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SUMMARY 

Since the mid 1950's, increasing refinements in nucleon structure 

measurements, and the necessity of using deuterium as a source of target 

neutrons has caused an increasing interest in relativistic analyses of 

processes involving the deuteron. The most widely used technique in this 

area has been dispersion theory. The main purposes in this approach have 

been to obtain an accurate description of deuteron structure, as it ap-

pears in electron scattering and electro-disintegration, in order to allow 

an unambiguous determination of neutron form factors, and a significant 

amount of work has been done which seeks to describe other disintegration 

processes. Unfortunately because of the approximation techniques used, 

dispersion treatments of these processes have produced useful results only 

at low to moderate energies for the incident particle, and fail to account 

for a prominent peak in the total cross section for both pion and photon 

disintegration of the deuteron. 

In 1955, Austern developed a simple heuristic model based on the 

assumed dominance of the A ' nucleon resonance in pion and photon induced 

disintegration, and used the model to determine simple cross section ratios 

in the vicinity of the resonant peak. In 1966, Barshay gave a relativ-

istic formulation of the Austern model which contained a cut-off parameter 

in the divergent closed-loop Feynman integral, chosen to fit the photo-

disintegration total cross section data in the vicinity of the resonant 

peak. He used the formalism to make a conjecture on the possibility of 

xi 
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failure of time reversal invariance in the process y + d 	n + p. Neither 

Austern nor Barshay attempted to formulate a complete, relativistic ex-

pression for the deuteron disintegration cross section. Austern's analy-

sis was nonrelativistic and neglected background terms. Barshay's treat-

ment neglects background terms, and although he starts from a relativistic 

Feynman amplitude, his analysis is performed in terms of Pauli spin ma-

trices. 

The first systematic attempt to represent deuteron disintegration 

over a wide range of energies, including the resonance region, was made 

by George in 1967. George's treatment uses Barshay's relativistic formu-

lation of the Austern model, modified by a A-N pion-exchange form factor 

developed by Ferrari and Selleri, improved values for the ArN and AyN 

coupling constants, and a A propagator developed by Mohan and Agarwal. 

For the background terms, George introduces nucleon-pole and deuteron-pole 

amplitudes. The nucleon-pole amplitudes involve two vertex functions; 

the deuteron-two-nucleon (dNN) vertex function with one nucleon off the 

mass shell, and the NnN or NyN vertex function with one nucleon off the 

mass shell. The deuteron-pole amplitude is pure isoscalar and thus appears 

only in photodisintegration. It also involves two vertex functions; the 

dNN vertex function with both nucleons on the mass shell and the deuteron 

off the mass shell, and the dyd vertex function with one deuteron off the 

mass shell. 

In George's work, and in ours, it is assumed that the NyN and Mill 

vertex functions do not deviate appreciably from their values with both 

nucleons on the mass shell. This is just the assumption that nucleon 

structure is not important at the energies we consider, other than that 



implied by the Austern model. Thus the NyN vertex is specified in terms 

of the Dirac and Pauli coupling constants, and the NuN vertex in terms of 

the pion-nucleon coupling constant. The deuteron, however, is a very 

loosely bound structure on the energy scale considered, and it is expected 

that the dNN vertex function will be a very sensitive function of off-

shell momenta. 

In George's calculation, the simpler case of pion disintegration 

is considered first, both because the analysis is simpler, and because the 

experimental data is considerably better than that for photodisintegration. 

As mentioned above, only the nucleon-pole amplitudes occur in the back-

ground for this process. Since the dNN vertex function in these ampli-

tudes involves one off-shell nucleon, its rigorous description requires 

the specification of four functions of the (invariant) square of the off-

shell nucleon momentum, called "invariant" functions. In transition ampli-

tudes, the contribution of two of these functions, H and I, relative to 

the contribution from the other two, F and G, vanishes in the limit that 

the off-shell nucleon approaches the mass shell. This does not mean that 

H and I vanish on the mass shell, just their relative importance in the 

transition amplitude. Indeed, we show in this work that H and I are both 

non-zero on the mass shell. In the following, we will designate the mass-

shell limits of the vertex invariants by F o , Go , Ho , and Io . 

The mass-shell invariants F
o and Go have been specified in terms of 

the physical parameters of the deuteron, including the binding energy, the 

asymptotic d-to-s admixture ratio p, and the triplet effective range r e . 

The specification of the mass-shell invariants H o  and I0  constitutes one 

of the principal contributions of this work. 
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Having no means of specifying H and I, and not knowing the precise 

forms for G and F, George attempted to specify the dNN vertex function in 

terms of F
o 

and Go
, multiplied by a form factor introduced by Lebellac. 

The form factor corresponds to the assumption of a single simple Hulthen 

wave function to describe both the s- and d-state of the deuteron. With 

this background amplitude, George found that, if the physical values of 

Fo and Go 
were used (corresponding to p = three percent), the background 

contribution to the pion disintegration total cross section completely 

obscures the resonant peak. George's approach was to modify Fo  and Go  by 

making a parametric adjustment of p down to a value of 0.6 percent. With 

this value of p in the background amplitudes, and a cut-off parameter in 

the resonant amplitude close to the value found by Barshay, George suc-

ceeded in obtaining a reasonably good fit to both the total and differ-

ential pion disintegration cross sections. 

With an adequate description of pion disintegration, George sought 

to use the same parameters in the nucleon-pole and resonance amplitudes 

in photodisintegration. As we have remarked previously, the isoscalar 

deuteron-pole amplitude involves both the dyd and dNN vertex functions 

with an off-shell deuteron. With the deuteron off-shell, these vertex 

functions are quite complex, and, in general, unknown. George's procedure 

was to evaluate these vertex functions with the deuteron on the mass shell, 

and to use the value p = .6 percent in this amplitude as well. There is 

really no reason to expect that this procedure adequately represents the 

deuteron-pole-term, and examination shows that the resulting cross sec-

tions deviate only a few percent from those obtained by neglecting the 

deuteron-pole amplitude altogether. Once the deuteron-pole vertex func- 
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tions are restricted to the mass shell, some such procedure for damping 

the deuteron-pole amplitude must be adopted; otherwise, it leads to a di-

vergent cross section at high energies. Using this technique, George pur-

ports to obtain a reasonably good fit to the photodisintegration total 

cross section, but with a severe lack of agreement with the differential 

cross section data. 

When the present work was initiated, our purpose was twofold: 

first, the parametric adjustment of p to the extremely small value of 0.6 

percent is unphysical. Estimates of p taken from deuteron magnetic mo-

ment measurements indicate that p is of the order of three or four per-

cent, and the uncertainties in the data are not so large as to permit sig-

nificant deviations below this value. We felt that the necessity of ad-

justing p to such a small value is symptomatic of large errors being in-

troduced, either by neglecting H and I, or using incorrect forms for F and 

G, or both, and we sought a more physical method of treating the dNN ver-

tex function. Second, we intended to use the pion and photodisintegration 

amplitudes obtained from George's model (with our more physical dNN ver-

tex function) to construct the amplitudes and cross section for neutrino 

disintegration of the deuteron, and thus make a prediction for the contri-

bution of the A resonance to this process. The connection between pion 

and photodisintegration and the weak process of neutrino disintegration is 

based on the conserved vector current (CVC) hypothesis directly relating 

first order electromagnetic processes to the weak vector amplitude for a 

similar process and the formal field-theoretic partially-Conserved Axial-

Vector Current (PCAC) hypothesis, indirectly relating pion processes to 
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the weak axial-vector amplitude for a similar process. Remarkably, we 

have found that the execution of the second part of our program has a fund-

amental influence on the first, in that the PCAC hypothesis imposes a con-

sistency condition on the dNN vertex function, which in turn, suggests a 

second condition on the vertex function which seems to be borne out by the 

limited experimental data. 

The first step in our program was to repeat George's calculations 

for pion and photodisintegration, using his dNN vertex function, both to 

check his results, and to provide a check on the complicated algebraic 

manipulations and spin sums which must be performed. In pion disintegra-

tion, we found some minor algebraic errors in the resonant amplitude, 

which, when corrected, give a total cross section which is superior to 

George's published curve at high energies. In photodisintegration, the 

analysis of the resonant amplitude is far more complex than in pion disin-

tegration. This is because the amplitude itself is more complex, and the 

algebraic reduction of the amplitude to standard form is very complex. 

In George's work, the reduction of this amplitude was done by means of a 

symbol manipulation program developed by Hearn. Lacking facilities to 

implement this program, we had hoped to use George's published amplitudes 

directly. However, when we attempted to reproduce George's published 

cross sections, we obtained results which were totally unreasonable. Con-

sequently, we have performed the reduction of the photodisintegration 

resonant amplitude by means of a hand calculation, and the resulting in-

variant coefficients are markedly different from those published by 

George. 
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Having resolved George's calculational errors, we proceed to ex-

amine the dNN vertex function with one nucleon off the mass shell. The 

method we use here is based on a technique developed by Gross, which ap-

pears to have escaped the attention of other authors. Gross' technique 

is to develop an approximate Bethe-Salpeter amplitude for the deuteron, 

and to decompose this amplitude into two amplitudes, one of which reduces 

to the nonrelativistic deuteron wave function near the mass shell, the 

other being associated with antiparticle contributions to relativistic 

deuteron processes. The two amplitudes are expressible as combinations of 

the dNN vertex invariants F, G, H, and I, and these may be related to phe-

nomenological deuteron s- and d-state wave functions, provided some means 

of estimating the antiparticle amplitude is available. 

Gross' method for determining F, G, H, and I is to argue that the 

antiparticle amplitude may be made to vanish identically, provided that 

the non-relativistic deuteron wave function is expressed in terms of phe-

nomenological s- and d-wave functions, since antiparticle contributions 

should already be incorporated by virtue of the fact that the wave func-

tions are chosen to fit experimental data. This prescription leads to the 

requirement that one of the invariant functions, H, must vanish identi-

cally. Gross then indicates that this requirement is unphysical, since 

independent estimates indicate that H is non-zero. 

We have followed the prescription outlined by Gross, but we have 

adopted a different, and we believe, a more fundamental method of treating 

the antiparticle amplitude. In our application of PCAC to neutrino dis-

integration of the deuteron, we obtain a consistency condition on the dNN 



vertex function, which requires that the mass-shell values of F and H be 

related by Fo  = 2H0 . Returning to examine the antiparticle amplitude in 

the deuteron Bethe-Salpeter amplitude, we find that the lowest order term 

in this amplitude (in terms of r 2 /m2  where r is the relative nucleon mo-

mentum) is Fo 
- 2H

0 
- G

o 
+ 21

0
. In view of the relation between F

o 
and 

H
o
, we are then lead to modify Gross' argument to the requirement that the 

antiparticle amplitude vanish in lowest order. We then obtain the sym-

metric relation G0 = 21o' and we do not have the inconsistent requirement 

that H vanish. 

Comparing our vertex invariants to those obtained using Gross' pro-

cedure, we find that F and G are virtually the same, while H and I appear 

to be significantly different. However, it is known that, near the mass 

shell, F and G are related by G r 25F (for a d-to-s ratio of three per-

cent). As a consequence of this relation, our prescription for the invar-

iants is quantitatively nearly the same as that given by Gross, and the 

two methods lead to predictions for cross sections which differ by no more 

than a few percent. 

With a prescription relating the dNN vertex invariants to deuteron 

s- and d-state wave functions, we select phenomenological wave functions 

of the form given by Hulthen and Sugawara. With a cutoff parameter in the 

pion resonant amplitude corresponding to the value used by George, we con-

struct the total and differential cross sections for pion disintegration, 

using phenomenological wave functions corresponding to d-to-s ratios of 

three, four, and five percent. Each of these gives cross sections which 

fit the experimental data as well or better than George's method, with the 
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best result occuring for a d-to-s ratio of five percent. 

Having obtained an excellent fit to the pion disintegration total 

and differential cross sections using the phenomenological method, we es-

timate the importance of the invariants H and I. If H is omitted, the re-

sulting cross section differs by only a few percent. This is approximately 

the difference between Gross' identification procedure and ours. However, 

if I is omitted, the cross section changes quite significantly, indicating 

the importance of this invariant in the dNN vertex function, and suggest-

ing that our relation G o  = Ho  is correct, since it produces agreement 

with experiment where any significantly different prescription will not. 

With pion disintegration of the deuteron accounted for, we attempt 

to test the generality of our prescription for the dNN vertex function by 

applying it to photodisintegration. In doing so, we encounter significant 

difficulties. In photodisintegration, we encounter two additional ampli-

tudes which are potentially important in the energy range below 450 MeV. 

The first of these is the deuteron-pole amplitude. This amplitude in-

volves the dyd vertex function with an off -shell deuteron, and the dNN 

vertex function with an off-shell deuteron, neither of which is known. 

In the limit that the deuteron is on the mass shell, this amplitude can 

be constructed, and it is known to be unimportant at low energies. If the 

on-shell form is retained at higher energies, it leads to a divergent cross 

section. Consequently, it is clear that the above-mentioned vertex func-

tions must contain momentum dependence which damps the deuteron-pole am-

plitude at higher energies. The second additional amplitude is the 

exchange-current amplitude, and corresponds to the coupling of the photon 

to a charged pion exchanged between the outgoing nucleons. This amplitude 
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involves the dNN vertex function with both nucleons off the mass shell, 

as well as a closed momentum loop. Consequently, its analysis is quite 

difficult. In this work, we outline a method for calculating this ampli-

tude, but we do not attempt to carry it through. 

With essentially no knowledge of amplitudes whose relative impor-

tance is unknown, it seems questionable to attempt any quantitative cal-

culations for photodisintegration. However, by calculating cross sections 

using only the nucleon-pole and resonance amplitudes, and using the pion 

disintegration parameters as a guide, we can at least get an idea as to 

the nature and magnitude of the contribution from these amplitudes. Us-

ing the parameters of pion disintegration, we find that George's prescrip-

tion produces a total cross section which is much too low below the reso-

nant peak. Then, using the phenomenological dNN vertex function, we find 

that d-to-s ratios of three, four, and five percent produce successively 

better estimates of the total cross section. In all of these calculations, 

it is found that the resonant mass must be adjusted to locate the peak 

properly (1190 MeV as compared to 1210 MeV for pion disintegration), and 

that the cross section is too large at the peak. Using a d - to - s ratio of 

five percent, we adjust the resonant width from the pion disintegration 

value of 120 MeV to 143 MeV, and obtain quite good agreement with the to-

tal cross section. 

With the total cross section reproduced, we examine the differential 

cross section. We remark that, contrary to George's reported result, we 

find the differential cross section to be peaked at 90 degrees center-of-

mass scattering angle, as originally reported by Austern. To describe 
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our conclusions, we digress for a moment on the isospin structure of the 

photodisintegration amplitude. In first-order electromagnetic processes 

involving two nucleons, the amplitude may be decomposed into isoscalar 

and isovector parts. The isoscalar amplitude is symmetric and the iso-

vector amplitude antisymmetric in the space and spin variables of the two 

nucleons. Consequently, either a pure isoscalar or a pure isovector am-

plitude will lead to a differential cross section which, for our process, 

is symmetric about 90 degrees center-of-mass scattering angle, and a mixed 

amplitude would be expected to show asymmetry in the center of mass system. 

For photodisintegration, the resonant amplitude is pure isovector, and the 

nucleon-pole amplitude is nearly pure isovector. Thus, as expected, our 

calculated differential cross sections are very nearly symmetric in the 

center-of-mass scattering angle. The experimental cross section, however, 

while symmetric near the resonant peak (the choice of a pure I = 3 — A res- 
2 

onance model is based on this fact), shows a significant asymmetry both 

below and above the peak. Thus, while the omitted amplitudes appear to 

have little influence on the total cross section, they are obviously im-

portant for a correct differential cross section. Significant in this 

connection is the fact that the deuteron-pole amplitude is pure isoscalar. 

With photodisintegration described as well as our model permits, 

we next consider the problem of neutrino disintegration of the deuteron. 

Using the CVC hypothesis, the weak vector amplitude is obtained directly 

from the isovector part of the photodisintegration amplitude. Since we 

consider only the neutrino disintegration cross section integrated over 

outgoing nucleon moments, the deficiency in the photodisintegration 



differential cross section should not be important, but this is not an 

important point as we will find that the weak vector amplitude does not 

contribute significantly to the process we consider: v+d-ol+p+ p 

with a forward-scattered lepton. 

We construct the weak axial-vector amplitude using the PCAC hypo-

thesis in a technique suggested by Adler. The PCAC hypothesis states that 

for momentum transfers satisfying mn2 	qa 	-mra , the divergence of the 

axial-vector current is proportional to the pion field. This may be used 

in an indirect fashion to relate the weak axial-vector amplitude to the 

amplitude for pion disintegration, which we have successfully described 

with a presumably physically correct model for the dNN vertex function. 

In applying PCAC to neutrino disintegration, it is found that a consist-

ency condition occurs which requires that a linear combination of F o , Ho , 

and the zero-momentum limit of the non-pole part of the pion disintegra-

tion amplitude vanish. We assume that the Austern model resonant ampli-

tude, extrapolated off the pion mass shell, correctly describes the non-

pole part of the pion disintegration amplitude in the zero -momentum limit, 

and we find that this amplitude vanishes. This leaves the consistency 

condition F
o 
= 2H

o , which was discussed above. 

Having constructed the neutrino disintegration amplitude, we con-

struct the cross section for forward scattering of the outgoing lepton, 

differential in lepton energy, and integrated over outgoing nucleon mo-

ments. The kinematical restrictions our theory places on the process 

limit us to neutrino energies above 600 MeV and energy transfers in the 

range 0-450 MeV. This general type of process (where a general hadronic 



system replaces the two outgoing nucleons) has been considered by Adler. 

He has shown that, if the mass of the outgoing lepton is negligible, then 

the cross section is proportional to the square of the matrix element of 

the divergence of the weak current. Consequently, if the vector current 

is conserved (which we assume) then the vector contribution vanishes, and 

the cross section depends only on the divergence of the axial-vector cur-

rent. 

In our process, the minimum outgoing lepton total energy is 150 

MeV. Thus, if the outgoing lepton is an electron (me  = 105.7 MeV) the 

rest energy is a significant fraction of the total energy, and the import-

ance of the vector current must be determined directly. We have calcu-

lated the cross section for neutrino energies of 600, 800, 1000 MeV and 

3, 6, and 10 BeV for both outgoing electron and muon. As expected, the 

vector contribution with an outgoing electron is vanishingly small, and 

surprisingly, the vector contribution with an outgoing muon does not ex-

ceed a few percent of the axial-vector cross section at 600 MeV, dimin-

ishing in importance at higher energies. 

The cross section we obtain depends importantly only on the axial 

vector current. It is not clear that, for an outgoing muon, it depends 

only on the divergence of the axial-vector current, as would be expected 

for a zero-mass lepton, from Adler's theorem. All we can conclude here 

is that the vector part is unimportant. Since the calculation of the 

axial-vector amplitude is based on the successful treatment of pion dis-

integration, the rather well established CVC hypothesis, and the less 

well-established PCAC hypothesis, it is clear that it should provide a 
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test of PCAC (this has already been pointed out by Adler in connection 

with the general process). We find that the calculated cross section dis-

plays a characteristic resonant peak which becomes more pronounced at 

higher neutrino energies, and thus provides a sharp characteristic to be 

sought for experimentally. However, experimental data for this process 

are not yet available. Even for total cross sections for neutrino pro-

cesses, available neutrino beam intensities and the weakness of the pro-

cess combine to allow only very crude experimental data, and the refine-

ments necessary for measurements differential in both lepton energy and 

direction are in the future. 
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CHAPTER I 

INTRODUCTION 

In this work we examine strong, electromagnetic, and weak deuteron 

disintegration processes for energy transfers in the range 0 MeV to 450 

MeV. The methods of nonrelativistic Schrodinger theory and relativistic 

dispersion theory, successful below 150 MeV, are not applicable in the 

energy region under consideration, and we use a variety of techniques, 

including the Austern Model,
1

'
2 
the relativistic perturbation approach 

used by George,
3 and the phenomenological representation of deuteron 

structure given by Gross,
4 

as well as the Conserved Vector Current (CVC) 

hypothesis, 5 ' 25  and the Partially-Conserved Axial-Vector Current (PCAC) 

hypothesis.
6 ' 7 ' 8 ' 9 

General Features of Deuteron Disintegration  

We begin by examining the general deuteron disintegration process 

depicted in Figure 1. Throughout this work we will use the notation and 

conventions of Bjorken and Drell, 10 
as well as their Feynman rules for 

the construction of perturbation theory amplitudes. 

Pion Probe  

For an incoming pion, the disintegration amplitude takes the form 

T= 5„,r x Li ft  Li co 	C u T (Pa) 
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Figure 1. General Deuteron Disintegration Process 
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Here, gNTT is the pion-nucleon (ir
o
p) coupling constant whose value is given 

by 41/47 a..‘ 14.6. xis a pseudoscalar phase factor included to reflect 

the pseudoscalar character of the pion. U is the deuteron polarization 

vector with the properties
11 

where a given polarization state is labeled by X, d is the deuteron four-

momentum, and Md  is the deuteron mass. u(pi ) and u(p2 ) are the Dirac po-

larization spinors of the outgoing nucleons, C is the charge-conjugation 

matrix iya yo , and MS  is a 4 X 4 matrix containing the dynamical details of 

the disintegration process. The superscript T denotes matrix transposi-

tion. 

