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SUMMARY

The Gaussian process and the Gaussian distribution are two popular and powerful tools
for modeling and enjoy a wide range of applications across complex scienti ¢ and engi-
neering systems in data science. There have been many established works on how they are
utilized in various tasks, including estimation of system response, recovery of missing data,
and uncertainty quanti cation on estimates and parameters. However, there is still much
potential for further development to address problems more effectively and provide more
insights. Through this work, we investigate how the Gaussian process is integrated with
the multi- delity framework to enhance its performance and how matrix-variate Gaussian
distribution is utilized to avail matrix completion problems. This work is composed of
the contributions made in these two directions, which include four research topics. (1) A
new experimental design approach to multi- delity nite element simulations; (II) a new
conglomerate multi- delity emulator model utilizing the Gaussian process to tackle ex-
periments multi-dimensional delity parameters; (Ill) a new Bayesian matrix completion
model using matrix-variate Gaussian process facilitating subspace estimation and uncer-
tainty quanti cation; and (IV) a new information recovery framework for piezoresponse
microscopy data in material science studies via low-rank matrix completion and uncer-
tainty quanti cation for material parameters. In each of the chapters, we review the current
works in the respective subjects and detail the new contributions to each topic using real-

world applications.

XV



CHAPTER 1
INTRODUCTION

The Gaussian process has been a powerful statistical modeling tool for computer experi-
ments and simulations [1]. It has enjoyed constant attention and attracted much research
effort over the decades from various perspectives, including surrogate modeling [2], quali-
tative factors [3], experimental design [4], and machine learning [5] to name a few. More-
over, it has been applied in a wide range of real-world applications, ranging from astron-
omy studies [6, 7] to manufacturing problems [8]. The versatility of the Gaussian process
comes from the exibility it offers and its stochastic nature, which enables further studies
into uncertainty quanti cation and Bayesian modeling.

In this thesis, we look into two topics closely related to Gaussian process modeling. We
investigate how the Gaussian process can be integrated into the multi- delity framework
and how matrix-variate Gaussian distribution can be utilized to avail matrix completion
problems. In chapter 2, we rst introduce the idea of multi- delity, and how the Gaus-
sian process is naturally embedded into the modeling for simulations with various levels of
delity. We then investigate the experimental design for multi- delity nite element simu-
lations in this chapter. We propose a new design method to optimally nd the mesh sizes for
each simulation given the same computational cost. A range of different mesh sizes used
in the proposed method allows one to t multi- delity models more reliably and perform
more accurate predictions. We further develop the multi- delity emulation models using
the Gaussian process to more complicated scenarios in chapter 3, where multiple delity
parameters and multiple stages are involved in the computer experiments. In this chapter,
we review the prominent multi- delity works and models proposed for their advantages
and shortcomings, before proposing the new Conglomerate Multi- delity Gaussian Pro-

cess (CONFIG) model, which embeds the multi-dimensional multi-stage structure within



a novel non-stationary covariance function. We show that the CONFIG model can capture
prior knowledge on the numerical convergence of multi-stage simulators, which enables
cost-ef cient emulation of multi- delity systems. We demonstrate the improved predictive
performance of the CONFIG model over state-of-the-art methods and can be used to study
the evolution of Quark—gluon plasma.

In the second half of the thesis, we study how the matrix-variate Gaussian distribu-
tion can be utilized to assist the matrix completion problem and uncertainty quanti cation.
In chapter 4, we rst introduce the matrix completion problem, with an overview of the
prominent works in the eld. We also introduce the singular matrix-variate Gaussian dis-
tribution which enables a Bayesian representation of matrix data via matrix subspaces. In
this chapter, we focus on the problem of uncertainty quanti cation for an unknown low-
rank matrix, given a partial and noisy observation of its entries, where there is little work
by the current studies. To this end, we propose in this chapter a new Bayesian modeling
framework, called BayeSMG, which parametrizes the unknown matrix via its underlying
row and column subspaces. This Bayesian subspace parametrization enables ef cient pos-
terior inference on matrix subspaces, which represents interpretable phenomena in many
applications. This can then be leveraged for improved matrix recovery. Finally, we further
extend the proposed BayeSMG model in chapter 5 to build an information recovery frame-
work for Piezoresponse force microscopy (PFM) data in the eld of material science. PFM
is widely considered a powerful tool for studying the nanoscale functional response of fer-
roelectric materials, but it suffers from noisy observations in critical regions, hampering
material characterization. In this chapter, we propose an information recovery framework
extending the BayeSMG model to improve the quality of characterization from PFM data.
By combining matrix completion with domain knowledge, we achieve ef cient recovery of
unreliable data and uncertainty quanti cation on key material properties via the Bayesian

model, providing valuable insights for characterization and experimentation practices.



