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SPECIFIC HEAT LAG IN GASES
SULMARY

Specific heat lag means s dsparture from equilibrium states in
a gas undergoing rapid changes of states, The existence of a lag in
the specifiec heat in gases has been demonstrated experimentslly and
analytically by investigators interested in the phenomena concerning
the absorption af sound and diaspersion of scund wvelocity with frequen-
¢y in gases. In order to fully understand the subject, the basie theory
of specific heat is presented. The energy content of a molecule is
primarily translational, rotationsl, end vibrational energy. The vibra-
tionsl energy ig absorbed exponentially with a measurable relaxation time.
A brief review of the sound absorption investigations is given.

Rantrowitz has developed analytical expressions for determining
the total head defect during and after a compression of a gas at the nose
of an impact tube due to the specific heat lag. The measured defeet is
compared to the theoretieczl value, The relaxation time may be determin-
ed from the resulting expression., His work has been carefully studied
and is explained. A4 design of apparatus similar to that which Kantrowitz
used is presented to be used to check the present data and for future in-
vestigations.

The energy dissipations whieh have been demonstrated to accom~
pany the lag will decrease the efficiency of any high temperature process

and may possibly explain some unexplained, observed phencmensa. There



may be a connection with engine knock, inereased radiation, and loss of

povier in an internal combustion engine.



ORIGIN OF THE PRCBLER

In determining explosion pressures for mixtures of hydrogen and
oxygen, Lewis and von Elbe {Reference 1&) uéed thermodynamic functions
derived from band spectra of the gases, These theoretical walues were
compared with tle pressures obtained by other experimenters, In mix-
tures containing excess oxygen or nitrogen, expsrimental pressures ob-
tained by Lewis and von Elbe were in great excess of the theoretical
values. Te¢ ex¢lain this irregularity, the investigators used a theory
advanced by Wohl =nd iagot. According to this theory, there exists =
lag in the excitation of the vibraticnal energy levels. Intense, loud
oscillations of pressure and knocks accompai:ed the increased pressures
produced when excess oxygen was introduced in the explesion chamber.

The oxygen had far more sffeet than did the nitrogen indicating a dif-
ference in the relaxation time, or the time to take on full energy content,
of the two elements. The oxygen and nitrogen may also effect the relaxa-
tion time of the other gases in the combustion.

The explanaticn proposed for the oscillations and knoeks concerns
the specific heat., ‘lien z smsll fraction of gas burns, the oxygen or
nitrogen molecules do not take up their full heat cepacity immediately.
If a sudden adiabatic compressicn due to burning of the remasinder of the
gas is applied, the temperature will increase. There is a contraction
in velusle, along with the repid rise of pressure. The rapid sirinkage
in volume causes a fast nass nmovement inward., The result could well be
a pressure wave that continves for some time due to little damping of the

oseillations.



Lewis and von HElbe suggest that the measurement of explosion
Pressures might be sn ap roech to the problem of time variable specifie
heats.

In his study of energy trangfornations in flowing gases due tc
shocks, Bailey (Reference 1} observed thersoccuple readings in excess
of the totzl gas temperature. These observations were made in conne¢tion
with high temperature and ligh pressure shocks. Careful check on methods
and data taking eliminated those possibilities of error. The thermo-
couple readings in the high temperature products of coubustion were great-
er than the total temperature of the gas before it was in eguilibriam,

As shown, temperature readings close to the nozzle exit were less than
those farther from the nozzle. No satisfactory explamation was given.
Bailey did point out that the temperature concept assumes a gas in equi-~
librium and admits only of translational kinetiec energy of the molecules;
and that any time that one of the assumptions is nct satisfied, tempera-
ture as an energy concept is in trouble.

In the light of these %o observed phenomena, both of which in-
dicates a connection with the time required for a substance to assune
its full heat content, the problsm of speeific heat lag is deemed worthy
of study. As the work progresses, the lag may be used to explein other

phenomensa.
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TLECKY CF SPECIFIC HEAT

Frequently specific heat is defined as a guantity of heat
necessary to change the temperature of & unit mass of a substance one
unit or a2 given temperature scale, This definition must be used with
diseretion as it can be applied only to a process in which the quantity
of heat hss the same value as the change of internal energy or the
change of enthalpy. The property which changes depends on the process
involved.

In a constant volume process the first partial dervivative of the
internal energy with respect to the tempersture is the "specific heat at
congtant volume."* The term "specifie' is misleading in that it indicastes
a quantity of heat. To conform to accepted pratice, "épecific" is used;

but the definition previously given is considered, By definition

%*(8%)? (1)

¥or a constant pressure process the first partial derivative of
the enthalpy with respect to the temperature is the vspecific heat at

constant pressure." By definition

'Bh)

1anm ()
p

er P

3inee for a perfect gas h and u are independent of pressure and

are functions of temperature only, the partial notations may be dropped.

Also by definition h=u+4 pv. Then

gh _du, d(pv)
c —— b - O R 3
p™ ar TartTar vF (3)



Because of this relstionship the basic ccneern can be the change of
internal energy u.

Although the elassieal or kinetic energy theory of specific heat
does not furnish accurate values, it gives an extremely simple method
for determining the average value of the specific heat. 7The theory is
also useful in explaining the forms of molecular energy. In order to
use the thecry, the energy must be expressible as definite funetions of
coordinates since it is based on the principle of equipartition of en-

ergy. The principle of equipartition states ihat vif any part of the

energy of a system is simply proporticnal to the square of the coordi-~
nate or of a component of velocity or momentum, then, vhen the system
is in thermal equilibrium at tempsrature P, the mean value or this part
of the energy is %kT, X being the gas constant for one molecule.” (Ref-
erence 13)

The energy of a gas may be divided into several parts. (Reference
13)

‘a. mutual potential energy

b. translatory kinetic energy

¢. rotational kinetic emergy

d. vibrational energy

e, internal atomie energy

The mutuasl potential energy is the energy of the molecules as a
whole due to forces betueen the molecules, gince the density of a gas
is practically negligible, this form of energy is not considered. The

vibrational energy is pzrtly potential and partly kinetic energy. The



internal atomic energy, which is dus to electromic excitation, is
not considered as it occurg in appreciable quantity only at excess-
ively high temperatures. The other froms of energy are explaineﬁ by
their classifications.

