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SUMMARY

Since the mid 1950's, increasing refinements in nucleon structure
measurements, and the necessity of using deuterium as a source of target
neutrons has caused an increasing interest in relativistic analyses of
processes involving the deuteron. The most widely used technique in this
area has been dispersion theory. The main purposes in this approach have
been to obtain an accurate description of deuteronm structure, as it ap-
pears in electron scattering and electro-disintegration, in order to allow
an unambiguous determination of neutron form factors, and a significant
amount of work has been done which seeks to describe other disintegration
processes. Unfortunately because of the approximation techniques used,
dispersion treatments of these processes have produced useful results only
at low to moderate energies for the incident particle, and fail to account
for a prominent peak in the total cross section for both pion and photon
disintegration of the deuteron.

In 1955, Austern developed a simple heuristic model based on the

K

assumed dominance of the nucleon resonance in pion and photon induced
disintegration, and used the model to determine simple cross section ratios
in the vicinity of the resonant peak. In 1966, Barshay gave a relativ-
istic formulation of the Austern model which contained a cut-off parameter
in the divergent closed-loop Feynman integral, chosen to fit the photo-

disintegration total cross section data in the vicinity of the resonant

peak. He used the formalism to make a conjecture on the possibility of
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failure of time reversal invariance in the process y +d - n + p. Neither
Austern nor Barshay attempted to formulate a complete, relativistic ex-
pression for the deuteron disintegration cross section. Austern's analy-
sis was nonrelativistic and neglected background terms. Barshay's treat-
ment neglects background terms, and although he starts from a relativistic
Feynman amplitude, his analysis is performed in terms of Pauli spin ma-
trices.

The first systematic attempt to represent deuteron disintegration
over a wide range of energies, including the resonance region, was made
by George in 1967. George's treatment uses Barshay's relativistic formu-
lation of the Austern model, modified by a A-N pion-exchange form factor
developed by Ferrari and Selleri, improved values for the AnN and AYN
coupling constants, and a A propagator developed by Mohan and Agarwal.
For the background terms, George introduces nucleon-pole and deuteron-pole
amplitudes. The nucleon-pole amplitudes involve two vertex functions;
the deuteron-two-nucleon (dNN) vertex function with one nucleon off the
mass shell, and the NN or NyN vertex function with one nucleon off the
mass shell. The deuteron-pole amplitude 1s pure isoscalar and thus appears
only in photodisintegration. It also involves two vertex functions; the
dNN vertex function with both nucleons on the mass shell and the deuteron
off the mass shell, and the dyd vertex function with one deuteron off the
mass shell.

In George's work, and in ours, it is assumed that the NyN and NmN
vertex functions do not deviate appreciably from their values with both
nucleons on the mass shell. This is just the assumption that nucleon

structure is not important at the energies we consider, other than that
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implied by the Austern model. Thus the NYN vertex is specified in terms
of the Dirac and Pauli coupling constants, and the NmN vertex in terms of
the pion-nucleon coupling constant. The deuteron, however, is a very
loosely bound structure on the energy scale considered, and it is expected
that the dNN vertex function will be a very sensitive function of off-
shell momenta,

In George's calculation, the simpler case of pion disintegration
is considered first, both because the analysis is simpler, and because the
experimental data is considerably better than that for photodisintegration.
As mentioned above, only the nucleon-pole amplitudes occur in the back-
ground for this process. Since the dNN vertex function in these ampli-
tudes involves one off-shell nucleon, its rigorous description requires
the specification of four functions of the (invariant) square of the off-
shell nucleon momentum, called "invariant" functions. In transition ampli-
tudes, the contribution of two of these functions, H and I, relative to
the contribution from the other two, F and G, vanishes in the limit that
the off-shell nucleon approaches the mass shell. This does not mean that
H and I vanish on the mass shell, just their relative importance in the
transition amplitude. Indeed, we show in this work that H and I are both
non-zero on the mass shell., In the following, we will designate the mass-

shell limits of the vertex invariants by Fo’ G Ho, and Io'

o?
The mass-shell invariants,Fo and Go have been specified in terms of

the physical parameters of the deuteron, including the binding energy, the

asymptotic d-to-s admixture ratio p, and the triplet effective range r,.

The specification of the mass-shell invariants Ho and Io constitutes one

of the principal contributions of this work.
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Having no means of specifying H and I, and not knowing the precise
forms for G and F, George attempted to specify the dNN vertex function in
terms of Fo and Go’ multiplied by a form factor introduced by Lebellac.
The form factor corresponds to the assumption of a single simple Hultheén
wave function to describe both the s- and d-state of the deuteron. With
this background amplitude, George found that, if the physical values of
Fo and Go were used (corresponding to p = three percent), the background
contribution to the pion disintegration total cross section completely
obscures the resonant peak. George's approach was to modify Fo and Go by
making a parametric adjustment of p down to a value of 0.6 percent. With
this value of p in the background amplitudes, and a cut-off parameter in
the resonant amplitude close to the value found by Barshay, George suc-
ceeded in obtaining a reasonably good fit to both the total and differ-
ential pilon disintegration cross sections.

With an adequate description of pion disintegration, George sought
to use the same parameters in the nucleon-pole and resonance amplitudes
in photodisintegration. As we have remarked previously, the isoscalar
deuteron-pole amplitude involves both the dyd and dNN vertex functions
with an off-shell deuteron. With the deuteron off-shell, these wvertex
functions are quite complex, and, in general, unknown. George's procedure
was to evaluate these vertex functions with the deuteron on the mass shell,
and to use the value p = .6 percent In this amplitude as well. There is
really no reason to expect that this procedure adequately represents the
deuteron-pole-term, and examination shows that the resulting cross sec-
tions deviate only a few percent from those obtained by neglecting the

deuteron-pole amplitude altogether. Once the deuteron-pole vertex func-
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tions are restricted to the mass shell, some such procedure for damping
the deuteron-pole amplitude must be adopted; otherwise, it leads to a di-
vergent cross section at high energies. Using this technique, George pur-
ports to obtain a reasonably good fit to the photodisintegration total
cross section, but with a severe lack of agreement with the differential
cross section data.

When the present work was initiated, our purpose was twofold:
first, the parametric adjustment of p to the extremely small value of 0.6
percent is unphysical. Estimates of p taken from deuteron magnetic mo-
ment measurements indicate that p is of the order of three or four per-
cent, and the uncertainties in the data are not so large as to permit sig-
nificant deviations below this value. We felt that the necessity of ad-
justing p to such a small value is symptomatic of large errors being in-
troduced, either by neglecting H and I, or using incorrect forms for F and
G, or both, and we sought a more physical method of treating the dANN ver-
tex function, Second, we intended to use the pion and photodisintegration
amplitudes obtalned from George's model (with our more physical dNN ver-
tex function) to construct the amplitudes and cross section for neutrino
disintegration of the deuteron, and thus make a prediction for the contri-
bution of the A resonance to this process. The connection between pion
and photodisintegration and the weak process of neutrino disintegration is
based on the conserved vector current (CVC) hypothesis directly relating
first order electromagnetic processes to the weak vector amplitude for a
similar process and the formal field-theoretic partially-Conserved Axial-

Vector Current (PCAC) hypothesis, indirectly relating pion processes to
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the weak axial-vector amplitude for a similar process. Remarkably, we

have found that the execution of the second part of our program has a fund-
amental influence on the first, in that the PCAC hypothesis imposes a con-
sistency condition on the dNN vertex function, which in turn, suggests a
second condition on the vertex function which seems to be borne out by the
limited experimental data.

The first step in our program was to repeat George's calculations
for pion and photodisintegration, using his dNN vertex function, both to
check his results, and to provide a check on the complicated algebraic
manipulations and spin sums which must be performed. In pion disintegra-
tion, we found some minor algebraic errors in the resonant amplitude,
which, when corrected, give a total cross section which is superior to
George's published curve at high energies. In photodisintegration, the
analysis of the resonant amplitude is far more complex than in pion disin-
tegration. This is because the amplitude itself is more complex, and the
algebraic reduction of the amplitude to standard form is very complex.

In George's work, the reduction of thls amplitude was done by means of a
symbol manipulation program developed by Hearn. Lacking facilities to
implement this program, we had hoped to use George's published amplitudes
directly. However, when we attempted to reproduce George's published
cross sections, we obtained results which were totally unreasonable. Con-
sequently, we have performed the reduction of the photodisintegration
resonant amplitude by means of a hand calculation, and the resulting in-
variant coefficients are markedly different from those published by

George.
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Having resolved George's calculational errors, we proceed to ex-
amine the dNN vertex function with one nucleon off the mass shell. The
method we use here is based on a technique developed by Gross, which ap-
pears to have escaped the attention of other authors. Gross' technique
is to develop an approximate Bethe-Salpeter amplitude for the deuteron,
and to decompose this amplitude into two amplitudes, one of which reduces
to the nonrelativistic deuteron wave function near the mass shell, the
other being associated with antiparticle contributions to relativistic
deuteron processes. The two amplitudes are expressible as combinations of
the dNN vertex invariants F, G, H, and I, and these may be related to phe-
nomenological deuteron s- and d-state wave functions, provided some means
of estimating the antiparticle amplitude is available.

Gross' method for determining F, G, H, and I is to argue that the
antiparticle amplitude may be made to vanish identically, provided that
the non-relativistic deuteron wave function 1s expressed in terms of phe-
nomenological s- and d-wave functions, since antiparticle contributions
should already be 1lncorporated by virtue of the fact that the wave func-
tions are chosen to fit experimental data. This prescription leads to the
requirement that one of the invariant functions, H, must vanish identi-
cally. Gross then indicates that this requirement is unphysical, since
independent estimates indicate that H is non-zero.

We have followed the prescription outlined by Gross, but we have
adopted a different, and we believe, a more fundamental method of treating
the antiparticle amplitude. 1In our application of PCAC to neutrino dis-

integration of the deuteron, we obtain a consistency condition on the dNN
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vertex function, which requires that the mass-shell values of F and H be
related by Fo = ZHO. Returning to examine the antiparticle amplitude in
the deuteron Bethe~Salpeter amplitude, we find that the lowest order term
in this amplitude (in terms of ;Z/ma where ; is the relative nucleon mo-
mentum) is Fo - 2Ho - Go + ZIO. In view of the relation between Fo and
Ho, we are then lead to modify Gross' argument to the requirement that the
antiparticle amplitude vanish in lowest order. We then obtain the sym-

metric relation G, = 21 _, and we do not have the inconsistent requirement

o?
that H vanish.

Comparing our vertex invariants to those obtained using Gross' pro-
cedure, we find that F and G are virtually the same, while H and I appear
to be significantly different. However, it is known that, near the mass
shell, F and G are related by G = 25F (for a d~to~s ratio of three per-
cent). As a consequence of this relation, our prescription for the invar-
iants is quantitatively nearly the same as that given by Gross, and the
two methods lead to predictions for cross sections which differ by no more
than a few percent.

With a prescription relating the dNN vertex invariants to deuteron
s- and d-~state wave functions, we select phenomenological wave functions
of the form given by Hulthén and Sugawara. With a cutoff parameter in the
pion resonant amplitude corresponding to the value used by George, we con-
struct the total and differential cross sections for pion disintegration,
using phenomenological wave functions corresponding to d-to-s ratios of

three, four, and five percent. Each of these gives cross sections which

fit the experimental data as well or better than George's method, with the
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best result occuring for a d-to-s ratio of five percent.

Having obtained an excellent fit to the pion disintegration total
and differential cross sections using the phenomenological method, we es-
timate the importance of the invariants H and I. If H is omitted, the re-
sulting cross section differs by only a few percent. This is approximately
the difference between Gross' identification procedure and ours. However,
if I is omitted, the cross section changes quite significantly, indicating
the importance of this invariant in the dNN vertex function, and suggest-
ing that our relation Go = 21o is correct, since it produces agreement
with experiment where any significantly different prescription will not.

With pion disintegration of the deuteron accounted for, we attempt
to test the generality of our prescription for the dNN vertex function by
applying it to photodisintegration. In doing so, we encounter significant
difficulties. In photodisintegration, we encounter two additional ampli-
tudes which are potentially important in the energy range below 450 MeV,
The first of these is the deuteron-pole amplitude. This amplitude in-
volves the dvyd vertex function with an off-shell deuteron, and the dNN
vertex function with an off-shell deuteron, neither of which 1is known.

In the limit that the deuteron is on the mass shell, this amplitude can

be constructed, and it is known to be unimportant at low energies. If the
on-shell form is retained at higher energies, it leads to a divergent cross
section, Consequently, it is clear that the above-mentioned vertex func-
tions must contain momentum dependence which damps the deuteron-pole am-
plitude at higher energies. The second additional amplitude 1is the
exchange-current amplitude, and corresponds to the coupling of the photon

to a charged pion exchanged between the outgoing nucleons, This amplitude
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involves the dNN vertex function with both nucleons off the mass shell,
as well as a closed momentum loop. Consequently, its analysis is quite
difficult. In this work, we outline a method for calculating this ampli-
tude, but we do not attempt to carry it through.

With essentially no knowledge of amplitudes whose relative impor-
tance is unknown, it seems questionable to attempt any quantitative cal-
culations for photodisintegration. However, by calculating cross sections
using only the nucleon-pole and resonance amplitudes, and using the pion
disintegration parameters as a guide, we can at least get an idea as to
the nature and magnitude of the contribution from these amplitudes. Us-
ing the parameters of pion disintegration, we find that George's prescrip-
tion produces a total cross section which is much too low below the reso-
nant peak. Then, using the phenomenological dNN vertex function, we find
that d-to-s ratios of three, four, and five percent produce successively
better estimates of the total cross section. In all of these calculations,
it is found that the resonant mass must be adjusted to locate the peak
properly (1190 MeV as compared to 1210 MeV for pion disintegration), and
that the cross section is too large at the peak. Using a d-to-s ratio of
five percent, we adjust the resonant width from the pion disintegration
value of 120 MeV to 143 MeV, and obtain quite good agreement with the to-
tal cross section.

With the total cross section reproduced, we examine the differential
cross section, We remark that, contrary to George's reported result, we
find the differential cross section to be peaked at 90 degrees center-of-

mass scattering angle, as originally reported by Austern., To describe
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our conclusions, we digress for a moment on the isospin structure of the
photodisintegration amplitude. 1In first-order electromagnetic processes
involving two nucleons, the amplitude may be decomposed into isoscalar
and isovector parts. The isoscalar amplitude is symmetric and the iso-
vector amplitude antisymmetric in the space and spin variables of the two
nucleons. Consequently, either a pure isoscalar or a pure isovector am-
plitude will lead to a differential cross section which, for our process,
is symmetric about 90 degrees center-of-mass scattering angle, and a mixed
amplitude would be expected to show asymmetry in the center of mass system,
For photodisintegration, the resonant amplitude is pure isovector, and the
nucleon-pole amplitude is nearly pure isovector. Thus, as expected, our
calculated differential cross sections are very nearly symmetric in the
center-of-mass scattering angle. The experimental cross section, however,
while symmetric near the resonant peak (the choice of a pure I = % A res-
onance model is based on this fact), shows a significant asymmetry both
below and above the peak. Thus, while the omitted amplitudes appear to
have little influence on the total cross section, they are obviously im-
portant for a correct differential cross section, Significant in this
connection is the fact that the deuteron-pole amplitude is pure isoscalar.
With photodisintegration described as wgll as our model permits,
we next consider the problem of neutrino disintegration of the deuteron.
Using the CVC hypothesis, the weak vector amplitude is obtained directly
from the isovector part of the photodisintegration amplitude. Since we
consider only the neutrino disintegration cross section integrated over

outgoing nucleon moments, the deficiency in the photodisintegration
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differential cross section should not be important, but this is not an
important point as we will find that the weak vector amplitude does not
contribute significantly to the process we consider: v +d - 4 +p +p
with a forward-scattered lepton.

We construct the weak axial-vector amplitude using the PCAC hypo-
thesis in a technique suggested by Adler. The PCAC hypothesis states that
for momentum transfers satisfying mrm® = ¢ =z -mv, the divergence of the
axial-vector current is proportional to'the pion field. This may be used
in an indirect fashion to relate the weak axial-vector amplitude to the
amplitude for pion disintegration, which we have successfully described
with a presumably physically correct model for the dNN vertex function.
In applying PCAC to neutrino disintegration, it is found that a consist-
ency condition occurs which requires that a linear combination of Fo’ Ho’
and the zero-momentum limit of the non-pole part of the pion disintegra-
tion amplitude vanish. We assume that the Austern model resonant ampli-
tude, extrapolated off the pion mass shell, correctly describes the non-
pole part of the pion disintegration amplitude in the zero-momentum limit,
and we find that this amplitude vanishes. This leaves the consistency
condition Fo = ZHO, which was discussed above,

Having constructed the neutrino disintegration amplitude, we con~-
struct the cross section for forward scattering of the outgoing lepton,
differential in lepton energy, and integrated over outgoing nucleon mo-
ments. The kinematical restrictions our theory places on the process
limit us to neutrino energies above 600 MeV and energy transfers in the

range 0-450 MeV. This general type of process (where a general hadronic
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system replaces the two outgoing nucleons) has been considered by Adler.
He has shown that, if the mass of the outgoing lepton is negligible, then
the cross section is proportional to the square of the matrix element of
the divergence of the weak current, Consequently, if the vector current
is conserved (which we assume) then the vector contribution vanishes, and
the cross section depends only on the divergence of the axial-vector cur-
rent.

In our process, the minimum outgoing lepton total energy is 150
MeV. Thus, if the outgoing lepton is an electron (me = 105.7 MeV) the
rest energy is a significant fraction of the total energy, and the import-
ance of the vector current must be determined directly. We have calcu-
lated the cross section for neutrino energies of 600, 800, 1000 MeV and
3, 6, and 10 BeV for both outgoing electron and muon. As expected, the
vector contribution with an outgoing electron is vanishingly small, and
surprisingly, the vector contribution with an outgoing muon does not ex-
ceed a few percent of the axial-vector cross section at 600 MeV, dimin-
ishing in importance at higher energies.

The cross section we obtain depends importantly only on the axial
vector current. It is not clear that, for an outgoing muon, it depends
only on the divergence of the axial-vector current, as would be expected
for a zero-mass lepton, from Adler's theorem. All we can conclude here
is that the vector part is unimportant. Since the calculation of the
axial-vector amplitude is based on the successful treatment of pion dis-
integration, the rather well established CVC hypothesis, and the less

well-established PCAC hypothesis, it is clear that it should provide a
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test of PCAC (this has already been pointed out by Adler in connection
with the general process). We find that the calculated cross section dis-
plays a characteristic resonant peak which becomes more pronounced at
higher neutrino energies, and thus provides a sharp characteristic to be
sought for experimentally. However, experimental data for this process
are not yet available. Even for total cross sections for neutrino pro-
cesses, available neutrino beam intensities and the weakness of the pro-
cess combine to allow only very crude experimental data, and the refine-
ments necessary for measurements differential in both lepton energy and

direction are in the future.



CHAPTER I
INTRODUCTION

In this work we examine strong, electromagnetic, and weak deuteron
disintegration processes for energy transfers in the range 0 MeV to 450
MeV. The methods of nonrelativistic Schrodinger theory and relativistic
dispersion theory, successful below 150 MeV, are not applicable in the
energy region under consideration, and we use a variety of techmiques,
including the Austern Model,l’2 the relativistic perturbation approach
used by George,3 and the phenomenological representation of deuteron
structure given by Gross,4 as well as the Conserved Vector Current (CVC)
hypothesis,s’25 and the Partially-Conserved Axial-Vector Current (PCAC)

hypothesis.6’7’8’9

General Features of Deuteron Disintegration

We begin by examining the general deuteron disintegration process
depicted in Figure 1. Throughout this work we will use the notation and
conventions of Bjorken and Drell,10 as well as their Feynman rules for
the construction of perturbation theory amplitudes.

