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Executive Summary

A critical review of the theory of hygrothermal buckling of thin plates is presented. The
preparation of this report is an extension of our previous report on buckling due to applied
thrusts [1]. We are investigating the buckling behavior of thin plates because we believe
that this science base is directly applicable to our study of cockle in paper. Most of the
reviewed literature pertains to buckling arising from thermal stresses. In terms of
mathematics, swelling due to moisture changes enters the formulation exactly in the same
form as thermal expansion. Therefore, we can apply this directly to our focus of study on

cockle in paper.

We present the equations governing the buckling of thin thermoelastic plates. Analyses of
buckling for both rectangular and circular plates are reviewed. Both the case of small and
large deflections are discussed. The effects of imperfections, thickness variations, and

inelastic behavior are presented.

A common technique employed to obtain a solution, Berger’s approximation, is discussed.

For some cockle problems these may be a viable technique to implement.

In reviewing this literature on thermal buckling, we found several analyses that contained
errors. These questionable results are discussed in the text, and create an opportunity for
some original work of interest to the scientific community. We are now in the process of
formulating the governing equations for our cockle model. This model will make use of

the knowledge we gained in reviewing the literature reported herein.



I. GENERALIZED VON KARMAN EQUATIONS FOR ELASTIC
ISOTROPIC AND ORTHOTROPIC PLATES SUBJECT TO HY-
GROEXPANSIVE OR THERMAL STRESS DISTRIBUTIONS

We begin our study of hygroexpansive and thermal buckling and bending of thin plates by
deriving the generalized von Karman equations for elastic isotropic and orthotropic plates;
the pertinent results will be presented in both rectilinear and polar coordinates for, respec-
tively, rectangular plates and plates with a circular geometry. Further on in this report
(i.e., in Chapter VII) the equations governing the bending and buckling behavior of thin
plates either exhibiting viscoelastic (creep) behavior or undergoing plastic deformations will

be presented.

A) Rectilinear Coordinates

We consider an isotropic thin plate of constant thickness A which occupies the domain 2
in the z,y plane ([1], Fig. I1.11); as in [1] we employ the Kirchoff hypothesis, i.e., sections
z =const., y =const. of the undeformed plate remain plane after deformation and also
maintain their angle with respect to the deformed middle surface of the plate. In terms of
the displacement components u, v, w of the middle surface of the plate we have the following
generalization of equations (I11.34) of [1] which applies when either hygroexpansive or thermal

strains (or both) must be taken into account:

€ = €0 — €HT
€yy = €yy — €HT (L1)

;)-’zy = 2€xy = 26:cy



where €., €5y, €,y are given by (I1.34) of 1], i.e.,

1,
€z = Ug T+ Ew,z = QW 2z
€y = 5(“11 + Uzt WaWy) — CWay
_ 2
€yy = Uyt 'Q’w,y — QW gy

with —h < ¢ < h the (normal) distance from the middle surface of the plate, and

egr = BOH + adT (12)

In (I.2), B is the (assumed constant) coefficient of hygroscopic expansion, « the thermal
expansion coefficient, § H the change in moisture content and 7 the change in temperature.

For a static problem we have, in general

0H = H(z,y,2z) — H,
(1.3)

0T =T(z,y,2) =T,
with Hy, Ty, respectively, reference moisture and temperature levels. In writing down (I.1),
(I.2) we have already assumed isotropy, i.e. (€mr)zz = (€mT)yy; for the case of rectilinear

orthotropy we will have to introduce coefficients «;, 8;,7 = 1, 2. We also note that for a purely

hygroscopic problem 67 = 0 while for an entirely thermal problem §H = 0.

Remarks: To simplify the presentation, and because almost all of the literature, to date,
has dealt solely with problems of thermal buckling and bending, as opposed to hygroscopic
buckling and bending (or a combination of both mechanisms) we will often write egr = e7 =
adT or the natural generalization with respect to orthotropic response. However, in almost
all the cases that will be discussed in this report ad7T (in the isotropic case, for example)

will be interchangeable with G H.



For rectilinear isotropic response, the constitutive relations are given by [2]:

(. 1
N 1

y € = E(Uyy — V03yz)
. 2(1+vw)

{ Yoy = E Ozy

or, in view of (I.1)

€zx — €EHT = E(C"xz - Vayy)
1
3 €yy — €EHT = E(ny - Vaxz) (14)
1+v
\ €zy = (_E—)Uzy

with v the Poisson’s ratio and E the Young’s modulus. Alternatively, by solving (I1.4) for

the stress components, we have

Ozr = 1_ .2 (6$x + Veyy) 1 €HT
E
\ Ow T Tz (eyy + Vezz) — — > enT (I5)
E
| Ozy = T s €zy = 2Gegy

where G is the shear modulus of the plate. With, e.g., egr = adéT = er, (1.4) says that
as a consequence of a change in the heat content of the plate strains €, €5y, and €y, are
caused by thermal expansion of the material comprising the plate as well as by stresses that

may arise from applied loads or other sources. As in [1], the averaged stresses over the plate






where

E h/2
NHT = . / GHTdZ (IlO)
1—v Jonp

For the purely thermal situation in which ery = er = aAT (2, v, 2)

E h/2
Nur=NT = 1a_ - /_ 0T (@9, 2)dz (L1la)

while in the entirely hygroscopic case with erg = €g

h/2
PE / §H(z,y, z)dz (L11b)

Nyr =N =
1—vJonp
Equations (1.9) may be found, e.g., in §9.4 of [3], with Ny = N7.
In an analogous fashion, we may compute that, by virtue of (I.6b), (I1.5), and (I.8), the

bending moments are given by

M, = —-K(wg +vwy)— Mgr
My = —K(wyy+vWse)— Myr (L12)
My = —(1—-v)Kwgy
E 2
where K = m——yz) is the usual plate stiffness for the isotropic case while the hygrothermal
moment Mpyr is given by
E h/2
MHT = / EHTZdZ (113)
1—v/J-np
For €gT = €7,
_wr= 2L 114
Myr=M" = Tl 0T (z,y, z)zdz (I.14)

while for €EgT — €H,

h/2
Myr = M = PE / 0H(z,y,2)zdz (I.15)

T 1—v Jowp

The relations (I1.12), with Mgr = MT may also be found, e.g., in §9.4 of [3].



Remarks: In certain situations it may be the case that the coefficients oo and/or 3 are

field-dependent, i.e., a = a(éT), 8 = B(6H). In such case one would have, e.g.,

E  rh/2
T _ .
NT = 1_V/_h/2a(6T) §Tdz
| R (L16)
MT = .
— /_ . ,0l0T) 0T =dz

with analogous expressions for N¥ M¥.

The equilibrium equations which apply in the present situation (see Figs. IL8, IL.9 of
[1]) are precisely the same relations which hold in the absence of hygrothermal strains, i.e.,
(I1.42), (11.43), and (I1.44) of [1]; we write these (in the absence of an initial deflection and

a distributed normal loading) in the form

Npg+ Ngyy =0
(I.17a)
Nzyz+ Nyy =0
Quzz + Quzy + NoW zo + Nyw yy + 2Npyw 2y = 0 (I.17b)
Myy+ My, —Qy,=0
v vy = @y (Myy = M) (1.17¢)
Myx,y + Mz,:c - Q:J:z =0 '
Eliminating @, and @, from among the equations in (I.17b, c) we obtain
My 2z + 2Mauy 2y + My gy + NoW zz + 2NgyW 2y + Nyw 4y = 0 (I.18)
Substituting for the moments M, M, and M, in (1.18) then yields
KA = Nyw gz + 2Ngyw 4y + Nyw yy — AMpr (1.19)
2 2
where A = W+ 32 is the two-dimensional Laplacian while A? is the biharmonic operator.
T Y

Modifications (which will be discussed later in this report) must be made to (1.19) if im-

perfection buckling is considered, i.e., it the plate possesses an initial prebuckling deflection



wo = wo(z,y) or is subject to a transverse normal loading. As in [1] we may introduce the

Airy stress function ®(z,y) by
Ny = Bpyy, Ny = @ 30, Npy = =P 4y ’ (I.20)
in which case equations (I.17a) are satisfied identically while (I.19) becomes
KN w = @ yyw oy — 28 pyw 4y + D powyy — AMpr (1.21)

From the compatibility equation
R A i ( Ow vz _ Ow &w
Oy2 ™  9r2¥ " 9zdy " 0x0y oz2 Oy’

(1.22)

060 €O

where €., €., €;

, are the middle surface strains, as given by (I.7) and the constitutive rela-
tions (1.9), we easily obtain the second of the two generalized von Karman equations which

apply in the case of hygrothermal buckling, i.e.,

0w 0w 0w
2 2 _ _ _

As in [1] we may introduce the nonlinear (bracket) differential operator by

[, g] = fayGee — 2 wyGay + frzz9yy
and write (I1.23) in the form
A2 = —%Eh[w, w] = (1 - 1) ANz (1.24)

With AMgr = ANgr = 0, the system (1.21), (1.24) reduces to the standard system of von
Karman equations which apply in the case of linear, isotropic, elastic response in rectilinear
Cartesian coordinates in the absence of both an initial prebuckling deflection and an applied
transverse normal loading.

For the case in which the thin plate exhibits linear elastic behavior, but possesses recti-

linear orthotropic symmetry, the generalized von Karman equations governing hygrothermal

8



buckling may be derived as follows: for a constant thickness orthotropic think plate, in which

the z and y axes coincide with the principle directions, the constitutive equations have the

form
0 _ 1
Ozzx €11 Ci2 €zz — €T
— 2
Oyy - Co1 Co9 0 €yy — €T (125)
Ozy 0 0 Ce6 Yy

where the hygrothermal strains have the form

ehr = P10H + 16T

(1.26)
G%IT = [o0H + T

with a1, oy the coefficients of linear thermal expansion along the z and y axes, respectively,
and (i, (> the coefficients of hygroscopic expansion. For now, we shall assume that the o; and
B; are constant, 1 = 1,2. In (1.25) the elastic constants are given by the following expressions
in which Ey, Es, 119, V91, and G1q, respectively, are the Young’s moduli, Poisson’s ratios, and

shear modulus associated with the principal directions:

(
ci1 = E1/(1 — viavar)

C1g = Eava /(1 = vigva)

co1 = By /(1 = viava) (1.27)
ca2 = By /(1 — vigvar)
ces = G2

\
Also, Eivis = Ebvsy so that ¢ip = cy1. As in [1], the constants D;; = ¢;jh3/12 are the
associated rigidities (i.e., stiffness ratios) of the orthotropic plate. Employing (I1.27) we have

for the bending rigidities about the z and y axes, respectively,

Eh? Eyh3
Dy=———————and Dypy= ————= 1.28a
1 12(1 — 1/127/21) 2 12(1 - 1/121/21) ( )
while
G12h3
= 1.28b
Dy = 22 (128b)






Remarks: In the special case of rectilinear isotropic elastic response (1.30), (1.31) reduce as

follows: we set By = Fo = E, v =15, = v, and Gy = G. Also
€yt = €47 = BOH + adT = egr

as a; = ag = @, B = B2 = 3. Then

Nt 12 ‘ " d
+ Nz = / € ¥4
HT =770 [ BT
E b2
Nz 4+ N2 = / egrdz
HT HT = 7 [ BT

(1.32)

and it is clear that (1.30) reduces to (1.9) with Ny = N + N3 = N2 + N2 given by

(1.10).
From (I1.30) we have, immediately, that

1
0 _
6”-_<2Guh>AGy

while the linear algebraic system

C11€0, + Cro€), = h(N + Ngr)
1
Co1€0, + Coo€ly, = h(N + Nir)
with
Nyr = Npr + Nifr
N = N + N
yields
1 E, < Esvg o2
0o _ N, Nl_(————)N+N }
€az |Cij|h {<1 - 1/121/21> ( + HT) 1 — viovy ( v HT)
1 E ~ Ev <
0 _ L N, + N} —(—i—”—) N, + N}, }
6yy |Cij|h {(1 - 1/121/21> ( Y HT) 1- V12V21 ( HT)
with
E, Eovy
e = 1—vovo1 1 —vpovy
Y E vy E, ’

1—vovo 1 —rvpovy

11

(I.33a)

(1.33b)

(I.33¢c)



l.e.

lcij| = E1E2/(1 — viav1)

(1.34)

Employing (1.34) in (I1.33b,c) and recalling (1.33a) we easily find that the inverted constitutive

relations assume the form

( 1 - -
€he = hE, {(Nx + Nyr) — v (Ny + NI%IT)}
< 60 :L{(_N +N2 )—1/12(N +N1 )}
Yy hE2 Y HT T HT
1
| = Zhan

(1.35)

To compute the bending moments M, My, and M, we employ the constitutive relations

(I.29) in (I.6b) so as find

" h3 l
M, = “E(Cllw,m + cl2w,yy) - (M}JlT + M11{2T)
h® 21 22
| My = _ﬁ(cﬂw,m + CoWyy) — (Mg + M)
h3
L sz = —FCSGw,xy

where the hygrothermal moments M}?T are given by

h)2
MY =cn /h/2 eur(T,y, 2)zdz

¢

h/2
M = 012/ / e (z,y, 2)zdz
—h/2

\ h/2
MZ% = c21/ ey (T, Y, 2)zdz
h/2

h/2
E%T(CE, y,2)zdz
2

MZ =022/
| MET .y

(1.36)

- Employing the rigidities D;; = ¢;;h%/12, the bending moments may be written in the form

M, = —(Dllw,z:c + D12w,yy) - (M}{l’r + M1112T)
M, = —(Dnw gz + D22w,yy) - (MIQ-IIT + M?IQT)
M:zy = _2D66w,xy

12

(1.37)



Equations (1.36), (1.37) generalize the relations (I1.67a, b, c) of [1] and reduce to the latter
expressions for the bending moments when o; = §; = 0,71 =1, 2.