Consider a_molecule in the shape of a sticoth sphere with the
center of gravity at the geonmetric center and with only translatory
motion possible. There are three nossible direetions of motion. In
each of these directions the molscule possesses a definite weloeity and
consequently a momentun. If bx_represents the momentum of the mole-

cule in a particular direction x, tha kinetic energy is b & « The

Zm
total kinetic energy is

2 2 2 2
K.E., = _b = #b,"#b
- by

em
The energy 1s now expressed as a definite funetion of the squares of
coordinates. ‘hen thermal equilibrium is attained, the molecule will
have a mean velue of energy equal to 3/2 kT. yhen multiplied by the
nunber of molecules in a unit mass, the energy is 3/2 rPe 'Thus for

this gas

cvz S/ZR

Into this category are placed monatomic gases such as heliwa,
argon, neon, krypton, snd mercury. At high temperature lithium and

potassium are also included. (Reference 20)



The next simpleat molecule would be two spherical atoms united
rigidly and with one axis of symmetry. 4s with the previous molecule,
this one may move in three translatory direections and will possess ki-
netic energy of translation equal to 3/2 ®T.

There will also be two perpendicular axis about which the mole-
cule may rotate both of whieh are perpendicular to the axis of symmetry.
About each of these axes the molescule will possess kinetic energy equal
to 1/2 Iw 2. By choosing the proper coorcinate systen, fhis energy
will satisfy the equipartition principle. The rotational energy may
therefure be expressed as 1/2 kT for one molecule or 1/2 RT for a
unit mass of gas. The total rotational energy will then be 2Z{1/2 gT)
or RT.

The $otal energy of this type of molecule must be the sum of

the rotational and transiational energy.
us ut'*ur.'-' 5/2 RP #8T = 5/2 ®y
Then
e, = 5/2 R

In sddition to the rotations and translaticn of the molecule,
it is nossible for the atoms to vibrate along the axis of symmetry.
Vibration is expected as the binding forece is net expected to be com-
pletely inelastic. The energy of the vibrations will be both poten~
tial and kinetic, Fart of the time it is potential enerzy; unéd pert

of the time, kinetie energy. If the amplitude of the vibration is



emall enough, the motion may be considered harmonic. The period will

then be given as

t=9fmk
f/a

The frequency;‘ is the peeiprocal of the period. The potential energy
can be showm to be expressed by the formula

4 77
2

P.Eo'.:

2 g 2
mk¢kak

The kinetic energy is represented by
KeEe = i
2m
as for the transletional ensrgy. These energy functions satisfy the
equipartition principle. A= a result, the total vibrational energy for
a unit mass is RT.

Adding this energy to u. and W the result is the total energy

t
of the two atoms rigidly united into a molecule.

u= ut-!- uri- u,v = 7/2 RT
Then

e, = 7/2 R

Among the geses which fall into this category are hydrogen, ni-
trogen, carbon monoxide, nitrous oxide, chlorine, and bromine. (Reference

20)
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With these discussions, the gensral case nay now be considered.
The translational energy is always 3/2 RT. The rotational energy is
RT for linear combinaticn of atoms as discussed previously. For any
other combination of atoms to form a molecule, rotation is possitle a-
bout three mutually perpendicular axes. Since the energy of rotation
about one axis hag been shown to be 1/2 RT, the rotational emergy for
nonlineer molecules must necessarily be 3/2 Rf. In a molecule of n
atoms, there are 3n degrees of freedom of motion. The number of de-
grees of vibrational freedom is the difference in this total number and
the sum of the translational and vibraticnal degrees of fresedom. For
the system of linear molecules ! is (3n-5) RT and for systems of non-
linear molecules (. is (3n-6) RT.

The total internal energy is the sum of all the parts. Thus
€= 3(n-1)RT or (3n-5/2)Rr
Then
¢, = 3(n-l})R or (3n-5/2)R

A1l of the degrees of freedom for vibrational motion are not always
present and cause the specific heat to wvary from this thecoretical
mean velue indlcated by the clasgical theory. In using this theory
to apply to vibrational freedoms, the restriction that elasticity of
impacts of molecules is preserved and no changes in kinetic erergy of
gas a3 a whole occur. By elastic impact 1s meant an impaet in which

the shspe of the moleculs is not destroyed. PFurther explamation of
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this limitation follows from the guantum theory of specific heat,

The classical theory cannot allow a limitation such ss must be
imposed on it, For this reason the field of quantum mechanics mst be
eniesred for an accurate study of specific heat. Specific heat values
for monatomic gases are very closely approximated by the classziesl
theory. Gases which exist as such at low temperatures have measured
specific heat values practically the same as indicated by the classical
theory for monatomic gases. The c¢lassical theory is unable to explain
this fact. Apparently the number of degrees of freedom for both vibra-
tion and rotation tend to decrease with tempefature.

The necessary limitation of elasticity of impacts in the classi-
cal theory presenfs the question as to why the impacts should be elas-
tic 8t all. The impacts might possibly be inelastic and cause a dis-
tortion of the molecules which would lead to an inerease in potential
energy and cauge a disgipation in the form of radisnt energy. Because
of this possibility a generalization from other fields is necessary.
Einstein has applied Flanck!s assumptions from which the radlation laws
were derived to the field of speclific heats.

