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SUMMARY

The theory of the Stark effect in the reotational spectrum of an
asymmetric rotor has been given by Golden and Wilson. These authors
reccgnized that near-degeneracy of rotational levels is almost inevit-
able, and they included a discussion of the Stark effect for such cases.
The Stark effect for rotational energy levels split by a nuclear gquad-
rupole interaction has been worked cut by Mizushima. However, Mizushima
did not discuss the case of rotational near-degeneracy. The principal
aim of this research has been to develop and test a method for calculating
the Stark effect in the presence of nuclear gquadrupole interaction for
this condition. The secondary aim was to confirm previously reported
values for the dipole moments of nitryl chloride and nitrosyl bfomide.

The theoretical problem has been attacked along two lines. In
the first apprcach, the Hamiltonian matrix Hr + HQ + HS, which contains
rotational terms, nuclear quadrupole interaction terms, and Stark effect
terms, was cbtained and diagonalized. In the second approach, a method
similar to that of Mizushima has been employed, in which the Stark and
quadrupole effects are treated separately in the matrix formulation of
the problem. In this second approach, the rotational plus Stark Hamil-

tonian, Hr + H is cbtained and diagonalized. The matrix elements of

S’

the quadrupole Hamiltonian, ¥ ., are then added to the previously diago-
, and the resultant matrix, (E_+ H_) + H

S) S'diag Q7

is then diagonalized to obtain the perturbed rotaticnal energies of the

nalized matrix, (Hr + H diag

mplecule.
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The first approach has the more general validity, but the second
is more simply calculated. The restriction on the use of the second
approach, or a modified Mizushima method, is that the quadrupole matrix
elements of the two closely spaced levels must be almost the same.
Otherwise, the more difficult simultaneous treatment of the two pertur-
bations is required. The tiwc methods of solutiorn bave been evaluated by
calculating absorption spectra of nitryl chloride and nitrosyl bromide,
and comparing the calculated transiticns with experimental cobservations.

The 2l-e 50 trangition cof nitryl chloride has been investigated.
The 21 and 22 levels are the closely spaced ones, and their guadrupcle
matrix elements differ only by about one per cent. For this case, the
results of applying the two theories are nearly the same, both agreeing
with the experimental results.

In the case of nitrosyl bromide, the lj-a 20 transition has been

examined. The ll and lo levels lie very close together, ard their quad-
rupole matrix elements differ by about fifty per cent. In this case,
the modified Mizushima theory was inadequate and simultanecus treatnment
of the two perturbations was reguired for a good prediction of the absorp-
tion spectrum. Quantitative results of this comparison are given.

The investigatiocr. reperted in this dissertation confirms the value

cf 0.53 debye for the dipole moment of NO 0135, and for NOBr79, it gives

2
a value of 1.80 debys for the component cf the dipole moment alcng the

axis of least inertia, rather than a previously repcrted value cf 1.76

debye.



CHAPTER T
INTRODUCTION

The theory of the interaction between nuclear electric quadrupole
moments and molecular rotation in asymmetric top molecules has been worked
out by Bragg (1). The Stark effect for an asymmetric rotor was developed
by Golden and Wilson (2) for both the non-degenerate case and the case of
accidental near-degeneracy of pairs of rotational levels, Mizushima (3)
has considered the combired problem of the Stark effect of an asymmetric
top with hyperfine structure resulting from nuclear quadrupcle interac-
tion for the case of non-degeneracy. In the weak-field case, his method
is an extension of the work of Low and Townes (4) to cover asymmetric
tops. In the intermediate-field case, his method is to compute indepen-
dently the Stark energy according to the theory of Golden and Wilson, and
add this Stark energy correction to the rotational energy on the diagonal
of the Hamiltonian matrix. He then adds the diagonal and off-diagonal
matrix elements of the quadrupole Hamiltonian and solves the resulting
secular equation for the perturbed rotational energies.

The present paper is an extension of Mizushima's work on the inter-
mediate-field case to cover the case of aqcidental near-degeneracy of
rotational levels. A straightforward matrix formulation of the problem
is used in which the Stark and quadrupole interaction perturbations are
simultaneously included. The contact transformation employed by Golden
and Wilson is applied to the Hamiltonian to facilitate the diagonaliza-

tion process. This approach is compared with the method of Mizushima



(independent treatment of the two perturbations) corrected by using the
degenerate calculation of the Stark energies.

When hyperfine structure 1s present, it is convenient to discuss
the Stark effect under three different conditions: weak field, strong
field and intermediate field.

In the weak-field case, the applied electric field is so small
that the Stark energy is considerably less than the quadrupole interac-
tion energy. In this case the mole;ular wave functions and the hyperfine
structure are only slightly perturbed by the electric field. This means
that the precession of the molecule due to the applied field 1s slow
enough that the interaction between the nucleus and the molecule is very
little affected., In a weak field, the molecular state may be specified
bty the guantum numbers J, I, F and MF; where J is the rotational angular
momentum of the molecule, I is the nuclear spin angular momentum, E:}s
the total angular momentum J + I, and MF specifies the Z-component of the
total angular momentum. The Stark effect splits each hyperfine line into
a number of different components depending on the value of MF; this split-
ting is small compared to the gquadrupole splitting. A more guantitative
discussion of this case is given in Chapter IIT.

In the strong-field case, the Stark energy is very much greater
than the guadrupole interaction energy. The molecule precesses so0
rapidly that J and I are decoupled, and therefore F loses its signifi-
cance as a quantum number, In this case the molecular state may be
specified by the gquantum numbers, J, I, m., and m.; where J and I are the

I

sare as defined above, my specifi®s the component of J in the direction

of the applied field, and My specifies the component of I in the direction



of the field., Under strong field conditions, the quadrupole interaction
produces a splitting of each Stark energy level which is considerably
smaller than the separation between Stark levels.

In the intermediate-field case, the Stark energy and the quad-
rupcle interaction energy are of the same order of magnitude. Their
combined effect is appreciably more difficult to treat than either of

the previous two cases. The parameters m,., m

o , and F all lose their sig-

I
nificance as gquantum numbers, and the wave functions must be made up of
linear combinations of the wave functions for either the weak-field case
or the strong-field case, Calculation of the appropriate wave functions
and energy levels is, in general, difficult. Line splittings of the two
effects are comparable. Detailed treatment of this case will be found

in Chapters III and IV. Notation will be chosen so that it corresponds

with that found in the literature. Thus, the symbols Eg and Wg are both

used to describe rotaticnal energy levels.



CHAPTER II

STARK EFFECT AND NUCLEAR QUADRUPOLE INTERACTION

FOR AN ASYMMETRIC ROTOR

Theory of the Stark Effect.--The theory of the Stark effect for an

asymetric rotor has been developed by Golden and Wilson (5). It will
be useful, however, to reprcduce their work here with somewhat greater
detail than is given in the original paper.

In the non-degenerate case, the expression for the Stark energy
of an asymmetric top may be developed from conventional perturbation

theory. The Hamiltonian is

5
o] 3 L)
H=H EE” = H E cos
¥ ‘ +§ g g’

g=1

where 1° is the rotational erergy Hamiltonian for an asymmetric rotor, E
is the applied electric field, “g is the component of the electric dipole
moment along the gth principal axis, and Qg is the angle between E and

the gth axis, In terms of msymmetric top wave functions, the rotational

energy is

O Q
W= (I |5 Jrng)

The first order Stark correction is



and this correction is found to be zero. The second order term is

2 E: (Jmmy |EES| g7+ 'mt) (" r'm] |EHS|JTmJ)
JTm

w° (3mm,) - WO(J'T'm&)

T
The symbol Z means the sum is taken only over elements for which

t .1
J.m:T # J-rmJ.

For a particular dipole moment component p’g , the contribution to the

energy is

*

(J o JTm')JT coaJ )
Z 2 2 m; |cos @] (d'7'm} [cos |-rm

J"r':ﬂ& w° (JTmJ - WO mJ)

For an electric field in the space-fixed Z-direction, the matrix elements

of cos ag vanish except for AJ = 0, =1 and AmJ = 0. Thus

(2)

2.2 Z(J'rmchos ag,J-lT'mJ)(J-lT'mchos CthJ'r‘mJ)

: Wo(dm.) - Wo(J-1r'm_)

T J N)

(JmJ|cos a |J'r‘mJ)(J'r'mJ|cos OlglJmJ)

) 0r <1
W (JmJ) - W(JdT mJ)

T

J
’ o Q I
o — W (Jmmy) - W(J+lr'm

z (JTmJ|cos ag|J+lT'm )(J+lT‘mJ[cos ag|J'rmJ)'

1)

)

L}
Fg JTII’J.J,J T mJ

F denotes one of the space-fixed axes X, Y, Z, equation (2) becomes

Using the notation (J'TIIIJ,CDS Oﬁg]J'T'm&} = @@ , Where



5 I(q)Fg)Jfrm R J--l'r'mJ|2
”2 - Mg Ezz (3)

T - Worg-11t

2 2
!(QFg)J'rm 5 d7'm | - |(®Fg Jmm_; J+lT'm I
s Z J A g’ J

2 )= WO (J+1lr'm.)

< TIm T

WO(JTm 7

)
J)-W (J-r'mJ} - W

T'f'L-T

The squares of the matrix elerents appearing In the above eguation can
e obtained from the following expressiorn given in & paper by Cross,

Hainer and King {£):

) logyls = 3lo o |2 2,1
Fg'!dmm ;7' Zg J' Zg' Iyt /Y 2g Im ;3 'mk
Fm.m!? J m_m! J J
T A

.
The factor 3 results froz the sum over F, the three spacial directions
X, ¥, Z. In order to use this result in equation (%), the summations

over F, my and m“I must be removed. For F = Z and a iaar'ticular Ry = Mo,

one obtains

2 2 A |2 2
I(D | . LT = ! 1 I(D | LTt lQ I .
Zg 'm0 . Zg JJ Zg'Jv,J'r Zg’ JmI,J my
From Table I of Cross, Hainer, and Xing II(7),
2 I EE- - 1 2 2 2
o |JTm 39-1r'm_ = [16° (-0 ol oax ),

2
> ) 2

‘+J2(']+t12—1) Zg J ’ L



-1
2 2 2 2
I¢Ztg|JTmJ§JT'mJ - {16J2(J+l)] I(I’Zg JT,J'T'LmJ b
m2
J 2

——— o, 15 ;¢ .
LIP(34L)e BITIT

2 -1
|¢ | . 1 _ 2 2
Zg'JTmy 3+l imy = [16(J+l) (2J+l)(2J+5)1 |¢Zg JT5J+lT.Ll-(J+mJ+l)(J-mJ+1),
2]
(3+1)° - oo )
- el & -
B(I41)T(2041) (2045) 28 ITIHLT (&)

Substituting Equations (4) into Equation (3) gives

- me - |¢s |2
2_ 22 T Z 7g ' Jr,J-11"
W = B (o] Q
& & bIE (hT7e1) oW (I )W (0- 1 )
2
A \" 'q)Zg Jr,Jd7"
i L2(341)° Wo(Imm )W (T )
~ rife MRy Ty
22 2
p N 226 lar;0 < (5)
B(I+1)2(2041) (2743) p WO(JTmJ)—WO(J'i'l 'm.)

This 1s the expression for the Stark energy correction in the non-degen-
erate case derived by Golden and Wilson (8). From the defirition cf the
line strength ?\g and Tabtle I of Cross, Hainer and King ITI (9}, it may be

shown that

!‘bzg §T'J+l’f': “‘i‘(r‘j""l} )\g(JT;J-}-lT') 3
5
‘2 . . |
.|®Z‘E!J1"J..l'r‘= han (J730-27")

O RI(I+1)

2 - Jea Tt
R R S

L9



Substituting these into Equation (5} gives

2 . t
222 JE-IIJ.J }: Kg(JT,J—lT )

s ' J(43°-1) wa(JTmJ)-WO(J—lT'm)

T J

mi Rg(JT;JT')
.i_
JiJ+1)(2J+1
(J+1)( 1; WO(Immy ) W (37 m, )

(J+l)2— mi hg(JT,-JJrlT’)
t o T T E: *
(F1){27%1)(2+3) WO(JTmJ)-WO(J+lT'mJ)

The Ag appearing in this equation have been tabulated by Cross, Hainer
and King (10) and Schwendeman ard Laurie (11).

In the degenerate case, the Stark energy is cbtained from a modi-
fication of conventional pertuarbation theory. Again consider the Hamil-

*
tonian H = i + EHS. Now, however, apply to it a unitary transformation

U= eiBfS l+iES--2]2E282+...

The transformed Hamiltorian is

- iFS. -iE o
vt = e e U (4w - 5 %3 ) (204EE") (1-1ES - %EESE)

= #° 4 B[E° ¢ 1(s° - 8%5)]

+ & [55°5 - £ 1 - 2 w08 + a(seo-n"8)] .

*

This development also follows Golden and Wilson (12), with the
exception of expressing the unitary transformation as an exponential.
The resulting Sij differ only in the appearance of the imaginary i.