The matrix Mo  can depend only on the independent momenta associated 

with the disintegration process, or the Dirac gamma matrices. To deter-

mine the possible forms composing MS  we note that parity invariance of the 

strong interaction requires that 03M0  combine with x to form a Lorentz 

scalar. Consequently, /1 .13  must transform like a Lorentz axial vector. 

This implies that 	is formed from all independent Lorentz four-vectors 

that can be constructed from the momenta and the gamma matrices, and each 

such term is multiplied by the factor y s  = iyoy1 y2 y3 . There is a number 

of conditions which limit the number of independent terms from which MD 
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may be constructed. First, momentum conservation implies that only three 

of the momenta are independent. For these, we choose the combinations 

, k = 1). 
	and 	Q = P t F., 	 (1-5) 

2- 	 2- 

Second, equation (I-4), together with momentum conservation, implies that 

U'q = 2U'Q, and we will delete Q from the possible forms. Finally, the 

Dirac equation 06 - m) u (p) = 0 may be used to reduce factors of 0 and i 

to constants, and the relation 44 = q2 , and the anticommutation relation 

for the gamma matrices may be used to limit MI to terms linear in 4. With 

these considerations, the possible forms composing M p  are 

ysqp , yskp , ysyp , yofqp , yelkp , and yety p  . 

In the following we will use the normalized combination 3 
 given in Table 1. 

__ T The variable e. gives the symmetry of the quantities u(P1) 7p ) 	C u (P2 ) i  

under interchange of the outgoing nucleons, and will be important in sub-

sequent analysis. 

Electromagnetic and Weak Probe  

The electromagnetic and weak disintegration amplitudes have the 

form 

T = ,22 	IP' Ucti) Mw p  C & r (6.). 	 (I-6) 

For photodisintegration, W a = ea, the photon polarization vector, and 

Z.= e, the electronic charge, whose value is given by e 2 /47= 1/137. For 

weak disintegration, in particular neutrino disintegration with an out- 



Table 1. Invariant Amplitudes in Pion Disintegration 

T fi  ,z, 

5 



6 

going muon, W °1 =t a  = u(v)y°1  (1 - ydu(4) and = G/V-2-'where G = 1.015 

X 10 5  in units of the squared nucleon Compton wavelength. 

The amplitude T transforms as a Lorentz scalar in the case of 

photodisintegration, and as a combination of Lorentz scalar and pseudo-

scalar in neutrino disintegration. Consequently NI cowill be composed of 

Lorentz tensors or pseudotensors constructed from the momenta listed in 

equation (I-5), and the Dirac gamma matrices. The pseudotensor forms may 

be constructed from the tensor forms by multiplying brri. In Table 2 we 

give a preliminary list of the 52 possible amplitudes which may be con-

structed by imposing the restrictions given in the discussion of pion dis-

integration. Some of these amplitudes do not have definite symmetry un-

der interchange of the nucleons, but this will be remedied in subsequent 

specialized discussion. 

Photodisintegration.  Imposing the Lorentz condition €14 %= 0, we 

can eliminate entries containing & from Table 2. The remaining ampli-

tudes are then combined to give amplitudes of definite symmetry, which are 

listed in Table 3. The amplitudes in Table 3 correspond to those given 

by Lebellac, et al.
12

, except for over-all sign. In the last entry,(e vf'r 

 is the completely antisymmetric tensor whose value is + 1 if)mlyoris an 

even permutation of 0123, - 1 for an odd permutation, and zero otherwise. 

The relation between N20  and terms of the form given in Table 2 is easily 

shown to be given by 

1,J0°' 
E 	9,,,, rp `I, 	RI + Ì. Tif — 	̀I?  — 5..e  r • 

(I-7) 

The amplitudes given in Table 3 are not the simplest set for 
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Table 3. Basic Amplitudes for Photodisintegration 

011 

1 

	

2 	 ko, 7, 

	

3 	 Q. ci s  

	

4 	 k.g kp 

	

5 	 k p  

	

6 	 k. rif? 

	

7 	 Q« re 

	

8 	 9., q- 

	

9 	 'at ci 

10 

	

11 	 k. 

	

12 	 I.( kis 

	

13 	 Qok fi  

	

14 	 k. 

	

15 	 [q') 

	

16 	 [1') 11] h is 

	

17 	 K. 

19 

	

 

18 	 Cq') re] Q.4  

(..tc 0179] 

	

20 	 Ds. 
E9yf 

? r /' 0" 

8 



9 

photodisintegration. Sakita
13 
 has shown that the Ni satisfy two compli-

cated internal constraints, and, imposing the requirement of gauge invar-

iance, 

M ai  = 0 

leads to six additional constraints, leaving only twelve independent am-

plitudes. These amplitudes are listed in Table 4. 

Neutrino disintegration. In the case of weak disintegration of 

the deuteron, the variable 9is given by ai =-- 	, and ha is composed 

of two parts: 

K A 	KA  V 	" A 
FY ot/g + Map 1 cKp Iv 1 'xis 

where the superscripts V and A refer to the Lorentz vector (V) and axial-

vector (A) parts of Vati4 	The composition of the vector part M v 

lows directly from the CVC hypothesis, and consists of the gauge invari- 

A 
ant amplitudes listed in Table 4. The composition of M"is considerably 

more complicated, and in this work, we will use combinations of the ampli-

tudes listed in Table 1 having definite exchange symmetry. These are 

listed in Table 5. 

Invariant Coefficients  

The previous discussion establishes the basic Lorentz invariant 

amplitudes that we will use to construct the transition amplitudes for the 

various disintegration processes. The transition amplitudes are obtained 

as linear combinations of these invariant amplitudes with invariant co-

efficients which are functions of the independent Lorentz scalars which 
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Table 4. Normalized Gauge-Invariant Amplitudes for Photodisintegration 
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can be formed from the associated momenta. There are three such scalars 

and we will use the Mandelstam variables 

	

S = ( p, 4- a.  z 
	

(I-10) 

	

t = Pc- co 	- P21 2  

and 
	

( P2-(/) 2 	( CI 	PI) 2-  • 

These variables satisfy the relation 

S 	t 	=- 	Prt z  + Mdt  + 

This means that they are independent only for the case of neutrino disin-

tegration where .7 is not fixed. In photodisintegration 9 2= o and in 

pion disintegration 9 2  =m2. . 

We will work principally in the center-of-mass frame of the out-

going nucleons. In this frame we introduce the variables E and I; via 

	

A T: (El 1) 	, 	P2 = 	, - P) 
	

(I-12) 

and hence 
	

Q = CE, 6) 
	

and 	1K = (0, r)) . 

In this reference frame we have --a"' g = * = o and, the Mandelstam 

variables are 

S = 4 E z , 

	

= M + vrt t  — 2 (4 ° E 
	

(I-13) 
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2 
+ rrll —2  d 	+4•F3 ) 7 

Returning to the transition amplitudes, we have 

6 	 T 	T 

T 	9, fr  U 	(Poqz  (6,t, LOI • C (q) 91  
(1-14) 

A II 	-c 
T 	e €"1.1 	V(q)e,i (s,t,u)I 	C 'a (P), 	(1-15) A eyl A=1 

r  Tv = a 	ci(P)e vcs,t,u)L,fi c T
(P,), (1-16) 

CP 	Azy 

A  26 	 A 	 A 
T A = G 	 (pokj.  (s ) +.. ) u) Li?  C, U (P) • (1 - 17) 

These are not the final forms for the transition amplitudes as we have yet 

to consider exchange of the final-state nucleons. 

The Generalized Pauli Principle  

A well-known property of systems of identical Fermions is the Pauli 

principle, which requires that the state vector of the system be antisym-

metric under the interchange of space and spin coordinates of any two par-

ticles in the system. This same antisymmetric behavior applies to the 

transition amplitude for a process in which identical fermions appear in 

the final state. 

Evidence from nucleon scattering indicates that the strong inter-

action does not distinguish between neutrons and protons, and it is be-

lieved that the small neutron-proton mass difference arises from the elec-

tromagnetic interaction. From quantum electrodynamics, it is known that 

perturbation theory corrections to particle masses occur in second and 
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higher order only, and this implies that the strong interaction symmetry 

between neutron and proton is not disturbed by first order electromagnetic 

interaction. Since the deuteron disintegration process involves the strong 

interaction, a theory which involves the electromagnetic interaction to 

no higher than first order, and consequently neglects the small neutron-

proton mass difference, should reflect the neutron-proton symmetry char-

acteristic of the strong interaction. Following Heisenberg
16

, we associ-

ate with the neutron and proton internal variables 1 1 1 3 , the total and 

third component of isospin. The formalism for these variables is identi-

cal to that for spin angular momentum, and the specific assignments for 

proton and neutron, with space and spin variables suppressed, is 

IP> = 1 	> 
	

and 
	

I r% = 
	

(1-18) 

Nucleon Pair States. We introduce the neutron-proton symmetry into 

deuteron disintegration by requiring that the nucleon final states, and 

consequently the transition amplitudes, satisfy the generalized Pauli 

principle, i.e., they are antisymmetric under interchange of space, spin, 

and isospin variables of the final state nucleons. Pair states which sat-

isfy this requirement for the three possible final states are 

pp> = ( 1 °"1) a` /(2) > —  I c''',1)4*(2) ,)  lit>1 1> 	(1-19)  

n n> = C 12.S 121 /3'(1) (a) ) I: 	 (1-20) 

n P> = 	c1(  (i)/9(z)> I  i t>I 3. - i> — I P(1)0((a))144)11f  2  (1-21) 
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where o< and p refer to the space and spin variables of proton and neutron, 

respectively. The last equation can be written more usefully as 

P> = jC11.k1* -1>r,+1* -i>11 in  (1 - 22) 
2 

(2) 	 1 k f)11 - D-1 I -0111->)  . 
flu  

Introducing A and S for antisymmetric and symmetric space and spin 

dependence, and using the standard rules of angular momentum addition, we 

can express the pair states in terms of I = 0 and I = 1 states as 

I P 	= 	App 1 1) 3 
	 (1-23) 

I rt r\> 	A nn 	; 
	 (1-24) 

and 
	

1YIP>- 	I Anp io> -I- 	Is„p 00> • 
	(1-25) 

Finally, we determine the isospin structure of the deuteron state 

by noting that it is a mixture of S and d states, hence symmetric in 

space, it has spin 1, and is thus symmetric in spin, and consequently the 

generalized Pauli principle requires that it be antisymmetric in isospin. 

Thus, 

1 	= I sd  o o> 	(1-26) 

Transition Amplitudes. We have not explicitly considered the iso- 
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spin structure of the transition amplitudes, but this is easily accom-

plished, given the pair state structure in equations (1-23) and (1-25). 

The amplitudes for pion and neutrino disintegration are antisymmetric in 

space and spin variables of the outgoing nucleon and hence pure isovector 

amplitudes. The proper forms for these amplitudes are given by 

(Ye 	[ C: t, - 	 Op 1;C d01) )  (1-27) 

12 	 y 

T 	
IT. 	1 

[Cv. (9,t,t4)- Ei 	( s, t)] (POI:1,C a r(1), (1-28) 

and 

T4. 
VT 	(11 [CiA  (s,t , u)—  EA C ,Ai  ( s, u , t )] a (P) I ,L/I  Ca 141 ). ( 1-2 9) 

The photodisintegration amplitude given in equation (1-15) satis-

fies the generalized Pauli principle if it is constructed consistent with 

the neglect of higher order electromagnetic corrections, but this is not 

obvious from its form. To display the symmetry properties of this ampli-

tude we write it by analogy with the hp state in equation (1-25) in the 

form 

T r  .=-* 	Cr.+ T 1")+ i(T r— T r ) =.• T= + 
	

(1-30) 

where Tr differs from 17 /in the interchange of the space and spin vari-

ables of the final state nucleons, and the subscripts S and V refer to 

isoscalar and isovector parts of the amplitude, respectively. Explicitly, 

we have 
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Ts = 	 [C (s.t01 ) 	F(s 	
-r

cu(p) (1-31) a  

2 	 •fij 

and 

Tv  = e € .4 u P 	r C ( s, t, u) — 	-r (s, t 
L 	2_ 

( ) IA  C U( Pa  ). (1 - 3 2 ) 

The remainder of this work is concerned with the explicit construc-

tion of the invariant coefficients CA . for the three deuteron disintegra-

tion processes, by means of the techniques outlined in the next chapter. 



CHAPTER II 

METHOD 

A well known feature of deuteron disintegration in the energy 

range 0-450 MeV is the appearance of a large peak in the total cross sec-

tion, indicative of the formation of a resonant structure. In 1955, Aus-

tern
I 
suggested a simple model for the description of this resonance, as-

suming it to arise from the formation of the 	nucleon resonance. A 

diagrammatic representation of the Austern model is given in Figure 2. 

In 1966, Barshay
2 gave a relativistic formulation of the Austern model, 

but both he and Austern confined their attention to the immediate neigh-

borhood of the peak in the total cross section, where the background and 

resonant amplitudes decouple to allow a direct subtraction of the back-

ground cross section, and consequently to allow the determination of a 

cutoff parameter occuring in the resonant amplitude. In 1967, George
3 ' 14 

made a systematic attempt explicitly to account for the background in pion 

disintegration and photodisintegration of the deuteron and to account for 

the resonant structure using a modified version of the Austern model. His 

assumption was that, in the region about the resonant peak, the only im-

portant contributions to the transition amplitude are the dominant Austern 

model resonance, and the lowest order perturbation theory background dia- 

grams. The latter are variously called Born terms or pole terms. Strictly, 

the phrase "Born term" implies structureless particles, and since deuteron 

structure is important in the analysis to follow, we will use the pole 

18 
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designation, refering to the singular nature of the propagator denominator 

associated with these terms. The George background diagrams for pion dis-

integration are shown in Figure 3, and for photodisintegration, in Figure 4. 

Deuteron Structure  

Of particular significance in the background amplitudes are the ef-

fects of deuteron structure, indicated symbolically by the darkened cir-

cles in Figures 3 and 4. At this point we examine deuteron structure in 

perturbation theory diagrams in general terms. We will use invariance ar-

guments similar to those in Chapter I. The deuteron enters perturbation 

theory diagrams thru the deuteron-two-nucleon (dNN) vertex shown in Figure 

5. Associated with the vertex is the scalar vertex function, rdpoi, which 

is a function of the deuteron polarization U, the momenta entering and 

leaving the vertex, and the Dirac gamma matrices. In general, the momenta 

associated with the deuteron and nucleon lines in Figure 5 do not neces-

sarily satisfy the Einstein energy-momentum relation, e.g., p a  Vert 2 , and 

in such cases the associated "particles" are said to be "off the mass 

shell." If the deuteron is off the mass shell, we have U•clio. In 

Table 6 we list the most general set of elementary vertex scalars which 

are linear in U, after utilizing momentum conservation at the vertex to 

eliminate terms involving jor 

The dNN vertex function is constructed as a linear combination of 

the Si in Table 6 with coefficients which are functions of the independent 

scalars which can be formed from d, p , and p'. In general there are three 

such scalars and we choose them to be d 2 , p 2 , and p' 2 . The explicit form 

we choose foris dNN 
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Figure 4. George Background for Photodisintegration of the Deuteron 
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Figure 5. Deuteron-Two-Nucleon Vertex Appearing 
in Perturbation-Theory Diagrams 



Table 6. Elementary dNN Vertex Scalars 
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A U. + B U•djzi + C 

+ Fid" - U•p + (rile) [ Hy- 1+1  U• p ] 

+[ 1-1 1 .16e - 	U.p] (trti 	1 ) . 

We have three special cases to consider for purposes of construct-

ing the background amplitudes in deuteron disintegration. 

A: The deuteron and one of the nucleons are on the mass shell. 

	

ft 	2 Then U•d=0, a = Md , p' = me, and the projection operator associated 

with the on-shell nucleon operates on a nucleon spinor to give zero. In 

this case the dNN vertex function reduces to 

r: NN = F7(0) kf - .€SPz) U p - (.111e) H (PaLef -  !l(") 	. ( II - 2) 
m 

B: Both nucleons are on the mass shell. Then p2-= Ps' = we-, both 

projection operators give zero, and „p' and .p' operate to give m. Then 

	

1:ANN s K(d;) d i, F (d2).V.  — G (da) 	p • 

C: All three particles are on the mass shell. Then 

ra,1 NN  = 	— Go  u • p 
v.& 

where 
	

Fo = 	"el 	) 
	

etc. 

24 



The form given in equation (II-2) has been given previously by 

Blankenbecler and Cook.
15 The constants F0 and Go have been given in 

terms of static deuteron properties by McGee.
47 
 They are 

i 
. [  16 -frac 2  

1 ( 1 (1 + F ) 
rn (i-macre)(1+,1)J 	 W2 

25 

and G.o = [ 	16 Ira<  
rn (t-an)(i+, 2) j 	31111 	•1- Fo 

I cO. 

where 0( =(1/8)i, B is the deuteron binding energy, 	is is the asymptotic deu- 

teron d-to-s admixture ratio, whose value is approximately three percent 

as determined from the deuteron magnetic moment, and re  is the triplet 

effective range.
45 

In the present work we derive a relation between F. and H. which is 

Fo  = 2 H 

This relation, which is derived in Chapter 6, is based on the PCAC hypo-

thesis, and the assumption that the Austern model gives the correct be-

havior of the non-pole part of the pion disintegration amplitude, extrap-

olated off the mass shell, in the limit of zero momentum transfer. 

The form given in equation (II-2) is examined in detail in Chapter 

IV where it is developed in terms of phenomenological deuteron wave func-

tions following a technique originated by Gross, 4 
accompanied by an alter-

native interpretation of his results based on equation (II-7) which sug-

gests the symmetric relation 

= 2 
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The form given in equation (II-3) is discussed in Chapter V, which 

contains a reexamination of George's photodisintegration results. 

George's Calculational Scheme  

In George's analysis of pion and photon disintegration of the deu-

teron, the dNN vertex occurs in the nucleon-pole diagrams with one nucleon 

off the mass shell. Consequently, a rigorous treatment of these terms 

requires the vertex function (II-2). Lacking a way to specify the func-

tions H and I, George ignored them and sought to use a modified vertex 

function of the form 

rid NW = [ Ad.  .Q.11 Li'pJ 	p1)  
where w(p2) is a form factor derived by Lebellac, et al.

12 
for deuteron 

photodisintegration below 150 MeV, and corresponds to the assumption of 

the same form of Hulthen wave function for both the deuteron s and d 

states. Its explicit form is 

= 	2 (p i— 41(1)  
pl - re - z 01 1-00 ) 

where lg= 5.1e0c, and of is as defined previously. George discovered that 

when this vertex function is inserted in the background amplitudes for 

pion and photodisintegration, the resulting contribution to the cross sec-

tion completely obscures the resonant peak. 

Lacking an adequate description of deuteron structure, George chose 

to use a parametric treatment. As parameters, he chose the cutoff momentum 
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appearing in the analysis of the Austern model and described in Chapter 

III, and the d-to-s ratio `a appearing in the expressions for F 0  and G. 

given in equations (II-5) and (II-6). His program was to select values 

for these parameters using the excellent data available on pion disinte-

gration. The parameter values chosen in this way would then be used to 

construct a parameter-free theory of photodisintegration, where the avail-

able data are poorer. He reports success in this program except for a 

severe lack of agreement with the photodisintegration differential cross 

section. 

Our Calculational Scheme  

We adopt George's simple perturbation model for deuteron disinte-

gration, but we make a number of theoretical and calculational modifica-

tions. In Chapter III, we present George's analysis of the Austern model 

resonant amplitudes without formal modification. There we show that George 

made two mutually compensating errors in the isospin weight and cut-off 

momentum for pion disintegration, and the error in cut-off momentum ap-

pears, uncompensated, in photodisintegration. With the resonant scale 

factors properly adjusted, we examine the resonant contributions to the 

invariant coefficients for pion and photodisintegration. We find that 

George made some algebraic errors in the coefficients for pion disintegra-

tion, and when we use our corrected coefficients, and George's background 

amplitudes, we obtain a result for the total cross section which differs 

from George's published curve in two ways. First, we find it necessary 

to use a A mass of 1210 MeV to correctly locate the peak, compared to 

George's value of 1190 MeV, and, second, our curve fits the experimental 
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data at high energies better than George's. 

Upon recalculating the resonant photodisintegration coefficients, 

we find results which differ considerably from George's published coeffi-

cients. Comparing total cross sections calculated with George's back-

ground amplitudes and the two sets of resonant coefficients, we find that 

George's coefficients produce meaningless results, whereas our coeffi-

cients essentially reproduce George's published curve. We also find that 

our coefficients produce a differential cross section which peaks at 90 

degrees center-of-mass scattering angle, as originally predicted by Aus-

tern,
1 
and does not show the forward-backward peaking reported by George. 

Finally, we note that we find it necessary to use George's 1190 MeV A mass 

to correctly locate the peak in the photodisintegration total cross sec-

tion, whereas, as mentioned above, we find a value of 1210 MeV necessary 

in pion disintegration. In Chapter V, we examine inadequacies in the 

George perturbation model for photodisintegration which may explain the 

two different A masses. 

The modifications discussed above pertain to the correction of cal-

culational errors in George's work, and contain no new physics. We intro-

duce a new physical approach by reexamining the treatment of the dNN ver-

tex function. There are two flaws in George's vertex function. The first 

is in the form chosen for F and G. As mentioned previously, the form 

given in equation (II-9) and (II-10) corresponds to s and d wave functions 

which have the same functional form, and this is not sufficiently general 

for an adequate treatment of the deuteron. 45 
Second, there is no reason 

to believe that H and I produce insignificant contributions to the dNN 

vertex in the energy range of interest, and neglecting them is not justi- 
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fied. Indeed, in Chapter V (see Figure 13) we show that I contributes 

significantly to cross sections. 