For the orthotropic case, the equilibrium equations (I.17a), (I1.18) still apply with the
averaged stresses given by (1.30), (I.31) and the bending moments by (I1.36), (1.37). As in
the (rectilinear) isotropic case, we introduce the Airy function ® which is defined by (I.20)
and the pair of equations (I.17a) is satisfied identically. Substituting into (1.18), from (I.20)
and (1.37), we next find that (I.18) implies that

Dllw,mxzm + {D12 + 41)66 + D21 }w,xzyy + D22w,yyyy = [(I)> ’I.U] - {(M;IT),rz + (MI?IT),yy} (138)

where
Myr = Mpgr+ Mygr
(1.39)
Mgy = Mg+ My

With o; = 8; = 0,1 = 1,2, (1.38) reduces to the first of the von Karman equations for the

non-hygrothermal case, e.g., (I1.68) of [1].

Remarks: Various special cases of (I1.38) may be written down by, e.g., taking the 8; =0
in (I.26), assuming the o; are constants, and taking specific forms for 0T'(z,y, z). Such
considerations will be relegated to the discussion, later on in this report, of (mostly thermal)
bending and buckling analyses which have appeared in the literature.

The second generalized von Karman equation for hygrothermal bending and bucking,
for the case of rectilinear orthotropic symmetry, follows as in the isotropic case from the
compatability equation (1.22), i.e.,
0%e2, 1

O o = —=[w, w] (1.40)

32
0 . — 9%y _
+ B2 W 0z0y 2

In the present situation the middle surface strains €2, €2,, and €, are given by (1.35); intro-

13



ducing the Airy function into (1.35), we now write this system in the form

@ = @ ) + e (W = V)
€y = hLEg (Paz — 112Pyy) + - hE (Nir — v12Nh7) (I.41)
\ €2y = —#Gm@,zy
and then substitute into (1.40) so as to obtain
Er 8o+ (5~ )
@ s = [, ] (142)

- 1 -
Eh(NHT VZINFQIT), Eh(NHT V12N11{T),x$

Equation (I.42) reduces to (II.69) of [1] for the non-hygrothermal case when o; = §; =
0,4 = 1,2, in which case N3; = Ny = 0. Various special cases of (I1.42) will appear
later on in this chapter when we consider specific (mostly, thermal buckling and bending)
problems that have appeared in the literature. For a thin linear elastic plate, which exhibits
rectilinear orthotropic symmetry, the complete systern of generalized von Karman equations,
incorporating hygrothermal expansion and contraction, consists of (1.38) and (1.42); these
equations hold in the absence of initial deflections and a transverse (normal) loading. Systems
of equations which are similar to (but less general than) (I1.38), (1.42) for the case of thermal
buckling and bending of thin, linearly elastic, rectilinearly orthotropic plates have appeared

in several places in the literature, e.g., [4], [5], and [6], as well as in §7.2 and §9.2 of [3].

B) Polar Coordinates

In this subsection we will present versions of the generalized von Karman equations in polar

coordinates for thin linearly elastic thin plates exhibiting isotropic response as well as cylin-

14



drically orthotropic response. We will also indicate how the generalized (hygrothermal) form
of von Karman’s equations may be obtained, in polar coordinates, for thin linearly elastic
plates exhibiting rectilinear orthotropic symmetry.

In a cylindrical coordinate system (r,6, z), with the polar coordinates (r,6) describing
the middle surface of the plate, the expression in (I.2) for the hygrothermal strain remains,

essentially, invariant except that §H and §T are now functions of (r, 6, z), i.e.,

eyr = BOH(r,0,z) + adT(r,0, 2) (1.43)
In lieu of (I.1) we have
érr = € — e,.‘HT
€9 = €99 — €xp (1.44)
Yo = Vro

where e,,, egg, and 7,9 are given in terms of the displacement components u,, ug in the middle

surface of the plate and the out of plane displacement w = w(r, 8) by the relations in (II.71)

of [1], i.e.,
( — aur_'_l(?ﬂ)?_ az_w
T B T 2'%r or?
ur  10ug 1 0w 10w 1 6%w
degp = 20y — (T tZY, S0
w = Tt Taelm) G TEee)
_ Oug up 1 0u, 10w Ow 10°w 10w
(= 5 5 ) Y5 G ~ X e T mae)

Middle surface strains e2,, eg,, 7% are obtained from these relations by simply setting ¢ = 0.
The stress components o,,, 0gg, and o,9 must satisfy the equilibrium equations delineated,

e.g., in (IL.72a, b) of [1]; they are related to the stress components in rectangular Cartesian

15



coordinates by the equations in (I1.73) of [1], i.e.,

Opr = OgqCOS20 + 0yysin® 6 + 204, sin 6 cosf
Ogg = Ogzsin®f+ oy, cos?d — 204, sinfcosb
Org = (Oyy — Ozz)Sin@cosd + oy (cos® 6 —sin” )

Assuming that the thin plate exhibits linearly elastic response, we have in lieu of (I.4), the

constitutive relations )

whose inverted form is

Orr =

§ Ogg =

Org =

\

1

€rr — e3“}’{1" = _’(Urr - VUGG)

E
1

{ €o9 — €T = E(er — VOyy)

1+v

Lere=( 7 )

*

T (err + vegg) — T, ¢HT

1= 2 (egp + Ver) — 1= I/e*HT
E

(1 + V)e’l'g = G’Y’I‘e

(1.45)

(1.46)

The averaged stresses and bending moments in polar coordinates are defined in the obvious

way as the natural counterparts of (I.6a, b), i.e.

N,

M,

So that, by virtue of (I1.46)

h/2
= / orrdz
—h/2

Eh

= (e2, + vegy) — Nir

1 -2
Eh

= Bt ved) ~ Ni

1-—

16
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E  rh/2
where Njrr = —— /_ \ 5 CHrd

It is easily shown that the polar coordinate equivalent of the equilibrium equations (1.17a),

ie.,
1 1
Nr’r + ;Nre,e + ;(N,- — Ng) =0
) 5 (1.48)
Nr@,r + _N0,0 + _Nr0 =0
. T T
is satisfied by introducing the Airy (stress) function ® = ®(r, ) defined by
, 1 1. -
NT = —q),,- + '-2-(13799
T T
{Ny = @, (1.49)
1 1
L N,—g = 7"_2®’0 - ;(I)Y,-g

For the isotropic situation under consideration, the generalized von Karman equations (in
polar coordinates) can now be derived by simply employing the polar coordinate equivalent
forms of the equilibrium equation (I.18) and the compatability equation (I.22); specifically, in
the polar coordinate equivalent form of (1.27) one would substitute, from (1.47) and (1.49),
for the middle surface strains €%, €9y, and €% in terms of radial and angular derivatives
of ®(r,6), while in the polar coordinate equivalent form of (I.18) we would substitute for
radial and angular derivatives of the bending moments M,, My, and M, the equivalent
expressions in terms of derivatives of w = w(r, §). A more direct way to obtain the generalized
von Karman system, in polar coordinates, for linear isotropic response, is to note that the
differential operators present in the system (1.21), (I.24) are invariant with respect to linear
transformations of the coordinate system; in particular we have, in lieu of (I1.21), (1.24), the

system
KAz'lU(T, 6) = [Q(Ta 0)7 w(r, 9)] - A‘]\4;‘IT
. (1.50)
N?®(r,0) = —§Eh[w(7°, 0),w(r,0)] — (1 —v)ANgr

17



where

E h/2
Npr = / exrdz
(L51)

E  h/2
M.;IT = / e*HTZdZ
2

while A%w is given by (I1.75a) of [1], i.e.,

2 —
A w = w,rrrr + ;w,rrr - 5

2 1
+T_2w,rr90 + ;gw,r - ;gw,rae

+—7W,0006 + —7 W00,
r T
with an analogous expression for A%®, while

1 1
[@, ’UJ] = w,rr('r‘q),r -+ 7“_2@’06)

1 1
+(;w, =+ ﬁw,gg)@,"

1 1 1 1
_2(;w,r9 - T—Qw,e)(;q’,re 2

é,ﬂ)a

1 1
= Nrw,rr - 2Nr0(_2w,0 - _w,‘rﬁ)
T r

1 1
No(~w, + =
+ 9(Tw, +T2’LU’99)

1 1
[w,w] = 2{w,rr(;w,r+;—2-w,gg).

1 1
"(;w,re - T_gw,ﬂ) }

and

1.
AMgp(r,0) = (Myr) e +=(Mgr) -
X r (L52)
+;3(M}}T),ee

with an analogous expression for AN (r,6). If 6Hg = 0T = 0 so that

eyr(r,z) = BOH(r, z) + adT (1, 2), (1.53)

18



and we consider only radial symmetric deformations of the plate, then the generalized von

Karman system for the case of linearly elastic, isotropic response reduces to the pair of

equations )
Kuw" +-w" — Ew']
T T N, 1 (I.54a)
_ mo Y8, ' Lo
—N,-’w + ” w {MHT+ 7"4.7\4}111“},
d 1 . E - hz
where ' = %’N’ = ;<I>’,N9 = ®"Myr(r) = T /_h/2 eyr(r, 2)zdz,
and
1 nn 2 m ]' 1 ]‘ !
1 1o (1 - V) ‘

. 2N+ TNjir}

Both the systems (1.50) and (I.54a, b) neglect the effects of initial (prebuckling) deflections
and an applied transverse loading; special cases of these systems, which have appeared in
the literature in connection with problems associated with the thermal bucking of isotropic,
linearly elastic circular plates will be analyzed later in this report.

For a linearly elastic, orthotropic body exhibiting cylindrical orthotropy there exist three
planes of elastic symmetry; one of these is normal to the plane of anisotropy, the second
passes through that axis, and the third is orthogonal to the first two. For a thin plate the
first plane of elastic symmetry, for a cylindrically orthotropic material, is chosen parallel to
the middle plane of the plate; with this convention, the constitutive equations generalize

those in (I.45) for an isotropic plate (in polar coordinates) and assume the form

( 1 Vg

€rr — €y = E:Urr - Ea%
0 Ur 1
€gp — € = ——0/p+—0 1.55
T 66 HT Er T E9 60 ( )
Y = g
rd — ~ 0Oro
\ Gr@
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where the radial and angular hygrothermal strains e}, and €% are defined, respectively, by

eyr = B0H(r,6,2) + 6T (r,6,z2)
(1.56)

ey = BedH(r,0,2) + apdT(r,0, 2)
with o;, oy the coefficients of thermal expansion in the radial and angular directions, re-
spectively, and ;, By the coefficients of hygroexpansion in the radial and angular directions,
respectively. Also, in (1.55), E, and Ey are the Young’s moduli for tension (or compression)
in the radial and tangential directions, respectively, while v, and vy are the corresponding
principal Poisson’s ratios and G, is the shear modulus which characterizes the change of
angle between the radial and angular directions. We note that for a cylindrically (or polar)
orthotropic body we have E,vy = Eyu, so that the constitutive equations (I.55) may be

rewritten in the form

€rr = i(a VrOgg) + €]
rr = E,7~ T 086 HT
1 ]
{ € = E(O’eg — VgOrr) + €yp (1.57)
]
1
T = —=0,
| Yro Gro 6

For the (degenerate) case of isotropic symmetry, E, = Ey = E,v, = vy = 1,0, = g = «,
and B, = By = B in which case e}y = e = e}, as given by (I1.43), and the constitutive
relations (I.57) redue to those in (1.45) as G,y = G for isotropy. The strains e,,, egs, and

erg = %’y,g are still given by the relations following (I.44) or, in terms of the middle surface

strains, by
€rr = 6?T_Cw,7'1”
) —"—(l 42 ) (1.58)
€gs = e€pp—C ~Wr W .
1 1
| e = 7?9—25(;w,r9—r—2w,9)
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and

D,g = D,vy + 2Dr9 (1.64)
We also have ) ) ]
M., | = —Dr[w,,-,- + I/g(;w,r + ;-Q-w’gg) - M;IT
1 1 0
M&' = _DG[er,rr + (;w,r + 'ﬁw,%)] - MHT (165)
~ W
L MrG = —2Dr9(7),'r6
with e E, /h/z - wEy b2, g
HT = 1_ VpVg J—h/2 CHr?0Z + 1 - /—h/2 Cnr202
o | . (1.66)
Vg Loy [}
MG — / T d / 0
HT 1 —v.vp J=n/2 enrZ0z+ 1 —v,vp J=r)2 errzdz

The expressions in (1.61), for the averaged stresses, and (1.65), for the bending moments,
generalize, for the case of cylindrical (polar) orthotropic behavior, the corresponding relations
(I1.93) and (I1.94) in [1] for the non-hygrothermal case.

