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SUMMARY

The thrust of this investigation was to study models which
could account for the intrinsic stress field of a solid due to the
mutual attraction of its parts. Both discrete and continuous models
were considered. The study of such models was to lead to an estimate
of the initial stresses in the vicinity of a crack tip.

The first model considered was a linear chain of particles. By
prescribing a nonlinear force-separation law between the particles,
the separation distance between particles was obtained by solving
the equations of equilibrium. The removal of a finite length from
a chain with remote free ends and the subsequent deformation
revealed a body force arising from two sources. The major contribution
came from the initial configuration while the remaining part was due
to the subsequent deformation. In a first estimate, the contribution
due to the initial confiquration represented a good approximation to
the total final body force.

The analysis of a half plane with a free surface began with the
development of a mathematical model for the body force. The model
was cast in terms of an integral dependent upon the boundaries of the
body. Evaluating the body force for a half plane led to the determin-
ation of the stresses, strains, displacements and strain energy. This
analysis indicated that the material near a free surface undergoes a

positive extensional strain. The finite-element method was also used
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to model the half-plane problem. The object here was to determine
the effectiveness of such an approach for problems in which forces
of attraction are present.

In considering the crack problem, it was decided to imagine
the crack to prohibit the attraction of any material that it separa-
ted. The finite-element method was again employed. In conjunction
with conventional constant-strain triangular elements, a special
rectangular element (representing the crack tip and the material near
the crack tip) based on the first thirteen terms of the Williams
series was used to determine the stresses and displacements. It
was found that upon introducing a crack, the crack faces nearest
the crack tip were open. Then proceeding along the crack surface
and away from the tip, the crack faces closed for a short distance
then remained opened for the remainder of the crack surface. The
stress-intensity factor and the extent of closure of the two faces
were estimated for these problems. It was found that the normal
stress along the prolongation of the crack changed from tension to
compression within a small distance ahead of the crack (several
atomic spacings). The small stress-intensity factor computed in
conjunction with the small distances involved suggested that the
dimensions involved were perhaps too small for a continuum model.
Consequently, the behavior of the crack, when the forces holding a

crack open are released, can only be described quantitatively.



CHAPTER 1
INTRODUCTION

Condensed matter is held together by the mutual attraction of
its parts. If a body in equilibrium is divided into two parts by an
imaginary cutting plane, the attraction of one part for the other
requires a balancing compressive stress on the plane. If the forces
of attraction are isotropic and have a range much shorter than the
dimensions of the body, then the stress will be the same on every plane
through any point not near the surface; i.e., a field of uniform hydro-
static pressure, often referred to as the intrinsic pressure.

In the usual formulation of a problem in continuum mechanics,

the neglect of this initial field is based not on the argument that
the intrinsic pressure is small, for it is generally conceded that it
is considerable [1],* but rather that such a uniform hydrostatic pres-
sure would enter inconsequentially into any of the field equations.
The fact is that the initial stress field which corresponds to the
forces of atrraction is not uniform but varies from a hydrostatic com-
pression deep within the body to a distribution consistent with a free
surface near any of the body's boundaries. Thus parts of the body near
the surface are in a different initial state of stress and strain than
the bulk of the body. This has been confirmed by low-energy electron

diffraction experiments, and the relaxation of the top layer of atoms

*__ S
Numbers in square brackets correspond to references on page 100.



of a crystalline solid has been measured [2,3,4].

Using a particle model, Lennard-Jones and Dent [5] in 1928 first
showed analytically that the top Tayer of ions at the free surface of
an ionic crystal moved in a direction normal to the surface, but
towards the interior of the crystal. In 1949 Shuttleworth [6] deter-
mined the displacement of the top layer of atoms for an inert, face-
centered-cubic gas at 0°K. In this treatment, the rest of the layers
in the bulk were held fixed, and the sphere of influence of an atom
was specified in advance to be no larger than five lattice spacing.
Since that time, digital computers have permitted investigators to
consider the relaxation of the first several Tayers subject to larger
spheres of influence. Even though the computational ability has been
greatly extended, one is still necessarily limited in an approach to
the probiem of determining the relaxation of Tayers of particles along
a normal to the free surface of a three-dimensional crystalline solid.
Alder, et al. [7], for example, utilized a lattice of 40,000 atoms
and allowed the interactions of the particles to include the effect
of eightieth neighbors. The relaxation of up to four layers and the
correspanding changes in the surface energy were computed. Burton and
Jura [8], using a lattice of only 360 atoms, estimated the displace-
ment of the two outer layers. Their estimate is in good agreement with
the results of [7] which indicates the rather small effect of using
extremely large lattices. Benson and Claxton [9] obtained results
that compare favorably with those of [6-8]. They used an even larger

lattice than [7] and allowed five layers to relax. They demonstrated



the relative insensitivity of results to the particular functional
form chosen for the interatomic force Taw by using two different
laws. Tick and Witt [10] allowed seven layers to relax and concur
with [8] that the effect of the number of relaxing layers dies out
Tike I/Ni; Nz being the number layers permitted to relax. Using a
much simpler model, namely a one-dimensional chain of particles in
which the interactions include only nearest and next-nearest neigh-
bors, Gazis and Wallis [11] found a closed form solution for the
relaxation for the Nth particle counting from the free end. Their
work indicates that the change in configuration due to the introduc-
tion of a free end takes the form of a uniform strain plus a localized
strain which decays exponentially with N. The uniform strain is not
consistent with the results of other authors, and a discussion of the
error that leads to it is reserved until later.

