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FINAL SCIENTIFIC REPORT FOR AFOSR GRANT 82-0329 

Investigations into the spectral and invertibility properties 

of band matrices and other classes of sparse matrices were carried 

out. Mathematical techniques used included methods from classical 

approximation theory, from the spectral theory of self-adjoint 

operators, and from the theory of Banach spaces. Computer experiments 

were used to help formulate problems and to search for counterexamples. 

The main scientific content will appear in five papers. Three of these 

have been submitted for publication and accompany this report. The 

other two will be forwarded to AFOSR on completion. We now give short 

summaries of each of these papers together with a discussion of other 

results and observations we made which, while not suitable for pub-

lication now, might be useful to the sponsor and other readers of this 

report. 

1.Decay Rates for Inverses of Band Matrices (written with W.F. 

Moss and P.W. Smith), to appear in Mathematics of Computation, 1984. 

Spectral theory and classical approximation theory are used to 

give a new proof of the exponential decay of the entries of the 

inverses of band matrices. The rate of decay is bounded in terms of 

the extrema of the spectrum of the absolute value of the matrix. The 

rate predicted can be attained in some cases. These results are then 

used to establish the exponential decay of the eigenvectors for a 

class of generalized eigenvalue problems, to establish exponential 

decay of inverses of certain sparse but non-banded matrices, and to 

prove exponential decay for the Moore-Penrose inverse of full rank 

banded rectangular matrices. 

2.Spectral Inequalities for Principal Submatrices, submitted to 

Linear Algebra and Its Applications. 
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The problem of obtaining spectral information about a given matrix 

from its submatrices is studied. Inequalities relating the extremal 

eigenvalues of Hermitian matrices to like quantities of certain 

principal submatrices are obtained. The spectral norm of a matrix is 

bounded in terms of the spectral norms of some of its principal 

submatrices. The Hausdorff distance between the numerical range of a 

matrix and the convex hull of the numerical ranges of certain of its 

principal submatrices is bounded. 

3.0n the Existence of Interpolating Projections onto Spline 

Spaces, submitted to Journal of Approximation Theory. 

It is shown that for subspaces of the continuous functions on 

the unit interval that have B-spline like bases there is an inter-

polating projection whose norm depends on only the condition number 

of the basis. The relation between the norm of the projection and the 

condition number of the associated B-spline collocation matrix is 

exploited. 

4.Condition Numbers of Rectangular Matrices and Bounds for 

Generalized Inverses, in preparation. 

A notion of intrinsic condition number of a rectangular matrix 

is defined and shown to enjoy some properties of the classical 

condition number. For example, the relative distance to the set of 

all matrices of smaller rank is the reciprocal of the intrinsic 

condition number. The question of whether a matrix with a small 

intrinsic condition number must also have a generalized inverse of 

small norm is then studied. The answer turns out to be norm dependent. 

In particular, for the maximum norm the answer is "no" while for the 

sum norm the answer is "yes." These results are consequences of recent 
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deep results in the geometric theory of Banach spaces. 

5.Spectral Bounds for RPM. , in preparation. 

The problem of bounding peq w  in terms of the distance of the 

spectrum of A from zero is considered. It is shown that if A is 
sh 

banded and positive definite then II K'11 07  < Wilk where c depends on 

only the bandwidth of A and the spectral norm of A. The argument 

relies on a Chebyshev series expansion of the inverse of A. We 

conjecture that the correct exponent is 1. The case of bi-infinite 

Toeplitz matrices is also considered. 

6.0ther Findings. 

(a).We observed that a theorem of Shmuel Friedland implies that 

if A is an N by N positive definite matrix, then there is a diagonal 

matrix D such that the spectral radius of I-DA is zero. This implies 

that there is an iterative method for Ax=b based on D which converges 

in N steps and which is readily vectorizable. The catch is that it is 

virtually impossible to find such a D. However, the gap between current 

technology and what is theoretically possible is large and might be 

worth investigating. Friedland's proof is quasi-constuctive in that 

it is bases on a variational principal. I have discussed this with him 

but to date no progress has been made. 

(b).We briefly considered an abstract marching technique for banded 

linear systems. Discussions with other mathematicians revealed that the 

method of parallel shooting was very similar to a concrete realization 

of our method. Consequently, we did not feel that further development 

would be an efficient use of time. 
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Abstract  

Spectral theory and classical approximation theory 

are used to give a new proof of the exponential decay 

of the entries of the inverses of band matrices. The 

rate of decay of A-1 can be bounded in terms of the 

(essential) spectrum of AA* for general A and in terms 

of the (essential) spectrum of A for positive definite A. 

In the positive definite case the bound can be attained. 

These results are used to establish the exponential 

decay for a class of generalized eigenvalue problems and 

to establish exponential decay for certain sparse but 

non-banded matrices. We also establish decay rates for 

certain generalized inverses. 



1. Introduction  

The exponential decay of the entries of inverses of 

band matrices has been of some use in establishing local 

rates of convergence of spline approximations [K], [Kam], 

[D] and in bounding the L m-norm of the orthogonal projection 

onto spline spaces [deB2] and [Mit]. Kershaw proved a result of 

this nature for tridiagonal matrices and Descloux's paper 

[Des] contains such a resultfor Grammian matrices arising 

in finite element approximations although exponential decay 

is not explicitly mentioned. For general banded invertible 

matrices the first proof appeared in [D]. A later proof 

in [deB1,3] gave explicit estimates for the rate of decay. 

In this paper we use spectral theory and a result of 

Chebyshev on the best of approximation of (x-a) -1  by 

polynomials to give a new proof. The bounds on the rate 

of decay obtained from this proof appear to be sharper 

than those previously known and are actually attained 

in some cases. In addition, the method of proof easily 

extends to certain generalized inverses and certain non-

banded matrices. We show that the rate of decay for A-1 

 given by our method depends on only the essential spectrum 

of AA* and is, thus, stable under banded compact perturbations. 

This fact is used to establish the exponential decay of 

the eigenvectors of certain generalized eigenvalue problems. 

There are two key ideas. First use spectral theory to write 

IIA-p(A)11 = max 	11/x - p(x)I 
xEa (A) 

for any positive-definite operator A and any real polynomial p. 

Secondly, use approximation theory to estimate the best error. 



2. Exponential Decay  

We begin with a few preliminary remarks and definitions. 

Let H be a complex, separable, Hilbert space and let B(H) 

denote the Banach algebra of all bounded linear operators 

on H. If Ac B(H) then we can represent A as a matrix 

with respect to any complete orthonormal set. Once a 

particular representation is chosen, we may regard A as 

an element of B(2, 2  (S)) where S= {1,...,N}, Z
+ , or Z. 

In this setting the usual matrix product defines the action 

of A. Throughout this paper we will assume that the above 

identifications have been made and will reserve the letter 

A for a matrix representing a bounded operator in B(2.
2 (S)). 

For such matrices A we will say that A is m-banded if there 

is an index 2. so that 

A(i,j) = 0 if j j  [i-2,i-9.,+m]. 

