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SUMMARY

In this thesis, we study problems at the intersection of extremal and structural graph
theory, focusing on the maximum number of k-cliques in graphs excluding certain minors.

Chapters 2—4 are devoted to counting the maximum number of K5’s (edges) in pla-
nar graphs. Euler’s classical formula (Theorem 1.2.1) implies that any planar graph has
at most 3|V (G)| — 6 edges. A well-known consequence, derived using Euler’s formula
together with additional structural arguments, is that any triangle-free planar graph has at
most 2|V (G)| — 4 edges.

This naturally leads to the study of the maximum number of edges in a planar graph
without a copy of Cj, (a cycle of length k), known as the planar Turdn number exp(n, Cy).
More generally, for a graph H, the planar Turdn number exp(n, H) denotes the maximum
number of edges in an n-vertex planar graph that contains no subgraph isomorphic to H.
The values of exp(n,Cy) are known for ¢ € {3,4,5,6} and are conjectured to behave
differently when ¢ > 11. In Chapters 2 and 3, we prove that exp(n, C;) < 187" — g for all
n > 39, with equality attained for infinitely many n.

Chapter 4 investigates exp(n, Cy) for £ > 11. We first show that dense planar graphs
satisfying a certain connectivity condition (known as circuit graphs) contain large near-
triangulations. Using this, we derive new upper bounds for planar Turdn numbers. In
particular, we show there exists a constant D such that exp(n, Cy) < 3n — 6 — Dn k1823
for all kK > 4 and n > k'°%23, For k > 11, this bound is tight up to the constant D,
confirming a conjecture of Cranston, Lidicky, Liu, and Shantanam. In fact, we prove a
stronger result: exp(n,0;) < 3n — 6 — n/(4k°%23), where 6, denotes the graph obtained
by adding a triangle-forming edge to CY.

Chapters 5 focus on extremal problems in graphs excluding clique minors. Alon and
Shikhelman initiated the study of generalized extremal functions, and in particular, we

consider ex(n, K}, K;-minor), the maximum number of k-cliques in K;-minor-free graphs

1X



on n vertices. Motivated by algorithmic applications, this problem has received significant
attention. We determine nearly sharp bounds on this function: for each k£ < t witht — k >
log, t, every K;-minor-free graph on n vertices contains at most n - C'(k, t)' () cliques of
size k, for an explicit function C(k, t). This bound is asymptotically tight, as we construct
K;-minor-free graphs with C'(k,t)n such cliques. Our result answers a question of Wood
and Fox—Wei up to the o;(1) factor in the exponent, except in extreme cases where k is very
close to t.

This work is based on the following journal publications and preprints: [40], and [41]

(with Xingxing Yu and Zachary Walsh), and [42] (with Fan Wei).



CHAPTER 1
INTRODUCTION

In this chapter, I first provide an overview of the thesis and then introduce standard graph-
theoretic notations, definitions, and well-known results.

This thesis investigates Turdn-type problems in graphs with excluded minors. In par-
ticular, we are interested in the maximum number of k-cliques in such graphs for any fixed
k> 2.

Our first focus is on Turdn-type problems in planar graphs, which exclude both /5 and
K3 3 as minors. Since any planar graph excludes cliques of size at least 5 as subgraphs, we
study the maximum number of 2-cliques (i.e., edges) in planar graphs that also exclude a
cycle of length k.

A well-known consequence of Euler’s formula—derived with additional structural ar-
guments—is that any triangle-free planar graph has at most 2|V (G)| — 4 edges. This leads
to the study of the planar Turdn number exp(n, Cy), the maximum number of edges in an
n-vertex planar graph that does not contain a copy of Cy. The values of exp(n,Cy) are
known for ¢ € {3,4,5,6}. In this thesis, we will study exp(n, Cy) for { = 7 and ¢ > 11.

In Chapters 2 and 3, we prove that exp(n, C7) < 2% — 28 for all n > 39, with equality
attained for infinitely many values of n. Section 2.2 introduces our proof strategy, building
on the approach of Ghosh et al. [16]. We first partition a plane graph G into edge-disjoint
triangular blocks, which are unions of adjacent triangular faces. For a connected n-vertex
plane graph G with e edges and f faces, we define a charge function g(B) for each triangu-
lar block B such that the total sum over all blocks is 24 f — 17e 4 6n. We then aim to prove
that g(B) < 0 for each block, implying the inequality 24 f — 17e 4+ 6n < 0, and derive the
main result of Chapter 2 using Euler’s formula.