The first of the generalized von Karman equations for a plate possessing cylindrically
orthotropic symmetry is obtained by substituting the expressions in (I.65), (1.66), for the

bending moments, into the polar coordinate equivalent form of (I.18), namely,

1 1 1
—(TMT),T’I‘ + '—2M0,09 - _MH,T
T T T
1
+;Mr0,r0 + Nrw,rr (167)
1 1 w
+Ng(;w’r + ﬁw,eo) + 2Nr0(7),r9 =0

where the stress resultants N,, Ny, and N,4 are, again, given by (1.49) in terms of the Airy

stress function ®(r, ). Equation (1.67) is identical with (I1.106) of [1]. Carrying out the
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process indicated, above, we obtain

1 1
D,—w,rrrr + 2Dr€ ﬁw,rree + D9 T_4w,9999

1 1 1
+2Dr;w,rrr - 2Dr07__3w,r00 - DGT_Qw,rr

1 1
+2(Dg + Drg)ﬁ’w’gg + Dy ;gw,r
1 1
= (s + 5 00)wr

1 1
+(I>,rr(';w,r =+ T—zw’ge)

1 1 1 1
+2(ﬁ@,9 - ;‘I’,re)(;w,re - ﬁw,e)

1 1 1
+;(TMHT),TT + ﬁ(MleiT),W - ;(MEIT):T

(1.68)

In order to obtain the polar coordinate equivalent form of the compatibility relation (I.40),

without transforming this relation directly, we proceed as follows: with respect to the lin-

earized strains

(

¢ —

€rr = Ur,r

J . 1 1

609 == ;’U/r + -TT’LLgyg
’ 1

Yrog = Ugr+ —Urgp— —Ug

\ T T

it 1s easy to check that

£
(T’Yfa,e),r — €00 — (rzega,r),r + Teﬁr,r =0

Moreover, in view of (1.59),
( 1
¢

o — 2
€r = €t E(w,"‘)
$ €% = ebp+ —(wy)?
b6 = oo T 55 \We
o _ 4 1
Yo = Yo+ SwWows
\
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Thus, strain compatibility, i.e. (I.70a), when written in terms of the middle surface strains,

requires that
] o 2,0 o
(r7r9,9),r - err,69 - (’I" 600,1'),7‘ + Terr,r

= [rGurwe)ls — [,

[Pl + (G (),

Expanding the right-hand side of (1.71), and simplifying, we obtain

(7”739,9),r —€r0 — (7“2639,,),r +reg,.,

1
= w,'rr('rw,r + w,ee) - (w,‘rG - ;w,G)Q

If we invert the relations in (1.47) we find that
( 1

e?r = E h{(NT+N;IT)-VT(A79+‘NI€IT)}
1 r
| € = —th{(Ne + Nfr) — vs(N: + Npp)}
1
°o = ___N,
\ v Greh ’

(L71)

(1.72)

(1.73)

Computing, in succession, therefore, the expressions on the left-hand side of the compatibility

relation (I.72), we now obtain, through the use of (1.73)

1
(T’Yfe,a),r = G 0h {]Vr9,0 + rNrG,rﬁ}

1 r
€rr 06 = ﬂ{(Nr,Gﬁ + Ngr.06) — Vr(Noge + NPGIT,GG)}

2

T T
(Tzege,r),r = m{Nf? + N?{T),rr — vg(N; + NHT),TT}

2r
+—=—{(Ng + N;)IT),T — vp(n, + NIT{T),T}

Eyh
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and
T

Tegr,r = ﬂ{(NT + Nyr)r — vr(Nop + Nfo{T),r} (1.74d)

Finally, by substituting (I.74a, b, ¢, d) into (1.72), and simplifying, we obtain

1
E h[(Nr — 1, Ng) 99 + 7 (Nry — vr Ny )]
1
= (Nrgo — TN
3G, o0~ Trore)
1

+E—E[(T2(N0,TT - VeNr’rr) + QT(NQ,T- - VBNT,T)]

1

= Wr(rw, +w,ee) — (Wyro — ;w,g)"‘ (1.75)
1 ., i

—E(h[(NHT — vrNgr) 00 + 7(Npr,» — - Nrr,)]

1 T
_E_GH[T2(N?{T,M - UHNHT,M)

+2r(NgIT,r9 — vyNgr,)]

To rewrite (1.75) in terms of the Airy function ®(r, ), we substitute for IV, Ny, and N,g

in (1.75) from (1.49), multiply the resulting equation through by —h/r?, and simplify; there
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results:

—CD,. rr - —q) rr
5,0t G, g m
11 21
—— - rTT
+Er 4 %0000 + Bar
1 v, 1 11
_(-(;TT'; - E)T_Bq),rﬂe - Eﬁé,rr
1—v, 1.1 11
+(2 — )= —&,
( E, * G,g)r4 00 E.r"
1 1 (1.76)
= —h[w,,r(rw, + < Wee)
—(;w rd — 7‘_2w e) ]
1.1 6 Lo 6
+E[_2(NHT — v Nyr) e + =(Ngr, — v Nyr,)]
T r
1 . 2
+E[(N21T,rr - VGJVHT,TT) + ;(NI%T,TG - Uo‘NIe-IT,r)]

Therefore, the generalized von Karman equations governing the bending and buckling of
(hygrothermal) cylindrically orthotropic, linearly elastic plates consist of (I.68) and (I.76);
in the absence of hygrothermal strains these equations reduce to (I1.98), (II.99) of [1]. In
(I1.68), (1.75) MYz, MY+ are given by (1.66) and Nir, N&r by (1.62) where e},r, e are
defined by (1.56). For a radially symmetric problem all derivatives with respect to # in both
(I.68) and (I1.76) would be deleted.

In [1] we commented on the difficulty involved in writing down the von Karman equations
which govern the load buckling of a circular (or annular) rectilinearly orthotropic elastic
plate; we noted that the structure of the von Karman equations is greatly complicated by
the inherent mismatch between the type of elastic symmetry which is built into the form of
the constitutive relations and the geometry of the region undergoing buckling. Before we
close out this section, we will outline the procedure that must be followed in order to deduce
the generalized von Karman equations for bending and buckling of circular (or annular)

rectilinearly orthotropic, thin, elastic plates.
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The starting points for a derivation of the generalized von Karman equations as-
sociated with a rectilinearly orthotropic elastic plate in polar coordinates are the equilib-
rium equation (I.67) and the compatibility equation (I.72). In (1.67), the averaged stresses
N;, Ny, Nrg, may still be expressed, a priori, in terms of the Airy function ®(r, ) by (1.49).
The moments must be expressed in terms of polar coordinates; this means that given
Ozz,Oyy, Ozy (as defined by (I1.29))) appropriate expressions for o,,,0g9, and o, must be
computed through the use of the transformations preceding (I1.45). In order to effectively
use the transformation from (044, 0yy, 0zy) to (0,1, 04, 0rg), the former set of stress compo-
nents must be expressed entirely in terms of polar coordinates. As has been noted in [1],

the components of the middle surface strain tensors in polar and rectilinear coordinates are

related by
e), = cos’fel, +sin’6-el —sinfcoshyg,
| epp = sin®feg, +cos?f - ef — sinfcosbyg, (1.77)
| e = sin20(ep, —ej,) +cos26 -7,

Inverting the relations in (I.77) we readily obtain

D()es, = (cos? Hcos 20 + % sin? 26)e?
1
—(sin? § cos 26 + 5 sin? 26)eg, (1.78a)
1 .
+§ sin 26 cos 267y,
D(6)eg, = (sin® f cos 26 — % sin? 26)e?

—(cos? § cos 26 — sin? 26)e§ (1.78b)
5 66

—% sin 26 cos 26 - v2,
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and

D(6)7py = sin20(e;, — egg) + cos 26 - 77,
where D(6) = cos? 260; we also note that

1 .
We = w,Ccos0 — —wysinf
r

. 1
Wy =w,sinf + W, COS ¢

so that 1 1
Wap = €06 - W,y + sin’ e(ﬁw,oe + ;w,r)

) 1 1
<+ sin 29(r—2w’9 - ;w,rg)

. 1
Wyy = i’ 0 - W + c0s? O(=w, + —w gg)
T r

. 1 1
+ sin 29(;10,9 — ﬁw,g)

and
.y 1
W gy = Sin G(T—Qwﬁ - ;wg,)

1

72e)

) 1 1
+sinfcosf(w,r — —w, — —211,‘799)
T T

1
+ cos? 0(;w,79 -

(1.78c)

(1.79)

(1.80)

(I.81a)

(L.81b)

(I.81c)

To proceed, we note, e.g., that for fixed but arbitrary 6, o, is a linear function of 0.z, oy,

and o4y, i.e.,

Opr = €0S% 6 + 0z +sin% 6 - 0y +5in 20 - 04,

while, by (I1.29) and (1.7), we may write
—_ 1
Oz = C11€3; — (C11W gz — CL1ET
o 2
+Cl26yy - CCIQw,yy — Ci2€yr

— 1
ayy - C21€;z - CCZIw,z:c - CQleHT

2
+622€Zy — (CoW yy — Co€fT
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and
Ozy = Co67Yay — 2(Co6W,zy (1.83¢)

where the c;; are defined by the relations (1.27).

The expressions for €7, €7, and vz, in (1.78a, b, ¢) and for w zz, W zy and w4y in (1.18a,
b, c)are now substituted into (I.83a, b, c) in order to compute 0z, 0yy, and o, in polar
coordinates, after which these expressions are substituted into (I.82) and the analogous
relations with respect to og9 and o,4. The (resultant) forms of o,,, 049, and 0,4 are then
employed so as to compute M,, My, and M,y which, subsequently, are used in the equilibrium
eqﬁation (I.%S?) in order to produce the first of the generalized von Karman equations for
hygrothermal bending and buckling. Complete details will be presented in a future report.

In order to derive the second generalized von Karman equation, in polar coordinates, for
circular or annular plates exhibiting rectilinear orthotropic response, one uses the compatibil-
ity relation (I.72) as a starting point. The stress components o,,, 0gg, and o,¢ are expressed

in terms of the middle surface strains €2,, €3,, and c%, and the hygrothermal strains €}, and

rrs
€2, and the fésulting equations are then integrated over the thickness of the plate, and
inverted, so as to yield equations analogous to (I.73) for the cylindrically orthotropic case;
the relevant second generalized von Karman equation results from the substitution of the
forms of €2,, €9y, and €%, in (1.72), the introduction of the Airy stress function ®(r,0), and
subsequent simplification. Alternatively, the relevant forms of the generalized von Karman

equations for this case may be obtained by directly transforming (I.38) and (1.42) into their

polar coordinate equivalent forms.

II. BOUNDARY CONDITIONS

The discussion of boundary conditions for thin elastic plates undergong hygrothermal
expansion or contraction parallels that for edge loaded plates in [1]; the important difference

is that the expressions for the (resultant) forces and moments along the edge of a plate
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strains. As in [1], if the thin plate occupies a region 2 in the z,y plane with a smooth (or
piecewise smooth) boundary 092, we let n denote the unit normal to the boundary, at any
arbitrary point on the boundary, while ¢ denotes the unit tangent vector to the boundary

at that point. The normal derivative of a function f on 02 is denoted by g—i = f, while

0
the tangential derivative is given by 6_£’ s being a measure of arc length along the boundary.
Thus, e.g., if 2 is a disk centered at (0, 0) of radius R > 0 and f = f(r,0) is defined on Q and

is of class C'((?), with first derivatives continuous up to 0%, then of = f, while of = % fe-

As has been previously noted in [1], the three most prevalent typesao? boundary coiflitions in
the buckling literature are those which correspond to clamped edges, simply supported edges,
and free edges; regardless of whether we are considering plates with isotropic or orthotropic
symmetry (either cylindrical or rectilinear), the basic forms assumed by these various sets

of boundary conditions are still the same as those delineated in (II.113a, b, c) of [1], i.e.,

(i) 09 is clamped: w = 0 and Z—: =0, on 00

(ii) 0N is simply supported: w =0 and M,, =0, on 09

(iif) 69 is free: M, =0 and Q, +

ds
where M, is the bending moment on 0f in the direction normal to OS2, My, is the twisting

moment on O, with respect to the tangential and normal directions on 02, and @, is the
shearing force associated with the direction normal to 0.

For the work to be considered in this report only rectangular and circular (or annular)
domains € will be considered. If 99 is clamped, therefore, or if, as in the case of a rectangular
plate, one or more edges are clamped, the pertinent boundary conditions will be exactly the
same as for the non-hygrothermal case, i.e., for a rectangle of width a and length b, exhibiting
isotropic response, the clamped boundary conditions are expressed by (I1I.114a, b) of [1]. For
a circular plate (or annular plate) exhibiting isotropic response the relevant conditions are
those in (I1.123) of [1]. Conditions (II.114a, b) of [1] apply equally well to a rectangular plate

exhibiting rectilinear orthotropic response when all the edges are clamped while (I1.123) of
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[1] still applies for circular (or annular) plates with clamped edge(s) when the plate exhibits
cylindrically orthotropic behavior.

We now consider thin elastic plates, subject to hygrothermal expansion or contraction,
which have one or more edges simply supported. For a rectangular plate of width a and

length b the condition M, = 0 on 02 becomes

M,=0, z=0,z=aqa; 0<y<}d

(I1.1)
My=0, y=0,y=b 0<z<a
Thus, by virtue of (1.12),
K(w gz + vwyy) + Mpr =0,
(I1.2a)
z=0,z=0,0<y<b
and
K(wyy + vw ) + Mg =0
" (IL.2b)
y=0y=b60<z<aq,
where
E h/2
MHT = ].—V/ 6HTZdZ
i (IL3)
€HT = ﬁéH(x,y,z)+a5T(a:,y,z)

For the same rectangular elastic plate, now assumed to exhibit rectilinear orthotropic sym-

metry, the conditions in (II.1) take, as a direct consequence of (1.37) and (I1.39), the following

form:
(Dllw,xz + Dle,yy) + MI]EIT = 0,
(IL.4a)
r=02=00<y<b
(Da1W g + Dagw yy) + M,?_,T =0,
(I1.4b)

y=0,y=50<z<a -
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where D;; = ¢;;h%/12, the constitutive constants c;; are given by (1.27) and

. h/2
My = cu/ exr(T,y, 2)2dz
—h/2
1.
b2 (I1.5a)
+012/h e (z,y, 2)2dz
—h/2 )
. h/2
Mz =cn /h ) ey (T, Y, 2)2dz
(L5b)

B2,
+cz2/h 2€HT($,y,Z)ZdZ

with, as per (1.26),
e}JT = /BldH(x> Y, Z) + Oll(ST(.’E, Y, Z)

e%—IT = 52(5H($, Y, Z) + a26T(‘T7 Y, Z)
For an annular elastic plate with (circular) boundaries at = R,,i=12 R =a,Ry =

b > a, exhibiting isotropic material symmetry, the condition M, = 0 on 9 translates into

1 1
M, = K[w, + v(Swee + ~w,)]
" r (IL.6)
+M;{T = 0,7'»: &,Z == 172.
where
M; E / Ve
= e5rzdz
HT 1= ) BT w

eyr = POH(r,0,z)+ adT(r,0,2)
On the other hand, for a circular (or annular) plate with edge(s) at r = R;, ¢ = 1,2, which
exhibits cylindrically orthotropic symmetry, we have as the expression of M,, = 0 on 052 the

condition ) )
Dr[w,'r'r + VG(—w,r + —w,GG)] + My = 0,
roT T (IL8)

r=R;,1=1,2
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where, by virtue of (1.66) and (1.56),

] E h/2 v.E h/2
My = —T/ eyrdz + — d / ebr2dz

1—vvg J=ny2 1 —v,vg J=ns2

eyr = Br0H(r, 0, 2) + 0T (r,0, 2)

| | €br = BedH(r,0,2) + 96T (7,0, 2)
and D, = E.h3/12(1 — v,13).