As mentioned previously, we introduce phenomenological vertex in- 

. variants in Chapter IV, using a prescription given by Gross, 4  with an 

interesting theoretical reinterpretation which appears to have fundamental 

significance. In Chapter V, we apply these invariants to pion and photo-

disintegration of the deuteron with excellent results, equal or superior 

to those obtained using George's essentially mathematical technique. 

In Chapter VI, we consider the problem of neutrino disintegration 

of the deuteron. The method used here is based on the conservation hypo-

theses of CVC and PCAC for the weak vector and axial-vector currents, re-

spectively. We use the PCAC hypothesis to construct the weak axial-vector 

amplitude from the pion disintegration amplitude, and CVC to construct the 

weak vector amplitude from the isovector part of the photodisintegration 

amplitude. It is in the application of PCAC that the relation (II-7) is 

derived. 

Finally, in Chapter VII, we construct the cross section for for-

ward scattering of the massive lepton in the laboratory. Here, we examine 

the kinematical constraints on the cross section due to the limitation of 

our model to energy transfers less than 450 MeV, and due to the assumption 

of constant nucleon vertex functions. We give the separate vector, inter-

ference, and axial-vector contributions to the cross section, In this 

connection, we examine a theorem due to Adler
51 

which states that, in a 

CVC theory of high-energy neutrino processes with a forward-scattered 

massive lepton, the cross section will be pure axial-vector, in the limit 

of vanishing lepton mass. This theorem provides a valuable check on the 



complicated spin sums and computer programs for photodisintegration and 

the vector and interference contributions to neutrino disintegration. 
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CHAPTER III 

THE RESONANT AMPLITUDES 

In this Chapter we examine the resonant contributions to pion dis-

integration and photodisintegration of the deuteron. The analysis is es-

sentially that given by George, with some additional comments about deu-

teron structure contributions. The momentum labels used in the analysis 

are defined in Figure 6, and Figures 7 and 8 give the charge states for 

resonant pion disintegration and photodisintegration, respectively. 

Vertex Functions  

Before considering the Austern model explicitly, we consider the 

vertex functions required in the analysis. For the dNN vertex we initi-

ally follow Barshay
2 

and George
3 
and use the form appropriate to an on-

shell deuteron and two on-shell nucleons. Thus we use equation (II-4). 

For the other vertex functions, we use the forms appropriate to having 

all particles entering and leaving the vertex on the mass shell. This is 

certainly incorrect in principle, but is consistent with the assumptions 

of the Austern model. 

We list the vertex functions in Table 7. The quantities listed 

are, from left to right, the particle labels for the vertex, the field 

operator form of the interaction, with the fields denoted by the corres-

ponding particle labels, and the momentum space vertex functions needed 

in the analysis. The coupling constants multiply everything to the right 
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Figure 6. Momentum Labels for Resonance Diagram 

Figure 7. Charge States in Resonant Pion Disintegration 



33 

n 

Figure 8. Charge States in Resonant Photodisintegration 
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Table 7. Vertex Functions for Construction of Austern Model Amplitudes 

Vertex 	 Interaction 
	

Momentum 
Space Vertex 
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35 

of the curly brackets. The value for x is 2.07, as given by Dalitz and 

Sutherland,
17 who also determine C3  as 0.29. 

Propagators  

To complete the prescription for constructing the resonant ampli-

tudes, we need to give the propagators for the nucleon, pion and A. 

These are 

	

(N) =. 		( + m)  
N — ma 

.P CIO = 

and 
	

P (A) = 	P/IV (i< "146 )  
R2 — 

Here, P is the Mohan-Agarwahl
18 

form given by 

RJARw) 4- ± e/.4 AC -  r6 If'  R 
ion % / 3 ne 

where the last term may be reduced by equation (I-7), andAk is a complex 

mass corresponding to a Breit-Wigner 19 
form for the resonance, and whose 

value is 111...,4"y2. For the resonance observed in 11-N scattering, e= 

1236 MeV and the width r is approximately 120 MeV. In deuteron disinte-

gration, the best fit, using the Austern model, is found for 	1210 

MeV in pion disintegration, and W = 1190 MeV in photodisintegration. The 

difference between the pion and photodisintegration values is discussed 

in Chapter V. 



Ferrari-Selleri Form Factor  

Ferrari and Selleri
20 

analyzed 4N-4, PVby one-pion exchange and 

found it necessary to incorporate a form factor. The form chosen was 

h (q 1 ) = A -  B mt,  
? a - Cner  

where y is the pion four-momentum. The values chosen for the constants 

are A = 0.28, B = 3.42, and C = 5.75. 

The Closed-Loop Integral 

Having defined the factors pertinent to the analysis, we consider 

the construction of the resonant amplitude. The form for the amplitude 

for both pion and photodisintegration is 

A =  	Ci 4  V 	• 	(III-6) 
(2 11)4  f 	

/V 
(R a- 771-1)(912-  frn2) 	tn9 (732  — my* 

Here, the momentum labels are taken from Figure 6, and V is a momentum in-

ternal to the closed loop, and defined by 

_ 9t-9s 

2. 

The numerator N differs for pion and photodisintegration. It con-

sists of factors of momentum space vertex functions and propagator numer-

ators sandwiched between spinors for the outgoing nucleons. We first con-

sider the over-all coupling constants for the two processes. For pion 

disintegration we sum the two contributions corresponding to the two 
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diagrams of Figure 7, and use Table 7 to obtain
*  

= - 	A 9 fifir 	f-'276-21 9 2 (2"  (-6‘-) 3 ntr2r- 	
Ntr 	3 	him 

For photodisintegration we sum the first two diagrams of Figure 8 to 

* * 
obtain 

Gr = — 	e(2aA 	fireCa  9Aur 	— 	C.g 9/vir.  (III-9) 
3 	04 	r a 	 3 	mo 

Next, we write down the numerators for the two processes, ignoring 

the requirements of the generalized Pauli principle for the time being, 

as this requirement is easily satisfied once the numerators have been 

decomposed into invariant amplitudes. For pion disintegration, the 

We note that this coupling constant is one-half that used by 
George. George uses the same coupling constant as Vasvada, 52  but careful 
examination of Vasvadas' work shows that Vasvada defines the e+ pecoup-
ling as A/2n1n . Thus, using an isospin weight too large by a factor of two, 
George claims to obtain the same value of cut-off momentum as that given 
by Barshay. 2  The difficulty is resolved when we note that the Ferrari-
Selleri form factor has a value of approximately one-half at the resonant 
peak in pion disintegration, and Barshay does not use the Ferrari-Selleri 
form factor. In our work, we use the correct isospin factor, and the 
Ferrari-Selleri form factor, and thus our cut-off momentum is larger than 
Barshay's. 

** 
This isospin coefficient is in agreement with George's, and this 

means his cut-off momentum is inconsistent with the use of the Ferrari-
Selleri form factor, and will lead to photodisintegration amplitudes too 
small by a factor of two. However, George's published amplitudes suffer 
from other more serious defects, and we make no attempt to explain how he 
could have gotten consistent photodisintegration results. Instead we pro-
vide a consistent reevaluation of the photodisintegration resonant ampli-
tudes, as discussed in the sequel. 
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- 	(PO 9,3" Pr M 	re) ? '1(r2  * on) h (932)x 
	(III-10) 

[Fo e- ..q_zU - c7i je[a(Pirrs (*rft)fr  
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and for photodisintegration 

Nr  = - 	 a op 17 14 	(X4- nt'") 	 rn) (932)x 
	(I II -1 1) 

CFO  .1? - G, (.1 • c ijC C h (Ps)rs (q.;+m)j -r  

The Austern Model  

Austern's assumption was that the principal contribution to the 

deuteron disintegration amplitude in the vicinity of the experimental peak 

is due to the process depicted in Figure 6, in which the incoming particle 

couples to one of the nucleons in the deuteron to form an excited state 

of the nucleon, with the second nucleon acting as a spectator. The pro-

cess is then completed via deexcitation of the excited state by pion ex-

change with the spectator nucleon. By analyzing the experimental data on 

the outgoing nucleons, Austern concluded that the principal contribution 

from the excited state, now called the L, was from the I = 3/2 state. 

This assumption is intrinsic to the charge state decompositions depicted 

in Figures 7 and 8. The weights assigned to the various charge states in 

Table 7 can be understood by examining the addition of I = 1 states to 

I = 1/2 states to form I = 3/2 states. We have the conventional assign-

ments 
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1P> = 	Irt>ii-i›) 	 (In-12) 

Ifr + = - 1 1 1> 	lir°>=110) lir - >= It-0) 

1 A++>= 	I A+> --- 

Then we can use the angular momentum addition rule 

I 13 > 	( 1 I3 I I: 	 /3"> , 	( III-13) 

where the coefficients are the standard Clebsch-Gordon
21 

coefficients, to 

deduce 

and 

14>= I P>I 1r+  

I A + > = VTIP>ilr e> gin>1 1T +> 

6° > = COP> iir> trf Irt>iir> 

21-- > = I h> 	- 

(III-14) 

The magnitudes of the coefficients for the different decay modes yield the 

coupling constants shown in Table 7. 

Austern further assumed that the excited and spectator nucleons are 

almost relatively at rest. In terms of the momenta in Figure 6, this im-

plies that rc)-11-V21/1fn i << 1 • This assumption is made only in the de-

nominator of (III-6). In the numerator it is assumed that cli zz 	 = d /2 . . 
This assumption due to Barshay, permits most of the numerator to be fac-

tored from the integrand. Both of these assumptions, together with the 
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assumption of static vertex functions in the numerator, are made consist-

ent by the smallness of the cut-off for the momentum rql as determined by 

experimental fitting of the peak. 

With the Barshay assumption, R:= 9/ +9, = y +—d/z , and U.? = 

U•cl/Z=0, since d is on the mass shell. This removes the Goterm from 

the dNN vertex function and the resonant amplitude assumes the form 

A 	. 	 (III-15) 
D' 

The denominator D e is common to both pion disintegration and photodisin-

tegration and has the form 

d 4 V ( )  
1 	= 4 	

2 \ • cs' 	(2.104 ,(RZ- riv)(5;2--r/29(922-m9 ( 932—  "4) 

For pion disintegration, t4is given by 

(III-16) 

NI; 	Fo  Gn  u(P) ( 51;4  + 	R A4 )15.310, 	 + of) y vx (III-17) 

	

( 	ei9 )6r C E OD lr (z'  01)] 
T 

and for photodisintegration 

Gr ( R ) 	67/.4— PI PA"' (at 5r4."1°) f vfix 

 

(III-18) 

	

're 	(41- vrt) C 	(pa) Ter  (1.: + no] T . 
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We remark that 93 has been evaluated using Barshay's assumption and fac-

tored from the integral, while the Ferrari-Selleri form factor k(W) has 

been left in the integrand with 9; evaluated according to Austern's as-
sumption. This has been done to preserve the relativistic form of the 

numerator and facilitate reduction into invariant amplitudes. 

It remains to evaluate the integral in (III-16). The momenta are 

related to the internal momentum V and the external momenta by 

R = 5L+ 74- V =2. 4- 7 + 	v+ ) 

9, = 	v = ( 20  + Vo , V — 4.) 

ld°
— 
	— — 	, 

and = 	= ( 2, +v0  ; 	 ) ; 

2 

where k is defined in (I-5), and the right hand forms give the momenta in 

the center of mass frame of the outgoing nucleons, also discussed in 

Chapter I. 

We will evaluate the integral by performing the 1.4 integration 

first. The denominator of the integrand has a number of poles on the 

axis, so what we really seek is the Cauchy principle value of the Ni o  in-

tegral. We accomplish this by assigning each of the particles a small 

imaginary component of mass (unnecessary for the A) and thus shift the 

poles above and below the Vo  axis. Then we convert the Ve  integral into 

a contour integral, closing the contour either in the upper or lower half 

plane, and obtaining the desired result from the residues of the integrand 



42 

in the limit of vanishing imaginary mass (except for the A). Thus we need 

the zeros of each of the factors in the denominator. Evaluating these, 

we find 

n 	 %/
4  a.  

( 41 . 2 9.)  ± 	(i 	rv.t.I .7 2)2 	(m_20 )  
2 	 FR 	2. 

2 	 vi 2. 	I 

i 
,.t 

j 
	2 9: - 1112  : 

2 V0-3+  = 	j 11  t Pn ( I. + lit- a  [VI  + I  ) 
--2-.-  

931 •-• 61 17.2  . Voil = - IL ± ([9 411 2 ÷ 2  P. [9 - I-] ÷ P .14- mizr)k . 
z 

Now, the integral in (III - 16) assumes the form 

. —1-- 	rci 3  V ri 	h (?34)  	1 . 	(III-21) 
ID ' (2 111  _) 	L 	/.7(v, - ve; v. - veDi 

We choose to place the \4] poles above the \4 axis and close the contour 

in the upper half plane. Then (III - 21) is replaced by the sum of resi-

dues at each \,/,;"4  or, 

6,  urrr- 
 
j ci 3 V(-zq RI) 
	

(111-22) 

d 3 v k  — I 	 . 
(2703 	i =i (v.; — VZ ) 	 Voij 

Defining 
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1 + 1 (-17 	)
z 

) 
\ 

= 
Yr 

+ 	P. (9-1)  + (‘2+1 ) 2  

and 
	

a-  = 1 + 42 (v+ -1) 2  

We give the values of the residues by listing, for each residue, the fac-

tors in the order that the denominator factors are given in equation 

(III-16). We have 

: 	1/ 2 	 ( 	- go - 	 (111-23) 

1 / 002  + 2 WI t IrCF1  + Ci• + Feknl) 

1/( Eclo+ 703 2+ Z[cle  +cioile-RV-07 +1;tit a-kna), 

1/011 1 + 2 FVI  [C/0  cio] rCF. 	[CI +2  P7] 12+17`2"•:), 

Rz: 1 /(,: - 2)711 r57. - 2 V.-1 twi a- M 2) (h["=ii"mtrq) 	(111-24) 

-1/2nla: 

- 	 ) 

	

11100  de] Va: 	[I-2P] 1 2/1-  P2-44117--t4) I 
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R3: 1 /(Ede+ 4o]2  2  Po + (OM 	+rvt 2  M9) ( h  1-519 wt as+j) 

	
(111-25) 

1 / 	— vet cl o  Vis  2 V. 91 

R,• 

1 /ado+ 	yyt Ed. + 	 z p.[/_1]_ 112,4), 

[11  
(111-26) 

11([Ci°4 90f/4  [d° "0]6;1+ , CV+-1] 1- R. 2 ) I  

1 /([Cle-9x] 1/4--  [d °.-CL 2'47°  P +. 11 2+ 1" -W12 ) 1  

1 /(P G+ 941117 + ECL+47°Jrni+f - C\7 11 1- M2 ) )  

1/21i'  • 

We estimate the relative importance of the residues in the limit 

(V t liz)--• 0. We find 

R, 	10-2/rn 7 
	

R z  N 10 -2/en 7 , 
	 (111-27) 

•1.,  / 0 4/171 7  
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Neglecting all the residues butfR 3 , we examine its behavior in the limit 

that IChf/21 2 /1m 2  is small but non-vanishing, and neglect such terms rel-

ative to unity. With this, the first, third and fourth factors in R 3  be-

come 

1 / ( [do+ 	Wt 2 ) 
	

(111-28) 

—1/2.1n, 

and 
	

1/(zrn Evrt-E - 3- 	7 

where, in the last factor, we have used the center-of-mass relation 

cI Q  + 	2E , and the energy momentum relation E a  

The second factor in R 3 requires special treatment. We expand 

a: to first order in 12+//20/W.  , use d e = (9''+100expanded to first 

order, and write Md = 2 w1-8 = 2m-oliin, where B is the deuteron binding 

energy. Retaining only first order terms, we obtain - 1/2 07 1 40for 

the second factor in R 3. Thus, 

(z  R
3 
 === r, 	

rvl  

B-4:16+ 74 - w1) 2."  RI 41E- 2 (V 1+4 (-2/77)E-2 111(h1-E)- vnnz: 
(11 1 - 29 ) 

The remaining integral has the form 

( d 3  v 
(2103  J .r" 2  (111-30) 

which is obviously divergent. Consequently, we introduce a cut-off, A , 

and obtain 
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A 
CdI71V 2  

21e- Jo  V 1 -1- 00.  21-  

	

j_ 
2  r 
	 — Tah (

01/41
Ayi  . 	 (III-31) 

	

L 	 ■• 	J 

By fitting to the experimental peak in pion disintegration, it is found 

that A= 4.130(= 185 MeV. Then, for an incoming pion or photon with an 

energy of 300 MeV, I Vt. ?/2 I 2/W1 < . 12 , justifying the form obtained for 

R 3 and the Austern assumption. Then it is easy to show that 

(%-%) . V 2 V. e 	0. 03 9 
yr.  2 \ 	2. 	I 	 014 

and this, together with 

2 
( + 	= d 	=. I 

1111 	 ,:t. 

establishes that the nucleons associated with the dNN vertex are very 

close to the mass shell, and justifies the use of the static dNN vertex 

functions F70  and G., and the Barshay assumption. We remark that the word 
"justifies" means that we have established the self-consistency of the 

model. 

Other Contributions to the Resonant Amplitude 

We have indicated in equation (II-7) that, near the mass shell, H 

and H' are comparable in size to F. At this point we would like to indi-

cate why these terms in the vertex function do not contribute significantly 

See the footnote on page 37. 



within the context of the Austern model. 

Examination of equation (II-1) shows that H and H' occur in the 

dNN vertex function in the form 

(vn- 510  H w + 	( rn 
	

(111-32) 

yr. 	 rn 

When this is inserted in the numerators in equations (III-10) and (III-11), 

we note that the nucleon propagators there will combine with (III-32) to 

give the additional term 

N = a 	(Factor) [(V- hi s)  H Ad- (5? - m)  rn  

	

-- (q; .1 ) 11'-e (9a2- ttl an 	1-03 ), 
mJ 

where we have used 

C Ca (11) 	(%. +ft7)} -r= (; - "I)rs" C u r(3.) 

(111-33) 

(111-34) 

Inserting (III-33) in the integral (III-6), we see that we obtain can-

cellation of a factor in the denominator and change the character of the 

Vo  integral. Specifically, we have two additional integrals to consider, 

I = A 1 rye j( 	 d V, h CI; ) 

 

(111-35) 
iiii9(1,3 kn t)( V-04 ) 

47 

and 
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I z  Cci 	h (7 2  )  
frvi j 	a —2 CR -kr■ )(97  012)(93I-0/4) 

(111-36) 

where we have replaced the missing propagator numerators in N with Wt to 

maintain dimensional consistency for purposes of comparison. 

Now the dominance of the residue R 3  in the integral (III-16) arises 

from the factor 1/(711-m2) = - 1/Z (V+0( 2 ) at the pole in 911 -krt 2  . 

Thus, the integrals (111-35) and (I11-36) will not be significant because 

the factors 1/(912 -ve) and 1/(7,1 -M') do not occur simultaneously. 

Writing 'Land I x  as 

I, 	— 21Y (k+ R'a  R;) 

Iz = 	( R; 4  R; +-R 411 ), 

and using the pertinent entries in (III-23--III-26), we find for 

"c/4 t 4/2)--*0, 

R 	lo 1 /171 7 	R, 	1o 1/61 1  

R3 	lo s / ni 7 
	

R: ti  10-2  /01 7  

R 	10 -2/ 1/1 7 
	 R1. — 10-1 /M 7  

and these terms are no more important than those neglected in evaluating 

(III-16). 
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Finally, we remark that the smallness of the cut-off parameter 

found by retaining only R a in (111-22) greatly enhances the dominance of 

this term. This is because the remaining three-dimensional integral for 

all other residues has the form 

A 

(2/03 	rn 	2r 2  a rn 
	 (111-37) 

0 

Consequently, these integrals are depressed by an additional factor of 

5 1/111 7' :4  1 0-  

Evaluation of the Resonant Amplitudes  

We turn now to the problem of reducing the resonant amplitudes to 

the forms given in equations (I-27) and (1-31). These amplitudes have 

the form given in equation (III-15) and we have obtained Was 

1 	CA  Ta ;t 1 	/1).] C A +  8 in zir/(2 knEE - Pn3+ C'urv'y)] 
 (I11-38) 

D" 	inlY t 	kn)Lii—i l  j[zrn(G-m)+ im2i] 

where we have used equations (III-5), (I11-22), (III-29), and (III-31). 

We remark that this differs from George's result3 by the occurrence of an 

additional factor of 1/2, and C instead of C 	1 in the Ferrari-Selleri 

form factor. It remains now to reduce A4 and /4 given in equations (III-

17) and (III-18), with f;m w given by (III-4) and expanded via equation 

(I-7), and 4= v/I given in the footnote on page 34. 

Reduction of p417. 

The reduction of h4proceeds by making the substitution ,52k=-Fir+ 

ar , and using the anticommutation relations to move .fr and 	next 
2 
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to the appropriate spinor to utilize the Dirac equation, and eliminate 

these matrices (we note that 4tert r(po  = -pyleinv ). The algebra is te-

dious but straight-forward, and once accomplished leads to terms which may 

then be written in terms of the invariant amplitudes given in Table 1. 

