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SUMMARY

In this work, we consider the automorphisms of �ne curve graphs where the vertices are

restricted to continuouslyk-differentiable curves. We show that for closed surfaces with genus

at least 2, they are all induced by homeomorphisms of the surface. Speci�cally, we show that

the automorphisms of these graphs are naturally isomorphic toHomeok(S), the subgroup of

homeomorphisms that preserve the set of one-dimensionalCk submanifolds of the surface.

This result extends analogous work of Farb–Margalit and Long–Margalit–Pham–Verberne–

Yao.

In addition, we study in further depth the particular case whenk = 1 and provide local

conditions that characterizeHomeo1(S). We show that there exists a collection of conditions

that are both necessary and suf�cient for a homeomorphism of the surface to be an element of

this group. These conditions primarily depend upon the structure of the induced map on the

projective tangent bundle.

Finally, we provide examples of several types of elements ofHomeok(S) that are not dif-

feomorphisms. These include elements inducing discontinuous maps on the projective tangent

bundle and having in�nitely many non-differentiable points.

xiii



CHAPTER 1

INTRODUCTION AND BACKGROUND

The overarching theme for this work is to build connections between maps on surfaces and

automorphisms of graphs. We are then able to leverage this combinatorial perspective to study

these surface maps and learn a great deal about them.

Let S be a smooth surface. For0 � k � 1 , we say that a simple closed curve� on S is

Ck if it is a properly embedded one-dimensionalCk submanifold ofS. We de�ne theCk-curve

graphCy
�
S; Ck

�
to be the graph whose vertices are essential simple closedCk curves onS.

There are edges between vertices when the corresponding curves are disjoint. TheC0-curve

graph is equivalent to the �ne curve graphCy(S), introduced in 2012 by Farb–Margalit [1].

The group ofCk diffeomorphisms of the surface, denotedDi� k(S), is a group that naturally

acts on theCk-curve graph via its action on the surface. Bowden–Hensel–Webb [2] utilize this

action and the hyperbolicity ofCy(S; C1 ) to show that the identity component ofDi� 1 (S)

is not uniformly perfect for closed surfaces with genus at least 1. One might be tempted to

guess that the automorphism group of theCk-curve graph, denotedAut Cy
�
S; Ck

�
, would be

naturally isomorphic toDi� k(S). But an example recently given by Le Roux–Wolff [3] shows

that Aut Cy(S; C1 ) is strictly larger thanDi� 1 (S). In more generality,Aut Cy
�
S; Ck

�
must

also be strictly larger thanDi� k(S) for anyk.

The remainder of this introduction is organized as follows. We start in Section 1.1 by stat-

ing Theorem 1. In Section 1.2, we discuss some prior work related to automorphisms of curve

graphs and the connection to Ivanov's metaconjecture. In Section 1.3, we de�ne relevant struc-

tures and state Theorem 2, focusing on the particular case whenk = 1. In Section 1.4, we go

into a further discussion on the projective tangent bundle of the surface and its connections to

C1 curves. In Section 1.5, we give brief descriptions and consequences of our example ele-

ments, which are de�ned in more detail in Chapter 4. Finally, Section 1.6 contains a collection

of open questions.
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1.1 Statement of Theorem 1

Let Homeo(S) denote the homeomorphism group ofS. We de�neHomeok(S) to be the sub-

group off 2 Homeo(S) such that bothf andf � 1 mapCk curves toCk curves. We denote the

closed oriented connected surface of genusg by Sg. Our �rst result is the following:

Theorem 1. For g � 2 and1 � k � 1 , the natural map

� : Homeok(Sg) ! Aut Cy
�
Sg; Ck

�

is an isomorphism.

An equivalent statement is that every automorphism ofCy
�
Sg; Ck

�
is induced by a (unique)

homeomorphism ofSg. In particular, since there are homeomorphisms that do not map every

C1 curve to aC1 curve, we have the following proper inclusions:

Di� k(S) ( Homeok(S) ( Homeo(S)

Previous work of Long–Margalit–Pham–Verberne–Yao [4, Theorem 1.1] gives the same result

from the statement of the theorem for thek = 0 case. Our result above gives the �rst examples

of automorphism groups of �ne curve graphs that are not isomorphic toHomeo(Sg).

1.2 Related work and Ivanov's metaconjecture

In this section, we discuss the foundational work of Ivanov on the classical curve graph and

similar recent advancements for �ne curve graphs.

The curve graph of a surfaceS, denoted byC(S), is the graph whose vertices are isotopy

classes of essential simple closed curves. There are edges between two vertices whenever there

exist representatives from each isotopy class that are disjoint. The group of homeomorphisms

of S up to isotopy, called the mapping class groupMCG� (S), naturally acts onC(S) by the

action of an element on the surface. Ivanov [5] showed that for surface with genus at least 3,

2



the natural map

MCG� (Sg) ! Aut C(Sg)

is an isomorphism. This provides a combinatorial model forMCG� (Sg), mirroring our result.

Ivanov's result also inspired several others to �nd other complexes associated to surfaces

that also have natural isomorphisms between their automorphism groups and the mapping class

group ([6], [7], [8], [9], and many others). This led Ivanov to state the following metaconjec-

ture:

Every object naturally associated to a surfaceS and having a suf�ciently rich structure has

MCG� (S) as its group of automorphisms. Moreover, this can be proved by a reduction to the

theorem about the automorphisms ofC(S).

Brendle–Margalit [10] give a survey of many of these results and a characterization for what

“suf�ciently rich” entails for simplicial complexes associated to surfaces.

With the recent introduction of the �ne curve graph, there has been a �urry of activity to

extend Ivanov's seminal result. In addition to the work of Long–Margalit–Pham–Verberne–

Yao [4], there are several other variants of the �ne curve graph whose automorphism groups

have been shown to be combinatorial models forHomeo(S) (see [3], [11], [12], and [13]).

1.3 Statement of Theorem 2

Before stating our second theorem, we give a couple of necessary de�nitions that are relevant

to the case wherek = 1. First, note thatC1 curves can be equivalently de�ned as the image of

a continuously differentiable and injective
 : S1 ! S with 
 0(t) 6= 0 for all t 2 S1.

Maps on projective tangent spaces.In Section 3.2, we show that any homeomorphism that

maps everyC1 curve to aC1 curve preserves the equivalence classes on curves through a point

associated to their tangent line at that point. Such a tangent-preserving homeomorphismf

induces well-de�ned maps

�df p : PTpS ! PTf (p)S

3



of the projective tangent spaces for everyp 2 S and also on the projective tangent bundle

�df : PTS ! PTS:

We denote points inPTS by (p; `), wherep 2 S and` 2 PTpS.

Converging along lines and transverse sequences.Let ` be a line with slopem in R2 through

the point(x; y). A sequence of pointsf (xn ; yn )g in R2 is said toconverge along̀ to (x; y) if

lim
n!1

yn � y
xn � x

= m

To expand this de�nition to any surface, we identify each tangent spaceTpS with R2. For

any line` 2 TpS throughp, we say that the sequencef png in S converges along̀ to p if there

exists a smooth coordinate chart' : U � S ! TpS based atp such that' (pn ) converges along

` to ' (p). Such a chart can always be obtained by �xing a Riemannian metric and taking the

inverse of an exponential map based atp.

Any line ` 2 TpS through the origin is also naturally identi�ed with a point inPTpS. We

abuse notation and denote this point also by` 2 PTpS. A transverse sequence for(p; `) is

a sequencef (pn ; kn )g in PTS such thatf png converges along̀ to p and no subsequence of

(pn ; kn ) converges to(p; `) in PTS. If such a(p; `) exists for a sequencef (pn ; kn )g, then we

call f (pn ; kn )g a transverse sequence.

We now give the necessary and suf�cient properties that a homeomorphism needs to have in

order to be an element ofHomeo1(S).

Theorem 2. Fix a smooth surfaceS. A homeomorphismf of S is an element ofHomeo1(S) if

and only iff has the following three properties:

(a) f maps everyC1 curve to aC1 curve,

(b) �df p is a homeomorphism for allp 2 S, and

(c) f maps every transverse sequence to a transverse sequence.

While Di� 1(S) is a subgroup ofHomeo1(S) directly from the de�nition, it is straightforward

4



to see that any elements ofDi� 1(S) also has the three properties stated in Theorem 2. Property

(a) follows straight from de�nitions. For property(b), the differential maps between the tan-

gent spaces are linear, so they induce homeomorphisms of projective tangent spaces. Finally,

property(c) is given by elements ofDi� 1(S) acting continuously on the tangent bundle.

1.4 The projective tangent bundle and transverse sequences

In this section, we discuss the projective tangent bundle on a surface and a different way to think

about transverse sequences. Since we are exclusively working with surfaces, the projective

tangent bundle is a circle bundle over the surface.

Lifts of C1 curves in the projective tangent bundle.One distinct characteristic ofC1 curves

is that they have tangent lines at every point and this tangent line varies continuously. As a

consequence, everyC1 curve uniquely de�nes a continuous curve in the projective tangent

bundle.

But not all continuous curves in the projective tangent bundle are lifts ofC1 curves. One

example is a curve inPTR2 with points in a neighborhood of the origin inR2 along thex-axis,

but with lines in the vertical direction of the projective tangent spaces for every point. There is

a disconnect between the speci�ed tangent directions and the actual horizontal direction along

which the points are approaching the origin.

Figure 1.1: A transverse sequence of tangent lines fromy = x2 sin(1=x) with slope 1 that
converge to the origin along thex-axis

Transverse sequences as obstructions toC1 curves. In this context, a transverse sequence is an

obstruction to the existence of a curve in the projective tangent bundle. The pointsf (pn ; kn )g

5



in PTS corresponding to a transverse sequence cannot converge to the point(p; `). But any

differentiable curve inS that passes through in�nitely many of thepn must have a tangent line

of ` atp. So the lift of a curve inS that contains a subsequence off (pn ; kn )g is not continuous

and cannot be a curve inPTS.

Similarly, any differentiable curve that is notC1 has tangent lines that do not vary contin-

uously and must contain a transverse sequence. Thus property(c) from Theorem 2 prevents a

such a curve from being mapped to aC1 curve. This prevents the inverse from sending anyC1

curve to a non-C1 curve.

1.5 Brief overview of example elements

In addition to the Theorems 1 and 2, we also give examples in Chapter 4 of several phenomena

that can appear in elements ofHomeok(S). These examples exhibit increasingly interesting

and unexpected behavior. They correspond to the following results:

Proposition 1.5.1.For all k � 1, the setHomeok(S)nDi� k(S) is nonempty.

Proposition 1.5.2. There exist elementsF 2 Homeo1(S)nDi� 1(S) and sequences of points

pn 2 S such that

(i ) F =2 Homeok(S), for all 2 � k � 1 ,

(ii ) �dFp1 is the identity, butF is not differentiable atp1,

(iii ) the pushforward mapdFp2 : Tp2 S ! TF (p2 )S is well-de�ned and maps every element in

Tp2 S to 0,

(iv ) �dF is not continuous, and

(v) F is not differentiable atpn , for all n 2 N.

Proposition 1.5.3.There exists an element ofHomeo(S)nHomeo1(S) that has properties(a)

and(b) from Theorem 2.

In particular, this �nal result highlights the necessity of property(c) from Theorem 2.
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1.6 Further questions

There are several possible questions to ask about the family of groupsHomeok(S) that stem

from the background given above, properties ofHomeo1(S) from Theorem 2, and the examples

in Chapter 4. We have listed a few particular questions below.

Question 1: Are there containment relationships forHomeok(S) andHomeom (S) whenk 6=

m?

For the family of groupsDi� k(S), there is a well-known containment relationship. Namely,

whenk > m , it follows directly from de�nitions thatDi� k(S) � Di� m (S). It is not imme-

diately clear that a similar relationship exists forHomeok(S). In particular, for largerk, the

graph is restricted to curves with more differential structure, but the restriction also implies that

we have less curves to potentially control the behavior of elements inHomeok(S).

Question 2: Is there a �ne version of Ivanov's metaconjecture that encompasses both the

graphs associated toHomeo(S) and the graphs associated toHomeok(S)?

Theorem 1 shows that any attempt for a �ne metaconjecture requires more nuance than simply

replacingMCG� (S) by Homeo(S). This nuance is also re�ected in the fact thatMCG� (S)

can also be de�ned as the group of diffeomorphisms ofS up to isotopy.

Question 3: Can the set of non-differentiable points in an element ofHomeo1(S) be uncount-

able? Or have positive measure?

Question 4: Are the groupsHomeok(S) perfect?

Question 5: Do theHomeok(S) satisfy automatic continuity?

The previous two questions have been studied for bothHomeo(S) andDi� k(S). For compact

S, they have both been answered positively, but the tools used forHomeo(S) are different from

those used forDi� k(S). Further discussion about these properties and others can be found in

an article by Mann [14].

Question 6: What is a natural topology onHomeok(S)?
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This question was suggested by Belegradek in a personal comment. SinceHomeok(S) is a sub-

group ofHomeo(S), thenHomeok(S) inherits the compact-open topology fromHomeok(S).

But this might not be the one most natural one forHomeok(S) since it does not account for the

additional structure on the projective tangent bundle. For example, the compact-open topolo-

gies forDi� k(S) also require that all the derivatives up to orderk also converge uniformly.
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CHAPTER 2

BUILDING HOMEOMORPHISMS FROM GRAPHS

The goal of this chapter is to prove Theorem 1, showing that wheng � 2, every automorphism

of Cy
�
Sg; Ck

�
must come from a homeomoprhism of the surface.

2.1 Overview of the proof of Theorem 1 and chapter outline

While the proof of our theorem follows the same overarching structure as the work of Long–

Margalit–Pham–Verberne–Yao forCy(S) [4], the arguments forCk curves are substantially

more dif�cult. Similar to their strategy, we utilize theextendedCk-curve graph, which we

denote byECy
�
S; Ck

�
. The vertices for this graph include both the essential and inessential

simple closedCk curves onS. As with theCk-curve graph, there are edges between vertices

when the corresponding curves are disjoint. Our main argument relies on building the following

chain of homomorphisms:

Aut Cy
�
S; Ck

� � � 1

��! Aut ECy
�
S; Ck

� �
�! Homeok(S)

�
�! Aut Cy

�
S; Ck

�

We now give a brief overview of our proof and explain the constructions for the maps� and

� . The map� comes directly from the natural action ofHomeok(S) on Cy
�
S; Ck

�
and needs

no further discussion. When relevant, we also point out the key dif�culties that arise when the

Cy(S) argument is applied toCk curves. A diagrammatic �owchart for this proof is given in

Figure 2.1.

Step 1:Aut ECy
�
S; Ck

� �
�! Homeok(S)

We start our proof in Section 2.2 with the homomorphism� that reconstructs a homeomorphism

of the surface from an automorphism ofECy
�
S; Ck

�
. In a similar fashion to theCy(S) case, we

take sequences of inessential curves that converge to a point. These convergent sequences
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are then used to determine exactly where each point onS must be sent, de�ning the desired

homeomorphism.

Key dif�culty: Connecting-the-dots. Long–Margalit–Pham–Verberne–Yao [4] identify the

combinatorial structure of these convergent sequences of curves using other curves drawn

through particular sequences of convergent points. With only a slight adjustment, a similar

argument applies to theC1-curve graph.

Unfortunately, this strategy does not work for the generalCk case. There exist sequences

of convergent points such that for anyk � 2, there is noCk curve that contains in�nitely many

of these points. We discuss this obstruction in further detail in Section 2.2. To overcome this

obstacle, we give a nesting restriction to convergent sequences and utilize the Jordan Curve

Theorem to guarantee the existence of the desired sequence of points. This new combinatorial

characterization allows the remainder of theCy(S) argument to be applied toCk curves and

extended to many other families of curves.

Step 2:Aut Cy
�
S; Ck

� � � 1

��! Aut ECy
�
S; Ck

�

Next, we work towards building the isomorphism� , making the connection between the auto-

morphisms ofCy
�
Sg; Ck

�
andECy

�
Sg; Ck

�
, wheng � 2.

In Section 2.3, we identify the graph structures that are unique to a variety of topologi-

cal properties of curves. We use these structures to build up a combinatorial perspective for

particular pairs of essentialCk curves that determine a unique inessentialCk curve.

Key dif�culty: Topological curve constructions.The work of Long–Margalit–Pham–Verberne–

Yao [4] accomplishes this step using a pair of homotopic curves, called a bigon pair. This con-

struction relies on topological curves that must have corners and so cannot be differentiable.

This argument is not easily adapted for higher regularity curves.

For Ck curves, we give a new construction inCy
�
Sg; Ck

�
, called simplek-smooth pairs,

that uniquely determine inessential curves. The graph structures related to our construction are

more complicated than the structures for bigon pairs.

11



Figure 2.2: Bigon pair (left) andk-smooth pair (right)

In Section 2.4, we then utilize the simplek-smooth pairs to construct an isomorphism from

Aut ECy
�
Sg; Ck

�
to Aut Cy

�
Sg; Ck

�
wheng � 2. This involves building an equivalence relation

on a connected arc graph to show that the inverse of the natural restriction map is well-de�ned.

Step 3: Completing the proof

In Section 2.5, we show that the composition of the above maps is the identity, proving that

the �nal map� must by surjective. A straighforward injectivity argument completes the proof,

giving the desired isomorphism.

2.2 Constructing� : Aut ECy
�
S; Ck

�
! Homeok(S)

The goal of this section is to prove the following result, building a map from the automorphisms

of the extendedCk-curve graph toHomeok(S). This is Step 1 from the proof outline given in

the introduction.

Proposition 2.2.1.LetS be a smooth surface. Then there is a natural map

� : Aut ECy
�
S; Ck

�
! Homeok(S)

such that for any� 2 Aut ECy
�
S; Ck

�
, (b� � � )( � ) = � , whereb� is the natural map from

Homeok(S) to Aut ECy
�
S; Ck

�
.

To build this homeomorphism, we use sequences of inessential curves that converge to

points on the surface. A key component of their structure in the graph involves other curves

that intersect in�nitely many of the convergent curves and the point that they converge to.