Pion Probe

For an incoming pion, the disintegration amplitude takes the form

T =9, XU TG M, CU (), (-1)



PION, PHOTON

OR LEPTONIC
CURRENT NUCLEON
q Py
d Pz
DEUTERON NUCLEON

Figure 1. General Deuteron Disintegration Process
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Here, is the pion-nucleon (T p) coupling constant whose value is given

BNy
by ggﬂ/4n = 14.6. ¥ is a pseudoscalar phase factor included to reflect
the pseudoscalar character of the pion. U is the deuteron polarization

vector with the properties11

U:—i s (1-2)

- - .d (I-3)
T Ul @R == 9, + 47»\25 ;
and Usd = O s (T-4)

where a given polarization state is labeled by A, d is the deuteron four-
momentum, and Md is the deuteron mass. u(p,) and u(py) are the Dirac po-
larization spinors of the outgoing nucleons, C is the charge-conjugation
matrix i¥azY,, and MB is a 4 X 4 matrix containing the dynamical details of
the disintegration process. The superscript T denotes matrix transposi-
tion.

The matrix MB can depend only on the independent momenta associated
with the disintegration process, or the Dirac gamma matrices, To deter-
mine the possible forms composing M

B

strong interaction requires that UBMB combine with ¥ to form a Lorentz

we note that parity invariance of the

scalar. Consequently, MB must transform like a Lorentz axial vector.

This implies that MB is formed from all independent Lorentz four-vectors
that can be constructed from the momenta and the gamma matrices, and each
such term is multiplied by the factor yg = iYoYlYaYs- There is a number

of conditions which limit the number of independent terms from which MB



may be constructed. First, momentum conservation implies that only three

of the momenta are independent. For these, we choose the combinations

9 ,k=PR-R = Q=e@+p (1-5)

Second, equation (I-4), together with momentum conservation, implies that
U-q = 2U'Q, and we will delete QB from the possible forms. Finally, the
Dirac equation (# - m) u (p) = O may be used to reduce factors of @ and ¥
to constants, and the relation 44 = qz, and the anticommutation relation
for the gamma matrices may be used to limit ME to terms linear in 4. With

these considerations, the possible forms composing M_ are

B

Y84y Y;kB, YeYg> stqe, Yadks, and stva

In the following we will use the normalized combination3 given in Table 1.
The variable € gives the symmetry of the quantities T(P,) 125 C ET (Py)
under interchange of the outgoing nucleons, and will be important in sub-~
sequent analysis.

Electromagnetic and Weak Probe

The electromagnetic and weak disintegration amplitudes have the

form

T =3W U T@ My C U (R). (1-6)

For photodisintegration, Wa = ea, the photon polarization vector, and
A= e, the electronic charge, whose value is given by e®/4m = 1/137. For

weak disintegration, in particular neutrino disintegration with an out-



Table 1. Invariant Amplitudes in Pion Disintegration
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going muon, w¥=2%= u(\))ya (1 - 'YB)ll(p.) and ¥ = G/V2 where G = 1.015
X 10°® in units of the squared nucleon Compton wavelength,

The amplitude T transforms as a Lorentz scalar in the case of
photodisintegration, and as a combination of Lorentz scalar and pseudo-
scalar in neutrino disintegration. Consequently hAd’will be composed of
Lorentz tensors or pseudotensors constructed from the momenta listed in
equation (I-5), and the Dirac gamma matrices. The pseudotensor forms may
be constructed from the tensor forms by multiplying byyw. In Table 2 we
give a preliminary list of the 52 possible amplitudes which may be con-
structed by imposing the restrictions given in the discussion of pion dis-
integration. Some of these amplitudes do not have definite symmetry un-
der interchange of the nucleons, but this will be remedied in subsequent
specialized discussion.

Photodisintegration, Imposing the Lorentz condition e“qqzto, we

can eliminate entries containing ¢ from Table 2. The remaining ampli-
tudes are then combined to give amplitudes of definite symmetry, which are
listed in Table 3. The amplitudes in Table 3 correspond to those given

12 . VP
by Lebellac, et al. ~, except for over-all sign. 1In the last entry, €
is the completely antisymmetric tensor whose value is + 1 if pVpois an
even permutation of 0123, - 1 for an odd permutation, and zero otherwise.
The relation between N, and terms of the form given in Table 2 is easily

shown to be given by

. pVpo
ATy € 3,‘.3.«,,7,'.7«-"‘7"7,‘7*7-:7;"1}7;"9-/?’. (I-7)

The amplitudes given in Table 3 are not the simplest set for



Table 2. Simple Tensor and Pseudotensor Amplitudes
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Basic Amplitudes for Photodisintegration
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. . .13
photodisintegration, Sakita ~ has shown that the Nj; satisfy two compli-
cated internal constraints, and, imposing the requirement of gauge invar-

iance,

9" M o=0 (1-8)

leads to six additional constraints, leaving only twelve independent am-
plitudes. These amplitudes are listed in Table 4.

Neutrino disintegration. 1In the case of weak disintegration of

the deuteron, the variable q is given by ?==f3_.ﬁh , and hﬂﬁ‘is composed

of two parts:
— v A -

where the superscripts V and A refer to the Lorentz vector (V) and axial-
vector (A) parts of L/ﬁmﬂq’. The composition of the vector part AA;,fol-
lows directly from the CVC hypothesis, and consists of the gauge invari-
ant amplitudes listed in Table 4. The composition of “A:pis considerably
more complicated, and in this work, we will use combinations of the ampli-
tudes listed in Table 1 having definite exchange symmetry. These are
listed in Table 5.

Invariant Coefficients

The previous discussion establishes the basic Lorentz invariant
amplitudes that we will use to construct the transition amplitudes for the
various disintegration processes. The transition amplitudes are obtained
as linear combinations of these invariant amplitudes with invariant co-

efficients which are functions of the independent Lorentz scalars which
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Table 4. Normalized Gauge-Invariant Amplitudes for Photodisintegration
i L us €
1 (1/2m*) (K« 90 - 9., 9ok ) *
2 (1/2m) (9ep 9:Q - Qu 9p) -
3 (/M) (Kaq-Q - Qug-k) hp -
b (1/m*) (K Q- Qu9 k) Y -
5 (1/2m) (9us 3 - ¥ 94) ¥
6 (1/2m)[(Q«#-9-0W.)9, -2 (ke -9 k%) ke] +
7 (1/1m5)[(k.‘2'—7-k‘r~)7p+2(Q«2‘—q-0h)k;] -
8 (1/¢m) (%, 919, i
9 (1/2m) (%, 9] kg -
10 (1/72m){[%, 7] 9-k = [(¥py ] ke +2 (Qu9p ~Iup 9-@)} )
11 (1/2m){ (%, ¥<]9-Q - (5591 Qu + 2 (K« 9y -9up 9- )} +
12 (k/zm) Y5 €777 %, uu 9vp 9o i
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Table 5. Basic Axial-Vector Amplitudes
A I:u,. & A La».‘,. €
L T5 94p - 14 T KaKp -
2 Y5 Ka9p + 15 ¥ (¥, 919 +
3 ¥5 Qu9, - 16 Y5 (,¢]ke -
b Ts K Kp - 17 %[5y 9] ke -
5 Vs Qukg + 18 %5(¥p 9)Qu +
6 ¥s Ka ¥ + 19 T;[n,rp] +
7 Vs QY - 20 1€ 9,.9,,9, *
8 Vs 9«,3?’ - 21 %9, 7'9 -
9 s Y 9 - 22 Y5 9,kp +
10 ¥ Quip g - 23 V59, Yp -
11 Ts K % + 2 V5 99,9 -
12 Ts VT ke + 25 Tsq, ke § +
13 Vs Qukey * 6 W(n.gle, ¢
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can be formed from the associated momenta. There are three such scalars

and we will use the Mandelstam variables

S = (P, + a)z ’ (1-10)
t = (P'—-Q)L = (d—Pl)Q 3
and u = (Pz"‘?)z = (d - P,)z .

These variables satisfy the relation

S+t +ru=2m+ My o+ 9%, (1-11)

This means that they are independent only for the case of neutrino disin-
tegration where 7zis not fixed. In photodisintegration 7’: o and in
pion disintegration qzam,’;.

We will work principally in the center-of-mass frame of the out-

going nucleons., In this frame we introduce the variables E and 'ﬁ via

o= (EsP) 5 A= (5,-F)s (-12)

and hence Q = (g, 3) and K= (o, P.)‘

In this reference frame we have 'c'f-q-g -_-.P:,. F:.= o and, the Mandelstam

variables are

3

S=4'E:

£t = Mi+mt-2(d°E-3.F), (1-13)
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U= Mi+m-2(d°E+3-P),

Returning to the transition amplitudes, we have

14 R

T = 9 U

Me

ir
ar)C; (s,t,u) L'vl; ca(a), (1-14)

i=1
'y o, A 12 Ll ¥ -T
T'= e€eU :é:’a(PI)CA (s,t,u) I,('o(p Cu (r), (I-15)

12

T'= g U2 BLRIC (s, 6, WL, CA (), (1-10)
Azq

T = ?__ U '£1u e)C (s,%,u) qulac, U(®r). (1-17)
2 A=

These are not the final forms for the transition amplitudes as we have yet
to consider exchange of the final-~state nucleons.

The Generalized Pauli Principle

A well-known property of systems of identical Fermions is the Pauli
principle, which requires that the state vector of the system be antisym-
metric under the interchange of space and spin coordinates of any two par-
ticles in the system. This same antisymmetric behavior applies to the
transition amplitude for a process in which identical fermions appear in
the final state.

Evidence from nucleon scattering indicates that the strong inter-
action does not distinguish between neutrons and protons, and it is be-
lieved that the small neutron-proton mass difference arises from the elec-
tromagnetic interaction. From quantum electrodynamics, it is known that

perturbation theory corrections to particle masses occur in second and
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higher order only, and this implies that the strong interaction symmetry
between neutron and proton is not disturbed by first order electromagnetic
interaction. Since the deuteron disintegration process involves the strong
interaction, a theory which involves the electromagnetic interaction to

no higher than first order, and consequently neglects the small neutron-
proton mass difference, should reflect the neutron-proton symmetry char-
acteristic of the strong interaction. Following Heisenberg16, we associ-

ate with the neutron and proton internal variables I,] the total and

3 3
third component of isospin. The formalism for these variables is identi-

cal to that for spin angular momentum, and the specific assignments for

proton and neutron, with space and spin variables suppressed, is

(P> = 154> and  |n> = [L-L) (1-18)

Nucleon Pair States. We introduce the neutron-proton symmetry into

deuteron disintegration by requiring that the nucleon final states, and
consequently the transition amplitudes, satisfy the generalized Pauli
principle, i.e., they are antisymmetric under interchange of space, spin,
and isospin variables of the final state nucleons. Pair states which sat-

isfy this requirement for the three possible final states are

PP = (lo«i)«’(zpﬁ: Lo('(x)o«gz)zJ&.})\%%) s (I-19)

Innd> [l ﬂm,_e_’(z)zﬁﬂ p’w@z) 39185 5 (1-20)

(RPY = lamrpm)ii i205-0-1a=a@nii-1ytty, (-2
| VZ
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where « and g refer to the space and spin variables of proton and neutron,

respectively. The last equation can be written more usefully as

inpy = & (I«aum»&l ,ea)«(z»)(l%J;m-;)“:l&-t)u1)) (1-22)

+ vii.,(Idfi)ﬁm)&'lP“)"‘a»:j[li%)li'ié‘li'i}liﬂ) .

Introducing A and S for antisymmetric and symmetric space and spin
dependence, and using the standard rules of angular momentum addition, we

can express the pair states in terms of I = 0 and I = 1 states as

PPy = | App 11) > (1-23)
nrY = | Am i) 220

and lﬂp> = }ﬁ 'A"P 10> + é_" |SnpOO> . (I-25)

Finally, we determine the isospin structure of the deuteron state
by noting that it is a mixture of S and d states, hence symmetric in
space, it has spin 1, and is thus symmetric in spin, and consequently the
generalized Pauli principle requires that it be antisymmetric in isospin.

Thus,

|d>=|s,00) (1-26)

Transition Amplitudes. We have not explicitly considered the iso-
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spin structure of the transition amplitudes, but this is easily accom-
plished, given the pair state structure in equations (I-23) and (I-25).
The amplitudes for pion and neutrino disintegration are antisymmetric in
space and spin variables of the outgoing nucleon and hence pure isovector

amplitudes. The proper forms for these amplitudes are given by
T /] [ ” " - ” .
T = 3.V & [C’A- (s,t,u)-eiCi (s,u,t)]uﬂ’,) L-,Cu(a), (1-27)
Axd

« 12 v - -
T'= &3’ [Ci6bw- €C (s un]U@ILCT®, @)

i
is1 e
and

T 6 2°U*E [Ch s, w-g,C" (5, u )] U (o) 11.,CU (R)
© TRt ) Al W% 1) Laug 2l (1-29)
The photodisintegration amplitude given in equation (I-15) satis-
fies the generalized Pauli principle if it is constructed consistent with
the neglect of higher order electromagnetic corrections, but this is not
obvious from its form. To display the symmetry properties of this ampli-
tude we write it by analogy with the hp state in equation (I-253) in the

form
T = LT TT)+ L (T7-T7) = Ti+ T, @30

where V7 differs from _r*in the interchange of the space and spin vari-
ables of the final state nucleons, and the subscripts 8 and V refer to
isoscalar and isovector parts of the amplitude, respectively, Explicitly,

we have
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12 r
T: —ee Ut S [C“ (s,t,u) ; E; CTes, u,t)} () IL’C a{,), (I-31)

=1

and

Ty =ee”v [C(stu) EC(sut)]u@I ). (1-32)

The remainder of this work is concerned with the explicit construc-
tion of the invariant coefficients C; for the three deuteron disintegra-

tion processes, by means of the techniques outlined in the next chapter.
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CHAPTER II
METHOD

A well known feature of deuteron disintegration in the energy
range 0-450 MeV is the appearance of a large peak in the total cross sec-
tion, indicative of the formation of a resonant structure., In 1955, Aus-
tern1 suggested a simple model for the description of thils resonance, as-
suming it to arise from the formation of the 4514 nucleon resonance. A
diagrammatic representation of the Austern model is given in Figure 2,

In 1966, Barshay2 gave a relativistic formulation of the Austern model,
but both he and Austern confined their attention to the immediate neigh-
borhood of the peak in the total cross section, where the background and
resonant amplitudes decouple to allow a direct subtraction of the back-
ground cross section, and consequently to allow the determination of a
cutoff parameter occuring in the resonant amplitude. In 1967, George3’14
made a systematic attempt explicitly to account for the background in pion
disintegration and photodisintegration of the deuteron and to account for
the resonant structure using a modified version of the Austern model. His
assumption was that, in the region about the resonant peak, the only im-
portant contributions to the transitlion amplitude are the dominant Austern
model resonance, and the lowest order perturbation theory background dia-
grams. The latter are variously called Born terms or pole terms. Strictly,

the phrase "Born term'" Implies structureless particles, and since deuteron

structure is important in the analysis to follow, we will use the pole
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designation, refering to the singular nature of the propagator denominator
associated with these terms. The George background diagrams for pion dis-

integration are shown in Figure 3, and for photodisintegration, in Figure 4.

Deuteron Structure

Of particular significance in the background amplitudes are the ef-
fects of deuteron structure, indicated symbolically by the darkened cir-
cles in Figures 3 and 4. At this point we examine deuteron structure in
perturbation theory diagrams in general terms. We will use invariance ar-
guments similar to those in Chapter I. The deuteron enters perturbation
theory diagrams thru the deuteron-two-nucleon (dNN) vertex shown in Figure
5. Assoclated with the vertex is the scalar vertex function, rLNN, which
is a function of the deuteron polarization U, the momenta entering and
leaving the vertex, and the Dirac gamma matrices. 1In general, the momenta
associated with the deuteron and nucleon lines in Figure 5 do not neces-
sarily satisfy the Einstein energy-momentum relation, e.g., P’:#rnl, and
in such cases the associated "particles'" are said to be "off the mass
shell.”" 1If the deuteron is off the mass shell, we have U-d#0. 1In
Table 6 we list the most general set of elementary vertex scalars which
are linear inlJ, after utilizing momentum conservation at the vertex to
eliminate terms involving‘ﬂror U-Pﬂ

The dNN vertex function is constructed as a linear combination of
the S; in Table 6 with coefficients which are functions of the independent
scalars which can be formed fromd, P, and p'. In general there are three
such scalars and we choose them to be dl, Pz, and P‘z. The explicit form

we choose for YLNN is
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Table 6. Elementary dNN Vertex Scalars

23
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AU-d + BU-dpg + CU-dp’ (II-1)
+FU-GUP + (m-p) [ H¥-LUP]
+[Hu-%u-p](m_;n£').

We have three special cases to consider for purposes of construct-
ing the background amplitudes in deuteron disintegration,.

A: The deuteron and one of the nucleons are on the mass shell.
Then U.d=o0, d% M: , P"': m?, and the projection operator associated
with the on-shell nucleon operates on a nucleon spinor to give zero., 1In

this case the dNN vertex function reduces to

= 2 - yJ.p ~ -~ 2 - ) U . -
Ciww = F(p9 ¥ = GPOUP - (meg) (H(P Y= LPIVP] . (11-2)

B: Both nucleons are on the mass shell. Then P*= P'*=m*, both

projection operators give zero, and.p and @ operate to givem. Then
fuww= AW Ud + Fd) - G U-p. (I1-3)
m
C: All three particles are on the mass shell. Then

r:;m, = FOJJ- g,_ U-p (11-4)

m

where F, = F(Mi, m*,m), etc.
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The form given in equation (II-2) has been given previously by

Blankenbecler and Cook.15 The constants [, and G have been given in

terms of static deuteron properties by McGee.47 They are

Iy
= 16 T 2 (1 (11-5)
2 [m (1—«4)(1+/°’)] (1+ (a )

1
and G, = 16 T o ]z 3m F, (11-6)
Ali-an) (1)) T T3

where d==6w8#, B is the deuteron binding energy, © is the asymptotic deu-
teron d-to-s admixture ratio, whose value is approximately three percent
as determined from the deuteron magnetic moment, and ¥y is the triplet
effective range.

In the present work we derive a relation between Fy and H, which is

F, = 2 He (11-7)

This relation, which is derived in Chapter 6, is based on the PCAC hypo-
thesis, and the assumption that the Austern model gives the correct be-
havior of the non-pole part of the pion disintegration amplitude, extrap-
olated off the mass shell, in the limit of zero momentum transfer.

The form given in equation (II-2) is examined in detail in Chapter
IV where it is developed in terms of phenomenological deuteron wave func-
tions following a technique originated by Gross,4 accompanied by an alter-
native interpretation of his results based on equation (II-7) which sug-

gests the symmetric relation

G, =21, (I1-8)
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The form given in equation (II-3) is discussed in Chapter V, which

contains a reexamination of George's photodisintegration results.

George's Calculational Scheme

In George's analysis of pion and photon disintegration of the deu-
teron, the dNN vertex occurs in the nucleon-pole diagrams with one nucleon
off the mass shell. Consequently, a rigorous treatment of these terms
requires the vertex function (II-2). Lacking a way to specify the func-
tions H and I, George ignored them and sought to use a modified vertex

function of the form

Caww = [F,,JJ - G, U-p] WPy (11-9)
m

where W(p?) is a form factor derived by Lebellac, et al.12 for deuteron

photodisintegration below 1530 MeV, and corresponds to the assumption of
the same form of Hulthén wave function for both the deuteron s and d

states. Its explicit form is

wipr) = -2 (8=« ; (1I-10)
Pi-mt-2 (ga)

where A= S.18« , and o is as defined previously. George discovered that
when this vertex function is inserted in the background amplitudes for
pion and photodisintegration, the resulting contribution to the cross sec-
tion completely obscures the resonant peak.

Lacking an adequate description of deuteron structure, George chose

to use a parametric treatment. As parameters, he chose the cutoff momentum
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appearing in the analysis of the Austern model and described in Chapter
I1I, and the d-to-s ratio/o appearing in the expressions for Fg, and Go
given in equations (II-5) and (II-6). His program was to select values
for these parameters using the excellent data available on pion disinte-
gration. The parameter values chosen in this way would then be used to
construct a parameter-free theory of photodisintegration, where the avail-
able data are poorer. He reports success in this program except for a
severe lack of agreement with the photodisintegration differential cross

section.