While discrete models are conceptually useful in ascertaining
the relaxation of the first few layers of atoms at a free surface,
they are numerically cumbersome even for simple planar faces of a crys-
talline solid. To investigate the effects of a free surface on geo-
metrically irregular problems -- such as a crack -- it is much more
practical to introduce at least some of the simplifications associated
with continuum models. Gehlen and Kanninen [12] employed a hybrid
model in order to study several equilibrium configurations of the
neighborhood near the tip of an interior crack. In their model, the
atoms near the crack tip are treated individually, whereas the rest

of the material is represented by a linearly elastic continuum.



Certainly this permits a more realistic representation of the material
near the crack tip, than a continuous model, but as Kanninen con-
ceded, "The interaction between the continuum and the 'atomic region'
at the crack tip is quite complex."

The concept that a body is held together by the mutual attrac-
tion of its parts was introduced by Young [13] in 1805 and Laplace
[14] in 1806 in an attempt to explain the surface tension of liguids.
The concept of surface energy, according to Shuttlieworth [15], was
introduced later by Gauss in 1830. For continuum models, surface
energy 1is usually written in terms of a function representing the
mutual attraction of two particles [14]. The functional form of the
surface energy used by Orowan [16] is an extension of the representa-
tion used originally by Laplace [14] and in 1890 by Rayleigh [17]. In
Orowan's treatment, the relaxation of the material near the surface
and any consequent changes in the surface energy are neglected.
Griffith [18] neglected initial stresses altogether in his approach to
the problem of crack extension in a brittle solid. More recently,
Rajapakse [19] has investigated the stresses around an interior crack
induced by assuming that a vanishingly thin stretched membrane adheres
to the crack faces. This represents an attempt to make the energy
transfer in Griffith's theory during the extension of a crack auto-
matic. Yet Rajapakse's model equates surface tension and surface
energy. That this is generally not the case for solids, was conceded
as early as 1876 by Gibbs [20] and repeated more recently by Shuttleworth

[15].



Judging from the considerable effort expended in these investi-
gations as well as the continuing interest in being able to describe
the precise state of stress near a crack tip, a continuum model which
admits in its formulation the mutual attraction of its parts and the
attendant intrinsic pressure would be most desirable -- particularly
if the model is sufficiently simple in formulation to permit an esti-
mate of the initial state of stress near a crack tip.

In this work, preliminary consideration must be given to the forces
of attraction before the continuum model can be formulated. One of the
simplest models available for assessing the effects of such forces is
the one-dimensional particle model. By using an inverse-power law to
describe the attraction and repulsion between any two particles (see
Figure 1), and solving N nonlinear equations for a chian of N par-
ticles, one can determine the equilibrium position of each particle.
Once the positions of the particles are known, the work required to
separate them can be computed. This problem is solved for various
lengths of chains, and it is demonstrated that the work to separate
the particles is proportional to the length of chain. Furthermore,
when a finite section is removed from the interior of an infinite
chain and the forces required to preserve the original configuration
of the finite chain are released, the final force of attraction acting
on each particle is found to come from two separate sources. The major
contribution is from the attraction reckoned from the initial posi-
tions, while the other, which is much smaller, is due to the deforma-

tion of the finite chain during relaxation. The study of the chain
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Figure 1. An Inverse-Power Force-Separation
Law for Two Isolated Particles.



is carried out for as many as 97 particles with a moderately weak force
law.

Results obtained suggest that in a first approximation only the
forces of attraction reckoned from initial position need be included.
This simplification is carried over to the formulation of an intrinsic
body force field for a two-dimensional continuum model.

The analytical form, f(r)rde, is employed to represent the
attraction between a unit volume element centered at P and a "pie-
shaped" element of length r (see Figure 2), where f(r) is specified

to be

f(r) = f (T

o
In (1-1) f_ is the attraction as r-« and A is a characteristic length
indicative of the range of material attraction. Given the shape of a
body, the intrinsic body-force vector X can be determined for any

point P in the body by

X=/[ f(r) rde . (1-2)

The unit vector r is shown in Figure 2, and r 1is the 8 dependent
distance from P to the boundary of the body.

With this formulation, the intrinsic body force, the resulting
stress and elastic strain energy for the half plane with a free surface
are computed. Since the interior is considered to have no strain

energy, the resulting strain energy due to the variation in stresses
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Figure 2. Basic Element in the Formulation
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near the surface represents a correction to the surface energy of the
relaxing free surface. From this problem a relationship between A,
the characteristic length in (1-1), and the intrinsic pressure o_ is
obtained, and the contribution to the surface energy is determined in
terms of o_ and A.

