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LIST OF SYMBOLS

I,, = moment of inertia of a body referred to its axis of symmetry

AA
(oz-in.e)

IBB = moment of inertia of a body referred to an axis parallel to
its axis of symmetry (oz-in.2)

D, = outside diameter of cylinder (in.)

D; = inside diameter of cylinder (in.)

t = thickness of cylinder (in.)

d = density of material of cylinder (oz/in.J), (Teble 1)

Xb = perpendicular distance from the axis of symmetry of the
cylinder to a parallel axis (in.)

By, = pitch diameter of pulley, drum, or gear (in.)

W weight of body or rack (oz)

D = pitch diameter of gear (in.)

n = number of teeth on gear

P = diametral pitch of gear

nys Dy n3, ), = number of teeth on gear 1, 2, 3, 4, respectively

dy5 Ay 513, d), = density of gear 1, 2, 3, 4, respectively (oz/in.3)

151;. D,; Dy, Dy = pitch diameter of gear 1, 2, 3, 4, respectively

(in.)

t5 ty t3, %), = thickness of gear 1, 2, 3, 4, respectively (in.)




k]

K,, K = constants for Mesh A, B, respectively (varies with the
density and face width of the pinion and gear of a mesh)

R = overall gear ratio between motor and load (greater than one)

RA’ RB = gear ratio of Mesh A, B, respectively

Ty = motor output torque (in.-oz)

T, = load friction torque (in.-oz)

T,y = load torgue referred to motor shaft (in.-oz)

N'M," N, = speed of motor and load, respectively (rpm)

Ly I, = inertia of motor and load, respectively (oz-in.-aeca)

I I, I3, I, = inertia of gear 1, 2, 3, L, respectively
(oz-in. -sec2_)

I;y = load inertia referred to motor shaft (oz-in. -sece)

I ’ Iqu = inertia of gear 2, 3, L, respectively, referred to

ow’ T3u
motor shaft (oz-in.-aecz)
123 = inertia of Jack shaft between gear 2 and gear 3 (oz-in.-aecz)

Ipgy = inertia I, Teferred to motor shaft (oz-in. —sec?)

o = load acceleration (ra.d./seca)

dM = motor acceleration (ra.d./sece)

Ty = motor friction torque ('in.-ozﬁ)

B = total linear backlash of a meshed iaa:l.r of gears measured on
piteh eirele (in.)

T, = width of tooth spa.ée on pitch circle (in.)

T

, = width of tooth on pitch circle (in.)
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g_ = angular backlash of pinion (rad)

b

93_ = angular backlash of gear (rad)
T, = piteh radius of pinion (in.)
B = pltch redius of gear (in.)

AC = increase in center distance sbove nominal (in.)

©
]

operating pressure angle (deg) = o,

>
n

standard pressure angle (deg) (14.5°%, 20°, ete.)

C = nominal center distance (in.)(sum of pitch radius of gear and

pinion)
Bg = linear backlash per gear (in.)
e, = total composite error (in.)
6, = angular backlash of gear 1 (rad) ‘
8, ., = angular backlash of gear 1 transferred to gear 2 (rad)
N, = velocity of gear 2 (rpm)
N, = velocity of gear 1 (rpm)

m (subscript) = maximum

p (subscript) = probeble or pinion
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- SUMMARY

The two principal problems which occur in the design of a mechan-
ical drive for a servomechanism are the reduction of the inertia of the
system and the reduction of the backlash of its gear trein to a practical
minimm. Information that will aid in the solution of these problems is
inélud.ed in this thesis.

| A study of all available literature of inertia and backlash was
mede; the information that wes obtained was consolidated into this paper.
The effects, sources, methods of calculation, and methods of red.;.mtion of
inertia and backlash in & servo system are included.

Inertia in s servo system reduces its speed of response, produces
dynamic positional errors, and causes oscillations in the system. .Excessive
gear backlash produces system instebility, oscillation, and static positional
inaccursacy.

The inertia of a system can be reduced by the proper selection of
gear-train ratios, gear materials, gear shape and size, and low inertia
electrical components. Backlash can be reduced by the use of precision
gears and ball bearings, close machining tolerances, proper materials, and

antibacklash gears.




CHAPTER I
INTRODUCTION

In the design of an instrument servomechanism, it is necessary
to reduce the inertia of fhe system and the backlash of its gear train
to & practical minimum in order to obtain an accurate and stable system.
Inertia in a servo system reduces its speed of response, produces dynamic
ppsitional errors, and causes oscilla.fic_ma_ in the system. Excessive gear
baeklash produces system instebility, oscillation, and static positional
inaccuracy (2)*. This thesis was written for the purpose of aiding in the
design of the mechanical drive of & servo system with minimm backlash snd
inertia.

Since there wes no single source of information availsble on the
minimization of inertia and backlash, a study we.s made of all available
books and periodicals that contained imﬁ'omation on backlesh and inertia;
the facts and data that were obtained from this literature were comsolidated
and organized into this paper.

Sources, methods of caleulation, and methods of reduction of inertia
and backlash are included in the followlng chepters.

The inertia of a system can be reduced by the proper selection of

gear-train ratios, gear materials, gear shape and size, and low inertia

*Numbers in parenthesis identify references listed in Bibliography.




electrical components. Backlash can be reduced by the use of precision
gears and ball bearings, close machining tolerances, proper materials,

and antibacklash gears.




CHAPTER II

INERTIA

Definition and Effects

Inertia is the property of a body which opposes any change in the
body's motion (1).