CHAPTER 2
DESIGN AND ANALYSIS OF MULTI-FIDELITY FINITE ELEMENT
SIMULATIONS

The numerical accuracy of Finite Element Analysis (FEA) depends on the number of -
nite elements used in the discretization of the space, which can be varied using the mesh
size. The larger the number of elements, the more accurate the results are. However, the
computational cost increases with the number of elements. In current practice, the experi-
menter chooses a mesh size that is expected to produce a reasonably accurate result, and for
which the computer simulation can be completed in a reasonable amount of time. Improve-
ments to this approach have been proposed using multi- delity modeling by choosing two
or three mesh sizes. However, mesh size is a continuous parameter and therefore, multi-
delity simulations can be performed easily by choosing a different value for the mesh size
for each of the simulations. In this chapter, we present a method to optimally nd the mesh
sizes for each simulation and satisfy the same time constraints as a single or double mesh
size experiment. A range of different mesh sizes used in the proposed method allows one
to t multi- delity models more reliably and predict the outcome when meshes approach

in nitesimally small, which is impossible to achieve in actual simulations. We illustrate the
proposed method using an analytical function and a cantilever beam nite element analysis

experiment.

2.1 Overview

Computer experiments are widely used to simulate engineering applications, where phys-
ical experiments are prohibitively expensive or challenging to carry out. Statistical design
and analysis of computer experiments came into prominence through the seminal works

of Sacks et al. [1] and Currin et al. [9]. See the book by Santner et al. [10] for details.
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More recently, multi- delity modeling has become an important topic in computer experi-
ments. For example, see the applications in satellite systems [11], laser melting [12], and
polymers [13]. Multi- delity simulations are motivated by the fact that combinations of
simulations with different levels of delity can be utilized to improve the system estima-
tion overall, making the predictions more accurate and computationally ef cient. Kennedy
and O'Hagan [14] introduced a Gaussian process framework for multi- delity modeling,
which is extended by other researchers [15, 16], to name a few.

Space- llingdesigns [17] are commonly used for computer experiments, but the intro-
duction of multiple delity calls for new approaches. Qian et al. [18] proposed the idea
of nested space- lling designs where the higher delity simulations are nested within the
lower delity simulations. Sequential design methods that incorporate multi- delity have
also been proposed in the literature [19, 20, 21]. However, they restrict the selection of -
delities to only a few discrete levels, which are insuf cient when the delity can be changed
continuously such as in Finite Element Analysis (FEA).

FEA typically divides a larger geometric domain into smaller and simpler cells and
then aims to solve partial differential equations on them instead. These cells are called
mesh elements, and this representation is called meshing [22]. It is known that more mesh
elements, i.e., ner meshes, lead to more accurate simulation results, but it will inevitably
consume more computational power. Simulations with fewer mesh elements, though less
accurate, are often cheaper to conduct. In practice, we can adjust the number of mesh
elements in FEA, achieving a trade-off between accuracy and cost.

Thus, multi- delity simulations in FEA differs from the usual problems because the -
delity can be changed almost continuously using the mesh size or the number of elements.
There has been some research in multi- delity modeling in FEA [23, 24], where the den-
sity of nite elements is connected to delity. However, the challenge of constructing
experimental design under these circumstances remains. Moreover, the computational ex-

penditure as a constraint for the designs has not been well investigated. We aim to address



them both in this work.

We propose a new method to construct the experimental design where each simulation
has a different mesh number/size. The proposed method targets nite element simulations
with uniform meshes, where mesh density can be directly calculated from the dimensions
of the uniform mesh elements. The method is novel in that it integrates computational
costs for simulations into the design strategy, which is a practical matter for engineers. We
will describe in detail how the experimenter can choose different mesh sizes/mesh element
numbers to complete the full set of simulations within the given computational budget. We
would also demonstrate how simulations performed at various mesh sizes can be integrated
to produce a predictive model over the entire experimental region that is more accurate than
others acquired from simulations with one or two levels the of mesh size.

This article is organized as follows. We will brie y review the concept of multi- delity,
commonly-used space- lling experimental design methods and multi- delity models in
section 2.2. The challenges are then present to demonstrate the need of a new design
strategy. In section 2.3, we develop the proposed new design method. Subsequently, we
demonstrate the performance of the new design in two applications in section 2.4: a sim-
ulation study on a function with a scalar response and an FEA on beam de ection with a

functional response. Finally, some discussions and remarks are made in section 2.5.