Previous approach and why it does not work here.As mentioned in Section??, to accomplish
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this step for the �ne curve graph, Long–Margalit–Pham–Verberne–Yao [4, Lemma 4.1] utilize

a connect-the-dots-lemma that gives the existence of a curve through in�nitely many points. In

particular, they use the classi�cation of surfaces by Richards [15] to straighten the points all to

thex-axis. Thex-axis can then be chosen as the desired curve.

Unfortunately, Richards' result is purely topological and has no smoothness conditions.

Due to a classic result by Rosenthal [16, Theorem 2] a similar (but not identical) process can

be achieved forC1 curves, but is not possible withCk curves, whenk � 2. In particular, for a

set of points along the curvey = jxj3=2 that converge to 0, noC2 curve will hit in�nitely many

of them as the curvature approaches1 asx ! 0.

Our new approach.To generalize this strategy to allCk curves, we give a nesting restriction

to convergent curves and utilize the Jordan Curve Theorem. This ensures that there exists a

curve that intersects in�nitely many of the curves in the convergent sequence. This change has

complicated both the combinatorial description of these sequences and the argument to show

that they are well-de�ned.

We then show that the images of convergent curves must also converge to a point. This

allows us to de�ne a speci�c image point for every point in the surface. To complete the

homeomorphism, we show that this map is well-de�ned, bijective, and continuous. We now

give a few relevant structures and lemmas.

Graph structures. For a collection of verticesf v1; v2; : : : ; vng of a graph� , thelink of these

vertices, denotedlink (v1; v2; : : : ; vn ), is the subgraph of� n f v1; : : : ; vng induced by the set of

verticesuj that are adjacent to all of thevi .

A graph � is a m-join if there is a partition of the vertices of� into m setsV1; : : : ; Vm ,

called parts, such that each vertex inVi is adjacent to every vertex inVj wheni 6= j .

Note that anym-join induces anj -join for anyj < m by combining the sets of the partition.

So anym-join with m � 2 induces a 2-join. For simplicity, we use the termjoin to refer to any

2-join. We use these de�nitions to get the following:

Lemma 2.2.2.Let S be an oriented surface. Leta 2 ECy
�
S; Ck

�
. Thena is separating if and
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only if link (a) is a join.

Proof. If a is a separating curve, then any curve disjoint from it will be in only one component

of S n a. But then it will also be disjoint from every curve that is in the other component of

S n a. Note that neither side will be empty, sinceS is oriented, thena can be homotoped off of

itself to make curvesa0anda00on both sides of the separation. Thus the link ofa will be a join.

On the other hand, consider the case whena is nonseparating. Suppose, for a contradiction,

that the link ofa is a join. Letb andc be curves in different parts of this join. Our goal is to

�nd another curved in the link ofa that intersects bothbandc. Then this curved could not be

placed in either part of the join since it does not have an edge to every vertex in the other part.

Therefore the link ofa cannot be a join, contradicting the initial assumption.

We will now �nd the curved. Sincea is nonseparating, then it is possible to draw an arc

e from b to c without intersectinga. Sincea is closed, then there is an open neighborhood of

e that is disjoint froma. Sob can be smoothly isotoped to a curved 2 ECy
�
S; Ck

�
that stays

within the neighborhood ofe until it intersectsc.

Nested sequences.A sequence of curves(ci ) on a surfaceS is callednestedif eachci is

separating and there exists a componentCi of S n ci such thatcj � Ci , for all j > i .

This de�nition immediately implies that all the curves of a nested sequence must be disjoint

from one another. In addition, we have the following consequence:

Lemma 2.2.3.Let S be a surface and� 2 Aut ECy
�
S; Ck

�
. If (ci ) 2 ECy

�
S; Ck

�
is a nested

sequence of curves, then the sequence(� (ci )) is also nested.

Proof. First, by the de�nition of nested, the(ci ) are all separating. So by Lemma 2.2.2, the link

of ci is a join. Also, the setf cj j j > i g will be contained in one only part of the join. Since

� is an automorphism of the graph, than� (ci ) will also be a join with the setf � (cj ) j j > i g

contained in only one part of the join. Thus� (ci ) is also separating. Moreover, each part of the

join corresponds exactly with the curves contained in one of the two components ofS n � (ci ).

Thus(� (ci )) is also a nested sequence onS.
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Convergent sequences.A sequence of curves(ci ) will be said toconverge to a setP if any

regular neighborhood ofP contains all but �nitely many of theci . We say that a curveintersects

the tail of a sequence(ci ) if it intersects in�nitely many of theci .

We can now give a unique combinatorial description of convergent nested sequences.

Lemma 2.2.4.A sequence of nested curves(ci ) 2 ECy
�
S; Ck

�
converges to a pointx 2 S if

and only if both of the following hold:

(i ) there exists a curvea 2 ECy
�
S; Ck

�
that intersects the tail of(ci )

(ii ) any two curvesa; b2 ECy
�
S; Ck

�
that intersect the tail of(ci ) must intersect each other

Proof. In the forward direction, leta 2 ECy
�
S; Ck

�
be a curve that intersects the pointx. Then

this curve will also leave some small neighborhood ofx. But by the de�nition of convergence,

all but �nitely many of theci are contained in this neighborhood. Since the(ci ) are nested, then

for eachci , x must be contained in the component ofS n ci that also contains all thecj where

j > i and for large enoughi , these components will also be contained in the small neighborhood

of x. So by the Jordan Curve Theorem,a must intersect each of the correspondingci whose

components are contained in the neighborhood ofx. Thusa will intersect the tail of(ci ).

ci

x0 x

a

Figure 2.3: Finding a curve that intersects the tail of(ci ) near the pointx

Sincex is the limit point for any sequence of pointsx i 2 ci , then any curve that intersects

in�nitely many of the ci must also contain the pointx. So any curves that intersect the tail of

(ci ) will intersect each other at the pointx.

In the reverse direction, suppose that the(ci ) do not converge to a single point. Either the

(ci ) do not converge to any points, or they converge to more than one point. If they do not
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converge to any points, then there are only �nitely many of theci in any compact subsurface of

S. But any curve inECy
�
S; Ck

�
is contained in a compact subsurface ofS, so it cannot intersect

the tail of the(ci ). On the other hand, if the(ci ) converge to more than one point, sayx and

y 2 S, then we can construct disjoint curvesa; b 2 ECy
�
S; Ck

�
such thata contains the point

x andb contains the pointy. By constructing these curves carefully, we can ensure that both

intersect the tail of the(ci ).

First, sinceS is Hausdorff, there exist disjoint open neighborhoods ofx and y. Let N

denote the neighborhood ofx. Since the(ci ) converge tox, then all but �nitely many of theci

will intersectN . Considering one of theci that intersectN , it will separateN into at least two

components. LetCx denote the component that contains the pointx. Let x0 be a point inN

that is in the component ofS n ci that does not includex. SinceN is an open set, there exists a

curvea 2 ECy
�
S; Ck

�
throughx andx0 that is contained withinN .

Moreover,x is always in the component with in�nitely manycj with j > i . So any curve

from x0 to x must intersect in�nitely manycj . Thusa intersects the tail of the(ci ).

But this same construction can also be done within the neighborhood ofy to �nd a curve

b 2 ECy
�
S; Ck

�
that also intersects the tail of(ci ) and is disjoint froma. Thus condition (ii)

fails to hold.

The characterization given in Lemma 2.2.4 utilizes only the relations that are present in the

graph, so any automorphism ofECy
�
S; Ck

�
must preserve convergent sequences.

Lemma 2.2.5.Every� 2 Aut ECy
�
S; Ck

�
induces a homeomorphismf � such that the action

of f � onECy
�
S; Ck

�
is given by� .

Proof. Let x 2 S and let(ci ) be a nested sequence inECy
�
S; Ck

�
that converges tox. By

Lemma 2.2.4,(� (ci )) will be a convergent nested sequence that converges to some pointy 2 S.

De�ne the functionf � : S ! S by f � (x) = y, for every pointx 2 S.

This map is well-de�ned. To see this consider two nested sequences(ci ) and (dj ) that

converge to the same pointx. Notice that for eachci , the component ofS nci that containsx is

itself a neighborhood forx. Thus by the de�nition of convergence, all but �nitely many of the
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dj must also be contained in this component. So we can choose subsequences(ci n ) and(dj n )

such that eachdj n is contained in the same component ofS n ci n as the pointx and eachci n +1

is contained in the same component ofS n dj n as the pointx. Then the sequence of curves

en =

8
><

>:

ci n= 2
n even

dj ( n +1) =2
n odd

will also be a nested sequence that converges to the pointx. Since(� (en )) converges to a

single point, then both(� (ci n )) and (� (dj n )) converge to the same point. But(� (ci n )) and

(� (ci )) , and also(� (dj n )) and(� (dj )) , must then all converge to the same point. Thusf � is a

well-de�ned map.

Since every pointy 2 S will have some nested convergent sequence(dj ) and � is an

automorphism of the graph, then(� � 1(dj )) must also be a nested convergent sequence that

converges to some pointx 2 S. But thenf � (x) will be the point that(� (� � 1(dj ))) = ( dj )

converges to, which is the pointy. Thusf � is surjective.

This map is also injective. Let(ci ) and(dj ) be nested sequences that converge to the points

x1 andx2 such that(� (ci )) and(� (dj )) converge to the same pointy. Similar to above, we can

construct a nested sequenceen that interleaves curves from(� (ci )) and(� (dj )) . So(� � 1(en ))

is a convergent sequence that converges to a single point. But applying� � 1 to the chosen

subsequences of(� (ci )) and(� (dj )) will again give us that the corresponding subsequences of

(ci ) and(dj ) must converge to the same point and thusx1 = x2.

Finally, we need to show thatf � andf � 1
� are both continuous. Sincef � � 1 � f � will be the

identity on all curves, thenf � 1
� = f � � 1 . So we only need to show thatf � is continuous. Let

xn be a sequence of points inS that converges tox. We start by constructing nested sequences

(cn
j ) of curves inECy

�
S; Ck

�
that converge to eachxn such thatcn

n does not separatex from the

setf xm j m � ng and is contained in the same component ofSncn� 1
n� 1 asx. Thesecn

n exist since

cn� 1
n� 1 [ f xg [ f xm j m � ng is a closed set and so the components of the complement will all be

open sets. Moreover, the component that containscn
n is a disk with a countable number of points

removed and the only limit point for these removed points isx, which is not on the boundary
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of the disk. So it is possible to �nd aCk curve that separatescn� 1
n� 1 from f xg [ f xm j m � ng.

Then by construction, the diagonal sequence(cn
n ) are nested and converge tox. So the sequence

(� (cn
n )) must also converge to a pointy which is the same point that the sequence of pointsyn

of (� (cn
j )) converge to. Thusf � is continuous and sof � is a homeomorphism ofS.

For each pointx on a curvec 2 ECy
�
S; Ck

�
, there is a nested sequence(ci ) that converges

to x. So by Lemma 2.2.4,c will intersect the tail of theci . Thus� (c) must intersect the tail of

the � (ci ). Since(� (ci )) converge to the pointf � (x), then� (c) must contain the pointf � (x).

Since this holds for every point inc, thenf � (c) = � (c). Thusf � induces the same action on

ECy
�
S; Ck

�
as� .

The convergent sequences map.De�ne the map

� : Aut ECy
�
S; Ck

�
! Homeo(S)

given by� [� ] = f � from Lemma 2.2.5.

Finally, we prove the main proposition for this section, showing that all the homeomor-

phisms naturally induced from the extended graph are elements ofHomeok(S).

Proof of Proposition 2.2.1.By Lemma 2.2.5, the homeomorphism� [� ] gives an action on

ECy
�
S; Ck

�
given by the automorphism� . So both� [� ] and� [� ]� 1 = � [� � 1] mapCk curves

to Ck curves. Thus� [� ] is an element ofHomeok(S).

2.3 Distinguishing pairs of curves

In this section, we complete the �rst half of Step 2 from the proof outline given in the intro-

duction. We are working towards de�ning a map between the automorphisms of theCk-curve

graph and the automorphisms of the extendedCk-curve graph. In particular, we �nd a pair of

essential curves that uniquely determine an inessential curve.

While along the same vein as the work of Long–Margalit–Pham–Verberne–Yao [4], their

construction of bigon pairs does not work when restricted toCk curves since it requires corners
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to exist for either curve in the bigon pair or the inessential curve associated to the pair. So a

new construction of curves, called simplek-smooth pairs, was needed to make the connection

between these two graphs. By the end of this section, we will prove the following proposition,

showing that these pairs have a unique structure in theCk-curve graphs.

Proposition 2.3.1. Let Sg be a surface withg � 2. Then every automorphism ofCy
�
Sg; Ck

�

preserves the set of simplek-smooth pairs.

This section is broken into several subsections, each giving different curve structures that

are preserved by the automorphisms of theCk-curve graph. The preserved structures for each

section are:

§2.2.1: separating, homotopic and hulls of curves

§2.2.2: annuli, nonseparating pants, and one holed tori

§2.2.3: torus pairs

§2.2.4: k-smooth pairs

§2.2.5: simplek-smooth pairs

2.3.1 Separating,homotopic,andhullsof curves

The goal of this section is to prove Lemma 2.3.7, which shows that sets of separating, homo-

topic, and hulls of curves are preserved by automorphisms of theCk-curve graph. In order to

do this, we recall a few relevant graph structures de�ned in Section 2.2.

Recall that thelink of the verticesf v1; v2; : : : ; vngof a graph� , denotedlink (v1; v2; : : : ; vn ),

is the subgraph of� n f v1; : : : ; vng induced by the set of verticesuj that are adjacent to all of

thevi .

A graph� is a join if there is a partition of the vertices of� into two parts, such that each

vertex in one part is adjacent to every vertex in the other part.

Lemma 2.3.2.Let S be an oriented surface. Leta 2 Cy
�
S; Ck

�
. Thena is separating if and

only if link (a) is a join.
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Lemma 2.3.3. Let f 
 1; : : : ; 
 mg be disjoint curves inCy
�
S; Ck

�
. Thenf 
 1; : : : ; 
 mg jointly

separateS if and only if link (
 1; : : : ; 
 m ) is a join.

The proofs for both of the above lemmas are omitted since they are essentially the same as

the proof of Lemma 2.2.2.

Lemma 2.3.4. Let g � 2 and a; bbe disjoint curves inCy
�
Sg; Ck

�
. Thena and b are homo-

topic if and only iflink (a; b) is a join where one part contains either only separating or only

nonseparating curves.

Proof. Suppose thata andbare disjoint homotopic curves. Up to a change of coordinates [17]

they will look like one of the examples in Figure 2.4. So they will jointly separate the surface,

with one component being an annulus. Note that all the essential curves in this annulus will be

homotopic toa andb. Thus they will either all be separating or all nonseparating, based on the

whethera andbare separating or nonseparating.

Figure 2.4: Pairs of separating (left) and non-separating (right) homotopic curves

Suppose on the other hand thata andb are disjoint non-homotopic curves. Suppose that

a is separating andb is nonseparating. By Lemma 2.3.2, the link ofa is a join andb will be

in one of the components ofSg n a. By pushinga off of itself on both sides, then there is a

separating curve in both sides of this join that does not intersectb. Also, a push off ofb will

be a nonseparating curve on one side ofSg n a that is also disjoint fromb. The component

of Sg n a that does not containb will have enough topology to contain another nonseparating

curve, which must be disjoint froma andb. Thus both parts of the join structure oflink (a; b)

will contain both separating and nonseparating curves.

If both a andbare separating but not homotopic, thenlink (a; b) will be a 3-join with each

part containing enough topology to contain a nonseparating curve. Each part will also contain

separating curves by pushing off of eithera or b.
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Finally, if both a andb are nonseparating, but not homotopic, then they are either jointly

nonseparating or jointly separating. In the �rst case, thelink (a; b) will not be a join by Lemma

2.3.3. In the second case, as shown below, each component ofSgnf a; bgwill have two boundary

components and at least one genus. So there is enough topology to �nd both separating and

nonseparating curves in each part of the join structure oflink (a; b).

Figure 2.5: The jointly separating case

Lemma 2.3.5.Leta; b2 Cy
�
Sg; Ck

�
for g � 2. Thena andbare homotopic if and only if there

exists a �nite path of disjoint homotopic curves inCy
�
Sg; Ck

�
.

Proof. For the forward direction, leta andbbe homotopic curves inCy
�
Sg; Ck

�
. So there is a

smooth isotopyH betweena andb that takest 2 [0; 1] to a curvect 2 Cy
�
Sg; Ck

�
. For each

t 2 [0; 1], there is an open interval(t0; t1) such that for anys 2 (t0; t1) the curvesct andcs are

contained in the interior of some annulus. Since[0; 1] is compact, then �nitely many of these

intervals cover the interval. So there is a �nite sequencef c0 = a; c1; : : : ; cn� 1; cn = bg such

that each pairci andci +1 are contained in the interior of an annulus.

Moreover, sinceci and ci +1 are closed subsets inSg, then Sg n f ci ; ci +1 g is open. So

the boundary curves of this annulus can be madeCk and not intersectci or ci +1 . Choose

di 2 Cy
�
Sg; Ck

�
to be one of the boundary curves of the annulus containingci and ci +1

in its interior. Thendi is disjoint and homotopic to bothci and ci +1 . Thus the sequence

f c0; d0; c1; d1; : : : ; cn� 1; dn� 1; cng is a path inCy
�
Sg; Ck

�
betweena andb of disjoint homo-

topic curves.

For the reverse direction, If there is a �nite path of disjoint homotopic curves inCy
�
Sg; Ck

�
,

then there is a homotopy between each adjacent pair of curves in the path. So all these homo-

topies can be reparameterized and done sequentially to get a single homotopy froma to b. Thus

a andbmust be homotopic.
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Hulls of curves.Thehull of a collection of curvesf 
 1; : : : ; 
 mg in a closed surfaceS is subset

of S consisting of the union of the
 i with all the connected components ofSnf 
 1; : : : ; 
 mg

which are topological disks.

