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FINAL SCIENTIFIC REPORT FOR AFOSR GRANT 82-0329

Investigations into the spectral and invertibility properties
of band matrices and other classes of sparse matrices were carried
out. Mathematical techniques used included methods from classical
approximation theory, from the spectral theory of self-adjoint
operators, and from the theory of Banach spaces. Computer experiments
were used to help formulate problems and to search for counterexamples.
The main scientific content will appear in five papers. Three of these
have been submitted for publication and accompany this report. The
other two will be forwarded to AFOSR on completion. We now give short
summaries of each of these papers together with a discussion of other
results and observations we made which, while not suitable for pub-
lication now, might be useful to the sponsor and other readers of this

report.

l.Decay Rates for Inverses of Band Matrices (written with W.F.
Moss and P.W. Smith), to appear in Mathematics of Computation, 1984.

Spectral theory and classical approximation theory are used to
give a new proof of the exponential decay of the entries of the
inverses of band matrices. The rate of decay is bounded in terms of
the extrema of the spectrum of the absolute value of the matrix. The
rate predicted can be attained in some cases. These results are then
used to establish the exponential decay of the eigenvectors for a
class of generalized eigenvalue problems, to establish exponential
decay of inverses of certain sparse but non-banded matrices, and to
prove exponential decay for the Moore-Penrose inverse of full rank

banded rectangular matrices.

2.Spectral Inequalities for Principal Submatrices, submitted to

Linear Algebra and Its Applications.
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The problem of obtaining spectral information about a given matrix
from its submatrices is studied. Inequalities relating the extremal
eigenvalues of Hermitian matrices to like quantities of certain
principal submatrices are obtained. The spectral norm of a matrix is
bounded in terms of the spectral norms of some of its principal
submatrices. The Hausdorff distance between the numerical range of a
matrix and the convex hull of the numerical ranges of certain of its

principal submatrices is bounded.

3.0n the Existence of Interpolating Projections onto Spline
Spaces, submitted to Journal of Approximation Theory.

It is shown that for subspaces of the continuous functions on
the unit interval that have B-spline like bases there is an inter-
polating projection whose norm depends on only the condition number
of the basis. The relation between the norm of the projection and the
condition number of the associated B-spline collocation matrix is

exploited.

4.Condition Numbers of Rectangular Matrices and Bounds for
Generalized Inverses, in preparation.

A notion of intrinsic condition number of a rectangular matrix
is defined and shown to enjoy some properties of the classical
condition number. For example, the relative distance to the set of
all matrices of smaller rank is the reciprocal of the intrinsic
condition number. The question of whether a matrix with a small
intrinsic condition number must also have a generalized inverse of
small norm is then studied. The answer turns out to be norm dependent.
In particular, for the maximum norm the answer is "no" while for the

sum norm the answer is "yes." These results are consequences of recent
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deep results in the geometric theory of Banach spaces.

5.Spectral Bounds for ||A'll, , in preparation.

The problem of bounding | &', in terms of the distance of the
spectrum of A from zero is considered. It is shown that if A is
banded and positive definite then ||Aﬂhj< cukﬂﬂqwhere c depends on
only the bandwidth of A and the spectral norm of A. The argument
relies on a Chebyshev series expansion of the inverse of A. We
conjecture that the correct exponent is 1. The case of bi-infinite

Toeplitz matrices is also considered.

6.0ther Findings.

(a) .We observed that a theorem of Shmuel Friedland implies that
if A is an N by N positive definite matrix, then there is a diagonal
matrix D such that the spectral radius of I-DA is zero. This implies
that there is an iterative method for Ax=b based on D which converges
in N steps and which is readily vectorizable. The catch is that it is
virtually impossible to find such a D. However, the gap between current
technology and what is theoretically possible is large and might be
worth investigating. Friedland's proof is quasi-constuctive in that
it is bases on a variational principal. I have discussed this with him
but to date no progress has been made.

(b) .We briefly considered an abstract marching technique for banded
linear systems. Discussions with other mathematicians revealed that the
method of parallel shooting was very similar to a concrete realization
of our method. Consequently, we did not feel that further development

would be an efficient use of time.
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Abstract
Spectral theory and classical approximation theory
are used to give a new proof of the exponential decay
of the entries of the inverses of band matrices. The

1 can be bounded in terms of the

rate of decay of A~
(essential) spectrum of AA* for general A and in terms
of the (essential) spéctrum of A for positive definite A.
In the positive definite case the bound can be attained.
These results are used to establish the exponential
decay for a class of generalized eigenvalue problems and
to establish exponential decay for certain sparse but

non-banded matrices. We also establish decay rates for

certain generalized inverses.



1. Introduction

The exponential decay of the entries of inverses of
band matrices has been of some use in establishing local
rates of convergence of spline approximations [K], [Kaml],

[D] and in bounding the L_-norm of the orthogonal projection
onto spline spaces [deB2] and tMit]. Kershaw proved a result of
this nature for tridiagonal matrices and Descloux's paper

[Des] contains such a resultfor Grammian matrices arising

in finite element approximations although exponential decay

is not explicitly mentioned. Fdr general banded invertible
matrices the first proof appeared in [D]. A later proof

in [deBl,3] gave explicit estimates for the rate of decay.

In this paper we use spectral theory and a result of

Chebyshev on the best of approximation of (x—a)—l by
polynomials to give a new proof. The bounds on the rate

of decay obtained from this proof appear to be sharper

than those previously known and are actually attained

in some cases. In addition, the method of proof easily

extends to certain generalized inverses and certain non-

banded matrices. We show that the rate of decay for a~l

given by our method depends on only the essential spectrum

of AA* and is, thus, stable under banded compact perturbations.
This fact is used to establish the exponential decay of

the eigenvectors of certain generalized eigenvalue problems.

There are two key ideas. First use spectral theory to write

|[a-pa) || = max [1/x - p(x)]
xea (A)

for any positive-definite operator A and any real polynomial p.

Secondly, use approximation theory to estimate the best error.



2. Exponential Decay

We begin with a few preliminary remarks and definitions.
Let H be a complex, separable, ﬁilbert space and let B(H)
denote the Banach algebra of all bounded linear operators
on H. If Ae B(H) then we can represent A as a matrix
with respect to any complete orthonormal set. Once a
particular representation is chosen, we may regard A as
an element of B(RZ(S)) where S={1,...,N}, Z+, or 2.
In this setting the usual matrix product defines the action
of A. Throughout this paper we will assume that the above
identifications have been made and will reserve the letter
A for a matrix representing a bounded operator in B(RZ(S)).
For such matrices A we will say that A is m-banded if there

is an index 2 so that
A(i,j) = 0 if j ¢ [i-2,i-2+m].