Qur Calculational Scheme

We adopt George's simple perturbation model for deuteron disinte-
gration, but we make a number of theoretical and calculational modifica~-
tions. In Chapter III, we present George's analysis of the Austern model
resonant amplitudes without formal modification. There we show that George
made two mutually compensating errors in the isospin weight and cut-off
momentum for pion disintegration, and the error in cut-off momentum ap-
pears, uncompensated, in photodisintegration. With the resonant scale
factors properly adjusted, we examine the resonant contributions to the
invariant coefficients for pion and photodisintegration. We find that
George made some algebraic errors in the coefficients for pion disintegra-
tion, and when we use our corrected coefficients, and George's background
amplitudes, we obtain a result for the total cross section which differs
from George's published curve in two ways. First, we find it necessary
to use a A mass of 1210 MeV to correctly locate the peak, compared to

George's value of 1190 MeV, and, second, our curve fits the experimental
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data at high energies better than George's.

Upon recalculating the resonant photodisintegration coefficients,
we find results which differ considerably from George's published coeffi-
cients. Comparing total cross sections calculated with George's back-
ground amplitudes and the two sets of resonant coefficients, we find that
George's coefficients produce meaningless results, whereas our coeffi-
cients essentially reproduce George's published curve. We also find that
our coefficients produce a differential cross sectiom which peaks at 90
degrees center-of-mass scattering angle, as originally predicted by Aus-
tern,1 and does not show the forward-backward peaking reported by George.
Finally, we note that we find it necessary to use George's 1190 MeV A mass
to correctly locate the peak in the photodisintegration total cross sec=
tion, whereas, as mentioned above, we find a value of 1210 MeV necessary
in pion disintegration. In Chapter V, we examine inadequacies in the
George perturbation model for photodisintegration which may explain the
two different A masses.

The modifications discussed above pertain to the correction of cal-
culational errors in George's work, and contain no new physics. We intro-
duce a new physical approach by reexamining the treatment of the dNN ver-
tex function. There are two flaws in George's vertex function. The first
is in the form chosen for F and G. As mentioned previously, the form
given in equation (II-9) and (II-10) corresponds to s and d wave functions
which have the same functional form, and this is not sufficiently general
for an adequate treatment of the deuteron.45 Second, there is no reason
to believe that H and I produce insignificant contributions to the dNN

vertex in the energy range of interest, and neglecting them is not justi-
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fied. Indeed, in Chapter V (see Figure 13) we show that I contributes
significantly to cross sections.

As mentioned previously, we introduce phenomenological vertex in-
variants in Chapter IV, using a prescription given by Gross,4 with an
interesting theoretical reinterpretation which appears to have fundamental
significance. In Chapter V, we apply these invariants to pion and photo-
disintegration of the deuteron with excellent results, equal or superior
to those obtained using George's essentially mathematical technique.

In Chapter VI, we consider the problem of neutrino disintegration
of the deuteron. The method used here is based on the conservation hypo-
theses of CVC and PCAC for the weak vector and axial-vector currents, re-
spectively. We use the PCAC hypothesis to construct the weak axial-vector
amplitude from the pion disintegration amplitude, and CVC to construct the
weak vector amplitude from the isovector part of the photodisintegration
amplitude. It is in the application of PCAC that the relation (II-7) is
derived.

Finally, in Chapter VII, we construct the cross section for for-
ward scattering of the massive lepton in the laboratory. Here, we examine
the kinematical constraints on the cross section due to the limitation of
our model to energy transfers less than 450 MeV, and due to the assumption
of constant nucleon vertex functions. We give the separate vector, inter-
ference, and axial-vector contributions to the cross section, In this
connection, we examine a theorem due to Adler51 which states that, in a
CVC theory of high-energy neutrino processes with a forward-scattered
massive lepton, the cross section will be pure axial-vector, in the limit

of vanishing lepton mass. This theorem provides a valuable check on the



complicated spin sums and computer programs for photodisintegration and

the vector and interference contributions to neutrino disintegration.
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CHAPTER III
THE RESONANT AMPLITUDES

In this Chapter we examine the resonant contributions to pion dis-
integration and photodisintegration of the deuteron. The analysis is es-
sentially that given by George, with some additional comments about deu-
teron structure contributions, The momentum labels used in the analysis
are defined in Figure 6, and Figures 7 and 8 give the charge states for

resonant pion disintegration and photodisintegration, respectively.

Vertex Functions

Before considering the Austern model explicitly, we consider the
vertex functions required in the analysis. For the dNN vertex we initi-
ally follow Barshay2 and George3 and use the form appropriate to an on-
shell deuteron and two on-shell nucleons. Thus we use equation (II-4).
For the other vertex functions, we use the forms appropriate to having
all particles entering and leaving the vertex on the mass shell. This is
certainly incorrect in principle, but is consistent with the assumptions
of the Austern model.

We list the vertex functions in Table 7. The quantities listed
are, from left to right, the particle labels for the vertex, the field
operator form of the interaction, with the fields denoted by the corres-
ponding particle labels, and the momentum space vertex functions needed

in the analysis. The coupling constants multiply everything to the right
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Figure 6, Momentum Labels for Resonance Diagram
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Figure 7. Charge States in Resonant Pion Disintegration



Figure 8.

Charge States in Resonant Photodisintegration
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Table 7. Vertex Functions for Construction of Austern Model Amplitudes

Vertex Interaction Momentum
Space Vertex

PPT® -

nn e ~ 9w

oA Zg,, (Nv‘,/v+h.c.) ¥
new- V2" 9y

A prrt ﬂ/mq

A" nmt Vi73 K/mg

N pme -V2/3 A/ me L(/VA" 3 - h.c.) 7'“

A pwe -Vi’z N me

A’ nT° V273 X/mrr)

Zi: :CC::;:': (N‘&/}J; A+ h.c,)';_-/“' (t) ~L 6 Yy _Fﬂu

t ?"is the electromagnetic field tensor 2" AY - 3¥AMwhere AYis
the photon field. The momentum space form of #*is 9*e¥- 9"e’with g
and € the momentum and polarization of the photon,
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of the curly brackets. The value for ) is 2.07, as given by Dalitz and

Sutherland,17 who also determine C; as 0.29.

Propagators

To complete the prescription for constructing the resonant ampli-
tudes, we need to give the propagators for the nucleon, pion and A.

These are

PN = i (W+m) (II1I-1)

N2 — mz
ZL - (I1I-2)
me-my

P (m)

and E)(ZS)

AP (R + m*L . (I1I-3)
Rl _ -m-z

Here, Puv is the M.ohan-Agarwahl18 form given by

'E;W == %(guv“‘ R/le + A e,uV»(d'T& T"Ra' ) (111-4)
Tt e

where the last term may be reduced by equation (I-7), and W is a complex
mass corresponding to a Breit-Wigner19 form for the resonance, and whose
value is m"+i[/2. For the resonance observed in Tr-N scattering, m"* =
1236 MeV and the width [ is approximately 120 MeV. In deuteron disinte-
gration, the best fit, using the Austern model, is found for'vn*= 1210
MeV in pion disintegration, and m* = 1190 MeV in photodisintegration, The
difference between the pion and photodisintegration values is discussed

in Chapter V.



36

Ferrari-Selleri Form Factor

Ferrari and Selleri20 analyzed AN-— NN by one-pion exchange and

found it necessary to incorporate a form factor. The form chosen was

h(q%) = A - ?Bszrc ] (111-5)
— mn

where ¢ is the pion four-momentum. The values chosen for the constants

are A= 0.28, B= 3.42, and C = 5.75.

The Closed-Loop Integral

Having defined the factors pertinent to the analysis, we consider
the construction of the resonant amplitude. The form for the amplitude

for both pion and photodisintegration is

A = A j dv N ) (I11-6)
@m* J (RE-mY(qm*) (T mi)(92- mi)

Here, the momentum labels are taken from Figure 6, and V is a momentum in-

ternal to the closed loop, and defined by

V = Jt=Ta (11I-7)
2
The numerator N differs for pion and photodisintegration. It con-
sists of factors of momentum space vertex functions and propagator numer-
ators sandwiched between spinors for the outgoing nucleons. We first con-
sider the over-all coupling constants for the two processes. For pion

disintegration we sum the two contributions corresponding to the two
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, %
diagrams of Figure 7, and use Table 7 to obtain

2 2
G, = - VT = 2VZ 2 ) (111-8)
T3 r'é'# v * v;'ﬂél} 9w = 282 (&)

For photodisintegration we sum the first two diagrams of Figure 8 to

K%
obtain

- - C;59n -9
G'='VT§‘-‘€C2”§,9M“V§T€CM§§9W = z@e !m'rgrr (111-9)

Next, we write down the numerators for the two processes, ignoring
the requirements of the generalized Pauli principle for the time being,
as this requirement is easily satisfied once the numerators have been

decomposed into invariant amplitudes. For pion disintegration, the

*
We note that this coupling constant is one-half that used by

George. George uses the same coupling constant as Vasvada,22 but careful
examination of Vasvadas' work shows that Vasvada defines the.ét+PTT+coup-
ling as A/2m,. Thus, using an isospin weight too large by a factor of two,
George claims to obtain the same value of cut-off momentum as that given
by Barshay.2 The difficulty is resolved when we note that the Ferrari-
Selleri form factor has a value of approximately one-half at the resonant
peak in pion disintegration, and Barshay does not use the Ferrari-Selleri
form factor. In our work, we use the correct isospin factor, and the
Ferrari~Selleri form factor, and thus our cut-off momentum is larger than
Barshay's.

ok
This isospin coefficient is in agreement with George's, and this

means his cut-off momentum is inconsistent with the use of the Ferrari-
Selleri form factor, and will lead to photodisintegration amplitudes too
small by a factor of two. However, George's published amplitudes suffer
from other more serious defects, and we make no attempt to explain how he
could have gotten consistent photodisintegration results. Instead we pro-
vide a consistent reevaluation of the photodisintegration resonant ampli-
tudes, as discussed in the sequel.
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numerator is

Ny = -4 Ge QRG] ., (R+m*)9"(5, +m) h(92)x (111-10)
[RY-GU-q |CLAR % (5%+m] ",

and for photodisintegration

Ne = - GeA® G B, (Rrm?) £ 70 G (g emhx (171D
[Rv-Gug]C(Tm% (g+m)]" .

The Austern Model

Austern's assumption was that the principal contribution to the
deuteron disintegration amplitude in the vicinity of the experimental peak
is due to the process depicted in Figure 6, in which the incoming particle
couples to one of the nucleons in the deuteron to form an excited state
of the nucleon, with the second nucleon acting as a spectator. The pro-
cess is then completed via deexcitation of the excited state by pion ex-
change with the spectator nucleon. By analyzing the experimental data on
the outgoing nucleons, Austern concluded that the principal contribution
from the excited state, now called the A, was from the I = 3/2 state.

This assumption is intrinsic to the charge state decompositions depicted
in Figures 7 and 8. The weights assigned to the various charge states in
Table 7 can be understood by examining the addition of I = 1 states to
I=1/2 states to form I = 3/2 states. We have the conventional assign-

ments
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IP>=154>, In>=|1-1>, (I1I-12)
[r*>=-111), [m°>=]1107 I 7=11-1D>

[a™*> =122, 18=12 10 1aD=1§-i> |4 0=11-2.

Then we can use the angular momentum addition rule

13 Ly=% (11,41;[3 L)ILIDIEL, (11

i1,

where the coefficients are the standard Clebsch-Gordon21 coefficients, to

deduce
laY™ > =~ e3>, (I1I-14)
| a*> = \EIp>|7> < \TInd |7y
L as> =\TIPYITD +{T [n)|Te) >

and | &A™ = |nd|r>.

The magnitudes of the coefficients for the different decay modes yield the
coupling constants shown in Table 7.

Austern further assumed that the excited and spectator nucleons are
almost relatively at rest. In terms of the momenta in Figure 6, this im-
plies that (V-ﬁ§/2|%ﬂn‘<< 1 . This assumption is made only in the de-
nominator of (III-6). In the numerator it is assumed that 9,79, = d/z.
This assumption due to Barshay, permits most of the numerator to be fac-

tored from the integrand. Both of these gssumptions, together with the
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assumption of static vertex functions in the numerator, are made consist-
ent by the smallness of the cut-off for the momentum IV| as determined by
experimental fitting of the peak.
Wi.th the Barshay assumption, R= ¢,+9, = §+d/2, and U: g =

U-d/z2 =0, since d is on the mass shell. This removes the Goterm from
the dNN vertex function and the resonant amplitude assumes the form

A =N . (I11-15)

D’

The denominator D’ is common to both pion disintegration and photodisin-

tegration and has the form

_:L:_ j d 4V ‘1 ( q:)
zm* ) (R2-m2)( G-m2)(9;-m?) (732" m:)

_é? . (II1I-16)

For pion disintegration, Né_is given by

4

Ny ==-AiF Gy TR ( gl;+ 92 )R (£+2+m) 9"  (111-17)
(£+m)rC LA ¥ (£+m)]

and for photodisintegration

Ny =-F Gr B (4+ 9" 8%) B (o 4 Fom") F7%  (r-18)
6% (dem)id CLAR w5 (& +m)].
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We remark that 7;‘has been evaluated using Barshay's assumption and fac-
tored from the integral, while the Ferrari-Selleri form factor h(?f) has
been left in the integrand with Q: evaluated according to Austern's as-
sumption. This has been done to preserve the relativistic form of the
numerator and facilitate reduction into invariant amplitudes.

The momenta are

It remains to evaluate the integral in (III-16).

related to the internal momentum V and the external momenta by

Q:%+c’+v= (c_!f+c7°+\/‘,,v,%), (I1I-19)
91 = i%-+ V = ( %f *'VZ, ‘7“§E) ’
71=%-V=(i£—vo,—v—g_),

and - .
9, = _?i_K,.v=(9z_,+v,,_Z__p+v),

where K is defined in (I-5), and the right hand forms give the momenta in
the center of mass frame of the outgoing nucleons, also discussed in

Chapter I.

We will evaluate the integral by performing the V, integration
first. The denominator of the integrand has a number of poles on the
axis, so what we really seek is the Cauchy principle value of the V, in-
tegral. We accomplish this by assigning each of the particles a small
imaginary component of mase (unnecessary for the A) and thus shift the
poles above and below the V, axis. Then we convert the \/, integral into
a contour integral, closing the contour either in the upper or lower half

plane, and obtaining the desired result from the residues of the integrand
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in the limit of vanishing imaginary mass (except for thed). Thus we need

the zeros of each of the factors in the denominator. Evaluating these,

we find
R-m's Vf, = -(de+29,) + M (1 + 1 [V+§i 2y2 (I11-20)
2 =0 = m* ln] .)
9 - m*; \/"=~é3_:~_m(1+1_ \7-?7“]2)'}
oo T 2 mz[ z ’
1
2

U Ve deem(ie f(V43])

]

Gumye Ver = - g (O] ve P[V-F) 0 Pemt )R,

Now, the integral in (III-16) assumes the form

11 3y [ (o dVe h(%)
, d V[»( . (I11-21)
D (zvr)"f _j,,?(\/,-%})(v,-\/o‘})]

We choose to place the \Q} poles above the \/, axis and close the contour

in the upper half plane. Then (III-21) is replaced by the sum of resi-

dues at each \/; or,
= A v (_ , II1-22
(2”)4jd V( 2172j R,) ( )

-1 (e h (%ha) ,
(am) 5 [Jéu (V.,;‘VO:)J_TL(Vo:'%})(\A;‘%I)]

hl
DI

Defining
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and O"-_—_]_.,._L(v_’_%)z.

We give the values of the residues by listing, for each residue, the fac-

tors in the order that the denominator factors are given in equation

(I11-16). We have

R: —-1/z2m\e, (h[—eie-%-mﬁ-"]) (11I-23)
/(% + 2m o5+ 20-F + @),
1/([de* 9] + 2[de + ) mVE + % m?),
1/ (m*+ 2m(dosq,)Ve + V-(F+2P] + z_z+m,_m:)’
R,: 1/(9:—2m7,V’§_'-2'\7-§+m’-m’), (h[—%-mﬁ:]) (I1I-24)

'—1/2m 5- b]
1/(do +2md, V3] - 2V-7),

1/ (-4 /4 -m(5,-4JV5 -V-(7-2P) -4 - Pramt-mi ),
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Rai 1/([d+a]>2[dor g ]mV&; +m2)s (h [f-mys])  (HH722)
1/(de - 2mdo V5, +27-5),
-1/2m Vs,
1/ ([dor ] /4 - m[dos g ]V5, + m*-2B-(V-F]- B *-m3),
Ry (h(-%-7]) (111-26)
1/ ([dosa]/4 - [der0]VF +£ - (V43 ]- ) 5
1/ (4074~ Ee-t. )P4 - [T+ 3]+ 205 -m),
1/ ([dor9e] 74+ (42 9]0 +p - (V43 ]"- m*),
1/2Vp -

We estimate the relative importance of the residues in the limit

(V+t3/2)—>0. We find

R, ~ 10’1/m7 y R, ~ jo"z/m", (111-27)

R, ~ 10%/m’ Ry~ lo'/m’.
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Neglecting all the residues but Rs, we examine its behavior in the limit
that |V¢§/z]z/m2 is small but non-vanishing, and neglect such terms rel-

ative to unity. With this, the first, third and fourth factors in R, be-

1/([:<:lo+q,—m]z— m’) . (111-28)
-1/z2m,
and 1/(2m[m-€]- mza),

where, in the last factor, we have used the center-of-mass relation
do + 9, =2E, and the energy momentum relation E?

The second factor in R;requires special treatment. We expand
V87 to first order in |V+9/20*/m?* , use do= (§*+ Mfi).k expanded to first
order, and write Mdg=2m-8 = 2m-o¥m, where B is the deuteron binding
energy. Retaining only first order terms, we obtain -4 /2 (‘\71 +o?) for

the second factor in R,. Thus,
3

R, = h(zmlm-c]) . (III-29)
P [ qe-mt mA (o2 @3] C2m) [2m(m-)-md ]
The remaining integral has the form
A (4 = 1 (dITY? 11-30
am?* ) Tread 2n i e ( ‘

which is obviously divergent. Consequently, we introduce a cut-off, A,

and obtain
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1 (dIWIVE = L (A-Tanm (_/3_)] . (11I-31)
Zn—l A v1+ql m A

By fitting to the experimental peak in pion disintegration, it is found

*
that” A= 4.13« ¥ 185 MeV. Then, for an incoming pion or photon with an
energy of 300 MeV, th?/zlz/mz < .12 , justifying the form obtained for

Raand the Austern assumption. Then it is easy to show that

2 2 v E
4 (q,_q, = V. = -V ' = -o0.039,
m?2 7 2 m=z
and this, together with
2 2
1 _ d ~
w(iza) =5m = 1)

establishes that the nucleons associated with the dNN vertex are very
close to the mass shell, and justifies the use of the static dNN vertex
functions F% and (,, and the Barshay assumption. We remark that the word
"justifies’ means that we have established the self-consistency of the

model.

Other Contributions to the Resonant Amplitude

We have indicated in equation (II-7) that, near the mass shell, H
and H' are comparable in size to F. At this point we would like to indi-

cate why these terms in the vertex function do not contribute significantly

*
See the footnote on page 37.
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within the context of the Austern model.
Examination of equation (II-1) shows that H and H' occur in the

dNN vertex function in the form

(m-#)HKY + HUF (m+5) (111-32)
m m

When this is inserted in the numerators in equatjons (III-10) and (III-11),
we note that the nucleon propagators there will combine with (III-32) to

give the additional term

N = T(R) (Factor) [(%‘— m') Hi (gc-m) (111-33)
m
‘ ~ T.
‘(%’fﬂ””(%“mz)] wCu (R),
m

where we have used

T

Clam¥(g +m)]T= -(g-m)% C T (). (II1-34)

Inserting (III-33) in the integral (III-6), we see that we obtain can-
cellation of a factor in the denominator and change the character of the

V, integral. Specifically, we have two additional integrals to consider,

I = A j dVe h (%) . (1I1-35)
m* ) (REm*)(9-m*)( 9,=ms)

and
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Iz = _ti d Vo h(j;) )
M I (R-mH (92 m)(9,=m3)

(II1-36)

where we have replaced the missing propagator numerators in N with mto
maintain dimensional consistency for purposes of comparison.