As an example, we consider the reduction of a(R)1(igreelA00, which is 

the most complicated term occurring in 14, once it is expanded and simi-

lar terms are collected together. We have 

a (P, ) ,g)pct C iz Too = u (F) scs  cp; ,pe 1-3r)43-mc  a rou 

(7(4) -Irr 	÷,,e ri, $i).1 r ,w) e U Too, ) 

We use 

rs -Pr 	— ler rc 

and 

frz  srld = 	+ 2 U • 	- 2 U. Pz  + 2 9• ft if 

together with 

and 

to obtain 

11 • Pi  = U•Q - U•ft 	1,1 • 9  _ U • k 

9•PI = 7• Q - 9 .  k 



51 

U (P) 	(- vn vet + 	- 2m u • 3 -•? 
2 

+zu•Kri-czci . o- 2 •7 • k + 	
T
(PO 

Comparing this with Table 1, we obtain 

CUR) C-  w
2

I, - 2 M I 	 - vvl a  I: frel l  1: 

where we have defined 	1. 	AT ir.  . The only operation remaining is to an- 
A 

tisymmetrize this term and this is accomplished by the rule 

	

PO Lir 	C,°<.i 	 (P, , f).] 1. 7 

When this is done for our present example, there results 

Ca 6.) Clem l 	t 2 	I s_fr  +(,2_ 	+ 	) 1 4  C r( ) • 

When the decomposition scheme outlined above is applied to 4, and 

the resulting terms appropriately antisymmetrized, there result the in-

variant coefficients shown in Table 8. Here, we have specialized to the 

center of mass frame, and introduced the variables 

v)1 2  
W = ••-• 	 = ? • P 	 (111-39) 

rn 2 	vet 

= - K2 	 42, = pa* pvia. 
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Table 8. Invariant Coefficients for Resonant Pion Disintegration 
of the Deuteron, Specialized to the Center-of-Mass Frame 

= 3,or  [Cr (P ' P2.) 	Ci.IT 	 )] 

1 
	

0 

2 
	4 ,611 y R; GIrm/ 1 3 +,3/ 2  + 	(/ + -4419- 

3 ,72 	L 

cr (21 1+,1 - 1) - cry (3 47 2-71 - 6 - J) 3 
3 /1 2 0 1  

w 1 (10 1 1 -2 1-3er-1 -j) -1j 2- (1 1-1 -2.E11-Y2)1 

4 	- 2 ,L Mb  Po Gir  [2.1 3 -I-  3 61 1  + (1 + — 3-4 - 34cr  

5 	WIC  Fe, Gm [16 1 (#1+1) 4- 0-(71111-1z) +1J(412+5.1-25)3 
6 117 4 1) .  

6 	2,C Mc  Fe 61rW[  5- 4. - /7-2y - 3a1 
3 /7 2 D ' 

	
2. 
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We note that our coefficients are somewhat different from George's, al-

though the actual numerical differences in the cross section are rela-

tively small, with our coefficients giving a better fit to the total cross 

section at high energies than George's reported result, and requiring a 

value of 01* = 1210 MeV, rather than 1190 MeV as reported by George, to 

locate the resonant peak. 

Reduction of Wr. 
The reduction of 	is considerably more complicated than that for 

N;r , for two reasons. First, it is a considerably more complicated expres-

sion, and second, once 4.D.. and e' are removed, the reduction of the re- 
2 

maining terms to the invariant amplitudes listed in Table 4 is complicated. 

For this reason, George chose to use a symbol-manipulation computer pro-

gram
22 

to perform the reduction. Lacking access to facilities to imple-

ment this program, we had hoped to use George's published amplitudes. 

However, upon performing numerical calculations of the photodisintegration 

total cross section using George's amplitudes, we obtained results which 

were totally unreasonable. Consequently, we found it necessary to per-

form the reduction of 1'4 by means of a hand calculation. 

The elimination of .p and 42:r is straightforward. Once this has 

been accomplished, there remains the reduction to invariant amplitudes. 

To accomplish this, two relations developed by Sakita,
13 

and reported 

Lebellac,
12 

are indispensible. These relations may be written in terms 

of the 1r listed in Table 4 and the NA in Table 3, where k = 	NA.4, 

and T = 6(t_p9 IT . We have 
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- 7 • i< N9  4. N11  9- 	( 7 • 4 N 12. -  N13) 

	
(111-39) 

—Zv4 3 
[ 2 K 	- 	+ 	+ 	+ I ." I.  I I' 	rr  10  

z 

and 

_ 7. ofv9+ 	=v4(2 e_ 7 . 0),;_ vpil.01: + ,,,,,o (4.,:, ziL) .  ( III-40) 

Tr We remark that the 1, 1  we use is opposite in sign to that used by Lebellac. 

In addition to using the relations (III-39) and (III-40), we can 

facilitate the reduction of the elementary terms in N;.by choosing the 

time component of E to vanish in the center-of-mass frame. With this, 

Q =(.0,E)-(E,6)= 0  

and the IA.  are considerably simplified. We summarize the results by giv-

ing a table of relations between elementary terms in Nand the If. 

These are listed in Table 9, where we have defined R=q-kici•O. 

To complete the specification of the resonant amplitude, we note 

that the Austern model implies that it is pure isovector. To see this, 

note that the incoming deuteron in Figure 5 has I = 0, and the photon may 

be regarded as a mixture of I = 0 and I = 1. Consequently the in state 

is composed of I = 0 or I = 1. The assumption of the dominance of the 

3,3 
xin the intermediate state requires the resonance-spectator pair to 

have I = 1 or I = 2. Consequently, the resonance-spectator pair are in 

an I = 1 state, and the pion exchange conserves isospin to leave the out-

going nucleons in an I = 1 state. 
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Table 9. Relation Between Elementary Terms in IV; and theIl of Table 4 

Tx jet =- 	(f; + I ir2.) 

e • 	= Yvt 3  I*  / • Q 

u•cisq-0--= -2 ve IB 

k,5r% = Pv1. 2  I cl; 

E. ft K = 	1 :/9" Q 

E.k U.c/ 	frn t 	+ R 

(zit  2 Iz - I:)/9 • Q 

E. K 	= 2ivi 2  (1+ R)(I,T 1- 	+ Yr t 	RI ;  

= tot [1 — 2 Q a/r/' Q] 	+ V)1 	R Lir+ I irc, + 2. 

u • 1.< 	- im 3  (1; 1- 2 k t  1 1 ; /ma 4- 21 -'2r  -I; i-i4r + I lro )/27.6? 

14.1 3 (-2 	+4+ i 77 ) 	R (zQ l-  9 .0) 

- (ot + CI • k R)(I cfr i- 	mcj•k 	-2.rti 	cpkR)It: 

	

K U•i<T= -freR (2I:- 	1:)/2 - ►1 3 f6 + (Q a- ti•Q/2)fitc  

Vn 	' K frvi z R) iT .71-0/2  -141 47#4)frit /2 I- vrt (cf. K - Rx 2)IZ 
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Since the resonance amplitude is pure isovector, the decomposition 

given in equation (1-30) is unnecessary. The amplitude is given directly 

by the four diagrams in Figure 8. Since the second two diagrams are the 

exchange counterparts of the first two, the amplitude may be constructed 

from N; using the same rule as that for pion disintegration (see top of 

page 51) . 

We have performed the reduction of Nand have carefully double-

checked the algebra. We then used the substitution rules given in Table 

9 to extract the invariant coefficients. We remark at this point that 

the reduction scheme given by Table 9 is also used to obtain the back-

ground invariant coefficients in Chapter V, and the results agree with 

Lebellac, except for a minor discrepancy noted by George. Thus, we have 

a high level of confidence in our results for the resonant invariant co-

efficients, given in Table 10. 
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Table 10. (Isovector) Invariant Coefficients for the Resonant Amplitude 
in Photodisintegration, Specialized to the Center-of-Mass Frame 

k 	 = e [CI P„ PI) - EA. 	( PI, PO] 

	

1 	gieb1,5 FoGrW[i  +31 1 ] 
3/ 1 D' 

	

2 	-11N5F0 G  [6nZ3+ 5 1 1-(1'( 4- y (6/1 1--- in 
3 r7 2 - DI 

	

3 	-grY1C F0 Gr  
1) /  

	

4 	2 141. 5- F0 Gib  [6173±.5-/y/i-ni- yi 
31Yr I) .  

	

5 	4115-FoGrIV[24/3+312+(14-J(2-/-in 
3 ar D' 
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7 	2- 01. 5 Fo G
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-z(
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3 itelD 1  

	

9 	-2  vrt 5  G  [2. N 3- ^1 2- 31- 	 (Yr -11-41 - 1)÷2J a+W 2 J 
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wis FOG-T  E6/Ye+5ivr-ivt+(2rrt 2+0+29 2 + W 
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CHAPTER IV 

dNN VERTEX FUNCTION WITH ONE NUCLEON OFF THE MASS SHELL 

In this Chapter we develop a prescription for relating the vertex 

invariants appearing in the dNN vertex function with one off-shell nucleon 

to phenomenological deuteron s and d state wave functions determined from 

nucleon scattering experiments. The initial discussion follows that given 

by Gross, 4 but we add some speculative remarks concerning the PCAC result 

given in equation (II-7). 

In a general scattering process involving the deuteron, the rela-

tivistic counterpart of the deuteron wave function is the Bethe-Salpeter
23 

amplitude, defined in momentum space by 

(P„ pz ) ---- S F  (R) 	,a)C S, Uo, 	(IV - 1) 

Here, p1 , p are the momenta of the nucleons in the deuteron, S r (p) is the 

full Feynman Propagator
50 

for a nucleon of momentum p, r"(F1,a) is the 

dNN vertex function with both nucleons off the mass shell (cf. equation 

(II-1)), and (Da is the deuteron polarization vector. We indicate this 

amplitude symbolically in Figure 9. Here, the triple lines signify that 

the deuteron contains, in addition to simple nucleon bound states, contri-

butions from bound N4and higher mass states, examples of which are shown 

in Figure 10. If the relative momentum -O. = (1°1 -FIVZ is restricted to 

values r` 2 <nivrin. 	 (370 MeV)
2
, the contributions from the higher mass 
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Figure 9. Diagrammatic Representation of the Bethe-Salpeter 
Amplitude for the Deuteron 

N 

d=1( d db\ d 
 N 	 N 

N A 

Figure 10. Lower Energy Contributions to the Bethe-Salpeter Amplitude 
(The First Four Diagrams Constitute the One-Channel Coupling 
Approximation, and Only the First Two Are Important.) 



2 
r 	- 	, 	= t a 3 (IV-3) 
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states may be neglected, and the only significant diagrams are the nucleon 

diagrams in Figure 10. This is called the one-channel coupling approxima-

tion. In analytical terms, the one-channel coupling approximation implies 

neglecting all singularities in (IV-1) except the simple nucleon poles 

occurring at P
1
I  111 2  and plt 	retz . 

In an analysis of the singularity structure of (IV-1), Gross has 

shown that its contribution to scattering amplitudes is accurately de-

scribed in the one-channel coupling approximation by taking one of the 

nucleons to be on the mass shell. This gives an approximate relativistic 

deuteron wave function of the form 

0% m ay,. (4+m) r "wo e (-p; + rv)T  ucx 
.cf. m  2  (P 2 bit  2 ) 

where r'ZpO is given in equation (II-2). Here, 

(IV-2) 

( 	 2 ) , ro 	SIA--(111 24-[1 7'"j2)1  2- 
2 

and 0t  is the off-shell momentum. 

Now, any attempt to relate the vertex invariants in equation (II-2) 

to deuteron s and d wave functions must be accomplished by relating (IV-2) 

to the non-relativistic deuteron wave function, the 3-space form of 

which is given by 
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LeCA) C) =1-11 Xl(A) HT—  if 	X 
NR 

( 
3[.][ . U'] 

 — 	 ° (A) ] crz X2(,c) x z  

(IV-4) 

Here, L. and W are the deuteron s and d state wave functions, O' is the 

3-vector Pauli spin matrix,
10 

Xis a nucleon spinor, and A is a polariza-

tion index with values -1, 0, 1 where 

"0 64 . (0 3 0y 1) 

[1(± 1 )=( -; vrE, --k/ro, 0) 

and the spinors 3( 1 (A ) 1 ;( 20,1 are determined by A via angular momentum addi-

tion. The normalization is chosen to satisfy 

2 	Co 

	

 

ci 3-g'  I Y(NAR) () I = cE Cl(x)2  + W (x)2 	x 

The connection between (IV-4) and more conventional forms for the deu-

teron wave function, such as that given by Blatt and Weisskopf,
24 

may be 

found in Appendix D of reference (12). For our purposes, the 3-space 

Fourier-Bessel transform of (IV-4) is more appropriate. This is given by 

,T 
(1) ("5,1 (r) 	4.1(g)  [ l to  (r) 	 wz (r) x 	(IV-5) 

( 	
—2(g) 

3 	EP)] _ at. El "))) 
r 2  

where 
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and 

uo(r) = 	(4(x) jc,(v'x)x clx 
0 

w (r) = 	w (x) J 2  (vAX)x 
0 

J*  (x) = (- x)2 ( I d 	s;rt.x 
x dX 	X 

(IV-6) 

(Iv-7) 

(IV-8) 

are the spherical Bessel functions. 

To relate (IV-2) and (IV-5), we write the off-shell projection op-

erator in terms of on-shell nucleon spinors via 

,Ff 	- 	(i +ft) u CO) CATA - (1 —fi) 	 (IV-9) 
z 

where 

p= 	E = (P l i-rrtz) 1  

This decomposition suggests that the off-mass-shell nucleon be regarded 

as a superposition of positive and negative energy states (nucleons and 

antinucleons) with the negative energy contribution vanishing in the 

limit that the nucleon is on the mass shell (p = 1). 
If we substitute (IV-9) into (IV-2), we obtain 

( 3 	= 4)+40-e l ci) U 	CI r(isl) t  4)-+(i11 1)14-1)Ei(lg2) 7 	(Iv-lo) 
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where 

and 

0÷+(r/)= (1-fr P) 	ri (1//) ri  (R) C U (l) Vac / 
2 (1 2 ...  pi 2) 

a) x  -(1-n)  Tim rbzoc ci(q)u, 
2  ( 1112-  P1 2) 

(IV-11) 

(IV-12) 

Here, Orcorresponds to the first, and 4) 4 to the second, diagram in Fig-

ure 9. The third and fourth diagrams contribute only when the second nu-

cleon is also off the mass-shell. Now, to make a connection between the 

relativistic wave functions (IV-11) and (IV-12), and the non-relativistic 

wave function (IV-5), we note that phenomenological analyses of nucleon 

scattering are generally based on a non-relativistic formalism, and hence 

contain no explicit provision for contributions from negative energy 

states. Whatever the effects of these negative energy states are, they 

are incorporated as well as can be expected by virtue of the fact that the 

non-relativistic wave functions U,(r)and 14 2. (r) are chosen to fit the ex-

perimental data. Also, the nonrelativistic analyses are performed in the 

nucleon center-of-mass frame. In the case of the relativistic wave func-

tion od ot ► a), the center-of-mass frame of the nucleons is the deuteron 

rest frame a. 0. Following Gross then, we make the identifications 

1) 	°) 	1144 
	

(IV-13) 

and 



and 

2m 

(r) (x —* x (IV-15) 
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07 -1-
( Y' 3  0) =_- o 	 (IV-14) 

The two equations (IV-13) and (IV-14) provide a direct means of re-

lating the invariant functions F, G, H, and I to the phenomenological wave 

functions Uoand WAcontained in (IV-5). To make the identification ex-

plicit, we use the limiting form of the nucleon spinors given in reference 

(10). We have 

d=o, 	= 	p-  - Co' 

• 0.  X -N  
) 	2 

6- 
 Wt (IV-16) 

We repeat equation (II-2) here for reference. It is 

r(P) = 	G(P,a) u•f? — (m -41) [H(q)O—I(6 2)u.l. (H - 2 ) 

We will find it convenient to extract the projection operator in (II-2) 

as follows 

	

LI( )( rn- 	= a( ) ( wt - 	+ Tr  4- Ei  To  — 	) 	(IV-17) 

	

ryl 	 rri. 

	

(go (m- 	+ P, + 	-p] To) 
vn 
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El 0- 160 -6; = (101) sro 

and similarly 

(- -01 )(0,1-41)  = T(- ))(2+5) • 
vyt 

(Iv-18) 

Using (IV-17) and (IV-18) we have 

(1)".  u-4) 0 p) 	07-4  [( F - H s To)ier — (6  - IST;)t-/"Rje,a 1"&rigIV-19)  
2  fre-  P 1)111  

and 

- (1 - 	'37 (-. )[(:F.-2 H H 5 Toy- (6-2I-Ig r 0)u. I:ilea-Ii-A).  (IV-20) 
2  (ni t_ F1,2 ) 

Next, we use 

R ° :=.. MA-012+01T= 2rn- d2 --Inq (1 + .0 2  ) 	(IV-21) 
WI 	2.M2  

to write 

vn 2  - Pz= 2 ( i-A 2  ot 2  ) 

5 = E/ (1-p) = 1 - p 	2-1- ot z  
vn 	 rnz 

7 

and 
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1+ ,e:'" 2 - ("C r
2 

. 
111 2- 	in12  (IV-24) 

Retaining only terms thru order PAW, we can now use (IV-15) and (IV-16) 

and the matrix conventions in appendix A to rewrite (IV-19) and (IV-20) as 

(1)
20 	 

= 	01Fr, 
2 

_ 	(Tr' 2+ .42  
`1'"1 	

)1 

	

7-*  0(1) 	 re 1-n1V  

+4- 
(IV-25) 

•Fq-I • e •  r)  [F1 
+ 

- 1 4- 	it1)- Hi -e+ ok) + 

vita 	 01 1  4m2) 2.141 2"  

rz 	- 
224-01-6r2 	j Cr2X2  () 

-U (c.) 
 

wk. 

and 

- I+ 	0( 2-)1 _ 
2m2 171  

+G(11 - ,v12) 	(IV-26) 

[H  	 (A)• 

(1)-+ 	= 	X 1(g)  T (A) rrt 2  
"-  r_ F + 2 H 
rYi 

Now, using equations (IV-5), (IV-13), and (IV-14), we compare coefficients 

of the independent spin matrix combinations to obtain 

= 0 	7 
	

(IV-27) 

	

F + G (1 -34L2 	1-'12  )+ I (- 	-.2L1 ) -=-- 0 
\ 	4'11 2 	2 In 	rre 

(IV-28) 

Ni 8 ,Tr 	2 re .fte 	r 2+ ,42  
(IV-29) 

and 
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3 012  Wz (r)  = --1.— FF (- 1 	4
+.4 2-+TA 2. \+(i - 2  0(2+71,-1] 

a r" 	If tfr L 	T. ---7177 ) 	pr  z 	vt 2 + ev2 
(IV-30) 

Then, combining (IV-27)- (IV-30) we obtain a prescription for the dNN 

vertex invariants in terms of phenomenological deuteron s and d state wave 

functions which is 

F = V-87 (17'-i--( 2) ( 1  +
2 4•n 

 +1.-1
1
) [CVO 

[u 
	1 W2  (r).] y 	( IV-31) 

201 	 IT 

G = -  ( 1 t c2)(1 t 4 2+ r.  2-) (4/ (r) + F 1 
r' 2 ) 	2012 2 fl 

(IV-32) 

H 7--- 0 	 (IV-33) 

and 

1= -1-(G-F)(i- Ti.z+.(z) - i' 2 F 
2. 	 2012 / 	Tiicz 

(IV-34) 

A remark is in order concerning equation (IV-33). This is in di-

rect contradiction to our PCAC result (equation (II-7)), and Gross himself 

points out that it is in disagreement with estimates of H based on single-

pion-exchange calculations.
49 

His argument is that, by using (IV-30- 

(IV-34), we are entitled to take H = 0 because the error is compensated 

by adjustments in F, G, and I due to the fact that they are determined 

from experimental non-relativistic wave functions. In the next section, 

we make some speculative remarks about the behavior of the antiparticle 

contribution to  d , 0 -4-, and derive an alternative prescription for the 
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dNN vertex function. In Chapter V, we show that there is very little dif-

ference in cross sections calculated using the two procedures. 

Rederivation of dNN Vertex Invariants  

Examination of the square brackets in the expression for 46 -* shows 

a part not explicitly of order 2/P givenby 

+G--2.I • 
	 (IV-35) 

Using equation (IV-22), we can write 

F ( P, 1  ) = Fo  + Q (V zhr z ) 

with similar expressions for the other invariants. Thus (IV-35) may be 

written 

F 4- 2 H 0 + Go — 2 1,, + 	( e z/m 2 ) ; 
	(IV-36) 

and we see that the behavior of (1) -+  for r 2/ m 2 « 1. is dominated by the 

term 

— 	+ 2 flo + 	—21. . 
	 (IV-37) 

In Chapter VI we develop a consistency condition on the dNN vertex 

function, based on the formal field-theoretical PCAC hypothesis and the 

assumption that the Austern-model resonance amplitude for pion disintegra- 
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tion of the deuteron, extrapolated off the pion mass shell, gives the cor-

rect behavior of the non-pole part of the pion disintegration amplitude 

in the limit of zero momentum transfer. The consistency condition is 

Fo —zH a = 0 

and implies that the residual term in 
cri

s 

G. 	1,, 	 (IV-38) 

Now, we have the very interesting question as to whether or not the sym-

metric relation, 

Go  Z- 1. = 0 

also holds. This question is important, as the vanishing or non-vanish-

ing of (IV-38) makes a difference of a factor of order '1'1.' 1,611 4 in the rela- 

.4.+i. 
tive contributions of y and LI, to the relativistic deuteron wave func- 

tion (1).4 given in equation (IV-2), and thus has direct bearing on the im-

portance of anti -nucleon contributions to deuteron processes near the mass 

shell. 