The next step is to attempt to specify S so as to remove off-diagonal

first order elements. The effects of such terms will then appear as

second crder corrections or the diagonal, In other words, attempt to
o]

pick 8 so that s’ - 1% = iHS. Consideration of an explicit term makes

it apparent that a good definition for 8 is

8,47 —Er——iL—- for W. not near WS , (7)
oW - + J

and 3, .
1d

[l

¢ otherwise ;

where W? is used to denote the non-zero elexerts of the diagonal matrix

HO. The ijth element of the first order correction is

1 _ ( 5 | . w0 5O
Hyj= 8 A+ 1 X (85 s = Tik Sy

, o . . .
since H  is diagonal, this reduces to

Q
AL, = E (7. + i(s, W° - w9 s, .)1
i3 1] 1] J i 173
F 5 o) e
= o -
E L“ij + JES:.L'j (WJ Wi)

With the definition of Si* given above, this expression bscomes, for non-

X

degenerate levels (Wg rot near Wi):



o 3
1 S Hij 0 o}
L i J
S ]
i] i

10

(8)

For near-degenerate pagirs of levels Wg and Wg, Sij = 0, and therefore

gl - EES, .
ij ij

The ijth element of the second order ccrrection is

_ | Io} 1 o] 1l .0
Hij - Z [Sik Hem Sny = 7 %51ty — 7 i SkmSmJ]
K,
s S
v z (S1x By = Hix SKJ)}
X
o] 1 0 1l .0 . S
= - =5 - S =
B Z I:Sikwksk 5SSk - 3 WSSk T8
K

Using the definition of Sij given in (5), this expressicn becomes

8 oy 8.8 ,0,.0
-H
W . B4 Z' Py L1 HiHy (W + W)
2 o Oy 0 o 2 C .0y,..0 .0
S .5 s .S
Py Bk g
o .0 o o} *
W, =W, W, -W

(9)

H

S
115k

P
The symbol Zi; indicates that the sum is taken over all terms for which

the denominator is not near zero., Should any denominator approach zero,

)| b
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the corresponding element of the transformation matrix S would be zero

and the entire term would vanisk. Further simplification gives

H2 _ 1k kj 0 l.o, 1.0 o .6 0,0
_iijz s - [-war-g-wj+§Wi+wk-wj-wi+wk}
WD) ()W)
k J
T k Hi 1 1
R e R
- VAt © -
T wi w \(w J)
s .8
12 24"“1k kj s Hiy ij
- o 0 °
i L w WJ - Wy

Since second crder off-diagonal elements contribute nothing below fourth
order to the energy, only diagonal terms (Hii) of the ahove form need be

considered. These terms are

S .8
I N (10)
ii W° - w° :
k i 'k

This expression has the same form as Equation (1).

Thus, with the defirition {7), Equations (8) and (10) show that
the application of the trarsformation does rot affect the contributions
of the ron-degenerate levels ta the perturbation energy; the previously
quoted results are still valid. However, Equation (9) shows that first
order off-diagonal terms lirking nesr-degenerate pairs of rotational
levels do appear in the Hamiltonian matrix. For these near-degenerate

pairs of levels, a two bty two secular determinant must be solved to obtain



the corrected energy levels. The diagoral elements of these two by two
matrices have the form of Eguation (6) with terms linking the near-degen-
erate pair of levels omitted from the sum. The off-diagonal terms are
obtained from Equation {6) by multiplying [WO(JTmJ) - WO(J‘T'mJ)] by
the proper omitted term, and extracting the square root of the product,
For both nitryl chloride and nitrosyl bromide, diagonal terms are of

the form

3° ] A (Tr; J-17')
2 E2 g’
)7

"g J(ng 1) Jmmy) - WO(J—lT'mT)
(J+l)2 - mf hg(JT; J+lTT)
Y eI EE) e 5 ’
1

(JTEJ) - W (J+lT'mJ)

-~
i

arnd off-diagonal terms are of the form

1
A (Tm5 Ir') ]E
U-gE mt J(J+l)(25+l) *

Theory of the Nuclear Quadrupole Interaction.--Although the development

of the theory leading to Bquation (17) may be found in Ramsey (13), for
example, it is deeirable to reproduce it here with some additional detail.
The electrostatic interacticn between a nucleus and its electrons may be

written as follows:

JF ‘jp r ) °n (r ) dTn dTe ’
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where pe(;e) is the electron charge density in the volume element dTe
at position T relative to the center of the nucleus, pn(rn) is the

nuclear charge density in the volume element dTn at position r, relative

to the center of the nucleus, and r is the magnitude of the radius vec-

tor Jjoining dTP and dr_.

ad

Ir eer is the angle between T and L then one obtains

-

rE = r2 + r -2rr cos @ B
e I e’n en
and
1 1
P 1/2
(re + r -2rr cos 6 )
r r2
1 n 1 ™n
= — o — - \ S N )
— t—5cos 6 +5 = (3 cos™ @ q -1+ s
e r b
e e
r
R . . n .
after a power series expansion in r is made.
e

The first term in this expansion has the form of the radial depend-
ence of the potential of an electric monopole, the second that of an
electric dipole, and the third that of an electric quadrupcle.

The gquadrupcle interaction then has the form

Expanding in Cartesian ccordinates ty using the relation
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rr_ cos B = zg: X . X ., one obtains
ne en ni “ei
i
Q (1" ) Pn ( ) 5 o
> - rr dat dT
Xni® nj X X ej n e n e
ij
(” )p )
D 1 2
Jf JF 3 Ez (ﬁxnanJ n 13)(5Xelxej reaij)dTndTe
ij
_ 4 2 e(Ee) 2
=g E; d/; Dn(zn)QBXnanj-rn Bij)dTn r5 (BXElXE:| reaij)dTe
ij n Te Te
1 1 )
__EZQij(vE)ij_ g & VE, (11)
ij
where
QlJ = \lh Pn (En)(3 nlxn] T 13) dr, »
n
- palre) .
(VE)ig=-J_ 5 (3XeiXey = Te B3y) 47e
<fe e

and the symbol : indicates the inner prcduct of two tensors defined by

the summation.

To exhibit explicitly the symmetric character of these tensors,

they may be written in the form
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xnixn‘ * anxni 2
—_— d -

n

T r

pe(Ee) Xeixej * Xejxei 2
(VE)ij = -f — 3 - T, & dr
e e

From a tedious matrix multiplication (14) or from a group theo-
retic argument (15) applying to symmetric tensors of the second rank with
zero trace which are constructed in the same manner from vectors satis-
fying the same commutation relationships with respect to I, it may be
shown that the quantum mechanicel matrix elements diagonal in I of all

such tensors have the same dependence on mI.

(1); (D + (D) (D) ]
Q; = C [5 - -8, . (12)

Jt then follows that

The arbitrary constant C can be expressed as follows In terms of the
conventional nuclear quadrupole moment @, which is the ZZ component of

the above with mI = TI.

1 2 2 1
Q = E\[pn,mI=I (5ZI1 T rn) dTn = g (II|Q55|II)

= ¢ (ul3n) - £l

ol

¢ [37° - 1(141)]

m|=

¢ 1(21-1) .

Thus C = T S%-l .
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Substituting for € in Equation (12) gives

1

. (1).(I), + (1) .(I)
Qij = IZE’I?li 5 32 2 L. Bi,j f . (13)

Similarly, when J is a goed quantum number, the same reasoning

applies, and it follows that

(2)4(2)y + (D),(3); Jz} )
- 5. . .

2 13 =

(VE); 4 = -C'[ 3

The arbitrary constant C' can be expressed in terms of the average field
gradient at the quadrupcle nucleus for my = dJ, <§E%> .

oz 4.
The potential V at the nucleus due to an electronic charge distribu-

tion Pe is given by

Thus
a_Vf d (L f -2
3z =) Pe I (re) at, Pe ;32 ar, ,
)
and
2 =7
3 Vv Jf e
1 P _d"'
3 € g%; (:rz:) €
» 5
u/\ [ 52e 1 a
e r5 r5 e
| Te e
2
:fp sze-rg dT
e
=
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It is shown in Appendix A that Equation (16) is equivalent to the
Q

following expression for H™:

2
< (2
z
i - é'ﬂmﬁ %(-I-'ﬂ)EJf %@2)2 2(1+9) - 512J2 512J2+ 5I2J
aev

r\>|

z2 . s
= 21(2I-l)J(2J-1) {5(5'*_” +5 (102) - L(I41) 3(I+1) (17)

This is the form of the Hamiltonian usually used in evaluating the nuclear

quadrupole contribution to the energy of a molecule,

2

The evaluation has two parts: one is the computation of <§-—2V R
dZ
Av

and the other is the solution of the secular determinant obtained from

Equation (17). Bragg (16) has obtained the following expression for
<62V
2
02/ pyy

2 2 2

7V 2J z vV ¥V Ly OV '
= = A (JT,dT') + A (Jr,dT' )+ —5 ?\ (J"r,J'r A F
<322 T ) [axz x 32y ]

Z
- 3

where x, y, z are molecule-fixed axes and ?\x, 7\y, 7\Z are the line

strengths tabulated by Cross, Hainer, and King (17). The matrix elements

2
of ‘{5(E'£) + % (I-3) - I(I+l).I(J+l)} are given by Kellogg, Rabi, Ramsey

and Zacharias (18). Using these matrix elements and Bragg's expression for

2
ggg , the problem of computing the gquadrupole correction is a straight-

forward one.
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CHAPTER III

MIZUSHIMA'S THEORY OF THE STARK EFFECT IN THE

PRESENCE OF HYPERFINE STRUCTURE

In connection with Mizushima's approach, it is helpful to develop

a few results from perturbation theory. Consider the Familtonian

B = B 4eE 4+ F 4. . ...,

the wave function y(n) = wo(n) + ewl(n) + eewg(n) + «e.. , and the enecgy
E(n) = Eo(n) + eEl(n) + eeEb(n) + ... , where n stands for all the quan-
tum numbers characterizing the unperturbed wave functiorn. Substituting
the above three expressions into Schrodinger's equation, By = By, and

equating coefficients of equal powers of e gives the following:

Oth order - quo(n) = Eo(n) wo(n) ;

1°% order - HY @) +#¥,(n) = B (2) v, (n) + B (n) ¥ () ;

2™ order - i (nHEY ) (0 )4 5 (1) = B (5, (s HE (0 ) 1 (2 4B, {2 Nio(n):

The first order wave functions may be expressed as a combination of the

zeroth order wave functions as follows:

‘Vl(n) = annl ‘Vo(n') 3
2
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where
Hl,
a = L n' # n
nn' E(n) -E (n") ? ’
O o}
and
a = 0.
nn

o)
Eo(n) = Hnn ; (18)
1
El(n) = H _ ;
1 1
B B,
- on' n‘n
Ey(n) = B+

& E(m)E(a') "

Weak Field Case.--In Mizushima's weak-field approximation, the Stark

effect is considered as a perturbation on the rotational plus hyperfine
energy and is calculated using vero-order wave functions specified by J,
T, I, F, and M. These wave functions diagonalize the rctatioral plus

quadrupole Hamiltonian. The Hamiltonlan to be considered is
BE=(E +EY + B = B 4 ent

where H is the rotational energy Hamiltonian, HQ is the quadrupcle

interaction term, and HS is the Stark energy Hamiltonian. As before

HS== E: pg E cos aé, where pg is the component of the electric dipole
g

moment along the gth principal axis, E is the extermal applied field,



i+
and dg is the angle between the applied field and the g“h axis. From

Bquation (18) above

(T IFM| 25| g 1Em)

2
]
]
il

Il

(JTITM E: y E cos agtJTIFM)

g

]

E(JTIFM!cos o |IvImM) ;

J'TVIF'M) (I TIF'M

: Ec Q
Z“g °F g
g

E{JrF) - E (I'7'F")
o o

(ITIFM|cos ag|J'T'IF'M)(J‘T'IF‘M!COS ag|JTIFM)

»

g T _ HPSE AR
o P EO(,TF) EO(J T'F')

Since the matrix is diagonal in T and M, susmation over I' and M' was
omitted in the above expression. The matrix elementes of cos ag can be
evaluated by using Racah’s method., Mizushima bhas solved the problem (19),
and his result for the Stark energy due to the gth component of the dipole

moment is

E {(n) =Z p.gE(J’rIFMlcos ag!JTIFM) =0 ;
g



ro
no

B _ T,
EE(n) = WJTIFM B Z (dg)JTIFM ?

g
JT" J+l 7'
2 2
- T
(Wg)JTIFM My oal MY ( T#M) Z E_ (T-F) - E (J+1 T'F)
.TT,' J+L ')
+ \JIPM’)Z o (TTF] - E (J‘f"l TTEL)

(Tr; J41 %)
T
+ f IFM)Z T (TTF) - 3 (J+1 77F-1)

— ?\g(JT; Jrt)
+ fh(JIFM)Z E(J7F) - E_[J77F+I)

.rl

A (FT—;'; Jr")
+ fs(JIFM) ZZ (T"lr“ (L.| ..")
T

?\g(J'r; Jrt)

JT0.

