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SUMMARY 

The traditional tessellation structure (or array 

processors) is expanded in two ways. First, non-uniformity 

is introduced. This additional capability provides us with 

a more versatile machine. Second, the global transformations 

in the tessellation structure are extended to include those 

which result from local transformations applied to the cells 

in a sequential, parallel-sequential, or sequential-parallel 

manner. This second extension of the traditional tessellation 

structure is called a mixed-mode tessellation structure. It 

is in this generalized setting that various conditions of 

parallel and sequential processing are considered. The 

problems of simulating one type of processing by the other 

are also studied. 

As the local transformations in the tessellation 

structure are similar to some of the operations used in 

picture processing, the results obtained in the tessellation 

structure are shown to be applicable to this area. 

Finally, the results from the tessellation structures 

are extended to the one-dimensional formal grammars, and the 

theorems derived in the former are shown to have associated 

counterparts in the latter. 



CHAPTER I 

INTRODUCTION AND HISTORICAL SKETCH 

1.1 Parallel-Sequential Computations 

In the efforts to satisfy the ever increasing demand 

for more computing time, there has come the realization that 

multiinstruction systems can speed up computations. This is 

especially true for the case where a large problem may be 

partitioned into constituents which are essentially indepen­

dent of each other and where these independent parts may be 

processed simultaneously or in parallel. Thus in recent 

years the notion of parallel processing has begun to attract 

considerable interest. 

Parallel processing in general means the simultaneous 

execution of several activities. The term itself has 

acquired several different interpretations and definitions. 

Various types of computing systems are built to accommodate 

parallel processing [19]. These include the multiprocessing 

systems, associative processors, pipeline computers, and the 

array processors. However, our knowledge of when and how 

to utilize these computing facilities is still at a primitive 

stage [48] . In spite of the expanding efforts in the investi 

gation of parallel processing, we have yet to understand 

some of the fundamental concepts involving parallelism, and 



we quote from Minsky and Papert [30]. 

Word pairs such as 'parallel' vs. 'sequential,' 
'local' vs. 'global'...are used as if they 
referred to well-defined technical concepts.... 
We do not mean to suggest that these are mere 
pseudo problems that arise from sloppy use of 
language.... For there is much content in 
these intuitive ideas and distinctions. The 
problem is how to capture it in a clear, sharp 
theory. 

The conditions which determine whether or not two 

successive portions of a given program can be performed in 

parallel and still produce the same results are studied by 

Bernstein [9]. Although his study is an analysis of 

programs, the concepts involved are so fundamental that they 

will be presented in full detail here. Sequential, commuta­

tive, and parallel modes of processing segments of a program 

are first defined. In sequential processing, the segments 

of a program must be executed one by one in a specific 

order. If the segments of a program are order-independent, 

but still must be executed one-by-one, then it is called 

commutative. Finally, if the segments of a program may be 

processed simultaneously and still give the same results as 

the processing of the segments in any order, then the 

segments are considered to be independent. This last 

condition characterizes parallel processing. 

Three segments p^, P2, and p, of a program and the 

memory locations accessed by these segments are used to 

specify the conditions under which the parallel mode of 

processing will give the same result as the sequential mode. 



The program segments are depicted pictorially in Figure 1. 

Next, four definitions are needed to specify the memory 

locations which are accessed by a sequence of instructions 

in P. : 
1 

(1) Let W. be the locations from where information is 

read during the execution of P.; 

(2) X. are the locations into where information is 

written by P.; 

(3) Y. represents the locations from where information 

is first read and then later the same or different informa­

tion is written into by P., and 

(4) Z. are the locations into where information is 

first written and then later read from by P.. 

The sufficient condition for parallel processing of P-, and 

Pj ^^y riô  be summarized as the conjunction of the following 

statements. 

(a) (W^UY^LlZi>nCX2LJY2Uz2) = 0 

(b) (W2LJY2UZ2)n(^lUY^UZ-^) = jO 

(c) (W^UY^Uz^)n(X2LJY2LJz2)n(W3UY3) = J0 

The heart of the problem in parallel processing lies 

in the relationship between the independent and dependent 

sections and those sections which may be processed simultane­

ously. This relationship will be further explicated in 

this dissertation. 

Many subdisciplines of computer science are currently 

involved in research concerning parallel computation. These 



Figure 1. Three Program Segments 



may be roughly broken down into the following categories: 

computer architecture, numerical algorithms, programming 

languages, operating system and general software design, 

and the automatic detection of parallelism. In addition to 

these practical considerations, there has been considerable 

work done in the area of theoretical modeling of parallel 

processing to study the inherent properties of parallelism. 

This dissertation is concerned with the latter area which is 

related to the formal theory of computing. Parallel and 

sequential operations will be characterized in terms of 

pattern generation in tessellation structures, a theoretical 

setting for array processors. The tessellation structure 

is chosen, for it offers a unified approach to the theory of 

array processors and, as such, may give insight into the 

general properties of parallel computation. 

