§m)(mm-€m) n=o méo Gnn+€w)(mm-€w)
The similarity between the CPSD portion of equation (5.10) and the form
derived by Akcazu and Osborn85 from the Langevin formulation should be
noted. In the Langevin technique the source terms Cnm are specified from
the noisge equivalent source procedure85 which is valid even in power
reactors as long as the proper noise equivalent source is specified.

The modified omega and lambda'thermal eigenfunctions (w(e)w(x)
and w(g)l(x), respectively), used in the modal approximation, were calcu-
lated by the critical determinate method outlined in Appendix F. These
modes are plotted in Figures 30-41 for the 1D representations of the SHA
Core 35A' and ARK. For each expansion index, they are normalized such
that the maximum value is unity. It should be noted that the fundamental
lambda and modified omega modes and the first harmonic lambda and modified
omega modes have identical shapes in the SHA Core 35A' (Figures 30 and 31)

but differ a fair amount in the case of the ARK (Figures 36 and 37). The
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reason for this can be seen upon inspection of equations (B.24) and (B.28)
in Appendix B. In reactors like the ARK, which have large moderator re-
glons of low absorbing material, the wn$h1 production coperator is not
small compared to the destruction operator., This is not the case for the
SHA Core 35A', where the moderator region (which is also the fuel region),
although large, has a relatively high absorption cross section. The shape
difference between the lambda and modified omega modes is also demonstrated
in the higher harmonics (Figures 32-35 and 38-41), 1In the SHA Core 35A'
the higher harmonic shapes tend to have the same form, but there is com-
plete lack of similarity in the case of the ARK,

Shape differences are also reflected in the orthogonality proper-
ties. Orthogonality properties for the modified omega and lambda mcdes
in the SHA Core 35A' and ARK are presented in Tables 3-8. It is apparent
from these tables that both modal types have the required biorthogonality
propertie330 (see Appendix B), because the off-diagonal elements are small
relative to the diagonal elements. It is also true that the modified

30,115 (see Appendix B). That

omega modes have the property of finality
is, there is the absence of modal coupling. The finality property was
assumed in the derivation of lambda and modified omega approxi@ation of
the Green's function (see Appendix C, equations (C.7) and (C.11)). How-
ever, the lambda modes do not have the finality property, as indicated
in Tables 5 and 8. The deviation from this property is fairly small for
the SHA Core 35A' (at most 18% for the first six lambda expansion modes),
but quite large for the ARK (up to 96%). The consequence of the above

fact is that the lambda mode approximation of the exact cocherence function

will not be as good as the modified omega mode approximation.
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Table 3. Results of a Biorthogonality Check on Some Modified
Omega Modes of the SHA Core 354!

Normalized Values of < ;w,ﬁhlﬁw >
n m

n m=—0 1 2 3 4 3
0 1 0.0034 + - + -
1 ~-0.0043 1 - - + +
2 0.0108 0.0052 1 0.0028 -0.0034 0.0078
3 0.0088 0.0078 -0.0028 1 -0.0095 0.009%99
4 -0.0018 - + + 1 -0.0062
5 - - + - -0.0011 1

Note: + or - demotes that the absolute magnitude is less than
0.001,

Table 4. Results of a Biorthogonality Check on Some Lambda
Modes of the SHA Core 354'

Normalized Values of < ?ﬁ,ﬁﬁi >

n m~— 0 1 2 3 4 5
0 1 0.0055 - - + +
1 -0.005 1 - : - + +
2 - + 1 0.0029 -0.0012 -
3 + - 0.0016 1 + -
4 0.0022 - -0.0028 - 1 -0.0018
5 - + - - + 1

Note: + or - denotes that the absolute magnitude is less than
0.001.
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Table 5, Results of a Finality Check on Some Lambda
Modes of the SHA Core 354'

Normalized Values of < @1",?‘-1-‘#‘; >

n m—0 1 2 3 4 5
0 1 0.0053 -0.0233 - 0.0230 +
1 -0.0056 1 - -0.0068 B 0.0109
2 -0,0872 + 1 0.0029 -0.0616 ~
3 + -0.0256 0.0017 1 + -0.0216
4 0.1846 + -0.1317 - 1 -0.0016
5 - 0.0866 - -0.0449 + 1

Note: + or - denotes that the absolute magnitude is less than
0.001,

Table 6. Results of a Biorthogonality Check on Some Modified
Omega Modes of the ARK

Normalized Values of < Gﬁ,?'lﬁﬁ >
n m~—0 _l 2 3 4 5
0 1 - + - - -
1 0.0018 1 -0.0035 0.0021 - -
2 0.0011 + 1 0.0028 - -
3 + + -0.0031 1 + -
4 -0.0011 + - + 1 -
5 + - 0.0014 + - 1

Note: + or - denotes that the absolute magnitude is less than
0.001.




84

Table 7. Results of a Biorthogonality Check on Some Lambda
Modes of the ARK
Normalized Values of < ai,ﬁﬁi >
n m~—0 1 2 3 4 5
0 1 + - + 0.0018 +
1 + 1 - - - -
2 -0.0014 + 1 ¢.0031 -0.0015 +
3 + -0.0015 -0.0026 1 - +
4 0.0092 + - -0.0017 1 0.0613
5 0.0035 - 0.0038 -0.0014 0.0362 1
Note: + or - denotes that the absolute magnitude is less than
0.001.
Table 8., Results of a Finality Check on Some Lambda
Modes of the ARK
Normalized Values of < $§,?'1$$ >
n m—0 1 2 3 4 5
0 1 + -0.1097 - 0.5746 0.0268
1 + 1 + -0.2842 0.0085 -0.4945
2 -0.1517 - 1 0.0028 -0.0933 -0.0055
3 + -0.2972 -0.0038 1 -0.0035 0.2519
4 0.9596 -0.0074 -0.1121 0.0024 1 0.0561
5 0.0747 -0.8267 -0.0050 0.3864 0.0602 1
Note: + or - denotes that the absolute magnitude is less than

0.001.




85

22
Various modal approximations of the absolute value of R( ? )(xi,x w)

3
are presented in Figures 42-57. Graphs for the symmetric detector loca-
tions are given in Figures 42-49. The 2) and 2w mode approximations for
the SHA Core 35A' (Figures 42 and 43) tend to be in fairly good agreement
not only with themselves, but also with the exact solution (Figure 8) for
frequencies below and inﬁluding the null frequency. The 2w mode approxima-
tion for detector separations of 87 cm in the ARK (Figure 45) agrees well
with the exact solutiom (Figure 9) below the null frequency. The 2) mode
approximation in the ARK (Figure 44) lad to a low estimate of the null
frequency. High frequency structure is not possible with only a two mode
expansion. It is necessary to run the expansion to higher orders to ob-
tain this structure, as shown in Figures 46-49, The same low frequency
shape is retained with the higher order expansion. No improvement in this
frequency range is obtained with more expansion modes. In fact, the
quality of the modified omega mode expansion tends to decrease as the
modal number increases in the ARK model. This may possibly be explained
by the fact that the first harmonic transverse mode eigenvalue falls
between the second and third horizontal mode eigenvalues.

For asymmetric¢ detector locations (Figures 50-57) the same general
conclusions as in the symmetric cases may be drawn. It takes more than a
two-mode expansion to approximate the exact coherence functicn when one
or both of the detectors are located near the reactor centerline. The
reason for this may be understood when it is realized that the value of
the first harmonic eigenfunction is small near the reactor's center, Con-

sequently, it takes at least three expansion modes to approximate the be-

havior in this region.
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Agreement between the exact and modal approximations of the thermal-
thermal and fast-~thermal coherence function phase angles is very poor in
both reactor models. The phase angles tend to be very small for all fre-

quencies and detector locations. The reasons for these discrepancies are

not known.

Two-Mode Expansion Approximation

In corder to extract some reactor parameters from the measured
coherence function, it is desirable to use the two-mode rather than the
multi-mode approximation. This arises from the fact that the two-mode
approximation adequately describes the coherence function below and in-
cluding the null or sink frequency. The two-mode approximation is written

REGD o« ow) = (5.11)

i’xj H

(k) (£ (k) 1€))]
C (%) (x.) Cyi% " (x,) (x.)
L) X Yo K] . 11 %1 X, L2 K]
W2 +® w, *+w®

{[Coo[$§k)(xi)]3 011[¢fk)(xi)]2
+
oy 2+ wy 240

1

cm[#é")(xj)]2 clllwfz)(xj)le]}f

x| ¥
we % +w? w, Z+w?

Cross-source terms Cpy and C;, do not appear in equation (5.11) because
the reactor models are symmetric about the centerline. As a result of

this symmetry, the integrand in equation (5.4) is an odd function (for
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n=0,m=1or n=1, m=0) thereby yielding zero upon integration. It
should also be observed that the two-mode expansion approximation in equa-
tion (5.11) produces real coherence functions even with asymmetric detector
locations. Therefore, only null frequencies and not sink frequencies are
predicted,

As will be demonstrated later in this chapter, a necessary condi-
tion for the extraction of some reactor parameters by the two-mode expan-
sion approximation is that the measured coherence function exhibits a
sink or null frequency. The detector pair placement and reactor charac-
teristics which are necessary for the coccurrence of this sink or null
frequency have only been studied in a qualitative manner. Therefore, a
quantitative description of the null frequency conditions is undertaken
in order to establish criteria on core characteristics and detector pair
placement which are necessary for the inference of the eigenvalue separa-
tion, neutron generation time, and the effective delayed neutron fraction.

Null Frequency Conditions

In order to understand the physical significance of a null frequency
it is informative to investigate the shape of the two-mode expansion
approximation of the cross-covariance (equation (3.29)) for short detector

gate times
¢V x = Y ) (x.) (5.12)
i*7 L k|
det-i det-i

Coowéa)(xi)ﬁgz)(xj)eNOT C11¢§2)(xi)¢fa)(xj)euhT
| = .

1.

- 2(”1

-3
W
<
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From equation (5.12) it is seen that the creoss-covariance is the sum of
two exponentially varying terms. The first term on the right-hand side
of equation (5.12) is always positive because Cy, and the fundamental
thermal group eigenfunctions are everywhere positive. The second term on
the right-hand side may be positive or negative depending on the detector
pair locations. This comes about because, even though C,, is always posi-
tive, the first harmonic thermal eigenfunction may be positive or nega-
tive, In fact, if the two detectors are located on opposite sides of the
core centerline, the second term will always be negative.

Consgider the case of symmetrically placed detectors where

6 =4 ) (5.13)
and
K@) = P (5.14)

Equation (5.12) may therefore be written

@
PR IDINCS (5.15)

=,2) _ N
¢ (xy5-x,T) = )
det-1i det-j

{cootwéz’(xi>13~=--""°'r 621 4 x) 17
X

- 2w, ) -~ 2wy } ’

-1
Ity
<

The behavior of the cross-covariance for small lag times (1 2 10
ms) is of particular interest in reactors which have a relatively small

eigenvalue separation (in this case, both the SHA Core 35A' and ARK). If
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the detectors are located in appropriate symmetric places, the cross-

covariance will increase for very small lag times and then turn over and

20,110,116,117

decrease for larger lag times. If it is assumed that the

slowing down time is very small, the reason for this behavior is that

011[¢§3)(Ki)]3 Coo[ﬂéz)(xi)]z
> . (5.16)
=20y - 2w

If the condition of equation (5.16) holds for the particular reactor model
and detector placements, the lag time where the slope of the cross-

covariance is zere (call it 1,) is seen to satisfy the condition

4

() (=)
dT C(Q,B) (xi:-xi’T) =0 = ? (xi) E\ (xj) (5;17)

T=To det-i det-j

Cll[¢§2)(xi)]aew1T° coo[¢§2)(xi)]2ew070
X { 3 - 3 } » To 20 .

Evaluating T from equation (5.17) yields

n a(a)(xi)

To = Wo -y ) (5.18)
where
(2) Cn['h(e)(xi)]2
a (xi) = @) . {5.19)
Coo[¢o (xi)]e

2
From equation (5.18), it may be reasoned that, if a( )(xi) is less than

one (making the logarithm negative), no increase in the cross-covariance
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will be seen with small lag times. Also, it may be reasoned that, as the
eigenvalue separation decreases, T, will increase. Generally speaking,

in reactors with small eigenvalue separations the texms Cpqo and Cyy are
about equal and, therefore, it depends on the ratio of ﬁfa)(xi) to ﬁéa)(xi)
in determining the sign of in a(z)(xi).

a(a)(xi) is plotted in Figures 58 and 59 for the SHA Core 35A' and
ARK, respectively, using lambda and modified omega eigenfunction expan-
sions. It is apparent from the figures that, for all symmetric detector
locations outside the graphite decoupling region in the ARK and about 20
em outside the poly decoupling region in the SHA Core 35A', a T, exists
(at least if the_two-mode model is valid). To for the SHA Core 35A%,
with detectors located near the edge, has a value of about 1.5 ms and for
the ARK, with detectors just outside the fuel region, a value of about 2.3
ms.

Depending on the value of a(a)(xi), the cross-~covariance (C(B’a)
(xi,-xi,T)) will have different values at T =0, If a(a)(xi) is equal to
w, /Wy, the cross-covariance will have an initial value of zero, increase
up to T,, and thereafter decrease for larger values of T,

Looking at the null frequency condition of the two-mode coherence
function approximation of equation (5.11), for symmetric detector loca-

tions

Il
o

R(a’a)(xi,-xi,m) (5.20)

null

~ Coo[¢§2)(xi)]2 011[¢fa)(xi)]a

- - L]

2

F= R 2
W~ W w, ~H null

null
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From equation (5.20), the null frequency condition may be obtained

UJ12 - a(a)(xi)wﬂa

w?

null , (5.21)

a(a)(xi) -1
where a(a)(xi) is required to fall within the limits

1< a(e)(xi) = (0, /wo)? . (5.22)
It is observed that, if a(z)(xi) is less than one, only inflection points

will be manifest in the coherence function curve.

It is of interest to note the relationship between T, and w

null’
2
The closer the spatial weighting term a( )(xi) is to unity, the smaller
2
Te and the larger w11 become. The opposite is true as a( )(xi) increases.

1f a(a)(xi) is kept constant, then as the reactor becomes more loosely
coupled T4 increases and ® 11 decreases. This was observed indirectly
by Nagy and Danofsky26 as they varied the graphite decoupling region in
an Argonaut type reactor at lowa State University.

For asymmetric deteétor locations, the two-mode approximation is
similar'to the symmetric situation but with a different relation for the
spatial weighting texm
w2 - 3(3)(Xisxi)wb2

2 _
®hull T

, (5.23)
a(z)(xi,xj) -1

where
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@) ‘011¢§2)(x-)¢§2)(xi)
at T(x;.x,) = @) OPENE (5.24)
Coo (x; )% (xj)

The conditions on a(z)(xi,xj) are

a(a)(xi,xj) S (o /wg)? - (5.25)

In these two-mode approximations, only null frequencies (zero co-
herence) and not sink frequencies (minimum coherence) are generated for
asymmetric detector locations. As seen in the exact solution, this is
not the case in actual fact. However, the two-mode approximation will be
fairly good when the phase angles are small (as in the SHA Core 35A!
example, but not in the ARK model}.

Reactor Parameter Extraction Methods

Methods by which the eigenvalue separation, effective delayed
neutron fractionm, and neutron generation time may be extracted from inter-
pretation of the measured coherence function are developed in the next two
sections. The relation between the methods using the coherence function
and MCC is also demonstrated, As stated earlier, a necessary condition
for these methods to be applicable is that the measured coherence function
exhibit a sink or null frequency which can be associated with the inter-
ference of the first two decay modes.

Eigenvalue Separation. The first eigenvalue separation is defined

ags the difference between the reciprocal of the first and fundamental

lambda eigenvalues
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ACL/RY) = (U/a - 1) (5.26)

Assume that the relation

1-B - 1/n
W = —— m=0,1, (5.27)
Apm

is wvalid. w is the mth order modified omega eipgenvalue, lm is the mth

order lambda eigenvalue, and j\mm is a quantity related to the neutron
generation time (see equation (C.10)). How well the relation in equation
(5.27) holds depends on the extent of departure of the lambda modes from
the finality property, as mentioned earlier. Equation (5.27) will be a
good approximation in the case of the SHA Core 35A', but not too good for
the ARK. It should be noted that, for the point reactor case, equation
(5.27) reduces to the familiar equation relating the prompt neutron decay

counstant (Wy) to the effective multiplication counstant

K _.-1
33 St -
1B - 1/ Reif _ Kge(1-B) - 1
Wy = n = = 7 . (5.28)
o0 Aoo

where £ is the thermal neutron lifetime.
If the reactor is relatively loosely coupled and if the wbahl and
wjh' operators are small relative to the absorption operator, then to a

good approximation

Aoo = Ay, . (5.29)
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Once again the validity of the approximation in equation (5.29) depends
on the finality properties of the lambda modes.