2.2 Multi- delity modeling and experimental design

In this section, we rst discuss the concept of multi- delity and a few closely related topics
to it. We then review a few existing works in space- lling designs and multi- delity mod-
eling, which are pertinent and expose the challenges for carrying out experimental design

for multi- delity simulations.



2.2.1 Whatis multi- delity?

Complex mathematical models or engineering systems, when studied via computer exper-
iments and simulations, often can be carried out at different levels of accuracy, or delity.
It is achieved by varying the computer codes used for the experiments, ranging from basic
codes using rough approximation, to most sophisticated codes which are often speci cally
developed [14]. For example, in a study on aerodynamic interactions between rotors [25],
commercial Naiver-Stokes solver is used as the high- delity codes, while the less accurate
analysis model using blade element theory is considered the low- delity ones. In such
cases, the experimenters can obtain simulation results from more than one single levels of
delity. However, the experiments at high delity levels are usually computationally ex-
pensive to conduct, sometimes to the extent of becoming prohibitive, while on the other
hand, experiments at lower delity levels are cheaper to run and are usually easier to ob-
tain. Therefore, to nd a way to combine experiments across delity levels will facilitate
understanding of the complex system. This idea of integrating computer experiments (or
simulations) from multiple levels of delity is termed "multi- delity”.

Multi- delity is closely connected to the ideas of co-kriging [26, 27, 28] and data fusion
[29], and is often utilized in Bayesian optimization [26]. These efforts usually involve
modeling the relationship between system response, system input variables, and the delity

levels of simulation data, and then target to obtain estimations of the system.

2.2.2 Experimentablesign

In the design of deterministic computer experiments, space- lling designs that spread out
the design points in the experimental region are commonly used [10]. Johnson et al. [30]
propose two strategies based on the distance between the design points: minimax designs
minimize the maximum gap in the experimental region, whereas maximin designs maxi-
mize the minimum distance between the points. Since our work is closely related to max-

imin designs, we will explain it in a bit more detail. See Joseph [17] for a recent review on
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space- lling designs.

Suppose we are interested in exploring the relationship between the gutpdtinput

Xi 2 [0;1P fori =1;:::;n. Letjjx; X;]jj be the Euclidean distance between points
andx;. Then the maximin design is obtained as the solution to the following optimization
problem:

mDaxrigljn”xi Xjjj: (2.1)

An issue with the maximin design is that some of the design points may project onto the
same value for some input variable. This is undesirable because only a few inputs may be
important and therefore, replicated values in them are not useful in a deterministic computer
experiment that has no random errors. Latin hypercube design (LHD) proposed by [31] is
a solution to this problem. It ensures that the design points projectrodifferent values
in each input variable. However, there can be many LHDs. Therefore, an optimum LHD
can be obtained by maximizing the minimum distance among the points, which is called a
maximin LHD [32]. Joseph et al. [33] proposed the maximum projectidex(Pro ) design
that tends to maximize the minimum distance among projections to all possible subsets of
inputs.

To accommodate the idea of multi- delity in experiment design, we need to account
for the situation where some of the design points will be more valuable than others due to
different levels of accuracy. Nested LHDs are speci cally tailored to such scenarios [18,
34, 35]. For example, for two delity levels, the set of design points as a whole is an LHD.
Meanwhile, it contains a subset that is also an LHD (of smaller size). The whole set of
points is used for the low- delity experiment, while the subset LHD is for the high- delity
experiment.

Sequential design strategies for multi- delity simulations are also proposed in the lit-

erature [36, 37, 38]. In contrast, this chapter focuses on developing a xed design strategy



that is tailored for multi- delity nite element simulations. Interestingly, almost all of the
sequential strategies need an initial set and therefore, even if one is interested in sequential
simulations, the xed design developed in this chapter can be utilized for constructing the

initial design.

2.2.3 Multi-Fidelity Modeling

In the seminal work of Kennedy and O'Hagan [14], the authors model the correlation be-

tween simulation outputs of high and low delity levels with an autoregressive function.

Ye(X) =k 1Yk 1(X)+ «(X); (2.2)

whereyy(x) is the output at delity levek (smallerk indicates lower delity), ¢ 1 is a

stationary Gaussian process with a Gaussian covariance function [10]:

Cov «(x); k(XY= Zexd * w (X x0)%g; (2.3)
i=1
where ,; denotes the correlation parameter in thedimension at théth delity level.
The foregoing model can be used for integrating data from all the delity levels and use it
for predicting the response at the highest delity level. In this whole article, we refer to this
modeling approach as KOH. See Fandez-Godino et al. [39] for a recent review of other
multi- delity modeling methods.