We will say that A is centered and m-banded if m is even 

and the 2 above may be chosen to be m/2. Thus, for a 

centered m-banded matrix one has 

A(i,j) = 0 if li-j1 >m/2 . 

Notice that self-adjoint matrices are naturally centered 

and, for example, a tridiagonal self-adjoint matrix is 

centered and 2-banded. 

-2- 



As mentioned in the introduction we combine certain 

approximation theoretic results with the spectral theorem 

in order to obtain estimates for the exponential decay 

rate of A-1 . Let Trn denote the polynomials of degree 

less than or equal to n. If K is a subset of the complex 

plane CP and f is a nixed complex valued function on K we 

define 

IlflIK := sup{lf(z)I : zE K} 

en (K) := I K PE Wn }• 

We are now ready to state a proposition which is just a 

corollary of a result of Chebyshev rqein, p. 331, but which 

is of fundamental importance to all that follows. 

Proposition 2.1.  Let f(x)= l/x and let 0< a< b. Set 

r= b/a and 

(2.1) 	 q := q(r) := 	1)/(1E+ 1) . 

Then 

(2.2) 2 
2 

en (ra,b]) 	
(l+r

2ar)  q
n+1 

 • 



This exponential rate of approximation readily yields 

exponential decay of the inverse of a banded positive 

definite matrix as the next proposition shows. We will 

let 0(A) denote the spectrum of the matrix A. 

Proposition 2.2. Let A be a positive definite, m-banded, 

bounded and boundedly invertible matrix in 2 2 (S). Let 

Ca,b] be the smallest interval containing 0(A). Set 

r =b/a, a= g(r) as in (2.1), and set C o  = (1+ r1/2 )
2
/(2ar) and 

X = q2/m . Then we have 

(2.3) 
	

IA -1 (i ,J) 	5. cxl i - j 1  

where 	 C : = C(a,r) := MAX{a
-1 

 ,C o } 

Proof: Since A is positive definite and invertible we have 

0< a< b and we know that A is centered. Thus A k  is centered 

and km-banded for k=0,1,2,... . Thus if pE 7 k  then p(A) 

is km-banded and centered. From Proposition 2.1 we know 

there exists a sequence of polynomials 	.7,1  satisfying 

-4- 



11/X P II -n.Ca,b] 	Cogn+1 

An application of the spectral theory ER] yields 

n+1 
Pn  I a  (A) COq 	• Pn (A) I = 1 1/x -  

Now writing li-j1=a-+ k for k= 1,...,m/2 and i j we see 

that Ii-j12/ms (n+1) and hence 

= 1--1  - Pn (A) (i,j) I 	I IA-1-  Pri (A)  I I 	coati-j I • 

In case i= j note that 1/a= IIA-1 I 1, and (2,3) follows. 

This completes the proof of Proposition 2.2. 

The phenomenon of exponential decay is certainly not 

restricted to positive definite band matrices. In fact, 

we can use the preceeding proposition to prove a more 

universal result. For any matrix A, we will say that A is 

quasi-centered  if the central diagonal (i.e. (i,i)) is contained 

within the nontrivial bands. For example if S= {1,...,N} or 

Z+ then AE B(2, 2 (S)) is invertible only if A is quasi-centered. 

This is of course not true for AE 2, 2 (Z). 

Proposition 2.3.  Let A be m-banded, bounded and boundedly 

invertible on  2, 2 (S). Let Ea,b] be the smallest interval  

containing  a(AA*). Then setting  r= b/a, q= q(r) as in  

l/m (2.1), and A 1 = q; there is a constant  C 1 depending on 
 A 

so that 



(2.4) 	 1A-1 (i,j)1 5 C i Al i-7I  • 

If A is quasi-centered then we may choose  C1 = (m+1)11AIIATC(a,r). 

This result follows immediately from Proposition 2.2, 

the observation that 

-1 	 -1 A 	= A*(AA*) 

and the fact that IlAll = IA *  • 

We collect these results in a theorem below which will 

allow us to compare them with earlier estimates. First let 

us note that if A is positive definite and invertible then 

I IA11 = max{s: sE a(A)}. We will set cond(A) := I 1AI I I I A-11I. 
Note that since B(Z 2 (S)) is a B*-algebra, then 

cond(AA*) = Econd(A)] 2 . 

Theorem 2.4.  Let A and A-1 be in  B(9
2 (S)). Then if  A is 

positive definite and m-banded we have  

(2.5) 	 IA -1(i,j)1 < CAl i- j 1  

where 

(2.6) 

and 

(2.7) 

cow- )  2/in  = 
✓cond (A) + 

C = 	1 i7 31 Imax{1, (1 + /cond(A)) 2/(2cond(A))} • 



If A fails to be positive definite but is still m-banded, 

quasi-centered, bounded and boundedly invertible then  

(2.8) 	 A-1 (i,j) 	yli-il 

where 

(2.9) 

and 

(2.10) 

X - (cond(A) - 1 1 1/m  
1 	cond(A) + l' 

II 	1 C1 = (m+1)AmlIA- 	
r l + cond(A)  3 2/21  Ilcond(A)max{1, ' cond(A) 1 

We remind the reader that if S=Z
+ 
or {1,...,N} then 

the quasi-centered hypothesis is redundant and if S=Z 

we may reindex A by a shift so that it is quasi-centered. 



3. Examples and Comparisons  

In the previous section we derived several results 

concerning exponential decay of the inverse of band matrices, 

culminating in Theorem 2.4. In this section we will 

present some examples indicating the precision of the 

estimates in Theorem 2.4 as well as comparing this result 

with the earlier estimates of EdeB3]. 

We first show that the exponential rate in (2.5) can 

indeed be attained. Let 0< s< 1 and consider the tridiagonal 

Toeplitz matrix A= trid(s, l+s 2 ,$) in t 2  (Z) with symbol 

A(z) = (z+ s)(z -1  +,$) 

Now it is well known EGoh] that 

u(A) = {A(z): Izi= 1} = E(1- s) 2 ,(1+ s) 2 ]. 

Thus from Proposition 2.2 or Theorem 2.4 (2.5) we have for 

1 A- 1 (i3 O < 	2

(1-s2)2 sli-j1 
• 

On the other hand we can compute A-1  directly using the 

Laurent expansion for 1/A(z) which converges in a neighbor-

hood of the unit circle yielding 

- A-1 (i,j) = (1- s
2

)
-1

(-s) i j  

-8- 



i-j 
• 

Thus we predict the precise exponential decay rate in this 

case but our constant is pessimiStic. This should come as 

no surprise since there is clearly something lost in the 

inequality IA-1 (ifj) 	I IA-1-  Pn  (A) I I which is used in 

the proof of Proposition 2.2. 

Next, consider the positive definite matrix A with 
1 	1 symbol A ( z ) = ( z + .f  (z

-1 
 + .f) (z + —

4

)1  (z -1  + —

4

1 ) . In this case 

one may verify that 

a(A) = [9/64, 225/64] . 