As an alternative to Gross' prescription (IV-30— (IV-34), we spec-

ulate that equation (II-8) is valid, and we make the approximate assign-

ments 

H=F , I 	G 
2 

(IV-39) 

where we commit an error no worse than of order i",/irein H and I, and 

hence no worse than of order is 4;f1rn +  in the dNN vertex function. Using 
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(IV-39) we obtain the identifications for F and G given by 

F trfir(ei-okl) (1 +. 3T- "- 4.A2_- 
no 1

-suo (r)- 	wz  (-)1 	(IV-40 ) 
41712 	/ I- 

and 

G. 3 ryklur,21- ce- AIF  7 +r+0(2) tuz ( r)i- F: 
nre- 

(IV-41) 

Comparing our prescription (IV-39) - (IV-41) to Gross', (IV-31)-

(IV-34), we see that F and G are virtually the same while H is very dif-

ferent, with ours consistent with PCAC, and I is apparently different. 

We say apparently different because examination of equations (II-5) and 

(II-6) shows that for a io of three percent we have the relation 

Fo  
12"-f 2 5 
	 (IV-42) 

Consequently , for r 2/01/ 4< 1, we expect G to be much larger than F, and 

this implies that Gross' expression for I and ours are quantitatively ap-

proximately the same. Indeed, in Chapter V, we show that cross sections 

calculated using the two prescriptions are essentially the same. In that 

Chapter, we show that the total cross section for pion disintegration is 

critically dependent on the form chosen for I in that, using either (IV-

34) or (IV-39), we obtain a result consistent with experiment, while a 

different choice for I (I = 0) results in drastic modification of the cross 

section which is most significant at intermediate energies (see Figure 

13). This result indicates that cross sections are sensitive to the form 
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chosen for I, and strengthens our belief in the correctness of (II-8) in 

that it leads to agreement with experiment, whereas a significant devia-

tion from (II-8) leads to severe disagreement with experiment. Even if 

this does not conclusively prove (II-8), it at least establishes that G 

and I are of the same order of magnitude near the mass shell. 

We close this section with some practical remarks concerning the 

use of (IV-31) - (IV-34) or (IV-39) -(IV-41) in scattering calculations. 

These equations are of the form 

FCP 2) = f (I7-4 1) 
	

(IV-43) 

where the functional form on the left is independent of reference frame 

by virtue of its invariant argument, while the functional form on the 

right is dependent on choice of reference frame. In the processes we con-

sider, such as that shown in Figure 3, Chapter II, the restriction 8-.0 

in our identifications above implies that (IV-31) - (IV-34) and (IV-39)-

(IV-41) hold only in the rest frame of the deuteron, which is usually the 

laboratory frame. However, the Austern model amplitudes of Chapter III 

are evaluated in the center of mass frame of the deuteron and the incom-

ing pion or photon, and we would like to perform calculations in this 

frame. Thus, we need to know how the functional correspondence in (IV-

43) changes when we transform to the center-of-mass frame. To do this, 

we consider the invariant 

0 2. 	—. 	 _a 2 
. LA8 

2 	
.2 r 2 = r _ = VCM 	YCM • (IV-44) 

Now, in general 
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S O, 

2 	- 2 = m d  4. 	
- 	 + re+ (1 r" 

4 

In the processes we consider, -.2  d a/ 4  M 4‹ 1 and r ATI <<1 (about 10 percent) , 

so we obtain 

r°1 	
(721. it\z.  

re 
(IV-45) 

Thus, in the lab frame, 	
2  o , while in the center-of-mass frame for 

deuteron disintegration, g -4 and r = K -- EF where I-Z is the relative mo-

mentum of the physical outgoing nucleons. Thus (IV-45) becomes 

o 
C 

and (IV-44) yields 

YI
2 	 rop Fch 

 L A Et "" rc m 
M 

However, -cppvernt<< vz„, for the processes we consider (about one per-

cent), and we can use 

	

F(P 2) = f ( trcm1) 
	

(IV-46) 

without appreciable error. 
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CHAPTER V 

PION AND PHOTODISINTEGRATION OF THE DEUTERON 

In this Chapter we examine the background amplitudes for pion and 

photodisintegration of the deuteron, and present the total and differen-

tial cross sections for both processes, using both George's parametric 

procedure, and the phenomenological method discussed in Chapter IV. This 

method appears to have been over-looked by other authors, and to our 

knowledge, this is the first application of this method to deuteron dis-

integration. The procedure used to calculate the cross sections is dis-

cussed in Appendix A. The diagrams corresponding to the background ampli-

tudes in the George model are given in Figures 11 and 12. 

Pion Disintegration of the Deuteron  

The amplitude corresponding to the first diagram in Figure 11 is 

trg„ a(PI)r5  (÷Pri) 
	

(V-1) 

D Ct) 

F(t)kr- 	U. (PI 	+ (4-)2(-17)1-H(okr  - i(±)  u. ( - 911C oi.) 
YY1 

where we have used (I-10) and defined D(t) = -E-1/1 2.  . The reduction of 

(V-1) proceeds with the elimination of p  , using the Dirac equation. It 

is then grouped into elementary terms which are easily expressed in terms 

of the amplitudes of Table 1, and the antisymmetrized amplitude is formed 
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Figure 11. Background Amplitudes for Pion Disintegration of the Deuteron 

Figure 12. Background Amplitudes for Photodisintegration of the Deuteron 
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using equation (I-27). The resulting coefficients are given in Table 11. 

Cross Section Using George's Background  

George used the dNN vertex function given by equations (II-9) and 

(II-10), with F. and G. evaluated using the representations given by 

(II-5) and (II-6). As discussed in Chapter II, the value of the asymp-

totic d-to-s ratiojp, as determined from low energy nucleon scattering, 

is approximately three percent. George found that with ai0 of three per-

cent, the cross section calculated using the background terms alone ex- 

ceeded the experimental cross section at the resonant peak. His procedure 

was to usep, in the background amplitudes of Table 11, and A, appearing 

in the resonant amplitudes of Table 8, as adjustable parameters. He also 

found it necessary to adjust Wfrom its accepted value of 1236 MeV, as 

determined from pion-nucleon scattering. Since we found some algebraic 

discrepancies in George's resonant amplitudes, we have recalculated his 

total cross section and find the result shown as the curve labeled GEORGE 

in Figure 13, corresponding to A=4.13c( ,j0= 0.6 , and m*  = 1210 MeV. 

This curve represents an improvement over George's reported result in that 

his curve does not fit the data at high energies, and the value of 1210 

MeV for m* is closer to the accepted value than his reported 1190 MeV. 

Again we emphasize that this is just the result of a numerical re-analysis 

of George's work, and contains nothing new. The corresponding differen-

tial cross sections for center-of-mass pion kinetic energies of 40, 76, 

140, and 180 MeV are given by the curves labeled GEORGE, in Figures 14, 

15, 16, and 17. 

*
See the footnote on page 37. 
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Table 11. Invariant Coefficients for the Background Amplitude 
in Pion Disintegration of the Deuteron 
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Cross Section Using the Phenomenological Vertex Invariants  

In Appendix B we give a discussion of phenomenological deuteron 

s and d state wave functions determined by selecting general Hulthen forms 

and adjusting the associated parameters to be consistent with the observed 

properties of the deuteron.
45 

To allow an additional degree of freedom 

in fitting the nucleon-nucleon triplet scattering data at higher energies, 

a hard core radius is also introduced. 

The most significant physical properties affecting the resulting 

wave functions are the hard core radius X„ and the asymptotic d-to-s ad-

mixture ratio)0. Wave functions corresponding to hard core radii of 

0.0 f, 0.432 f, and 0.561 f, and values of io of three, four, and five per-

cent were considered for the present analysis. Using the forms given in 

Appendix B to construct the invariants given in Chapter IV, we found that 

a nonzero hard-core radius gives much too large a result for the high-

energy total cross section. Consequently, we have chosen X c  .O and have 

determined the total and differential cross sections for the three values 

of p. These are displayed with the label GROSS for p = three and five 

percent in Figures 13 - 17. The curves for p = four percent are inter-

mediate between the other two, and we have omitted them for clarity. 

We note that, for a center-of-mass pion kinetic energy T,,. = 140 MeV, 

the differential cross sections produced by George's method, and using 

the 	three percent Gross invariants are indistinguishable, but sepa- 

rate at higher energies. We also note that the modification of Gross' 

identification procedure suggested at the end of Chapter IV produces in- 

significant changes in the total cross section and the low-energy differ-

ential cross section, but begins to show a slight effect in the differen- 
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tial cross section at higher energies. These curves are labeled GROSS 

PCAC in Figures 13-17. We have also considered the effect of neglecting 

I in the phenomenological dNN vertex function to estimate how critically 

the cross section depends on the form chosen for this function. The re-

sult is shown in the curve labeled GROSS I = 0 in Figure 13. 

To summarize the results for pion disintegration of the deuteron, 

we note that by using either George's method, or Gross' invariants, the 

total cross section is adequately reproduced at the peak and at higher 

energies. At lower energies, the Gross or Gross PCAC invariants with 

,z= five percent seem to give the best fit, although there is sufficient 

scatter in the experimental data to make this conclusion questionable. 

For the differential cross section, both methods give acceptable results, 

and there is no basis for selecting one over the other, except that the 

GROSS PCAC result for /0 = five percent seems to give the best fit at high 

energies. 

We have shown that:, for pion disintegration of the deuteron, the 

background amplitude may be systematically constructed from triplet nu-

cleon scattering data using a method presumably generally applicable to 

any process involving the deuteron at comparable energies, and have ob-

tained results equal or superior to George's essentially mathematical 

treatment of this amplitude. 

Photodisintegration of the Deuteron  

The Nucleon-Pole Amplitude 

The amplitude corresponding to the nucleon-pole diagrams in Figure 

12 is given by 
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e a(P,) [%+__ceirfl (f;-q'+ m)  x 2141 0(t) 
(V- 2) 

{F(t)kr - 	 q)+ (, 	rri)[H  (00 	 e r(a) 

Li.(pa)21,, 1,fiaf 	v ► )  x 
2itt 	D (c4) 

F Mier G (u) U. (P2.-?)+ (41-)r- 11.0[H (WM' - 	(P2.-  9)] C 	T(P, ) 

where X p = 1.793 and }{,,,= -1.913 are the anomolous magnetic moments of 

the proton and neutron, in units of the Bohr nuclear magneton e/21?1, and 

determine the Pauli coupling of the photon to the nucleon. 

The reduction of (V-2) proceeds by eliminating 41 and ,q  using the 

Dirac equation. The second term is then transposed, and the resulting 

amplitude is grouped into elementary forms which are then reduced to in-

variant coefficients multiplying the invariant amplitudes of Table 4. 

The reduction is accomplished using the prescription given in Table 9, and 

the isoscalar and isovector amplitudes are constructed using equations 

(1-31) and (1-32). Using the convention 5= + 1 for isoscalar and - 1 

for isovector, the amplitudes for Dirac coupling are given in Table 12, 

and the amplitudes for Pauli coupling are given in Table 13. We note that 

the F and G terms in the coefficients agree with George except for a rela-

tive sign in the second Dirac coefficient and the overall sign of the 

twelfth Dirac and Pauli coefficients. 

The Deuteron-Pole Amplitude  

This amplitude involves the dNN vertex function with the deuteron 



85 

Table 12. Dirac Nucleon-Pole Invariant Coefficients for 
Photodisintegration of the Deuteron. 
5= + 1 for Isoscalar and - 1 for Isovector Amplitudes. 
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Table 13. Pauli Nucleon-Pole Invariant Coefficients for 
Photodisintegration of the Deuteron. 
5= + 1 for Isoscalar and - 1 for Isovector Amplitudes 
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off the mass shell, and the chrci vertex function with the deuteron off the 

mass shell. The dNN vertex function was described in Chapter II and the 

form appropriate to an off-shell deuteron was given in equation (II-3), 

which we repeat here for reference 

rd„N (d , 2). A l  (V) U: d' t 	- G 6:I") 	P 
rrt 

and again we emphasize that nothing is known about the d' dependence of 

the vertex invariants F and G or the function A'. 

We can determine the general form of the dTd vertex function using 

invariance arguments. The diagram for the vertex is shown in Figure 18. 

The conditions on the vertex are 

U.cl =o , 7 2-= 0 	cl z = M d2 
	

(V-3) 

and 

d' . 	 (V-4) 

Equation (V-4) implies that there are only two independent momenta assoc-

iated with the vertex, and we choose the pair 

ci 	X 	d'÷c1 

The available scalars are 

9  = 	2 2 cr. 	rvicl 

(V-5) 

= 0 ; 	
(v-6) 
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U,d U',d' 

Figure 18. Diagram for the drd Vertex Function 
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(V-7) 

and 

d' 1 + z ci. d i  4-  ta , 	 (V-8) 

where we have used (V-3). It is clear from (V-6)--(V-8) that there is 

only one independent scalar variable, and we choose d ie . Lorentz invar-

iance requires that the dircl vertex function be a scalar. It must be lin-

ear in e , U and ll'and it can be composed of the independent momentum vec-

tors associated with the vertex, and the metric tensor 9 	The general 

form is 

—°qP3  LPs' T /3/5 . 
	

(V-9) 

and the possible forms composing T are 

Cip CIA ; 	er )(A xig , ?ix ?It; Xff 

X„, 	X, 	 xfi  Xfi e 

xfi # 	9fi ,  ' 9. 9  9,g ,  

9 .418' ?fr 	; 9,4118 ,  7,4 	eefi  Xp 

X 
	

3,8p- X ig  • 

The Lorentz conditions in (V-3) and the definitions in (V-5) show that the 

terms involving cl a  are not present, and the terms in 70  and XA  are equiva-

lent. With this, the general form for the vertex function is 

17i  = e `4 1J ° L.Pq0(i 	7fie  + oqx., yfiyfi , 0(3  9409,,s, 1. 04944 c49  940 x,9, +06  913,9,y.) (V —  10 ) 
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As with the dNN vertex, the scalar functions in (V-10) are unknown. 

When d' is on the mass shell, L./ 1.8 i = o , and we can use (V-4) to show 

U •X 	u. 	U'• X --P U'• 7 I 

and (V-10) becomes 

r1..4 = ac 	x U• 	/ + ie E • U LF. 7 
	

(V-11) 

+ E•U'U•3 + S U• 	•X 

Applying gauge invariance, and noting that (V-7) implies cpx=0 , we con-

elude r= -/9 , and the mass-shell vertex function is 

rIrd  =. e•X U.7Uti 	 S LJ.U'E.X 	(V- 12) 

The form (V-12) has been obtained by Sakita
13 

who shows by non-relativ-

istic identification that 

..._ e , /9 . — ze ) ( 4 , oc . -€ Q 
i3T09  

where /A4 = 0.8576 is the magnetic moment of the deuteron in nuclear Bohr 

magnetons, and Q is the deuteron quadrupole moment. 

Lacking any means of specifying the off-shell behavior of the ver-

tex functions, we follow George and others
12,13 

and use the mass-shell 

vertex functions in the deuteron-pole amplitude. This is certainly incor-

rect, as we will indicate below, and makes any attempt to calculate pho-

todisintegration cross sections ambiguous. In addition, there is another 



91 

possible contribution to the background amplitude in photodisintegration 

which has been ignored in George's model, as we will show in the sequel, 

but before discussing this contribution, we examine the numerical results 

that have been obtained using the present (George's) model. 

The amplitude for the deuteron pole term is 

e.i.1.2(P,){[-E•(cl+cr)U•91.Y./-2.1.A4(G•Uci.U'-E•U'7•Li) .1x 	(V-13) 

S 1 	[ Fe Jef 	gLe 	C ciT(Fi) . 111  

where the sum is over intermediate deuteron polarizations, the quadrupole 

term has been neglected, the mass-shell form of (II-3) has been used, and 

s is defined in (I-10). Using equation (1-3) to perform the polarization 

sum, we get the result 

e lit (f),)[-Fa  E • (ch-cl i )U•cit- g 	 (7-14) 
Ma 

-2/Ad Fe{ u [-5r+ 9.ivtdd?i 	0 + 	
Md 

+ Ga E.(cf +cr) U.9 {- (3.1; + 	' 

+24A4 Go[9.13 + c . ci l f;•1 	e'fi E' Aicr:'d 'In x  
MI 

1 	C T  (p2) 

S — rAzd 
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We are restricting our calculation to the center-of-mass frame and 

in Chapter III we chose a gauge such that Eo = o. Thus we have 

E.- = E d= E•ci s  = o 

and (V-14) reduces to 

ea(p)r -2./A4 	{E.u[—R- 9- 	t.J1 	 (V-15) 
L s tv\.: 	 tvtiz J 

214.1 Go {e•LJ[—q•ii-t.q-difi.d1+- u.cie-FIller-tr(P2)• 
vet (s.  - MJ) 	 Mdz 

Finally, we use the Dirac equation to remove the 5z1' term, use E• pi = G.Q+ 

e . 	 E•K as in Chapter III, and we write 

cPcrPcci s  = -913+ 	  
and 	 2Crie-+PrP.) 

Comparing to the amplitudes in Table 4, we obtain 

e Ez(PoilLtiuci 	 Ircj i e ar(q) • s-Arr, (V-16) 

Comparison of (V-16) with equations (1-31) and (1-32) shows that 

it is pure isoscalar, and hence will appear only in photodisintegration 

of the deuteron. 

Numerical Results  

George's program for computing the photodisintegration total cross 

section consists of using the parameter values found in pion disintegra-

tion to construct the nucleon-pole and resonance amplitudes for photodis- 
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integration. The deuteron-pole amplitude is then approximated by the 

static form given in equation (V-16), with Fo  and Go evaluated for the 

parametric value of,p, 0.6 percent. Our reconstruction of George's total 

cross section is given in Figure 19 in the curve labeled GEORGE. Here, 

we have found it necessary to use a value of m * = 1190 MeV rather than 

the 1210 MeV value we found necessary in pion disintegration. We will 

have more to say about this difference below. For comparison, we have 

evaluated the nucleon-pole amplitudes using the PCAC modified prescription 

given at the end of Chapter IV, and have calculated the total cross sec-

tion with these replacing George's nucleon-pole amplitudes. The results 

forio= three and five percent are given as the curves labeled GROSS PCAC 

in Figure 19. It is clear that the') = five percent curve is superior to 

the three percent curve, and both are superior to George's. This was also 

the case with the pion disintegration total cross section. 

The approximation of the deuteron-pole amplitude by the static form 

of equation (V-16), with P. and Go evaluated for .? = 0.6 percent, is some-

what arbitrary. The 0.6 percent value for do arises in George's calcula-

tion as that value necessary to compensate for unknown off-shell nucleon 

behavior of the nucleon-pole amplitude, and there is no a priori reason 

to suppose that it will correctly compensate for unknown off-shell deu-

teron behavior in the deuteron-pole amplitude. However, the effect of the 

substitution is to reduce the contribution from the static deuteron-pole 

amplitude at high energies. Examination of the curve GROSS DPT in Figure 

19 shows that some such reduction is necessary. This curve results from 

the static deuteron-pole amplitude with F. and Go evaluated for ar of 
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three percent, and makes it clear that a correct deuteron-pole amplitude 

must contain momentum dependent functions which decay with increasing en-

ergy transfer. 

Of the data available on the photodisintegration total cross sec- 

tion, Kissler's
39  is reported to have been taken with especially careful 

attention to coincidence elimination of competing events from photodisin-

tegration with charged pion production. As might be expected, Kissler's 

data falls at the lower fringe of the scattered collective results. In 

Figure 20, we give the curve which results from our phenomenological 

Jo= five percent nucleon-pole amplitudes, using the same width (r. 120 
MeV) as used in pion disintegration, and with the deuteron-pole amplitude 

eliminated altogether. This curve differs only a few percent from its 

counterpart evaluated with the jo= 0.6 percent deuteron-pole amplitude, 

with the most significant improvement occurring at high energies. It is 

clear that the curve fits Kissler's data quite well below and above the 

resonant peak, but is somewhat large in the vicinity of the peak. We find 

that by adjusting the width of the resonance (this is not the same as ad-

justing the cut -off parameter) from 120 MeV to 143 MeV, we obtain a total 

cross section which coincides quite well with Kissler's data. 

To summarize our results for pion and photodisintegration, we have: 

(1) used only nucleon-pole and resonance amplitudes in both processes; 

(2) constructed the nucleon-pole amplitudes for both processes using the 

PCAC modified Gross prescription, with the dNN vertex invariants con-

structed from )p = five percent phenomenological deuteron wave functions; 

(3) used a cut-off parameter of A = 4.130c in the resonance amplitudes for 
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both processes; and (4) used a resonance mass and width of 1210 MeV and 

120 MeV in pion disintegration and 1190 MeV and 143 MeV in photodisinte-

gration. 