With this procedure, a body force is developed for a geometry
shown in Figure 3, where the crack is treated as part of the bound-
ary, and thus enters into the determination of X. For this case,
there are two body-force components X and Y, each dependent on x and y.
In treating the crack problem the attraction of elements separated by
the crack is neglected. While the expression for X in (1-2) for such
a geometry is not difficult to evaluate, it results in a mathematical
form that cannot be evaluated in closed form to obtain the stress field.
Consequently, a numerical approach is employed. The finite-element
method is used, and the body force for the continuum model (1-2) is
employed to compute the attraction of discrete elements. In the usual
application of the conventional finite-element method, triangles in
which the strain fields 1is taken to be a constant, are used to repre-
sent the plate. It jis favorable, however, to allow two adjacent tri-
angles which form a square to represent the elements of the plate in
computing the body force. The body force for each element is then
distributed to the nodes of each element. The computations for stresses
and displacements are still carried out using triangular shaped ele-
ments. The effectiveness of such a method is observed by comparing
the finite-element results with those obtained by solving the field

equations for a half plane with a free surface. All nodes are
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restrained in the X-direction to simulate the presence of material
extending indefinitely along the X-axis. Such restraints also reduces
the number of degrees of freedom in the grid, and this permits the

use of larger plates. Moreover, only a quarter of the plate is
actually considered in determining stresses and displacements while

the body forces are compared using the whole plate. The use of larger
grids is favorable provided the elements are moderately small (triangles
whose base and height are approximately A/2). It is found that the use
of large elements (base and height of 3A) actually results in a greater
discrepancy measured by the exact solution, even for points away from
the surface. Extremely small elements reduce the overall size of the
grid and discrepancy with the exact solution again increases. Using a
square grid consisting of triangular elements of base A/2, the largest
compressive stress is found to be within 92% of o_.

In general, the presence of a crack in a Tinearly elastic con-
tinuum indicates the possibility of a crack-tip stress singularity.
Therefore to determine a better estimate of the stresses near the crack
tip, a special eight-node rectangular element incorporating the
Williams' series is employed in the overall grid [21,22]. Williams'
series satisfies boundary conditions appropriate to free crack faces
(see Figure 4). An advantage of using this special element, often
referred to as a cracked element, is in estimating the stress-intensity
factor |<I (a measure of the strength of the stress singularity at the
crack tip). As shown in Figure 4, only the material above the crack

is actually represented; for while the entire grid is used to compute
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the body forces, only the upper half is required to determine stresses
and displacements.

In carrying out these computations by the finite-element method,
it is found that the crack maintains a small opening at the crack tip.
Moreover, the opening is within the cracked element (see Figure 5).
Beginning with the corner node of the cracked element, the crack is
closed for a number of nodes. Results indicate that this number is
affected more by the shape of the grid than by the size of the individ-
ual elements. Farther down the crack faces, the crack reopens and
remains open for the remainder of the grid. The largest KI occurs for
triangles of base A/2 and for grids n > 1, where n is the ratio of
total height to width. If rough estimates of A and o_ are taken to
be 10‘6 in. and 2.5 x 105 psi respectively, one obtains a KI on the
order of 40 psivin. Moreover, c; returns to compression a very short
distance ahead of the crack, .0005A to .001A, depending again on the
aspect ratio of the grid. Such results indicate that the intrinsic
stress field of a cracked solid generates a very weak singularity that

can be justifiably ignored in routine fracture-mechanics applications.
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CHAPTER I1I

A SIMPLE PARTICLE MODEL

A straight chain of particles held together by the attraction
of one particle for another is one of the simpler models available for
assessing effects due to the mutual attraction of a body's parts. In
this chapter we specify a nonlinear force-separation law for two par-
ticles and determine the equilibrium positions of particles in isolated
chains of various lengths. The particle spacing and the variation of
internal forces near the ends of a chain as well as the energy required
to disperse the particles in a given chain are the results of primary
interest. Gazis and Wallis [11] considered a semi-infinite chain of
particles bound together by interactions between only nearest and next-
nearest neighbors and reached a conclusion contrary to our results.
The source of this difference is pointed out at the close of this

chapter in an outline of their formulation and solution of the problem.

A Force-Separation Law for Two Particles

Let a, denote the equilibrium separation of two isolated atoms
or molecules. These are depicted in Figure 6a as two particles. In
the following description, changes in the relative position of the par-
ticles are assumed to occur slowly enough to warrant considering each
particle to be in equilibrium at all times.

Suppose that the separation of the particles is increased from
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a, to a fixed but arbitrary value, a, due to the application of a
tensile force as shown in Figure 6b. The tensile force balances
the attraction of one particle for the other at each stage of the
separation process and varies from zero to f(a). The precise form
of the function f(a) is not known, but several of its more important
features are widely accepted. It is known, for instance, that f(a)
soon reaches a maximum™ as the separation is increased from a,- Upon
further separation, it falls to zero or to negligible values. More-
over it is understood that the two particles exhibit increasing com-
pressive stiffness when they are forced closer and closer together
(0 < a < ao) as shown in Figure 6c. Both of these features dictate
that any representative analytical form of f(a) must be nonlinear.
Inverse-power formulas with separate terms identifying the forces
of attraction and repulsion are often used to represent f(a) mathe-

matically; i.e.,

fla) = Aa" -Ba ", (2-1)

in which A, B, m and n are positive constants with Aa"" and Ba™"

representing respectively the forces of attraction and repulsion.

Since
f(a ) =0, (2-2)

(2-1) may be written alternatively as

*We adopt the usual sign convention here letting f(a) > 0 indi-
cate tension and f(a) < 0 indicate compression.
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flay=¢ =2 - 2 (2-3)

in which C is a positive constant. If the equilibrium separation of
two isolated particles is to represent a stable equilibrium confiqura-
tion for small deviations, then f(a) must satisfy

gg (a) > 0, (2-8)

which requires that the exponents m and n satisfy
m>n . (2-5)

Typically m and n are taken to be integers with the size of n deter-
mining the sphere of influence that one particle has for the other; i.e.
large values of n result in short-range forces of attraction and con-
versely. Figure 7 shows a plot of dimensionless force f(a)/C versus
dimensionless separation a/aO for exponents n = 3 and m = 5. This is
the particular force-separation law chosen for the remainder of this
chapter. We now turn to the problem of determining the equilibrium
positions of particles in isolated linear chains consisting of more

than two particles.