Section 2.3 characterizes near triangulations with at most 6 vertices where there exist



two vertices on the outer cycle with no Hamiltonian path between them. This leads to a full
classification of all possible triangular blocks in C';-free planar graphs.

In Chapter 3, we prove Theorem 2.1.1 first for “good” planar graphs—those that are
2-connected and where every small vertex set .S is incident to at least 18|S|/7 edges. In
Section 3.5, we extend the result to general planar graphs by showing that every planar
graph can be obtained from good graphs via operations that only decrease edge density. In
Sections 3.1-3.3, we show that in a good graph, all triangular blocks B satisfy g(B) < 0
except for two special types, which we group with adjacent blocks of small charge to ensure
the total sum of g(B) remains non-positive.

Chapter 4 addresses the planar Turdn number for large cycles. We prove that there exists
a constant D such that exp(n, Cy) < 3n—6 — Dn/k'e23 for all k > 4 and n > k'°#23, and
focus on the case £ > 11. We proceed by contradiction, assuming a Cj-free planar graph
G with at least 3n — 6 — n/(4k'823) edges.

In Section 4.3, we reduce to a special class of nearly 3-connected graphs known as
circuit graphs, defined as pairs (G, C') where G is a 2-connected plane graph and C' is a
facial cycle such that every 2-cut in G leaves each component containing a vertex from C'.

Section 4.2 shows that such a circuit graph counterexample cannot exist. Assuming
the existence of a minimal counterexample GG with respect to a potential function m(G) =
3v(G) —6—e(G) — (|C| — 3), we derive a contradiction by analyzing interactions between
the outer face and non-triangular faces, ultimately showing that a smaller counterexample
G’ exists—contradicting the minimality of G.

In Chapters 5, we turn to a broader setting: extremal problems in graphs with forbidden
clique minors. A fundamental result in this area is that the maximum number of edges in an
n-vertex K;-minor-free graph is O(t+/log, t)n, as shown independently by Kostochka [26,
27] and Thomason [44].

Motivated by algorithmic applications, we study ex(n, K}, K;-minor), the maximum

number of k-cliques in a K;-minor-free graph on n vertices. We determine nearly sharp



bounds: for k < t and t — k > log, t, every such graph has at most n - C'(k,t)*o:(1)
cliques of size k, for an explicit function C'(k, t). We also construct matching lower-bound
examples, answering a question of Wood [47] and Fox—Wei [14] up to a 0,(1) term in the
exponent (except in extreme cases where k is very close to ?).

In Section 5.1, we present background and applications of clique counting in graphs
with excluded minors. Section 5.2 introduces a modified peeling process based on Fox—Wei [14],
with a refined stopping condition. We prove two key lemmas: one reduces the problem to
dense graphs (Key Lemma 2), and the other lower bounds the clique minor size in such
graphs using the peeling parameters (Key Lemma 1). A graph G = (V, E) is considered
dense if |V| > w(G) + 2A% + 2 or A < 1, where w(G) is the clique number and A is the
maximum degree of the complement of G.

Fox and Wei showed that for a dense graph G, the maximum clique minor size is | (|V'|+
w(G))/2]. The family of dense graphs excluding a Ks-minor is denoted by Gi.

In Section 5.3, we study the optimal graph in §; maximizing the number of k-cliques.
For k > 2t/3, we will first proves that the optimum is &, , the complete graph missing one
edge. When k£ < 2t/3, then we will show that the extremal graph is a Turdn graph 7'(n, w)
withn +w =2t -1 and\/%/él < w < 10vV/tk.

In Section 5.4. we will prove our main Theorem 5.1.5 of Chapter 5 for k in three dif-
ferent ranges. The first two ranges are for k very large range, i.e., k > 2t/3 + 2\/¥log21/ 4t
(Theorem 5.4.1); and for k moderately large, i.e., min(k,t — k) > O(t1/210g25/4t) (Theo-
rem 5.4.4). The last range is for £ small, where we will apply Theorem 5.1.3.