Lemma 2.3.6. Let f 
 1; � � � ; 
 mg be a collection of curves inCy
�
S; Ck

�
. Then a curvec 2

Cy
�
S; Ck

�
is contained in the hull off 
 1; : : : ; 
 mg if and only if every curvebin Cy

�
S; Ck

�
that

is disjoint from every
 i is also disjoint fromc.

Proof. Let c 2 Cy
�
S; Ck

�
be in the hull off 
 1; : : : ; 
 mg and letbbe a curve inCy

�
S; Ck

�
that is

disjoint from every
 i . Thenbmust be contained in a component of the subsurfaceSnf[ 
 i g. In

particular, sincebis essential, it must be in a non-disk component. But thenbdoes not intersect

the hull, and so it cannot intersectc.

On the other hand, suppose that a curvec 2 Cy
�
S; Ck

�
is not in the hull off 
 1; : : : ; 
 mg.

Then there is some pointx 2 c \ (S n f[ 
 i g) that is not in a disk component ofS n f[ 
 i g. So

x must be in an open non-disk component that contains a curveb 2 Cy
�
S; Ck

�
that containsx.

Sobis disjoint from the
 i 's, but intersectsc at x.

Lemma 2.3.7. Let g � 2 and � 2 Aut Cy
�
Sg; Ck

�
. Then� preserves the set of separating

curves, sets of jointly separating curves, sets of homotopic curves and hulls of curves.

Proof. By Lemma 2.3.2, the link of any separating curvea 2 Cy
�
Sg; Ck

�
is a join. Since� is a

graph automorphism, thenlink (� (a)) is also a join. So� (a) is a separating curve. The sets of

jointly separating curves are preserved by Lemma 2.3.3.

Similarly by Lemmas 2.3.4 and 2.3.5, any homotopic curvesa; b 2 Cy
�
Sg; Ck

�
has a path

of disjoint curves between them where the link of each pair is a join with one part containing

only separating or nonseparating curves. Thus� (a) and� (b) has a path of disjoint curves with

this same structure. So� (a) and� (b) are homotopic.

Finally, if c 2 Cy
�
Sg; Ck

�
is in the hull of f 
 1; � � � ; 
 mg � C y

�
Sg; Ck

�
, then by Lemma

2.3.6, any curvesb disjoint from the
 i are also disjoint fromc. But for any curved disjoint

from � (
 i ), the curve� � 1(d) is disjoint from
 i and thus also disjoint fromc. Sod = � (� � 1(d))

is disjoint from� (c). So� (c) is contained in the hull off � (
 1); � � � ; � (
 m )g.
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Note that since any automorphism preserves the set of all essential curves, then this Lemma

also implies that the sets of nonseparating curves and non-homotopic curves are also preserved

by any automorphism ofCy
�
Sg; Ck

�
.

2.3.2 Recognizingsubsurfaceswith Cy
�
S; Ck

�

The goal of this section is to prove Lemma 2.3.11, which shows that sets of curves bounding

annuli, nonseparating pairs of pants, and one-holed tori are preserved. We start with identifying

the graph structures for each of these three different situations.

Lemma 2.3.8. Let A be an annulus inSg, g � 2, with boundaries
 1 and 
 2 2 Cy
�
Sg; Ck

�
.

Thenc 2 Cy
�
Sg; Ck

�
is contained inA if and only if for anye 2 Cy

�
Sg; Ck

�
not homotopic to


 1, if e intersectsc, thene must intersect
 1 or 
 2.

Proof. Let c 2 Cy
�
Sg; Ck

�
be a curve contained inA and lete 2 Cy

�
Sg; Ck

�
be a curve not

homotopic to
 1. Since any essential curves in an annulus must be homotopic to the boundary

curves, thene cannot be contained in the interior ofA. But sincec is contained inA, then ife

intersectsc, it must enterA through one of the boundary curves. Soe must intersect either
 1

or 
 2.

On the other hand, suppose thatc is not contained inA. Then there is some pointx 2 c that

is not contained inA. If A is nonseparating, thenSg n A is a connected subsurface with genus

g � 1 and two boundary components. Sinceg � 2, then this subsurface will contain essential

curves. Similarly, ifA is separating, then both components ofSg n A will contain at least one

genus and so both also contain essential curves. So is either case, there existse 2 Cy
�
Sg; Ck

�

that is not homotopic to
 1 and do not intersect
 1 or 
 2, but intersectsc at the pointx.

Lemma 2.3.9. Let Sg with g � 2. Let 
 1; 
 2; 
 3 2 Cy
�
Sg; Ck

�
be disjoint non-homotopic

nonseparating curves. Then the
 i bound a pair of pants if and only iff 
 1; 
 2; 
 3g jointly

separateSg with a component that only contains nonseparating curves.

Proof. Suppose that the
 i bound a pair of pants. So they jointly separate the surface into at

least two components. Moreover, any essential curve in a pair of pants will be homotopic to
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one of the boundary components. Since the
 i are all nonseparating, then all the other essential

curves contained in the pair of pants must also be nonseparating.

On the other hand, suppose that there are disjoint non-homotopic nonseparating
 1; 
 2; 
 3 2

Cy
�
Sg; Ck

�
such that they jointly separateSg with a component that only containes nonseparat-

ing curves. Call the subsurface corresponding to the side containing only nonseparating curves

P. Since each of the
 i is nonseparating, then each component ofP must have either 2 or 3 of

the
 i as boundary curves. Moreover, no components ofP can have any genus since otherwise

there would be a curve separating the genus from the boundaries in that component. But any

component with only 2 boundaries would then be an annulus, which contradicts the assumption

that the
 i are non-homotopic. ThusP must be a pair of pants.

Let Sb
g denote the surface of genusg with b disjoint open disks removed such that each

boundary is aCk curve.

Lemma 2.3.10.Let Sg with g � 2 and let 
 2 Cy
�
Sg; Ck

�
be a separating curve. Then


bounds anS1
1 subsurface if and only if one component ofSg n 
 only contains curves that are

either homotopic to
 or nonseparating.

Proof. Let 
 be a separating curve that bounds anS1
1 subsurface. Since a torus only contains

nonseparating essential curves, then the only separating curves on aS1
1 subsurface that are

essential inSg must be homotopic to the boundary curve.
 .

Now suppose that
 is a separating curve that does not bound aS1
1 subsurface. Then there

will be at least two genus in each of the two components ofSg n 
 . So each side contains a

separating curve disjoint from
 that separates one genus from the rest. Thus this separating

curve is not homotopic to
 .

Now, we can combine the previous three results to get the �nal lemma for this section.

Lemma 2.3.11.Letg � 2 and� 2 Aut Cy
�
Sg; Ck

�
. Then� preserves sets of curves that bound

annuli, nonseparating pairs of pants, and one-holed tori inSg.
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Proof. Note that in Lemmas 2.3.8, 2.3.9, and 2.3.10, the boundary curves are characterized

by some combination of whether curves are separating, homotopic, or intersecting. Any� 2

Aut Cy
�
Sg; Ck

�
preserves whether curves intersect and by using Lemma 2.3.7, we know that

sets of separating and homotopic curves are also preserved by� . Thus the image of these

boundary curves will have the exact same characteristics, and so they must also bound the

same type of subsurface.

2.3.3 Toruspairs

Two curvesa andb are called atorus pair if they intersect one another in a single topolog-

ically transverse intersection. This intersection is calleddegenerateif it consists of a single

point andnondegenerateotherwise. In this section, we prove Lemma 2.3.16, showing that the

automorphisms of theCk-curve graph preserve the sets of degenerate and nondegenerate torus

pairs.

Note that any torus pair will necessarily consist of non-homotopic, nonseparating curves.

The name is suggestive since any torus pair �lls anS1
1 subsurface.

Figure 2.6: A torus pair

While there is a similar result in the proof of Long–Margalit–Pham–Verberne–Yao [4,

Lemma 2.5], their graph structure does not exist in theCk-curve graph. Speci�cally, they

utilize the existence of the symmetric difference as a third curve to distinguish between nonde-

generate and degenerate torus pairs. But the symmetric difference cannot be aCk curve (not

evenC1), and so it is not a curve in our graph. Instead, we can �nd a pair ofCk curves in the

neighborhood of the symmetric difference to distinguish between nondegnerate and degenerate

torus pairs.
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We start this section with the following two lemmas that are necessary to characterize torus

pairs in Lemma 2.3.14.

Lemma 2.3.12.LetP be a pair of pants with boundary curves
 1; 
 2; and
 3. LetA = f � i g be

a disjoint collection of arcs with endpoints in
 1 and
 2 that have interiors disjoint from the
 i .

Then there is a topological disk inP bounded by some subcollection of subarcs of
 1; 
 2 and

the� i 's unlessA is empty or consists of only one arc, which either goes between
 1 and
 2 or

separates two of the
 i 's.

Proof. The structure of this proof involves considering several possible collections of arcs and

�nding the topological disk in all cases except the two cases given in the statement of the

lemma.

Now supposeA only contains arcs which have endpoints in the same boundary component.

SinceP is an oriented surface with no genus, any of these arcs, say� with endpoints in
 2, will

separateP into two subsurfaces. If one of these subsurfaces contains both
 1 and
 3, then there

is a subsurface bounded by� and a subarc of
 2 that contains no other boundary components.

SinceP has no genus, then this subsurface must be a disk.


 1 
 2


 3

Figure 2.7: The disk created when arcs have endpoints in the same boundary

On the other hand, suppose that every� 2 A separates
 1 and
 3. Cutting along� results

in two annuli, each with one boundary from� and a subarc of
 2 and the other boundary from

one of the
 i . Thus if A contains another arc� , then it must cut one of these annuli into two

subsurfaces where only one can contain the boundary
 i . So the other subsurface will be a disk.

Finally, consider a collectionA with at least two arcs, one of which goes between
 1 and


 2. By cutting along� , the resulting surface will be a square with the boundary curve
 3 inside.
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But then any other arc must separate this square into two subsurfaces, one of which will not

contain
 3, and so must be a disk.

Lemma 2.3.13.If two Ck curves� and� haven � 1 points or intervals where there existsCk

parameterizations of� and� with nonzero tangent vectors that agree up to thekth derivative

and all the intersections occur in the same order and with consistent orientations, then there

are exactly2n distinctCk curves in� [ � .

Proof. Pick one of the intersections or intervals and name itx1. Following an orientation of

� , continue naming the intersections and overlapping intervalsx2; : : : ; xn . Starting atx1, there

are two possible choices that aCk curve could make, either to follow� or to follow � , to get to

x2. Both of these choices will result in aCk curve since there are parameterizations of� and

� that agree up to thekth derivative atx1. Similarly atx2, the curve could make two choices

again, each being distinct. This process can be continued untilxn , where the �nal choice will

bring the curve back tox1 with the correct orientation. So there are 2 choices at each of then

intersections or overlapping intervals, with each choice giving a different curve. Thus there at

least2n distinct curves in� [ � .

Note that as soon as a curve in� [ � intersects one of thex i , it must intersect all of them.

Thus there are no further curves in the union that intersect some of thex i , but notx1. Moreover,

there are no curves in the union that do not intersect any of thex i , since otherwise it is contained

in an arc of either� or � . Thus there are exactly2n distinct curves in� [ � .

We can now state a combinatorial characterization for torus pairs.

Lemma 2.3.14.Let a and b be non-homotopic nonseparating curves inCy
�
Sg; Ck

�
, g � 2.

Then(a; b) is a torus pair if and only if the hull off a; bg contains no other vertices ofCy
�
Sg; Ck

�

and there is a separating curve
 2 Cy
�
Sg; Ck

�
, disjoint froma andb, such that one side of
 is

anS1
1 subsurface that containsa andb.

Proof. If a andbintersect only at one topologically transverse intersection, thena andbcannot

bound any bigons. Thus the hull off a; bg is exactlya [ b. Even if the intersection agrees up
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to thekth derivative, by Lemma 2.3.13 there are only 2 curves ina [ b, namelya andb. If the

intersection does not agree up to thekth derivative, then there is no way for aCk curve ina [ b

to switch from traveling on an arc ina to an arc inb. So the onlyCk curves in the hull will be

the original curvesa andb. The boundary of a regular neighborhood ofa [ bcan be smoothed

to make a separating curve
 2 Cy
�
Sg; Ck

�
, which will separate anS1

1 subsurface containinga

andbfrom the rest ofSg.

Now suppose thata andbare non-homotopic, nonseparating curves on anS1
1 subsurfaceT

bounded by aCk curve
 and the hull off a; bg contains only the verticesa andb. Any two

non-homotopic nonseparating curves on a torus must cross each other, soa andbmust have at

least one topologically transverse intersection. Since the hull only contains two vertices, then

a andb cannot mutually bound any disks inSg. Sincea is nonseparating, thenT n f ag is a

pair of pants with arcs ofb going between the two boundary curves that correspond toa. So

Lemma 2.3.12 will imply that there must be at most one subarc ofb with non-empty interior

in T n f ag. This subarc either goes from one copy ofa to the other copy, or has endpoints in

the same copy ofa and separates the other copy and
 . But in the latter case,bwould not have

any topologically transverse intersections witha. In fact, it would be homotopic to eithera or


 . But this contradicts our initial assumptions. Thusbn a will consist of a single arc from one

side ofa to the other side. Soa andbare a torus pair.

We now give the graph structure that is unique to nondegenerate torus pairs.

Lemma 2.3.15.Let g � 2 and let(a; b) be a torus pair inCy
�
Sg; Ck

�
whose intersection arc

is denoted byc. Then(a; b) is nondegenerate (c is not a single point) if and only if there exist

disjoint homotopic curvesd1 andd2 in Cy
�
Sg; Ck

�
such that(a; d1); (a; d2); (b; d1); and(b; d2)

are all torus pairs and for any curvee 2 Cy
�
Sg; Ck

�
disjoint and non-homotopic tod1 andd2,

thene intersectsa if and only ife intersectsb.

Proof. For the forward direction, consider a regular neighborhood of the symmetric difference

a� b that does not intersect itself. Then it is possible to �nd two disjoint homotopicC1 curves

d1 andd2 in this neighborhood such that the annulus de�ned byd1 andd2 still containsa� b.

28



Since bothd1 andd2 are closed inSg and do not intersect, then there is an open component of

c outside of the annulus bounded byd1 andd2. Let e be an essential curve that is disjoint from

bothd1 andd2, and not homotopic to eitherd1 andd2. Thuse cannot intersect anything in the

interior of this annulus. And so the only point thatecould intersect eithera or bwould be along

the arcc where it must intersect botha andbat the same time.

a

b

d1

d2

Figure 2.8: A nondegenerate torus pair and curves bounding the symmetric differencea� b.

To prove the reverse direction, suppose that the arcc is a single point and letd1 andd2 be

disjoint homotopic curves inCy
�
Sg; Ck

�
that each intersecta andb in a single topologically

transverse interval. First, note thatd1 andd2 must be nonseparating curves. LetA denote the

annulus bounded by thedi . ThusSg nA will be a single connected surface with two boundaries

and at least one genus. Moreover, since(a; d1); (a; d2); (b; d1), and(b; d2) are all torus pairs

and thedi are disjoint, then the components ofa andb in Sg n A will each be a single arc

with nonempty interior going from one of the boundaries to the other, intersecting in at most

one point. But thenSg n (A [ a) will still be one connected surface with one boundary and

at least one genus. The interior of this subsurface will contain either one or two subarcs ofb

with nonempty interior. So there existe 2 Cy
�
Sg; Ck

�
that live on this subsurface, disjoint from

a; d1, andd2 that will intersectb.

Lemma 2.3.16.Let g � 2 and � 2 Aut Cy
�
Sg; Ck

�
. Then� preserves the sets of degenerate

and nondegenerate torus pairs.

Proof. Lemma 2.3.14 gives a characterization of any torus pair(a; b) using disjointness, the

hull, homotopies, separating curves, and the subsurfaceS1
1. For any� 2 Aut Cy

�
Sg; Ck

�
, the
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disjointness will be preserved; the hull, homotopies, and separating curves will all be preserved

by Lemma 2.3.7; and the subsurfaceS1
1 will be preserved by Lemma 2.3.11. Thus(� (a); � (b))

will also be a torus pair. So� will preserve the set of torus pairs.

By Lemma 2.3.15, any nondegenerate torus pair can be characterized similarly using torus

pairs, homotopies, and disjointness. Thus the set of nondegenerate torus pairs will also be

preserved by� .

Since the set of degenerate torus pairs is exactly the set of torus pairs without the nonde-

generate ones, and both of these sets are preserved by� , then the set of degenerate torus pairs

is preserved by� .

2.3.4 k-Smoothpairs

In this section, we de�nek-smooth pairs and show that they are preserved by automorphisms

of theCk-curve graph.

a1 b1

c1

c2

P

d

Figure 2.9: Ak-smooth pair

Let P be a nonseparating pair of pants inS. Two non-homotopic curvesa; b 2 Cy
�
S; Ck

�

form a k-smooth pair inP if a [ b � P and there exists a curved 2 Cy
�
S; Ck

�
, with the

following properties:

(i) d is not homotopic to eithera or b

(ii) d = a1 [ b1 [ c1 [ c2 such thata1 � a, b1 � b, andc1 [ c2 � a \ bare all arcs
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(iii) the interior ofa1 does not intersectband the interior ofb1 does not intersecta

(iv) a [ b is contained in a pair of pantsPd � P which hasd as one of its boundary compo-

nents.

We say thatd is determinedby (a; b). The following lemma gives the unique structure that

identi�es k-smooth pairs in our graph.

Lemma 2.3.17.Letg � 2, a; b2 Cy
�
Sg; Ck

�
be non-homotopic curves in a nonseparating pair

of pantsP with boundaries
 1; 
 2 and
 3 2 Cy
�
Sg; Ck

�
. Suppose thatd 2 Cy

�
Sg; Ck

�
is in the

hull of f a; bg such thatd is not homotopic toa or banda[ bis contained in the pair of pantsPd

with boundaries
 1; 
 2; andd. Then(a; b) form ak-smooth pair that determinesd if and only

if anye 2 Cy
�
Sg; Ck

�
that intersects
 3 andd, but not
 1 or 
 2 satis�es one of the following:

(i ) e intersectsa but notb ) there is ana0 2 Cy
�
Sg; Ck

�
contained inPd, homotopic toa,

such thata0 intersectse, but notb

(ii ) e intersectsb but nota ) there is anb0 2 Cy
�
Sg; Ck

�
contained inPd, homotopic tob,

such thatb0 intersectse, but nota

(iii ) e intersects botha andb

Before proving the Lemma 2.3.17, we will state and prove two technical lemmas related to

the existence ofCk curves and arcs in subsurfaces.

