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SUMMARY

In this work, we consider the automorphisms of ne curve graphs where the vertices are
restricted to continuousli-differentiable curves. We show that for closed surfaces with genus
at least 2, they are all induced by homeomorphisms of the surface. Speci cally, we show that
the automorphisms of these graphs are naturally isomorpHitotoed (S), the subgroup of
homeomorphisms that preserve the set of one-dimens@haubmanifolds of the surface.

This result extends analogous work of Farb—Margalit and Long—Margalit—-Pham-\Verberne—
Yao.

In addition, we study in further depth the particular case wken 1 and provide local
conditions that characterizéomed(S). We show that there exists a collection of conditions
that are both necessary and suf cient for a homeomorphism of the surface to be an element of
this group. These conditions primarily depend upon the structure of the induced map on the
projective tangent bundle.

Finally, we provide examples of several types of elementdarhed (S) that are not dif-
feomorphisms. These include elements inducing discontinuous maps on the projective tangent

bundle and having in nitely many non-differentiable points.
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CHAPTER 1
INTRODUCTION AND BACKGROUND

The overarching theme for this work is to build connections between maps on surfaces and
automorphisms of graphs. We are then able to leverage this combinatorial perspective to study
these surface maps and learn a great deal about them.

Let S be a smooth surface. FOr k 1 , we say that a simple closed curveon S is
CKifitis a properly embedded one-dimensio@4l submanifold ofS. We de ne theC*-curve
graphC' S; CK to be the graph whose vertices are essential simple clé$ezlirves onS.

There are edges between vertices when the corresponding curves are disjoi°-ginwe
graph is equivalent to the ne curve graiS), introduced in 2012 by Farb—Margalit [1].

The group ofck diffeomorphisms of the surface, denofi ¥(S), is a group that naturally
acts on theC*-curve graph via its action on the surface. Bowden—Hensel-Webb [2] utilize this
action and the hyperbolicity a®(S; C! ) to show that the identity component Bi * (S)
is not uniformly perfect for closed surfaces with genus at least 1. One might be tempted to
guess that the automorphism group of @fecurve graph, denotefiut ¢’ S; Ck , would be
naturally isomorphic t®i *(S). But an example recently given by Le Roux—Wolff [3] shows
that Aut C(S; C!) is strictly larger tharDi ! (S). In more generalityAut ¢’ S; CX must
also be strictly larger thabi *(S) for anyk.

The remainder of this introduction is organized as follows. We start in Section 1.1 by stat-
ing Theorem 1. In Section 1.2, we discuss some prior work related to automorphisms of curve
graphs and the connection to lvanov's metaconjecture. In Section 1.3, we de ne relevant struc-
tures and state Theorem 2, focusing on the particular case kvkeh. In Section 1.4, we go
into a further discussion on the projective tangent bundle of the surface and its connections to
C! curves. In Section 1.5, we give brief descriptions and consequences of our example ele-
ments, which are de ned in more detail in Chapter 4. Finally, Section 1.6 contains a collection

of open questions.



1.1 Statement of Theorem 1

Let Homeo(S) denote the homeomorphism groupSfWe de ne Homed(S) to be the sub-
group off 2 Homeo() such that botti andf * mapCk curves toCk curves. We denote the

closed oriented connected surface of gemby S,. Our rst result is the following:

Theorem1l.Forg 2andl k 1 ,the natural map
: Homed'(Sy) ! Aut O S; CX

is an isomorphism.

An equivalent statement is that every automorphisi@ds,; C* is induced by a (unique)
homeomorphism o§y. In particular, since there are homeomorphisms that do not map every

C? curve to aC* curve, we have the following proper inclusions:

Di ¥(S) ( Homed(S) ( HomeoS)

Previous work of Long—Margalit-Pham—\Verberne-Yao [4, Theorem 1.1] gives the same result
from the statement of the theorem for the O case. Our result above gives the rst examples

of automorphism groups of ne curve graphs that are not isomorphiotneoSy).

1.2 Related work and lvanov's metaconjecture

In this section, we discuss the foundational work of lvanov on the classical curve graph and
similar recent advancements for ne curve graphs.

The curve graph of a surfac& denoted by((S), is the graph whose vertices are isotopy
classes of essential simple closed curves. There are edges between two vertices whenever there
exist representatives from each isotopy class that are disjoint. The group of homeomorphisms
of S up to isotopy, called the mapping class grad@G (S), naturally acts orX(S) by the

action of an element on the surface. Ivanov [5] showed that for surface with genus at least 3,



the natural map
MCG (Sg) ! Aut ((Sy)

is an isomorphism. This provides a combinatorial modeM@G (S;), mirroring our result.
Ivanov's result also inspired several others to nd other complexes associated to surfaces

that also have natural isomorphisms between their automorphism groups and the mapping class

group ([6], [7], [8], [9], and many others). This led Ivanov to state the following metaconjec-

ture:

Every object naturally associated to a surfa8eand having a suf ciently rich structure has
MCG (S) as its group of automorphisms. Moreover, this can be proved by a reduction to the

theorem about the automorphisms®s).

Brendle—Margalit [10] give a survey of many of these results and a characterization for what
“suf ciently rich” entails for simplicial complexes associated to surfaces.

With the recent introduction of the ne curve graph, there has been a urry of activity to
extend Ivanov's seminal result. In addition to the work of Long—Margalit—-Pham—Verberne—
Yao [4], there are several other variants of the ne curve graph whose automorphism groups

have been shown to be combinatorial modelsfomeo@) (see [3], [11], [12], and [13]).

1.3 Statement of Theorem 2

Before stating our second theorem, we give a couple of necessary de nitions that are relevant
to the case wherke = 1. First, note thaC? curves can be equivalently de ned as the image of

a continuously differentiable and injective S* ! Swith {t) 6 0 forallt 2 S?.

Maps on projective tangent spacek Section 3.2, we show that any homeomorphism that
maps evenC! curve to aC? curve preserves the equivalence classes on curves through a point
associated to their tangent line at that point. Such a tangent-preserving homeomdrphism
induces well-de ned maps

dfp . PTpS ! PTf (p)S

3



of the projective tangent spaces for evpr S and also on the projective tangent bundle

df : PTS! PTS:

We denote points ifT S by (p; ), wherep 2 S and” 2 PT,S.
Converging along lines and transverse sequendsst * be a line with slopen in R? through

the point(x;y). A sequence of points(x,,; y,)g in R? is said toconverge along to (x;y) if

lim Y
i X, X

=m

To expand this de nition to any surface, we identify each tangent spg8evith R2. For
any line” 2 T,S throughp, we say that the sequentp,gin S converges along to p if there
exists a smooth coordinate chart U~ S! T,S based ap such that (p,) converges along
“to' (p). Such a chart can always be obtained by xing a Riemannian metric and taking the
inverse of an exponential map baseg.at

Any line * 2 T,S through the origin is also naturally identi ed with a point #T,S. We
abuse notation and denote this point also' by PT,S. A transverse sequence f@p; ) is
a sequencé(pn; kn)g in PTS such thatf p,g converges along to p and no subsequence of
(pn; kn) converges tdqp; ) in PTS. If such a(p; ") exists for a sequenddp,; k,)g, then we

call f (pn; kn)g atransverse sequence

We now give the necessary and suf cient properties that a homeomorphism needs to have in

order to be an element éfomed(S).

Theorem 2. Fix a smooth surfac&. A homeomorphisrh of S is an element dflomed (S) if
and only iff has the following three properties:

(a) f maps everng? curve to aC? curve,

(b) df,is a homeomorphism for gii2 S, and

(c) f maps every transverse sequence to a transverse sequence.

While Di *(S) is a subgroup oHomed(S) directly from the de nition, it is straightforward

4



to see that any elementsBf 1(S) also has the three properties stated in Theorem 2. Property
(a) follows straight from de nitions. For propertgh), the differential maps between the tan-
gent spaces are linear, so they induce homeomorphisms of projective tangent spaces. Finally,

property(c) is given by elements ddi 1(S) acting continuously on the tangent bundle.

1.4 The projective tangent bundle and transverse sequences

In this section, we discuss the projective tangent bundle on a surface and a different way to think
about transverse sequences. Since we are exclusively working with surfaces, the projective

tangent bundle is a circle bundle over the surface.

Lifts of C* curves in the projective tangent bundleOne distinct characteristic @! curves
is that they have tangent lines at every point and this tangent line varies continuously. As a
consequence, evei@! curve uniquely de nes a continuous curve in the projective tangent
bundle.

But not all continuous curves in the projective tangent bundle are lifG'ofurves. One
example is a curve iRT R? with points in a neighborhood of the origin R? along thex-axis,
but with lines in the vertical direction of the projective tangent spaces for every point. There is
a disconnect between the speci ed tangent directions and the actual horizontal direction along

which the points are approaching the origin.

Figure 1.1: A transverse sequence of tangent lines fyom x2sin(1=x) with slope 1 that
converge to the origin along theaxis

Transverse sequences as obstructiorGtaurves. In this context, a transverse sequence is an

obstruction to the existence of a curve in the projective tangent bundle. The p@pi&,)g



in PT S corresponding to a transverse sequence cannot converge to thépo)ntBut any
differentiable curve ir6 that passes through in nitely many of tipg must have a tangent line
of ~ atp. So the lift of a curve irs that contains a subsequence ¢, ; k,)g is not continuous
and cannot be a curve BT S.

Similarly, any differentiable curve that is nGt has tangent lines that do not vary contin-
uously and must contain a transverse sequence. Thus prdpeftgm Theorem 2 prevents a
such a curve from being mapped t€4 curve. This prevents the inverse from sending @hy

curve to a nor=?! curve.

1.5 Brief overview of example elements

In addition to the Theorems 1 and 2, we also give examples in Chapter 4 of several phenomena
that can appear in elements ldbmed(S). These examples exhibit increasingly interesting

and unexpected behavior. They correspond to the following results:
Proposition 1.5.1.For all k 1, the seHomed (S)nDi “(S) is nonempty.

Proposition 1.5.2. There exist elements 2 Homed(S)nDi *(S) and sequences of points
P, 2 S such that
(i) F 2 Homed(S),forall2 k 1
(if) dFp, isthe identity, buf is not differentiable ap,
(iii ) the pushforward magF,, : T,,S!  Tg(p,)S is well-de ned and maps every element in
Tp,S100,
(iv) dF is not continuous, and

(v) F is not differentiable ap,, for alln 2 N.

Proposition 1.5.3. There exists an element dbmeoS)nHomed(S) that has propertiega)

and(b) from Theorem 2.

In particular, this nal result highlights the necessity of propdityfrom Theorem 2.



1.6 Further questions

There are several possible questions to ask about the family of gktaped (S) that stem
from the background given above, propertieslomed(S) from Theorem 2, and the examples

in Chapter 4. We have listed a few particular questions below.

Question 1: Are there containment relationships felomed (S) andHomed" (S) whenk 6

m?

For the family of groupDi *(S), there is a well-known containment relationship. Namely,
whenk > m, it follows directly from de nitions thatDi (S) Di ™(S). It is not imme-
diately clear that a similar relationship exists féomed(S). In particular, for largek, the
graph is restricted to curves with more differential structure, but the restriction also implies that

we have less curves to potentially control the behavior of elemetisined (S).

Question 2: Is there a ne version of lvanov's metaconjecture that encompasses both the

graphs associated tdomeoS) and the graphs associated omed (S)?

Theorem 1 shows that any attempt for a ne metaconjecture requires more nuance than simply
replacingMCG (S) by Homeo). This nuance is also re ected in the fact tMCG (S)

can also be de ned as the group of diffeomorphism$ aip to isotopy.

Question 3: Can the set of non-differentiable points in an elemeMahed (S) be uncount-

able? Or have positive measure?
Question 4: Are the groupsHomed (S) perfect?
Question 5: Do theHomed (S) satisfy automatic continuity?

The previous two questions have been studied for bimimeoS) andDi *(S). For compact
S, they have both been answered positively, but the tools usétbimeo) are different from
those used fobi “(S). Further discussion about these properties and others can be found in

an article by Mann [14].

Question 6: What is a natural topology oRlomed (S)?



This question was suggested by Belegradek in a personal commentHsimee5 (S) is a sub-

group ofHomeo@), thenHomed (S) inherits the compact-open topology frafomed (S).

But this might not be the one most natural oneHmmed (S) since it does not account for the
additional structure on the projective tangent bundle. For example, the compact-open topolo-

gies forDi ¥(S) also require that all the derivatives up to oréiealso converge uniformly.



CHAPTER 2
BUILDING HOMEOMORPHISMS FROM GRAPHS

The goal of this chapter is to prove Theorem 1, showing that vgher?, every automorphism

of © Sy; CX must come from a homeomoprhism of the surface.

2.1 Overview of the proof of Theorem 1 and chapter outline

While the proof of our theorem follows the same overarching structure as the work of Long—
Margalit-Pham—Verberne-Yao f@(S) [4], the arguments foCk curves are substantially
more dif cult. Similar to their strategy, we utilize thextendedCX-curve graph which we
denote byEC S;CK . The vertices for this graph include both the essential and inessential
simple closedCX curves onS. As with theCk-curve graph, there are edges between vertices
when the corresponding curves are disjoint. Our main argument relies on building the following

chain of homomorphisms:
AutO'S;Ck | AUtECQ S;C!  Homed(S) AutO S;Ck

We now give a brief overview of our proof and explain the constructions for the mapsl

. The map comes directly from the natural action Bbmed(S) onC’ S;C* and needs
no further discussion. When relevant, we also point out the key dif culties that arise when the
C(S) argument is applied t€* curves. A diagrammatic owchart for this proof is given in

Figure 2.1.

Step 1:Aut EC S;CK! Homed(S)

We start our proof in Section 2.2 with the homomorphisthat reconstructs a homeomorphism
of the surface from an automorphismB€ S; C¥ . In a similar fashion to th€(S) case, we

take sequences of inessential curves that converge to a point. These convergent sequences
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are then used to determine exactly where each poir§ amust be sent, de ning the desired

homeomorphism.

Key dif culty: Connecting-the-dots. Long—Margalit—-Pham—Verberne—Yao [4] identify the
combinatorial structure of these convergent sequences of curves using other curves drawn
through particular sequences of convergent points. With only a slight adjustment, a similar
argument applies to th@*-curve graph.

Unfortunately, this strategy does not work for the gen&‘lcase. There exist sequences
of convergent points such that for aky 2, there is naCk curve that contains in nitely many
of these points. We discuss this obstruction in further detail in Section 2.2. To overcome this
obstacle, we give a nesting restriction to convergent sequences and utilize the Jordan Curve
Theorem to guarantee the existence of the desired sequence of points. This new combinatorial
characterization allows the remainder of {S) argument to be applied 6% curves and

extended to many other families of curves.

Step 2:Aut @' S;Ck | AutEC S:Ck

Next, we work towards building the isomorphismmaking the connection between the auto-
morphisms of2 S;;Ck andEC Sy; C* ,wheng 2.

In Section 2.3, we identify the graph structures that are unique to a variety of topologi-
cal properties of curves. We use these structures to build up a combinatorial perspective for

particular pairs of essenti@* curves that determine a unique inesser@iflcurve.

Key dif culty: Topological curve constructionsThe work of Long—Margalit—-Pham—\Verberne—
Yao [4] accomplishes this step using a pair of homotopic curves, called a bigon pair. This con-
struction relies on topological curves that must have corners and so cannot be differentiable.
This argument is not easily adapted for higher regularity curves.

For CX curves, we give a new construction @ Sy; C¥ , called simplek-smooth pairs,
that uniquely determine inessential curves. The graph structures related to our construction are

more complicated than the structures for bigon pairs.
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Figure 2.2: Bigon pair (left) ank-smooth pair (right)

In Section 2.4, we then utilize the simpgkesmooth pairs to construct an isomorphism from
Aut EC Sy; C* toAut C' S; Ck wheng 2. This involves building an equivalence relation

on a connected arc graph to show that the inverse of the natural restriction map is well-de ned.

