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CHAPTER I

INTRODUCTLION

Various phenomena of the natural sciences may be described by
mathematical models which consist of countably infinite systems of
erdinary differential equations with constant ccefficlents and some set
of specified initial conditions [5,6,8,9,14,16,17,19,20,21,24,25}. The
purpose of this dissertation is to investigate several such mathematical
models and to describe a procedure for constructing solutions cf the
denumerably infinite initial-value problems.

Associated with any preblem in differential equations are the
questions cf existence and uniqueness of solutiens, properties of solu-
tions, and the explicit representation of solutions when possible.
Theorems on existence, uniqueness, and general properties of solutions
of denumerable systems of differential equations are known in many cases
[10,18,22,26], and such matters are not the primary cbjective of this
investigation. The major goal here is the explicit representation of
solutions--that is, the construction of a denumerable sequence of suf-
ficiently differentiable functions which reduce each cf the differential
equations to an identity and satisfy the prescribed initial conditions.
Clearly whenever this goal is achleved, the questlion of existence is
answered in the affirmative, and many properties of the sclution can

be deduced directly from the explicit representation.




The systems of differential equations considered are associated
with both cne- and two-dimensional physical models--for example,
infinite chains of coupled linear oscillators or planar arrays of fric-
ticnally coupled masses located at lattice peints. For the one-
dimensional problems the differential equations are of the form x = Ax
or ¥ = AX + Bx, where x is an infinite column vector, A is an infinite
tridiagonal matrix of real constants, and B is an infinite scalar
matrix. The elements of the infinite matrix A are used to construct a
three-term recurrence relation which generates a sequence of orthogonal
polynomials. The recurrence property of these polynomials is used in a
separation-of-variables technique in which the only differential equa-
tion to be solved is a scalar ordinary differential equation containing
the argument of the polynomials as a parameter. The orthogconality
property is utilized to satisfy the prescribed initial conditions by
superposing continuously over the interval of orthogonality. Thus an
integral representation is obtained for individual component functions
X, of the solution x = {xn} of the denumerable cne-dimensional initial-
value problem. The two-dimensional problems considered are essentiaily
Cartesian products of two identifiasble one-dimensicnal preblems. The
coefficients in the differential equations of the corresponding one-
dimensional prcblems are used to construct two three-term recurrences
each of which determines a sequence of orthogonal polynomials of cne

o
&

variable--say {Pn(x)} and {Qn(y)}. The biorthogonal sequence’

*,

A sequence of functicns {f;:} defined on a region R of the plane
is a biorthogonal sequence with respect to the inner product <, > if

<fijsqu> # 0 only if i=p and j=qg.



{fij(x,y)} (where fij(x,y) = Pi(x)Qj(y)) is used to obtain a double
integral representation of the compenent functions Xij of the sclution
of the two-dimensional denumerable initial-value problem.

As might be inferred from the preceding paragraph, the solution
of the problems considered depends on the use of polynomials generated
by a recurrence of the form Pn+l(x) = (Anx+Bn)Pn(x) - CnPn_l(x) (nz20)
with P—l(X) = 0 and Po(x) = 1. Jayne [12] has determined necessary and

sufficlient conditions on the recurrence coefficients An (n20), B_ (nz0),

n

and Cn(nzl) for the recursively generated polynomials to be Sturm-
Licuville polynomial sequences assoclated with a second-order differen-
tial equation. Whenever these conditions are satisfied, the determina-

tion of the interval of orthogonality and the weight function is easy.
o
AnAn—l

The condition > 0 (nzl) has been shown by Favard [7] and Law

[15] to be both a necessary and sufficient condition on the recurrence
coefficients for the recursively generated polynomials to be orthogonal
on some interval I of the real line with respect to some integrator «o
(a bounded, real-valued, non-decreasing function which assumes infinitely
many different values on I). However, when Jayne's conditions are not
satisfied, determining the interval and integrator may be difficult.
Fer several such cases, the interval and the integrator are displayed
in Chapter IV, although a practicable general method of determining
them in terms of the recurrence ccefficients cannot yet he given,

The discussion in Chapter I is primarily for orientation.
Chapter II deals with the treatment of cne-dimensional initial-value

problems. In preparation for that work, those aspects of the theory of




orthogonal polynomials needed in the remainder of the chapter are
introduced. The first initial-value problem considered 1s an extension
of the problems treated by Law [15] and has the form X = Ax + Bk, where
A is a tridiagonal matrix, and B is a scalar matrix (in
Law's work the first-derivative terms are zbsent). Due largely to the
appearance of corresponding physical systems, this problem is referred
to as a half-infinite initial-value problem; and its sclution is given
in Theorem 2. The remainder of Chapter II is devoted to the solution of
a class of pth-order infinite initial-wvalue problems of the form

X(p) - p-1)

= Ax + B.x + B.X + ... + B x(

oo - .
1 0 p-1 , Wwhere x = {Xn}—w’ A is tri-

diagonal matrix with real elements that satisfy the symmetry require-

(iz1, j=1), and BisByseesB are infinite scalar

ment aij = a p-1

-i,-3
matrices. The symmetry restrictions imposed on A are equivalent to
physical symmetry (about a point designated the middle) of the corre-
sponding physical systems. Solutions of the infinite problem are
obtained by decomposing it into two half-infinite problems.

A considerable portion of Chapter III is devoted to a description
of two-dimensional problems and some corresponding physical systems.
Finite truncations obtained from the infinite systems by simply delet-
ing all but a finite number cof the differential equations of the
infinite systems are also introduced. It is shown that the exact solu-
tions of these finite systems are cbtained by a suitable quadrature
approximaticn of the double-integral representations of the solutions

of the corresponding infinite systems. Error estimates are furnished

for the difference between any component of the solution of a finite



truncation and its counterpart in the solution of the infinite system.
It is of scome interest that the solution of a finlte system requires
the a priori knowledge of the zeros of the associated polynomials,
whereas the soliutlion of the Infinite system does not require that the
zercs be known. Thus the solution of the infinite system is an attrac-
tive approximation to the more cumbersome solution of a large finite
system.

Chapter IV contains a detailed analysis of two sequences of non-
classical orthogonal polynomials, {Miu’s)} and {Aia)}, each of which is
generated by a three-term recurrence relation in which the recurrence

coefficients depend on the parameters o and 8. Representations are

(a,B) (o)

given for Mn and An for all values of a>0, B>0. FPossibly the

most interesting part of Chapter IV is the dependence of the interval

of orthogonality and weight function (or integrator) on the parameters

(1’8)} are

a and B. It is shown that for a=1 and B8»1 the polynomials {Mn

orthogonal on [0,4] with respect to a weight function; but if w=1 and

B<l, the polynomials {Mil,B)} are orthogonal on [E, R ;iﬁi} with respect

. . . L ‘s .
to an integrator with a jump at 2.8 " The transition from the exist-

ence of a weight function to the requirement of an integrator occurs at

(1,1)}

a=1l, B=1l. With the aid of [11] it is shown that the polynomials {Mn

are classical polynomials. Similar results are shown for B = 2: for

a<l, {Mia,Q)} are orthogenal on [0,2] u E% . Q(Egi{} with respect to a

. . +1 .
welght function; for a>l, {M(u,2)} are orthogonal on |0, 2(9——% with
n o

. . . atl X .
respect to an integrator with a jump at [—a—a; and in the transitional

(1

n ’2)} are again classical polynomials. The

case where a=1, the {M



polynomials {Aia)} are shown always to be orthogonal with respect to a
weight function.

Three examples which are presented in Chapter V are mathematical
models associated with infinite linear chains with isotopic impurities.
The non-classical polynomials described in Chapter IV are used in con-
junction with the results of Chapter II to construct solutions of these
models. An interesting relationship between the frequency spectrum of
the physical system and the gualitative properties of the integrator is
pointed out.

Appendix A contains a development of the gquadrature formula for
double integrals used in Chapter III, and Appendix B contains a cata-

logue of several physical systems with their corresponding solutione.




CHAPTER II

SOLUTIONS OF THE DITFERENTIAL EQUATIONS OF

SOME INTINITE LINEAR CHAINS

This chapter contains three major sections. The first is devoted
to a summary of some ideas about orthogonal polynomials which are used
in solving the initial-value problems considered in the remainder of
this chapter and in Chapter III. In the second section a procedure is
described for constructing a sclution of the half-infinite initial-value

problem
% = AX + Bﬁ,

x(0) = Xy x(0) = X
where A = (aij), iz1, =1, is an infinite tridiagonal matrix of real
constants and B = (Bﬁij), izl, j21, is an infinite scalar matrix of

real constants. The half-infinite initial-value problem x = Ax + BX,

x(0) = x_, x(0) = x

o may be construed as a mathematical model for sev-

0
eral conceivable physical systems. One such system (see Figure 1) is
a half-infinite chain of coupled linear oscillators in which each mass
is subjected to viscous damping proportional to its mass., The final

section of the chapter details the construction of a solution of a

class of infinite initial-value problems in which the operator in each




of the equations is of pth order and the infinite coefficient matrix has

certain symmetry properties to be described.

| %1 |, %2 L - %3
N ky Y.
M 0200 m, Q200 My ~Q00 - > o
[ ’/ /,
pO Dl 92

Figure 1. A Half-Infinite System of Damped

P
Oscillators with EE-: 8, n20
n

Two problems of this class receive special attention because of their
importance as mathematical models of physical phenomena. In particular,

in Theorems 4 and 5 solutions are given for the systems

v = Cv,

and

x(0) = x., x(0) = x

0° 0?

where C = (cij), —w<j j<w, is an infinite tridiagonal matrix of real

constants with c,, = ¢, , (izl, jz21) and D = (B8&..}, -=<i,j<=, is a
ij -i,-] i

real scalar matrix. The infinite initial-value problem v = Cv,



v(0) = Vo may be viewed as a mathematical model of an infinite stack of

sliding plates extending indefinitely above and below some point of

physical symmetry in the stack (see Figure 2),.

N
Vor T [ M
/p_l
R
0
i tMm
v

Figure 2. A Physically Symmetric Infinite
Stack of Sliding Plates

The infinite initial-value problem x = Cx + D%, x(0) = 2os %(0) = QO
may be viewed as a mathematical medel of an infinite chain of coupled
linear oscillators extending indefinitely to the left and right from

some point of physical symmetry in the chain, each mass subjected to

viscous damping proportional to its mass (see Figure 3).

x5 X1 %0 *1 %2
kg — K, — Ky = Ky = K, [~ K,
o 020894 Mo o0 T ket My meaae T My RASANS,- =
a i P 4 r A
° 7o, ‘04 0, 70,

Figure 3. A Physically Symmetric Infinite System of
Damped Oscillators with pn/mn = f, nz20
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Recursively Generated Polynomials

A three-term recurrence

P.o=1 (1)

Pn+l(x) = (Anx+Bn)Pn(x) - CnP (x), mn=l,

n-1
where An (nz0), B (n20), Cn (n21) are real constants and An 2z 0 (nz0),
generates a sequence of polynomials {Pn} in which P is of degree
exactly n. Some of the properties of such recursively generated poly-

ncmial seguences are stated here for convenient reference.

Definition 1. An tntegrator o is a bounded, non-decreasing, real-valued

function which is defined eon an interval [a.,b] of the real line and

assumes infinitely many different values on [a,bl].

Definition 2. A seqguence of polynomials {Pn} is sald to be ortacgonal

on Lla,b] with respect to an integrator a if
b
f P (0P (x)da(x) = 0, 1],
=]

where the integral is a Stieltjes integral.
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The following theorem [7,15] is of fundamental importance in deciding
whether the polynomials generated by (1) are orthogonal with respect to

some integrator o on some interval [a,b] of the real line.

Theorem 1. The polynomials generated by (1) are orthogonal on some
interval [a,b] of the real line with respect to some Integrater o if

and only if the recurrence coefficients satisfy the condition

> 0 (nzl). (2)
n n-1

It is easily seen that if {Pn} is a seqguence of polynomials and
abis an Iintegrator such that bei(x)Pj(x)da(x) = 0, i=z], then
f Pi(x)Pj(x)d[cla(x)+c2] = O,airj, for any real constants c¢
ihe sake of standardization the following convention is adopted in the

10 c2. For

sequel,

Definition 3. A normalized integrator o is an integrator which satis-
b

fies the conditions [ da(x) = 1 and afa) = 0.
a

For many sequences of polynomials which are generated by (1) and for
which (2) holds, the corresponding integrator a is absolutely continucus

on (a,b) and da(x) = p(x)dx.

Definition 4. A normalized weight function p is a non-negative real-

valued function defined on an interval (a,b) of the real line, Integra-
b
]ﬂeon[aﬁ](atl&mtimmqmﬂyh(mdsum'matfp(ﬂdx=l.
a
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Definition 5. A sequence of polynomials {Pn} is said to be orthogonal

on La,b] with respect to the mormalized weight function p if the
o]

Riemann integral [ Pi(x)Pj(x)p(x)dx =0, iz].
a

If a sequence {Pn} of polynomials 1s generated by (1) and if the
condition (2) holds, the square of the Lz(a) norm ¢f the polynomial Pn
may be calculated directly from the recurrence coefficients [15].

Lemma 1. If {Pn} is a sequence of polynomials generated by (1) and

C
B _
AnAn—l

> 0 for nzl, then

11>

b 2
Y, f Pn(x)da(x) =
a

A .
where CO = 1 for convenilence.

Proof. For each integer nz0,

b b
- 2 -
(R £ Pl (x)da(x) = i P, CO[A xP (4B P (x)-C P (x)]da(x)
b
= A_ i P, GOP (x)dalx).
From (1),
P (%) B ¢
XPn+l(X) - 2+2 - An+l Pn+l(x) * e Pn(x)'
n+l n+l ntl

Thus




-
H

- Pn+l(x) * A

Pn(x) Pn(x)da(X)
ntl n+l n+1l

A fb Pn+2 Bn+l Cn+l
n+l n 3

A C b A C
2
= “%_Eii f pn(x)da(x) = *%_Eii Y .
ntl a n+l n

_ Ancn+l
Y

From the relation Yol -

(n20) and C. = y_. = 1, a straight-
0 0
n+l

forward induction proocf yields the result,

Solution of the Half-Infinite
System x = AX + Bx

In this section a procedure is described for constructing a
sequence of functions which provide a solution of the half-infinite

initial-value prcblem consisting of the differential equations

AOXO

C ox + A% +BAX ~-B X +x = 0 (n2l)
Tl nn nn nn Tl

n-1 +1

together with the initial condlitions

13

- B » =0 3
+ BAOxO 0¥ + x (3)

x,(0) = a, §<k(0) = b, (3.1)

xn(O) =0, xn(O) = 0, n=k, nz0.

C
. n
1]
AnAn—l

Here * ~ é% 5 An 2 0 (nz0) > 0 (nzl}; and k is a fixed non-

negative integer.




1y

The method originally used to solve this problem, while correct,
was inelegant. A separation technigue used by S. Karlin and J. L.
MeGregor [14], and extended to more general systems by W. G. Christian
(4] during a current investigation of countably infinite systems, yields
a solution in a meore skillful way. This technique is employed in what
follows.

Associated with the differential equations (3), consider the

three-term recurrence relation

Pn+l(x) = (Anx+Bn)Pn(x) - CnPn {x), nzl.

-1

Lemma 2. The differential esquations (3) have a soluticn {xn(t)} of the

form

x (1) = Pn(x)u(x,t) (n20) (4)
if and only if
2
E—%-+ 5 %%-+ ®u = 0 (5)
9t

for each x.
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Proof. If (4) is substituted into the differential equaticns (3) and

the recurrence (1) is used to replace P the (n+l)th equation of (3)

n+l?

becomes

32u Ju
—_— _ = >
5 + B 3T + XU 0, n=20. (8)

AnPn(x)
At

Since AO #z 0, (6) clearly holds for n=0 if and only if (5) is satisfied.

C
n

AnAn—l

on some interval [a,b] with respect to some integrator a. Thus there

For nzl, An = 0 and > 03 so the polynomials {Pn} are orthogonal

exists no x such that Pn(x) = 0 for all n=l. It follows that (&) holds

for all n20 and each x if and only if u(x,t) satisfies (5).

Lemma 3. The general solutien of (5) is

Bt . 52
-5 52 Sing x - = T a2
e <cl(x,k)cos /x - jr-t + cz(x,k) , X = Sl
BZ
\ a T
u(x,t) =< ) (7)
———— 2
_B a2 sinh E[L_ -xt g2
e <cl(x,k)cosh ¥t c2(x,k) X<
2
E o«

"It is easily shown that the zeros of the nth polynomial Pp(x)
are real and simple and that they all lie in the open interval (a,b).
Furthermore the zeros of Pp,;{(x) interlace the zeros of Pp(x), and no
zero of Po(x) is a zero of Pn+l(X)'
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where cl(x,k), cz(x,k) are arbitrary functions of %,k but independent

of n,t.

Prcof. This conclusion follows immediately from (5) with x treated as
a parameter.

The results of Lemmas 2 and 3 show that xn(t) = Pn(x)u(x,t) pro-
vide a solution of the system of differential equations (3) for any
cheoice of cl(x,k) and cz(x,k) in (7). Thus tc obtain a solution of the
initial-value problem (3)-(3.1), it is only necessary to choose cl(x,k)
and cz(x,k) so as to satisfy the initial conditions (3.1). It is in
this choice of cl(x,k) and ¢, (x,k) that the orthogonality of the poly-
nomials is used.

Cn
» B A

n n-1
Let the sequence of polynomials {Pn}, generated by (1), be orthogonal

Theorem 2. Suppose that, in system (3) > 0 for n=1,2,3,...

on the interval [a,b] with respect to the normalized integrator o«. For

each non-negative integer n let

=3

0 CCoeeCs

b 2
Yn B f Pn(x)da(x) B " 01 n
a n

and define

b
¥ (t) = i P (x)K(x,t)da(x), (8)

where
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K(x,t) = < _
_Bt —
e 2 P. (%) 2 g sinh EE—— Xt 2
K a, cosh /ﬁ___ xt + |b, + ak 4 X<E~
Y X 4G K Z >yt
k 2
i
L H _
Suppose that for each tz=0,
) b 5K . b 2%k
x (t) = i Po(x) = (x,0)dalx), x (1) = £ P_(x) = (x,t)dalx) (9)

(that is, differentiation under the integral sign is permissible). Then
the sequence {xn} defined by (B) is a solution of the half-infinite

initial-value problem (3)}-(3.1).