We will say that A is centered and m-banded if m is even
and the % above may be chosen to be m/2. Thus, for a

centered m-banded matrix one has
A(i,j) = 0 if |i-j|>m/2 .

Notice that self-adjoint matrices are naturally centered
and, for example, a tridiagonal self-adjoint matrix is

centered and 2-banded.



As mentioned in the introduction we combine certain
approximation theoretic results with the spectral theorem
in order to obtain estimates for the exponential decay
rate of A", Let m  denote the polynomials of degree
less than or equal to n. If K is a subset of the complex

plane ¢ and £ is a crixed complex valued function on K we

define

: ze K}

€11, := supl|£(2)

e (K) : inf{||£f-p| g Pem ).

We are now ready to state a proposition which is just a
corollary of a result of Chebyshev Mein, p. 331, but which

is of fundamental importance to all that follows.

Proposition 2.1. Let f(x)=1/x and let 0< a< b. Set

r=Db/a and
(2.1) g :=g(r) := (V/r-1)/(/T+ 1) .
Then
. 2
_ (1+r*) n+l
(2-2) en(l’.a,b]) = T o



This exponential rate of approximation readily yields
exponential decay of the inverse of a banded positive
definite matrix as the next proposition shows. We will

let 0(A) denote the spectrum of the matrix A.

Proposition 2.2. Let A be a positive definite, m-banded,

bounded and boundedly invertible matrix in 22(8). Let

(a,b] be the smallest interval containing o (A). Set

r=b/a, a=qg(r) as in (2.1l), and set C0= (1+r%)2/(2ar) and

A::qz/m. Then we have
(2.3) a"1i,5) | s cx li-31
where C := C(a,r) := MAX{a-l,C }

0

Proof: Since A is positive definite and invertible we have

0< a< b and we know that A is centered. Thus Ak is centered
and km-banded for k=0,1,2,... . Thus if pe T then p(Aa)
is km-banded and centered. From Proposition 2.1 we know

there exists a sequence of polynomials p - T satisfying

-4-



n+l

An application of the spectral theory [R] yields

-1 _ _ _n+l
[1a"=p @) || = |[1/x=p [|;a) =Coq ~ -
Now writing |i-j|==%?+-k for k=1,...,m/2 and i# j we see

that |i-j|2/m< (n+1l) and hence

A1, 9) | = a9 - p @) (9 | < [[aT-p @) | [scpal il

In case i=3j note that 1/a==||A_1||, and (2,3) follows,
This completes the proof of Proposition 2.2.

The phenomenon of exponential decay is certainly not
restricted to positive definite band matrices. In fact,
we can use the preceeding proposition to prove a more
universal result. For any matrix A, we will say that A is

quasi-centered if the central diagonal (i.e. (i,i)) is contained

within the nontrivial bands. For example if s={1,...,N} or
Z+ then A« B(RZ(S)) is invertible only if A is quasi-centered.

This is of course not true for Ac zZ(Z).

Proposition 2.3. Let A be m-banded, bounded and boundedly

invertible on ZZ(S). Let [a,b] be the smallest interval

containing o (AA*). Then setting r=b/a, g=g(r) as in

1/

(2.1), and A1= q q,there is a constant C, depending on A

1

so that



(2.4) A", 9) | < clxll'JJ .

If A is quasi-centered then we may choose C,= (m+l)||A||XImC(a,r).

This result follows immediately from Proposition 2.2,

the observation that

1 1

ATT = A% (AA%)

and the fact that ||A|| = ||A*|

We collect these results in a theorem below which will
allow us to compare them with earlier estimates. First let
us note that if A is positive definite and invertible then

_l|

| ||| = max{s: se o(A)}. We will set cond(a) := ||A]||]]|A

Note that since B(QZ(S)) is a B*-algebra, then
cond (AA*) = [cond(A)1% .

Theorem 2.4. Let A and A-l be in B(QZ(S)). Then if A is

positive definite and m-banded we have

(2.5) 211,49y < cali=dl

where

A = <¢cond(A = i)z/m

(2.6)
veond (A) +

and

(2.7) c = ||&Y max{1,(1+ /Cond(AY)2/(2cond(a))} .



If A fails to be positive definite but is still m-banded,

quasi-centered, bounded and boundedly invertible then

(2.8) a1, < clxli‘j|

where

- R

and

(2.10) C, = (m+l)lzm||A_l|lcond(AXmax{l,[l;;gg?ng)]2/2}

We remind the reader that if S= Z+ or {1,...,N} then
the quasi-centered hypothesis is redundant and if S=12

we may reindex A by a shift so that it is quasi-centered.



3. Examples and Comparisons

In the previous section we derived several results
concerning exponential decay of the inverse of band matrices,
culminating in Theorem 2.4. In this section we will
present some examples indicating the precision of the
estimates in Theorem 2.4 as well as comparing this result
with the earlier estimates of [deB3].

We first show that the exponential rate in (2.5) can
indeed be attained. Let 0< s< 1 and consider the tridiagonal

Toeplitz matrix A= trid(s, l+sz,s) in 22(2) with symbol
_ -1
A(z) = (z+s)(z "+ 58)
Now it is well known [Goh] that
- _ - 2 2
o(a) = {A(z): |z|=1} = [(1-s8)°,(1+s)"].

Thus from Proposition 2.2 or Theorem 2.4 (2.5) we have for i#j

A"t s 2 slinI
(1-s7)
On the other hand we can compute A—l directly using the

Laurent expansion for 1/A(z) which converges in a neighbor-

hood of the unit circle yielding

al(i,9) = (1- 83 L(-s 173



Thus we predict the precise exponential decay rate in this
case but our constant is pessimistic. This should come as
no surprise since thefe is clearly something lost in the
inequality |a™1(i,3)| = ||a™l-p_(a)|| which is used in
the proof of Proposition 2.2.

Next, consider the positive definite matrix A with

1 1 -1

+.%)(z+-—)(z +-%). In this case

symbol A(z) = (z+-%)(z- 3

one may verify that
c(A) = [9/64, 225/64] .