Thus Proposition 2.2 or Theorem 2.4 would predict an 

exponential decay rate of ✓2/3 = .82 whereas it follows 

from the Laurent series for 1/A(z) that 

1A1(i,j) I 	C 

In this case we see that a conservative estimate has been 

obtained. 

In the i 2 (S) setting [deB3] obtained the estimate 

(

(cond (A) ) 2  - 1)  1/2m 

 (cond (A) ) 2 + 1 

for the decay rate of the inverse of an arbitrary m-banded 

matrix. We note that the A
l 
in (2.9) is smaller. However, 

deBoor also obtained results for all p. In particular, as 



Demko has pointed out CD], once it is known that a banded 

matrix A is bounded and boundedly invertible on some 

ZP(S) (1 p 5 co) then in fact it is bounded and boundedly 

invertible on all Z(S). Thus setting 

cond (A) = 11All IIA-1 11 P 	P 

deBoor showed EdeB3] that the exponential decay rate for 

the inverse of an m-banded matrix is bounded by 

(cond
P 
 (A) ) P  - 1)1/pm 

(3.1) 	 . 
(cond

P 
 (A) ) P + 1 

Thus, for instance, if A is totally positive Toeplitz then 

one can see CH, Thm. 6] by a result of deBoor that cond
P 
 (A) 

is constant in p and hence the best choice for p in the 

above setting would be p= 1. Interestingly, this reduces 

precisely to our A l  in (2.9). If we had assumed in 

addition that A was symmetric then we would have had the 

better estimate A in (2.6). It is not easy to compare 

these results but we feel confident that Theorem 2.4 is 

superior if for no other reason than finding the best p 

in (3.1) seems to be a difficult task in general. 



4. Extensions and Eigenvectors  

This section is devoted to certain refinements of 

Theorem 2.4. The results in this section were motivated 

by some eigenvalue computations of the second and third 

authors which will be reported elsewhere. For the rest 

of this section we will assume that S is either Z or Z. 

As mentioned earlier B:= B(k 2 (S)) is a B*-algebra 

and the set C:= C(k 2 (S)) of compact operators is a two 

sided ideal in B(9 2 (S)). Then the following facts are 

known CB] and [F]. The quotient space B/C is a B*-algebra 

and the quotient map 

v : 	B/C 

satisfies 	 ae  (A) := a (v (A) ) c o (A) 

where we use the symbol a e  to denote the essential spectrum 

of A, that is the spectrum of the element v(A) in B/C. 

The object B/C is known as the Calkin algebra. In 

addition the norm in the Calkin algebra is called the 

essential norm and will be denoted by 

11All e  := Ilv(A)11 := inf{ll A -K11 : K EC }. 

Of course, the essential condition number will be 

conde (A) := 11All e lIA-1 1 1 e  • 

Finally we remark that if A is self-adjoint and U is an 

open neighborhood of a e (A), then the complement of U 



contains at most finitely many points of Q(A). 

Recall that in the proof of Proposition 2.2 we used 

the inequality 

I IA-1 - pn  (A) 11 = 11 1/x -  Pn 11 G (A) s  11 1/x -  Pn 1lE a ,b3 

where cr(A)c Ca,b]. Now it is quite possible that the 

inequality above does not always yield sharp estimates. 

This is indeed the case as will be illustrated by the 

following theorem whose proof is quite similar to the 

proof of Theorem 2.4. 

Theorem 4.1.  Let A and A-1  be in  B(2, 2 (S)). Then if  A 

is positive definite and m-banded set  

C

I

conde  (A) 	- 1 ) 2/m 
(4.1) 	 A -  	. 

conde  (A) + 1 

For any y> A there is a constant  C 2 = C 2 (y,A) so that  

(4.2) 	 1A -1 ( 1 ,j)1 s C 2 Yl i-i l 	. 

If A fails to be positive definite but is quasi-centered, 

m-banded, bounded and boundedly invertible set  

onde  (A) - 1)1/m 
(4.3)  A l - conde  (A) + 1 	. 

For any y > A l  there is a constant  Ce  = C 3  (y,A) so that  

-12- 



(4.4) 
	

1A-1 (i,J)1 5 c 3 y 1 i- il 

Proof: Of course, (4.4) follows from (4.2) by considering 

A-1 =A*(AA*) -1  just as in Proposition (2.3). In order to 

prove (4.2) we use an approximation lemma. 

Lemma (4.2). Let D=Ea,blu {x 	' xk  } be a subset of  

the positive real axis and let f(x)= 1/x. Then there is  

a constant R= R(x l ,...,xk ,a,b) so that  

en (D) 5 Rqn-k+1 

where q= q(b/a) as in (2.1). 

Proof; Let rE 7
k-1 

interpolate f at x l,. ..,xk and let 

4, (x) = (x-x 1 )...(x-xk ). Note that 

(1- xr)  
fExl" . " xk i:= Fk 

Now compute 

inf Il f-PlID 5 	inf Ilf -  (r+ 
pE7 n 	 pE7n-k 

` 	inf 1101 Ca,bi ll
f-r  

PE7n-k 
PI1[a,b] 

1101ca,b] IFk l 	inf k Ilf-pli 
pE7 	[a,b] 

n- 

= 

5 Rq
n-k+1 

-13- 



where the last inequality follows from Proposition 2.1. 

This completes the proof of the Lemma. 

Returning to the proof of (4.2), let y> A be given, 

let [a,b] be the smallest interval containing a e (A), and 

choose E> 0 so that 0< a- E and 

b+E 2/m 
(q(a-70) 	

< y 

Then there exists a number k and 0< x 1 < ...< xk so that 

a(A) c (a-E, b+E)u x i u ...0 xk := D. 

Thus by Lemma 4.2 we can find polynomials p n E Trn  satisfying 

I If - pn l ID < ( Rq-k)cin+1 

The proof of Theorem 4.1 is now completed in the same 

manner as Proposition 2.2. 

Theorem 4.1 can yield significantly better estimates 

than Theorem 2.4. For example 

Corollary 4.3. Let A = I+ K be banded where K is compact 

and I is the identity operator. Then if I+ K is invertible 

we have for any  y>  0 there is a constant C= C(y,A) so that 

IA -1 (i , j)1 < cyl i- il .  

-14- 



We refer to such behavior as decay faster than any 

exponential. This corollary follows from Theorem (4.1) 

by noting that conde (A) = 1 and hence X i = 0 in (4.3). 

Exponential decay can also be observed in certain 

generalized eigenvalue problems. 

Corollary 4.4. Let A be m-banded, bounded and boundedly  

invertible. Let K be compact so that A+ K is m-banded. 

Suppose  u  0 and xE 2. 2 (S), x 0, satisfy (A- pK)x= 0. 