Proof. That xn(t), as defined by (8), satisfies the differential equa-
tions (3) follows immediately from Lemmas 2 and 3. From the orthogo-
nality of the polynomials Pn and the first of hypotheses (9) it is
easily seen that

b B, (x)
xn(O) = £ Pn(x)

Y, akdd(x) = akank’

b Pk(x)

. B Ba
x (0) = £ P ()

k -
- -2— ak + [bk + —'2—] da(x) = bkénk’

Yy
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and the initial conditions (3.1) are satisfied. This completes the

proof,

Solutions of Infinite Initial-Value Problems

A seemingly natural extension of the half-infinite initial-value
problems considered in the previous section and in [15] is the infinite
initial-value problem. UIirst, two such problems are descrited; then
they are framed in a more general setting, and a procedure is given for
constructing sclutions.

Let k be a prescribed non-negative integer, and {An}, —wIn e
{Bn}, —cgn <, {Cn}, -w<n<o, sequences of real numbers with the proper-

ties

n -n
(10)
Cn = C_n (n20), c >0 (nzl), CO =1,
n > 0 {nzl).
A A
n n-1
Now consider the first-order infinite initial-value problem
- = >
¥ n-1 * A—n -n -n"-n -n -nt+l 0 (nz1)
X . +Ax -Bx +x =0 (11)



with the initial conditions
xk(O) = e z 0
xn(O) =0, n # k, -=<n<m,
and the second-order infinite initial-wvalue problem
x + A n§ + A_nsé_n -B_x _+C_x_ .=

+ AX + ABx_ - B =
X—l AOXO OBXO OXO + Xl 0

0 ox + A X + ABx -Bx +x = 0 (nzl)
nn nl n n

n n-1 n n+tl

(where B is a real constant) with the initial conditions

Xk(O) = a, %k(o) = bk

xn(O) =0, xn(O) = 0, n®k, -w<n<e,

19

(11.1)

(12)

(12.1}

The infinite Initial-value problems (11)-(11.1) and (12)-(12.1) will be

solved as special cases of the procedure develcoped helow,
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For any positive integer p, let
L =0F+ leP'l + BQDP“Q ...t B

D, D ~—, (13)

be a pth-order linear differential operator with constant coefficients

81’82""’Bp—l' Let {An}_w, {Bn}—W’ {Cn}_w be real sequences which

satisfy (10). Define the sequence of linear operators {Ln}_oo by
Ln[x(t)] = AnL[x(t)] - an(t), —e< <o, (14)

Definition €. A symetrically coupled infinite initial-value problem is

a system of differential equations of the form

= >
x oy v Lbplx yec o x =0 (n21)
x_q t LO[XO] tx =0 (15)
= =
cnxn-l + Ln[xn] X 0 (nzl)

with the initial conditions

—
e
t
=
S
~~
o
St
n

x, (0) = g, 1 (0) = ap,eee,y % o,y (k fixed),

(15.1)

k4
P
(=]
-
1
tl
o
>
oo~
7
—~
p—
—~
o
g

0, én(o) = 0, n7k, =w<n<e,
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It should be noted that the initial-value problems (11)-(11.1) and
(12)-(12.1) are symmetrically coupled infinite initial-value problems
in which the associated operators L are of order p=1 and p=2, respec-
tively.

A solution of the symmetrically coupled infinite initial-value
problem (15)-(15.1) may be obtained by decomposing the differential
equations (15) and the initial conditions (15.1) into two half-Infinite

systems as follows.

Definition 7. Let {xn}, -=<n<®, be any sequence of functions. The

symmetric part of the sequence {mn} is the sequence {wn} given by

x {t) + x_n(t)
W (1) = s , 120, (16)
n

and the antisymmetric part of the sequence {xn} is the sequence {Zn}

given by

xn(t) - x_n(t)
2 1

zn(t) = nz0, (17)

&ddition of the esquations in {15} which contain Ln[xn] and L_n[x_n]

(nzl) and use of (1B} yields the half-infinite system

1 _
7 Lglwgl +wy =0

(18)

an + Ln[wn] + W

= =
n-1 0, nzl,

+1



with the initial conditions

o

=L
Ok) 2

Y

w (0) = (146 , &k(o)
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6]
1 (p-1)
(l‘f‘\’sok) "'2_' LI ) Wk (0)

o
y B-L

A6} =5 »

(18.1)

w (0) =0, w(0)=20,..., w P gy = 0, nzk, nz0.
Iy ho ! el

Similarly, subtracting the equations

L_n[x_n] (nzl) and using (17) yields

Ll[zl] +

+

ann—l + Ln[zn]

with the initial conditions

o
0]
) 7 o Zk(O)

I

zk(O) = (1—6Ok

in (15) which contain Ln[xn] and

the half-infinite system

0
z, = 0 (19)
o+l = 0, nz2,
o
1 (p-1)
(l—fSOk) I REREEE Z]-( (0)
o
_ p-1
(1-6,.) —5— >

(19.1)

z (0) = ¢, én(o) = 0,..., zip'l)(o) = 0, nzk, n=0.
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Lemma 4., A necessary and sufficient condition for a sequence of func-
tions {xn}, —w<n<e, to be a sclution of the symmetrically coupled infi-
nite initial-value problem (15)-(15.1) is that there exist sequences
{w&-(nzo) and {zn} (nz0) which are solutions of the half-infinite

initial-value problems (18)-(18.1) and (19)-(18.1), respectively.

P s . . .
roof his result follows from the linearity of Ln and the relations
(16) and (17).

The coefficlents An (nz0), Bn (n20), Cn {(nzl1), from the differen-
tial equations (15) are used to define two seguences {Rn} (nz0) and

{Qn} (nz0) of polynomials generated by the recurrence relaticns

RO =1
AO BO
Rl(X) = 2— X + —2— (20)
Rn+l(x) = (Anx+Bn)Rn(x) - Can_l(x), nxl,
and
QO =0, Ql =1
Q2(x) = Ajx + By (21)

Qn+l(x) = (Anx+Bn)Qn(x) - CnQn—l(x)’ n=z,

Note that Rn(x) has degree exactly n, and Qn(x) (nzl) has degree
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exactly {(n-1). The polynomials {Rn} and {Qn} are now used Iin a separa-
tion technique for solving the differential equations of the half-

infinite systems (18) and (19).

Lemma 5. The half-infinite systems (18) and (19) have sclutions {wn}

and {zn}, respectively, of the form

wn(t) = Rn(x)u(x,t), nz0, (22)
and
zn(t) = Qn(x)u(x,t), nz0, (23)
if and cnly 1if
Liuv(x,t)] + xu(x,t} = 0 (24)

for each x, where L is given by (13).

Proof. By substituting (22) inte the equations (18} and using the
recurrence (20}, the (nt+l)th equation of (18) hecomes Aan(x){L[u(x,t)] +
xu{x,t)} = 0, n20, for each %x. Since A_#0, and since there exists no x
so that Rn(x) = 0 for all n2l,the assertion for wn(t) follows. The
assertion for zn(t) can be verified similarly by using recurrence (21}.
Conditions (2) are satisfied for each of the recurrences (20) and
(21). Hence by Theorem 1 the polynomials {Rn} are crthogenal on some
interval [a,b] with respect to some normalized integrator a, and the

polyncmials {Qn} are orthogonal on some interval [c,d] with respect to
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some mnormalized integrator w. These orthogonality properties are used
to satisfy the initial conditions (18.1) and (19.1}.

C

Theorem 3. Suppose that in (18) Efjr——-> 0 fer n=1,2,3,... . Let {Rn}
n n-1

be the polyncmials generated by (20), which are orthogonal on [a,b] with
respect to u, and let {Qn} be the polynomials generated by (21), which
are orthogonal on [c,d] with respect to w. For L given by (13), let
u(x,t) be the solution of L[u(x,t)] + xu(x,t) = 0 which satisfies the

initial conditions

% %1 P 1y
u(x,0) = (l+60k) = > at (x 0) = (l+60k) AR 3tP'l (x,0)
Sp-1
= (1+6Ok) 5 3

and let v(x,t) be the solution of LLv(x,t}] + xv(x,t) = 0 which satis-

fies the initial conditicns

o o p-1
_ 0 _ 1 3 v
v(x,0}) = (l—éOk) = Bt (x,0) = (1- 5 ) T s atp_l (x,0)
“p-1
= (178,00 =5
Let
b A,
Yo = 1, v, [ RE(x)da(x) 57 01, -C,  (n21),
a et
Ay
£, 7 & = 1, f Q2 (0 du(x) = Aot Cy (nz2)
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For each non-negative integer n define,

b (x)

wn(t) = £ Rn(x) S ul(x,t)da(x), (25)
d Qk(x)

zn(t) = £ Qn(x) e v(x,t)dw(x). (26)

Suppose that for each t20 and j=1,2,...,p,

dw (6 » R (x) 1
n k aju
T R I 3 .
3 i (0 T (x,t)da(x) (27.1)
and
alz_(t) fd Q(x) 3
: = Q (x) — (x,t)dul{x). (27.2)
dat? A T
Then

(a) {wn(t)} is a solution of the initial-value problem (18}-
(18.1);
(b) {zn(t)} is a solution of the initial-value problem (19)-

£13.1).

Proof. TFrom hypothesis (27.1) and the orthogonality of the polynomials

{Rn}’ a straightforward calculation shows that

d]wn(O) b R (x) o3 oy
3 = i R, (%) v g;v-(x,o)da(x) = (1+8,,) 5 ¢

nk’
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and the {wn} satisfy the initial conditions (18.1)., That the {wn}
satisfy the differential equations (18) follows from Lemma 5, the choice
of u(x,t) and the linearity of the integral. This proves assertion (al.
For conclusion (b), note that zD(t) £ ¢, and for each nzl the hypothe-

sis (27.2) and orthogonality of {Qn} yield the result

] .
d-z d Q (X) a]v

x .

n k

— (0) = [ Q. {x) 23 (x,0)dw(x) = (1-6.. ) =L 3
c 5k ) Ok™ 2

d nk

Thus the {zn} satisfy the initial conditions (18.1). By Lemma 5 and
the choice of wv{x,t), the {zn} clearly satisfy the differential equa-
tions (19). This completes the proof.

Theorem 3 may now be utilized to sclve the first-crder symmet-
rically coupled initial-value problem (11)-{11.1) and the second-order
symetrically coupled initial-value problem {12)}-(12.1). For the first-

order system (11) the appropriate linear cperator L is L[yl = d

a%—, and

the required initial conditions are xk(O) = a, xn(O) = 0, n&k,

~we<n<e, In accordance with Theorem 3, a routine calculation shows that

if k=0, then u(x,t) = a xt

%k -xt

vix,t) = - € . These remarks may be summarized to yield the follow-

Oe_ and v(x,t) = 0; and if k®0, then u(x,t) =

ing result.

C
__n__
AnAn—l
the hypctheses (27.1) and (27.2) are satisfied. Then

Theorem 4. Suppose that in (11) > 0 for n=1,2,3,..., and that

(a) if k=0,
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b
x (t) = x_(t) = ag i R (x)e " dalx), nz0 (28.1)

is a solution of the initial-value problem (11)-(11.1),

(b) If k=0,
b (x)
x_n(t) = 2?— f Rn(x) Rk e—Xtda(x)
a Yk
d Q (%)
- Qn(x) E et au(x) , nzl,
k
(28.2)
t (=)
x (1) = é;- f R_(x) ! e " da(x)
a Yx

d Qk(x)
+ f Q,(x) 3
C

e_Xtdm(x) . nz0,
k

is a solution of the initial-value problem (11)-(11.1).

Proof. For any non-negative integer k, Theorem 3 prescribes the form of
wn(t) (nz0) and zn(t) (nz0). From relations (16) and (17), for each
nzo,xn(t) = wn(t) + zn(t) and x_n(t) = wn(t) - zn(t); and Lemma 4 en-

sures that {xn}, —w<n<e, iz a solution of (11)-(11.1).

For the second-order system (12) the appropriate linear operator L 1is
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d2 d
IEHENY 3
dt

and the required initial conditions are xk(O) = a, Qk(o) = bk’
xn(O) = 0, kn(O) = 0, n#k, -®<n<=, A straightforward calculation

shows that if k=0 one should choose

2
- %}(ﬂ 82 aOB sin /x - Eg-t
ulx,t) = e a cos (x - Tttt bO

B
e
and v(x,t) = 0, and if k#0 one should choose
2
- 8t 5 a p Siny ® - EZ t
ulx,t) = v(x,t) = e 2 cos fx - E—-t + —E—-+ b 4
s s ak u 2 k

82
X_-Tl-—

From these remarks follows

C
o]

A A
n n-1
hypotheses (27.1) and (27.2) are satisfied. Then

Thecrem 5, Suppose that in (12) > 0 for n=1,2,3,... and that the

(a) if k=0,

b
x (t) = % (1) = é Rn(x)FO(x,t)da(x), nz0, (29.1)

is a solution of the initial-value precblem (12)-(12.1).

{b) If k=0,




{(x)
x () = -32; [j R (x) X F (e, t) da(x)

-n a k

d Qk(x)
- £ Qn(x) - Fk(x,t)dw(X) s D21,
(x)
x {(t) = H R (%) pj( F o {x,t)dal(x)
n k
d Qk(X)
+ f G_(x) F (x,t)dw(x)|, n=0,
c n X K

is a solution of the initial-value problem (12)-(12.1), where

—~
2
_ Bt 5 a8 ] sin Jx - B- ¢
Px,t) = e 2 a cos . fxr - §—-t + g=—— + b
KLEt) = K m 2 k[ -
x - B |

30

(29.2)

k=0,
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CHAPTER III

TWO-DIMENSIONAL ARRAYS

The first section of this chapter contains a gquadrature formula
for numerical evaluation of double integrals. The development cf the
basic formula is contained in Appendix A, and Theorem & of the first
section is a restatement of the result in terms of recurrence coeffi-
clents of two sets of orthogenal polynomials. The remainder of the
chapter deals with the sclution of initial~-value problems assoclated
with two-dimensional planar arrays. For each infinite system of differ-
ential equations considered, a brief description of an associated
physical system is given. Solutions are given for both first- and
second-order systems which correspond to arrays which cover a quarter-
plane, a half-plane and the entire plane. Since large finite systems
are alsc of some interest, it is shown that solutions of finite systems
which are truncations of the infinite systems may be cbtained by apply-
ing the quadrature formula of Thecrem 6 to the components of the sclu-
tions of the infinite systems. Error estimates are given for the com-

parison of compcnents of the corresponding infinite and finite systems.

The Quadrature Formula

Associated with an interval [a,b] and a normalized integrator o
on la,b], there exicsts a sequence of orthogonal polynomials {Pn} which

satisfy a three-term recurrence having the form (1). An easy induction
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precof shows that the pelynomials ¢O =P

¢n+l(x) = (x+bn)¢n(x) - cn¢n_l(x), nzl,
where
Bn n
bn SR n=0, ‘hn TR A s nal
n n n-1

Clearly the polynomials {¢n} are also orthegonal on [a,b] with respect
to o and the zerocs of ¢n and Pn agree,

Let a(x) and w(y) be normalized integrators defined on the Inter-
vals a<x<b and c<y=d, respectively, and let {Pn(x)} and {Qn(y)} be,
respectively, the sequences of polynomials orthogonal on [a,b] with
respect to @ and on [ec,d] with respect to w. Then {Pn} satisfy a

recurrence
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Pl(x) = Ax+ B (30)

Pn+l(x) = (AnX+Bn)Pn(X) - CP (%), n=21,

n-1

and {Qn} satisfy a recurvence

Ql(y) = Dgy + Eg (31)

Qn+l(y) = (Dny+En)Qn(y) - FnQn_l(y), nzl.

P
i = = mn = =
The polynomials ¢0 =1, ¢n IR , nzl, and wo 1, wn
Q 071 n-1

TTTT_JLTS—_— s n2l, are, respectively, the monic polynomials associated
071" "Tn-1
with a on [a,b] and w on [c,d].

Let N and M be any two positive integers; x, ,X

2,...,XN the N

zeros of PN(x); and VOO CYRRR the M zeros of QM(y). For i=1,2,...,N

1

let {Ai} denote the Christoffel nurbers associated with the zeros of
PN(x); i.e., in terms of the monic polynomials o5
IR ]

X, = , lsisn,
Ty (xgay(xg) :

where c,=1 by definition.

For j=1,2,....M let {Kj} dencte the Christocffel numbers assoclated with

the zeros of QM(y); i.e.,
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Egfyeeefy ) .
Kj = v (y )w,( y 1=i<M,
M-14Y57 ¥

where f = -——2— _ n=l, and f£.=1 by definition.
n D D 0
nn-1
Let
b 2
Ty T f ¢N(x)da(x)
a
and

Q
|

d 2
w = ny)duly).
c

Note that In terms of the coefficients in the recurrence relation (30)

b 2 b 2
T © £ ¢y (x)dalx) i Pl (x)da(x)

A
Q
— . C....C
(A A ...a 1% B 9L N

01 N-1
) COCl...CN
h 2 2 ?
AOAl. AN—lAN
similarly from recurrence (31)
. FOFl...FM
M 2 2
DODl...DM_lDM
2U 2M

Suppose that f(x,y), E—Eﬁ-(x,y), and E—55-(x,y) are continucus
ox gy
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on [a,b] x [c,d]; then by Theorem A.l, Appendix A,

D d N M
[ fle,ydde(ydda(x) = 7 ) A,k.f(x.,y.) (32)
- . i 7 1 ]
a c i=1 j=1
N i PR PN S L
(ZWmT 20 1Y T G 23¥5)0

for some ﬁl,ﬁze[a,b] and §l,§ze[c,d]. The reformulation of (32) in

terms of the recurrence coefficients for the polynomials leads to

Theorem & (The Quadrature Formula). Suppose that condition (2) holds

for each of the recurrences (30) and (31}, sc that {Pn} are orthogeonal

on [a,bl with respect to a ncormalized integrator a(x) and {Qn}are orthog-
onal on [c,d] with respect to 2 normalized integrator w(y}. Let N and
M be any two positive integers, and let XqaKpse e s Ky and Yis¥gs-eesYy

be, respectively, the zerocs of PN(X) and QM(y). For i=1,2,...,H let

A C C

0701 N—l A
A, = 0 N c. =1,
i PN—l(Xi)PN(Xi) 0
and for j=1,2,....M let
D.F F F A
o, = 0 01" M-1 PO o1,

i M_l(yj)Qﬁ(yj) >0

82Nf 32M
Let f(x,y), ——Eﬁ-(x,y), and T (%,y) be continuous on [a,b] x [c,d].
9% 9y

Then there exist §1,§2€[a,b] and §l,§ze[c,d} such that
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b d N M
[ [ flx,y)dwly)da(x) = § 7§ Aixjf(xi,yj) + E, (33)
a ¢ izl §=1
where
.1 €,Cye. .0y o e
(0T, 2 2 1392
o1t iN-1tN
.1 FJE,. . Fy 4240 G
(M) ¢ 502 02 D avl™ p3¥ople
Ol g VI R

Quarter-Planar Arrays

This section deals with the formulation and sclution of two
pairs of countable systems of differential equations asscclated with
quarter-planar arrays. The first pair 1s an infinite first-crder system
and its finite truncation; the second is an infinite second-order system
and its finite truncaticen,

Let {oi} (i20) and {uj} (j20) be sequences of real constants such
that 9020, pi>0, izl, and uOEO, uj>0, j»1l. TFor any two positive

sequences {ai} (iz0) and {bj} (§20) and any pesitive constant m define

mij = malbj, iz0, =0,

= i > >
Pis olbj, iz0, j=20, (34)
u = a.U., iz0Q, j=0
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For any two integers N»2 and M22, let p and q be nen-negative
integers which are, respectively, less than N and M, and let apq be a
specified constant., Using the coefficients (34), construct the infinite

first-order system

Y. = Ly, - .. R 5.
ml]yl] ulj(yl,j—l ylj) ul,]+l(yl,]+l yl] (35.1)
— - 1> 7>
sl 5Yig) T Piey Wiy ,3 Y (20, 320
and its finite N-by-M truncation
LT R R SRR SRR TRF S SRR TR (35.2)
*osg0i 5 Vas) *esin Wi 5V
0<i<N-1, 0<3<M-1,
both subject tc the initial conditions
(0) = a (36)
Ybg pa’

Yij(O) =0, i=p, j¥q.