A Three-Particle Chain

For an isolated linear chain consisting of an odd number of
particles in equilibrium, the particle separation is symmetrical about
the center particle. Consequently the chain of three particles shown

in Figure 8 has only one unknown separation. Since the equilibrium
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Figure 8.
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expressions for the first and third particles are the same, only the
equilibrium condition for the first particle is considered. For the
first particle to be in equilibrium, the vector sum of its interac-

tions with the second and third particle must vanish; i.e.

F., +F., =10, (2-6)

where fﬁz and F}3 are the forces exerted on the first particle by the

second and third particles respective]y.*

Nmtmg ?12 = f(a'l) i, (2_?)

13

f(Za]) T (2-8)

and specifying the force-separation law (2-3), we obtain the follow-

ing nonlinear equation for aj-

[al]
o)
o

>
Q
‘o

- T4 e = g i=0. (2-9)

1]

For this simple configuration, a]/a0 can be obtained in closed form

for any m and n satisfying (2-5). We find

1
a n m-n
51 -z 1% 2m (2-10)
0 1% 2
For m = 5 and n = 3, (2-10) yields a]/aO = ,9574. (2-11)

“In (2-6), we are taking for granted that Fy; = 0.
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Since a; < a, nearest neighbors are compressed in a chain of three
particles. It is anticipated that in chains consisting of more
particles this compression of nearest neighbors increases to a Timit

found in the following section.

An Infinite Chain

For extremely long chains, the end should represent a localized
effect and particles far from the end should exhibit a constant sep-
aration distance, say a_. In Figure g, the origin is taken far
from either end of the chain. If a cutting plane is passed through
the chain at the orgin, equilibrium of the positive side requires
that the vector sum of the forces passing through the cutting plane

must vanish; i.e.
0 = (f(am)+-f(2a )+-f(3am) Fi ok f(Naw)4-f((N+1)am)+...
+ f(2a )+ f(3a,) +...+ f(Na_) + f((N+1)a_) +...
+ f(3a_) +...+ f(Na_) + f((N+1)a_ ) + ...

+ f(ka )+ f((k+l)a_) +...+ f(Na_) + f(N+1)a_)+... .(2-12)

Each line in (2-12) represents the sum of the forces exerted
on ane of the particles to the right of the cutting plane by all the
particles on the left. Substituting from (2-3) and regrouping the

terms according to exponent, we find that (2-12) yields

59 .Z n-1 " = .g 1 =0. (2-13)



Figure 8.

c L | oz £ [
OOOOOf

A Chain of Particles with Remote Free Ends.

-N)
O

/

N
@)

£



o4

In addition to the requirement that m be larger than n we now
see that both m and n must be greater than two in order that the sums
of the infinite series in (2-13) exist. Combining these requirements,

we now write
m>n>2. (2-14)

From (2-13) the limiting separation, a_, is found to be

m-1
n-1 L] (2']5)

LW

where

s(N) = § (2-16)

The sum in (2.16) has been numerically evaluated [23] to a high degree
of precision for any integer n, 2 < n < 27. When n is an integer,
the sum in (2-16) corresponds to a particular Bernoulli number. For

m=5andn =3,

a/a = .8112 . (2-17)

which is the upper 1imit of compression of nearest neighbors for
long isolated chains in equilibrium. Since the previous section
establishes the Tower 1imit of compression, we may expect particle
separations in finite chains of more than three to vary between

.8112 a0 and .9574 a-
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Numerical Solution for a Chain of N Particles

For a chain consisting of N > 3 particles, the equilibrium equa-
tions for the unknown particle separations are coupled. By consider-
ing only odd values of N, we can take advantage of symmetry about the

N-1

center particle and reduce the number of unknowns to ( 5 ). In

effect, we examine only those particles in the left half of the chain.

The equilibrium condition for the ith particle can be written as
N
.2 o f(Aij) =0, (2-18)
Jj=1
Jf1
. . .th .th . .
where Aij is the distance between the i and j particles. This
distance is expressed in terms of a; by
Jj-1
i = V) a (2-19)
k=1
th

where a is the separation between the k™ and k+ 1St particles

counting from the left end. By symmetry

(2-20)

In (2-18) « is used to distinguish the sense of the forces of attrac-

tion and is defined by

o = for . (2-2.1 )
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The Newton-Raphson method is used to solve the (ﬂ%lj equations
for the separations. The efficiency of this method is sensitive to
the first estimate for the separations. In our scheme the first
estimate for a chain consisting of N particles is taken from the
solution for chain of N-2 particles. For longer chains the separa-
tions change Tess between consecutive odd valves of N and the first
estimate continually improves. The reader can see Appendix A for
details in constructing first estimates and for using the Newton-
Raphson method for this problem.