In order to obtain & maximum speed of response and to prevent os-
cillation in a servo system, it is necessary to reduce the inertia of the
system to g minimum. A high speed of response requires a rapld system
a.cceleratiop. To obtain the maximum acceleration of an inertia load with
a motor torque, the ratio of torque-to-inertia at the load shaft or at the
motor shaft must be a maximum, since @ = T/I. When a gear train separates
the motor and the load, it must be designed with the proper ratio and with

minimum overall inertia to cbtain maximum system acceleration (4).

Calculation

Formulas and Rules.--During the design of a servo system, it is necessary

to obtain the inertia of all moving components. The inertia of components

such as motors, tachometer generators, potentiometers, resolvers, synchros,
and ball bearings can be cbtained from their manufacturer's literature;

the inertia of components such as gears, shafts, and pulleys must be calcu-
lated.

The formulas given below are to be used to calculate the moment of




inertia of some of the more common solid bodies required in servo dynamics

()

Solid circular cylinder about its axis of symmetry (Fig. la):
ﬁdth
I =

Hollow circular cylinder sbout its exis of symmetry (Fig. 1b):

i L
ndt (10 - Dl)

Lo, = (2)

Solid eireular cylinder about an axis parallel to, and X dis-
tance from, its axis of symmetry (Fig. lc):

o 2
ndtD_ (DO + on)

Ipp = > (3)

Body of weight W having linear motion and attached to a cable
wound around & drum or & pulley of pitch diameter D , or a rack
of weight W meshing with a gear of pitch diameter pP ; inertia
referred to axis of symmetry of drum, pulley, or gegr (Fig. 1d):

2
= 2
Tgp = W (D,/2) ()
Inertia in weight units traasformed into inertia in mass units:

I (Oz—in.e) (5)
386.0k in./se(:;J

I (oz~in.—se:2) =
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f. Symbols for sbove formulas:

D, = outside diameter of cylinder (in.)
D; = inside diameter of cylinder (in.)

4+ = thickness of cylinder (in.)

d = density of material of cylinder (oz/in.>), (Table 1)

xo = perpendicular distance from axis of aymetry of the
cylinder to a parallel axis (in ] =

D, = pitch diemeter of pulley, drum, or gear (in.)
W = weight of body or rack (oz)

I,, = moment of inertig of a body referred to its axis of
" symmetry (oz-in. )

IBB = moment of inertia of a body refgrred to an axis pa.rallel
to its exis of symmetry (oz-in. )

Fine pitch instrument gears usually are 48 diemetral pitch or finer,
have a lh.5° or 20° pressure angle, and have a face width of'l aﬁproximately
one-eighth inch.

To calculate the inertia of a fine pitch gear, one should considqr
the gear a solid (or hollow) circular cylinder with an outsiﬁé‘ ‘diameter
equal %o ‘the pitch diagiefer of the gear and with a thickness equal to the

face width of the gear (4).

D= (6)

H| 13

pitch diameter of gear
number of teeth on gear

D
n
P = diametral pitch of gear

In the design of a servo gear train, it is often necessary to trans-

fer inertias and torques from one shaft to another shaft of the gear train;




Table 1. Density of Materials

Material Density (d), (oz/i_n.B)
Auminum (24S-T3) 1.600
Brass (free cutting, yellow; Cu: .615; L.o12
Zn: .355; Pb: .03)
Steel (stainless: 302, 303, 304) k.59
Magnesium 1.005
Cast Iron (gray) 4.160
Copper 5.184
Lead 6.555
Nylon (Zytel 101, formerly FM10001) 0.659
Fibre (laminated thermosetting plastic with 0.751 - 0.786
paper or cotton fabric basgg
Bronze (Cu: .90; Zn: .10) 5.088

Water 0.578024




it is also necessary to obtain a relationship between speeds and accelera-
tions of various shafts. An example of a typical servo drive consisting of
a motor, a load, and & two-mesh gear train is shown in Figure 2.

Usually the torgue, acceleration, speed, a.nd. inertia of the load, and
the inertia of the gear train are referred to the motor shaft. When trars-
ferred from a high speed shaft to a 10w speed shaft, inertia is decreased by
the square of the gear ratio, torque is decreased by the gear ratio, and ac-
celeration and speed are increased by the gear ratio. The reverse of the
above is true when the transformation is made from a low speed shaft to a
high speed shaft.

Symbols and Equations for Figure 2 (b4):

n,, o, n3, n) = number of teeth on gear 1, 2, 3, 4, respectively
d)s 4y 8y &), = demsity of gear 1, 2, 3, b, respectively (0z/in.3)

D

10 Doy 133, D), = pitch diesmeter of gear 1, 2, 3, L, respectively

(in.)
PR t3, %), = thickness of gear 1, 2, 3, 4, respectively (in.)