Then for any  y> 
X1 
 (X 1  as in 4.3), there is a constant  C= C(Y,A,K) 

so that  

IX(i)I 5 Cy lii  • 

Proof: Define the projections PN  by 

ei if 1 i 1 5- N 
PN-3 e. = --  

e otherwise 

Here 	are the standard unit vectors, e j  (i) = S ii . Set 

KN = PNKPN 
and note that KN is m-banded and 11K- KN 11 -' 0  

as N+ 00. It follows that for some N, A- p(K- KN ) is boundedly 

invertible and hence 

x = p (A - p (K - KN ) ) -1  (KNx) . 

This yields the result since 

conde (A- p(K- KN
)) = conde (A) 

-15- 



and KN— x is finitely supported so that x can be seen to 

be a finite linear combination of the columns of (A- ii(K- KN )) -1 

We close this section with a result on generalized 

inverses of band matrices which is valid in both finite 

and infinite dimensions. 

Corollary 4.5. Let A be an m-banded, bounded linear operator  

from 2. 2 (S,) onto 2 2 (S 2 ) where S 1 
and S 2 

are chosen from 

{ 1 , 	, , Z+ , or Z and let At  denote the Moore-Penrose  

inverse. Let A l be as in (4.3) if S 2 
is infinite dimensional  

or as in (2.9) otherwise. Then for any  y> A
l 

there is a  

constant  C= C(y,A) so that  

lAt(i,j )I 	c y li- ji . 

Proof: By the open mapping theorem AA is boundedly invertible 

on 2. 2 (S 2 ). Now A fi 	and the result follows just 

as in Proposition 2.3. For more information on generalized 

inverses the reader may consult [Ben]. 



5. Remarks  

It has been recognized for some time that exponential 

decay is manifested in the inverses of sparse (but not 

necessarily banded) matrices, see for example [deBl]. 

The technique of Section 2 (and its extensions in section 

4) yields such a result in a simple way. For any matrix 

AE 
Q 2  (S)let us define the support sets 

n 
Sn (A) := U { (i,j) : A

k
(i,j)# 01 

k=0 

and the decay sets 

Dn 
(A) := (5 x S) \ Sn (A) . 

Proposition 5.1. Let A be positive definite bounded and 

boundedly invertible on i 2 (S). Then 

n+1 
(5.1) 	sup{1A-1 (i,j) 1 : (i,j) E D n (A)1 s  Co q  

where  C 0 
 and q are as in Proposition 2.2. 

The proof of this proposition follows the lines of 

Proposition 2.2 and we omit the details. The following 

examples illustrate the generality of Proposition 5.1. 

Example 1. Suppose A is positive definite and block 

banded where each block is itself banded. Then the sets 

Sn (A) and hence Dn
(A) would give a much better idea of 

the decay of the entries of A -1  than would the results of 

Section 2. 



Example 2.  A is positive definite and tridiagonal 

with the exception that (1,n) and (n,l) entries are non-

zero. Then A-1 decays away from the maindiagonal and away 

from the corners (at least until Dn = 0) . Such matrices 

arise in spline interpolation of periodic data. 

Example 3.  If IfilieS  is a local well conditioned 

basis in L 2, for a space of finite element approximations, 

then taking A= (<f.,f.3 >) where <•,•> denotes the inner 

product in L 2 , we see that the biorthogonal functions 

. 

4) i (x) = A-1 (i,j)f 
J 

satisfy 

<cp i , f 2 > = 6. ik 

and decay exponentially to 0 as x moves away from the 

support of f i , provided that the supports of the f j 

 satisfy a global mesh ratio restriction. A precise 

formulation can be found in a paper of Descloux [Des], 

in which the idea of exponential decay is already implicit. 

We conclude this paper with some remarks concerning 

the generality of Propositions 2.1 and 2.2. There are two 

key ideas here. First use spectral theory to write (f(x)= l/x) 

I IA-1-  P(A) I I = I If -  PI IQ(A) 

and secondly use approximation theory to estimate the best 

error Ilf-  pIl a(A) . In all our propositions we arranged 

—18— 



it so that a(A) was a subset of the positive real axis 

(ie A (or AA*) positive definite). The spectral theory 

applies more generally to normal matrices and Bernstein's 

theorem (see CM], p. 114) can be used in place of Proposition 

2.1, but we were unable to see how to use this extra freedom 

quantitatively. 
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Spectral Inequalities for Principal Submatrices* 

by 
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Abstract 

The problem of obtaining spectral information about a 

given matrix from its submatrices is addressed. The Hausdorff 

distance between the numerical range of a matrix and the 

convex hull of the numerical ranges of some of its principal 

submatrices is bounded. Similar results for the Bauer field 

of values subordinate to an 2, norm are also found. The 

spectral norm of a matrix is bounded in terms of the spectral 

norms of certain principal submatrices. Inequalities relating 

the extremal eigenvalues of Hermitian matrices to like 

quantitites of principal submatrices are also derived. 

Particular attention is paid to the case of banded matrices. 

The main technique is a simple decomposition method. 

*Research supported in part by AFOSR grant no. 82-0329. 
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§1. Introduction  

In this paper we exploit a simple decomposition technique 

to obtain spectral information about a given matrix in terms 

of similar information about some of its principal submatrices. 

The basic method is presented in Section 2 and is there used 

to bound theHausdorff distance between the numerical range 

of a matrix and the convex hull of the numerical ranges of 

some of its principal submatrices. Analogous results for 

the Bauer field of values with respect to an 9, p  norm are 

also discussed. Using a different method, Johnson [5] 

obtained bounds on the ratio of the area of the numerical 

range of an N x N matrix to the area of the convex hull of 

the numerical ranges of the (N-1) x (N-1) principal sub-

matrices. When specialized to this case our results do not 

give as good an estimate as Johnson's, but nevertheless do 

tend to 1 as N goes to infinity. In Section 3, we consider 

extremal eigenvalues of Hermitian matrices with special 

emphasis on band matrices. The main results along this line 

can be interpreted to show that the extremal eigenvalues 

of m x m principal sections of infinite Hermitian band 

matrices converge to the extrema of the spectrum at least 

like 0(m 1/2 ) . 
By extremal eigenvalues here we mean the 

supremum (infimum) of the largest (smallest) eigenvalues of 

all m x m contiguous principal submatrices. In the Toeplitz 

case results of this type go back to Szego cf. [4, p. 3]. 
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We consider complex, square matrices of arbitrary count-

able dimension. If A is a matrix indexed by a set I and if 

J c I, then Aj  denotes the submatrix indexed by J. For a 

set J, IJI  denotes the cardinality of J and a denotes the com-

plement of J (with respect to some previously defined super-

set of J). Except for a diversion in Section 2 we use the 

usual Z 2 norm: 114 2  := x*x, IIAII := sup{ II Axil 	114 
We always assume 	< 

	
The spectrum of A is a(A). 

X
max (A) := sup {X: A is in the spectrum of A} = sup {x*Ax: 

IIxII =1}isciefirleciforffermitianTi.A min uo is defined 

similarly. The spectral radius of a 'matrix A will be denoted 

by p(A). The support of a vector  x is supp x  := {i: x(i)0}. 

Finally, when dealing with infinite matrices we make believe 

that all suprema and infima are attained; this seems neater 

than introducing Os that eventually disappear. 