Now the dominance of the residue R; in the integral (III-16) arises
from the factor 1/(9*-m*) = —1/2 (V*+«?)at the pole in g'-m? .
Thus, the integrals (III1-35) and (III-36) will not be significant because
the factors 1/(¢(9*-m*) and 1/(9,~m®) do not occur simultaneously.

Writing J, and I, as
I = -2%(R{+ R, +R}) >

I.=-27 (Ry+Ry +R.)

and using the pertinent entries in (III1-23--III-26), we find for

(v * ?/2)-—)0 >

R, ~ 10"/m’ R, ~ 10'/m’
Rs ~ 10'/m’ R, ~ 10 /m’
Re ~ 107%/m’ Ry ~ 107'/m”

and these terms are no more important than those neglected in evaluating

(III-16).
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Finally, we remark that the smallness of the cut-off parameter
found by retaining only F\ain (I1I-22) greatly enhances the dominance of
this term. This is because the remaining three-dimensional integral for

all other residues has the form

A
L d3v_ = A 2\ 2 B (A -
G (- B (80" W () @

Consequently, these integrals are depressed by an additional factor of

2

S5ot/m* 107

Evaluation of the Resonant Amplitudes

We turn now to the problem of reducing the resonant amplitudes to
the forms given in equations (I-27) and (I-31). These amplitudes have
the form given in equation (III-15) and we have obtained D’ as

_ -1 2 - 2
1 _(A-Tan (AL A + Bmy/(2m[E-ml+ Cmz)] (I11-38)

D’ gmw* [(dorq,-m)im* I 2m(g-m) + ms]

where we have used equations (III-5), (II1-22), (I1I-29), and (III-31).
We remark that this differs from George's result3 by the occurrence of an
additional factor of 1/2, and C instead of C + 1 in the Ferrari-Selleri
form factor. It remains now to reduce Aﬁ,and hh}given in equations (III-
17) and (III-18), with E;ulgiven by (I1I-4) and expanded via equation
(I-7), and f:“pgiven in the footnote on page 34.

Reduction of Ng

The reduction of N,;.proceeds by making the substitution ,d'=4={+

*%.“}7 , and using the anticommutation relations to move f{ and 41 next
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to the appropriate spinor to utilize the Dirac equation, and eliminate
these matrices (we note that ,P;e‘a"}m=-mei1"(&) ). The algebra is te-
dious but straight-forward, and once accomplished leads to terms which may
then be written in terms of the invariant amplitudes given in Table 1.

As an example, we consider the reduction of WU(R) TSK/?:H’C&}R), which is
the most complicated term occurring in N;, once it is expanded and simi-

lar terms are collected together. We have
- ~T —
U(R) ¥ &‘;{,UC W(r)= W(R) $s (P + P +3) 94 C a'T(P.)
2
T ~T
= &)l (B g+ 9 rme i) C U (R).
2

We use

and

I = -Byp+2U- 9B -2URF+2 9.4

together with

U-p= UQ@-Uk = Ueg_ U-k
2

and

9 =9-@-9-k

to obtain
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U(R) Ts (-— mold + miSgy -a2mu-q - U3¢
2

+ZU-K$’+[2 90 -29K+ m,‘,JJJ)CL—LT(pz),
Comparing this with Table 1, we obtain
Oy Fmr Il - 2m?IT-m* 1] + m L]
+(9°6-9- k+ma)IT]C U (R),

n L . . . .
where we have defined T, :lJﬂI;p. The only operation remaining is to an-

tisymmetrize this term and this is accomplished by the rule

., (Rst)Ir—_’ EOQ (P1 »Pz) - €i°(4' (Pa;e)_] I:r

When this is done for our present example, there results

e (4m* 1+ 2m 1T +(29-0+m2)I) JC T(R).

When the decomposition scheme outlined above is applied to N;, and
the resulting terms appropriately antisymmetrized, there result the in-
variant coefficients shown in Table 8. Here, we have specialized to the

center of mass frame, and introduced the variables

o-;%’; , W= - 2m}§ = irﬁé , (I1I-39)



52

Table 8. Invariant Coefficients for Resonant Pion Disintegration
of the Deuteron, Specialized to the Center-of-Mass Frame

r

R' = 3~n- [C;_r(ﬂsps)_ EA'_ C:'(Pl-)e)]

4

O
~4im B GeW [2m3+3m2 -3g)- 3¢ -
R [(27e3m e (1o 9-37)-2g- Y]
Am®F, Grx [-zaq(:qﬂ-qw) ~oy(3m*-7m-6-5Y9)
3m*D'

s wi(i0g*-2n-30-4y) -29* (q*m-2(1+4])]

Y 3 2 Yy - -30 ~
Z*gn?fobs'ww[z/q et m (1vy-3g) -3 -y ]
-im® F Gr 16 +1)+ O (7Mm=m- 2 -
& M* D [ () =12 9) » 49 (450 25)]

zim‘FosuW[ smi*-m-2y - g_g_—:)
3m*p’ 2
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We note that our coefficients are somewhat different from George's, al-
though the actual numerical differences in the cross section are rela-
tively small, with our coefficients giving a better fit to the total cross
section at high energies than George's reported result, and requiring a
value of m"= 1210 MeV, rather than 1190 MeV as reported by George, to
locate the resonant peak.

Reduction of Nr’r

The reduction of hiéis considerably more complicated than that for
N#, for two reasons. First, it is a considerably more complicated expres-
sion, and second, once 4{ and f{ are removed, the reduction of the re-
maining terms to the invariant amplitudes listed in Table 4 is complicated.
For this reason, George chose to use a symbol-manipulation computer pro-
gram22 to perform the reduction., Lacking access to facilities to imple-
ment this program, we had hoped to use George's published amplitudes.
However, upon performing numerical calculations of the photodisintegration
total cross section using George's amplitudes, we obtained results which
were totally unreasonable. Consequently, we found it necessary to per-
form the reduction of N;.by means of a hand calculation.

The elimination of 4{ and 41 is straightforward. Once this has
been accomplished, there remains the reduction to invariant amplitudes.
To accomplish this, two relations developed by Sakita,l3 and reported
Lebellac,12 are indispensible. These relations may be written in terms

of the Ir listed in Table 4 and the Nj in Table 3, where N; = €“U” Ni-(; s

r

and If:eduﬁI;dF.

We have
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— ?.K Nq + N“ + 2 (7,0/\’11- Nyg) (III-39)

53 I L S
- Tam [% L I4+Iq+I1o+lIz]’

and
—~7'QN9+N,0 = m(2Q1'7‘O)I:‘mﬂ'@I,‘;"‘m‘]‘k(I:"L:*ZI:;). (I1I-40)

We remark that the I:; we use is opposite in sign to that used by Lebellac.
In addition to using the relations (III-39) and (III-40), we can
facilitate the reduction of the elementary terms in N;.by choosing the

time component of € to vanish in the center~of-mass frame, With this,

€ q=(0,8)(e,3)=0 ,

and the Iz.are considerably simplified. We summarize the results by giv-
ing a table of relations between elementary terms in N;and the I7.
These are listed in Table 9, where we have defined R= 9-k/9-0.

To complete the specification of the resonant amplitude, we note
that the Austern model implies that it is pure isovector. To see this,
note that the incoming deuteron in Figure 5 has I = 0, and the photon may
be regarded as a mixture of I = 0 and I = 1. Consequently the in state
is composed of I = 0 or I = 1. The assumption of the dominance of the
z&g’gin the intermediate state requires the resonance-spectator pair to
have I = 1 or I = 2, Consequently, the resonance~spectator pair are in
an I = 1 state, and the pion exchange conserves isospin to leave the out~

going nucleons in an I = 1 state.
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7
Table 9. Relation Between Elementary Terms in N; and theIz of Table 4

e =2m (17+1;)
ek =m>1,/9:Q
U-9gg=-2 m*Ig
U-kgg=-m*TJ
ckUk=m'1/9Q
ekU-q=m* (I +RIT)
€y =wm*(217+ 21 - 1,)/9-@
€kgy=2m (1+R)(IT+II) + m* (LN -RIT)
U-9€ = m(1-20%9-0]I; +mI) -mR(TJ+ 15 +aL]
Uk =-m? (17 + 2K L5 /m* + 21715 +13+15)/29-Q
€kUqy= m*(-21r+15+1,) -mR (2Q*9-Q) L}
- (mPemakR)(I+ L)+ mq-k Iy -2m (k' 9-kR)IL,]
€ KUKg=-m*R(2I,-1]+1,)/2- m°I{ + m(Q* 9-0/2)I;

+m(q k-m*R)(1T+1,5)/2-m QL3 /2+m (- k-RKII 1,
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Since the resonance amplitude is pure isovector, the decomposition
given in equation (I-30) is unnecessary. The amplitude is given directly
by the four diagrams in Figure 8. Since the second two diagrams are the
exchange counterparts of the first two, the amplitude may be constructed
from A% using the same rule as that for pion disintegration (see top of
page 51).

We have performed the reduction of IV;and have carefully double-
checked the algebra. We then used the substitution rules given in Table
9 to extract the invariant coefficients. We remark at this point that
the reduction scheme given by Table 9 is also used to obtain the back-
ground invariant coefficients in Chapter V, and the results agree with
Lebellac, except for a minor discrepancy noted by George. Thus, we have
a high level of confidence in our results for the resonant invariant co-

efficients, given in Table 10.
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Table 10. (Isovector) Invariant Coefficients for the Resonant Amplitude
in Photodisintegration, Specialized to the Center-of-Mass Frame

A R: =e{ci(r.p)-€ Cl(PR)]
1 g m’ FoerE1+3rvz]
3miD’
2 ~tmPF Gr (6m3+ 5 +Yy(6m™=1)
s rsmt-m m=1)]
3 ~8§M°F, Gr
D/
4 mfFoGr Lem?rs5mi-m-y]
3m*po
5 4m® RGrwlzm?+3m®em oy (2m-1)]
I
6 o

7 MR Gy (2m2-m*-3m -y (4m+1)]

3ﬂZD

oo

-zm® M Gy
S (Fm*-2m-2-34]

—-2M°F Gy 2 2_ 3 _ 4_ z++ - +2 2+W2
WEW”I M- 9GP ety r29% e W]

0 ~2MF Gy [6miSat-mry(2mPr1)+ 292 e w?]

O

11 —ZMFoGUW[Z/Y( +2M +2+3Y)
3ﬂlD

12 4%;‘)65 LCzmPe3m*+m)y +—2/Y1\j w?]
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CHAPTER IV
dNN VERTEX FUNCTION WITH ONE NUCLEON OFF THE MASS SHELL

In this Chapter we develop a prescription for relating the vertex
invariants appearing in the dNN vertex function with one off-shell nucleon
to phenomenological deuteron s and d state wave functions determined from
nucleon scattering experiments. The initial discussion follows that given
by Gross,4 but we add some speculative remarks concerning the PCAC result
given in equation (II-7).

In a general scattering process involving the deuteron, the rela-
tivistic counterpart of the deuteron wave function is the Bethe-Salpeter23

amplitude, defined in momentum space by

YR = S.(R) "8, R)C Sk U, - (1v-1)

Here, p1 . Pz are the momenta of the nucleons in the deuteron, SF (p) is the
full Feynman Propagator50 for a nucleon of momentum p, r‘q(Fi»B) is the
dNN vertex function with both nucleons off the mass shell (cf. equation
(I1-1)), and lJ,is the deuteron polarization vector. We indicate this
amplitude symbolically in Figure 9. Here, the triple lines signify that
the deuteron contains, in addition to simple nucleon bound states, contri-
butions from bound NA and higher mass states, examples of which are shown
in Figure 10. If the relative momentum ¥ = ( P,-p)/2 is restricted to

values P2 ¢mm,% (370 MeV)z, the contributions from the higher mass
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A

Figure 9. Diagrammatic Representation of the Bethe-Salpeter
Amplitude for the Deuteron

N N N
dz:< d % d%
N N =
N A A
d d.?:{ d}Z_—'Z<
N N A

Figure 10. Lower Energy Contributions to the Bethe-Salpeter Amplitude
(The First Four Diagrams Constitute the One-Channel Coupling
Approximation, and Only the First Two Are Important.)
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states may be neglected, and the only significant diagrams are the nucleon
diagrams in Figure 10. This is called the one-channel coupling approxima-
tion. In analytical terms, the one-channel coupling approximation implies
neglecting all singularities in (IV-1) except the simple nucleon poles
occurring at Pl"z m?* and p: = m? .

In an analysis of the singularity structure of (IV-1), Gross has
shown that its contribution to scattering amplitudes is accurately de-
scribed in the one-channel coupling approximation by taking one of the
nucleons to be on the mass shell. This gives an approximate relativistic

deuteron wave function of the form

q)a #,d)= B+m) rpC ('P;+M)TU°< (1V-2)
+m* (R~ m?)

where f"zf%)is given in equation (II-2). Here,
r= A-B, d=B+8 , (IV-3)
2 ’AZ% 2 ""-\2%.'
do= (M543, = do (o[-,
2

and FH is the off-shell momentum.

Now, any attempt to relate the vertex invariants in equation (II-2)
to deuteron s and d wave functions must be accomplished by relating (IV-2)
to the non-relativistic deuteron wave function, the 3-space form of

which is given by
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— (K)

NR ) 1
Yy R) = \[——.Xm)[ 40 &-U A Sl (v

X

(a[a‘m i) _ @ (”)]%Xm-

Here, W and W are the deuteron s and d state wave functions,f? is the
. . .10 . . . .
3-vector Pauli spin matrix, X is a nucleon spinor, and A is a polariza-

tion index with values -1, 0, 1 where

_.s(+1) -

(112, -i/z,0) 4
and the spinors jKl(X)"X1<A)are determined by S via angular momentum addi~-

tion. The normalization is chosen to satisfy

2 oo
2 5d3? , k‘J(A:; (i)l =j\: u(X)2+ W(x)ZJdX
;‘ o

The connection between (IV-4) and more conventional forms for the deu-
24

teron wave function, such as that given by Blatt and Weisskopf, may be

found in Appendix D of reference (12). For our purposes, the 3-space

Fourier-Bessel transform of (IV-4) is more appropriate. This is given by

.
6 (M) = 3 Xy [ Uan -0+ _vl_f W, () x (IV-5)

LRI W >. 0w i
(a[&r]rt; g® _ &0 )]% X s

where
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“ »
W () = § woeo J, (rxoxdx (1v-7)
and
; 2 L .
X) = (- 1.d Y sinX (1V-8)
J"() &x) (x dx) X

are the spherical Bessel functions.
To relate (IV-2) and (IV-5), we write the off-shell projection op-

erator in terms of on-shell nucleon spinors via

X’;—rm = ﬂz(wﬁ)ucﬁ)a‘cﬁ)—%(1—p)v(—5)v<-ﬁ), (1v-9)

where

I

R E = (51+m‘)%
E

V=

This decomposition suggests that the off-mass-shell nucleon be regarded
as a superposition of positive and negative energy states (nucleons and
antinucleons) with the negative energy contribution vanishing in the
limit that the nucleon is on the mass shell (/9::1).

If we substitute (IV-9) into (IV-2), we obtain

G, (= PT@QUERT B + OTFDVETB),  (1v-10)
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where
e, d) = (+p) T e C T(BY U,  (TV-1D)
Z(m*-)
and

$ D = == T e (ZT(,BZ)U,( . (Iv-12)
2(m*pR’)

Here, qf+corresponds to the first, and qf+to the second, diagram in Fig-
ure 9. The third and fourth diagrams contribute only when the second nu-
cleon is also off the mass-shell. Now, to make a connection between the
relativistic wave functions (IV-11) and (IV-12), and the non-relativistic
wave function (IV-5), we note that phenomenological analyses of nucleon
scattering are generally based on a non-relativistic formalism, and hence
contain no explicit provision for contributions from negative energy
states. Whatever the effects of these negative energy states are, they
are incorporated as well as can be expected by virtue of the fact that the
non-relativistic wave functions WU,(r) and W, (r) are chosen to fit the ex-
perimental data. Also, the nonrelativistic analyses are performed in the
nucleon center-of-mass frame. In the case of the relativistic wave func-
tion db(?;a), the center-of-mass frame of the nucleons is the deuteron

rest frame 3::0. Following Gross then, we make the identifications

CDH(Fv 0) = CPNR(F) ) (1V-13)

and
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(Iv-14)

The two equations (IV-13) and (IV-14) provide a direct means of re-

lating the invariant functions F, G, H, and I to the phenomenological wave

functions We and W, contained in (IV-5).

To make the identification ex-

plicit, we use the limiting form of the nucleon spinors given in reference

(10).

and

VER)— [~ T
X

p)!

X

We repeat equation (II-2) here for reference. It is

(Iv-15)

(Iv-16)

[(R) = F(RH - () U- - (m=f) (1M -1 A -2
m m —V;’r

We will find it convenient to extract the projection operator in (II-2)

as follows

WB) (m-£) = U@ (M-E% +B-F+E% -R°%) (1V-17)
m

= W(R) (m‘E1To+.P:'? +E1E1‘,8]T°)
m
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= UP EL(1-A)% =UR)E ,
m

and similarly

VER)(m-g) = UB)(2+8). (1v-18)
m

Using (IV-17) and (IV-18) we have

O"(®y= (1+8) UP) [( F-HsY)M-(6 —Igz;)U-RJCQT(-F),(IV-w)
2 (m*~g") m

and

¢ = 3 %1 ~f) )17@) [:(F~2 H~H ST, )4~ (G~2I-ISX;)U'QJC UER. (1v-20)
m=g*

Next, we use

1
P1°= Md—-(?2+mz>z = 2m —ﬂ}—-m (1 +E_z_ ’ (1Iv-21)

p

to write

3
l
=
0
N
—~
-5t
N
+
S
N
p—

(Iv-22)

en
Tt
m
7~
i
™
~
i
T
W
n
=<t
N
+
[
»

mz L] (IV‘ZB)
m

and
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(Iv-24)

Retaining only terms thru order ?34nﬂ we can now use (IV-15) and (IV-16)

and the matrix conventions in appendix A to rewrite (IV-19) and (IV-20) as
tye i X, (0YFF( FAN-H(Fia
V)=-—_&_ = - % Iv-25
q)(ﬂ ) G [ ( 2me 4m*> ( )] (1v-25)
(X)-n 2 a1 2 =2
F.¢ 1+ + ¥ Y‘+o\ +G[ 1 -3y o
A X )[ (2 o me) (zmt 2m? Xz

and

Now, using equations (IV-5), (IV-13), and (IV-14), we compare coefficients

of the independent spin matrix combinations to obtain

H= 0o (I1V-27)
—F +G6(1-P\+1(-F2-2"\= o (IV-28)
F ( 4m2> ( 2m? m‘) ’
U, (v) = 4 1 - _ P2 1 IV-29
)= A W) = [F( 2m1 -2 ]”"‘““'raqz’ (1v-29)

and
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3"'1 Wz(v‘) F ~1 +°‘ -Hr‘2 +{ 1 - o(2+7‘.l) 1 . (1v-30)
o Zm? /| Fie?

Then, combining (IV-27)- (IV-30) we obtain a prescription for the dNN
vertex invariants in terms of phenomenological deuteron s and d state wave

functions which is

- Phed) (1+ % 4 r? [uo — 1 W( (1v-31)
F = Ve ( +°<)( zm;w) (-1 zr)],
G =3m Ve <1+o(2)<1+a<+r)W(v~)+ F (1v-32)
2 =3

H=o (IV-33)

and

I= J_(G—F)<1 ~ V”+°<") - FF . (IV-34)
2 2m?