+ £, (7I7-1M) Z E_{I7F) - E_(3775-1)
P |

?\ (¢T,, f.--l'Tr)
+ fl(J_lIFM) Z EO(T_FT - EO(le-T’F)

TQ_LTT\

T,t

+ f (J-1IF-1 M) Z i (TrpT - E (J-1 rTF-1}

'T'; (I"l'."t)
(J-1 '
+ f5 5) I F+]_ M) Z _; (J W) - I \]’_ ﬁF*ﬂ K]




where the hg are the line strengths defined by Golden and Wilson (20)

and tabulated by Cross, Hainer and King (21), and the f£'s are given by

M?(J+I+F+2)(1+F-J)(I+J+1-F)(F+J+1-I) ]
2

£ (JIFM) =

1 LF(F41)° (2345)(2341) (341)
£ (JIEM) = (T+I+F+3) (JHT+F+2) (J- T4F42 ) (J- T+7+1) [(F41)° 2] ]
2 ) ;

L{F+1)"(2F+3) (2F+1) (2J43) (2J+1) (J+1)

£ (JTIRM) = (I4P-T)(I4F-J-1) ( I+T-F+2 ) (T+J-F+1) [FE - M?] _

5 BFF (2F-1) (2F+1)(2043) (2741) (741) ’

£ (JTRM) = (T+T4F42 ) (THT-F)(T4F-J41) (T4F-T41) [(F41)° - M?]

H hJ(J+l}(2J+l)(F%l)2(2F+5)(2F+l)

£ (ITRM) = ¥ [1(9+1) + F(F11) - 1(1+1)]°

5 .

uﬂJHJMJHJEEH%UQ

Intermediate Field Case.-~When the applied electric field is sufficiently

strong that the Stark and quadrupcle energies are of the same order of
magnitude, the assumptions under which the above results were derived no
longer hold, and therefore the theory is inadequate and perturbation
theory must be further considered. The developrent given below was re-
ported previously, in the author's master's thesis (22). Mizushima (23)
originally solved Fhe problem in the non-degenerate case, hut his paper
gives only the resulting secular determinant from which the actual cal-
culations are made.

According to the matrix formulation of quantum mechanics, the per-
turbed energies of a system can be obtained by computing the Hamiltonian

matrix H in terms of the unperturbed wave fuactions Wo and diagoralizing

this matrix. The allowed energies then appear as the diagonal elements.
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The elements of H are of the form

f‘q?o(n) [HO + eHt 4 ] \yo(n') ar

=‘/}Eo(n) 5° Wo(n’)dT + GK/PWO(n) kao(n’)dT + . .

1
Eo(n) Snn’ tEel ...
The diagonal elements of this matrix are

1
H = Eo(n) teH ot oeee.

and the off-diagonal elements are

When the Hamiltonian matrix is diagonalized, it is found that the off-
diagonal elements EHin' contribute to the energy only in the next higher
order: that is, in terms of order 62. Thus, when the matrix elerents
of H are computed using zerc-order wave functions, it is found that the
off-diagonal elements are zero to zero order in €, ard the diagonal ele-
ments are the perturbed energies correct to first order in ¢, This sug=-
gests that 1f wave functions correct to first order in ¢ are us=d, the
off-diagonal elements of H would be zero to first order and the diagonal
elements would be the perturbed energies correct to second‘order.

To show that this is true, define

bra) = wo(m) + e () = ) b w(a')

nl



where

and

2 2 2 n'n
'bml =1 - Z |bnn|| =1 - z [E (Y‘_) . B {:_7)]2 .
n'sn n'#n ©

The diagconal elements of E are:

Wp(n) = [ Wy(n) By(n) ar

- —_— -— ' sl l\ . 5 -
—f Z bﬂl’l' \Vo(n )(H 4+ Z bnnrllﬂo(n ) d-
nl it

Z Z -Erm[ bnnu fﬁo(n) H.O\VO(I’;“) d+v
nt n"
n S b \Tf- (n:) FTl\;l‘ fvi'4--
EZ Z I‘-_:’:,' nn o VAL JT .
n' n°

Denoting t]pﬁg(n') leo(n") dr by‘Hi,nn ard making use of the relation

Howo = Eowo , the above expression for Wé(n) becomes
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l
- " — 1

= Z b !b 1 B (n )5 to 1 + ez Z b lb “H |

nn o] nn nn o nn nn

n, nrl
2 = 1

Z Ibnn' | Eo(n') + € Z Z bml'bnn" Fr 'Il”
n' n' n"

2 2
Ibn.n' Eo(n) + Z Ibnn' |2 E (n') + el | oy

nn jeus]
n ‘7{n

— 1 - 1 - 1
+ EZ b1‘J.n'blrm"l‘ln'n te Z bnnbnn"Hnn" te E Z bnn'brr_"ﬁp‘n"'

n'#n n"#n n'ér n'¥n

I
o’
o
e
b:
%
-é-

We(n) =

it

]

Substituting for Ib |2J and then for b__, ,
nn nn

) 1
We(n) = Eo(n) - Eo(n) Z Ibm,l + Z |bm,! E rt) ¢ el
© n'#n r.'fn

.
.;‘_.r.l.
T

It
=
-
o]
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1
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no
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o]
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&
jai
('
=
o
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1 2 1 =1 1 1 2
3 |Hn'n, Hnn 2 Hn‘n Hn'n 2 !Hn'n|
" ° [E (n)-E@')° T EEET |7 /[ (0)-E@") P
n'gn Lot 0 n'én © n’ n[Eo no- o(n ]
1
1 1 1 2 2
L2 oy B .2 |Hn,n|
E(n) - E (n) - P2
oL, O o o [Eo(n) - Eo(n 1]
; T_I]_ 1 1
+ €

“nn n"n Hn'n"
BT - T @ T (m) - B n)
Lo T RG] [ ]

Neglecting all terms of order higher than 62, and noting that ﬁi,
this reduces to

1 1 1
H -H n—- 13 H H
- 1 2 nn'n'n r’n_nn'
Wy(n) = E (n) + el + ¢ E-E W) "/, F(a)-E (o)
{ s] o} T e} o
n'#n n #I.
1 2
lHn‘n\
- E (n)-E fnT)
n'#n
1 2 1 2
E (n) Hl + 2|Hn'n| !H;'” ]
= n + ¢ € T T-.: = - L
o nn & Eo(n)-Eo(n ) EG\-J‘EO(“ )
1 2
£ |
1 2 n'n
= Eo(n) + eHnn + € ;z

S Eo(n) - Eo(n'7

These are the perturbed energies correct to second order in € ag given

by non-degenerate perturbation theory.

The off-diagonal terms are of the form:

4V I
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wa Hyldr =f Z b v ¥ (n') (EO4erh) b ¥ (2')dr, n#ém,

1 ]
>~ ~1]
o}
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ti_. 33_
™~
o o
g 8
o (\)
,E? O*;‘— I
- )
o -
- k)
o
- <
o
-4 —_—
m =3
s[>~ B
+
$ [~] )\
& gl
>~
R
L
a ~
B
g
=)

n o' n' m
ﬁl‘ Hlt
- €2 n'n n'm (n')
E (n)-E (n7) E {(m)-E (r:7) To'"
n:#ﬂ O C r_‘-]!m O 0
1
1 1 2 2
+e Hmn <—:2 ' n’ml E (m)
Eozn}-Eo{m: i [E (m)-E (n')]2 0"
. n'#m Lot o
1
- o
2 I'Hl]f:'nl2 - H:J;m
U e EmeeR) BEERE
n'#n Yo o
=1 1
N &3 Hn'n Hm’m -
En)-E(n") ., E (@)-E (=] "r.'m’
; o 0 ; o} o
n'#n n'dm
1
-1 1 2 )
2 Bitn ' |Hm'm| 1
+ € = 1l - € = H™,
n)=-E (n B nim
v 7 E (m)-E (m \J
n'#n m'dm wo 0
1
=1 2 z 1
. 2 {1 2 Z By } Z Tt L
- Y] E (z}-E (n") nm'
nl¥n [Eo(n)‘E (Il )] mism C
1 3
5

N 1 2 Z |Elj"l'n|2 1 2 Z ‘IH;r]*_:'m! Iﬂ'
€ - € - .
L [E(n)-E_(n")]° . [Eo(m)-EO(m'):l'? m

=fl'm
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Neglecting all terms of order higher than e, this simplifies to

_1 1
HI].IIl
Q Q
Noting that L = Hl ard collecting terms:
ing m = Snm o ing me
gt
nm 1
wa By dv = AR [Ec(n) - Eo(m):l tel ,néz,
1 1
= -eHnm + EHnm ; n £ m R
= 0.

Thus the perturbed wave functions diagonalize H to first order in €, and

the- ddagonal elements are the porturhea energies correct to second order.

.

The Hamiltonian for an asymmetric rotor containing a nucleus with an

electric quadrupole moment and subjected to an external electric field is

S Q
g=H ¢+ ESH + EQH s
where H® is the rotational energy Hamiltonian, ESHS iz the Stark erergy

g

term, and eQ is the quadrupole interaction term. The energy eigenvalues
are obtained by comnputation of the Hamiltonian matrix in terms of a zom-
plete set of orthogonal functions, and subseguent diageralizaticr of that
matrix. In this particular case, it is desirakbtle to use a complete set of

wave functicns of the type wI which diagonalize 1+ ¢ S to first order in

sﬂ
g The only first-order off-diagonal elements of H will then be those of
e

eQ . These wave functions will be designated wg anl are defired by

€

3 o | 1 ‘ (o]
Vp = ¥y T egh, = E;'Lnn’ ¥y

n’
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where

€ HS

k - Sn'n ntfn
nn' E {(n) - Z (n"} ° ?

o o)

and
Esk
o %=1 - b P =18 nn :
nn 'nn 5 E \ ,‘]2
ridn I"fén" I" E n,

e o = f,T = (, — = l"Tn— 3 3
Now ¥_ ¢\,TImeI) $\I.mJ) ¢(Iml) where w\“mJ) is an asymmetric
rgtor wave function, anpi ¢(Iml) is the nuclear spin wave function.

. S S -3 5 . :
The matrix elements of ¥ are (WP|H|¢r,) = [ ¥ Hy , dr. Diagonaliza-
tion of H requires the solution of the following secular equation for
the aliowed energies:

12 [5E) - m_ = 0. (19)

In this equation

5
(1EN O = (1% ¢ B 4 BN YD) (20)

S"

= (S 150 4 eg® ) S le 2N )

The off-diagonal elemerts of the first term in this equation are zero to

first crder in ¢, as shown above, and the diagonal elements are

|P
n I'..

|FI + e 07) = Eote H
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where the matrix elements on the right, designated by subscripts, are
evaluated using zero order wave functions. As stated in Chapter II, the

diagonal matrix elements ESHEn vanish. Therefore

LS
S(.0 S|.5 o) 2 n'n 0 S
b = = 1
(qrIl E + el |¢n) E +€g ORI ED) E W, (21)
n'#n 0 o}

where WE , which has been substituted for the term invelving the sum, is
the Stark energy in the absence of gquadrupole interaction. As shown in

Chapter 1T, it is given by

2 e, |
S \ 2 J g JryI-17"
W= (wg)J—rm = Mg - = = r
- ) J Wo(J-
o] I el 4I7(WI7-1) o W (I )W (d-1T my)
2 2
+ Ty E: |®Zg| Jr; I’
2 0O O 1
L% (J41) P WOy - (5 )
2 2 2
T -
s (J+1)7 - m; Z | 9701 50 geart
W(a+1)° (2041) (2043) S WO(ITm) - WO(THITm)
Ir. terms of the line strengths }é:
"2, Z 2 2 e T ¥
wS . Ej ) ) §j ug EE I - I Ez kg(JT,DT )
L g'dmm, g : o, Q, . - 1
S SEE 2(435-1) S WO (amy) WO (-1 ")
mi kg(JT;JT')
+
J(J+1}(2J+1) Z 3 0, 1
i W (Jmm )-w(7'ny)
2 2
(J+41)° - m %g(JT;J+lT')

+ .
(J+1)(2J+1L)(2J+43) T% WO(JTEJ)-WO(J+IT'EJ)
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Substituting Equation (21) back into Fguation {20) and then putting the

results into Equation (19) gives

+

|, O S g Q.5
(B +W0B , + (¥ oF |q;n,) - B3, 0.
Now consider the matrix elements
3 Q.S 0 1 Q.0 1
u = 13
(ﬂfnleQ--- ) = (G +oegly [eQ_- oo+ eg¥y)

= (legrtug ) + € ep(u i)

n
1 1 o
+egey O1EYE) + egey (i EYuS0)

The Stark splitting is a second order effect and the hyperfine gplitting
is a first order effect, but in the intermediate-field case under discus-

csion the magritudes of the two splittings are comparable. Therefore ¢. is

q

of order 62 Thus

g

S\ 4Q1,3 4 _ .01 Q.0 b, 11.Q.1
(¥, et AR (¥picg® o) + el JES v )

1 1
Fed 1)+ SedE)

feglecting terms of order higher than ag there remains

SJ

(wileQHQlwiq) ~ (wgleQquwg,) = €QH§n' .

Therefore, to a second approximation for the energy, the secular equation

may be written

e

3 0
legfpnr + O 42, - Ea 0] = 0, (22)

where the matrix elements ¢ WQ , are calculated using zero-order wave

Q@ nn

furctions. In this expression n stands for all the quantum numbers J,
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I, ity and mr. The explicit form of the gquadrupcle interaction Hamil-

tonian, as derived in Chapter II, is

2
eq <?i%§>
Q oz Av

€ H

Q - B2I(EI-i)iler-1) 5(5@2 +3 (I-d) - HI41) J(I+1) p .