My,
Along any edge of a thin plate which is free, we must have M,, = 0 as well as Q, + 9 5 o
s

0. Conditions equivalent to M, = 0 along a portion of 99 (or all of 992) for various cases of

interest have been elucidated above. For rectangular plates of width a and length b, it has

Min : . .
been shown in [1] that the condition @, + 9 8; = 0 on 012 is equivalent to the following
relations

My, +2M,, , =0,
" ! (I11.9a)
y=0y=bh0<z<a
Myz+2My,, =0,
(11.9b)

r=0,z=00<y<b
If the rectangular plate exhibits isotropic response then the bending moments Mg, M, and

M, are given by (1.12) in which case (I1.9a,b) become

K[’LU} + (2 - I/)'LU’M; ] —+ MHT, =0
yyy ! ! (IL.10a)
y=0y=5b0<z<a

and
KW zee + (2 = V)Wgyy] + Myrz =0
" (I1.10b)
z=0,zr=a0<y<d

E  [h/2
with Mygr = l_—y/_h/2 egrzdz and egr = BOH + adT.

For the case in which the rectangular plate exhibits rectilinear orthotropic symmetry,

€N

0
(I1.9a,b) still represent the conditions equivalent to @, + s

= 0 along all four edges but,
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now, the bending moments M, M'y, and M,, are given by (I1.37). An easy computation then
shows that in lieu of (II.10a, b) for the isotropic case we have
Dzlw,uy =+ D22w’yyy + 4D56’LU,m;y + MI2-IT,y =0,

(IL.11a)
y=0,00<z<a

and

Dllw,xrz + D12w,xyy + 4D66w,zyy + M}[Tym = 0,
(IL11b)
r=0,0,0<y<b

where MYy, M%y are defined by (1.36) and (1.39) with e}, €% as given by (I.26).
In order to elucidate the free edge boundary conditions which apply with respect to thin
elastic plates with a circular geometry, we note that (see [3], §2.2 ) in the orthogonal (s, n)

coordinate system introduced along the boundary 9 of a domain € in the z,y plane

oM, OM;,
=—"+

Qn = i B (I1.12)
Thus, along a free edge we must have M, = 0 as well as

agi" + 28‘2?" =0 (I1.13)
Along the edge at 7 = R of a circular plate, the condition (I1.13) assumes the form

M., + ngo,a =0 (I1.14)

For an annular plate with edges at 7 = R;,i = 1,2(R; = a,R; = b > a), which exhibits
isotropic material symmetry, the condition corresponding to (II.14) becomes
1 1
K{(w,rr + ;w,r + ;Ew,ee),r

1 1 (IL.15)
+(1 - V)(ﬁw,GG’r - ﬁw,ee)} + MI*{T,r = 07T = Riai = 1) 2
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where Mf(r,0) is given by (II.7). For the same annular plate, this time exhibiting cylin-

drically orthotropic behavior, we have as a consequence of (1.65)

1 1
Dr['LU,rrr + VH(;w,r + ;é'w,ag)v’"]

4 -
+=Dro(=) ro0 + Mgz, = 0, (IL.16)

r Ny
r=R;,i=1,2
where D, = E,h%/12(1 — v,15), D,g = G,gh®/12, and M} is given by (1.56) and (1.66). Of
course, for both the isotropic and cylindrically orthotropic cases we must have M, = 0 along
r = R;,1 = 1,2, with M, given by (I1.6) in the isotropic case and by (I1.65) in the cylindrically

orthotropic case. If R; = a = 0 the annular case reduces to the case of a disk (circular plate
of radius Ry = b).

III. THE VON KARMAN EQUATIONS FOR THERMAL BEND-
ING AND BUCKLING OF PLATES

Although the primary motivating factor behind the preparation of this report was (and
remains) to prepare a foundation and background material for a study of the hygroexpansive
buckling (and curl) of paper, it is a fact that almost all of the literature on hygrothermal
bending and buckling of plates has focused on purely thermal problems; in order to survey
some of that literature, therefore, we shall now specialize some of the equations and boundary
conditions specified in §17 for the mixed hygrothermal situation to the thermal case only. We
shall also look at the reductions that occur in the thermal buckling and bending equations
when special forms of the temperature distribution in the plate are considered or when
we restrict ourselves to the small deflection case or ignore middle surface forces (acting in
the plane of the plate); at this point we shall also append to the first of the relevant von
Karman equations, in each case, a distributed force ¢t = t(z, y) normal to the middle surface

of the plate. In all the cases to be considered in this section an equivalent hygroexpansive
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(or hygrocontracfive) problem results by replacing the thermal expansion coefficients by
hygroscopic coefficients and the plate temperature distribution by an equivalent distribution
of moisture in the plate.

We begin by specializing the equations and boundary conditions derived in rectilinear
coordinates so as to cover the specific case of thermal bending and buckling. Thus, in (1.2),
B = 0 so that |

egr = e = a1 (z,y, 2) (I11.1)

where it is assumed that the thermal expansion coefficient « is constant. For isotropic

response the constitutive relations (I1.9) then reduce to

I N, = %(ezy +vel,) — NT (II1.2)
| Noy = 2Gheg,

where €7, €2, , €5, are the middle surface strains as defined by (1.7) and N T is given by (I.11a).

The bending moments are given as

M, = —K(w,m + I/’w,yy) - MT
M, = —-K(wyy+vwg)— MT (I11.3)
My = —(1—-v)Kwg,

with the thermal moment M7 given by (I.14).
The generalized von Karman equations for the hygrothermal case now reduce to (see
(I.21), (1.24)):
KD = @ w00 — 28y Way + D zawyy — AMT +1¢ (I11.4a)

and

A2 = —%Eh[w, w] — (1 —v)ANT (I11.4b)
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where t = t(z,y) is the applied transverse force. In considering small deflection theory
one ignores the bracket operator on the right-hand side of (III.4b), in which case the Airy

function, as given by (I1.20), satisfies
A?2® = —(1 — v)ANT (small deflection theory) (II1.4b)

In a purely (thermal) bending problem the middle surface forces as given by (I1.20) do not

come into play in which case the system (III.4a, b) reduces to
KA?w = —AMT +1t (thermal bending). (IITT.4a)
In many places in the literature a temperature distribution of the form
6T (z,y,2) = To(z,y) + 2T1(z, y) (IIL.5)

has been considered; for this specific type of distribution it is easy to see that, as a direct

consequence of (I.11a) and (I.14),

N o= 2y
) B (IIL.6)
M® = 1_V'1—2T1(37,y)

For such a temperature distribution, within the context of the small deflection equations,
it will generally be the case that one is dealing with a thermal bending problem when
ANT = AT, = 0 and a thermal buckling problem when AMT = AT; = 0. The boundary
* conditions associated with the thermal bending and buckling of, say, a rectangular plate of
width a and length b exhibiting isotropic material symmetry are as follows:

(i) If all the edges are clamped then the conditions coincide with (II.114a, b) of [1].
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(ii) If all the edges are simply supported then w = 0 along each edge and, in addition,

K(was +vwy,) + MT =0

z=0,;0<y<b

(I11.7)
K(wyy +vwge,) + MT =0
y=0,00<z<a
(iii) If the edges are all free then the conditions in (II1.7) hold as well as
Kwyyy + (2 = V)Wgay] + M5 =0
y=0,00<z<a
(I11.8)

KWz + (2 — V)wgyy] + MZ =0

r=0,00<y<b

In (IIL.7), (I11.8), M7 is given by (I.14). Of course, cases where, e.g., one pair of (parallel)
edges is simply supported while the other pair of edges is free can be considered by combining
the conditions in (i)-(iii), above.

For a plate exhibiting rectilinearly orthotropic material symmetry the thermal strains

assume the form (see (1.26)):
er = a10T(x,y, 2), € = 06T (7, y, 2) (I11.9)

with the coefficients of linear thermal expansion along the z and y axes, a; and ay, respec-
tively, taken to be constants. The constitutive relations in this situation are given as follows

(where €2, €7y €5y aTe, Once again, the middle surface strains):
( Eih

E2V21H 1
N, = {—21 e B a6 g
{1 — V1221 et T— vy W 7T
Eyvioh Esh ~
. = [P o 2" 1o _ N2 (II1.10)
Ny {1 — Vigl21 Yoo + {1 — Viglo vy T
L ny = (2G12h)€gy

38



where (see (1.31)):

- h/2
Ny = (E1041+E2a21/21 / 0T (z,y, 2)dz
1-— V19V93 —h/2
- . / (ITL.11)
- h/2
Np o= (RS [V (g, y, 2)d
1 —vyovy —h/2

The expressions for the bending moments, in the thermal bending/buckling problem for a

rectilinearly orthotropic elastic plate, assume the form (see (1.37)):

MI = _(Dllw,mx + D12w,yy) - M:Zl-v
My = —(Dnwgz+ Dawyy) — MIQ« (II1.12)
L Mzy = —2Decw,zy

where ) w
Mp = (enon +ciz0m) /_h/2 0T (z,y, 2)zdz
(I11.13)
M} = (caron + c2200) /_};//22 0T (z,y,2)zdz

and the ¢;; are given by (1.27). The relevant von Karman equations for thermal bend-

ing/buckling become (see (1.38), (1.42)):

Dllw,xzzz + {D12 + 4D66 + D21}w,zzyy

(II1.14a)
+D22w,yyyy = [®> ’LU] - M'Il“,a:x - MTI’,yy +1
and 1 1,1 2w
12
Bt wle, T, e
1

+—=5P z202 = —-—['LU, w]
E2h1 2 (I11.14b)

_El_h(N% - V21N:%),yy

1 - .
_m(N'J% - V12N71‘),zz
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As for the boundary data in this case, with respect, e.g., to a rectangular plate of width a

and length b, we have the following:

(i) If all four edges are clamped then conditions (III.114a, b) of [1] still apply.

(ii) If the four edges are simply supported, then w = 0 along each edge and, in addition,

(

(Dy1w gz + D1ow,yy,) + ME =0,

r=0,0;0<y<b
< (ITL15)
(Dglw,m + D22’w’yy) + M% = O,

y=0,00<z<a

\

where M}, M2 are given by (II1.13).

(iii) If all four edges are free, then the conditions in (III.15) apply as well as
Dglw,my -+ D22w’yyy + 4D66w,uy =+ M%,y = 0_,
y=0,000<z<a

¢ (II1.16)
Dllw,zzz + D12w,xyy + 4D66w,xyy = MTI“,:L‘ =0

\ 2=0,0;0<y<b
The same comments apply as in the isotropic case with regard to different types of boundary
data holding along pairs of parallel edges of the plate; in a small deflection situation, the
‘bracket’ term —%[w,w] would be deleted from the right-hand side of (III.14b) while for
purely thermal buckling equation (III.14b) would be deleted in its entirety and (III.14a)
would be employed with & = 0.

When the temperature difference 67T varies linearly through the thickness of the plate, as

in (I11.5), the thermal stress resultants Ni, i = 1,2 and the thermal moments Mii=1,2,
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as given by (II1.11) and (III.13), respectively, reduce to

Eya; + Eyopvy

N} = RT,(z,
b= (R )
E E (IT1.17a)
N2 = 10 V12 + LoQ T, (z,
p o= (BT (o)
and
3
{M% - oo +12622“2)h Ty (z,y) (IIL.17b)

For a circular (or annular) plate exhibiting isotropic material symmetry, the thermal strain

(see (1.43))) is given by

er = adéT(r,0,2) (II1.18)
For the isotropic case, the constitutive relations (1.47) reduce to
| (N = e e -
No = Toi(ef+vels) ~ N (111.19)
Ny = 2Ghed,

\

where the e2,,e%,eg, are the middle surface strains as given by (I.71) of [1] with { = 0,

while
Ea k2
r = T(r,0,2)d I11.20
NT l—l/</—-h/25 (Ta )Z)Z ( )
The bending moments for the isotropic case in polar coordinates are given by (see [3], §4):
, 1 1 ,
M, = —Klw, + V(;w,r + ﬁ’wyog)] — My
1 1 .
< Mg = —K[l/w,r,- -+ (;w,r =+ ﬁw’gg)] - MT (11121)
1
\ Mgy = —(1-v)K(w,e— ﬁw,g)
where
Ea [h/2
Y = I11.22
M3 T /_h/2 0T (r,6,2)zdz ( )
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The von Karman system for this case now assumes the form

KNw = [®,w] — AMF +t(r,0)
(II1.23)
2 1 *
N = —§Eh[w,w] - (1-v)AN;

where [®, w] and [w, w], as well as A%w, are given by the expressions directly following (I1.51)
and A = éariz + %% + }1—2%5, for the small deflection case one again deletes the ‘bracket’
[w, w] in the second equation in (I11.23). Thermal bending alone for the circular (or annular)
isotropic plate is governed by the first of the two equations in (III.23) with @ = 0.

For a temperature distribution varying linearly through the thickness of the plate we
have, in lieu of (IIL.5),

0T (r,0,2) = T,(r,0) + 211 (r,0) (II1.24)

In this special case (I11.20) and (II1.22) become, respectively,

E
Np = DETr6)
oo (IIL.25)
. o
My = a0

We now delineate the boundary conditions that are associated with the system (II1.23), or
a specialization thereof, for the case of an annular plate with edges at r = R;,1 = 1,2, R; =

a,Ry=b>a..
ow _

or
(i) If the plate edges at 7 = R;,7 = 1,2 are simply supported then w =0, for 7 = R;,7 =

(i) If both edges are clamped then w = 0 and 0, along r = R;,1 =1,2.