Thus Proposition 2.2 or Theorem 2.4 would predict an
exponential decay rate of v2/3 = .82 whereas it follows

from the Laurent series for 1/A(z) that

a~l(i,4)] < c2”1E3L
In this case we see that a conservative estimate has been

obtained.
In the Rz(s) setting [deB3] obtained the estimate

(cond (a))2 -1 Y1/2m

(cond (A)) % + 1

for the decay rate of the inverse of an arbitrary m-banded

matrix. We note that the A, in (2.9) is smaller. However,

1
deBoor also obtained results for all p. 1In particular, as



Demko has pointed out [DJ], once it is known that a banded
matrix A is bounded and boundedly invertible on some
2P(s) (1<p< =) then in fact it is bounded and boundedly

invertible on all RP(S). Thus setting

condp(A) = ||A||p||A-l||p

deBoor showed [deB3] that the exponential decay rate for
the inverse of an m-banded matrix is bounded by
(cond_ (A) )P -1 \1/pm

(3.1) .
(cond, (a))P+1

Thus, for instance, if A is totally positive Toeplitz then
one can see [H, Thm. 6] by a result of deBoor that condp(A)
is constant in p and hence the best choice for p in the
above setting would be p= 1. Interestingly, this reduces
precisely to our Xl in (2.9). If we had assumed in
addition that A was symmetric then we would have had the
better estimate X in (2.6). It is not easy to compare
these results but we feel confident that Theorem 2.4 is
superior if for no other reason than finding the best p

in (3.1) seems to be a difficult task in general.

~10+~



4. Extensions and Eigenvectors

This section is devoted to certain refinements of
Theorem 2.4. The results in this section were motivated
by some eigenvalue computations of the second and third
authors which will be reported elsewhere. For the rest
of this section we wili assume that S is either Z or z+.

As mentioned earlier B:= B(ZZ(S)) is a B*-algebra
and the set C:= C(ZZ(S)) of compact operators is a two
sided ideal in B(RZ(S)). Then the following facts are
known [B] and [F]. The quotient space B/C is a B*-algebra

and the quotient map

v:B+>B/C

satisfies Ge(A):= g(v(A)) < o(A)

where we use the symbol O to dethe the essential spectrum
of A, that is the spectrum of the element v (A) in B/C.

The object B/C is known as the Calkin algebra. In

addition the norm in the Calkin algebra is called the

essential norm and will be denoted by

[[Aallg == [Iv@®) || := inf{]|A-K[]: KeC }.

Of course, the essential condition number will be
cond, (a) := ||al| |[a7!]]
e : e e °
Finally we remark that if A is self-adjoint and U is an
open neighborhood of Oe(A), then the complement of U

-11~-



contains at mos£ finitely many points of o(a).
Recall that in the proof of Proposition 2.2 we used

the inequality
-1
Ha“=pa® [ = [11/x=ppllga) s H1/x=p 111,47

where o (A) c [a,b]. Now it is quite possible that the
inequality above does not always yield sharp estimates.
This is indeed the case as will be illustrated by the
following theorem whose proof is quite similar to the

proof of Theorem 2.4.

1

Theorem 4.1. Let A and A ~ be in B(QZ(S)). Then if A

is positive definite and m-banded set

(4.1) A=

/cond_(a) - 1 )Z/m
/conde(A$+ 1 )

For any Y > X there is a constant C2==C2(Y,A) so that

(4.2) A7l | s opy /P

If A fails to be positive definite but is gquasi-centered,

m-banded, bounded and boundedly invertible set
onde(A)- 1\ 1l/m
(4.3) Ay = .
1 conde(A)+ 1

= C3(Y,A) so that

For any Y > A, there is a constant C

1 ¥

-12-



(4.4) a7, 9) | 5 gyl

Proof: Of course, (4.4) follows from (4.2) by considering

a1z s (AA*)_]'

just as in Proposition (2.3). In order to

prove (4.2) we use an approximation lemma.

Lemma (4.2). Let D=T[a,blu {xl,...,xk} be a subset of

the positive real axis and let f(x) = 1/x. Then there is

a constant R= R(xl,...,xk,a,b) so that

e (D) < Rqn-k+1

where g= gq(b/a) as in (2.1

Proof; Let ren interpolate f at XyreeerXy and let

k-1
v (x) = (x—xl)...(x-xk). Note that

(1- xr)

UJ = -f[xlpooo’xk] = Fk -

Now compute

inf ||f—p||D < inf | |f- (r+-wpﬂ|D

pem PeT__x

IA

. £
inf [1¥]lca,p1! 155~ - Pllta,p
PeTn-x

|‘w||[a,b]|Fk| inf ||f'P’|[a’b]
PeTh-x

| IW' |[a’b] |Fk|en_k([arb])

< Rqn-k+l

-13-



where the last inequality follows from Proposition 2.1.

This completes the proof of the Lemma.

Returning to the proof of (4.2), let y> A be given,
let [a,b] be the smallest interval containing ce(A), and

choose € > 0 so that 0< a-¢ and

Y .

(q(2X5)) 2/ «

Then there exists a number k and 0«< x1< eee< xk so that

c(A) c¢ (a-e€, b+e)u XyU «eou X 2= D .

Thus by Lemma 4.2 we can find polynomials Phe Ty satisfying

-k, n+l
[[£-p,llp ¢ (Ra Ma .

The proof of Theorem 4.1 is now completed in the same
manner as Proposition 2.2.
Theorem 4.1 can yield significantly better estimates

than Theorem 2.4. For example

Corollary 4.3. Let A = I+ K be banded where K is compact

and I is the identity operator. Then if I+ K is invertible

we have for any y> 0 there is a constant C=C(y,A) so that

a"l(i,4) | < cyliIl,

-14-



We refer to such behavior as decay faster than any
exponential. This corollary follows from Theorem (4.1)
by noting that conde(A)= 1 and hence Xl= 0 in (4.3).

Exponential decay can also be observed in certain

generalized eigenvalue problems.

Corollary 4.4. Let A be m-banded, bounded and boundedly

invertible. Let K be compact so that A+ K is m-banded.

Suppose u# 0 and Xxe RZ(S), x# 0, satisfy (A~ uK)x=298.

Then for any Yy> A, (A, as in 4.3), there is a constant C= C(Yv,A,K)

1 1

so that

|x(i) | = eyl

Proof: Define the projections P, by

N

ey if 3] =N

otherwise

|®

Here gj are the standard unit vectors, gj(i)= § Set

ij’

Ky = PyKPy and note that Kg is m-banded and | |k - KN||+ 0

as N> o, It follows that for some N, A=~ u(K-KN) is boundedly

invertible and hence

= - -1
X = WA= (K= Kg)) “(Kgx) .