1.2 Historical Sketch 

An array processor is composed of a large number of 

identical processing elements interconnected in some sort 

of a network. This structure is attractive in that it 

possesses the inherent capability of parallel processing and 

is suitable for modern mass fabrication. The processing 

elements are usually made so that they can communicate with 

some of their immediate neighbors. One of the earlier 

machines of this type is the Holland machine [25]. Holland's 

construction is a two-dimensional rectangular array of 



identical "modules" each o£ which contains a storage register, 

eight auxiliary registers, and associated circuitry. Every 

module has the capability o£ communicating directly with its 

four neighboring modules. The four neighbors of a module 

at (i,j3 are defined to be those at (i+l,j), (i-l,j), 

(i,j+l), and (i,j-13. At any instant of time, each module 

may exist in either an active or an inactive state. Since 

several modules (or processors) may be in an active state 

at the same time, the Holland machine lends itself to the 

parallel execution of several instructions and programs. 

The Holland machine has two severe problems which 

prevent it from being a practical machine. It requires a 

large amount of hardware, and it is very difficult to 

program. Comfort [14] sought to improve on these points 

and proposed a modified Holland machine. The hardware reduc­

tion is claimed to be by a factor of five in the modified 

version. Today, quite a number of these array processors 

such as the SOLOMON computer [5] and the Illiac IV [8] are 

in existence and operational. 

The theoretical inspiration for all these array 

processors may be traced to John von Neumann's 29 state 

cellular automaton [12]. Moore [31] considers a generalized 

class of cellular automata, which includes von Neumann's 

system. He defines a tessellation structure as the "entire 

system consisting of the underlying cellular space, the set 

of allowable states, the quiescent state, the rules for 



transition between states, etc." in [31]. A configuration 

which can not be produced from any other prior configuration 

by means of the transition function is called a "Garden-of-

Eden" configuration, and he establishes a sufficient condi­

tion on the tessellation structure for the existence of such 

a configuration. Myhill [33] reformulates Moore's condition 

and shows that is is necessary as well as sufficient. Some 

relatively heuristic studies of pattern generation in 

tessellation spaces have also been carried out by Ulam [50]. 

More recently, Yamada and Amoroso [2,54,55] have begun 

a systematic and comprehensive study of n-dimensional 

tessellation automata. Starting with the one-dimensional 

binary scope-n tessellation automaton, they have investi­

gated a problem of pattern generation [55] which is closely 

related to Moore's Garden-of-Eden problem. A finite pattern 

that can not evolve from a specified "primitive" pattern 

for the scope-2 case is demonstrated. This problem is 

appropriately called the "completeness" problem, for the 

"primitive" pattern and the ensuing configurations in this 

tessellation structure may be thought of as the axiom and 

the theorems in an axiomatic system. The scope-n, n >_ 4, 

case is shown to be complete. The scope-3 case has been an 

open question; however, the author notes (from private 

communications with S. Amoroso) that it is solved by Maruoka 

and Kimura in a paper to appear in the Journal of Computers 

and System Sciences. Nevertheless, we can readily show that 



with the introduction of nonuniformity, the scope-n, n ̂  1, 

case can also be made complete, and this is done in Chapter II. 

Continuing in this spirit of abstraction Amoroso and 

Cooper [1] have developed tessellation structures which can 

reproduce arbitrary patterns. Yamada and Amoroso [56] 

further extend the study of their tessellation automaton, 

which was introduced as a generalization of Moore's tessella­

tion structure, to the investigation of structural and 

behavioral homomorphisms. 

The global transformation in a tessellation automaton 

determined by a fixed local transformation acting simultane­

ously on all the cells is called a "parallel" map. Let P 

be a parallel map, and let P' be P restricted to the finite 

configurations. Richardson [38] shows that if P is one-to-

one then P' is onto. He also shows that P' is one-to-one if 

P is onto. Hence for parallel maps, injectivity and bijec-

tivity are closely related notions. Given a local transfor­

mation for a one dimensional scope-n tessellation structure, 

an algorithm to determine whether or not the resulting paral­

lel map is infective as described by Amoroso and Patt [3]. 

Classes of transformations which preserve certain properties 

such as finite support, periodicity, palindromes, etc. in 

tessellation automata are studied by Ostrand [36]. 

Lieblein has taken an axiomatic approach in [27], 

and has extensively studied the generation of patterns in a 

generalized two-dimensional tessellation space, which is 



based on the model of Yamada and Amoroso. This generalized 

model is expanded to accommodate a discussion of biological 

growth similar to that of Barricelli [6,7]. 

One of the early special purpose parallel processors, 

similar in construction to the array computers, has been 

propoposed by linger [51,52] for pattern recognition. He 

felt that the conventional digital computers were inadequate 

to cope with problems involving large amounts of information 

and indicated that for efficient handling of problems such 

as pattern recognition, we need machines which are capable 

of "some form of parallel actions." In addition to the 

rectangular array of processors, the linger machine includes 

a master control which can issue a general order to all the 

processors. A more ambitious design, utilizing the concept 

of unger, is the Illiac III [28] developed at the University 

of Illinois. 

Beyer [10], Smith [47], Selkow [43], Mylopoulos [34] 

and others have considered the problem of recognition of 

patterns with tessellation structures. In recognition, as 

opposed to generation, the tessellation structure starts 

with an initial configuration representing the figure and 

proceeds from configuration to configuration until a desig­

nated cell enters one of the two final states indicating 

either the acceptance or the rejection of the initial figure 

The acceptance may be interpreted as the initial pattern 

possessing a certain property, and the rejection may be 
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interpreted as the negative case. 