Planck was able to show that the energy was absorbed or emitied
by particles in whole units or quanta. This qnit of enhergy was shown
t0 be the product of the frequency of vibration and a universal constant,
known as the Planck constant. The mechanism of the process remains ob-
scure, but the assumptions are accepted because of their succesgs in cor-
relating experimental data.

Assuming that the various gquantum states are numbered in a

gimple series, Kennard (Reference 12} has shown that the internal mole-
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cular energy has the value
ui==133 d én Z)
T

where

Z==€?' eq{féa J
KT

Knowing & j» the energies of the molecular quantum stetes 7 and u
in terns of T any be calculates, By the term "quantum state" 1z meant
one of the complete fundamental series of statiocnary states for a
molecules To each state there corresponds a ceriain value of energy.
Since the internsl snergy has besn shown to consist of distinet
parts; the guantum states must also fall into groups. vVery little e~
lectronic excitation can be expected at normal temperatures. In or-
der to obtain this form of energy in = molecule, there must be an im-
pact which will transmit an energy of the order of 50 times the average
energy of impact at normal temperatures. Such an impact is bardly ex-
pected until temperatures are reached where the energy of impscets be -
comes of order of the energy required for light emission by eleetrons.
To produce electronic excitation, the electrons of the atom must be moved
from their orbits to higher orbits. In order to digturb the electrons,
the theories of Bohr and Einstein, which have been proved experimental-
1y by Hillikan and others, require that the atom must be energized to
the point that, on dropping bhack to next lowest quantum state, lijht is

emitted. at high temperatures such a process does occur as eovidenced by
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spectroscople data.

Elastic impacts are suffieient to produce vibration. At nore-
mal temperatures practically =ll ilapacts are elastic. Zome of the in-
pacts should necessariiy produce vibrations. As the temperaturs in-
ereases these vibrations should ineresse and the value of gpecific heat
should show an increase. Rotational energy reguires only a small change
in energy to jump from one quantum state to ancther. gufficient impact
energy 1s available at norusl {emperature to cause the solecules to show
a full capacity of rotation,.

On decreasing the temperature, the nucber of collisions avail-
able for impact energy decreases and caus=g a ¢orresponding decirease in
the rotaticnal emnerzy. iost gases liquefy before this decreaze becconmes
appreciable. Hydrogen is an exception and considerable study of this gas
has been made., At extrenely low tenperatures, about 50°absolute, & con-
stant value is reached. This constant value is the sane as that given by
classical theory for a monatomic gas. This fact is also upheld by the
quantum theory. (Reference 20)

There have been several unsuccessful attempts at making mcdels of
melecules which would produce theoretical values of specific heat to com-
pare wWith experimental data. The better method of studying specifiec heats
has beer to make use of spectroscopic data concerning energy levels,

This metiod of studying is laborious and theoreticel interpretations are
left to the thecretical spectroscopist.

Flizure 1 indicates the relative values and importance of the throe
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phases of the intermnal energy most often encountered. The values are

o
those which have been obizined from hydrogen experiments., At 20 g

the value is 2,98 which is the theoretieal value for translational

energy only. Around 50° K the sharp increase is caused by the rotation-
al freedom beginning to assume its wvalue of energy. The second change in
the curve oceurs at nortkinl conditions of tempersture. The rotational
freédom has assumed its full value of energy and the vibrationsl free-
don begins to assume its value. Data were not available to show the ef-
Tects of electronic excitation. he ressonable change to expect would
be one similar to the previous changes. The temperature of this change

would be of the order of 20,0000.



15

REVIEW OF LITERATURE

Lord Rayleigh (Reference 21) appears to have been the Tirst to
advance vie point that a molecular asbsorption mechanism might be in-
volved in abnorfially large sound absorption in free, still air. IHe
discussed the possibility of a dissipation of energy in a rapid com=
pression process due to & portion of the energy passing from transla-
tional form to rotational form. In doing so, the pressurs would de~
erease. He saw no experimental evidence in the behavior of gases which
would prevent such s delay occuring.

In Knudsen's investigation of the effeet of humidity and temper-
ature upon the rate of absorption of sound in a rcom, (Reference 16) the
regults ilndicated that the absorption was partly due to moclecular absorp-
tion of some kind. As the investigation was not concerned with this ef-
fect, Knudsen left the problem for a later investigetion. Later experi-
ments (Reference 18) proved conclusively that some absorption'resulted
from the transfer of enc:.y voiveel transluvional and either rotational
or vibrational forms of energy during molecnln: coullisicis, EKnudsen
attributed the abnormally high absorption in air to interaction of ox-
ygen and water molecules. He was able to demonstrate his statement by
experiments with pure oxygen and water vapor and with pure nitrogen and
water vapor. Ir the latter, he found very little change in the absorp-
tion over the c¢lassieal value. ith the oxygen he discovered absorption
coefficients of the order of five times as great as for air under the

same ccnditions.
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Herzfeld and Rice (Reference 4) had previously introduced the
slow rate of exchange of energy between the transletional movement and
internal degree of freedom to explain the absorption of sound waves.
These investigators postulated that the slow exchange kept the inter-
nal degrees from taking up the vhole suiount of hest, and therefore
caused a gas to act ag if the effective specifie heat were decreased.

Formulags for the calculation of the absorption and dispersion of sound
waves were advanced and checked with previocus experimental data. gone
agreement was found, but thelr belief was that sufficient accurate data

bad not yet been determined due to influencing fscters not controlled
in previcus experiments.