At this point, we would like to remark that our calculation of the 

photodisintegration total cross section has not been in the same spirit 

as George's. George's intent was to fix the parameters of calculation in 

pion disintegration, and then obtain a parameter-free theory of photodis-

integration. We have already given reasons, in connection with the 

deuteron-pole term, as to why this procedure may not be realistic, and 

in subsequent discussion we will strengthen this viewpoint by pointing out 

an inadequacy in George's model. Consequently, we feel justified in ad-

justing the resonance mass and width in photodisintegration, and in ne-

glecting the deuteron-pole amplitude, because, in doing so, we can con-

sistently use what we regard to be fundamentally correct nucleon-pole am-

plitudes in both processes, and obtain excellent results for the photo-

disintegration total cross section by simple adjustment of the resonance 

parameters. Our final goal is to obtain an accurate weak-vector ampli-

tude for neutrino disintegration of the deuteron, and in a practical mea-

surement, it will not be possible to examine the behavior of the cross sec-

tion differential in the outgoing nucleons. Consequently, we have con-

centrated on an accurate representation of the photodisintegration total 

cross section. 

We close this Chapter with a criticism of George's model for pho-

todisintegration and consequently, of the final form we have chosen for 

the photodisintegration amplitude. In addition to the lack of knowledge 
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of the correct form for the deuteron-pole amplitude, the model lacks an 

additional amplitude which may be important at the energies we consider. 

This is the so-called exchange-current amplitude,
13 

illustrated in Figure 

21. The analogous amplitude for pion disintegration, shown in Figure 22, 

does not occur because it violates conservation of G-parity, known to be 

conserved in strong interactions. To see that the diagram in Figure 22 

cannot occur, we note that the G parity of an N pion state is 

(-1)N . Consequently, G-parity conservation requires that the total num-

ber of pions entering and leaving a vertex involving only pions must be 

even, and this is not satisfied by theTrirfrvertex. 

The missing exchange-current amplitude and the lack of knowledge 

of the deuteron-pole amplitude indicate that it is quite remarkable that 

we were successful in obtaining a good representation of the photodisin-

tegration total cross section using only the nucleon-pole amplitudes and 

the resonance-parameter-adjusted resonance amplitudes. We might take this 

as an indication that the questionable amplitudes are not important in 

photodisintegration. However, examination of the differential cross sec-

tion shows that this is not true. In Figures 23 - 26, we show Kissler's 

differential cross section data for laboratory photon energies of 140, 

260, 300, and 390 MeV, along with our calculated differential cross sec-

tion. We note that the calculated cross section is very nearly symmetric 

except for the small asymmetric contribution from the isoscalar part of 

the nucleon-pole amplitude. In the vicinity of the resonant peak, where 

the isovector resonant amplitude dominates, the fit to the experimental 

data is good (Figures 24 and 25). However, below and above the resonant 
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Figure 21. Exchange-Current Amplitude in the Background 
for Photodisintegration of the Deuteron 

d 

Figure 22. G-Parity-Forbidden Exchange-Current Amplitude 
for Pion Disintegration of the Deuteron 
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Figure 23. Center-of-Mass Differential Cross Section for F LAB  = 140 MeV 
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Figure 24. Center-of-Mass Differential Cross Section for F LAB = 260 MeV 
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Figure 25. Center-of-Mass Differential Cross Section for ELAB  = 300 MeV 
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peak (Figures 23 and 26) the experimental cross section shows a strong 

asymmetry, indicating the presence of a significant isoscalar contribu-

tion. In both regions, the asymmetry is pronounced, and would probably 

be accounted for by a correct deuteron-pole amplitude (the deuteron-pole 

amplitude is pure isoscalar) and probably more important, the isoscalar 

part of the exchange current amplitude. At the higher energy, the asym-

metry presumably is due to residual effects of the deuteron-pole term, 

and the isoscalar part of the exchange-current amplitude. 

We have not attempted to incorporate the exchange-current ampli-

tude into photodisintegration, because it involves the dNN vertex function 

with both nucleons off the mass shell, given in equation (II-1), as well 

as a closed-loop momentum integral. A possible approach to the calcula-

tion of this amplitude would be to limit the relative momentum at the 

dNN vertex to values below 370 MeV, use the vertex function appropriate 

to one off-shell nucleon,
4 

and incorporate the Gross phenomenological 

vertex invariants. However, such a calculation would considerably exceed 

in complexity the resnance amplitude calculation of Chapter III, and we 

have not attempted to carry it through. 

At very low energies (2.23— 10 MeV), our calculated cross section 

compares favorably with the electric-dipole cross section of Blatt and 

Weiskopf.
24 

In the intermediate region (10-100 MeV), our calculated 

cross section is approximately ten percent less than the experimental cross 

section, presumably due to the omission of the exchange current amplitude. 

In the next Chapter, we construct the weak-vector amplitude for 

neutrino disintegration of the deuteron from the isovector part of the 
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photodisintegration amplitude, using the CVC hypothesis. Even though we 

do not propose to examine the neutrino cross section differential in the 

outgoing nucleons, the fact that we have obtained a good representation 

of the photodisintegration total cross section using amplitudes which are 

nearly pure isovector leads us to believe that the weak vector amplitude 

we obtain would be adequate for this purpose. 



CHAPTER VI 

WEAK DEUTERON DISINTEGRATION AMPLITUDES 

In this chapter we give a brief history of the strangeness-

conserving weak interaction, including the conserved vector current 

(CVC) hypothesis 5 ' 25  and the Partially-Conserved Axial-Vector Current 

(PCAC) hypothesis. 6 ' 7 ' 8 ' 9  We then develop the amplitude for the process 

1/+ 8 	pip+.12. by relating the weak vector amplitude to the isovector 

amplitude for photodisintegration of the deuteron, and the weak axial-

vector amplitude to the amplitude for pion disintegration of the deuteron. 

The latter relation is obtained by an extension of a technique used by 

Adler and Dothan,
9 

and leads to an interesting consistency condition on 

the dNN vertex function. 

The Strangeness-Conserving Weak Interaction  

The earliest evidence for the existence of the weak interaction 

occurred in nuclear beta decay. The simplest example of this process is 

6 
the beta decay of the free neutron, n 	p 	. In 1934 Fermi

2 
 

proposed a theory to describe beta decay, using electromagnetic inter-

actions as a guide. In Fermi's theory, the nucleons are considered to 

carry a "weak current" which interacts with the electron-neutrino field 

at a point, in direct analogy with the coupling of the electromagnetic 

field with an electric current. In terms of lepton and hadron current 

_p 
operators ot and Jo( , the transition amplitude for beta decay can be 
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written in Fermi's theory as 

TjA . (21.0Y-( ID;  - <e, rje  ; 0.t I ceo)I o><p; Ott t 3":1(0) 	rt> . 	(VI-1) 

The analogous expression for the coupling of the electromagnetic field to 

the hadronic current is given by 

Tf  = (270'5 4(pc  ejiV rtE°<p ; out I J.:,"( 0) 1 P; in> 
	

(VI-2) 

where E; is the polarization four-vector for the electromagnetic field. 

Thus we see the correspondence 

<e, 	out! 110)1 0> 	(VI-3) 

There have been some attempts to generalize Fermi's theory by 

introducing a massive vector boson field to mediate the coupling between 

leptonic and hadronic weak currents. This would have the effect of giving 

the weak interaction a nonzero range, and would make the analogy between 

electromagnetic and weak processes complete. However, the existence of 

such a boson has not been established experimentally and Fermi's theory 

appears to be adequate in the range of energies now available to experi-

menters. 

We may factor the spin dependence from the matrix elements in 

tN is (m/E) for a fermion and (1/2E) for a boson. 



equation (VI-1) and write 

	

= 	p N 	( Pc- Pia(e)L: 7.1(Pe) a(p)H, U(n) 
	

(VI-4) 

where L c" and 11,4  are combinations of Dirac gamma matrices and arbitrary 

scalar functions of the momenta appearing in the process. In neutron 

beta decay, the energy available to the process is approximately 1.4 MeV 

and is sufficiently small to assume that the momentum dependence of T.ct 

 will be negligible. Thus, we equate the scalar functions to constants. 

Imposing the requirement of Lorentz invariance on T fk requires that it 

be either scalar, pseudoscalar, or a mixture of the two. This places 

restrictions on the possible combinations of gamma matrices that can be 

	

incorporated in 	and H, . In all, there are five allowable combina- 

tions, given in Table 14. 

For over twenty years after the introduction of Fermi's theory 

physicists sought to deduce the specific form of the beta decay interac-

tion by a process of elimination based on experimental observation. The 

most significant step came in 1956 when Lee and Yang
27 

suggested that 

the weak interaction was not invariant under spatial reflection, and 

consequently should be a mixture of both scalar and pseudoscalar terms. 

This suggestion was substantiated by experiments performed by Wu and 

collaborators,
28 

and quickly followed by other experiments
29

'
30 

which 

specified the precise manner in which parity violation occurs. From 

these experiments, Marshak and Sudershan
31 

were able to specify the pre-

cise form of the beta decay amplitude. It is 
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Table 14. Allowed Combinations of Gamma Matrices 
and Their Transformation Characteristics 

Label 	 Combination 	 Transformation 
Character  

S 	 I 	 Scalar 

V 	 -6« 	 Vector 

T 	 -11„, '6;3 	 Tensor 

A 	 -6e, 	 Axial-Vector 

P 	 )1-5- 	 Pseudo-scalar 

109 
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/172 = G a(e)V(1-1-011(Pe)a(P)T,(1-x 10 a01) 
	

(VI-5) 

where X has the value 1.18 and G has the value, in units of the proton 

Compton wavelength, 1.015 X 10 5 . 

The Conserved Vector Current (CVC) Hypothesis  

Long before the final elucidation of the interaction form for 

neutron beta decay, the similar strengths for weak decay of the neutron 

and the muon lead to speculation on the existence of a universal Fermi 

interaction governing all weak processes. Following the discovery of 

parity non-conservation in beta decay in 1957, it was established that 

the interaction form for muon decay .)..(-->€ -+Ii-e+y/.has the form 

= 	 e( (1-1's.) V(Pe) (e)r., ( 1  - 	u (2) 	(VI - 6) 

where G' is equal to the coupling G in neutron beta decay within two per-

cent. The surprising feature of this result is not that the axial-vector 

coupling in the neutron-proton matrix element is slightly different from 

that in the electron-muon matrix element, but that the vector couplings 

are equal. 

A fundamental difference between the hadron current in beta decay 

and the charged lepton current in muon decay is that the hadrons partici-

pate in the strong interaction, whereas the electron and muon do not. 

Because of the strong interaction, the neutron and proton must be viewed 

as complicated structures surrounded by a "meson cloud." Formally, we 

can express this by writing the hadronic weak current in terms of "bare" 
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nucleon and pion field operators as 

" = 	Yr, oc  T„ + 	( pioni c current). 	(VI-7) 
;r,  

On the other hand, we can write the weak vector current operator for the 

muon and electron as 

"( 

	

Yz 
	 (VI-8) 

where no pionic term enters because the electron and muon do not partici-

pate in the strong interaction (in both currents we ignore corrections 

of the order of one percent due to the electromagnetic interaction). Now, 

if we believe in the existence of a universal Fermi interaction, we might 

expect the "bare" nucleonic term in the vector hadron current to couple 

with the same strength as the vector muonic current, and the pionic cur-

rent would then lead to a correction which would make the observed coupling, 

that for the "dressed" nucleons, different from that for muon decay. The 

fact that the observed beta decay coupling is not different leads to the 

puzzling question of the role of the pionic correction in beta decay. 

The question of the equality of vector couplings was resolved by 

Feynman and Gell-Mann
5 
 in 1958. They suggested that the pionic term in 

the weak vector current for the hadrons couples with exactly the same 

strength (G" = G) as the "bare" nucleons, thus giving the "bare" and 

"dressed" nucleons the same coupling. An analogous situation exists in 

electromagnetic interactions wherein all charged particles couple to the 
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electromagnetic field with the same strength, regardless of their other 

interactions. An important consequence of this equality of couplings 

is the conservation of the electromagnetic current 

3", (X) 	0 • 	 (VI-9) 

Feynman and Gell-Mann suggested that an identical conservation equation 

holds for the weak vector current of the hadrons or, 

as 
3_04W,V ) = 0 	

(VI-10) 

The CVC hypothesis of Feynman and Gell-Mann entails considerably 

more than equation (VI-10). The complete statement of their hypothesis 

also implies a fundamental connection between the weak vector current 

and the electromagnetic current for hadrons. The charge raising property 

of the weak vector current operator in beta decay indicates that it can 

be expressed in terms of isotopic spin operators as 

(VI-11) 

2 
where IL and I. transform like the 1 and 2 components of an isovector 

under isospin transformations. On the other hand, in first-order electro-

magnetic processes, the electromagnetic current is known to have the de-

composition in terms of isotopic spin operators given by 

em 31 
	

(VI-12) 
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where Sp, is isoscalar and I!: is the third component of an isovector. 

Feynman and Gell-Mann made the conjecture that I tm  , I 2; , and I!: were 

the components of a single isovector conserved current. One of the impli-

cations of this conjecture is that the matrix elements of the isovector 

part of the electromagnetic current between nucleon states are proportional 

to nucleonic matrix elements of the weak vector current. This connection 

is easily established by means of the aligner-Eckhart theorem.
21 

The con-

sequences of the proportionality between electromagnetic and weak vector 

amplitudes have been thoroughly tested and confirmed, and the CVC hypo-

thesis appears to be well established. 

The Partially Conserved Axial-Vector Current Hypothesis  

The success of the CVC hypothesis raises the question of the possi-

bility of conservation of the weak axial-vector current. The difference 

between the axial-vector couplings in beta decay and muon decay is suf-

ficiently small to lead us to wonder if the axial-vector couplings for 

"bare" and "dressed" nucleons are equal, and the small difference in the 

two decays attributable to some unknown property of the weak interaction. 

That this is not the case can be established by a simple calculation. We 

consider the weak decay of the pion, 17=-1. /A-1-3in which the hadronic 

matrix element is ‹DITc( N01). This matrix element must be composed of 

Lorentz vectors or axial vectors associated with the pion. Since the pion 

is spinless, there is no associated axial vector, and the only vector 

available is the four-momentum of the pion. Thus, we have 

NT <0  I J-:(0) I >r Tir(9z ) gat 
	 (VI-13) 
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where the decaying pion is on the mass shell, 5,2 = kr if., and hence clr is a 

fixed number. The result obtained in equation (VI-13) implies that 

<01 Tor(o)111>is a Lorentz vector. Since the pion field is pseudo-scalar, 

this implies that only the axial-vector part of Jnan contribute to pion 

decay. Thus, 

M, I T:(0)) Tr) = ifqz  
	

(VI-14) 

Now, the assumption that the axial-vector current is conserved implies 

‹o 	Tr> o 	 (VI-15) 

We can write 

144 A 	 p 	--r-  ‘4,11 	P X'`
(x) =-- C A P 	(0) e 	 (VI-16) 

and use the fact that the vacuum and one-pion states 10)>and ITT> are 

eigenstates of the momentum operator P# to obtain 

ei  x<0  j:„1"( 0) I IT> = 	I j: 	10. (7: 9°= 0 , 	(VI-17) 

Applying this to equation (VI-14) yields 

Fr (frvirir ) rr = 0 
	

(VI-18) 
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a result which would forbid the observed decay of the pion. 

The result in equation (VI-18) suggests that the axial-vector cur-

rent could be conserved in the limit of vanishing pion mass. To elaborate 

on this idea we consider the matrix element of the axial-vector current 

in the process 11,4 -rn —+ 144- 1- p 4 . In terms of invariant functions of the 

momentum transferred to the nucleons, the most general form for this ma-

trix element is 

Np N yt 	j- "(0) I Y> g_ (p)(-9,(99 	h(72)t-csjufro, (VI-19) 
rf 

where 9A
(0). — 1.18 , and tn(9 2)is called the induced pseudoscalar form 

factor. We examine once again the consequence of the assumption 

D a4 3-:00=r-C). We have 

Np Ain  7 e(< P I 	'(to) I Pi> = 	(e) [94(9 2) q 11'5. 	(9 1) 7 2  -r51 	0 , 	(VI-20) 

where ? = n - p . We use the Dirac equation to replace 5) ," by - 2t11 and 

obtain 

	

_ 201  9,4  (72)-F 11(9 2 ) 9 
Z 

= ° 
	

(V1-21) 

or 

k (79- 2-013,4 	. 	 (VI-22) 

9 2- 

We see that the assumption of conservation of the axial-vector current 

would require that h(9 2) have a pole at ? 2 = 0 , which would suggest that 
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it arises from the exchange of a zero-mass meson. Nambu
7 has suggested 

that the axial-vector current is "almost" conserved in the sense that 

(31)can be replaced by 

(ft  ( I t) = 210q k'(94) 
	

(VI-23) 
V. 

where h'(7 2) 	94 (? 1 ), and Lim 11 1 (7 2) = Lim 94(9 2)* vnir---,o 	P11 -so 
Equation (11-23) can be used to establish a connection between the 

form factors 9 4 , 9 43 .4. , and fly  in the limit of zero momentum transfer. 

To see this, we expand the induced pseudoscalar part of the axial-vector 

matrix element in a perturbation series, and exhibit the lowest order 

term, corresponding to the diagram in Figure 27. We have 

	

G ci(p)h otro rs.. u(n) = -G 9N. oi)f;- 	(((P) c/ --6-5  U(7) (VI-24) 
Cr. 	rf 

+ L7(0;1(9 2) cf.(  Ts- LI ( 1 ) 

where ri(1 1) incorporates the contributions from all higher order graphs. 

If we compare this to Nambu i s representation of k (7 1 ), we have 

zyri 94  (9.) 	rzi 3,,  (92)-rro9  t H (92) • 
ci -077- 	9 2- m7 

(VI-25) 

If we assume that, in the limit 72---p-o , 'h (q2) is negligible compared to 

the other terms in equation (VI-25), and that 9mm (0) and 42n.(0) do not 

differ appreciably from their physically measured values 9"(4)and 
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Figure 27. First-Order Diagram in the Expansion 
of the Induced Pseudoscalar Amplitude 
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fir.(4), we arrive at 

(VI-26) 
9,47  (TY14) 

Equation (VI-26) was first derived by Goldberger and Treiman
32  in 

an approximate dispersion-theoretic analysis, and is called the Goldberger-

Treiman (G-T) relation. Using the experimental values 3;41,(1111-2)113.5 

g A  (o) = -1.1 8 , and -Fn (rmt) ?I 0.93 Mt, we arrive at 0.13711  0.12i which is 

satisfied within approximately 10 percent. 

The justification for neglecting h 	in taking the limit of 

equation (VI-25) comes from dispersion theory arguments. In forming the 

spectral decomposition of k(7 2), the pole in the scattering amplitude 

corresponding to our first order diagram falls at cj a-  = 	, and the next 

higher pole corresponds to the exchange of three pions, or at 7 1"--= 7117/1- . 

Consequently, it is argued that, for c7 2.<<9w7,;', the single pion pole 

"dominates" the scattering amplitude. 

The above results for the G-T relation and the one-pion exchange 

picture of the axial-vector current divergence can be derived on the basis 

of a formal field-theoretic assumption. It is assumed that, at least for 

small values of the momentum transfer (squared), the axial-vector current 

and the charged pion field obey the relation 

a«  S.' (x) = C vyeir (PM. 	 (VI-27) 

This equation is called the PCAC hypothesis.
9 
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To fix the coefficient C, we form matrix elements as in the example 

in equation (VI-19): 

3-a,q(x)I n> = C 	<PI P (x) n> • 	(VI-28) 

Reducing the left-hand side first, we use the steps leading to equation 

(VI-17) to obtain 

..?%p 	A (x) 	=. 	.x.(p j_4 ,m(0) rt> 	9•x, 
	(VI-29) 

with 9= h-p. As in equation (VI-20), we can reduce equation (VI-29) to 

NP h1,1  D%Pl 	(x) I il>= A.e i,i(p)E.2m9 A02,T5.4_h( 92 )921rdu.(r ) e i.x 	(VI-30) 

To reduce the right-hand side of equation (VI-28), we write 

Ci4  (P I (x) I 11> = e PI; <PI 0,(x) +42(0 = 	01 v(x)in> , (VI-31) 

where 4130 + (x) is the pionic isospin raising operator. Next, we use the 

field equation for the pion field to write 

+ 111 71r)<P I (041x) i )1) = < P I 71.1r. 001 Yl> 
	

(VI-32) 

,-+ 
where J (x) is the pion source current. We can perform the space-time 

translation and rewrite equation (VI-32) as 
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(- c/z+ 	cr(0)1 vt) eix= <pi TT;(0) I vi)e " ", 	(VI-33) 

or 

<PI '1)+0014> = 	1 
	 <Pi 3-11+  (0 )1 rk> 
9 1 -krq 

(VI-34) 

The most general form for the current matrix element in equation (VI-34) 

is 

Np Ain  <p1 	= 	9„4.(v) a(p) -6-5. u(v) . 	(VI-35) 

Thus, collecting equations (VI-28), (VI-30), (VI-31), (VI-34), and (VI-35), 

we obtain 

A .  (-1(p) 	yn gA (r) 	+ (V) 2  1)-5 ] u01) 	 (VI-36) 
Vz 

= 	2C vn-,4: 	(9 2)  Cl(P) Ts U (1) 

PYi:‘ 

or 

G [- 2"9,(9 2) + k (9a)7 13 = — 2  C 	awr (V)  • 
V2 	 q 2- - &it 

(VI-37) 

Evaluating equation (VI-37) in the limit of zero momentum transfer, we 

obtain 

e = - G Vn  9,1  (0) 
9,j (o) 

(VI-38) 

We emphasize that the foregoing discussion permits us to relate 

matrix elements of the divergence of the axial-vector current to matrix 
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elements for strong interaction processes involving pions. In this way 

we will use knowledge of pion disintegration of the deuteron to obtain 

information about neutrino disintegration of the deuteron. There we will 

have need for the matrix element of equation (VI-27) between an incoming 

deuteron state and an outgoing two-proton state. The appropriate equa-

tion is 

7%P,  P2 J-.7"(o) I cl> .Z 6 m s A(0) rn.
, , 

TR(0)1 d 	(VI - 39) 
9,,,,,(0) (9 rn;) 

where 7 -= pi  4- pz  _ cl . 