In contrast to the tessellation automaton, a variant 

type of parallel operating, recognition machine, the 

Perceptron, has been extensively studied by Minsky and Papert 

[30], Geometric properties of quantized figures that can be 

recognized by a Perceptron are examined. A fairly simple 

property, connectedness, of an arbitrary figure is found to 

be nonrecognizable by a diameter-limited Perceptron. 

An area where the study of parallel and sequential 

operations may be applied is in picture processing, for many 

types of pattern transformations are accomplished by the 

simultaneous applications of the local operations. A common 

operation in preprocessing the digital image of handdrawn 

characters or line-patterns is skeletonization. Parallel 

operations for transforming a pattern into its skeleton, 

which is of one-spot-thickness lines maintaining the original 

shape and topology, are developed by Triendl [49]. Another 

method for obtaining thickness invariance involves the 

determining of a "medial line" of each object [17]. These 

thinning transformations are also applied to a picture in 

parallel. 

Relative merits of sequential vs. parallel processing 

of local operations are discussed by Rosenfeld [39] and 

Rosenfeld and Pfaltz [40]. In [40] Rosenfeld and Pfaltz 

have shown that any picture transformation that can be 

accomplished by a series of parallel local operations with 
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Moore neighborhood index (defined in the next section] can 

also be accomplished by a series of sequential local 

operations with Moore neighborhood index, and conversely; 

but the local operations may be different for the two types 

of processing. 

1.5 Tessellation Automata 

The formal model for array processors is the tessella­

tion structure (automaton). In this section the basic 

definitions and concepts involving tessellation automata 

will be presented. The description of a tessellation auto­

maton presented here is similar to that of Yamada and 

Amoroso [54,55]. This description will later be extended to 

include nonuniformity and global transformations which can 

accommodate various modes of processing the local transfor­

mations . 

Definition 

A tessellation automaton, TA, is a 4-tuple (A,Z^,NI,GT) 

where 

A is a finite, non-empty set called the state alphabet, 

Z^ is the set of n-tuples of integers called the 

tessellation array, 

NI is an ordered d-tuple, d >̂  1, of n-tuples of 

integers referred to as the neighborhood index, and 

GT is a non-empty set of transformations called the 

global transformations. 
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The elements o£ Z are called the cells of TA. The subscript 

n indicates the tessellation dimension. If NX = (̂-i , ̂ o , . • . , ̂  J) 

and j_ £ Z , then the neighborhood, N(j_) , of cell j_ is the 

d-tuple (j_+?-i , j_'*'?2'*'*» i'*'̂d'̂' Each component of the 

d-tuple is a neighbor of cell j_. Since NX defines the 

neighbors for each cell in Z , the relative positions of 

the neighbors for every cell is the same throughout the 

entire tessellation array. Thus NX may be considered a 

template which can be moved around in Z . 

Two of the most frequently referenced neighborhood 

indices in Z are the 5-cell and the 9-cell neighborhoods. 

For any cell (i,j), the 5-cell neighborhood is composed of 

cells (ij), Ci,j+1), (i + l,j), (i,j-l), and (i-l,j). This 

has been known as the von Neumann neighborhood [12]. The 

9-cell neighborhood of any cell (i,j) is the set of nine 

cells (i,j), (i,j+l), (iJ-1), (i + l,j), (i + l,j-l), (i + l,j+l), 

(i-l,j), (i-l,j+l), and (i-l,j-l). The 9-cell neighborhood 

is also called the Moore neighborhood [31], for he used it 

in his investigation of Garden-o£-Eden configurations of 

tessellation structures. These two neighborhoods are shown 

in Figures 2 and 3. 

In order to facilitate the description of TA as a 

machine, beyond the mere composition of cells, the cells of 

TA must be assigned some states. 

Definition 1. A configuration C of TA is an assign­

ment of states from the state-alphabet set A to all the cells 
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( i , j ) 

Figure 2. von Neumann Neighborhood 

( i , j ) 

Figure 3. Moore Neighborhood 
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in the array. Thus the set 

CON = (C I C: Z^ -> A} 

is the set o£ configurations of TA. C (j_) , the image of a 

cell j_ e Z under C, is referred to as the state of cell j_ 

in configuration C. There is a special symbol in A called 

the quiescent symbol. If we let q eA be the quiescent 

symbol then we have the following definition. 

Definition 2. The support of a configuration C is 

the set of cells 

Sup(C) = (i I C(i) ?̂  q^}. 

A configuration C for a given tessellation automaton is 

said to be finite if the support of C is finite. Unless 

otherwise stated, we are concerned with finite configurations 

The mechanism which allows the tessellation automaton 

to change the states of its cells is specified by the local 

transformations. 

Definition 5. A local transformation is a function 

a: A^ -> A. 

The state of any cell j. ^^ time t + 1 is determined solely 

by the states of its neighbors at time t and the local 
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transformation applied. Thus we have 

where C(2)^^T stands for the state of cell ^ at time t+1 

and C(2_+^.) is the state of the ith neighbor of cell j_ at 

time t. Instead of the long description of the states of 

the neighbors of cell j, a more compact symbolism will be 

used in the future. Let C (N (j_) ) = (C ij+^-^) , . . , , C (j_+̂ )̂ ) 

where the subscript t for time is omitted but may be 

included if desired. 