Step 3: Completing the proof

In Section 2.5, we show that the composition of the above maps is the identity, proving that
the nal map must by surjective. A straighforward injectivity argument completes the proof,

giving the desired isomorphism.

2.2 Constructing :Aut EC S;CkK | Homed(S)

The goal of this section is to prove the following result, building a map from the automorphisms
of the extended*-curve graph ttHomed'(S). This is Step 1 from the proof outline given in

the introduction.

Proposition 2.2.1.Let S be a smooth surface. Then there is a natural map
:Aut EQ S;CX | Homed(S)
such that forany 2 AutEC S;Ck, (b )( ) = , whereb is the natural map from

Homed (S) to Aut EC' S; Ck .

To build this homeomorphism, we use sequences of inessential curves that converge to
points on the surface. A key component of their structure in the graph involves other curves

that intersect in nitely many of the convergent curves and the point that they converge to.

Previous approach and why it does not work hefes mentioned in Sectio?, to accomplish

12



this step for the ne curve graph, Long—Margalit-Pham—Verberne—Yao [4, Lemma 4.1] utilize
a connect-the-dots-lemma that gives the existence of a curve through in nitely many points. In
particular, they use the classi cation of surfaces by Richards [15] to straighten the points all to
thex-axis. Thex-axis can then be chosen as the desired curve.

Unfortunately, Richards' result is purely topological and has no smoothness conditions.
Due to a classic result by Rosenthal [16, Theorem 2] a similar (but not identical) process can
be achieved fo€? curves, but is not possible with® curves, wherk 2. In particular, for a
set of points along the curwe= jxj3=2 that converge to 0, n@2 curve will hit in nitely many

of them as the curvature approaciiesasx ! O.

Our new approachTo generalize this strategy to & curves, we give a nesting restriction
to convergent curves and utilize the Jordan Curve Theorem. This ensures that there exists a
curve that intersects in nitely many of the curves in the convergent sequence. This change has
complicated both the combinatorial description of these sequences and the argument to show
that they are well-de ned.

We then show that the images of convergent curves must also converge to a point. This
allows us to de ne a speci c image point for every point in the surface. To complete the
homeomorphism, we show that this map is well-de ned, bijective, and continuous. We now

give a few relevant structures and lemmas.

verticesy; that are adjacent to all of the.

A graph is am-join if there is a partition of the vertices of into m setsVy;:::; Vi,
called parts, such that each verteMns adjacent to every vertex M wheni 6 j.

Note that anym-join induces aij-join for anyj < m by combining the sets of the partition.
So anym-join withm  2induces a 2-join. For simplicity, we use the tejom to refer to any

2-join. We use these de nitions to get the following:

Lemma 2.2.2.LetS be an oriented surface. Lat2 EC' S;C* . Thena is separating if and

13



only iflink (a) is a join.

Proof. If ais a separating curve, then any curve disjoint from it will be in only one component
of S na. But then it will also be disjoint from every curve that is in the other component of
S na. Note that neither side will be empty, singas oriented, them can be homotoped off of
itself to make curvea®anda®on both sides of the separation. Thus the linka@fill be a join.

On the other hand, consider the case wa&nonseparating. Suppose, for a contradiction,
that the link ofa is a join. Letb andc be curves in different parts of this join. Our goal is to
nd another curved in the link of a that intersects bothandc. Then this curvel could not be
placed in either part of the join since it does not have an edge to every vertex in the other part.
Therefore the link of cannot be a join, contradicting the initial assumption.

We will now nd the curved. Sincea is nonseparating, then it is possible to draw an arc
e from bto c without intersectinga. Sincea is closed, then there is an open neighborhood of
e that is disjoint froma. Sob can be smoothly isotoped to a cude EC’ S;CX that stays

within the neighborhood a# until it intersectsc. ]

Nested sequences.A sequence of curve) on a surfaceS is callednestedif eachg is
separating and there exists a compor@nf S n¢ suchthat; G, forallj>i .
This de nition immediately implies that all the curves of a nested sequence must be disjoint

from one another. In addition, we have the following consequence:

Lemma 2.2.3.LetS be a surface and 2 Aut EC S;CK . If () 2 EC' S;CK is a nested

sequence of curves, then the sequdndge)) is also nested.

Proof. First, by the de nition of nested, thig;) are all separating. So by Lemma 2.2.2, the link
of ¢ is ajoin. Also, the setg jj > i g will be contained in one only part of the join. Since
is an automorphism of the graph, thafc;) will also be a join with the seft () jj>i g
contained in only one part of the join. Thugc) is also separating. Moreover, each part of the
join corresponds exactly with the curves contained in one of the two compone®its ofc;).

Thus( (¢)) is also a nested sequence®n ]
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Convergent sequencesA sequence of curve&;) will be said toconverge to a se if any
regular neighborhood & contains all but nitely many of the;. We say that a curvetersects
the tail of a sequencég) if it intersects in nitely many of theg;.

We can now give a unique combinatorial description of convergent nested sequences.

Lemma 2.2.4. A sequence of nested curgg 2 EC’ S;CX converges to a point 2 S if
and only if both of the following hold:
(i) there exists acurva2 EC' S;C* that intersects the tail ofc;)

(i) anytwo curves;b2 EC' S;Ck that intersect the tail ofc,) must intersect each other

Proof. In the forward direction, leh 2 EC' S; CK be a curve that intersects the paintThen

this curve will also leave some small neighborhoocd oBut by the de nition of convergence,

all but nitely many of thec; are contained in this neighborhood. Since(bhg are nested, then

for eachc, x must be contained in the component®h ¢; that also contains all thg where

j > i and for large enough these components will also be contained in the small neighborhood
of X. So by the Jordan Curve Theoremnmust intersect each of the correspondagvhose

components are contained in the neighborhooxl athusa will intersect the tail of(c).

Figure 2.3: Finding a curve that intersects the tal®f near the poink

Sincex is the limit point for any sequence of points 2 ¢, then any curve that intersects
in nitely many of the ¢, must also contain the poit So any curves that intersect the tail of
(c) will intersect each other at the poixt

In the reverse direction, suppose that (@ do not converge to a single point. Either the

(¢) do not converge to any points, or they converge to more than one point. If they do not
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converge to any points, then there are only nitely many of¢hi@ any compact subsurface of

S. Butany curve irEC S; CK is contained in a compact subsurfac&pso it cannot intersect
the tail of the(g). On the other hand, if thé;) converge to more than one point, saynd

y 2 S, then we can construct disjoint curvagb 2 EC' S; CK such thata contains the point

x andb contains the poiny. By constructing these curves carefully, we can ensure that both
intersect the tail of théc).

First, sinceS is Hausdorff, there exist disjoint open neighborhoodx andy. Let N
denote the neighborhood »f Since thg(c) converge tok, then all but nitely many of theg
will intersectN . Considering one of the that intersecN, it will separateN into at least two
components. Le€C, denote the component that contains the paint.et x°be a point inN
that is in the component & n ¢ that does not include. SinceN is an open set, there exists a
curvea2 EC' S;CX throughx andx’that is contained withiiN .

Moreover,x is always in the component with in nitely many with j >i . So any curve
from x°to x must intersect in nitely many; . Thusa intersects the tail of théc).

But this same construction can also be done within the neighborhopdocoind a curve
b2 EC S;CX that also intersects the tail ¢¢) and is disjoint froma. Thus condition (ii)

fails to hold. O

The characterization given in Lemma 2.2.4 utilizes only the relations that are present in the

graph, so any automorphism B2 S; C* must preserve convergent sequences.

Lemma 2.2.5.Every 2 Aut EC S;CK induces a homeomorphisin such that the action
off onEC S;Ck isgivenby .

Proof. Let x 2 S and let(c) be a nested sequence®C S;CX that converges ta. By
Lemma 2.2.4( (c¢)) will be a convergent nested sequence that converges to some [oiat
De ne the functionf :S! Shyf (x) =y, forevery poinix 2 S.

This map is well-de ned. To see this consider two nested sequefgeand (d;) that
converge to the same poixt Notice that for eacls;, the component db n ¢ that contain is

itself a neighborhood fox. Thus by the de nition of convergence, all but nitely many of the
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d; must also be contained in this component. So we can choose subseqegrcasd(d, )

such that eacl;, is contained in the same componentofi ¢, as the poink and eaclt;

n+l

is contained in the same componentSof d;, as the poink. Then the sequence of curves

8

2 G, neven
€ =

© n odd

(n+1) =2

will also be a nested sequence that converges to the goir8ince( (e,)) converges to a
single point, then botl (c,)) and( (d;,)) converge to the same point. B(t(c,)) and
( (c)), and alsq (d;,)) and( (d;)), must then all converge to the same point. Thuss a
well-de ned map.

Since every poiny 2 S will have some nested convergent seque(d;¢ and is an
automorphism of the graph, thgn *(d;)) must also be a nested convergent sequence that
converges to some point 2 S. But thenf (x) will be the point thatl (  %(d;))) = (d,)
converges to, which is the poiyt Thusf is surjective.

This map is also injective. L&t;) and(d;) be nested sequences that converge to the points
X1 andx; such tha( (c)) and( (d;)) converge to the same pot Similar to above, we can
construct a nested sequergethat interleaves curves frofn (¢)) and( (d;)). So(  (en))
is a convergent sequence that converges to a single point. But applyintp the chosen
subsequences ¢f (¢;)) and( (d;)) will again give us that the corresponding subsequences of
(c) and(d;) must converge to the same point and thys Xs.

Finally, we need to show thét andf ! are both continuous. Sinde : f will be the
identity on all curves, theh * = f 1. So we only need to show that is continuous. Let
Xn be a sequence of points $ithat converges ta. We start by constructing nested sequences
(¢") of curvesinEC'S; CKk that converge to eacty, such that! does not separatefrom the
setfx, j m ngand is contained in the same componerot) 1 asx. Thesea exist since
c 1[f xg[f xm jm ngis aclosed set and so the components of the complement will all be
open sets. Moreover, the component that contgimsa disk with a countable number of points

removed and the only limit point for these removed points,igvhich is not on the boundary
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of the disk. So it is possible to nd & curve that separate§ I fromfxg[f xn, jm ng.
Then by construction, the diagonal sequefi¢ are nested and convergexoSo the sequence
( (cp)) must also converge to a poiptwhich is the same point that the sequence of poipts
of ( (¢')) converge to. Thug is continuous and sb is a homeomorphism @3.

For each poink on a curvec 2 EC' S; C* |, there is a nested sequer(cg that converges
to x. So by Lemma 2.2.4; will intersect the tail of the;;. Thus (c) must intersect the tail of
the (c). Since( (c)) converge to the poirit (x), then (c) must contain the poirft (x).
Since this holds for every point iy thenf (¢) = (c¢). Thusf induces the same action on

EC S:Ck as . O

The convergent sequences mdpe ne the map

:Aut EC' S;:CX | Homeo@)

givenby [ ]=f fromLemma2.2.5.

Finally, we prove the main proposition for this section, showing that all the homeomor-

phisms naturally induced from the extended graph are elemehisrogd (S).

Proof of Proposition 2.2.1By Lemma 2.2.5, the homeomorphisnj ] gives an action on
EC S;CK given by the automorphism. Soboth [ Jand [ ] * = [ 1] mapCk curves

to C* curves. Thus|[ ]is an element oHomed(S). O

2.3 Distinguishing pairs of curves

In this section, we complete the rst half of Step 2 from the proof outline given in the intro-
duction. We are working towards de ning a map between the automorphisms 6ftcerve
graph and the automorphisms of the exten@&ecurve graph. In particular, we nd a pair of
essential curves that uniquely determine an inessential curve.

While along the same vein as the work of Long—Margalit-Pham—-Verberne—Yao [4], their

construction of bigon pairs does not work when restrictedt@urves since it requires corners
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to exist for either curve in the bigon pair or the inessential curve associated to the pair. So a
new construction of curves, called simgdesmooth pairs, was needed to make the connection
between these two graphs. By the end of this section, we will prove the following proposition,

showing that these pairs have a unique structure itCtheurve graphs.

Proposition 2.3.1.Let Sy be a surface witly 2. Then every automorphism 6f S;; CX

preserves the set of simgesmooth pairs.

This section is broken into several subsections, each giving different curve structures that
are preserved by the automorphisms of @fecurve graph. The preserved structures for each

section are:

§2.2.1: separating, homotopic and hulls of curves
§2.2.2: annuli, nonseparating pants, and one holed tori
§2.2.3: torus pairs

§2.2.4: k-smooth pairs

§2.2.5: simple&k-smooth pairs

2.3.1 Separatinghomotopic,andhulls of curves

The goal of this section is to prove Lemma 2.3.7, which shows that sets of separating, homo-
topic, and hulls of curves are preserved by automorphisms o fheurve graph. In order to

do this, we recall a few relevant graph structures de ned in Section 2.2.

Recall that thdink of the vertice$vy; vo;:::; vagofagraph , denotedink (vq; Vo;:::;Vy),
is the subgraph of nfvy;:::;v,ginduced by the set of verticeg that are adjacent to all of
thevi.

A graph is ajoin if there is a partition of the vertices of into two parts, such that each

vertex in one part is adjacent to every vertex in the other part.

Lemma 2.3.2.Let S be an oriented surface. Let2 C¥ S;C¥ . Thena is separating if and

only iflink (a) is a join.
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The proofs for both of the above lemmas are omitted since they are essentially the same as

the proof of Lemma 2.2.2.

Lemma 2.3.4.Letg 2 anda; bbe disjoint curves i Sy; Ck . Thena andb are homo-
topic if and only iflink (a; b is a join where one part contains either only separating or only

nonseparating curves.

Proof. Suppose that andbare disjoint homotopic curves. Up to a change of coordinates [17]
they will look like one of the examples in Figure 2.4. So they will jointly separate the surface,
with one component being an annulus. Note that all the essential curves in this annulus will be
homotopic toa andb. Thus they will either all be separating or all nonseparating, based on the

whethera andb are separating or nonseparating.

Figure 2.4: Pairs of separating (left) and non-separating (right) homotopic curves

Suppose on the other hand tlzaaindb are disjoint non-homotopic curves. Suppose that
a is separating antlis nonseparating. By Lemma 2.3.2, the linkaois a join andb will be
in one of the components &, na. By pushinga off of itself on both sides, then there is a
separating curve in both sides of this join that does not intetsestso, a push off ot will
be a nonseparating curve on one sideSgh a that is also disjoint fronb. The component
of Sy n a that does not contaibwill have enough topology to contain another nonseparating
curve, which must be disjoint fromandb. Thus both parts of the join structure lofk (a; b
will contain both separating and nonseparating curves.
If both a andb are separating but not homotopic, tHark (a; b will be a 3-join with each
part containing enough topology to contain a nonseparating curve. Each part will also contain

separating curves by pushing off of eitfzeor b.

20



Finally, if both a andb are nonseparating, but not homotopic, then they are either jointly
nonseparating or jointly separating. In the rst case,lthk (a; b will not be a join by Lemma
2.3.3. Inthe second case, as shown below, each comportgyrifef, by will have two boundary
components and at least one genus. So there is enough topology to nd both separating and

nonseparating curves in each part of the join structutebkf(a; b. Il

Figure 2.5: The jointly separating case

Lemma 2.3.5.Leta; b2 C¥ S;;C* forg 2. Thenaandbare homotopic if and only if there

exists a nite path of disjoint homotopic curves@ Sy; C* .

Proof. For the forward direction, lea andb be homotopic curves i Sy; C* . So there is a
smooth isotopyH betweera andbthat takeg 2 [0;1]to a curveg, 2 CY Sy; Ck . For each
t 2 [0; 1], there is an open intervély; t;) such that for ang 2 (to;t;) the curves andc are

contained in the interior of some annulus. Sif@el]is compact, then nitely many of these

that each paic; andc.; are contained in the interior of an annulus.

Moreover, sincec; andc.,; are closed subsets B, thenSy n f¢;c.19 is open. So
the boundary curves of this annulus can be m@4eand not intersect; or ¢.;. Choose
d 2 CYSyCK to be one of the boundary curves of the annulus contaigingnd .4

in its interior. Thend; is disjoint and homotopic to both andc.;. Thus the sequence

topic curves.