R = RABIB = overall gear ratio between motor and load (7)
BQ Dh D’-l-

R, = — = =, = — = =— = gear ratio of mesh A and B,

BBy " o3 D3 respectively (8, 9)

Tyy = motor output torque (in.-oz)

T, = loed friction torque (in.-0z); (may be a constant value or may
be proportional to the load velocity)

T y = load torque referred to motor shaft (in.-oz)

Ny N = speed of motor and load, respectively, (rpm)

Ill’ IL = inertia of motor and load, respectively (oz-in. -sece)




MOTOR

7 12
A
GEAR
TRAIN
8
3| l |4

LOAD
(SYNCHRO)

FIG. 2: SERVO DRIVE
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I I, 13,_ I, = inertis of gear 1, 2, 3, 4, respectively
(oz-in. —sec® )
T‘LM---“ load inertia referred to motor shaft (oz-in.-s.ec-g)

Loy I3K’ Iy = inertia of geer 2, 3, 4, respectively, referred
to motor shaft (oz-—in.-se_ca)

123 = inertia ,ofl,jack shaft between gear 2 and gear 3,

(oz-in.-gec?) '

referred to motor shaft (oz-in.-s_ecz)

5

I23N. = inertia I23

@ = load acceleration, (rad/sec

gy = motor acceleration, _(r'aﬁ/aece)

Try = IELﬁ (neglecting gear inefficiencies) (10)
Trym = i (e = gear efficiency = approximately .95 per spur (11)
_ ® gear mesh)
Ay
e S 12
Ty B Riﬁi (12)
I, = 2 (13)
2M Ri
I, |
T FL (14)
A
I
BA
I, O
i = 7 ;ﬁ (16)
By = BN a7
G P, (18)




General Equation of Motion.--When Newton's Second Law of Motion, IT = Ia,

is applied to the motor and the asbove quantities referred to the motor shaft
and gear efficiencies are neglected, an equation is obtained that represents
the dynamics of the serve drive:

Ty - Tow = Tyt Ty + Ty + Togy + Toy * Tigg *+ Ipy) O (29)
T I .
or TH'-I_!E='-(IH+11+£%+;{I§-3'+§%+$+%) (BGL) (20)
A A A
"
nd. t.D.
11=—§-21—’: (21)
4
nd.t.D _
12=_32-22 (22)
1.'.(‘1.3‘t:3.‘|3br
13=_32_1 (23)
b
nd, t) D), .
I, = ——t (24)
at D
2 o
K, = — R, = — (25 26)
A" a4t 7 TA D ’
L
I. d.t.D
2 207D L
- = K.R (27)
I d.ltlnlu &%
at D
Ly L R
= = — = o (28, 29)
K5 T, Ry s Ry ’

L-aEp, " KgRp = KB:_E )




T o o Tgx Ly BRI R i g
Tom gt Myt et e 2 pde ) (Ry)  (3)
Ra Ra Ri RaRA .
poo L. T | KB]5'[213 L
T (1M-|~1]_-”(&1::‘,,LIJ_+Ra +32+_r?‘—+n_2) (Reg)  (32)
A A A
a from Equation 32:
%
(T, - 75 )
o = A:B T = IL (33)
2 23,73, BAB3
RBy (I, + I, + KR, I, + ==+-5+ T * )
Ri Ra Ra Rafp

Degign for Minimum Inertia

Exact Method.--Equation 33 is the general equation of acceleration of the

servo drive shown in Figure 2. The load torque 'JIL is usually small and can
be neglected in the initial calculations. The gear ratios R " and RB for

maximum load acceleration can be found by the simultaneous solution of the

equations (4):
B, %,
=0 =0 (3]'|')
O Fe
The overall gear ratio R is then equal to R'ARB'

When the required overall gear ratio R is initially known, it can
be substituted into Equation 33 for ome of the unknowns, R, or Ry, (See

Equation 7); then from the solution of the equation,
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=0 or 333*“ , (35)

one of the mesh ratios can be cobtained, and the other mesh ratio can be
found from Equation 7.

The above example included a gear train of only two meshes; a simi-
lar equation for a gear train of n meshes can be written and solved for the
load acceleration o - The partiel derivative of o with respect to each of
the gear-mesh ratios can be found and set equel. to zero. The simultaneous
solution of these partial derivative equations will give the individual gear
mesh ratios for the n meshes to produce maximum load acceleration.

Approximate Method.--Sometimes it is desirable to neglect gear train inertia

initially and to obtain a rapid approximation cf the optimum gear ratio re-
quired to meet specific servo load specificaticns. Equations for calculating
the approximate overall gear ratio recquired to meet given load specifications
are given below (2):

a. For maximum steady state load velocity:
T
L
Ris< &= (36)
MF
b. For maximum acceleration of an inertia load:

R = (IL/IM)l/2 (37)

c. For a specified meximum load velocity, w., and a specified max-

L)
imum load acceleration, o with minimum motor torque, and with
load torque and motor friction torque proporticnal to system

velocity:
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T * {#ﬁF + 4 (TL + IIPE) (IMng>l/2
L) (38)

R

d. Symbols for above equations:

motor speed

R = gear ratio = W

I. = load inertia (oz-in.-secg)

. . . 2
motor inertia (oz-in.-sec®)

H
il

load acceleration (rad/sece)

R

=)
1]

load friction torque (in.-oz)

Ty = motor friction torque (in.-oz)

Meshes and Ratios.--The overall gear ratic between the motor and the load

mey be found by the gbove approximation, or it may be given in the speci-
fications of the system. The number cf gear meshes and the required ratic
per mesh can be found from Figure 3 or Figure 4. Figure 3 and Figure L are
congstructed for the following gear train conditions: all pinions are the
same size and are as small as practical without introducing excessive angu-
lar backlash; pinions and gears are made of the same density material and
have the same face width. If these conditions are not met in a design
problem, the figures may still be used to give an approximation of the
gear mesh ratios; however, a new set 0 curves can be constructed which
will satisfy the design specifications and will give exact gear-mesh

ratios. (For details, see Reference No. 2 of Bibliography.)
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If an absolute minimum value of gear-train inertia is desired,
Figure 3 should be used to obtain the number of meshes and the ratio per
mesh (2). "