A global transformation or a parallel transformation, 

g e GT, is the transformation obtained by applying the local 

transformation o to all the cells simultaneously. For each 

a: A ^ A, there is a unique g: CON -> CON. So for 

C^,C2 £ Con, Ĉ g = C2 if for any cell 2. £ ^ , C^ (j_) = 

a (Ĉ  (N(j_))) . C2 is called the successor configuration of 

C^. Note that the same local transformation is applied 

simultaneously to all the cells here. This type of processinj 

will be called uniform as opposed to the non-uniform type 

which allows different local transformations to be applied 

to different cells. 

1.4 Objectives and Approaches 

This dissertation is an attempt to extend the 

theoretical framework of parallel processing in the direction 
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of pattern generation and formal languages. The work should 

also be interesting in the development of a general theory 

of tessellation automata. Since the global transformations 

in a tessellation automaton are inherently parallel in 

nature, the tessellation structure provides us with an 

amenable situation to begin our study. A tessellation 

automaton is viewed here as a model for array processors. 

The main objective of this research is to characterize 

parallel and sequential operations in terms of pattern 

generation in tessellation structures, 

In Chapters II and III the traditional tessellation 

automaton will be modified and extended to include two 

additional features. First nonuniformity will be introduced 

in Chapter II. This generalization will allow us to attain 

completeness in the 1 dimensional, binary, scope-n, n ̂  1 

tessellation automata of Yamada and Amoroso [55]. Further­

more, we can obtain any pattern from any other pattern. It 

can also be shown that the same result may be obtained by 

adding a special symbol as a marker. 

In Chapter III a mixed mode tessellation automaton 

will be defined. A mixed mode tessellation automaton differs 

from all previously studied tessellation structures in that 

the global transformations may now be defined in terms of 

the local transformations applied in a purely sequential 

manner, in a parallel-sequential manner, or in a sequential-

parallel manner. Different equivalence relationships and 
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the simulation between sequential and parallel modes of 

processing in a tessellation structure are proposed. The 

notions of independent neighbors, related neighbors, and the 

so-called mutually destructive condition are developed. 

Various sufficient conditions for the equivalence of 

parallel, sequential, and mixed parallel-sequential modes 

of applying local operations for an arbitrary neighborhood 

index, in arbitrary dimensions, where the local transfor­

mation is the same for each type of processing, are then 

established in terms of these concepts. 

The development of parallel and sequential modes of 

processing can be shown to be directly applicable to 

digitized picture processing. A theorem concerning neighbor­

hood translation will be proved in Chapter III. This result 

will free us from having to keep an extra copy of the 

picture when parallel local operations are to be simulated 

in a sequential processing environment. 

The results obtained in Chapter III will be extended 

to formal languages in Chapter IV. Instead of regulating 

the application of the production rules, the control is 

defined over the 1-dimensional space. The approach is much 

more natural in this case, for the control of sequential vs. 

parallel processing in the tessellation structures in 

Chapter III is defined over the cells. 

We first define a class of parallel grammars and 

sequential grammars. Then the simulation of one by the other 



is considered. The strategies used in Chapter III for the 

general simulation of mixed mode tessellation automata are 

immediately applicable in Chapter IV. The simulation of a 

parallel grammar by a sequential grammar uses a similar 

coding technique where the newly updated information is 

stored and not used, but only the previous information is 

used. 

The notion of the so-called types of cells which 

provide the information of how the cells were sequentially 

processed is first presented in Chapter III when the simula­

tion of a mixed mode tessellation automaton by a purely 

parallel tessellation automaton is studied. This same infer 

matlon of how cells were sequentially processed is needed 

for the simulation of a sequential grammar by a parallel 

grammar in Chapter IV. Thus, a similar definition of types 

of cells is given for the formal grammar case. In both 

Chapters III and IV the sufficient conditions for the 

simulation of a sequential mechanism by a parallel one are 

presented in terms of a restriction on the types of cells. 

Finally, in Chapter V we summarize our results, 

indicate some areas of application, and present a number of 

suggestions for future research in the setting put forth 

in this dissertation. 
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CHAPTER II 

NON-UNIFORM PARALLEL TRANSFORMATION 

IN TESSELLATION STRUCTURES 

In the traditional definition o£ a tessellation 

automaton more than one local transformation is allowed; 

however, only one is applied at a time to all the cells 

simultaneously. We will call this uniform processing. The 

usage of the term "uniform" here is more restrictive than 

the normal definition, for usually uniformity only indicates 

that each cell has the same neighborhood index. 

The main purpose of this chapter is to present the 

non-uniform type of processing in a tessellation automaton. 

With the introduction of non-uniform parallel transformation, 

the one dimensional scope-n tessellation structure is shown 

to be complete for all n >̂  1 as opposed to the one dimensional, 

binary scope-2 tessellation automata discussed by Yamada 

and Amoroso [55], which is incomplete. 

2.1 Preliminaries 

A common neighborhood index in Z is defined by a 

contiguous set of cells. 