For the reverse direction, If there is a nite path of disjoint homotopic curve¥ if,; C* ,
then there is a homotopy between each adjacent pair of curves in the path. So all these homo-
topies can be reparameterized and done sequentially to get a single homotopytdrarihus

a andb must be homotopic. O
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which are topological disks.

Lemma 2.3.6.Letf q; . mQ be a collection of curves i@ S;Ck . Then a curvec 2

disjoint from every ;. Thenbmust be contained in a component of the subsur&acg g. In
particular, sincdis essential, it must be in a non-disk component. But théoes not intersect

the hull, and so it cannot interseact

Then there is some poirt2 c\ (Snf[ ;g) thatis notin a disk component &nf[ ;g. So
x must be in an open non-disk component that contains a &L@v@” S; CX that contain.

Sobis disjoint from the ;'s, but intersectg at x. O

Lemma 2.3.7.Letg 2and 2 AutC Sy;CK . Then preserves the set of separating

curves, sets of jointly separating curves, sets of homotopic curves and hulls of curves.

Proof. By Lemma 2.3.2, the link of any separating cuav@ C¥ Sy; C* is ajoin. Since is a
graph automorphism, thdimk ( (@)) is also a join. So (@) is a separating curve. The sets of
jointly separating curves are preserved by Lemma 2.3.3.

Similarly by Lemmas 2.3.4 and 2.3.5, any homotopic cuvds2 CY Sq; CX has a path
of disjoint curves between them where the link of each pair is a join with one part containing
only separating or nonseparating curves. Th(e and (b) has a path of disjoint curves with
this same structure. Sqa) and (b) are homotopic.

Finally, if c 2 CY S;; CX isin the hull off 1; ; ng CVY Sy CK , then by Lemma
2.3.6, any curved disjoint from the ; are also disjoint front. But for any curved disjoint
from ( ;),thecurve 1(d)isdisjointfrom ; and thus also disjointfrom Sod= ( %(d))

is disjoint from (c). So (c) is contained inthe hullof ( 1); ; ( m)0. Il
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Note that since any automorphism preserves the set of all essential curves, then this Lemma
also implies that the sets of nonseparating curves and non-homotopic curves are also preserved

by any automorphism o S;; C* .

2.3.2 Recognizingsubsurfacewith ¢’ S; CX

The goal of this section is to prove Lemma 2.3.11, which shows that sets of curves bounding
annuli, nonseparating pairs of pants, and one-holed tori are preserved. We start with identifying

the graph structures for each of these three different situations.

Lemma 2.3.8.Let A be an annulus ir§g, g 2, with boundaries ; and , 2 C¥ S; ck .
Thenc 2 C¥ Sy; Ck is contained inA if and only if for anye 2 C¥ Sy; C*  not homotopic to

1, if eintersectsc, thene must intersect, or ».

Proof. Letc 2 C¥ S;; C*  be a curve contained iA and lete 2 C¥ Sy;C*  be a curve not
homotopic to ;. Since any essential curves in an annulus must be homotopic to the boundary
curves, there cannot be contained in the interior Af But sincec is contained imA, then ife
intersects, it must enterA through one of the boundary curves. &must intersect either;
or ».

On the other hand, suppose tleas not contained iA. Then there is some poirt2 cthat
is not contained ir\. If A is nonseparating, the®, n A is a connected subsurface with genus
g 1andtwo boundary components. Sirge 2, then this subsurface will contain essential
curves. Similarly, ifA is separating, then both componentsSgi A will contain at least one
genus and so both also contain essential curves. So is either case, there 2X@tS,; Ck

that is not homotopic to; and do not intersect; or », but intersectsg at the pointx. O

Lemma 2.3.9.Let Sy with g 2. Let 1; »; 3 2 CV Sy CK  be disjoint non-homotopic
nonseparating curves. Then the bound a pair of pants if and only i 1; ,; 30 jointly

separateSy with a component that only contains nonseparating curves.

Proof. Suppose that the; bound a pair of pants. So they jointly separate the surface into at

least two components. Moreover, any essential curve in a pair of pants will be homotopic to
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one of the boundary components. Since thare all nonseparating, then all the other essential
curves contained in the pair of pants must also be nonseparating.

On the other hand, suppose that there are disjoint non-homotopic nonsepayatings 2
C Sy; CX such that they jointly separaBy with a component that only containes nonseparat-
ing curves. Call the subsurface corresponding to the side containing only nonseparating curves
P. Since each of the; is nonseparating, then each componer® ahust have either 2 or 3 of
the ; as boundary curves. Moreover, no component8 can have any genus since otherwise
there would be a curve separating the genus from the boundaries in that component. But any
component with only 2 boundaries would then be an annulus, which contradicts the assumption

that the ; are non-homotopic. Thu8 must be a pair of pants. Il

Let Sg denote the surface of gengswith b disjoint open disks removed such that each

boundary is &C* curve.

Lemma 2.3.10.Let Sy withg 2 and let 2 CY S;;C* be a separating curve. Then
bounds arS} subsurface if and only if one componentSgfn  only contains curves that are

either homotopic to or nonseparating.

Proof. Let be a separating curve that boundsSjrsubsurface. Since a torus only contains
nonseparating essential curves, then the only separating curveSpisubsurface that are
essential iy must be homotopic to the boundary curve.

Now suppose that is a separating curve that does not bour®f aubsurface. Then there
will be at least two genus in each of the two componentSofi . So each side contains a
separating curve disjoint from that separates one genus from the rest. Thus this separating

curve is not homotopic to. O
Now, we can combine the previous three results to get the nal lemma for this section.

Lemma2.3.11.Letg 2and 2 Aut O’ S;;C* . Then preserves sets of curves that bound

annuli, nonseparating pairs of pants, and one-holed toi$n
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Proof. Note that in Lemmas 2.3.8, 2.3.9, and 2.3.10, the boundary curves are characterized
by some combination of whether curves are separating, homotopic, or intersecting. 2ny

Aut O Sy; C* preserves whether curves intersect and by using Lemma 2.3.7, we know that
sets of separating and homotopic curves are also preserved Gyhus the image of these
boundary curves will have the exact same characteristics, and so they must also bound the

same type of subsurface. O

2.3.3 Toruspairs

Two curvesa andb are called aorus pair if they intersect one another in a single topolog-
ically transverse intersection. This intersection is catledeneratef it consists of a single
point andnondegeneratetherwise. In this section, we prove Lemma 2.3.16, showing that the
automorphisms of th€¥-curve graph preserve the sets of degenerate and nondegenerate torus
pairs.

Note that any torus pair will necessarily consist of non-homotopic, nonseparating curves.

The name is suggestive since any torus pair lIs$frsubsurface.

Figure 2.6: A torus pair

While there is a similar result in the proof of Long—Margalit-Pham-\Verberne-Yao [4,
Lemma 2.5], their graph structure does not exist in @fecurve graph. Speci cally, they
utilize the existence of the symmetric difference as a third curve to distinguish between nonde-
generate and degenerate torus pairs. But the symmetric difference cannGttmieve (not
evenC?t), and so it is not a curve in our graph. Instead, we can nd a pa@*oturves in the
neighborhood of the symmetric difference to distinguish between nondegnerate and degenerate

torus pairs.
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We start this section with the following two lemmas that are necessary to characterize torus

pairs in Lemma 2.3.14.

Lemma 2.3.12.LetP be a pair of pants with boundary curveg, ,;and ;. LetA =1f ;gbe
a disjoint collection of arcs with endpoints in and , that have interiors disjoint from the .
Then there is a topological disk iA bounded by some subcollection of subarcs0f , and
the 's unlessA is empty or consists of only one arc, which either goes betweand , or

separates two of the's.

Proof. The structure of this proof involves considering several possible collections of arcs and
nding the topological disk in all cases except the two cases given in the statement of the
lemma.

Now suppose\ only contains arcs which have endpoints in the same boundary component.
SinceP is an oriented surface with no genus, any of these arcs, sath endpoints in ,, will
separat® into two subsurfaces. If one of these subsurfaces contains baiid 3, then there
is a subsurface bounded byand a subarc of, that contains no other boundary components.

SinceP has no genus, then this subsurface must be a disk.

Figure 2.7: The disk created when arcs have endpoints in the same boundary

On the other hand, suppose that everg A separates; and 3. Cutting along results
in two annuli, each with one boundary fromand a subarc of, and the other boundary from
one of the ;. Thus if A contains another arc, then it must cut one of these annuli into two
subsurfaces where only one can contain the bounda§o the other subsurface will be a disk.
Finally, consider a collectioA with at least two arcs, one of which goes betweemand

2. By cutting along , the resulting surface will be a square with the boundary cusweside.
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But then any other arc must separate this square into two subsurfaces, one of which will not

contain 3, and so must be a disk. O

Lemma 2.3.13.1ftwo CK curves and haven 1 points or intervals where there exist&
parameterizations of and with nonzero tangent vectors that agree up tokkie derivative
and all the intersections occur in the same order and with consistent orientations, then there

are exactly2" distinctCk curvesin [

Proof. Pick one of the intersections or intervals and name it Following an orientation of

, continue naming the intersections and overlapping interals : ; X,,. Starting aix,, there
are two possible choices thaC4 curve could make, either to follow or to follow , to getto
X,. Both of these choices will result in@* curve since there are parameterizations @nd

that agree up to thiketh derivative atx;. Similarly atx,, the curve could make two choices
again, each being distinct. This process can be continuedxntithere the nal choice will
bring the curve back t®; with the correct orientation. So there are 2 choices at each of the
intersections or overlapping intervals, with each choice giving a different curve. Thus there at
least2" distinct curvesin [

Note that as soon as a curve irf  intersects one of the;, it must intersect all of them.

Thus there are no further curves in the union that intersect some xf, thet notx,. Moreover,
there are no curves in the union that do not intersect any of;tisince otherwise it is contained

in an arc of either or . Thus there are exactB®" distinct curvesin [ . O
We can now state a combinatorial characterization for torus pairs.

Lemma 2.3.14.Let a and b be non-homotopic nonseparating curvesdhS;;C* , g 2.
Then(a; b is a torus pair if and only if the hull dfa; by contains no other vertices & Sg; CK
and there is a separating curve2 CY S;; C* , disjoint froma andb, such that one side ofis

an S} subsurface that contairssandb.

Proof. If aandbintersect only at one topologically transverse intersection, &herdb cannot

bound any bigons. Thus the hull b&; by is exactlya[ b. Even if the intersection agrees up
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to thekth derivative, by Lemma 2.3.13 there are only 2 curves inb, namelya andb. If the
intersection does not agree up to #th derivative, then there is no way folGt curve ina[ b
to switch from traveling on an arc imto an arc inb. So the onlyC* curves in the hull will be
the original curves andb. The boundary of a regular neighborhoodadf b can be smoothed
to make a separating curve2 C¥ Sy; C* , which will separate a8] subsurface containing
andbfrom the rest ofS,.

Now suppose tha andb are non-homotopic, nonseparating curves osasubsurfacd
bounded by &* curve and the hull off a; by contains only the vertices andb. Any two
non-homotopic nonseparating curves on a torus must cross each othandbmust have at
least one topologically transverse intersection. Since the hull only contains two vertices, then
a andb cannot mutually bound any disks 8. Sincea is nonseparating, thefinfag is a
pair of pants with arcs ab going between the two boundary curves that corresporad 80
Lemma 2.3.12 will imply that there must be at most one subatzveith non-empty interior
in T nfag. This subarc either goes from one copyaa the other copy, or has endpoints in
the same copy ad and separates the other copy andut in the latter casdgwould not have
any topologically transverse intersections wathin fact, it would be homotopic to eitheror

. But this contradicts our initial assumptions. Thusa will consist of a single arc from one

side ofa to the other side. Saandbare a torus pair. O
We now give the graph structure that is unique to nondegenerate torus pairs.

Lemma 2.3.15.Letg 2 and let(a; b be a torus pair inC’ Sg; C¥  whose intersection arc
is denoted by. Then(a;b) is nondegeneratec(is not a single point) if and only if there exist
disjoint homotopic curved; andd, in ¢’ Sy; C*  such that(a; di); (a; d); (b; d); and (b; )
are all torus pairs and for any curve 2 C¥ Sy; C*  disjoint and non-homotopic td; andd,,

theneintersectsa if and only ife intersectso.

Proof. For the forward direction, consider a regular neighborhood of the symmetric difference
a bthat does not intersect itself. Then it is possible to nd two disjoint homot@gdicurves

d; andd, in this neighborhood such that the annulus de neddpyandd, still containsa b.
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Since bothd; andd, are closed ir§; and do not intersect, then there is an open component of
c outside of the annulus bounded @iyandd,. Let e be an essential curve that is disjoint from
bothd; andd,, and not homotopic to eithel; andd,. Thuse cannot intersect anything in the
interior of this annulus. And so the only point tletould intersect eithea or bwould be along

the arcc where it must intersect bothandb at the same time.

Figure 2.8: A nondegenerate torus pair and curves bounding the symmetric diffarence

To prove the reverse direction, suppose that the@a@ single point and led; andd, be
disjoint homotopic curves il Sq; C* that each intersea andbin a single topologically
transverse interval. First, note thditandd, must be nonseparating curves. lLetlenote the
annulus bounded by th. ThusSy nA will be a single connected surface with two boundaries
and at least one genus. Moreover, sifagd;); (a;d); (b;d), and(b; &) are all torus pairs
and thed, are disjoint, then the components @fandb in Sy n A will each be a single arc
with nonempty interior going from one of the boundaries to the other, intersecting in at most
one point. But ther§, n(A [ a) will still be one connected surface with one boundary and
at least one genus. The interior of this subsurface will contain either one or two sub&rcs of
with nonempty interior. So there exis2 C¥ S,; C* that live on this subsurface, disjoint from

a; di, andd, that will intersectb. O

Lemma 2.3.16.Letg 2and 2 AutC’ Sy Ck . Then preserves the sets of degenerate

and nondegenerate torus pairs.

Proof. Lemma 2.3.14 gives a characterization of any torus @aib using disjointness, the

hull, homotopies, separating curves, and the subsuSac&or any 2 Aut C' Sg; C¥ |, the
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disjointness will be preserved; the hull, homotopies, and separating curves will all be preserved
by Lemma 2.3.7; and the subsurfagewill be preserved by Lemma 2.3.11. Thiga); (b))
will also be a torus pair. So will preserve the set of torus pairs.

By Lemma 2.3.15, any nondegenerate torus pair can be characterized similarly using torus
pairs, homotopies, and disjointness. Thus the set of nhondegenerate torus pairs will also be
preserved by .

Since the set of degenerate torus pairs is exactly the set of torus pairs without the nonde-
generate ones, and both of these sets are preservedihgn the set of degenerate torus pairs

is preserved by . ]

2.3.4 Kk-Smoothpairs

In this section, we de né&-smooth pairs and show that they are preserved by automorphisms

of the CX-curve graph.

P
C1

ai by

C2

Figure 2.9: Ak-smooth pair

Let P be a nonseparating pair of pants3n Two non-homotopic curves; b2 C¥ S; CX
form ak-smooth pair inP if a[ b P and there exists a cuna 2 C¥ S;C* , with the

following properties:
(i) dis not homotopic to eitheator b

(i) d=a;[ bb[ ¢o[ cpsuchthae; a,by b andc [ ¢, a\ bareallarcs
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(i) the interior ofa; does not intersediand the interior ob, does not interse@

(iv) a[ bis contained in a pair of pan®; P which hasd as one of its boundary compo-

nents.

We say that is determineddy (a; b). The following lemma gives the unique structure that

identi es k-smooth pairs in our graph.