Finally, Appendix A disproves Wood’s Conjecture 5.1.4 for A < 0.553 (Theorem A.0.1)

by analyzing the number of k-cliques in disjoint unions of Turdn graphs T'((4t—4)/3, (2t —
2)/3).



1.1 Definitions

A graph is an ordered pair G = (V, E), where V is a set of vertices and FE is a set of
unordered pairs of distinct elements of V, called edges. A subgraph of a graph G = (V, E)
is a graph G’ = (V', E') such that V' C V and E’ C F, and every edge in £’ has both
endpoints in V', A graph G is said to be H -free if G does not contain a subgraph isomorphic
to H.
A graph is an ordered pair
G=(V,E),

where V' is a set of vertices and E is a set of unordered pairs of distinct elements of V/,
called edges.
For a graph G = (V, F) and a vertex v € V, the neighborhood of v, denoted by N¢(v),

is the set of vertices adjacent to v. That is,

Ne(w) ={u eV :{uv} € E}.

Each vertex in Ng(v) is called a neighbor of v in G.
The degree of a vertex v in a graph G, denoted by deg(v) or simply deg(v) when the

graph is clear from context, is the number of neighbors of v in GG. In other words,

degg(v) = |Ng(v)].

The complement of a graph G = (V, E) is the graph G = (V, E), where

E={{u,v} CV :u#vand{u,v} ¢ E}.

That is, G has an edge between two distinct vertices if and only if G’ does not.

A minor of a graph G is a graph that can be obtained from G by performing a sequence



of the following operations:

 Vertex deletion: removing a vertex v from G along with all edges incident to v.
* Edge deletion: removing an edge e from G while keeping its endpoints.

» Edge contraction: replacing an edge e = {u,v} by a single vertex, say w, and
making w adjacent to all vertices that were adjacent to either u or v (except for u and

v themselves), and then deleting v and v.

A graph H is a minor of a graph G if H can be obtained from G by applying a sequence
of these operations.

Let G = (V, E) be a graph. For a vertex v € V/, the graph G — v denotes the subgraph
obtained by removing v and all edges incident to v from G. More generally, for a subset
S C V, the graph G — S is the subgraph obtained by removing all vertices in .S and all

edges incident to any vertex in S. That is,

G- S=(V\SE),

where E’ consists of all edges in E whose endpoints are both in V' \ S.

A path in a graph G = (V, E) is a sequence of distinct vertices vy, v, . . ., Uy such that
for every pair of consecutive vertices v; and v, in the sequence, the edge {v;, v; 1} € E.
In other words, a path is a walk where all the vertices are distinct. The length of a path is
the number of edges in the path, which is given by k£ — 1 for a path with & vertices. The
size of a path refers to the number of vertices in the path, denoted by £.

A connected graph is a graph in which there is a path between any pair of distinct
vertices. In other words, for every pair of vertices u, v € V, there exists a sequence of edges
in £’ that connects v and v. A graph that is not connected is called disconnected. A graph is
said to be k-connected if it remains connected whenever fewer than £ vertices are removed.

More formally, a graph G = (V, E') is k-connected if for any subset of fewer than k vertices
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S C V, the subgraph induced by the remaining vertices is connected. The minimum
number of vertices whose removal disconnects the graph is called its connectivity, denoted
by k(G).

A clique in a graph G = (V, FE) is a subset of vertices S C V such that every pair
of distinct vertices in S is adjacent in G. That is, for all u,v € S with u # v, we have
{u,v} € E. A k-clique is a clique on k vertices; in other words, a set of & vertices that
induces a complete subgraph. The clique number of a graph G = (V, E), denoted by w(G),
is the size of the largest clique in G. That is, it is the maximum number of vertices in a
subset of V' such that every pair of distinct vertices in the subset is adjacent in GG. In other
words, the clique number is the order of the largest complete subgraph that can be found in
G.

A cycle in a graph is a sequence of distinct vertices vy, v, . .., vx With & > 3 such that
{vi,v;01} € Efor1 < i <k —1and {vg,v1} € E. A k-cycle is a cycle consisting of
exactly k vertices. A 3-cycle is also called a triangle.