§2. The Basic Method and Applications to Fields of Values  

Let A be a matrix indexed by a set I. A collection of 

r subsets {C
kk  }

m+
1  of I will be called an (r,m)-regular cover of  = 

I if 0 < r < m and every i E I is in at least m of the C k 's. 

For example, if I = {1,2,...,N} and k < N/2, then we can 

take our cover to consist of all subsets of I of cardinality 

N-1 N-k. Every i E 	is in exactly 
(N-k-1)  of these sets, so 

N-1 
the choices m = (

N-k-1 ) and m+r = ( 	) give an (r,m)-regular 
N-k 

cover. The case k = 1 will correspond to investigations of 

(N-1) x (N-1) principal minors of A. For banded matrices, 

the following covers are useful (cf. [2], [3]). 
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Let 0 < r < m and for 1 < j < m+r define 

CO 

C. := 	u 	{i: j +n(m+r) < i < j + m-1 + n(m+r)}. 
n=- cO  

Simplystated,C.consists of integer intervals of length m 

separated by intervals of length r, and [j,j +m-1] c C j . 

Furthermore, every integer is contained in exactly m of the 

C j  , 1 s. The cover {C1 ,C2' . • .,Cm+r } will be denoted by C(m,r). 

For a given set of integers J, the cover of J determined by  

C(m,r) is simply {C1 n J,...,Cm+r  n J}. Some useful informa- 

tion is contained in 

Lemma 2.1. Let {c.} be an (r,m) regular cover of I. Let x 

be a vector indexed by I and A a matrix indexed by I. Then, 

(a) There is a c, so that Mx 11
2 

> m+ r - c j  	 and 

2 

	

Hx-x ic3  ji 	m+r •  1  

If, in addition, the cover determined by C(m,r) is used, then 

(b) supp(x-xl 	) cc. 	n 	n c. 
7 -111  

and if in addition A is r-banded for some r < m/2, then 

(c) supp(A(x-xl )) c cj+r+[r/2] 	 l 
hence by (b), both x-x, 

I , 	- 	 c, c j  
J 

and A(x-xl
lc 
 ) are supported on a common C.. 
, 	 3 J 

Proof.  (a) As in [2], we have 

2 m+r  mElx(i)I 	= E 	E 	lx(i)1 2 < (m+r) 	max 	E 	l x(i)2 
i 	 j=1 iEc, 	 lm+r iEc, 

from which (a) follows. 

For parts (b) and (c) we need only consider c i  = { 

[-m-r+1, -r], [1,m], [m+r+1, 2m+r],...} and note that xi cl 
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and 
x-xicl have disjoint supports and that due to the banded- 

ness of A the supp Aei  E 	 AL 

Our first use of Lemma 2.1 will be to bound the error 

in approximating the value of the quadratic form determined 

by a matrix with the values of two quadratic forms coming 

from complementary principal submatrices. Let A be indexed 

by I and let 114 = 1. Let C be an (r,m) regular cover of 

I, say C = {c i }. By Lemma 2.1 we have x = x 1  + x 2  with 

II x1 II 2  > mm  r  , supp x1  c c J  for some j and (supp x 2 ) n 

c. = 0. Now, 

x*Ax = (x +x 1 	2 	x1 +x2 ) = x*Ax 1 x2Ax2 xtAx 2 x 2Ax1 .  

Using the elementary bound 

q111x211 HA 	< 	 — m+ r }  max{ab: a 2 +b2 =1, b 2  > 	 lx*Ax2 I 	11  

m + r 11 A ll 

we have 

2ATE  lx*Ax - (x*Ac,x + x*Ac 	m+ r )1 < 	11All • 
J 	 J 

, —  

Recalling the definition of the numerical range of a matrix  

B, W(B) := {x*Bx: x*x = 1}, we have 

Proposition 2.2.  Let C = {c,} be an (r,m) regular cover of 

I, the index set of A. Then, for every z E W(A) there is a 

c. and numbers 0 < X < 1, z 1  E W(A
c 	 c .

), z 2  E W(A^' ) such that 
—  
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21/MT.  Iz 	(azi 	( 1-X)z2)1 < E7T. HAM • (2.1) 

Proof. Let z = x*Ax with ocu = 1 and decompose x = x1  + x 2 

 as above with supp x1  c c j . Since 

xAx 2 	1 1 1  x*Ac. x = xtAx i  = 
11x 1fl 	( 

J 2'  

and 

x*Ax 
1  E W(Ac. ), 

II xi II 2  

we see that X := 11x111 2 works. A 

	

Because of the 	on the right hand side of (2.1), 

these inequalities should be considered as "relative" error 

estimates for the approximation of x*Ax by convex combinations 

of elements of numerical ranges of certain (relative to C) 

complementary principal submatrices of A. We can repharse 

this in terms of Hausdorff distance. The Hausdorff distance  

between sets SS 2 of the complex plane is 

H(S 1 ,S 2 ) := max{ sup d(x,S 2 ), sup d(x,S 1 )} 
xES 1 	 XES2  

where d(x,T) := inf Ix-ti. For an (r,m)-regular cover C of 
tET 

I and a matrix A indexed by I, define 

m+r 
WC  (A) := u {convex hull of {W  (A

cc),W(A- )1}' 

	

i=1 	 i 	i  

Corollary 2.3. Let C be an (r,m) regular cover of I, the 

2141-E.  index set of A. Then, 	 WC  (A)) < m +r HAI' • 
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If C has the property that for every c i  E C there is 

c j  E C with c j  2 C i , then the bound given above is also a 

bound for H(W(A), convex hull of .[W(A,...,W(A))). 

	

cl 	cm+r 
 

In [5], Johnson obtained the nice bound 

Area (Wc (A)) N-2  
Area (W(A)) 	N+ 4 

where C is the cover of {1,2,...,N} given by c i  = 

11,...,N1\fil and WC (A) := convex hull of {W(A
cl 

W(Ac )}. If we use Corollary 2.3 to try to get a bound on 
N 

 

these areas, we end up with a lower bound of the form 

1 - 0(1/iff) which tends to 1 as N 	co but not as quickly 

as Johnson's rate. On the other hand the results presented 

here will apply to many more decompositions of matrices as 

well as to infinite matrices. We'll assume that c i  E C 

implies that for some j c i  c c j 
 .

E C, and we use the notation -  

WC  (A) := convex hull of {W(A ),...,W(Ac 	)} 

	

• c
1 	 m+r 

for a given (r,m)-regular cover C of the index set of A. 