Lemma2.3.17.Letg 2,a;b2 C¥ S;;CK be non-homotopic curves in a nonseparating pair
of pantsP with boundaries ;; ,and 32 CV Sg; CX . Suppose thad 2 C¥ Sy CKk isinthe
hull of f a; g such thatd is not homotopic t@ or banda[ bis contained in the pair of pany
with boundaries ;; ,; andd. Then(a; b form ak-smooth pair that determinesif and only
ifanye2 CV Sg; CX that intersects 3 andd, but not ; or , satis es one of the following:
(i) eintersectsa but notb) thereis ana®2 CY Sy; C* contained inPg4, homotopic tea,
such thatintersectse, but notb
(i) eintersectsbbut nota) thereis ant’® 2 C¥ Sy;Ck  contained inPy4, homotopic tdb,
such thatPintersectse, but nota

(iii ) eintersects botla andb

Before proving the Lemma 2.3.17, we will state and prove two technical lemmas related to

the existence ofX curves and arcs in subsurfaces.

Lemma 2.3.18.LetL be a connected subsurfaceith at least 3 boundaries 2 CY S; C¥ .
Leta2 C¥ S;CK be in the interior ofL and homotopic to;. If b2 C¥ S; CK is in the inte-
rior L and is not homotopic tos, then for each 6 1, there is ang 2 C¥ S; C* such thatg,

intersectdband ;, but does not interseet

Proof. First, note thahand ; bound an open annulusin Call this annulu&\. ThenLnA is a
connected subsurface with the same number of boundarlesAsy curves that are contained
in A will either be homotopic to ; or inessential. Thus ih 2 C¥ S;Ck contained inL and
not homotopic to ;, then it cannot be contained A&, and so there is some poixt2 b such

thatx 2 L nA.
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SincelL n A is connected, then for anyé 1, there is an arg, from ; to x that does not
intersecta. Also, sinceA is a closed set ik, there is an open neighborhoodgpthat does not
intersectA. So there is enough space to smoothly isotopalongc; to makeg 2 C' S; CK

that intersects bothand ; without intersecting. O

Lemma 2.3.19.LetM andL be two subsurfaces & with disjoint interiorsM andL. Letm
be a boundary component bf and| be a boundary component bfthat intersect at a point
x and are bothCk in a neighborhood ok. Then any arc with interior itM [ L [f xgcan be

isotoped inM [ L to aCk arc with the same endpoints.

Proof. If the interior of an aree is contained completely within the interior & , then there
is an open neighborhood of the interior@tontained withM . So any portions oé that are
notC* can be smoothed out within this open neighborhood to makg‘aarc isotopic relative
boundary tce.

Now suppose that the interior efcontains the poink. If the en fxgis contained irM,
then consider the boundanmy near the poink. Since it isC, then in a local chart near, there
is aCk diffeomorphism that takek to a straight line with the interior df1 on one side. So
e can be smoothly isotoped in the chart nedo match the curvé& nearx and then smoothly
veer back into the interior d¥1 . The resulting arc will b&€* while staying completely within
M.

So any arc whose interior is containedNh [ f xg can be isotoped to @* arc inM with

the same endpoints. By symmetry, the same will hold for any arc whose interior is contained

inL [f xg.

Now consider an are that passes betwedh andL atx. Since both boundaries andl
areCk nearx and the interiors oM andL are disjoint, therm andl must meet at a one-sided
tangent intersection. But then they will have the same tangent direction &b any other
tangent direction at will be transverse to botm andl. Soe can be isotoped withiM andL
so that the tangent lines are the same as the arc approattoes both sides. Moreover, these
arcs can have any other higher derivatives and still be containdd[inL, so we can isotoped

these arcs so that the resulting arc will@€at x. O
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We are now ready to complete the proof of Lemma 2.3.17.

Proof. We start with the forward direction. Lé#&; b form ak-smooth pair that determines
Thend = a;[ by [ ¢ [ ¢ such that, is an arc ofa whose interior does not intersdgth, is
an arc ofowhose interior does not intersexandc;; ¢, are (possibly degenerate) arcsih b.
Thush, = bnb,[ ¢;[ ¢, is an arc with the same endpointsaasbut cannot intersect the interior
of a;. Moreover, this arc must be containedRg. So it is either homotopic ta;, homotopic
tob, [ c.[ ¢, or separates; and , in Pq. Sincebis not homotopic tal, thenb, cannot be
homotopic toa;. Sincebis essential irP, thenh, cannot be homotopic t, [ ¢; [ ¢. Thus
b, separates; and , in Py4. So the surface bounded by [ b, and ; must be an annulus.

Denote this subsurface 8y, .

P

a Ay

Figure 2.10: The annulus; betweera; andb,

Note thatA; P4 and no part obis in the interior ofA; sinceb cannot self-intersect, nor
intersect the interior of;. SincePy is a pair of pants containing but not 3 with boundaries
d, 1, and ,, then anye that intersecta and 3, but not ; or , must then intersed. If e
does not intersedi, then it must interseat somewhere in the interior @f;, say at the poinx.
Sincebis a closed set iRy, there exists an open neighborhoodPinof x that does not contain
b. Moreover, this neighborhood will also be contained\in Sincea; is aC* arc, thera, [ b,
can be isotoped by a push off to be an essefitfaturvea® contained inA; and intersecting
a; [ by, only at the poink. Sincealis an essential curve in an annulus with a boundaryhen

alis homotopic to ; and thus homotopic ta.
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By symmetry, the same reasoning can be used to show that any curve that intelsécts

nota will also have the desired property.

The proof of the reverse direction will be broken down into the following steps:
1) The curvedis a union of subarcs &, b, anda\ b.

2) For each subarc &, there exists a curve fromg to ; that only intersectsl along this

arc.

3) These curves bound regions that cannot cortaand so there can only be one subarc of

aind.

4) There is also only one subarc fgrand thuga; b must be &-smooth pair that determine

d.

Step 1 Our rst goal is to show thad is the union of subarcs from, b, anda\ b. Notice
that ifd is in the hull off a; g anda[ bis in the pair of pants bounded by; »,, andd, thend
will be contained ima[ b. Thusd will be comprised of collections of aréds; g, f b g andf g g,
where theg; are subarcs ad whose nonempty interiors do not intersbcthely are subarcs of

bwhose nonempty interiors do not intersa@ndg are subarcs ad\ b, possibly degenerate.

Step 2 For eachg;, we construct curvel from ; to 3 that intersectsl only alonga;. We
start by constructing a cuna 2 C¥ S;CK in the annulus bounded by, andd such thatg
intersectsd only at an interior poink 2 a;. In addition,e can also be made to intersegt
Thus by conditior(i), there exists an? 2 C¥ S;; C*  contained irPy and homotopic ta@ that
intersectse, but does not intersett Sincee only intersectP, at the pointx, thena? must
also contain the poirx.

Since neithere, and a? crossd at the pointx, then they must have a one-sided tangent
intersection ak. Moreover,g and 3 form a pinched annulus arufl’ and ; form an annulus.
So there exist€k arcs from the poink to both ; and ;. By Lemma 2.3.19, this can be

smoothed to a singl€¥ arc with the same endpoints op and 3 that is still disjoint fromb.
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Qi

Figure 2.11: The construction of the cungsandf;.

SinceSy n P is connected, then this arc can be extended to a dyreCY Sy; C  that forms

degenerate torus pairs with; 3; andd, but does not intersett

Step 3 We now show that there can only be agearc. Suppose that there are at least two of
thea;. Then there will be curvek,;f, 2 CV Sg; CKk that are torus pairs with;; 3 andd, but

do not intersech.

a1

fz ap

Figure 2.12: The disc created by, f,, and ;.

Similar to Lemma 2.3.12, there is some combination of arcs frgni,, ;1 and 3 that
bound a disk that contains one endpoint from each;adnda,. In particular,f, andf, can
intersect, but this will caus® n (f, [ f,) to have more components where still only one
component can be an annulus.

Sinced only intersectd; andf, once and does not intersect or 3, then the curvel

cannot leave this disk except where it interségtandf ,. Nor can any part dbbe in this disk.
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Thusd must connech; anda, by an arc ofa. But thend must connect everg; by another arc

of a. So all of thea; can be represented by a single sularof a.

Step 4 By symmetry, this argument can also be used to show that &fj then be represented
by a single subarb, of b. Since there are only two subarcs and thus four endpoirds ahd
by thatd must connect, then there are only teypeach connecting one endpointafto one

endpoint ofty. Thus(a; b is ak-smooth pair that determinels m

Lemma 2.3.20.Letg 2and 2 Aut C' Sy CK . Then preserves the set &¢smooth

pairs.

Proof. By Lemma 2.3.17, the set &Fsmooth pairga; b is characterized using homotopies,
hulls, and intersections in the nonseparating pairs of garasidP . Forany 2 Aut ¢’ S;; C* |
intersections will be preserved and hulls and homotopies are also preserved by Lemma 2.3.7.
Moreover, containment in nonseparating pairs of pants is preserved by Lemma 2.3.11. Thus
( (a); (b)) will still have the same characterization @ b) in the graph and so it is also a

k-smooth pair that determinegd). ]

2.3.5 Simplek-smoothpairs

In this section, we will de ne what it means forlkasmooth pair to be simple and show that
simplek-smooth pairs are preserved by automorphisms. This notion of simpleness is concerned
with the intersections between the two curves ofkksmooth pair.

A k-smooth pair(a;b) 2 C¥ Sg; C* in a nonseparating pair of pan®s that determines

d=a [ bh[ [ cis calledsimpleif aandbonly intersect along; andc,.

Lemma 2.3.21.Let P be a nonseparating pair of pants By anda;b2 C¥ S;; CX be ak-
smooth pair contained iR that determine the curvé= a;[ by [ ¢ [ ¢. Thenaandbmust

cross each other at botty andc,.

Proof. Setd= a;[ [ ¢.[ ¢, with these arcs given the de nition of thkesmooth paila; b).

Denote the complementary arcseodndbby a, = an(a;[ ¢ [ ¢) andb, = bn(by [ ¢ [ ).
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C1

ag bl

C2

Figure 2.13: A simpl&-smooth pair

Sinced is aCk curve, therd can be seen as a straight line in a local chart after applyi@lj a
diffeomorphism. Similarly, sinca andbare alsaC¥, then botha; andb, must have the same
tangent line ad at their shared endpoint that meetsMoreover, sincey andb, will approach
¢, from opposite directions alongdy thenb, must leavec; in exactly the same direction as.
But if a does not crosb or d, then this would forcex, to leavec; in the same direction and

betweena; andb,. But thena would have a cusp at, which is not possible sincais aC*

curve. Thusa andbmust cross at;. By symmetrya andbwill also cross at,. m
Outside ofP?° Outside ofP?
a1 C1 by a1 C1 by
ao b 07) a

Figure 2.14: The noncrossing (left) and crossing (right) cases for thg.arc

Lemma 2.3.22.Let P be a nonseparating pair of pants B, with boundary curves,; ;
and 3 2 CV S;;CK . Leta;b2 CY Sy; Ck  be ak-smooth pair inP with a homotopic to 4
andb homotopic to , that determine the curveé= a; [ by [ ¢ [ ¢. Then the following are
equivalent:

(a) aandbonly cross at; andc;

(b Ife2 CY Sy; Ck is contained irP, homotopic ta and intersects, thene also intersects

bord.
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(c) Ife2 CY Sy; Ck is contained irP, homotopic tdyand intersects, thene also intersects

aord.

C1

ap

C2

Figure 2.15: Ak-smooth pair that only cross ef andc,

Proof. By symmetry of the statements, if (a) and (b) are equivalent, then so are (a) and (c).

(@) (b. Suppose that there is a curge2 C¥ S;;Ck contained inP, homotopic toa,
that intersects, but notb or d. Sincee is not homotopic tal nor intersectsl, thene must be
contained in the pair of pants bounded hy ,, andd. Even moreg will be contained in the
open annulu#é\; bounded by ;;a;, andb, = bn(by [ ¢ [ ). Sincea;  d, thene cannot
intersecta along the ar@;. Also, e does not interset alongc; or ¢, sincee does not intersect
b. Thuse must interseca alonga, = an(a;[ ¢ [ ¢). Sincea cannot intersect itself, then
some portion ob, must enteA; by crossings,. Thusa andbmust cross at points that are not

in ¢; andc,.

() (a). Suppose tha crossed at a point that is not i, or c,. Sincea cannot crossl,
thena must crosd along the ard,. Thus there will be a point of athat is in the open annulus
A1 bounded by 1; &, andb,. SinceA; is open, then there exists a cuw@ CY Sg; Ck that
is contained inA; and contains the point. Thuse is contained inP, homotopic toa and

intersects atx, but does not intersedbtor d. ]

Lemma 2.3.23.Let P be a nonseparating pair of pants &, with boundary curves; »;

and ;. Leta;b2 CY Sy; Ck  be ak-smooth pair contained iR that determine the curve
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homotopic to 3. LetPy P denote the pair of pants with boundaries ,, andd. Then
the only annular components B n fa|[ bg have either ; or , as a boundary. All other

components are disks.

Proof. If any annular component ¢f; nfa[ bg does not contain, or »,, then both boundary
components will consist of arcs afandb that would be separated Ry by this annular com-
ponent. Sinca andbare each a single connected curve, then subarcs of either of them cannot
be separated iRy. So all annular components 8f n fa[ bg must have either; or ; as
boundaries.

SincePy is a pair of pants, then any subsurfaces will either be pairs of pants, annuli, or
disks. Sincea separates; and , and intersectd, then no subsurface &3 nfa[ bgcan be a

pair of pants. Thus all nonannular component®gh fa[ bg are disks. O

Curves of type 1 and type 2. Let P be a nonseparating pair of pants §pand(a;b 2
C Sy; CX be ak-smooth pair that determing: Suppose that;; , are the boundaries &
homotopic toa andb. Lete 2 CY Sg; CX be a curve disjoint frond that forms degenerate
torus pairs with 1; ,;aandb. Theneis calledtype 1if it intersectsa andb at the same point.

Otherwise, it is calledype 2

P

type 2

type 1

Figure 2.16: Type 1 and type 2 curves

Lemma 2.3.24.Let P be a nonseparating pair of pants @y with boundary curves;; »,

and 3 2 CY Sy;CK . Let(a;b 2 CY Sy; Ck be ak-smooth pair that determine a curee
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homotopic to 3. Suppose thag 2 C¥ Sy; CK s disjoint fromd and forms degenerate torus
pairs with ;; »;aandb. Theneis type 1 if and only if there are no curves homotopieia

the hull off a; b; @ excepte itself.

Proof. LetPy P denote the pair of pants with boundary curves ,, andd.

We start with the forward direction. Supposas a curve of type 1. Ther will only
intersect eacla andb once at the exact same point. 8a (a[ b) must be a single interval.
Sincee s essential and[ (a[ b) is a single point, then the closure of this intervagigself
and cannot bound a disk. So the hullfaf; b; e will consist exactly of the curves in the hull
of f a; g and the curveitself. Also, any curve in the hull dfa; bg must live onP4 and is thus
homotopic toa, b or d. But e forms torus pairs witfa andb. SinceSy is orientable, ther
cannot be homotopic taor band every curve homotopic emust also interse@ andb. Soe
cannot be isotopic td. Thus any curve in the hull dfa; by is not homotopic te. Soeis the
only curve in the hull of a; b; g that is homotopic te.

We now complete the reverse implication. Supposeéghatype 2. There must intersect
a andb at two distinct points. Sena[ bconsists of two nonempty open subaegsande,.
Sincee also forms torus pairs with; and ,, then one ok, or e, must include the entire arc of
enP. So the other interval must be completely contained wikhinWithout loss of generality,
let e; be the interval contained iRy. By Lemma 2.3.23, since; is not in a component of
Pqgnfa[ bgthat contains; or », then this component must be a disk. Since this is an open
interval in an open disk, themcan be smoothly isotoped within this disk to make a family of

newe’2 CY Sy; CX  homotopic toe and in the hull of a; b; ey. O

Lemma 2.3.25.Let(a; b 2 C¥ Sy; C*  be ak-smooth pair in a nonseparating pair of parits
that determines a curvé= a; [ by [ ¢;[ ¢, whereaandbonly cross at; andc,. Then(a; b
is simple if and only if evergin ¢’ Sy; Ck  disjoint fromd which forms degenerate torus pairs

with 1; ,;aandbmust be type 2.