The overall gear ratio is located along the abscissa; a line drawn
through this gear ratio value, parallel to the ordinate, intersects each
of the mesh curves. Lines drawn through each of the points of intersec-
tion, parallel to the sbscissa, intersect the ordinate at the gear-mesh
ra_tid value for each of the meshes. Example: If the overall gear ratio
equals 10, first mesh ratio (between motor and first jack shaft) is 1.5,
second mesh ratio is 1.6, third mesh ratio is 1.8, fourth mesh ratio is
.85

If it is desirable, for economy, to use fewer than the optimum
number of gear meshes, Figure 4 should be used (2). A line, drawn from
the overall gear ratio (located on the right ordinate) through the total
number of meshes (lcca.teﬁ between the ordinates), will intersect the left
ordinate and indicate the ratio of the first mesh. The overall ratio is
then divided by the first mesh ratio to obtain the remaining ratio. Then
a line, drawn through the remsining ratio (located on the right ordinate)
and through the number of remaining meshes (located between the ordinates),
will intersect the left ordinate at the ratio of the second mesh. This
procedure is repeated until the ratio of each mesh has been determined.
Exsmple: If the overall ratio equals 10 and three meshes are to be used,
first mesh ratio is 1.72, second mesh ratio is 2.07, third mesh ratio is

2.81. This gear train will have the minimmm inertia possible for an overall
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gear ratio of 10 with three meshes.

Methods of Reduction

Materials.--Materials used for the manufacture of instrument gears should
have minimum density conaist;ent with the requirements for satisfactory
durebility and wear. Many instrument gears are now being made of aluminum
and nylon, and their pinions are being made of steinless steel. The Qena'i-
ties of various materials are given in Tseble 1.

Some of the properties of nylon that make it an ideal material for
instrument gears are listed below (8):

1. Low density and therefore low inertia

2. DNo lubrieation required

3. Noise and vibration demper

h. Low coefficient of friction (nylon and nylom, dry: 0.0k - 0.10;
nylon and steel and SAE 10 oil: 0.1%) ;

5. Corrosion resistant and good wearsbility

6. Molded parts tougher than machined parts
Gear Shape.--The inertia of a gear may be reduced by removing material from
the web between the gear teeth and the gear hub. The web thickness may be
reduced as shown in Figure 5 (here the inertia of the geé.r was reduced %o
.65 of its initial value); holes may be drilled through the web as shown
in Figure 6 (here the inertia was reduced to .75 of its initisl value).

If too much material is removed or if it is removed from too near
the gear teeth, the strength and the rigidity of the gear will be overly

reduced, and axial and radial runout of the gear may result. To avoid the




FIG.5: LOW-INERTIA GEAR

FIG. 6: LOW-/INERTIA GEAR
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possibility of gear distortion, it is advisable to reduce the weight of the
web of a gear blank before the final outside diameter of the gear is turned,
and 'thus_ before the gear teeth are cut.

Gear Ratio--It has been stated previosly that the inertia of a servo syst__an
can be reduced to a minimum by the proper selection of the overall gear ratio
and of the gear-mesh ratios. Approximate values of the proper overﬁn-and
mesh ratios can be found as stated above; *t;o obtain exact overall and mesh
ratios for minimum system inertia often requires a trial-and-error solu-
tion, using the approximate values as initial values in the solution. The

approximate values are often sgtisfactory for almost all servo system designs.
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CHAPTER III
BACKLASH

Effects and Definition

The second of the problems encountered in the design of a servo-
mechanism precision gear train is the minimization of gear backlash.
Excessive backlash preduces instability, oscillation, and positional in-
accuracy in the servo system. In many electromechanical servo contrql_
cirecuits, the gearing is the limit to the overall accurscy and p_srfoma.nce
of the system.

Linear hacklash is defined as the shortest distance be‘t:ween the non-
driving tooth surfaces of adjacent teeth on meshing gears or the amount by
which the width of a 'i'._ooth space exceeds the thickness of the engaging tooth,
measured in inches on the pitch circle. Angular backlash is measured in ra-
dians and is equal to the linear backlash divided by the pitch radius of
eifher gear and therefore must be referred to a specific gear of the meshed
pair. Angular backlash can be defined as the angle through which a meshed

gear can be rotated when its mating gear is held fixed (18).

B=T -T, (39)

(40)

B_
b
P
B
B, it (41)
Tg
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B = linear backlash of meshed pair (in.)
T = width of tooth space on pitch circle (in.)

T, = width of tooth on pitch circle (in.)

t

BP = angular backlash of pinion (red)
6, = angular backlash of geer (rad)
r, = pitch redius of pinion (in.)

T, = pitch redius of gear (in.)

A theoretically perfect gear, mounted perfectly, would require no
backlash to operate properly, and its tooth thickness, measured on_'l'.he pitch
circle, would be equal to one-half the circular pitch of the gear. However,
because of unavoidable manufacturing inaccuracies, it is necessary to pro'—m'
vide some clearance (backlash) so that the gears will not bind but will roll
together smoothly. Backlash is intentionally secured by setting the cutting
tool somewhat deeper into the gear blank than the theoretical position, thus
cutting the teeth slightly thinner; backlash may also be secured by having
the center distance of the meshing gears slightly oversize. This backlash
is necessary and desirable, but an additional amownt of 'ba.ckla.sh, which is
both unintentional and undesirable, iy oBbon, Bxilriiluoel dake gears. This
undesirable backlash should be held to & minimum during the menufacturing

operations, and it may be eliminated with antibacklash methods upon assembly.