This yields the result since

conde(A- u(K-KN)) = conde(A)

-]15~



and KNE is finitely supported so that x can be seen to

be a finite linear combination of the columns of (A- p(K- KN))-l.
We close this section with a result on generalized

inverses of band matrices which is valid in both finite

and infinite dimensions.

Corollary 4.5. Let A be an m-banded, bounded linear operator

from 22(51) onto 22(52) where S, and S2 are chosen from

1
{1,...,8}, z7, or Z and let AT denote the Moore-Penrose

inverse. Let A, be as in (4.3) if S2 is infinite dimensional

1
or as in (2.9) otherwise. Then for any v> Al there is a

constant C=C(y,A) so that

ati, 9| < eyl 731

*
Proof: By the open mapping theorem AA is boundedly invertible
+ 1

* K -
on 22(52). Now A ' =A (AA ) and the result follows just
as in Proposition 2.3. For more information on generalized

inverses the reader may consult [Ben].

-16-



5. Remarks
It has been recognized for some time that exponential
decay is manifested in the inverses of sparse (but not
necessarily banded) matrices, see for example [deBl].
The technique of Section 2 (and its extensions in section
4) yields such a result in a simple way. For any matrix

Ae QZ(S) let us define the support sets

n 3
Sn(A) = U {(113) t A (113)# 0}

Dn(A) := (Sx S)\Sn(A) .

Proposition 5.1. Let A be positive definite bounded and

boundedly invertible on QZ(S). Then

n+l

(5.1) sup{ 2”1 (1,3) | : (i,9) eD_(A)} s cga

where C0 and q are as in Proposition 2.2.

The proof of this proposition follows the lines of
Proposition 2.2 and we omit the details. The following

examples illustrate the generality of Proposition 5.1.

Example 1. Suppose A is positive definite and block
banded where each block is itself banded. Then the sets
Sn(A) and hence Dn(A) would give a much better idea of

1

the decay of the entries of A"~ than would the results of

Section 2.

-17-



Example 2. A is positive definite and tridiagonal
with the exception that (l1,n) and (n,l) entries are non-
zero. Then A_l decays away from the mainaiagonal and away
from the corners (at least until Dn==¢). Such matrices
arise in spline interpolation of periodic data.

Example 3. If {f.}. is a local well conditioned

i 1eS

basis in L for a space of finite element approximations,

2’
then taking A= (<fi,fj>) where <-+,+*> denotes the inner

product in L2, we see that the biorthogonal functions

_ -1,. .
fbi(X) —§A (1.J)fj

satisfy

and decay exponentially to 0 as x moves away from the

support of fi’ provided that the supports of the fj

satisfy a global mesh ratio restriction. A precise

formulation can be found in a paper of Descloux [Des],

in which the idea of exponential decay is already implicit.
We conclude this paper with some remarks concerning

the generality of Propositions 2.1 and 2.2. There are two

key ideas here. First use spectral theory to write (f(x) = 1/x)
2™t -p@) || = |1£-p]]
o (A)

and secondly use approximation theory to estimate the best

error ||f- p||o(A)' In all our propositions we arranged

-]18-



it so that o(A) was a subset of the positive real axis

(ie A (or AA*) positive definite). The spectral theory
applies more generally to normal matrices and Bernstein's
theorem (see [M], p. 114) can be used in place of Proposition

2.1, but we were unakle to see how to use this extra freedom

guantitatively.

-19-
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by
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Abstract

The problem of obtaining spectral information about a
given matrix from its submatrices is addressed. The Hausdorff
distance between the numerical range of a matrix and the
convex hull of the numerical ranges of some of its principal
submatrices is bounded. Similar results for the Bauer field
of values subordinate to an Qp nbrm are also found. The
spectral norm of a matrix is bounded in terms of the spectral
norms of certain principal submatrices. Inequalities relating
the extremal eigenvalues of Hermitian matrices to like
quantitites of principal submatrices are also derived.
Particular attention is paid to the case of banded matrices.

The main technique is a simple decomposition method.
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§1. Introduction

In this paper we exploit a simple decomposition technique
to obtain spectral information about a given matrix in terms
of similar information about some of its principal submatrices.
The basicbmethod is presented in Section 2 and is there used
to bound ﬂmaHaﬁsdorff distance between the numerical range
of a matrix and the convex hull of the numerical ranges of
some of its principal submatrices. Analogous results for
the Bauer fieid of values with respect to an £p norm are
also discussed. Using a different method, Johnson [5]
obtained bounds on the ratio of the area of the numerical
'range of an N x N matrix to the area of the convex hull of
the numerical ranges of the (N-1) x (N-1) principal sub-
matrices. When specialized to this case our results do not
give as good ah estimate as Johnéon;s, but nevertheless do
tend to 1 as N goes to infinity. 1In Section 3, we consider
extremal eigenvalues of Hermitian matrices with special
emphasis on band matrices. The main results along this line
can be interpreted to show that the extremal eigenvalues
of m X m principal sections of infinite Hermitian band
matrices converge to the extrema of the spectrum at least

like O(m 172

). By extremal eigenvalues here we mean the
supremum (infimum) of the largest (smallest) eigenvalues of
all m x m contiguous principal submatrices. In the Toeplitz

case results of this type go back to Szegdé cf. [4, p. 3].



We consider complex, square matrices of arbitrary count-
able dimension. If A is a matrix indexed by a set I and if
J ¢ I, then A denotes the submatrix indexed by J. For a
set J,|J| denotes the cardinality of J and J denotes the com-
plement of J (with respect to some previously defined super-
set of J). Except for a diversion in Section 2 we use the
usual 2, norm: ||x||2 := x*x, ||A|] := sup{ ||ax]|| : ||x]|] = 1}.
We always assume |[|A|| < =. The spectrum of A is o(A).
Amax(A) := sup {A: X is in the spectrum of A} = sup {x*Ax:
||x|]|] = 1} is defined for Hermitian A. Amin(A) is defined

similarly. The spectral radius of a matrix A will be denoted

by p(A). The support of a vector x is supp x := {i: x(i) #0}.

Finally, when dealing with infinite matrices we make believe
that all suprema and infima are attained; this seems neater

than introducing e's that eventually disappear.