Proof. If any curvee 2 CV Sy; C*  disjoint fromd is type 1, then the point whereintersects

aandbis also a point not irt; or ¢, wherea andbintersect. Thuga andbwill not be simple.
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Suppose thafa; b is not simple. Then there is some poxhot inc; or ¢, wherea andb
intersect. By assumptiom,andb cannot cross at. Thus they will be tangent at. Moreover,
this pointx will be on the ardy, in the boundary of the annulus; described in the proof of
Lemma 2.3.22. By symmetry, it will also be on the agan the boundary of the corresponding
annulusB;. So there are arcg; ande, from 1 and , to x that do not intersech or b
except ak. By Lemma 2.3.19, these arcs can be smoothed and exten&gahiR to a curve

e2 CY Sy; Ck thatis type 1. O

Finally, we prove that any automorphism ©f Sg; C¥  will preserve the set of simplie-

smooth pairs.

Proof of Proposition 2.3.1Let 2 Aut C' S;;C* and(a;b be a simple&k-smooth pair that
determinesl. By Lemma 2.3.20( (a); (b)) is also ak-smooth pair that determinegd).

Since(a; b is simple, thena and b only intersect along; andc,, then they must only
Cross atc; andc, since any other crossing would be caasendb to have more intersections.

By Lemma 2.3.22, only crossing af andc, can be characterized using containment in a
nonseparating pair of pants, homotopy and intersections. But Lemmas 2.3.7 and 2.3.11 show
that these are all preserved by So (a) and (b) will also only cross at their overlapping
intervals in (d).

From Lemma 2.3.24, any cure2 C¥ Sy; CK thatis type 1 in relation téa; b can be char-
acterized with degenerate torus pairs, homotopies, hulls, and intersections. These are preserved
by using Lemmas 2.3.7 and 2.3.16. Thu®) must be type 1 in relation to (a); (b)). But
by Lemma 2.3.25a; b will only have type 2 curves, and th{s(a); (b)) will also have only

type 2 curves, and thus must be a simiplemooth pair. Il

2.4 Constructing ':AutC S;Ck | AutEC S;CkK

The goal of this section is to use the simglsmooth pair construction de ned in Section 2.3
to prove the following proposition giving an isomorphism between the automorphisms of the

CX-curve graph and the automorphisms of the exter@fedurve graph. This completes Step 2
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of the proof outline from the introduction.

Proposition 2.4.1.Let Sy be a compact surface with 2. Then the natural restriction

tAut EC S;;Ck 1 Aut € Sy; C*

is an isomorphism.

In order to prove this proposition, we build a connected arc graph in Section 2.4.1 on a
subsurface with edges that correspond to the sirkptenooth pairs. In Section 2.4.2, we
leverage the connectedness of this arc graph and its line graph to build an equivalence relation
on simplek-smooth pairs. We then show that inessential curves determine by the &mple
smooth pairs are preserved iyt C' S;; C* and well-de ned. Next, in Section 2.4.3 we show
that there are unique structures5@ S,; Ck for both inessential and essential curves and any
combination of edges between them. This implies that any automorphism of the extended graph
will automatically give an automorphism of the subgraiS,; C* . Finally, in Section 2.4.4
we utilize our simplek-smooth pair construction to build an inverse map that recovers the

image of each inessential curve based only on the images of the essential curves.

2.4.1 Pairedk-smootharcgraphsareconnected

In this section, we will be considering arc graphs that correspond to sikapheooth pairs
where a complementary disk has been removed. The main result is Lemma 2.4.3, showing
that the ne version this arc graph is connected. To get to this result, we rst show that the
corresponding non- ne arc graph is connected. We then complete the argument by showing
that each isotopy class is also connected. Recall that we dentﬂgtbge surface of genug

with bdisjoint open disks removed such that each boundard eurve.

A non- ne arc graph. We now de ne thepaired k-smooth nonseparating arc graptienoted
NAp Sj;Ck . The vertices of this graph consist of isotopy classes of arg$,irelative to the

boundary and the tangent spaces on the boundary, with the following properties:
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(a) the arcs are essential and nonseparating
(b) the endpoints of each arc are distinct
(c) the interior of the arcs are disjoint from any boundaries

(d) there is an extension of each arc by a subarc of the boundary such that this extension is a

Ck curve onSg1

There are edges between vertices when the corresponding isotopy classes have representative

arcs with the following properties:
(i) the interiors of the arcs are disjoint
(i) the arcs are jointly nonseparating
(iif) each extension given in property (e) contains both endpoints of the other arc

The arcs remaining from a simpkesmooth pair once the disk in their complement has been

removed have the desired properties given above.
Lemma 2.4.2.LetS;forg 2 ThenNAp Sj; Ck is connected.

Proof. We let denote the equivalence relation B p Sgl; CKk that identi es the two iso-

topy classes of arcs with the same endpoints. Then the mapping classl\g(Sgl) acts

on the quotient grapNA p Sgl;Ck = . The proof happens in two steps. In the rst step, we
show that this quotient graph is connected. We then show that the identi ed isotopy classes are

connected ilNA p Sgl; CX , resulting in the arc graph being connected.

Step 1: To show that the quotient graph is connected, we use the Putman trick [18, Lemma 2.1].
This method utilizes the action of a group on a simplicial complex to split connectivity into two
parts. First, we show that the group action forces the orbit of any vertex to the connected
component of any other vertex. We can then show that for any generator of the group, there is

a path from a xed vertex to the generator's image of that vertex.
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Figure 2.17: The three possible con gurations for endpoints from two different classes of arcs
in the quotient graph.
SinceMCG(Sgl) acts on the quotient graph, then using the change of coordinates principle
[17, Section 1.3]MCG(S§) acts transitively on the set of vertices with the same endpoints.
There are three possible con gurations of pairs of endpoints in the boundary for arcs in
different classes. The endpoints can be paired, overlapped, or linked. In all three situations,
there exists either an edge or a path of length 2 that connects arcs in these con gurations. Thus

all arcs are connected MA p Sgl; CX = toan arc with any given pair of endpoints.

Humphries generators @‘gl and letv be the arc given in Figure 2.18 whose endpoints are the

points that were xed in the boundary.

hog+1
hy

h»

Figure 2.18: The Humphries generatbrof Sg1 with the arcv.

Sohijv = vwheni 6 1;4 and are thus trivially connected win the graph. When= 1 or
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4, then the aral in NA p Sgl; CX given in Figure 2.19 is adjacent tg h,v, andh,v. Sov is

connected by a path INA p S; C* to bothh,v andhyv.
h]_V

h4V

Figure 2.19: The ards,Vv (left) andh,v (right) with arcu disjoint tov.

Sov is connected by a path KA p Sé; CK = to any other arc with the same endpoints.
Since the connected components of any arc includes an arc with any given pair of endpoints,

then by the Putman trick, the grapif\ p Sé; CK = is connected.

a

b

Figure 2.20: The patha; b;c; &gin NAp S;;C* .

Step 2: Since the quotient graph is connected, then it is suf cient to showNat S?; CX
is connected between any identi ed elements in the same equivalence class. Notice that each
class consists of exactly two isotopy classes, relative to the boundary and tangent spaces on
the boundary. Speci cally, there is one isotopy class for each subarc of the boundary between
the endpoints. Les anda® be disjoint representatives of the same quotient class. As shown in
Figure 2.20, there exists a path in the gr&php Sgl; CX betweera anda’

By the change of coordinates principle, this path also exists for any other element of
NA p Sgl; CX that shares the same endpointsaasSince the choice of endpoints was arbi-

trary, then there is a path between any two isotopy classes from the same quotient class.

A ne arc graph. We now consider the ne version of the previously de ned arc graph. We

de ne the ne paired k-smooth nonseparating arc graptienotedNA{, S;; Ck . The vertices
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of this graph consist of arcs ﬁégl with the following properties:
(a) the arcs are essential and nonseparating
(b) the endpoints of each arc are distinct
(c) the interior of the arcs are disjoint from any boundaries

(d) there is an extension of each arc by a subarc of the boundary such that this extension is a

C* curve onS;
There are edges between vertices when the corresponding arcs have the following properties:
(i) the interiors of the arcs are disjoint
(ii) the arcs are jointly nonseparating
(iif) each extension given in property (e) contains both endpoints of the other arc

These are the same conditions given for the non- ne arc graph, but the vertices now consist
of arcs instead of isotopy classes of arcs. We will now show that this ne arc graph is also

connected.
Lemma 2.4.3.LetS;, withg 2. ThenNA{ Sj;C* is connected.

Proof. Leta;bbe arcs inlNAY S};C* . By Lemma 2.4.2, the isotopy clasge$ and[b] are

steps, rstshowing that each isotopy class is connected and then use this fact to get a path from

atob.

Step 1: We claim that each isotopy class relative to the boundary is connected. To prove
this, letp; qbe two arcs in the same isotopy classNA . Sé; CX . Then there is an isotopy
H:I 1! Sg1 relative boundary and tangent spaces on the boundary such that each arc
c(s) = H(s;t) is an vertex oNA }, Sé; CX . Note that each of the(s) has the same tangent

direction at its endpoints gsandg.
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consecutivey, , ¢, ,, live in a small nonseparating ribbéthon Sgl with ends in@ § Moreover,

i1
sincec;, andc,,, have the same endpoints, thercan be made suf ciently narrow to ensure
that there are two components @§ n R with nonempty interiors. In particular, ar@«
extension of thes, will contain exactly one of these components. Denote this component of
@g$n R byd.

SinceSgl nR is a surface with two boundaries agd 1genus and)y 2, then thereis a
nonseparatinG* arce; on S} nR with endpoints or that is disjoint to botl;, andg,,, . Note
that sinced has a nonempty interior, then there is a nonempty open subsélnafthat contains
the interior ofd. Thuse can be chosen such that it is compatible with either orientatio@@
In particular, this allows us to pick a® such that theC, extension intersects both endpoints
of thec,. Sinceg is nonseparating oﬁgl nR, then both pairg¢e; ¢, ) and(e;c,,, ) are jointly

nonseparating. Se is adjacent tay, andc,,, inNAY S;;Ck . Thus
fc, = pi&;Cy;iiiiG, 16 1:G, = 09

is a path inNA %, Sgl; CX betweerp andg. Since the choice gf andqwas arbitrary, then any

- - . k
isotopy class is connected MA{, S}; C* .

there are representativesandc®®or eachi such thatis disjoint fromc?,, . By step 1, there

are pathg ¢ = dpy; dy;:::d, = ¢’y within each isotopy clags;] that connect andc?® Thus

pnd = 00 = dordyyiid = 60, = dgt i

ol b=t =dyiindi = o= by

is a path froma to b. Sincea andbwere chosen arbitrarily, theNA }, Sgl; CX is connected.

]
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2.4.2 Kernelsof simplek-smoothpairs

In this section, we build up an equivalence relation on sinkptanooth pairs based on the
inessential curves that they de ne. We then use this equivalence relation to show that any

automorphism of th€k-curve graph is well-de ned on inessential curves.

Kernel curves. Given any simplé&-smooth paii(a; b that determines the curee= a; [ by [
ci[ ¢, thereis aunique inessential cuee a,[ b [ ¢ [ ¢. We callethekernel curveof
(ab.

Note that the kernel curve of any simfdesmooth pair will be a vertex iEC Sy; C* . Our
goal is to show that this curveis well-de ned under any automorphism & S;;Ck . To

achieve this, we use an equivalence relation on the set of skageooth pairs irg,.

We de ne the equivalence relation , calledkernel equivalengeon the set of simplé-
smooth pairs irSy by the transitive closure of the following relatioa; b  (b;u) if there
exists a 2 CV S;; C*  homotopic tob and disjoint froma, b, andu such that for any 2
C' S;; CK  contained in the annulus betwebrand b, then intersectsa if and only if

intersectal. This generating relation is detecting whether the subaresndu, are the same.

Figure 2.21: A couple of simplie-smooth pairs with kernel equivalence.

Note that(a; b = ( b; 8 since simplek-smooth pairs are unordered. Our goal is to show
that two simplek-smooth pairs are equivalent exactly when they have the same kernel curve.

We start with the following lemma.

Lemma 2.4.4.Let Sy be a surface witly 2. Let(a; b and(p; g be simplek-smooth pairs

onSy. If (a;  (p; 9, then they have the same kernel curve.

Proof. Since kernel equivalence is a transitive closure, then it is suf cient to show that the pairs
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in the de ning relation(a; b (b;u) have the same kernel curve. Denote the kernéhpb)
by e and the kernel ofb; u) by f .

Since(a;b  (b;u), then there exists sonm# 2 C¥ Sy; Ck  homotopic tob and disjoint
from a, b, andu. Note that bothe andf are contained in the closure of the annulus bounded
by bandl’. Denote this annulus b and the disks bounded leyandf by D, andD¢. So
B na will have two component$) . and an annulus whose boundarieskflend a second curve
made from an arc diand an arc o&. If u has any point in the interior of this subannulus, then
it would be possible to nd an curve 2 CY Sg; C¥ in this annulus that interseatsbut nota.

By the de ning relation, this cannot happen. 8 B must be contained in the closuref.
But this will mean thaD;  D,. Sincea andc are symmetric in the de ning relation, then

D. D aswell. ThudD, = D;, which means thag = f. O

In order to show the other direction, we need to introduce a new graph, called a line graph.

We then give the connection between the line graph and kernel equivalence.

Line graphs. For any graph , de ne L() to be theline graphof , which has a vertex for
each edge of and an edge whenever two edges afhare a vertex.

Observe that for any simple-smooth pair(a; b in Sy with kernele, there exists an open
disk D, whose boundary is the cunee Seta andtPto be the closures of the open ageca e
andbnein Sy nD.. Note thata’ andl determine an edge iNA}, Sy nDe; C* |, denote this

edge byah

Lemma 2.4.5.Let Sy be a surface witly 2. Let(a; b and(p; g be simplek-smooth pairs
on Sy with the same kernel LetD. be an open disk whose boundargisThen(a; )  (p;0)

if and only ifabandpgare connected il. (NAY SynDg; C* ).

Proof. We rst prove the forward direction. The rst goal is to show that any generating rela-
tion will be connected i (NAY, SgnDg; Ck ). Let(a;  (b;u) be the generating relation.
By Lemma 2.4.4(a; b and(b; u) will have the same kerna. So bothabandbu are edges

in NAY SnDe;Ck and will be connected tb. So the verticesbandbuin the line graph

L(NAY SnD,;C¥ ) are connected by an edge. Since the relatioris a transitive closure,
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then any two simplé&-smooth pairs that are equivalent will be able to be connected by a path
inL(NAY SnDg;CK).
Next, we prove the backward direction alhandpgare connected in(NAY, SnDg;Ck ),

then there is a path INAY, SnD¢;CX from the arc’to p°(this path may, or may not, pass

u; is an arc inSy n De, it can be extended to@* curveu§ in Sy by a subarc ok. The edge
condition ofNA L SnD¢;Ck willimply that (a; u?) is a simplek-smooth pair irS;. Notably,
thenenais an arc contained in? andb.

Consider the surfacg, n (D[ a9. Since’andu;, are disjoint froma®and closed subsets,
then the boundary componeaff] (ena) has an open neighborhood that does not intetfect
or u;. So there exists 2 CY Sy; C* in this neighborhood that are disjoint fromb, andus.
Moreover, will be homotopic taa sinceeis inessential. Sincena is the only portion oband
ud that is contained in the annulus betweeand . Soany 2 CY S;; Ck thatis contained in
this annulus will intersedbif and only if it intersect n a if and only if it intersectsu?. Thus
(&b (au)).

Since (u?; ud) is a simplek-smooth pair such thaia; u?) ; (u?;ud), then this process
can then be continued for each step of the path. Thus by transitivity of the relatipn

(&b (p;q. 0
Utilizing the above result, we get following lemma, which is the reverse of Lemma 2.4.4.

Lemma 2.4.6.Let Sy be a surface witly 2. Let(a; b and(p; g be simplek-smooth pairs

onSy. If (a; b and(p; g have the same kernel curve, thenb)  (p; 9.