Lemma 2.3.18.LetL be a connected subsurface ofS with at least 3 boundaries
 i 2 Cy
�
S; Ck

�
.

Let a 2 Cy
�
S; Ck

�
be in the interior ofL and homotopic to
 1. If b 2 Cy

�
S; Ck

�
is in the inte-

rior L and is not homotopic to
 1, then for eachi 6= 1, there is anei 2 Cy
�
S; Ck

�
such thatei

intersectsband
 i , but does not intersecta.

Proof. First, note thata and
 1 bound an open annulus inL. Call this annulusA. ThenL nA is a

connected subsurface with the same number of boundaries asL. Any curves that are contained

in �A will either be homotopic to
 1 or inessential. Thus ifb 2 Cy
�
S; Ck

�
contained inL and

not homotopic to
 1, then it cannot be contained in�A, and so there is some pointx 2 b such

thatx 2 L n �A.
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SinceL n �A is connected, then for anyi 6= 1, there is an arcci from 
 i to x that does not

intersecta. Also, since�A is a closed set inL, there is an open neighborhood ofci that does not

intersect �A. So there is enough space to smoothly isotope
 i alongci to makeei 2 Cy
�
S; Ck

�

that intersects bothband
 i without intersectinga.

Lemma 2.3.19.Let M andL be two subsurfaces ofS with disjoint interiors �M and�L. Letm

be a boundary component ofM andl be a boundary component ofL that intersect at a point

x and are bothCk in a neighborhood ofx. Then any arc with interior in�M [ �L [ f xg can be

isotoped inM [ L to aCk arc with the same endpoints.

Proof. If the interior of an arce is contained completely within the interior ofM , then there

is an open neighborhood of the interior ofe contained withM . So any portions ofe that are

notCk can be smoothed out within this open neighborhood to make anCk arc isotopic relative

boundary toe.

Now suppose that the interior ofe contains the pointx. If the e n f xg is contained inM ,

then consider the boundarym near the pointx. Since it isCk , then in a local chart nearx, there

is a Ck diffeomorphism that takesk to a straight line with the interior ofM on one side. So

e can be smoothly isotoped in the chart nearx to match the curvek nearx and then smoothly

veer back into the interior ofM . The resulting arc will beCk while staying completely within

M .

So any arc whose interior is contained in�M [ f xg can be isotoped to aCk arc inM with

the same endpoints. By symmetry, the same will hold for any arc whose interior is contained

in �L [ f xg.

Now consider an arce that passes betweenM andL at x. Since both boundariesm andl

areCk nearx and the interiors ofM andL are disjoint, thenm andl must meet at a one-sided

tangent intersection. But then they will have the same tangent direction atx. So any other

tangent direction atx will be transverse to bothm andl. Soe can be isotoped withinM andL

so that the tangent lines are the same as the arc approachesx from both sides. Moreover, these

arcs can have any other higher derivatives and still be contained inM [ L, so we can isotoped

these arcs so that the resulting arc will beCk at x.
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We are now ready to complete the proof of Lemma 2.3.17.

Proof. We start with the forward direction. Let(a; b) form ak-smooth pair that determinesd.

Thend = a1 [ b1 [ c1 [ c2 such thata1 is an arc ofa whose interior does not intersectb, b1 is

an arc ofbwhose interior does not intersecta andc1; c2 are (possibly degenerate) arcs ina \ b.

Thusb2 = bnb1 [ c1 [ c2 is an arc with the same endpoints asa1, but cannot intersect the interior

of a1. Moreover, this arc must be contained inPd. So it is either homotopic toa1, homotopic

to b1 [ c1 [ c2, or separates
 1 and
 2 in Pd. Sinceb is not homotopic tod, thenb2 cannot be

homotopic toa1. Sinceb is essential inP, thenb2 cannot be homotopic tob1 [ c1 [ c2. Thus

b2 separates
 1 and
 2 in Pd. So the surface bounded bya1 [ b2 and
 1 must be an annulus.

Denote this subsurface byA1.

a1
b2A1

P

d

Figure 2.10: The annulusA1 betweena1 andb2

Note thatA1 � Pd and no part ofb is in the interior ofA1 sincebcannot self-intersect, nor

intersect the interior ofa1. SincePd is a pair of pants containinga but not
 3 with boundaries

d, 
 1, and
 2, then anye that intersectsa and
 3, but not
 1 or 
 2 must then intersectd. If e

does not intersectb, then it must intersectd somewhere in the interior ofa1, say at the pointx.

Sincebis a closed set inPd, there exists an open neighborhood inPd of x that does not contain

b. Moreover, this neighborhood will also be contained inA1. Sincea1 is aCk arc, thena1 [ b2

can be isotoped by a push off to be an essentialCk curvea0 contained inA1 and intersecting

a1 [ b2 only at the pointx. Sincea0 is an essential curve in an annulus with a boundary
 1, then

a0 is homotopic to
 1 and thus homotopic toa.

33



By symmetry, the same reasoning can be used to show that any curve that intersectsb but

nota will also have the desired property.

The proof of the reverse direction will be broken down into the following steps:

1) The curved is a union of subarcs ofa, b, anda \ b.

2) For each subarc ofa, there exists a curve from
 3 to 
 1 that only intersectsd along this

arc.

3) These curves bound regions that cannot containb, and so there can only be one subarc of

a in d.

4) There is also only one subarc forb, and thus(a; b) must be ak-smooth pair that determine

d.

Step 1: Our �rst goal is to show thatd is the union of subarcs froma, b, anda \ b. Notice

that if d is in the hull off a; bg anda [ b is in the pair of pants bounded by
 1; 
 2, andd, thend

will be contained ina [ b. Thusd will be comprised of collections of arcsf ai g, f bj g andf clg,

where theai are subarcs ofa whose nonempty interiors do not intersectb, thebj are subarcs of

bwhose nonempty interiors do not intersecta andcl are subarcs ofa \ b, possibly degenerate.

Step 2: For eachai , we construct curvesf i from 
 1 to 
 3 that intersectsd only alongai . We

start by constructing a curveei 2 Cy
�
S; Ck

�
in the annulus bounded by
 3 andd such thatei

intersectsd only at an interior pointx 2 ai . In addition,ei can also be made to intersect
 3.

Thus by condition(i ), there exists ana0
i 2 Cy

�
Sg; Ck

�
contained inPd and homotopic toa that

intersectsei , but does not intersectb. Sinceei only intersectsPd at the pointx, thena0
i must

also contain the pointx.

Since neitherei and a0
i crossd at the pointx, then they must have a one-sided tangent

intersection atx. Moreover,ei and
 3 form a pinched annulus anda0
i and
 1 form an annulus.

So there existsCk arcs from the pointx to both 
 1 and 
 3. By Lemma 2.3.19, this can be

smoothed to a singleCk arc with the same endpoints on
 1 and
 3 that is still disjoint fromb.
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ei

d

a0
i

f i x

ai

Figure 2.11: The construction of the curvesei andf i .

SinceSg n P is connected, then this arc can be extended to a curvef i 2 Cy
�
Sg; Ck

�
that forms

degenerate torus pairs with
 1; 
 3; andd, but does not intersectb.

Step 3: We now show that there can only be oneai arc. Suppose that there are at least two of

theai . Then there will be curvesf 1; f 2 2 Cy
�
Sg; Ck

�
that are torus pairs with
 1; 
 3 andd, but

do not intersectb.

f 1

f 2

a1

a2

Figure 2.12: The disc created byf 1, f 2, and
 1.

Similar to Lemma 2.3.12, there is some combination of arcs fromf 1, f 2, 
 1 and
 3 that

bound a disk that contains one endpoint from each ofa1 anda2. In particular,f 1 andf 2 can

intersect, but this will causeP n (f 1 [ f 2) to have more components where still only one

component can be an annulus.

Sinced only intersectsf 1 and f 2 once and does not intersect
 1 or 
 3, then the curved

cannot leave this disk except where it intersectsf 1 andf 2. Nor can any part ofbbe in this disk.
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Thusd must connecta1 anda2 by an arc ofa. But thend must connect everyai by another arc

of a. So all of theai can be represented by a single subarca1 of a.

Step 4: By symmetry, this argument can also be used to show that all thebj can be represented

by a single subarcb1 of b. Since there are only two subarcs and thus four endpoints ofa1 and

b1 thatd must connect, then there are only twocl , each connecting one endpoint ofa1 to one

endpoint ofb1. Thus(a; b) is ak-smooth pair that determinesd.

Lemma 2.3.20.Let g � 2 and � 2 Aut Cy
�
Sg; Ck

�
. Then� preserves the set ofk-smooth

pairs.

Proof. By Lemma 2.3.17, the set ofk-smooth pairs(a; b) is characterized using homotopies,

hulls, and intersections in the nonseparating pairs of pantsPd andP. For any� 2 Aut Cy
�
Sg; Ck

�
,

intersections will be preserved and hulls and homotopies are also preserved by Lemma 2.3.7.

Moreover, containment in nonseparating pairs of pants is preserved by Lemma 2.3.11. Thus

(� (a); � (b)) will still have the same characterization as(a; b) in the graph and so it is also a

k-smooth pair that determines� (d).

2.3.5 Simplek-smoothpairs

In this section, we will de�ne what it means for ak-smooth pair to be simple and show that

simplek-smooth pairs are preserved by automorphisms. This notion of simpleness is concerned

with the intersections between the two curves of thek-smooth pair.

A k-smooth pair(a; b) 2 Cy
�
Sg; Ck

�
in a nonseparating pair of pantsP that determines

d = a1 [ b1 [ c1 [ c2 is calledsimpleif a andbonly intersect alongc1 andc2.

Lemma 2.3.21.Let P be a nonseparating pair of pants inSg and a; b 2 Cy
�
Sg; Ck

�
be ak-

smooth pair contained inP that determine the curved = a1 [ b1 [ c1 [ c2. Thena andbmust

cross each other at bothc1 andc2.

Proof. Setd = a1 [ b1 [ c1 [ c2, with these arcs given the de�nition of thek-smooth pair(a; b).

Denote the complementary arcs ofa andbby a2 = an(a1 [ c1 [ c2) andb2 = bn(b1 [ c1 [ c2).
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a1 b1

c1

c2

P

d

Figure 2.13: A simplek-smooth pair

Sinced is aCk curve, thend can be seen as a straight line in a local chart after applying aCk

diffeomorphism. Similarly, sincea andbare alsoCk , then botha1 andb2 must have the same

tangent line asd at their shared endpoint that meetsc1. Moreover, sincea1 andb1 will approach

c1 from opposite directions alongd, thenb2 must leavec1 in exactly the same direction asa1.

But if a does not crossb or d, then this would forcea2 to leavec1 in the same direction and

betweena1 andb2. But thena would have a cusp atc1, which is not possible sincea is aCk

curve. Thusa andbmust cross atc1. By symmetry,a andbwill also cross atc2.

a1 a1

a2 a2

b1 b1

b2
b2

c1 c1

Outside ofP0 Outside ofP0

Figure 2.14: The noncrossing (left) and crossing (right) cases for the arcc1.

Lemma 2.3.22.Let P be a nonseparating pair of pants inSg with boundary curves
 1; 
 2;

and 
 3 2 Cy
�
Sg; Ck

�
. Let a; b 2 Cy

�
Sg; Ck

�
be ak-smooth pair inP with a homotopic to
 1

andbhomotopic to
 2 that determine the curved = a1 [ b1 [ c1 [ c2. Then the following are

equivalent:

(a) a andbonly cross atc1 andc2

(b) If e 2 Cy
�
Sg; Ck

�
is contained inP, homotopic toa and intersectsa, thenealso intersects

bor d.
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(c) If e 2 Cy
�
Sg; Ck

�
is contained inP, homotopic toband intersectsb, thenealso intersects

a or d.

a2

b2

c1

c2

P

d

Figure 2.15: Ak-smooth pair that only cross atc1 andc2

Proof. By symmetry of the statements, if (a) and (b) are equivalent, then so are (a) and (c).

(a) ) (b). Suppose that there is a curvee 2 Cy
�
Sg; Ck

�
contained inP, homotopic toa,

that intersectsa, but notb or d. Sincee is not homotopic tod nor intersectsd, thene must be

contained in the pair of pants bounded by
 1; 
 2, andd. Even more,e will be contained in the

open annulusA1 bounded by
 1; a1, andb2 = bn (b1 [ c1 [ c2). Sincea1 � d, thene cannot

intersecta along the arca1. Also,edoes not intersecta alongc1 or c2 sinceedoes not intersect

b. Thuse must intersecta alonga2 = a n (a1 [ c1 [ c2). Sincea cannot intersect itself, then

some portion ofa2 must enterA1 by crossingb2. Thusa andbmust cross at points that are not

in c1 andc2.

(b) ) (a). Suppose thata crossesb at a point that is not inc1 or c2. Sincea cannot crossd,

thena must crossbalong the arcb2. Thus there will be a pointx of a that is in the open annulus

A1 bounded by
 1; a1, andb2. SinceA1 is open, then there exists a curvee 2 Cy
�
Sg; Ck

�
that

is contained inA1 and contains the pointx. Thuse is contained inP, homotopic toa and

intersectsa at x, but does not intersectbor d.

Lemma 2.3.23.Let P be a nonseparating pair of pants inSg with boundary curves
 1; 
 2;

and 
 3. Let a; b 2 Cy
�
Sg; Ck

�
be ak-smooth pair contained inP that determine the curved
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homotopic to
 3. Let Pd � P denote the pair of pants with boundaries
 1, 
 2, andd. Then

the only annular components ofPd n f a [ bg have either
 1 or 
 2 as a boundary. All other

components are disks.

Proof. If any annular component ofPd n f a [ bg does not contain
 1 or 
 2, then both boundary

components will consist of arcs ofa andb that would be separated inPd by this annular com-

ponent. Sincea andbare each a single connected curve, then subarcs of either of them cannot

be separated inPd. So all annular components ofPd n f a [ bg must have either
 1 or 
 2 as

boundaries.

SincePd is a pair of pants, then any subsurfaces will either be pairs of pants, annuli, or

disks. Sincea separates
 1 and
 2 and intersectsd, then no subsurface ofPd n f a [ bg can be a

pair of pants. Thus all nonannular components ofPd n f a [ bg are disks.

Curves of type 1 and type 2. Let P be a nonseparating pair of pants onSg and (a; b) 2

Cy
�
Sg; Ck

�
be ak-smooth pair that determined. Suppose that
 1; 
 2 are the boundaries ofP

homotopic toa andb. Let e 2 Cy
�
Sg; Ck

�
be a curve disjoint fromd that forms degenerate

torus pairs with
 1; 
 2; a andb. Thene is calledtype 1if it intersectsa andbat the same point.

Otherwise, it is calledtype 2.

type 1

type 2

P

d

Figure 2.16: Type 1 and type 2 curves

Lemma 2.3.24.Let P be a nonseparating pair of pants onSg with boundary curves
 1; 
 2,

and 
 3 2 Cy
�
Sg; Ck

�
. Let (a; b) 2 Cy

�
Sg; Ck

�
be ak-smooth pair that determine a curved
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homotopic to
 3. Suppose thate 2 Cy
�
Sg; Ck

�
is disjoint fromd and forms degenerate torus

pairs with 
 1; 
 2; a andb. Thene is type 1 if and only if there are no curves homotopic toe in

the hull off a; b; eg excepte itself.

Proof. Let Pd � P denote the pair of pants with boundary curves
 1, 
 2, andd.

We start with the forward direction. Supposee is a curve of type 1. Thene will only

intersect eacha andb once at the exact same point. Soe n (a [ b) must be a single interval.

Sincee is essential ande [ (a [ b) is a single point, then the closure of this interval ise itself

and cannot bound a disk. So the hull off a; b; eg will consist exactly of the curves in the hull

of f a; bg and the curvee itself. Also, any curve in the hull off a; bg must live onPd and is thus

homotopic toa, b or d. But e forms torus pairs witha andb. SinceSg is orientable, thene

cannot be homotopic toa or band every curve homotopic toe must also intersecta andb. Soe

cannot be isotopic tod. Thus any curve in the hull off a; bg is not homotopic toe. Soe is the

only curve in the hull off a; b; eg that is homotopic toe.

We now complete the reverse implication. Suppose thate is type 2. Thene must intersect

a andb at two distinct points. Soe n a [ b consists of two nonempty open subarcse1 ande2.

Sinceealso forms torus pairs with
 1 and
 2, then one ofe1 or e2 must include the entire arc of

enP. So the other interval must be completely contained withinPd. Without loss of generality,

let e1 be the interval contained inPd. By Lemma 2.3.23, sincee1 is not in a component of

Pd n f a [ bg that contains
 1 or 
 2, then this component must be a disk. Since this is an open

interval in an open disk, thene can be smoothly isotoped within this disk to make a family of

newe0 2 Cy
�
Sg; Ck

�
homotopic toe and in the hull off a; b; eg.

Lemma 2.3.25.Let (a; b) 2 Cy
�
Sg; Ck

�
be ak-smooth pair in a nonseparating pair of pantsP

that determines a curved = a1 [ b1 [ c1 [ c2, wherea andbonly cross atc1 andc2. Then(a; b)

is simple if and only if everye in Cy
�
Sg; Ck

�
disjoint fromd which forms degenerate torus pairs

with 
 1; 
 2; a andbmust be type 2.