For the sake of notational brevity, the conventions V1 j(t) =0 (j=z0)
3

and ' _l(t) = 0 (i20) are to be used in (35.1) and (35,2), ancd the

3
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conventions yi,M(t) = 0 (0=1=N-1) and yN,j(t) = 0 (0=j=M-1) ave to be
used in (35.2)., The initial-value prcblem (35.1), (38) may be inter-
preted as the eguations of motion, in terms of velocities, of a quarter-
infinite array of sliding plates arranged in rows and columns. Each
inertial element of the array is coupled by viscous friction to each of
its nearest neighbors, and velocities are normal to the plane of the

array (see Figure 4).

o0 Po1 “02 Paa
er e = @
Hoo Moo ! Mor Morl Moz (Moz| Ho3 |Mos| Mou
P10 P11 P12 °13
ass > ©
M1o]™o| H11 [M11] M1z |Mi2] Y13 mlsi M1y
Pop Po1 P22 Poa
“e e > o
Moo Mool Hor [Mo1) Moo (Maz| Moz |Tas| Mou
P30 P31 P32 Pagz
caa > @
Hag|™30] 31 (M™ar| 32 |Ma2| Maa |Taz| Mau
Puo Pyl Pyo Pus
v ¥ ' ¥

Figure 4. An Infinite Quarter-Planar
Array of Sliding Plates

The initial-value problem (35.2), {36) may be interpreted as the equa-
tions of motion of a finite system obtained by deleting all but the
first N rows and first M columns of inertial elements of the above

infinite system. HNote that in the finite truncation, the Nth row and
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Mth column of inertial elements are to be thought of as coupled to a
fixed wall. Also in both the infinite system and its finite truncation,
a free edge conditicn may be accommodated at the top edge by choosing

= 0 and at the left edge by choosing u_ = 0,

Po 0

Tor any twe integers N22 and Mz2, let p and ¢ be non-negative
integers which are, respectively, less than N and M; let apq and bpq be
two constants; and let B20 be a constant. Using the coefficilents (3i4),

consider the infinite second-order system

LFIS P PRV I PRI SRR e FF DA TUR TR RS PR e FE D (37.1)

ey 57 Pier Wi,V

and its finite N-by-M truncation

mij(yij+8yij) 33 i,j—l_yij) + “i,j+l(yi,j+l—yij) (37.2)

1]
=
—
g

METEIS U PRV R T TE RIS SR SRR

0<isN-1, 0=gsM-1,
both subject to the initial conditions

(0) =a_, y_ (0)=0b (38)
Ypq pa’  “pq pq’
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y:5(0) = 0, Qij(o) =0, i#p, j#q.

The notational conventions y 1 j(t) = 0 (j=0) and s l(t) = 0 (iz0) are
=Ll L
to be used in (37.1) and (37.2), and the conventions yNj(t) (0=j=M~1),
2

yibét) =0 (0<isN-1) are to be used in (37.2).

k]

The differential equations (37.1) may be viewed as the linearized equa-
tions of metion, in terms of displacements, of an infinite array of
damped oscillaters. EBach inertial element is coupled by a linear
restoring force to each of its nearest neighbors and is subjected to a

damping force Bmij proportional to its mass {see Figure 3).

8 € e
g & eee
8 & see

Figure 5, An Infinite Quarter-Flanar
Array of Damped Cscillators
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Motion is normal to the plane of the array. The differential equations
(37.2) may be Interpreted as the equations of motion of the finite
system obtalned by deleting all but N rows and M columns from the above
infinite system.

The coefficients (34) are used to generate two sequences of
orthogonal polynomials which in turn are used to construct a solution of
the infinite initial-value problems (35.1), (36) and (37.1), (38). By
use of the quadrature formula (33), the corresponding soluticns of the
finite initial-value problems (35.2), (36) and (37.2), (38) are
obtained.

From the coefficients (34), define

A= - LN S L (nz0),
pn+l,j Pntl
P p :
B_ = - LAY RN (nz0), (33,1)
pn+l,j n+l
p p
c = RER R (n=1),
on+l,j nt+l
and
mi mb
Dn = - n = - n (1'120),
Ui,n+l Mot
H . u
L 1,0t Ly B (n20), (39,2)
I Hi,n+l n+l
W, v
F = LI it {n=1).
i+l Mol
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Let {Pn} be the polynomials generated by (30) with the coefficients
{3%.1) and {Qn} the polynomials generated by (31) with the coefficients

(39.2).

Lemma 6. The differential equations (35.1) have a solution of the form
= i 2>
yij(t) Pi(x)Qj(y)u(x,y,t), iz0, =20,

if and only if

du

= ' (x+yJu = 0.

Proof, By substituting the assumed form for Vi into (35.1} and using
recurrences (30) and (31) and the expressions (33.1) and (39.2), one

finds that the differential equations (35.1) reduce to
ma.b.P, (x)0.(y) 928 4+ (x4y)ub = 0, 120, j20
17371 3 3t > ? )

Since this equality must hold for all i20, j20 and all %, y, the con-

clusion follows at once.

Lemma 6 shows that a soluticon of the differential equations
(35.1) may be found by the separation technique indicated. It remains
to satisfy the initial conditicns (36).

Tor each integer n=0, define
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b 2 d 2
vy = S PGodalx), £ = [ Q (y)duly),
a C

and for each pair of integers i20, jz0 define

fij(X,y,t) = Pi(x)Qj(y)F(x,yst), (u0)

where

P (x) Q_(y)
F(X’y’t) = a —E._._.__ﬂ-......_..._ e-—(x-l-y)t_
P v, Eq

Theorem 7. Suppose that the coefficients in (39,1) and (39.2) satisfy
condition (2)--that is, the P (nz0) given by (30) are orthogonal on
[(a,b] with respect to a(x), and the Qn {(n20) given by (31) are orthog-

cnal on [c,d] with respect to w(y). For each izC, jz0 let
bh d
Vij(t) =f f fij(x,y,t)dm(y)da(x), (41)
a c

and for 0=<isN, 0=j=M let

N M
vo.(ty = 7 ) ak f.(x L,y_,t). (42)
ij pel s=1 T 5 1] s

Suppose that for i>0, 320 and each tz20

IARORN| — 2 (x,y,t)duly)dalx). (43)
a C

Then




uy

(a) for 120, j20 the sequence {Vij} defined by (4l1) is a
solution of the infinite initial-value problem (35.1),

(36);

(by for i=0,1,2,...,4-1, j=0,1,...,M-1 the sequence {Vij}
defined by (42) is a solution of the finite initial-value

problem (35.2), (38);

(¢) for i=0,1,...,N-1, 3=0,1,...,M-1 and for each t20 there

exist Xl,XQE[a,b] and yl,yze[c,d] such that

V.. (t) = v..(t) + E_,
ij ij v

where

. N Cpnnly 37 Goi
v o T@ETT 22, N IRAR
ORI VI R
oM
. 5 FiPpeaTy 30 fg i
[CE1] [ 2 2 o o 2f p3¥pstle
o'l Ma1 WY

Proof. It is evident from the orthogonality of the polynomials {Pn} and
{Qn}, that {vij(o)} satisfies the initial conditicns (36). Since
%% (%,v,t) = ~(x+y)F(x,y,t), an application of Lemma 6 shows that
{Vij(t)} satisfies the differential equations (35.1), which proves

assertion (a). To prove assertion (b), note that fij(x,y,o) =

P_(x) Q (v
a P,(x) —E———-Q.(y) is a polynomial of degree <(2N-2) in x and
Pq 1 Yp 3 gq

of degree ={(2M-2) in y. By the quadrature formula it follows that



5

b 4
Vij(o) = £ i fij(x,y,O)dw(y)da(x)
N M
) rgl sélArKSfij(Xr,yS’O) ) vij(O)'

Thus {vij} satisfy the same initial conditions (36) as do {Vij}' Note
that viM(t) 0, 1=0,1,...,N-1, and ij(t) =0, i=0,1,...,M-1; then
another application of Lemma 6 shows that {vij} satisfy the system of
differential equations (35.2). This proves assertion (b). Clearly,
assertion (c) 1s simply a restatement of the gquadrature formula (33)

applied to fij(x,y,t). This completes the proof,

The next theorem is the analog of Thecrem 7 for the second-order
initial-value prohlems (37.1), (38) and (37.2), (38). The proof of this

theorem parallels the proof of Theorem 7 and the details are omitted.

Lemma 7. The differential equations {(37.1) have a solution of the form
xij(t) = Pi(x)Qj(y)u(x,y,t), iz0, j=0,
if and only if

67n , o du

5 5T T (xtydu = 0,

Proof, If the assumed form for x.. is substituted inte (37.1) and the
1]

recurrences {30) and (31) are used, the differential equations reduce to
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2
g u Ju L ~
maibjPi(X)Qj(y) ;;§-+ B Fral (x+y)uJ = 0,

which must held for iz0, j=0 and all x,y. The result foliows from this

equality.

For each pair cf integers i20, jz0 define

gij(x,y,t) = Pi(x)Qj(y)G(x,y,t), (44)
where
Bt
G(x,y,t) = e_ TT-PP(X) Qq(y) a_cos |x +y - Ei t
Yp 5q juie} b

3 g2
Ba sin fx + y - Tt
+__Pa+bJ .
/ 2
X+y—6T

Theorem B. Suppose that the coefficients in (39.1) and (39.2) satisfy
cendition (2)--that is, the Pn (nz0) are orthcgenal on [a,b] with

respect to a(x), and the Qn (n=0) are orthogonal on [¢,d] with respect

to wly).

For each 120, jz0 let

b 4
Kiy(0) = i £ £y 5 (a7, T duly) dalx), (45)




by

and for 0£1<N-1, 0£j£M-1 let

N M
x,.(t) = Z z Ak g, (x .y L.t). (46)
i3 oo agq ¥t rYs

Suppose that for 120, jz0 and each tz0

. bod g,
- ]
Xij(t) —af Cf v (#,y,t)dwl(y)dal(x),
b a 5% (u7)
ii.(t) =/ ] 2L (x,y,t)dw(y)dal(x).
j Lo 3.2

Then:
(a) for 120, j=0 the sequence {Xij} defined by (u45) is a
solution of the infinite initial-value problem (37.1),

{38);

(b) for i=0,1,...,N-1, §=0,1,...,M~1 the sequence {Xij}
defined by (46) is a sclution of the finite initial-

value problem (37.2), (38);

(¢) for i=0,1,...,N-1, §=0,1,...,M-1 and for each t20 there
exist xl,x2e[a,b] and yl,yge[c,d] such that Xij(t) =
xij(t) + Ex’

where

2N
R ERC A D (R, .9, .t)
x - Ty, 2 2 TN 191>
01 N1ty
oM
+ 1 Fle FM glj (;( § t)
(0T] ;2 2 o 2h 22Yg>
1 R VO g
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Half-Planar Arrays

’,

The separaticn technique“ of the preceding section may be com-
bined with the decomposition procedurenﬁ used In Chapter II for the one-
dimensicnal infinite initial-value problem to cbtain scluticns for
initial-value problems associated with two-dimensional arrays which
cover a half-plane and have physical symmetry about a selected column of
inertial elements,

Let {pi} {(iz0) and {uj} (jz1) be sequences of real constants such

that pOZO, pi>0, iz1l, and uj>0, jzl. Tor any two positive sequences

fa;} (i20) and {bj} (§20) and any positive constant m define

= 3= —_w< ) <o
mij maib|j|’ iz0, <jew,

= 1 2> —wgj<o 520,
“ij aiu|j‘, 120, J<e, 370

For any two integers Nz2 and M>2, let p and q be non-negative
integers which are, respectively, less than N and M, and let apq be &
given constant. Using the coefficients (48), construct the infinite

initial-value problem

“The separation method refers to the uncoupling of the differen-
tial equations by assuming a solution of the form yij(t) =
Pi(x)Qj(y)u(x,y,t).

"“The decomposition procedure refers to the resolution of the
sequence {ynl, -®<n<=, into its symmetric part w, = {ypty_p)/2, nzC,
and antisymmetric part z_ = (yp-v_pn?/2, nx0.




49

.

m. .v. .= u. .ly. . —v. Y+u., . Ay, . _=y. .)
l:_:lyl:_] ul)"] y15_3+l yl5_] ul,"]—l yl,-—]—l yl,'—]
t s Wi, 5050 P, o5, 5V )

miOyiO = . ﬂl(y. {(49.1)

11y Vigh t o e Ysg)

)+ {v.

- T >
Pis1,07i41,0 Yig) (1200,

teioWii1, 0 Vi0

RTINS -y..) tou

ij i371,3-1 713 i,j+l(yi,j+l_y”)

m, .
17 17

g0, 379 T Pie1 5 Wi, 37Vi)
(iz0, j=zl1)

and 1ts finite truncation

M ii,m5 T P3O Vi) e O g Y )

y. .} top (y

1,5, 57V o5) T Paen, oY o5

(0=i=N-1, 1<isM-1),
s 157
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moVio T Fia Vo) t R a1 1Y i) (43.2)
0500050 0V * Di+1,o(yi+1,o'yio)
(0=<igN-1),
I I TR L SO AL TS PR T SR D
toggi 57Yis? T Pien 3 Wie 57V

(0<i<N-1, 1sjsM-1),

both subject to the initial conditions

In the systems (49,
ig to be used, and

(0gigN-1), (t)

Yi M

De used.

A physical

(0) = .
pq :

pq
(50)
y;4(0) = 0, i=p, J=q.
1) and (49,2) the cenvention V_1 j(t) 2 0 (-wm<j<m)

in the system (49.2) the conventions Vi _M(t) =0
E]

i

0 (0=2isN-1), and Yy j(t) = 0 (-Mtl<isM-1) are to

system which may be asscciated with the initial-

value problem (49.1), (50) is the half-planar array of sliding plates

shown in Figure 6.
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Po,-2 Po,-1 Poo Pa1 Po2

Mo ,—3|M0,-2, "0,-21"0,-1] Yo,-1] Moo | Fo1| Mo1 | Yo2| "oz | Yos
°1,-2 P1,-1 P10 P11 P12

o > o

“H1,-30M,-0 “1,-2‘“1,-1_ Myl P | Pra| Mo | M2) Mo | Maa
P2,-2 Pa,-1 P20 P21 Y.

Ho,-3lMo 2 “2,—2m2:—1 o sy Mog | Fonl Mo1 | Maz| Moz | Vag
©3,-2 Pa,-1 P30 Pa1 Pa2

¢

Figure 6. An Infinite Half-Planar Array of Sliding Plates

Each mass is coupled by viscous friction to each of its neavrest neigh-
bors, and yij(t) (iz0, -w<j<») is to be interpreted as the velocity of
mass mij normal to the plane of the array. A physical system associated
with the finite initial-value problem (49,2), (50) is the array cbtained
from the above system by deleting all but the first N rows and all
columns except the (2M-1) columns centered on column zero.

The two systems (49.1) and (49.2) may be decomposed into two
eguivalent systems of the type considered in the preceding section.
Recall that a sequence of functions {yij} (120, -w<j<=) may be decom-
posed into a symmetric part {wij} and an antisymmetric part {Zij}’

where

w,. (1) = —= - , 120, 320, (51)

and
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z..(t) = —4 - , 120, jz0. (52)

Addition of the equations which contain m, .y, . and m..&.. {(iz0, j=21)
15717 1,77 171713

in (49.1) and (49.2) and use of (51) yields the infinite system

1050 = W) et 070! (58.1)

- 1>
*Pii1,0Mie,0 0?20,

EEL IR R B EL

_ > T
T 0541 ,50e 5y 120, 321,
with its finite truncation

mioWio = i) F e (i 0 Wi0? T i1 001,000

0<isN-1,
= - . oW, .2
iy ij iy 71,3-1 "1ij Ll1,:|+l wl,]+l Wl]) (53.2)

N P I T T °i+1,j(wi+1,j‘wij ’

0<ieN-1, l<i<M-1,
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both subject to the initial conditions

a

(l+60q) w%i

(0)
Pa

=

(54)

wij(o) = 0, i#p, j=q.

& and

Similarly, subtracting the eguations which contain m, i,-3
-

l:_j

mijiij in (49.1) and (49.2) and using (52) yields the infinite system

ziO =0,
m..z,. = W..{z. ., .-Z..) + p. . L -z {55.1)
1] 13 u13( 1,7-1 13 ul,j+l(zl,j+l le
_ ‘s ‘s
+ pij(zi—l,j Zij) + pi+l,j( ), iz0, j=1,

zZ, =2
i+l,7 1]

with its finite truncation

MisZiy T Mig0Er 5iam2g) Y s (B e (55.2)

(

. . =2, . + . . . Nt/
i34 %i-1,3 le) Pitl,3 %141,97%1570

0<isN-1, l<ij<M-1,
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both subject to the initial conditions

(56)

z,.(0) = 0, i#p, j=q.

Lemma 8. A necessary and sufficient condition for a sequence of func-
tions {yij} to be a solution of the iInitial-value problem (49.1), (50)
{or (49.2), (50)) is that there exist sequences {wij} and {zij} which
are solutions of the initial-value problems (53.1), (54) (or (53.2}),

(54)] and (55.1), (56) (or (55.2), (56)), respectively.

Proof. This conclusion follows from the linearity of the differential

equations and the definitions (51) and (52).

The coefficients in the differential equations (52.1) and (55.1)
are used to generate three sequences of orthogonal polynomials which
are subsequently used to construct solutions of the initial-value prob-
lems (53.1), (54) and (55.1), (56). These soluticns are utilized to
produce a solution of the infinite initial-value problem (49.1), (50).
By use of the quadrature feormula the corresponding solutions cf the
finite initial-value problems (53.2), (54) and (55.2)}, (56) are
obtained. These solutions are used to yield a sclution of the finite
initial-value problem (49.2), (50).