ﬁneser {Reference l4) develcoped a theoretical explanation of the
anomalous sound absorption in moist air discovered by Knudsen along with
the experiments with which Xnudsen proved the existence of absorption
due to collisions. ihen a gas is compressed adiabatically, a certain
amount of the energy applied is turned inte internal energy. In the
reverse nrocess the energy may be regained provided the process takes
plece slow enough so that the gas ig in equilibrium states at all tines.
It the compression and expansion takes place within a time interval of
the order of time necessary to establish equilibrium between the nor-
mal and vibration degrees of freedom, then some of the vibrational en-
ergy will not have been recovered. This unreversed energy will go to
preduce an irreversible process by raising the temperzture. By elimi-

ration using observed data and facte, the vibratiocnal energy can be

shown t¢ be that which causes the sound absorption irregularities in
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these gases. The equilibrium of translationdgl and rotational energy is
reached in lLess than 00000l second. Consequently sound waves of periods
lonzer ihan .0001 secomd could not be affected by this adjusiment. zFx-
parimeunts have shown these wavos to be affected., The vibrational energy
of nitrogen is small at room temperaturs. By elimination and confirna-
tion by Knudsent's experiments with pure oxygen and pure nitrogen, the
only possible explanation for the irregular absorption lies uith the
vibrational oxygen molecules. Ehneser also developed a formula based on
Bingteinsts theory of sound dispersion for detertining the sound absorption.
The absorption coefficiert was shown to be directly proportionsl to the
vibrational internal specific heat.

While Kneser and Herzfdl aend Riece were developing their theories
from fluid flow considerations, Bourgin was preparing a statistical me-
chanics development. His work, (Reference 3} prepared over a humber of
years, conteipsd derivations and formulas for the abscrpiion cosfficisnts
and velocitiss of sound in pure gases, vapors, and in.mixtures of gases.
These discussions are so exnct that they are recoghnized as fequired read-
ing for investigators of sound absorption. The developments take into
account all possible influences on the absorption ineluding the lag in
the vibrstional molecules assuming their full value of encrgy and vis-
cosity effects.

The early work has proved beyond a doubt the existence of @ lag
in the vibrational freedoms assuw-ing their full value of energy. AS
indicated, the problem was first encountered in attempts to explain
abnormal and irregular sound absorntion especially in moist air,

Richards {Reference 22) prepared an excellent bibliography for reference



work on the study of this absorption.

138
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INPACT TUBE MEASUREMENT OF RELAXATION TIME

The following material is a discussion of Kantrowitzts work in
the field of specific heat lag.{References 7, 8, 10} The apparatus
discussed 1is similar to that presented in the assembly drawing con-
teined in this thesis.

Consider the flow of a fluid about a very small impmet tube.
If the compression proc¢ess 1s slow enough that the molecules may take
on their normal heat capacity and the gas is at all times essentially
in equilibyrium, the gas will return to its original stete after ex-
panding through a nozzle isentropically and being compressed at the
noge of an impact tube.

On the other hand, if the compression time is very short as
compared to the relaxation time of the gas, some of the wibrational
eneryy will not be regained. The result will be an increase in en-
tropy ¢i the gas. The non-vibrational forms underge an adiabatic com=-
Pression, but are located off the thermodynamie surface at stable e-
guilibrium gtates at some temperature higher than the temperature be-
fTore expansion, The vibrational forms »emain at the temperature im-
medintely after the expansion. Cn adjustment and transfering of the
energles between the various forms, the gas returns to the thermody-
namie surface with an increase in entropy. The increase in entropy
ocours due to the irreversible process of transfering energy across
a finite temperature difference. Assuming these conditions, then the

energy involved satisfies the following eguality.

C¢yibTvib + ¢p'T = Cplo (5)
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The subscripis refer to the initial conditions in the chamber,0,
the conditions after expans:i.‘_on, 1, and the conditions after compressionm,
2, and the conditions after adjustment, 2. T represents the tempera-
ture of the non-vibrating forms of energy before adjustment.

The increase in entropy when an element of energy transfers. dur-

ing the adjustment is given by

dg dq
dB - N =
Tvib T
But
dq - cvi‘dev-ib - CP'dT
Therefore
1 1
dg. = cVideVib — = ) (6)
Tyip T
From {5}

¢ pTo = CoinTeib

t

®p
Substituting in {6} and intergratin:

Ts 1 cp'
As = fds= [ egipdTyinf — ~
T Tyiv  Cplo™ Cvinlvib

To
48 = l:cvi'b In Tyip + Cp' 111(---—- T~ T‘Vi)]

Svib

From which

¢ L
Lp -1 \? _\evib
depax,z1n [ éyih Jg (7)
So _ T3 T1
eyib To
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Since the expansion throush the nozzle is isentropic, the 4 s
from eguation (7) will be the difference in entropy of the gas inside
thie chamber and the gas at equilibrium at the nose of the itpact tube.
The only energy concerned in this process is the enthalpy of the gas.
The enthalpy at the end of the compression will be the =same as that in-
side the chamber. The temperature at the end of sdjustment nust neceg-
sarily be the same as that ingide the chamber. The final eguilibriwa
state will then be located on the themmodyna&ic surface along an iso-
therm from the initial c¢onditions with increased enirepy and conse~
guently a reduced pressure.

Fron the perfect gas relations

T, >
ds = c in—& —Rln £
poon P
o Po
But T2= o+ Therefore
P
As = R in—
, Pz
Substitution in (7) yields
S’
Sr 31 R Cyib
Po_ [ Cvib To) R
= | T Ty (8)
vib [}

The ratio of the difference in the pressure of the gas in the
chamber and the pressure at the impact tube to the pressure drop
through the nozzle is defined as the total head defect. This ratib
is expressed as a percesnt. Thus the percentage total head defect is

Pg = P2

Po— P11


file:///rtvih
file:///pvib

T2
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The genersl nethod of deteriining the theoretieal totzl hesd defact is
outlined in Appendix 4.