A remark is in order concerning equation (IV-33). This is in di-
rect contradiction to our PCAC result (equation (II-7)), and Gross himself
points out that it is in disagreement with estimates of H based on single-
pion-exchange calculations.49 His argument is that, by using (IV-31)-
(IV-34), we are entitled to take H = 0 because the error is compensated
by adjustments in F, G, and I due to the fact that they are determined
from experimental non-relativistic wave functions. In the next section,
we make some speculative remarks about the behavior of the antiparticle

contribution to QL, (b—t and derive an alternative prescription for the
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dNN vertex function. In Chapter V, we show that there is very little dif-

ference in cross sections calculated using the two procedures.

Rederivation of dNN Vertex Invariants

Examination of the square brackets in the expression for d)'*shows

a part not explicitly of order ¥ /m*given by

~F+2H+G-21 - (1v-33)

Using equation (IV-22), we can write

F(RD = R+ © (vymd),

with similar expressions for the other invariants. Thus (IV-35) may be

written

—Fo +2Ho + Go =21, + O (¥7m?), (1v-36)

and we see that the behavior of Cb_* for ¥2/m*<< 1 is dominated by the

term

—Fo+2Ho +G,-2T, . (1v-37)

In Chapter VI we develop a consistency condition on the 4NN vertex
function, based on the formal field-theoretical PCAC hypothesis and the

assumption that the Austern-model resonance amplitude for pion disintegra-
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tion of the deuteron, extrapolated off the pion mass shell, gives the cor-
rect behavior of the non-pole part of the pion disintegration amplitude

in the limit of zero momentum transfer. The consistency condition is

Fo - ZHO = O (II"7)

and implies that the residual term in @ 'is

Go~-21, (1V-38)

Now, we have the very interesting question as to whether or not the sym-

metric relation,

G’o ~2I, = O (I1-8)

also holds. This question is important, as the vanishing or non~vanish-
ing of (IV-38) makes a difference of a factor of order ¥*/m*in the rela-
tive contributions of (DH and (Dd to the relativistic deuteron wave func-
tion Chagiven in equation (IV-2), and thus has direct bearing on the im-
portance of anti-nucleon contributions to deuteron processes near the mass
shell,

As an alternative to Gross' prescription (IV-31)~- (IV-34), we spec-
ulate that equation (IL-8) is valid, and we make the approximate assign-

ments
H=F , 1 =G (1v-39)
2

r - .
where we commit an error no worse than of order ¥3/m¥in H and I, and

=4, ¢ . .
hence no worse than of order ¥ /m in the dNN vertex function. Using
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(IV-39) we obtain the identifications for F and G given by

BRI

= BT (P4 a?) (1 +§TE: +ﬁ1‘l‘z)[u° (r)..vi?_ W, (,.)] , (1V-40)

and

G=3m (V'r dl)Vﬁ?(1 +F2r_d_j) W (r)+ E_ (1V-41)
(Z T2 m 2

Comparing our prescription (IV-39) - (IV-41) to Gross', (IV-31)-
(IV-34), we see that F and G are virtually the same while H is very dif-
ferent, with ours consistent with PCAC, and I is apparently different,
We say apparently different because examination of equations (II-5) and

(11-6) shows that for a/ﬁ)of three percent we have the relation

Ge ~ (1V-42)
Fo ™ 25

Consequently, for ?*3Qn‘<< 1, we expect G to be much larger than F, and
this implies that Gross' expression for I and ours are quantitatively ap-
proximately the same. 1Indeed, in Chapter V, we show that cross sections
calculated using the two prescriptions are essentially the same. In that
Chapter, we show that the total cross section for pion disintegration is
critically dependent on the form chosen for I in that, using either (IV-
34) or (IV-39), we obtain a result consistent with experiment, while a
different choice for I (I = 0) results in drastic modification of the cross
section which is most significant at intermediate energies (see Figure

13). This result indicates that cross sections are sensitive to the form
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chosen for I, and strengthens our belief in the correctness of (II-8) in
that it leads to agreement with experiment, whereas a significant devia-
tion from (II-8) leads to severe disagreement with experiment, Even if
this does not conclusively prove (II-8), it at least establishes that G
and I are of the same order of magnitude near the mass shell,

We close this section with some practical remarks concerning the
use of (IV-31) - (IV-34) or (IV-39) - (IV-41) in scattering calculations.

These equations are of the form

F(P®) = £7D (1V-43)

where the functional form on the left is independent of reference frame

by virtue of its invariant argument, while the functional form on the
right is dependent on choice of reference frame. 1In the processes we con-
sider, such as that shown in Figure 3, Chapter II, the restriction 3=<D

in our identifications above implies that (IV-31) - (IV-34) and (IV-39)-
(IV-41) hold only in the rest frame of the deuteron, which is usually the
laboratory frame. However, the Austern model amplitudes of Chapter 111
are evaluated in the center of mass frame of the deuteron and the incom-
ing pion or photon, and we would like to perform calculations in this
frame. Thus, we need to know how the functional correspondence in (IV-

43) changes when we transform to the center-of-mass frame. To do this,

we consider the invariant

ro= Poz - rLAB = Toz - ﬁmz . (1V-44)

Now, in general
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N>

SR GRS

pot = Maed® L (ST (s [F A (2T
4

In the processes we consider, 3"/m"<<1 and V2/m* << (about 10 percent),

so we obtain

ro?z a,a.i(§~Fz, (IV-45)
sm*\z

Thus, in the lab frame, vtai = o , while in the center-of-mass frame for

deuteron disintegration, a = ~?f and ¥ = K-3 yhere K is the relative mo-

mentum of the physical outgoing nucleons. Thus (IV-45) becomes

2 o~ _Q3gp2
;; = 3‘Jii
g m

and (IV-44) yields

2

X1

- 2 -2 -9
V‘LAB = V‘cM + q

g

2

=

However, §*K/gmt<< #5 for the processes we consider (about one per-

cent), and we can use

F(P?) = £(1R.) (1v-46)

without appreciable error.
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CHAPTER V

PION AND PHOTODISINTEGRATION OF THE DEUTERON

In this Chapter we examine the background amplitudes for pion and
photodisintegration of the deuteron, and present the total and differen-
tial cross sections for both processes, using both George's parametric
procedure, and the phenomenological method discussed in Chapter IV. This
method appears to have been over-looked by other authors, and to our
knowledge, this is the first application of this method to deuteron dis-
integration. The procedure used to calculate the cross sections is dis-
cussed in Appendix A. The diagrams corresponding to the background ampli-

tudes in the George model are given in Figures 11 and 12,

Pion Disintegration of the Deuteron

The amplitude corresponding to the first diagram in Figure 11 is

ANZ Gpp AR Yy (B A +m) « (v-1)
D(t)

(P8-S UG + (Ao wew - I U - affcTl,
m m o~

where we have used (I-10) and defined D@®) =+t-m? , Thée reduction of
(V-1) proceeds with the elimination of{q, using the Dirac equation. It
is then grouped into elementary terms which are easily expressed in terms

of the amplitudes of Table 1, and the antisymmetrized amplitude is formed



Figure 11. Background Amplitudes for Pion Disintegration of the Deuteron

Figure 12. Background Amplitudes for Photodisintegration of the Deuteron
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using equation (I-27). The resulting coefficients are given in Table 11.

Cross Section Using George's Background

George used the dNN vertex function given by equations (II-9) and
(11-10), with F, and G, evaluated using the representations given by
(I1-5) and (II-6). As discussed in Chapter II, the value of the asymp-
totic d-to-s ratio/o, as determined from low energy nucleon scattering,
is approximately three percent. George found that with a/p of three per-
cent, the cross section calculated using the background terms alone ex-
ceeded the experimental cross section at the resonant peak. His procedure
was to use o, in the background amplitudes of Table 11, and A, appearing
in the resonant amplitudes of Table 8, as adjustable parameters. He also
found it necessary to adjust m* from its accepted value of 1236 MeV, as
determined from pion-nucleon scattering. Since we found some aglgebraic
discrepancies in George's resonant amplitudes, we have recalculated his
total cross section and find the result shown as the curve labeled GEORGE
in Figure 13, corresponding to A=4.13« y Q= 0.6, and n = 1210 MeV.
This curve represents an improvement over George's reported result in that
his curve does not fit the data at high energies, and the value of 1210
MeV for m* is closer to the accepted value than his reported 1190 MeV.
Again we emphasize that this is just the result of a numerical re-analysis
of George's work, and contains nothing new. The corresponding differen-
tial cross sections for center-of-mass pion kinetic energies of 40, 76,
140, and 180 MeV are given by the curves labeled GEORGE, in Figures 14,

15, 16, and 17.

%
See the footnote on page 37.



Table 11. Invariant Coefficients for the Background Amplitude

in Pion Disintegration of the Deuteron
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Figure 13. Total Cross Section for Pion Disintegration of the Deuteron
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Cross Section Using the Phenomenological Vertex Invariants

In Appendix B we give a discussion of phenomenological deuteron
s and d state wave functions determined by selecting general Hulthen forms
and adjusting the associated parameters to be consistent with the observed
properties of the deuteron.45 To allow an additional degree of freedom
in fitting the nucleon-nucleon triplet scattering data at higher energies,
a hard core radius is also introduced.

The most significant physical properties affecting the resulting
wave functions are the hard core radius X,, and the asymptotic d-to-s ad-
mixture ratio/o. Wave functions corresponding to hard core radii of
0.0 £, 0.432 £, and 0.561 £, and values of/p of three, four, and five per-
cent were considered for the present analysis, Using the forms given in
Appendix B to construct the invariants given in Chapter IV, we found that
a nonzero hard-core radius gives much too large a result for the high-
energy total cross section. Consequently, we have chosen X_ =0 and have
determined the total and differential cross sections for the three values
of p. These are displayed with the label GROSS for p = three and five
percent in Figures 13 - 17. The curves for p = four percent are inter-
mediate between the other two, and we have omitted them for clarity.

We note that, for a center-of-mass pion kinetic energy 17r = 140 MeV,

the differential cross sections produced by George's method, and using
the/ﬁ = three percent Gross invariants are indistinguishable, but sepa-
rate at higher energies. We also note that the modification of Gross'
identification procedure suggested at the end of Chapter IV produces in-
significant changes in the total cross section and the low-energy differ-

ential cross section, but begins to show a slight effect in the differen-
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tial cross section at higher energies. These curves are labeled GROSS
PCAC in Figures 13 -17. We have also considered the effect of neglecting
I in the phenomenological dNN vertex function to estimate how critically
the cross section depends on the form chosen for this function. The re-
sult is shown in the curve labeled GROSS I = 0 in Figure 13.

To summarize the results for pion disintegration of the deuteron,
we note that by using either George's method, or Gross' invariants, the
total cross section is adequately reproduced at the peak and at higher
energies. At lower energies, the Gross or Gross PCAC invariants with
L= five percent seem to give the best fit, although there is sufficient
scatter in the experimental data to make this conclusion questionable.
For the differential cross section, both methods give acceptable results,
and there is no basis for selecting one over the other, except that the
GROSS PCAC result for/o = five percent seems to give the best fit at high
energies.

We have shown that, for pion disintegration of the deuteron, the
background amplitude may be systematically constructed from triplet nu-
cleon scattering data using a method presumably generally applicable to
any process involving the deuteron at comparable energies, and have ob-
tained results equal or superior to George's essentially mathematical

treatment of this amplitude.

Photodisintegration of the Deuteron

The Nucleon-Pole Amplitude

The amplitude corresponding to the nucleon-pole diagrams in Figure

12 is given by
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e a(m[ ;{g J (B= + m) « (V-2)
D@

F -G (p- -g- (p- 0

{F M- COU- R0+ (g-gom)[ o - L U e
te u(a) g’ﬁ'(xf{ f[+ m) x
{;:(u)z- G U-(R-9)+ (£-7- m)[H (Wi-Leo U (a—y)ﬂcﬂa) ,

where X p= 1.793 and )X, = -1.913 are the anomolous magnetic moments of
the proton and neutron, in units of the Bohr nuclear magneton €/2m, and
determine the Pauli coupling of the photon to the nucleon.

The reduction of (V-2) proceeds by eliminating ¥4 and,f{ using the
Dirac equation. The second term is then transposed, and the resulting
amplitude is grouped into elementary forms which are then reduced to in-
variant coefficients multiplying the invariant amplitudes of Table 4.
The reduction is accomplished using the prescription given in Table 9, and
the isoscalar and isovector amplitudes are constructed using equations
(I-31) and (I-32). Using the convention &= + 1 for isoscalar and - 1
for isovector, the amplitudes for Dirac coupling are given in Table 12,
and the amplitudes for Pauli coupling are given in Table 13, We note that
the F and G terms in the coefficients agree with George except for a rela-
tive sign in the second Dirac coefficient and the overall sign of the
twelfth Dirac and Pauli coefficients.

The Deuteron-Pole Amplitude

This amplitude involves the dNN vertex function with the deuteron
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Table 12. Dirac Nucleon-Pole Invariant Coefficients for
Photodisintegration of the Deuteron.
8= + 1 for Isoscalar and - 1 for Isovector Amplitudes.
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Table 13, Pauli Nucleon-Pole Invariant Coefficients for
Photodisintegration of the Deuteron.
= + 1 for Isoscalar and - 1 for Isovector Amplitudes
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off the mass shell, and the d¥d vertex function with the deuteron off the
mass shell. The dNN vertex function was described in Chapter II and the
form appropriate to an off-shell deuteron was given in equation (II-3),

which we repeat here for reference

Com (48 = A @YU P - GED U P, (11-3)

and again we emphasize that nothing is known about the d' dependence of
the vertex invariants F and G or the function A'.

We can determine the general form of the d¥d vertex function using
invariance arguments. The diagram for the vertex is shown in Figure 18,

The conditions on the vertex are

€'q= U-d=o0 P 72'=O; d1= Mi 3 (V-3)

and

9+C{ = d’ . (V-Q)

Equation (V-4) implies that there are only two independent momenta assoc-

iated with the vertex, and we choose the pair

9=d-d, X = d's+d . (V-5)
The available scalars are

(V-6)

]
o
N
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=
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Figure 18.
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g.x = d'*-mi, (v-7)
and
X*= d'*+2d.d +MJ ’ (V-8)

where we have used (V-3), It is clear from (V-6)--(V-8) that there is
only one independent scalar variable, and we choose d'?. Lorentz invar-
iance requires that the dvd vertex function be a scalar. It must be lin-
ear in€, U and U’ and it can be composed of the independent momentum vec-
tors associated with the vertex, and the metric tensor 9,“"' The general

form is
e UPU” Tagy (v-9)

and the possible forms composing T are

T Tp T 5 XX X3 Tu T Xor s
TaXeTp 3 Xa 9090 ? Tu Xp Xpr s
X Gy Xp' 7 X XaTg 1 Jug T 3
O«p > QpaTa 7 JupXe >
JupXs » Fpar Xo -

The Lorentz conditions in (V-3) and the definitions in (V-5) show that the
terms involving 9« are not present, and the terms in 7p and Xﬂ.are equiva-

lent. With this, the general form for the vertex function is

- € UPL* -
[dee = € UL (D(‘lxq’?p?p:*quqXpX/g'+O(39‘.’7”-+D(13.‘ﬁ,7/a+qssdpxﬁ,+°{‘9ﬂﬂ,yd> (v-10)
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As with the dNN vertex, the scalar functions in (V-10) are unknown.

When d' is on the mass shell, U’ ~d’=0 , and we can use (V-4) to show

Uux-—=uq, Uu-x—u-9,

and (V-10) becomes

r:l-td = o &% U“]U"‘? +,3€'UU"‘7 (v-11)
+¥€-UU9 + SU-U €-X.

Applying gauge invariance, and noting that (V-7) implies g:X= 0 , we con-

clude T=-4, and the mass-shell vertex function is
[iyq=AEXU-GUg+p(€-UU9-€UU )+ SUUEX (v-12)

The form (V-12) has been obtained by Sakita13 who shows by non-relativ-

istic identification that

S=-€, g=-2€u, «=-2Q ,
2 Vo
where/uq = 0.857¢ 1s the magnetic moment of the deuteron in nuclear Bohr
magnetons, and Q is the deuteron quadrupole moment.
Lacking any means of specifying the off-shell behavior of the ver-

? and use the mass-shell

, 1
tex functions, we follow George and others
vertex functions in the deuteron-pole amplitude. This is certainly incor-

rect, as we will indicate below, and makes any attempt to calculate pho-

todisintegration cross sections ambiguous. In addition, there is another
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possible contribution to the background amplitude in photodisintegration

which has been ignored in George's model, as we will show in the sequel,

but before discussing this contribution, we examine the numerical results
that have been obtained using the present (George's) model.

The amplitude for the deuteron pole term is

e % a(a){[~e.(d,+d')u~q u-q-2pma(e-u q-U‘—e-U'f]-U)]x (v-13)

‘ -T
s [FB - Gug]lcde,
S-My m

where the sum is over intermediate deuteron polarizations, the quadrupole
term has been neglected, the mass-shell form of (II-3) has been used, and
s is defined in (I-10). Using equation (I-3) to perform the polarization

sum, we get the result

ea(a)[- F e @d+d’) uaq{_/c( + g-d } (V-14)
M3

_Z#d;:,{e.u[-;fq ‘%{__f]-—u'(f ‘¢+§_‘_g‘%"]}

+FGY-\£ €.(d+d’) U'Cf{*‘q’ﬁ + a.d’ d'd'}

+2 M4 Go (€-U[-9- d'pdl-U9(-ep+edpgdil|x
R S s P

d

~T
1__CUWin).
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We are restricting our calculation to the center-of-mass frame and

in Chapter III we chose a gauge such that €,=0© . Thus we have
€-9 = € d = €.d'" = O

and (V-14) reduces to

el -2maFe (euf- q-d'e u- (v-15)
[ e[ g ] v e

+2M4 G, e-U[_‘?'R*Q-d'P-d' +U-g9e-p a'ce,) -
m(s-Mmi) Mdl } ! }]C )

]
Finally, we use the Dirac equation to remove the & term, use €-p,=€Q+

€ K= € K as in Chapter III, and we write

~PR+* 4R d = -9p+ (TR*9R)YM+RR) = - 9K -
Ma 2(m*+F-p)

Comparing to the amplitudes in Table 4, we obtain

— T
€ U(R) {‘“’"“‘*[GI + R I ]} C & (r) (V-16)
S-Md
Comparison of (V-16) with equations (I-31) and (I-32) shows that
it is pure isoscalar, and hence will appear only in photodisintegration
of the deuteron.

Numerical Results

George's program for computing the photodisintegration total cross
section consists of using the parameter values found in pion disintegra-

tion to construct the nucleon-pole and resonance amplitudes for photodis-
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integration, The deuteron-pole amplitude is then approximated by the
static form given in equation (V-16), with Fo and Goevaluated for the
parametric value of/O, 0.6 percent. Our reconstruction of George's total
cross section is given in Figure 19 in the curve labeled GEORGE. Here,

we have found it necessary to use a value of m*® = 1190 MeV rather than

the 1210 MeV value we found necessary in pion disintegration. We will
have more to say about this difference below. For comparison, we have
evaluated the nucleon-pole amplitudes using the PCAC modified prescription
given at the end of Chapter IV, and have calculated the total cross sec-
tion with these replacing George's nucleon-pole amplitudes. The results
for/o== three and five percent are given as the curves labeled GROSS PCAC
in Figure 19. It is clear that the/o:= five percent curve is superior to
the three percent curve, and both are superior to George's. This was also
the case with the pion disintegration total cross section.

The approximation of the deuteron-pole amplitude by the static form
of equation (V-16), with F, and Go evaluated for/0== 0.6 percent, is some-
what arbitrary. The 0.6 percent value for/o arises in George's calcula-
tion as that value necessary to compensate for unknown off-shell nucleon
behavior of the nucleon-pole amplitude, and there is no a priori reason
to suppose that it will correctly compensate for unknown off-shell deu-
teron behavior in the deuteron-pole amplitude. However, the effect of the
substitution is to reduce the contribution from the static deuteron-pole
amplitude at high energies. Examination of the curve GROSS DPT in Figure
19 shows that some such reduction is necessary. This curve results from

the static deuteron-pole amplitude with F, and Go evaluated for a/o of
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three percent, and makes it clear that a correct deuteron-pole amplitude
must contain momentum dependent functions which decay with increasing en-
ergy transfer.