A complete graph, denoted by K, is a graph on n vertices in which every pair of
distinct vertices is connected by an edge. In other words, the edge set of K, contains all
possible edges between the n vertices. A complete bipartite graph, denoted by K,, ,,, is a
graph whose vertex set can be partitioned into two disjoint sets V; and V5 such that every
vertex in V; is adjacent to every vertex in V5, and there are no edges within each set. That
is, the edge set of K, ,, consists of all edges between the sets V; and V5, where |Vi| = m
and |V5| = n.

A multipartite graph is a graph whose vertex set can be partitioned into » > 2 disjoint
subsets Vi, V5, ...V, such that no two vertices within the same subset are adjacent. That
is, for all 7, the subset V; is an independent set, and edges may only occur between vertices
in different subsets. A balanced multipartite graph is a multipartite graph in which the
vertex partition is as equal in size as possible. That is, the sizes of the parts Vi,..., V.

differ by at most one. A Turdn graph, denoted by T'(n,r), is the complete r-partite graph



on n vertices in which the vertex classes are as equal in size as possible.

A graph is called planar if it can be drawn in the plane without any edges crossing,
except possibly at their endpoints. That is, there exists a drawing of the graph in which its
vertices are represented as distinct points in the plane and its edges as continuous curves
connecting the corresponding pairs of points, such that no two edges intersect except at
a common endpoint. By Wagner’s Theorem, a graph is planar if and only if it does not
contain K5 or K33 as a minor. Here, K5 denotes the complete graph on five vertices, and
K3 3 denotes the complete bipartite graph with two parts of size three.

Let G be a planar graph with a fixed embedding in the plane. A facial cycle is a cycle
in GG that forms the boundary of a face in the embedding. In particular, each bounded face,
as well as the unbounded outer face, is enclosed by a facial cycle. In a 2-connected planar
graph, every face is bounded by a unique facial cycle.

Let G be a 2-connected planar graph with a fixed embedding in the plane. The outercy-
cle of G is the cycle that bounds the unbounded (outer) face of the embedding. Since G is
2-connected, every face of (G is bounded by a cycle, and in particular, the boundary of the
outer face forms a well-defined cycle in G.

The little o notation, denoted by o(f(n)), is used to describe an upper bound that is not
tight. We say that g(n) = o(f(n)) if for every constant ¢ > 0, there exists a constant n,

such that for all n > ny, we have

lg(n)| < - [f(n)].

In other words, g(n) grows strictly slower than f(n) as n — oc.
The big O notation, denoted by O(f(n)), is used to describe an upper bound for a
function. We say that g(n) = O(f(n)) if there exist constants ¢ > 0 and ng such that for

all n > ngy, we have

lg(n)| < c-[f(n)].



In other words, g(n) grows at most as fast as f(n) asymptotically.
The Theta notation, denoted by O(f(n)), is used to describe a tight bound for a func-
tion. We say that g(n) = ©(f(n)) if there exist positive constants ¢y, ¢3, and ng such that

for all n > ng, we have

e [f(n)] < lg(n)] < ea-|f(n)].

In other words, g(n) grows at the same rate as f(n) asymptotically.

1.2 Theorems

In this section, we list some well-known results that will be used in this thesis.

Theorem 1.2.1 (Euler’s Formula). Let G be a connected planar graph drawn in the plane
without edge crossings. If G has n vertices, m edges, and f faces (including the outer,
unbounded face), then

n—m+ f=2.

Theorem 1.2.2 (Turan’s Theorem). Let G be a graph on n vertices that does not contain a

complete subgraph on r vertices, i.e., G is K,-free. Then the number of edges in G satisfies

[E(G)| < |E(T(n,r —1))],

where T'(n,r — 1) is the Turdn graph, the complete (r — 1)-partite graph on n vertices with

parts as equal in size as possible. Equality holds if and only if G = T'(n,r — 1).



CHAPTER 2
PLANAR TURAN PROBLEM AND TRAINGULAR-BLOCKS

2.1 Introduction

The Turdn number ex(n, H) of a graph H is the maximum number of edges in an n-vertex
graph without A as a subgraph. Turdn’s theorem [46], a cornerstone of extremal graph
theory, states that ex(n, K;) < (1 — 5)(5) for all integers ¢ and n with n,¢ > 3, with
equality for balanced complete (¢t — 1)-partite graphs. This has led to a huge amount of
related work, including the Erd6s—Stone theorem [11], generalized Turdn numbers (see
[1]), and Turdn problems for hypergraphs (see [24]).