First note that if W (A) c ]R, then A = A* because 

A*
c 
 = A

c. for all i. More generally, if W (A) is contained 

in a line segment, then W(A) is contained in the straight 

line containing the given segment. This is because there will 

be numbers of a,5 with (ea + 5I)* = aA + I. In either case 

Proposition 2.2 gives that W(A) is contained in a line seg- 

m 
4EF ment no longer than ---- 	plus the length of the segment + r 



length W, (A) 

length W(A) 	1 
4/ET- II A II m+ r 

containing W (A). That is, 

In the case that w (A) has interior points we use 

Lemma 2.4.  Let S1 2 S 2 be convex subsets of C with S 1 
having 

interior. If for every z E S 2 , there is w E S i  with lw- z1 < 

c, then 

area(S 2 ) - area(S1 ) < E• perimeter of S 2 ; 

Consequently, 

area(S 1 ) 	 perimeter(S 2 ) 

area(S 2  ) 	
1 - area(S 2 ) 

Proof.  We may assume S 2  is a polygon with sides of length 

6 and vertices z i ,...,zk . Let wi ,...,wk  be the points on Si 

 closest to zi ,...,zk  respectively. Since S i  is convex, the 

area between S 1 and S 2 is no greater than the sum of the 

areas of the quadrilaterals determined by consecutive ver-

tices of S 2  and their closest points on S i . This number is 

E • 6. k = 6° perimeter of S 2 . AL 

Using Corollary 2.3, Lemma 2.4, and the fact that 

perimeter(W(A)) < 27 h A i l, we have 

Corollary 2.5. 

area(Wc (A)) 4147tT. 	I1A11 2  
area(W(A))- 1 m + r area(W(A)) 
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Proof.  The unicity of y is well known. The existence of 

c. E C with Il x Ic. p P follows as in Lemma (2.1(a). The facts 

3  that p-1 + q-1   = 1 and that y(i) must be given by y(i) = 

sgn x(i)lx(i)I P-1  give the rest. A 

Now let z E F
P 
 (A), say z = y*Ax. With C an (r,m)- 

regular cover of the index set of A we have x = x l  + x2, 

y = yl  + y2  where xl  = x ici  and yl  = y lci  for some ci  E C 

satisfiying (2.2). Let a := IlxillPp and note that 

1 	1 	 Ilxillp_ IIyl II q  

( al/p xi )*( a 1/q Y1 ) - 1 - 
a
l/p a1/q 

Similarly, 1-a works for x 2  and y 2 . Writing 

z = y1Ax 1  + y2Ax 2  + yiAx2  + 

we see that the distance of z to the convex hull of F 	) p ci  

and Fp (A l a, ) is no more than lytAx2  + ypxi l. This can be 
I 

bounded in the standard way by 

where 

Using 

11x211 p 	1111211 q 	11All p  

11 A llp := sup f 11 AX Ilp 	IlXilp = 11. 

11 X211p < ( nJ  r)l/P 	11X1iI p  < 1 

and similar inequalities for y l  and y2 , we have 

Proposition 2.8.  Let A be an N x N matrix and let C be 



an (r,m)-regular cover of {1,2,...,N}. Let 1 < p < co and 

let F (A) be the union of the convex hulls of the sets p,C 

Fp (A lc. ), Fp (A l. ) for c i  E C. Then, 
I i 	I i 

H(Fp (A),Fp,c (A)) < 11A11 p  {(m-Fr r )1/1) 	(m+r)Vq} • 

§3. Bounds for Norms and Extremal Eigenvalues of Banded  
Matrices  

In this section we concentrate on Hermitian banded 

matrices and refine the estimates of Section 2 to obtain 

sharper results. We also consider extremal eigenvalues of 

finite non-banded Hermitian matrices and their relation to 

extremal eigenvalues of principal submatrices. 

Lemma 3.1. Let A = A* be r-banded and let m > 2r. Define 

S(m) := {E: E = [i+1,i+m] n I for some i}. 	(3.1) 

Then, 

HAM < {1 + 2 Arrr ITtir7} sup  MAE 11 : E E S(m) . (3.2) 

Proof. Let Ci ,...,Cm+r  be the cover of I determined by 

C(m,r). Suppose MAll = x*Ax where 114 = 1, x= x
1 

+ x2' 

supp x1  cC,supp x 2 sCi , supp Ax 2 EC
i

, j 	 Il x1 	- 11 2  > 	m  m+ r 

and 11x211 2<  WirT. 	We have used Lemma 2.1(c) here. Then, 

since 

1 0 

A = A* and A =E SA Ck 	EEC 	E, k 
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= x*Ax + x*Ax1 	2 + x*Ax 2  + 2Re(x*Ax2  ) 

( 11x1112+11x 2112) sup  11AE11 	E E S(m) } 

+ 2 	llAx2 11 

Now, since x 2  and Ax2  are both supported in C i , there is z 

with lizm = 1, supp z s C i , and HAx2 m = z*Ax 2  < 11x2 11 11A . 11 • 

Hence 

11A11 	< sup { IIAE ll : E E S(m)} {11x 1 11 2 + 2 I I x l  I I 	 2 } 

< sup{11AEll 	E E S (M) }max{ (a+b) 2 : a 2+b 2 = 1,a2  >  m  r }  

2 ATii = (1 + m -+r)suP {11AE ll E E S (R) }. A 

If A is, in addition to the above assumptions, non-

negative entry-wise, or more generally if IIA E II = P(AE ) 

holds for all E E S(m) and if HAM = p(A), we get the fol-

lowing: 

P(A) < {1 + m+  sup{p(AE ): E E S(m)}. 	(3.3) 

We state one - simple corollary. 

Corollary 3.2.  Let A be N x N, tridiagonal with non-negative 

entries. Then, for every m > 4 

P(A) < {1 + 	 171 } sup{ p (AE  ) ' • E E S (R) }. m + 2  (3.4) 

For example with m = 4, the constant is less than 1.94281. 



Proof. There is a non-negative diagonal matrix D such that 

B := DAD
-1  is Hermitian, in addition, p(B E ) = p(AE ) and 

p(B) = p(A) so we need only use (3.3) on B. Al. 

Remarks: (1) C. Johnson has obtained a result similar to 

this one. 

(2) The collection S(m) is considerably smaller than the 

collection of all m x m principal submatrices: S(m) 

has N + m-1 members and there are (
N ) m x m principal 

submatrices. 

(3) As m 	co, the constants in (3.2)-(3.4) tend to 1 like 

0(m
-1/2

) so there is some degree of sharpness, We don't 

know, however, if the rate is sharp. 

Perhaps, the best way to view many of the results here is 

to think of them as providing rates of convergence in the 

case that A 'is infinite. 

Now, if A is not self-adjoint but is r-banded we have 

A = S
1 

+ iS 2 where S 1 and S 2 are self-adjoint: S
1 

= 

1 	 1 
+ A*), S 2  = -f(A - A*). Since the function B 	BE  is 

1 
linear on the space of matrices, (S i ) E = -f AE  + 

1 
 AE so 

II (Si)Ell < IIAE II and H(S2)Ell < HAEll 	Therefore, 

HAM < HS 1 H + HS 2 H < c(m){sup H(S 1 ) E H + sup H(S 2 ) EHI} 
E 

< 2c(m) sup MAO 
E 

where c(m) = 1 + 	
r) t/Ir 

for m > 2r. 
m+ r 

Thus, we have the following estimates for banded A. 