Using the coefficients (48), define
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m ma
YR  E T
Dn+l,] Phel
p P
+
B, = L ntlsd .o 4 2 e, (57.1)
pn+l,j ntl
P_ P
C_ = ol - = » n2l,
Dn+l,j Prt+1
and
) mlO ) mbo mln mbn
DO = -3 = -3 ) Dn = - = - , nzl,
Hi1 1 ui,n+l Mn+1
M. + M. H
EO -1, En _ _in i,ntl _ 14 n . nzl, (57.2)
ui,n+l n+l
W >
Pn - in _ n . n2l.
ui,n+l Mt

Let {Pn(x)} (nz0}, {Rn(y)} (nz0) and {Sn(y)} (nz0) be the
sequences of polynomials generated, respectively, by the three-term

recurrences

Pl(x) = on + BO (58.1)

Pn+l(x> = (Anx+Bn)Pn(x) - CnPn~l(X)’ nzl,
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R, = DOy + EO (58.2)

{y) = (Dny+En)Rn(y) - IR (y), n=l,

Rn+l n-1

S,(y) = Dyy + E; (58.3)

Sn+l(y) = (Dny+En)Sn(y) - FnSn_l(y), nz2.

The coefficients of each of the three recurrences (58.1), (58.2)
and (58.3) satisfy condition (2}; hence assccilated with each sequence
of polynomials {Pn} (nz0), {Rn} (nz0) and {Sn} (nz0) there exists a
nermalized integratecr and an interval of crthogonality. Denote the
corresponding polynomial sequences, normalized integrators, and inter-
vals of orthogonality by {Pn,u,[a,b]}, {Rn,ml,[cl,dl]}, {Sn,m2,[c2,d2]}.
Denote the zercs of PN(x) by X s®pse e a¥ys the zeros of RM(y) by
YsYgseeesVyo and the zeros of SM(y) by §l’§2""’§M~ls and let {Ai},
1<isN, {Kj}, 1<jsM, and {vj}, 1<j<M-1, be the corresponding sets of
Christeffel numbers.

Let

b 2
Y, T £ Pn(x)da(x), nzo,
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d
oo
En = Rn(y)dml(y), nz0,
C
1
d, ,
g =1, 5T i S°(y)du,(y), n21;
2

and for each palr of integers iz0, j20 define

a P (x) R (y)
- P -(xty)t
hij(x,y,t) = (1+50q) > Ty : Pi(x)Rj(y)e (59.1)
P q
and

a P (x) s (y)

K. (x,y,t) = (1-6 ) B3P~ P ()5, (y)e” FTVIT (g o)
ij 0q 2 Y 1 ]

P Cq

Theorem 7 may be applied tc cbtain a solution of the infinite
initial-value prcblem (53.1), (54) and its finite truncation (53.2),

{s4). One finds that {Wij} given by

b dl

wij(t) = f f hij(x,y,t)dwl(y)da(x), iz0, 20,
a ¢
1

is a solution of (53.1), (54); that {wij} given by

N M
wij(t) = Z Z hrxshij(xr,ys,t), 0<isN-1, 0<jsM-1,
r=1 s=1
is a sclution of (53.2), (54); and that for each i=0,1,...,N-1,

i=0,1,...,M-1, and each t20 there exist ﬁl,§2€[a,b], §l,§2€[cl,dl]

such that
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where

) 1800+ Gy $5 . .
w o [(2N1] . .2 .2 S (Kpa¥st)
A Al' X

LA A 3

r.r,...r 32Mh

1l 1
2 2 2
IEEE N

.i.
[(2u)t] B

1o .
i (%7551).

Note that the initial-value problem (55.1), (56) may alsc be
solved by applying Theorem 7 if one shifts the second subscript j in the

equations (55.1). One finds that {Zij} given by

b 95

Zij(t) ={ kij(x,y,t)dmz(y)da(x), iz0, j=0,
a c
2

is a selution of (:55.1), (56); that {Zij} given by

N M-1
zij(t) =7 3 Arvskij(xr,ys,t), 0<isN-1, 0<j=M-1,
r=1 g=1

is a solution of (55.1), (56); and that for each 1=0,1,...,N-1,

j=0,1,...,M-1, and each t20 there exist xi,x;e[a,b], yl,ygefcz,d2]

such that

Zij(t) = zij(t) tE_,

where
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1 277N ij (X*

1 %
= 1 ,Y gt)
z C(2N)! ] AOAi"'AZ A 8x2N 171

p)

o (22 PN

(x2,y2

2 1]
+ T R gt)-
[(2M-2)1] 5 D;__ 2 ay(ZM 2)

1

Note that if g=0, then kij(x,y,t) = 0 and hence Zij(t) = 0 and
zij(t) z 0. Summarizing the preceding remarks and using equations (51)
and (52) yields
Theorem 9. Suppose that the coefficients in (58.1), (58.2) and (58.3)
satisfy condition (2)--that is, the P (n20) given by (58.1) are orthog-
onal on [a,b] with respect to o{x), the R (nz0) given by (58.2) are
orthogonal on [cl,dl] with respect to wl(y), and the Sn {nz1l) given by

(58.3) are orthegenal on [cz’dQJ with respect to m2(y). Then

(il if q = C:
(a) for i20, -=<j<= the sequence {Vij} given by Vij(t) =
wilj!(t) is a solution of the infinite initial-value
problem (49.1), (50);
(b) for 0=isN-1, -M+1=jsM-1 the sequence {Vij} given by
vij(t) = wiljl(t) is a solution of the finite initial-

value problem (49.2), (50);

{c) for each 0gisN-1, -M+1sisM-1 and each t=0
]

V,.(t) = v..(t) + E ;
i] ij W
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[i1} if q=0:

(a) for i20, -w<j<» the sequence {Vij} given by

= - > 5
Vi,—j(t) wij(t) Zith), iz0, j>0,

V'(‘t) = W__(‘t) + Z.-(t), i20: j20:
1] 1] 1]

is a solution of the infinite initial-value problem (49.1),

(50);

(b) for 0<isN-1, -M+1l<j<M-1 the sequence {Vij} given by
.. = W, . - Z.., iz 3
Vl,wj(t) wl](t) le(t), 120, >0,

Vij(t) = wij(t) + zij(t), i=0, §=20,

is a solution of the finite initial-value problem (49.2),

(50)3

(¢} for each 0sis=N-1, -M+lsj<M-1 and each t=20

= - <i<N= - <4< (-
V.. (t) Vij(t) +L,-L, 0<isN-1, -M+l<js<M-1,
v..(t) = vij(t) + Ew + Ez, 0sisN-1, 0=jst-1.

Using the coefficients (48}, one can construct a system of

second-order differential equations corresponding to the linearized
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equaticns of motion of a half-planar array of coupled oscillators each
subjected to viscous damping proporticnal to its mass, Such a system

is
.y, LBy, . N R ¢ A N R TSR € ¢ ST S
1,73 71,773 71,73 1,-3Y1,-3+1771,-3 Mi,-3-18,-3-171 5

+ . . . Y. . . . . Y. N
Dls_j(yl_la"] yl:_]) * pl+l=—](yl+l:“] yl:‘j)

(iz0, =217,

Pio0sotBY ) = ¥y Wy 1Y) R Vi) (60.1)

+ ) (iz0),

Pi+1,0Wis1,0V10

mij(yij+Byij) = Wy lyy o vt “i,j+l(yi,j+l_yij)

- 3 1>
Pi41,3Wie1,57Y55) (1205 321)

with its finite truncation

(Y. 4By, L) = ow. J(y. .. . . e Y. .
mla_](yl"] Byls_j) ul:—j(yl:_j+l l:_j) la"j'l(yl:"j"l yl:“])

y

toin, Wi, 575,050

(0<isN-1, 1sis<M-1),
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mio(yio+8yi0) = “i,—l(yi,-l'yio) + “il(yil—yio) (60.2)

+ )

oo 1 07107 * Piv1,0Wir1,0 V10

(0<ighN-1),

mij(yij+8y..) = p..(y. . l-y..) + ui,j+l(yi,j+l_yij)

tossig 5Vt Pren 3 Wien 57V

(0<isN-1, 1<jsM-1),
both gubject to the initial conditions

(0 =a_ , y_ (0) =51
Ypq pq’ “pg pq’
(61)

yij(O) = 03 Yij(o) = O, i:p’ jiq'

It is clear that the procedure used te solve the infinite first-
order initial-value problem (48.1), (50) and its finite truncation
(49.2), (50) can be used to solve the infinite second-order initial-
value problem (60.1), (81) and its finite truncation (€0.2}, (61). The
modification required is in the definition of the expressions analegous
to (59.1) and (59.2). One easily finds that the appropriate expressions

are
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P (x) R (y)
Hij(X,y,t) = (l+50q)Pi(X) L Rr.(y) —%———-K(x,y,t), (62.1)
p q
iz0, 320,
and
P_(x) S (y)
Kij(x,y,t) = (lhan)Pi(X) ‘E———'Sj(Y) g K(x,y,t), (62.2)
P d
iz0, j=20,
where

_ Bt e
Ki{x,v,t} = e 2 a cos Jx + - gﬁ-t
5y9 kpq y J+

. f p2
a B Sin yx +y - = t
+ <—Ed + b +
2 pgq )
f B
X+ y - T

Theorem 10. Suppose that the coefficients in (58.1), (58.2) and
(58.3) satisfy condition (2)--that is, the P (n20) given by (58.1) are
orthogonal on [a,b] with respect to a(x), the R (n20) given by (58.2)
are orthogonal on [cl,dl] with respect to ml(y), and the Sn {n2l1) given
by (58.3) are corthogonal on [c,,d,] with respect to wQ(y). For q = ©

and any 1z0, -w<j<e define




and

X,
1]

64

For g#0 and any iz0, -«<j<= define

9
i{ Hy g Oy s Ddey (y)dadx) (63.1)
1
N M
) PZl leersHi|j‘(xr’y5’t)' (63.2)
v 9
Xij(t) = i £ Hi’_j(x,y,t)dwl(y)da(x) (64,1)
1
b I
-1 ] K xyst)de,(y)da(x), 120, j=-1,
a c 1,-7]
2
a

b 1
Xij(t) = £ { Hij(x,y,t)dwl(y)da(x)

and

M
xij(t) = ) ] he

1
b d2
« f Kij(x,y,t)de(y)du(x), i=0, j=0,
a c,

N

Ax L,y 1) {(64,2)
r=1 s=1 R



.. {t)
i

Suppose that

DY 1T ;
= Ak Ho.(x_,y_,t) + Av K (% ,y ,t),
pe] ey T8 i) s po] g2y T8 iiTVs

iz0, §20.

Xij(t) and Xij are given by differentiation with respect

to t under the integral sign.

Then:
(a)
(b)
(c)
where
B

for iz0, -w<j<= the sequence {Xij} is a solution of the

infinite initial-value problem (60.1), (81);

for 0=is=N-1, -M+l=j<M-1 the sequence {xij} is a solution
of the finite initial-value problem (60.2), (61);
for each 0=isN-1, -M+l=<jsM-1 and each t20 there exist

1,

Xl,x2,xl,x2e[a,b] and yl’yQE[Cl’dl]’ yl,y25[c2,d2] such

that
= - I > < -
Xij(t) xij(t) + By - B, 120, 3=-1,
= = 12
Xij(t) xij(t) t Bt EK’ iz0, =20,
oN
] ] CiChernly 3 Hilj[ G
BCOTT 2 2, 2N 12Y71°
0°1° " " N-1"N
2M
. 1 FiF,...Fy @ Hl{]I G o3 o
(1], 2 2 o o2n 93Y g2t
071" TTM-1TM

65
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2M

. 1 CiCypm-:Cy B Kiljl G
K- T, 2 2 2N 171°
BBy By 8y
F.F....F a(2M"2)K. . v
1 23 M ilgl (v 1)
(2] 2 2 5 L (2H-2) 23Ypstd:
1°2° " PM-1"M y

One might note that the rather lengthy expressions used to give
solutions in Theorem 10 may be written in the following more compact,

though less lucid, form

b dl
Xij(t) = £ £ Hi‘jl(x,y,t)dml(y)da(x)
1
b d?
+ sgnl(iq) [ [ K. . (x,y,t)dwz(y)da(x),
a e, i3]

where sgn(Q) 8 5.

This form has the advantage of obviating the supposition that ¢ be non-
negative, which is a convenience if one wishes to superpose twe solu-

tions for which g has opposite signs. Because of the physical symmetry
of the array, the supposition that q=0 can always be satisfied by suit-
ably matching the nomenclature to the array so long as non-zero initial

conditions are specified on only one inertial element.

Planar Arrays

By using the previously described decomposition technique and

separation procedure, one may also obtain solutions of first- and
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second-crder infinite initial-value problems corresponding to arrays
which cover the entire plane and have physical symmetry about both a
rew and a cclumn of inertial elements. This procedure will bhe described
in detail for first-crder systems and the analogeous result simply stated
for second-order systems. The signum notation Introduced at the end of
the preceding section will be used here for the sake of econcmy.

Let {Di} (iz1) and {uj} (§21) be two positive sequences; let
{ai} (1i20) and {bj} (jz0) be twe positive sequences and m a pesitive
constant, Define

= ma ~w<] o, ww<fo,

™3 R

Pis =P g Py Tocdee, —weice, ix0, (65)

Mig T @ty Teeiew, ec<iee, §20.

Let p and q be integers, and let apq be a given constant. Using the

coefficients (65), construct the first-order infinite system

. =Y . L . . P AP B v e A
m_la']y"l:_] u_la‘](y“la_]+l y“ls‘]) u‘ls"]_l(y_l:"]_l y_la_]

RS L S e
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m. .¥. . =4, .{y. . .-y. . I (T,
ls_]yls'] 1,-7 71,311 71,-] 1,-7-1 ylu_]_l yls_]

V. L),

oy oy g sys ) °i+l,—j(yi+l,-j' i3

1,-) 3= 1,-]

izl, j=1,

1,5+

‘e . Y L)t : . . Y .
-1 7 -1+l,3 “-1i7 p—l—l,](y—l—l,] -1

izl, j=z1,

]) + ”i,j+l(yi,j+l_yij) (68)

togsy g 57Vis) t eiag W50

iz1, j=1,

MoYip = My, a0y 10 Y v i)

- - 1>
* piO(yi—l,O Yigd * Pip1,0Wis1 0 V000 121
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M. .Y.. = . . ATV . . 7Y .
OJyO] pOJ(YO,J-J- ij) * “o,j+1(yo,3+1 yoj)

+ D_lj(Y_lj*yoj) + plj(ylj'yoj), =21,

m . . = . ' - . + . . - .
0’_33}' 0,-1 uos"](yos']"’l YO :_]) UOs—j_l(yO »—J-1 yO s‘])

* P Yo i)t pl,_j(yl Y L), 321,
)

{
Y1 0,-] R T

_la—j 3'j_

M00Y00 = ¥o,-19 2100’ * #0101 Vo0’
t 100 107Y00) * P10t 10 7Y0g?

subject to the initial conditicons

(0) = a
Ypa pq

(67)

yij(O) = 0, i=zp, j#zq.
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The differential equations (66) may be interpreted as the equa-
ticns of meotion, in terms of velocity, of an infinite array of masses
each coupled to its nearest neighbor by viscous friction. The yij are

to be interpreted as velocities normal to the plane of the array (see

Figure 7).
1\
|
P32 Pa1 P30 P31 <
Fo3 (Maz) Moz [Mo1| Mer [Meof Mo [Maal Yoo Y23
Poo 21 Pa0 Po1 Pao
Prg M2 iz [Ma1] M1 ™iof Mi1 o |Mua] Miz M1z M1z
P12 P11 P10 P11 P12
T Mg Moz Moz [Mon] Mox Mool Mo {Moi Moz Mozl YozT T
P1o P11 °10 P11 P1o
13 Mo 1o (™1 Han Mo Mino{™aa) Mi2 |Mi2) Mz
Po2 Po1 Poo 21 P22
Hog 1Mool HMop 1Mon) Fo1 |Mon| Mo1 |Mo1| Moz (Toz| Mos

©

|
|
4

Figure 7. An Infinite Planar Array of Sliding Plates

A solution of the initial-value problem will be obtained by
decomposing the differential equations and initial conditions into four
equivalent systems corresponding to quarter-planar arrays. Given any
sequence of functions {yij}, ~w<icw, —w<j<o, define the four seguences

of functions {wij}, {z..

lj}, {uij} and {Vij}’ iz0, =20, by
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Y. vy .0ty
- _*] 1] 1,-] ~1l,7] - -
wij u 3 l_'O’ :] O!
Voo vy oo~ Y., -y . .
- 1] -1 1,7 “1l-7] >
Zij m , 120, j20,
(68)
Yeo = ¥ . Y. . - .
S T S R ¥ B T NI,
uij m y 120, 20,
Voo = Y_ 52 7 ¥, Yy . .
v,., = 1] 1] 1,-] _J-S_]’ 1205 320..
1] b

Note that from (&8) it

.. = ' . +
Vi3 T Mgpyq) T oo

that 2. 2 0 and Vio =
differential equations
Z,.s, U..,, Vv,. and then
ij ij i3
differential equations

(683, (67). The {w..!}
i

tions

"50%00

M350

* M3, 321703

follows that

(Dzygyy5) *osenl@upg gy +eenlivyy g5 (69)

0, 1=20; and that Uy =0 and v,. 20, J20. The
] 0]

{66} may be expressed entirely in terms of wij’

combined to cbtain the following four systems of
and initial conditions which are equivalent to

(iz0, j20) must satisfy the differential egua-

= 2ug Ui g) T 209000 g0 ) s

)+ uO,j+l(wo,j+1_wOj) {70}

- 1>
+ 2plj(wlj w_.), j=2l,

th
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= - - - i>
Mo¥io = M) T 0500 0700 T Pian 01,07 Mi0) e BB
m, . w,. = u,.(w, . -w,.) +u, . . (w, , -W..
i 17 i9771i,3-1 ij 1,7j+1° 7 1,j+1 13
+ Aw, W. L)t op. L(w, WL i=l, jzl
pi](wl-l,] le) pl+l,j(wl+l,] wlj)’ RS 35

subject to the initial conditions
“pq
0) = (1+8 1+68 (70.1)
wlpilql( ) ( Op)( Oq) e
wij(O) =0, izlpl, J#iql.