Proof. If any curvee 2 Cy
�
Sg; Ck

�
disjoint fromd is type 1, then the point wheree intersects

a andbis also a point not inc1 or c2 wherea andbintersect. Thusa andbwill not be simple.
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Suppose that(a; b) is not simple. Then there is some pointx not in c1 or c2 wherea andb

intersect. By assumption,a andbcannot cross atx. Thus they will be tangent atx. Moreover,

this pointx will be on the arcb2 in the boundary of the annulusA1 described in the proof of

Lemma 2.3.22. By symmetry, it will also be on the arca2 in the boundary of the corresponding

annulusB1. So there are arcse1 and e2 from 
 1 and 
 2 to x that do not intersecta or b

except atx. By Lemma 2.3.19, these arcs can be smoothed and extended inSg n P to a curve

e 2 Cy
�
Sg; Ck

�
that is type 1.

Finally, we prove that any automorphism ofCy
�
Sg; Ck

�
will preserve the set of simplek-

smooth pairs.

Proof of Proposition 2.3.1.Let � 2 Aut Cy
�
Sg; Ck

�
and(a; b) be a simplek-smooth pair that

determinesd. By Lemma 2.3.20,(� (a); � (b)) is also ak-smooth pair that determines� (d).

Since(a; b) is simple, thena and b only intersect alongc1 and c2, then they must only

cross atc1 andc2 since any other crossing would be causea andb to have more intersections.

By Lemma 2.3.22, only crossing atc1 and c2 can be characterized using containment in a

nonseparating pair of pants, homotopy and intersections. But Lemmas 2.3.7 and 2.3.11 show

that these are all preserved by� . So � (a) and� (b) will also only cross at their overlapping

intervals in� (d).

From Lemma 2.3.24, any curvee 2 Cy
�
Sg; Ck

�
that is type 1 in relation to(a; b) can be char-

acterized with degenerate torus pairs, homotopies, hulls, and intersections. These are preserved

by � using Lemmas 2.3.7 and 2.3.16. Thus� (e) must be type 1 in relation to(� (a); � (b)) . But

by Lemma 2.3.25,(a; b) will only have type 2 curves, and thus(� (a); � (b)) will also have only

type 2 curves, and thus must be a simplek-smooth pair.

2.4 Constructing� � 1 : Aut Cy
�
S; Ck

�
! Aut ECy

�
S; Ck

�

The goal of this section is to use the simplek-smooth pair construction de�ned in Section 2.3

to prove the following proposition giving an isomorphism between the automorphisms of the

Ck-curve graph and the automorphisms of the extendedCk-curve graph. This completes Step 2
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of the proof outline from the introduction.

Proposition 2.4.1.LetSg be a compact surface withg � 2. Then the natural restriction

� : Aut ECy
�
Sg; Ck

�
! Aut Cy

�
Sg; Ck

�

is an isomorphism.

In order to prove this proposition, we build a connected arc graph in Section 2.4.1 on a

subsurface with edges that correspond to the simplek-smooth pairs. In Section 2.4.2, we

leverage the connectedness of this arc graph and its line graph to build an equivalence relation

on simplek-smooth pairs. We then show that inessential curves determine by the simplek-

smooth pairs are preserved byAut Cy
�
Sg; Ck

�
and well-de�ned. Next, in Section 2.4.3 we show

that there are unique structures inECy
�
Sg; Ck

�
for both inessential and essential curves and any

combination of edges between them. This implies that any automorphism of the extended graph

will automatically give an automorphism of the subgraphCy
�
Sg; Ck

�
. Finally, in Section 2.4.4

we utilize our simplek-smooth pair construction to build an inverse map that recovers the

image of each inessential curve based only on the images of the essential curves.

2.4.1 Pairedk-smootharcgraphsareconnected

In this section, we will be considering arc graphs that correspond to simplek-smooth pairs

where a complementary disk has been removed. The main result is Lemma 2.4.3, showing

that the �ne version this arc graph is connected. To get to this result, we �rst show that the

corresponding non-�ne arc graph is connected. We then complete the argument by showing

that each isotopy class is also connected. Recall that we denote bySb
g the surface of genusg

with bdisjoint open disks removed such that each boundary is aCk curve.

A non-�ne arc graph. We now de�ne thepairedk-smooth nonseparating arc graph, denoted

NA P
�
S1

g; Ck
�
. The vertices of this graph consist of isotopy classes of arcs inS1

g , relative to the

boundary and the tangent spaces on the boundary, with the following properties:
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(a) the arcs are essential and nonseparating

(b) the endpoints of each arc are distinct

(c) the interior of the arcs are disjoint from any boundaries

(d) there is an extension of each arc by a subarc of the boundary such that this extension is a

Ck curve onS1
g

There are edges between vertices when the corresponding isotopy classes have representative

arcs with the following properties:

(i) the interiors of the arcs are disjoint

(ii) the arcs are jointly nonseparating

(iii) each extension given in property (e) contains both endpoints of the other arc

The arcs remaining from a simplek-smooth pair once the disk in their complement has been

removed have the desired properties given above.

Lemma 2.4.2.LetS1
g for g � 2. ThenNA P

�
S1

g ; Ck
�

is connected.

Proof. We let � denote the equivalence relation onNA P
�
S1

g; Ck
�

that identi�es the two iso-

topy classes of arcs with the same endpoints. Then the mapping class groupMCG(S1
g) acts

on the quotient graphNA P
�
S1

g; Ck
�

=� . The proof happens in two steps. In the �rst step, we

show that this quotient graph is connected. We then show that the identi�ed isotopy classes are

connected inNA P
�
S1

g; Ck
�
, resulting in the arc graph being connected.

Step 1: To show that the quotient graph is connected, we use the Putman trick [18, Lemma 2.1].

This method utilizes the action of a group on a simplicial complex to split connectivity into two

parts. First, we show that the group action forces the orbit of any vertex to the connected

component of any other vertex. We can then show that for any generator of the group, there is

a path from a �xed vertex to the generator's image of that vertex.
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Figure 2.17: The three possible con�gurations for endpoints from two different classes of arcs
in the quotient graph.

SinceMCG(S1
g) acts on the quotient graph, then using the change of coordinates principle

[17, Section 1.3],MCG(S1
g) acts transitively on the set of vertices with the same endpoints.

There are three possible con�gurations of pairs of endpoints in the boundary for arcs in

different classes. The endpoints can be paired, overlapped, or linked. In all three situations,

there exists either an edge or a path of length 2 that connects arcs in these con�gurations. Thus

all arcs are connected inNA P
�
S1

g ; Ck
�

= � to an arc with any given pair of endpoints.

Now consider a �xed pair of points in the boundary ofS1
g. Let f h1; h2; : : : ; h2g+1 g be the

Humphries generators ofS1
g and letv be the arc given in Figure 2.18 whose endpoints are the

points that were �xed in the boundary.

v

h2

h1

h4 h3

h5

h6h2g

h2g+1

Figure 2.18: The Humphries generatorshi of S1
g with the arcv.

Sohi v = v wheni 6= 1; 4 and are thus trivially connected tov in the graph. Wheni = 1 or
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4, then the arcu in NA P
�
S1

g; Ck
�

given in Figure 2.19 is adjacent tov, h1v, andh4v. Sov is

connected by a path inNA P
�
S1

g; Ck
�

to bothh1v andh4v.

u u

h1v

h4v

Figure 2.19: The arcsh1v (left) andh4v (right) with arcu disjoint tov.

Sov is connected by a path inNA P
�
S1

g ; Ck
�

=� to any other arc with the same endpoints.

Since the connected components of any arc includes an arc with any given pair of endpoints,

then by the Putman trick, the graphNA P
�
S1

g; Ck
�

=� is connected.

a0

a

b

c

Figure 2.20: The pathf a; b; c; a0g in NA P
�
S1

g ; Ck
�
.

Step 2: Since the quotient graph is connected, then it is suf�cient to show thatNA P
�
S1

g ; Ck
�

is connected between any identi�ed elements in the same equivalence class. Notice that each

class consists of exactly two isotopy classes, relative to the boundary and tangent spaces on

the boundary. Speci�cally, there is one isotopy class for each subarc of the boundary between

the endpoints. Leta anda0 be disjoint representatives of the same quotient class. As shown in

Figure 2.20, there exists a path in the graphNA P
�
S1

g; Ck
�

betweena anda0.

By the change of coordinates principle, this path also exists for any other element of

NA P
�
S1

g; Ck
�

that shares the same endpoints asa. Since the choice of endpoints was arbi-

trary, then there is a path between any two isotopy classes from the same quotient class.

A �ne arc graph. We now consider the �ne version of the previously de�ned arc graph. We

de�ne the�ne paired k-smooth nonseparating arc graph, denotedNA y
P

�
S1

g; Ck
�
. The vertices
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of this graph consist of arcs inS1
g with the following properties:

(a) the arcs are essential and nonseparating

(b) the endpoints of each arc are distinct

(c) the interior of the arcs are disjoint from any boundaries

(d) there is an extension of each arc by a subarc of the boundary such that this extension is a

Ck curve onS1
g

There are edges between vertices when the corresponding arcs have the following properties:

(i) the interiors of the arcs are disjoint

(ii) the arcs are jointly nonseparating

(iii) each extension given in property (e) contains both endpoints of the other arc

These are the same conditions given for the non-�ne arc graph, but the vertices now consist

of arcs instead of isotopy classes of arcs. We will now show that this �ne arc graph is also

connected.

Lemma 2.4.3.LetS1
g, with g � 2. ThenNA y

P

�
S1

g; Ck
�

is connected.

Proof. Let a; bbe arcs inNA y
P

�
S1

g; Ck
�
. By Lemma 2.4.2, the isotopy classes[a] and[b] are

connected by a pathf [c0] = [ a]; [c1]; [c2]; : : : ; [cn� 1]; [cn ] = [ b]g. We prove this lemma in two

steps, �rst showing that each isotopy class is connected and then use this fact to get a path from

a to b.

Step 1: We claim that each isotopy class relative to the boundary is connected. To prove

this, letp; q be two arcs in the same isotopy class inNA y
P

�
S1

g ; Ck
�
. Then there is an isotopy

H : I � I ! S1
g relative boundary and tangent spaces on the boundary such that each arc

ct (s) = H (s; t) is an vertex ofNA y
P

�
S1

g; Ck
�
. Note that each of thect (s) has the same tangent

direction at its endpoints asp andq.
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It is possible to partitionI into small enough piecesf t0 = 0; t1; : : : ; tn� 1; tn = 1g such that

consecutivect i , ct i +1 live in a small nonseparating ribbonR onS1
g with ends in@S1g. Moreover,

sincect i andct i +1 have the same endpoints, thenR can be made suf�ciently narrow to ensure

that there are two components of@S1g n R with nonempty interiors. In particular, anyCk

extension of thect will contain exactly one of these components. Denote this component of

@S1g n R by d.

SinceS1
g n R is a surface with two boundaries andg � 1 genus andg � 2, then there is a

nonseparatingCk arcei onS1
g nR with endpoints ond that is disjoint to bothct i andct i +1 . Note

that sinced has a nonempty interior, then there is a nonempty open subset ofS1
g nR that contains

the interior ofd. Thusei can be chosen such that it is compatible with either orientation on@S1g.

In particular, this allows us to pick anei such that theCk extension intersects both endpoints

of thect . Sinceei is nonseparating onS1
g n R, then both pairs(ei ; ct i ) and(ei ; ct i +1 ) are jointly

nonseparating. Soei is adjacent toct i andct i +1 in NA y
P

�
S1

g; Ck
�
. Thus

f ct0 = p; e0; ct1 ; : : : ; ctn � 1 ; en� 1; ctn = qg

is a path inNA y
P

�
S1

g ; Ck
�

betweenp andq. Since the choice ofp andq was arbitrary, then any

isotopy class is connected inNA y
P

�
S1

g; Ck
�
.

Step 2: Sincef [c0] = [ a]; [c1]; [c2]; : : : ; [cn� 1]; [cn ] = [ b]g is the path between[a] and[b], then

there are representativesc0
i andc00

i for eachi such thatc00
i is disjoint fromc0

i +1 . By step 1, there

are pathsf c0
i = di

0; di
1; : : : di

k i
= c00

i g within each isotopy class[ci ] that connectc0
i andc00

i . Thus

f a = c0
0 = d0

0; d0
1; : : : ; d0

k0
= c00

0; c0
1 = d1

0; : : :

: : : ; di � 1
k i � 1

= c00
i � 1; c0

i = di
0; di

1; : : : di
k i

= c00
i ; c0

i +1 = di +1
0 ; : : :

: : : ; dn� 1
kn � 1

= c00
n� 1; c0

n = dn
0 ; : : : ; dn

kn
= c00

n = bg

is a path froma to b. Sincea andb were chosen arbitrarily, thenNA y
P

�
S1

g; Ck
�

is connected.
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2.4.2 Kernelsof simplek-smoothpairs

In this section, we build up an equivalence relation on simplek-smooth pairs based on the

inessential curves that they de�ne. We then use this equivalence relation to show that any

automorphism of theCk-curve graph is well-de�ned on inessential curves.

Kernel curves.Given any simplek-smooth pair(a; b) that determines the curved = a1 [ b1 [

c1 [ c2, there is a unique inessential curvee = a2 [ b2 [ c1 [ c2. We calle thekernel curveof

(a; b).

Note that the kernel curve of any simplek-smooth pair will be a vertex inECy
�
Sg; Ck

�
. Our

goal is to show that this curvee is well-de�ned under any automorphism ofCy
�
Sg; Ck

�
. To

achieve this, we use an equivalence relation on the set of simplek-smooth pairs inSg.

We de�ne the equivalence relation
� , calledkernel equivalence, on the set of simplek-

smooth pairs inSg by the transitive closure of the following relation:(a; b) 
� (b; u) if there

exists ab0 2 Cy
�
Sg; Ck

�
homotopic tob and disjoint froma, b, andu such that for any
 2

Cy
�
Sg; Ck

�
contained in the annulus betweenb and b0, then 
 intersectsa if and only if 


intersectsu. This generating relation is detecting whether the subarcsa2 andu2 are the same.

v a
b

u

Figure 2.21: A couple of simplek-smooth pairs with kernel equivalence.

Note that(a; b) = ( b; a) since simplek-smooth pairs are unordered. Our goal is to show

that two simplek-smooth pairs are equivalent exactly when they have the same kernel curve.

We start with the following lemma.

Lemma 2.4.4.Let Sg be a surface withg � 2. Let (a; b) and(p; q) be simplek-smooth pairs

onSg. If (a; b) 
� (p; q), then they have the same kernel curve.

Proof. Since kernel equivalence is a transitive closure, then it is suf�cient to show that the pairs
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in the de�ning relation(a; b) 
� (b; u) have the same kernel curve. Denote the kernel of(a; b)

by e and the kernel of(b; u) by f .

Since(a; b) 
� (b; u), then there exists someb0 2 Cy
�
Sg; Ck

�
homotopic tob and disjoint

from a, b, andu. Note that bothe andf are contained in the closure of the annulus bounded

by b andb0. Denote this annulus byB and the disks bounded bye andf by De andD f . So

B na will have two components,De and an annulus whose boundaries areb0and a second curve

made from an arc ofband an arc ofa. If u has any point in the interior of this subannulus, then

it would be possible to �nd an curve
 2 Cy
�
Sg; Ck

�
in this annulus that intersectsu but nota.

By the de�ning relation, this cannot happen. Sou \ B must be contained in the closure ofDe.

But this will mean thatD f � De. Sincea andc are symmetric in the de�ning relation, then

De � D f as well. ThusDe = D f , which means thate = f .

In order to show the other direction, we need to introduce a new graph, called a line graph.

We then give the connection between the line graph and kernel equivalence.

Line graphs. For any graph� , de�ne L(�) to be theline graphof � , which has a vertex for

each edge of� and an edge whenever two edges of� share a vertex.

Observe that for any simplek-smooth pair(a; b) in Sg with kernele, there exists an open

disk De whose boundary is the curvee. Seta0 andb0 to be the closures of the open arcsa n e

andbn e in Sg n De. Note thata0 andb0 determine an edge inNA y
P

�
Sg n De; Ck

�
, denote this

edge byab.

Lemma 2.4.5.Let Sg be a surface withg � 2. Let (a; b) and(p; q) be simplek-smooth pairs

onSg with the same kernele. LetDe be an open disk whose boundary ise. Then(a; b) 
� (p; q)

if and only ifabandpqare connected inL(NA y
P

�
Sg n De; Ck

�
).

Proof. We �rst prove the forward direction. The �rst goal is to show that any generating rela-

tion will be connected inL(NA y
P

�
Sg n De; Ck

�
). Let (a; b) 
� (b; u) be the generating relation.

By Lemma 2.4.4,(a; b) and(b; u) will have the same kernele. So bothabandbu are edges

in NA y
P

�
S n De; Ck

�
and will be connected tob. So the verticesabandbu in the line graph

L(NA y
P

�
S n De; Ck

�
) are connected by an edge. Since the relation
� is a transitive closure,
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then any two simplek-smooth pairs that are equivalent will be able to be connected by a path

in L(NA y
P

�
S n De; Ck

�
).

Next, we prove the backward direction. Ifabandpqare connected inL(NA y
P

�
S n De; Ck

�
),

then there is a path inNA y
P

�
S n De; Ck

�
from the arcsa0 to p0 (this path may, or may not, pass

throughb0 andq0). Denote the vertices of this path byf u0 = a0; u1; : : : ; un� 1; un = p0g. Since

u1 is an arc inSg n De, it can be extended to aCk curveu0
1 in Sg by a subarc ofe. The edge

condition ofNA y
P

�
S n De; Ck

�
will imply that (a; u0

1) is a simplek-smooth pair inSg. Notably,

thenen a is an arc contained inu0
1 andb.

Consider the surfaceSg n (De [ a0). Sinceb0andu1 are disjoint froma0and closed subsets,

then the boundary componenta0 [ (en a) has an open neighborhood that does not intersectb0

or u1. So there exists� 2 Cy
�
Sg; Ck

�
in this neighborhood that are disjoint froma; b, andu0

1.

Moreover,� will be homotopic toa sinceeis inessential. Sinceena is the only portion ofband

u0
1 that is contained in the annulus betweena and� . So any
 2 Cy

�
Sg; Ck

�
that is contained in

this annulus will intersectb if and only if it intersectsen a if and only if it intersectsu0
1. Thus

(a; b) 
� (a; u0
1).