The extent or lack of validity of the above assumptions is readily
demonstrated in Tables 9 and 10, lm and w are the calculated lambda and
modified omega eigenvalues using the method of Appendix F. The assump-
tions stated in equations (5.27) and (5.29) are excellent in the SHA Core
35A', but only fair in the ARK.

Using the above assumptions, a relation between the eigenvalue

separation and the modified omega eigenvalues can be derived

ACL/Ry) = 1/A; - 1/ho = (1-B -~ wy Aqy) - (1-B - wp Ape)  (5.30)
= (@o-01) Aoo = (0 -0g) (B1La = 1)
- (- 55) (252) - @ (232)
= (B - = o) = B-o) (B52)

eff

For symmetrically located thermal neutron detectors located within
a gymmetric reactor, the low frequency asymptote of the two-mode expansion
approximation of the coherence function (equation (5.11)) is

R(a’a)(xi,-xi " ) = (5.31)

small

Coo 4P )12 ¢y WD () 1P
, we® ) w, ®
Coo[¢§2)(xi)]2 + 011[¢§2)(xi)]2

We> Wy ?

{continued)
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@ /00)? - a®) x,)
@ /00)® + 2 x)

0opary < luol < lonl -

small

Table 9, Calculated Terms for Some Expansion Modes
of the SHA Core 35A°

m (keff)m Am(p,s) wm(sec-l) wr}:l(sec'l)
0 0.9998 69 -115 -116
1 0.9938 68 -205 =206
2 0.8426 85 -2172 -22849
3 0.8270 83 -2601 ~2614
4 0.6577 111 -4237 ~475¢%
5 0.6391 107 -5173 -5350

The following notations apply to the column headings in both Tables

9 and 10.
(k ..) =) = calculated lambda eigenvalue {Appendix F)
eff’p m
< _‘ﬁh,?'li;l >
A= ™ m

mm gt N Jond

_ < q;m,ﬁ v, >
w, = calculated modified omega mode eigenvalue (Appendix F)

. 1B - 1/>\m

n Amm

£
i
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Table 10. <Calculated Terms for Some Expansion Modes

of the ARK
-1 s -1
m (keff)m Am(us) ® (sec *) mm(sec )
0 1.0000 148 -42.2 -54.1
1 0.9573 113 -351 -466
2 0.3624 663 -618 -2666
3 0.3381 477 -724 -4120
4 0.1127 1883 977 4185
5 0.1066 1379 -1252 -6083

Equation (5.31) may be rearranged to give the following expression

(=) (z,2) '

2> (x.)[1 + R (%, ,-%, ,0 ]

Wy =n i i i’ small

;}0 = -1, (5.32)

1 - R(a’g)(xi,-xi,w )

small

Combining equations (5.32) and (5.30), an expression for the eigenvalue

separation is obtained

acz)(xi)[l + R(z’a)(xi,-xi,wsmall)]

8L/%y) = @) { -1} . (5.33)

: (,2)
l1-R (xi"xi’wsmall)

In a similar manner, Rydin et a1.20 have derived an expression for ﬁ(l/Kl)

in terms of the MCC (see Appendix A)
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1.
*) (x,) [1 + McC (x,,-%; ’Tplateau) ]

- 1}, {(5.34)
- MCc(xi’-xi’Tplateau) '

B[R = B-p) {\/L

where T is defined as the value of T when
plateau
1 - ewnTplateau
<< 1, n=10,1. (5.35)
w T
n plateau

The equivalence between the coherence function and modified coefficient
of correlation method of measuring the eigenvalue separation is observed
in equations (5.33) and (5.34). It is apparent from equations (5.33) and
(5.34) and by the correlation function method of Rydin et al.20 that, by
measuring the noise characteristics in reactors with small eigenvalue
separations, A(1/K;) may be inferred if B, p, and a(z)(xi) are known.
The same type of analysis may be carried out for asymmetrical detector
locations by replacing a(z)(xi) by a(e)(xi,x ). The accuracy of this
latter method will be reduced somewhat because the two-mode expansion
approximation does not admit imaginary components of the coherence
function.

As mentioned in the previous paragraph, in order to obtain A(1/K;)
from noise measurements either in the time or frequency domain (equations
(5.34) and {5.33)), the values of E, p, and a(z)(xi) must be known. (It

is assumed that R(xi’xj’wsmall) and MCC(xi,xj,T ) are measurable.)

plateau

B is usually calculated using a static diffusion theory computer program

and p is measured using the standard relationship
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=B — ___‘“o__)

= B(l T eritical/ ? (5.36)
Wy :

where wgrltical is the critical prompt neutronm decay constant and w, is

the suberitical prompt neutron decay constant. The prompt decay constants
may be obtained in frequency domain noise measurements by locating one
detector at the core center and observing the break frequency in the CPSD
curve. A similar procedure may be carried out in the time domain to ob-
tain the prompt decay constants. The spatial weighting term a(a)(xi) may
either be numerically calculated from its definition (equation (5.19)) or

may be inferred from moise experiments from the following equations

1
R(B !8) (xi’_x

a(a)(xi)= ; (5.37)
) ’m
1 - z(wo/wnu1l)a 1 small

(2,=2)
1-R CIPECIRL Y

derived using equations (5.21) and (5.31), or

2
a(z)(x ) = LY Mcc(xi"xi{ER}ateau)][l - Mcc(xi"xi’rsmall)] (5.38)
i 1 - Mcc(xi’-xi’Tplateau) 1+ Mcc(xi’-xi’Tsmall)
where Tsmall implies that

T a1p®) <1, n=0orl. (5.39)
Equation (5.38) was obtained by observing that, in the two-mode approxima-

tion
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MCC T = Gnl/wO)a _ a(a)(xi) 40
(Ki’-xi’ Plateau) B (W, fg)? + a(z)(xi) ’ (5.40)

and
_ W, /wg) - a(z)(xi)

(g fwg) + a(a)(xi)

MCC (x, ,-x, ,T . (5.41)

small

Using the experimentally inferred values of a(a)(xi) is preferred when
not very much is known about the syséem.

Of course, if it is possible to extract w, from the noise data, as
done by Burke at al.,zo then equation (5.30) may be used direetly to deter-

mine A(1/K,)
bafk) = G- (B7) . (5.42)

However, it is not always possible to determine w, with any great accuracy.

Effective Delayed Neutron Fraction and Neutron Generation Time.

Combining equations (5.33) with (5.36} and (5.34) with (5.36) yields the

following relationships

B = —‘&-%L_—_ (5.43)
L a™ ‘(x,)[1 + RV’ T (x,,-x,,® )]
(wo/mgntlcal){\l i = .i i’ small’” 1}
l1-R" (xi’-xi’wsmall)
and
3 = ——— A0L/%) — N E RN
(o wgritical){ (xi) 1+ Mcc(xi’-xi’Tplateau) . 1}

| I MCC(xi,-xi,T )

plateau
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The eigenvalue separation in the numerator of equations (5.43) and (5.44)
may be calculated using any static diffusion theory code (e.g., EXTERMI-
NATOR) without prior knowledge of E. However, it is difficult teo calcu-
late the eigenvalue separation accurately when this value is small.l52
The denominators of equations (5.43) and (5.44) are entirely experimentally
determined quantities. As a consequence of this, E may be determined in-
dependentiy of Agqe, the neutron generation time, using either equation
(5.43) or (5.44).

Once E has been determined, it is an easy matter to detemmine Agq

by use of the equation
Ao = B/wg - (5.45)

Therefore, B and A,, may be determined independently of each other using

a combination of analytical and experimental techniques.

Discussion

It was shown that, if the measured coherence function exhibits a
null or sink frequency and if the two{w or \) mode approximation can de-
scribe well the overall shape of the measured coherence function, then
much quantitative ipsight may be gained into the reactor dynamic charac-
teristics. It has been assumed that the measured and exact solutionm of
the coherence function demonstrates good agreement. This is a good as-
sumption for the cores studied, as will be seen in the next chapter. The
two-mode approximation was particularly well suited for the coupled cores
studied. However, in general the two-mode method will not produce good

tesults. The advantage of the two-mode method over the exact solution
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lies in the observation that the insight does come in a quantitative
rather than a qualitative sense. That is, in the two-mode method,
relatively simple mathematical relations were developed which establish
the reactor and detector conditions needed to describe the coherence func-

tion and to extract the reactor parameters.

j,uﬂl

was excellent for all detector pair locations and frequencies studied in

2,2
The multi-mode expansion approximation of the exact lR( ? )(xi,x

the SHA Core 35A', but only fair in the ARK. The same conclusion held

for the two-mode approximations, but in this case the detector locatioms
must be outside the decoupling regions and the frequency must be less than
or equal to the sink or null frequency. The 2w mode approximation was
much better than the 2\ mode in the ARK, Modal approximations of
\R(l’l)(xi,xj,w)| and R(l’a)(xi,xj,w)l, as in the exact solutionm, were
very similar with the modal approximations of IR(Q’Q)(xi,xj,w)l .

Multi-mode computations of the various phase angles were very poor.
The reason for this is not understood. It may have to do with the fact
that the phase angles are generally small, as seen in the last chapter,
and therefore difficult to predict with modal approximations. If there is
any appreciable error in the construction of the eigenfunctions, it is
magnified in the phase calculations. This comes about because the phase,
in the modal approximation, results from a difference of terms rather
than a sum.

The two-mode approximations result in real rather than complex
coherence functions for asymmetrically located detectors. Although this
is certainly a deficiency of the method, it does not result in very large
(2,2)(

errors in estimating the exact |R

xi,xj,w)| because the phase was
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generally small up to and including the sink or null frequency. Because
this method produced real coherence functions for all detector locations,
only null and not sink frequencies were predicted.

The shape of the exact \R(a’z)(xi,xj,w)l for various core and de-
tector conditions was easily interpreted using a two-mode expansion ap-
proximation. It was seen from equation (5.11) or (5.20) that sink or
null frequencies may be pictured as resulting from the interference ef-
fects of the fundamental and first harmonic¢ prompt neutron decay modes.
These decay modes are excited by the particular spatial distribution of
the stochastic scurce and core coupling characteristics. The relative
weight of each mode is a function of the locations of the detectors. The
two-mode approximation of the coherence function absglute value for

symmetrically placed detectors takes on the form

w, 240

0~ +W

- a(a) (xi)

|R(2 32) (xi’_xi ,U)) l —

P . (5.46)
Ehgfﬁé-+ a(z)(xi*
We

It was seen (equation (5.22)) that it was necessary that the spatial

weighting term, a(z)(xi), have a value greater than one in order to pre-
dict a null frequency. For the two coupled core reactor models studied,
this requirement implied that the detectors could be placed anvwhere ex-
cept near or within the decoupling regions. Also, according to equatiom
(5.46), as 3(2)(xi) increased (for larger detector separations), ®

null

decreased, Finally, if ﬁ(l/Ki) increased (wi/@o increased) so did W 11

for some given detector pair arrangement. All these quantitative ohserva-
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tions were entirely consistent with the qualitative conclusions using the
exact solution.
(2,2)
The reason why lR (xi,-xi,uol decreased with increasing detece-
tor separation below w

null

may also be easily explained using the two-mode approximation.

and increased with increasing separation above
“hull
Suppose that xj > %, The ratio of the coherence functions at these two

detector separations is

@, 2 40P s w0, 240? @)
lR(z ,2) (xi . ‘xi ,w) l moawﬁ 4 (xi) wOZ i F + a (xj)
= . . (5.47)
lR(S’a)(xj,-xj,w)| 91;-—; - a(a)(xj) 91;192 + 3(3)(Xi)
We 2+ Wo =+

@) ¢

2
Remembering that a( )(xi) < a j) for the reactor models studied and
that both spatial weighting terms are near unity, it is apparent that the

ratio in equation (5.47) is greater than one below w and less than one

ull
above w 11 These results are also consistent with the exact solution
observations., The same type of reasoning may be applied to asymmetrically
located detectors.

Methods have been developed, using the two-mode approximations,
whereby the eigenvalue separation, effective delayed nmeutron fractiom,
and neutron generation time may be inferred by proper interpretation of
the measured coherence function or modified coefficient of correlation.
The accuracy in determining A(l/Ki) depends on how well the 2\ mode ap-

proximation describes the measured coherence function. This accuracy

tends to increase the more loosely coupled the core becomes. The accuracy
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of the P and Ay determinations appear to be poor for either very tightly
or very loosely coupled cores. In other words, there appears to be an
optimum eigenvalue separation with regard to the accuracy of the B and

Agy determinations.
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CHAPTER VI
INTERPRETATION OF THE NOISE EXPERIMENTS

To verify the validity of the theoretical development and to
provide measured coherence functions for the reactor parameter extraction,
noise data from two separate nuclear laboratories were used. Frequency
domain measurements of the coherence function for the tightly coupled ARK
reactor were carried out by Seifritz and Albrecht28 at the Institut fur
Neutronenphysik und Reaktortechnik, Kernforschungszentrum Karlsruhe, West
Germany. Time domain noise measurements were undertaken by Burke et al.20
on several loosely coupled cores including the SHA Core 35A' at Knolls
Atomic Power Laboratory (KAPL) in Schenectady, New York, as part of a
space-time kinetics program.29

Because time domain data were not available for the ARK reactor,
it was necessary to Fourier transform the KAPL data to compare character-
istics of the two reactors in the frequency domain. This chapter is con-
cerned with the method used to Fourier transform the KAPL noise data, the

results of this procedure, and the values of several reactor parameters

which may be inferred from these noise measurements.

Fast Fourier Transformation Procedure and Results

The experimental arrangement used to take the SHA Core 35A' noise
data consisted of two boron triflouride detector banks located at opposite

ends of the reactor which were connected to a multiscaler set in the time



116

mode. Conventional low-noise amplifier systems were used, with one ps
double-delay-line pulse differentiation. Discriminator windows were ad-
justed to detect approximately 95% of the pulse-height distribution with
the lower level set about four times higher than the maximum observable
system-noise pulses,

Time histories for the two detectors were recorded by a 4096-channel
multiscaler time analyzer (2048 channels for each detector) and written
on magnetic tape., Pulses from both detectors were fed to 10 Mc scalers
for a fixed detection time interval or gate time (T), which was varied
from one ms to 100 ms. The storage time between gates was 40 us. Count
losses were minimized (held to less than 1%) by maintaining the detector
count rate below 2000 cps. Some 20 to 40 time histories were obtained
for a given run and were identified on tape by a unique tag word., Sep-
arate runs were usually made using 1, 3, 10, and 100 ms gate times at one
statjonary subcritical condition. Measurements were repeated for several
slightly subcritical positions.

Reactor noise data were obtained for four differemt cores, each
bisected by a decoupling region counsisting of a few inches of polyethylene.

105,106

Core 38B was constructed with SHA-II type fuel and had a four inch

polyethylene decoupling region. Cores 354, 35A', and 39 were constructed

with SHA-I type fuel'?”:106

and had 4, 5, and 3 inch decoupling regions,
respectively.
Data tapes generated by the analyzer were then stored in a different

format by the KAPL CDC-6600 computer. The CDC-6600 has a 60 bit word

length and writes on tape in physical records of 512 words each. The con-
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tents of the CDC tapes were copied onto separate tapes and sent to Georgia

Tech for frequency analysis.llB A FORTRAN IV program using UNIVAC-1108

NTRANH9 options was constructed to read the CDC data tape and comvert to
UNIVAC-1108 36 bit word form. The average detector count rate for each
run was computed and subtracted from the raw data. This left only the
fluctuating portion which was added channel for channel for all the data
dumps within a run. The composite of 4096 channels of noise data were

Fast Fouriler Transformed (FFT) using a program writtem by J. M. Reynolds.]'20

A detailed description of the FFT method presented by Reynoldslzl is re-
produced in Appendix G.

The FFT routine produced detector averages, variances, APSD, CPSD,
transfer function magnitude and phase, coherence function, and auto- and
cross-covariances on all SHA core data (over 10 million data words) in
about one hour of UNIVAC-1108 computing I:irne.]'50 To obtain the correla-
tion functions and spectral densities by conventional means would have
taken nearl& 40 hours on the UNIVAC-1108.34 The relatively small FFT
computation time strongly suggests the possibilities of on-line use.
This has already been undertaken by Kryter122 and recently applied to the -
determination of the void fraction in fuel salt in the Molten-8alt Reactor
Experiment at Oak Ridge National Laboratory.123’124

Results of the KAPL data computations for the absolute value of the

modified coherence function are given in Figure 60 for the four SHA cores.