Another well-studied variant of Turdn’s theorem involves placing restrictions on the
host graph; for example, forcing the host graph to be a hypercube (see [36]) or an Erdds—
Rényi random graph (see [38]). In 2015, Dowden considered the variant in which the
host graph is planar, and defined the planar Turdn number exp(n, H) of a graph H to be
the maximum number of edges in an n-vertex planar graph without H as a subgraph [8].
For example, it follows from Euler’s formula that exp(n,Cs;) = 2n — 4 for all n > 3,
where (', denotes the cycle of length /. Since cycles are arguably the most natural choice
for H in the planar setting, Dowden proved that exp(n, Cy) < w for all n > 4 and
exp(n,Cs) < 12”—5_33 for all n > 11, and showed that in both cases equality holds infinitely
often [8]. This initiated a flurry of research on planar Turdn numbers. We direct the reader
to the survey paper of Lan, Shi, and Song [29] for details regarding recent related work,
while we continue to focus on the planar Turdn number of C.

In [16], Ghosh, Gy®6ri, Martin, Paulos, and Xiao took the next step and proved that

exp(n,Cs) < 57” — 7 with equality holding infinitely often, improving upon a result of Yan,

Shi, and Song [28]. They also conjectured that exp(n, Cy) < 3(521)71 — 6(6“) forall¢ > 7



Figure 2.1: The planar graph obtained by gluing 18 copies of /4 along a common edge has
38 vertices and more than % - 38 — % edges.

and all sufficiently large n, as this is the correct bound for ¢ € {5,6}. If true, this bound
would be tight infinitely often for every ¢ > 7. However, this conjecture was disproved
for all ¢ > 11 by Cranston, Lidicky, Liu, and Shantanam [6], and later also by Lan and
Song [30], using the fact that planar triangulations with at least 11 vertices need not be
Hamiltonian. While the correct value of exp(n, Cy) is rather mysterious for £ > 11 (see [6]
and [30]), we prove the conjecture of Ghosh et al. in the case that / = 7 (writing e(G) for

the number of edges of a graph (7).

Theorem 2.1.1. Let n be an integer with n > 39 and let G be an n-vertex Cr-free planar

graph. Then e(G) < *2n — %, and equality holds infinitely often.

We comment that this result has been obtained independently by Gy®&ri, Li, and Zhou
[19]. The condition that n > 39 is necessary, because the 38-vertex graph obtained by
gluing 18 copies of K, together on a common edge (as illustrated in Figure 2.1) has 91
edges, and 91 > £ .38 — 2.

We next describe, for each ¢ > 5 and for infinitely many n, a C,-free n-vertex planar

3(0—

graph with 3Dy,

6(641)
7 ;

edges, following Cranston et al. [6]. Let G be an n-vertex planar
graph with girth £+ 1 and with £ (n —2) edges, and with each vertex having degree 2 or 3;
such a graph exists for infinitely many integers n [6, Lemma 2]. Let G’ be obtained from G
by substituting an (¢ — 1)-vertex planar triangulation B for each vertex of G, which means
that each vertex v of G is replaced by a copy of B and deg,(v) vertices of B on a facial
triangle are identified with the neighbors of v in G. Then G’ is a C,-free n’-vertex graph

with 3“;1)72’ — 6(?1) edges [6, Corollary 5]. In particular, if ¢ = 7 then G’ is a Cr-free
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n/-vertex graph with 1—7871’ — % edges, so the bound in Theorem 2.1.1 holds infinitely often.

To prove Theorem 2.1.1 it suffices to consider graphs without small separators, and
without small sets of vertices with only a few incident edges. For a graph G and constant
a>0,aset S C V(G) is a-sparse if G has at most «|S| edges with at least one incident
vertex in S. For each positive integer n, we write P, for the class of n-vertex, 2-connected,
Cr-free plane graphs with no (18/7)-sparse set of order at most 4. We will obtain Theorem
2.1.1 as a consequence of the following result, by generating all C;-free planar graphs from

U;>1P; through several basic operations.
Theorem 2.1.2. Let G € P, withn > 7. Then e(G) < ¥n — 2,

Our proof uses the same strategy employed by Ghosh et al. in [16] to find exp(n, Cs),
as we believe it is the natural approach. We also use their terminology whenever possible,
for consistency. This terminology and the proof strategy are both described in Section
2.2. We also enhance their strategy with a result (Lemma 2.3.1) about long paths in near
triangulations which we believe will be useful for other planar Turdn problems.