Sources of Backlash

The sources of backlash in gear trains are listed below:

1. Gear center-distance variation
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n

Gear tooth size

Pitch diameter runout

-

Ball bearing errors

Gear assembly to shaft

Shaft runout

Looseness of shaft, bearings, and housing bore

Composite gears

Environmental sources

w oo N4 O I W

[
(@]

Rigidity of installation

Gear Center-Distance Variation.--This source is usually the largest of the

above backlash components. Regardless of the machining method used, it is
impossible to obtain the exact nominal theoretical center distance in prac-
tice; therefore, to avoid possible gear interference, the tolerance on gear
center distance is usually given as the theoretical nominal (equal to the
sum of the pitch radii of the two meshing gears) to plus some specified
allowance of 0.0003 inch to 0.001 inch, depending on the type of machining
operation. The_center distance will then be just nominal or greater than
nominal because of the manufacturing tolerances.

The following tolerances can be obtained on center distances up to
five inches:

+

l- JigS and. fixtuI'ES LI I BRI AR B B B B B A 0-001 —iDCh

2l Jig-boring & & 8 & & 8 8 8400 S 4R s e e aN t0l0003-inch

3. OSpecial production techniques ..... s 0.0005 - inch
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In order to avoid interferences which could result from tolerances
or from piteh ecircle runout, the center distance is sometimes intentionally
increased beyond its nominal value.

~ Any increase in gear center aista.;}ce gbove nominal, either due to

manufacturing tolerances or to an Intentional increase for smoother opera-

tion, produces gear backlash. The backlash is given by the following

formula (19): :
B = 2(aC) tan o (k2)
B = linear backlash measured on the pitch circle, (in.)

AC = increese in center distance above nominel, (in.)

o, = operating pressure angle, (deg)ﬁ@.s

¢, = standard pressure angle (deg) (14.5°, 20°, ete.)

An involute gear has no pressure angle or pitch diameter until it
is meshed with another involute gear at a fixed center distance. If this
center distance is greater than the nominal center distance, then the oper-;
ating pressure angle (@o) of the gears will exceed the standard pressure
angle (@_s) of the tooth generating tool; thus changing the center distance
changes the operating pressure angle which alters the bagcklash. The oper-
ating pressure angle can be calculated with the following formula (19):

cos o, (C)
Cos QO = W (ll-3)
Qo = operating pressure angle == @8

®_ = standard pressure angle (14-1/2°%, 20°, ete.)
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C = nominal center distance (sum of pitch radius of gear and
pinion)

AC = increagse in center distance above nominsl

Gear Tooth Size.--Variations in the size of gear teeth are also one of

the major sources of backlash. Theoretically, perfectly msde gears, oper-
ating on exact nominal center distances, wpuld require no backlash; and
the thickness of their teeth would equal one-helf their circular pitch

(t = %/2P). However, actual teeth are usually specified slightly thinner
to prdvide an intentional design backlash and thus avoid the possibility
of interference; a manufacturing tolerance is also given which permits the
teeth to be even thinner and thus increases the posgible backlash.

Backlash which is due to a reduction in the tooth size of a gear can
be measured by mounting the gear on a varisble-center-distance inspection
fixture. The gear, on a spring-loeded floating shaft which meshes the gears,
is rolled in mesh with a master gear; the difference, if any, between their
nominal center distance and their actuel center distance is measured, and
the backlash is calculated by using Equations 42 and 43.

The Etandard specified backlash for various classes of fine pltch
gears is given in Teble 2 and Table 3; these values are from the American
Gear Manufacturers' Association Standard 236.03.

These tables indicate that backlash will approach a minimum when a
precision class of fine pitch gears is used; the finer the pitech and the
more precise the class, the less backlash will be produced by a reduction

in gear tooth thickness.
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Table 2. Standard Specified Backlash

Diametral Pitch Backlash* (inches)

Class A

20 - 4o 0.004 - 0.006

L1 - 70 0.003 - 0.005

71 - 90 0.002 - 0.0035
Class B

20 - 60 0.002 - 0.00k4
6l - 120 0.0015 - 0.003
121 - finer 0.001L - 0.002
Class C

20 - 60 0.001 - 0.002

61 ~ 120 0.0007 - 0.0015
121 - finer 0.0005 - 0.001
Class D

any pitch no measurable backlash

*Between two assembled gears at their tightest point of mesh. Backlash

will be increased when the low points of runout are in contact.
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Teble 3. Backlazsh Components Converted from Table 2

Intentional Backlash Probability
Diametral Pitch Backlash Tolerance Factor for
(in. per pair) (in. per pair) Tolerance
Class A
20 - 45 0.004 0.002 @5
46 - 70 0.003 0.002 0.5
71 - 90 0.002 0.0015 0.7
Class B
20 - 60 0.002 0.002 0.5
bl - 120 0.0015 0.0015 0.6
121 - finer 0.001 0.001 0.8
Class C
20 - 60 0.001 0.001 0.8
61 - 120 0.0007 0.0008 1.0
121 - finer 0.0005 0.000% 1.0
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Pitqh Diameter Runout.--It is almost imposaible to produce a gear without
having the pitch circle vary slightly and without having some eccentricity
between the pitch circle and the bore. The pitch cirele, the circumferen-~
tial trace through the gear teeth designating constant tooth thickness, be-
comes slightly eccentric relative to the bore center and also departs from
being perfectly circular due to tooth-to-tooth variations.