Since(u0
1; u0

2) is a simplek-smooth pair such that(a; u0
1) 
� ; (u0

1; u0
2), then this process

can then be continued for each step of the path. Thus by transitivity of the relation
� ,

(a; b) 
� (p; q).

Utilizing the above result, we get following lemma, which is the reverse of Lemma 2.4.4.

Lemma 2.4.6.Let Sg be a surface withg � 2. Let (a; b) and(p; q) be simplek-smooth pairs

onSg. If (a; b) and(p; q) have the same kernel curve, then(a; b) 
� (p; q).

Proof. Since(a; b) and(p; q) have the same kernel curvee, then by Lemma 2.4.5, they will be in

the same equivalence class exactly if they are connected in the line graphL(NA y
P

�
S n De; Ck

�
).

But by Lemma 2.4.3,NA y
P

�
S n De; Ck

�
is connected when its genus is at least 2. Thus its line

graph must also be connected and so(a; b) 
� (p; q).

We are now ready to state and prove the �nal result of this section.
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Lemma 2.4.7.Let Sg be a surface withg � 2. Let (a; b) and(p; q) be simplek-smooth pairs

on Sg and let � 2 Aut Cy
�
Sg; Ck

�
. Then(a; b) and (p; q) have the same kernel curve if and

only if (� (a); � (b)) and(� (p); � (q)) have the same kernel curve.

Proof. Suppose that(a; b) and (p; q) have the same kernel curve. Then by Lemma 2.4.6,

(a; b) 
� (p; q). Since the generating relation for kernel equivalence depends on homotopies,

intersections, and containment in annuli, then by Lemmas 2.3.7 and 2.3.11 the equivalence re-

lation will be preserved by� . Thus(� (a); � (b)) 
� (� (p); � (q)) . By Lemma 2.4.4,(� (a); � (b))

and(� (p); � (q)) will have the same kernel curve.

Since� is an automorphism, then the reverse direction comes from using the automorphism

� � 1 with the exact same reasoning.

2.4.3 Inessentialcurves

In this section, we give some ways that inessential curves and their intersections can be detected

in bothECy
�
Sg; Ck

�
andCy

�
Sg; Ck

�
. This is necessary in the proof of Proposition 2.4.1. Recall

from Lemma 2.2.2, that any curve inECy
�
S; Ck

�
is separating if and only if its link is a join.

Lemma 2.4.8. Let Sg be a compact surface withg � 1 and no boundary. A curvec 2

ECy
�
Sg; Ck

�
is inessential if and only ifc is separating and one side of the join contains only

separating curves.

Proof. Every inessential curve bounds a disk and separates this disk from the rest of the surface.

Soc is a separating curve and one side of the join will be all the curves contained in this disk.

But these must also be inessential curves and so are all separating curves.

If c is a separating curve that is essential inSg, then there must be at least one genus in each

component ofSg n c. But then there will be nonseparating curves in every part of the join.

The lemma above guarantees that the restriction map given in Proposition 2.4.1 is well-

de�ned on vertices. We now identify the graph structures associated to the different possibilities

for edges.
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Lemma 2.4.9. Let Sg be a surface withg � 2. Let f be an essential curve ande be an

inessential curve inECy
�
Sg; Ck

�
. Thenf ande are disjoint if and only if there exists a simple

k-smooth pair(a; b) with kernele such thata is disjoint and not homotopic tof and there is a

curvea0 2 Cy
�
Sg; Ck

�
homotopic toa and disjoint froma; b; e;andf .

Proof. Suppose thatf ande are disjoint. Sincef is essential, then the subsurfaceSg n f will

have some genus, and so there are essential nonseparating curves inCy
�
Sg; Ck

�
in the same

component ase that do not intersectf . One of these can be smoothly isotoped to loop arounde

while still remaining disjoint fromf . Let this curve bea. Note thata will not be homotopic to

f since it was essential inSg n f . Sinceg � 2, it will be possible to �nd another nonseparating

curveb 2 Cy
�
Sg; Ck

�
such that(a; b) form a simplek-smooth pair with kernele. Sincee and

f do not intersect, thena can be homotoped throughe to make a new curve isotopic toa and

consisting of arcs ofa andena. SinceSg n(f [ b) is open inSg, then this curve can be pushed

off of a ande into a neighborhood and smoothed to make a curvea0 2 Cy
�
Sg; Ck

�
that has the

desired properties.

On the other hand, suppose that we have a simplek-smooth pair(a; b) with kernele such

thata anda0 have the given properties in the lemma statement. Sincea anda0 are disjoint and

homotopic, then they must bound an annulus inSg. Sinceb is disjoint froma0, andb n a is

two arcs with endpoints on opposite sides ofa, then the annulus betweena anda0must contain

one of these arcs. Bute is inessential andb is not homotopic toa, so it must be the arc that is

contained ine. Soe is completely contained in the closed annulus betweena anda0. Sincef is

essential, not homotopic toa and does not intersecta or a0, then it cannot intersect any curves

that are contained in the annulus. Thuse andf do not intersect.

Figure 2.22: The three possible edges given in Lemmas 2.4.9 (left), 2.4.10 (middle), and 2.4.11
(right).

In the proof of [4, Lemma 5.1], Long–Margalit–Pham–Verberne–Yao give a classi�cation
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of disjoint inessential curves using bigon pairs that has a similar �avor to Lemma 2.4.10 below.

They claim that their classi�cation works for both nested and unnested inessential curves, but

in actuality only applies to the nested case. Instead, the classi�cation for the unnested case is

that there will exist two disjoint bigon pairs, similar to the one given in Lemma 2.4.11.

Lemma 2.4.10.LetSg be a surface withg � 2. Leteandf be inessential curves inECy
�
Sg; Ck

�
.

If necessary, switch the names so thatDe 6� D f . Thene andf are disjoint and nested if and

only if for any simplek-smooth pair(a; b) with kernele, there exists a simplek-smooth pair

(p; q) with kernelf such thatp is disjoint froma andq is disjoint fromb.

Proof. Suppose thateandf are disjoint and nested. SinceDe 6� D f , thenf is contained inDe.

Let (a; b) be any simplek-smooth pair with kernele. Thena andb can be smoothly isotoped

within De to make a simplek-smooth pair(p; q) with kernelf . By smoothly pushingp off of

a outside ofDe, it is possible to make the curvep be disjoint froma. Similarly, q can be made

disjoint fromb. So the desired simplek-smooth pair exists.

To prove the other direction, �rst suppose thate andf are not disjoint. Letx 2 e \ f . Let

(a; b) be a simplek-smooth pair with kernele such thatx is contained in one of the overlap

sectionsc1 or c2. Thusf will intersect botha andb. So any simplek-smooth pair(p; q) with

kernelf must have eitherp or q containx. But then that curve will intersect botha andband

thus we cannot have the characterization given in the lemma.

Now suppose thate andf are disjoint and not nested. Then it is possible to �nd a sim-

ple k-smooth pair(a; b) with kernele such thata andb both intersectf at least twice non-

consecutively with respect to an orientation onf . By the construction of simplek-smooth

pairs, for any simplek-smooth pair(p; q) with kernelf , bothp \ f andq \ f are both a single

arc. If p is disjoint froma, thenq must contain any points inf \ a. Similarly, if q is disjoint

from b, thenp contains all the points inf \ b. But then if both of these conditions hold,p\ f and

q \ f must each have at least two arcs, and thus(p; q) cannot be a simplek-smooth pair.

Lemma 2.4.11.LetSg be a surface withg � 2. Leteandf be inessential curves inECy
�
Sg; Ck

�
.

Theneandf are disjoint and not nested if and only if there exist disjoint simplek-smooth pairs

53



(a; b) with kernele and(p; q) with kernelf .

Proof. Suppose thate and f are inessential curves that are not nested. Since each pair of

simple closed curves lives on a nonseparating pair of pants, it is possible to �nd disjoint simple

k-smooth pairs fore andf on a surfaceSg with genusg � 2.

To prove the reverse direction, suppose there exist disjoint simplek-smooth pairs(a; b) with

kernele and(p; q) with kernelf . Thuse andf must be disjoint. Since the simplek-smooth

pairs are comprised of essential curves, thena; b6� D f andp; q6� De. Thus no part ofa [ b is

in D f and no part ofp [ q is in De. Soe andf are not nested.

Lemma 2.4.12.Lete; f 2 ECy
�
Sg; Ck

�
with g � 2 and� 2 Aut Cy

�
Sg; Ck

�
. Then

(i ) if e inessential andf essential, and(a; b) is any simplek-smooth pair with kernele, then

e andf are disjoint if and only if the kernel of(� (a); � (b)) is disjoint from� (f ).

(ii ) if e andf are both inessential, and(a; b) is any simplek-smooth pair with kernele and

(p; q) is any simplek-smooth pair with kernelf , thene andf are disjoint if and only if

the kernel of(� (a); � (b)) is disjoint from the kernel of(� (p); � (q)) .

Proof. By Lemma 2.4.7,� will be well-de�ned on kernel curves of simplek-smooth pairs.

Thus the choice of the simplek-smooth pair(a; b) does not affect the resulting kernel of

(� (a); � (b)) .

Let f be an essential curve ande be an inessential curve. By Lemma 2.4.9,e andf be-

ing disjoint depends only on simplek-smooth pairs, intersections, and homotopies. So by

Lemma 2.3.7 and Proposition 2.3.1, these structures are preserved by� . Thus the kernel of

(� (a); � (b)) and� (f ) will still have the same relations that will force them to be disjoint.

Now, consider the case wheree andf are two inessential curves. By Lemmas 2.4.10 and

2.4.11,e andf are disjoint, depending characterizations using simplek-smooth pairs and in-

tersections. By Proposition 2.3.1, this characterization will be preserved. Thus the kernels of

(� (a); � (b)) and(� (p); � (q)) will also be disjoint.
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2.4.4 Proofof proposition

Finally, we complete this section by showing that restriction to the essential curves gives an

isomorphism between the automorphisms of the extendedCk-curve graph to the automorphism

of theCk-curve graph.

Proof of Proposition 2.4.1.Let � 2 Aut( ECy
�
Sg; Ck

�
). By Lemma 2.4.8,� must send inessen-

tial curves to inessential curves and send essential curves to essential curves. SinceCy
�
Sg; Ck

�

is a subgraph ofECy
�
Sg); Ck

�
, then� (� ) will be a well-de�ned restriction of� to only the es-

sential curves. Note that� is a homomorphism since the restriction has no affect on the action

of � on the essential curves.

Suppose that� (� ) is the identity automorphism. Then each essential curve inECy
�
Sg; Ck

�

will be mapped to itself. But for each inessential curvee, there is a simplek-smooth pair(a; b)

of essential curves withe as their kernel. Since(a; b) will be sent to itself and determines a

unique inessential curve, thene must also be sent to itself by� . Thus� is the identity. So� is

injective.

Now let � 2 Aut Cy
�
Sg; Ck

�
. Consider an inessential curvee 2 ECy

�
Sg; Ck

�
. Pick a simple

k-smooth pair(a; b) that determines a curved and whose kernel ise. From Proposition 2.3.1,

(� (a); � (b)) must be a simplek-smooth pair that determines� (d). Thus it must also have a

kernel curve. De�ne an extension of� , denotedb� , to ECy
�
Sg; Ck

�
by sendinge to the kernel

of (� (a); � (b)) . By Lemma 2.4.7,b� is well-de�ned on inessential curves.

To check is thatb� is an automorphism ofECy
�
Sg; Ck

�
, it needs to preserve the edges be-

tween all possible combinations of essential and inessential curves. On pairs of essential curves,

b� is exactly automorphism� of Cy
�
Sg; Ck

�
, and so it will preserve edges between essential

curves. By Lemma 2.4.12,b� preserves the intersections between inessential and essential

curves and the intersections between pairs of essential curves. Sob� is an automorphism of

ECy
�
Sg; Ck

�
.

In addition,� (b� ) = � by construction and so� is surjective. Thus� is a bijective homo-

morphism, which is an isomorphism.
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2.5 Finishing the proof

We can now complete Step 3 from the proof outline given in the introduction. We show that

the natural homomorphism� betweenHomeok(Sg) andAut Cy
�
Sg; Ck

�
is actually an isomor-

phism.

Proof of Theorem 1.If the composed map

� � � � � � 1 : Aut Cy
�
Sg; Ck

�
! Aut Cy

�
Sg; Ck

�

is the identity map, then� will be surjective.

Let � 2 Aut Cy
�
Sg; Ck

�
. Then(� � � � � � 1)( � ) is the action onCy

�
Sg; Ck

�
induced by the

homeomorphism(� � � � 1)( � ). By Proposition 2.2.1, this homeomorphism induces the action

onECy
�
Sg; Ck

�
corresponding to� � 1(� ). But then� � � is the restriction of the action of� � 1(� )

on ECy
�
Sg; Ck

�
to Cy

�
Sg; Ck

�
, which by Proposition 2.4.1 is exactly the map� . So� � � � � � 1

is the identity map.

To show that� is injective, consider a homeomorphismf that induces the same action on

Aut Cy
�
Sg; Ck

�
as the identity map. For anyx 2 Sg, consider a torus pair(a; b) that intersects

exactly at the pointx. Then(f (a); f (b)) = ( a; b) is still a torus pair that intersects only at the

point x. Thusf must �x the pointx. Since this holds for everyx 2 Sg, thenf must be the

identity map onSg.

Since� is a homomorphism and bijective, then it is an isomorphism.
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CHAPTER 3

DESCRIBING ELEMENTS OF Homeo 1(S)

In this chapter, we prove Theorem 2, which gives the necessary and suf�cient local properties

for elements ofHomeo1(S).

3.1 Overview of the proof of Theorem 2 and chapter outline

The proof of Theorem 2 is split into two parts, each corresponding to one of the logical direc-

tions of the statement. The forward direction involves recovering each of the three properties

stated in the theorem from an element ofHomeo1(S), while the reverse direction requires us to

show that any map with these properties is an element ofHomeo1(S).

Forward direction.

We complete this step in Section 3.2. To prove the forward direction, we must have that any

element ofHomeo1(S) maps everyC1 curve to aC1 curve, induces well-de�ned homeomor-

phisms on the projective tangent space, and sends transverse sequences to transverse sequences.

The �rst property follows directly from the de�nition ofHomeo1(S). The next step is to

show that an element ofHomeo1(S) induces a well-de�ned map onPTS. We prove this by

showing that any homeomorphism ofS that sends everyC1 curve to aC1 curve must respect

the equivalence classes at each point of curves with the same tangent line.

To obtain the second property, we utilize the identi�cation of the projective tangent space

with S1 to obtain that the induced map is a homeomorphism. This follows from the fact that

bijections ofS1 preserving cyclically ordered triples are homeomorphisms.

Finally, to show that an element ofHomeo1(S) sends all transverse sequences to transverse

sequences, we work from a contradiction. We assume that the homeomorphism maps some

transverse sequence to a sequence that is not transverse and has a convergent subsequence. We
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are then able to construct aC1 curve whose preimage is notC1.

Reverse direction.

This step of our proof is completed in Section 3.3. Our goal is to show that any homeomorphism

satisfying the three properties from Theorem 2 must be an element ofHomeo1(S). From the

�rst property, we know thatf maps everyC1 curve to aC1 curve. Thus it only remains to show

thatf � 1 also maps everyC1 curve to aC1 curve.

We use the homeomorphism on the tangent space at each point to recover that every image

of aC1 curve underf � 1 must have a unique tangent line at every point. We then use transverse

sequences to show that these tangent lines must vary continuously, which is an equivalent

characterization ofC1 curves.

3.2 Properties of elements ofHomeo1(S)

The goal of this section is to prove the following proposition, which is the forward direction of

Theorem 2.

Proposition 3.2.1.For a smooth surfaceS, if f 2 Homeo1(S), thenf has the following three

properties:

(a) f maps everyC1 curve to aC1 curve,

(b) �df p is a homeomorphism for allp 2 S, and

(c) f maps every transverse sequence to a transverse sequence.

We accomplish this proof in three steps. First, we show that property(a) implies that�df p is

well-de�ned. We then obtain property(b), that this induced map is a homeomorphism. Finally,

we prove property(c), that transverse sequences are preserved.

3.2.1 A well-de�ned mapof projectivetangentspace

In this �rst section, to get that�df p is well-de�ned, we prove the following result:
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Lemma 3.2.2.Letf 2 Homeo1(S). Let� and� be simple closedC1 curves inS andp 2 � \ � .

If � and � have the same tangent line atp thenf (� ) and f (� ) have the same tangent line at

f (p).

Before we prove the Lemma 3.2.2 we need to discuss intersections ofC1 curves and prove

relevant lemmas for each type of intersection.

Characterizing intersections ofC1 curves. Any intersection between twoC1 curves can ei-

ther be an isolated point or a limit point for a sequence of intersection points. In the isolated

case, the intersection can be either transverse or tangent. Further, for a tangent intersection

point, the curves can either locally cross each other or stay on the same side that they started.

When the curves stay on the same side, we call this aone-sidedintersection. The intersections

that are either transverse or cross at the tangency are referred to astopologically transverse

intersections.

The next few lemmas show that tangencies are preserved by elements ofHomeo1(S) in all

three of these cases: Lemma 3.2.3 proves the result for one-sided tangents, Lemma 3.2.4 for

topologically transverse tangents, and Corollary 3.2.6 for limit points of intersection points.

Lemma 3.2.3.Let f 2 Homeo1(S). Let� and� be simple closedC1 curves inS that intersect

at an isolated pointp with a one-sided intersection. Thenf (� ) andf (� ) have the same tangent

line at f (p).

Proof. Let � and� beC1 curves that intersect at a pointp 2 S in a one-sided intersection. We

note that� and� must be tangent atp. If not, there would exist parameterizations of� and

� such that the tangent vectors atp are not scalar multiples of each other. But then� and�

would be transverse atp. Thus the intersection atp would also be topologically transverse and

not one-sided.