Definition 4 

A neighborhood index NI in Z is said to be of scope-n 

if 
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NI = (k, k+1,..., k+n-1), 

where k is some integer. The scope indicates the number of 

contiguous cells included in the neighborhood. A more 

specific definition given by Yamada and Amoroso will be used 

here. The scope-n neighborhood for any cell i in Z is 

defined as follows. 

N(i) 

(CD , if n = 1 

l(i-l, i , . . . , i + n-2) , if n > 2 

Definition 5 

Two configurations, C-. and C2, are said to be equiva 

lent (S) if for some integer n, 

C^U) = C2(i+n) 

for all 2. £ 2 . This is an equivalence relationship. 

Definition 6 

Given a specific configuration C, , the pattern P, is 

defined as 

Pk= {C |C5C^}. 

Let the alphabet set A = {0,1} be a binary state 

alphabet. The '0' will denote the quiescent symbol. Only 
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finite patterns will be considered. In this case, we will 

consider only those with a finite number of I's. 

Definition 7 

The set of global transformations GT^ is said to be 

finite configuration preserving if for any geGTp the 

defining local transformation a of g has the property 

°<:%'%'--- '%) = % 

where q is the quiescent symbol. 

Henceforth all global transformations will be finite 

configuration preserving unless otherwise stated. Thus 

for scope-2 binary alphabet case, we are forced to define 

that for any local transformation, f, a'O' will result in 

cell i at time t+1 if f is applied to '00' in cells i-1 and 

i at time t. The eight possible local transformations for 

scope-2 one-dimensional tesselation automata are specified 

in Figure 4. 

c ( i - i ) C ( i ) ^1 '2 ^3 ^4 ^5 ^6 h ^8 

0 0 0 0 0 0 0 0 0 0 

0 1 0 1 0 0 1 1 0 1 

1 0 0 0 1 0 1 0 1 1 

1 1 0 0 0 1 0 1 1 1 

Figure 4. Local Transformations for Scope-2 
1-Dimensional TA 
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2.2 An Example of Patterns of a Fixed Length 

Consider the case where we construct a pattern by 

applying only one type of local transformation to a fixed 

region of E . In particular consider the example where each 

of the eight local transformations is applied to only a 

fixed portion of the initial pattern where the fixed portion 

is of length three. Then what we can generate in the fixed 

portion depends on the following: (a) the specific local 

transformation applied, (b) the initial pattern in the fixed 

region, (c) the number of times the fixed local transforma­

tion is applied to the region, and (d) the content of the 

cell immediately to the left of the region. We will give 

Figures 5 and 6, each containing eight tables, showing what 

patterns may be generated by one application of the different 

possible local transformations to patterns of a fixed region 

of length three. The first figure considers the case where 

there is a '0' in the cell left to the fixed region while 

the second figure considers the case where there is a '1' in 

that position. 

In order to keep things simple, we will consider the 

pattern of length 24. This length is convenient in that we 

have eight different local transformations and wish to have 

each fixed region to be of length three. We will arbitrarily 

assign the fixed local transformations to the eight portions 

as shown below. The particular assignments are irrelevant 

to our present discussion. 
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Figure 5. Results o£ Local Transformations when 
'0' is in the Cell Left to the Fixed 
Region 
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Figure 6. Results o£ Local Transformations when 
'1* is in the Cell Left to the Fixed 
Region 
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Table 1. Local Transformations for Region 
of 3 Cells 

Cell Left 
to the 
Region 

Region 
of 

3 Cells ^1 ^2 ^3 ^4 ^5 ^6 'l ^8 

0 000 000 000 000 000 000 000 000 000 

0 001 000 001 000 000 001 001 000 001 

0 010 000 010 001 000 oil 010 001 oil 

0 Oil 000 010 000 001 010 oil 001 oil 

0 100 000 100 010 000 110 100 010 110 

0 101 000 101 010 000 111 101 010 111 

0 110 000 100 001 010 101 110 oil 111 

0 111 000 100 000 oil 100 111 oil 111 

1 000 000 000 100 000 100 000 100 100 

1 001 000 001 100 000 101 001 100 101 

1 010 000 010 101 000 111 010 101 111 

1 Oil 000 010 100 001 110 oil 101 111 

1 100 000 000 101 100 010 100 110 110 

1 101 000 001 010 lOO oil 101 110 111 

1 110 000 000 001 110 001 110 111 111 

1 111 000 000 000 111 000 111 111 111 



Regions 

^1 ^2 ^3 ^4 ^5 ^6 ^7 ^1 
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1 2 3 4 5 6 7 8 

So we can apply £, as many times as we wish to region 1, but 

to no other region. In general, we can apply £ to region 

n as many times as we wish, but to no other region. We do 

this with all eight regions. From the tables given in 

Figures 1 and 2, we see that there are patterns that we can 

never attain no matter how many times (assumed to be more 

than 0) we apply the transformations or which initial pattern 

we start with in the regions. In our example of length 24 

pattern shown in the previous figure, we can never have '111' 

in region 2 because no matter how many times we apply f̂  to 

region 2 we can never get three consecutive I's. Similarly, 

we can not have '111' in region 3 unless it was there 

originally. Thus this length 24 pattern formed by concaten­

ating eight length three regions can not evolve into all the 

different possible length-24 patterns. If we relax the 

condition that only one local transformation may be applied 

to a particular region, then we may be able to generate all 

patterns depending on the initial patterns. Note that the 

patterns '101' and 'Oil' in the restricted region can evolve 

into any other length 3 pattern through a single application 

of the appropriate local transformation if there is a '1' 
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immediately to the left of the region. 