2

The matrix elements of eQHQ are diagonal in J, I, and M = oy + M. This

means that the secular determirant can be separated into blocks for each

rarticular value of J ard M, Within each block EZ will be constant and

we may set E - Ei = El, the perturbation energy. Thus Equation (22) can

be rewritten in the form

2
i
eq El??
oz Av | 2 3
3 L 3 ‘_':_r\h b = L= - "_'T ! !
FETIAI-T) (ntn«JmIl 3(Id)° + g L7 - I(I+1)I(J+41) |JImeI) (23)
5 1
+ (W2 -E)S B, | = 0.
Jrn:.J meJ mImI

This is Mizushira's result for the rnon-degenerate case giving the secular
egquation used to compute the energy splitting when both the Stark effect
and hyperfine structure are present and are cof the same order of magni-

tude.
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CHAPTER IV

SIMULTANEQUS PERTURBATION TREATMENT

OF TEE STARK EFFECT AND QUADRUPOLE INTERACTION

This chapter extends the related work of cther investigators,
which has been discussed in the previous chapters, to cover the case
of the Stark effect and guadrupcle interaction in the presence of
rotational near-degeneracy. In this treatment the Hamiltonian which is
corridered is the sum of the rotational, the Stark Interaction, and the
gquadrupole interaction Hemiltconians. To this Hamiltonian is applied a
unitary transformation which removes off-diagonal elements of the Stark
effect linkirg non-degenerate energy levels and introduces the proper cor-
rectior. on tbe diagonal, The transformed Hamiltonian is then simplified
as much as possible while retaining all terms necessary tc give the per-
turted erergy correct tc second order.

Consider the Hamiltonian E' = WO + HY + EH-. Apply to it the uni-

tary transformation U = elES. The transformed Hamiltconian is then

He UH'UY = elESH’e_lES .

Expanding the exponential functions gives

{l+1ES-—E2Q (w° +UQ+EI-.T.S)(1 - 1ES-— E282) (2h)
[\

Q + EL}

=W+ E s(® 4+ 1%y o (w° 4 HY)is + HS]

+ Ez[-— oE?) - (W) 3 P+ s(wr)s + 1su°- Hsis:l ,
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correct to second order.

The next step is to specify the form of S. It proves convenient
to use the same definition that appears in Chapter I1. Although another
transformation was examined which removed more of the off-diagonal ele-
ments it resulted in diagonal terms that consisted of infinite series,
the convergence of which could not be established. Thus, the definition

of S is again chosen to be as follows:

1
-iH_, o o
5,. = _1J for W, not near W, ,
1J WO _ WO i J
1 J
and Sij = (0, otherwise.

The ijth zero order term of expression (24) is then

The first order term from (24) is given by

1 , o Q 0 AR S
Hij = E EZ i Sik(wkj f ij) - ;z (wik + Hik)lskj + Hij .
k k

Sirice all off-diagonal terms of the rotational energy are zero, the

above reduces to

1 . O 0. } Q _ Q S
Hij = E 1sij wj wilsij + Z 1(sikaj Hikskj) + Hij . (25)
'Y

. o
From the definition of Sij’ one obtains for (25) when Wi is nob near Wj:
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S o] o .5 S Q Q S
Ao g Big My Wi Hyy R Z' Uik By ik By L S
ij — o 0 o _ .0 o 0 o G ij
Wi WJ_ Wi Wj " Wi - Wk Wk - Wj
o 0,8 S .Q Q 3
(Wy = WHy "I Bik Hry o Hik Hiy S
=B W - WP + W° _ w° - W° - WP + Hij 5
i 3 k i~ "k K
or, since the first and third terms cancel each other,
5 Q Q 5
1 TR By Hig By
H .=§ - . (26)
ij WO oW Wl - WO
Kk i~ % "k 7"
For Wci) near W? , Sij = 0 and Equation (25) becomes
1 .S . Q Q
By, = BH ;4 E Z i (Sikaj - Ky skj) .
k
Again using the definition of S given above, one cbtains
3 Q Q .S
1 H, HY, H) H .
H%.=EH{S.+EZ ik k3 AR K| oy
i ij W© W Wl
k i k k)

!
The symtol Z appearing above indicates that the sum is taken over all
terms for which the denominators sre not near zero, For any term whose
denominator approaches zero, the corresponding Sik would be zero, and ther
entire term would vanish.

Along the diagonal of the Hamiltonian matrix (i = j), Equations

(26) and (27) voth reduce to the following:
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1 ' H?k Hg'

H,, = 2E — = (28)
11 wO - wO
kK "17 "k

The magnitude of this term actually corresponds to a second order cor-
rection. Off-diagonal, the summation terms in (26) and (27) may be
neglected because their denominators are large, and they are therefore
small. These terms are of the same order of magnitude as Equation (28),
but because they are off-diagonal, their contribution to the perturbed
energy is small compared to that of terms appearing in Equation (28),
uniless they link near-degenerate energy levels, The off diagonal first

order correction then reduces to

H%. = 0, W° not near WS ;
1J i J
S 44 q4 .9
D HY. HY B,
HY = EBD, +E ik ki Ak KL 0 near WO .
ij ij WP oWl Wl LW i 3
X i "k 7Y

Since the off-diagonal elements of the second order term in H
czontribute nothing below fourth order to the energy, they will be neg-
lected; only diagonal elements will be considered to order EE. The

second order term from (24) is then given by

_ 1 o} Q 1 o} Q
By =E {-3 Z SiSks(Wys * Bgy) - 3 Z (Wi * B3y )Sy8 5y
k£ ')
o ,.@ . s .\ 8
+ sik(wkg +Hk£)sﬂi +1 Z 8. - 1 Lﬂikski .

o
[

k k
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Since all off-diagonal terms of the rotaticnal energy are zero, this

reduces to
_ 1 o} 1 o] 1 LA
= F |3 Z 515611 - 2 Z ¥i1514%1 7 3 Z W TAL N WY
k
N Q : S S
¥ Z it * ZS KieSgr T 1 Z (Sypflies = Hixe Sq)
K

Replacing the dummy index £ by k in the second term of this expression

and collecting terms gives

. = B Zl(s g5 . gS s.)+Zs.s.(wi-w§)

ii K ki ik ki ik ki
k k

Q 1 Q 1
+ Z (S, %2521 =3 SiuSkifys ~ 3 H?k SeeSe)| e
K2

Substituting in this relation for S from the definition given above

results in the feollowing:

' S 58 S .S
m “kl L R 6 .o
W ) (W22 (WS -wO) (i = ¥y)
Wiem Wy k ik k1
Q Q Q .S
( 1ka£H£ L1 H, kagHz H ka}lHE )
2 A -
( - _ - -
w w wk wﬂ) (wk wﬂ)(wﬂ wi) (wi wk)(wﬂ W?)

By combining the first three terms in this equation and factoring a %

out of the double sum, one obtains
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8 .S - - Q .5 .S
2 - 2lY" ikt , 1 BB . Bt 2)
ii o c ' 2 0 -0y, .0 O 0 Oy /0 0
LML ez | (WM (W) (W-W ) (W-w))
S .Q .S
Sy Mg
O .0y, 0 .0 '
(wi'wk) (wz'wi)

1
where E{j has the same meaning as before. Note that the denominators in
the double sum are much greater than those in the single sum, since levels
lying close to each other are exclujed from consideration. Thus terms
in the double sum are much smaller than terms in the single sum and will
be neglected in comparison with the latter. Therefore, the second order

correction now reduces to

S .S
2 _ 2 ¥ Fix Pt .
ii - 0 ""_O b (50)
k wi - wk

which is Jjust the secord order Stark energy correction obtained earlier.
The Hamiltonian which gives the perturbed energies correct to

gsecond order then has the following terms:

Zeroth order: H?. = W 5 .+ H@.
ij i 71 ij

HY,
First order: Hi = 2F Z _ik ki
K
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5 .Q Q S
H H is! H
' » 4 . *
HY . = BHD, +E 1k ki ik kg , i# 3, W) near W3;
ij ij o o ) 0 i J
W, - W W, - W,
i k k J
Bl =0, 14 j, W not rear WO ;
iJ‘_ s’ 7€ Jds i rear j B4
S S
¢ HTOHT.
Second order: H?. - F _ik ki . (31)
ii ; ) o
= W, - Wk

For the nearly prclate asymmetric rotors nitryl chloride and

nitrosyl bromide, two additional simplifications may be made:

Q

1. ZElements of H® off-diagonal in J and T linking near-degener-

ate pairs of levels are zero. .’
i 55
2, Terms of the form —%&——% are negligible,
wj- wk

Beth of these simplificaticns fellow from group thecretical arguments
which are given in Appendix B. O0Off-diagonal elements cf HQ linking states
which are nct near-degenerate may be neglected since the pure quadrupole
splitting for both molecules was accurately predicted without including
these terms. Therefore, the Stark terms linking near-degenerate states
are Ehe only remaining matrix elements off-diagonal in J and T. For
either nitryl chloride or nitrosyl bromide, then, a typical matrix to be

diagonalized has the following form:
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mF =J + 1.2

J I,
T T
mJ=J mJ=J-l mJ=J-2 rﬂ.J =J mJ=J-l mJ=J-2
mI=I-2 mI=I-l mI = T ml=I-2 mI=I-l mI = I
I |m =7 |npe1e wonf| B9 e EH>
m=J-1 |m=1-1 B | WOt | m® EH>
m=j-2 |m =1 i & WOHHHE EE°
Iy |my =g |mp=1-2 g Wit | 5 | B9
T J
m=J-1 |m=I-1 EH° 1o Wl 1@
m=32 [m =T g 5 g |wopRf

Since I = 5/2 for both nitryl chloride and nitrosyl bromide, these
matrices may be as large as 8 x 8 (for m, = |7-I|) or as smll as 2 x 2
(for o, = J + I). In general, of course, it may be necessary to include

elements of ng off-diagonal in J and v, elements of Hii, and the com-
plete expression for off-diagonal elements of Hij linking near-degenerate

gtates.
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CHAPTER V
EXPERIMENTAL PROCEDURE

The experimental data were obtained from a Stark-modulated micro-
wave spectrograph of the type first described by Hughes and Wilson {24).
The atsorption cell consists of a seventeen-foot secticn of X-band wave- .
guide with a horizontal brass Stark electrode supported on Teflon strips
running down the center. The plane of the Stark electrode is perpendicu-
lar to the E-field of the microwave energy. The Stark voltage is provided
by an eighty-five kilocycle square wave generator {25) whose output is
impressed on the brass center electrode. One side of the square wave is
at ground potential, and its amplitude is variable from zero to -1000
volts. As a result of this 85-kc¢ field applied to the molecules, the
microwave energy is amplitude modulated when the kylstron frequency is
swept acrossg an abscrption line.

A reflex klystron supplies microwave energy to the absorption cell
through a mica window. At the far end cof the cell is a crystal dicde
which detects the B85-kc modulated sigral. The cutput of the crystal is
fed into a narrow bhand amplifizr and a phase-gensitive detector whose
reference voltage is supplied by the Stark-field generator. The output
of the phase-sensitive detector may be displayed cn an oscilloscope or
cn an Esterline Angus recording nmilliarmmeter. Greater gensitivity is
obtained with the latter display because the klystron is slowly tuned by
a mechanical drive, rather than being swept electrically, and this allows

the ugse of filter cincuits with long time constants.
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Frequency measurements are obtaine. through a method similar to
that described by Unterberger and Smith {(26). The output of a 5-Mc crys-
tal controlled oscillator is multiplied by vacuum tube circuitry until
frequencies of 30, 90, 270, 540, 1080, and 2160 Mc are obtained. These
frequencies are applied to a 1N26 crystal diode mounted in the waveguide,
thus producing standard frequencies in the microwave region which are 30
Mc apart. Energy from the kylstron is alsc fed to the crystal, so that
the beat fregquencies between the klystron output and the standard markers
also appear across the crystal.

The frequency of beatnotes in the 15-to 30-Mc range is measured
with a calibrated HRO Sixty communications receiver., An abscrption wave-
meter is used to determine which of the fregquency markers is beating with
the klystron. To aid further in identifying standard frequencies, it is
possible to turn off the 30-Mc markers, leaving standard frequency markers
90 Mc apart in the microwave region. A block diagram of the experimental
system and a more detailed description of its components have been given
by Clayton (27).

To increace the population of the low-rotational levels involved

in the transitions considered in this investigation, the absorption cell

was cooled with dry ice. Since both NOECl and NOBr decompose in the

cell, they were continuously admitted at one end while an oil diffusion

punmp at the other end continuously pumped on the cell. Vapor pressure
of the sample was controlled with the aid of ligquid nitrogen. Initially,
the sample holder was immersed in the nitrogen and the sample frozen.