Similarly the {zij} (120, J20) must satisfy the differential equations

ziO = 0, 120,
o305 = %03 %0,4-17%05) T Ho,5+1%0, 541 %01 (71)
+ QQlj(zlj—sz), iz1,
migZsg T M2 5amBig) oM 503 e

-2, . N ¢ e 121, 21
130%00,97%05) P Pen (B ,7R0 s 1B IR

subject to the initial conditions
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d
- _Pq
letht(o) (l+60p)sgn(q) >

(71.1)
z;4(0) = 0, izlpl, 3=lal;
the {uij} must satisfy the differential equations
uOj = 0, J=20,
Migbio T iy (U 7o) *oesglu ) oY) (72)
- 1>
+ Qi+l,0(ui+l,0 uio), izl,
= - + y, . P U
miglio T Mig0e s mReg) P H e (M ge N g)
- - 1= 1>
Togsl g T P, (i gl 120, 320,
subject to the initial conditions
apq
u 0 = 1+6 )S ( ) s
\pilq\( )=t 0g ZEP Ty
(72.1)
uij(o) =0, izlpl, i#lal;
and the {vij} must satisfy the differential equations
=0, iz0, wv.. = 0, jz0, (73)



Th

mijvij = uij(vi,j-l_vij) + “i,j+l(vi,j+1ﬂvij) (73)
- - 12 12
+ pij(vi—l,j Vij) + pi+l,j(vi+l,j Vij)’ izl, =21,
subject to the Initial conditions
an
A 0) = 5 o 4
pllqt'®) 7 PO =T
(73.1)

Vij(o) = O& iilpt: j:'ql'

The coefficients in the differential equations (70), (71), (72)
and (73) are used tc generate four sequences of orthogonal pelynomials
which are subsequently used to construct solutions of the four initial-

value problems (70), (70.1) through (73), (73.1).

Define
mo A mao m ma
AO = - 5__1.: - 5__ . A = - __El__ = - n . nzl’
Dlj °1 " Dn+l,] *n+l
p_. tp . p
BO — l, Bn - n] n+lg] = l + Il , nZl, (74.1)
Pn+l,3 n+l
. P
o= ol = 1 , nzl,
P . B
n+tl,] n+l
and
nb
D = mlD _ mbo D = mln _ n n>l
- - - B - 7 - 2 ) ]
0 2851 2uy " Mion+l Kn+1




75

" U, M
+
Eg =1, E_ = l“u 1,0l _ g n>1, (74.2)
i,n+1 n+l
s 1S}
Fn = y 1,0 = " T , I']El
i,n+l n+l

Let {Pn(x)} (nz0), {Qn(x)} (n=0), {Rn(y)} (nz0) and {Sn(y)}
(nz0) be the sequences of polynomials generated by the four three-term

e Ccurrences

Po(x) =1
Pl(x) = Agx t By (75.1)
Pn+l(x) = (Anx+Bn)Pn(x) - CnPn—l(X)’ nzl,

Q2(X) = A.x + B (75.2)

Q. (x) = (AnX+Bn)Qn(X) - chn—l(x)’ nz?z,

Rl(y) = Dy + (75.,3)
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Rn+l(y) = (Dny+En)Rn(y) - Fan_l(y), n=l,
and
5,50, 5, =1
5,(y) =Dy + E) (75.4)
Sn+l(y) = (Dny+En)Sn(y) - FnSn_l(y), nz2.

The coefficients of each of the recurrences (75.1) through (75.4)
satisfy condition (2); hence associated with each recurrence is a nor-
malized integrator and an interval of orthogonality. Denote the
respective polynomial sequences, normalized integrators, and intervals
by (P (x),0(x),[a;,b 13, {Q (x),0,(x),[a,,b 0}, {R (v) e (y),ley,d 1

and {Sn(y),wg(y),[cz,d2]}.

Lemma 8. The systems of differential equations (70), (71), (72), (73)

have sclutions given, respectively, by

wij(t) = Pi(x)Rj(y}u(x,y,t}, iz, 320,
zij(t) = Pi(x)Sj(y)u(x,y,t), iz0, j=0,
u,.(t) = Qi(x)Rj(y)u(x,y,t), i=0, jz20,
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Vl](t) = Qi(x)Sj(y)U(XaY,t): i203 j205

if and eonly If

Proof,

au

rall (xtylu = 0.

By substituting the assumed form for wij into the differential

equations (70} and using recurrences (75.1) and (75.3), one finds that

the differential equations (70) reduce to maibjPi(X)Rj(y) %%—+ (X+y)u} =

0. Since this equality must hold for all 120, jz=0 and all X,y, the con-

clusiocn follows at oncse.

be shown similarly.

Let

The conclusions regarding =z.., U,..
1] 1]

bl 2
T, " f Pn(x)dul(x), n=0,
#1
b2 ,
n, = 1. o= [ Ql(a)de, (G,
a
2
dl ,
&n = £ Rn(y)dwl(y), n=0,
1
d2 ,
Ly = Lo = s ()dug(y),
€0
and for each i20, j20 define
Pt
fij(X,y,t) = (l+60p)(l+6oq)Pi(x) ~—-—-—-—-——~Rj(y)

P

and Vij may
nzl,
nzl,
R, (¥)
Bl w0,
lql
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P‘ ‘(x) Sl I(y)
gij(x,y,t) = (l+‘50p)Pi(X) —JD———Y Sj<y) ——9-———12 ulx,y,t),
pl lql
pr‘(x) qul(y)
hij(X9Y3t) = (l+60q)QL(X) “"T_]__'_ R](Y) £ U-(XBY3t)3
ipl lq|
Qp () 51
kg s Gy s ) = 9, 60) Pl 5. () —4l w(x,y,t),
ol lal

where u(x,y,t) =

Lemma 10. For each i20, j=0 define

bl dl
wij(t) = i £ fij(x,y,t)dwl(y)dal(x),
1l 71
bl d2
zij(t) = zgnlq) f f gij(x,y,t)de(y)dal(x),
F S
b2 d
uij(t) = sgni(p) [ f hij(x,y,t)dml(y)dug(x),
aH 9
b? d2
Vij(t) = sgn(pq) i £ kij(x,y,t)dmg(y)dag(x).
Z Z

Suppose that Q.., é.., U.. and v.. are each given by differentiation
11 1] 11 11

with respect to t under the integral.

Then:

(a) {wij} is a solution of the initlal-value problem {(70),

(70.1);

() {zij} is a sclution of the initial-value problem (71},

(71.1);
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(c) {uij} is a solution of the initial-value problem (72),

(72.1);
{(d) {vij} is a soluticn of the initial-value problem {(73),

(73.1). .

Proof. Lemma 9 and the linearity of the integral imply that all the
differential equations are satisfied. By using the orthogonality
properties of the polyncmial sequences, a direct calculation shows that

the appropriate initlial conditions are satisfied; e.g.,

b2 d2 Q| |(x) S‘ ‘(y) a
v..(0) = sgnlpq) /| [ Q. (x) =B—s.(y) —*— BL du_(y)da,(x)
1] 1 mn J L b 2 2
a, ¢ Ip | lq!
2 2
“pq
= sgni{pg) m Si\plojlql'

The result of Lemma 10 may be combined with equation (69) to

yield

Theorem 11. For all -w<i<w, -=<j<®o the sequence {yij} defined by

bl dl
yij(t) = i { fii"j|(x,y,t)dml(y)dal(x)

1 1
bl d2

+ sgn(iq) [ glilljl(x,y,t)dmg(y)dal(x)
a, c
1 2
b2 dl

+ sgn(ip) i £ hlilIj\(x’y’t)dwl(y)dQQ(X)

2 1
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by 9

+ sgn(ijpq) [ f k}il|‘\(x’y’t)dw2(y)da2(X)
G2 “2 -

is a solution of the infinite initial-value prcblem (86), (67}.
Upon replacing the expressions mij§ij in equations (66) by
m..(§..+8§..) and the non-zero initial conditions (67) by y_ (¢) = a__,
1] 71i] by Pq pPd
&pq(o) = bpq’ one obtains a second-order system associated with an
infinite planar array of damped cscillators. To obtain a solution of

this second-order system one need only replace u(x,y,t), which appears

in the expressions fij’ £33 hij’ kij (cf. pp.77ff.), by

Bt
2 BQ
a cosJHty-— T
pq OB Y Y T

e
vir,y,t) = Iy
1
82
a_ B sin/ 2ty - T t
+ |+ b >
2 rq 5
o ®ty - %r

and the solution {yij} is given by Theorem 11.
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CHAPTER IV

GENERALIZED WEIGHT FUNCTIONS FOR THE ORTHOGONAL
POLYNOMIALS GENERATED BY SOME PERTURBED

THREE-TERM RECURRENCE RELATIONS

The investigation in this chapter deals with two sequences cof
polynomials which arise in the solution of the equations of motion
associated with infinite linear chains with an isotopic impurity. The
first sequence of polynomials {Mia,ﬁ)} considered is generated by a
three-term recurrence relation which depends on two parameters. It will
be shown that for certain values of the parameters the normalized Inte-
grator is not absclutely continuous (hence there existe no weight func-

tion)} but is a Stieltjes integrator with a jump discontinuity. For ozl

(a,B)

the polynomials {Mn

} exhibit some of the same properties as the
Zolotareff elliptic polynomials described by Achyéser [1). The proce-
dure used to determine the interval of orthogonality and corresponding
distribution (or weight functlon) has proved useful in several investi-
gations of impurity problems. The second sequence of polynomials
{A;a)} considered is generated by a three-term recurrence in which the
coefficients depend on the parameter a. It is shown that for all o>0
there always exists a weight function and that the interval of orthog-

onality depends on the value of o. For w=1 the pelynomials {Ail)} are

classical polynomials.
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(a,B)

n

1l

The Non-Classical Polynomials

Let >0 and B>0 be real numbers, and let Miu’s) (nz0) be the

polynomials given by

(a,R) _
MO (x) = 1

(a,B) _ _ Bx
My (x) = =t 1
(76)
(a,B) _ (a,8) o (a,8)
M2n (x) = (—ux+2)M2n_l {x) M2n—2 (%), n=1,
(a,B) _ (a,B) Ll B)
Mol (x) = (—x+2)M2n (x) - o] (x), nzl.
The only values of a and 8 for which the polynomials M(G’B) are

n

classical polynomials are o=1 and either B=1 or B=2. To establish this

result let
&= (2b,b b )b -b ) +ule +e,)T + 9o, (by-b,),
gl(n) = [(n+l)bn+l+(l—n)bn—bl-boj[(bl-b0)2+u(cl+c2)]/3c2
+ [(—2n—l)bn+l+(2n—3)bn+bl+3b03, nzl,
and

g,(n) = [(nt1)b b_ b2

+1 n_

boblﬁ'cl-—(2n+l)cn+lﬂ-(2n—3)cn] .

[(5,-by)° + 4(ey+e,)1/3e,
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+ [(-2n-1)b b + (2n—l)b2 + b, b, + b2 + Lnc
n n n 01 0 n

1 t1

+ (—4n+8)cn], nzl,

Z 2 2
= — - = - > = = = —
where b, 7o b2n 2 (nzl1), b2n+l - (nz1}, ¢ * 3
c = %—(nzz) are the recurrence ccefficients obtained by expressing (76)

in monic form. A result due to Jayne [12] shows that the polynomials

Mia’s) are classical if and cnly if A = 0, gl(n) = 0 and gg(n) = ¢ for

each nzl. A direct calculation shows that

: = [208(a-1)(4a”-208°4167) + al1-8) (4a’-5a8 187 ],

g, (2n) =
1 3o 3

nzl.

Hence a necessary condition that gl(2n) = 0, nzl, is that

B(a—l)(ua2—2a82+482) =0 and a(l—s)(ua2-5a82+462) = 0.

. . . 2
From the first equation either Ho - 2&82 + 482 =0ora=1 If

el - 2&82 + 482 = 0 the second eguation becomes a(l“B)(~3a82) = 0, and
hence B = 1; but then there exists no real o such that 4&2 - Za+ 4 = 0.
Thus @ = 1 is necessary fecr gl(2n) = 0, nzl, With o = 1 the second
equation reduces to (l—B)(H—Bg) = (1-8)(2-8)(2+R) = 0. Consequently
one finds that a = 1 and either B = 1 cr § = 2 are necessary conditions

for Miu’B) to be classical polynemials. A direct computaticn of 4,

gl(n) and gQ(n) with o = 1 and 8 = 1 or 8 = 2 shows that the pelynomials
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(1,1)

M {(1,2)
T

and Mn are classical pclynomials.

(a,R)

The polynomials Mn can be most conveniently represented in

trigonometric form for all w>0, B>0, Let T be the conteour in the com-

plex plane consisting of C, from «i to 0, C, along the real axis from

1 2

2
ki . Ui . ™ 1 -lio +1f, T
0 to §-+ 0;, C3 from §-+ 0i to §—+ E-Cosh (—Ea—}l, Cq from §—+
%—Cosh—l(azzlJi back to %-+ 0i, C5 along the real axis from %—to T,

and Cq from m + 0i to 7 + =i {(see Figure 8).

m 1 -lla +l
§-+ E-Cosh ( 5a J
¥ {
Cl : C6
C3 : CL+
[
|
CQ i CS
(0,0) | -
|
!
|
%.+ 01 T+ 01

Figure 8. The Contour T
Let z be a complex variable restricted to the contour I' and define the
mapping

&2

2
z = mcos_l{gg— - x(1+a) + é], (77)
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where the cos_l is chosen so that x=0 maps onto z=0 and x = Q(Eéi} maps
ontec z=w. It is easily shown that this mapping maps the real line

—e<x<e onto the contour I'. The mapping defined by

Lfl+a)-/i+a2+2a60822 (78)

L
o

on the complex plane cut from g—+ 5

“1{a2+1)
L Cosh l(G2+l i to %—— wi (the prin-

cipal square rcot chesen so that z=0 maps onto x=0) is the inverse map-

ping and maps I onto the real line. By use of (78) the recurrence (76)

becomes
) =2
-
Ki“’s)(z) = - é% {El+a) - /1+u2+2acos2fj + 1
(79)
Kgg’a)(z) = [El—a) + V1t+act2ucos2z Kézig)(z) - Kégig)(z), nzl,
(a-1) + ¥1+u2+2ac052é}
(o ,B) _ [: {a,g) (a,B)
K2n+l (z) = - K2n (z) - K2n—l (z), nz1,

where K{%80(2) = wl®B) (i), 2.
n n

(a,8)

0 } be the trigonometric polynomials determined by

Lemma 11. Let {G

{o,B) _
GO (z) =1
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[El—a) + /l+a2+2a0052é1

2cosz

Gia’g)(z) = Becosz + (1-R)

(a,B) _ (2,R) (a,B)
Gn+l (z) = Xcoszﬂ%] (zy - Gn—l (z), mn=1l.

Then the polynemials Kia’ﬁ)(z) are given by

K§§=B)(z) - G;§=B)<z), 020,

_ 2
K(a’B)(z) _ [Ea 1) + ¥Y1ta +2ucos?gJ G(Q’B)(Z) .
2n+l 20C082 2n+l ? T

Proof. This result will be established by Induction. For each integer

k21l let Tk be the statement

(

"For pe1,2,. ..,k KQE:S)(Z) = glosB)

202 (z) and

-
_ 2
K(Q:B)(z) _ [Eu 1) + V1ta2+20cos?z| G(Q=B)(Z) )
2p-1 20c0s% op-1 '

Clearly Kéu’B) = éa,B)’ and

-
[ia—l) + V1+e?+2acos2z |

20c0s5zZ

G(a’B)(z) - £ [Ea-l) + /l+a2+2ac032%}
1 2a

v (1-8) 2af{ltcos2z)

Yocos =z
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= —§L|£hﬂ)- ﬁﬁdﬁ?amﬁQ% + 1 =Kuh8%2h
o 1

hence Tl is true. Suppose that Tk is true for some kzl. Using recur-

rence (79) and the inductlion hypothesis, one finds that

(a B) _ 2a(ltcos2z) (a B) (a,B)
2n (z) = 200087 (z) - G2n 2 (2)

2coszG

and

- L2
e B . Lga 1) + Ylta +2acos?é] S, )
2n+l h o Son

-
[Ea—l) + V1ta2+26c0s82z

(a,B)
N 20C082 G?n 1 (z)
—
[Ea—l) + Y1ta?+2acos2zl
n (a,8)
= {QCOSZG (z)
2acosz
(a,8)
- GQn—l {(z)}
I ]
tga—l) + V1+al+2acos?z]
_ ( B)( ).
h 20C08zZ 2n+l

Thus Tk implies T and the induction is completed.

k+1?

Using a standard technigue for solving difference equaticns, one

easily finds that
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G(Q’B)(z)==cos nz+(1-B) 322 {V1ta?+2acos2z - (atcos2z)}, nz0.

n sin2z

Lemma 11 then yields the representation

K(G’B)(x) = cosznz + {(1-8) 532255
2n s

{V1+a2+2acos2z - (atcos2z)}, n=20,
in2z

and
(a.8) [gu—l) + fl+u2+2ac052é}

K727 (z) = [%os(2n+l)z (80)
2n+l 20008z

sin(2n+l)z

- {V1taZ+Zacos?z - (a+cos?z)£], n=0.
sinZz

+ (1-R)

As previcusly indicated, the values a=1 and 8=1 or B=2 are the

(a,B)

only cholees for a and B for which the polynomials Mn are classical.

For w=1l, Lemma 11 shows that

sin(z/2)

il St Sl >
cos(z/2) ° n=0.

K;l’B)(z) = G;l’s)(z) =cosnz+ {1-B)sinnz

(1,1)

N (z) = cosnz, nz0; but from [23,

Thus with @=l, B=1 one finds that X

p. 60], it fcllows that

n,n 2 ( 1 4
(1,1) (-1)"4[n!] S22 2)x
- \ 2 >
M (%) OISK L ~ - 1], nz0,
3
where Pn 2 2 is a Jacobi polynomial. Similarly, with a=1l, 352 one
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finds that

1
cos|n ¥ — 2
K(l,z)(z) _ 2

= >
7 cos{z/2) : nz0,

and it follows [23, p.60] that

n,n 2 (i-— }J
Mil,z)(z) _ (G wtnl]” 120 2 [

x
— - >
(2n)! 2 lJ’ n=0.

(a,B)

Loy
1l

Crthogonality Properties of M

This section deals with the determinatiocn of the interval of

orthogonality and the cecrresponding weight function (or Integrator) for

(a,B)

n

the polynomials M The case o=l 1s treated in detall to illustrate

the procedure used. 1t will be shown that if Bzl the polynomials
Mil’s)(x) are orthogonal on [0,4] with respect to a weight function,
whereas i1f B<l the polynemials are orthogonal on ‘E, B ;tB;] with

respect to a Stieltjes integrator which is constant on

4 . . R _ 4 ..
{E, ETEjETJ and has a Jjump discontinulty at = = R(Z-87 ° Similar

results are stated for the case B=2 and o>0. For the case f=1, o>0

there always exists a weight function.