The previoug discussion lhas been made with record to a very small
impzet tubey an instantanecus compression of the gas and temuvcrature
changes in the gas which were either very fust or slow as compared to
the relaxaticn time. In the genersl case the temperature ch-nges ;iav be
neither slow nor fist as compared to the relsxation time., she tempera-
ture history of the ges partielc nust be considered.

Jome limitations must be imposed on the problem in ¢rder to sinp-
lify the soluticn. The temperature clianges must be considered small
enouzl so that the speeific hezts rerain constant, =w%~ 9 -iteding wag
assunied in the specific case discussed previously. The veloeity distri-
buticn is assumed unchanged by the specifie lieat lag.

The veriable € is introcuced to repvresent the excess enerpy of
the lageing specifie heat over the encrgy of equilibrium partition at
the translational temperature T. The general encryy equaticn then ba-

comes
2
¢ T+4+1/2 w +€ = constant
P

If the assumption is made that only the vibraticnsl form of en-
crpy exhibits the lagging charseteristie and that its time rute of ad-

justiment is proportional to the deperture from ezuilibrium, then

aE
dt

Kantrowitz states that this assumption is in agreement with sonic theco-



ries, However, in recsnt years at leas® twe pecple (Reférences 23 and
24} have shown that there is a dispersion of sound in hydrogen that is
attributed to the failure of the rotational degrees of Treedom to fol-
low the temperature associated with the translational degress of free-

dom end here the assunption is insufficient, By definition of €

€ = CyipTyib = CyibT = Eyip = CyinT

By differentiating this equation with respect to time and substituting

the valus of

b
s the result is

at
4 . _ 4ar
at = "Cvib gy ~Ré€ (10}
Differentiating equation (9}
ar T at
at ~ Cn

Tquation {10} now becomes

d€ fc, ~ ¢
- CD Vid Y n€ = IJ, W oa——
4at’ (.'15;"'-‘) dt

or

°pt 2€ = w i 11
5, At E‘%he“wdt (11}

To fird the meaning of m, examine the statement that the total

enthalpy remains constant,
cp T+ € = congtant

Equation (10} becomes
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4a€ _ cyip 4€

it = <, at "€
3€ _ ¢ _ €
at - —m-éil;-.-e— ept/mey,

¢
The term m—p—% must be the relaxation time ¥ of the gas.
2
MHultiplying equation {11} by a term.ﬁg', where @ is a typieal
length in the flow and i 1s a typical velocity, for convenience to be

shown later and substituting the walue of m in terms of 3), the result

is

gt opt . Zdwa
e cVib d‘b eVib - at

This equation may be written as

‘€
a4 \eyip i i €
(c‘—""?a' —— = d (12}
T L AT b 2
(%) Wi

Dimensionless variables are introduced at this point in order

7
to simplify the solutions. The vusiuole €

€ = ;——m (13)

is defined to have the value unity for arn instantanecus compression of

a gas, The following dimensionless variables are also defined,

W= wiy _ (14)
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Eguation (1l2) now reduces %o

de? dwt©
atvf K€" = g

This lincar differential equation has the scliuticn

at

=~/ Kdte Xdte
t fK /‘{ dut 2
€t = e e = dt' + constant

if wt{t'} is known and is a decent funetion.

(13)

(18)

{17}

(18)

Ag previously defined, the rate of energy flow from the temper-

ature Tyip to the tempcrature T is mf, Then

g..s.gme -].;-- 1
at T Toib

&
Teip = T i‘;;g

Equation {19} can now be expressed as

_— = mé A— -
a T T 4%y

or

t 1 1
As = / ne (— - it
2% T T"'E/cvib)

(19)

(20)



provided the integration is made over all the strsamlines of flow.

If only small cihanges of tempersture and pressure as compared to
ambient conditions zare maintzined, constant density may be assumed and
incompressible fluid flow laws used. In this case n ie a constant., &E-

quation {18) then becomes

<Kt o Kttt
dwt e
E'= e [ E‘F; e dbr 4 constanti (21)

Rewriting and expanding equation (20)

an -

dat

Therefore

%
dt {22)
As ™ °v1b Cyib T2 é
where T is the average of the temperature over the range t, to t.
The dropping of the second order snd higher terms is possible because

£ _ is amell compared with T.

Cvib
Introducing the non-dimensional quantities into equation (22),

it becomes

- 'h M 2
ds = CpcvibT 2 cp) / £1° ate { 23)

In order to initroduce a non-diuensional entropy increase, eqguation

(23) is divided by the entropy increase following an instentaneous com-

rressjon, This entropy increase is obtained by expension of equation



=7

(7). (Refercnce 9) In the expansion, the second order terms must be re-

— T +T <)
tained, The Givision is simplified by expressing Tas 21 and y°
2
as 2 ey (To- 'I‘l). The resulting equation is

- 2
AB'—th/ E dte (24)

0

From equations (21} snd (24) K is shown %o be the determining
factor for €' andds'. Since XK is defined as a $ypieal length in the
flow divided by the product of the relaxation time and a typical velo-
city, a determination of the relaxation time should be wossible upon the
determiination of Ast. Curves of A4s' versus X will be necessary for the
particular obstruction in the flow causing the cowmpression. ith the aid
of such a curve the problen is now reduced to an experimental one. Thé
ratio of actusl total head n3fect to the maximum toital head defect as ob-
tained from the instantaneous compression theory is Ast.

In order to facilitate the calculation of the anticipated d4st for
a given value of ¥, an impa:t tube with & scurce shepe is usede The gen-
eral method of obiaining such a shape is to deternine the shape of a sur-
face acroes which no fluid flows. In a unifori flow with a point source
there will be loeated = surface w.ose strean function is zero. If a
501id body of this shape is inserted in the flow, there is no change in
the flow outside the vody. Such a body Tor a single scurce has been
plotted as Figure 4 with the values listed in Table 2.