+

The ligquid nitrogen level was then lowered until the temperature of the



sample rose to a point where the vapor pressure was suitable for spec-
trum measurements. Pressure control was maintained by slightly raising
or lowering the nitrogen dewar during the course of the experiment. A
second method of pressure control, which was used in the nitryl chloride

investigation, is described by Weatherly, Williams, and Clayton (28).
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CHAPTER VI
RESULTS CF THE INVESTIGATION

In calculating the spectra of the 2 —>§O transition of NOECl55

1

and the ll —920 transition of NOBrTg, the following molecular parameters

were used:

No,C17 NOBr 1
Rotational Constants (Mc) .
A 13250 83340
B 5173.77 3747.2k
C z721.1% 3586 .00
Quadrupole Coupling Constants (Mc)
X -94.70 388.3
X 52.k4 ~239.5
Xce ha.3 -148.8
Dipole Moment (Debye)
" k= 0.55 = 1.76 and 1.80
Asymmetfy Parameter
.= §§§%:9 ~0.695 -0.9%

Values for nitryl chloride are taken from Clayton (29), while those for
nitrosyl bromide are taken from Eagle, Weatherly, and Williams (30).
To get the perturbed energies from which the spectra are calculated,

rotational, quadrupole, and Stark matrix elements are needed for the

Hamiltonian. Rotational energies may be obtained from the method given
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by Gordy, Smith, and Trambarulo (31) or that giver by Townes and Schawlow
(32). In this work Gordy's procedure was used. Quadrupole terms were
calculated from Equation (17) as indicated in Chapter II. Stark effect
matrix’ elements for nitryl chloride and nitrosyl btromide have the form
indicated on page 12, Chapter II. All matrix elements were evaluated in
the J, I, Dy, Mg schene.
For columns in the tables below labeled "Modified Mizushima Method,"

the degenerate Stark energies were calculated by the Golder and Wilson
method and substituted for the non-degenerate Stark energies appearing

on the diagonal of the Mizushima determinant. In other words, Equation

(2%) was used to obtain the perturbed energy levels, with the exception

that W?Tm was calculated from degenerate theory rather than non-degenerate
J
theory.

Columns headed "Simultaneous Perturbation Method" give the results
of the simultéﬁeous treatment of the Stark and quadrupole perturbations.
Energy levels are obtained from matrices constructed of Equations (31),
with the additional simplifications mentioned in Chapter IV. These
matrices have forms similar to that depicted on page 41, Chapter IV.

The actual calculation of the perturbed rotational energy lavels
from which the spectra were derived was accomplished with the aid of a
digital computer which obtained the eigenvélues of the Hamiltonian matrix.
Energy levels involved in the computed spectra presented in Tables 1 and
2 were obtained from an IBM Type 650 Magnetic Drum Data-Processing Machine
using the ML 08 eigenvalue routine, which was a part of the program
library maintained by the Rich Electronic Computer Center at the Ceorgia

Institute of Technology. Because of erratic operation of the 650 in the



running of the ML O program, an AL30T. routire fox ohtainireg hothk
elgenvalues and eigenvectors of any real, cyometric matrix was written
and used with the Burroughs 220 Data-Fromessing System, With the aid

of this program, the calculated spectrum and the relative irtersgitises
appearing in Table 3 were obtained. A copy of the ALGCL progran iz glven
in Appendix C.

Table 1 presents a comparison of the nalculated and ctierved cpen-
trum of the 21 —ajo transition of nitryl -~rloride for a dipole rmorernt of
0.5% debye and applied Stark fields between 21%.¢ ard 1073 vel+ts rer
centimeter. The value of 0.53% debye for the dlipole roment cf N090155
was obtained by Clayton (33) from a consideration of the meow 2, L 3/2
compenent of the 21 —a5o transition using the modified WMizuskima method.
This transition is rather urusual in that the ugper state has nc hyperfine
structure and the lower state energy is ottaired frow a simrle guadratic
equation. OSince Clayton deduced the value of 0.53% dehye frorm a consider-
ation of only this special case, and because Miller arnd Sinmctt (34) have
reported a dipole moment of 0.42 debys for NOQGl‘E, it was decided to
verify Claytor‘s result by aprlying the sirultarecus perturbaticr rethod

to all components of the 2 w+30 transition. The near-degernarats lavels

1

are the 22 and the 21; their separation is 172.8F ¥-, Transitiors ars

identified by the dominant Ty and oy valu=s,



Table 1.

Transiticn of NO

2

ctr the 2
Spectrum of the 21 —950
0135

, . Applied Modified Cimultanecus
Dominant Character Electric  Mizushira Perwurvation Measured
Ly oy Field Method Method Freguency
(volts/cm) M) (M) (M)
2 5/ 214 .6 2669R.81 SH695.50 26€99,0 = 0.2
221.9 26707.19 26,707.1% 25707.2 £ 0.5
409,02 25717.51 2671780 26718,0 £ 0.7
557.9 26732 .62 26732.60 26732,0 £ 1.0
647.5 2EThZ 3T 26743455, 26744.0 + 1.0
751.1 2675747 26757 Lk 2T57.4 + 1.3
1073.0 26802 .17 2A802,13 2E002.0 + 1.5
2 1/2 214 .6 26655 .81 24695 .83 26696.1 = 0.2
321.9 2670177 26701.70 26702.0 £ 0,2
429.2 26710.31 26710.21 26710.% + 1.0
£57.9 26723 ,.39 26723.51 26723,0 = 2.0
64%.3 2673%.37 267353.30 2AT733.5 = 1.0
751.1 26746 .79 267,73 26747,0 £ 1.0
1073.0 26730.40 26790.79 26731.0 = 1.5
1 3/2 21k 6 26672.53 PEETRLTL 26ETELT B 0.1
Z21.9 2EETT 42 2EETT 2EHTTE £ 0.2
hog,2 26HEE2.£9 DEEED PEEE3.0 & 0.5
E57.0 26£89,15 SHE2G .32 P665G,5 4 0.2
43,9 PEAEI0.EN 25690.77 -
71,1 26699,.4% E6E0G.55 26699.2 & 0.5
1073.0 26718 .4y 2ET1IR.53 2671.5 = 1,0
2 -1/2 214 .6 26693 .55 PEAQTLET ZAEGH .0 £ 0.7
321.G 26698 .67 2669240 2EE98,% L 0,5
Lpg,2 26707.41 26707 . 1k 26707.3 & 0.5
557.9 26721 1% PAT20,90 -
643z 8 26731 .47 PETRLL2E 26731.5 £ 1.0
751.1 2ETHS .22 ZETHE 05 PATRL LR+ 1.0
1073.0 2F 789,40 26789.3%0 PETRR R 2 1.5
1 1/2 214 6 DEERR.LTE PEEETNIT DEEGR,2 £ 0.2
221.G 26692 .63 PEE9Z 0 PEEYP L L 0.3
429.2 26696 .29 2669 .31 26696 . = 0.1
557.9 26701.06 26701.01 PE701.2 £ 0.2
643%.8 26701.69 26T7CLA 26705 .0 = 0.5
751.1 26709.71 2AT0G .46 26710.0 5 0.5
107%.0 2672742 DAT2T, AT 26727.2 & Q.8

(Contirued)



Table 1. (Continued}
. Applied Modified Simultaneous
Dominant Character Electric Mizushima Perturbation Measured
oy Ty Pield Method Method Frequercy
(volts/cm) (Mc) (Mc) (Mc)
0 3/ 214 .6 26670.66 26670.85 26670.8 £ 0.4
321.9 PEET2 63 P66T2.95 26673.0 £ 0.2
Lkog.2 266Th .06 26674 .50 26T 6 = 0.1
557.9 2667519 26675 64 26675.7 = 0.1
643.8 26675.7L 26676 .16 266776 .2 + 0.1
751.1 26676 .21 PHETE 2 26TELT £ 0.1
1073.0 PEET77.18 26ETT.58 266776 £ 0.1
2 -3/2 214.6 26712.22 26711.79 26712.5 = 0.1
321.9 26717.60 267172 26717.7 £ 0.5
k2g.2 26725 .63 26725 .23 26726.0 = 0.8
557.9 26738433 a 26738.5 £ 1.5
643.8 26748.01 26747.70 26TH2.0 £ 1.0
751.1 26761.30 26760.96 PETELS + 1.5
1073.0 26804 .57. 26804 .33 26804 .2 £ 1.5
1 -1/2 21k .6 26692.89 26692.71 26692.8 * 0.1
321.9 26695 .77 26695 .20 26695.5 £ 0.2
429, 26700.20 26699.93 26699.5 = 0.2
5ET.9 26706 .21 26702 47 26705.5 £ 0.3
643,48 26707 .45 26706 .55 2ET709.7 £ 0.2
751.1 26716 .06 2671k 22 267144 £ 0.5
1073.0 26734 .73 26731.80 26731.3 + 0.8
) 1/2 214 .6 2667043 2667046 SEETO0.E £ 04
321.5 26673.06 26673 .69 266735.8 £ 0,1
4292 26676.77 2RETTLTL 266TT7.7 & 0.2
557.9 26651 .39 a - PHERRL.T £ 0.2
643.8 26681.07 2665 .92 26656.1 = 0.2
751.1 26687.18 PEEER,09 26658.0 £ 0.5
107%.0 26690.24 26€90.79 26690.9 £ 0.1
-1 3/2 21k .6 26687.08 26688, 08 2A688.2 & 0.2
221.9 26683.79 26692 .28 -
4Yog.2 26650.85 26692 .25 -
557.9 26691.99 26692.72 2669%.3 £ 0.1
E43.8 26690.19 26€91.82 26694 .7 £ 0.5
751.1 26695.93 2A6GELST 26A98.,2 £ 0.5
1073.0 26711.71 2ET1M LTh 26716.0 £ 1.0

aComputer did not completely solve secular determinant.
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Agreement betweern calculated and measured values in Tatle 1 is in
general good. The root mean squared deviation of the calculated values
in this table from the measured values is 1.28 Mc for the “Modified Mizu-
shima Method” and 0.83% Mc for the "Simultaneous Perturbation Method."
The average deviations are -0.43 Mc and -0.32 Mc, respectively. These
average deviations could have been reduced (indicating a better fit) by
using a value of 0.533 debye for the dipoles momert of nitryl chloride
rather than 0.5% debye. However, the uncertainty in determiring the
applied electric field leads to an uncertainty of +0.01 debye in the
value of the dipole moment, and a third digit is therefore not signifi-
cant.

Note that there is little difference hetween the results of the
modified Mizushima computation ard the simultaneous perturbation treat-
ment. This is true because the quadrupole matrix elements of the twe
closely spaced levels are nearly identical for nitryl chloride. Thus,
mixing of the wave-functions for these two states is not apparent.
Whenever this condition is met, the simpler modified Mizushima method
may be used, as long as the corrected Stark energies are put in on the
diagenal of the Hamiltonian matrix.

For cases in which the guadrupole matrix elements of the near-
degenerate levels are not nearly equal, the mors complicated simultaneous
treatment of the perturbations must be employed. This was verified by

calculating the spectrum of the 1 —920 transition of NOBr79 by both

1
methods and comparing them with the observed spectrum, Table 2 presents
these results for a value of My equal to 1.76 debye units. The transi-

tion is not sensitive to By The value of 1.76 debye for My haz been
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1t was obtained from a consideration of the

79

reported previously (35).

20 -3 1 transition of NOBr Non-degenerate theory was used in calcu-

The 1

lating the spectrum of that transition. 1

and lO rotational levels
of nitrosyl bromide comprise the near-degenerate pair; their separation

is 161.24 Mc. Lines are identified by the F and Mp values which would

apply in the weak-field limiting cage., Neither F por M_ is a good quan-

F

tum number for the Stark fields used, however.

Table 2. Spectrum of the 1, —2_ Transition of NOBr'?
(Calculations Made with My = 1.76 Debye)

Weak Field Case Applied Modified Simultaneous

Tdentification Electric Mizushima Perturbation Measured

F s¥! M Field Method Method Frequency

(volts/cm) (Mc) (Mc) (Mc)

5/2 57/2  5/2 107.3 14791.28 14790.96 -
160.9 14778.78 14778.20 -
214 .6 1k763.78 14762.96 -
321.9 14731.71 14 729.07 W727.2 £ 1.0
429.2 14694 .83 14693 .44 -
643.8 14623 ,00 14621.35 -

3/2 107.3 1479564 14795.58 -
160.9 14784 .58 14785.45 -
214 .6 14770.65 14771.68 14771.00 £ 0.7
321.9 14738.09 14737.83 W736.27 £ 0.5 (a)
Log.2 14668.38 14700.12 -
6L3.8 14619.68 14621.05 -
1/2 107.3 14799.10 14799.61 -

160.9 14794 .95 1479%.35 -
214 .6 147686.82 h778.41 W4777.24% £ 0.5
221.9 14756.13 14 738,95 14736.27 £ 0.5 (a)
hog,2 14715.43 14657 .44 -
643.8 14633.51 14614 .65 -

(Continued)