Proof. Since(a; b and(p; g have the same kernel curggthen by Lemma 2.4.5, they will be in
the same equivalence class exactly if they are connected in the linelgilpt, SnD,;Ck ).
But by Lemma 2.4.3NAY SnDe;Ck is connected when its genus is at least 2. Thus its line

graph must also be connected andad) (p; Q). O

We are now ready to state and prove the nal result of this section.
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Lemma 2.4.7.LetSy be a surface witly 2. Let(a; b and(p; g be simplek-smooth pairs
onSg and let 2 Aut © Sy; Ck . Then(a; b and(p; g have the same kernel curve if and

onlyif( (a); (b) and( (p); () have the same kernel curve.

Proof. Suppose thafa; b and (p; g9 have the same kernel curve. Then by Lemma 2.4.6,
(a;b (p;9. Since the generating relation for kernel equivalence depends on homotopies,
intersections, and containment in annuli, then by Lemmas 2.3.7 and 2.3.11 the equivalence re-
lation will be preserved by. Thus( (a); (b)) ( (p); (0).ByLemmaZ2.4.4( (a); (b)
and( (p); () will have the same kernel curve.

Since is an automorphism, then the reverse direction comes from using the automorphism

! with the exact same reasoning. O

2.4.3 Inessentiaturves

In this section, we give some ways that inessential curves and their intersections can be detected
in bothEC Sy; Ck andC Sy; C* . This is necessary in the proof of Proposition 2.4.1. Recall

from Lemma 2.2.2, that any curve BC' S; C* is separating if and only if its link is a join.

Lemma 2.4.8. Let Sy be a compact surface with 1 and no boundary. A curve 2
EC Sy; C* is inessential if and only i€ is separating and one side of the join contains only

separating curves.

Proof. Every inessential curve bounds a disk and separates this disk from the rest of the surface.
Socis a separating curve and one side of the join will be all the curves contained in this disk.
But these must also be inessential curves and so are all separating curves.

If cis a separating curve that is essentiebjnthen there must be at least one genus in each

component of5y nc. But then there will be nonseparating curves in every part of the jdin.

The lemma above guarantees that the restriction map given in Proposition 2.4.1 is well-
de ned on vertices. We now identify the graph structures associated to the different possibilities

for edges.
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Lemma 2.4.9. Let Sy be a surface wittg 2. Letf be an essential curve anglbe an
inessential curve iEC Sy; C* . Thenf ande are disjoint if and only if there exists a simple
k-smooth pair(a; b with kernele such thata is disjoint and not homotopic tb and there is a

curvea®2 C¥ Sy; CX homotopic tca and disjoint froma; b; e;andf .

Proof. Suppose that ande are disjoint. Sincé is essential, then the subsurfeggen f will
have some genus, and so there are essential nonseparating cu®/e%,iic* in the same
component asthat do not intersedt. One of these can be smoothly isotoped to loop ar@und
while still remaining disjoint fronf . Let this curve b&. Note thata will not be homotopic to

f since it was essential 8 nf . Sinceg 2, it will be possible to nd another nonseparating
curveb 2 C¥ Sg; Ck  such that(a; b) form a simplek-smooth pair with kernet. Sincee and

f do not intersect, thea can be homotoped througdto make a new curve isotopic tband
consisting of arcs oh andena. SinceSyn(f [ b) is open inSy, then this curve can be pushed
off of a ande into a neighborhood and smoothed to make a cah&CY Sy; C* that has the
desired properties.

On the other hand, suppose that we have a sifkydmooth pair(a; b with kernele such
thata anda® have the given properties in the lemma statement. Siraredalare disjoint and
homotopic, then they must bound an annulu$in Sinceb s disjoint froma’ andbn a is
two arcs with endpoints on opposite sidesipfhen the annulus betwearanda® must contain
one of these arcs. Buatis inessential ant)is not homotopic t@, so it must be the arc that is
contained ire. Soeis completely contained in the closed annulus betwaeanda’ Sincef is
essential, not homotopic ®and does not interseator a° then it cannot intersect any curves

that are contained in the annulus. Tlesndf do not intersect. O

Figure 2.22: The three possible edges given in Lemmas 2.4.9 (left), 2.4.10 (middle), and 2.4.11
(right).

In the proof of [4, Lemma 5.1], Long—Margalit—-Pham-\Verberne-Yao give a classi cation
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of disjoint inessential curves using bigon pairs that has a similar avor to Lemma 2.4.10 below.
They claim that their classi cation works for both nested and unnested inessential curves, but
in actuality only applies to the nested case. Instead, the classi cation for the unnested case is

that there will exist two disjoint bigon pairs, similar to the one given in Lemma 2.4.11.

Lemma 2.4.10.LetSy be a surface witly 2. Leteandf be inessential curves BC S;; C* .
If necessary, switch the names so tbat6 D:. Thene andf are disjoint and nested if and
only if for any simplek-smooth pair(a; b with kernele, there exists a simplke-smooth pair

(p; 9 with kernelf such thatp is disjoint froma andq s disjoint fromb.

Proof. Suppose thatandf are disjoint and nested. Sinbg 6 Ds, thenf is contained irDe.
Let (a; b be any simpl&k-smooth pair with kerne¢. Thena andb can be smoothly isotoped
within D to make a simpl&-smooth pair(p; g with kernelf . By smoothly pushing off of

a outside ofDe, it is possible to make the curyebe disjoint froma. Similarly, g can be made
disjoint fromb. So the desired simplke-smooth pair exists.

To prove the other direction, rst suppose tleeindf are not disjoint. Lek 2 e\ f. Let
(a; b be a simplek-smooth pair with kerne¢ such thatx is contained in one of the overlap
sectionsc; or ¢,. Thusf will intersect botha andb. So any simplé&-smooth pair(p; g with
kernelf must have eithep or g containx. But then that curve will intersect bothandb and
thus we cannot have the characterization given in the lemma.

Now suppose that andf are disjoint and not nested. Then it is possible to nd a sim-
ple k-smooth pair(a; b with kernele such thata and b both intersect at least twice non-
consecutively with respect to an orientation fon By the construction of simpl&-smooth
pairs, for any simpl&-smooth paii(p; 9 with kernelf , bothp\ f andg\ f are both a single
arc. If pis disjoint froma, thenq must contain any points ih\ a. Similarly, if g is disjoint
from b, thenp contains all the points ih\ b. But then if both of these conditions hola\, f and

g\ f must each have at least two arcs, and {fpus) cannot be a simplk-smooth pair. [

Lemma2.4.11.LetSy be asurface witly 2. Leteandf be inessential curves BC S;; C* .

Theneandf are disjoint and not nested if and only if there exist disjoint sinkpteanooth pairs
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(a; b with kernele and(p; g with kernelf .

Proof. Suppose thae andf are inessential curves that are not nested. Since each pair of
simple closed curves lives on a nonseparating pair of pants, it is possible to nd disjoint simple
k-smooth pairs foeandf on a surfac&y with genusy 2.

To prove the reverse direction, suppose there exist disjoint sikapheooth pairga; b) with
kernele and(p; g) with kernelf . Thuse andf must be disjoint. Since the simpkesmooth
pairs are comprised of essential curves, thgn6 D; andp; 6 De. Thus no part o[ bis

in Dy and no part op[ qisinD.. Soeandf are not nested. O

Lemma 2.4.12.Lete;f 2EC S;; C* withg 2and 2 Aut © Sy;C* . Then
(i) if einessential and essential, anda; b is any simplé&k-smooth pair with kerne, then
eandf are disjoint if and only if the kernel ¢f (a); (b)) is disjoint from (f).
(i) if eandf are both inessential, anfh; b) is any simple&k-smooth pair with kerne¢ and
(p; 9) is any simplek-smooth pair with kernell , thene andf are disjoint if and only if

the kernel of (a); (b)) is disjoint from the kernel of (p); (Q)).

Proof. By Lemma 2.4.7, will be well-de ned on kernel curves of simplie-smooth pairs.
Thus the choice of the simple-smooth pair(a; ) does not affect the resulting kernel of
( @; ().

Letf be an essential curve amdbe an inessential curve. By Lemma 2.4eandf be-
ing disjoint depends only on simplesmooth pairs, intersections, and homotopies. So by
Lemma 2.3.7 and Proposition 2.3.1, these structures are preserved Tiyus the kernel of
( (8); (b)) and (f) will still have the same relations that will force them to be disjoint.

Now, consider the case wheeandf are two inessential curves. By Lemmas 2.4.10 and
2.4.11,e andf are disjoint, depending characterizations using simkpdenooth pairs and in-
tersections. By Proposition 2.3.1, this characterization will be preserved. Thus the kernels of

( (@); (k) and( (p); (g) will also be disjoint. Il

54



2.4.4 Proofof proposition

Finally, we complete this section by showing that restriction to the essential curves gives an
isomorphism between the automorphisms of the exte@fecurve graph to the automorphism

of the Ck-curve graph.

Proof of Proposition 2.4.1Let 2 Aut(EC Sg; C¥ ). By Lemma2.4.8, mustsend inessen-
tial curves to inessential curves and send essential curves to essential curve€’ S

is a subgraph oEC S;); C* , then () will be a well-de ned restriction of to only the es-
sential curves. Note thatis a homomorphism since the restriction has no affect on the action
of on the essential curves.

Suppose that( ) is the identity automorphism. Then each essential cun&ghS,; C*
will be mapped to itself. But for each inessential cueyéhere is a simpl&-smooth paira; b
of essential curves witk as their kernel. Sincéa; b will be sent to itself and determines a
unique inessential curve, themmust also be sent to itself by. Thus is the identity. So is
injective.

Nowlet 2 Aut C’' Sy;C* . Consider an inessential cure® EC' Sy; CK . Pick a simple
k-smooth pair(a; b that determines a cunatand whose kernel is. From Proposition 2.3.1,

( (8); (b)) must be a simpl&-smooth pair that determinegd). Thus it must also have a
kernel curve. De ne an extension of, denotedb, to EC Sy; Ck by sendinge to the kernel
of ( (a); (b). By Lemma 2.4.7b is well-de ned on inessential curves.

To check is thab is an automorphism dEC Sy; C¥ , it needs to preserve the edges be-
tween all possible combinations of essential and inessential curves. On pairs of essential curves,
b is exactly automorphism of C’ Sg; Ck , and so it will preserve edges between essential
curves. By Lemma 2.4.12) preserves the intersections between inessential and essential
curves and the intersections between pairs of essential curveb. isSan automorphism of
EC Sy Ck .

In addition, (b) = by construction and so is surjective. Thus is a bijective homo-

morphism, which is an isomorphism. [
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2.5 Finishing the proof

We can now complete Step 3 from the proof outline given in the introduction. We show that
the natural homomorphismbetweerHomed‘(Sg) andAut C' Sg; CK is actually an isomor-

phism.

Proof of Theorem 11If the composed map

LiAUt O S;;Ck | Aut O Sy; CK

is the identity map, then will be surjective.

Let 2 Aut O Sy CK . Then( 1( ) is the action or® S;; C* induced by the
homeomorphisng 1( ). By Proposition 2.2.1, this homeomorphism induces the action
onEC Sy; CK correspondingto ( ). Butthen is the restriction of the action of ()
onEC Sy Ck to T Sy; C* |, which by Proposition 2.4.1 is exactly the mapSo !
is the identity map.

To show that is injective, consider a homeomorphignthat induces the same action on
Aut C' Sy; C*  as the identity map. For any2 Sy, consider a torus pafia; b that intersects
exactly at the poink. Then(f (a);f (b)) = ( a;b) is still a torus pair that intersects only at the
pointx. Thusf must x the pointx. Since this holds for every 2 S, thenf must be the
identity map orSy.

Since is a homomorphism and bijective, then it is an isomorphism. ]
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CHAPTER 3
DESCRIBING ELEMENTS OF Homeo 1(S)

In this chapter, we prove Theorem 2, which gives the necessary and suf cient local properties

for elements oHomed (S).

3.1 Overview of the proof of Theorem 2 and chapter outline

The proof of Theorem 2 is split into two parts, each corresponding to one of the logical direc-
tions of the statement. The forward direction involves recovering each of the three properties
stated in the theorem from an elementHafmed(S), while the reverse direction requires us to

show that any map with these properties is an elemeHoofied(S).

Forward direction.

We complete this step in Section 3.2. To prove the forward direction, we must have that any
element oHomed(S) maps evenC? curve to aC* curve, induces well-de ned homeomor-
phisms on the projective tangent space, and sends transverse sequences to transverse sequences.

The rst property follows directly from the de nition oHomed(S). The next step is to
show that an element ddlomed(S) induces a well-de ned map oRTS. We prove this by
showing that any homeomorphism $fthat sends ever¢® curve to aC® curve must respect
the equivalence classes at each point of curves with the same tangent line.

To obtain the second property, we utilize the identi cation of the projective tangent space
with S to obtain that the induced map is a homeomorphism. This follows from the fact that
bijections ofS* preserving cyclically ordered triples are homeomorphisms.

Finally, to show that an element Biomed(S) sends all transverse sequences to transverse
sequences, we work from a contradiction. We assume that the homeomorphism maps some

transverse sequence to a sequence that is not transverse and has a convergent subsequence. We
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are then able to construciGt curve whose preimage is n6t.

Reverse direction.

This step of our proof is completed in Section 3.3. Our goal is to show that any homeomorphism
satisfying the three properties from Theorem 2 must be an elemétdrmed(S). From the
rst property, we know thaf maps everyC* curve to aC?* curve. Thus it only remains to show
thatf *also maps ever¢?! curve to aC? curve.

We use the homeomorphism on the tangent space at each point to recover that every image
of aC? curve undef ! must have a unique tangent line at every point. We then use transverse
sequences to show that these tangent lines must vary continuously, which is an equivalent

characterization o€? curves.

3.2 Properties of elements oHomed(S)

The goal of this section is to prove the following proposition, which is the forward direction of

Theorem 2.

Proposition 3.2.1. For a smooth surfac8, if f 2 Homed(S), thenf has the following three
properties:

(a) f maps everng? curve to aC? curve,

(b) df,is a homeomorphism for gi2 S, and

(c) f maps every transverse sequence to a transverse sequence.

We accomplish this proof in three steps. First, we show that prop&yiynplies thatdf , is
well-de ned. We then obtain proper{y), that this induced map is a homeomorphism. Finally,

we prove propertyc), that transverse sequences are preserved.

3.2.1 A well-de ned mapof projectivetangentspace

In this rst section, to get thadf, is well-de ned, we prove the following result:
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Lemma3.2.2.Letf 2 Homed(S). Let and be simpleclose@!curvesinSandp2 \

If and have the same tangent line@thenf ( ) andf ( ) have the same tangent line at

f(p).

Before we prove the Lemma 3.2.2 we need to discuss intersecti@safrves and prove

relevant lemmas for each type of intersection.

Characterizing intersections &?* curves. Any intersection between twG?! curves can ei-
ther be an isolated point or a limit point for a sequence of intersection points. In the isolated
case, the intersection can be either transverse or tangent. Further, for a tangent intersection
point, the curves can either locally cross each other or stay on the same side that they started.
When the curves stay on the same side, we call thiseasidedntersection. The intersections
that are either transverse or cross at the tangency are referreddpadsgically transverse
intersections.

The next few lemmas show that tangencies are preserved by elemétumefd (S) in all
three of these cases: Lemma 3.2.3 proves the result for one-sided tangents, Lemma 3.2.4 for

topologically transverse tangents, and Corollary 3.2.6 for limit points of intersection points.

Lemma 3.2.3.Letf 2 Homed(S). Let and be simple close@?! curves inS that intersect
at an isolated poinp with a one-sided intersection. Théf ) andf ( ) have the same tangent

line atf (p).