However, the KOH model gets overly complex when there are numerous delity levels
(largeK), which is especially true in FEA because the delity can be easily changed by
varying the mesh density. The work of [23] addresses it by regarding the mesh density/size
as a tuning parameter for the system. Denote the mesh density tuning variabldtby

is assumed that> 0O, and a smallet indicates a higher mesh density, implying higher



simulation accuracy. Tuo et al. [23] proposed the following model:
yx;t) = y(x;0)+ (x;t) = (x)+ (x;t); (2.4)

where (x) is the true response andx;t) denotes the bias in the simulation at input
under mesh densitly The true response functior{x) is unattainable in FEA because it is
impossible to run the simulation with= 0. The beauty of Tuo et al.'s approach is that by
modeling data from different delity levels, we can extrapolate and predict the response at
t = 0. Similar to the model used in [14], the two termi) and (x;t) can be modeled by

two independent Gaussian processes, whéxe has a stationary covariance function:

xP
Covf (x1); (X2)] = Ko(x1;x2) = fexpf O(xis  xa5)20: (2.5)

s=1

However, (x;t) cannot be modeled by a stationary Gaussian process bedaysg !
Oast ! 0 regardless ok, breaking the necessary condition for a stationary process.
Therefore, Tuo et al. [23] use a nonstationary covariance function involving Brownian

motion:

Co (X1;t1); (X2;t2)] = 2K 1(X1;X2) min(ty;ty)

2 X 1 2. | (2.6)
= sexp é’(xls X2s)“gmin(ty; to)’;
s=1

wherel is a covariance parameter. There are a few choicek lfat typically it is set to
4 motivated by the error analysis of a nite element simulation. Note that V&rt)] =
2t'1 Qast! 0and therefore, the bias disappears from the model.
Tuo et al.'s model is more exible than the KOH model because each simulation is free
to select a different mesh number/density parameter. Moreover, this model contains only
2p unknown correlation parameters as opposeipounknown parameters in KOH, mak-

ing the estimation easier whéh> 2. However, it poses a challenge to the experimental



design strategy. While space- lling design for system inputs is relatively well-studied, de-
termining the corresponding delity parameters is not. To meet this challenge, we propose
a more exible and versatile experimental design method that is accommodative to nite
element simulations with various mesh densities and mesh element numbers. We call it

Multi-Mesh Experimental DesigiMMED), which is discussed in the next section.

2.3 Multi-Mesh Experimental Design (MMED)

where each simulation can have a different mesh density. Since the geometry of the mesh-
ing element can differ depending on the type of meshing system used in the FEA, it will be
convenient to use the number of mesh elem@vity &s the tuning parameter instead of the
mesh density. They are related by the relation

1

VIS

(2.7)

wherek is the dimension of the mesh (usually 2 or 3). Thus, OwhenM ! 1 . Inother
words, the largeM is, the more accurate the results will be. However, the computational
cost increases witM . Assume that the computational timg)(of a single simulation is

related to the number of mesh elements by
T=M ; (2.8)

where is a proportionality constant that depends on the meshing characteristics such as
geometry and adaptation, ands a positive constant. For ease of exposition, the rest of
this article considers the case of= 1, which seems to be a reasonable assumption [40].
The case of 6 1 is given in the Appendix. We will also restrict our attention to uniform
meshes, although there is evidence that the linearity holds with certain mesh adaptation as

well [41].
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To perform simulations given the number of mesh elembhisve need to make sure

that the mesh arrangement is reasonable and the simulation is able to converge. Suppose
FEA simulations within a range d¥f andM converge and produce reasonable results.
Then if we were to perform the whole set of simulations at a single delity level, we can
choose the upper bourdd as the mesh element number. If we were to pursue a multi-
delity scenario, then choosing two different delity levels is a common approach. We can
designate meshing withNt elements as the low- delity level, and that wit¥l elements

as the high- delity level. In this scenario, we will be able to perform more simulations at

M compared tdV and incur the same computational time. That is, for each simulation

performed atM , we can do(M=Nr') simulations atvi. For a multi-mesh experimental

computational time is still within the budget.
Suppose we have a budget to perfammsimulations atM . Thus, the total time bud-
getisn M. We would like to divide this budget for simulations ratdistinct levels

P
Mi1;::::M,. Thus, in:1 M i = n M. Therefore, the levels need to satisfy the constraint