Any eccentricity will cause the gear teeth to work slightly in and
out of mesh and the backlash to vary as the gear rotates; the backlash will
be increased as the short radius part of the gear passes through the mesh
point where the thinner outer Porﬁions of the gear teeth are in contact.
Additionsal backlash will be caused by any tooth thickness variation, pro-
file error, tooth spacing variation, or lateral gear runout.

The maximum overall variation of the pitch radius of a gear (maximum
piteh radius minus minimum pitch radius) is called the total composite
error; Teble 4 shows limiting values of total composite error from AGMA
Standard 236.03. The piteh radius variation of a gear can be measured by
measuring the change in center distance as the gear is rotated in mesh with
a master gear on a variable-center-distance inspection fixture. The back-
lash contribution at the low point of each of a pair of meshed gears due

to total composite error is given by the formula below (18):

BE = etutan Qo (k)
Bg = linear backlash per gear

e, = total composite error

P =

operating pressure angle = @ 4
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Teble 4. Total and Tooth-to-Tooth Cemposite Error Limits

Total Composite

Tooth-to-Tooth

Probability Factor

Class Error (in.) Composite Error for Total Composite
' (in.) Error
Commercial 1 0.006 0.002 9.5
Commercial 2 0.004 0.0015 0.5
Commercial 3 0.002 0.001 0.67
Commercial 4 0.0015 0.0007 0.67
Precision 1 0.001 0.000k 0.67
Precision 2 0.0005 0.0003 0.8
Precision 3 0.00025 0.0002 1.0
Table 5. Ball Bearing Runout*
- b " Inner Race Outer Race Probability
ABEC Class Eecentricity Eccentricity Factor
(in. TIR) (in. TIR)
1 0.0003 0.0006 3
3 0.0002 0.000k 1
5 0.0002 0.0002 1
7 0.0001 0.0002 1

¥For bores to 1/4 ineh only
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Ball Bearing Errors.--Eccentricity of the inner and/or outer race of a

ball bearing affects the backlash of a palr or meshed gears. If the
outer race is fixed and the inner race rotates, any runout of the inmer
race will cause the center of a gear mounted to a shaft in the bearing
to have a small cirecular motion as the gear rotates; this motion gives
the pitch circle an additional amount of eccentricity and produces back-
lash which varies with gear rotation.

Any runout of the outer race will produce a permanent shift of
the gear center which will alter the center distance between the gear
and its meshing gear. The magnitude and direction of the center shift
will depend on the angular orientation of the outer race with respect
to the mesh point of the gears; the center shift produces backlash in
the same manner as gear center-distance variation.

Radial play in ball bearings can also add to gear backlash.

Teble 5 gives limiting velues of ball bearing runout. Sinece the runout
and radial play of small precision ball bearings are usually very small,
ball bearings have little effect on the total backlash of a gear mesh.

Gear Assembly to Shaft.--If any clearance exlsts between a gear bore and

its mounting-shaft diasmeter, it is possible that the assembly will be
eccentric when assembled, regardless of the method of fastening. The
result will be runout of the pitch cirecle of the gear, which will pro-
duce backlash that will vary with gear rotation. This backlash source
can be eliminated by reducing the clearance to zero and specifying a

press fit of the shaft and gear bore. Table 6 shows shaft and bore di-
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Teble 6. Clearance Between Shaft and Gear

Nominal Shaft Nominal Gear Meximum Maximum Probebility

AGMA Dia. (in.)* Bore (in.)* (learance Gear Factor
A CAnE (in.) Center
Shift
(in.)
Commercial 1V g‘gggé N g‘gggi 0.0023 t0.0012  0.50
| 0.0001 + 0.0011 +
Commercial 2 ¥ 203> e 0.0013 ¥ 0.0006 0.50
Comnercial 3 T O'300 iy 0.0010 *0.0005 0.67
; _ + 0.0001 + 0.0008 +
Commercial 4 0.0002 + 0.0001 0.0010 = 0.0005 0.67
+ 0.0000 + 0.0006 +
Precision 1 * 20000 e 0.0008 * 0.000k  0.67
+ 0.0000 + 0.0003 "
Precision 2 - 0.0002 + 0.0001 0.0005 =~ 0.00025 0.75
Precision 3 ' g‘gggg ! g*gggg 0.0005 * 0.00025 0.75

#The above shaft and bore dimensions are the values to be added to the
nominal dimension to obtain the limiting dimensions of the shaft diameter

and the gear bore.
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mensions, tolerances, and maximum clesrances for various AGMA gear classes.
When precision gears end shafts are used, this source of backlash is small.

Shaft Runout.--Shafts, if long and slender and/or if stepped for bearing

mounting, have a measurable amount of runout between their bearing mounting
diameters and their gear mounting diameters. This runout will produce a
cyclic variation of backlash with gear rotation; however, since the runout
is usually small, its effect on backlash is also small. Typical shaft run-
out values for various components are shown in Table 7.

Looseness of Shaft, Beasring, and Housing Bore.--A loose fit, between the

shaft of a gear and the inside diameter of a bearing or between the outside
diameter of the bearing and the housing bore, can cause backlash. When a
load is transmitted by the gears, their centers are forced apart; this in-
crease in center distance produces backlash. For precision assemblies, this
looseness is very small, and its contribution to gear backlash is likewise
small.