Proof. Let and beC!? curves that intersect at a poin2 S in a one-sided intersection. We
note that and must be tangent ai. If not, there would exist parameterizations ofand
such that the tangent vectorspare not scalar multiples of each other. But theand
would be transverse @t Thus the intersection gtwould also be topologically transverse and
not one-sided.
Sincef is a homeomorphism, then it will preserve one-sided intersections. Furthermore,
sincef mapsC? curves toC? curves, therf ( ) andf ( ) areC?! curves with a one-sided

intersection af (p). Thusf ( ) andf ( ) have the same tangent linefdp). O
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Lemma 3.2.4.Letf 2 Homed(S). Let and be simple close@? curves inS that intersect
tangentially at an isolated poing with a topologically transverse intersection. Thiefr ) and

f ( ) have the same tangent linefafp).

Proof. Let and be simple close€?! curves inSwithp2 \ suchthat and have
the same tangent line @t If and are topologically transverse, then there exist simple
closed inessentid! curves and such thateach pafr; g¢,f; o, f; g9,f; 9f; g
intersects ap with a one-sided intersection. This can be accomplished by following eitber

and switching to the other curve @tand then closing the curve without crossing either

Figure 3.1: Two topologically transvers®* curves and at the pointp with the one-sided
tangent curves and

Thus by Lemma 3.2.3,( );f( );f( ); andf ( ) must all have the same tangent line at
f(p). O

Now that we have both isolated point cases, we move to the case of a limit point of inter-
section points. To accomplish this, we rst give a result ab@titurves that intersect in nitely

many times irk?.

Lemma 3.2.5.1f and are two simpleC! curves inR? that intersect at in nitely many
distinct pointsx,, that converge to the origin, then there are parameterizationgtfand (t)

of and suchthat 40)= 90) 6 0.

Proof. By continuity, the origin must be a pointon Let (t): R! R?be aC! parameter-
ization of such that (0) = (0;0) and qt) 6 0. Up to replacing by t, we can assume

that in nitely many of thex, occur at positive values. Letx, be the subsequence of of the
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X, that have positivé values on (t). Similarly, there is &C* parameterization(s) : R! R?
of with (0)=0 and {s) 8 0. Lett, ands, be sequences such thaty) = X, = (Sk)-

Since (t) and (s) areC! parameterizations artgy ! Oands,, ! 0, then

i (D) _ (s)

©=lm ©=m,—~
— Iim (tk) — lim (s«)

ki1 tk ki1 Sk

= lim 2% = lim 2"

k!l [ ki1 Sk

Thus %0) and 0) must lie on the same line, which is the direction thatthe approacto.

Since both 0) and q0) are nonzero, then

90) _
0(0) lI<||r1n E_ C 2 Rnf0g
Thus can be reparameterized by= Ct so that 40) = 40). O

We can directly apply Lemma 3.2.5 to surfaces by using a smooth local chart to get the

following:

Corollary 3.2.6. If two simple closedC! curves and in S intersect at in nitely many

distinct pointsp, that converge tg, then they have the same tangent linp.at
Since we have dealt with each case individually, we can now complete this section.

Proof of Lemma 3.2.2Let and beC? curves inS with the same tangent line p2  \
If pis an isolated intersection point with a one-sided intersection, tlfefp andf ( ) also
have a one-sided intersection. So by Lemma 3f2(3) andf ( ) have the same tangent line
atf (p). If pis an isolated intersection point with a topologically transverse intersection, then
f ( ) andf ( ) have the same tangent linefgip) by Lemma 3.2.4.
If pis not an isolated intersection point, then there is a sequence of intersection points

fpng \ that converge t@. Sincef is a homeomorphism, theén(p,) is a sequence of
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distinct intersection points df( ) andf ( ) that converge td (p). Thus by Corollary 3.2.6,

f ( ) andf ( ) must have the same tangent lind §p). Il

3.2.2 Property(b): Homeomorphisnon PT,S

By Lemma 3.2.2, for any 2 Homeo(S) that maps everZ?! curve to aC! curve,f naturally
induces a map

dfp : PTpS ! PTf(p)S

between the projective tangent spaces. The goal of this section is to prove the following lemma

related to propertyb) from Theorem 2.

Lemma 3.2.7.Letf 2 Homed(S). Then for allp 2 S, the induced magf, is a homeomor-

phism.
We start with showing that the map is bijective.
Lemma 3.2.8.Letf 2 Homed(S). Then for allp 2 S, the induced magf,, is a bijection.

Proof. Note that for anyff 2 Homed(S), the inverse map ! must also be irHomed(S).

Thus by Lemma 3.2.4, !induces a map

df . PT; (p)S ! PTpS

1
f(p)
Moreover,sincéd f 1=f 1 f =id, then

dfp, df, 2 = dids( = id

and
dff(g) df, = did, =id
Thusdf, is a bijection. O

To show thatf, is a homeomorphism, we rst observe the following:
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Observation 3.2.9.1f h : R! Ris a bijection that preserves (or reverses) the natural ordering

onR, thenh is a homeomorphism &.
We now use this observation to prove a general result for bijectioB83.of

Lemma 3.2.10.1f h : S| Slis a bijection that preserves (or reverses) the cyclic order of

every triple, therh is a homeomorphism.

Proof. By postcomposing with a rotation, we can assume lthaes some pointc 2 S?. Let

:S'nfeg! R be ahomeomorphism such that for agy 2 R such thak <y, the cyclic

triple[ (x)' *(y)q] of Stisin clockwise order.

Figure 3.2: The homeomorphismfrom St nfogto R

Then' hjsieg ' 'is an order preserving (or reversing) bijection®nSo by Obser-
vation 3.2.9,  hjsinrgg ' 'is @a homeomorphism. Thi§s: ¢ is also a homeomorphism.
Moreover, since any neighborhood ofvill be sent byhjs:,4 to a neighborhood of, then

hjsinieg can be extended to and remain a homeomorphism on all$¥. O

The next lemma shows that the induced map on the projective tangent space satis es the

conditions of the previous lemma.

Lemma 3.2.11.I1f f 2 Homed(S) is locally orientation preserving (or reversing) at2 S,

then the induced magif , preserves (or reverses) the cyclic order of every triple.

Proof. It suf ces to prove this result for the orientation preserving case, since the reasoning is
identical in the orientation reversing case, with the corresponding words replaced.
Let [abd be a cyclic triple ofPT,S in clockwise order. Sinca, b, andc are distinct, then

there are representative curves , and that are transverse pand a connected neighborhood
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N of psuch that these curves are disjoinNmf pg. Denote these disjointarcs ag, 2, 1, 2,

1, and ; such that in clockwise order aroupdthese arcs occur asthecygle 1 1 2 2 2]

Figure 3.3: The correspondence between cyclic tripld2Tigs and their representatives &
near the poinp

Sincef is a homeomorphism, then the afds 1);f ( 2);f( 1);f( 2);( 1), andf ( ,) are
also disjointinf (N nf pg). Moreover, the cycle ( )f ( )f ( )f ( 2)f ( 2)f ( 2)]isinclock-
wise order sincé is orientation preserving. Thdq ), f ( ), andf ( ) are still topologically
transverse gb with the same ordering.

By Lemma 3.2.8, we know thatf, is a bijection. Thugdfy(a); df,(b); anddf,(c) are
distinct and the cyclic tripl¢df ,(a) df ,(b) df ,(c)] is in clockwise order. Thusdf, preserves

the cyclic order of every triple. ]
We can now combine the above results to prove the main lemma of this section.

Proof of Lemma 3.2.7By Lemmas 3.2.8 and 3.2.11, we have that for &n Homed(S),
the mapdf , satis es the conditions of Lemma 3.2.10. Thlfs, is a homeomorphism for every

p2S. O

3.2.3 Property(c): Mappingtransverseseguences

In this section, we prove the following lemma, showing propécjyfrom Theorem 2.
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Lemma 3.2.12.Letf 2 Homed(S). Suppose that(p,; »)g is a transverse sequence that
converges to a poirgalong . Thenf (f (p,); df,("1))gis a transverse sequence that converges

to the pointf (p) alongdf,(").

Before we can prove Lemma 3.2.12, we need to give some intermediary results giving the

existence ofC! curves through non-transverse sequencédis.

Lemma 3.2.13.Let f p,g be a sequence of points R? n fpg that converge along a liné
to a pointp. If f(pn; n)g is a sequence ifPTR? that converges tqp; "), then there is a
subsequenci(p, ; "n, )9 and a simple close@* curve such that for allkk, p,, is a point on

and the tangent line of at py, is "y, .

Proof. We complete this proof in two steps. We rst nd the subsequence of pdinisg and

then we ndtheC?* curve that passes through this subsequence. This construction is inspired
by a similar proof from Rosenthal [16, Theorem 2] that nd€4& curve through a bounded
sequence of points. We have made adjustments to their argument to account for the additional

restriction on tangent lines.

Step 1: Finding the subsequenc®ur goal in this step is to restrict the sequence of converging
points in such a way to make it possible to dra®‘acurve through the subsequence.

By composing with an af ne map, we can assume thét the origin and the line is the
X-axis. Since th@, converge to the origin along theaxis, then only nitely many of them can
be on they-axis. So there is a subsequencé afg such that either the-values are all positive
or all negative. Additionally, there will be a further subsequence such thatva&ies are all
nonnegative or all nonpositive. Without loss of generality, we will assume that the subsequence
has positivex-values and nonnegatiyevalues. We can further take a subsequérgeg such
thatjpn.] > jpn.., ] > Ofor all s. For simplicity of notation, we sek = py..

Denote by(ab) the slope of the line between the poiatandb. Sincef psg is converging
to the origin along thex-axis, then(psp) is also converging to 0. If there is a subsequence
with (ps p) = 0, then we take this subsequence. Otherwise we can take a subsefjpgace

such that(ps, p) > (ps.., P) > 0. Furthermore, note thgps, ps..,) > (ps. p) forallr 2 Z*.
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Butasr ' 1 this slope will approaciips p). So we can take another subsequence such that
(pSk pSk+1) < (pSk 1pSk) for a” k

Finally, we can take a further subsequence so that the magnitudes of the slopesooi
verge monotonically to 0. We now set this nal subsequence to bé(he; ", )9 that we are

looking for.

Step 2: Drawing the€? curve. With the restricted sequenéép,, ; 'n,)d, we can now nd the
C! curve that passes through the poimts with the tangent lines,, . This step is done by
giving exact formulas for several arcs and directly checking that the resulting cu@e is
For simplicity, sep,, = (Xk; Yk) and letm, be the slope of,, . Set(Xo;Yo) = (X1+1; V1)
andmg = 0. Note that by choice of subsequenfes X +; < X forallk 2 Z 4. Then for

t 2 [Xk+1; Xk], Wwe de ne the curve

8
2t Xk Xk+1 (XK Xk+1 )My in 2 (t Xk)
+
% Xk Xk+1 2 sin Xk Xk+1 Yk
2t Xk Xk+1 Yk Yk+1 i Xk Xger
+ _ =
k(t) — Xk Xk+1 Xk Xk+1 t Xk) Yk if 2 t Xk
2t X Xk+1 (XK X1 )Mg+1 sin 2 (t Xg+1) +y
Xk+1 2 Xk Xk+1 k+1
. 2t Xk Xk+1 Yk Yk+1 ; Xk + Xk+1
XK+l Xk Xk Xke1 (t X))+ Vi L
Note that
Xk T Xk+1 Yk t Yk+1
k(Xk) = Yi; k(Xk+1) = Yie1; and > = >
Moreover,
2t 2t Xk Xk+1 2 (t xg) 1 2 (t xg)
et X) 4 1 c U Xk)
% My Xk Xk+1 cos Xk Xk+1 sin Xk Xk+1
2t Xk Xkl Yk Yk+1 i Xkt Xkl
O(t) — Xk Xk+1 Xk Xk+1 if 2 t Xk
2t Xg Xk 2 (t Xg+1) 1cin 2 (t Xke1)
% Mic Xk+1 Xk cos Xk Xk+1 sin Xk Xk+1
. 2t Xk Xk+1 Yk Yk+1 ; Xk + Xk+1
+ _ =
2 1 Xk+1 Xk Xk Xk+1 If Xie1 t 2
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with

Xi + Xg+1 Yk o Yk+1

0 —_ . 0 —_ . 0 —

k(X)) = M, (Xke1) = Myyq; and | ——4—— =2—""—
2 Xk X+l

We can see that eaclj is continuous on its domain. Since bath and% approach 0 as

k!1 and all other terms are bounded, theiit) ! Oask ! 1 . We then de ne the arc
:[0;%0]! R?as 8

2 0 .
0 - (0; 0) ift=0

Tt W) X U X

Note that \(Xks1) = Yisr = ket (Xks1) @nd 2(Xks1) = Msr = 24y (Xue1) @nd each is
Cl. Since qt) =(1; 2(t)) 6 0, then isaC!arc.
Now letymax = 1+ max k(t). Wethendenearcs :[0;1]! R?, :[0;1]! R? and
[0;1]! R2?by:

)= Vi y—2° (cos( (t+1=2));1+sin( (t+1=2)))
(t) = ( XO(l t); 2ymax yo)

(1) = ((Ymax  Yo)cos( (t = 1=2)) + Xo;(Ymax  Yo)Sin( (t  1=2)) + Ymax)

Note that; ; ,and together form a single closed curvesince

0= (1)=(0;0)
0)= (1)=(0;2Ymax Yo)
(0) = (1) = (XO; 2ymax yO)

(0) = (Xo0) = (Xo; o)
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Figure 3.4: The close@* curve in R?

In addition, ; and are allC? since

W= Ymax 23 ( sin( (t+122)); cos( (t+1=2))
W =( X0:0)
W=( (Ymax Yo)sin( (t 1=2)); (Ymax Yo)cos( (t 1=2)))

In order to get that the closed curveis C!, we also need to check is that the tangent lines

agree where the arcs; ; and meet. We denote the slope of the tangent lines of an arc

(1) =( x(1); y(1)) att by
y(t)

™= 90

It can be directly computed that

m@=my)=m 0)=m (@Q)=m 0)=m (1)=mO)=m (1) =0

Since the slopes are the same, the tangent lines agree at the endpoints of every pair of arcs.
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Finally, we need to show thatis a simple curve. By construction,

[0;X0] (1 ;Ymax 1]
(1 ;00 (1 ;1)

[0;Xo]  [Ymax;1)

[Xo;1] (1;1)

The interiors of the arcs are contained in the interiors of these regions, which are all disjoint.
So the arcs can only overlap at the endpoints.
Thus is a simple close€? curve through the sequence of poiffs, g with tangent line

“n, ateachpn, . O

By using a smooth chart, we can extend Lemma 3.2.13 3o any surfaces. This gives

us the following result:

Corollary 3.2.14. Let S be a surface and letp,g be a sequence of points Bin fpg that
converge along a liné 2 PT,S to a pointp. If (p,; ») is a sequence iRT S that converges
to (p; *), then there is a subsequerfgs,, g and a simple close@*! curve such that for alkk,

pn, is @ pointon and the tangent line of atp,, is 'y, .

Tangent lines and their angles.In R?, any element oPT.,yR? can be naturally identi ed
with the non-obtuse angle between a straight line representative and the horizontal line through
(x;y). We let - 2 St denote the angle corresponding to the lir2 PT 4.,y R?, with the natural
identi cation + n forn2 N.
Our next lemma gives a characterization for points converging along a line that u@ifizes

curves.

Lemma 3.2.15.Let f (Xxn;Yn)g be a sequence converging to the pdixty) 2 R?. Let® 2
PTxy)R?. Thenf (X»; yn)g converges along to (x;y) if and only if for any" > 0and anyC'

curves “ and whose tangentlines @k;y) have anglesif -; -+ ")and( - "; ), there
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exists a neighborhood of (x;y) andN 2 N such that for allin > N , (X;Y,) is in the same

componentitdn( * [ ) asthe straight line representative oét (x;y).

Figure 3.5: The pointéx,;y,) converging along the lineeventually stay between the regions
denedby( " =2, =2)[ (=2;"+ =2)and thus also the curves$ and

Proof. We rst prove the forward direction. After composing by an isometryR3f we can

assume thafx; y) is the origin and the-axis is the straight line representative otL.et” > 0.