M; = nM: (2.9)

How should then levels be chosen so that (Equation 2.9) is satis ed? One possibility
is to nd the levels so that it minimizes the integrated mean squared error criterion [10]
under the Tuo et al. [23] multi- delity model. However, such a criterion would involve the
correlation parameters of the Gaussian process models, which are unknown before doing
the simulations. Therefore, a more robust approach is to use a space- lling design. If we

were to use a maximin design|[iNr; M ], we would choose the levels using

m(?xn;iani M;j; (2.10)
18]
whered = fMy;:::;M,g. Since this is a one-dimensional case, the maximin design is an

11



equidistant point set given by [30]

M, = M +
n

wheren can be chosen to approximately satisfy (Equation 2.9). However, this solution
spreads the levels uniformly with[iV; M ], which does not make sense because we expect
to have more simulations nellr than neaiM . This can be achieved by using a weighted
maximin design

m(?xnginwiwiji M;j; (2.11)
i6]

where the weightsv;'s should be inversely proportional td;. The weighted maximin
design is also known by the name minimum energy design [42, 43], which has the property
that the optimal design points will converge to a distribution with density proportional

to w?. Thus, if we takew; = 1=

M, then the design points will have a distribution
proportional tol=M. This makes sense because under the assumption in (Equation 2.8),
the number of simulations that can be carried out at Ibdor a given time is inversely
proportional toM . Therefore, then levels can be obtained by solving the optimization
problem:

mdaxriréijn pﬁjMi M;j: (2.12)
There is no explicit solution to the foregoing optimization problem. However, an approx-
imate solution can be obtained using transformations as follows. As shown in [42, 43],
the solution to (Equation 2.12) will asymptotically converge to a distribution with density
function
1=M

M) = Ry
' 1=M dM

- Iog(M:IVr);

12



for M 2 [MI; M ]. The cumulative distribution function is given by

_ log(M=N).

F(M) = log(M=NT)’ forM 2 [NM; M1

Thus,u = F(M) has a uniform distribution if0; 1]. Therefore, under this transformation,
(Equation 2.12) becomes

maxminju;  Uujj:
d i6j

The solution to this problem is given by [30]

Thus, the solution to (Equation 2.12) is given by

M;

F ()

M M=Nr o i=1500n: (2.13)

Substituting (Equation 2.13) in (Equation 2.9), we obtain

X 0
M=Nt  =n M=M : (2.14)

Let = M=Nr. Then, (Equation 2.14) becomes

)(ﬂ i1
n1l=0nN ’
i=1
which gives
n=(n 1) 1
1=(n 1) 1 =n.
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Solving forn and choosing the nearest integer solution, we obtain

_ log .
=1t (2.15)

where =(n 1)=( (n 1))and[x]denotes the nearest integexofOncen is obtained,

Algorithm 1: MMEQp; M; M; n): Multi-Mesh Experiment Design
Data: p: System input dimension,
[M; M ]: Range of mesh element numbers,
n: No. of simulations aM affordable by budget.
Find suitable n:
Obtain the number of design poirmisrom (Equation 2.15).
Space- lling design:

1. Obtainn levels for mesh elements from (Equation 2.13).

2. Obtain am-run design in(p + 1) dimensions using a space- lling design such as
MaxPro LHD [33].

3. Assign thep input variables from the rsp columns and the mesh elements from
the remaining column of the design.

Output: Experimental desigD = f (x;; M;)gl; .

2.4 Applications

In this section, we apply MMED to two applications: an analytical function and a cantilever
beam de ection. To evaluate MMED, we compare it to two other design methods and their
corresponding modeling practices. The rst method is a set of space- lling points with
simulations executed with the same number of mesh elements. We call it the Single-Mesh
design as only one meshing arrangement is used throughout the nite element simulations.

Under this setting, delity is not taken into account at all. The second method is a two-level

14



nested Latin hypercube design [18] (brie y described in subsection 2.2.2), where all sim-
ulations on level 1 are carried out with a mesh arrangement with fewer eleMenthile
simulations on level 2 are conducted with more mesh elenMntShe computational bud-

get is equally split between the two delity levels because running simulations in parallel
from two separate solvers makes the whole experiment nish at the same time. We call it
the Double-Mesh design.

For modeling the data from the Single-Mesh simulations, we t a standard Gaussian
process with a Gaussian covariance function. For Double-Mesh simulations, we use the
KOH model [14] described at the beginning of subsection 2.2.3. For MMED simulations,
we use the nonstationary model of [23] described at the end of the same subsection. The

hyperparameters for all three models are estimated using maximum likelihood.