Location of the Zeros of Mil’B)

il

As a preliminary to determination of a weight function (or inte-
grator}, the lccation ¢f the zeros of Mil’s)(x) is investigated. In

thisz undertaking the corresponding trigonometric representation
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K(l’B)(z) =cosnz+ (1-8)sin n=z sin(z/2)
n cos(z/2)
is used. It will be shown that if @21, then Kil’B)(z) has n zerocs on
O<z<m; that if B<1l and n < - then K(l’ﬁ)(z) has n zeros on
? 201-p) ° n

T
2(1-gy °

on 0<z<t and one zero on CB = {z:z=m + iy, w»0}. Tc this end, note

O<z<m; and that if B<l and n > then Kél’B)(z) has {n-1) zeros
that for O<z<m

Kél’B)(z) = sin nZ[EOt nz + (1-8)tan éﬂ’

and the zeros of Kil’g)(z) coincide with the zeros of

2z

Hn(Z) = cotnz + (1-B)tan L nzl.
Let z, = kn k=0,1 n, and consider H (z) on (z .z }, k=(
kTR Tt a k>%cr1)s K=(n-1). o As
z - z+ H (z) = +=; furthermore H |z + | = (1-8)tan E-]§-+ T, which
kX? 'n * nl 'k 2n 2 Yn|?

has the sign of (1-8). Thus if g>1 Hn(z) changes sign between 2 and

has a zero cn each subinterval

T (1,8)
z, + 7= 3 so H_(z), and hence K (z),

J, k=0,1,...,n~1. This enumeration accounts for the n zeros of

k%4l
K;l’s)(z) on (0,n)., For <l it can be shown similarly that Kil’e)(z)

(z

has a zerc cn each subinterval (z v, k=0,1,...,n-2. A direct

ko %kel
calculation shows that K;l’s)(zn_l)Kﬁl’B)(zn) = 2n{1-8) - 1. It follows

3
2(1-8)

thus accounting for the n zeros of Kél’B)(z) on {0,m). For B<l and

1 (1,8) . .
2 5TIEY K (z) has the same sign at 2, and z . Thus if

for <1 and 1 £ n < that Kél’s)(z) also has a zero on (z R

Z
n-1°>"n
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n>m,then

even number of zercs con (z

= K(l’B)(z) either has no zero on (z ,Z_) or has an
n n-1°"n

. (1,8)
n—l’zn)' Since Krl (z) has cnly n zeros,

and (n-1) of them are accounted for, there is no zero on (Zn—l’zn) for
1

2(1-8) °
It will now be shown that if f<l and n >

n =

Eri%éj-the nth zero of

1 ) X )
Ké ’B)(z) lies on C. = {z:z=1 + ip, w>0}. For z = 7w + iy the represen-

tation

Kél,ﬁ)(z) = (-l)ncosh(nu)COTh[%)[%aﬂh %—— {1-8)tanh né}, =0

- ool : - ' -1
holds, Let Gn(u) = tanh 5 (1-8) tanh nu. Since Gn(O) = 0, Gn(O) = 5

(1-8)n < 0, and lim Gn(u) = 8>0, it follows that Gn(u) has & zero for

L=
(1,8)

u>0 and censequently that Kn z) has its nth zero on C..

6

If for each n Xn is the largest zero of M;l’B)(x), then lim Xn
e

proves to be of considerable significance in the determination of the

interval of orthogonality and, when B<1l, the location of the point at

1

which the jump in the integrator cccurs. For any <1 and n > §TI?§T s

let Wy denote the zero of Gn(u). From the equation Gn(u) = 0 it follows

~

that {un} iz an increasing sequence bounded above by § where tanh %—=

(1-8)., For z = T + iﬂ, equation (78) (with a=1) yields X = ETngT .

then {xn} is an

Thus if X s nzl, denotes the largest zerc of Mél’s)(x),

increasing sequence and
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n

g(z-g) > °<b

Determination of a Weight Function for M(l’s) for 8>1

Y

For B>1 it has been shown that all the zeros of Mél’a)(x) lie in
the interval (0,4) and that (0,4) is the shortest interval of which this
statement can be made. Since it is well known that all the zeros of
each polynomial in any sequence of orthogonal polynomials lie in the
interior of the interval of orthogonality, one is led to seek a weight
function (if one exists) which is defined on 0<x=<y4,

A sequence of polynomials given by (1) is known to be a complete
set of functicons on a finite interval of orthogonality [23, p.40]. The
supposition that Mil’B)(x) are orthogonal on [0,4] with respect to a
weight function might lead cone to try to determine the unknown weight
function as a Fourier series in the polynomials Mil’B)(x). For the

(l’B)(X)
n

polynomials M , & more judicious cholice of a Fourier series is

possible. It may easily be shown that

o [g _ .l_]
1 1
_ {%ﬁ) QHQ‘l Prfl’_ 5) [% - l} , nxl

11)

% PR

The polynomials Pn[2 2 are the Jacobl polynomlals described
in (23, p.58ff] with o« = 1/2, 8 = -1/2.




93

>3

[1 l]r
Furthermere the polynomials Pn lx

5 l}, nz0, are orthogonal cn
1 L-x

[0,4] with respect to the normalized weight function w(x) = 57 -

£ 1
2% 27)Ix . .
and the sequence Pn 7 1 is a complete set of functions on

(1,3)(x)

[0,4]., Hence one conjectures that the polynomials Mn

, n20, are
orthogonal on [0,4] with respect to a normalized weight function which

may be represented in the form

. (g ;J
27 21 {x
p(x) = w(x) ngoanann (5 - l] . (82)
R0 42
where q, = ( ngE)En'] » hz0, and a s nz0, are generalized Fourier

coefficients to be determined by imposing the orthogonality conditiens

(1,8)

n

which the M (%) must satisfy; i.e.,

I
[e(x)ax = 1, f M;l’B)(x)o(x)dx = 0, pzl, (83)
0

Multiplication of (82) by M;l’B)(x), followed by integration over [0,4]

and use of (83}, yields the infinite system of algebraic equations

ol
2 20 tix
) a / a7 {5—— l}m(x)dx =1,
n=0 0
2’_2 % B IR x 9-8 75 x_ _
nzoan g In'n [—"Jl Equp (2'%}* L7;4qp_le_l 5 ] wix)dx = 0,

pzl.



g4

The integrals on the left may be evaluated by using the known orthog-

1 1
. . [5"5] % .
cnality preperties of P} 5 - 1|. One finds that {an} (n20) must
satisfy the equations
a, = L
(84)
2-8 Blo = >
[ 5 ]ap_l + [Q}ap = 0, p=l.
The unique soluticn of (84) is
1l
a = (—1)“[%%3 ,  n20, (85)
. 2-8 . .
and since g < 1 for all B»1l, lim an = 0 for 8»1l. Note that this

holmastd
result should have been expected from the Riemann-Lebesgue lemma, since

the a {n20) are FTourier coefficients. Note alsc that if B<l, then
la_| » += as nve,
1

Substitution of the coefficients (85) intoc (82) yields

1 1}
n S
(-1)“{%} an[2 2 [i l}.

n 2

p(x) = w(x) ¥

n=0

With the substitution 1 - = = cosf and use of the identity

2
1 1 1
CEEY cm;n+§6 _
ann (-cos8) = arvverysasd it follows that
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1
Cm g ees(ns e
p(X) = LU(X)HEO(-J.) [ ) J cos 8/2
= wix) 28

4 - Yg + 282 + 28(2-B)cosH

_ B [ui-x 1L
= -  TTEER 0<x<Yy. (86)

So if the polynomials Mil’s)(x) are orthogonal on [0,4] with respect to
a weight function p{x) of the form (82), then p(x) is given by (86).

Verification of the Orthogonality of {ﬂil’e)} for g>1

The procedure used to determine the proposed weight function (86)
is a formal one and hence the result requires direct verification. It
should be observed that (for all 8»0) p satisfies the non-negativity and
integrability requirements to be imposed on any proposed weight function

on [0,4].

(1,B)

N determined by (76) (with a=1)

Lemma 12. For B»1 the peclynomials M

are orthogonal on [0,4] with respect to the neormalized weight function

R [t=x 1
plx) = e x 4 - g(2-Rix ’

Proof. The proof of this result is by direct verification and makes use

of the residue theorem. The details are tedious and only a summary of
I

results is given. To evaluate the integrals f M;l’S)(x)M;l’B)(x)p(x)dx,
0

make the change cof variable cosb = 1 - %-and then change the resulting

trigonometric integrals to contour integrals around |z| = 1. Use of the

residue theorem yields
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u
J 8 Gonl P oo Goax =
0

= (1+2)%(2%4+1) (2™ 1) + (1-8)(22-1) (z°7T2M )

Res

4(B-2) |z |<1 Zn+m+l[§ _ B-%}[% _ B:]
8 g-2

N (l—B)z(z—l)Q(ZQn—l)(zgm-l)]

nimtl B-2 B
Pl 50

nz0, mz0.

The meromorphic function on the right has a pole of order (n+mt+l) at

z=0 and simple poles at zl = §—§- and 22 = E—%—En For B>1 the simple
B - 2

pole z, = g lies inside |z| = 1. Evaluation of the residues at z=0

and z = B 2 shows that

B
(l, n=m=0,
(1,8) (1,8) B
f MET 0aM 7 ()px)dx = §=—, n=m=0,
5 B m 2
0, n=#m,
which completes the proof.
Determination of an Integrator for M(l’s) for B<l

a
—3l

Recall that for B<l and n = 5?1%§7'the largest zero x_ of

n
Mgl,B)(x) lies in the open interval !4, ETE%ESJ and iiz x = EféggT .
Hence [O, §T5%§7J is the smallest open interval which, for every nzi,
containg all the zeros of Mil’B)(x). Consequently it is known that the
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4
. EfﬁtﬁjJ' One

interval of crthogonality contains the open interval {0
might also note that [4, ET%%ETJ is the only open subinterval I of

{O, ET%%ETJ of which it is true that for each n21 I contains at most
(1,8)
Tx),

one zero of Mn This property is known to be characteristic of
any open subinterval of the interval of orthogonality on which the
integrator is constant [23, p.50].
B He-x 1
Even though x} = =

gh o(x) I g(2-8)x

welght function for {M(l B)} for B<l, one can evaluate

, O<x<4, cannct be a

f W(l 8)( )M(l B)(X)p(x)dx by the residue thecrem for B<l. The result
G
of these calculations is

( 2(1-8) .
1- CEIE n=m=0,
4 2m
(1,8) (1,R) B 2(1-8) B _
é‘ Mn B (% )M B (X)D(X)dx = <-§- - 508) ('2—_8—] , n=mz0, (87)
n+m 2(1-g) ( g %™
- (-1) ?E:ET—-(E:E& , nzm.

As previcusly indicated the limit point x of the errant zerc of M

has a direct bearing cn the location of the jump in the iIntegrator.

Lemma 13. The value of the polynomial M(l 8) at % = E(éégy is
(18)()_(1) S
2-8 8 i ’
Proof. With o=1 and x=x the recurrence (76) becomes

(1,8),=, _
MO (x) =1
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(l:B) = - B
MG = - g
(1,8),-, _ B 2-8),.(1,8),- (1,8), -
Moy (R = - (E?E'+ —E_JMn ) -7, wal
The assertion Mil’s)(ﬁ) = (—l)n{ﬁggﬂ, n20, may be established by a

straightforward induction proef.

Combination of the result {87) with Lemma (13} ylelds

Lemma 14, For Q<B<l let p be defined on {O, Efé%ﬁjJ by

8 L-x 1
T x 4 - g(2-gix’ Oex<t,
p(x) =
n
0 S TE

and let o be the integratcr defined on [%’ B(giﬁ)l by

% y
g)‘ p(t)dt, OSX‘(m,
alx) = 4
R(2-R)
p(t)dt + 2(1-8) =

(2-8) * *~ B(2-8)"

O~

(

Then the polynomials {Mn

1’8)} {(nz0) are orthogonal on |0 ——Ji—:? with
- & ’ s(z-szj

respect to the normalized integrator a.

Proof. Evaluation of the Stieltjes integral shows that
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b

R(2-8)
0 LB L oB) (G dax) =
n m

i
(1,8) (1.8) 2(1-8) _(1,8) i) (1,8) L4
g My TGN T Goe Gadx 4 T My (5(2—5)JMm (B(Q—B)J’

nz0, m=0,

Use of (87) and Lemma 13 yields

4 1, n=m=0
R(2-B)
f M(l’B)(x)M(l’B)(x)du(x) = §3 n=m=z0
0 n m 2
0, n=m,
which completes the proof.
(a,2)

Orthogonality of the Polynomials M~

11

A procedure not dissimilar to that used in the preceding analysis

of Mil’B) may be used to determine the interval of orthogonality and

weight function (or integrator) for the polynomials Miu,2)

[i.e., a>0,
=2 in recurrence (76)). It will be shown that for O<a<l the poly-
nomials M;a’Q) {nz0) are orthogeonal on |0, 2{E§£J with respect to a
weight function which is identically zero on [2, 2/a]. TFor o>l the

(a,2)

. +1
poelyneomials Mn g

are orthogonal on [é, 2[—6—1J with respect to a

. . . . . = + .
Stieltjes integrator with a jump located at x = (EaiJ. The majcr

aspects of this analysis are summarized here.

(01,2)(}{)

n

The lcocation of the zeros of M may be determined by using
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. . . . 2 .
the corresponding trigonometric representation Kéu’ )(ZJ obtained frem

{80) with 8=2. One finds that

. — .
K(a’z)(z) = Ei2£3£1£25-+ (a-1) - Y1taZ+2acos 2z §%£L£§E£, nz0,
2n sin =z sin 2=z

2 13 — »
K(u’ )(Z) = - §i§£221225-+ (a-1) + V1ta+2acos 2z Eigiggiglzy nz0.
2nt+l sin 2 o s1in 2z

It can be shown that for {<a<l M(a’Q)(x) has [%] zeros in the open

n
zeros in the open interval (%a 2[9324}; that

. +1
interval (0,2) and [EQ

L
. n . .
if @>1 and n < . then Méu’z)(x) has [%] zeros 1n the open interval

(a-1)°
(O, g} and.[%%%] zeros in the open interval (Q,Q[EEEJ]; and that 1f o>l
1 (a,2) [?] . , 2
and n > (ac1)> then Mn (%) has 5| 2zeros In the open interval (O, =l

ol

[%;l zeros in the open interval [2,2[ m and one zerc in the open

. + .
interval Ea£,2 . TFurthermore if X

(a,2)
2n+l

+1 denotes the (n+l)th zero of

(a,2) . .
M2n () (or of M (x)), then {Xn+l} is a decreasing sequence

bounded below and

The location of the zerocs of Mﬁa’Q)(x) and the fact that for o<l

the open interval (2, %} is the only subinterval of (0, Q[QEEJ} which
(0,2)

N (%) suggest that cne should seek a weight

contains no zerc of M

function (if one exists) which may be represented in the form
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w(x) = E anM(a’z)(x)
n=0 i

+ . . :
on (0,2]u E%, 2[aalﬂ and which is identically zerc on |:?, é:l. With

—

this supposition it i1s found that impesing the orthogonality conditions

2 (22 253
f wix)dx = 1, f M;u’z)(x)w(x)dx =0, p2l,
0

leads tc an infinite system of algebraic equations for the generalized
Fourier coefficlents a, {(n=0). The resulting system of algebralc equa-
tions can be shown to have a unique bounded solution [13,pp.20ff] which
may be cbtained by using the method of successive truncations., The use

of these coefficients results in the proposed normalized welght function

2 at+l
/[——x](Q—x)[?[ ) - XJ
E:-L- 2 °‘ . 0<x<2, Zex< ()
T /; atl _ } 8 Q
w(x) =< (88)
0 s 2£x52
a

A direct but lengthy evaluation using contour integrals proves that for

O<a<l
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2(u+l] 1, n=m=2k, k20

83
[ M;a’2)(x)M;a’2)(x)w(x)dx = , n=m=2k+1l, k20
0

0, n=m,

(a,2)
n

o+l

and hence {M } are orthogonal on [é, QET;ﬂJ with respect to w.

For a»l the residue theorem yields the results

o+l

S (2,2), ., (,2) 1) )t

f MQn, (X)M2;;l (x)w(x)dx = - {QE_J[" EJ , 020, mz0,

0

o=

o} y mHn

| Méz’z)(x)Mé;’Q)(x)w(x)dx =8 - {Eé}J[— éj , n20, mz20,
0

A

o 8 mtn+?2

f M;gii)(x)Mézii)(x)m(x)dx = —EE-— (géiﬂ[— &- , nz0, m20,

0

By a straightforward calculation using recurrence (76} (with £=2) it is

found that

y(e,2) (oﬁl

“on a

n
= (— ;J . nz0,

1
y(52) fasl] [_ 0" L,
2ntl | o o’ >

The preceding remarks may be summarized to yield
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Lemma 15. For a>1 let w be defined on {Q, Q[Eiéﬂ} by

p
] V/Ezu-x](Q—x)[Z Ei&ﬂ— xJ i
T , O<x<s, 2<x<2 (2],
S el >
a
wix) = <
2
0 , ==xs2,

[ w(t)dt, 0 < x < (EZ—lJ

oix) = <

2 . .
Then M;a’ ) are orthogenal on [é, 2[9££{] with respect to the normalized
integrator o.
(0,1)

Orthogonality of the Polynomials M

Fey
11

The trigonometric representation (80} (with R=1) and the change

of variable (77) may be used to obtain the representation £23, p.60]

(a,1) 4" (nn)? L§3_§- o
M.'Zn (X) = W PI’] _— - ((].+l)X+l

>
5 ., nz0, {89)




1Ch

(a,1) " (n1)* (‘%%} 2 ]
s, ~ n! X X
M2n+l (x) —W{l—--—]Pn {—2——(&+l)x+lJ, nz0.