For a graph G, we use V(G) and E(G) to denote its vertex set and edge set, respectively,
and often write |G| for |V (G)| and e(G) for |E(G)|. For any S C V(G), we use G[S] to
denote the subgraph of GG induced by S and write G — S for G|V (G) \ S| (and write G — s
instead of G — {s}). For any subgraph H of G, we write G — H for G — V(H). For
a subgraph B of a graph of G, a B-path is a path in G that has both ends in B and is
internally disjoint from B. A B-path of length 1 is also known as a chord of B. For two
graphs G and G5, we write G; U G for the graph with vertex set V(G1) U V(G3) and
edge set E(G1) U E(G5). For any positive integer k, we let [k] = {1,...,k}.

If G is a plane graph, then F'(G) denotes its set of faces. It is well-known that if G is
a 2-connected plane graph then each member of F'((G) is bounded by a cycle. The interior
of a cycle C' in a plane graph is defined to be the subgraph of GG consisting of all edges
and vertices of GG contained in the closed disc of the plane bounded by C'. Paths and cycles

will be represented as a sequence of vertices such that consecutive vertices in the sequence
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are adjacent. For instance, x1xox3 . . . T is a path of length £ — 1, and z 2923 ... 221 is a
cycle of length k. For any distinct vertices x, y in a graph GG, we use d(z,y) to denote the
distance between x and y in G, and if x, y are on a path P then x Py denotes the subpath
of P between z and y. For any cycle C in a plane graph and any two distinct vertices
x,y on C, we use xC'y to denote the subpath of C' from x to y in clockwise order. For
vertices x,y € V(G), an z-y path is a path z12523 . . . 1, with x = 1 and y = z¢. An z-y

Hamiltonian path is an z-y path that contains every vertex of G.

2.2 Proof strategy and triangular-blocks

We now describe the proof strategy for Theorem 2.1.2, which is based on that of Ghosh
et al. [16]. If G is a connected n-vertex plane graph with e edges and f faces, then

e < 187” — 4—78 is equivalent via Euler’s formula to
24f —17e4+6n <0,

by replacing the 48 with 24(n — e + f). We will decompose the graph G into edge-disjoint
subgraphs, and show that no subgraph contributes too much towards the left-hand side of
the inequality. Due to the extremal construction, it is natural to decompose G into unions
of facial triangles. For facial triangles F' and F’ of G’ we say that I’ ~ F” if there is a
sequence F' = Fy, Fy, ..., F, = F’ of facial triangles of G so that for each i € [k — 1], F;
and Fj,, share an edge. Clearly ~ is an equivalence relation on the facial triangles of G.

This motivates the following key definition [16].

Definition 2.2.1. Let G be a plane graph. For e € F(G), if e is not contained in any facial
triangle, then let B(e) be the 2-vertex subgraph of G induced by e; otherwise, let B(e)
denote the union of all facial triangles equivalent to some facial triangle containing e. We
call B(e) the triangular-block containing e, and it is trivial if B(e) has just two vertices.

We use B(G) to denote the collection of all triangular-blocks of G.
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Figure 2.2: Let G be the graph shown above, and let B be the subgraph of (G obtained
by deleting the two degree-2 vertices. Then B is a triangular-block of G, even though not
every face of B is a face of G.

It is clear from the definition that if B is a triangular-block of GG and e; and e are
distinct edges of B, then B = B(e;) = B(es). In particular, any two distinct triangular-
blocks of GG are edge-disjoint. Also, note that any redrawing of G with the same set of
faces has the same triangular-blocks. However, note that a face of a triangular-block B is

not necessarily a face of GG; see Figure 2.2.

Definition 2.2.2. Let B be a triangular-block of a plane graph G. A hole of B is a face of

B that is not a face of (.