Knowing the a.s for a chain of N particles permits other
quantities for the chain to be computed. The quantity o;' denotes

th

the nearest-neighbor interaction between the i” and i+ 15t parti-

cles, while 0{ denotes the nearest-neighbor interaction between the

1th and i -1St particles. The vector sum of all the forces acting

on the ith particle excluding nearest-neighbor interactions is denoted
by Xi' Since equilibrium is required for each particle, X1 can be

computed by

Xo = flay) - fla,,) . (2-22)

To examine the effects of changes in the configuration of the chain

upon Xi, we compute X?, where

W=l =X . (2-23)

The quantity XT in (2-23) is the value X, takes if the particles

in the chain have a uniform separation a; = a; Tuls
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o= §oaf(li-gla), (2-24)
3=

Jti

where o is given in (2-21). Using (2-22) and (2-24), we can express

N
¥E = fla.) = f(ai +1) - 1 af(li-]]| a ). (2-25)
i

X. = x? + X. . (2-26)

th particle

which indicated that the body force™ exerted on the i
arises from two sources. The XT represents the body force that
arises when the N particles are imagined removed from an infinite
chain before a change in relative position of the particles occurs.
X; is the change in the body force that accompanies the deformation.
In the one-dimensional model, the sublimation energy S(N), for
a chain of N particles is the work necessary to remove each particle
in the chain from its equilibrium position to some remote position.
The process of sublimation is imagined accomplished by gradually
removing the two outermost particles to some remote position. While
the forces are being applied to remove the two outermost particles,

forces are also applied to the other particles to maintain their

original positions. Once the two outermost particles are removed to

. ]
With the reader's indulgence, we shall use the continuum notion
of stress and body force in referring to o and X1 respectively.
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a position where they no longer have any attraction for the chain,
the process is repeated until all particles have been removed. This

process can be expressed by

;
5N =2 § M., (2-27)

where wi represents the work required to remove the 1th particle from

the chain. In (2-27) W, can be expressed as

N'Z] [e4]
o= 1 [0 flu) dutyf f(u) du . (2-28)
J=i+1 Ay 23 A541 N1

The computation of S(N) permits the concept of surface energy
to be adapted for the one-dimensional particle model. While a strict
definition for surface energy for the one-dimensional model is not
meaningful, a measure of the energy associated with the free ends
can be discussed. Without the effect of a nearby free end, the work

to sublimate BN particles can be expressed as
S(8N) = 8S(N) . (2-29)

In (2-29) the effect of the remove free ends has been completely
neglected. For example, the work to sublimate a portion consisting
of 15 particles would be the same work required to sublimate three
chains of five particles in which the a;s are a_. However, for a
finite chain (2-29) is only approximate. A quantity which suggests

a measure of the energy associated with nearby free end is
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-1 . (2-30)

Results of the Numerical Solution

Using the force-separation law given in (2-3) with n = 3 and
m = 5, we obtain a solution for a chain consisting of 97 particles.
As mentioned in the previous section, however, this requires the
solution to all previous chains of particles for N odd. The limiting
separations a_ and 3, (for N = 3) are used for comparison with chains
for 5 < N < 97. From (2-11) and (2-17) respectively, a; = 0.9574 a,
and a_ = 0.8112 -

Figure 10 shows that as longer chains are considered, the
interior particles become more compressed. For the longest chain,
N = 97, the separation distance between the center particle, and the
adjacent particle is .8150 a, which differs from a_ by less than 0.5%.
As the chains increase in length, Figure 11 indicates that the sep-
aration distances for particles near the free end approach their
asymptotic value faster than those near the center of the chain. The
change 1in 3, from N = 95 to N = 97 occurs in the sixth digit while
the change in a Héloccurs in the fourth digit. Since stress here
igs considered as the interaction with nearest neighbors, it behaves
in a similar manner as a; as shown in Figure 12. For the chain
N = 97 the largest compressive stress (which occurs at the center) is
95.55% of the limiting value f(a_). The apparent change in curvature

in o, is a result of the peculiar behavior in Xi near the free end.

The maxima occurring in Xi in Figure 13 at the second particle
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are a consequence of the definition of Xi and the absence of neigh-
bors to the left of the outermost particle. The interactions which
constitute Xi are pulling the first particle to the right (positive
direction), and the same is also true for X2 for the second particle.
Since a, is decreasing and f(a) consists of inverse powers, the first

several terms in X, are larger than those in X]. The same is true

2
for X3 except that there is now a contributing interaction from the
first particle pulling the third particle to the left (negative direc-
tion) -- thereby reducing the total pull on the third particle towards
the center. This contribution of particles on the left increases for
particles near the center. The Xi for the center particle is zero,
since the ai's are symmetric about the center, and the interactions
on one side cancel those of the other side. From (2-22), (2-24),
and (2-25), X, X?, and X are computed for the chain consisting of
97 particles. Figure 14 idindicates that the major part of Xi may be
reckoned from the initial positions, because X?, which is due to the
deformation of the finite chain during relaxation, is much smaller
than XT. These results suggest that in a first approximation only
the body force reckoned from initial positions need be included.
This is carried over to the formulation of an intrinsic body-force
field for a two-dimensional continuum model.

The results of computing S(N) are shown in Figure 15 and indi-
cate that for longer chains S(N) is Tinear in N. Figure 15 indi-

cates that the effect of a free end is always present, even though it

may be negligibly small for longer chains of particles. The results
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for y(N;8)/8, which are shown in Figure 16, indicate that, regard-
less of the number of free ends, a certain amount of energy is

associated with a free end.