1,2, and, in addition,

1 1
Klw, +v(5wee + =w,)] + My =0
r r (I11.26)
forr=R;,1=1,2
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(iii) When the edges-at 7 = R;,7 = 1,2 are free we must use (I1I11.26) as well as the condition

1 1
K{ ('LU,TT + ;w,,. -+ T—2w199)’r
1 1
+(1 — U)(;Q-w,ogr — ;-gw,gg)} (111'27)

+Mj, = 0,7 = R;,i=1,2

Our last case in this sequence concerns the thermal bending and/or buckling of thin
elastic circular (or annular) plates exhibiting cylindrically orthotropic behavior. The thermal

strains in the radial and angular directions are given by (see (1.56))
e = 0,0T(r,0,Z), el = T (1,0, 2) (I11.28)

In lieu of (II1.19), (II1.20) and (II1.21), (III.22) for the isotropic case we now have the

following sets of expressions for the resultant forces and bending moments:

E.h v, Egh
r = 2 %9 — INT
N, 1-— V,yge" * 1— vy ©o0 T
Z/gErh th 0 9
- 0 N (I11.29)
No 1— v err 1—v,up Coo T
Nrg = 2Grgh€,o,0

with E E
N/{* — ( Tar + Vr 90{9 / T 0 z
1-— Vrlg
(I11.30)
0 _ veE, o, + Egay /
Nr = ( 1= v0p T(r,0,z)d
and ) ) )
M, = -D.|w,+ 1/9( —w, + wae)] - My
1 1 )
My = —De[er,rr + (;w,r + ﬁw,GG)] - MT (11131)
~ w
Mr() = _2Dr6(7),79
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with

h/2
M = (E’O‘T‘L”’Eea"/ §T(r,8, z)zdz
1—v —h/2
(I11.32)
h/2
0T (r,0,2)zdz

Mo = (yaE,aT+E9a9/

1—vy —h/2
Employing (II1.31) in (1.67), and using (I.49), we obtain the first of the von Karman equations

for thermal bending and/or buckling of a thin, elastic, cylindrically orthotropic plate, i.e.,

1 1
Drw,rrrr + 2Dr9 : ;gw,rrae + D9 : ;Zw,eeee

1 1 1
+2Dr : ;w,rrr - 2DT9T_3w,r00 - DOT_Qw,rr

1 1
+2(D9 + Drg)ﬁ’w,eg + Dgﬁw’,

1 1
= (20, + =B go)w,r
(,r ) 7.2 ,90) )

(I11.33)
+& (—1 W, + E W gg)
AL Ny r2 ,60

1 1 1 1
ZBp— B ) (Zw,e — —
+2(580 =~ o) (Cwro — W)
1 1,
+;(7'MT)," + T_Q(MT),GH

1 (M2) ; +1(r,6)
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while the second of the relevant von Karman equations for this case becomes

1 1 2, 1
—& rTTT — - =)= TT
Ey +(Gr9 ET)T‘Q(I)’ %
1 1 2 1
- "_@ - —@ rTT
E. r¢ p60 + Ey r
1 2v.. 1 1
G "B Rt pt
1—v, 1 .1 1 1
g g At g (111.34)
1 1 1 1
= _’h[w,rr(;w,r + ﬁw,ee) - (;w,ra - r_zwﬂ)z]
1 1 T 0 1 T 6
‘*‘f{'ﬁ(NT — v, Np) 00 + ;(NT,T —vNr,)}

1 2
+'E—{(Ng“,r - VHN;“,M') + _(NTG’,TG - V9N76",r)}
9 T
with NI and N as given by (I11.30).

Remarks: Various combinations of terms on the right-hand side of (II1.34) may be simplified
somewhat, e.g.,
h/2

/
N — VTNQQ = FE, o, /_h/2 0T (r,0,2)dz

but there appears to be little value in carrying out such an exercise except within the context
of an application to a specific problem.
Among the special cases of the von Karman system (II1.33), (II1.34) that are of particular
interest are the following: }
(i) when the temperature distribution varies linearly through the plate, as in (II1.24), the

thermal moments and stress resultants in (II1.33) and (II1.34) reduce to the following

expressions: 5
erﬂ — (Erar+Vr qu)hTa(r78)
1— vy
E (II1.35)
Ng = (Bt Betey g

1—-vy
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and
E,a, + v, Egog h3

ML =
T ( 11—y 12

Ty (r, 6)

(IT1.36)
voE,a, + Egay E

1—-r1 12

Mf?‘ = ( 'Tl(r79)

(ii) For small deflections the first term on the right-hand side of (II1.34), in square brackets,
is deleted.

(iii) The (purely) thermal bending problem is governed by (II1.33) with & = 0.

(iv) For an axially symmetric problem both (II1.33) and (II1.34) reduce to (variable coeffi-
cient) ordinary differential equations in the radial variable r; we have w = w(r),® =
®(r) and T = T(r, z) so that the resultants Nj., N¢ and moments M7, M. are functions
only of 7. In (II1.33) and (II1.34), therefore, derivatives of all quantities, of any order,
with respect to 6 vanish.

The boundary data for an annular elastic plate of inner radius R; = a and outer radius

" R, = b > a, exhibiting cylindrically orthotropic symmetry, may be specified as follows:

(i) If both edges are clamped then w = 0 and %—ZJ =0, alongr = R;,i =1, 2.
(ii) If the plate edges are simply supported, then w = 0, for 7 = R;,7 = 1,2 and, addition-
ally, .
1
Dr[wgr + vo(=w, + —wee)] + My =0
r r (I11.37)
forr=R;,i=1,2
where MZ. is given by the first of the relations in (II1.32).
(iii) For free edges at r = R;,¢ = 1,2, (II1.37) applies and, in addition,
1 1
Dr [w,rrr + VB(;w,r + ﬁw,ee),r]
4~ w ,
+=Dyo(=) ro + M, =0, (1I1.38)

forr=R;,1=1,2
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The usual considerations apply if one edge is, e.g., clamped while the other is simply sup-
ported or if one edge is simply supported while the other is free, etc.; for a circular plate of

radius R=5b,R; =a=0.

Remarks: All of the problems considered above may be posed in terms of the middle surface
displacements u, v and the out-of-plane deflection w in lieu of w and the Airy function ®; the
idea is most feasible within the context of small deflection theory. For an isotropic rectangular
plate small deflection theory corresponds to the substitution of the expressions for the middle
surface strains €7, €., and €, from (1.7) into the constitutive relations (III.2), suppression
of all those terms involving the out-of-plane displacement w, and then substitution of the

resultant expressions for N, Ny, and N, into the in-plane equilibrium equations (I.17a);

this process leads to the pair of equations

Eh Eh

5 (U 2z + VU zy) + (Uyy + Vgy) = Ng

1-v 2(1+v)
Bh (I11.39)
, _ nT
m( ay T+ U,zx) + -1_—1/2-(1/111,” -+ ’U,yy) = N,y
which must be solved in conjunction with
KA*w = Nyw gg + NgyW oy + Nyw gy — AMT + ¢ (111.40)

For the small deflection case considered, above, (II11.39) and (III.40) are decoupled, just
as (III.4a), (II1.4b) are if, in (II1.4b), we delete the bracket [w,w]. Thus (III.39) must be
solved, subject to appropriate boundary conditions, for the middle surface displacements u, v
which, in turn, are used to compute N, Ny, and N, for subsequent substitution in (IIL.40).
Little use of the displacement formulation of the thermal bending/buckling problem will be
made in this report and we will, therefore, not pursue the issue further with respect to other

geometries or other classes of material symmetry.

Remarks: All of the thermal bending/buckling equations, and corresponding boundary

conditions considered in this section, may be derived from energy principles, i.e., from the
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principle of minimum potential energy in conjunction with elementary techniques in the
calculus of variations; we will illustrate the general idea for an isotropic plate in rectangular
Cartesian coordinates. Energy principles also serve as the basis for various approximate
methods of analysis, including the Rayleigh-Ritz method (for computing critical (buckling)
temperatures and the corresponding (initial) buckling modes) and finite element methods.
In what follows we will consider only the thermal bending problem for the sake of simplifying,
somewhat, the presentation.

The standard descriptions of the principle of minimum potential energy within the context
of structural mechanics is as follows: of all displacement fields which satisfy the prescribed
constraint conditions, the state assumed by the structure is the one which makes the total
potential energy a minimum.

For an elastic plate, the total potential energy II is the sum of the strain energy U and the
potential of any (conservative) applied forces. For the case of an isotropic, linearly elastic
plate the strain energy U, within the context of small deflection (classical plate) theory

assumes the form

Eh Eh ,
U= /A /{m(u,x + ’U,y)2 =+ m[(u,y + U,z)

K
—4du gvy| + ?(w,m + w,yy)2

+(1 = v)K[w?, — wezwyy)

—NT(uz +vy) + MT(w 4y + wyy) Ydzdy,

where A is the area of the middle surface of the plate, while the potential of the transverse

V:—/A/twdxdy

Therefore for a rectangular plate (0 < z < a,0 < y < b) which is subject to a temperature

loading t(z,y) is

variation 67 (z,vy,z) and a transverse loading ¢(z,y), but no applied edge loads, the total
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potential energy II assumes the form:

b ra Eh Eh
II = / / —— (U, 2, =" 2
L g et ) gy [(uy +vz)

—4u zv,] + 3(wm + w,yy)2
(II1.41)

+(1 — v)K[w? W 22W gy

Yy

~NT(uz +vy) + MT (W + wyy) — twhdzdy

To apply the principle of minimum potential energy we note that a necessary condition for
II to have a minimum is that the first variation 6II = 0. Using (III.41) to compute II,

integrating by parts, and employing (III.2) and (IIL.3), with €2, €7, €7, as given by classical
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plate theory, we find that
b ra Eh
5TI = / / (=g (e + 0,2)
Eh
(U,yy + U,ry) - Ng]éu

T r0)

Eh

_[m(u,zy + Vzg) +

1—_]—/—2'(1/1.1,,;5?/ + v,yy) - N’ty]&l)

+ K (W zzzz + 2W zzyy + Wyyyy)

+MZ, + MY — t]bw}dzdy
(111.42)

4 [N + [Nyl

H(Me g + 2Mayy )ow]s — [Mad(wz)]5}dy

+ “(INLOulE + [Ny80) + (M + 2M, 2)0w]’
—[My6(w,y)]5}dz

—[2MeySu)(G) + [2May S]]
In order that (IIT.42) be satisfied for arbitrary variations éu, év, dw,d(w), and d(w,), all
the expressions within the square brackets in (III1.42) must vanish identically which leads
to (I11.39) and (III.40), with N, = N, = N, = 0; the resultant system governs the ther-
mal bending, under an arbitrary temperature distribution 6T(z,y, z), of a linearly elastic,

isotropic rectangular plate. From (III.42) it is readily deduced that the following (natural)

boundary conditions must be satisfied:
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(i) On the edges z =0,a,for 0 <y < b

,

u is prescribed or NV, =0

v is prescribed or N, =0 (I11.432)
43a
w is prescribed or My, +2Mgy,, =0

| Wa is prescribed or M, =0
(ii) On the edges y =0,b, for 0 <z < a

u is prescribed or Ny, =0
v is prescribed or N, = 0 (111.43b)
w is prescribed or My, + 2M, , =0

(iii) At the corners (0,0), (a,0), (0,b), and (a, b)

w is prescribed or M, =0 (II1.43c)

Remarks: Some consideration of the calculation of thermal stress distributions will be made
in § IV, while problems of buckling, bending, and postbuckling for rectangular plates and
plates with circular symmetry will be treated at length in §V; however, it is feasible to
present here the simple, but important problem of a thin plate (of arbitrary contour) which
is subjected to a temperature distribution that varies only through the thickness of the plate,
i.e., T =T(z). In this case we clearly have that N7 and M7 are constants. We will restrict
the discussion to the case of an isotropic, linearly elastic, plate (in rectangular Cartesian
coordinates) which is either free or has clamped edges.

For the case of a free plate, a solution to (II1.4b), with [w, w] = 0, which yields zero force

resultants on the boundary is given by ® = 0. It then follows that N; = Ny = N, = 0
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throughout the plate. Inversion of (III.2) yields

( 1
€, = ﬁ[NI —vN, + (1 = v)NT]
1
V& = gplMNy—vNe+ (1= v)NT] (IIL.44)
0 1+v
( G2y T _E%—Nzy

Integration of (II1.44) yields (recall that €2, €7, , and €;, are the classical plate theory middle

surface strains) the in-plane displacements:

(1-v)NT
= —ET———CU +a+ cy
(I11.45)
(1-v)NT :
v o= -———E}—L——y + b—cz

with a, b, c arbitrary constants of integration. In a similar vein, if we take M, = M, = M;, =
0, throughout the plate, then the boundary conditions for a free edge are automatically
satisfied while (II1.4) has as its solution (recall that ® = 0 and we also take t = 0)
w= ——L(x2+y2)+d+e:r+fy (I11.46)
21+ v)K
with d,e, and f constants of integration. The resulting thermal stresses for this case are

easily computed to be (e.g., [3], § 2.4)

1 12 ECMT(Z)
Ozg = Oyy = 'HNT-F'E?:MTZ— 1=,

For the case where the plate has clamped edges, instead of free edges, it again follows that a

) Ozy =0 (I11.47)

simple solution exists. With constant M7, and ¢ = 0, (IIl.4a) and the boundary conditions

are satisfied by taking w = 0. Then, by virtue of (III.3),
M, =M, =-MT M, =0 (111.48)

In in-plane edge displacements are prevented then equations (II1.39) and the boundary con-

ditions yield u = v = 0 so that, as a consequence of (II1.2),
N, =N,=-NT N, =0 (I11.49)
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In this situation it is easily computed that

EaT(z)
1—-v

y Ozy = 0 (IIISO)

Ogz = Oyy = —

If, on the other hand, the middle surface of the plate is free of in-plane tractions, then

N, = N, = N, =0 and

1 EaT(z)
T =on =N =T

y Ogy = 0 (11151)

IV. THERMAL BENDING AND BUCKLING OF RECTANGU-
LAR AND CIRCULAR PLATES AND THERMOELASTIC
STRESS DISTRIBUTIONS-SMALL DEFLECTION THEORY

There are many excellent surveys of thermoelastic problems in the mechanics literature
(e.g., Boley and Weiner [7], Nowacki [8], Hetnarski [9], and Kovalenko [10]) to which the
reader may be referred. In this section, we will content ourselves with presenting only a
few thermal stress distribution solutions which have been considered in conjunction with
~ problems involving the thermal bending and/or buckling of thin plates within the context of
small deflection theory; the associated behding and/or buckling solutions are also presented
and analyzed.