2.4.1 Analytical Function

We rst evaluate the performance of MMED using a 2D analytical function [9]:

1 . 230063 + 1900x2 + 2092, + 60
=M = 1 1 1 .
v =L e S 00d+ 500x2 1 dx, + 20

(2.16)

wherex = [X1;X2] 2 [0; 1. Although this is an analytical function, for illustration pur-
poses we predict the output from a mesh grid via a grid-based interpolation. The meshing
process divides the input domain into many square elements in 2D. The response surface is
shown in Figure 2.1 with 25 mesh elements. We obtain the surface plot via the following
procedure: (i) generate a uniforin 5 square mesh grid in the input plane, (ii) evaluate

the function outputy(x) by (Equation 2.16) at all these grid points, and (iii) carry out
piecewise linear interpolation and form a continuous surface within each grid box from the
discrete grid evaluations. Since there are two input variables, we use bilinear interpolation.
To estimate the system response given irfput), we rst nd the four corner points of the

square mesh box in which the input point falls denoteddya); (p1; &); (P2; &); (P2; %).
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Figure 2.1: Visualization of (Equation 2.16) given different mesh settiMyss 25 (left)
andM = 400 (right)

(By conventionp; < p, andg, < g,.) The interpolated function response is then:

1

gg(pl;ql) g(pl;qz)gng .
gP®) 9(p2sk) 9 &

$(p; 9 =
(2.17)

This procedure is effectively the same as nite element meshing, splitting the input
plane into many smaller squares. The number of mesh elements used controls the scale of
these squares. For exampl, = 25 means the mesh grid contaifs 5 discrete points.

The more mesh cells there are, the more accurate the surface becomes. Another plot of
(Equation 2.16) is generated usiM) = 400 mesh cells, as shown in Figure 2.1. The
interpolated surface becomes much more accurate because there are more mesh elements.

To evaluate the performance of MMED, we rst designate a reasonable range for the
number of mesh elemenk$, with M = 16 andM = 144. Then we specify the com-
putational time constraint to be equivalent to the total time of running 10 simulations at
M = 144. Therefore, the Single-Mesh method would consist of 10 simulationsMith
We use MaxPro LHD to nd the 10 design points[® 1]?. For the Double-Mesh method,
we propose a two-layer Latin hypercube nested design, where the simulations in the rst

layer useNt mesh elements and those in the second layeMuseesh elements. We split
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the budget in half for simulations in each layer. It leads to 45 simulations in the rst layer
and ve in the second layer (more precise). The nested design is illustrated in Figure 2.2,
which is constructed using tidaxProAugment function in the R packag®laxPro. For

our Multi-Mesh method, we follow the Algorithm algorithm 1 to construct the design. We
can obtaim = 24 design points with different values & 2 [Nf; M ] such that the total
simulation time does not exceed the budget constraint. The scatter plots of the design points
in inputs and mesh element numbers are shown in Figure 2.3. We can see the generated
designs are space- lling in each of the 2D projections plotted. The histogram plots on the
diagonal show that the points Il théx;;x,) space uniformly, whereas more points are
allocated to the region with a smaller number of mesh elements.

To evaluate the performance of the three methods, we randomly draw 1,000 system
inputsx as the testing dataset. For each of the three methods, we train the model using
their design points and corresponding interpolation response. Subsequently, we obtain their
predictions at the testing points, denotedfhy: : : ; $1000- The true response is calculated
using (Equation 2.16) directly, denoted By;:::;yiooo. We use the root mean squared

error (RMSE) as the performance metric:

)@00
1000.
i=1

o<

RMSE = (vi %= (2.18)
Repeating this procedure 30 times, we can obtain 30 RMSE values for each of the three
methods. The results are plotted as a box plot in Figure 2.4. The average RMSE over the
30 runs for the Single-Mesh, Double-Mesh, and Multi-Mesh methods are 2.00, 1.06, and
0.74, respectively. This clearly shows that MMED signi cantly outperforms the two other

methods.
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Figure 2.2: The 50 nested design points generated by Double-Mesh mefldotiin(The
black circles represent points in the rstlayer (less accurate), while the red crosses represent
points in the second layer (more accurate).)

2.4.2 CantilleverBeamDe ection underStress

For the second application, we conduct static stress analysis on a cantilever beam using
FEA simulations with cubical cells. The simulations are carried out using the ABAQUS
software [44].