With the representation (89) one can prove

Lemma 16. The polynomials {Mia’l)} (nz0) are orthogonal on the interval

+1 . . . .
[E, Q[EE—i] with respect to the normalized weight function

5- 4
— - X
1 o , O<x<(u+l] 1 a-1 ;
atl 2 atl
{/X(Q ———J—XJ(Q—X) = -x
Q o
s
- atl) a-1| a+l] a-1
w(x) =<0, [G.J 1l - OL'I'll = { Jl+ a_+f s
<-4
1 o , [a+lJ a-1 <x<2[a+1].
T o +1 o
atl 2
Y/X(Q[—a—}-x](x—Q)(x-aJ
Proof Because of the different representations of M(a’l) and M(u’l)
: P 2n 2n+l

the proof falls naturzlly intc three cases to show

1, p=k=0,
2[u+l\
o 0: kaa
f M;a’l)(x)Mia’l)(x)w(x)dx = J
) 5%3 p=k (both odd},
1
5s Pk (both even).
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The preoof for p and k both even will be given In detail, the other two

N, 42
cases being similar. For notational convenience let q, = E-(é;?-)——z—— 5
X _ax - (a+l) _|e-1
make the change of variable s = ety and let ¥y —{—Oﬁ_l . Then
{
QLu;l
/ %8 Gowl D o ax =
2n 2m
0
iy (_L_AJ ,.L_.l._}
2> 2 22 ~(v+
aan ] 2N D T ee))ey B P (e)) R g
-1 V(1-5%)(s%-v%)
N S
2? 2 +
taqa [ P (r(s)) 2} (r(s)) mmiXts ] ds
M ‘ (1-s7) (s7-v?)
ol
2o 202 d
= qnqu 2 . [r(s)JPm 2 (r(s)) (25)ds
Iy | V(1-57)(s%-y?)
2 2
where r(s) = (_l;_z_)_ 82 - l——;?.-t—oi— . In this last integral make the sub-
) 2
stituticn t = r(s) = Li-r_u_z__s2 S to cbtain
2a 20
N [ 1 1] (1 11
) 207 2sd
4.9 Pn [I‘(S)JPFL1 {r,s) SCs
v | ' /(1-52)(52-v?)
1 ( by 1} { 1 1] 1 1
_ 2272 T2 2 2
=aqa. fan (0)7; (£)(1+t) “(2-t) “at,
0, n=m,
- d1, n=m=0,

22"—, n=m=#0.
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The other two cases may be shown similarly, which completes the proof.

The Non-Classical Polynomials Aia)

o .
For any w»0 let Ai ) {nzl) be the polynomials generated by the

recurrence relation

1
=

Ag_u)(x) -

(-ox+2)

(o)
A2 (x)
(30)

A 0= G2l 6o - a8 o, ne

2l 5y = (caxt2)al®)

(o)
on+? onei(®) 7 Ay (), n=l.

(a)

o are classical poly-

The only value of a for which the polynomials A

nomials is o=l. This result may be established in much the same way as

(u,B).

n

for the polynomials M One finds that

8n(a—l)(2u2—3a+2) N 8(a2+l)(a-l)

3a2 3&2

nz0,

gl(2n+l) =

Thus the condition that gl(n) = 0, n20, implies that a=1l is a necessary
conditicn for Aiu) (nz1) to be classical polynomials. That o=l is also
a sufficient condition follows from [11].

Use of the transformation (78) changes the recurrence (90) to the

corresponding trigenometric recurrence

(a)

o (nz1) has degree (n-1).

“Note that the polynomial A
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(a) _
Hl (z) =1
H(Oﬂ)( ) _ ‘/ 7
5 z) = [(1l-a) + ¥Y1+a4+20cos 2z
(91)
(o) _ [(a=1) + v1+a2+2acos 2z] ,(a) (a)
H2n+l(Z) = 5 H2n (z) - H2 l(z), nzl
H(a) (z) = [(1-a) + v1+o2+2acos QZ}H(Q) (z) - H(a)(z) nz1l
on+l - 2n+l 2n ? i
where Hia)(z) = Aia)(x(z)]. A straightforward induction proof in which

(91) is used establishes the representation

H(u)(z) = [(1-a) + Yl+a2+2qcos 2z ] EiB_EEE_’ nzl,
2n sin 2z
(a) _ sin(2n+l)z
Boni1(®) = =557 — » 020

This trigenometric representation and the change of variable (77) may be

used to obtain the representation [23, p.60]

0 [g % 1
{a) 4 (nt) 22 2| lax
Aont1 (M = Tomyr Pa ( o~ - x(lta) + 1], 020

(92)

n 2 (L i% 2
(o) 24 [(n+tl)1!] 2°2) fax
2n+2(x) = TR (2~ax)Pn fji——-x(l+a) + l], nzQ,

Use of the representation (92) and a proof analogous to the proof

of Lemma 18 establish
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Lemma 17. The polynomials {Aiu)} (nzl) are orthogonal on [é, Q[Eiiiw

with respect to the normalized weight function

X[Q EiEJ - x]
2 (2-x) a 05x<(l+_a] _|em
2Tr 2 \ o} O’.+l
(2'—}{) a— - XJ
3
1+a o-1 1l+a a-1
= < =2 - 2= = = =
r(x) 0 * ( 3 J 1 Tl st( S } )
atl
2-——% - XJ
Qo { o l+u] o= o+l
o (X 2) ) ’ ( a 1+ m" <X<2(Tﬂ—]
(X"?) X - E}

{(a)

n
(1/2,-1/2)
n

The location of the zeros of A can be determined from (92) as fcl-

lows. The Jaccbi polynomial P (t) is known to have exactly n

zeros on the open interval -1<t<l. It follows that Aégil(x) has

2
exactly n zeros for -1 < OX  _ x(lte) + 1 < 1 or eguivalently for
2
0 < a; - ®(1l+a) + 2 < 2, From this inequality it feollows that

Aégil(x) has n zeros on the open interval (C,A) and n zeros on the open

interval [B, Q[Eglﬂ] where A = min{2, g} and B = max{2, %&. Similarly

Aggiz(x) has n zeros on (0,A}, n zeros on (B, QEEEEJJ, and a zero at

_ 2
==,
a
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CHAPTER V

APPLICATIONS COF GENERALIZED WEIGHT FUNCTIONS TO THE

SOLUTION OF SOME ISOTOPIC IMPURITY PRCBLEMS

The analysis of linear chains with various types of impurities
has been the subject of considerable investigation in recent years
(6,8,9,17,19,20,24,25], The general problem of random impurities
randemly distributed throughout the chain remains unsolved yet promises
to be a rewarding area feor future investigations. The purpose of this
chapter is to present sclutions of the equations of motion for three
examples of infinite linear chains with iscotopie impurities. The first
of these examples (the infinite diatomic chain) is analyzed in detail
and illustrates the techniques developed in Chapter II. The remaining
two examples are accompanied by a complete summary cof the components

required to construct the solution.

An Infinite Diatomic Chain

Consider the physical system consisting of masses m and am
alternately arranged to form an infinite chain in which each mass is
coupled to each of its nearest neighbors by & linear restoring force
with proportionality constant k (see Fligure 9a). Without loss of gen-
erality one may suppose that o>l and may designate a mass m as the mid-
dle of the infinite chain. Let % {-w<n<=) denote the displacement

(measured from equilibrium) of the mass located |n| positions from the
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middle of the chain (to the right if n>0 and to the left if n<0), and
suppose that the mass in the kth position (k20) is given an initial
displacement a and an initial velocity b and that all other masses are

initially staticonary in their respective equilibrium positions.

Figure 9a. An Infinite Diatomic Chain

The equations of motion of the system are

Mon = KOgn 1 7¥on) ¥ KO 0)s peel
amk oy = Ky g7y g) by Ry y), ms0

m§0 = k(x_l—xo) + k(xl—xo) {93)
amy 1 = KOk =%y )+ KOy ek )5 n20

MRy 7 K(rg )=o) Ky Lmxp ), n2l

subject to the initial conditions

a, Xk(O)

i
jea
"

xk(O)

(93.1)

1}

3]
o
-
=]
N
~

x (0) = 0, x{(0)
n T
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When the system (93) is written in the notation of (12) and the coeffi-

cients are identified, one finds that

- _ = _&am
Bon =~ x (m20), A, ) o (0200,

Thus from eguation (18) the symmetric part {wn} of the sclution satis-

fies the system

B LI + =0
2k “0™o AT

QA -

“on ~ (7?'”2n+1+ =0, n20, (o)

2w2n+l] i w2n+2

subject to the initial conditions

|

_ a - _
wk(o) = (1+8..) 7> W (0) = (l+60k) .

Ok k

(94.1)

wn(O) =0, wn(O) =0, nzk.

From equation (19) the antisymmetric part {zn} of the solution satisfies

the system
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(85)

m .- _
“2n-1 ~ (E’Zzn+222n] T one T 00 ™l

am -
R = >
“on [1< 22n+l+222n+l] tZonep T 0 w2l
subject to the initial conditicns
2 (0) = (1-6 ) 2, 2(0) = (1-5_) 2
k ok’ 70 %k ok’ 7 °

zn(O) =0, zn(O) = 0, n=k.

Since both differential systems (94) and (85) are indexed for
n=0, each of these systems may be interpreted as mathematical models for
half-infinite systems. A physical system corresponding to (94) may be
visualized as obtained from the infinite system (Figure 39a) by using
one-half the middle mass (unconstrained on the left) and the remainder
of the right side of the infinite system. This half-infinite physical
system will be referred to as the symmetric part of the infinite system
(see Figure 9b). A physical system corresponding to (95) may be
realized by holding the mass in the middle position fixed and consider-

ing that part of the infinite chain to the right of the middle mass,
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am  ROWEA m R -

Figure 9b. The Symmetric Part of the Infinite Diatomic Chain

This half-infinite physical system will be referred to as the antisym-

metric part of the infinite system (see Figure 9c).

z
z; }’22 Zq L
k k k k
am 0090 m \REMA am ROARLA m (RO -

Figure 9c. The Antisymmetric Part of the
Infinite Diatemic Chain

Theorem 4 shows that the solution of the infinite system (93), (93.1) is
obtained by superposing the symmetric and antisymmetric solutions from
(943, (94.1) and (95), (85.1), respectively.

The solutions of (84}, (94,1) and (95), (85.1) can be deduced by
identifying the appropriate polynomials and corresponding weight func-
tions. The peclynomizls associated with the symmetric mode {wn} are

given by

H
—

Ro(x) (96)

Rl(x)

1]
s
M]E
=2
»
+
|_|
N .
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3
Comparison of recurrence (96) with (76) shows that Rn(x) = Mﬁa’l)eg XJ,

and from (89) it follows that

1 1
Hn(nl)z P[_§3-§% cxm2x2

mx
T ——— —— S 2
Ront®) = T o 7~ " % (el + 1), n20,
2k
n 2 3 [ l%
_ 4 (n!) mx!_ | 2°2] [am“x mx .
I it 2 n P A R

The corresponding weight function is given in Lemma 16 as

’ _ 2k
1 am 2k 2k 2k(l+u]
— R O<xe—, —=R<—|—
n N am m m <
R
dx
¢ N 2E£XS£E,
om m

and the normalizing factors, as determined by Lemma 1, are found to be

1
YO =1, Y2I'l R nzl,
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For the antisymmetric mode {zn} the appropriate polynomlials are given

by

(97)

\
Q (%) = [— %x+2JQ2n(x) - Q2n_l(x), nzl,
[ (%), n=2l.

- 0‘—mx+:2]cz (x) - Q

k 2n+1l 2n

Comparison of (97) with (90) shows that Qn(x) = Aéa)(% x] and frem (92)

it follows that

11
n 2 - 2 2
4 (nt) 27 QJ am” X mx )
ng‘l(x) = T Pn 2}(2 - (a+l) + lJ, nz0 ,

2n+2 - (2n+2)! 2% n 2

11
ntl 12 \ {_’_] 242
Y[ (ntl) ] {lmﬂxJPQQ am’ x '_n]]Tc}i(l+a)+l’ nzl.
2k

Lemma 17 gives the corresponding weight function

/ [gk“ dre) X]
e 2k mt oo g2k % 2k[l+a]
- T 1 -—-, | ]
21Tk2 m [X_.Q_]iJ{ _g_k_ am’ m mi{ o
pl(x) = ___dz}({x) = 4 " o
0] ) Qkasg]i 5
amn m
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and Lemma 1 yields the normalizing factors

Thecrem 5 ylelds the solution of the infinite system (393),

(93.1):
2§{a+ ] _
(1+6., ) m{ o (x) .
x (t) = ok R_(x) acosvVrt + bSln/;t dalx)
n 2 Y
0 k x
(98)
&c&l
sgn(kn)(1-8..) mi o Q. (=) .
+ 5 Ok f Qn(x) E acos/?t-kbgi&ﬁgz-dm(x),
0 k V%
...oo(n(oo.
Note that the symmetric part of the solution,
(146 ) zﬁ{f'-‘-’fi\ (x) /
w (t) = Ok m, a JRn(x) acos/Vxt + bEiE—EE-du(x),
2 o Yk }/;{'

can in itself be interpreted as the solution of the haif-infinite dia-
tomic chain with an initial hzlf-mass and free end (Figure Sb). Simi-

larly the antisymmetric part of the soluticen,

Q, (%) .
Qn(x) K acosvxt + bgﬁ dw(x),

0 k V¥

Kiotl
(00 25(‘5“‘
7/

zn(t) =



Nl o — o ——

0 2k pi 2k farl
GlIm m m o
Weight Function

X

T { 1

0 2k 2k 2k [atl
om m m| «

Integrator

Figure 9d. Weight Function and Integrator for Symmetric
Mode of an Infinite Diatomic Chain
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I
[
t
l
I
!
I
|
|
I
I
|
L
1

p:d
| I
0 2k 2k 2k ol
am m m 31
Weight Function
bd
T T T
0 2 % 2k o+l
om m ml o
Integrator

Figure 9e. Weight Function and Integrator for the Antisymmetric
Mode of an Infinite Diatomic Chain
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yields a solution of the half-infinite diatomic chain with constrained
left end (Figure 9c).

It is well known that finite truncations (consisting of ZN+1
masses symmetrically located about the middle mass) of the infinite
system have solutions which are superpositions of (2N+1) normal modes.
The squares of the natural freguencies of these normal modes are pre-

cisely the zeros of the polynomials RN+l(X) and Q, .(x), and these

N+1
zeros lie in those subintervals of the interval of orthogonality on
which the weight function is not zerc. This observation illustrates
the fact that the qualitative properties of the weight functions In the
symmetric and antisymmetric parts of the solution (98) are determined
by the frequency spectrum of the infinite diatomic chain. For conveni-
ent reference these weight functions and the corresponding integrators
are displayed graphically (see Figures 9d and 9e).

An Infinite Uniform Chain
with a Single Isctoplc Impurity

Consider the infinite uniform chain of masses m with an isotopic
impurity Bm in the middle position and each mass linearly coupled to

each of its nearest nelighbors (see Tigure 10a).

b4 X X X x
B i e S e
o —— o3RO0 M 8800 m 800 Bm m m AL

Figure 10a. An Infinite Uniform Chain with
a Single Isotopic Impurity
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The corresponding symmetric part of this infinite chain is the
half-infinite uniform chain with initial Impurity and free end shown in

Figure 10b.

Figure 10b. A Half-Infinite Uniform Chain
with Initial Iscteplc Impurity

The corresponding polynomials are easily found to be Rh(x) = Mgl’s)(g-x];

hence from (81)

R, () (7o) 7% Xt

1l 1
L 1" (nn)? EP(E’-E} m
- 2 ' n 2 n-1 2k

e )

nzl,

and the corresponding normalizing factors are

For B>1 Lemma 12 yields the weight funcrticn

_ dodx) _ pm  [uk-mx 1 4k
p(x) = dx I mx 4k - R(2-Bimx °’ OSXSTn !

which is sketched in Figure 1i0c.
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Weight Function (BR>1)

Integrater (B>1)

Figure 10c. Weight Function and Integrator for the
Symmetric Mcde of an Infinite Uniform
Chain with a Single Isotcpic Impurity

For 8<1 the weight function is a generalized function. Lemma 12 shows

that the corresponding integrator is given by
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X
Lk
g D(t)dt, O$X<m 3
alx) = 9 ik
mB(2-R)
2(1-B) B ik
g pl(t)dt + ey T mEGeay
where
Bm Lk-mx 1 L)k
Ty mx WK B(aEmx * Om o
p(t) =
0 Lm bk
> K mB(2-8)

N
2(1-8)
(2-8)
il
B
2-8
T X
Lk 4k
m mR(2-R)

Figure 10d. Integrator for the Symmetric Mode of an Infinite
Uniform Chain with a Single Isotopic Impurity (8<1)

The antisymmetric part of this infinite chain i1s the half-

infinite uniform chain with end constrained (see Figure 1l0e).
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Pigure 10e. A Half-Infinite Uniform Chain

With the use of [11] it is easily shown that the polynomials Qn are

classical, in fact

Qn(x) = (-1)

1
n-1 un(n!)2 5“5% m
2(2n)! n-1

The Qn (nzl) are orthogonal on {E, %%} with respect to the weight func-

tion

p(x) = dulx) _ _m Yiukmx-m2x2
dx 2
2mk

and the normalizing factors are En:l, nz0.

An Infinite Diatomic Chain with a Heavy Middle Mass

This example presents the constituents needed for the solution
of the infinite diatomic chain of alternate masses m and om in which cne

mass originally m has been replaced by 2m (see Figure 1lla).

Figure 1la. An Infinite Diatomic Chain with a Heavy Middle Mass




124

The corresponding symmetric part of this system iIs the half-

infinite diatomic chain with free end (see Figure 11b),.

k I

Figure 11b. A Half-Infinite Diatomic Chain with Free End

The symmetric mode pelynomials are given by Rn(x) = Mid’z)(g-x]; nence
the use of (80) and (78) shows that
1l 1
n 2 =y - 2
- _b(n!) (2’ 2} an’ % mx
Ry = s Ry () = —mrsi— | PY 5~ (erl) L
2k
am (%3%- ocmzx2 mx
—_— e [ —— >
+ [Qk X lJPn_l > T (atl) + 1|, n2l,
2k
1l 1
n 2 == 2
47 (n!) [2’ 2| |om™x mx
R2n+l( ) (2n)! n 2k (atl) + 1
2k
(55] -
mx on+2 2°2) [em™x mx
= _ - = =0.
* [zk l] Znrl n 7~ " letl) + 1h, 020

2k

For a<l the weight function (88) is given by (see Figure llc)




P
1 1 L4
2% 2 2ot
m am m| a
Weight I'unction (a<l)
X
T T T
2k 2%
m om

Integrator (a<l)

Figure llc.

Weight FTuncticn and Integrator for

the Symmetric Mode
of an Infinite Diatomic Chain with a Heavy Middle Mass
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/2k_x 2| (2t
m om m )\ m Vo 2k 2k 2k(l+a
y 0<xe—, —<X<—|—
m am m a

_ dalx) _ J2nk

p(x) = —3===< Vo E[O“‘_l] .
m| o
0 ) 2k5x<253
L m am
and the normalizing factors are
- = (n20).

= -
Yon 1 (n20), Yont1 o

For a>l the weight function is a generalized function and the corre-

sponding integrator {(see Figure 11d), given by Lemma 15, ls

X h!
krotl
é p(t)dt, OSX<E(TJ’
alx) =<
X
o-1 kia+l 2k fat+l
go(t)dt + [—, E[_a_]g —?(TJ

.

X
i T T ¥
% kfarl) 2k 2 [otl
om m OLJ m m a3

The Integrator for the Symmetric Mode of an Infinite

Figure 11d.
Diatomic Chain with a Heavy Middle Mass (w>l)
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The antisymmetric mode cof this infinite chain iIs precisely the same as
the antisymmetric mode of the infinite diatomic chain of the first
example.