The modified coherence function is similar to the coherence function ex-
cept the mean detector count rates have not been subtracted from thea

APSD's in the denominator. Detector gate times used in the FFT analysis
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were 3 ms. From Figure 60 it is seen that, for SHA cores with type-I

fuel {(cores 39, 35A, and 354'), as the width of the polyethylene de-
coupler is increased (eigenvalue separation decreased) the null frequency
and.low frequency coherence function decrease in accordance with equations

(5.21) and (5.31), respectively.

Reactor Parameter Extraction and Results

To extract reactor parameters from the digital SHA noise results,
it was necessary to investigate the two-mdde expansion approximation of

the modified coherence function for symmetrically located, point, thermal

neutron detectors
2.2
MR( * )(xi?-xi ?T’w) E (601)

Coo 47 e 12600 (M G123 ) 1261, (@

W2 +w? Wy %+

(2) . (=) '
BiDFT[é(%?T)] , Cool o (xi)]EGOQ(T) . Cyq L4, (xi)]3G11(T)

wg= +o® Wy © +u?

where

. w,T
GYo (T) = 2{waT+1l-e"°27) , (6.2)

(weT)?

n

2(w1T+1-ewiT)

G, (T) = (wlT)z * (6.3)
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and DF QL%?ELJ is the digital Fourier transform34 of the trivial detec-
tor response correlation function éﬁ%fll (see equation {3.9)). DFT éigfll]
has a value of one for frequencies below the Nyquist frequency.34 Using
this fact and performing some algebraic manipulations, the modified co-

herence function may be expressed in simpler form

MR ’2)(xi,-xi,T,w) e[(—’—i - a(g)(xi,T)] (6.4)

We 2 +®

(G20) [l (8258) O g ] (B2 L P,

W ?

where NR, the trivial noise ratic, is defined as

Dy

5, CooBo (MNP )12 €1368, (M43 (xp) 1°

i woz wlz

NR

(6.5)

and the combination spatial and detector gate interval weighting function,

(=) .
a (xi,T), is defined

. t 2) 2
2@, m = a® ) E;L(T) C“["' G 6y, (1) (6.6)

N I N

The trivial noise ratio is evaluated by finding the high to low
frequency asymptote ratio of the APSD. The APSD's for the four SHA cores
are presented in Figure 61 together with the NR value for each. It should

be noted that the modifiel coherence and the coherence functions would be
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identical if the trivial noise ratio was zero and the detector gate times
were small (i.e., Ion‘ < lw1T| << 1), The trivial noise ratio temnds to
have a degrading effect on the extent of coupling between the two detec-
tors.,

Uging the values of the modified coherence function at low fre-
quencies and the conditions at the null frequency, expressions for
a(z)(xi,T) and a(l/Ki) may be obtained in 2 manner similar to that pre-

sented in Chapter V¥

) -17 . (6.8)

X, =X, ,T,n
(1’ 19 3

@ 1 6.
at T(xg, T = 1 - 2(ay/ )[ R )(xis-XisT"Es_méll) $EP
- 2{w
o/%aull NR - MR 2:2) (x;,-x,T,000)
and
( ) ( 3 2) '
(x ,T) [ 1-NR+MR (K »=X.,T,0 oy
AL/R) = @B-p) {\/ el

NR - MR small)

It should be noted that the method developed in the last chapter
for extracting reactor parameters is directly applicable to the analog
ARK data,28 but must be modified as shown in equations (6.7) and (6.8)
to be useful for the digital KAPL data. The reason for this is because,
in the analog techniques, the detector response intervals (T) are in-
herently small. Another way of saying this in the frequency domain is
that the detector’s response curve is flat up to high frequencies, In
addition, the manner in which the ARK data were presentedz8 accounted
for the subtraction of 31 (trivial detection rate) from the APSD. There-

fore the normal coherence function can be used directly for the ARK cal-
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culations, but the modified coherence function must be used for the SHA
calculations.

Measured and exact solutions of the absolute value of the coherence
function for two thermal neutron detectors symmetrically located in the
graphite reflector near the edge of the core region for the ARK are pre-
sented in Figure 62. Measured and exact values agree well with each
other for frequencies below and including the null frequency, but not
well above the null frequency. One possible reason for this higher fre-
quency disagreement may be due to the inability of the one-dimensional
exact solution to take into account higher order axial buckling of the
axial flux shape. (Of course the same will be true of the modal approxi-
mations.)

A similar graph for the SHA Core 35A' could not be undertaken be-
cause of the inability of the exact solution to take into account the
detection time intervals and the noise ratio needed for an exact and ex-
perimental comparison. However, because of the good low frequency agree-
ment between the exact solution and experimental results in the ARK, it
is conjectured that the exact solution would be valid for the SHA noise
data if they were taken by analog techniques. Once this reasoning is
accepted, it is easily concluded that the twe mode approximationm is valid
for the SHA digital noise results.

A summary of the noise results, both calculatiomal and experi-
mental, for the four SHA cores and the ARK, is presented in Table 11.

The descriptions and methods used in arriving at the results of Table 1lla

are given in Table 1l1b.
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Table 11. Summary of the Noise Results (Section a)
SHA SHA SHA SHA ARK Comment
Core Core Core Core #
354" 354 39 38B
p, % AK/K -0.043 -0.043 -0.043 -0.086 0.00 1
(®,2)
MRE 7G5 % B T0 0 001)
ot J . 0.41 0.56 0.75 0.66 0.942 2
R(B’a)(x X, ,W )
i’7j° small
wg, sec” -127 -112 -130 -330  -42 3
w,, sect -200 -250  -360 -850 -351 4
(w, q1q)cale, sec t 450 610 660 1920 1000 5
(w_ ,,)meas, sec ! 520 600 900 2500 730 6
NR 0.088 0.100 0.092 0.174 0.013 7
acz)(x T) or a(g)(x ) 1.09 - - -- 2.00 8
w i? w i ’ *
) () 1.03
a'{\ (xi:T) or a?\ (xl) - - - 2-00 9
a1 oor a® ) 1.11 1.13  1.25  1.16 1.12 10
exp 1 exp i
A(1/K )ecale, % MK/K 0.59 -- e - 4.30 11
5(1/K dw, % AK/K 0.57 -- -- -- 4,60 12
ACL/R N, % AK/K 0.53 -- -- -- 4.60 13
A(1/Ky)exp, % AK/K 0.58 0.99 2.15 1.93  3.28 14
a(1/K,)MCC, % AK/K 0.48 0.79 1,78 1.44 - 15
A(L/K,)meas, % MK/K 0.52 0.97 1.46 1.36  4.71 16
B cale 0.0078 0.0078 0.0078 0.0078 0.0076 17
B exp 0.0079 -- -- -- 0.0084 18
Ay, us 69 - - -~ 156 19
Ay, us 69 -- -- -- 148 20
A 62 -- - -- 200 21

exp, Ws
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Table 11, Continued (Section b)

17. Effective delayed neutron fractions for the SHA cores given in Ref-
erence 20 and for the ARK in Reference 107.

18. Inferred B using equation (5.43) for the ARK and its equivalent for
the SHA Core 35A',

19&20. Generation times, JAOO, calculated using equation (C.10) for the
modified omega and lambda modes, respectively.

21, FExperimentally inferred generation times using equation (5.45) with
observed wys of comment #3.

Some of the predicted conclusions of the previous chapters are
clearly indicated in Table 1l1. As the eigenvalue separation increases
(SHA Core 35A' < 35A < 39) for a given type of core and detector separa-
tion, so does the measured low frequency coherence function and null fre-
quency. In addition, the accuracy in the ability to infer experimentally
the eigenvalue separation, effective delayed neutron fraction, and genera-
tion time decreases with increasing &(l/Ki).

The noise ratio (NR) is much smaller in the ARK than in any SHA
core. This is most likely due to the good statistics and the inherently
short equivalent gate times (T) which were involved in the analog measure-
ments. However, analog measurements generally take much longer to perform
than digital. It should again be mentioned that the NR was already taken
into account in the presentation of the coherence function results of
Seifritz and Albrecht.28

Experimentally determined values of the spatial weighting term,

a(z)(xi,T) or a(a)(xi), agree well with the calculated values in the SHA
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Core 35A', but not in the ARK. The calculated values for the ARK case

are probably better than the experimentally determined values. The reason
for this may be seen upon inspection of equation (5.37). When the low
frequency coherence function is mear unity (as in the ARK case), the ac-
curacy in determining a(a)(xi) experimentally therefore decreases,

There tends to be good agreement between the several methods of
determining b(l/Ki) for eigenvalue separations below 1% AK/K. Above this
value, agreement is not very good. Assuming that the correlation function
method, &(I/Ki)meas is the better method (since it is the most direct in
uging the physical observables, w, and w,)}, then it appears that the
a(l/Ki)MCC method is better than any of the coherence function methods

presented in this work when A(1/K,) is greater than about 1% AK/K.

Discussion

The methods which were developed for extracting reactor parameters
from noise data have been applied in this chapter with general success.
For analog moise data, the methods developed in the last chapter could
be used directly. However, for the digital noise data, these methods had
to be medified somewhat.

Several of the observations about the nature of the coherence func-
tion discussed in the previous chapters were confirmed by the measurements.
Specifically, it was found that the null frequency and low frequency co-
herence function increase as the eigenvalue separation increases. Also,
the accuracy in inferring the eigenvalue separation, effective delayed
neutron fraction, and neutron generation time from noise data decreases

with increasing a(l/Ki). Finally, it was observed that the phase was zero



129

for the symmetrically placed detectors used in the measurements.

It was found that, in the digital coherence function ncise methods,
care must be exercised in keeping the spatial weighting term greater than
one and the trivial noise ratio small, The trivial noise ratio is a
measure of the trivial correlation to total correlation of a detector,
The best way to satisfy the above two requirements is to keep the detec-
tion time interval (T) short. The 1 ms data of the KAPL data were not
useful, however, because of the low statistical accuracy. This could
have been alleviated if more moise records were taken at this channel
time width.

The experimentally determined spatial weighting functions could
be evaluated well only for loosely coupled cores. Otherwise it is more
advantageous to calculate them directly from the definitions. There is,
however, cne sxception to this rule. When the detectors are located in
places where the fundamental and first harmonic eigenfunctions are small
(i.e., near the core edges), the calculation of the spatial weighting
function will be subject to rather large error. In these cases, the
experimentally determined spatial weighting is best to use for the ex.
traction of the reactor parameters.

It appears that the best method to use to determine the eigenvalue
separation from noise data is the correlation function approach of Ref-
erence 20 (i.e., ﬁ(l/Ki)meas)° Using this method, the fundamental and
first harmonic prompt decay constants (wy and uy) are inferred from the
auto- and cross-covariances and used to calculate a(l/Kl) directly from

equation (5.30). However, it is not always very easy to determine w,
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from the noise data. The accuracy of this determination decreases as the
eigenvalue separation increases. Nevertheless, with certain detector
locations, it may be possible to accurately extract ®, from noise data
even for tightly coupled cores.

Assuming that the best value of the eigenvalue separation is given
by ﬁ(l/Ki)meas, it appears that the MCC method of Reference 20 is superior
to the coherence function methods {(i.e., ﬁ(l/Kl)w, a(l/Kl)l, and &(I/Ki)exp)
when A(l/Ki) is greater than about 1% AX/K. The good agreement of the MGC

method with A(1/K;) in this range of eigenvalue separations may be

meas
fortuitous however, That is, there is no reason in principle why
ﬁ(l/KI)exp and &(I/Ki)meas should not be identical (within experimental
error), because they both were obtained entirely from experimental ob-

servables. (It is noted that &(I/KI)MCC, A(l/K1) and f!\(l/l(.l)?L were

w,
obtained from a combination of experimental observables and computed
quantities. In these cases, B(I/Ri)MCC of Reference 20 was most likely

better because the reactor modeling was better.152’l53

) It would have
b&en of interest to obtain A(1/K,) using the MCC method of equations

(5.34) and (5.38) and compared it to the A(L/Ky) and 8(L/Ky),, values.

meas
In this case, the three different methods would have been on an equal
footing.

In order to extract E and Ay, from noise measurements, it is
necessary to numerically compute a(l/Kl). This becomes more difficult
as the eigenvalue separation becomes small, It should also be pointed

out that, conversely, when the eigenvalue separation becomes large,

though it is easy to compute ﬁ(l/Ki), the accuracy of the E and Ay,
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determinations will be poor, This happens because the two-mode approxi-

mation is not valid for large A(1/K,).
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CHAPTER VII
CONCLUSIONS

The purpese of this work was to develop and apply methods through
which some dynamic parameters of coupled core reactors could be inferred
from noise measurements. In the process of the investigation, it was
necessary to construct an exact, one-dimensional, two-group solution of
the neutron noise coherence function. This exact solution was used to
see how the shape of the coherence fumction changed with varying core and
detector conditions when experimental results were not available. The
exact solution agreed well with what data were available. A qualitative
understanding of the nature of the coherence function was gained using
this exact solution.

Methods used to extract the reactor parameters were derived from
the techniques of modal approximations. A specific case of the modal
method, called the two-mode approximation, was used in this work. The
two-mode approximations of the coherence function agreed well with the
exact solution., Criteria on detector and core conditions needed for accu-
rate inference of the reactor parameters were established using the two-
mode method. In addition, the two-mode approximations yiéld some quan-
titative insight into the nature of the coherence function for varying
detector and core conditions.

6,31

Starting with a general formulation of the covariance, the

interrelation between several common time and frequency domain noise
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techniques was demonstrated. These techniques contained the space-~ and
energy-dependence in a continuous form, embodied in the Green's or trans-
fer function. Modal approximations of the noise techniques were shown to
arise from the particular modal form which the Green's or tramsfer func-
tion was approximated. Since the objectives of this work were to develop
methods to infer some global reactor parameters and to maintain the capa-
bility of extension to two-dimensional, multiregion reactors, the lambda
and modified omega eigenfunctions were used to approximate the space- and
energy-dependence of the Green's function. The point reactor noise formu-
lations result when only the first term in the modal expansion is retained.
The same amount of information is contained in both the frequency and time
domain noise techniques,

An exact solution of the coherence function was constructed by
solving for the two-group Green's function exactly in a one-dimensional
system. It was observed that the shape of the coherence function is a
complicated function of the frequency dependent mean free path length
between the two detectors and the spatial distribution of the stochastic
source. The frequency dependence comes about through the Fourier transform
of the time derivative in the neutron kinetics equations. This w/v term
acts as a frequency dependent 1/v absorber added to the static destruction
operator {(i.e., the absorption and leakage operators) in the Green’s func-
tion defining equations. This type of frequency dependence is also mani-
fest in the modal approximations of the coherence function, although it
is of a less obvious nature. In this case, the w/v term affects the shape

of the expansion modes which Gozani refers to as the kinetic distortion.]zS’l54
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A number of interesting characteristics of the coupled core co-
herence function were explained using the exact solution and/or the modal
approximations., The rather peculiar behavior of the absolute value of
the coherence function at some frequencies called the sink or null fre-
quencies, which are sometimes observed in coupled core measurements,
was adequately explained using modal expansion approximatioms. Null fre-
quencies are observed when detectors are symmetrically located and sinks
come about for asymmetrically placed detectors. Sinks or nulls were seen
to arise from the interference effects of the prompt neutron decay modes,
These decay modes are excited by the stochastically time varying inherent
neutron noise source, Their relative influence on the detectors are de-
pendent on the spatial distribution of the source, the location of the
detectors, and the degree of core coupling. The lowest frequency sink or
null was ascribed to the interference of the fundamental and first harmonic
prompt decay modes and the next lowest to the interference of the funda-
mental and second harmonic, etc. When both detectors were placed in or
close to the decoupling region of the coupled cores studied, low order
sinks or nulls were no longer observed in the exact sclution of the co-
herence function. In addition, as the detector separation was increased,
the low order sink or null frequency decreased asymptotically. These ob-
servations were simply explained using the two-mode approximations of the
cocherence function. Also, it was noted that the time domain equivalent
of a null frequency is a short rise in the cross«covariance for short lag
times.

Using qualitative arguments in conjunciion with the exact solution,
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the technique of determining the local thermal neutron lifetimes proposed
by Ackenmannlg was demonstrated to be valid only when the local neutron
leakage is small. Because the leakage is small in the center portion of
large regions, the Ackermann method will be valid there.

The coherence function phase angle, computed using the exact solu-
tion, tends to be smallexr at any given frequency in loosely coupled cores
than in tightly coupled ones. The reason for this most likely resides in
the fact that the magnitude of w/v relative to the destruction operator
is generally greater for tightly than for loosely coupled cores. It is
the magnitude of w/v relative to the destruction operator that determines
the magnitude of the phase for a given frequency.