The wvelocity along the central streamline of such a flow is giv-

en by (Reference &£6)

d2
w(x):w(l-Ig;z-]



where X is the distance along the central streamline from the source,
W ia the velocity far from the body, and 4 is the diameter of the impact
tube.

In non-éimensional form this equation is

1
L t - —
wHE) = 1 (23)

which ig obtained by using 1 as the typical veleoeity and d as the typi-

cal lenzth. By differentiation of {25)
3
dxt = Sxt° dwt{xt)
But

! 1 1/2
* ="1f'[:;- w'(x'i]'

Therefore

1 1 3/8
dx' = ~5 E__——;.—GC-;-J dut (x*}

1 - _g'—- = - 'fx')
st = wr(x*) gwr (x1) ll-— w'(x'ﬂB/B

If t' is chosen ag zero when w's .99,

tl_‘:'—-]-'. W'—m——v
8 f.99 w(l-w')d/%

' 1w Y N 1
t """ETJ:QQ dw [w'(l-w']lfz +———g7‘(1_w'} 2]

1 11l l"ill-w' —_ 20 ,.
t'="§En(—§1+ -w)*lw' ] (26}



29

To find €' (t'), refer to ecuation {21}. substitute the value of

2 -
dw? from equaticn (:35)
date
dq‘!z \ 1 a A
T W g W e O
att ate ax' 4t dxet
i 2 rr fa
E: ~16wr? Lyt 3/2
dtt ( - J
Then

e gt (27)

The actual calculation of €' and As' becomes laboricus. Figure
£ represents the metliod by which Ast has been determined for K = 3.
From equation (26}, t*' may be determined for any value of wt. Careful
plotting of a few points will yeild the wvalue of wr st any tv. The
integral part of equation (£7) may now be determined by Simpsonts rule
for the given K. In Figure £ the integrand ls ploitted as curve f and
the integration done by planimeter. By cereful integration the curve
of 6'2 nay be determinea. The integral ol this curve then yields the
value of As'. Although more lsboricus the integration of eguaticr (27}
by Simpsonts rule will produce 1ore accﬁ.rate results for the scale in-
volved in this plotting. “he results of Figurs 2 yielded a vzlue of
04402 for Ag4s' to compare with 0.405 obtzined by Kantrowltz for X = 3.

By ealculstion of & numter of veules of st for different
values of K, a curve may be plotted. Due to an entrody increase in {he

nozzle the volues of As' nmust be adjusted as ill, be explained later.
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This adjiusted curve will serve to determine the relaxation time. From
experimental data the velue of4d st is deternined by dividing the actual
total hezd defeet by the maximum total head defect., With this 4 gt
there is only one value of ¥. From the definition of X, the only un-
known is the relaxation tire as the typical length is the diameter of
the impact tube and the typicsl velocity is the maximum velocity. Adia-
tatie expension is assumed in the nozzle t¢ determine the maximum velo-
city.

Eor large and small values of K approximate solutions for 4] s
can be made which are sufficiently accurste and which reduce the labor
of ezleulations.

ihen the relaxation time ie short, K will be large since j"-

Exanining equation (21} at a partieular time t,! =
€'tz o K [f '31:: Kt dt.]
or
£t /a 2'1:: o Klta" =11} 444 (28)

This integral will reduce to very nearly zero for any large value of
ta'- 1t'. Consequently ocuily values of TY very oiose to t,t will con-
tribute substantially to the integral. Since t' is close to t,', the

following approximations may be made.

atr \at*/,
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and

Substituting in equation (28)

wt® wa'z

t. t a att
a duyt 8
€'t = [' atr °© a?
o

or

X o &
= Ve &
ar ‘) {w W }
o dt* A
F) <

€1{t,") = -® A[wr= — wa'd) {29)

The lower limit is replaced by = because w'Ze Wa'® becomes so large
that the exponential becomes negligible. The sign of this liwit rust

<

be opposite that of E‘i‘_"‘) in order for this substitution to be made.
&

atr
Integrating equation (29) and avplying the limits

(g 1)= 1 Y
€' K T& (30)

This eguation will develop from both lower limits. Substitution in (24)

As'2 & (E}'_’:_.z 2 dtt
AN (51)

The integral of equation (31} may be evaluated once znd used for

all wvalues ¢f K when K i3 large.



When the relesxation time is long, X is small compared with 1.

The problem is divided into two parts as in the ususl flow.

nitial period the gss veloclity changes appreciably.

to a steady state valus.

In the i~

Tinglly it settles

Exanining equation {(17) when K is smsll comgared to 1, the X € !

bterr: Lecounes insigmificant and reduces the eyuation to

de ‘' _ dw'2
aEr ~ Fv

Integrating and applying limits

Ly
rid

o
4
Et=w! - Wg

From equation (24) As' for the first period becounes

t ' L) -
as; =2K/l ey td) 2 ate
o (7w

In the second period eguation {17} reduces to

]

a€ ' _xatt
e' -

or

t e_K(t'-tl’)
1

€' =€

Equation (24} yields

t

1

!. £ ” - R
H A82' = 21:51|7 e SK(t'-vl ) fsh

£

(23)
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Integration and application of linits gives

—— 2 -
4 s,0 = 61' (35)
To find the velue of &' exaaine equation (17) again.
dé 4 dﬁ:}lz
— = — -Ké&'*
dt?® dag?
2 .t
é [ ] —:A“If'l - 1 i 2
1 X A (-wt“'_ w,oi ) ate {:.JIJ)

by substituting the value of & ' and integreting from zero to end of
period l.
The total entropy inerease will be the sum of {the parts since the

value could not be cobtained by a single integration.