From here on, let us call the content of each restricted 

region a subconfiguration. Now we will present two very 

simple lemmas. 

Lemma 1: If the initial subpattern in every region is such 

that there exists some local transformation which will 

convert it to the form '101' or 'Oil' in one step, after 

which there is a '1' in the cell immediately to the left of 

the first region in the length 24 pattern, then with a 

freedom of application of any local transformation to any 

region, all patterns of length 24 are generable in two steps. 

Proof: The first step will put a '101' or a 'Oil' in every 

region. This is given to us. There is, again, a '1' 

immediately to the left of each region: the '1' to the left 

of region 1 is given to us, and we have a '1' to the left 

of regions 2 through 8 because there is either a '101' or a 

'Oil' in each region. Utilizing the tables in Figure 6, we 

see that by choosing the appropriate local transformation 

we can generate any desirable configuration in each region. 

Thus in two steps we can generate any patterns of length 24. 

We note that the key to the above lemma is to have 

the configuration '101' or 'Oil' in each region. A reason­

able question to ask is whether we can generate all possible 

patterns of length 24 formed by eight concatenated length 3 

regions from any initial pattern. The answer is contained 

in the next lemma. Let us denote the set of patterns of 
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length 24 which result from the parallel applications of 

local transformations to the concatenation of eight length 

3 regions as L-24. 

Lemma 2: If there is a '1' in the cell immediately to the 

left of L-24 and given the freedom of choice of application 

of any one of the different local transformations to any 

region at each time sequence then any L-24 can be generated 

from any other L-24. 

Proof: The key is to obtain "101' or 'Oil' in each region. 

Here, we will show, using Figure 6, that it is possible to 

obtain '101' in region 1. This configuration of '101' can 

be generated in the similar fashion for all other regions. 

The scheme will be explained later. Once we have '101' in 

each region, then we can generate all possible L-24. Now, 

if '101' is in region 1 initially then we are done. So 

assume that some other initial pattern is in region 1, and 

there is a '1' in the cell immediately to the left of region 

1. For '010' and 'Oil' there exists a local transformation 

f„ which will convert it to '101'. Note that we do not 

really need to convert 'Oil' to '101'. For pattern '001', 

the local transformation f̂  will convert it to '101'. The 

initial pattern '100' can not be directly converted to '101' 

But there is a sequence of applications of f̂  followed by f„ 

which will give us '101'. For '110' there is also no direct 

transformation. However, applying f- to '110' will give us 

'001' which can be converted to '101'. There also exists a 
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sequence of conversions which will allow us to attain '101' 

from '000'; for example, three successive applications of 

f̂  will suffice. For '111' we have to first apply f-. to 

convert it to all zeroes. Then we can get '101' from ^000^ 

as stated before. Now, we have shown that the content of 

region 1 can be converted to '101' regardless of the initial 

pattern as long as a '1' is in the cell immediately to the 

left of the region. 

Once we have obtained the '101' in region 1, we can 

start on region 2 while applying only the identity function, 

f̂ , to region 1 to preserve the '101'. After obtaining the 

'101' in region 2, we can proceed to region 3 while applying 

the identity transformations to regions 1 and 2. In this 

manner, we can attain the configuration '101' in all eight 

regions. We can generate in just one more step by choosing 

the appropriate local transformation for each region. Thus 

we can generate any L-24 from any other L-24. This completes 

the proof of our Lemma. 

2.3 Patterns of Arbitrary Length 

Earlier, we have shown that all patterns of length 3 

are generable in that if we were allowed to have a '1' on 

the left of the specified region then we can derive any 

pattern from any other pattern within that restricted 

region. The requirement for the presence of this '1' is not 

as restrictive as it may seem. Since we are concerned with 
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finite patterns that can evolve from other finite patterns, 

we may assume that there is at least one '1' somewhere along 

the one-dimensional space. This is reasonable because if 

there were nothing in the whole one dimensional space then 

we have nothing to talk about. We can not generate something 

from nothing, for we have defined for the scope-2 tessellation 

automata that '00' will yield us '0' regardless of what 

transformation is applied. However, recall that we were 

able to generate patterns from nothing within a restricted 

region, for we can use the given '1* on the left as an input 

or a stimulator. This leads us to the problem of evolution 

of patterns in an arbitrarily large region of size n. This 

question is significant, for once we are able to evolve from 

one pattern to any other pattern we can show, later, that 

the time needed for evolution is predictable. Suppose that 

certain patterns are known to be 'undesirable' under some 

interpretation. Then we can make this pattern evolve and 

change into a "desirable" one in some predictable time span. 

From the above discussion, we see that we can assume 

that there is a '1' somewhere in the one-dimensional space. 