It was observed in both the modal approximations and exact solution
that the magnitude of the low frequency {below the sink or null frequency)
coherence function decreases with decreasing eigenvalue separation. Also,
it was seen that the magnitude of the low frequency coherence function
decreased with increasing detector separations, and the magnitude increased
with increasing detector separations at high frequencies (above the sink
or null frequency). These effects can be explained by either the contri-
bution of the w/v absorption term or the relative contributions of the
expansion modes.

Methods were developed and applied whereby the inference of the
eigenvalue separation (&(I/Kl)), effective delayed neutron fraction dﬁ),
and independently the neutron generation time (1\00) from noise data was
possible subject to certain core and detector placement conditions. The

overriding condition was that the measured coherence function exhibit a
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sink or null frequency or the equivalent for time domain measurements. A
spatial weighting function, a(g)(xi), was defined using the two-mode ap-
proximation, whose purpose was to indicate what core and detector place-
ment conditions were necessary for the extraction of the reactor param-
eters. It was concluded theoretically that ﬁ(l/Ki),‘E, and Agy can only
be accurately inferred in loosely coupled cores for detectors located
external to the decoupling region. However, it was also concluded that
it would be difficult to infer B and Agp if the reactor was too loosely
coupled.

The noise methods were applied to extract 0(1/1{1), E, and Aoo
from ccherence function measurements on coupled core, zero power reactors
at Knolls Atomic Power Laboratory20 and the Karlsruhe Research Center.28
Results obtained using these methods compared favorably with time domain
experimental interpretations and with direct calculations. From the ex-
perimental results (see Table 11), it appears that the accuracy in deter-
mining‘g, A(l/Kl), and Ay, decreases with increasing eigenvalue separa-
tion. The reason for this most likely stems from the fact that the two-
mode approximation of the coherence function (or the time domain equiva-
lent) becomes worse for increasing eigenvalue separation. It was con-
cluded from the results of the experiments and calculations that the best
method to obtain reactor parameters by noise analysis is by using the lag

time correlation method of Rydin et a1.20
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CHAPTER VIII
RECOMMENDATIONS

Since this work was only concerned with one-dimensional (1D)
models, it would be of interest to extend the analysis to more realistic
2D models, Investigations of this nature would shed light on the effect
of the transverse dimension on the noise calculations. Although it is
difficult in general to generate the higher order 2D modes,126 it is
relatively straightforward to calculate the fundamental and first harmonic
lambda and modified omega modes using static diffusion theory codes
{e.g., EXTERMINATOR-IIBQ) for symmetric coupled core reactors. The method
of proceeding would be first to compute the 2D flux. This flux is the 2D
fundamental lambda eigenfunction and keff is the fundamental lambda eigen-
value Ag. The 2D fundamental modified omega mode would be obtained by
raducing the production operator by a factor of (1-3) and adding negative

absorption in the form w/v until the same k oo as the lambda calculation

f
is attained. Of course, for subcritical systems, keff will be less than
one. The first harmonic 2D modes (both ) and w) would be calculated using
152

the same procedure as above, but only using a quarter of the reactor.
That is, zero flux boundary conditioms on all sides of the quarter section
would be established., The computed flux shapes would be the first har-
monic modes and the keff of this quarter section would be the first har-
monic lambda eigenvalue XA;. It should be noted that it may be possible

to generate the higher 1D or 2D modes for symmetric or asymmetric reactor
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models uwsing EXTERMINA.TOR-II89 because of the negative flux option in

this code, which was used by Johnson and Macdonald.86’87

It would also be of interest to check the accuracy of the 1D

eigenvector and eigenvalue computations using schemes other than the cri-

127,128

tical determinate method presented in this work. The problem of

round-off errors on the zero-crossing of the determinate could be avoided

89

by using a static diffusion theory code such as EXTERMINATOR-II {(iterat-

ing to find the zero crossings in both the symmetric and asymmetric reac-

tor case), or by using a Wieland iteration scheme,129’130

126,131

or by use of
the S5tabilized March Technique. Using these schemes may also help
in eliminating the poor phase angle calculations involved in modal ap-
proximations.

The methods presented in this work may be casily extended to asym-
metric 1D reactor models. Although no experimental noise data are yet
available from asymmetric reactors, it would be appropriate to undertake
some calculations for such reactor models in order to give the experi-
mentalist a better idea of how to perform some experiments. Better phase
information would be forthcoming from such asymmetric reactor experiments,

Several interesting theoretical studies could be undertaken. In-
stead of starting with the diffusion equation, one could proceed from the
one-group Telegrapher’'s equation,s7 use a two-mode expansion approximation,
and reduce to the two-node form. From an analysis along these lines, not
only could the coupling coefficients but also the time distribution func~
27,28

tion could be calculated a priori.

If the 2D modal approximation methods are undertaken, an appropriate



139

2D exact solution of the neutron noise should be constructed to serve as
a standard of comparison. The 1D exact solution presented in this work
cannot be easily extended to 2D systems. However, Danofsky132 has used

133 to solve for the 1D co-

the space-time kinetics computer code WIGLZ
herence function exactly in a coupled core reactor. The same type of
procedure could be used to solve for the 2D coherence function exactly
using the 2D space-time kinetics program TWIGLl34 or some other standard
2D space-time kinetics program. It would be interesting to see if these
2D, exact, finite difference codes would predict the higher order sink

or null frequencies.

In the line of experimental work, both the GTRR and AGN 201 at
Georgia Tech could be used to obtain useful noise data both in the fre-.
quency and time domains. It would be of particular interest to vary the
split core configurations in the GIRR for various subcritical conditions,
This could be accomplished on the GTRR (a CP-5 type reactor) because of
the high photoneutron scurce which is fairly uniformly distributed and of
high intensity even in the far subecritical region. Interpretation of the
detector effects using the two-mode expansion techniques for various sub-
critical conditions may help to clarify some of the related problems being
encountered in the fast reactor work.135 Correlation between fast and
thermal neutron detectors may yield additional informationm on the wvariation
of neutron lifetime in different regions of the reactor.

In the work presented here, it was shown how the effective delayed

neutron fractionm (E) could be determined independently from the neutron

generation time (Ag,) with noise measurements. However, in this procedure
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it was necessary to numerically caleculate the eigenvalue separation
(A(1/Ky)). It was demonstrated that the accuracy in the determination of
B was optimum for & certain value of &(I/Ki), but decreased for larger
and smaller values of A(L/K;). The problem of calculating A(1/K;y) in the
E determination could be avoided by using the Ackermannlg method of deter-
mining the thermal neutron lifetime (f) independently of E. In this case,
£ could be determined entirely by experimental means and B could be deter-
mined from the expression‘g = ﬂmgritical’ where wgritical is the experi-
mentally observed critical prompt neutron decay constant. In this method,
E could also be obtained entirely from experimental observables., This may
be of some importance in determining the fraction of plutonium present in
a breeder reactor.

Finally, it may be possible to infer the wvalue of the capture to
fission ratio (&) from noise measurements by a modification of the Acker-

1 )
mann ? method. Measurement of the global o in a fast breeder reactor

would certainly be very desirable,
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APPENDIX A

BASTC RELATIONS OF RANDOM NOISE THEORY

Average or Mean

Suppose that one has an infinite number of identical reactors

which are monitored by an infinite number of identical detectors. Desig-

nate the ith detector response rate Iin the kth reactor at time t by Dik(t)'

The ensemble average of the detectors response rates at time t is
Ei
D, (t)
_ 1lim k=1 ik

<Di(t)> I (A.1)

For ergodic, stationary processes, the time average or mean can be sub-

stituted for the ensemble average

R

Lo dt D, (t)
- = - lim O
<Dy> = Di ERpee R - (A.2)

R is the record length of the measurement.

Variance
R th . s
The variance of the 1 detector response rate assuming erogodic,

stationary processes is defined as

R
J atlp,(t) - D. P
1im 0 . .

= 02 . oB
& (D,,D) = p = D - D] . (A.3)
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Covariance
This function is defined in a manner similar to the variance, but

with two rather than one detector

R _ -
dt[p, (t) - Di][Dj(t) - Dj]

R-vo R iP5 703 Dy -
The quantity DiDj is usually called the time averaged product density.6

Modified Coefficient of Correlation

This is 2 quantity originally defined by Harris et al.,59 which is
in effect a rationalized covariance
cz(Di,D.)
MCC(D,D,) = o . (A.5)

VTcz(Di,Di) . 5;][03(Dj,nj) - 55]

The modified coefficient of correlation tends to measure the global or
reactor wide departure from Poisson because the local variations are
divided out. It is for this reason that 1t is well suited for coupled

core noise investigations.

Auto-Covariance

The auto-covariance and variance are closely related

R
I dt[Di(t) - Di][Di(t+T) - Di] (A.6)
co.,p,,r) = im0
Rt R R
R
dt[Di(t) Di(t+T)]
- lim O - D2
R+ R i

(continued)
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= b
= Di(t) Di(t+T) - Di , TZz0,
= - .._2 =
C<D1’D1’T) —-Di(t T)Di(t) Di R T=0,

where T is the detector lag (or lead) time.

Cross-Covariance

The cross-covariance is closely related to the covariance

(t+7) - D, T, , T

c(,,D i D s

v
o

W

»T) Di(t) D (A.7)

A i

]

{t) - D, Dj ’

C(Di,Dj,T) D,(t=7) D

3

Auto=-Correlation Function

This function is just the auto-covariance with the square of the

mean detector rate added to it
= -]
G(Di,Di,T) = C(Di,Di,T) + Di . {(A.8)

Cross=-Correlation Function

In a similar manner, the cross-correlation function is the cross-
covariance with the product of the mean rates added to it

Q(Di’Dj’T) = C(Di’Dj’T) + Di Dj . (A.g)
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Auto-Power-Spectral-Dengity

Fourier transformation of the auto-covariance yields the APSD

~ o
‘I_'(Di’ni’w)g‘[ ar ¢, ,0,,m eI . (A.10)

-

Cross-Power-Spectral -Density

Fourier transformation of the eross-covariance yields the CPSD

=)

ff’(Di,Dj,w) EI dr C(Di,[aj,'r) e

-

JoT (A.11)

Coherence Function

This function, originally defined in coupled core noise analysis
work by Albrecht and Seifritz,Z? is a type of rationalized CPSD

(0, ,0,,0)
R(D,,D,,0) = . (A.12)

J[@(Di,Di,w) - Ei][ﬁti(nj,nj,m) - ﬁj]‘

The coherence function serves the same purpose in the frequency domain as

the modified coefficient of correlation does in the time domain.
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APPENDIX B

MODAL EXPANSION APPROXIMATIONS OF SPACE-ENERGY-TIME

REACTOR KINETICS

Many of the approximate solution methods used in space-energy-time
reactor kinetics may be used to good advantage in space- and energy-
dependent noise work as is indicated in Chapter IY. This appendix is
concerned with a review of a particular special case of the more general
method of weighted residuals; that of the modal expansion approximations
to the space-energy-time reactor kineties. This presentation follows
along the lines of Chapter I in Reference 30,

The time dependent neutron balance equation may be writtem (using

standard notation)30

<=

g—i (r,E,0,t) = - (-9F(x,E,0, t) -Zr (r,E,t) F(r,E,0,t) (B.1)
- -— X (E) a [ — b
+ Q(r,E,0,t) + (1-8) "P'ZEF' ‘I‘O dl-:'vzf (r,E',t) JQ: F(x,E',()',t) dO

=]
+J‘ dE'J dﬁz (r;8',0'E,D;t) F(r,BE',0', 1)
0 o s

X, CE)

M
+ E Ny T Cn(Tr )

m=

fug s

F(r,E,ﬁ,t) is the product of the neutron velocity and neutron distribution

funetion. The term on the left-hand side of equation (B.1) denotes the
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time rate of change of the neutron distribution function in the differen-
tial phase space drdEda. The terms on the right-hand side of equation
(B.1) represent the leakage, removal, external source, fission,in-
scattering and delayed meutron rates in the differential phase space,
respectively.

Because the balance equation is extremely difficult to solve except
for very simple reactor models, the time-dependent multi-group diffusion
equation approximation 1s usually involved. This approximation may be

written in matrix form30

[9.B(r,t)7 - ?a(r,t) - B (r,0) 4 2r,t) + (1-§)§PFT(r,t)]7£(r,t) (B.2)

M
— —t _ -1 i —
+ ;/: A X Cp (Tt + Q(r,t) = ? 5¢ Ar,t)
1

and

=T - ) :
ﬁmF (r,t) &(r,t) - lmcm(r,t) =5 Cm(r,L) . m=1,..., M (B.3)

E(r,t) is the space- and time-dependent Gx1 (G is the number of energy
groups) column vector of group fluxes, ;p and ;ﬁ are column vectors of
prompt fission and precursor decay neutron spectra, reSpectively,_and
fT(r,t) is a row vector with elements v(g)zég)(r,t). a(r,t) is a vector
of group sources. The GXG matrices B(r,t), ﬁ;(r,t), ﬁ;(r,t), and 3_1 are
diagonal with elements D(g)(r,t), Eég)(r,t), Egg)(r,t), and I/V(g), re-
spectively (g represents the particular energy group), while ?(r,t) is

a GxC matrix with elements E(gldg%r,t) (representing the scattering cross

section from group g' to g). Cm(r,t) represents the delayed neutron



148

concentration of the mth delayed group. The remaining notation is

standard.

Modal Expansion Approximations

Modal expansion techniques may be characterized as those procedures
by which the number of independent variables in a problem is reduced by
means of an expansion in known functions of ome or more of the independent
variables. The general theory of this technique has been discussed in
some detail.115’136-138

The time-synthesis modal approximation of the space-energy-time
dependent neutron flux and precursor concentrations is constructed by as~
suming a finite expansion of known shape vectors $n(r), multiplied by
unknown time dependent scalar expansion coefficients an(t). (This is

called the group collapsed method.30)

N

- A - -t

¥r,t) = ) a () (r) + R(x,t) . (B.4)
n=o

E(r,t) is the residual vector which 1s the difference between the true
flux and the modal approximation. The manner used to reduce the weighted
residual to zero will determine the method of approximation.136 Equation
(B.4) is substituted into equations (B.2) and (B.3), the former is pre-
mueitiplied by a known weighting vector ﬁi(r) and the latter by ﬁi(r)i%,
and both integrated over the volume of the reactor. The GX1l vector trans-
pose ﬁi(r) is an arbitrary weighting vector. When the above procedure of
weighting and integrating is carried out, the following set of equations

results from the requirement that the weighted residual is gero in an
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integral sense, for N different weighting functions ﬁn(r)'

N M
Y LA ®a ® + A-HF 2 ®T+ ) A (6 40,6 (3.5
n=o : m=1
N
- y L i=0,1 N
. T e =E) o slseees Ny
n=g
and
N
d
ESm z Fm ﬁn(t)an(t) - )\mcm .6(1:) = dt cm ﬂ(t) ? (B.6)
=0 * * »
m=1,2,...,M; £=0,1,..., N,
where
(B.7)
A, (t) = j ariy(e) [v-Ber,09 - R r,0) - R (e,00 + Be, e (o)
reactor :
P, = | W% Fe,n o (.8)
reactor
Fo g () = J drily ()X Fr, 00§ (@) , (3.9)
reactor
T, = j drﬁi(r) 3'1'a,'n(r) , (B.10)
reactor ’
C, 4(©) = j drﬁi(r)"’xmcm(r,t) , (B.11)
reactor
Q,(t) = ariy ()3, t) (B.12)

reactor
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Equations (B.53) and (B.6) are coupled ordinary differential equa-

tions, whieh are solved for a and C .
n m, b

from equation (B.4). Although the residue R(r,t) is not zero at every

The neutron flux is constructed

point in space and time, its spatially weighteﬁ integral is zero.

The choice of expansion and weighting vectors is an important
aspect of the application of the modal expansion techniques. Several
types of modes which have been used will be described. Only eigenvector
type expansion and weighting vectors will be discussed here. It has been
observed136 that, when the expansion vectors are eigenvectors of the time-
dependent diffusion operator and the weighting wvectors are the adjoint

eigenvectors, the first order variation of the Lagrangian functional is

zero. Before proceeding some operators are defined

200) = - v.B@)v + ila(r) + ﬁs(r) -3, (8.13)
#r) = ipﬁT(r) : (B.14)

Note that the time dependence of the material properties has been removed.