Not every face of a triangular-block can be a hole. We next make two useful observa-

tions about faces of triangular-blocks.

Lemma 2.2.3. Let G be a 2-connected plane graph and let B be a triangular-block of G
whose outer face is not a triangular face of G. Let C' be the outer cycle of B and let P be

a C-path in B. Then some edge of P is in two facial triangles of G.

Proof. Let P; and P; be the two subpaths of C' for which P, U P and P, U P are cycles.
Since the outer face of B is not a triangular face of G, each facial triangle of B that is a
facial triangle of GG is in the interior of either P, U P or P, U P. If no edge of P is in two
facial triangles, then no facial triangle of G in the interior of P, U P is equivalent under ~

to a facial triangle of ¢ in the interior of P, U P, a contradiction. U

The following is a useful consequence of Lemma 2.2.3.
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Lemma 2.2.4. Let B be a triangular-block of a 2-connected plane graph G, and let Fy and
5 be facial cycles of B that each have length at least four. Then Fy and F; share at most

one vertex.

Proof. By redrawing G, we may assume that F7 is the outer cycle of GG. If the statement is
false, then there are vertices a and b in V' (F7) NV (F3) and an a-b path P in the interior of

F} sothat E(P) C E(Fy). But by Lemma 2.2.3 this is a contradiction. O

The proof strategy for Theorem 2.1.2 is to show that no triangular-block of G con-
tributes too much towards the sum 24 f — 17e + 6n. We next make several definitions, fol-
lowing Ghosh et al. [16], to describe how a triangular-block contributes to 24 f — 17e + 6n.

This is easy for edges: each triangular-block B contributes e(B) towards e. Then

BeB(G)

since triangular-blocks are pairwise edge-disjoint. We next describe the contribution of a

triangular-block B to the number of vertices of G.

Definition 2.2.5. Let G be a plane graph and v € V(G). We write B(G), = {B € B(G) :

)

v € V(B)} and say that v is a junction vertex if |B(G),| > 1. We define n(v) = 1/|B(G),

and n(B) = >,y p) n(v)-

Thus, for an n-vertex plane graph G,

doonB)= > > nw=> > n@=n

BeB(G) BeB(G) veV (B) veV(G) BEB(G)y

We next define the contribution of a triangular-block to the number of faces of a plane
graph G. To do this we must develop some notation concerning the faces incident with

edges of a triangular-block B.

Definition 2.2.6. Let B be a triangular-block of a 2-connected plane graph G. A facial

cycle F' of (G that is not a facial cycle of B but shares edges with B is a petal of B. The
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petal F'is said to be leaky if the graph F'N B is disconnected. The subgraph of GG consisting
of B and all petals of B is the flower of B.

Our next definition will help deal with a facial cycle that intersects a triangular-block

in a path with at least two edges.

Definition 2.2.7. Let GG be a 2-connected plane graph and let F' be a facial cycle of G. A
triple zy 293 of consecutive vertices on F' is a bad cherry if x1x3 € F(G) \ E(F) and
x1 and 3 are junction vertices of a triangular-block of G that also contains the triangle
r1Tox371. Let F' be the cycle obtained from F' in the following manner: for each bad
cherry x1x9x3 of F, replace the path x1z5x3 in F' with the path z;23. We say that F” is the

refinement of I'. For convenience, let F” = F'if F has no bad cherry.

Note that the refinement F” of a facial cycle F' in a plane graph G is a cycle which
has length at most |F'| — 1 except when ' = F' (i.e., F' has no bad cherry). Also, it is
straightforward to check that if G is C;-free and |F| > 8, then |F’| > 8 as well; we freely
use this fact. We can now define the contribution of a triangular-block of a plane graph G

to the number of faces of (.

Definition 2.2.8. Let GG be a 2-connected plane graph. Let B be a triangular-block of G,
let P(B) be the set of petals of B, and let H(B) be the set of non-hole faces of B. Let
F € P(B) and let F” be the refinement of F'. Define fr(B) = e(F'NB)/e(F"), and define

We briefly show that ;) f(B) = [F(G)|. For a plane graph G, we write F1(G)
for the set of facial cycles of G that are also a facial cycle of a triangular-block of G, and
we write F'o(G) for the set of facial cycles of G that are not a facial cycle of any triangular-
block of . Note that every facial cycle in F(G) is a petal of some triangular-block of G.