Within the context of small-deflection theory, two distinct types of problems may be
considered: those in which the effect, on the deflections, of loads in the plane of the plate is
neglected, thus leading to a thermal bending problem and those in which the effect of such
loads is taken into account thereby leading to a buckling problem; postbuckling behavior
can not be adequately accounted for in the context of small-deflection theory and, therefore,
descriptions of thermal postbuckling behavior are relegated to §V and § VI

If the effect of loads in the plane of the plate on deflections is ignored, then for the

simplest case of an isotropic rectangular plate subjected to a transverse loading ¢ = t(z,v),
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and a general three-dimensional temperature variation 67'(z,y, z), the pertinent equation is

(II1.4a) with @ =0, i.e,,
K (W aoez + 2W,zzyy + Wyyyy) =1 — th - M,Zy (Iv.1)

Equation (IV.1) is to hold for 0 < z < a,0 < y < b. For illustrative purposes, we will assume
that the plate is simply supported on all four edges, in which case w = 0 for z = 0,a,0 <
y < bw=0fory=0,b0<z < a, and the conditions (III.7) apply as well. The analysis

proceeds by expressing the thermal moment and transverse load as double Fourier sine series

of the form o
MT = >3 Mupsinomsin Gy
maingt (Iv.2)
t = > tmnsinamsinfuy
m=1n=1
with am = = B, = 7T and
a b
4 b ra
(Mmny tmn) = —/ / (M7, t) sin o, sin B,ydzdy
ab Jo Jo
In order to satisfy the boundary conditions we take the deflection to have the form
o0 o
W= YO Ymnsin apsin By (IV.3)

m=1n=1

Thus, in accord with (II1.7) it must be assumed that the temperature distribution is such
that MT =0, for t = 0,a,0 <y < band MT =0 for y = 0,b,0 < z < a, a situation that
we will comment on at length in sections V and VI

Substituting (IV.2) and (IV.3) into (IV.1) and solving for the coefficients ymn we have

_ tnn + (Olfn + 67%)an

T = R (IV.4)
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so that the resultant moments, as a consequence of (II1.3), (IV.2) - (IV.4), become

M, = > > {K(ap +vB)¥mn — Mumn} sin o sin By
m=1n=1
$ My = Y Y AK(vod, + B2)Ymn — Mumn} sin am sin By (IV.5)
m=1n=1
Mgy = =3 S (1= v)KaumBuYmn COS 0, cOS Bry
\ m=1n=1

To resolve the in-plane stretching aspect of this problem we note that the displacements
u,v are governed by the differential equations (II1.39) with which we may associate two
types of boundary conditions: in the first case it may be assumed that normal components
of displacements along each edge are permitted while tangential components are not while
in the second case the opposite situation would prevail. For the first case alluded to, the

boundary data takes on the form

( Eh
Nm = i_—ﬂ(uyz—i-y’l)’y—NT:O,’U:O
forx =0,0;0<y <6
Eh , (IV.6)
N, = l_yz(uu,x—i-v,y)—N =0,u=0
\ fory=0,00<z<a

Of course, small deflection theory has been assumed in writing down (IV.6). We now express

the thermal force N7 as
NT =3 3" Npnsinomsin By (IV.7)

m=1n=1

with
4 b ra
Ny = E/ / NT sin a,, sin B,ydzdy,

NT being given by (I.11a) for a general variation 67'(x,y, 2).
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To satisfy the boundary conditions (IV.6) we seek solutions of (III.39) in the form

o0
> G €OS iy SiN Bry

I
NgE

3
[
L
3
[
o

(IV.8)

I
M8
™38

bymn SIN Oy, COS BrY

3
Il
A
3
Il
A

The expressions in (IV.8) are now substituted into the equations (II1.39) with the result that

. — 0 Ny (1 — 12)
mn Eh(a2, + (2)

b _/BnNmn(l - V2)
™ Eh(ak+85)

(IV.9)

Employing (IV.7) - (IV.8) in (IV.6) we compute, for the stress resultants

4 o0 oo

Eh '
Nx = - Z 2{1 — V2 (amamn + V/Bnbmn)

+ Ny } Sin oy sin Bpy

Eh
— (VOmamn + Bnbmn) (IV.10)

Ny = - Z Z{l
m=1n=1

+ Ny } Sin oy, sin By

(Bn@mn + Cnmbmn) COS 04y €08 Bry

oo 001
Ney = 2 257+

\ m=1n=1

R

If, in lieu of the boundary data (IV.6), one assumes that tangential displacements are al-
lowed along each edge, but that normal displacements are prevented, the relevant boundary

conditions are

—lﬂ(u +vg)=0
214 Y Y (IV.11a)
forx =0,0;0<y<b, andy=0,00<z<a
and
u=0forzr=0,0;0<y<bv=0, fory=0,00<z<a (IV.11b)
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In this case NT may be expressed as

e o] oo
NT =373 N cos am cos Bny (IV.12)
m=0 n=0
with
( \ 7 <mn b a T
Nppn = —/ / N~ cos o, cos Brydzdy
ab o Jo
j 4m>0,n>0
Cmn = 2m>0n=00orm=0,n>0

1lm=n=20

\

while the displacements, chosen so as to identically satisfy the boundary conditions in

(IV.11a, b), have the form

I
38
M8

Qynn SIN Oy, COS Bry
0

3
I}
3
I

(IV.13)

I
NgE
™8

b, COS Oty SIN Bry

0n=1

3
Il

The same procedure described above, for the first set of boundary conditions now leads to

= amNmn(l — V2) 7 /BnNmn(l - Vz)
mn = y Omn = V.14
o = “Eh(ed, + B2) Eh(a2, + 52) (v-14)
and ) © oz
Na: = Z Z{ B (amdmn + Vﬁngmn)
m=0n=0 1-v
—Npn } cos aip cos Bry
0o 0 Eh ) _
Ny = Z Z{ 1 1/2 (Vamamn + ﬂnbmn) (IV15)
m=0 n=0 -
— Ny } €08 0iy €08 Bry
X X1 Eh -
\ Nzy = = mZ=:1 ngl 21+v (Bn@mn + Cmbmn) sin aum, sin By
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The thermoelastic stress distributions, for either of the two bending problems considered

above, may be computed by substitution for Ny, Ngy, Ny, N7, My, M, M,,, and MT in the

relations ) 1 19 B
_ 1 Ty, 4% Ty _ _F2
Ope = h(Nx-l-N )+ 73 (M, +M") 1_VT
1 12z EFa
oy = E(Ny-l-NT)—FF(My—FMT)—l_yT (IV.16)
1 12z
[ o0 = Nt g M

An alternative solution to the flexure pfoblem for the rectangular plate discussed above
has been described in Tauchert [3] and is now described below; we will begin, as in [3], by
assuming that the edges x = 0 and z = a are simply supported, that the plate is symmetric

) b b o
with respect to the x axis, so that —3 <y< 3 and that, for now, the boundary conditions

1
along y = :|:§b are arbitrary. As w = 0 along z = 0 and z = a it follows that wy, = 0 along
these edges as well. The conditions of simple support of the plate along z = 0 and z = a

may, therefore, be expressed as

w=0,Wgz; = ——1-MT
K (IV.17)

forz =0,0;0<y<b

We look for a solution of (IV.1) satisfying the non-homogeneous boundary conditions (IV.17)

in the form
w=W(z,y) + MT(0,y)Hy(z) + MT (a,y)H,(x) (IV.18)
with )
Hyz) = —{>-3(3)?+ ()%
' Offa am e (IV.19)
Hz) = #{=-)"

Using (IV.19) in (IV.18) and substituting the resultant expression for w(z,y) into (IV.1) it
follows that
v w(z,y) = F(z,y) (IV.20)
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where

t(z, Mt
Fle,y) =20 V2
(IV.21)
— 4 {MT(0,y)H,(z) + M (a,y)Ha(z)}
and
0w
w=a—xz—=0, forz=0,0;0<y<b (IV.22)
We express F' in terms of the Fourier series
F@,y) = 3 fuly)sinoma; om =" (Iv.23)
m=1
with
2 a
fm(y) = E/ F(z,y) sin appzdz
and take w in the form
w(z,y) = > Yu(y) sin apme (IV.24)
m=1

so that w automatically satisfies the edge conditions in (IV.22). It is easily shown that w, as

given by (IV.24), satisfies (IV.20) provided the Y, satisfy the ordinary differential equations
Y9 (y) — 200, Y (4) + 0 Y (y) = fn(y) (IV.25)
whose general solution has the form

Y = (Am + Bny) cosh any + (Cr + Diy) sinh iy
(IV.26)

semory [ omy( [ men g (y)dy)dy
The constants of integration A, By, Cm, and D, in (IV.26) are to be determined from the
1 1 .
boundary data on the edges y = :}:ib. Suppose, e.g., that the edges y = iib are also simply
supported and that the thermal moment M7 is constant—as it would be, say, for 6T = 6T (2).

As the support conditions and loading are both symmetric with respect to the z-axis, the
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deformation must also be symmetric and, thus, B,, = C, = 0 in (IV.26). Substituting ¥,

from (IV.26) into (IV.24) and, then, the resultant expression for w into (IV.18) yields

o0
= > (Am cosh oy + Dy sinh o y) sin o

m=1

+MT(07 y)Ho(x) + MT(a'a y)Ha(x)

(IV.27)

The sum of the last two terms on the right-hand side of (IV.27) may be expressed as a

Fourier series, i.e.,
MT(0,y)Ho(z) + M*(a,y) Ho(z)

MTa? 2 x4 &
= - =\~ = km 1 m
R (a - mz:l sin .z
where
0, m even
km =19 4MT
—_ dd
aKa3,’ mo

in which case

o0
w= Y (Apcoshany+ Dpysinhany + kny) sin apz
m=13,-

(IV.28)

(IV.29)

The constants A,, and D,, in (IV.29) are to be determined from the boundary conditions

1
fory=:t§b;0§3:§a

We write
[e.e]
= > Mpsinonz; mpy = Kol kn
m=1

and substitute (IV.29) into (IV.30); after solving for A,, and D,, we obtain

T o) 1 h
w(z,y) 4]\;[{ > == 087 Oml ) sin
a ¥ cosh iamb

m=1,3,---

(IV.30)

(IV.31)

(IV.32)



for which the corresponding moment resultants are given by

( —4MT(1 - & h
M, = M-y ¢ _coshomy o0 o
o a m=1,3, amcoshiamb
—4MT(1 - s 1 h
), = A=Y L coheny g g
@ m=13,.- ¥m cosh iamb
AMT(1—-v) & 1, sinhapy,
M, = A (1-v) > —(—1y—) COS Q@
a4 m=13,- Y™ cosh Eamb
\

(IV.33)

1
For the case in which the plate is clamped along the edges at y = i§b’ and subject to

a constant thermal moment M7, it has been noted in [3] that the deflection, once again,

assumes the form in (IV.29) but, now, with

( An = —k (loz bcoshia b
o1
+sinh iamb)/Am
<
1 o1 1
B, = Eamb-l—smh §ambcosh aamb

1 1 1

\ Ny, = §amb+sinh§ambcosh—2—amb

(IV.34)

References for the thermal bending of an isotropic, elastic rectangular plate, under other

combinations of edge conditions, may be found in [3].

Next, we consider the problem of thermal bending of an isotropic annular plate; we assume

that the plate is subjected to a transverse loading ¢t = t(r,6) and a general temperature

variation 6T'(r,6,z). For this situation, ignoring for now the effect on deflections of loads

in the plane of the plate, the relevant equation is the first partial differential equation in
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(II1.23) with ® = 0, i.e.,

2 1

K(w,rrrr =+ —Wrrr — 'Ew,rr
T r
1 2

+ﬁw,rr90 + 7._3w7r - ;gw,r%
(IV.35)

1
+—W 9999 + —W 00
7,4 i} 7,.4 3 )

. 1. . 1.
=t— (Mp,, + ;MT,T + T_QMT,GG)

. Ea [h/2 .
with M3 = 10w 0T (1,0, z)zdz being the thermal moment.
— v J-hn)2
Equation (IV.35) holds for a < r < 5,0 < 6 < 27. The associated clamped, simply
supported, and free edge boundary conditions are given, respectively, by

(i) w=0and %—Q: =0, at 7 = a, b if the edges are clamped

1
(ii) w = 0 and K[w, + V(T%'LUﬁg + ;w,r)] + M7 = 0, at 7 = a, b if the edges are simply

supported
1 1 .
(iii) Klw,r + V(;E?,U’eg + ;w7r)] + M7 =0 and

1 1 1 1 .
K[(’w’r,- + ;w,r + 7_—2w,99),,~ + (1 - U)(ﬁw,ggr - 7‘—3w’99)] + MT,r =0,
at 7 = a, b if both edges are free.