12 



(a) 

and 

(b) 

0 

0 

< Amax  (A) 

< 	inf 
EES (m) 

- 	sup 
EES (m) 

Amin    (AE  ) 

) Amax (AE )  

- Amin    (A) 

< — 

< — 

2- r m )/ 	11All 	= 	
1/2 ) +  

2 Al 
m+ r 

i 
 H M A 	0 (m

-1/2
)

. 
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Proposition 3.3.  Let A be r-banded and let m > 2r. Then, 

< 2{l + MAM 	f 	,r1 )/_n} sup {11AEll 	: E E S(m)}. 

The method of Lemma 3.1 readily gives inequalities for 

extremal eigenvalues of Hermitian matrices. Let mxm = 1 

with x = x1 + x2 and xx2 satisfying the norm and support 

conditions stated in the proof of Lemma 3.1. Also assume that 

A is r-banded and m > 2r. Recall, x*Ax = x*Ax1  + x2 *Ax2 
+ 

 

2Re(x*Ax2  ). With S(m) as in Lemma 3.1, we have choosing x  

sothatx*Ax=Amin (A ) 

Amin  (A) 

	
11x111 2 Amin  (Ac  ) +IIx2  11 2  Amin  (Ac  ) 

1/E. 
m  2 
	 21/Ei  

	

max HAE II —
> inf Amin     (AE  ) m+ r max 	MAE ll • + r 

	

EES (m) 	EES (m) 	 EES (m) 

A similar inequality holds for Amax(A),  we summarize this in: 

Proposition 3.4.  Let A = A* be r-banded and let m > 2r, then 

The following test for positive definiteness of banded 

matrices now follows. 

Corollary 3.5.  Let A = A* be r-banded. If there is m > 2r 

such that all contiguous m x m submatrices of A have minimal 
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ATIF 
eigenvalue strictly longer than 2 ITt717T 11All 	then A is posi- 

tive definite. 

Remarks: (1) In the case that A is Toeplitz all A E 's are the 

same. With some regularity theorems on the symbol of A, Kac, 

Murdock, and Szego [7] proved that A .n(AE) 	Amin (A)=  

0(1E1 -2 ). This line of though was further developed by 

Widom and Parter in the 1960's. The monographs of Hirschmann 

and Hughes [4] and Wilf [8] contain more details and complete 

references. 

(2) Based on the results of [2] for the 9, co  norm we suspect 

that the correct rate in Proposition 3.4 is 0(m 1 ). 

(3) The results of this section can be extended to non-banded 

matrices simply by using the estimates used in Section 2. 

For example, the following result is similar to one of 

Johnson and Robinson [6; Theorem 3] but not as sharp; their 

bounds are of order 1/N and they also have inequalities for 

the intermediate eigenvalues. 

Proposition 3.6. Let A = A* be an N x N matrix. Define A i 

 to be the principal minor indexed by {1,2,...,N}\{i}. Then 

N 
(a) 0 < Amax (A) - maxA 	(Ai ) < 2/ig max 	E IA(i,j) . max  i 	j=1 

2 

1 + K  max IA(i,i)1 

and 



N 
(b) 0 < mina min 

 (A.) - 
Amin 

 (A) < 2//& max V E IA(i,j)I
2 

 j=1  

1 
+ N — max IA(i,i)1. . 

Proof. Consider the C(1,N-1) cover of f1,2,...,N} where 

c. = {1,2,...,N}\{i}, for 1 < i < N. Let 11x11 = 1 satisfy 
1 	1 	1 

x*Ax = Amax(A) with ixi i
2 
 < KT  for some i. Let x 2  = xi fil . 

So, x = xl  + x2  and x*Ax = xIAxi  + x2Ax2  + 2Re(xtAx2 ). Thus, 

* Armax(1)11xill
2 
 Armax(Ac."2II

2 
 Im 	+ 2Re(x1Ax i,i)1 	 2)  

< A 	(A. 	
N 

+ 	A(i,i) + 2 11x111 1lAx211 

1 	
141 	

N 
 < A 	(A.) + N — IA(i,i)1 + 2/ 	V E 	IA(i,j)1

2 
 . — max i  

j=1 

We've used the fact that x 2 (j) = 0 if j = i to get a good 

estimate of 11Ax2II  . The estimates for (b) are similar. 
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ABSTRACT 

Sufficient conditions for the existence of a bounded 

interpolating projection onto subspaces of C[0,1] are 

found. For spaces of piecewise polynomial functions the 

projection can be bounded by the B-spline basis condition 

number. Infinite interpolation problems are also considered. 

ii 
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§1. Introduction  

Let C[0,1] be the Banach space of continuous functions 

on the closed interval [0,1] and let S be a closed subspace. 

A linear operator P: C[0,1] 	S is called an interpolating  

projection if there are points {ti } in [0,1] such that P 

has the definition: Pf = s if and only if for all t i  

f(t i ) = s(t.). We establish here some sufficient conditions 

on S for there to exist an interpolating projection onto 

S and give bounds on the norm of such a projection in 

terms of the geometry of S. The main corollary is that 

for spline spaces of fixed degree there is always an 

interpolating projection whose norm is less than or equal 

to B-spline basis condition number. This means that the 

norm of the projection does not depend on the number of 

knots or their distribution. The proof uses the facts that 

the B-spline collocation matrix is totally positive and that 

spline spaces are weak Chebyshev systems. These same proper-

ties were used by Goodman and Micchelli [7] recently to prove 

convergence of interpolating spline functions on a fixed 

periodic bi-infinite simple knot sequence as the degree of the 

splines goes to infinity. It seems that the existence of 

interpolating projections with norm depending on only the 

local degree of splines was known only for the cases of degree 

1 (completely trivial), degree 2 (Marsden [11]), and degree 

3 (de Boor [2]). Most approaches to spline interpolation 
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have considered projection operators whose domains consisted 

of smooth functions or projections onto splines on uniform 

or quasi-uniform partitions or projections onto low degree 

spline spaces. The recent results of Jia [8] to the effect 

that, for high enough degree splines, interpolation at knot 

averages gives rise to projections whose norms grow with the' 

number of mesh points (for a geometric mesh) make the results 

of this paper a bit more interesting. than they would otherwise 

have been. The case of finite meshes is considered in 

Section 2 and that of infinite meshes in Section 3. 

In what follows we assume that S has a (Schauder) 

basis {0 i 
with the following properties: 

(1) there is a number m such that for all sequences {ai } 

m suplai l < II Ea • • II 	< supla.I 
— 

(2) for every choice of points {ti }, the collocation 

matrices (0 i (t i )) are totally non-negative, i.e., 

all minors are non-negative. 