By using the procedures developed in Chapter III, the soluticns
for the equaticns of motion of planar arrays with isotopic impurities
may be given. The presentation of such an example is omitted here

because of its excessive length.
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APPENDIX A
THE QUADRATURE FORMULA FOR DOUBLE INTEGRALS

This appendix ccntains a development of the quadrature formula
used in Chapter III to obtain solutions of finite truncations of infi-
nite two-dimensional initial-value problems. Several lemmas are first
proved and the main result, the quadrature formula for double integrals,

is stated as Theorem A.1.

Lemma A.l. Let N be a positive integer and f a function of one real
variable defined on [a,b] and having a continucus derivative of order

2N on (a,b). Let X <Ep<e s <Xy be N points of [a,b]. Then there exists

a unique polynomial H 3 of degree =(2N-1) such that

2N-

= ! = ! =
Hy () = S ), BL () = £1(x ), rel2,.. 0.

Furthermere for every xela,b],

(2N) N
_ f (&) 2
f(x) = Hyp (=) + T " (x-%) (A1)
r=1
for some £e(a,b).
_ 3
N |®x-X%

Proof. For each 1=1,2,...,N, define the polynomial Ki(x) = p?l ;;:%; .

p#i
It is easily seen that degree %, = (N-1), and Ei(xr) = Gir for each
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i=1,2,...,N, r=1,2,...,N. Let H2N—l be the polynomial defined by

N
Hy (%) = izl[li(x)lz{f(xi) + (e DLE'(ry) - 22](xDECx) ).

Clearly degree HZN- < (2N-1), and a straightforward calculation shows

1

that

N

Hoy oy (%) = izlﬁir{f(xi) + G rx J0E (ry) - 200 (x ) E(x )] = £lx)

and

N
4 (x) = ) 28, al(x ){E(x) + Ge-x ILE (%) — 2 (x, )E(x,) T}
dx CaN-1Tr’ 7L Tartitr 17 T AERTRY TR R R

+0 08, DE () - 20 (2 ) F(x )] = £(x ).

Thus existence is established. To show uniqueness, suppose P is a poly-

nomizl of degree =(2N-1} satisfying

P(x ) = f(xr), P'(xr) = f'(xr), r=1,2,...,N.

Then D(x) = {x) - P(x) is either the identically zero polynomial or

H2N—l

a polynomial of degree <(2N-1) with D(xr) =0, D'(xr) = { for
r=1,2,...,N. If D(x) = 0, the uniqueness of HQN—l is established.

Otherwise, by Rolle's theorem, the polynomial D' has a zero £, on each

of the open intervals (xi’xi+l)’ i=1,2,...,N. Thus D' is a polynomial
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of degree <(2N-2) and has (2N-1) distinct zeros at % <E X <E <

2

<XN_l<EN_l<xN. It follows that B{x) = 0, and hence H is unique.

2N-1
To establish (A.l), for xela,b] and x#X 5 T31,2,...,N, define R(x) =

f(x) - Hy ,(x); and let y be defined on [a,b] by
N t—xr 2
pit) = £le) - Hyp (1) - R(x) 7 jo—
r=1 b
Then
vx ) = f(x ) - Hyp ((x ) =0, r=1,2,...,N,
and

pix) = £{(x) - H2N-1(X) - R(x) = Q,

Hence ¢ has (N+1l) zeros at x,xl,x2,...,xN. By Rolle's theorem, y' has
a zero at each of N points 51’52""’EN each of which is distinct from
Xl’x2""’xN' A direct calculation shows that

d

1 - £1 o = - 1S
] (Xr) = £ (Xr) H?N—l(xr) 0, forr 1,2,...,N[ dt]'

. . s .
Thus ' has 2N distinct zeros at 51’52""’€N and Xy 9%y se e s ¥y It 1is
easily shown that w(zN)(E) = 0 for some £ in the open interval (a,b).

But

(QN)(E) - f(2N)(£) _ §(x)(2N)! .
2
7 (x-x)
r=i o

Y
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Consequently
(2N) N (2N) N
_ £ (£) 2 _ £ (£)
R{x) = _TEETTP——r:l(X—XP) and f£(x) = HQN—l(X) + —faﬁjT"—-r:l(X-xr)

This completes the proof.

Definition A.1l. Let {¢n} be a sequence of monic polynomials orthogonal

on an interval [a,b] with respect to a normalized integrator a. For

Nzl, let x Ca Xy be the N distinct zeros of e The Christoffel

1772

nuwnberg associated with the zeros of ¢N are given by

b ¢N(x)

i~ : (X_xi)¢ﬁ(xi

3 da{x) for i=1,2,...,N,
Several equivalent definitions of Christoffel numbers are given in the
following lemma. For a proof of their equivalence see [23, p.48].

Lemma A.2. Let @ be a normalized integrator on [a,b] and let {¢n}
(n20) be the sequence of monlc polynomials orthogonal on [a,b] with

respect to a which satisfy the three-term recurrence

¢l(x) = X+ bO

¢n+l(x) = (X+bn)¢n(x) - cn¢n_l(x), nzl.

For each Nzl, let x > Xy denote the N real =zeros of ¢N. Then the

19Xy e

following definitions are equivalent to Definition A.l.
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(1) &, = £ = )¢ < {J da(x), i=1,2,...,N

CoveaC
. 071 N
(ii) . = s 1=1,2,...,N, c_ =1
i N+1(X )¢ (x ) 0
01" " " N-1
(1ii) )\l = (X)¢I\'](X )y 1=1,2,...,N, Cozl

Lemma A.3, Let o be a normalized integrator on [a,b] and {¢n} (n=0)
the mecnic pelynomials which are orthogonal on [a,b] with respect to «.

For any integer Nz=1, let x se s Xy denote the zeros of ¢N’ and let

1’

A .+ s, ke the corresponding Christoffel numbers. Then if P is any

l’AQ"
polynomial of degree <(2N-1),

=,

b
[ P(x)da(x) = § x.P(x.).
a i=1 * *

Proof, By Lemma A,l it follows that

N
2(0) = ] [0, G017 {R0e) + Gex[RT(xg) = 201 (x)B(x) 1},
L

where
N x-x 2 N(x) 2
[2; ()] T 1% ~x - (x-%.)o (x
p=l"i "p N
pzi

Thus
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b N b 5
f P(x)dal(x) = § P(x,) [ [2.(x)]°da(x)
a =1 Y oa ¢
N : b )
+ Z [B'(x,)-22, (x,)P(x,)] / 4, (x) 17 (x-x, )da(x).
i=1 a
> 2
By conclusion (i) of Lemma A.2, [ [2;(x)]7da(x) = A,. Note that
a
¢, (%)
[2; 601 0xmx,) = 4.(%) e —
and
.. (%)
degree J K =N -1, for each i=1,2,...,N.

[(x_xi>[¢§(xi)12

Since . is orthogonal to all polynomials of degree =(N-1), it

b
follows that f [li(x)}Q(x—xi)da(x) = 0, for i=1,2,...,N. Hence
b N
f P(x)da(x) = E AiP(xi). This completes the proof.
a i=1

Lemma A.4. Let o be a normalized integrator and {¢n} the monic poly-

nomials which are orthogonal on [a,b] with respect to a. For any posi-

tive integer N let Al,AQ,...,AN denote the Christoffel numbers associated
N
with the N zeros of ¢_.. Then ) A, = 1.
N 121 1

Proof. Apply Lemma A.3 to P(x) = 1 on [a,b]., Then since a is normal-
ized,
b

N
1= f lda(x) = ) &,.
a i=1 7
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The preceding lemmas may be applied to chtain the quadrature

formula for double integrals over a rectangle R = [a,b] x [c,d].

Theorem A.1. Let & be a normalized Integrator on [a,b] and {¢n} {nz0)

the associated monic polynomials orthogenal on [a,b] with respect to a.
Let w be a normalized integrator on [c,d] and {wn} (nz0) the associated
monic polynomials orthogonal on [c,d] with respect te w. For each pos-

1tive integer N let Ky a®oseee s Xy denote the N zeros of ¢N and Al,Az,...,

AN the asscciated Christoffel numbers. For each pesitive Integer M let

V1Y nsre sy denote the M zeros of wM and SELVEEE
b

d
Christoffel numbers. Let 7, = { ¢§(x)da(x) and o, = f wi(y)dw(y). Let
a c

s Ky the associated

f be defined on R = [a,b] x [¢,d], and suppose that BQNf/asz and

asz/ByZM are continuous on R.
Then

b d N M

f [ f(x,y)du(y)de(x) = Z Z Aim.f(x.,y.)
ac izl §=1 + 3 17

1 asz 1 asz

T O 2N )yt o~ (6pong)oy,
b ay

for some El,EQE[a,b] and scme n ,n2£[c,d].

1

Proof. For any fixed xela,b] Lemma A.1l may be applied to f{x ,«) to

obtain

1 82Mf

flx,y) = HQM_l(x,y) + TEETT—;;§H-(X’H)

n a1 =

2
(y-yS) E

s=1




where HQM_l(x,') is a polynomial of degree ={(2M-1),

H2M~l(x’yj) = f(x,yj) for j=1,2,...,N, and ne(e,d).
It follows from Lemma A.3 that

d M 1 d aQMf 5
[ fxy)dw(y) = § <SERY L) T [ =5 ()Y (y)duly)
c =1 e Jy

and hence that

b d

M b}
f f f({x,y)dwly}dalx) = E . f £(x,y.)dal(x)
a c 3=1 13 1
b 4 .2M
1 35 f 2
+ (2M)! i £ oM (Xsn)wm(y)dm(y)da(x).

3y

For each j=1,2,...,M, apply Lemma A.l to f(-,yj) to obtain

1 aQNf N

2
f(x,y.) = K (%,¥.) + e —= (EL,y.) @ (x-x)7,
3 2N-1 3 (2N)1 e s R r

where H2N—l (-,yj) is a polynomial of degree (2N-1},

H2N—l(xi’yj) = f(Xi’yj) for i=1,2,...,N, and €je(a,b).

It follows by Lemma A.3 that

b

[ fx.y.)dalx) = § A E(R 4y ) + °
oY 4/ doAR) = L0 iV (2N 1

3 f 2

a
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and hence that

b d N M
[ ] fGpan(y)dalx) = § § Ak F(x ,y.)
a ¢ j=14=1 %73 1
M b 2N
1 87 f 2
t T E K f (g, ,v. )¢ (x)dwly)dal{x)
{2n)t PP IR I M
b a .2
+ (2;)! [/ ? 2; (X,n)wﬁ(y)dw(y)da(x).
a ¢ oy

Let UM and LM denote, respectively, the maximum and minimum values of
M
)

b d , b d . 2m, .
Loy = LM£ é Uy (y)de(y)datx) < i i (x,m)¥y(y) duly)da(x)

3y2M

b d 5
< Uy i { wM(y)dm(y)du(x) = Uyl

32M¢
Since ¢, —=— 1s continucus on R, it assumes every value between its

M ayQM

maximum and minimum values; in particular

M L 4 .2M
a ' f 3- f 2
Oy —"3ﬁ'(52,02) = i £ —*Eﬁ'(X,n)wM(y)dw(y)dd(X)

3y ay

for some gze[a,b] and some nge[c,d]. Let U_ and LN denote, respective-

N
QNf

ly, the maximum and minimum values of T R.
Ix

Then
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) i [ 8 R SR
k. LT = K.L ¢ {x)dal{x) £ I, (g.,y.)d (x)da(x)
551 J NN = i N 5 N 521 1y 8X2N 373" N

M b 5 M

< ‘Z KjUN / oy (x)dalx) = 'z KUy Ty
J=1 a J=1
M
But by Lemma 4, E k. = 1; hence
s J
j=1
M b 2N
o f 2
L 1. < E K. f (£, ,y )b, (x)dalx) < U T .
N'N =1 33 ax2N j>73 N NN
2Nf
By continuity of 1 on R, there exist £.ela,b] and n_e[c,d] such
N 8X2N 1 1
that
2N M b 2N
57 f _ 37 f 2 ,
Ty T (Eany) = X s | = (6455 oy (x)dala)

ex = a dx

Consequently
b 4d H M
[ flx,y)delyddalx) = § ) Aim.f(xi,y.)
a ¢ i=1 j=1 ] ]
T 2N a 2M

N a4Vf MoacE
tomT T G Tt o (Sasp)s
ax dy

which completes the proof.
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APPENDIX B
TABULATION OF SOLUTIONS

For convenient reference the following pages contain a tabula-
ticn of physical parameters and the required polynomisals, intervals of
crthogeonality, and weight functions for soluticns of various physical
systems of the type treated in Chapters II and III. The following
notation is used throughout this section:

[1] Pﬁa’s) are the Jacobi polynomials desc¢ribed in Szega [23];

[ii] Léu) are the Laguerre polyncmials described in Szego [23];

[1ii] Miu,B) are the non-classical polynomials described in

Chapter IV.



Table la. Symmetric Solution for Infinite Chains
da(x)
mn kn Yn Rn(nEO) [a,b ] W
y.o=1 . E,(—1/2,—]./2) mx o
0 nn 2k r uie o
1.|m =m, n20 k =k, nz1 _— 9 LO’T] —_—
n g 1 (-1)"5P[n!] a1 Vakmx-mZxZ
¥_=%, n2l|r_ =
n 2 n 2nj!
2. 0 k_=k, nzl 1 0 ” E’ ‘_*mkl _2% 4](“:!.1\){
m_=m, nz20 n _ (-1)"47[n!] ®
nn r =
n 2n}!
. p pl1/2,1/2) (mx
mo—2m 1 nn 2k uK
3. 9 kn=n(n+l)k, nzl 5 oo E, T:l 3 Yikmx-mZx2
m_=(n+l)"m, nzl (n+l) r = (-1)"u nt} 21k
n n T [{2nt1)I1
n P(-lﬂ’l/?) mK_y
m0=2m 2 1 nao 2k Lk m mx
i 2 kp=(tim-107, n21 2 n,n E ?:[ Tk [ Wemx
m_=(2n+1)“m, nz1 (2n+1) _{-1)"47[n!]
n r_ =
n 2n+l)!
: m,=Bm, (B21) " . mal 8 u(l:8)(mx 0. Mk Bm fik-mx 1
' n 2 n 2k ' m ™ mx  4k-g(2-8)mx
mn=m, n2l
m_=Am, (<1} Bm /4k-mx 1l 2(1-8), 4k
Y = B (l’B) E - uk — - — + — O [ X = -
6, kn-k, nx=l > Mn T 1 0, rernik mx Uk-B(2-B)mx " (2-B) mB{2-8)]
mn=m, nzl
™ kn
A = - (nz0), B_ =1+ — (n20), C_ = (nz1).
n n+l n kn+1 n n+l

BET
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Table 1b. Antisymmetric Solution for Infinite Chains

dw(x)
m kn En Q, (nz1) [e,d] Tx
P(1/2,1/2)[3 _]]
n n-1 2k uR o
m =m, nzg¢ kn=k, nzl 1 n-ln 5 l:, ?] > Vikmz-m2 %2
_ (-1)7 Tu{nt] 2k
9 T T 2[(Zn)1]
9(1/2’1/2)(%-1]
my=Zm n n-1 2k R o
. kn=k, nzl 1 n-1 n o E, —;a 5 Yikmr-mexZ
m =m, nzl _(-1)" "4 [n!] 2wk

1 - 2[(2n) 1]

p(1/2,1/2) {K_])

m,.=2m n n-1 2k

0 ’ k_=n(o+l)k, n2l |—— Lo o E, iﬂ = Vikmx-n?x2
mn=(n+l) m, nzl (n+1) _ (=14 [nt] 2k
9 ° Tor1(eny Tl
P(l/2,l/2)[1_n_35__1]
my=2m 2 9 n-l 2k w]| m
2 kn=(un -1)k, nzl — -1 n 2 E, -{[ 3 ikmx-m2x2
rnn=(2n+l) m, nzl (2n+1) A-1)" T34 [n!] 27k
9y 2[(2n+t1) 1]
p(1/2,1/2) [E -1]
my=8m, (821) n-1 2k Wil m |
k_=k, nzl 1 E, —] Yilmx-m2xZ
m_=m, nzl n _ (=D™ Ly a2 W | o2
n 9 = 2[(2n) ]
P(1/2,1/2)[E_1J
m,=Bm, (B<1) n-1 2k sl m
. k_=k, n2l 1 -1 9 E), —] 3 Vixmx-mZx2
m_=m, nzl o _ (-1)"" 4" [n1] T lonk

N

1, 2C(2n) ]

m k k

n n
(pnzl), B_ =1+ {n2l), C_ = (nz2).
n+l n ka1 nookan

Tl




Table 2.

Solutions for Quarter-Planar Arrays

dalx) dw{v}
™53 Pij M5 Y, P_(x) [ab] o £ Q) [c,d] ay
2
m -y
1 i (0)[m - m % (1)fm 1} - m2 u2
[FI]III (jTl]p u 1 Ln [F XJ [0,«} E ] n+l Ln [E yJ [0,=) y u—z e
f n —y
. . . . 1 n.(0,0)fm 2p m (0} |m m_u
S(2i+1)m ip (2i+1)9u Y] (-1) Pn LE x—l] |E,—I£| FTY LI PN [E y] [0,=) i
2
_m
2i4l Ao [t |52 (-0l m 0, & m 1 (L= o) |y et ’
diek 3+1}° L e e * 2% T (T A LA A
pnpil/2,l/2) [% X_l] ’ qnpl(]m,l/z)[% y~1]
4p m 4y
m [} U 1 E, —-—] u“+pll'h><—mz>c2 1 E, —j v”-l-lme—miyz
0P ™ ne1y10? LA P (-1 Y (e 1 1 LAY P
Pn 2L (2n+2) 1] G 2[(2n+2)1]
nP£1/2,-l/2) [% x_l], I [ Pt(ll/2,1/2)[;1_u Y'lJ , "
n (l-ﬁoi)o " 1 E, —T;E[ Zomy mx 1 E. ?:| 5 Yiumy-m?y2
_(-1" [ 12 DM e 1) Zmy
Py [2n)t ] 4~ 2[(2n+2) 11
(1/2,-1/2)
PnPn [%x—l] .| qnpfll/E »-1/2) [%y_lJ .
m (l—ﬁoi)p (1—60.)u 1 n,n 2 [' %{I ZLW ”_gl_;ﬂ 1 nn 2 I—O’ u_ﬂ 2_"17[__ A
] _(-1)™ [ e (-1t ] e
Pn™ [(2n)1] W TG
. . tf s crmg 1 n,{6¢,0) [m 2p in_ 1 n (0,0)(m 2u m
{21420 (2540Im | i 24+ ) p (214100 preey (-1} Pn [E- x-l] E, F] %o TorT (-1) Pn 4 (Ey-l] E), m—] om

THT
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