Comments on a Solution by Gazis and Wallis

Gazis and Wallis [11] also investigated the effects of a nearby
free end in a linear chain of particles. A semi-infinite chain of
particles is cut from an infinite chain and the free end is obtained
by Toading the particles near the cut with forces PO and P] (see
Figure 17 that are equal and opposite to the forces exerted by
particles across the cut. Gazis and Wallis' force-separation law
extends only to the next-nearest neighbor; consequently only the two
end particles need be loaded to simulate the free end. The force-
separation law for particles other than the end particle is linearly
dependent upon the relative displacement between the particle and its
nearest and next-nearest neighbors. For the end particle, the zeroth

particle, the force-separation law also includes a nonlinear term of

the form

I~ =
-
=
—
=
p—
1
_
o
—
-

where Uy is the displacement of the neighbor nearest the zeroth par-
ticle, and o is a "free constant." For equilibrium, the sum of the

forces on each particle must vanish. This requires:
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k
- r -
n=0, ) “r(ui_ uo) + (u2-Au0) = P 3
r=1
k
n=1, z] o (g = U )+ o Uy - ug )+ B(ug - ug) =Py (2-31)
r‘:
n > 2, u](un+] +un_1-2un) + 6(un+2+-un_2- Zun]= 0.

In (2-31), «a, and g8 represent the force constants for nearest and

1

next-nearest neighbor respectively; u, is the displacement of the nth
particle. To solve for Ups Gazis and Wallis assume a solution of

the form

u, = Ae AN 4 B . (2-32)

Substituting (2-32) into (2-31), and selecting 8 greater than zero,
they find

(P0 + P1)

B = m B (2—33)

The results in (2.32) and (2-33) suggests that in addition to the
localized strain, there also arises a homogeneous strain as a result
of introducing the free end. This is contrar} to the results of our
one-dimensional analysis, in which only a localized strain is sug-
gested. The difference arises because Gazis and Wallis did not
account for the fact that the remote end of their semi-infinite chain

is free. With a non-zero force applied by some external agent,
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equilibrium requires that this force be balanced at the other
end -- resulting in the homogeneous strain indicated by B in (2-32).
However, if one requires that the remote end is free, then equilibrium

of the chain requires

+P =0, (2-34)

which leads to

u = Ae AN (2-35)

This form for the displacement is in accordance with our numerical
results which indicate that the separation distances between adja-
cent particles decrease from a maximum at the surface to a minimum

deep within the chain.
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CHAPTER TIII

A CONTINUUM MODEL WITH SOME ANALYTICAL AND

NUMERICAL SOLUTIONS

In this chapter we consider the problem of determining the
state of stress near a free surface of a two-dimensional solid. Using
the particle model of Chapter II, we observed a local outward relaxa-
tion of particles as a free end is introduced. During relaxation, the
change in mutual attraction of the particles was found to be small
compared to the attraction reckoned using the initial position of the
particles. As a first approximation for a two-dimensional continuum
model, we assume that the body force is constant during the deforma-
tion process and is adequately represented by attractions reckoned

from initial position.

Analytical Form for the Body Force

Let f(r)de denote the magnitude of the attraction between a
unit volume element centered at P and a "pie-shaped" element of length

r (see Figure 18). To be realistic, f(r) must satisfy

f(0) =0 (3-1)

and



Figure 18.

Boundary 6B

Basic Element in the Formulation of the Body Force.
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In view of these restrictions, f(r) is chosen to be

fr) = f ———— . 3-3
(’F) r2+A2 ( )

The quantity A is a characteristic length indicative of the range of
material attraction; for an element A long, f(A) takes 50% of its
limiting value. Figure 19 shows the manner in which the dimensionless
attraction f(r)/f varies with the dimensionless length r/A. The
change in curvature occurs at r = A/3.

Given the shape of a plane body, the intrinsic body-force vec-
tor X (force/unit volume) can be determined for any point in the body
by

X=] f(r)rde, (3-4)
0

in which r is the unit vector shown in Figure 18.

Solution for a Half Plane

Consider a full plane in equilibrium whose free surfaces are
far apart. The body force for a unit volume of material deep within
the body is zero since the forces of attraction are isotropic and are
taken to have a range much shorter than the dimensions of the body.

As a result of such forces, the stress is the same on every plane
through any point not near the surface; i.e. a field of uniform hydro-
static pressure. If an imaginary cutting plane is passed through the
body, one finds forces of attraction X acting across the plane (see

Figure 20a). To balance these forces, a compressive stress ~g.. Bets
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a. The Effect of the Upper Half Plane on
the Lower Half of the Full Plane.

+

b. Auxiliary Problem Loading the Half
Plane with a Tensile Load o_.

c. Half Plane with a Free Surface Subject to X.

Figure 20. Superposition of Problems Leading to a Half Plane
with a Free Surface Subject to X
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on the plane. This stress is often referred to as the intrinsic pres-
sure. Since the total body force acting on points in the lower half-

plane vanishes,
X 2 X (3-5)

where X is the body force arising from the mutual attraction of the
material in the lower half plane. The reference values (i.e. values
associated with the half-plane in Figure 20a) of displacements and
strains are taken zero. It is convenient to take the reference value
of the stress components to correspond to hydrostatic compression;

i.e.

¥ B = B 0w B D e %
T =T T 0 and oy Uy o g, (3-6)

By solving the auxiliary boundary-value problem indicated in Figure

20b and superposing the resulting stresses, strains and displacements
with those of the reference problem (Figure 20a), we obtain the change
in configuration and redistribution of stresses due to the introduction
of a plane free surface as shown in Figure 20c. The body-force field

and boundary conditions appropriate to the auxiliary problem are

X =l (3-7)
0, (x,0) = o, (3-8)

and
lim oF, oy T:y =0, (3-9)
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where an asterisk (*) has been used to designate a quantity associated
with the auxiliary problem.