Natural Modes

The eigenvectors of the time-independent neutron and precursor
balance operator (assuming an exp(aht) time dependence for the flux and

precursors), referred to as the natural modes, satisfy
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[a-pie -To) Wb [P
B, F (r) e P B S
' L ' : (8.15)
B . )
_ BMF® (1) 0 ey _CM,n(r)_
r%'l 0 ... 0‘ ?:(r)
0 L. .0 ¢, o
= . . o .
- - n -
0 6 . .‘. 1 Fg’n(rl

where ;g(r) is a GX1 column eivenvector of the group fluxes, Equation

(B.15) may be written
ﬁ(r)-ﬁn(r) = anﬁ‘n(r) (B.16)

The natural modes satisfy a useful biorthogonality property

<'§""k,ﬁ'n>=0;, k#n (B.17)

£ 0, k=mn,

where the adjoint eigenvector satisfies the adjoint equation

oo = oo , (5.18)
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and ﬁ+(r) is the Hermitian adjeoint of ﬁ(r).

Note that equations (B.2) and (B.3) may be rewritten in a compact
form (considering time independent material properties but a2 time dependent
source)

R¥e,0 + 3,0 =T 2 Ve, . (B.19)

Because of the orthogonality property, the time-synthesis equatioms are

decoupled

<f, @0 >

< E:, %En >

i T - '

ac an(t) = cenan(t) + (B.20)

when E:(r) is taken as the weighting vector. Here a&(t) is a column vee-

tor of the an(t) and the Cl_n n(t) of equations (B.3) and (B.6). The sig-
a

nificant feature of equation (B.20) is the absence of modal coupling.

This property is referred to as finality.l15

Omega Modes
The eigenvectors of the neutron balance operator (assuming an
exp(wnt) time dependence for the flux and ignoring delayed neutrons)

which satisfy the equation

) - B = 3 Pm , (8.21)

are known as the omega modes. These vectors are biorthogonal with respect

to wn (r) which satisfies the equation
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My - i'f(r)]'q;n“"(r) = w0 3”173‘1[1’*(:«) . (B.22)
The biorthogonality relation

>=0 ; k #n (B.23)

#0 ; k=mn,

leads to some simplification in equations (B.5) and (B.6) but does not
decouple the different modal equations (i.e., does not lead to finality).

Lambda Modes

The eigenvectors of the static neutron balance operator are called

the lambda modes
LR = . BoOP@ , (B.24)
which have the biorthogonality property

< Ti&"‘,ﬂﬁ >=0 ; k £n (B.25)

£0 k=mn,

where $£+(r) satisfies the equation
P = = oo . (B.26)
k

These vectors do not have the property of finality.
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Discussion
If the magnitude effects of the delayed neutrons are neglected
(l.e., use prompt neutron flux behavior ounly), and it is assumed that the
material properties of the reactor do not wvary with time, equatiomns (B.2)

and (B.3) may be written as one equation
[a-Dhe) - B0 18,0 + 3,0 = 7 2 G, (8.27)

which is similar to equation (B.19), but without the delayed neutron com-
ponents. The eigenvectors of the above neutron balance operator can be
thought of as the prompt neutron natural modes or the modified omega

modes of equation (B.21)
[a-Bie) - 2o = o TP . (.28)

These modified omega modes have the biorthogonality and finality proper-
ties. The significance of this fact is demonstrated in Appendix C where
it is shown that the Green's response function may be approximated by a

modal expansion using the modified omega modes.
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APPENDIX C
MODAL EXPANSION APPROXIMATION OF THE GREEN'S FUNGTION

The two-group, space-dependent Green's functionm used in this work

is the solution to the following matrix boundary value problem21’139

La-Bflm) - B RBee,rte,) = 370 2 3e,rt,0) @.1)
+ 8()3 -t , tzo,

2 (boundaries,r',t) = 0 , (€.2)

E(r,r',t) =0 s t< 0. (C.3)

The double arrowed quantities represent 2X2 matrices with ﬁ, f, 3-1, 3,
and g representing the production, destruction matrix operators amd re-
ciprocal velocity, Dirac delta and Green's function matrices, respec-
tively. The Green's function (also called the impulse response function)
is defined as the neutron flux at point r and time t resulting from

one neutron introduced at point ' and time ¢t = 0,

It is assumed that the Green's function can be approximated by a

finite series expansionu?’l40
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~1=

B = ) a O P ) + Ry, (C.4)

n=a

The arrows represent vector quantities, and the symbol +T indicates the
adjoint transpose. The residual i(r,r',t) is the difference between the

102,136 $ﬁ(r) and ﬁ:T(r')

finite series expansion and the true solution,
are known expansion and weighting wvector functions, respectively, and
an(t) is an unknown time dependent scalar (group collapsing is used).

In this work, two different types of expansion and weighting vector
funetions will be used, the modified omega (really the matural modes for
equation (C.1l)), and the lambda eigenvectors (sce Appendix B)., Using

these two types of eigenvectors in equation (C.4), substituting into

equation (C.1), and making use of the respective eigenvalue equations

yields
N w T Oy THI®
Ei an(t)wn wn(rjwn (') (C.5)
n=g

+ [A-BR® - B - T S0

N
-1 ) POTPOT™e) + o
n=e¢
N
Yo - F - BReT e (©.6)
n=o

+ [0 - 2w - T 2,0

FOTOTEn + snder .

.

i1z
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The method of weighted residuals consists of arbitrarily choosing a
function and requiring the weighted integral of the residual to vanish.136
Multiplying equations (C.5) and (C.6) by the transpose adjoint eigenvec-
tors (modified omega and lambda, respectively), integrating over the

reactor volume and making use of the biorthogonality property, and employ-

ing an inner product notation results in the following equations

2w - a0 = sy /< P, T >, m=0,1,..., N (C.7)

ah(©) [1-F - 31 <3, T >y (c.8)
'l'l'l
N
- Z é:t(t) <7¢'::, ¥y _h"n( ")
n=o
+ 80PN m=0,1,..., N .

It should be noted from equations (C.7) and (C.8) that, for the particu-
lar neutron balance operator used in this presentation (i.e., neglecting
delayed neutron time effects), the modified omega modes have the property
of finality,ll5 but the lambda modes do not (see Appendix B). Because of

this, equation (C.7) is of a simplier form than equation (C.8). Equation

(C.8) may be cast into the following form

N
Ao [1-8 -3 an = Y 2o A Teny @

m n={

+ e N/ < P, >
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where‘z\mn, a quantity analogous to the familiar neutron generation time

is defined as

< ;}n’ 3-1;!?; >
= . (C.10)
mn =L 3
< ¥ My >

Upon gome amount of reflection, it may be observed that, if the
wn?“l operator is small relative to the ftr) operator Iin the moderator
region and small relative to the ﬁ(r) - f(r) operator in the fuel region,
then the lambda modes approximately have the finality property. Assuming

that the above condition is satisfied, equation (C.9) becomes decoupled

1- E - 1/)" u — —
a® [——"] - q© - s0s R T, e
mm

m=90,1,..., N .

Equations (C.7) and (C.11) have the same form and will consequently have

similar solutions

wt
sty =e " /< P, ?’1@‘: >, (C.12)

‘1-§-1/x }
m
t - .
R J&.m -3 p— ]
am(t) = e < ¥ b 1¢m >

. (C.13)



APPENDIX D
DERIVATION OF THE POINT REACTOR COVARIANCE

Assuming point detectors, equation (3.22) may be rewritten

T T
cz(ri,rj,T) = Elg I dr’ J dtg J di, VW(t, ,tz)
reactor 0 0

T (e e ()t (2"
X ; r qlo r: r'
dé%:i 1 R T AR Y G t
reactor

)
X %V, zf RN

-t
Vewo(te o)

.
% (r.)
gty U] @G e

reactor

ﬁo(rj)ﬁo(f')
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(D.1)

Define the detector efficiency as the ratio of detection rate to fission

rate

PRRCRATIC Y @bl
det:;_ -= det-i
= = .
1 J dr'ng)(r')¢o(r') Zfa) J dr'ﬁo(r')

reactor reactor

(D.2)
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PRECRLIC!
ar' §,(r")
f reactor

where the average thermal neutron fission cross section is

[ dr"z(z’(r')%(r')

6(3) = reactor £ (D 4)
“g I dr' g, (")
reactor

Next assume that the detector efficiencies are equal (ei=e =¢) ,

then substituting the above definitions into equation {(D.1l) and perform-

ing the spatial integrations

1 T T
ca(ri,rj,:r) = —TE Iodta jo+it1W(t1,ta) (D.5)

. sz: (v i(;))aP(e%(tl -to)ewo(ta-to)) ,

where P is the reactor power level

) JP I o)
=
P [ arteeh ) @nE® ey | ISR . (D.6)
reactor £ | dr'[ 4o (") ]?
reactor

Computing the time integrations in =quation (D.5)
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£ (woT + 1 - eon) : ®.7)

(=)
The fission rate probability VZ may be expressed in another

34 £

form

=(2) K
"E - ve_fmf . (D.8)
£ P

Substitution of equation (D.8) into (D.7) leads to the final form of the

covariance

eKeff

P (ryr,T) = B (_T)zxﬂ

10 wT+1 - em°T:|

™ ) (D.9)
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APPENDIX E

EXACT SOLUTION OF THE GREEN'S FUNCTION

IN ONE-DIMENSIONAL REACTOR GEOMETRY

The two-group, one-dimensional prompt Green's function is the

solution to the matrix boundary value problem (see Appendix C)

LA-BRe - 20l Beeax',n = 7 2 Reox,0 + s0Bxy @D
tzo,
4 3
g(boundaries, x',t) = 0 , (E.2)
'g’(x,x',t) =3 ) t<O0 . (E.3)

The matrix terms in equations (E.l) - (E.3)} are the one-dimensional
analogies of those in equations (C.1) - (C.3).

Explieit forms of the above matrix operators for the model at hand

are

(2)
0 QZ (x)
£
M) = , (E.4)
0 0
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_ (1,2) @)
20w 2+ 2w ) T w ey @
(1,2)
- (x)
T = L 2 , (E.5)
0
(=)
. -éa; 3 (x) aa_x + D(a)(x)B; +z (x)
()
1/v 0
7 - , (E.6)
()] 1/v(2)
§(x~x") 0
3(x-x') = s (E.7)
0 0

g(l ,IJ(X,X' ,t)
2G,x',t) =

g(a’l)(xsx‘:t)

5(1’8)(x,x' L t)
. (E.8)

g% (x,x,t)

It is assumed that only thermal neutrons cause fissions and that the

fission produces one or more fast neutrons (i.e., no thermal neutrons

produced).
Fourier tranaforming equations (E.1)

tions

[(1-BGx) - D) - £ o T) 20x,x",0) = B(x-x") ,

E(boundaries, x',w) = 3 .

The latter condition dictates the form of equation (E.7).

- (E.3) results in two equa-

(E.9)

{E.10)
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together with the usual continuity of flux and current at the region
Fd
interfaces, The imaginary number V-1 1is designated as i.

An alternate form of equations (E.9) and (E.10), not involving the
139

Dirac delta, which is more amenable to numerical computation is
— =2 ~ . E
[P - B - 1071 sty = 8, x#x', (£.11)

I:E [g(x'+e,x',w) - g(x'-e,x',w)] =3 , (E.12)

1/ () 0

lim [a g(x +e,x',w) - = g(x -€,X ,w)] , (E.13)
0 0

llm [g(x creox',0) - g(x LR ,w)] g, (E.14)

(E.15)

1im

=0 ﬁ(xint+e) g% g(xint+e,x',w) - B(x -g) — g(x g6 % ,w)] 3

int

o(boundaries,x',w) = 0 , (E.16)

where 3 is a diagonal matrix of group diffusion coefficients and X: ¢
represents the interface locations. Equations (E.11) - (E.15) establish
the conditions that the Green's response function flux and current are
continuous everywhere except at the source locaticn, where the current is
discontinuous,

Because no thermal source has been assumed (see equation (E.7)), it

is necessary to compute only the left-half of the Green's function matrix
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{equation (E.8)). As a consequence of this fact only the Green's function
vector
gV (x,x" )

B(x,x',0) = s (E.17)
g (x,x' )

need be computed. With this simplification, equations (E.l1l) - (E.16)

become vector equations,

The method of solution follows along the lines presented by No-

dean141 which in turn is a modification of the critical determinate method

for finding analytic solutions of the group fluxes.l27 It should be

noted that, if equations (E.1ll) - (E.16) were cast into finite difference
form, they would be identical to the complex fluxes used by Macdonald87

in his space- and energy-dependent noise work,

The Green's function response vector has an amnalytical solution of

the form,
. & ey (wx |
g(x,x",w) = Z; e Ai.(x‘) s j=12,..., NRfl , (E.18)
i=1 J

where NR is the number of material regions. aij(w) is a known or calcu-
lated complex {real and imaginary) constant which is dependent on the
frequency (w) and the material properties of the regionm, Kij(x') is a
complex coefficient vector which is dependent on the source location (x')
and the material properties of the region. It is computed by a matrix
inversion scheme described below.

The four aij(w) constants are the roots of the characteristic
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equation which result when equation (E.18) is substituted into equation

(E.11) for each region

, (1,2) (1) =
(1), (=) 4 _ (2) (12 ’ ig
D;*’D; [aij(w)] {[Dj (Dj 13,1_,+Zj + j +v(1))] (E.19)

o) [0§*s +Z§2) (2)]} Loy @ F

- (3) (1’2)
- (I'B) sz z =0 7 j = 1’2""’ NR+1 .
i

Parenthesis superscripts indicate the energy group and the subseripts

indicate the region. Since equation (E.19) is fourth order, there are

four independent values of aij(w) for each region (j) and frequency (w}.

Because the diffusion equation is coupled in energy, the coeffi-

cient vector is partially redundant

Kij(x') = A, (x")

i ) (E.20)

where Kij is a known energy coupling term.

Substitution of equatfon (E.18) into the boundary, source, and

interface equations (E.12) - (E.16) results in a vector equation

Z@ix) =X . (E.21)

z(w) is a 4-NR+& block diagonal square matrix containing all the cal-

culated interface, source, and boundary ccnditions (i.e., with elements
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a, (wyx, -
ij 1nt) A

-

like Kij(w) e is a 4-NR long column vector with one

+1
element equal l/D(l)(x'), arigsing from the source condition, and the rest
of the elements equal to zero. The coefficient wvector K(x') was calcu-
lated by Gauss forward elimination, back substitution scheme. Speecial
care was taken to avoid round off error in this type of procedure, In
order to minimize this error, row and column pivoting was performed at
each forward elimination step. With this process finished, all the terms

necessary to calculate the Green's function response vector from equation

{E.18) were specified,
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APPENDIX F
GENERATION OF THE EIGENVALUES AND EIGENVECTORS

The two different types of expansion modes used in the modal
approximation of the cohereunce function are the modified omega and lambda
eigenvectors tsee Appendix B), The modified omega eigenvectors for a two-
group, one-dimensional reactor model are solutioms to the following

eigenvalue equation with boundary and interface conditions

La-Bile - 2o - 0 I 1%0 = T, . 1)
;ﬁ(boundaries) =0 , (F.2)

lim | -w -0 T

&~0 [’”n(“in:*'e) - ()= 0, (F.3)

lim d - d - 7
0 [3(xint+e) dx wn(xint'i-_e) - ﬁ(xint-e) dx ﬁn(xint-e)J =0, (F.4)

n=0,1,2.., ,

where X Tepresents the interface locations, The matrix operators for
the model at hand are identical with those in Appendix E.
The lambda eigenvectors for the same reactor model are solutions

to the following eigenvalue equation with boundary and interface condi-

tions
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r 1 o -
| B - W ﬁ(x)]ﬂ;:;(x) =0, (F.5)
M (boundaries) = 0 , (F.6)
1lim 3
=0 [ﬁ(xint +e) dx ¢n( int €) - D(x =t nt =€) dx n ' e)] . (F.8)

n=0,1,2,..,

The marked similarity of equations (F.1) - (F.4) and (F.5) - (F.8) with
equations (E.1l1l) - (E.16) should be noted. Because of this similarity

the method of solution follows along somewhat the same lines as that

presented in Appendix E. Solution methodology is that of Betancourt.128
The eigenvectors have analytical solutions of the form
-'w( y = \2 at:il.)jnx Kw (F.9
¥ (x Lo® 13n ? -9}
i=1
4 ak
Ny = 5 o 1inT FA -
¢n(x) L e 1jn ° j=12,..., NR R (F.10)
i=1
n=0,1,...,

where NR is the number of material regions and n 1is the modal expansion

number (i.e., n=0 is the fundamental, n=1 is the first harmonie, etec.)}.

a?jn and a?jn are known or calculated real or complex constants which

are dependent on the eigenvalues and the material properties of the regiom.
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K?jn and Kijn are unknown coefficient vectors which depend on the eigen-
values and material properties of the region also and are evaluated by a
matrix inversion scheme.