Of the data available on the photodisintegration total cross sec-
tion, Kissler's39 is reported to have been taken with especially careful
attention to coincidence elimination of competing events from photodisin-
tegration with charged pion production. As might be expected, Kissler's
data falls at the lower fringe of the scattered collective results. 1In
Figure 20, we give the curve which results from our phenomenological
= five percent nucleon-pole amplitudes, using the same width (M= 120
MeV) as used in pion disintegration, and with the deuteron-pole amplitude
eliminated altogether. This curve differs only a few percent from its
counterpart evaluated with the ©= 0.6 percent deuteron-pole amplitude,
with the most significant improvement occurring at high energies. It is
clear that the curve fits Kissler's data quite well below and above the
resonant peak, but is somewhat large in the vicinity of the peak. We find
that by adjusting the width of the resonance (this is not the same as ad-
justing the cut-off parameter) from 120 MeV to 143 MeV, we obtain a total
cross section which coincides quite well with Kissler's data.

To summarize our results for pion and photodisintegration, we have:
(1) used only nucleon-pole and resonance amplitudes in both processes;
(2) constructed the nucleon-pole amplitudes for both processes using the
PCAC modified Gross prescription, with the dNN vertex invariants con-
structed from)p = five percent phenomenological deuteron wave functions;

(3) used a cut-off parameter of A = 4,134 in the resonance amplitudes for
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both processes; and (4) used a resonance mass and width of 1210 MeV and
120 MeV in pion disintegration and 1190 MeV and 143 MeV in photodisinte-
gration.

At this point, we would like to remark that our calculation of the
photodisintegration total cross section has not been in the same spirit
as George's. George's intent was to fix the parameters of calculation in
pion disintegration, and then obhtain a parameter-free theory of photodis-
integration. We have already given reasons, in connection with the
deuteron-pole term, as to why this procedure may not be realistic, and
in subsequent discussion we will strengthen this viewpoint by pointing out
an inadequacy in George's model. Consequently, we feel justified in ad-
justing the resonance mass and width in photodisintegration, and in ne-
glecting the deuteron-pole amplitude, because, in doing so, we can con-
sistently use what we regard to be fundamentally correct nucleon-pole am-
plitudes in both processes, and obtain excellent results for the photo-
disintegration total cross section by simple adjustment of the resonance
parameters. Our final goal is to obtain an accurate weak~-vector ampli-
tude for neutrino disintegration of the deuteron, and in a practical mea~
surement, it will not be possible to examine the behavior of the cross sec-
tion differential in the outgoing nucleons. Consequently, we have con-
centrated on an accurate representation of the photodisintegration total
cross section.

We close this Chapter with a criticism of George's model for pho-
todisintegration and consequently, of the final form we have chosen for

the photodisintegration amplitude. 1In addition to the lack of knowledge
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of the correct form for the deuteron-pole amplitude, the model lacks an
additional amplitude which may be important at the energies we consider.
This is the so-called exchange-current amplitude,13 illustrated in Figure
21. The analogous amplitude for pion disintegration, shown in Figure 22,
does not occur because it violates conservation of G-parity, known to be
conserved in strong interactions. To see that the diagram in Figure 22
cannot occur, we note that the G parity of an N pion state is

Gq)N‘ Consequently, G-~parity conservation requires that the total num-
ber of pions entering and leaving a vertex involving only pions must be
even, and this is not satisfied by the WM vertex.

The missing exchange-current amplitude and the lack of knowledge
of the deuteron-pole amplitude indicate that 1t is quite remarkable that
we were successful in obtaining a good representation of the photodisin-
tegration total cross section using only the nucleon-pole amplitudes and
the resonance-parameter-adjusted resonance amplitudes. We might take this
as an indication that the questionable amplitudes are not important in
photodisintegration. However, examination of the differential cross sec-
tion shows that this is not true. In Figures 23 - 26, we show Kissler's
differential cross section data for laboratory photon energies of 140,
260, 300, and 390 MeV, along with our calculated differential cross sec-
tion. We note that the calculated cross section is very nearly symmetric
except for the small asymmetric contribution from the isoscalar part of
the nucleon-pole amplitude. 1In the vicinity of the resonant peak, where
the isovector resonant amplitude dominates, the fit to the experimental

data is good (Figures 24 and 25). However, below and above the resonant



Figure 21. Exchange-Current Amplitude in the Background
for Photodisintegration of the Deuteron

Figure 22. G-Parity-Forbidden Exchange-Current Amplitude
for Pion Disintegration of the Deuteron
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peak (Figures 23 and 26) the experimental cross section shows a strong
asymmetry, indicating the presence of a significant isoscalar contribu-
tion. In both regions, the asymmetry is pronounced, and would probably
be accounted for by a correct deuteron-pole amplitude (the deuteron-pole
amplitude is pure isoscalar) and probably more important, the isoscalar
part of the exchange current amplitude. At the higher energy, the asym-
metry presumably is due to residual effects of the deuteron-pole term,
and the isoscalar part of the exchange-current amplitude.

We have not attempted to incorporate the exchange-current ampli-
tude into photodisintegration, because it involves the dNN vertex function
with both nucleons off the mass shell, given in equation (II-1), as well
as a closed-loop momentum integral. A possible approach to the calcula-
tion of this amplitude would be to limit the relative momentum at the
dNN vertex to values below 370 MeV, use the vertex function appropriate
to one off-shell nucleon,4 and incorporate the Gross phenomenclogical
vertex invariants. However, such a calculation would considerably exceed
in complexity the resnance amplitude calculation of Chapter III, and we
have not attempted to carry it through.

At very low energies (2.23~ 10 MeV), our calculated cross section
compares favorably with the electric-dipole cross section of Blatt and
Weiskopf.24 In the intermediate region (10 - 100 MeV), our calculated
cross section is approximately ten percent less than the experimental cross
section, presumably due to the omission of the exchange current amplitude.

In the next Chapter, we construct the weak-vector amplitude for

neutrino disintegration of the deuteron from the isovector part of the
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photodisintegration amplitude, using the CVC hypothesis. Even though we
do not propose to examine the neutrino cross section differential in the
outgoing nucleons, the fact that we have obtained a good representation
of the photodisintegration total cross section using amplitudes which are
nearly pure isovector leads us to believe that the weak vector amplitude

we obtain would be adequate for this purpose.
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CHAPTER VI
WEAK DEUTERON DISINTEGRATION AMPLITUDES

In this chapter we give a brief history of the strangeness-
conserving weak interaction, including the conserved vector current
(CVeC) hypothesiss’25 and the Partially-Conserved Axial-Vector Current

6,7,8,9 We then develop the amplitude for the process

(PCAC) hypothesis.
V+d — P+17+Q.by relating the weak vector amplitude to the isovector
amplitude for photodisintegration of the deuteron, and the weak axial-
vector amplitude to the amplitude for pion disintegration of the deuteron.
The latter relation is obtained by an extension of a technique used by

Adler and Dothan,9 and leads to an interesting consistency condition on

the dNN vertex function,

The Strangeness-Conserving Weak Interaction

The earliest evidence for the existence of the weak interaction
occurred in nuclear beta decay. The simplest example of this process 1is
the beta decay of the free neutron, N —> p+e+ Ve . In 1934 Ferm126
proposed a theory to describe beta decay, using electromagnetic inter-
actions as a guide. In Fermi's theory, the nucleons are considered to
carry a ''weak current' which interacts with the electron-neutrino field
at a point, in direct analogy with the coupling of the electromagnetic
field with an electric current. In terms of lepton and hadron current

o .
operators £ and J;Y, the transition amplitude for beta decay can be
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written in Fermi's theory as

Tri= (21 8 (B-R) (e, Wi oue| L (O] Op<Ps 0wt TlD|nsiny.  (VI-D)

The analogous expression for the coupling of the electromagnetic field to

the hadronic current is given by

T, =m*s(R-p)N € “(piout| N0y Piiny (VI-2)

where & 1is the polarization four-vector for the electromagnetic field.

Thus we see the correspondence

NB_E“ ~ <€, Ves outl ;f“(o)l O> . (VI-3)

There have been some attempts to generalize Fermi's theory by
introducing a massive vector boson field to mediate the coupling between
leptonic and hadronic weak currents, This would have the effect of giving
the weak interaction a nonzero range, and would make the analogy between
electromagnetic and weak processes complete. However, the existence of
such a boson has not been established experimentally and Fermi's theory
appears to be adequate in the range of energies now available to experi-
menters,

We may factor the spin dependence from the matrix elements in

1
TN is (m/E)% for a fermion and (1/2E)® for a boson.
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equation (VI-1) and write
Toi = N NN N, (M) S ()AL V@ APH U 5, (VI-4)

where L® and H, are combinations of Dirac gamma matrices and arbitrary
scalar functions of the momenta appearing in the process. In neutron
beta decay, the energy available to the process is approximately 1.4 MeV
and is sufficiently small to assume that the momentum dependence of Tg;
will be negligible. Thus, we equate the scalar functions to constants.
Imposing the requirement of Lorentz invariance on T¢, requires that it
be either scalar, pseudoscalar, or a mixture of the two. This places
restrictions on the possible combinations of gamma matrices that can be
incorporated in L® and H, . 1In all, there are five allowable combina-
tions, given in Table 14.

For over twenty years after the introduction of Fermi's theory
physicists sought to deduce the specific form of the beta decay interac-
tion by a process of elimination based on experimental observation. The
most significant step came in 1956 when Lee and Yang27 suggested that
the weak interaction was not invariant under spatial reflection, and
consequently should be a mixture of both scalar and pseudoscalar terms.
This suggestion was substantiated by experiments performed by Wu and

29,30 which

2
collaborators, 8 and quickly followed by other experiments
specified the precise manner in which parity violation occurs. From

these experiments, Marshak and Sudershan31 were able to specify the pre-

cise form of the beta decay amplitude. 1t is
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Table 14. Allowed Combinations of Gamma Matrices
and Their Transformation Characteristics
Label Combination Transformation
Character
S I Scalar
\ Tw Vector
T U;]; Tensor
A Y s Axial-Vector
P Y} Pseudo-scalar
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m = % AEF (-6 ) V)T @ T, (1-x ) U ) (VI-5)
2
where X has the value 1.18 and G has the value, in units of the proton
Compton wavelength, 1.015 X 107°°.

The Conserved Vector Current (CVC) Hypothesis

Long before the final elucidation of the interaction form for
neutron beta decay, the similar strengths for weak decay of the mneutron
and the muon lead to speculation on the existence of a universal Fermi
interaction governing all weak processes. Following the discovery of
parity non-conservation in beta decay in 1957, it was established that

the interaction form for muon decay /u'——a €+ Veﬂjuhas the form

Qn':gr:' O () T (1= V(W) W) ¥ (1= ¥5) U ) 5 (VI-6)
2

where G' is equal to the coupling G in neutron beta decay within two per-
cent, The surprising feature of this result is not that the axial-vector
coupling in the neutron-proton matrix element is slightly different from
that in the electron-muon matrix element, but that the vector couplings
are equal.

A fundamental difference between the hadron current in beta decay
and the charged lepton current in muon decay is that the hadrons partici-
pate in the strong interaction, whereas the electron and muon do not.
Because of the strong interaction, the neutron and proton must be viewed
as complicated structures surrounded by a "meson cloud." Formally, we

can express this by writing the hadronic weak current in terms of "bare"
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nucleon and pion field operators as

n

3.‘:!/: G QP \6‘“ \fln + % (Piom’c Current). (VI-7)

On the other hand, we can write the weak vector current operator for the

muon and electron as

jqw =G W Y s (VI-8)

VZ
where no pionic term enters because the electron and muon do not partici-
pate in the strong interaction (in both currents we ignore corrections
of the order of one percent due to the electromagnetic interaction). Now,
if we believe in the existence of a universal Fermi interaction, we might
expect the '"bare' nucleonic term in the vector hadron current to couple
with the same strength as the vector muonic current, and the pionic cur-
rent would then lead to a correction which would make the observed coupling,
that for the ''dressed" mucleons, different from that for muon decay. The
fact that the observed beta decay coupling is not different leads to the
puzzling question of the role of the pionic correction in beta decay.

The question of the equality of vector couplings was resolved by

Feynman and Gell-Mann5 in 1958. They suggested that the pionic term in
the weak vector current for the hadrons couples with exactly the same
strength (G" = G) as the "bare" nucleons, thus giving the "bare'" and
"dressed'" nucleons the same coupling. An analogous situation exists in

electromagnetic interactions wherein all charged particles couple to the
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electromagnetic field with the same strength, regardless of their other
interactions. An important consequence of this equality of couplings

is the conservation of the electromagnetic current
D> J, (X) = O . (VI-9)

Feynman and Gell-Mann suggested that an identical conservation equation

holds for the weak vector current of the hadrons or,
of w,V
3 J, (x)=o0 . (VI-10)

The CVC hypothesis of Feynman and Gell-Mann entails considerably
more than equation (VI-10). The complete statement of their hypothesis
also implies a fundamental connection between the weak vector current
and the electromagnetic current for hadrons. The charge raising property
of the weak vector current operator in beta decay indicates that it can

be expressed in terms of isotopic spin operators as
1 2
I, =6 (1, +12), (VI-11)

where I. and I2 transform like the 1 and 2 components of an isovector
under isospin transformations. On the other hand, in first-order electro-
magnetic processes, the electromagnetic current is known to have the de-
composition in terms of isotopic spin operators given by

Lt =e(S.+1)), (VI-12)

o
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where S is isoscalar and Izl is the third component of an isovector.
Feynman and Gell-Mann made the conjecture that I: s I: , and Ii' were

the components of a single isovector conserved current. One of the impli-
cations of this conjecture is that the matrix elements of the isovector
part of the electromagnetic current between nucleon states are proportional
to nucleonic matrix elements of the weak vector current. This connection
is easily established by means of the Wigner-Eckhart theorem.21 The con-
sequences of the proportionality between electromagnetic and weak vector
amplitudes have been thoroughly tested and confirmed, and the CVC hypo-
thesis appears to be well established.

The Partially Conserved Axial-Vector Current Hypothesis

The success of the CVC hypothesis raises the question of the possi-
bility of conservation of the weak axial-vector current. The difference
between the axial-vector couplings in beta decay and muon decay is suf-
ficiently small to lead us to wonder if the axial-vector couplings for
"bare" and "dressed" nucleons are equal, and the small difference in the
two decays attributable to some unknown property of the weak interaction.
That this is not the case can be established by a simple calculation. We
consider the weak decay of the pion, 77— s +V, in which the hadronic
matrix element is {p| 31f@»\1r>n This matrix element must be composed of
Lorentz vectors or axial vectors associated with the pion. Since the pion
is spinless, there is no associated axial vector, and the only vector

available is the four-momentum of the pion. Thus, we have

N.<o| J‘:'(O)I’IT> = .% £.(999. (VI-13)
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where the decaying pion is on the mass shell, grzz Vn;., and hence f,is a

fixed number. The result obtained in equation (VI-13) implies that
<O[ j:(o)|1‘r>is a Lorentz vector, Since the pion field is pseudo-scalar,
this implies that only the axial-vector part of J:’can contribute to pion

decay. Thus,
W, A
Np<o| T o)) My = & K(m) g, - (VI-14)
Yz’
Now, the assumption that the axial-vector current is conserved implies
X _—W,A
<O\ D J. (X)\1T> =0. (VI-15)
We can write
w, A _iP*% w,A P
J, (=€ "I (e ™, (VI-16)

and use the fact that the vacuum and one-pion states |0O)> and | ) are

eigenstates of the momentum operator P? to obtain
a _L9-X w,A . W, A £ 9X
a € " Ko|J, () =4i9<o|I, @ >€ " =0. (V117
Applying this to equation (VI-14) yields

G f(mpymy =0, (VI-18)

5
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a result which would forbid the observed decay of the pion.

The result in equation (VI-18) suggests that the axial-vector cur-
rent could be conserved in the limit of vanishing pion mass. To elaborate
on this idea we consider the matrix element of the axial-vector current
in the process Yﬂﬁ~ﬂ — 47+p*. In terms of invariant functions of the
momentum transferred to the nucleons, the most general form for this ma-

trix element is

NeNoLP| T 0 In) = qum(s (%) Y5 + h(99 9% Jutm, (v1-19)

where 5%(0): -1.1%, and V\(qz)is called the induced pseudoscalar form

factor. We examine once again the consequence of the assumption

3" I:(x)=0. We have
Nolo 9P| T (0r| 1) = g u(»)[a @ FT+h@I9 T um=0, (vi-20

where g=n-p. We use the Dirac equation to replace,q’by -2m and

obtain

—2m9,(gn+ h(9) 9* =0, (VI-21)

or

h (939 = 2m 3, (iz) . (VI-22)
71
We see that the assumption of conservation of the axial-vector current

would require that h(q{)have a pole at 72=;o , which would suggest that
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7
it arises from the exchange of a zero-mass meson. Nambu has suggested

that the axial-vector current is "almost" conserved in the sense that

h(9*)can be replaced by

h(g?) = 2v;h'(91) , (VI-23)
l_mrri

where h'(9?) ¥ g,(9*), and Lim h'(9%) =Lim g,(9")-
Mg >0 Mgy =0 A
Equation (II-23) can be used to establish a connection between the
form factors 9,, Gy » and 44 in the limit of zero momentum transfer.
To see this, we expand the induced pseudoscalar part of the axial-vector

matrix element in a perturbation series, and exhibit the lowest order

term, corresponding to the diagram in Figure 27. We have

G TP h(q)9 Ty Un) =-G VZIn@Ha (@) Up q, TUl)  (v1-24)
z . Z  gt-mi

+ TP M@, 6 U,

where W (9%) incorporates the contributions from all higher order graphs.

If we compare this to Nambu's representation of h(9*), we have

2m9, (39 2 V2 94 (99)4:(9Y) + T(99). (VI-25)
9*~mx gr-mr

If we assume that, in the limit C]”—p o, W(qz) is negligible compared to
the other terms in equation (VI-25), and that 9,.(0) and £p(0) do not

differ appreciably from their physically measured values 9un("7;') and
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Figure 27. First~Order Diagram in the Expansion
of the Induced Pseudoscalar Amplitude
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{p(my), we arrive at

£.(m2) = VZm(o . (VI-26)
I (M)

Equation (VI-26) was first derived by Goldberger and Treiman32 in
an approximate dispersion-theoretic analysis, and is called the Goldberger-
Treiman (G-T) relation. Using the experimental values 9;”(m§)§ 13.5 ,
9,(VE -1.18 > and f,(m3) = 0.93 My, we arrive at 0.137 % 0.124which is
satisfied within approximately 10 percent.

The justification for mneglecting F;(7‘)in taking the limit of
equation (VI-25) comes from dispersion theory arguments. In forming the
spectral decomposition of h(y’), the pole in the scattering amplitude
corresponding to our first order diagram falls at 7"=rn; , and the next
higher pole corresponds to the exchange of three pions, or at<71= 9fn# .
Consequently, it is argued that, for 92<<'91ﬂ;', the single pion pole
"dominates" the scattering amplitude.