§2. The Basic Method and Applications to Fields of Values

Let A be a matrix indexed by a set I. A collection of

subsets {C i:i of I will be called an (r,m)-regular cover of

K3

I if 0 <r <mand every i ¢ I is in at least m of the C

L
x °-
For example, if I = {1,2,...,N} and k < N/2, then we can

take our cover to consist of all subsets of I of cardinality

N-1
N-k-1

) and m+r = (ka) give an (r,m)-regular

N-k. Every i ¢ I is in exactly ( ) of these sets, so

( N-1
N-k-1

cover. The case k = 1 will correspond to investigations of

the choices m =

(N-1) x (N-1) principal minors of A. For banded matrices,

the following covers are useful (cf. [2], [3]).



Let 0 < r <m and for 1 < j < mtr define

.
A

@

Cy = v {i: j+n(m+r) < i < j + m-1 + n(m+r)}.
n=—©

Simply stated, Cj consists of integer intervals of length m

separated by intervals of length r, and [j,j+m-1l] ¢ Cj.

Furthermore, every integer is contained in exactly m of the

Cj's. The cover {Cl,C r} will be denoted by C(m,r).

2,-.-,Cm+

For a given set of integers J, the cover of J determined by

C(m,r) is simply {Cl n J,...,Cm+r n J}. Some useful informa-

tion is contained in

Lemma 2.1. Let {cj} be an_(r,m) regular cover of I. Let x

be a vector indexed by I and A a matrix indexed by I. Then,

" . 2 m
(a) There is a cy so that Hxlc I© > 4+ and
=%y 1% < =5 :
|cj —m+r °

If, in addition, the cover determined by C(m,r) is used, then

C. e (o]
J+r n n

(b) supp(x-x ) c .
c.’ = +m
| 3 ]

and if in addition A is r-banded for some r < m/2, then

(c) supp(A(x-xl ))

ey c cj+r+[r/2] hence by (b), both x—xlc

. J
and A(x—xlc ) are supported on a common cj.
J .

Proof. (a) As in [2], we have

‘ 2 _ M 2 | 2

mg|x(i) |[© = & T |x(1)]|° < (m+r) max I |x(1) ]

i j=1 iec, 1<j<m+r iecj
from which (a) follows.
For parts (b) and (c) we need only consider cl = {...,

[-m-r+1l, -rl, [1,m], [m+r+l, 2m+r],...} and note that x|c
’ 1



and x—xlcl have disjoint supports and that due to the banded-
ness of A the supp Ae; ¢ [i—%,i+%]. A

Our first use of Lemma 2.1 will be to bound the error
in approximating the value of the quadratic form determined

by a matrix with the values of two quadratic forms coming

from complementary principal submatrices. Let A be indexed

by I and let [|x]| = 1. Let C be an (r,m) regular cover of
I, say C = {cj}. By Lemma 2.1 we have x = X + X, with
||xl||2 Z-nﬁrr » SUPP X; < cj for some j and (supp x,) n
cj = g. Now,
— a - *
X*Ax = (xl-sz)*A(xl-sz) = xiAxl + xEAx2-+xle2-+x§Axl.
Using the elementary bound
|xtaxy| < 1)l 1%, )1 1Al < [|A]| max{ab: a2 +b2=1, b2 > -0}
1 721 = 1 2 — ) ! — m+r
ymr
T m+r wIA” !
we have
2vmr
|x*Ax - (x*A_ x + X*Ac.)l <257 Al

J J

"Recalling the definition of the numerical range of a matrix

B, W(B) := {x*Bx: x*x = 1}, we have

Proposition 2.2. Let C = {cj}ke an (r,m) regular cover of

I, the index set of A. Then, for every z ¢ W(A) there is a

cj and numbers 0 < A <1, z, € W(ch), z, € W(Agj) such that .



| 2/mz
|z = (z; + (1-0)zp) | < 228 (|4 . (2.1)
Proof. Let z = x*Ax with ||x|| = 1 and decompose x = x) + X,
as above with supp X < Cj' Since
*Ax
2 *1%%
xeng x = gy = g2 Iy
; e, |
and
x*Ax
—i—_%f'e wia, )y
I, | ;
we see that A := ||xl||2 works. A

Because of the ||A|| on the right hand side of (2.1),
these inequalities should be considered as "relative" error
estimates for the approximation of x*Ax by convex combinations
of elements of numerical ranges of certain (relative to C)
complementary principal submatrices of A. We can repharse

this in terms of Hausdorff distance. The Hausdorff distance

between sets Sl’SZ of the complex plane 1is

H(s,,S,) := max{sup d(x,S,), sup d(x,S,)}
1772 2 - 1l
xeSl xeS2

where d(x,T) := inf |x-t|. For an (r,m)-regular cover C of
- teT : -
I and a matrix A indexed by I, define

" m+r _ .
W,(A) := u {convex hull of {W(AC )'W(AE )}
i=1 Ci i

Corollary 2.3. Let C be an (r,m) regular cover of I, the

2/mr

m
— m+r

2]

index set of A. : Then, H(W(A),WC(A))



If ¢ has the property that for every C, e C there is

cj e C with ¢y 2 Ei’ then the bound given above is also a

bound fof H(W(A), convex hull of {W(AC ,...,W(AC Y1) .
1 mtr
In [5], Johnson obtained the nice bound

Area (&C(A)) n-2
Area (W(A)) = N+ 4

where C is the cover of {1,2,...,N} given by c; =

{1,...,N\{i} and WC<A) := convex hull of {W(A_ ),..-,
_ : 1
W(AC )}. If we use Corollary 2.3 to try to get a bound on
N
these areas, we end up with a lower bdund of the form

1l - 0(1//N) which tends to 1 as N + w-but not as quickly

as Johnson's rate. On the other hand the results presented
here will apply to many more decompositions of matrices as
well as to infinite matrices. We'll assume that c, € C

1l

implies that for some 3 C; € Cj'€ C, and we use the notation

WC(A) := convex hull of {(W(a_ ),...,W(Aa )}
‘ ‘c, c
1 m+r

for a-given (r,m)-reqular cover C of the index set of A.
First note that if WC(A) ¢ R, then A = A* because

Aé = Ac for all i. More generally, if QC(A) is contained
i i
in a line segment, then W(A) is contained in the straight

line containing the given segment. This is because there will
be numbers of a,B with (¢A + BI)* = ¢A + BI. In either case

Proposition 2.2 gives that W(A) is contained in a line seg-

4 /mr
mrr |2l

ment no longer than plus the length of the segment



containing ﬁc(A). That is,

length W (A)
C > 1 - 4v/mr || |
length W(A) — m+r

In the case that WC(A) has interior points we use

Lemma 2.4. Let S, ¢ S, be convex subsets of € with S, having

1 2 1
interior. If for every z ¢ 52’ there is w € Sl with |w-z|§
£, then

area(Sz) - area(Sl) < € perimeter of S,;
Consequently,

a:ea(sl) perimeter(Sz)

area(825 z2l-c¢ area(s,) .