§2. Finite Dimensional Case  

We first consider the case where the dimension of S 

is finite, say dim .S = N. Since P is an interpolating 

projection with range S, the requirement PO k 
= k 

forces 

it to have the form 

N N 
(Pf) (x) = 	E ( E 	a..f(t.))0.(x) 

1=1 j=1 13 	1 



3 

where {t,} are the interpolation points and the a ij 's 

satisfy (aij )
-1 
 = (q)j1 (t.)). By condition (1), 

(3) UPfll 	< max j13 
 a.. f(t.)I < 	Ilf11 max 

j 

 Ela,

j-.3 1 

and 

> m. max IE  a..f(t.3)1. 13  

If 

maxIE a..f(t.3)I = Ela. 	I ,  
j 

1 j 
i 	13 3 	0 

then by choosing f with IITII = 1 and Z(t,) = sgn a. 

	

J 	 1 j 0 
we get IIPII > IIPf II > m. max Ela. 41-  Thus, the problem i i  1 j 

of bounding the norm of P is equivalent, modulo the ' 

quantity m, to bounding the km  operator norm of the 

inverse of the matrix whose (i,j) th entry is (I) (t ). With 

the t vector norm hcm : = maxIx.1 1 and the associated matrix 

norm, we recall a result of de Boor [1]. 

Lemma 1. 	Let A be an n x n matrix whose (n-1) x (n-1) 

principal minors are all non-negative. Suppose there is 

a vector c such that (Ac)(i)(-1) i  > d > 0 for 1 < i < n. 

Then, A is invertible and H A-1 < I l C 11 / 6 . 

The key to our analysis is the following result which 

relies on a theorem of Jones and Karlovitz [9] which was 

used in a similar way in [7]. 

Lemma 2. 	Let S be an n-dimensional subspace C[0,1] having 
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a basis {4) 1 }1. 1  satisfying (1) and (2). Then there is s E S 

and points 0 < t 1  < 	< tn 	1 such that s(t i ) = (-1) 1 = 

(-1) 1 	, 1 < i < n. 

Proof. By (2) {cp 2 ,...,cpn } is a weak Chebyshev system. The 

Jones-Karlovitz result then says that there exist numbers 
n 

a2 ,...,an  such that the function (p i  - E a.(1). has points of i=2  

equioscillation, 0 < t 1 < 	< tn 	1. Multiplying this 

function by an appropriate number will make it have norm 1.A 

Remark. This proof replaces an earlier version that (unneces-

sarily) invoked the Borsuk antipodal theorem. The author 

thanks Charles Micchelli for pointing out, this simplification. 

Theorem 1. Let S be an n-dimensional subspace of C[0,1] 

satisfying (1)-(2), then there are points t 1  < 	< tn  

such that the interpolating projection P: C[0,1] 	S deter- 

mined by these points has norm no greater than m
-1 (from 

condition (1)). 

Proof. Let g E S satisfy: g(t i ) = (-1) i  = (-1) i  H g ll for 

some t 1  < 	< tn 
as guaranteed by Lemma 2. Let B = 

(bij
) = (I) (t )) be the corresponding collocation matrix 

where {I i }  is the basis for S satisfying (1)-(2). If 

g = Ey i , then 

1 = g(ti )(-1) i  = E c4.(t.)( - 1) i  = (-1) 1 (Bc)(ti ). 
" 1  

Since Mcil < m I 14 I I = k, Lemma 1 gives 11B- 1 11 	< rn-1 . 



By (3), 	IIPII< m-1. 

Since the condition number of the L. normalized B-spline 

basis is Dk,c0 ti 2 k , [3], we have 

Corollary. Let S be a finite dimensional polynomial spline 

space in C[0,1], then there is an interpolating projection 

onto S with norm <D — k,ce 

Remark 1. The use of Chebyshev's theorem makes the preceeding 

argument essentially univariate. 	The existence of nicely 

bounded interpolating projections -- or, more generally, 

projections determined by local, positive linear functionals --

in the case of multi-dimensional splines appears to be open. 

2. We have not proven that the points coming out of 

Lemma 2 are unique. Nevertheless, Lemma 2 does give a 

verifiable condition that might lead to a Remez type algorithm 

for determining an equioscillating spline on a given mesh. 

3. The fact that an interpolating projection onto a 

spline subspace could be bounded in terms of the (smallest) 

amplitudes of an oscillating spline function has been known 

for some time; it was made explicit by de Boor in [2]. 

4. The nature of the dependence of the points of inter-

polation on the given knot sequence and degree of the spline 

space is not revealed by the arguments in this paper. One 

natural question is whether or not one can choose good points 

of interpolation by using only local knot averages. 

5 
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§3. Spline Interpolation on Bi-infinite Meshes  

We consider the problem of interpolation of bounded 

data y: = {yi } by functions of the form 

CO 

E 	a.N 1 i,k i= 

where IN i,k
I are B-splines of order k on some prescribed 

bi-infinite mesh. We assume condition (1) holds. In the 

spirit of the preceeding section we show only that it is 

possible to find points {t i } such that for any given y 

tm  there is a unique g = Ea iNik  with g(t i ) = yi  for all i 

and 119- 11 < Dk, 0 
 HYll • Problems of infinite interpolation 

have been considered by several authors. In particular, 

both Micchelli's paper [12] and de Boor's [4] discuss their 

historical antecedants: the work of Schoenberg and Subbotin. 

The results of §2 insure that for each M > 1, there are 

points {ti1: 	1 < M} such that 

6 • 

By [5], 

(4) 	II (N. ,(j.1)) -1 	< Dk. 3,.1%. 	1 	lil<m 	— 

IJIm 

t. E {x: N. 	(x) > D 1  }. By a diagonal-argu- 

	

1,k 	— k,c0 

• CO 

{t i: 	< i < col and {M} such that 

mt  
lim t. =t.. 
2,÷0, 

By continuity of matrix inversion, 

-1 	 Mt -1 
lim H(N. 	( 	) 	- (N. tAt. )) 	= 0k
t÷co 	

iii<m 

IjI ^ M 	 IJ114 
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for any M. Thus, by (4) the finite sections of (N i,k (ti )) 

have inverses bounded by Dk,co . Let BM  denote the matrix 

(N 	(t.)) j,k 1 	. 
1115-M 
IjI<M 

By Lemma 1 of [5], 

. 	. lim Bm
1  (1 ' 3) =: C(i,j) 

exists for every i,j. Furthermore, the uniform (in M) 

1 exponential decay of B (i,j) as li-j1 + cc', [6], insures 

that EIC(i,j)1 converges; therefore, we can assert 
J 

EIC(i,j)1 = E lim1B141 (i,j)1 
j 	 j M 

1 = lim E1B 	(i,j)1 < D 	. M 	- k,co M j 

Now, for any i,k E C(i,j)N j (tk ) = E lim B141 (i,j)Nj (tk) = 
J M 

- lim E B
M

1  (i,j)N j (tk ) = 6 i,k . Similarly (N j (t i ))C = I. 
M j  
So we have the following from which the interpolation results 

stated in the first paragraph of this section follow. 

Proposition. Let {N.,} be B-splines of order k on a given 

bi-infinite mesh. Then, there are points {t i } such that 

(Nj,k(ti)) -1 11Dk, oz,- 

Finally, it is clear that the arguments used here apply 

in the semi-infinite case. 

Mi-co 
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