The four a?jn and aijn constants are roots of the characteristic

equations which result when equations (F.9) and (F.10) are substituted

into (F.1) and (F.5), respectively, for each region.

J(1) (2)( ijn [n(a)(n(l)aa *E 2 (1) w“) (F.11)

) w (2) —(1,2)
(1) (=) _n_ w42 8 =
+ Dj (Dj B,'i, + Ej + v(e))](aijn) - (1-8) ngj Ej =0 ,

(1) (a) (ai_‘]l'l ) [D:Ea)(Dng)B; +§§1’8) +zzl)) (F.12)
(2) —(1,2)
v
o]l R

.j = 1:2:3"°': NR L]

n=20,1,...
Superscripts in parentheses indicate the average group and subscripts
indicate the region. 8ince equations (F.1l1) and (F.12) are fourth order,
there are four independent values of a?jn and aijn for each region (j)

and each eigenvalue Gnn or hn).

Because the diffusion equation is coupled in energy, the coefficient
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vectors are partially redundant

K;Jjn
= _ A :
Aijn = Aijn ) (F.13)
1.
Kijn
e . aA
Aijn = Aijn s - (F.14)
1

where the constants K?. and K%. are known coupling terms.
ijn ijn
Substitution of equations (F.9) and (F.10) into the boundary and
interface equations (F.2) - (F.4) and (F.6) - (F.8), respectively, results

in the following wvector equations

-—m_—o
?:An_o, (F.15)

PAr-3, n=0,1,... . (F.16)
n n

iﬁ and iﬁ are 4-NR block diagonal square matrices containing all the
calculated interface and boundary conditions (i.e., with elements like

w

a,, x -

K?, e ijn int). a2 and AJL are 4:N_ long column vecteors of coefficient
ijn n h R

elements A?jn and Aijn' Since equations (F.15) and (F.16) are homogene-

A

ous, the only non-trival solutiens for Eﬁ and An result when the deter-

)N
minants of %ﬁ and 3n are zero

12| =0, (F.17)

12 =0, n=0,1,... . (F.18)
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In the standard example given in Lamarsh,lz7 K = do is set

eff
equal to unity and the reactor width is varied until the critical deter-
minant is found (i.e., when equation (F.18) is satisfied for n = 0). By
proceeding in this manner the critical dimensions of the reactor are
found. The approach in this work was different. Here, reactor dimensions
and material were known, and it was desired to find the eigenvalues which
produce the critical determinates of equations (F.l7) and (F.18). The
real eigenvalue spectra (Wey,W;,...; ApsAy,.s.) Were calculated by varying
w and ln from their initial values for each n until equations (F.l7)
and (F.18), respectively, were satisfied (e.g., thg Regula False method
142). Upon calculation of each eigenvalue, a Gauss forward elimination
and back substitution process was carried out on equations (F.l5) and
(F.16) to find the coefficient vectors. Special care was taken to avoid
round off error in this type of procedure. In order to minimize this
error, row and column pivoting was performed at each forward elimination
step, using Univac-1108 double precision. With this process complated,

all the terms necessary to calculate the modified omega eigenvector (equa-

tion (F.9))and the lambda eigenvector (equation (F.10)) were specified.
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APPENDIX G
*®
FAST FOURIER TRANSFORM

The Fast Fourier Transform (FFT) is a general name given to three

different, yet conceptually identical computation schemes.143’144

Anyone
of them may be employed to quickly calculate the complex discrete Fourier
transform (DFT) or its inverse (IDFT). The choice of algorithm is depend-
ent on several factors. However, from the standpeoints of programming
ease, efficiency, and space required for calculations, the Sande144 ver-
sion is probably the best selection.

Application of the FFT to the computation of spectral densities,
covariances, and related quantities has been widely discussed.145'147
Nevertheless, the method seems to have found only limited use among

122-124,148 This may be attributed to the fact that

nuclear investigators.
articles on the subject are often generalized to the point of being am-

biguous to an initiate of the subject.

Discrete Time and Frequency Relatiomships

The N-point discrete Fourier transform (DFT) is defined by

N-1

-jK
E‘ xjwj y K=0’l,ooo, N-l Y (Gol)
j‘:-_'ﬂ

-4 [

o =

where x, is a sample of the process "x" at time t = jAt, At is a constant

*
A summary of a talk given by J. M. Reynolds.l21
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sampling interval, W = ¢ , 1= VT, and % is the KFh Fourier coef-
ficient at frequency f = K/NAt.
Denoting complex conjugation by "*", one can easily show that, if

the x.'s are real, then

]

= K=1,2,..., N/2-1 . (©.2)

This is an indirect manifestation of Nyquist's theorem which states that
information at frequencies higher than f = (N/Z)/Nﬁt = I/Z&t can never be
resolved from regularly sampled data. 1If higher frequencies are present
in the original data, these are folded or aliased back into the interval
[0 = £ < 1/2at]. The effects of aliasing can never be extracted after
sampling by digital filtration. Aliasing can only be removed by faster
sampling rates or, where applicable, analeg filtration of high frequencies
before sampling (digitizations).

The Fourier cgefficients of equationm (G.1) do not realize the
fullest amount of information available from the N data points, xj. If
one forms a new 2N-point record, xga), which has N zeros appended to the

original data, the following 2N-point DFT may be taken

Aéé) = 5% E’ L2y 2 - K=0,1,..., 2N-1 . (G.3)

Once again, if the x,'s are real, one has

3

*
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(a)

As before, the new Fourier coefficients, AK , contain unigque information

over the interval [0 = f < 1/2At). However, they occur at frequencies
= K/2NAt which is half the frequency spacing of the o 's.
Singletonla? has showm that two real N-point records xj and yj

(possibly sampled "input and output” processes) can be transformed with a

(2)

single 2N-point DFT. A new complex data record z is formed which has

L@ (a)
3

as the complex part. The result of the

(a)
K

separate the Aéé) and (2) (the Fourier coefficients for yga)) by utiliz-

as its real part and y

DFT is a set of Fourier coefficients C from which one may easily

ing a symmetry of the type found in equations (G.2) or (G.4). The same

principle can be used to obtain the Aéé) from an N-point DFT if the even
(a)

points of x are in the real part of the data vector and the odd points

are in the imaginary part. Simpie separation and synthesis formulas are
used after the DFT to reconstruct the Aéa).

The zero-appended cross-periodogram is defined by

ay*

(a) _ ,(
CPy ~ = &

Béa) , K=0,1,..., 2N-1 , (G.5)

If the x and y records had zero average, the forward reduced-bias cross-

covariance estimate is

N-1-2
f 1
CC( ) =_£ E\ rl = 0,].’--., N"l L] (G.B)
=O

and the reduced-bias reverse cross-covariance estimate is
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N-1-2
(r) _ 1 -
Cc‘ﬁ -N-L ) Kj_'-‘%yj Il 2"’—0,1,0..’ N-]. . (Gl?)
j=0
Defining
2N-1 ik
Y (a) 2
ce, = ) CPK W s £=0,1,...,28-1 , G.8)
K=0
it can then be showu145 that
f) _ N (r) - & - '
CCE =57 %%y > CC£ = N-Z “Con.p ° £=1,2,... N-1 , (G.9)

chf) = CCér) = 2¢ccq , cey = 0.

Equation (G.8) is the inverse DFT (IDFT) of the zero-appended cross-
periodogram. Equations (G.6) - (G.9) then relate that the zero-appended
cross-periodogram, and an arrangement of the forward and reverse reduced-
bias cross-covariances forms a DFT-pair relationship., This "arrangement"
show5149 that the zero-appended cross-perioddgram is actually the raw
cross-power-spectral-density (CPSD) estimate as tempered by a Bartlett
spectral window.1

For analysis of noise-like data, {t is useful to smooth consecu-
tive raw CPSD estimates so that averages over bands of frequencies can be
formed. Statistical accuracy, and one's ability to observe qualitative

effects are thereby enhanced. The smoothed estimate is defined by

(h+1)g-1 (a)
Clg?)gh=é cp h=0,1,..., B/g-1 . (G.10)
i K=hg
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(a
£,8,h

second is the number of raw estimates in the smoothed band, and the last

The first subseript of CP is the window type (1 for Bartlett), the
is the frequency index of the smoothed band.

Windows other than the Bartlett can be achieved by forming certain
linear combinations of Fourier coefficients before the multiplication in
quadrature. This produces another type of raw CPSD estimate which is
sometimes called a zero-appended, modified cross-periodogram.l45 The more
sophisticated windows are sharper than the Bartlett. That is, they con-
tain less leakage energy from adjacent bands. However, whén smoothing is
conducted, sharper windows give preferential weighting to certain fre-
quencies, The Bartlett suffers less from this problem. Also, the frac-
tion of leakage energy to smoothed band energy becomes competitive with
sharper windows when the number of raw estimates in a band is large. For
the above reason and also for the sake of computational economy, it was
decided to keep the Bartlett window.

When a small assembly (not ensemble) of data records from some
stochastic process or processes is available, common sense dictates that
it is desirable to use as much data as possible to enhance statistical
accuracy. For an assembly of M pairs of N-point real data records, the

assembly-averaged121 zero-appended cross-periodogram is

M
5&3) =$ z Cpéal){ > K = 0’1’00-’ N"]. s (G'll)
g=1
where CPéa% is CPéa) for the gth pair of data records. Welch146 has
3

shown equation {G.ll) tc be a viable CPSD estimator,
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The assembly-averaged forward cross-covariance is defined by

Reynoldslzl as

M
calf) _ 1 E (f) -
CCE _M ch"ﬂ > £—0,1,.--, N-l > (Gllz)
g=1
where Ccéfi is CCéf) for the gth pair of data records. A similar equation
y
alsc holds for CCér).

Since the IDFT (or DFT) is independent of 8 summation indices, it
is easily showm through equation (G.8) that

IN-1 is
T, = E Eﬁéa) w 2, £=0,1,..., 2N-1 . (G.13)
K=o

Equation (G.9) can be used to obtain both EEﬁf) and Eagr) from equation
(G.13). Since Eﬁéa) may be shown to be a good estimator, it is hypothe-
sized that assemblage-averaged covariances are of similar quality, due to
the transform-pair relationship of equation (G.13),

Zero-appended auto-periodograms are easily obtained by simply
squaring Fourier coefficients from single data records in quadrature.
IDFT's may be applied to these to produce auto-covariance estimates.
Assembly-avéraging and smoothing can be handled in exactly the same manmer
as is used for twin record analyses.

After assembly averaging of the raw zero-appended auto- and cross-
periodograms, smoothing may be conducted to give auto-power-~spectral-
density (APSD) and CPSD estimates. The results are employed in the calcu-
lation of effective assembly-averaged coherence and transfer function gain

and phase estimates., The usual fdrmu1a5151 are applied here,
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The assembly-averaged zero-appended auto- and cross-periodograms
can finally be used for computation of assembly-averaged auto- and cross-
covariance estimates by application of two IDFT's. One IDFT is needed for
the assembly-averaged cross-covariance result, the other for the two sets
of assembly-averaged auto-covariance estimates. This latter fact is true
because, by definition, zero-appended auto-periodograms and assembly-
averaged auto-covariance estimates are both real., Therefore, one zero-
appended auto-periodogram is inserted into the real portion of a complex
data array, and the other is put in the imaginary part. A.single IDFT is
applied. The real result is the set of assembly-averaged auto-covariance
estimates from one record while the imaginary result is the set of
assembly-averaged auto-covariances from the other record.

The best feature of all of this analysis is that it is the potential
for great computational speed. Only M DFT's and two IDFT's are needed to
compute so many time and frequency domain statistical estimators from the

assembly of M pairs of data records.

Digital Computations and the FFT

There is little here to state concerning general analysis that has
not already 'been mentioned. Figure 63 1s a flowchart encapsulation of the
facts which have just been presented. However, one point has not been
treated. This is that the average extraction of the first flowchart block
is very important from two standpoints. The first is that the step must
be taken because of the very definition1 of auto- or cross-covariances.
The second reason is that a very strong zero frequency component would

cause near-zero frequency distortion due to inescapable spectral window
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Figure 63. Fast Fourier Transform Flowchart of the KAPL Data
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leakage. The stripping of averages performs like a high-pass filter with
infinitely sharp DC cut-off.

The Cooley-Tukeyl43 and Sandeléa radix-two FFT's both require an
operation which places the data in reverse binary corder. This occurs

after transformation for the latter and before transformation for the

former algorithm,

16c, + 8C, + 402 + 20, + C, = 16C, + 8C, + 4C, + 2C, + C (G.14)

3 1 0 0 3 4
Natural Binary Order Reverse Binary Order

Ci=0,1, J=0,1,..c, 4.

Equation (G.14) demonstrates the connotation of reverse binary
order. It simply means that the coefficient positions for any index are
reversed from their natural positions. For example, consider reverse
constructs for the numbers between zero and thirty-one. Equation (G.14)
shows that the reverse construct of zero is zero, the reverse construct
of twenty-four is three, etc.

Conventionally, one forms reverse constructs by successively right
shifting bits (Cj) out of the natural index, multiplying these by in-
creasing powers of two, and summing the results. The reverse construct
is tested to find if it is less than or equal to the natural index to
prevent redundant data swapping. If N = ZP, P multiply-divide-add-
modulus cperations are required per operation. This takes about 4.2
seconds of Univac-1108 time for N = 2'* = 16384 points. This is just
about equal to the time required by the FFT. A better approach is con-

struct a table of ZP/'2 reverse constructs when P is even or 2(P+1)/2
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reverse constructs for P odd. For the even case, one looks up the reverse
constructs for the right and left halves of the overall natural construct
and interchanges the position of these wvalues. This produces the overall
reverse construct which, of course, is tested to prevent redundant data
swapping. For the odd power case, consider that the right half of the
overall natural construct is larger (contains (P+1)/2 bits)., The right
half reverse construct is found directly from the table and multiplied

by Z(P-l)/z. The left (smaller) half natural construct is multiplied by
two so that 1its reverse construct can be found in the tablé. This re-
verse construct is found and added to the previous reverse construct
product. The overall reverse construct then results and is tested to
prevent redundant data swapping. Only one set of multiply-divide-add-
modulus operations is now required per reverse construct.

Another economy can be gained by noting that all even values in
the last N/2 natural constructs have reverse constructs which would pro-
duce redundant data swaps. Observation of this and use of table-driven
reverse construct generation speeds up data re-ordering by nearly a
factor of ten for large powers of two. For example, re-ordering of 16384
data values on the Univac-1108 by this method requires only about 0.5
second.

It should be noted that table-driven data re-ordering, "brute-
force" re-ordering, or any of the FFT algorithms can be programmed effi-
ciently inm a source language such as FORTRAN IV. However, it may be ad-
visable to use an assembler in the event that the particular compiler is

not well optimized.
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APPENDIX H
PHASE ANGLE INVESTIGATION

The method of investigation presented in this appendix represents
an extension and modification of the work of Ackermann et al.19 The pur-
pose of this appendix is to indicate why the Ackermann method (for infer-
ring the thermal neutron lifetime from measurement of the fast-thermal
phase angle) holds for point reactor models, but breaks down when space
dependence is included.111

Using the same terminology as in Appendix E, equation (E.9) may be

written

: - (2)
1w + L(l ,1)(x)]g(1 ’1)(3:,):',(0) + (l‘B) vEf (x)g(z’l)(X,X',w) (H.1)

- ;TIT

= §(x-x") ,

and

()

(,2) o
z @ @xt 0 - [ 4 1 ’2)(x)]g(3’1)(x,x',w) (H.2)

with the appropriate boundary conditions. Making use of the modal expan-
sion approximation of the Green's function (see Appendix C), the fast and

thermal complex, frequency dependent, local leakages may be defined



134

ka0 =[- 200 2 0P e e @

1% aen

~ — —
= -iw) < 1y >
n=o Gun iw) wn’? wn

- £20%w & Pw

+D(1)(x)ngyrfl)(x):| , N=0,1,2,... ,

w® G, xt ) = [ % p&) () % + D(B)(X)B;]g(a’l)(k,x',w) (H.4)

N ¢(1)+(x') 4 q
=) : — - &P 5P

= (@ -ioy < 5,735 >

+ D(B)(x)mf)(x)] , N=0,1,2,... .

Both the fast and thermal local leakages may be computed when the appro-

priate eigenfunctions are known. The leakages are complicated functions

of the (fast) stochastic source distribution, local effects, and in gen-

eral, are complex (real and imaginary parts). However, for frequencies

w < w, (low frequency region), the leakage functions will almost be com-

pletely real. This fact becomes very important later in this appendix.