Sincef is a homeomorphism, then it will preserve one-sided intersections. Furthermore,

sincef mapsC1 curves toC1 curves, thenf (� ) and f (� ) are C1 curves with a one-sided

intersection atf (p). Thusf (� ) andf (� ) have the same tangent line atf (p).

59



Lemma 3.2.4.Let f 2 Homeo1(S). Let� and� be simple closedC1 curves inS that intersect

tangentially at an isolated pointp with a topologically transverse intersection. Thenf (� ) and

f (� ) have the same tangent line atf (p).

Proof. Let � and� be simple closedC1 curves inS with p 2 � \ � such that� and� have

the same tangent line atp. If � and � are topologically transverse, then there exist simple

closed inessentialC1 curves
 and� such that each pairf �; 
 g, f �; � g, f �; 
 g, f �; � g, f 
; � g

intersects atp with a one-sided intersection. This can be accomplished by following either� or

� and switching to the other curve atp, and then closing the curve without crossing either� or

� .

Figure 3.1: Two topologically transverseC1 curves� and� at the pointp with the one-sided
tangent curves
 and�

Thus by Lemma 3.2.3,f (� ); f (� ); f (
 ); andf (� ) must all have the same tangent line at

f (p).

Now that we have both isolated point cases, we move to the case of a limit point of inter-

section points. To accomplish this, we �rst give a result aboutC1 curves that intersect in�nitely

many times inR2.

Lemma 3.2.5. If � and � are two simpleC1 curves inR2 that intersect at in�nitely many

distinct pointsxn that converge to the origin, then there are parameterizations of� (t) and� (t)

of � and� such that� 0(0) = � 0(0) 6= 0.

Proof. By continuity, the origin must be a point on� . Let � (t) : R ! R2 be aC1 parameter-

ization of � such that� (0) = (0 ; 0) and� 0(t) 6= 0. Up to replacingt by � t, we can assume

that in�nitely many of thexn occur at positivet values. Letxnk be the subsequence of of the
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xn that have positivet values on� (t). Similarly, there is aC1 parameterization� (s) : R ! R2

of � with � (0) = 0 and� 0(s) 6= 0. Let tk andsk be sequences such that� (tk) = xnk = � (sk).

Since� (t) and� (s) areC1 parameterizations andtm ! 0 andsm ! 0, then

� 0(0) = lim
t ! 0

� (t)
t

= lim
k!1

� (tk)
tk

= lim
k!1

xnk

tk

� 0(0) = lim
s! 0

� (s)
s

= lim
k!1

� (sk)
sk

= lim
k!1

xnk

sk

Thus� 0(0) and� 0(0) must lie on the same line, which is the direction that thexnk approach0.

Since both� 0(0) and� 0(0) are nonzero, then

� 0(0)
� 0(0)

= lim
k!1

sk

tk
= C 2 R n f 0g

Thus� can be reparameterized bys = Ct so that� 0(0) = � 0(0).

We can directly apply Lemma 3.2.5 to surfaces by using a smooth local chart to get the

following:

Corollary 3.2.6. If two simple closedC1 curves� and � in S intersect at in�nitely many

distinct pointspn that converge top, then they have the same tangent line atp.

Since we have dealt with each case individually, we can now complete this section.

Proof of Lemma 3.2.2.Let � and� beC1 curves inS with the same tangent line atp 2 � \ � .

If p is an isolated intersection point with a one-sided intersection, thenf (� ) and f (� ) also

have a one-sided intersection. So by Lemma 3.2.3,f (� ) andf (� ) have the same tangent line

at f (p). If p is an isolated intersection point with a topologically transverse intersection, then

f (� ) andf (� ) have the same tangent line atf (p) by Lemma 3.2.4.

If p is not an isolated intersection point, then there is a sequence of intersection points

f png � � \ � that converge top. Sincef is a homeomorphism, thenf (pn ) is a sequence of
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distinct intersection points off (� ) andf (� ) that converge tof (p). Thus by Corollary 3.2.6,

f (� ) andf (� ) must have the same tangent line atf (p).

3.2.2 Property(b): HomeomorphismonPTpS

By Lemma 3.2.2, for anyf 2 Homeo(S) that maps everyC1 curve to aC1 curve,f naturally

induces a map

�df p : PTpS ! PTf (p)S

between the projective tangent spaces. The goal of this section is to prove the following lemma

related to property(b) from Theorem 2.

Lemma 3.2.7.Let f 2 Homeo1(S). Then for allp 2 S, the induced map�df p is a homeomor-

phism.

We start with showing that the map is bijective.

Lemma 3.2.8.Let f 2 Homeo1(S). Then for allp 2 S, the induced map�df p is a bijection.

Proof. Note that for anyf 2 Homeo1(S), the inverse mapf � 1 must also be inHomeo1(S).

Thus by Lemma 3.2.2,f � 1 induces a map

�df � 1
f (p) : PTf (p)S ! PTpS

Moreover, sincef � f � 1 = f � 1 � f = id , then

�df p � �df � 1
f (p) = �d idf (p) = id

and

�df � 1
f (p) � �df p = �d idp = id

Thus �df p is a bijection.

To show that�df p is a homeomorphism, we �rst observe the following:
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Observation 3.2.9.If h : R ! R is a bijection that preserves (or reverses) the natural ordering

onR, thenh is a homeomorphism ofR.

We now use this observation to prove a general result for bijections ofS1.

Lemma 3.2.10.If h : S1 ! S1 is a bijection that preserves (or reverses) the cyclic order of

every triple, thenh is a homeomorphism.

Proof. By postcomposing with a rotation, we can assume thath �xes some pointc 2 S1. Let

' : S1 n f cg ! R be a homeomorphism such that for anyx; y 2 R such thatx < y , the cyclic

triple [' � 1(x)' � 1(y)c] of S1 is in clockwise order.

Figure 3.2: The homeomorphism' from S1 n f cg to R

Then' � hjS1nf cg � ' � 1 is an order preserving (or reversing) bijection onR. So by Obser-

vation 3.2.9,' � hjS1nf cg � ' � 1 is a homeomorphism. ThushjS1nf cg is also a homeomorphism.

Moreover, since any neighborhood ofc will be sent byhjS1nf cg to a neighborhood ofc, then

hjS1nf cg can be extended toh and remain a homeomorphism on all ofS1.

The next lemma shows that the induced map on the projective tangent space satis�es the

conditions of the previous lemma.

Lemma 3.2.11.If f 2 Homeo1(S) is locally orientation preserving (or reversing) atp 2 S,

then the induced map�df p preserves (or reverses) the cyclic order of every triple.

Proof. It suf�ces to prove this result for the orientation preserving case, since the reasoning is

identical in the orientation reversing case, with the corresponding words replaced.

Let [abc] be a cyclic triple ofPTpS in clockwise order. Sincea, b, andc are distinct, then

there are representative curves� , � , and
 that are transverse atpand a connected neighborhood
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N of p such that these curves are disjoint inN nf pg. Denote these disjoint arcs as� 1, � 2, � 1, � 2,


 1, and
 2 such that in clockwise order aroundp, these arcs occur as the cycle[� 1� 1
 1� 2� 2
 2].

Figure 3.3: The correspondence between cyclic triples inPTpS and their representatives onS
near the pointp

Sincef is a homeomorphism, then the arcsf (� 1); f (� 2); f (� 1); f (� 2); (
 1), andf (
 2) are

also disjoint inf (N nf pg). Moreover, the cycle[f (� 1)f (� 1)f (
 1)f (� 2)f (� 2)f (
 2)] is in clock-

wise order sincef is orientation preserving. Thusf (� ), f (� ), andf (
 ) are still topologically

transverse atp with the same ordering.

By Lemma 3.2.8, we know that�df p is a bijection. Thus�df p(a); �df p(b); and �df p(c) are

distinct and the cyclic triple[ �df p(a) �df p(b) �df p(c)] is in clockwise order. Thus�df p preserves

the cyclic order of every triple.

We can now combine the above results to prove the main lemma of this section.

Proof of Lemma 3.2.7.By Lemmas 3.2.8 and 3.2.11, we have that for anyf 2 Homeo1(S),

the map�df p satis�es the conditions of Lemma 3.2.10. Thus�df p is a homeomorphism for every

p 2 S.

3.2.3 Property(c): Mappingtransversesequences

In this section, we prove the following lemma, showing property(c) from Theorem 2.
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Lemma 3.2.12.Let f 2 Homeo1(S). Suppose thatf (pn ; `n )g is a transverse sequence that

converges to a pointp along`. Thenf (f (pn ); �df p(`n ))g is a transverse sequence that converges

to the pointf (p) along �df p(`).

Before we can prove Lemma 3.2.12, we need to give some intermediary results giving the

existence ofC1 curves through non-transverse sequences inPTS.

Lemma 3.2.13.Let f png be a sequence of points inR2 n f pg that converge along a linè

to a point p. If f (pn ; `n )g is a sequence inPTR2 that converges to(p; `), then there is a

subsequencef (pnk ; `nk )g and a simple closedC1 curve
 such that for allk, pnk is a point on


 and the tangent line of
 at pnk is `nk .

Proof. We complete this proof in two steps. We �rst �nd the subsequence of pointsf pnk g and

then we �nd theC1 curve
 that passes through this subsequence. This construction is inspired

by a similar proof from Rosenthal [16, Theorem 2] that �nds aC1 curve through a bounded

sequence of points. We have made adjustments to their argument to account for the additional

restriction on tangent lines.

Step 1: Finding the subsequence.Our goal in this step is to restrict the sequence of converging

points in such a way to make it possible to draw aC1 curve through the subsequence.

By composing with an af�ne map, we can assume thatp is the origin and the linè is the

x-axis. Since thepn converge to the origin along thex-axis, then only �nitely many of them can

be on they-axis. So there is a subsequence off png such that either thex-values are all positive

or all negative. Additionally, there will be a further subsequence such that they-values are all

nonnegative or all nonpositive. Without loss of generality, we will assume that the subsequence

has positivex-values and nonnegativey-values. We can further take a subsequencef pns g such

thatjpns j > jpns+1 j > 0 for all s. For simplicity of notation, we setps = pns .

Denote by(ab) the slope of the line between the pointsa andb. Sincef psg is converging

to the origin along thex-axis, then(psp) is also converging to 0. If there is a subsequence

with (psk p) = 0 , then we take this subsequence. Otherwise we can take a subsequencef psk g

such that(psk p) > (psk +1 p) > 0. Furthermore, note that(psk psk + r ) > (psk p) for all r 2 Z+ .
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But asr ! 1 this slope will approach(psk p). So we can take another subsequence such that

(psk psk +1 ) < (psk � 1 psk ) for all k.

Finally, we can take a further subsequence so that the magnitudes of the slopes of`sk con-

verge monotonically to 0. We now set this �nal subsequence to be thef (pnk ; `nk )g that we are

looking for.

Step 2: Drawing theC1 curve. With the restricted sequencef (pnk ; `nk )g, we can now �nd the

C1 curve
 that passes through the pointspnk with the tangent lines̀nk . This step is done by

giving exact formulas for several arcs and directly checking that the resulting curve isC1.

For simplicity, setpnk = ( xk ; yk) and letmk be the slope of̀nk . Set(x0; y0) = ( x1 + 1; y1)

andm0 = 0. Note that by choice of subsequence,0 < x k+1 < x k for all k 2 Z � 0. Then for

t 2 [xk+1 ; xk ], we de�ne the curve


 k(t) =

8
>>>>>>><

>>>>>>>:

�
2t � xk � xk +1

xk � xk +1

� ��
(xk � xk +1 )mk

2�

�
sin

�
2� (t � xk )
xk � xk +1

�
+ yk

�

+
�

1 �
�

2t � xk � xk +1

xk � xk +1

�� �
yk � yk +1

xk � xk +1
(t � xk) + yk

�
if xk + xk +1

2 � t � xk
�

2t � xk � xk +1

xk +1 � xk

� ��
(xk � xk +1 )mk +1

2�

�
sin

�
2� (t � xk +1 )

xk � xk +1

�
+ yk+1

�

+
�

1 �
�

2t � xk � xk +1

xk +1 � xk

�� �
yk � yk +1

xk � xk +1
(t � xk+1 ) + yk+1

�
if xk+1 � t � xk + xk +1

2

Note that


 k(xk) = yk ; 
 k(xk+1 ) = yk+1 ; and 
 k

�
xk + xk+1

2

�
=

yk + yk+1

2

Moreover,


 0
k(t) =

8
>>>>>>><

>>>>>>>:

mk

��
2t � xk � xk +1

xk � xk +1

�
cos

�
2� (t � xk )
xk � xk +1

�
+ 1

� sin
�

2� (t � xk )
xk � xk +1

��

+ 2
�

1 � 2t � xk � xk +1

xk � xk +1

� �
yk � yk +1

xk � xk +1

�
if xk + xk +1

2 � t � xk

mk+1

��
2t � xk � xk +1

xk +1 � xk

�
cos

�
2� (t � xk +1 )

xk � xk +1

�
� 1

� sin
�

2� (t � xk +1 )
xk � xk +1

��

+ 2
�

1 � 2t � xk � xk +1

xk +1 � xk

� �
yk � yk +1

xk � xk +1

�
if xk+1 � t � xk + xk +1

2
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with


 0
k(xk) = mk ; 
 0

k(xk+1 ) = mk+1 ; and 
 0
k

�
xk + xk+1

2

�
= 2

yk � yk+1

xk � xk+1

We can see that each
 0
k is continuous on its domain. Since bothmk and yk � yk +1

xk � xk +1
approach 0 as

k ! 1 and all other terms are bounded, then
 0
k(t) ! 0 ask ! 1 . We then de�ne the arc

� : [0; x0] ! R2 as

� (t) =

8
><

>:

(0; 0) if t = 0

(t; 
 k (t)) if xk+1 � t � xk

Note that
 k(xk+1 ) = yk+1 = 
 k+1 (xk+1 ) and
 0
k(xk+1 ) = mk+1 = 
 0

k+1 (xk+1 ) and each
 k is

C1. Since� 0(t) = (1 ; 
 0
k(t)) 6= 0, then� is aC1 arc.

Now letymax = 1 + max k;t 
 k(t). We then de�ne arcs� : [0; 1] ! R2, � : [0; 1] ! R2, and

� : [0; 1] ! R2 by:

� (t) =
�

ymax �
y0

2

�
(cos(� (t + 1=2)); 1 + sin(� (t + 1=2)))

� (t) = ( x0(1 � t); 2ymax � y0)

� (t) = (( ymax � y0) cos(� (t � 1=2)) + x0; (ymax � y0) sin(� (t � 1=2)) + ymax )

Note that�; �; � , and� together form a single closed curve
 since

� (0) = � (1) = (0 ; 0)

� (0) = � (1) = (0 ; 2ymax � y0)

� (0) = � (1) = ( x0; 2ymax � y0)

� (0) = � (x0) = ( x0; y0)
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Figure 3.4: The closedC1 curve
 in R2

In addition,�; � and� are allC1 since

� 0(t) =
�

ymax �
y0

2

�
(� � sin(� (t + 1=2)); � cos(� (t + 1=2)))

� 0(t) = ( � x0; 0)

� 0(t) = ( � � (ymax � y0) sin(� (t � 1=2)); � (ymax � y0) cos(� (t � 1=2)))

In order to get that the closed curve
 is C1, we also need to check is that the tangent lines

agree where the arcs�; �; �; and� meet. We denote the slope of the tangent lines of an arc

� (t) = ( � x (t); � y(t)) at t by

m� (t) =
� 0

y(t)

� 0
x (t)

It can be directly computed that

m� (0) = m� (x0) = m� (0) = m� (1) = m� (0) = m� (1) = m� (0) = m� (1) = 0

Since the slopes are the same, the tangent lines agree at the endpoints of every pair of arcs.
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Finally, we need to show that
 is a simple curve. By construction,

� � [0; x0] � (�1 ; ymax � 1]

� � (�1 ; 0] � (�1 ; 1 )

� � [0; x0] � [ymax ; 1 )

� � [x0; 1 ] � (1 ; 1 )

The interiors of the arcs are contained in the interiors of these regions, which are all disjoint.

So the arcs can only overlap at the endpoints.

Thus
 is a simple closedC1 curve through the sequence of pointsf pnk g with tangent line

`nk at eachpnk .

By using a smooth chart, we can extend Lemma 3.2.13 fromR2 to any surfaceS. This gives

us the following result:

Corollary 3.2.14. Let S be a surface and letf png be a sequence of points inS n f pg that

converge along a linè 2 PTpS to a pointp. If (pn ; `n ) is a sequence inPTS that converges

to (p; `), then there is a subsequencef pnk g and a simple closedC1 curve
 such that for allk,

pnk is a point on
 and the tangent line of
 at pnk is `nk .

Tangent lines and their angles.In R2, any element ofPT(x;y )R2 can be naturally identi�ed

with the non-obtuse angle between a straight line representative and the horizontal line through

(x; y). We let� ` 2 S1 denote the angle corresponding to the line` 2 PT(x;y )R2, with the natural

identi�cation � � � + �n for n 2 N.

Our next lemma gives a characterization for points converging along a line that utilizesC1

curves.

Lemma 3.2.15.Let f (xn ; yn )g be a sequence converging to the point(x; y) 2 R2. Let ` 2

PT(x;y )R2. Thenf (xn ; yn )g converges along̀ to (x; y) if and only if for any" > 0 and anyC1

curves
 + and
 � whose tangent lines at(x; y) have angles in(� ` ; � ` + ") and(� ` � "; � ` ), there

69



exists a neighborhoodU of (x; y) andN 2 N such that for alln > N , (xn ; yn ) is in the same

component inU n (
 + [ 
 � ) as the straight line representative of` at (x; y).

Figure 3.5: The points(xn ; yn ) converging along the linèeventually stay between the regions
de�ned by(� " � �=2; � �=2) [ (�=2; " + �=2) and thus also the curves
 + and
 �

Proof. We �rst prove the forward direction. After composing by an isometry ofR2, we can

assume that(x; y) is the origin and thex-axis is the straight line representative of`. Let " > 0.

Pick 
 + and
 � to be anyC1 curves with tangent lines at the origin with angles� + 2 (0; ") and

� � 2 (� "; 0).