The body force Y* for the auxiliary problem is determined by
(3-4) and requires a separate integral for each segment of the bound-
ary (see Figure 21).

fj = | 1Tf(t) r ds + lim fzn-f(r) r de . (3-10)
0 rsw T

The second integral in (3-10) is the contribution along BCA. The
Timit is taken inside the integral and the second integrail becomes
~2fmj. Concerning the first integral in (3.10), r(8) must be known,

and for the boundary AB, r(e) is

r(g) = —¥— (3-11)

for a fixed but arbitrary value of y. Substituting for r(e) and r
and using the substitution u = sin6, we find that the first integral

in (3-10) becomes

1

73] M Lo i, (3-12)
0 y"+1-u
where ¢ =v/§2 + 1 . With 2f written for the second integral in

(3.10) and (3-12), the body force, Y* = j -Y*, can be expressed as

.._2 -
verlz - Sy (3-13)
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Figure 21. Determining X for the Half Plane.
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At the surface Y* = 2f , and as y-> = ,

—+

*

|

ol

5t (3-14)

w4
<

Since there is no x component of the body force and T:y is

specified to be zero on the surface y = 0, T;y is assumed to be zero
*
throughout the half-plane. The equation of equilibrium containing Gy

reduces to
+ ¥ = 0. (3-15)

Substituting from (3-13) and integrating subject to the boundary con-

ditions (3-8), we obtain

y -2
A Tt Y
9 = [E—an 125 2] de . (3-16)

With the substitution

2

u=¢+veg “+1, (3-17)

the first term in (3-16) can be expressed in terms of the following

indefinite integral

%—f (u 31J en [3j} ] du .

This can be evaluated by expanding the polynomial and using integra-

tion by parts. The expression for 0; - o_ becomes
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~ . 2 _
* C c+] 1 m
Ty 7 [P 1] (318)
y ”[2 c-1 T 846000 o lpEE)™ T J

Using the condition in (3-9), we obtain an expression relating o_,

A and fm; i.e.

2
o, = T Af . (3-19)
Consequently,
b = @ 1
% ® |yc g 1 f
o (y) = - | L& gn -y+2 7§ — | (3-20)
YT 2 50 e n=1,3,5,... n’(y+c)"™

For large values of y, u; varies as

-
|

w 4om 1
@ ==L+ ... (3-21)
y 7r2 3y .
In an effort to have our solution correspond as closely as pos-

sible to the problem of a flat free surface in a half-space, we take

* *
e, =€, =0, (3-22)
and Hooke's law gives
(1-2v)(1+4v) *
= 3-
y T OE(M-v) % Lo-28)

and

*
o) =0y =T o s (3-24)
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where E and v are Young's modulus and Poisson's ratio respectively.
Compatibility of this strain field requires that c; depend
only on y. Upon integrating the linear strain-displacement equations,

we find that the vertical displacement component v* is given by

* * . LI:Z\J 1+v Y * 47
v -V (0)*A Ezt)':(}'r—zjo O_Y de . (3.25)

Since c; varies as 1/y for y large, v* does not exist as y - .
However, this behavior for displacements is not unusual for problems
in elasticity. Undefined displacements at infinity also occurs for
a half-plane loaded by a constant pressure over a finite segment of
the edge. The divergence of v* could be avoided by selecting an
analytical form of the body force that represents shorter range
attraction.

To integrate (3-25), the substitution in (3-17) is repeatedly

used in conjunction with integration by parts. Upon evaluating (3-25),

one finds
“(5) - vH(0) = Kho [S en SHL 4 Y (3-26)
vViyr - %2 6 c-1 3
2
f L=207) 4 gn(yac) - —] 5
2(y+c)
= 1 1 1 I
- Y i + — 1
n=3,5,75 n® (n-1) (y+c)" ] (n+1)(y+C)”” ]
where
K = (]‘2\) ]+U . (3_2?)

E(1-v
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The stresses, strains and displacements for the problem in

Figure 20c are now determined by superposition; i.e.

4g ~— @
o o, s 2 Sl -ye2 ] —— 1 (3-28)
y . n=1,3,5,... n“(y+c)" -
and
o, to, =a *to = 1? 7 (Oy 8 Y (3-29)

The strain field for the final problem (Figure 20c) is the strain

field for the auxiliary problem; i.e.
e, =e_ =0 (3-30)
and

€= K(ay +a ). (3-31)

The displacement field associated with (3-29) is given in (3-26). It
should be noted that (3-28) for the stressés does satisfy the condi-
tions in (3-6). The manner in which % varies is shown in Figure 3-8.
The extensional strain €y indicates the extent of the effect of a free

surface. At the surface y = 0 we see

e (0) = =5 Ko_ (3-32)

while at y = 10A, ey has decreased to 13.2% of sy(O). At y = 20A, £y

has further decreased to 6.7% of ey(O). This suggests that even for a
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moderately weak law of attraction the effect of a free surface affects
the material in a relatively thin region near the surface. Since K

is positive, the effect of introducing a nearby free surface results
in an outward displacement of the material. A numerical value for
this outward displacement cannot be established since the rigid-body
terms corresponding to the condition

Tim v(y) = 0 (3-33)
y+m

do not exist. This is because the displacements for large y are

found to vary as

v(¥) - v(0) = K Ao 3 eny+ (29’% wn 2) Sl e, )
Y

which diverges at infinity.