Composite Gears.--An assembly consisting of a gear and a separate hub will

contribute to the toal backlash beﬁause of the eccentricity of the assembly.
If the assembly is a clearance fit, rather than a press fit, additional
eccentricity and backlash will exist.

Environmental Sources.--If gear trains are required to operate throughout

a wide range of ambient temperature, dimensional changes will result from
the thermal coefficient of linear expansion. If the gears, shafts, and
housings are not constructed of the sane material, backlash may be affected

because of differences in thermal expansion.



Table 7. Shaft Runout for Typicel Components
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Maximum TIR at Shaft Probability

Component Erd, (in.) Factor
Precision synchros 0.001 0.7
Precision resolvers 0.0002 1.0
Precision potentiometers 0.0005 0.8
Stepped shafts

Lathe-turned shoulders 0.001 0.8

Precision-turned shoulders 0.0005 1.0

Precision-ground shculders 0.0002 1.0
Precision centerless-ground 0.0001 (per inch of 1.0

shafting

length)
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Rigidity of Installation.--The deflection of long slender shafts and un-

braced bearing housings, which occurs when the gears transmit a load, is
an additlonal source of backlash.

Classification and Sum of Backlash Sources.--Taeble 8 gives three classi-

fications of the previously listed backlash sources. Group A sources are
design sources and are determined by the gear designer. These sources
produce known amounts of backlash, which can be added to cbtain their to-
tal. Group B sources are tolerance sources and are due tc variations in
the machining operations. The backlash produced by these sources can be
added directly after applying the probability factors listed in Table 3
through Teble 7. Group C sources are also tolerance sources, but they
produce backlash that is not constant in magnitude but varies with gear
rotation. The following procedure will give their contribubion to the
total backlash (18):

a. Apply probability factors to each source of backlash.

b. Add these components and apply an assembly phasing-factor
of 0.7.

c. After performing the above steps for each gear of a meshed
pair, apply a meshing phasing factor of 0.7 to the sum of
the probable errors obtained for each gear for velocity
ratios under 2, and a factor of 1 for higher ratios.

d. Since the above steps give the total probable eccentricity
(or change in the center distance of the gears), apply
Equations 42 and 43 to obtain the backlash contribution due
to this eccentricity.

The total net probable linear backlash of a meshed pair of gears

is found by adding the contributions of the sources of Groups A, B, and C.

Group C sources are sometimes neglected because of their small contribution



Teble 8. Classification of Backlash Sources

Group A - Design Components

1. Any specific increase in center distance nominal
2. Beduction of tooth thickness from nominal

Group B - Tolerance Components

1. Tolerance on tooth thickness
2. Tolerance on center distance
3. Bearing center shift due to outer race eccentricity
4. Radial clearance in bearing

5. Tolerances on shaft diasmeter, bearing diemeters, and bearing
housing bore dismeter

Group C - Components Varisble with Gear Rotation

1. Total composite error of pitch circle

2. C(learance fit between gear bore and shaft
3. Shaft runout at point of gear mounting

4. Bearing inner-race eccentricity

5. Eccentricity of composite gear assembly
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to the total backlash. The total angular backlash in radians of a mesh
is found by dividing the total linear backlash by the piﬁch rgdius of the
gear in the mesh to which the angular backlash is referred (Equations 40
and 41). The total angular backlash of a gear train is usually found by
taking the sum of the angular backlash of all meshes after the backlash
bas been transferred to the motor shaft. The following fo:mnla is used

to transfer angular backlash from one gear to another gear in a gear

train:
N
_ 2
O s =0 (46)
1
0, = angular backlash of gear 1, (rad)
91.2 = angular backlash of gear 1 transferred to gear 2,
" (rad)
N, = velocity of gear 2, (rpm)
N, = velocity of gear 1, (rpm)

The total angular backlash of a gear train referred to the motor shaft
signifies the number of'radians, or degrees, through which the motor

shaft could be rotated while the load shaft is held s*ta.tionaryf

Calculation

Example Problem.--A typical servo gear train, shown in Figure T, will be

used to demonstrate the calculation of backlash. The probable and the
maximum possible backlash of gear mesh A will be calculated; directions

for the calculation of the backlash of mesh B and the total system back-
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lash will be given also.

The following data, as well as that shown in Figure 7, describes

the gear train.

1.

The gears on the motor and the synchro are mounted
on their shaft ends; both shaft ends run true within
0.001-inch TIR (Total Indicator Reading) and have a
radial play of 0.0005-inch meximum.

The gears on the jack shaft are mounted one-half inch
from the ball bearings; the ball bearings are ABEC-5
with 0.0003 to 0.0006-inch radial play; the jack shaft

'is a b-inch long centerless ground shaft which is

3.

accurate to 0.0001 in./in. TIR.

All gears are 48 diemetral pitch and 20-degree pressure
angle; the number of teeth and the class of precision of
each gear are shown in Figure 7; each is clamped to its
shaft with the recommended fit shown in Table 6.

The gear-mesh center distances are nominal, with a
tolerance of %%% - inch.

Both the synchro and the motor mounting diameters are
2.0000 % - inch, and they fit into housing bores
of 2.003 % - inch.

Totel indicator reeding (TIR), diametrsl clearance,
and radial play values must be halved in order to
obtain the radial eccentricity values.

A probability factor must be used to obtain the
probable values of those backlash components which
can vary in magnitude. ;

Phasing factors must be applied to the probable backlash
values of Group C sources.