Also, for isotropic response, the bending moments in polar coordinates are given by (II1.21),

h/2
Ea / ) 8T (r,0, z)dz and the stresses may be
—h/2

the resultant forces by (II1.19), with Nj = 7

expressed by

( 1 . 122 . Fo
Opr = E(NT+NT)+'h—3(Mr+MT)— 1_y(5T
1 o 122 . Eo
Ogg = E(Ng + NT) + F(Ma + MT) - 1= 1/6T v (IV36)
1 12z
| 06 = ENra + —hg'Mre
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The simplest case of thermal bending with respect to an annular plate is that of axisymmetric
bending in which it is assumed that the loading and boundary conditions are independent

of the angular coordinate 6. If, in addition, ¢ = 0 then (IV.35) reduces to

:7%:—% V> Mp,a<r<b (IV.37)
h/2
where w = w(r), M7 = 1an /h/ 8T (r, z)zdz,
— v J-h/2
ot = a4 24 14 1d

drt  rdr3 r2dr?2  r3dr

. _ 14 _1d d,
Vo= dr? rdr_rdrrdr

The general solution of (IV.37) is easily computed to be

T
w=Cy+ Cyor? + C317’L2 + C’47‘21n5

(IV.38)
b1 1 .
+/r (;/a R_—MT(T)rdr)dr
with the C;,4 = 1,---,4, arbitrary constants of integration. For the problem at hand a

straightforward computation based on (IV.38) yields the following expressions for the relevant

moments and shear force resultant:

( C
M, = —-K{214v)C,—(1- 1/)?;}- +(3+v)Cy
+2(1+ V)C41n£} 1 7"_2 z /T Mz (r)rdr
. ‘ (IV.39)
My = 0
Q = MT,T+%—;—% = —4K%

For the case of a solid plate, in which a = 0, the constants C3 and C4 in (IV.38) must vanish

so that M, and Q, remain finite at r = 0; if the solid plate is clamped along its edge at
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r = b, then it follows from (IV.38), and the fact that w = w, =0 at r = b, that

1 b
—_ _}2 - __— *
Cr==¥Cr =~ /0 M (r)rdr (IV..40)
while if the edge at r = b is simply supported
Ci= —hCy = ———2 / Mz (r)rdr (IV.41)
T *T21+v)K o T '

When (6T) ¢ # 0 a solution w = w(r,#) must be obtained for (IV.35); for simplicity
we again set ¢t = 0; such problems have, e.g., been considered by Forray and Newman [11]
for the special case in which the thermal gradient is assumed to vary linearly through the
thickness of the plate. Specifically, it is assumed in [11] that the thermal moment M7} may
be expressed in the form

o0 (e} o oo
Mp=3 > Agnrfcosmb+ > > Bimr*sinmé (IV.42)
m=0 k=0 m=1 k=0

This form for the thermal moment is a consequence of the assumption that
6T (r,0,2) = Ty(r, 0) + 211 (r, 6)

with
Ty(r,0)z = _TZTd(r, ) (IV.43)
and T the temperature difference between the upper and lower faces of the plate. Using the

definition of M7 we then easily compute that

. 1+v
M; = N7 aTy(r, ) (IV.44)
while (IV.35) becomes (with ¢ = 0)
1+v
4, _ 2
Viw=——rav Ty (IV.45)

The solution to (IV.45) consists of the sum of the general solution of Viw, = 0 and a

particular solution of /2w, = e

In fact, the general solution to (IV.45) can be shown, as in [11], to have the form
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w = ag+ bor? + corilnr + dolnr (IV.46)

c
+(ar + by + 24 dirinr) cosf
T

c} .
+(ayr + bjr® + 71 +djrinr)siné

oo
n n+2 Cn dn
+nZ=:2 (anr +b,r" 2+ =+ r”—2> cosnf

/ U
! .n ! n+2 Cn dn :
+(a, ™ + b, " + . + r"—z) sinné

+ 3" gm(r)cosmb + D hm(r)sinmb

m=0 m=1
with the an,a), by, ...(n = 0,1, ...) arbitrary constants and
1
(gm> hm) = T / <7"2m"1 /(Akm, bkm)rk+1"mdr> dr (IV.47)

For the special case in which we are dealing with a solid plate, so that a = 0, we must set

ey = ¢, = d,, = d;, = 0 so as to avoid singularities at 7 = 0.

Remarks: The last two sums on the right-hand side of (IV.46) constitute the particular
1+v

Kh

solution w, of 2w, = aTy; more specifically, if

Apmr* cosmb
LY D B (IV.482)
hk Byr* sin mb
then wy(r, ) is given by
m(T) cosmé
wy(r,8) =4 ° (r) (IV .48b)
hm(r) sinm@

with gm(r), hm(r) as defined in (IV.47). By carrying out the integrations in (IV.47) and
using the results in (IV.48b) it can be shown that

A2 cosmé
(k+2) —m?
k+2

wp(r10) = (IV.49a)

By 74 sin mé
(k+2)2 —m?2
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when k + 2 —m # 0, and (IV.48a) applies, while for the case in which k +2 —m =0,

[
Akm{ n ——1 2}rmcosmﬁ

om (2
wy(r,6) = m (2m) (IV.49b)
B for __1 r™ sin m@
1 l2m  (2m)?

Returning to the case of a solid plate, for which ¢, = ¢, = d, = d;, = 0, we note that

 the constants aﬁ and b,, must be determined from the boundary conditions. For the case of

a clamped plate, in which w(b,0) = C:;—l:(b, ) = 0, the (rather complex) expressions for the

deflection, moments, and shears in nondimensional form are given in [11]; these results, for
m = 0,1,2,3 are depicted in Fig. 1.

The problem of bending of a rectangular orthotropic plate (which has two opposite edges
simply supported and the other two clamped) due to different temperature distributions on
the plate surfaces, has been considered by Misra [12]. It is assumed in [12] that the plate
occupies the region

0<z<a, — -

<y< <z<

| S
o S

N o

b
27
h

so that the opposite faces are defined by z = :t—z-. It is also assumed that the two parallel

b
edges at z = 0 and z = a are simply supported while the edges y = i§ are clamped. The

temperature distribution is taken as having the form

_L+T Ti-Tp

= IV.
6T (z,y,2) 5 . (IV.50)

h h b b
so that T'(z,y, 5) =T, T(x,y,—g) =T, for 0 <z < q, —3 <y< 3 where T and Tp
are, respectively the constant temperatures at the top and bottom of the plate; thus the
temperature is assumed to remain constant in any plane which is parallel to the z,y plane.

The edge conditions are given by

w=0, M;=0; onz=0,a, for—ggyg-g- (IV.51a)
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and

w=0,wy,=0; ony= :tg, for0<z<a (IV.51Db)

where M, is given by (II1.12). Actually, Misra [12] writes the term M% in (II1.12) in the
- - h/2
form N} = § My, with My = / §T2dz, so that (see (IIL.13))

Bi = cr101 + cro00 (IV.52)

The superposed bar over the 3; in (IV.52) does not appear in [12] and has been placed there
so as to not confuse this parameter with a hygroscopic coefficient. With the definition of

My, as given above, and (IV.50) it is easily seen that

1
which has the Fourier representation
bk & 1
Mr== 3 —sin=z, (IV 54)

m=1,3,5,...
for 0 < £ < a. Using (IV.54) in (IIL.14a), setting ¢ = 0 and ® = 0, and replacing Dy; +
4Dgs + Doy by 2H we obtain, as in [12], the following equation for the bending of the heated,

rectangular, orthotropic plate:

(o)
Dt sase + 2HW gayy + Dogt gy = P Y. msin Ta—”x (IV.55)
m=1,3,.. )
where ~
4]4771'/31
P== (IV.56)

From (IV.54) it follows that My = 0 along the edges at z = 0 and z = a. Then, by virtue
of (IV.51a) it follows that both w and w,, must vanish along z = 0 and z = a. However,
as M, = 0 along z = 0 and z = g, it would follow from (III.12) that w s, = 0 along z =0

and z = a only if My = 0 along these edges, which it does not-the Fourier representation
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not withstanding! Thus, the edge conditions in (IV.51a), which in [12] are now written in

the form
w=0,wz =0, onz=0,a
b b (IV.57)
for ——<y< -
or —o SYs<g
are open to suspicion as is, of course, the remainder of the solution presented below. A
solution of the homogeneous equation associated with (IV.55) which is compatible with the
edge conditions (IV.57) is now sought in [12] in the form
oo
w= Y  Yn(y)sin Ui (IV.58)
m=1,3,.. a
Substituting this expansion into the relevant homogeneous partial differential equation we
are led to the following homogeneous fourth order ordinary differential equation for the
functions Y, (y): |

Dy Y — 2Ha2 Y + D110 Y =0 (IV.59)

mm ) .
where a,, = —. Noting that, because of symmetry, Y;, must be an even function of y, a
a

solution of (IV.59) is sought, in [12], in the form

Yu(y) = Ay, cosh prycosgny

(IV.60)
+B,, sinh p,,ysin ¢,y
where
2 O‘qzn(H”'VHQ—Dan)
by = D
22
(IV.61)
2 azn(H —+VH? = D11 Dy,
9m = D
22

The A,,, B, are, at this junction, arbitrary functions of m. For a particular integral of

| (IV.55) Misra [12] chooses

o0
w= Y,  Epsinaps (IV.62)
m=1,3,5...
Substitution of (IV.62) into (IV.55) then yields
mP
O!anll ( )
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in which case the complete solution of (IV.55) assumes the form

o
P
w= Y {aZnD + A, €08 hp,y €08 gy + B sinh ppysin ¢y} sin oz (IV.64)
=1.3 11

The edge conditions (IV.57) are automatically satisfied by (IV.64) while those in (IV.51b)

- are satisfied if and only if A,,, By, are connected by the relations

mp bpm bgm bpm . bgm
m cosh —— cos —— + By s —sin — = )
i D + Ap, cos 5 08—~ + sinh 5 sin 5 0 (IV.65a)
bpm bgm bgm bpm
Am(pm tan hT — gm tan T) + B (pm tan 5 + ¢ tanh T) =0 (IV.65D)

These relations may be solved for A,,, By, (see [12] for the details) which are then substituted
back into (IV.64) so as to yield the deflection at any point of the plate. The expression
obtained for w(z,y) can also be employed in (III.12) so as to compute the thermally induced

moments at any point in the plate, e.g.,

o

My,=Dy Y o {Amcoshpnycosgnmy
m=1,3,5,..

+B,, sinh p,,y sin ¢,y } sin ez

D1y Y. [An{(p?, — ¢%) cosh ppny cos gmy
—2Pmqm sinh py sin me} (IV66)
+Bn{(p% — ¢2) sinh prysin gmy

+2Pm G cOSh Py COS @y } Sin T

461k & 1 .
— Z — SN O, T

a n=135,. 9m
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with analogous expressions for M, and My,. Finally, the deflection at the center of the plate,

ie,atx = g,y =0, is computed in [12] to be

+ A,)sin 28 (IV.67)

The expressions for the moments, e.g., (IV.66) and the final result (IV.67) for the deflection
at the center of the plate are subject to the criticism (of the relevance of the boundary
conditions (IV.57)) which has been levied above.

An alternative approach to solving problems of thermal deflection for plates that has
been used extensively in the literature is based upon the concept of an influence function
and usually goes under the title of Maysel’s method; this approach is actually an extension of
Betti’s reciprocal theorem to thermoelastic problems and excellent treatments have appeared
in several places in the literature, e.g., in Nowacki [8] and in Tauchert [3]. In what follows we
will adhere closely to the presentation in [3] and will assume that the plate exhibits isotropic
response; we will also take ¢ = 0, so that in either rectangular or polar coordinates the

relevant partial differential equation is given by
KNw=—-AMT (IV.68)

If the plate occupies the domain A in the z,y plane, when in its undeflected state, and
w*(€,y; z,y) is the Green’s function for the operator K A? then it is easily shown (i.e. [3] or

[8]) that
w(z,y) = —// MT (&) 2w (€, m; 2, y)dAE,N) (IV.69)
A

where, for the sake of convenience, we have initiated the discussion by employing rectangular
coordinates. In (IV.69),
PP
og2 " on?
The Green’s function in (IV.69), w*(&,n;,vy), represents the deflection at the point (£, 7)

of the plate middle surface which would be due to a concentrated unit force applied at the
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point (z,y). Thus, the Maysel relation (IV.69) may be used to compute a thermally induced
deflection w(zx,y) whenever w*(€,m;z,y) can be calculated for a plate of given shape and
assigned support conditions. As an alternative to (IV.69) one may use the form obtained by

employing Green’s formula, i.e.,
— * . 2 T
wy) = - [[wEnzy) 7> MTEndAED)

A (IV.70)
* T
B (MTaw _w*BM >d8
0A

on on

where n, s denote, respectively, the directions that are normal and tangential to the plate
boundary dA. If 72M7T = 0, such as for the case in which M7 is constant, then (IV.70)

reduces to

w(e,y)=- |

* T
y (MT ou” _ M ) ds (IV.71)

on on
and if the plate is simply supported, so that w* = 0 along 0.A, then

ow*

on

wiz,y) = [ (€ 75, 5)ds (1v.72)

T
M (&)

*

81;}1 =0 along

Of course, if 7?M7 = 0in A, and the plate is clamped along d.A, then w* =
0A in which case w = 0 throughout the plate.

As a first example of the influence function method we consider the simply supported
rectangular plate which is depicted in Fig. 2. We assume that the thermal moment is
nonzero within an arbitrary region AT of the plate while M7 = 0 in the complement of this
region. It is easily shown that the deflection w*, at an arbitrary point (&, n) of the same

simply supported plate subject to a concentrated unit force at (z,y) is

00 00 4} 1 i i
& g sin € Sin B Sin o sin Gy (IV.73)

W (€2, y) = —=
YT, Y) = abK oo (Oé,?n+ﬂ72z)2

where a,, = %, Bn = Zlbz provided M7T vanishes along the edges of the plate. Substituting

(IV.73) into (IV.69), and carrying out an elementary computation, we are led to the following
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expression for the deflection:

oo

42 sin o,z sin By T
abK Z= ;l 012 +52 //M fa sin oy, € sin ﬂnydfdn v (IV74)

If the thermal moment is constant over the entire plate, say, MT = M, then (IV.74) formally

reduces to

M & X, sinan,zsin G,y
IV.75
T abK m=123 e % O Bn (a2, + B2) ( )

w(z,y)

but, once again, such a solution is subject to the criticisms raised earlier as, now, M T does
not vanish along the edges of the plate.

As a second example, we consider the application of Maysel’s relation (IV.69) to the
thermal deflection of a solid circular plate of radius b; in this case (IV.69) assumes the

following form in terms of polar coordinates:

2T b
wr,) == [ [ MT(p,4) 7w (o, 45 N, 6) pdpdy (IV.76)

where
2 _ _8_2_ + l_a_ + la_Q
V T2 T pop | P o
In lieu of (IV.76) we may write, in analogy with (IV.70), that

—/%/ *(p,0;1,6) 72 M (p, ) pdpd)

IV.77)
ow* (b, s 7, 6) OMT (b, ) (
- T(b, ) ——L22= — w*(b, ¢; ——— | bd
/0 (M 6.9, w' (b i 6) = Y
: . : ow*
If the circular plate is clamped along its edge at r = b then w* = 3 =0, for r = b,
0 <0 < 27, and (IV.77) reduces to
27
= [ [ w03, 0) v M (p,0)pdpdss (1v.78)

The appropriate Green’s function w* in (IV.78) for the case of a clamped edge is known to
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have the form
2

b ! 1
W (o, 57, 8) = lw{u -

9 /2
L PEa p'r' cos(6 — )
(p +r p'r' cos(0 — )ln 1+ 22 — 2p’r‘ cos(f — 1)

with o' = p/b and r’ = r/b. Various forms of the Green’s function are available for the case

(IV.79)

of the simply supported solid circular isotropic plate but, as noted in [3] the expressions tend
to be quite complex.