Since the stresses vary as (1/y) for large y, the strain energy
associated with this problem does exist. The strain energy associated
with the deformation occurring as a result of introducing a free sur-
face represents a correction term that should be added to the surface
energy when it is computed as the work required to form a new unit area
of surface neglecting deformation. The integral for the strain energy
s

oo

_ 1-2v) (1+y 2 —
U= A“eqs fo (o, *0,)" dy, (3-35)

where ay + o_ is given in (3-28). The expression in (3-35) is simpli-

fied by integrating by parts; i.e.
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o0

+ l do 1
= AR K (0, *0,)°] 2 f Vo, +a,) Y dy|.  (3-36)

dy

Upon manipulating terms in (3-36) and evaluating integrals, we

find

A(1-2v) (1+v) 2
U = .38387 —1——3%%{;731-ow ; (3-37)

Finite-Element Representation of a Square Plate

The body forces arising from the mutual attraction of parts of
the body can be computed for a number of bodies having different geome-
tries. However, the resulting mathematical form is so complicated
that the corresponding stresses cannot be determined. To solve such
problems, the finite-element method can be used. Here the body is rep-
resented by a collection of triangular elements which are connected at
the nodes of the triangles. The strain field within each triangle is
taken to be homogeneous. The continuum model for the body force must
be adapted to the finite-element method. To study the application of
the finite-element method to a problem where body forces arise due to
mutual attraction, the problem of the half plane with a free surface
is solved again using the finite-element method. Close attention is
given to the effect of the size and number of elements on the numeri-
cally computed body forces and stresses.

Recall that for a "pie-shaped" element of Tength r, the attrac-
tion of that element for the element at P (Figure 18) is given by (3-3).
Consider the addition of material of length Ar to the element of

length r. Denote ?6 as the attraction of this additional material



56

for the element at P. The attraction ?é can be expressed as

fo= (f(r+ar) - f(r))F do , (3-38)

or in the Timit as aAr - Q0 ,

?6 = f'(r) r dr de . (3-39)

From (3-3), ﬁgcan be expressed as

2f(n -
— ® Y ordrde, (3-40)

where r = r/A. To adapt this to the finite-element method, imagine

that ?5 represents the mutual attraction ?fj of two elements where

_ 2f 4

F.. = AA.r , (3-41)

00 (Rij)zl R

th -th

in which the subscripts denote the i and j~ elements respectively.

The Ai denotes the area of the ith element, and Rij is given by

Rys = 105 = 051 - (3-42)

In (3-42). ﬁé is the vector sum the position vectors of the nodes of
the ith element divided by the number of nodes associated with the ith
element. For elements consisting of squares or triangles, Rij is the
distance between the centroids of the elements. The unit vector r is

taken as
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. - D.
r~;—l : (3-43)

This form suggests that F}j in (3-41) is the attraction of the ith

th element.

element for the j
To obtain the force exerted by the rest of the remaining ele-
ments upon the ith element, the individual contributions are summed

vectorially; i.e.

; (3-44)

><|
i
e~ =
— s —

i

e T
-

where N is the number of elements in the finite-element representation.
Once Yi is computed; the force is distributed equally to the nodes of
the 1th element. This procedure is repeated until Xi for all N ele-
ments has been computed.

In the usual finite-element scheme, triangular elements are
used. However, if they are used to compute Y} the orientation of the

triangles rather significantly affects the results. This is because
2\~2
1]

F.. is dependent upon Rij 1ike (1 + (Rjj

i3 and hence 1is very sensi-

tive to E}j' The adjacent triangles influence Yi more than other nearby
triangles. To avoid this bias due to orientation, it is best to use
squares formed by two adjacent triangles to compute the loads placed

on the four nodes. However, triangles are still used to compute
stresses and displacements for the grid. Therefore, while one body
force requires the use N elements the stresses are determined using

2N elements.
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The material deep within a plate experiences no net body force
and no deformation but is under a hydrostatic pressure o . [If, how
ever, a plate of finite dinmensions being described by such a state is
removed, the forces acting on the plate would be as shown in Figure
22a. The quantity -X represents the attraction for the material out-
side the finite plate, while X arises fromthe attraction for mater-
ial within the plate. The force exerted by the adjacent nmaterial to
the plate is represented by -X.

To simulate the presence of a free surface, two auxiliarly
probl ens as shown in Figure 22b are considered. The auxiliary prob-
lem consists of a plate subject to X with free surfaces and of a plate
subject to a uniformtension a* at y = 0and y =L but without a
body force (see Figure 22b). In addition, the horizontal* displace-
ment of all nodes in both problems of Figure 22b is specified to be
zero. This sinulates the effect of material extending indefinitely
along the x-axis. By specifying all horizontal displacenents to be
zero, it nmust be realized that the normal stress along the vertical
sides is not zero, but consistent with the requirement of no horizon-
tal displacenent. The stresses, strains and displacenents correspond-
ing to the plate in Figure 22b, which is subject to X°, are denoted
by a superscript asterisk (*). Therefore, the final solution, whose
quantities are witten wthout a superscript, (see Figure 22c) can be

expressed as

Hereafter the terns "horizontal" and "vertical" are taken to
mean the x and y directions respectively.