For the beam structure, we set the dimensiorfglgsl,; d;) corresponding to its breadth,
height, and length respectively. We set= d,, so the cross-section of the beam is square-
shaped. An illustration of the beam can be seen in Figure 2.5. We set its Young's modulus
to be 200MPa, and Poisson ratio to be 0.28, which corresponds to steel. For the static stress
analysis, one end surface along the length of the beam is xed with no degree of freedom
allowed, whereas the other surfaces are free to move. A continuous static half-sine pres-
sure eld is then applied vertically downwards onto the top surface of the beam as shown in
Figure 2.5. For the de ection analysis due to this pressure eld, we set three system inputs

variablesx = [Xy;X2;X3] 2 [0; 1] for this problem. The pressure eld is described by a
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Figure 2.3: The scatter plots for the 24 nested design points generated by Multi-Mesh
method

Figure 2.4: Box plot of RMSE for the three methods over 30 runs in the analytical function
example
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function depending on the span alotgfrom the xed surface, denoted kg2 [0; 200k,]:

pressure= 2000x;Sin( z=200k,); (2.19)

where input variablex; 2 [0; 1] is the weighting parameter, anxd 2 [0; 1] controls the
length of the beam byl; = 200x,. X3 denotes the breadth and the height of the beam,
corresponding to bott; andd,.

The de ection pro le is measured across the span of the beam. We take the maximum

uniformly-placed discrete points to form the de ection pro le as the functional response.
Since the beam is a cuboid and the mesh elements are set to be cubic, twe ¥el=3

as the mesh density parameter. Overall, each simulation requires three input variables and
one mesh density parameter.

Since the de ection pro le is a functional response, it requires an additional variable,
the measuring location on the span, to be put into the response model (Equation 2.6). We
assume a Gaussian correlation function for this additional variable as well. The computa-
tions in functional Gaussian process modeling can be simpli ed using Kronecker products
as described in [45].

For this application, suppose a reasonable range for mesh cell numb&rs i$; 000
andM = 8;000 Let the time budget be equivalent to the total computational time of
running eight simulations witiv . Similar to the previous application, the Single-Mesh
design with eight points in the input spa@ 1] is obtained usindlaxPro. The Double-

Mesh design uses a two-layer nested design with half of the time budget allocated to each
layer. The rst layer consists of 32 simulations Mt and the second layer contains four
simulations aiM . Finally, for the Multi-Mesh methody = 18 simulations with different
values ofM 2 [MI; M ] are obtained using algorithm 1 which maintain the same total time

constraint.
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Figure 2.5: Beam cantilever with xed surface and pressure eld (shown in ABAQUS
interface)

We randomly draw 30 sets of system inputsas the testing dataset. To obtain the
corresponding de ection pro le, we simulate each of these 30 sets with a corresponding
nely-meshed FEA model witiM = 320;00Q Under this setting, we mesh the beam
using a40 40 200grid. With such a large number of mesh elements, the size of each
mesh element is small. As a result, we presume the de ection measurements from these
simulations to be suf ciently accurate and can serve as the “true” response. To evaluate the
performance of the three methods, we compare the estimated de ection pirgg$? by
each of the methods at these testing points against the true prde®9, wheres denotes
the index of the testing point.

The error curve$ys  ys0:% of the de ection pro les for the 30 testing cases under
each of the three methods are plotted in Figure 2.6. We can see that the errors in estimated

de ection pro les by MMED are smaller than those by Double-Mesh and signi cantly
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Figure 2.6: De ection pro le estimation error curves by the three methods
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smaller than those using Single-Mesh. The root mean squared error (RMSE):

00
100
s=

<

RMSE= (Vs ¥5)? (2.20)

1

are plotted as a box plot in Figure 2.7. The p-values for the two-sample t-tests with unequal
variances ar&:4 10 °and7:;5 10 ° for Multi-Mesh vs Single-Mesh and Multi-Mesh
vs Double Mesh, respectively. Thus, the MMED signi cantly outperforms the other two

methods in this application.

Figure 2.7: Box plot of log-RMSE for the three methods in the cantilever beam example

2.5 Discussions

In this chapter, we have introduced the concept of multi- delity modeling, and how exper-
imental design is involved in nite element analysis to facilitate the modeling efforts. We
proposed an experimental design method that enables the experimenter to choose optimal
mesh sizes for nite element simulations given a xed time budget. We have shown that
it outperforms the Single-Mesh and Double-Mesh approaches because the design is well

coupled with the modeling method. The Single-Mesh approach does not take the concept
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of multi- delity into account, hampering its ability to take the effects of meshing into ac-
count. Kennedy & O'Hagan's model [14] used in Double-Mesh utilizes multi- delity, but

it can predict the response only at the highest delity level used in the simulations. On
the other hand, MMED naturally ts with the model proposed by [23], which helps to
perform extrapolation and predict the true response that is impossible to achieve through
simulations.