The Weak Vector Amplitude  

Before proceeding to the more complex axial-vector amplitude, we 

establish the relation between the isovector electromagnetic amplitude 

and the weak vector amplitude for deuteron disintegration, using the 

Wigner-Eckhart theorem. Expressing the electromagnetic and weak currents 

in terms of irreducible isotensors,
21 

we obtain 

= e [ 	(oo) + I g4  (i 0)1 
	

(VI-40) 

and 

To( 	= — G 10( (11) 
	

(VI-41) 

The matrix element of the isovector part of the electromagnetic current 

is, using equations (I-25), (1-26), and (VI-40) 

`vi  P I  _3_0(EM, 	> 
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=- 	(<10( -i- <ool) I 0( (1o)loo> 	<1 OI I cjio) op> 
IrT 

(VI-42) 

<1 0 ; 001 1o><1 II I(1 )110> 	<1 II TM! o> 

For the matrix element of the weak vector current, we use equations 

(1-23), (1-26), and (VI-41) to obtain 

Thus, 

or 

<FPI SwJ v ld>= -G<11lI(11)1OO> 

- G<11; 00 1 11><11i1(1)110> = 	 . 

<pp , 	j> 	v_z,G  

<ri I:3 	I  7:1,.r cc.7, e 

(VI-43) 

(VI-44) 

	

<PPI To(w' v  > = 	i, <1 P1 Tec"Ijrv i J )* 
	

(VI-45) 

The weak vector amplitude may now be obtained directly from Tables 4, 10, 

12, and 13. 

The Axial-Vector Amplitude 

For energy transfers comparable to those considered in pion and 

photodisintegration, we assume that the coupling of the axial-vector weak 

	

current for the process 11-i-ci 	 SZ can be represented by the dia- 

grams shown in Figure 28. The first two diagrams are nucleon-pole dia-

grams for the direct coupling of the axial-vector current, and are 

governed by the axial-vector coupling constant 3 4 (q'). The third diagram 



P2 

V 

V 	 L 

Ti 

P2 

L 

Figure 28. Diagrams for the PCAC Amplitude in Neutrino Disintegration of the Deuteron 
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represents structure associated with the direct coupling of the axial-

vector current, and contains the effects of the LX resonance. The ampli-

tude associated with this diagram will be determined using the PCAC 

hypothesis, and explicit knowledge of the other diagrams based on the 

Austern model and the phenomenological wave function treatment of the 

dNN vertex function. The remaining four diagrams are constructed on the 

basis of PCAC single pion exchange, and the Austern-George model for 

pion disintegration of the deuteron. We note that, in this construction, 

the momentum transfer is not fixed, and we are extrapolating the pion 

disintegration amplitudes off the pion mass shell. To estimate the reli-

ability of this extrapolation, we note that the weak vector form factors 

of the nucleon are the same as the electromagnetic form factors measured 

in electron-proton scattering, and these do not deviate appreciably from 

their zero momentum transfer values for momentum transfers 75-- . os- (BeW• 

We will use this value of momentum transfer as a cut-off for our calcula-

tions, and assume that 9 fi (72.) -24 9,1 (0) 	9A  and gwir (9 1)S-f 9wit (vri rri)a.  

However, in the Austern model amplitudes, we will want to estimate the 

behavior in the limit of zero momentum transfer, and we will replace or14:, 

where appropriate, by ce. 

We write the axial-vector amplitude in the form 

6,7 

-2- 
G 
!PS G

?? 171 .() 7  (VI-46) 

where Ncorresponds to the first two diagrams in Figure 28, Ma  to the 

third diagram, and Vrc< to the last four diagrams. In the analysis to 



125 

follow, we find it more convenient to work directly in terms of the anti-

symmetrized amplitudes rather than perform the antisymmetrization at the 

end. We will use the shorthand notation 

F 1  = F (t)kt - GvnCg u . ( P1 - 9) -  Om - DI -56)  [ 1-1(t)kt -  I (t1 U. (8-9)j, (VI-47) 
rn 	 rn 

F(q)k1'- G(4) U. ( 113) ("1-  CA -  ?]) , H(t4 ),12-- 'OA)  U . (81 (VI-48) 

where t and LA are the mandelstam variables defined in equation (1-10). 

We will also use the notation 

D(t) = 	h1 2  and ON ) = u- 

introduced in Chapter V. 

For 711:we have 

//:== 94  affirr.rs (-4-5y÷m) 	EzT( 	(VI-49) 
D (t) 

--gA a(9) T., 15.5  (402  -sr +m) r te_T(P) 

( 	 021i, 5r+ mr 	r  2C. --erire.,Tsie4 1-  (PO, 	(VI-50) 
D (t) 	 D(u) 

where we have transposed the second term in (VI-49) and defined 

rje- 1 
• 	 (VI-5l) 



Next, we use the G-T relation for the pion decay constant, and 

perform manipulations as above to obtain 

= -21419 A  cice a(Popcs-(4;-g#141)  r 1  

	

ql-mt 	 I) (t) 

	

- r 2c(-Frz - 	m)1;  + Tir  (9 4 ) _1C dr(P2 ) 
D (A) 	 9.,rj 

(VI-52) 

where T. el l ) is the Austern model resonance amplitude extrapolated off 
the pion mass shell. 

Using equation (VI-39), the divergence condition can be written 

for the amplitude /n.t as 

rind, 	- 2. 5 A  VA ► it  C.T(Pl)nrs- 	+  f.ti)  1-11  
2-614- 	 D (t) 

(VI-53) 

T-Inrcs  + Tr  (7 2) 	e FI T(R) - 
D (“) 	tr2." 9#0. 

Before writing the divergence expression out in terms of the three ampli-

tudes in (VI-46), we list two useful identities, which are 

and 

1.1 (P)5 	m)= U(P)[-trs.2.111Tc (-12ti  -$r+01)-1 
"D 	

) 
(t) 	 (t) 

(VI-54) 

("Iz-Sr-111)risetaT(R)=-[rs--2.111CK-1/-aOrs-ledr01). (VI-55) 
D(u) 	 D(u) 
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Now, we take the divergence of (VI-46), use the explicit forms for 

'Th and ?n:r given in (VI-50) and (VI-52), employ the identities in (VI-54) 



and (VI-55), and equate the result to (VI-53). We obtain 

ci e( Cinot = jn  a (13) { Lirs  + vyrr5  01- ?-1.- vn)1  r 1 

D(t)  (t) 

ro- Cpc5 _ 21710a-2.-R-01ms]  - 2vncia  x 
D (14) 	 z 

[ 'CT (K .— CP-  "I) r 1 - r(-10',- q/ -171 ) TIT( 92) 1}ciar(po 
D (t 	 D(u) 	A rf 9,,,r 

+  
oc 

' 9 4  Ct (R) - 2vn vnn  [4 (01 	rn)  r' 
9 2L- 111,2; 	 D (t) 

n 2c ( 42ra. 	kvi)  Ts-  1-  TT (9 2)  -Tie dr(l). 
D (G) 	 429Nir j 

Combining terms involving the pion propagator, we note that the nucleon 

propagators in the resulting term will cancel the remaining nucleon 

propagator terms, and we are left with the simple expression 

9Ata(Pi)C ifs r 1 + r 2cTs -2"TrmicaT( Po  
AT-r  2'3,7 

(VI-56) 

+
ch,10( 

" I 0( 
= o.  

Everything is known in (VI-56) except the structure term m a  

,-s 
and this equation may be 	 lq used to determine it. First, we note that , 

is finite as 9-->o,
9 

and consequently 9 °`M is  first order in q. This 
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imposes the consistency condition that the remainder of (VI-56) be first 

order in 17 , and any term which is explicitly independent of 47 must vanish 

identically. To evaluate tq: , we begin with the terms involving r1 and 

ri 2.0 	
Using (VI-47) and (VI-48), and the Dirac equation to eliminate/6 

and 4
i 
  , we have 
t 

u( P) tfjni C T(Pi) = u (PO; F 
	

(VI-57) 

G(t) U. (Pi  - 7) -- 	-I- m)  [H (-02 - 	U. (P1 - 9)1} e T(pz) 

and 

( 	arcp2) = 	( P N6-5 { 	ie 

- 	U.( PI -9) [H (4)Jd" - 1(4) U • (P2-7)1 (2 a: )1- C! uT(a) 

	

vrt 	 ryt 

Combining terms, we obtain 

	

( Pi) [c;  ni ;[12cac vs..] C u.
T 
 (a) 	a (pi) -cS  x 

t L F (-0 -t- F(u)- 2 il H(t)+ H(ollid- - rG(t) --2 la)] Uqpi- 9) 

	

L Tif 	HI 

- 	
,n 	m

FG(u) - 2 ICLO7 u- (P2-9) +Flit) U. ( 1)1 - 19+- IMU•(a-9)] X 

	

L Yv 	m L i.  

-D71(t.1 q;kt + 
ni 

H 0-0,Idn C a T(R) 
IA  

(VI-58) 

(VI-59) 



Next, we use the variables defined in (I-5) to write 

U•((; - q) = U• K - 137z.9 1 

U • (P2-3) = -U- K - U • 9 , 
-T. 

and we rewrite (VI-59) in the form 

ia(Roc-rs  r 1  +. r 2c rsic fir(pi ) = ci (pi) -1-5 x 

f[F- (t) + FoA) -2 [1-1(-041-1(u) per - U- K x 
vrt 

[G(t)-G(u)- .2 [I (t)--- 1( u)1] + U• 1.s * [1 (t) - 1-(u)] 
ryi  2 

(VI-60) 

+ U. q LG. (t) -1- G (4)- 2 f I A) + I(L)1--3 - U.9 sr LI (t)41.. (u0 
2 fen 	 2 ma 

.....  

— [ H (t)'2 t H (“)23rj}C U
T 

 (Pi) . 
va 

Now we write 

F (t) = F (rvi a) + 3 °' X., (t) , G (t) = G(0) + 7' Yse  (t) 7 	 (VI-61) 

H (t) = IA (wt z ) + '7'47 .4(0  .) 1 (t) = I (mn + cr 1/1/4 (t) , 

With similar expressions for the U dependent quantities. To achieve the 

decompositions shown in (VI-61) we write, e.g., 
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We note that 

F7  (t) = F (rn + ( t— z) F Rt) - F (Yr 2 )1  . 
L  t — 1112- 

I vrt [ F - F(r1 2)] 	dF 
t- 111 7- 	 clt t=  rn i 

(VI-62) 

(VI-63) 

In Appendix C we use the wave function representations of the ver-

tex invariants given in Chapter IV, and the explicit forms for U 0 00and 

Wz(r)given in Appendix B, to prove that the derivatives of the type 

(VI-63) exist. Then we can use 

t - W1 2- 	P 9)2-- 	= q d 
 ( - z P7 ) 

to obtain 

X.e(t) =(<-2R)[ F (t) — Pril9  , 
L. 	D(t) 	J 

X., ((A) 	2 fi.e)r 	F(rnz)1  , 
L 	D (a) 

(VI-64) 

(VI-65) 

and corresponding expressions for 	 and Wx . 

Substituting the forms given in (VI-61) into (VI-60), we can 

rewrite (VI-56) as 

= -34  a (PI) 'Cs. {2 [F(m%)- 2 1-101193,L1-  61  Tr (0) 	(VI-66) 
rf NIT 

(continued) 
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+ 7I{X,(t)i-X,(u)- Cz,(t) + 4:,( 0.0]} 

— 	[yot  (t) — yoe  ((A) — z [ we< (t) wot ((A)] I 

Uci G ÷ G(u) —2. I(t) t I (u)n-
vn 

+ 	I (t) — I CLA)  K — I (e)+ I (A)  Ul 
2. Prt 

— N(t) roe kt — H(4).&12„ — z i ► lrfro(  1 (f C T(R) 7 
111 	 01 

where 7 alma is that part of the pion disintegration amplitude which is 

first order in ? . In view of the remarks following (VI-56), we have 

the consistency condition 

2 [ F 2) - 2 H611 2)]0 — 2 wi Tit  Co)  = 0 . 	(VI-67) 

9Air 

We assume that the behavior of the non-pole part of the pion disintegra-

tion amplitude, 1-1.01), in the limit ? 	0, is given by the Austern 

model amplitude extrapolated off the pion mass shell. To determine the 

behavior of this amplitude in the limit 7 -4,0, we first note that 1/p i  , 

given in equation (11-38), is well behaved in this limit. The pion mass 

appearing explicitly in this expression is associated with the exchanged 

pion, and is not extrapolated off the mass shell. Thus, the behavior of 

the Austern model amplitude in the limit 9 ---• o is governed by the explicit 

behavior of the invariant amplitudes in Table 1, and the invariant coeffi-

cients listed in Table 8. Recalling that vv= —?•k , and that Cr--P ?lin 
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the extrapolation, we see that the entire amplitude explicitly vanishes 

with (? except for the 9 1  term in the third coefficient R . To evalu-

ate this term, we recall 	1,0- , and we examine 

k2 = (P, -P) z =  h1 2-  - 	 
2 	2 

(9+d)2 - ( Pi+ P2) 2 = 2 vY1 2- + Pi•Pz 7  

and we find 

k 2- = ye— 	— 9r(90(  +2c1q), 	(VI-68) 

where we have neglected the deuteron binding energy. Thus we conclude 

T1.(0) - 0 	F(Y)1 2 ) = 2 H ( 11 2 ) 	 (VI-69) 

Equation (VI-69) is a new result for deuteron structure. In Chap-

ter IV we used it to speculate on the contribution of negative energy 

states to the relativistic deuteron wave function, and indicated that the 

symmetric relation 

G(ma) = 2 I (ni l ) 
	

(VI-70) 

seems also to hold, but the experimental proof we give in connection with 

the pion disintegration total cross section (Figure 13) is not conclusive. 

To construct the axial-vector amplitude explicitly, we make the 

assumption that WI! contains no divergenceless part, and assign it the 
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value of the expression within the large square brackets in equation 

(VI-66). For the partTinx , we examine the resonance amplitude in pion 

disintegration, which has the form 

Tri(1 2 ) ----- -05 { 	12L2 + 	U.k 4- R  12' 
2n1 

+ 	id] + 147  U • 9 	niK . 
2 m 	2 ni 

(VI-71) 

We extract a factor of Irto obtain 

1; 0, = 	 U.(  + Rz a  U- 	R3a  Jef 
m 

— km„Dr,kr) Fes.5rU4 + R6.< •J U. kc 
2 PYt 	 2 mt 	yr  

where the RA and Raare  given in Table 15. Here we write 

Tr 5.rz 	-V3 
30( 	 3 ?GCE-  I \- 3 at + R 3  d ot 

With the resonant part of Ago, specified, we are ready to give the 

axial-vector amplitude in the form specified by equation (1-29) using 

the invariant amplitudes specified in Table 5. Using equations (VI-50), 

(VI-52), (VI-66), and (VI-71), we reduce 317: , ')?7:T, and qn: to ele-

mentary forms which are easily rewritten as invariant coefficients times 

the entries in Table 5. We note that the 8 1r and fi,„ Tr are taken from 
A 

Tables 11 and 13, respectively, and IDrr 	
2 = 7 1 -mit.. 	In Table 16 we give 
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those parts of the coefficients which are independent of resonant struc-

ture, while the resonant contributions are given in Table 17. We remark 

that, although we use equations (II-8) and (IV-39) in the numerical cal-

culations in the next chapter, due to the speculative nature of these 

equations we have retained the quantities Gro— 2I,,and G--2I in Table 

16. 
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Table 15. Resonant Coefficients for Direct Coupling of the 
Axial-Vector Current in Neutrino Disintegration 
of the Deuteron 
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Table 16. Non-Resonant Coefficients for the Axial-Vector Amplitude 
in Neutrino Disintegration of the Deuteron 
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[- 2 m f F (t) +- Pug - 
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 {G(t) - 2 I (t) + G(u.)- 2 oil 
D (t) 	D N.) 	1  
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vri 
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+ 
D(u) ) 

 _ 

txt) 
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Table 16. (Concluded) 
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Table 17. Resonant Coefficients for the Axial-Vector Amplitude 
in Neutrino Disintegration of the Deuteron 
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Table 17. (Concluded) 
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CHAPTER VII 

NEUTRINO DISINTEGRATION OF THE DEUTERON 

In this chapter, we examine the kinematical restriction our theory 

places on the process of neutrino disintegration of the deuteron with 

forward lepton scattering. We then examine a theorem due to Adler,
51 

based on the CVC hypothesis, which indicates that the axial-vector cross 

section may be isolated in the type of process we consider. Finally, we 

evaluate the cross section numerically and compare with Adler's theorem. 

Kinematical Analysis  

There are a number of considerations to be made in connection with 

the determination of the laboratory differential cross section for forward 

lepton scattering. We will examine these in some detail and present the 

results in the form of kinematical graphs in the plane defined by the 

laboratory energies 	and E R . 

Allowed Momentum Transfers 

First, we note that neutrino disintegration of the deuteron occurs 

with space-like momentum transfers, ci a ( R, 	0 . In terms of 

laboratory energies with the lepton forward scattered, this is 

L 9 2 = 	-2 L E A  + Z (EA"- vrt Az  < 0 

We have two important bounds to consider. The first concerns the assump- 
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tion of constant nucleon vertex functions. If we use electron-proton 

elastic scattering as a guide, we see that the nucleon form factors first 

begin to show appreciable deviations for 7 2 <—.05(BeV)2. The second 

limitation concerns the PCAC hypothesis. To assure single-pion-exchange 

1 	 1 	 2 
dominance, we should require —yr z < cr< m  , where wi ll. = 02. (8). Thus, 

we examine 

L L 
111 	 + 	 11;9 1  < 7 1  (VII-2) 

for 7= —•05(BeV) 1  and —.02(13eV)
z
, and plot the results as boundary 

L 
curves in theE„Ex  plane. This is shown in Figure 29 for the case of an 

outgoing muon. For an outgoing electron, both curves are essentially 

vertical lines at the extreme left of the diagram. This merely says that, 

when the outgoing lepton is an electron, one must go to extremely large 

energy transfers to probe nucleon structure. Consequently, high energy 

neutrino experiments involving electrons should be much cleaner and more 

easily interpreted than analogous experiments with muons. 

Energy Transfer  

Our analysis of pion and photodisintegration has been limited to 

pion and photon energies below 450 MeV. Consequently, the same restric-

tion applies to our treatment of neutrino disintegration. This is indi- 

cated by the lines E
L 
 . 0 and 450 MeV in Figure 29. Here, we have 

also indicated the neutrino and lepton energies we have chosen for calcu-

lations. These are indicated by the horizontal lines at E v  = 600, 800, 

and 1000 MeV. The three other cases, Et = 3, 6, and 10 BeV, are not 

shown. 
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Figure 29. Kinematical Graph for Neutrino Disintegration 
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Vanishing of the Vector Contribution in High Energy Neutrino Reactions  

The following discussion parallels that of Adler.
51 

In neutrino 

processes with an outgoing lepton, the cross section for the process is 

proportional to 

T iCCr<fi VS,+ 	a<><A1 V0-  A&I c<>1 
	

(VII-3) 

where of and /3 are the initial and final states of the hadronic system, 

and 7-5:r is given by 

t a on -0 (ii-rs) (u)N( E) V7 (1+ Ts-) u()))
, 
 . 

lepton 
sPinS 

Using standard techniques, we can show that 

T i' cr oc 	 . 

Now we define 7 = 	, and assume that the mass of the outgoing 

lepton is negligible. Then R,v and ? are null vectors. Next, we assume 

that the lepton is forward scattered, and that the energy transfer ?() is 

nonzero. With this, we have 

( io , o , oz.) , 	= ( vo 0 ) 0 	) 

and we can write 

= 	, 	U= v„ 	. 
5o 	 TO'  



Then, 

T "o4 	I?. Tr  1.15-AR' Sr — Ts- rr er*} 

r* • 
q z 
0 

Using the properties of the gamma matrices, it is easy to show that the 

second term vanishes, and we obtain 
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(VII-4) 

Using equations (VII-4) and (VI-16), we can now write (VII-3) as 

Cross Section 0( < I 	Vg + A I, 0<>01 `) - , V + iDcl-A 0- 10(>1. • 	(VII - 5) 

From this, it is clear that, if the weak vector current is conserved, 

then the vector contribution to the cross section vanishes, and we have 

Cross _Sec ion 	03 I xf\;,0(‘>\2. 
	