Before concluding this brief description of thermal bending of plates (and moving on to
describe some problems of thermal buckling, within the context of small deflection theory)
we want to note some approximate methods that have been employed to deal with problems
of thermal flexure of plates; two of the better-known techniques are the Rayleigh-Ritz and
Galerkin procedures. In the Rayleigh-Ritz method the displacement field w is approximated
by functions which contain a finite number of independent coefficients. The functions em-
ployed are chosen so as to satisfy the kinematic boundary conditions but they do not have to
satisfy the static boundary conditions. The unknown coefficients in the assumed solution are
then determined by employing the principle of minimum potential energy. For the problem
of thermal flexure we may, in particular, represent the transverse displacement w(z,y) in

the form

w(z,y) = D D Cmnbma(2,9) (IV.80)

m=1n=1
It is assumed here that the ¢, (z,y) satisfy the boundary conditions which involve w, w g,

and w,. The assumed form of the solution (IV.80) is then substituted into the expression
for the potential energy II which, for a problem of (purely) thermal flexure of a homogeneous

isotropic plate, is given by the following reduced form of (II1.41):

= [ [ {5 vy

+(1 = v)K (w2, — W4zW 4y) (IV.81)

7zy

+MT (W 4 + W) — tw}dmdy
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Setting 811 = 0, after substituting (IV.80) into (IV.81), yields a system of M+ N simultaneous
algebraic equations, i.e.,

oIl

=0;m=1,2,...M; n=1,2,..,N (IV.SZ)
OCmm

which are then employed so as to compute the ¢p,. To illustrate the use of the Rayleigh-Ritz
procedure, we may consider the simple example of a square plate of side length a which is
simply supported along the edges at z = 0 and z = a, clamped along the edges at y = 0 and

| y = a, and subjected to a uniform thermal moment M T If we use the representation

M N
W= Y Y Cmnsin m;m: (1 — cos Qn;ry) (IV.83)

m=1n=1
for the transverse deflection, then we satisfy the kinematic boundary conditions for this
problem but not the static boundary condition M, = 0 along the edges z = 0 and z = q,
0 < y < a. Retaining only the term corresponding to m = 1, n = 1 in (IV.83) it is
easily verified that the Rayleigh-Ritz method yields an approximation to w(z,y) in which
the maximum deflection, which occurs at z = y = %a, is given by 0.0191a?M7T/K. As
noted in [3], two and three term approximations, using (IV.83), yield maximum deflections
of 0.0144a2M7T /K and 0.0157a2 M7 /k, respectively, while the ‘exact’ value of the maximum
deflection in this case is given (approximately) by 0.0158a?MT /K.

To implement the Galerkin procedure, we work directly with the relevant differential

equation instead of with the associated potential energy; the equation, for the problem of

thermal flexure of an isotropic, homogeneous thin plate is just (III.4a) with ® =0, i.e.,
KAw+AMT —t=0 (IV.84)

An approximate solution of the form (IV.80) is again sought, the difference being that the
bmn(,y) must satisfy all the pertinent boundary conditions. If we substitute (IV.80) into

(IV.84) we will obtain an error (or residual) e(z,y) which is given by
e(z,y) = KA?w+ 2 MT —¢ (IV.85)
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and in the Galerkin method it is required that e(z,y) be orthogonal to each of the ¢ (z,¥),

i.e., that (assume a rectangular plate, 0 <z <a, 0 <y < b)

b ra
| [ ele,9)6mn(a,y)dzdy =0
m=1,2,..,M (IV.86)
n=12,..N

By computing the integrals in (IV.86) we are led to a system of M + IV algebraic equations

for the coefficients cpp,-

Remarks: If one incorporates boundary residuals into the Galerkin procedure it is possible
to relax the constraint that the ¢y, (z,y) satisfy the static as well as the kinematic boundary
conditions. The first variation 8II of the total potential energy II is, for purely thermal flexure

problems, given by the following reduced (and modified) form of (II1.42)

b ra
/ / (KA%w + AMT — t)5wdzdy (IV.87)

r=a

+/{ My + 2Myyy — Ko)ow)

—l% ( ﬂ }

- (@M, - Rzmw]ii‘;j;b
[(@Myy — Rey)ou] 07" =

Equation (IV.87) includes the possibility of nonzero prescribed edge and corner loads K, R'y, M,,
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M,, and R,. The variation dw is, by virtue of (IV.80), computed as
M N
ow= D> 6cmndmn(z,y) (IV.88)
m=1n=1
If all of the boundary conditions are of kinematic type, then substitution of (IV.80) and
(IV.88) into (IV.87) yields

b ra
/O /0 (KA2w + AMT — t)n(z, y)dady = 0
(m=1,2,...M;n=1,2,..,N)

(IV.89)

which is, of course, equivalent to (IV.85). One also obtains (IV.89) if certain of the boundary
conditions, as noted in [3], are static; however, these static conditions must be satisfied
identically by (IV.80). Suppose we consider, as an example, the case treated earlier in this
section by the Raleigh-Ritz method, i.e., a square plate clamped along two parallel edges
and simply supported along the other two, and subjected to a uniform thermal moment M7.
For this problem, the static boundary condition M, = 0 is not satisfied, as already noted,
by the assumed form (IV.83) of the solution. The condition (IV.87) leads, in this case to the

following system of equations for the coefficients Crnn:

/Ob /Oa KA*W - ¢ (3, y)dzdy
- /0 ’ (Kwae + vEw gy + M )] dy =0 (IV.90)
(m=1,2,.,.M; n=1,2,..,N)

It is easily demonstrated that the coefficients ¢, which are determined by solving (IV.90)

are, in fact, identical to those that are obtained by applying the Rayleigh-Ritz procedure.
In all of the work discussed, to this point, in this section not only have we assumed that we
are working within the domain of small deflection theory but also, that the stress resultants
in the plane of the plate were small enough so as to not materially influence the transverse
deformations of the plate; if such is not the case then, e.g., for an isotropic, thin, elastic

plate in rectangular coordinates, the basic equations governing the flexure and buckling of
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the plate are (see (IIL.4a,b))
KA%w =1t — AMT + Nyw 4z + Nyw gy + 2NgyW 1y (IV.91a)

A2p = —(1-v)ANT (IV.91b)

where @ is given by (1.20), N7 by (I.11a), M7 by (I.14), and the small deflection assumption
has been enforced in writing down (IV.91b). For a given temperature distribution 67'(z, v, 2),
and given boundary conditions along the edge of the plate, one would first compute ANT
and then solve (IV.91b) for ® = ®y(z, y); the airy function @, is then used to compute the

in-plane, pre-buckling stress resultants N2, N7, N7,

which are substituted into (IV.91a),
along with ¢t and AMT. Finally (IV.91a), together with appropriate support conditions with
respect to w along the edges of the plate, is treated as an eigenvalue-eigenfunction problem
with the first eigenvalue (for a purely thermal problem) corresponding to the (smallest) crit-
ical temperature and the corresponding eigenfunction representing the first buckling mode.
In order to illustrate the procedure delineated above, we will begin our discussion by present-
ing three examples that have been highlighted in Boley and Weiner [7] for isotropic plates
and a rectilinear geometry; we will then proceed to examples involving circular plates as well
as problems for plates with orthotropic material symmetry.

The first case treated in [7] concerns the buckling of plates subjected to heat conduction
(but no transverse loads) with their edges unrestrained in the plane. We are reminded in
[7] of the basic fact that if the ends of a column are free to displace axially, and the column
is free from axial loads, then the column can not buckle no matter what the temperature
distribution may be; this is clearly not the case with plates. Because the plate is assumed

to be free of external tractions in its plane, equilibrium relations of the form
/ Nydy =0 (IV.92)

have to be satisfied in which the integration extends across the entire plate along a line

given by z = const; a relation such as (IV.92) can not hold unless N; > 0 along part of this
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~ line while N, < 0 along its complement thus leading to the conclusion that for this class of
problems compressive stresses will always occur in the plane of the plate. A very well-known
example of the type referenced above occurs in the often quoted paper of Gossard, Seide,
and Roberts [2] which will be discussed in some detail in §V; although the focus, in §V, with
respect to the discussion of the work in [2], will be on postbuckling behavior, it should be
clear that the buckling problem described, e.g., by the system (III.4a,b), within the context
of small deflection theory is, mathematically isomorphic to the initial buckling problem for
the full non-linear system. Indeed, some specific initial buckling problems for such systems
will be discussed at the end of this section.

A second class of thermal buckling problems, in the realm of small deflection theory,
which is discussed in [7] and which is mathematically similar to the first class of problems,
concerns the buckling of plates which are subjected to heat and loads in their plane With,
once again, their edges unrestrained in the plane of the plate. As an example, we consider
the plate strip of Fig. 3 which is loaded at its ends by a uniformly distributed stress oo; the
strip, of width b, is reinforced along its edges at y = 0, y = b by longitudinals of area A
which act as a heat sink, thus, causing the temperature to be higher along the center of the
plate than near its edges. For illustration purposes the temperature will be assumed to be

uniform across the thickness of the plate and of the form

0T (z,y) = co — ¢1 €O (271'73/) (IV.93)

in the plane of the plate where ¢y, c; are constants which may be chosen so as to fit empirical
data. We consider a single panel of the strip, as depicted in Fig. 3., which extends from
z = 0 to z = a; it is assumed that this panel is at a large enough distance from the ends
of the strip so that the stresses can be taken to be independent of z. Also, we assume that
w = 0 along the line segments z = 0,z = a, for 0 < y < b. As we have already indicated
~ in the discussion of the procedure for solving (IV.91a,b), the first step in the solution of the

problem at hand consists of determining a stress function ® from (IV.91b) and the pertinent
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boundary conditions; these boundary conditions are as follows:

u(0,y) =0, u(a,y) =up, 0<y <D
(0,9) (a,y) 0 Y (IV.94)
v(z,0) =0, v(z,b) =vy, 0<z<a
where 1 and vy are constants which are chosen so that
b b
/0 N, (0, y)dy = /0 N (a,y)dy = bhoy (IV.95)
For the temperature distribution (IV.93), (I.11a) and (IV.91b) yield.
5 T\ 2 21y
AP = —4 (3) aBe; cos 2 (IV.96)
a solution of which is
2 b? 2
& = @y(z,y) = 2Y _ Bl 2Ty (IV.97)

2 472 b
It is easily computed that corresponding to ®g, as given by (IV.97), we have the following

expressions, modulo rigid-body motions, for the stress, strain, and displacement components:

Oyy = Ny = Ogy = Ngy = €y =0
hoge = Ne =@y =h {oo + aEc; cos —b—}
€ ! oo + ac
zz — =00 0
E . 5 (IV.98b)
0 T
€y =~ T - (1 + v)ac cos -
z
u = (0g +aFcy) =
E (IV.98¢)

(14 v)acb sin 271y
2m b
It is easily seen that (IV.98a,b,c) satisfy all the boundary conditions delineated above

v=(—voo+ aEco)% -

provided

a
ug = (00 + aFcy)—=

E, (IV.99)
vy = (—vog + aEco)E
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The next step, for the problem at hand, involves the computation of the transverse
deflection w(z,y) and the corresponding critical combination of the temperafure levels and
the applied load. Using the fact that ¢ = 0 in (IV.91a), and that MT = 0 for the temperature
distribution defined by (IV.9b), it is easily seen that the use of (IV.98a) in (IV.91a) reduces

this equation to

h 2
N = {ao +aBe ”y} _ (IV.100)

We consider (IV.100) with the conditions relevant for simply supported edges, namely,

W=Wgze=0;,2=0,a; 0<y<?b
o Y (IV.101)
W=wWyy =0;y=0,0;0<z<a
and, thus, seek a solution of the form
) 0o o0
w(z,y) = > Y amnsin (m;rx) sin (n_7bry) (IV.102)
m=1n=1

By substituting (IV.102) into (IV.100) and then comparing the coefficients of like terms we

are led to the following system of algebraic equations for the coefficients amn:

( [kml + 09 — aEzcl] Qm1 + agcl ams =0
$ kmz + 00) Gmaz + O‘]‘;;cl e = 0 (IV.103)
| B + 00l + 22 (0 + ) =0, (0> 2)
where X ) 2
Fn = 7 (2—”) {1 + (%%) } (IV.104)

The critical combination of oy and c; is obtained by setting the determinant of the homo-
geneous system (IV.103) equal to zero. As noted in [7] there does not exist any coupling
between coefficients with different values of m or between coefficients with even and odd

values of n. Thus, a single value of m may be employed in the series (IV.102), i.e., the one
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which yields the lowest critical combination of load and temperature levels for the loading
and geometry being considered. Furthermore, as also noted in [7], one may set up two in-
dependent determinants, one with only odd values of n and one with even values only. It
may be shown that the symmetric case, corresponding to the determinant involving only

odd values of n, corresponds to the lower ‘buckling’ load; the symmetric determinant has

the form B B
{km1+ao—a2cl} azcl 0.
E
aFc kst o, aFce o
2 2
- =0 (IV.105)
0 a2cl (ks + 0o) - - -

for which two special cases are of interest: If ¢; = 0 then only the edge stress distribution
o, acts to buckle the panel and only the diagonal terms in (IV.105) survive. In this case,

the critical value of o, is given by the same expression that has already been noted in [1],

namely,
w2E  hy,
o)erle;=0 — —OAA T\ 1
in which n = 1 (50 as to obtain the lowest possible critical stress) and
bm  a
E=(— + )2 IV.106b
(Z+ ) (IV.106b)

is computed, for a given aspect ratio a/b, by choosing the integral value of m for which it
is a minimum; a full discussion may be found in [1]. The more interesting special case of
(IV.105)), from the viewpoint of (purely) thermal buckling, corresponds to taking o, = 0
in (IV.105) and seeking the smallest root 77 = T, of the resulting infinite determinant;
approximations to T, may be obtained from (IV.105), with o, = 0, by retaining only a

finite number of rows and columns of the determinant. By retaining only the element in the
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