Using the leakage functions in equations (H.l) and (H.2)
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i (1 ,2) ()
-[ jé:')) +E 2 (x) +T (x)]g(l ,1)(}[,}[‘ ’w) - Lk(l)(x’xl ,(D) (H»5)
v

{2)
- B v 908%™ xxt0) = by

and

1,2) )
Y e0e® ) eox L,(2> 2 @ e @e

- kP Gextwy =0 .

()

Assuming that wo/v is small relative to the other terms and solving

for the Green's functions in equatioms (H.5) and (H.6)

(=)
(1 1)(x x',0) = {MX-X')\j (x) + ( 3 H.7)
(2) () A
+ 1B vif 1k @) (x,x" 0) + E (x) + %]Lk(l)(x,x‘,w)}/
v
{1,28)
DANNCOE (")_l[v(a) (“):’

T was vZf”(x)} ,

and
(,2)

(2,2)
g(a’l)(x,x',w) = {ﬁ(x-x') E (x) + z (X)Lk(l)(X,x',w) (H.8)

+ Lk(z) (x,x’ ,W)[z(l ? (x) + Z(l) ) ]} {E(l “ G+ E(l ) (x)]

{continued)



186

¢ (=) G,2) (2)
iw | S
o) Y @] Y T @a® o} @}
Using the definition of the CPSD

) @)
Q(k,ﬂ)(xi’xj’m) = j dx'g(k’l)(xi,x' dfz (x')é(a)(x’) (H.9)

reactor ’ £

x g“")(xj,x',m ,

and equations (H.7) and (H.8)

(2) - :
[Z &) - vl(‘a”) L&) + B ()

36 ’2)(xi,xi,w) - . (H.10)

(‘.‘I. :2)
DENw (xi,xi)

and

G(xi,xj)c(xi) + Dw(xi) + Ew(xiz + Fw(xi,xj)

pn®:2) (2 x )
w i*%j

%(2’2)(xi,xj,w) - (H.11)

6(xi,xj) is the Kronecker Delta, and C(xi) is a real function which is de-
pendent on the thermal flux at X; - The functions Aw(xi), qn(xi), q”(xi),
Ew(xj), and ﬁ”(xi,xj) are complicated functions of the local leakage and
source distribution. They are complex in general, but the imaginary com-
ponent is much smaller than the real portion for frequencies, w < wp,.

DENé}’B)(xi,xi) is always real and a weak function of frequency (for

2}
w < Ef (xi)v(z) ), but not a function of the local leakage.

DEN&Q’Q)(xi,xj) is also not a function of the local leakage. It should
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also be mentioned that, for contiguous or symmetric detector locations,
the numerator in equation (H.11) is pure real (at all frequencies) and,
therefore, the CPSD will exhibit zero phase at all frequencies.

For the point reactor model which A,ckermannl9 assumed (in which
case local leakages are zero) Aw(xi) and Bw(xi) are pure real functionms.

In this case, Ackermann showed

—tan [phase of %(1’2)(xi,xi,wﬂ =wi , (H.12)

()

which is easily obtained from equation EH.IO) for £4= v(a) (x.)’ which
L

is the thermal neutron lifetime.



10.

11,

12.

13.

188

BIBLIOGRAPHY

R. B. Blackman and J. W. Tukey, The Measurement of Power Spectra,
Dover Publications, Inc , New York, N. Y., 1958.

8. Chandrasekhar, "Stochastic Problems in Physics and Astronomy,"
Review of Modern Physics, 15, 1, 20 (1943).

N. Wiener, Cybernetics, MIT Press, Cambridge, Mass., 1948,

W. Marks and W. J. Pierson, "The Power Spectrum Analysis of Ocean-
Wave Records,” Transactions of the American Geographical Union, 33,
834 (1952).

G. P. Wadsworth, et al,, '"Detection of Reflections on Seismic
Records by Linear Operators,' Geological Physics, 18, 539 (1953).

D. R. Harris, "Neutron Fluctuations in a Reactor of Finite Size,"
Buclear Science and Engineering, 21, 369 (1965).

E. Fermi, R. P. Feynmann, and F, deHoffmann, "Theory of the Criti-
cality of the Water Boiler and the Determination of the Number of
Delayed Neutrons," USAEC Report MDCC-383 (IADC-269), {(Dec. 1944).

R. P. Feymmann, F. deHoffmann, and R. Serber, "Dispersion of the
Neutron Emission in U-235 Fission," Journal of Nuclear Energy, 3,
64 (1956).

F. deHoffmann, "Intensity Fluctuations of a Neutron Chain Reactor,"
USAEG Report MDCC=-382 (LADC-256), (Oct. 1946),

F. deHoffmann, ''Statistical Aspects of Pile Theory," The Science
and Engineering of Nuclear Power, C. Goodman, Ed., Vol. II, 116,
Addison Wesley Co., Reading, Mass., 1949,

B. C. Diven, H. C. Martin, R. F. Taschek, and J. Terrell, "Multi-
plicities of Fission Neutrons,'" Physical Review, 101, 1012 (1956).

J. D. Orndoff, "Prompt Neutron Periods of Metal Critical Assemblies,"
Nucl. Sci. Eng., 2, 450 (1957).

R. Schrider, "Bestimmung der Reaktorleistung mit Hilfe des Reak-
torrauschens," Nukleonik, 4, 227 (1962).



14,

15,

16.

17.

18.

19.

20.

21.

22.

23.

24,

25,

26.

189

Preprints of the Japan - United 5tates Seminar on Nuclear Reactor
Noise Analysis, Tokyo, Japan, 1968.

E. S. Kenney, "Noise Analysis of Nuclear Reactors with the Use of
Gamma Radlation,” in Neutron Noise, Waves, and Pulse Propagation,
CONF=-660206, 399 (1967).

W. K. Lehto and J. M. Carpenter, "Determination of Reactor Kinetic
Parameters by Photon Observation,' Nucl. Sci. Eng., 33, 225 (1968).

F. E. LeVert and M. A. Schultz, '"Lccal Power Measurements Using
Gamma-Ray Noise,'" Transactions of the American Nuclear Society, 14,
862 (1971).

J. A. Johnson, "Measurement of Pressure-to-Pressure Transfer Func-
tions Threough the Phoebus=-lA Nuclear Reactor,'" in Neutron Noise,
Waves, and Pulse Propagation, CONF-660206, 271 (1967).

N. J. Ackermann, Jr., J. M, Nieto, and P. Akhtar, "Two-Group Reactor
Noise Analysis by Langevin's Technique,'" J. Nucl.Engy., 22, 675 (1968).

R. A, Rydin, J. A, Burke, W. E, Moore,and K. W, Seemann, '"Noise

and Transient Kinetics Experiments and Calculations for Loosely
Coupled Cores," Nucl. Sci. Eng., 46, 179 (1971). Also J. A. Burke,
W. E. Moore, R. A. Rydin, and K. W. Seemann, "Time Domain Nolse Mea-
surements in Loosely Coupled Cores," Dynamics of Nuclear Systems,
Univ. of Arizona Press, Tucson, (Mar. 1970).

H. Borgwaldt, T. E. Murely, and D. Sanitz, "The Modal Synthesis of
Rossi-Alpha Data for Moderator-Reflected Fast Assemblies," in
Neutron Noise, Waves, and Pulse Propagation, CONF-660206, 747 (1967).

R. A. Hendrickson and G. Murphy, "Cross-Spectral Density Measure-
ments in a Coupled-Core Reactor," Nucl. Sei. Eng., 31, 215 (1968).

R. A. Danofsky, "A Space-Dependent Reactor-Noise Formulation Uti-
lizing Modal Expansions,” Nucl. Sci. Eng., 36, 28 (1969).

R. W. Albrecht and R. A. Danofsky, "“Analytical-Experimental Corre-
lations in Space-Dependent Coherences,"”" Trans. Am. Nucl, Soc., 12,
708 (1969).

J. M. Betancourt and R, A. Danofsky, "A Space-Dependent Reactor-
Noise Formulation Based on the Natural Mode Approximation," Nucl.

Sci. Eng., 38, 77 (1969).

M. Nagy and R. A. Danofsky, '"Cross-Spectral-Density Sink Frequency
Behavior for Coupled-Core Argonaut Reactors,” Nucl. Sci. Eng,, 42,
419 (1970).




190

27. R. W, Albrecht and W. Seifritz, "Fundamental Properties of the Co-
herence Function in Symmetrical Two-Node Systems," Nukleonik, 11,
143 (1968).

28. W. Seifritz and R. W. Albrecht, "Measurement and Analysis of the
Coupled Core Coherence Function in a Two Node Symmetrical Reactor,"
Nukleonik, 11, 149 (1968).

29. R. A, Rydin, J. A. Burke, W. E. Moore, and K. W, Seemann, "Space-
Time Kinetics Experiments and Calculations for a Loosely Coupled
Core," Trans. Am. Nucl. Soc., 13, 698 (1970).

30, W. M. Stacey, Jr., Space-Time Nuclear Reactor Kinetics, Academic
Press, New York, N. Y., 1969,

31. H. Borgwaldt and D. Stegemann, "A Common Theory for Neutronic Noise
Analysis Experiments in Nuclear Reactors,' Nukleonik, 7, 313 (1965).

32. W. Seifritz and D. Stegemann, "Reactor-Noise Analysis,'" Journal of
the International Atomic Energy Agency, Vol. 9, 1, (1971).

33. J. B. Dragt, "Reactor Noise: A Study of Neutronic Fluctuations in
Low=-Power Nuclear Reactors, with Special Emphasis on Accurate Time-~
Domain Analygis,' Reactor Centrum Nederland, Petten, Report RCN-101,
(Oct. 1968).

34. R. E. Uhrig, Random Noise Techniques in Nuclear Reactor Systems,
Ronald Press Co,, New York, N. Y., 1970,

35. Trans. Am. Nucl, Soc., 14, 853-860 (1971).

36. E. D. Courant and R. K. Wallace, "Fluctuations of the Number of
Neutrons in a Pile," Phys. Rev., 72, 1038 (1947).

37. 0. R, Frisch and D. J. Littler, "Pile Modulation and Statistical
Fluctuations in Piles," Philosophical Magazine, 45, 126 (1953).

38. V. Raievski, "Fluctuations Statistiques du Nombre de Neutrons dans
une Pile," Centre a 1'Energie Atomique, Report-917, (1958).

39, W, Matthes, "Statistical Fluctuations and Theilr Correlation in Re-
actor Neutron Distributions," Nukleonik, 4, 213 (1962).

40, W. Matthes, "Measurement of the Transfer-Function with Statistical
Methods," Nukleonik, 8, 21 (1966).

41. W. Matthes, "Theory of Fluctuations in Neutron Fields,' Nukleonik,
8, 87 (1%68).

42, W. Matthes, "The Concept of Neutron Importance in Reactor Physics,"
EURATOM - Report 18%97e (1964).




43.

Mo

45,

46,

47,

48.

49,

50.

51.

52.

53.

54.

55.

56,

191

A. Dalfes, "A Study of Stochastic Kinetics of Nuclear Reactors,"
Nukleonik, 4, 299 (1962).

A. Dalfes, '"The Fokker~Planck and Langevin Equations of a Nuclear
Reactor," Nukleonik, 5, 348 (1963).

A. Dalfes, "The Correlation Function and Power Spectral Density of
Nuclear Reactors,' Nukleonik, &, 53 (1964),

A. Dalfes, "Some Considerations on Nuclear Reactor Noise,™ Nukle-
onik, 7, 426 (1965).

A. Dalfes, "The Random Processes of a Nuclear Reactor and Their
Detection," Nukleonik, 8, 94 (1966).

A. Blaquiere and R. Pachowska, "Le Bruit de Fond des Réacteurs Nu-
cléaires. Un Modele Radioélectrique Simple," Comptes Rendus, 251,
2618 (1961).

A. Blaquiere, J. Cazemajou, and q. Lapicque, "L'équation de Fokker-
Planck et la Fonction d'autocorrélation’ des Réacteurs Nucléaires,"
Compt. Rend., 253, 2226 (1961).

A. Blaquiere and R. Pachowska, "Fluctuations d'un Systém Dependent
de Plusieurs Parameters Aléatoires. Application aux Réacteurs
Nucldaires," Centre a 1'Energie Atomique, Report-2115 (1962).

H. Hurwitz, D. B. MacMillian, J. H. Smith, and M, L, Storm, "Ki-
netics of Low Source Reactor Startups, I and II,"™ Nucl. Sci. Eng.,
15, 166 and 187 (1963).

B. Kozik, "Korrelationstheorie der Neutronen in Kernreaktoren,"
Kernenergie, 9, 373 (1966).

B. Kozik, '"Correlation of Neutrons in Nuclear Reactors Allowing for
Space-Energy Distribution," J. Nucl. En., 21, 293 (1967).

W. M. Stacey, Jr., "Stochastic Kinetic Theory for a Space~ and
Energy-Dependent Zero-Power Nuclear Reactor Model,™ Nucl. Sci. Eng.,
36, 389 (1969).

L. Pal, “Statistical Fluctuations of Neutron Multiplication," Pro-
ceedings of the Second Geneva International Conference on the Peace-
ful Uses of Atomic Energy, 16, 687 (1958).

L. P4l, '"Determination of the Prompt Neutron Period from the Fluc-
tuations of the Number of Neutrons in a Reactor,” J, Nucl. En,
Parts A/B, 17, 395 (1963).




57,

58.

59.

60.

61.

62.

63.

64.

63.

66 .

67.

68.

69.

70.

192

H. Borwaldt and D, Sanitz, "Die Impulskorrelation Zweier Neutronen-
detektoren in Station¥ren Reaktor," Nukleonik, 3, 239 (1963).

G. I. Bell, "On the Stochastic Theory of Neutron Transport," Nucl.
Sci. Eng., 21, 390 (1965).

D. R. Harris, M. Natelson, J. A. Galey, and E. Schmidt, '"Measure-
ments and Detailed Model Analysis of Space-Correlated Reactor Fluc-
tuations," Nucl. Sci. Eng., 40, 173 (1970).

M. M. R. Williams, "An Application of Slowing Down Kernels to
Thermal Neutron Density Fluctuations in Nuclear Reactors," J. Nucl,
En., 21, 321 (1967).

M. M. R. Williams, "Probability Distributions in Simple Neutronic
Systems Via the Fokker-Planck Equations," J. Nucl. En., 23, 633
(1969).

J. S. Cassell and M. M. R, Williams, "Space Dependent Noise Spectra
Via the Transport Equation,™ J. Nucl. En., 23, 573 (1969).

J. K. Vaurio and P. J. Januho, "Stochastic Properties of Nuclear
Reactors in a Two-Group Model," J. Nucl. En., 23, 419 (1969).

V. V. Bulavin, in "Statistical Methods in Experimental Reactor Ki-
netics," Reactor Centrum Nederland, Petten, Repeort RCN-98, 301
(1968).

V. G. Zolotukhin, &. Mogil” ner, "Distribution of the Counting of
a Neutron Detector Placed in a Reactor," Atomnaya Energiva, 10,
379 (1961).

V. G. Zolotukhin, A. Mogil” ner, "Distribution of the Number of
Counts on a Neutron Detector Placed in a Reactor," Atomnava Ener-
giva, 15, 11 (1963).

J. B. Dragt, "Threefold Correlations and Third Order Moments in
Reactor Noise," Nukleonik, 10, 7 (1967).

A, Puruhashi, "Analyzing Neutron Count Trios into Two- and Three-
Forked Components," Journal of Nuclear Science aund Techunology, 6,
156 (1969).

H. Borgwaldt, "Einheitliche Theorie der Korrelations-Experimente
in Nulleistungsreaktoren,' Karlsruhe Institute for Nuclear Research -
Report=4/66-5 (1966).

M. E. Congdon and R. W. Albrecht, "An Adjoint-Weighting in Neutron
Fluctuation Analysis with Emphasis on an Effective Detector Effi-
ciency," Nucl., Sci. Eng., 39, 207 (1970).




71.

72.

73,

74.

75.

76.

7.

78,

79.

80.

81.

82.

83.

B4,

85.

193

B. ¥. Zolotar, "Monte Carlo Analysis of Nuclear Reactor Fluctuation
Models," Nucl. Sci. Eng., 31, 282 (1968).

C. E. Cohn, "A Simplified Theory of Pile Noise,” Nucl. Sci. Eng.,
1, 472 (1960).

C. E. Cohn, "Reflected-Reactor Kinetics," Nucl. Sci. Eng., 13, 12
(1962).

W. B. Davenport and W, L. Root, An_Introduction to the Theory of
Random Signals and Noises, McGraw-Hill, New York, N. Y., 1958.