(VII-6) 

Application to Neutrino Disintegration of the Deuteron  

The theory of neutrino disintegration we have developed is re-

stricted to energy transfers of 0 - 450 MeV for incoming neutrino energies 

greater than 600 MeV. Consequently, our process satisfies the condition 

of nonzero energy transfer. Also, since the energy of the outgoing lepton 

is not less than 150 MeV, it is clear that, for an outgoing electron (Me= 

0.511 M e v ), the conditions of Adler's theorem are satisfied. However, 
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for an outgoing muon 	105.7 MeV ), the lepton mass is not negligible 

at the lowest neutrino energies, and it will be of interest to see how 

seriously the cross section deviates from axial-vector dominance. We 

examine such questions in the next section. 

Numerical Results for the Neutrino Disintegration Cross Section  

Using the results of Chapter VI, the transition amplitude for the 

process Vi-ci 	p +  Q takes the form 

G 1 4 0 #  U (pi)  2
1. 

ir(v + )  
BA 	Fc.-)I. p 

4- 
1 
 E3: 4_ RnI A, 1C a (ED, (VII-7) 

A. . A 1 A.ot 

where the superscript V denotes the isovector part of the photodisintegra-

tion amplitude. In the present section, we use (VII-7) to predict the 

neutrino disintegration cross section differential in lepton energy and 

direction, for forward scattering of the lepton in the laboratory. 

Using the methods described in Appendix A, we construct the cross 

section summed over final spins and averaged over initial spins. In Fig-

ure 30, we show the cross section for both an outgoing electron and an 

outgoing muon. The muon cross section is shown resolved into contribu-

tions from the vector, interference, and axial-vector parts. The vector 

and interference contributions remain at this same level up to the highest 

neutrino energy examined (10 BeV) while the axial-vector contribution in-

creases approximately as the square of the neutrino center-of-mass energy, 

as would be expected from general considerations.
46 

Thus the behavior 

expected from Adler's theorem is obtained even when the lepton mass is an 

appreciable fraction of the lepton energy, and the relative importance. of 
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the vector current diminishes rapidly as the lepton energy becomes pre-

dominantly kinetic. For an outgoing electron, the vector and interference 

contributions to the cross section are five orders of magnitude smaller 

than that shown for the outgoing muon, shown in Figure 30, as was ex-

pected on the basis of Adler's theorem. In fact, Adler's theorem serves 

the corrollary purpose of providing an independent check on the complex 

spin sums and computer programs required to evaluate the vector and inter-

ference cross sections, in that these quantities must vanish for a mass-

less lepton. Because of the close similarity between the vector cross 

section and the photodisintegration cross section computations, the check 

serves there as well. 

In Figures 31 and 32, we give the neutrino disintegration cross 

section for both outgoing electron and muon, for neutrino laboratory 

energies up to 10 BeV. The most notable feature of the cross section, 

besides its growth with energy, is the fact that the contribution from 

the d resonance becomes more pronounced at higher energies. We remark 

that the calculation of pion disintegration via the Austern model is quite 

unambiguous, and fits the experimental data very well. Consequently, the 

present results for neutrino disintegration, due to the axial-vector domi-

nance, provide a highly characteristic test of the PCAC hypothesis. How-

ever, at present, there exists no data for comparison. The weakness of 

the interaction, together with the limitations on neutrino beam inten-

sities make even total cross section measurements extremely difficult, and 

our theory applies to the even more restricted case of forward lepton 

scattering, differential in lepton energy. 
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Figure 31. Differential Cross Section for E = 600, 800, and 1000 MeV 
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APPENDIX A 

NOTATION, CONVENTIONS, AND CROSS SECTIONS 

In this appendix, we list the important conventions used in this 

work in summary fashion. This is followed by a brief discussion of 

cross section computations, and a list of the three disintegration cross 

sections. 

Conventions and Notation 

Metric 

We use the metric tensor 

1000 

0 -1 0 0 
9 	0 O-1 

0 0 0 -1  

Gamma Matrices  

The gamma matrices have the anticommutation relations 

For an explicit representation we use 
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where 

= [1.  o 
0 

and the 07, are the Pauli spin matrices with explicit representations 
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Cr 0 1 

1 o 

= [0 	 [1 0] 
Cr

3 
 'I= 

C) — 1 

Slash Notation 

We use the Feynman slash notation to represent 

Is= P = Az( = -r°p. - 	r • 

Then, the momentum space Dirac equations for positive and negative energy 

free particles having spinors U(p,S), V(p,g) are 

and 

Here, 

(,fa' - ryt) u (P, 	o = u(P,S)(,?'-Wt) 

(4zr + 	(P, s) o 	(P, s) C(f+ ) = Co+ 	Ci r(p , s ) • 

= u tro 	V = ?i f  ro 

and t denotes her metian adjoint. 



Spinor Properties  

The spinors are normalized according to 

( 1) 1 5...OU(P'S) = 1 =- - 17 (P5 S)V(P, 5) 

and may be used to construct positive and negative energy projection 

operators via 

ct(p,$)0 Ci(p,$) = ,F1 -1.-rr  2  
+s 	 ZM 

and 

V(PI S)0 V(P,S) = 
+s 	 2m 

Cross Sections  

The differential cross section for the scattering of two initial 

particles a and b to N final particles is given by 

1 	N4N6 11111
2 
 "tr 	N., 64 3  	(zrr) g ( ea+ P6—  f...-. T R) • 

Va-76i 	
A.1 	( 2.03 

(A-1) 

Here liv4„14,1 is the relative speed of the incoming particles, N denotes 

a kinematical normalization factor which is 1/2E for a boson and (WO' 

for a fermion, and 7ri is the invariant Feynman amplitude for the process. 

In our case, 11111 2 is the squared modulus of the quantity we have called 

the disintegration amplitude, summed over final particle spin states and 

averaged over initial particle spin states. We define the disintegration 

amplitudes in equations (I-1) and (I-6). 
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Pion Disintegration  

For Pion disintegration we have, in the center-of-mass frame 

4/50  and Vd .a/d0 . Using d = -/ , we then obtain 

do-. 1 1 	1711.1 2 d 3 P, d3Pa S 4 (pli-pz -q-c1 ). 	(A-2)  

	

1611 (9,0-d0)1/1 	E1 	El 

Integrating (A-2) over 	results in the restriction 	p PI 	p 	
, 

and integration over E, then requires E l  = E z  = E +cio)/2 . Using 

Tables 8 and 11 to construct the disintegration amplitude, and averaging 

over the three deuteron polarization states, we obtain 

6 

	

/ A- 	it 	T 	2 (dor\ 	 LOI 	 . (A-3) 
cLapict4  oirz Ez 191 c 3 A ts•s,. I 	2=1 

The total cross section is then obtained as 

C m  = f 	(do- 	p 3 	 (A-4) 

	

2 	.-cUlf,/cm 

where the factor of 1/2 is inserted because we have two identical final 

state particles. In general, the total cross section contains a factor 

of 1/mA for each set of 	identical final state particles. 

Photodisintegration  

Here, the construction of the cross section is identical to that 

for pion disintegration, except for the photon polarization. Defining 

B' as the sum of the entries in Tables 12 and 13 (for both values of 5) 

and the appropriate term in V-16 when A.= lor 5 , and obtaining R. 

from Table 10, the differential cross section is 
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(

8 °-  =  	
6 ± 	

(6:.tani:ecir(P2)1 2  2 (A-5)  cillp 	61-1r- E 2  171 	p A ±S,±s, 	4=i 

where p  denotes photon polarization. The total cross section is then 

" 	f ((JO- ) cill e 	 (A-6) 
,c1-0.0cm 

where there is no statistical factor for photodisintegration, since the 

neutron and proton are distinguishable. In this connection, we note that 

the differential cross section for pion disintegration will be symmetric 

about the center-of-mass scattering angle of 90 degrees, whereas the photo-

disintegration differential cross section will be asymmetric, in general. 

Neutrino Disintegration  

In this case V: = 
E-5.:c/E 	= 	EL  , and ;f c  —cl` --( TV- RC) 

Then 

1  Ed  = 	  
I 	Vdc  I 	 E )15:- E: P:1 	E; ÷E: - 1 0A1 

(A-7)  

for forward scattering of the lepton, where we have used 	= 	. 

Then we have 

do-= rem. vni 	1 1  	d 3  Pi  cl 3 P d 3Px EP0-4-PePIHDI). 61-e E; Ex (Ecci 	-I 041) Et E z  
(A-8)  

Integrating over A.  and Ei  , we get P,  . p , P
i =_ 	, and 	E , 

where 2 E = Evc +Ed Integrating over the solid angle of the out-

going protons, introducing the statistical factor of 1/2, and using the 

symmetry of the disintegration amplitude about 90 degrees center-of-mass 
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proton scattering angle, we obtain the cross section differential in muon 

momentum 

1 
do- 	lertvylvv -n5L 	I 	d 3  Px 	plircfrosOp  • 	(A-9) 

32 Ir .+ 	 - i=3,e1)(E4c+E„c- E;) 

Then, using (VII-1), and 

d 3 P2=1PWc1 P4.1 d-RA=ERIP, cl ci -a; 

we obtain 

( d o- ) 
cl_f19. /cm  

env rrot  
32Ar 4  
	  X 

E,`,-I NIXE: ÷E-En 

(A-10) 

So 
G 

St„ SA  Z 

A)  A 

U 19 a ( PI ) 	Oils (1-  R: (v)) I Lie  

T 
e (PO d Cose p . 

A=1 

We remark that we have used the artifice of assigning the neutrino a 

nonzero mass w, . Then in the evaluation of the spin sums in (A-10), 

-go*i 
the factor 01, = (A(P.t, sit ) 1-  1 4- I's-) (-401.3 Sm) 	will lead to a projection 

operator 

and 01 1„ will not appear explicitly in the final result. 

The transformation from the nucleon center-of-mass frame to the 



laboratory frame deserves comment. Following Hagedorn,
53 

we write 

"b
1 0

.b = D(Eit, 11`1)(p;,$)."1)a(P;, 9:,07t)a(Pi c5:1 gcl,P3c.Ox  (A-11) 

') 	 ( PRc  '14) (P;, G-ce (K) (Pacx ,P2cA P3`.0 a (RI. , 	 1  

	 P';/)(Pit4,eiLt",(1).6 	PAL ,-We') 	3 2' cr C  

a (R6 ) eiLz )44) 	(R:',_a;) 

Here we use the Jacobian notation 

Cx Y)  _ det 
c)( 11 , Z)) 

We have 

max aX 
aau a 
a_y ay 

av, 

(E, 	p = 1/ 	 
a (Pall) 	E 	aCE-110 

(A-12) 

and 

(P,$)..) 
(P“),(1)) 

sifrIG 	/  ( p e 4)) 

a( P1 11 ) 

,D(R,R,P3) 	.1/ 	 ( P'°1(P)  
,D(P,9,0) 	 a(Piyaili) 

For the Lorentz transformation, we define the total energy and 

momentum of the nucleon system by C and o)  , where, in the laboratory, 
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E = 	M A  -E s 	CP
L 
 E„ 	, 	(A-13) 



and we introduce 
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(A-14) 

Then, for forward lepton scattering 

PI R. 	P 	
C = 	L 

1 R 	P2,1; 	P2 / P3 	6  ( 	R P EA) .  

Thus 

, (FsicA 7  lac*  7P3;) = D r3cR  =ecic =T[1—/aP1)• 

a ( RI; piLe P303 P3 `,:z 	PAL 	 EA  

= 	EL 
(EL _ 1)1 

(A-15) 

Then, combining (A-12) and (A-15), (A-11) becomes 

L 	U L a 	R 
a q ().11,t6 	ER p4c.  

(A-16) 

where r and /3 are defined in (A-13) and (A-14). 
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APPENDIX B 

PHENOMENOLOGICAL WAVE FUNCTIONS FOR THE DEUTERON s AND d STATES 

In reference 45, the deuteron s and d states are assigned the 

general forms 

1_,(00 	N co3 Li e 
et_ft 	

) e 
	

(B-1) 

and 

w(x) N sin c E i  _ e-Tecoc -x.1 2 e- e(x. 	 (B-2) 

[ 	3  ( 1 era x + 3 (1_  e -re<x ) z i  
)  

ck X 	 (PX 2  

where X ?.:X c  . Here, the input parameters are the deuteron binding 

energy B, the triplet effective range Ve , the deuteron quadrupole moment 

Q, the deuteron magnetic moment J4 , and a hard core radius X, . The 

hard core radius is provided to allow an extra degree of freedom in fit-

ting the triplet scattering data at higher energies. These physical 

parameters occur in (B-1) and (B-2) both directly and indirectly. The 

binding energy occurs in c<=. (nrie)k The triplet effective range appears 

in 

N = 	2 a 	. 
I. —0( a 

The magnetic moment is indirectly related to the d-state probability, and 
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thus determines the angle 	. Finally, for a given X,, the quadrupole 

moment and overall normalization determine the parameters # and T . 

The deuteron binding energy is well determined at 2.226 MeV. 

There is an ambiguity in the triplet effective range, and in the determina-

tion of (B-1) and (B-2) two values are used, 1.704 X 10 13  cm and 1.734 X 

10-13  cm. Ambiguity also occurs in the determination of RI from kk, and 

provisions are made to examine the three possibilities Pd= 3%, 1%, and 

5% . The measured quadrupole moment is Q = 2.738 X 10 27  cm2 , and three 

values for X c  are examined, X,= C), 0.4316 X 10 -13  cm, and 0.5610 X 10 -13  

cm. The resulting parameter values are tabulated in Table B-1. 

Of the input parameters which are given multiple values, the hard-

core radius and the d-state probability have the most pronounced effect 

on the form of U(x) and W(x), the difference associated with the two 

values of l(e  being insignificant. 

Using the conversion VG< = 4.316 X 10 13  cm, we can write (B-1) and 

(B-2) in the dimensionless form 

U(Y) = N cos 	- e- f3 "- Yoj e- Y, 	 (B-3) 

and 

	

w ( y) 	 N sin c  [ 1 _ e-r(y-yc) z. e-y . 	 (B-4) 

{. 1 + 3 (1 —C .")  + 3 (1 — e-TY) 2 ] 
yl 

where y=cxx . Introducing s= r/A , where r is a momentum, we can 

write equations (IV-6) and (IV-7) as 
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Table B-1. Parameter Values for Deuteron s- and d-State Wave Functions 

X, (cm) re (21m) RN) /9  11-  Sind Cos€, 

3 4.860 2.494 .03232 .99948 

1.704 X 10 13  4 4.751 2.922 .02928 .99957 

0 5 4.647 3.275 .02754 .99962 

3 4.741 2.505 .03192 .99949 

1.734 x 10-13  4 4.637 2.936 .02891 .99958 

5 4.536 3.289 .02720 .99963 

3 8.237 3.155 .02942 .99957 

1.704 X 10 -13  4 7.961 3.798 .02666 .99965 

0.4316 x 10 -13  5 7.699 4.346 .02514 .99968 

3 7.933 3.175 .02901 .99958 

1.734 x 10 -13  4 7.675 3.814 .02634 .99965 

5 7.431 4.364 .02487 .99969 

3 10.223 3.413 .02873 .99958 

1.704 X 10 13  4 9.814 4.144 .02611 .99966 

0.5610 X 10 13  5 9.433 4.771 .02471 .99970 

3 9.774 3.436 .02832 .99960 

1.734 X 10 -13  4 9.397 4.170 .02577 .99967 

5 9.045 4.799 .02438 .99970 
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oo 
tito (5) = 	S U.(Y) j o  (Sy) yd y 7  

Y, 

(B-5) 

and 

Wi. ( S) = 
	

;/(y).3 1  (sy)ydy 
	 (B-6) 

Y, 

Using the definition given in (IV-8), we can apply the transformations 

(B-5) and (B-6) to the wave functions given in (B-3) and (B-4). We ob-

tain 

Cr)uo 	= N co s  g e -Y°  f sin 

(Sys) 

 [ 1 	- 	1 -1- 19 
oil s 	 +S1 	(1i.8) 2 + szi 

(B -7) 

and 

+ S Co s (SYc)[ 1 	 1  
1+ sx 	(1 +p ) 1+s 2  

Wz  (s) = N s;nli  f e:Y1 sirs  (sy,) [-- 	+ 2 (1+ 7f)  

	

0( 2 	 S 2 	si+ (1+-0 2  

— Li-Zr 	+ 3 lf` l  (1 — e-rYc) 2) + cos (sy,) C—  1  

	

Sit (1.+2.10 1  S 	 L t sa 

(B-8) 

+ 	 1.  + 9 ( 1+1r1 1 )[_ ( 1 + 6') 
+(t-i-zr) 2) 	 S 3  

3 

- 9 (1+702  +- 3 (1+ -6) -- 3 
.2.S 3 	 S 	2.5 

e -cyc 3 (- 1÷ .11 3 
3 3  

— 9 (14. -6`) 2  + 	( i+-r) + S(1+T) — 1)] + 5 (1+1T, 1) x 

[ — 3  (1+ . 2x) 3  — 3 _ (1+230 + elrA [— 	( + zr) 3  + ---  
2. s 3 	 s 	 S s  

(continued) 
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+ 	( 210 2-  - ( ii- zr)+3.3+ ezrT-  3 (1 +2r) 3  

	

3 	 25 1  

+ 9 (ii-zr) 2" - 	(t+/..r)-3_ (1+21r) + 

	

2.s 3 	S 3 	zs 	zs 

+ 9 (1+3T, 1)[C 3 (1+30)3  4- 3 (14-370)e l.Yc 

+(3  (1+3111 3 -  'a- OA-  311 2" 4- 1 (I.+ 3r) - 	ea 's"' 
1 

zs 3 	 2. S 

+ 

 g (

- 3 (14-4-T) - 3 (1.4-le lrYcl 
2S 3  25 

where 

00 

9(a71)= 	e-"S;bi(sy)cly 	 (B-9) 

In the limit 	, we have 

uo  C5) = N cos E r 	_ 	 
Cyc . 	 all L i+sz 	(14/3)24_ s4 

' 

(B-10) 

and 

1,4/ 1 (s) = NSin § - 1 	4- 	2 	1  
(Y, o) 	a t 	 V4-1 	 s 1 +0.-1-210 1  

+7;, 1  (-§-
r  [ 6 (1+113  - 27 (1+10 a  + 6 (i+r)i- .6(1 4-r)-5....] i+ 2S3 	S 3 	S 	Zs 

(B-11) 

+1,2;i 1 ( S 
1+Zir 

(142:6)3 + 	(1.+2..r) t - 3 (1-1.231 9 - Cf.+2.r +I] 
zs' 	s 3  

(continued) 
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+ Tc"; ( 	y- 	(1+ 3 -03 — 	( 1 4- 370 1  + (1+3r) 
14-3r LTi 	zsa 	 S 	 Zs 

	

T4,,1
1/4, 	

3  (1+1103 - 	(it 4 r)1 
 1 I-4V 	 2 S 



APPENDIX C 

BEHAVIOR OF THE DERIVATIVES OF THE dNN VERTEX INVARIANTS 

NEAR THE MASS SHELL 

We begin by considering the relation between the variables t and 

At the dNN vertex the deuteron enters with momentum d and the two 

nucleons leave with momenta p and p' , and we take p to be off the mass 

shell, and t.=. p' . We have 

and thus, 

and 

Thus, we obtain 

Now, 

p + p' 	r= P - P' 

d a  = Md.  = P z + P'P l÷rYl l  

r z  = p1-zp-p'4-rn 2 . 

t = 2r 2 -1- 	- vn 2  • 

(C-1)  

(C-2) 

(C-3) 

(C-4) 
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NAA 	(e+ Te"
2
) 	7 	 (C-5) 
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rAdt  - Mcl (lee+ -1?"'" 1) 	r 	 (C - 6) 

and 

r z,_ rot -V.  = Ma - mA (vnxi- -P)1  4- re. 	 (C-7) 

Thus, we can use (C-7) to rewrite (C-4) as 

t = M + vvt l  — Ma (l e+ 0 2 ) jr 
	

(C-8) 

Then, on the mass shell, t= Inel l  and 

1\11.■ - zrski (wiz+ TP) 1  = 0 • 
	 (C-9) 

To be consistent with the approximations made throughout this work, we 

expand (C-9) to first order, and obtain 

• • 

	

+ 0( = 0 	 "= :41 0( 
	

(C - 10) 

To examine the derivatives of the dNN vertex invariants near the 

mass shell, we use the chain rule to write 

	

F = 	d11'1  , 	 (C-11) 

t 

We may use (C-8), with Ir.' = r , to write 
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d r 
	
- 

 (yr12-4-r1)1 	 (1012'-o(2)  

zrts.id 	 2 oc W 

(C-12)  

on the mass shell. Thus the behavior of dF/dt for t--+ fr ► .1^ is determined 

by the behavior of d 	r for 

Now, examination of equations (B-10) and (B-11) for up (r) and 

Vi z  (r) shows that, near r= Z a , they have the forms 

(r) 	A  
r 2-+ c.( z  

(C-13)  

and 

W2 (r) 	B  
rat 00- 

(C-14) 

and all of the other terms in these functions are analytic (possess de-

rivatives of all orders) at r= loc . Thus, near the mass shell, F and G 

may be written in the form 

F = N ri+ 0( 2)( + b ra) ( A - 	7 	 (C-15) 
‘71-17;( 1  

and 

G= N (eFo) 	C (r .4+00)3 B 	+ F 	 (C - 16) 
z- 

where we have used the prescriptions for F and G given in equations 

(IV-40) and (IV-41). 

From the equations (C-15) and (C-16), it is clear that ci Ficit 
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and ci Gicit I vntexist. Then, using either of the prescriptions (IV-34) or 

(IV-39), it follows that d Niclt ire and d I/dt I wil exist. 
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