The above results for the G-T relation and the one-pion exchange
picture of the axial-vector current divergence can be derived on the basis
of a formal field-theoretic assumption. It is assumed that, at least for
small values of the momentum transfer (squared), the axial-vector current

and the charged pion field obey the relation
o W, A
L) = Cmi dx). (VI-27)

This equation is called the PCAC hypothesis.9
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To fix the coefficient C, we form matrix elements as in the example

in equation (VI-19):
3L TNy = Cmr LPld IR (VI-28)

Reducing the left-hand side first, we use the steps leading to equation

(VI-17) to obtain
(P 3 60|y = 4 9P LW'H(O)I“>QA. ™ (VI-29)
with g=hn-p. As in equation (VI-20), we can reduce equation (VI-29) to
Ne Ny 3P| 3200 [ )= AG EP2m (7% + h(gn) 9° 3 Jume ™™ (VI-30)
To reduce the right-hand side of equation (VI-28), we write

Cg POy =Cing {p) &, +A D, Y = ZCm2 Pl 0|y s (VI-31)

where <b+(x) is the pionic isospin raising operator. Next, we use the

field equation for the pion field to write

(-3"3,+m2)<p| d*alnd = (Pl TTRIND (VI-32)

+
where :fw (x) is the pion source current., We can perform the space-time

translation and rewrite equation (VI-32) as
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(-9%+ m2)p| b |nD> e ™= o T ndet T, (VI-33)
N
or
<Pl wny = ~ qj — P T (@] e 7, (VI-34)
Mg

The most general form for the current matrix element in equation (VI-34)

is

Noly {P] T (o) [y = 4 1Z'9,,(99) UP) Y5 Un) . (VI-35)

Thus, collecting equations (VI-28), (VI-30), (VI-31), (VI-34), and (VI-35),

we obtain

A£G TP [=2m g, ¥ + (99978 | Uk (VI-36)
Z

= —i 2C mr 9oy (9% Ulp) Fs UN) ,
q*-m2

or

G [~2mg (99+ h(92)g2] = - 2C mr Fur (7Y . (VI-37)
\T C ! 7] 7*=mz

Evaluating equation (VI-37) in the limit of zero momentum transfer, we

obtain
C=-§& m9y© (VI-38)
VZ' Gur(0)

We emphasize that the foregoing discussion permits us to relate

matrix elements of the divergence of the axial-vector current to matrix
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elements for strong interaction processes involving pions. In this way
we will use knowledge of pion disintegration of the deuteron to obtain
information about neutrino disintegration of the deuteron. There we will
have need for the matrix element of equation (VI-27) between an incoming
deuteron state and an outgoing two-proton state. The appropriate equa-

tion is

o w4 . 2 +
e T )| d )= £GmImepp| T @|d), (VI-39)
7 < , J. (O)l > Y (0) (qt"ﬂ:)< ‘ " | >,

where @ ::F;+;1__d .

The Weak Vector Amplitude

Before proceeding to the more complex axial-vector amplitude, we
establish the relation between the isovector electromagnetic amplitude
and the weak vector amplitude for deuteron disintegration, using the
Wigner-Eckhart theorem. Expressing the electromagnetic and weak currents
in terms of irreducible isotensors,21 we obtain

——EM
T = e[ 100 +1 (10)] (V1-40)
and
+
GI, =-61,>1). (VI-41)
VZ
The matrix element of the isovector part of the electromagnetic current

is, using equations (I-25), (I-26), and (VI-40)

<nel T 4D
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B ‘ve:(<1°|+<00|)14(1°)‘°°> =€ 10| L (0|00 (y1.42)
2,

B[

2

= £ <10; 00 10y TS = & T Toy -

For the matrix element of the weak vector current, we use equations

(1-23), (I-26), and (VI-41) to obtain

<pp| J.1dY = -G <11 I(11)] 00 (VI-43)

= - G115 00 1DOUTMNOY = -6 T(DEC) -

Thus,
<pp| 3.dY _ -z 6 (VI-44)
<np| 3\ dY €

or

) €M,T
<Pl 3N = -2 & npl TN (V1-45)

The weak vector amplitude may now be obtained directly from Tables 4, 10,
12, and 13.

The Axial-Vector Amplitude

For energy transfers comparable to those considered in pion and
photodisintegration, we assume that the coupling of the axial-vector weak
current for the process V+d —» pP+p+ £ can be represented by the dia-
grams shown in Figure 28. The first two diagrams are nucleon-pole dia-
grams for the direct coupling of the axial-vector current, and are

governed by the axial-vector coupling constant 94(9’). The third diagram
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represents structure associated with the direct coupling of the axial-
vector current, and contains the effects of the A resonance. The ampli-
tude associated with this diagram will be determined using the PCAC
hypothesis, and explicit knowledge of the other diagrams based on the
Austern model and the phenomenological wave function treatment of the

dNN vertex function. The remaining four diagrams are constructed on the
basis of PCAC single pion exchange, and the Austern-George model for

pion disintegration of the deuteron. We note that, in this construction,
the momentum transfer is not fixed, and we are extrapolating the pion
disintegration amplitudes off the pion mass shell. To estimate the reli-
ability of this extrapolation, we note that the weak vector form factors
of the nucleon are the same as the electromagnetic form factors measured
in electron-proton scattering, and these do not deviate appreciably from
their zero momentum transfer values for momentum transfers qz>-.05(Bve
We will use this value of momentum transfer as a cut-off for our calcula-
tions, and assume that g (g% % 9,0 = 9, and 9,.(99%9,,(M)= 9,,(0)=3,,.
However, in the Austern model amplitudes, we will want to estimate the
behavior in the limit of zero momentum transfer, and we will replace mg ,
where appropriate, by g%,

We write the axial-vector amplitude in the form

o~ e P LS 'y _
f T—EU’M Mot M) s (VI-46)

&
\Z *

P 5
where 7nqcorre3ponds to the first two diagrams in Figure 28, Wh‘to the

third diagram, and %7Ztolthe last four diagrams. In the analysis to
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follow, we find it more convenient to work directly in terms of the anti-
symmetrized amplitudes rather than perform the antisymmetrization at the

end. We will use the shorthand notation

M= FOM- e U-(p-9)-(m-CA-21) [H(t)kr-;(ﬂu-(e-‘?)], (VI-47)
m . m

33

% = Fad- GW U-(p-9) - (m- (B - sr]){muw— I a)u-(&-q], (VI-48)
m m

where € and U« are the mandelstam variables defined in equation (I-10).

We will also use the notation

D@)=t-m* and D(u)= u-m?

introduced in Chapter V.

For 7n5we have

» _ T
My = UV (B-F+m) ' C TlR) (VI-49)
D(t)

-9, A .5 (7 -gmm) re aT(P,)

=9, U(r) [ﬁ‘fs (B-g+m)r' - r‘"(ﬁ-g‘m)nr{lea?a), (VI-50)
PIO) Dlu)

where we have transposed the second term in (VI-49) and defined

r*=cr2'e. (VI-51)
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Next, we use the G-T relation for the pion decay constant, and

perform manipulations as above to obtain

’m:._ c?2m 2 G Ay v (g -grm) (VI-52)
D(t)

Mm% &+ T, (9% ]Gu(a),
D (w) /( 2 9»Hr

where T, (9*) is the Austern model resonance amplitude extrapolated off
the pion mass shell.
Using equation (VI-39), the divergence condition can be written

for the amplitude M as

"M, =-29.mms @) %, (& -g+m) (VI-53)
7*-mz Do)

T - g-m) % + T, (30 1 CT(R)-
D (w) AVZ Yun

Before writing the divergence expression out in terms of the three ampli-

tudes in (VI-46), we list two useful identities, which are

URFG(F-g+m)= J(ﬂ)[‘rs +2m*rg(a—z+m)] , (VI-54)

D(t)

and

(F-g-m)g ¥ .CUR =~[Ts —Zm(ﬁ—%mmjeﬂa). (V1-35)
D(u) D(u)

Now, we take the divergence of (VI-46), use the explicit forms for

P n
Qnd and 7ﬂ“ given in (VI-50) and (VI-52), employ the identities in (VI-54)
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and (VI-55), and equate the result to (VI-53). We obtain

(7“777;,5 9,,G(e){[r5 +2my (,g-9/+m)] r’
D)

+P“[K‘;-—2m(ﬂ—5f’—m)1rs - 2m9’
D(ll.) 9 —m"—

[Ys (B-g+m) M- M*(g-g-m) + Ta(q2) Bcamp

D) D(w) AVZ 9u

+c]°“m:

= 9, H(e){ -quvn; [‘6‘5(,?1'—,9’+m) -
=t Do)

———

—F’“(&—Sf’—m)rg + T#(99 eaT(a)-
D (W) AVZ Gun

Combining terms involving the pion propagator, we note that the nucleon
propagators in the resulting term will cancel the remaining nucleon

propagator terms, and we are left with the simple expression

9&(8)[“@- M+ Py, -2mT, (90 )CU (R (VI-56)
V2" Ypp

+9 Mg =0

s
Everything is known in (VI-56) except the structure term 7"« ,

s
and this equation may be used to determine it. First, we note that M,

is finite as ?—90,9 and consequently 7q?ﬂ:is first order in q. This
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imposes the consistency condition that the remainder of (VI-56) be first
order in g, and any term which is explicitly independent of g must vanish
identically. To evaluate ‘h’]: , we begin with the terms involving [™% and
|—17.c . Using (VI-47) and (VI-48), and the Dirac equation to eliminate /P1

and ,F; , we have
LRGT'CR () = AR TS{F(t)M (VI-57)

~ GO U-(p -9) — ~ I U (p- G
Gl (P,-9) (2+9’>[H(t),U' Lt (R 9)J}Gu(m,
and

TP CR (P = UB) Ts{ F(uy L (VI-58)
~ GO U-(R-9) —-[H(u)u - T(w) U- (Pz—cz)] (2 +g)}CUT(a)-
m m m
Combining terms, we obtain
Uea [0 M+ M 0 JC R R) = T(B) Fsx (VI-59)

{[F(th— F(u)-2 {H(tsm(m}]u—[gc_ﬂ VZI_(_t_)]U-(Q'-q)
m m

- G(u)_ZI(u')] U-(R-9) +[ Tt U+ (P -9) + T (€ U (B-9) x
m m m m m

“[*i,%‘ gut + gr_(ng_wq]z CU(R) -



Next, we use the variables defined in (I-5) to write

U-(R-9) = U-k- -9,
2
U-(R-9)=-U-k-U-9,
Z
and we rewrite (VI-59) in the form
— —T —
O eren el (R) = U Tsx
- HrHWI T - U-K x
{[F(‘c)*‘ Fo=2 {H ] L2
[Go-Gu-2{1®-1(w}] + Uk [T®-1w]
ml

+U-q [Go+6w-2{ Tew+1(w}] - U 2sr[rma-l(u)]

9
Zm 2m

—1 [Hge + H(u)u;r]}c ().
m
Now we write
Fry= Fmd+ 93X 0, G#)= G+ 9" Y @)

M) = H(MY) + 9°Z,0 , 1@ = Im)+ 9 Watt),
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(VI-60)

(VI-61)

With similar expressions for the W dependent quantities. To achieve the

decompositions shown in (VI-61) we write, e.g.,
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F@ = Fim?) + (£-m?) 1: F) - F(m‘)] . (VI-62)
t-m>

We note that

lim [ F(ﬂ-F(mz)] = dF (VI-63)

t-rm? . —""“ )
~ €-me T lyome

In Appendix C we use the wave function representations of the ver-
tex invariants given in Chapter IV, and the explicit forms for U, (rjand
W,(v) given in Appendix B, to prove that the derivatives of the type

(VI-63) exist. Then we can use

t-m*= (P-9)Y-m* = 97(9 -2 P.)

to obtain

X.w=(9,-2p, )[ F{)- Fom ] (VI-64)
D (t)

X, () = (q;zg_() Fu)- F)(m‘):’ R (VI-65)
D(u

and corresponding expressions for Y, , Z_,, and W, .
Substituting the forms given in (VI-61) into (VI-60), we can

rewrite (VI-56) as

g 777 =9, U Y5 § 2 [Fima)~ 2 H(m9) ] 4d — 2M T (0) (VI-66)
A r 9NIT

(continued)
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+ 7“[{Xq(t)+x,,,(u)— 2[2. 0+ Z W]}

~ Lk (Y, 60— Y, (0= 2 [ W) - Wa ()] §

+ Us §Gm+Gw-2 {10 +T(w]}
2Zwm

+ 'ﬂ{xm L Uk - T®+ 1 U 7;
mz 2_m1.

— HR) WM - H(u)ur—zmexﬂC (R)
AV2 9~n

where 7qﬁiu is that part of the pion disintegration amplitude which is
first order in g. In view of the remarks following (VI-56), we have

the consistency condition

2 [F(m) -2 Hm3)]K -2 M T, (0) = (VI-67)
A V§19~r

We assume that the behavior of the non-pole part of the pion disintegra-
tion amplitude, T}.(q‘), in the limit 9-—9(), is given by the Austern
model amplitude extrapolated off the pion mass shell. To determine the
behavior of this amplitude in the limit ¢ —» o, we first note that 1/D’,
given in equation (II-38), is well behaved in this limit. The pion mass
appearing explicitly in this expression is associated with the exchanged
pion, and is not extrapolated off the mass shell, Thus, the behavior of
the Austern model amplitude in the limit g — O is governed by the explicit
behavior of the invariant amplitudes in Table 1, and the invariant coeffi-

cients listed in Table 8. Recalling that W = -g-k, and that o — 9’in
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the extrapolation, we see that the entire amplitude explicitly vanishes
w
with g except for the gjz term in the third coefficient F{a. To evalu-

ate this term, we recall Y= - k%, and we examine

K2: (P\—P:L)zz m,_l" P‘IPJ. )
+ 2 2

<q+d)zz: (P,"'P,')z: 2m1+2Ple R

and we find

K*= m*- (‘1::1 )Z=—‘7°{(?«+25«), (VI-68)

where we have neglected the deuteron binding energy. Thus we conclude
T.(0)= 0O F(m?) = 2 H(m*). (VI-69)

Equation (VI-69) is a new result for deuteron structure. In Chap-
ter IV we used it to speculate on the contribution of negative energy
states to the relativistic deuteron wave function, and indicated that the

symmetric relation

G(m*) = 21 (m*) (VI-70)

seems also to hold, but the experimental proof we give in connection with
the pion disintegration iotal cross section (Figure 13) is not conclusive,
To construct the axial-vector amplitude explicitly, we make the

assumption that ?ni contains no divergenceless part, and assign it the
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value of the expression within the large square brackets in equation
(V1-66). For the part :ﬁ,—“ , we examine the resonance amplitude in pion

disintegration, which has the form
~ T hig
Tp (@) =% RyU9g + Rz Uk + R Y (VI-71)
2m

+R*[2’!J]+R FU9 + R, gU K}
zm‘

We extract a factor of tyqto obtain
T R"Us + R UK 4+ R
o™ T + Mo« + Ryu K

+ R+=([5?’7U] + R Q’U« + R“S?’U K
Zm Zmt

where the f_?:r and F\;L are given in Table 15, Here we write
ﬁfr _ ﬁ’rr‘l an Rﬂad
3 V3 90("' 3 Kot 3 Yo *

With the resonant part of 7%: specified, we are ready to give the
axial-vector amplitude in the form specified by equation (I-29) using
the invariant amplitudes specified in Table 5. Using equations (VI-50),
(VI-52), (VI-66), and (VI-71), we reduce 7ﬂ: s 2', and ?ﬂ: to ele-
mentary forms which are easily rewritten as invariant coefficients times
the entries in Table 5. We note that the Bf— and Rj'are taken from

Tables 11 and 13, respectively, and D; = 71"'"127 . In Table 16 we give
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those parts of the coefficients which are independent of resomant struc-
ture, while the resomnant contributions are given in Table 17. We remark
that, although we use equations (II-8) and (IV-39) in the numerical cal-
culations in the mnext chapter, due to the speculative nature of these
equations we have retained the quantities Go - 2I_,and G -21I in Table

16.



Table 15. Resonant Coefficients for Direct Coupling of the
Axial-Vector Current in Neutrino Disintegration
of the Deuteron

135

R, = R]
R = R k.,
7K

.3

R, = i FeGr m° 3+ ) (2+|5k1
>y (%% i 4>

D 30] 2m
+3(9- K} +7K" @‘S
me mé

e
w
i

iR Gy M [ 10y ‘K +2m9-k — 49 -kKk?
b’ 3"7 m? me

F?;ra__.,LFo'G,rm [*( e 2) - 2877

‘R-:-:( = R;r K°(
7K

Rs = RL

Rew= R ke
9 K



Table 16. Non-Resonant Coefficients for the Axial-Vector Amplitude

in Neutrino Disintegration of the Deuteron
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Table 16. (Concluded)
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Table 17.

Resonant Coefficients for the Axial-Vector Amplitude
in Neutrino Disintegration of the Deuteron
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CHAPTER VII

NEUTRINO DISINTEGRATION OF THE DEUTERON

In this chapter, we examine the kinematical restriction our theory
places on the process of neutrino disintegration of the deuteron with
forward lepton scattering. We then examine a theorem due to Adler,51
based on the CVC hypothesis, which indicates that the axial-vector cross

section may be isolated in the type of process we consider, Finally, we

evaluate the cross section numerically and compare with Adler's theorem.

Kinematical Analysis

There are a number of considerations to be made in connection with
the determination of the laboratory differential cross section for forward
lepton scattering., We will examine these in some detail and present the
results in the form of kinematical graphs in the plane defined by the
laboratory energies &, and Eg-

Allowed Momentum Transfers

First, we note that neutrino disintegration of the deuteron occurs
with space-like momentum transfers, ?z~= (pb-P1)1<:o . In terms of

laboratory energies with the lepton forward scattered, this is

1
9= mf-2E,E;+ 28 (E~m2)*<0 (VII-1)

We have two important bounds to consider. The first concerns the assump-
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tion of constant nucleon vertex functions. If we use electron-proton
elastic scattering as a guide, we see that the nucleon form factors first
begin to show appreciable deviations for 724-—.05(BeV)7: The second
limitation concerns the PCAC hypothesis. To assure single-pion-exchange
dominance, we should require -m; <<7’-< m,zr , Where m,’; = .02 (BeV)? Thus,

we examine

1
N —~ZE,‘,‘EL"+2E{; (B¢ m2)2 < 9* (VII-2)

for 91‘: ---OS(BeV)1 and —.oz(Bev)z, and plot the results as boundary
curves in theEh E: plane. This is shown in Figure 29 for the case of an
outgoing muon. For an outgoing electron, both curves are essentially
vertical lines at the extreme left of the diagram., This merely says that,
when the outgoing lepton is an electron, one must go to extremely large
energy transfers to probe nucleon structure. Consequently, high energy
neutrino experiments involving electrons should be much cleaner and more
easily interpreted than analogous experiments with muons.

Energy Transfer

Our analysis of pion and photodisintegration has been limited to
pion and photon energies below 450 MeV. Consequently, the same restric-
tion applies to our treatment of neutrino disintegration, This is indi-
cated by the lines Et —\E:.= O and 450 MeV in Figure 29, Here, we have
also indicated the neutrino and lepton energies we have chosen for calcu-
lations. Thege are indicated by the horizontal lines at E: = 600, 800,
and 1000 MeV. The three other cases, E;b = 3, 6, and 10 BeV, are not

shown.
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Figure 29. Kinematical Graph for Neutrino Disintegration
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Vanishing of the Vector Contribution in High Energy Neutrino Reactions

The following discussion parallels that of Adler.51 In neutrino

processes with an outgoing lepton, the cross section for the process is

proportional to

Txo_<ﬂ\V;‘+A,\\°<><,B\V¢+Ao|°(>T , (VII-3)

where o and 8 are the initial and final states of the hadronic system,

and'T‘xois given by

_ T
wa: 2 ‘[1(,1)*5“(1+x~5)u(u)[u(1)T’(1+K‘s)U(V)] .

|ePi;on
sPins

Using standard techniques, we can show that
oo 5 £ g 0
T« Tr{TXT"ZV—Ts‘S‘Xﬁ‘/V}-

Now we define q= V-8 , and assume that the mass of the outgoing
lepton is negligible. Then Q,V and Q@ are null vectors. Next, we assume
that the lepton is forward scattered, and that the energy transfer g, is

nonzero. With this, we have
K:(ﬂo')O)OjKo) ) V=(VOJO)09UO)’

and we can write
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Then,

T vede T {T 9 T3 -0 ¥ 9 v -
%

Using the properties of the gamma matrices, it is easy to show that the

second term vanishes, and we obtain

T Veko 9%97. (VII-4)
X

Using equations (VII-4) and (VI-16), we can now write (VII-3) as
A by T
Cross Section o 8|3 Vi +3" Ag|xp< 4| 3V, +3 A |y - (VII-5)

From this, it is clear that, if the weak vector current is conserved,

then the vector contribution to the cross section vanishes, and we have

Cross Section « \<Bl BXA;‘l0(>\Z - (VII-6)

Application to Neutrino Disintegration of the Deuteron

The theory of neutrino disintegration we have developed is re-
stricted to energy transfers of 0 - 450 MeV for incoming nmeutrino energies
greater than 600 MeV. Consequently, our process satisfies the condition
of nonzero energy transfer, Also, since the energy of the outgoing lepton
is not less than 150 MeV, it is clear that, for an outgoing electron ( We=

0.511 MeV ), the conditions of Adler's theorem are satisfied. However,
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for an outgoing muon (Mﬂ: 105.7 MeV ), the lepton mass is not negligible
at the lowest neutrino energies, and it will be of interest to see how
seriously the cross section deviates from axial-vector dominance. We

examine such questions in the next section.