Going ahead, MMED can be re ned and tailored to accommodate more complex nite
element simulations where the meshing is no longer uniform, or the geometry is dif cult
to be easily described by the number of mesh elements generated alone. In FEA computer
simulators such as ABAQUS and LS-DYNA, nonuniform meshes can often be generated
by specifying mesh properties such as average or maximum/minimum sizes. Therefore, we
expect MMED to remain effective for these scenarios, although this needs to be validated
with complex nite element simulations. For nonuniform and adaptive mesh assignments,
other variables will impact the computational time and simulation accuracy on top of mesh
density. For instance, chordal errors referring to the quality of mesh approximation to true
geometry can be considered as one such parameter. This would lead to multiple tuning
parameters controlling the computational cost jointly, which goes beyond the scope of the

current work where only one parameter is involved.
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CHAPTER 3
CONGLOMERATE MULTI-FIDELITY GAUSSIAN PROCESS MODELING

In an era where scienti ¢ experimentation is often costly, multi- delity emulation pro-
vides a powerful tool for predictive scienti c computing. While there has been notable
work on multi- delity modeling, existing models do not incorporate an important multi-
dimensional multi-stage property of multi- delity simulators, where multiple delity pa-
rameters control for accuracy at different experimental stages. Such multi-stage simulators
are widely encountered in complex nuclear physics and astrophysics problems. To tackle
this challenge, in this chapter, we propose a new Conglomerate Multi- delity Gaussian Pro-
cess (CONFIG) model, which embeds this multi-dimensional multi-stage structure within
a novel non-stationary covariance function. We show that the CONFIG model can capture
prior knowledge on the numerical convergence of multi-stage simulators, which enables
cost-ef cient emulation of multi- delity systems. We demonstrate the improved predic-
tive performance at highest (limiting) delity of the CONFIG model over state-of-the-art
methods in a suite of numerical experiments and two applications, the rst for emulation of
cantilever beam de ection and the second for emulating the evolution of the quark-gluon

plasma, which was theorized to have lled the Universe shortly after the Big Bang.

3.1 Overview

Computer experimentation is widely used for modeling complex scienti ¢ and engineering
systems, particularly when physical experiments are costly, unethical, or impossible to
perform. This shift from physical to computer experimentation has found success in a wide
range of physical science applications, from rocket design [46], solar irradiance modeling
[47] to 3D printing [48]. However, as systems become more complex and realistic, such

computer experiments also become more expensive, thus placing a heavy computational
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burden on design exploration and optimization. Statisgoalilatord10] have shown great
promise in tackling this limitation. The idea is simple but effective: computer experiments
are rst performed at carefully chosen design points, then used as training data to t an
emulator model to ef ciently predict and quantify uncertainty on the expensive virtual
experiment.

In recent years, however, with the increasing sophistication of modern scienti ¢ prob-
lems, an emerging challenge for emulators is the simulation of high- delity training data,
which can be prohibitively expensive. One way to address this isnuli- delity emu-
lation, which makes use of training simulation data of multilelities (or accuracy) for
model tting. Such multi- delity data can often be generated by varying differdetity
parameters which control the precision of the numerical experiment. There are a wide
variety of delity parameters, ranging from mesh sizes for nite element analysis [49, 50]
to time-steps for dynamical system simulation [51]. The goal is to leverage information
from lower- delity (but cheaper) simulations to enhance predictions for the high- delity
(but expensive) model, thus allowing for improved emulation in terms of highly accurate
estimation and uncertainty quanti cation at lower computational costs.

There has been much recent work on multi- delity emulation, particularly for Gaus-
sian process (GP) modeling. This includes the seminal work of [14], which presented a
rst-order autoregressive model for integrating information over a hierarchy of simulation
models, from lowest to highest delity. This so-called Kennedy-O'Hagan model has then
been extended in various works, including a Bayesian hierarchical implementation in [15],
the multi- delity optimization approach in [26], and the nonlinear fusion model in [52].
[23] proposed a multi- delity emulator for nite element analysis (FEA), which consid-
ers the discretization mesh size as a single delity parameter. The authors proposed an
approach modeling the bias caused by the mesh sizes, which is similar to the grid conver-
gence index (GCI) proposed in the early work of [53], enabling uncertainty analysis as well.

Such models have been widely applied in engineering design and scienti c computing; see,
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