Variations in center distance must be converted into vari-
ations in backlash by the use of Equation 42 and Equation

L3.
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The words pinion and gear, at the right of the backlash
values in the following calculations, indicate to which
of the gears of the mesh the backlash refers.

Equations and Solution for Mesh A.--

1. Group A and Group B backlash sources:

C.

AC = variation in center distance (in.)

B = linear backlash (in.)
m = maximum
P = probable

Center distance variation, (backlash due to intentional
variation esbove nominal plus tolerance variation):

G, = 0.0000 + 0.0010 = 0.0010

= 2(AC_) tan & = 2(0.0010) tan 20° = 0.00073

Acp = 0.0000 + (0.0010)(0.5) = 0.0005

= 2(0.0005)(0.364) = 0.00037 (pinion and gear)

Gear tooth size (intentional backlash plus tolerance
backlash from Teble 3 for 48 diametral pitch and Class
B gears):

B, = 0.0020 + 0.0020 = 0.0040 (pinion and gear)
BP = 0.0020 + 0.0020 (0.5) = 0.0030 (pinion and gear)

Clearance of motor in mounting hole (backla.ah due to
intentional redial clearance plus tolerance radial
clearance):

_ 0.0003 . 0.0007 + 0.0015
&Cm = > + 3

B_ = 2(0.0013)(0.36k4) = 0.00095 (pinion)




d.

_ 0.0003 , (0.0007 + 0.0015)(0.5) _
2

iy

B = 2(0.00070)(0.364) = 0.00051 (pinion)

5 = 0.00070

Motor shaft radial play (backlash due to radial
eccentricity):

_ 0.0005 _ .
aC, = ~=52 = 0.00025

0.00018 (pinion)

ac = (0-0005)(0:3) - 0.00013

B, = 2(0.00025) (0.364)

Bp = 2(0.00013)(0.364) = 0.00009 (pinion)

Radial play of the ball bearing that supports
the 30-tooth gear (backlash due to radial eccen-
tricity):

0.0006
o, # )

= 0.0003

B, = 2(0.0003) (0.364) = 0.00022 (gear)
acp
B, = 2(0.00025)(0.364) = 0.00018 (gear)

_0.0003 . (0.0003)(0.67) _
= 5=+ = = 0.00025

Outer race eccentricity of the ball bearing
that supports the 30-tooth gear (backlash due
to bearing radial eccentricity, from Teble 5
for a Class 5 bearing):

AC = 0.0002

= S 0.0001

B, = 2(0.0001) (0.364) = 0.00007 (gear)

ac = (0'0003)(1t91-= 0.0001

BP = 2(0.0001)(0.36k4) = 0.00007 (gear)
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g. Sum of backlash from Group A and Group B sources

(sum of components a through f sbove):

+ 0.00022 + 0.00007 = 0.00615

: EBm

$B_ = 0.00037 + 0.00300 + 0.00051 + 0.00009
P 40.00018 + 0.00007 = 0.00Lk22

Group C backlash sources:

a. Total composite error (sum of backlash due to total
composite error of each gear, from Equation Lh and
Table 4 for a Precision 1 gear):

€y = 0.0010/gear

B, = (0.0010)(0.364) + (0.0010)(0.364) = 0.00072
(pinion and gear)

S4p = (0.0010) (0.67) = 0.00067/gear

B_ = (0.00067)(0.364) + (0.00067)(0.364) = 0.00048
P (pinion end gear) '

. Redial clearance between gear bore and shaft (sum

of backlash due to gear center shift of each gear,
Teble 6 for Precision 1 gear):

ac = 0.000k4 /gear

B = 2(0.000k)(0.364) + 2(0.0004)(0.364) = 0.00058
™ (pinion and gear)

AC.P = (0.0004)(0.67) = 0.00027/gear

B, = 2(0.00027) (0.364) + 2(0.00027)(0.364) = 0.00040
(pinion and gear)

c. Motor shaft runout (backlash due to radial eccentricity
of the shaft; assume probability factor for synchro from
Table 7 since factor for motor is not given):

. _ 0.0010 _ |
60, = =5 = 0.0005
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B = 2(0.0005)(0.364) = O000% (pinion)

AC, = (°'f'Q) (0.7) = 0.00035

B = 2(0.00035)(0.36") = 0.00025 (pinion)

Jr

Jack-shaft runout at position of 30-tooth gear
(backl ash due to radial eccentricity of the shaft;
probability factor fromTable7):

= (0.000i)(0.9) . o
m 2

B = 2(0.000025)(0.364) = 0.00002 (gear)
m

= (0.0001)(0.9)(1.0) m -o00
P 2

B = 2(0,000025)(0.36k = 0.00002 (gear)

sr

I nner-race eccentricity of the ball bearing that
supports the 30-tooth gear (backlash due to radial
eccentricity of the inner race; fromTable 5 for
d ass 5 bearing):

AC :O’\%Z - 0.0
m

B = 2(0.0001)(0.364) = 0.00007 (gear)

a (0.0002)(1.0) aqjooo1
P 2

B = 2(0.0001)(0.364) = 0.00007 (gear)

Sum of G oup G backl ash sources (sum of conponents
a throughe):

SB 0.00072 + O C0B8 + O OO®B6 + 0.00002
™+ 0.00007 = .00175

SB 0. 00048 + 0.00040 + 0.00025 + 0.00002

P + 0.00007 = 0.00122