Numerical Results for the Neutrino Disintegration Cross Section

Using the results of Chapter VI, the transition amplitude for the

process Vid — P+ P+ £ takes the form

WP L2 & (RY™ o¥NTT 2 A oAyt ¥ (VII-7)
m=e TV 0E{2g (87 R)T, £ (Bl R, JCT @,

where the superscript V denotes the isovector part of the photodisintegra-
tion amplitude. 1In the present section, we use (VII-7) to predict the
neutrino disintegration cross section differential in lepton energy and
direction, for forward scattering of the lepton in the laboratory.

Using the methods described in Appendix A, we construct the cross
section summed over final spins and averaged over initial spins. In Fig-
ure 30, we show the cross section for both an outgoing electron and an
outgoing muon. The muon cross section is shown resolved into contribu-
tions from the vector, interference, and axial-vector parts. The vector
and interference contributions remain at this same level up to the highest
neutrino energy examined (10 BeV) while the axial-vector contribution in-
creases approximately as the square of the neutrino center-of-mass energy,
as would be expected from general considerations.46 Thus the behavior
expected from Adler's theorem is obtained even when the lepton mass is an

appreciable fraction of the lepton energy, and the relative importance of
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Figure 30. Differential Cross Section for Ev = 600 MeV
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the vector current diminishes rapidly as the lepton energy becomes pre-
dominantly kinetic. For an outgoing electron, the vector and interference
contributions to the cross section are five orders of magnitude smaller
than that shown for the outgoing muon, shown in Figure 30, as was ex-
pected on the basis of Adler's theorem. In fact, Adler's theorem serves
the corrollary purpose of providing an independent check on the complex
spin sums and computer programs required to evaluate the vector and inter-
ference cross sections, in that these quantities must vanish for a mass-
less lepton. Because of the close similarity between the vector cross
section and the photodisintegration cross section computations, the check
serves there as well.

In Figures 31 and 32, we give the neutrino disintegration cross
section for both outgoing electron and muon, for neutrino laboratory
energies up to 10 BeV. The most notable feature of the cross section,
besides its growth with energy, is the fact that the contribution from
the A resonance becomes more pronounced at higher energies. We remark
that the calculation of pion disintegration via the Austern model is quite
unambiguous, and fits the experimental data very well. Consequently, the
present results for neutrino disintegration, due to the axial-vector domi-
nance, provide a highly characteristic test of the PCAC hypothesis. How-
ever, at present, there exists no data for comparison. The weakness of
the interaction, together with the limitations on neutrino beam inten-
sities make even total cross section measurements extremely difficult, and
our theory applies to the even more restricted case of forward lepton

scattering, differential in lepton energy.
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Figure 32. Differential Cross Section for Ev = 3, 6, and 10 BeV
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APPENDIX A

NOTATION, CONVENTIONS, AND CROSS SECTIONS

In this appendix, we list the important conventions used in this
work in summary fashion. This is followed by a brief discussion of
cross section computations, and a list of the three disintegration cross

sections,

Conventions and Notation

Metric

We use the metric tensor

©

I
O 0 o »
00 & O
Or OO
Lo o O

Gamma Matrices

The gamma matrices have the anticommutation relations
{EK; ai%i} - Zfadp

For an explicit representation we use

I 0 — o T
O -1 -0 0O



where

=l

and the Ok are the Pauli spin matrices with explicit representations

o1 _fo -« o =|10°
1 O A O O -1

Slash Notation

We use the Feynman slash notation to represent

151

Then, the momentum space Dirac equations for positive and negative energy

free particles having spinors W(p,s), V(p,ys) are

(F—WI)U(P,S) =0 = a(P,S)(F"‘M) y

and

(P+m)U(rs)=0= T(p,s) (Frm) = (p+m)C T (p,5)-

Here,

3

and t denotes her metian adjoint.
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Spinor Properties

The spinors are normalized according to
T (Pys)U(pys)= 1 = -UV(P,S)U(pss)

and may be used to comstruct positive and megative energy projection

operators via

S UP,s)® G(ps) = £+m
+s zZm

and

S URs)®U(Pys) = £-m |
ts Zm

Cross Sections

The differential cross section for the scattering of two initial

particles a and b to N final particles is given by

N N
do = _1___ NN, I'ml* v £ N, d? a} @0’ s (R+p-£ 7). (A-1)
] = s

Here [‘&;—‘l\ is the relative speed of the incoming particles, N denotes
a kinematical normalization factor which is 1/2E for a boson and (m/E)1I
for a fermion, and M is the invariant Feynman amplitude for the process,
In our case, |7nlzis the squared modulus of the quantity we have called
the disintegration amplitude, summed over final particle spin states and
averaged over initial particle spin states., We define the disintegration

amplitudes in equations (I-1) and (I-6).
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Pion Disintegration

For Pion disintegration we have, in the center-of-mass frame

Vn=77‘/7° and Vd =a/d° . Using 3:-@‘ , we then obtain

do

-1 1 I'm)’*dp d%p, ¢ —a-d).  (A-2)
1612 (9 o)1) e e 8 (Prp-9-d)

-

B=-P

and integration over E, then requires E;=E,=E =(9, + do)/z . Using

Integrating (A-2) over P; results in the restriction P;zﬁ,

Tables 8 and 11 to construct the disintegration amplitude, and averaging

over the three deuteron polarization states, we obtain

€
do\ =_m* _1P| {1 n(r) B+RNI C G 2 (4-3)
(dﬁp)cm 64 T Ezl‘q‘l 3% 2 g?( Rk) AC’ )] .

S, tS

¢}

The total cross section is then obtained as

o =T_§ do\da, | (A-4)
"2 dfp/cm

where the factor of 1/2 is inserted because we have two identical final
state particles. 1In general, the total cross section contains a factor
of 1/m! for each set of m identical final state particles.

Photodisintegration

Here, the construction of the cross section is identical to that
for pion disintegration, except for the photon polarization. Defining
BZ‘ as the sum of the entries in Tables 12 and 13 (for both values of &)
and the appropriate term in V-16 when A= 1or§ , and obtaining I?}r

from Table 10, the differential cross section is
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do. - 2 = _ 12 - 2
(Fo)em & 2Hs (Te555 |Tmg (B-RDLCT )| |, -

where L denotes photon polarization. The total cross section is then

Ocm = j ig'_) d.a, ) (A-6)
dflpjcm

where there is no statistical factor for photodisintegration, since the

neutron and proton are distinguishable. In this connection, we note that

the differential cross section for pion disintegration will be symmetric

about the center-of-mass scattering angle of 90 degrees, whereas the photo-

disintegration differential cross section will be asymmetric, in general.

Neutrino Disintegration

In this case V, = ﬁf/Eﬁ , Vi= §°/E§ , and d°= —9°¢ ==(B-F) -

Then
c [ C
- Es E, - Ed (A7)
—n w3 < - [ c -
AARYA \(Ed*'Ef,)R—Eﬁﬁf\ Ea +E, (Rl
for forward scattering of the lepton, where we have used E: = | B
Then we have
2 2 3 3 +
do=m'moms M| d°Rd’RdA 5 (B+d-p-p-p) - (A-8)

6+m* ESES (ES+E5-1Bf]) Er E.

Integrating over ;3'; and E, , we get 'p:=ﬁ s Bb=-P », and E,=E=E ,
where 2FE = E:-#Ej-—E; . Integrating over the solid angle of the out-
going protons, introducing the statistical factor of 1/2, and using the

symmetry of the disintegration amplitude about 90 degrees center-of-mass
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proton scattering angle, we obtain the cross section differential in muon

momentum

1
do = m*m,m, | PLd P Sl'mfdcose,,- (4-9)
B2nTes By (FivE - IPCI)(ES+ES-E5) %

Then, using (VII-1), and
3 ~C e (% - ¢ —a
d°P, = 1Pl dIPsldn, = E; IB[dEjday ,
we obtain

((do ) = mimmy 1P11 P y (A-10)
dEgdglem 3277 By (ed+EC-1P5|)(Eq +ES-EY)

1
2
1
(r£2 ¢
(o] A tsws,\, 2—
$115y,

12

(Bz‘(v_)‘_ R:‘(v)) I f«,e

4=

LU Te (-2
23

A

26 . . . 2
+£‘(BL+RA}IL,<’8§GM(P1) CICGSGP,

We remark that we have used the artifice of assigning the neutrino a
nonzero mass M,y . Then in the evaluation of the spin sums in (A-10),
« o
the factor - & =& (R, s) ¥ (1 +¥5) U(P>Sy) will lead to a projection
operator
P, - m
2m,

and M, will not appear explicitly in the final result.

The transformation from the nucleon center-of-mass frame to the
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laboratory frame deserves comment.

Following I-Iagedorm,53 we write

0" - 3(ER, 00 (R, 9D (R, 65, 05)3(Rsy B, PE)x

. . (A-11)
OEL 3N (PR, 05%) a(rs,05,d) 3P, PS5, PS) (R BYyPe2)
a(p‘lx':alb ;9) 3(@1,9,“4’:) 3<P‘¢ "'0'1) a O-c —_— -
3(pl,ei-0i) (R, 0% 3(Ehah) 9E; 3Lk
Here we use the Jacoblan notation
X 3X
O(X,Y) _ det |34 9V
o(uU,) ay Qv
auw a3v
We have
A(E, ) - P - 3(p,n) (4-12)
(PyQ) E o (E,n)
3(PN) =siwe=1/93(P,6,9)
3(P,e,0) S( P, 0)
and

&( P:.')PJ) P S,,\g-—’l/a(Poe ¢)
3(pye,0) 3(P,R,R)

For the Lorentz transformation, we define the total energy and

momentum of the nucleon system by & and & , where, in the laboratory,

L

€ =E,+My-Ey, P =E; - (a-13)
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and we introduce

g = g_i: , ¥ = et ] (A-14)
- (Ebl @Ll)

Then, for forward lepton scattering

Pe=Pss BY=Ri» B = ¥(R4Y-BEL)-

Thus

3(Pis RUIRY) = OPs =R =T(1-4 px]. (4-15)
o(R%, PLyRY) 3Ry IR

Then, combining (A-12) and (A-15), (A-11) becomes

__a.z.ll - ELP 1‘(1—/39 , (4-16)
O30,  EfPS aE 30

where ¥ and f? are defined in (A-13) and (A-14).
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APPENDIX B

PHENOMENOLOGICAL WAVE FUNCTIONS FOR THE DEUTERON s AND d STATES

In reference 45, the deuteron s and d states are assigned the

general forms

UK = Ncosg [1- €)™, (B-1)
and
W (x) = N sin g [1- T*0] e, (8-2)
{1 F 301~ +3 <l_e"’“")1] ,
A X A*X?
where X =X, . Here, the input parameters are the deuteron binding

energy B, the triplet effective range v; , the deuteron quadrupole moment
Q, the deuteron magnetic moment P and a hard core radius X, . The
hard core radius is provided to allow an extra degree of freedom in fit-
ting the triplet scattering data at higher energies. These physical
parameters occur in (B-1) and (B-2) both directly and indirectly. The

binding energy occurs in =.(n1sj% The triplet effective range appears

Nz[ 2 %,
5w )

The magnetic moment is indirectly related to the d-state probability, and

in
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thus determines the angle € . Finally, for a given X., the quadrupole
moment and overall normalization determine the parameters g and T .

The deuteron binding energy is well determined at 2,226 MeV.
There is an ambiguity in the triplet effective range, and in the determina-
tion of (B-1) and (B-2) two values are used, 1.704 X 1071% em and 1.734 X
1072 em. Ambiguity also occurs in the determination of P4 from M, and
provisions are made to examine the three possibilities Fi= 3%,494%, and
5<% . The measured quadrupole moment is Q = 2,738 X 1037 cm®, and three
values for X. are examined, X¢= O, 0.4316 X 107'® cm, and 0.5610 x 10713
cm., The resulting parameter values are tabulated in Table B-1.

0f the input parameters which are given multiple values, the hard-
core radius and the d-state probability have the most pronounced effect
on the form of WU and W(X), the difference associated with the two
values of Ve being insignificant.

Using the conversion 1/« = 4.316 X 10 '® cm, we can write (B-1) and

(B-2) in the dimensionless form

UY)= N Cosg [1~e?" ] e, (B-3)
and

W(Y) = N Sin g\ [1 _ e—Y(Y‘Ye):‘le—Y‘ (B-4)

[1 + 31 - ‘”) r3(1-e)* ]
Y2

where v=o&Xx . Introducing S= v/« , where v is a momentum, we can

write equations (IV-6) and (IV-7) as
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Table B-1. Parameter Values for Deuteron s- and d-State Wave Functions
Xe (cm) Ve (cm) R@| ~#~ ¥ Sing Cos€

3 | 4.860 494 .03232 .99948

.704 x 10713 4 4,751 .922 .02928 .99957

0 5 4,647 .275 .02754 .99962

3 | 4.741 .505 .03192 .99949

734 x 107*® 4 | 4.637 .936 .02891 .99958

5 4.536 .289 .02720 .99963

3 8.237 .155 .02942 .99957

.704 % 1073 4 7.961 .798 .02666 .99965

0.4316 x 107*° 5 7.699 .346 .02514 .99968
3 7.933 .175 .02901 .99958

734 x 107*° 4 7.675 .814 .02634 .99965

5 7.431 . 364 .02487 .99969

3 10.223 413 .02873 .99958

.704 x 10712 4 9.814 144 .02611 .99966

0.5610 X 10 *° 5 9.433 771 .02471 .99970
3 9.774 .436 .02832 .99960

.734 x 107*° 4 | 9.397 .170 .02577 .99967

5 9.045 .799 .02438 .99970
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UOI(S) = —i—l\" 5 wCy) JO(S)’)ydy 3 (B-5)
Ye
and
Wals)= 1 ) W J, (sy)ydy (B-6)
Ye

Using the definition given in (IV-8), we can apply the transformations

(B-5) and (B-6) to the wave functions given in (B-3) and (B-4). We ob-

tain
uo (v) = _NCosﬁe—Yc SiH(SYc) 1 _ 1+é (B-7)
A*s 148 (1ep)*+ 82
+ S Cos (SY)| 1 _ q
l+s2 (1+8)*+s2
and
W, (s) = mz{g* Sin(SYe) [—_1_ +2(1+%) (B-8)
oA? T8 | 1rs*  sri(1+m)?
~ Liay +3r"(1—e‘”‘)2] ¥ Cos(sv)( — _1
S*+ (1+2r)* S*Ye 1+5s2
+_Zz o~ + g (1+¥,1)| 3 (1+7)>
S*+ (1+)? S+ (g+av)? g3

— 9 (1+%) + 3 (1+¥) -3 + 6“"(1 (1+7)3
153 S A8 Sa

~:;l_3 (o) + %3 (1+7) +% (1+7) -%]] + g (12w, 1) x

~3 (1+2¥)>~ 3 (1+2¥) + ¥ -6 (1+25‘)3+---
253 29 q3

(continued)



+_9__(1+1r) _€(1+1x)+_3ﬂ zryc[ -3 (1+21~)3
252

+9 (1+29)" - 3 (1+2¢)- 3 (1+2%) + 3_
2s3 S3 2s 2S

+3(1+3V 1)[(3 (10-3‘6') + S(1+3r)]eTYc

»

3g-q Tﬂ. 3 _ 2% Y
+(3?3(1+ar) 2,130+ 3 (e3m) -2 €

+3(1+4T‘,1)( 3 (1++T)3_{3§(1+4F) eerc} )

_2s
where
o0
garn)= | €Usnlsydy .
Yo Y
In the limit Y.—> o , we have
Uo(s) = N Cosg _ 1 ,
(Y= 0) AT 1+'sl (1+8)*+ S
and
Wo(s) = NSing (- 1 4 2 - 1
(Ye = o) X | S Srmmr | STe(eam?

+Tan! ( ) 6 (148~ 27 (1+9* + 6 (1+¥) +6 (1+¥)-T_
253 S3 S s
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(B-9)

(B-10)

(B-11)

-1
Flan (B[4, (120 + 22, (4+20)"= 3 (1r2v)-Lavsed ] 4.
+27 33 253 g3 S as

(continued)
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+TM‘1( S ) 6 (1+3%)%- 9 (1+35)* + & (1+37%)-3
1+ 3F% g3 253 S 25
-1 . 3
+ S YW-3_ (1+4%) - 3 (1+47 .
Tan (14—4-‘6‘)[ 283 ) 28 )]}
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APPENDIX C

BEHAVIOR OF THE DERIVATIVES OF THE dNN VERTEX INVARIANTS

NEAR THE MASS SHELL

We begin by considering the relation between the variables t and
¥ . At the dNN vertex the deuteron enters with momentum d and the two
nucleons leave with momenta p and p’ , and we take p to be off the mass

shell, and t=p* . We have

d = P+pP’ 5, ¥ = P-P’ (C-1)
2
and thus,
d* = Mi= P2+2p-pem?, (€-2)
and
4vr® = pr-2pprm’, (€-3)
Thus, we obtain
t=2v24 MJ -m?. (C-4)
> .
Now,
V, = M4 - (m‘ﬁr“)% ) (C-5)
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2 -
= Ef% - My (2 ROT +mts BT, (C-6)

and

I

viovi-vi= Md MA(mHFl)%a—mz. (€-7)
q. -

Thus, we can use (C-7) to rewrite (C-4) as
= MitmP— 2Ms (M2 0T, (c-8)
Then, on the mass shell, t= m? and
Mi -2Ms (m2+ 3T =0. (c-9)

To be consistent with the approximations made throughout this work, we

expand (C-9) to first order, and obtain

¥ +x" =0, IFl=ia. (C-10)

To examine the derivatives of the dNN vertex invariants near the

mass shell, we use the chain rule to write

(Cc-11)

o
T
St

[

t d41r] 4

o

= dF dl
I

ct

We may use (C-8), with |¥| =y , to write
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Cﬂ‘ = - (ml_'_’?\‘i)% —_— _,i‘ (m‘\_o(i) (C-].Z)
dt 2y Md 2 KMy

on the mass shell. Thus the behavior of dF/dt for t — m® is determined
by the behavior of dF/dr for ¥— A .
Now, examination of equations (B-10) and (B-1l) for Uo(Yy) and

W, (r) shows that, near v= i« , they have the forms

uo (r) Y A (C-13)
v+ x?
and
Wo(r)—> _B__ (C-14)
Y+

and all of the other terms in these functions are analytic (possess de-
rivatives of all orders) at v= ia . Thus, near the mass shell, F and G

may be written in the form

F=N(r*+«?)(a+bvi) (A-B) , (C-15)
ri+ol
and
G=N(*+te) {1+ C(r+«)] B + E , (C-16)
r* Vitar 2

where we have used the prescriptions for F and G given in equations
(IV-40) and (IV-41).

From the equations (C-15) and (C-16), it is clear that d F/dt lm
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and <:|G/dt|miexist. Then, using either of the prescriptions (IV-34) or

(IV-39), it follows that dH/dt |m: and dI/dt [mrexist.
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