Pick * and to be anyC! curves with tangent lines at the origin with anglés2 (0;") and
2 ( "0).

+

Set =minfj *j;j jg. Notethat* 2 [;")and 2 ( "; ]. Since the angles of the
tangent lines of * and  are continuous, then there is a neighborhbbdf the origin such
that the curves* and  stay within the region de ned by the anglés" =2; =2)]
(=2,"+ =2).

Let ,, denote the angle of the poifi,; y,) relative to the origin. Since the«,;y,) con-
verge along the-axis, then , converge to 0. So there exists 2 N such that for alh > N 4,

n 2 ( =2, =2). Moreover, sincéx,;y,) converge to the origin, then there exisdts 2 N
such that for alh > N », the pointqdx,;y,) are contained itJ. By settingN = maxfNy; N.g,
we have found the desirddl andN .

We now prove the reverse direction. Let and  be the straight lines with anglésand

". Since" is arbitrary, then the angle of the points,;y,) relative to the origin must be

converging to 0. Thus the sequerid¢&,; yn)g is converging along the-axis to the origin. []
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Note that Lemma 3.2.15 also applies locally to sequences that converge along lines to points
in a surfaceS by replacing straight line representatives with locally geodesic representatives.
We can now prove Lemma 3.2.12 and Propostion 3.2.1, giving the forward direction of Theo-

rem 2.

Proof of Lemma 3.2.12Letf 2 Homed(S). We proceed by contradiction. Assume that we
have a transverse sequeri¢p,; »)g that converges tp along™ such thaf (f (p,); df,("n))9
is not a transverse sequence.

Sincef is a homeomorphism, thefif (p,)g must converge td (p). Next, let" > 0 and
consider a pair of curves® and  from Lemma 3.2.15 through the poih{p) such that the
angles * and areinthe interva( a0y o odip,)t ). ByLemma3.2.7, the curvés )
andf 1( ) have tangent lines at with angles in the intervalé -; -+ )and( - ; )
respectively, for some > 0. Sincef p,g converges along to p, there is a neighborhood
of U of pandN 2 N such that for alih > N , the pointsp, are in the same component of
un¢ Y *)[ f I )) asalocally geodesic representative oBut then for alln > N , the
pointsf (p,) are in the same componentfaqfU)n( *[ ) as alocally geodesic representative
of df 5(*). Thus by Lemma 3.2.15, the sequehégp,)g converges alondf,(") tof (p).

For f (f (pn); dfp("n))g to not be a transverse sequence, it must have a subsequence that
converges tqf (p); df,(*)). By Corollary 3.2.14, there is €' curve through a further
subsequence(f (pn,); df,("n,))g such that the tangent line of at eachf (p,,) is df,("r, ).
Thusf ( ) must be a curve through the points, with tangent lines ,,. Since this is a
subsequence of the transverse sequéiipg ,)g, these tangent lines cannot converge. So

f 1( ) cannot be & curve. But this contradicts the assumption th& Homed(S). [

Proof of Proposition 3.2.1Property(a) comes directly from the de nition dflomed(S). The

other two desired properties are given by Lemmas 3.2.7 and 3.2.12, respectively. [
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3.3 RecoveringHomed(S)

The goal of this section is to show that the properties of elemerttonfed(S) are suf cient
to guarantee that the inverse map must also €&hdurves toC* curves. More precisely, we

prove the following:

Proposition 3.3.1. For a smooth surfac8, if f 2 Homeo@) has the following three proper-
ties:

(a) f maps evengZ! curve to aC* curve,

(b df, is a homeomorphism for g 2 S, and

(c) f maps every transverse sequence to a transverse sequence,

thenf ! maps everg?! curve to aC? curve.

We prove this proposition in two steps. We rst prove Lemma 3.3.2, showing that every
point of the preimage curve has a well-de ned tangent line. We then prove Lemma 3.3.4, which

shows that these tangent lines must vary continuously.

3.3.1 Well-de nedtangentines

We rst make a note on what it means for a curve to have a well-de ned tangent line at a point.
The tangent line at a point(t) = ( 1(t); »(t)) on the parameterized curvein R? is uniquely
determined by the slope of the line. Thus we have a well-de ned tangent line if the slopes of
the secant lines approachindt) have a unique limit. In other words, there is a well-de ned

tangent line at (t) if
i 20 ()
hto ((t+h)  4(t)

exists. In our case, we also allow vertical tangent lines if

iminf 2EF ()

ho q(t+h) L (t) 1

This notion of a well-de ned tangent line can also be translated locally to any surface using a

smooth chart around the poinft).
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With this de nition in mind, the goal of this section is to prove the following:

Lemma 3.3.2.1f f 2 Homeo@S) preserves tangencies amifl, is a homeomorphism for all
p 2 S, then for any simple closed® curve , the curvef *( ) has a well-de ned tangent line

at every point.

Before we prove this lemma, we note the following observation, which is a weaker version of

Corollary 3.2.14.

Observation 3.3.3.Letfx,gt_, be a sequence of points $ithat converge to a point. Then

there is a simple close@?! curve inS that intersects in nitely many of the,.

We can now prove the main result of this section.

Proof of Lemma 3.3.2Let be a parameterize@® curve inS such that (0) = f (p). We
prove this result by contradiction. Assume that( (0)) does not have a well-de ned tangent
line. Thus after applying a local chart from a neighborhood of( (0)) to R?, the limit of
the secant slopes does not exist. Denote the coordinates'6f(t)) in the local chart by

( L 1(t); ,*(t). By considerinR?[flg = S*and using the compactnessS¥, there must
be a slopen 2 R?[flg such that a subsequence of the secant slopes convengesMore

. . 1- 1 .
precisely, there exigh 2 =)~ with

LMt 2M0) _
M) L)

But the limit for all the secant slopes approachihgloes not exist, so there is some open

neighborhoodN,, of m such that there exist, 2 £; 2 with

2(sn)  27(0)

IR Rl

Thus this sequence of secant slopes is a subsgt o\ ,,, which is also compact. So there is

a subsequendes;,, g such that

lim 2 1(Snk) 2 1(0) — 0
Ki' o Y(sn)  17(0)
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For somem®6 m. By applying a rotation if necessary, we can assume that neithasr m°
are in nity.

By Observation 3.3.3, there exist simple closgticurves and such that intersects
in nitely many of thef *( (t,)) and intersects in nitely many of thé *( (s, )). Note
that the tangent line of atp must have a slope o, while the tangent line of atp must have
a slope ofm® Sincef ( ) and areC? curves that intersect at in nitely many distinct points
that converge td (p), then by Corollary 3.2.6( ) and must have the same tangent line at
f (p). Similarly,f ( ) and areC? curves with the same tangent linefgip). Thusf ( ) and
f () must have the same tangent lind §p). But sincedf, is a homeomorphism, this means
that and must have the same tangent lingaf his is a contradiction since by construction

m6 m° O

3.3.2 Continuity of tangentines

EveryC! curve has tangent lines at every point that vary continuously. Work of Bgrgouf
[19, Theorem 10] shows that for simple closed curves, continuously varying tangent lines is
suf cient to recover &C*-regular parameterization with nonzero tangent vectors.

We de ne a functionM : R! RJ[1 = S!that gives the slope the tangent lines of a
curve . Precisely, for a parameterized curv@) = ( 1(t); »(t)) in R? this function is de ned

as

i 2t h) o o(t)
M@=lm - n 0

By using a smooth chart, this function is also de ned locally for curves on surfaces whenever

the tangent line is well-de ned.

Lemma 3.3.4.For a surfaceS, letf 2 Homeo(S) has all of the following properties:
(a) f maps eveng?! curve to aC? curve
(b df,is a homeomorphism forai2 S
(c) f maps every transverse sequence to a transverse sequence.

then for anyC* curve , M¢ 1y is continuous.
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Proof. Let (t) be a parameterize@! curve such thaf *( (0)) = p. First, note that as
a consequence of Lemma 3.3.2, for any sequépde R that converges to 0, the sequence
f 1( (tn)) converges along the line with slop&; 1 (0) to p. By rotating the chart around
p, we can assume thdt; 1 y(0) is nite.

Now suppose for a contradiction thiél; 1( ) is not continuous. Then there is a sequence
of t, in R that converges t0 such thatM; 1( )(t,) does not converge tdl; :( ,(0). More-
over, there exists ah > 0 and a subsequendg, such thatM; :((tn,) is outside of an
"-neighborhood oM; 1 y(0). Thus no subsequencelf 1 )(tn, ) converges td; 1 (0).

Let p« denote the points *( )(t,, ) and let'y denote the element iAT,, S that corresponds
toM; 1¢(ts,). Sof (pk; k)9 is a transverse sequence.

Note that by construction, the slope d@ff, ("x) is M (t,, ). Thusf mapsf (pc; «)gto a
sequence of points and tangent lines fromhat converge to (0). But is aC? curve and thus
M (t,,) convergestd! (0). Thusff (p); df,("«)gis nota transverse sequence, contradicting

property(c). ThusM¢ 1 y must be continuous. O

Proof of Proposition 3.3.1By Lemmas 3.3.2 and 3.3.4, ! maps aC! curve to a curve
that has continuous tangent line at every point. The result of Bgrg0uf[19, Theorem 10]

implies thatf () is also aC? curve. O

3.3.3 Finishingthe proof

Combining Propositions 3.2.1 and 3.3.1, we now derive our main result.

Proof of Theorem 2Proposition 3.2.1 proves the forward direction of the theorem. For the
reverse direction, properta) gives thatf maps everyC?! curve to aC! curve. By Proposi-

tion 3.3.1,f ! also maps everg! curve to aC* curve. Thu§ 2 Homed(S). O
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CHAPTER 4
EXAMPLES

In this chapter, we give several explicit examples of maps that are elemésrefd (R?) but
notDi ¥(R?), proving Propositions 1.5.1, 1.5.2 and 1.5.3 from Section 1.5. These examples
are given orR? for simplicity. The non-differentiable points can then be added to any diffeo-
morphism on a surface using local charts and bump functions. The primary goal for many of the
examples for Proposition 1.5.2 is to dismiss potentially simpler characterizations for elements
of Homed(S).

We start this chapter with the examples for Proposition 1.5.1 and(gaftom Proposi-
tion 1.5.2. We then give a subtle non-example of a potential counterexample to the containment
Homed(S) Homed(S). We continue with examples for pauis) and(iii ) from Proposi-
tion 1.5.2. We then give a non-example that proves Proposition 1.5.3. Finally, we conclude this

section with the examples for pa(is) and(v) from Proposition 1.5.2.

4.1 Losing linearity with Le Roux—Wolff

This rst example is given to prove Proposition 1.5.1 and is based on one given by Le Roux—
Wolff [3, Section 5]. The goal of their example was to give an elemetahed (S) (which

they denote byHomeaq (S)) that is not inDi * (S). This is accomplished by adjusting the
angles of curves through a point to prevent the induced map between tangent spaces from being
linear. Our example is nearly identical to theirs with only small adjustments to the justi cations

to account for the use @* curves instead of! curves.

Proof of Proposition 1.5.1Letb: R! R be aCX diffeomorphism such thdt(x) = x when
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X is outsidg[1=2; 2], butb(1) 6 1. Dene B : R?>! R? by

8

2 (. _ :
B(xy) = ) (X; x b(y=x)) ?fxso

T(xy) ifx=0

The reasoning that Le Roux—Wolff uses to show tBat curves are mapped ©! curves
relies on the next level of differentiabiliy. So their reasoning will only give th&icurves are
mapped taCk ! curves. Fortunately, it can be shown by direct computation that the image of
any C* curve undeB will also be aC* curve with nonzero tangent vectors. BRitis not a

diffeomorphism.

dBp

Figure 4.1: The induced map on tangent vectors at the origin.

The images of unit parameterized curves onxhandy-axes with tangent vecto(9; 1)
and(1; 0) at the origin will have those same tangent vectors, while the image of a curve with
tangent vecto(1; 1) at the origin will have the tangent vector (f; (1)) 6 (1;1). Thus the

induced map on the tangent spaces cannot be linear. m

4.2 Containment ofHomed(S)

A natural question to ask is if there are any containment relationships betwedartied' (S).
The following proves proposition is related to péry from Proposition 1.5.2, showing that

Homed(S) 6 Homed(S), forany2 k 1

Proposition 4.2.1. There exists an elemeM 2 Homed (R?) nDi *(R?) such thatM 2
Homed (R?), forany2 k 1
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Proof. To accomplish this, we consider is whether an elememiahed(S) must also map
any C? curve to anotheC? curve. A curve can be determined to 68 by the existence of

continuous curvature, which is independent of the parameterization of the curve.

Figure 4.2: Osculating circles for the imageyof x2, showingthat (0 )=2 and (0*) = %

Let 8
2 p——+2 if(xy)6(0;0)
‘v) = X2+ y?
mx;y) = _
-2 if (x;y) =(0;0)

Then de ne the map

M (X;y) = (xm(X;y);ym(x;y))

Figure 4.3: The action of the may on a polar grid.
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Note that the limit ofm(x;y) is 1 when approaching the origin along the negaxvaxis
but when approaching from the positiveaxis, the limit ofm(x; y) is 3. This difference causes
a jump discontinuity in the curvature at the origin for the image uiniesf someC?! curves.

Since anyC™ curve is also &X curve, wheneve® k m 1 ,thenM is not an
element oHomed (R?), forany2 k 1 .ButM is anelement oHomed(R?), and so we

have thaHomed(S) 6 Homed(S) forallk 2. O

4.3 A cautionary non-example forHomed(S)

For the next example, we introduce a homeomorpHismf R? that appears to be an element
of Homed(R?) but not an element diomed (R?). This map sends evefy? curve to another
C?2 curve, but takes som@? curves to curves that have corners, which areGiot

Before explaining how the maN works, we recall some facts aboGf curves. First,
everyC? curve inR? has nite curvature at every point. Thus &P curves with horizontal
tangent at the origin must lie in a neighborhood of the origin between the curvegxj3=2
andy = j xj*2 which have in nite curvature at the origin. The map leaves this region
unchanged, while squeezing curves that lie between jxj3>=? andy = jxj towardsy = jXj
as the curve approaches the origin. Figure 4.4 showsNigweservey = x2, but forces the

image ofy = 2jxj** to have a corner at the origin.

Figure 4.4: The action of the map ony = x? andy = 20jxj3=

The squeezing is then also done symmetrically across-tés so that ang? curves with
non-horizontal tangents are squeezed towgrdsx ory =  x with curvature 0, which forces
their images to b€? as well.

WhereN fails to be an example frolHomed(R?) is that it forces the image of too many
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curves to have curvature 0 at the origin. For example, the image of theyenagn(x) jxj3=2
will have curvature 0 at the origin and thus 8. So the action oN on C(R?; C?) does not

give an automorphism of the graph.

4.4 Modifying magnitudes with Le Roux—Wolff

This example proves the following proposition related to fiajtfrom Proposition 1.5.2.

Proposition 4.4.1. There exists an eleme6t 2 Homed(R?) nDi !(R?) such thatdG.q is

the identity, butG is not differentiable at0; 0).

Proof. We buildG : R? ! R2 similar Le Roux—Wolff's example [3, Section 5]. Instead of only
changing the/-coordinates, we adjust their construction in order to modify both coordinates.
Letg: R! R* be a smooth homeomorphism such ttydt) 6 1 andg(t) = 1 whenevet

is outside of the intervdll=2; 2]. De ne the mapG : R?! R? by

8

2 ey
Gxy) = (xg(y=x);y 9(y=x)) ffxao

- (xy) ifx=0

Note thatG is aC? diffeomorphism at every point except the origin. We can show by direct
computation that ever! curve through the origin is mapped 16 to a C! curve. Since
G ! is of the same form a&, thenG ! also maps everZ! curve to aC! curve. Thus

G 2 Homed(R?).

Figure 4.5: The action dB on the vectorgl; 0), (0; 1), and(1; 1) based at the origin

To show thatG 2 Di !(R?), we consider the action @& on vectors based at the origin.

By changing the magnitude of some of these vectors, we prevent the pushforwadfpap
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