Proof. We may assume S, is a polygon with sides of length

2
§ and vertices ZyreeerZy. Let wl,...,wk.be the points on Sl

closest to.zl,...,z respectively. Since S, is convex, the

k
area between Sl and S

1

2 is no greater than the sum of the

areas of the quadrilaterals determined by consecutive ver-

tices of S, and their closest points on S This number is

1°
€* 8§+k = € * perimeter of S,- A
Using Corollary 2.3, Lemma 2.4, and the fact that

perimeter (W(A)) < 2w |[|A|| , we have

Corollary 2.5.

area (W (2)) _admr  wlAl?
area(W(A)) -— m+r area (W(a))




Proof. The unicity of y is well known. The existence of
cj e C with ‘lxlc-llg follows as in Lemma (2.1(a). The facts
that p'l + q'l = 1 and that y(i) must be given by y(i) =
sgn x(i)|x(i)|p_l give the rest. A
Now let 2z « Fp(A), say z = y*Ax. With C an (r,m)-

reqular cover of the index set of A we have x = X+ X,

= +y h = d = for some c; C
Y = ¥y + vy, where x, X| e, and y; ylci some c; e
satisfiying (2.2). Let o := Hle|g and note that
PO M A
JL/P i /a7l 41/P RVE!

Similarly, l-o works for X, and Yoe Writing

z = yiAXl + y’;_sz + yi"_sz + y:.;_AXl,

we.see that the distance of z to the convex hull of Fp(A|c )
i
+ ygAx This can be

1l

- ; . *
and Fp(A|c.) is no more than |yle2

i
bounded in the standard way by

Cllygllg gl + Nvglig gl llall,

where
= : = 1}.
Iall, == sup Cllaxll, = lixll, = 1)
Using
1
Ixylly < GEP P ikl <1

and similar inequalities for Y1 and Yoy, We have

Proposition 2.8. Let A be an N x N matrix and let C be




an (r,m)-regular cover of {1,2,...,N}, Let 1l < p < = and
let %)C(A) be the union of the convex hulls of the sets
&4

Fp(Alci), FP(A|Ei) for c; € C. Then,

r ,1/p r ,1/q
H(FP(A)’FPIC(A)) < ||A“£){(Ejff) + (Ejfg) }.

§3. Bounds for Norms and Extremal Eigenvalues of Banded
Matrices

In this section we concentrate on Hermitian banded .
matrices and refine the estimates of Section 2 to obtain
sharper results. We also consider extremal eigenvalues of
finite non-banded Hermitian matrices and their relation to

extremal eigenvalues of principal submatrices.

Lemma 3.1. Let A = A* be r-banded and let m > 2r. Define

10

S{(m) := {E: E = [i+l,i+m] n I for some i}. (3.1)
Then,
llall < {1 + ;‘f‘f} sup {|[Ag|l = E € S(m)}. (3.2)

Proof. Let C ,...,Cm be the cover of I determined by

1 +r

C(m,r). Suppose |[|A]|| = x*Ax where |[|x|| =1, x = X) + Xy,
2

supp X £ C;s Supp X,  C;, supp Ax, e C,, |[[x |7 2 —
and ||x2||2 f-nﬁ:r . We have used Lemma 2.1l(c) here. Then,
since

A = A¥ and A = I ©&A

Ck EeC B’
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[|a|]] = x*Ax + x*Ax, + x*Ax

*
1A%, $Ax,, + 2Re(xle2)

| A

2 2
Cllg 1+ 113,]1%) sup Cllagll = & < s(m)

£ 2 |x |l [12ax,]l .

L

Now, since X, and sz are both supported in Ci’ there is z

with |[z|| =1, suppz c C;, and ||ax,|| = z*ax, < ||x,|l [|a | .
‘ i
Hence
2 2
1Al < sup Cllagll = & e samd (lxg 12+ 2 eyl Nyl + N, 012 )
< sup {||A] : E ¢ S (m) }max{ (a+b) %: a2+b2=1,a23_mr_:_lr}
= (1 + Ii’:_ﬁf)sup{||AE|| : Ee S(m)}. A
If A is, in addition to the above assumptions, non-
negative entry-wise, or more generally if ||AE|| = p(Ag)
holds for all E ¢ S(m) and if ||A|| = p(A), we get the fol-
lowing:

2/mr

p(A) = 1+ m+r

} sup{p(ag): E ¢ S(m)}. (3.3)
We state one simple corollary.

Corollary 3.2. Let A be N X N, tridiagonal with non-negative

entries. Then, for every m > 4

p(a) < {1 + %ézg} sup{p(A): E « S(m)}. (3.4)

For example with m = 4, the constant is less than 1.94281.
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Proof. There is a non-negative diagonal matrix D such that

B := DAD is Hermitian, in addition, p(BE) = p(AE) and

p(B) = p(A) so we need only use (3.3) on B. A

Remarks: (1) C. Johnson has obtained a result similar to

this one.

(2) The collection S(m) is cohsiderably smaller than the
collection of all m x m principal submatrices: S(m)
has N + m-1 members and there are (ﬁ) m X m principal
submatrices.

(3) As m » =, the constants in (3.2)-(3.4) tend to 1 like
O(m_l/z) so there is some degree of sharpness, We don't

know, however, if the rate is sharp.

Perhaps, the best way to view many of the results here is
to think of them as providing rates of convergence in the
case that A 'is infinite.

Now, if A is not self-adjoint but is r-banded we have

A =S, + iS, where Sl and 82 are self-adjoint: S, =

1 2 1
%(A + A*), S, = %(A - A*). sSince the function B » Bj is
: : = 1 1 A%
linear on the space of matrices, (Sl)E-— > AE + > AE so

. Therefore,

Itspgll < llagl ana [[¢s ll < llag]

all < syl + lIs

| A

Ll N

c(m) {sup || (S])5]l + sup INEPYIN|D;
E
< 2c(m) sup ||Ag]l .
, E
where c(m) = 1 + 2vmr for m > 2r.
m+r —

Thus, we have the following estimates for banded A.
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Proposition 3.3. Let A be r-banded and let m > 2r. Then,

2vmr

all < 201 + 270

} sup {HAEll : E € S(m) }.