Table 2. (Cortinued)
Weak Field Case Applied Modified Simultaneous
Identification Electric Mizushima Perturbation Measured
F -F! MF Field Method Method Frequency
(volts/cm) (M) (Mc) (Mc)
3/2 »5/2 3/ 107.5 14897.06 14896 .36 1489647 + 0.5
160.9 14895 .£5 14894 .27 14894%,1€ + 0.5
21L& 1LE95.72 14894 .35 1489k k3 + 0.5
%21.9 1L500,22 14798.92 -
heg.2 14905.97 1490287  14902.39 + 0.6
643 5 1kghs 91 1494, it -
1/2 107.3 14889,15 148R1,78  148R81,76 = 0.5
160.9 14878,73 14869.24 14868.h9 + 0.5
214 .6 1LE870.62 14864 .70 14864 .41 + 0.5
221.9 1586856 14866 .22 -
hog .,z 1487%.92 1487245  14871.52 +
643.5 14899.29 14898.22 -
1/2 »3/2  1/2 107.3 1%721.85 14784 .28 -
160.9 14771.28 14776.15  14775.54% + 0.5
21k .6 757,51 14764 .09 1476346 + 0.7
221.G 1h727.02 h737.02  14T73€.27 + 0.5
Yoo, 2 14692, 38 4 705.77 -
EL3.8 14625 .62 14Eh0.69 -
5/2 s5/2  5/e 107.3 14851,44 14851.11 14849.85 =
160.9 14225,10 14838,52  14837.75 *
214 .£ 1482l 27 1480%.86  14R22. 7% »
%21.9 14794 .50 1h792.16 -
heg.p 1476229 14760.91 -
643.5 14708.96 14707.31 -
3/2 107.3 14855,17 14855 .72 -
160.9 14845 .27 1hahs .1l -
214 .6 14832.27 14833,.31 -
321.9 15807 .24 14802.98 -
Log,p 14770.75 W 772,02 -
643.8 1L71E.11 1471948 -
1/2 107.% 14859.29 14859.80 -
16C.9 14855 .72 1485k .14 -
214 .6 1484846 48%0.05  1%839.00 + 0.5
221.9 14820.58 1430% .40 -
hog .2 14784 6L W 766 62 -
6h3%.8 14721.38 1L 702.52 -

(Continusd)



Table 2. (Continued)

Weak Field Case Applied Mogified Simultaneous

Identification Electric Mizushima Ferturbation Measured

F o ® MF Iield Method Method Freguency
(volts/cm) {Mc) (Mc) {(Mc)

3/0 L3/2 =f2 107.3 14854 42 14853.72 1485% .15 + 0.5
160.9 14852.97  14851.88 14852.2% + 0.5
214 .6 14852.79 1485142 14851.95 + 0.5
321.9 14855.40  148s5L .11 14854 UL + 0,5
hog.2 14856.87  14£56.76 -
643.8 14870.56  14869.69 14869.41 + 0.5

1/2 107.3 14846 .77  14839.39 -

160.9 1482%6.7%2  14827.23 -
214 .6 W4829,15  14823.23 -
221.9 14828.62  14826.29 -
hog.2 14835.63 14834 .16 -
643.8 14857.52  14856.55 -

1/2 »1/2  1/2 107.3 14722.08 14724 .51 14725.1% + 0.7
160.9 14711.33% 14716.29 -
214 .6 697.44 1470491 -
321.9 1LEE6.00 14675.80 14675.62 £ 1.0
42g.2 14628.62 146Lk2.01 -
64%.8 552,86 14567.92 -

®0ne of three lines unresolved experimentally.

Examination of Table 2 shows differences as great as
appearing in the predictions by the two methods of calculation.

mean squared deviation of the calculated values

10 or 15 Mc
The root

from the observed values

is 6.26 Mc for the "Modified Mizushima Method" and 0.97 Mc for the "Simul-

taneous Perturbation Method,"

Mc and + 0.59 Mc.

The respective average deviations are +1.95

These numbers are scmewhat misleading because

the two theories give approximately the same prediction for about half



sl

the Stark components measured. When the results of the two methods of
calculation differ appreciably, the simultaneous treatmert of the two
perturbations gives a much better prediction of the absorption spectrum
of NOBrT9 than does the modified Mizushima method, even though the degen-
erate calculation cof Stark corrections is used with the latter,
Agreement between theoretical and experimental frequency values
may be improved by using a value of 1.8¢ dehye wits for g » The results

of this calculation are given in Takle 3.

Table 3. Spectrur of the ll —;20 Transition of NOBr79

(Calculations Made with by T 1.80 Debye)

Calculated
Frequency

Weak Field Case Applied ({Simultaneous

Tdentification Electric Perturbation Meszsured Relative

F S5 F! M, Field Methed ) Frequency Intensity

(volts/cm} (M) (Mc:)

5/27/2 5/ 42.9 14801.016 - -
£h L 14763 .40k - -
a5.8 14794 908 - -
107.3 14750.650 - 82 4
1248.8 147825 . 754 W786 .17 + C.5 -
150.2 14780.329 I4781.15 £ 0.5 -
171.7 1775 476 14775.08 £ 0.5 -
133.1 768,276 14769.30 + 0.7 (&) -
214 .4 14761 .820 - R0.1
268.2 1474k 808 14745.29 + 0.5 -
%221.9 14727.024 L727.2 £+ 1.0 -
hog,2 14690.337 - -
536 .5 14653.039 = -
643,68 14615 .5584 - 1¢1.5

(Continued)
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Table 3. (Continued)
Calculated
Frequency
Weak Field Case Applied (Simultaneous
Identification Electric Perturbation Measured Relative
FSF' M, Field Method ) Freguensy Intensity
(volts/cm} {Mc) (Mc)
5/2 5 7/2 3/ 42.9 14802 . 005 -
644 14800.46% - -
85.8 14798.250 - -
107.% 15795 .294% 794 .88 + 1.0 135.9
128.8 14791.62¢ - -
150.2 14787.235 WL786.94 £ 0.5 -
171.7 14 782.2357 W732.63% £ 0.5 -
19%.1 1L 776 663 W776.60 £ 0.5 -
214.6 W T770.622 4771.00 £ 0.7 11%.6
268.2 1475%.978 - -
221.9 14735.835 14736.27 + 0.5 (d) -
hog.2 14697.176 - -
536.5 14656 .999 - -
643%.8 14616.099 - 52.6
5/2 57/2  1/2 42.9 14R02.549 - -
64 4 14801.738 - -
85.8 14800.835 - -
107.3 h799.461 - 164 4
128.8 ih797.649 14796 .96 £ 0.5 -
150.2 14794 825 - -
171.7 14790.373 - -
193.1 14784 .291 178567 £ 0.5 -
21k .6 L777.161 hT777.24 £ 0.5 53.7
268.2 14757471 - -
221.5 14736.730 736,27 £ 0.5 () -
k2g.2 14604 .351 - -
53645 14651842 - -
643.8 14609.972 - 5543

(Continued)
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Table 3. (Continued)
Calculated
Frequency
Weak Field Case Applied (Simultaneous Measured Relative
Identification Electric Perturbation Frequency Intensity
F P! My, Field Method )
{(volts/em) (Mc) (Mc)
3/2 »5/2  3/e 42.9 14899.380 - -
4.4 14898.431 14898.30 + 0.5 -
85.8 14897.347 14897.53% & 0.5 -
107.3 14896.272 14896 .47 £ 0.5 91.9
128.8 14895.35% 14895.26 = 0.5 -
150.2 14804 .671 14894 .70 £ ©.5 -
171.7 14804 .281 1489k 4 = 0.5 -
19%.1 14804 , 165 14894 43 + 0.5 -
21k .6 14894 . 309 14894 .43 + 0.5 88.3
268.2 14895, 743 14895.61 + 0.5 -
221.9 14898.518 - -
42g.2 14907.607 14908.39 + 0.7 -
536.5 14921.,026 923,77 + 2.0 -
643%.8 14928.196 - 15.2
3/2 s5/2 1/2 42.9 14896 .483 14895.96 £ 1.0 -
6L .4 148g2.272 1L832.61 + 0.5 -
85.8 14887.245 14887.07 £ 0.5 -
107.% 14881.393 14881.76 £ 0.5 109.6
128.5 14875.693 14875.51 = 0.5 -
150.2 14870.686 14870.64 + 0.5 -
171.7 14867.225 14867.38 = 0.5
19%.1 14865.352 1486544 + 0.5 -
21k .6 14864 L4l 864 41 = 0.5 ho.7
268.2 14864 432 - -
321.9 14865 .898 - -
h2g,2 14871941 14871.52 £ 1.0 -
536 .5 14880.719 14880.49 + 0.5 -
643.8 14893.507 - 2.1

(Continued)
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Table 3. {(Continued)
Calculated
Frequency
Weak Field Case Applied  (Simultaneous
Jdentification Electric Perturbation Measured Relative
F - F' M Field Method } Frequency Intensity
(volts/cm) (Mc) (Mc)
1/2 53/2  1/2 L2.g 14789.555 - -
64 .4 14788.293 - -
85.8 14786 .500 14786.26 + 0.5 -
107.% 14784 ,097 14783.66 £ 0.5 75.9
128.8 14781.120 14780.74 + 0.5 -
150.2 W777.573 14778.46 = 0.5 -
171.7 14773.510 - -
193.1 14768.959 14769.3C + 0.7 (b) -
214 .6 14763.95% W763.46 £ 0.7 (¢) 63.7
268.2 14750.195 750,92 + 1.0 -
Z21.9 14734 .955 W73 .27 + 0.5 (4) -
429.2 14702.718 - -
536.5 14668.330 - -
E432.8 146323 .4320 - 72.2
5/2 55/2 s5/2 42.9 14860.913 14860.21 + 1.0 -
&4 .4 14858,.331 - -
85.8 14854 .875 14854.70 £ 0.5 (a) -
107.3 14850.682 148L9.85 £ 0.5 58.6
128.8 14845 .867 1484k .60 + 0.5 -
150.2 14840.547 14840.07 = 0.5 -
171.7 14834 .828 14834 .71 = 0.5 -
193.1 14828.804 - : -
214 .6 14822 542 14822.74 = 0.5 hg.2
268.2 14806.241 - -
321.9 14789.526 - -
429.2 14756 .34 7 - -
5%6.5 14724, 716 - -
643.8 14695.153 - 18.3

(Continued )
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Table 3. (Continued)
{alculated
Fregquency
Weak Field Case Applied (Simultaneous
Identification Electric Perturbation Measured Relat ive
F 5F' MF Field Method ) Frequency Intensity
(volts/cm) (M) {(Mc)
s/2 »5/2  3/2 42,9 14861.925 - -
6L .4 15860, 404 -
85.8 14855.318 - -
107.3 14855 4732 - 10.3
128.8 14851.969 - -
150.2 14847777 - -
171.7 14847, 024 - -
193.1 14837,751 - -
214 .6 14822.075 - 0.9
268.2 14816.668 - -
221.9 14800, 326 - -
L2g.2 1L767.365 - -
536.5 14736 .009 - -
A43%.8 14706 .986 - 0.1
5/2 »5/2 1/2 42.9 14862.481 - -
- 64 .4 15851.793 - -
85.8 14860.041 - -
107.3 14859, 703 - 0.0
128.8 14858,061 - -
150.2 14855 .44 % - -
171.7 14551.235 - -
193.1 14845441 14846.05 £ 0.5 -
214 .6 14838 .620 14839.00 + 0.5. 52.9
268.2 14819.599 14821.80 + 0.5 -
321.9 14800.647 - -
L2g.2 14 762.579 - -
536.5 14725 ,701 - -
643.8 14£91.992 - 29,4

(Continued )
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Table 3. (Continued)
Calculated
Frequency
Weak Field Case Applied (Simultaneous
Jdentification Electric Perturbation Measured Relative
F o F* Mg Field Method ) Frequency Intensity
(volts/cm) (Mc) (Mc)
3/2 »3/2  3/2 42.9 14856 .638 14856.58 + 0.5 -
64 .4 14855.716 14856.21 + 0.5 -
85,8 14854 666 14854,70 £ 0.5 (a) -
107.3 1485%.625 14854.13 + 0.5 87.9
128.8 14852,737 14853,00 + 0.5 -
150.2 14852.074 14852.55 + 0.5 -
171.7 14851.684 14851.75 = 0.5 -
193.1 14851.538 14852.06 + 0.5 -
214 .6 14851.608 14851.95 ¢ 0.5 80.0
268.2 14852.593 14852.86 + 0.5 -
z21.9 14854 .371 14854 .44 + 0.5 -
4292 14859.077 - -
536.5 14864 .336 14864 ,80 £ 0.5 -
643.8 14869.912 14869.41 + 0.5 o6 L
3f2 53/ 1/2 42,9 14853, 771 - -
64 .4 1484%9.632 - -
85.8 14854 . 705 - -
107.3 14338.982 - 3.8
128.8 148323,440 - -
150.2 14825.626 - -
171.7 14825.386 - ~
193.1 14823, 766 - -
214 .6 14823,119 - 6.1
268.2 14823,958 - -
221.9 14826 .389 - -
429.2 14824 70 - -
5% .5 14840 ,016 - -
643.8 14854 ,956 - 0.1

(Continued)
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Table 3. (Continued)

Calculated
Frequency
Weak Field Case Applied  (Simultaneous

Identificaticon Electric Ferturbation Measured Relative
P oF! MF Field Method ) Frequency Intensity
(volte/cm) (Mc) (Mc)

1/2 »1/2  1/2 k2.9 14729.699 - -
S 14728 k56 1Lh728.25 + 0. -
85.8 147726 .68¢ 14727.10 + -
107.3 724,313 725,14 + 78.2
128.8 14721.3%60 14721.50 + -
150.2 14717.828 W717.75 * -
171.7 14715, 770 1UT715.32 & -
19%.1 14 709.205 - -
21k 6 1704 ,15Y - 6%5.3
268.2 14590.170 - -
321.9 14674 hl 1675.62 £ 1.0 -
L2g,2 ILEL0. 104 - -
536.5 14602.746 - -
643.8 145632.780 - 25.0
/e 43f0  3/o 42,9 14819.18% - -
64 b 15R17.729 - -
85.8 14815 .637 - -
107.3 14812.835 - 10.2