4 Sep! "’Asl' + -432'

As for the case of large ¥ as compared to 1, these integrals uay

be evaluated only once for any smuall velue of K. The order of magni~

tude for K small is less than C.12; and for ¥ large, greaster than 12.
The ehtropy incresse in bthe nozzle must be ealculated and ac‘@de_d

%o the anticipated /s' for the impaet tnbe. The nozzle design is such

that

&,

%
99'_ constant = A

dt (58) .



This equaticon may be expressed as
L
wdwd = ./( dx

Wsmxxfc

S

But ez 0, since 2t x= 6, w=0,

At x= L, w=W. Hence

e AL

SRR

if rondlne.sivnal fems are introduced by dividing by the typical velo-
city W and typiecal lengsth 1 R J(, will have the value £/3.

From equation (21}

Lt
-EKntt KEntt
g'= e (/ _g._ e dtt ¥ constant
[n}

wherse n refers to the nowzle. Intepraticn ylelds

LI (l—e—l%t')

- B 30
whers &'=0 at t'=0, Froa equation (24)
1 t'
ds n = 2Kn . max él‘ at
At = 8 ¥ ax “Kpbt 2
n = (1-e n } o ase {40)

Again introducing nondigensional terms in equation (33), %t .
e

is found to be 3/2. Ilence
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Asn':_-_.é__ = 16 (1-e -3/2 K’n 4
7 )4 (1-¢~7Kn 1
Ka OGP T o ) (41)

In this deriviation Kn must have tlie same form as K. The value of Kn

4
is wF Hence

K - LXK - (42)

The value of As_' must be : ddoa to the previously deterained As'
for the tube in order to Liave the total snticipated Ads*.

In developing equation (87) for &'(t'), the assunption was made
that €' was zero when t' was zero. In other words & ' had no value
befors compression. TFor a gas with a long relaxaticn Yime, there will
be @ change in & ' through the nozzle which will give a value to & ¢
initially. In order to correct (R27) for the gases with long relaxsiicn

times, the wvalue of equation (39} nust be added algebraieally. THence

viery — Kb Tyt /2 '
g'{t') = - /:[l Lowr %1 )8 K 0 2 (1'6-5/2%] (43)
0" *a
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NESIGE CF APPARATUS

The apparatus which has been designed and for which detail drav-
ings are given in the back of this revort is based on the principles ad-
vanced by Kantrowitz. The design is guite simllzar to the sketeh which
he has presented.

The essential features of the apparatus are a chaslber in which
the gac collects at equiliprium conditions, a nozzle of particular de-
sign and an impast or pitot tube of special shape.

The nozzle design is such as to give a constant time rate of ﬁex-
perature drop. This particular design is used to fagilitate calcula-

tions., From the snergy eguation

Then

cpii_?. _ awe
it = =
24t

But %%.is chaosen constant, Therefore

Eﬂ?g constant {44)
at

If low velocity is assumed, then the gas density may be taken us

approximately constant. By the continunity eguation

wz eonstant = Cl

& ———

P
[k
——



oy
and by definition
Jat=adx {46}

By s¢uaring and differentiating (45) end substituting in {44}

szr
) {47)

de =

r

Substituting (43) and (47) in (46)
-7
udt= Cyr dr = ax

Integrating
c

4
X = ;g +G5
At x =0, r=ee, therefore 65 = 0.

The eguation, rsx constant, when rotuted about the exis will
produce the theoretical shape of tiwe nozzle. The last 0.10 inch of the
nozzle is made straight in order to straighten the streaalines and allow
the static pressure at exit to be atmospherie,

The nozzle should be such that the eenter streamlines are mnot
disburbed. A correction to reduce tlie effect ol bousdary layer must be
-added vo the value of the redius, Assuning lasdinar flow through the
nozzle, whicih seems poussible due to the low veloecity, the thickness of

boundery layer is given by (Reference 5}

D.2%
g : '
(48)

ViES



This formula 1z for a flat plate but is asswied sufficiently accurste
Tor this problen.

In order to be on the safe side, a maximum velocity of 10,000
inches per second is asswied. Ho veloelty of this order is expected,
By {45) an approzimate valus of veloeity along the nozzle may be cb-
tained.

To arrive st a volue of kinewatic viscosity, carbon dioxide has

2
in. / sec wiich is

been used as a guide., Uhe value used is 4,15 x 1072
the condition in the neighborhood of 329F and £3 psia. These conditions
will produce a greater boundary layer thicknesg than expected condi-
tions.

Substituting values in (48) zives the values of J-, and the actual
radins is found by adcing J'to the theoretical radius. The results are
in Tacle 1.

The_shape of the impact tube is that formed by = single scurce
in a uniforn flow of fluid.

The strean Tunction for a steady flow and source is represente

ed by
) 3 -1
lf/ =5y -5 tan %

At the boundary beiween the two flows, this Tunciiorn has the value zero.
4 s0l1id body inserted in the flow lLaving the shape of the surfacce where
¢I= 0 will producs tie sase effeet on tie flow as the sourece. Hence

. g%

s
———

fan

<Dl::

- L
x

where § is the Tlow froa the scurce. 4t some far resoved peint where
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the source velocity and low velocity are the same

0 = a2rf

where r is height of source stream st that point. 7Then

tan —{—- (49)

The gravh of thisz eguation is _iven in Pipure 4 vith ihe data
listed in Table 2, 1 e: this curve is rotzted about tie x axiz, the
scurce shaped bhody is produced. ‘The volue of r is assumed to be unity,
for these caleculaticus sinee it is a paraneter for a fzndly of curves.

The impasct tube is to be made of glass. Xantrowitz has suzpgest-
ed that glass tubing be drawn cut to »nroduce the tube. The inside Qi-
aneter of the tube should be kept larger than 004 inck, The tube
should not be longer than 1/4 inch. The source shape st be £round
on the end o the tube. In urder to check tlie shepre, itie suggestion is
immde that a2 siliicustte be throvn on a sereen curing the grinding RO
ceSs.