Set� = min fj � + j; j� � jg. Note that� + 2 [�; " ) and� � 2 (� "; � � ]. Since the angles of the

tangent lines of
 + and
 � are continuous, then there is a neighborhoodU of the origin such

that the curves
 + and
 � stay within the region de�ned by the angles(� " � �=2; � �=2) [

(�=2; " + �=2).

Let � n denote the angle of the point(xn ; yn ) relative to the origin. Since the(xn ; yn ) con-

verge along thex-axis, then� n converge to 0. So there existsN1 2 N such that for alln > N 1,

� n 2 (� �=2; �=2). Moreover, since(xn ; yn ) converge to the origin, then there existsN2 2 N

such that for alln > N 2, the points(xn ; yn ) are contained inU. By settingN = maxf N1; N2g,

we have found the desiredU andN .

We now prove the reverse direction. Let
 + and
 � be the straight lines with angles" and

� " . Since" is arbitrary, then the angle of the points(xn ; yn ) relative to the origin must be

converging to 0. Thus the sequencef (xn ; yn )g is converging along thex-axis to the origin.
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Note that Lemma 3.2.15 also applies locally to sequences that converge along lines to points

in a surfaceS by replacing straight line representatives with locally geodesic representatives.

We can now prove Lemma 3.2.12 and Propostion 3.2.1, giving the forward direction of Theo-

rem 2.

Proof of Lemma 3.2.12.Let f 2 Homeo1(S). We proceed by contradiction. Assume that we

have a transverse sequencef (pn ; `n )g that converges top along` such thatf (f (pn ); �df p(`n ))g

is not a transverse sequence.

Sincef is a homeomorphism, thenf f (pn )g must converge tof (p). Next, let" > 0 and

consider a pair of curves
 + and
 � from Lemma 3.2.15 through the pointf (p) such that the

angles� + and� � are in the interval(� �df p (` ) � "; � �df p (` )+ "). By Lemma 3.2.7, the curvesf � 1(
 + )

andf � 1(
 � ) have tangent lines atp with angles in the intervals(� ` ; � ` + � ) and(� ` � �; � ` )

respectively, for some� > 0. Sincef png converges along̀ to p, there is a neighborhood

of U of p andN 2 N such that for alln > N , the pointspn are in the same component of

U n (f � 1(
 + ) [ f � 1(
 � )) as a locally geodesic representative of`. But then for alln > N , the

pointsf (pn ) are in the same component off (U)n(
 + [ 
 � ) as a locally geodesic representative

of �df p(`). Thus by Lemma 3.2.15, the sequencef f (pn )g converges along�df p(`) to f (p).

For f (f (pn ); �df p(`n ))g to not be a transverse sequence, it must have a subsequence that

converges to(f (p); �df p(`)) . By Corollary 3.2.14, there is aC1 curve � through a further

subsequencef (f (pnk ); �df p(`nk ))g such that the tangent line of� at eachf (pnk ) is �df p(`nk ).

Thus f � 1(� ) must be a curve through the pointspnk with tangent lines̀ nk . Since this is a

subsequence of the transverse sequencef (pn ; `n )g, these tangent lines cannot converge. So

f � 1(� ) cannot be aC1 curve. But this contradicts the assumption thatf 2 Homeo1(S).

Proof of Proposition 3.2.1.Property(a) comes directly from the de�nition ofHomeo1(S). The

other two desired properties are given by Lemmas 3.2.7 and 3.2.12, respectively.

71



3.3 RecoveringHomeo1(S)

The goal of this section is to show that the properties of elements ofHomeo1(S) are suf�cient

to guarantee that the inverse map must also sendC1 curves toC1 curves. More precisely, we

prove the following:

Proposition 3.3.1.For a smooth surfaceS, if f 2 Homeo(S) has the following three proper-

ties:

(a) f maps everyC1 curve to aC1 curve,

(b) �df p is a homeomorphism for allp 2 S, and

(c) f maps every transverse sequence to a transverse sequence,

thenf � 1 maps everyC1 curve to aC1 curve.

We prove this proposition in two steps. We �rst prove Lemma 3.3.2, showing that every

point of the preimage curve has a well-de�ned tangent line. We then prove Lemma 3.3.4, which

shows that these tangent lines must vary continuously.

3.3.1 Well-de�ned tangentlines

We �rst make a note on what it means for a curve to have a well-de�ned tangent line at a point.

The tangent line at a point
 (t) = ( 
 1(t); 
 2(t)) on the parameterized curve
 in R2 is uniquely

determined by the slope of the line. Thus we have a well-de�ned tangent line if the slopes of

the secant lines approaching
 (t) have a unique limit. In other words, there is a well-de�ned

tangent line at
 (t) if

lim
h! 0


 2(t + h) � 
 2(t)

 1(t + h) � 
 1(t)

exists. In our case, we also allow vertical tangent lines if

lim inf
h! 0

�
�
�
�

 2(t + h) � 
 2(t)

 1(t + h) � 
 1(t)

�
�
�
� = 1

This notion of a well-de�ned tangent line can also be translated locally to any surface using a

smooth chart around the point
 (t).
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With this de�nition in mind, the goal of this section is to prove the following:

Lemma 3.3.2. If f 2 Homeo(S) preserves tangencies and�df p is a homeomorphism for all

p 2 S, then for any simple closedC1 curve
 , the curvef � 1(
 ) has a well-de�ned tangent line

at every point.

Before we prove this lemma, we note the following observation, which is a weaker version of

Corollary 3.2.14.

Observation 3.3.3.Let f xng1
n=1 be a sequence of points inS that converge to a pointx. Then

there is a simple closedC1 curve inS that intersects in�nitely many of thexn .

We can now prove the main result of this section.

Proof of Lemma 3.3.2.Let 
 be a parameterizedC1 curve inS such that
 (0) = f (p). We

prove this result by contradiction. Assume thatf � 1(
 (0)) does not have a well-de�ned tangent

line. Thus after applying a local chart from a neighborhood off � 1(
 (0)) to R2, the limit of

the secant slopes does not exist. Denote the coordinates off � 1(
 (t)) in the local chart by

(
 � 1
1 (t); 
 � 1

2 (t)) . By consideringR2 [ f1g �= S1 and using the compactness ofS1, there must

be a slopem 2 R2 [ f1g such that a subsequence of the secant slopes converges tom. More

precisely, there existtn 2
�
� 1

n ; 1
n

�
with

lim
n!1


 � 1
2 (tn ) � 
 � 1

2 (0)

 � 1

1 (tn ) � 
 � 1
1 (0)

= m

But the limit for all the secant slopes approaching0 does not exist, so there is some open

neighborhoodNm of m such that there existsn 2
�
� 1

n ; 1
n

�
with


 � 1
2 (sn ) � 
 � 1

2 (0)

 � 1

1 (sn ) � 
 � 1
1 (0)

=2 Nm

Thus this sequence of secant slopes is a subset ofS1 n Nm , which is also compact. So there is

a subsequencef snk g such that

lim
k!1


 � 1
2 (snk ) � 
 � 1

2 (0)

 � 1

1 (snk ) � 
 � 1
1 (0)

= m0
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For somem0 6= m. By applying a rotation if necessary, we can assume that neitherm nor m0

are in�nity.

By Observation 3.3.3, there exist simple closedC1 curves� and� such that� intersects

in�nitely many of the f � 1(
 (tn )) and� intersects in�nitely many of thef � 1(
 (snk )) . Note

that the tangent line of� atp must have a slope ofm, while the tangent line of� atp must have

a slope ofm0. Sincef (� ) and
 areC1 curves that intersect at in�nitely many distinct points

that converge tof (p), then by Corollary 3.2.6,f (� ) and
 must have the same tangent line at

f (p). Similarly, f (� ) and
 areC1 curves with the same tangent line atf (p). Thusf (� ) and

f (� ) must have the same tangent line atf (p). But since�df p is a homeomorphism, this means

that� and� must have the same tangent line atp. This is a contradiction since by construction

m 6= m0.

3.3.2 Continuityof tangentlines

EveryC1 curve has tangent lines at every point that vary continuously. Work of Burgués–Cuf́�

[19, Theorem 10] shows that for simple closed curves, continuously varying tangent lines is

suf�cient to recover aC1-regular parameterization with nonzero tangent vectors.

We de�ne a functionM 
 : R ! R [ 1 �= S1 that gives the slope the tangent lines of a

curve
 . Precisely, for a parameterized curve
 (t) = ( 
 1(t); 
 2(t)) in R2 this function is de�ned

as

M 
 (t) = lim
h! 0


 2(t + h) � 
 2(t)

 1(t + h) � 
 1(t)

By using a smooth chart, this function is also de�ned locally for curves on surfaces whenever

the tangent line is well-de�ned.

Lemma 3.3.4.For a surfaceS, let f 2 Homeo(S) has all of the following properties:

(a) f maps everyC1 curve to aC1 curve

(b) �df p is a homeomorphism for allp 2 S

(c) f maps every transverse sequence to a transverse sequence.

then for anyC1 curve
 , M f � 1 (
 ) is continuous.
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Proof. Let 
 (t) be a parameterizedC1 curve such thatf � 1(
 (0)) = p. First, note that as

a consequence of Lemma 3.3.2, for any sequencetn in R that converges to 0, the sequence

f � 1(
 (tn )) converges along the line with slopeM f � 1 (
 )(0) to p. By rotating the chart around

p, we can assume thatM f � 1 (
 )(0) is �nite.

Now suppose for a contradiction thatM f � 1 (
 ) is not continuous. Then there is a sequence

of tn in R that converges to0 such thatM f � 1 (
 )(tn ) does not converge toM f � 1 (
 )(0). More-

over, there exists an" > 0 and a subsequencetnk such thatM f � 1 (
 )(tnk ) is outside of an

"-neighborhood ofM f � 1 (
 )(0). Thus no subsequence ofM f � 1 (
 )(tnk ) converges toM f � 1 (
 )(0).

Let pk denote the pointsf � 1(
 )( tnk ) and let`k denote the element inPTpk S that corresponds

to M f � 1 (
 )(tnk ). Sof (pk ; `k)g is a transverse sequence.

Note that by construction, the slope of�df pk (`k) is M 
 (tnk ). Thusf mapsf (pk ; `k)g to a

sequence of points and tangent lines from
 that converge to
 (0). But 
 is aC1 curve and thus

M 
 (tnk ) converges toM 
 (0). Thusf f (pk); �df p(`k)g is not a transverse sequence, contradicting

property(c). ThusM f � 1 (
 ) must be continuous.

Proof of Proposition 3.3.1.By Lemmas 3.3.2 and 3.3.4,f � 1 maps aC1 curve 
 to a curve

that has continuous tangent line at every point. The result of Burgués–Cuf́� [19, Theorem 10]

implies thatf � 1(
 ) is also aC1 curve.

3.3.3 Finishingtheproof

Combining Propositions 3.2.1 and 3.3.1, we now derive our main result.

Proof of Theorem 2.Proposition 3.2.1 proves the forward direction of the theorem. For the

reverse direction, property(a) gives thatf maps everyC1 curve to aC1 curve. By Proposi-

tion 3.3.1,f � 1 also maps everyC1 curve to aC1 curve. Thusf 2 Homeo1(S).
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CHAPTER 4

EXAMPLES

In this chapter, we give several explicit examples of maps that are elements ofHomeok(R2) but

not Di� k(R2), proving Propositions 1.5.1, 1.5.2 and 1.5.3 from Section 1.5. These examples

are given onR2 for simplicity. The non-differentiable points can then be added to any diffeo-

morphism on a surface using local charts and bump functions. The primary goal for many of the

examples for Proposition 1.5.2 is to dismiss potentially simpler characterizations for elements

of Homeo1(S).

We start this chapter with the examples for Proposition 1.5.1 and part(i ) from Proposi-

tion 1.5.2. We then give a subtle non-example of a potential counterexample to the containment

Homeo2(S) � Homeo1(S). We continue with examples for parts(ii ) and(iii ) from Proposi-

tion 1.5.2. We then give a non-example that proves Proposition 1.5.3. Finally, we conclude this

section with the examples for parts(iv ) and(v) from Proposition 1.5.2.

4.1 Losing linearity with Le Roux–Wolff

This �rst example is given to prove Proposition 1.5.1 and is based on one given by Le Roux–

Wolff [3, Section 5]. The goal of their example was to give an element ofHomeo1 (S) (which

they denote byHomeo1 (S)) that is not inDi� 1 (S). This is accomplished by adjusting the

angles of curves through a point to prevent the induced map between tangent spaces from being

linear. Our example is nearly identical to theirs with only small adjustments to the justi�cations

to account for the use ofCk curves instead ofC1 curves.

Proof of Proposition 1.5.1.Let b : R ! R be aCk diffeomorphism such thatf (x) = x when
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x is outside[1=2; 2], butb(1) 6= 1. De�ne B : R2 ! R2 by

B(x; y) =

8
><

>:

(x; x b(y=x)) if x 6= 0

(x; y) if x = 0

The reasoning that Le Roux–Wolff uses to show thatC1 curves are mapped toC1 curves

relies on the next level of differentiabiliy. So their reasoning will only give thatCk curves are

mapped toCk� 1 curves. Fortunately, it can be shown by direct computation that the image of

any Ck curve underB will also be aCk curve with nonzero tangent vectors. ButB is not a

diffeomorphism.

dB0��!

Figure 4.1: The induced map on tangent vectors at the origin.

The images of unit parameterized curves on thex- andy-axes with tangent vectors(0; 1)

and(1; 0) at the origin will have those same tangent vectors, while the image of a curve with

tangent vector(1; 1) at the origin will have the tangent vector of(1; b(1)) 6= (1 ; 1). Thus the

induced map on the tangent spaces cannot be linear.

4.2 Containment ofHomeo1(S)

A natural question to ask is if there are any containment relationships between theHomeon (S).

The following proves proposition is related to part(i ) from Proposition 1.5.2, showing that

Homeo1(S) 6� Homeok(S), for any2 � k � 1 .

Proposition 4.2.1. There exists an elementM 2 Homeo1 (R2) nDi� 1 (R2) such thatM =2

Homeok (R2), for any2 � k � 1 .
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Proof. To accomplish this, we consider is whether an element ofHomeo1(S) must also map

any C2 curve to anotherC2 curve. A curve can be determined to beC2 by the existence of

continuous curvature, which is independent of the parameterization of the curve.

Figure 4.2: Osculating circles for the image ofy = x2, showing that� (0� ) = 2 and� (0+ ) = 2
3 .

Let

m(x; y) =

8
><

>:

x
p

x2 + y2
+ 2 if (x; y) 6= (0 ; 0)

2 if (x; y) = (0 ; 0)

Then de�ne the map

M (x; y) = ( xm(x; y); ym(x; y))

M�!

Figure 4.3: The action of the mapM on a polar grid.
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Note that the limit ofm(x; y) is 1 when approaching the origin along the negativex-axis

but when approaching from the positivex-axis, the limit ofm(x; y) is 3. This difference causes

a jump discontinuity in the curvature at the origin for the image underM of someC1 curves.

Since anyCm curve is also aCk curve, whenever0 � k � m � 1 , thenM is not an

element ofHomeok(R2), for any2 � k � 1 . But M is an element ofHomeo1(R2), and so we

have thatHomeo1(S) 6� Homeok(S) for all k � 2.

4.3 A cautionary non-example forHomeo2(S)

For the next example, we introduce a homeomorphismN of R2 that appears to be an element

of Homeo2(R2) but not an element ofHomeo1(R2). This map sends everyC2 curve to another

C2 curve, but takes someC1 curves to curves that have corners, which are notC1.

Before explaining how the mapN works, we recall some facts aboutC2 curves. First,

everyC2 curve inR2 has �nite curvature at every point. Thus allC2 curves with horizontal

tangent at the origin must lie in a neighborhood of the origin between the curvesy = jxj3=2

andy = �j xj3=2 which have in�nite curvature at the origin. The mapN leaves this region

unchanged, while squeezing curves that lie betweeny = jxj3=2 andy = jxj towardsy = jxj

as the curve approaches the origin. Figure 4.4 shows howN preservesy = x2, but forces the

image ofy = 10
9 jxj3=2 to have a corner at the origin.

N�!

Figure 4.4: The action of the mapN ony = x2 andy = 10
9 jxj3=2

The squeezing is then also done symmetrically across thex-axis so that anyC2 curves with

non-horizontal tangents are squeezed towardsy = x or y = � x with curvature 0, which forces

their images to beC2 as well.

WhereN fails to be an example fromHomeo2(R2) is that it forces the image of too many
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curves to have curvature 0 at the origin. For example, the image of the curvey = sgn(x) jxj3=2

will have curvature 0 at the origin and thus beC2. So the action ofN on Cy(R2; C2) does not

give an automorphism of the graph.

4.4 Modifying magnitudes with Le Roux–Wolff

This example proves the following proposition related to part(ii ) from Proposition 1.5.2.

Proposition 4.4.1.There exists an elementG 2 Homeo1(R2) nDi� 1(R2) such that�dG(0;0) is

the identity, butG is not differentiable at(0; 0).

Proof. We buildG : R2 ! R2 similar Le Roux–Wolff's example [3, Section 5]. Instead of only

changing they-coordinates, we adjust their construction in order to modify both coordinates.

Let g : R ! R+ be a smooth homeomorphism such thatg(1) 6= 1 andg(t) = 1 whenevert

is outside of the interval[1=2; 2]. De�ne the mapG : R2 ! R2 by

G(x; y) =

8
><

>:

(x g(y=x); y g(y=x)) if x 6= 0

(x; y) if x = 0

Note thatG is aC1 diffeomorphism at every point except the origin. We can show by direct

computation that everyC1 curve through the origin is mapped byG to a C1 curve. Since

G� 1 is of the same form asG, then G� 1 also maps everyC1 curve to aC1 curve. Thus

G 2 Homeo1(R2).

Figure 4.5: The action ofG on the vectors(1; 0), (0; 1), and(1; 1) based at the origin

To show thatG =2 Di� 1(R2), we consider the action ofG on vectors based at the origin.

By changing the magnitude of some of these vectors, we prevent the pushforward mapdG(0;0)
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