This condition will be assumed from now on. The division 

of the dimension into separate regions as we have done before 

may be viewed from another direction. When we are allowed 

to apply more than one type of transformation at the same 

time to the one-dimensional tessellation automaton, then we 

have a discontinuity in the one dimension. The position 
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between the two cells where one type of transformation holds 

and another begins will be called the point of discontinuity 

We may have many points of discontinuity. These points of 

discontinuity will divide the one-dimensional tessellation 

automaton into separate regions as shown in Figure 7. 

points of discontinuity 

2 7 4 2 1 

Figure 7. Separate Regions of One-Dimensional TA 

Theorem 1: Given a one-dimensional binary scope-2 tessela-

tion automaton with at least one point of discontinuity, we 

can generate any pattern from any other pattern provided 

that there is a '1' initially to the left of some point of 

discontinuity. 

Proof: (a) For simplicity we will assume that there is 

only one point of discontinuity since we do not lose any 

generality by doing so. The point of discontinuity divides 

the one-dimensional space into two regions. We call the 

region to the left of the point of discontinuity, region Y, 

and that to the right, region X. The assumption is that 

there is a '1' in region Y. We will show that any pattern 

can be generated in region X. Since we can erase any 
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pattern in region X with f,, it suffices to show that we 

can generate any pattern from all zeroes in region X. 

(b) Shift the given '1', using f„, all the way to 

the cell which is two cells to the left of the point of 

discontinuity. Now apply f̂. to get at least two I's. In a 

sense, we have two regions as shown below. 'O represents an 

infinite number of O's. 

Oil lO 

REGION Y : REGION X 

(c) We have two cases to consider. One is the 

generation of any number of consecutive I's in the region X. 

The other is the generation of any number of consecutive O's 

in the region X. 

(d) We can apply f p number of times to region X, 

while applying f^ to region Y, to produce p number of I's. 

Y X 

O'lllllllllllllO 

P 

(e) If we wish to generate q number of zeroes, we 

first need to apply f̂  to Y to get a '0' in the cell immediately 

to the left of the region X. 

Y X 

O'lO 111111111110* 
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Now apply f q number o£ times to the region X while applying 

f̂  to the region Y. This will give us the q number of '0' 

on the left while shifting the p number of I's to the right. 

Y X 

0"10 I 000000Oil 111111110" 
JTZ 

(f) If further number of I's are desired, we need to 

first apply f̂  to region Y, while applying f. to region X, 

to get the '11' back in region Y. Then use step (d) to 

generate the desired number of I's. If more zeroes are 

desired, then step (e) can be used again. These steps may 

be repeated as many times as necessary. We then finally 

apply f̂  to region Y while applying f̂  to region X. 

This completes the proof. 

We note that the introduction of non-uniformity can 

further reduce the problem as follows (suggested by S. Amoroso 

via private communications): 

If non-uniformity is allowed, in one step, the state 

of the desired cell may be changed to a 0 from a 1 or to a 1 

from a 0 with one local transformation while the identity 

local transformation is applied to the remaining cells. By 

sequencing such steps once for each cell that needs to be 

processed, the desired result is easily attained. Thus it 

seems that this additional feature of non-uniformity 

drastically alters the structure of the traditional tessellation 
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automaton. 

This theorem is easily generalizable to the scope-3 

case. Tessellation automata o£ scope-4 and above are known 

to be complete without using points of discontinuity [55]. 

It is clear that we need to operate on region Y once when­

ever we want to switch the production from one type of 

string to another. That is, we need to change the right 

most cell of region Y. Production of p number of I's or 

O's requires at most p number of applications of f-. So the 

maximum number of steps necessary in producing a desired 

pattern in a region is (N+S+h) where N is the pattern size, 

S is the number of breaks in the consecutive I's, and h 

depends on the original pattern and the point of discontinuity 

Next, the generalization of this theorem to arbitrary 

one-dimensional scope-2 tessellation automata will be shown. 

First, we need the following definition. 

Definition 8 

A cell in a one-dimensional tessellation automaton 

is called the cell of discontinuity if one type of local 

transformation may be applied to the right of it, while 

upon it and the cells to its left, a different kind of local 

transformation may be applied. 

Theorem 2: Let TA be a one-dimensional binary scope-2 

tessellation automaton with the neighborhood index (n,n+l), 

for n f 0,-1, such that q is a quiescent state. Suppose c 

is a finite configuration with the following property: 
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(a) If n<-l, then c has a non-quiescent state 

appearing at least |n| cells to the left of the 

point of discontinuity. 

(b) If n>0, then c has a non-quiescent state 

appearing at least |n| + 1 cells to the right 

of the cell of discontinuity. 

Assume c is the initial configuration of TA, and that TA 

has the following non-uniform property in addition to the 

above. 

(a) If n< -1, then at each time step, the cell of 

discontinuity migrates |n+l| cells to the right 

(b) If n>0, then at each time step, the cell of 

discontinuity migrates |n| cells to the left. 

Then we can generate from c a configuration equivalent to 

any other finite configuration. 

Proof: The proof will assume TA to be binary with state 

(0,1) and q = 0. Suppose that the neighborhood index of 

TA is (-m,l-m) for m > 1. (The other cases may be shown in 

a similar manner.) Let c be a finite configuration meeting 

the hypothesis of the theorem. 