The method of Lemma 3.1 readily gives inequalities for
extremal eigenvalues of Hermitian matrices. Let ||x|| =1
with x = X + X,
conditions stated in the proof of Lemma 3.1l. Also assume that

and Xy 0%, satisfying the norm and support

A is r-banded and m > 2r. Recall, x*Ax = xIAxl + x2*Ax2 +

2Re(xIAx2). With S(m) as in Lemma 3.1, we have choosing x

so that x*Ax = A _, (A):
min

2 2 '
Amin(A) 2 J|le Amin(Ac.) * |]x2|| Am' (Bg.)

in C.
J i
- 2ME g lagll> ing A () -2 max (Al .
EeS (m) EeS (m) ™I EeS (m)

A similar inequality holds for Am x(A), we summarize this in:

a

Proposition 3.4. Let A = A* be r-banded and let m > 2r, then

2/mr _ -1/2
(@) 0 < Amax(A) - Eig?m) Amax(AE) m+r |a]l = O(m )
and
. 2/mr _ -1/2
(b) 0 < Eigfm) Amin(AE) - Amin(A) “m+r lal] = o(m -

The following test for positive definiteness of banded

matrices now follows.

Corollary 3.5. Let A = A* be r-banded. If there is m > 2r

such that all contiguous m X m submatrices of A have minimal
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vimr

m+r

eigenvalue strictly longer than 2 ||[a|| , then A is posi-

tive definite.

Remarks: (1) In the case that A is Toeplitz all AE's are the
same. With some regularity theorems on the symbol of A, Kac,
Murdock, and>Szegé [7] proved that Amin(AE) - Amin(A) =
O(|E|_2). This line of though was further developed by
Widom and Parter in the 1960's. The monographs of Hirschmann
and Hughes [4] and Wilf [8] contain more details and complete
references.

(2) Based on the results of [2] for the £ _ norm we suspect
that the correct rate in Proposition 3.4 is O(m_l).

(3) Thé results of this section can be extended to non-banded
matrices simply by using the estimates used in Section 2.

For example, the following result is similar to one of

Johnson and Robinson [6; Theorem 3] but not as sharp; their

bounds are of order 1/N and they also have inequalities for

the intermediate eigenvalues.

Proposition 3.6. Let A = A* be an N x N matrix. Define Ai

to be the principal minor indexed by {1,2,...,N}\{i}. Then

(a) 0 < Am

N
v ooy |2
ax(®) - maxx . (A.) < 2//N mgx\/g% |a(i,j)|°

i i =1
1 .
+ = max |A(i,i) |

Ny

and
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N
(b) 0 <minA . (A,) = 2 . (B) < 2//N  max \/>Z |A(i,j)|2

i i j=1

+ % max |A(i,i)
i

Proof. Consider the C(1,N-1) cover of {1,2,...,N} where

c, = {1,2,...,NI\{i}, for 1 < i < N. Let ||x]|| = 1 satisfy
. 2 1 .
* = —_ =
x*Ax = A___(A) with |xi| < § for some i. Let x, X| (i}
= * = * * *
So, X X + X, and x*Ax xlel + szx2 + 2Re(xle2). Thus,

Amax(A)

| A

|| 2 |a(i,4)| + 2Re(x2Ax,)

2
l” Amax(Aci

1 ..
< Apax By * F AWLD) 4+ 2 || x

Nl

| A

A __(A.) + = |A(i,i)| + 2/VK 1; |a(i,9) |
max i N 1.1 j=1 (1,3 .

We've used the fact that xz(j) =0 if j = 1 to get a good

estimate of ||Ax2H . The estimates for (b) are similar.
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ABSTRACT

Ssufficient conditions for the existence of a bounded
interpolating projection onto subspaces of CfO,l] are
found. For spaces of piecewise polynomial functions the
projection can be bounded by the B-spline basis condition

number. Infinite interpolation problems are also considered.



§l. Introduction

Let C[0,1] be the Banach space of continuous functions
on the closed interval [0,1] and let S be a closed subspace.

A linear operator P: C[0,1] *+ S is called an interpolating

projection if there are points {ti}in‘[O,l] such that P

has the definition:_ Pf = s if and only if for all ti

f(ti) = s(ti). We establish here some sufficient conditions
on S for there to exist an interpolating projection onto

S and give bounds on the norm of such a projection in

terms of the gebmétry of S. The main corollary is that

for spline spaces of fixed degree there is always an
interpolating projection whose norm is less than or equal

to B-spline basis conditiqn number. This means that the

norm of the projection does not depend on the number of

knots or their distribution. The proof uses the facts that
the B-spline collocation matrix is totally positive and that
spline spaces are weak Chebyshev systems. These same proper-
ties were used by Goodman and Micchelli [7] recently to prove
convergence of interpolating spline functions on a fixed
beriodic bi-infinite simple knot sequence as the degree of the
splines goes to infinity. It seems that the existence of
interpolating projections.with norm depending on only the
local degree of.splines was known only for the cases of degree
1 (completely trivial), degree 2 (Marsden -[ll]), and degree

3 (de Boor [2]). Most approaches to spline interpolation



have considered projection operators whose domains consisted
of smooth functions or projections onto splines on uniform
or quasi-uniform partitions or projections onto low degree
spline spaces. The recent results of Jia [8] to the effect
that, for high enough degree splines, interpolation at knot
averages gives rise to projections whose norms grow with the’
number of mesh pointé (for a geometric mesh) make the results
of this paper>a bit mére interesting. than they would otherwise
have been. The case of finite meshes is considered in
Section 2 and that of infinite meshes in Section 3.

In what follows we assume that S haé a (Schauder)

basis {¢i} with the following properties:
(1) there is a number m such that for all sequences {ai}
m SuP|°‘i| < HZOLiCbi” < Suplai|

(2) for every choice of points {ti}, the collocation
matrices (¢i(tj)) are totally non-negative, i.e.,

all minors are non-negative.