J. L. Doob, "The Brownian Movement and Stochastic Equations,"
Annals of Mathematics, 43, 351 (1942).

M. N. Moore, "The Determination of Reactor Transfer Functions from
Measurements at Steady Operation,” Nucl. Sci., Eng., 3, 387 (1958)
and Nucl, Sci. Eng., 4, 134 (1958).

M., N. Moore, "The Power Noise Transfer Function of a Reactor,"

Nucl. Sci. Eng., 6, 448 (1959).

M. N. Moore, "Noise Field of a Reactor,"™ in Noise Analysis in Nuclear
Systems, R. Uhrig, Editor, Univ. of Fla. Press (1964).

J. R. Sheff, The Cross Correlation of the Neutron Density Fluctua-
tions at Two Points in a Nuclear Beactor, Ph.D. Thesis, Univ, of
Washington, 1965.

J. R. Sheff and R. W, Albrecht, "Space Dependence of the Reactor-
Noise Spectral-Density Function," in Neutron Dynamics and Control,
CONF-650413 (1966).

J. R. Sheff, "Space-Dependent Cross Spectral Density in a Bare
Cube," in Neutron Noise, Waves, and Pulse Propagation, CONF-660206,
623 (1967).

J. R.. Sheff and R. W. Albrecht, "The Space Dependence of Reactor
Noise I and II," Nucl. Sci. Eng., 24, 246 and 26, 207 (1966).

H. §. Carslow and J. €. Jaeger, Conduction of Heat in Solids, Oxford
Press, London, p. 373, 1959.

J. R. Sheff, "Three-Energy~Group Space-Dependent Spectral Densi-
ties," Trans. Am, Nucl. Soc., 12, 709 (1969).

A. Z. Akcazu and R. K. Osborn, "Application of Langevin's Technique
to Space~ and Energy-Dependent Noise Analysis," Nucl. Sci. Eng.,
26, 13 (1966).




194

86. R. J. Johnson and R. N, Macdonald, "Calculation of Space-Dependent
Effects in Pile-Oscillator and Reactor-Noise Measurements," in
Neutron Noise, Waves, and Pulse Propagation, CONF-660206, 649 (1967).

87. R. N. Macdonald, A Method for the Analysis of Modulated Neutron Ex-

periments, Ph,D. Thesis, Georgia Institute of Technology, Atlanta
(1966),

8s8. C. E. Cohn, R, J. Johnson, and R. N, Macdonald, '"Calculating Space-
Dependent Reactor Transfer Functions Using Static Techniques,”
Nucl. Sci, Eng., 26, 198 (1966).

89, T. B. Fowler, M. L. Tobias, and D. R. Vondy, "EXTERMINATOR-II: A
Fortran IV Code for Solving Multigroup Neutron Diffusion Equations
in Two Dimensions,'" Qak Ridge National Lab.-4078 (1967).

90. M. Otsuka and T. Tijima, "Space-Dependent Formula for Rossi-a
Measurements," Nukleonik, 7, 488 (1965),

91. M. Otsuka and K. Saito, "Space-~Time Correlations in Neutron Distri-
butions in a Multiplying Medium,'" J, Nucl., Sci., Technol., 2, 191
(1965).

92, M. Otsuka and K. Saito, "Neutron Fluctuations in a Multi-Poiat Re-
actor,” J. Nucl. Sci. Techmol., 2, 40 (1965).

93. M. Otsuka and K. Saito, "Neutron Fluctuations in a Multiplying
Medium," Nucl. Sci. Eng., 24, 412 (1966).

94, S, Ukai, S, Takeda, and S. Yamada, "A Generalized Analysis of
Rossl-o Experiment,"” J, Nucl. Sci., Technol., 2, 355 (1965).

95. A. Furuhashi and G. Tnaba, "Eine Korrektur der Formel flir die
Rossi-¢ Methode,” J. Nucl., Sci, Techmel., 3, 305 (1966).

96, R. K. Osborn and 8. Yip, "Physical Theory of Neutron Noise in Re-

actors and Reactorlike Systems," in Noise Analysis in Nuclear Sys-
tems, R. Uhrig, Editor, Univ. of Fla., Press, 1 (1964).

97. M. Natelson and R. K. Osborn, "Kinetic Equations for Neutron Dis-
tributions," J. Nucl. En., Parts A/B, 19, 619 (1965).

98. M. Natelson, R. K. Osborn, and F. Shure, "Recent Developments in
the Analysis of Neutron-Noise Experiments," in Neutron Noise, Waves,
and Pulse Propagation, CONF-660206, 669 (1967).

99, R. K. Osborn and A. Z. Akcazu, '"Some 'Theorems' on Neutron Fluctu-
ations and Fluctuation Spectra,' in Neutron Dynamics and Coatrol,

CONF-650413, 531 (1966).




100,

101,

102.

103.

104,

105.

106,

107.

108.

109,

110.

111,

112,

113.

195

M. Natelson, R. K. Osborn, and F. Shure, "Space and Energy Effects
in Reactor Fluctuation Experiments," J. Nucl. En., Parts A/B, 20,
557 {1966).

R. W, Albrecht and W. Seifritz, '"The Information of Neutron Fluc-
tuations," Nucl. Sei. Eng., 41, 417 (1970).

E. L. Fuller and D. A. Meneley, "Weighted-Regidual Methods in
Space-Dependent Reactor Dynamics,” Nucl. Sci. Eng., 40, 206 (1970).

D. D. Ebert and L. J. Gallaher, "An Analytic Solution of the Space-

Dependent Coherence Function," Trans. Am. Nuel. Soc., 14, 195
(1971).

D. H. Lennox, B. I. Spinrad, W. N. Kelber, R. H. Armstrong, and

W. L. Kolb, "The Argonaut Reactor: A Generalized Reactor Facility
for Nuclear Technology Training and Research," 2nd U. N. Intern,
Conf. Peaceful Uses At. En., 10, 265 (1958).

D. R. Back, et al., "Comparisom of Knolls Atomic Power Laboratory
Clean Critical and Subcritical Experiments with Calculations," in
Exponential and Critical Experimenkts, Vol. II, p. 391, IAEA,
Vienna (1964},

M. R. Mendelson, "Monte Carlo Criticality Calculations for Thermal
Reactors,"” Nucl. Sci. Eng., 32, 319 (1968).

G. Kussmaul, "Theoretishe und Experimentelle Untersuchungen zum
Zweipunktreaktor,’ Institut fur Neutronenphysik und Reaktortechnik,
Kernforschungszentrum Karlsruhe, Report INR-4/68-17 (Feb, 1968).

D. J. McGoff, "FORM: A Fourier Transfered Fast Spectrum Code for
the IBM-709,' North American Aviation-SR-MEMO-5766 (1960Q).

R. Shudde and J. Dver, "TEMPEST-II," NAA-AMTD-111 (1961).

F. N. McDonnell and M. J. Harris, "Pulsed-Source Experiments in a
Reflected Coupled-Core Reactor,” Trans. Am. Nucl. Soc., 14, 864
(1971).

J. R. Penland, N. J. Ackermann, Jr., and S. H. Hanauer, "Space-
and Energy-Dependent Reactor Noise Measurements,” Trans. Am. Nucl.
Soc., 14, 854 (1971).

N. J. Ackermann, J. R, Penland, and $§. H. Hanauer, "A Space- and
Energy-Dependent, Four-Nodal Point Neutrom Fluctuation Theory,"
Trans. Am. Nucl. Soc., 14, 854 (1971).

J. C. Robinson and M. L, Alexander, "Calculation of Reactor Noise
Spectra Using a Space-Energy-Dependent Model: Comparison with
Experiment,"” Trans. Am. Nucl, Soc., l4, 856 (1971).




196

114. D. D. Ebert, J. D. Clement, and W. M, Stacey, Jr,, "Coherence Func-
tion Analysis in Coupled Cores Using Modal Expansions,' Trans, Am.
Nucl. Soc., 14, 858 (1971).

115. 8. Kaplan, "The Property of Finality and the Analysis of Problems
in Reactor Space-Time Kinetics by Various Modal Expansions," Nucl.

Sci. Eng., 9, 357 (1961),

116. R. A, Danofsky, "Cross Power Spectral Measurements in the Two-Core
University Training Reactor-10," in Noise Analysis in Nuclear
Systems, R. Uhrig, Editor, Univ. of Fla. Press, p. 229 (1964).

117. €. D. Kylstra and R. E. Uhrig, '"Measurement of the Spatially De-
pendent Transfer Function," in Noise Analysis in Nuclear Systems,
R. Uhrig, Editor, Univ. of Fla. Press, p. 285 (1964).

118. J. A, Burke, Personal Communications; Knolls Atomic Power Labora-
tory, (Dec. 1970).

119. Programmers Reference Manual for the UNIVAC1108-EXECS Executive
System, Rich Electronic Computer Center, Georgia Imstitute of
Technology, Atlanta, Ga. (April 1, 1969).

120. J. M. Reynolds, Personal Communications, Atlanta (Nov. 1970).

121. J. M. Reynolds and J. D, Clement, "Efficient Digital Reactor Noise
Analysis Through Averaging FFT-Computed Periodograms," Trans, Am.
Nucl. Soec,, 14, 192 (1971).

122. R. €. Kryter, "On-Line Reactor Noise Spectrum Computation with a
Fast Fourier Transform Algorithm," Trans. Am., Nucl, Soe,, 12, 291
(1969),

123, J. C. Robinson, "Analytical Determination of the Neutron Flux-to-
Pressure Frequency Response: Application to the Molten-Salt Reactor

Experiment,” Nucl. Sci. Eng., 42, 382 (1970).

124, J. C.-Robinson and D. N, Fry, "Experimental Neutron Flux-to-Pressure
Frequency Response for the Molten-Salt Reactor Experiment: Deter-
mination of Void Fraction in Fuel Salt," Nucl. Sci. Eng., 42,

397 (1970).

125. T. Gozani, "The Concept of Reactivity and its Application to Ki-
netic Measurements,' Nukleonik, 3, 55 (1963).

126, L. R. Foulke, A Modal Expansion Technique for Space-Time Reactor
Kinetics, Ph.D. Thesis, MIT (1966).

127. J. R, Lamarsh, Introduction to Nuclear Reactor Theory, Addison-
Wesley, Reading, Mass., p. 554, 1966.




128.

129.

130.

131.

N

132.

133.

134,

135,

136,

137,

138,

139.

140,

197

J. M. Betancourt, Analysis of Coupled Core Reactors Using the
Natural Mode Approximation, Ph.D. Thesis, Iowa State Univ., (1968).

E. L. Wachspress, lterative Scolution of Elliptic Svstems, Prentice-
Hall, Inc., Englewood Cliffs, N, J., p. 20, 1966,

R. L. Ewen, "MULE - A Fortran Program for the Calculation of Three
Types of Overtone Modes,'" WAPD-TM-369, October 1963,

D. R, Edwards and K. F. Hansen, "The Stabilized March Technique
Applied to the Diffusion Equation,’ Nucl. Sci. Eng,, 25, 58 (1966).

R. A. Danofsky, "Observation of Coupled-Core Characteristics by
Noise-Measurement Techniques,' Trans. Am., Nucl. Soc., 14, 855
(1971},

A. F, Henery and A. V. Volta, "WIGL2 - A Program for the Solution
of the One-Dimensional, Two-Group, Space-Time Diffusion Equations
Accounting for Temperature, Xenon and Control Feedback,"
WAPD-TM-532 (Oct. 1965),

J. B. Yasinsky, M. Natelson, and L. A, Hageman, "IWIGL - A Program
to Solve the Two-Dimensional, Two-Group, Space-Time Neutron Dif-
fugsion Equations with Temperature Feedback,' WAPD-TM-743 (Feb,
1968).

N. J. Ackermann, Jr., A. R. Buhl, and R. €. Kryter, "An Analytical
and Experimental Evaluation of Subc¢riticality Measurements by the
Polarity Spectral Coherence Method," Trans. Am. Nucl, Soc., 14,

44 (1971),

W. M. Stacey, Jr., Modal Approximations: Theory and an Applica-
tion to Reactor Physics, MIT Press, Cambridge, Mass., 1967. Also,
"A General Modal Expansion Method for Obtaining Approximate Equa-
tions for Linear Systems,' Nucl. Sci., Eng., 28, 438 (1967),

S. Kaplan, "Synthesis Methods in Reactor Analysis," Advances in
Nuclear Science and Techmology, 3, 233 (1965).

S. Kaplan, 0. J. Marlowe, and J. Bewick, "Application of Synthesis
Techniques to Problems Involving Time Dependence,” Nucl. Sci. Eng.,
18, 163 (1964).

Ivar Stakgold, Boundary Value Problems of Mathematical Physics,
MacMillan Co., New York, N. Y., p. 65, 1967.

G. Arfken, Mathematical Methods for Physicists, Academic Press,
New York, N. Y., p. 595, 1966,




198

141. W. C. Nodean, The Response of a Coupled Core Reactor to a Localized
Oscillation of the Absorption Cross Section, Ph.D, Thesis, Iowa
State Univ. (1969).

142, B. Carnahan, H. Luther, and J. Wilkes, Applied Numerical Methods,
Wiley and Sons, Inc., New York, N. Y., p. 179, 1969,

143, J. W, Cooley and J. W. Tukey, "An Algorithm for the Machine Calcu-
lation of Complex Fourier Series," Mathematics of Computations, 19,
297 (1965).

144, W. M. Gentleman and G. Sande, '"Fast Fourier Transforms for Fun and
Profit," Joint Computer Conf, AFIPS Proc., 29, 563 (1966).

145. J. W. Cooley, “Applications of the Fast Fourier Transform Method,"
Proc., IBM Computing Symp. (1966).

146, P. D. Welch, "The Use of Fast Fourier Transform for the Estimation
of Power Spectra: A Method Based on Time Averaging Over Short,
Modified Periodograms," IEE. Trans. Audio Electroacoustics, AU-15,
70 (1967).

147. R. C., Singleton, '"On Computing the Fast Fourier Transform," Commun.
ACM, 10, 647 (1967).

148. David §. Gooden and T. F. Parkinson, '"Regional-Dependent Reactor
Kinetics," Nucl, Sci. Eng,, 46, 169 (1971),

149. R. H, Jones, "A Reappraisal of the Periodogram in Spectral Analysis,”
Technometrics, 7, 531 (1965).

150. D. D. Ebert, J. M. Reynolds, and J. D. Clement, "Coherence Function
Measurements and Analyses in Tightly and Loosely Coupled Cores,"
Trans, Am. Nucl, Soec,, 14, 1, 196 (1971).

151. W. E. Schiesser, '"Statistical Uncertainty of Frequency Response
Determined from Random Signals," TM711-C~2, Weston Instruments,
Inc., (1966).

152, R. A. Rydin, Personal Communications, University of Virginia (Nov.
1971.

153. W. M, Stacey, Jr., Personal Communications, Argonne National Labor-
atory (Dec. 1971).

154, M. M. El-Zeftawy and L. Ruby, "Kinetic Distortion in a TRIGA Re-
actor with an Asymmetric Reflector," Nucl. Sci. Eng., 45, 335 (1971).



199

VITA

David Dean Ebert was born on August 9, 1940 in Watertown, Wisconsin.
He attended Watertown High School and graduated in 1958. Mr. Ebert at-
tended the University of Wisconsin where he received a Bachelor of Science
degree in Applied Mathematics and Engineering Physics in January, 1963.

In January, 1963 he was employed by the National Aeronautics and
Space Administration in Cleveland, Ohio as an aerospace scientist. While
at NASA, he worked on the core physics analysis of a tungsten-water nuclear
rocket concept.

Mr, Ebert left NASA to attend graduate school at the Georgia Insti-
tute of Technology in September of 1963. He received a Master of Science
degree in Nuclear Engineering from Georgia Tech in June, 1965. During
the summer of 1964, he participated in the Engineering Practice School
program at Argonne National Laboratory.

In the fall of 1964, Mr. Ebert began work as an experimental reactor
physicist at Knolls Atomic Power Laboratory in Schenectady, New York. He
left KAPL in September, 1967 to work on a doctorate in Nuclear Engineering
at Georgia Tech. This graduate study was supported by an Atomic Energy
Commission Traineeship and a Graduate Research Assistantship. Mr. Ebert
also taught a course in modern physics at Georgia State University and
supervised a reactor physics laboratory class at Georgia Tech during this
time., While pursuing his studies at Georgia Tech, Mr. Ebert worked on

his dissertation at Argonne National Laboratory during the summers of



200

1970 and 1971 under the guidance of Dr. Weston M, Stacey, Jr. The work

at ANL was supported in part by the Argonne Center for Educational

Affairs.

Mr. Ebert is a member of the Americanm Nuclear Society and the

Society of the Sigma Xi.