The heaters are designed frum data taken from reference 15,

The ems coning into the chaber should be dried and hezted to the de-
sirec tenpersture. In this case the inside keaters will only hove to
supoly the hest thet is lost to conduction throush the walls and radine
tivn to the suryroundings. Approximate caleulzticns vers nude snd a
safety margin allowed. Asproxiuetely 35 feet o j#18 nichrome V wire
are reguircd. Poreelain beosds on tie wire prouvide the necessary insu-
l=tion., Small clomps on the liner will hold the wire in positicn.

Axternal losds are provided throuzh spari plus type insulztors.



“Cne hundred mesh screen is provided in the inner chaniber to
destroy the strea:ss ol gas bzefrs the nozzle.

Motion of the clanp hLolding the impact tube is provided in two
perpeadisular directiens as well e rotational soticn atout two horizon-
tal perpendicular axes tloousl the enc of the nowzle.

o mancometers are needed for the measurcuent of the pressures.
Cne mancreter Tilled with rnercury siculd have a range of approximately
tuenty incﬁes of nereury as it is to messure the pressure inside the
ehanbare Te Leaocure tlie drop in pressure due o the irreversible pro-
cess at the ncsé of the impact tube, an aleokol manometer is used,
Kantrowltz's work indiezsted that this umnoneter shiould have a range of
about =ix inclies.

To messure the tempersture of the ges in the chgnhor, arn alu-
mel-chromnel or simil~r theraoccounle should Lo peared into the end of

o
-

~the thermccvuple tube. The junction muy be satisfoetorily iwde Ly
soldering a copper plug wiich the thermocouple las been lastened in

the end of the tube.
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CUHOTLLUILE

Tiis thesis is intended as the beginning of a loug rainge project.
Basiec fundamsntals of specifie heat Lave been pregented. Teast research
has ghown thet she vivrstional freedow lag Lebind the other frecdaus in
taring on their hest conteats. Kontrowitz has developed o tleory and
an apparatusz for Messuring the relaxaticn tine. This appuratus is sim-
ple and uses principles knowm for years. lic hev leessuring apparstus is
naeded rfor the viork. 4 design for the epperatus is presented for the
check and conbtinuetion of the experinmsntaticn with specifice hent lag.

There are soue lisdtations to the thoory whic has been deve-
loped.

1, Incumpressible fluid 1oy has been assuned,

2. The entropy chance in the nogele due teo Iricticn and

turbulence has Deen ne lectod.
3» Ferfect gas relationships have heen used.

4. Small tenperagture andé pressure changes have been assuaed.

<
.

In mest instaneces all except zero and first order ters
have been dreppad.
‘These limitstions must ve recogrized in the applicsiion of the

theory.
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POéo

inch

«1
o2
o3
4
.9
«6
.7
«8
.9
10
1.1
l.2
1.3
l.4
1.5

1.6

inch

«078562
06995
206539
«06252
+06005
«28280
05667
.05552
05442
+05350

05265

- L0D189

03121
05053
«05000
0500

TABLE I

DIMENSIONS OF THE NOZZLE

W

in./sec
¢
4050
5100
5850
6440
6940
7360
7760
8100
8450
8730
9000
9290
9530
9760
10000

10000

Ofy

in. x 106

= -

1.025
814
»710
«645
»598
564
D35
«9513
»491

« 476

447
«435
+425
« 415

+415

7
inch

O
000166
.00210
.00240
00264
00284
.00303
.00318
.00333
00345
.0b358
00370
.00381
00392
.00401
.00424

.00424

inech

o
080183
+072085
206778
«06496
06289
06128
+05995
.05885
05737
-05708
05635
05370
+05515
05459
05484

05424




«1

2

ot
o5
6
o7
.3
.8
1.0

TslE II

VALULS FCR SUURCE SHAFE

x
-+ 33333
- 30777
-.27328
-2 21796
-.12997
0
+ 19498
« 50854
1.10112

£.76993
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APFENDIX A
CALCULATICE OF AXILiUL HE:D DEFECT

The percentage total head defect has been defined as the ratio
of D~ Py to p,- Py expressed as percent.

Fron equation (&} p» can be cbtained in terms of Pge Any value
of the ratio of p, to Py may be chosern. IIn order 1o be definite, select
ZofPp = 1.531, or Py = .60%p,, and a temperature of 100,9%,

Since GOy is a linear molecule, the value of cpt is 3.5R from
earlier parts of this report. To find Cp, the forwnlas of Sweigert

and Beardsley (Refcrence 24} are used,

- T E -

T b
whers } is molecular weight and J is the meehaniceal equivalent of heat.

c_= 4,55
D 4 R

Therefore

= 1.05
cvib 1.08 R

By substitution of the isentropic relationship

To) 20} ¥
™) \P1

in eguation {8) yields



L] i
g!"":"!
-
[
s
ol

BE
L]
D cp cP cVib
LR i —= (R
Ds vib R js'f
¢ ¢
B - Pl R/ D
Cyid ;" '
o

Froo this eguation with the values assuned and deternined

p
-2 = 1.00608
Pg

or

P, = ,994p

The total head defzet is

Bo- -
...?—.-.-.E‘.g. — p_o., - _‘,9,94;00 1.73 o
= de '}'0

Po- ;1 Po -.658p,

In making the calculation of Po | asceurser is best obtained by
be '

first dividing throush the ceonplex froetiocn by iHs nuneretor. This di-

vision is made nossible Ly adding and subtrzeting 1 in the deroninatop,

~

R 1 - .
The expression is then reduced t¢ the form T which amy be expanded
in a pouer series which ccnverzes rapidly. [fhe 3zcend rcoder term pro-

augss soeuracy in the fourth deeimal.