§2. Pinite Dimensional Case

We first consider the case where the dimension of S
is finite, say dim S = N. Since P is an interpolating
projection with range S, the requirement P¢k = ¢k forces
it to have the form

N N

(Pf) (x) = iil(jil aijf(tj))¢i(x)



where {tj} are the interpolation points and the aij's'
=1

satisfy (aij) = (¢j(ti)). By condition (1),

(3) ||P£|| < max|Z 3, 5 f(tj)| < ||£|]l max Ila,

i i
and
l|P£|] > m- mix |§ aijf(tj) .
J
If
max|Z a,.f(t.)| = Zla; .|,
i i3= '3 51003
then by choosing f with ||£]| = 1 and %(tj) = sgn a; 4
0
we get [|P|| > ||Pf|]| > m - max Z|aij . Thus, the problem
i3

of bounding the norm of P is equivalent, modulo the
quantity m, to bounding the 2% _ operator norm of the

inverse of the matrix whose (i,j)th entry is ¢j(ti). With

the ¢_ vector norm |[|x|[ : = max|xi| and the associated matrix

norm, we recall a result of de Boor [1l].

Lemma 1. Let A be an n xn matrix whose (n-1l) x (n-1)

principal minors are all non-negative. Suppose there is

| v

§ >0 for 1 < i < n.

llell /8.

The key to our analysis is the following result which

a vector c¢ such that (Ac)(i)(-l)l

Then, A is invertible and HA-1|

| A

relies on a theorem of Jones and Karlovitz [9] which was

used in a similar way in [7].

Lemma 2. Let S be an n-dimensional subspace C[0,1] having



a basis {¢i}2=l satisfying (1) and (2). Then there is s € S
and points 0 < tl < 4. < tn < 1 such that s(ti) = (-1t =
i

DY sl , 1 <i <n.

Proof. By (2) {¢,,...,0 } is a weak Chebyshev system. The
Jones-Karlovitz resylt then says thét there exist numbers

n
QoreeerO such“that the function ¢1 - iiz ai¢i has points of
equioscillation, 0 < ty < ... < t, < 1. Multiplying this

function by an appropriate number will4make it have norm 1. A

Remark. This proof replaces an earlier version that (unneces-
sarily) invoked the Borsuk antipodal theorem. The author

thanks Charles Micchelli for pointing out, this simplificatidn..

Theorem 1; Let S be an n—dimensional}subspace of C[0,1]
satisfying (1)-(2), then there are points.tl < ... < tn
such that the interpolating projection P: C[0,1] = S deter-
mined by these points has norm no greater than m—1 (from

condition (1)).

Proof. Let g ¢ S satisfy: g(ti) = (-1)?t = (-l)l||g” for

some t) < ..l < tn as guaranteed by Lemma 2. Let B =

(bij) = (¢j(ti)) be the corresponding collocation matrix

where {¢i} is the basis for S satisfying (1)-(2). IEf

g = ch¢j, then

1=g(t)) (-1)* = I oojéytey) Dt = DB (¢ .
%, Lemma 1 gives |[B™Y|| < m L.

_ . 1.
Since ||c|| < = ||



By (3), ||P| < m L. v
Since the condition number of the L_ normalized B-spline
k

basis is Dk w Vv 27, [3], we have
7

Corollary. Let S be a finite dimensional polynomial spline
space in C[0,1], then there is an interpolating projection

onto S with norm <D .
—_ k’oo

Remark 1. The use of Chebyshev's theorem makes the preceeding
argument essentially univariate. The existence of nicely
bounded interpolating projections -- or, more generally,
projections determined by local, positive linear functionals -
in the case of multi-dimensional splines appears to be open.

2. We have not proven that the points coming out of
Lemma 2 are unique. Nevertheless, Lemma 2 does give a
verifiable condition that might lead to a Remez type algorithm
for determining ah equioscillating spline on a given mesh.

3. The fact that an interpolating projection onto a
spline subspace could be bounded in terms of the (smallest)
amplitudes of an oscillating spline function has been known
for some time; it was made explicit by de Boor in [2].

4. The nature of the dependence of the points of inter-
polation on the given knot sequence and degree of the spline
space is not revealed by the arguments in this paper. One
natural question is whether or not one can choose good points

of interpolation by using only local knot averages.



§3. Spline Interpolation on Bi-infinite Meshes

We consider the problem of interpolation of bounded

data y: = {yi} by functions of the form

where {Ni k} are B-splines of order k on some prescribed

14
bi-infinite mesh. We assume condition (1) holds. 1In the
spirit of the preceeding section we show only that it is

possible to find points {ti} such that for any given y

2 there is a unique g = zaiNi,k with g(ti) =Y for all i

and ||g|| i Dk'w||y| - Problems of infinite interpolation
héée béeﬁwéoﬁsidéred by several authors. In particular,

both Micchelli's paper [12] and de Boor's [4] discuss their
historical antecedants: the work of Schoenberg and Subbotin.

The results of §2 insure that for each M 2 l, there are

points {t?: |i] < M} such that

| <D

M
(4) ||(Nj,k(ti))| K,
o

IA 1A

1

i
i

M .

By (51, e € G Ny L 00) 2Dy

M
M
p-1 3.

- By a diagonal -argu-
14

ment we can find'{ti: -® < i < =} and {Ml} such that

M

lim t.2’=t..

20 1 1

By continuity of matrix inversion,
lim ||(Nj,k(ti))

L+



for any M. Thus, by (4) the finite sections of (Nj k(ti))
1

have inverses bounded by Dk w* Let By denote the matrix
14

(N. (t.)) .
3ok em
ljl<M
By Lemma 1 of [5],
. -1,. . ..
lim B, (i,3) =: C(i,3j)

M2 M

exists for every i,j. Furthermore, the uniform (in M)
exponential decay of B;l(i,j) as |i-j| =+ =, [6]1, insures

that I|C(i,]j)| converges; therefore, we can assert
3 .

tlet,i) ] = lim|Bgt (i, 9) |
J ] M

. -1,. .
lim §|BM (lfj)l < Dk,m'

M 3]

Now, for any i,k I C(i,3j)N.(t.) = I 1im BoY(i,5)N.(t,) =
. J ok : M J 'k
J ] M
. -1,. . _ . _
l;m ? BM (l,j)Nj(tk) = Gi,k' Similarly (Nj(ti))C = I.
So we have the following from which the interpolation results

stated in the first paragraph of this section follow.

Proposition. Let {Nj k} be B-splines of order k on a given
14
bi-infinite mesh. Then, there are points {ti} such that
-1
I (N (£5)) 12Dy o
Finally, it is clear that the arguments used here apply

in the semi-infinite case.
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