128.8 14809.353
150.2 14805.180
171.7 14800.427
163.1 14795.124 - -

214.6 14789.374 - 21.5
268.2 14773.518
221.9 14756.175
hog .2 14718.835
536.5 14679.319
6Lz .8 635,702

{Continued)
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Table 3. (Continued)
Calculated
Frequency
Weak Field Case  Applied  (Simultaneous
Identification Electric Perturbation Measured Relative
F S F° MF Field Method ) Frequency Intensity
(volts/cm) (Mz) (Mc)
5/2 -3/2 1/ k2.9 14819.769 - -
6l .4 14819.153 - -
85.8 14818.401 - -
107.3 14817.292 - 13.0
128.8 14815.808 - -
150.2 14813.353 - -
171.7 14809.3% - -
19%5.1 14803.855 - -
214 .6 14797.295 - 12.8
268.2 14779.525 - -
321.9 14761.138 - -
429.2 14725.,108 - -
526.5 146 58,998 - -
643.8 14653, 051 - 10.6
3/2 51/2  1/2 42.9 1479%.915 - -
64 N 14789.795 - -
85.8 14784 .80L - -
107.3 14779.198 - 21.4
128.8 14773 .680 - -
150.2 14768.831 - -
171.7 14765 646 - -
193.1 1L 764 .012 WL 764,98 = 0.5 -
214.6 14763 .320 476346 £+ 0.7 {c) 31.6
268.2 14763%.933 - -
221.9 14765.878 14766 .54 = 0.5 -
hog.2 14771.856 14772.52 = 0.5 -
536.5 14778.432 14778.02 £ 0.5 -
643.8 1L785.306 14785.56 = 1.0 101.3

(Continued)



Table 3. (Continued)
Calculated
Frequency
Weak Field Case Applied (Simultaneocus
Identification Electric Perturtation Measured Relative
F oF! Mg Field Method ) Frequency Intensity
(volts/cm) (Mc) (Mc)
3fe s7/2  3/2 42,9 148%9.460 - -
64 4 14838.451 - -
85.6 14837.279 - -
107.3 14836 .08 - .6
128.8 14835.010 - -
150.2 14834 .129 - -
171.7 14837 . 4354 - -
1935.1 148%3.077 - -
214 .6 14832.856 - 2k .9
268.2 14833.053% - -
Z21.9 14824 027 14834 .62 + 0.5 -
hog.2 145837.418 14837.86 £ 0.5 -
£36.5 14842,016 L8k k3 + 0.5 -
643.8 14847.309 14847.28 & 0.7 83.5
3/2 57/2 1)z L2.g 14836 .551 - -
6L b 14832.267 - -
85.8 14827.139 - -
107.3 14821.151 - 3.5
128.8 14815.281 - -
150.2 14810.068 - -
171.7 14E806.3%63 - -
193.1 14804 .202 - -
214 .6 14802 ,985 - 106 .5
268.2 148301.904% - -
%21.9 14801.981 - -
hog.2 1480%.713 - -
5%6.5 1h806.860 14807.21 + 0.5 -
643z.8 14811487 1L811.7% + 0.5 85.6

(Continued)
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Table 3. (Continued)

Calculated
Frequency
Weak Pield Case  Applied (Simultanecus
Identification Electric Perturbation Measured Relative
F - F' I\% Field Method ) Frequency Intensity
(volts/cm) (Mc) (Mc)

1/2 »7/2  1/2 42.9 14772335
6k .4 14770.928
8.6 768,934

107.3% 14766 265 - 2.0
128,82 14762.961 - -
150.2 14759.015 - -
171.7 1754 La7 - -
193.1 14749.395 - -
214 .6 14743.819 - 9.6
268.2 14728,141 - -
321.9 14710.547 - -
4hpg,2 14671.961 - -
536.5 431,174 - -
643.8 1+589.9%1 - 13.7
5/2 -1/2  1/2 L2.g 14759.913 - -
6l L 14759.316 - -
85.8 14758.590 - -
107.3 14757.508 - 0.7
128.8 14756 . 048 - -
150.2 14753 .638 - -
171.7 14749.656 - -
19%,1 LaTak . 101 - -
214 € 14737,49€ - 7.9
268.2 14719.500 - -
221.9 14700.627 - -
429.2 1L662 . 450 - -
£36.5 14623, 414 - -
643.8 1%58%,.791 - 24,2

(Continued )
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Calculated
Frequency
Weak Field Case Applied (Simultaneous
Identification Electric Perturbation Measured Relative
F »F!' My Field Method ) Frequency Intensity
(volts/cm) (Mc) (Mc)
1/2 »5/2 1)z 42.9 14832.267 -
Bir U 148%0.933 -
8.8 14829.040 -
107.3 1% 826 .508 0.5
128.8 14823.373 -
150.2 14815.63%3 -
171.7 14815.349 -
195.1 14810.545 -
214.6 14805.278 3.7
268.2 14790.669 -
321.9 W 77h 46k -
4eg,2 14740.189 -
536 .5 14705.033 -
€43.8 14671.981 9.3
8'One of two lines unresolved experimentally.
bOne of two lines unresclved experimentally.
“One of two lines unresolved experimentaily.,
dOne of three lines unresolved experimentally.
The rms deviation of the calculated values in Takle 3 from the

measured values is 0.63 Mc; the average deviation is -0.22 Mc. If this

average deviation is compared with the ccrresponding value from Table 2

(+0.59 Mc), it would appear fhat a better fit could be obtained for a

value of Mg slightly less than 1.80 debye. However, if the frequency of

the pure rotation line is calculated from the same rotaticnal constants
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used in the Stark effect calculation and compared with the "measured"
average rotation line obtained from the six observed quadrupole hyper-
fine lines, it is found that a discrepancy of -0.16 Mc exists. Thus

only -0.06 Mc of the -0.22 Mc deviation is due to the assignment of a 1.80
debye value for Mg - The rest (i.e.,-O.lé Mc) is due either to centrifugal
distortion or to errors in the frequency measurements.

There are many gaps in the measurement of the nitrosyl bromide
spectrum. The reascns for this are:

1. The intensity of some of the lines was too low to measure.

2. The spectrum in the region investigated is complex, and the

Stark ceomponents could not always be identified.

3. BStark components were sometimes masked by other absorption

lines.

Since microwave measurements are frequently made to an accuracy
of 0.0l or 0.02 Mc, the deviations gquoted in this work may appear large.
However, the accuracy of the reported measurements is affected by non-
uniformity of the Stark field in the waveguide absorption cell and the
fact that for nitrosyl bromide there are so many absorption lines that
overlapping may shift observed peaks. It is also true for both nitryl
chloride and nitrosyl bromide that displacements of Stark components from
their parent lines are sufficiently great that a one megacycle deviation

is not a large percentage of the displacement.
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CHAPTER VII
CONCLUSIONS

The aims of this dissertation have been (1) to extend the theory
of the Stark effect in the presence of nuclear quadrupcle hyperfine
structure for an asymmetric rotor to cover the case of near-degeneracy
in the rotaticnal energy levels of a molecule, and (2) to confirm the
dipole meoments of NOECl and NOBr. It is believed that the theory pre-
sented in Chapter IV of thic dissertation, culminating in Equations (31)
and the associated secular determinant, accomplishes the first of the
stated aims. Because this theory is very tedious to apply t¢ specific
calculations, an alternative procedure was also examined. This second
procedure is based directly on Mizushima's work (36). In this approach,
the Mizushima secular determinant, Bquation (23), is used to obtain the
perturbed rotational energy levels. However, instead of calculating the
Stark correction which appears on the diagcnal of the Hamilteniar matrix
by non-degenerate theory (as Mizushima dces), degenerate thecry is used.
The restriction on the use of the simpler second appreoach, or a modified
Mizushima method, is that corresponding gquadrupole matrix elements of
the nearly degenerate rotational levels must be almcst identical. Other-
wise the more difficult gimultaneous treatment of the two perturbations
is required. Comparison of theoretical calculaticns with experimental
results on nitryl chloride and nitrosyl bromide, as tabulated in Chapter

VI, verifies this cornclusion.
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Table 1 presents a comparison of both methods of computation with

the experimentally observed spectrum of the 2 _;30 transition of nitryl

1
chloride. The 2, and 2, levels of NO,Cl, which are separated by 178.538

1 2
Mc, are the closely spaced pair, and their corresponding guadrupole matrix
elements differ only by about one per cent. As Table 1 shows, the results
of applying the two theories are nearly the same, both agreeing with the
experimental results.
Table 2 presents a comparison of both methods of calculation with

the experimentally cbserved spectrum of the 1 —>2O transition of nitro-

1

syl bromide. The near-degenerate levels are the 1. and lo levels, which

1
are separated by 161.24 Mc, and their corresponding quadrupole matrix
elements differ by ahout fifty per cent. As Table 2 showg, the modified
Mizushima method failed to give an accurate prediction of all the transi-
tions irn this case, whereas the more complicated simultaneous perturba-
tion treatment did predict results for all lines in good agreemant with
experimental observation. The comparison of the calculated and observed

9

spectra of the 1 —+20 transitior of NOBr'- appearing in Tabtle 3 gives

1
additicnal evidence of the validity of the theory presented ir Chapter
IV. The slightly better agreement between theoretical and experimental
values was brought about by changing the assuimed value of the dipcle
moment for NOBT79 used in the calculations from 1.76 to 1.850 debye.

When applying the theory that appears in Chapter IV to cther mole-
cules, it must be remembered that the additioral simplifications to Equa-
tions (31) possible for nitrosyl bromide may not be acceptable. In

rarticular, matrix elements of the guadrupole Hamlltonian linking near-

degenerate energy levels may not be zero. In cases where it is necessary
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to obtain & somewhat better approximation than was used in the investi-

gation covered by this report, one would retain elements of the form

3 Q
H'k Hk'
_%____ﬂ which appear in the terms listed in Equations (31).
W, - W

i k

This investigation confirms the dipole mement 0.53 debye reported
by Clayton (37) for I\TO2C155. For NOBr (2, the inclusion of the effects
of rotational near-degeneracy gives a value of 1.80 debye for the compo-
nent of the dipole moment alecng the axis of least inertla, rather than
the previously obtained value of 1.76 debye. For the transition analysed
in the present work, it was necessary to take rotational near-degeneracy
into account in order to obtain agreement between the calculated and the
measured Stark effect. There are, however, cases in which an observed
Stark spectrum, or a portion of one, can be satisfactorily fitted by =
calculated spectrum without considering near-degereracy of rotational
energy levels, An example of this is the 2O —>3_l transition of l\TOBrT9
from which the value 1.76 debye was obtained. In such cases, the dipole
moment giving the best agreement between calculated and cohserved spectrum
components will not be the correct value for the molecule., It 1s hoped

that the present investigation will emphassize the importance of rotational

near-degeneracy in dipcle moment measurements.
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APPENDIX A
DERIVATION OF EQUATION (17) FROM EQUATION (16)

In the development of the gquadrupole Hamiltonian given ir Chapter
II, the following steps were omitted to preserve continuity of thought.
They are included here for completeness.

Equation (18) is

2
« (%)
1 oz Av g 9
-} TR {5 (1)3(D (D)) + 3 (DD, (D)

i,d

HQ

- 3(1),(1) 8, 5 - atg)iti)jai;,erf‘fﬁiJ}

Consider the expression inside the brackets term by term:

Because I and g commut e

2) W@, =5 ) (DD (D,D),
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%Z(I)()(J)()=§ ),(9) ), 92(1) () (),
i,d
- gz (D00, + 1) Wy [0,
1,d
+ (g)j(g)i]
- [Z M (1) (J)J Z() ) (9
dJ
(D)D) + 1) jxi]
S2 @ Z(z)ixJ[J) @y + @, |
1,d
N EZ(I)IXJ
In the middle term above, note that the expression in sguare brack-
ets is symmetric in i and J, while the I part is antisymmetric, that 1is,

(I)

ix) = - (E)jxi' Thus the entire term is antisymmetric in i and J, and

when the summation is taken, the term vanishes. Therefore
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lt

-3 EZ (1),(D), 8, & -5[}3 (;)i(g)iJ L
i3 i

e 31907 = -3 T(T41) J(IH1) . (A-3)
2 r
-3 Z (D328, = -3 [Z (g)i(g).}f
1,3 i
- 3I
= 317 07 = 3 T(T41) S(S41) . (A-4)
Z Ee 22 5, , = 2222 = 3T(T+1) J{J+1) . (A-5)

i,J

The substitution of Equations (A-1), (A-2), (4-3), (A-%4), and (4-5)

back into Equation (16) results in the first line of expression (17):

o
e <ﬂ
a1 SO 249 (1. %
=% PI(ZI-10(27-1) IR S -3 d
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APPENDIX B

SOME CONSIDERATICNS OF GROUP THEORY AS
APPLIED TO ASYMMETRIC ROTORS

In the rotational Hamiltonian, a molecule is represented only by the
three principal moments of inertia Ia’ Ib’ and IC. Therefore, as far as
its rotation is concerned, a molecule may be considered purely as an ellip-
s0id with principal moments of inertia Ia’ Ib’ and Ic' The symmetry oper-

a, b

27 CE’

about each of the three axes) leave the ellipsoid unchanged. These oper-

ations E, C and Cg (representing the identity and rotation of 180°
ations form a group called the four-group, which is freguently designated

D2. Since the four-group is abelian, each of its elements belongs to a
different class, Therefore, this group has four different irreducible rep-
resentations (denoted by A, Ba’ Bb’ and BC), all of which are one-dimensional.
The rotational wave functions of an asymmetric top W(JTmJ) and the direction
cosines O belong to these representations of the four-group. Tatle 4 gives

the character table for the four-group and indicates the symmetries of the

direction cosines and their products.