Define local transformations a., for 1 £ i ;̂  4. Let 

a^(x,y) = (x+y) mod2, a2(x,y) = x, a^(x,y) = 0, and 

a.(x,y) = y. For 1 <_ i,j<_4, the local transformation 

(o. ,0 .) applied to a configuration c will indicate that a. 

is applied to the cell of discontinuity and to all cells to 

its left, while a. is applied to all the cells to the right 
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of the cell of discontinuity. 

By repeated application of (0^,0^) followed by an 

application of (oAyO^) we can easily see that either 

0100 0 I 0 0110...0 I 0 
L ) or — 
m-1 m-1 

is generated. If the former is generated, (a,yO.) may be 

applied to get 

0110...0 I 0 
i ^ i  

m-1 

Suppose the pattern 01 ,0 T1 ^0 ^..,1 0 is desired. Then ^^ ^ nl ml nz m2 ns 

the application of the sequence of local transformations, 

n m s-1 n 
{{(3 ^yO^) {a^y(5^){a^ya^) {O^yO ^) {(5 ^y(5 ^) 

s-1 

to 

m^ n^ 
(a-ĵ jQ̂ ) ... (0^,0^) (04,02) (a-,̂ ,04) (04,02) } 

0110...0 I 0 

< ^ - ^ 

m-1 

will give 
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0110...0 I l^-,0^-,1^^0^^...1^^'^ ' nl ml nZ mz ns 

m-1 

Finally, apply (o^yO.) to obtain the desired result. 

An analogous theorem could be proved in the scope-3 

case also. 

2.4 Patterns Produced by Alphabet Larger than Binary 

Consider the case where we have, say, state alphabet 

equal to (0,1,*) and everything else the same as before. 

We will demonstrate that we can construct any finite pattern 

of zeroes and ones from any other finite pattern of zeroes 

and ones. The extra symbol, *, acts as a delimiter and gives 

us the same effect as the partitioning scheme. 

Lemma 3: It is possible to generate any finite pattern over 

(0,1) from any other nonempty finite pattern of binary 

symbols for one-dimensional scope-2 tessellation automaton 

with the added third symbol, say *, into the alphabet. 

Proof: (a) Define-- f^^(a,b) ̂  '*' if b='0' and a?̂ ' 0' 

f-̂ -̂ (a,b) -> '*' if a='*' 

f-,-,(a,b) -> '0' otherwise 

so if we apply f ̂-. enough times to any initial pattern we 

will eventually get all '*' in a block. 

(b) Define-- f^^^^*^^ "̂  '*' i^ ^='0' ̂ ^^ b='*' 

f^2(a»t)) -> '0' otherwise 



If we apply £.. ̂  to any block of '*', we will end up with only 

a single '*'. 

(c) Define-- f^^Cajb) -> '1' if a= ' * ' and b?̂ ' * ' 

f^3Ca,b) -> '1' if a='l' and b?̂ '*' 

f^3Ca,b) -> '*' if a='0' and b='*' 

f,7(a,b) -> '0' otherwise 

With f̂ - we can generate as many I's as we wish. For 

example, we generate p number of I's with p applications of 

"0*1111111110' 

(d) Define-- f^^Cajb) ^ '*' if a='0' and b='* ' 

f^4(a,b) ^ '1' if a='l' and b?̂ ' *' 

f^,(a,b) -> '0' otherwise 

f̂  . will allow us to generate as many O's as we wish. It 

will also shift the I's to the right at the same time. 

(f) Finally define-- f^^(a,b) ̂  '0' if b='*' 

f-.r(a,b) ^ b otherwise 

This last step will allow us to erase the third element, *, 

introduced to the alphabet and leaves the pattern with only 

binary symbols. This completes our proof. 

The previous lemma suggests that the number of symbols 

in the alphabet does bear a relationship to our problem of 

pattern evolution. It said that if the number of symbols in 
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the alphabet is increased by one, we are able to obtain 

any pattern from any other pattern involving only the 

originally given symbols. We now wish to look into a more 

general case; that is, we want to look into the evolution of 

finite patterns with one set of symbols into other finite 

patterns involving a different set of symbols. This is 

summarized in the following theorem. 

Theorem 3: Let TA be a one-dimensional scope-2 tessellation 

automaton with an alphabet of n+1 symbols (s-. jS^ > • • • ,s +-|). 

Then it is possible to generate any finite pattern of n 

symbols of the alphabet from any other finite pattern. 

Proof: We will use s, as the quiescent symbol for the 

patterns. So for all f, f(s.,s.) where s- = s. and s. = Si 

will give US s,. This will keep the patterns to a finite 

length. There also must be at least one symbol that is 

different from s, on the one-dimensional space. This is the 

same assumption we had before. Let the n+1 st symbol that 

is not to appear in the final pattern of n symbols be '*'. 

(a) Now we define-- fi(s.,s.) -> **' if S.^^ST 

f^Cs^jS.) -> '*' if s^='*' 

fTrs.,sO "*• ST Otherwise 
1 ̂  1 3 1 

After enough applications of f-. , we will have the original 

pattern converted into a finite string of *'s. 

(b) Define-- f^(s.,s.) -> '*' if s- = s-, and s. = '*' 

So(s.,s.) -> ST otherwise 
2^ 1* 3^ 1 