Table 4, Character Table of Four-Group ard

Symmetries of Direction Josines

E o cg ¢
o, o, o A 1 1 1 1
T B, 1 1 -1 -1
0 0y, G 3, 1 -1 1 -1
Gy Oy, Oy B_ 1 -1 -1 1




The guadrupole Hamiltonian HQ contains the following factor:

2 2
a_g> =f$(JTmT=J) ig w(J'T'm&zJ’) dv, {B-1)
2/ “ oz

where Z is a space-fixed axis, and

<

> o
=ot2 a—-+ot2 SV, R Y
2%y 70 32

Q
22
v v Qv
t 20 0 s T P 5w %% e (B-2)

For planar molecules such as nitryl chloride and nitrosyl bromide

v _62\1 - 0
d@oc  Jboc ¢

and Egquation (B-2) reduces to the following:

2 2 2
v 3V SV oV av
Z o, _52+Q§b5_2_+d§: ace+2°‘ 2% =5 (2-3)

Since the integral of Equation (B-1) will vanish if its integrand is an odd
function of any coordinate, the integrand of Equation (B-1) must belong to
Qp ’)
rapresentation A of the four-group. Because GE 7 ard < 7o ali belong
to representation A, terms involving these elerments will cortribute to the
quadrupole energy only when the product of w(JTszJ) and w(JTT!H&=J')
belongs to A. This means that W(JTmJ=J) and w(J'T“m%=J') have the same
symmetry. The remaining term involves the product QZaGZb’ which belongs

to repregentation Bc' For this term to contribute to the guadrupole ensrgy,



the product of v(JTmJ=J) and w(J'T'm&=JU must also belong to B . This
means that the two wave functions either have symmetries A and BC or have
symmetries Ba and Bb.

For a near-prolate asymmetric roter, the near-degenerate pairs of
rotational energy levels have J'=J and 7'= 1+l (where the symbol' is used
to denote the upper state). The wave functions specifying these levels
either have symmetries A and Ba or have symmetries Bb and Bc' In either
case, the product of the wave functions v(T.m :J} and w(J"‘ 7=J') belongs
to representation Ba of the four-group. Therefore, elements of the quad-
rupole Hamiltonian linking near-degenerate levels of planar, near-prolate
asymmetric rotors (such as nitryl chloride and nitrosyl bromide)} are zero.

With the aid of this conclusion, 1t may be shown that terms of the

HS Q
B ij
form —%r———a may be neglected in a second prder approximation. Consider
W, - W
i k

such elements in terms of the parameters represented by the subscripts:

oS R S B

".—" 1mM_n ‘v-" il __ it
1k Hku 3 ITmeI, J0T meI meI’ JhT meI (5.4)
0 0 0 o ' -
Wy W Wrp = Waip

Because first order theory is adegquate for predicting the quadrupole spec~
trum, it may be assumed that elements of HQ off-diagconal in Jv are zero,
except for those linking near-degenerate rotational states. It has been

Q

shown above that elements of H® off-diagonal in Jv linking near-degenerate
states are zero for planar, near-prolate agymmetric top molecules. There-

fore, expression (B-4) simplifies to the following:



TE

5

g Q B . . s ronow HZ0 4w, LI S S
Hik ij _ JTmeI, JhT mUmI Jd'r meI’ Jln meI
0 o o *
W~ W Wio= Wi o

For W>_near WO, 15 the corresponding element of the transformation matrix
Jr T

S which produced the term is zero and the term vanishes. For W?T not near

W3|Tr, the term is off-diagonal and small. Such terms have magnitudes cor-

responding to second order off-diagonal corrections; their contributions

to the energy would then be fourth order. It has thus been shown that

S L
Hik Hk'
terms of the form us————g are negligible in a second order computation
W, - W
i k

of the perturbed energy for planar, near-prolate asymmetric rotors.
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APPENDIX C

ALGOL ROUTINE FOR OBTAINING EIGENVALUES AWD EIGENVECTORS
OF A REAL, SYMMETRIC MATRIX

The ALGOL program which appears below was used with the Burrcughs
220 Data-Processging System to obtaln the perturbed energy levels of
nitrosyl bromide from which the spectrum presented in Table 3 was derived.
The threshold Jacobi procedure for diagonalizing a matrix that appears in
this program was developed by Mr, F. E. Schlaepfer of the Rich Electronic
Computer Center at the Georgia Imnstitute of Technology. The Jordan proce-
dure fog,solving a linear system of equations and the Matrixprint procedure
are standard items. The routine listed in this appendix will diagonalize
any number of real, symmetric matrices of order 10 or less. It will pro-
duce correct eigenvectors as long as the coefficient of the nth component
of the vector is not zero (to ten decimal places). If the nth component
is zero, there is a contradiction in Step 95 of the program. IHowever,
such errors will be apparent in the homogeneity checks included in the
routine.

The printed output of this program contains the following items:

1. The original matrix |[aij[|;

2. The diagonalized matrix;

3. The trace of the original matrix (TRA), the trace of the

diagonalized matrix (TRD), and their difference;

4. For each eigenvalue, A four-column mwatrix which contains

k2

the eigenvalue at the head of columm one and zerces In the
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rest of the colum, the coefficients of the components of the
corresponding eigenvector w(hk) in column two, one plus each
coefficient (i.e., 1 4 wi(Rk)) in column three, and one plus

each element of colum one in colum four;
N

5. The quantity ;{: (aij - %kﬁij)wj(%k) for each row, i, of the
=1

matrix, which serves to check that the eigenvector is in fact

a sclution of the set of N homcgeneous eguations.
The purpose of columns three and four in the matrix of ITtem 4 above is to
indicate if and when the printer has failed to list a minus sign associated
with the eigenvalue or any component of the eigenvector. This difficulty
was sometimes encountered with the equipment in the Rich Electronic Com-
puter Center.

All data cards must be identified by entering the number 5 into the
first colum (+the digit 2 in column on= denctes a program card). Data
cards are prepared by entering the order of the matrix and then its ele-
ments row by row. In other words, for an N x N matrix, punch the number
¥ in column 3, say, of the first card, skip one space, and then begin

entering the elements 8111 875, etc. in decimal form, skipping at least

12
cne space between elements. The elements aij may extend over any humber

of cards. Only the first card reeds the number N which specifies the

order of the matrix. The only restrictions on format for data cards ars:
(1) columm one must contain the number five, and (2) there must be at least
one blank space between successive entries. To run the program, merely

place the data cards behird the program deck in the input hopper. The pro-

gram will successively call in and solve matrices until the hopper is enmpty.
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BURROUGHS ALGEBRATC COMPILER - STANDARD VERSION  7/25/61

(OMMENT EIGENVALUES AND EIGENVECTORS OF REAL SYMMETRIC MATRIX
INTEGER N,I,J,XK

ARRAY A(10,10),REF(10,10),USE(10,10),X(10),Y{10,4},1D(10,10)
ARRAY GOOF (10),UsS0(10,10)

OUTPUT SNAFU (TRA,TRD,TRA-TRD)

FORMAT CHECK (*TRA =%,X13.4,B9 *TRD =%,X13 .4 B9, *DIFF =%,
X7.4,B13,W2)

OUTFUT GOOFO (I,GOOF (I))

FORMAT GOOFF(*VECTOR CHECK BY SUM OF PRODUCTS FOR ROW
*,12 ,X8.4,W0)

PROCEDURE MATRIXPRINT (N,M,A(,))

BEGIN INTEGER I,J,X,M,N

FOR I = (1,1,N)

BEGIN J=1

UNTIL J GTR M

BEGIN WRITE ($$ROW,FMT)

J=X END END

RETURN

QUTPUT ROW (I,J,FOR K=(J,1,MIN(J+4+,M)) $ A(I,X))

FORMAT FMT (WO, ( *ROW*,13,B2,%C0L%,13,5%X20.4,W0)) END
MATRIXPRINT ().

PROCEDURE TJACOBI (N,A(,),EPS)

BEGIN INTEGER U,I,J,K,N

D=0,0
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FOR I=(2,1,N)

FOR J=(1,1,I-1)

BEGIN IF ABS(A(I,J)) GTR D
D=ABS(A(I,J)) END

ETA=D/4.0

START,. U=0

FOR I=(2,1,N)

FOR J7=(1,1,I-1)

BEGIN IF ABS(A(I,J)) GTR ETA

BEGIN U=1

D=A(I,I)-A(J,T)

IF D EQL 0.0

BEGIN C=C.707TL068 $ S=0.TOT1068
GO TO DIAG END

E = 0.5.ARCTAN(2.0.A(I,J)/D)
£=C08(E) $ S=SIN(E)

DIAG.. FOR X=(1,1,7-1),(J+1,1,I-1),{I+1,1,N)
BEGIN T=C.A(I,K)+S.A(J,K)
A{T,K)=A(K,J )=-S.A(I,K)+C.A(J,K)
A(I,K)=A(K,I)=T END
T=C.C.A(I,I)+2.C.8.A(I,J)}+58.8.A(J,J)
A{J,J)=8.8.A(1,1)-2.C.8.A(1,J)+C.C.A(J,J)
A(I,I)=T

A(1,J)=A(J,I)=0.0 END

N=N END

I# U EQL 1

&$H B e B B ™ T Ot R B R B A A R R T B & e A &R B o e O
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GO TO START

IF ETA LSS EPS

RETURN

ETA = ETA/L.O

GO TO START END TJACOBI ()
PROCEDURE JORDAN (N,A(,)$X())
BEGIN INTEGER I,J,K,L,N
FOR K=(N+1,-1,1)

BEGIN D=0

FOR I=(2,1,K)

IF ABS(A(I-1,1)) GTR D
BEGIN I=I-1

D=ABS(A(L,1)) END

IF L NEQ O

FOR J=(1,1,K)

BEGIN D=A(L,J)
A(L,J)=A(1,J) $ A(1,J)=D END
FOR I=(1,1,N)

X(I)=A(I,1)

FOR J=(2,1,K)

BEGIN D=A(1,J)/X(1)

FOR I=(2,1,N)
A(I-1,3-1)=A(I,J)-X(I).D
A(N,J-1) = D END END
RETURN END JORDAN ()

WORK.. READ ($$DATA)

© O R Rt S B O e X R R R B B R R R R P B o Ok R R
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FOR I=(1,1,N)

FOR J=(1,1,N)

BEGIN REF(I,J)=A(I,J)

IF I EQL J $ ID(I,J)=1

IF I NEQ J $ ID(I,J)=0 END

MATRIXPRINT (N,N,A(,)) $ COMMENT PRINTS INPUT MATRIX
TRA = O

FOR I = (1,1,N)

TRA

TRA + A(I,I) $ COMMENT FORMS TRACE OF INPUT MATRIX
TJACOBI (N,A(,),1.0%%-6) $ COMMENT DIAGONALIZES MATRIX
MATRIXPRINT (N,N,A(,)) $ COMMENT PRINTS DIAGONAL MATRIX
TRD = O

FOR I = (1,1,N)

TRD = TRD + A(I,I) $ COMMENT FORMS TRACE OF DIAGONAL MATRIX

th

WRITE ($$SNAFU,CHECK) $ COMMENT PRINTS TRACES AND THEIR DIFF
FCR ¥=(1,1,N)

BEGIN FOR I=(1,1,N)

FOR J=(1,1,N)

BEGIN USE(I,J) = REF(I,J) - A(K,K).ID(I,J)

Uso(1,J) = USE(I,J) END

JORDAN (N-1,USE(,)$X()) $ COMMENT SOLVES LINFAR SYSTEM
OF N-1 EQNS

X(N)=-1 $ SUMX2 = 0

FOR I=(1,1,N)

SIMX2 = SuMX2 + X(I).X(I)

FOR I=(1,1,N}

&5 H 4 N B g A B B S B B R A A R R R R
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¥(I,2) = X(I)/SQRT(SMX2)

¥(1,1) = A(X,K)

FOR I={2,1,N) $ Y(I,1)=0

FOR I = (1,1,N)

BEGIN Y(I,3) = Y(I,2) + 1.0

¥(I,4) = ¥(I,1) + 1.0 END

MATRIXPRINT (N,4,Y(,))

COMMENT THIS PRINTS EIGENVECTOR AND ITS ASSOCIATED EIGENVAIUE
FOR I= (1,1,N)

BEGIN GOOF (I) = O

FOR J = (1,1,N)

GOOF (I) = GOOF (I) + USO(I,J)}.Y(J,2)

COMMENT GOOQF CHECKS HOMOGENEITY OF EIGENVECTOR SOLUTION
WRITE( $$GOOF0,GOOFF)  END END

GO TC WORK

INPUT DATA(N,FOR I=(1,1,N)$FOR J=(1,1,N)$A(I,T))

FINISH
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