For a facial cycle F' € Fy(G), let B(G)r be the set of triangular-blocks of G that have F
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as a petal. Note that every edge of the refinement of £’ is in exactly one triangular-block in

B(G)g. If G is 2-connected, then

Zf(B)=Z< Bl ¥ o )

BeB(G) BeB(G) FeP(B
(T o) T s
BeB(G) BeB(G) FeP(B

=[Fu@)|+ Y Y [fe(B

FEF4(G) BEB(G)r

FcFy(G) BeEB(G

=F(@)+ > 1

FcF3(G)

= [F(G)] +[F2(G)| = [F(G)],

as desired.
Now that we have defined the contribution of a triangular-block to edges, vertices, and

faces, we can define the contribution of a triangular-block to 24 f — 17¢ + 6n.

Definition 2.2.9. Let G be a 2-connected plane graph, and let B be a triangular-block of
G. We define
g(B) =24f(B) — 17e(B) + 6n(B).

We comment that g(B) will be independent of the planar drawing of G we choose as
all planar drawings of GG we use will have the same collection of faces and facial cycles. So
when we compute an estimate for g(B) we may work with a particular planar drawing of
G that is most convenient and therefore of B as well. Also note that if G has n vertices, e
edges, and f faces, then ) 55y 9(B) = 24f —17e+6n. This leads to the following proof
strategy for Theorem 2.1.2: show that each triangular-block B of G satisfies g(B) < 0.

However, there are two exceptional cases, shown in 3.1, for which g(B) > 0. To deal
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with these cases we will instead find a partition of 5(G) so that the sum of g(B) for the
triangular-blocks in each part of the partition is at most zero. Then Theorem 2.1.2 will

follow from the following lemma, which was also proved in [16].

Lemma 2.2.10. Let G be a 2-connected n-vertex plane graph. If there is a partition P =

{B1,Bs,..., By} of B(G) sothat 3 . g(B) < 0 foralli € [m], then e(G) < 132 — 2,

Proof. The statement follows from the facts that 3 55y 9(B) = 24f(G) — 17¢(G) +6n,
and e(G) < 18 — B if and only if 24f(G) — 17¢(G) + 6n < 0. O

In order to apply this lemma we must characterize the possible triangular-blocks of a
C'7-free plane graph and then estimate g(B) for each such triangular-block B. In Section
2.3 we prove some properties about paths in triangular-blocks, and in Section 2.4 we char-
acterize the possible triangular-blocks of a Cr-free plane graph. Then in Sections 3.1-3.3
we bound ¢(B) for each possible C-free triangular-block B. We prove Theorem 2.1.2 in
Section 3.4 and then prove Theorem 2.1.1 in Section 3.5. We finish by discussing some

related open problems in Section 3.6.

2.3 Near Triangulations

A near triangulation is a 2-connected plane graph in which every face is bounded by a
triangle except possibly the outer face. Note that any near triangulation is an iterative
union of facial triangles, and could therefore be a triangular-block of a plane graph. For
convenience, we allow any planar embedding of K to be a near triangulation with itself
as its outer cycle. In this section we prove two lemmas that will help us characterize all
possible C;-free triangular-blocks of a plane graph, and also help us bound g(B) for a given

triangular-block B.

Lemma 2.3.1. Let G be a near triangulation with outer cycle C, and let x,y € V(C) be
distinct. Suppose G contains an x-y Hamiltonian path. Then G also contains an x-y path

of length { for all ¢ with d(x,y) < { < |V(G)| — 1.
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Proof. We apply induction on n := |V (G)| > 2. The assertion is easily seen to be true for

n = 2and n = 3. So assume n > 4.

Case 1. G — z is 2-connected.

Then G — z is also a near triangulation. Let D denote the outer cycle of G — z. Let
x1, X, ..., T be the neighbors of  and assume that z1, x», . . ., £, y occur on D clockwise
in the order listed, with y = 1z if x and y are adjacent in G. Then z1,z, € V(C),
1Dz, = 129 ... 21, and 2,Cxy = 2 Dxq.

Let t € [k] so that some z-y Hamiltonian path in G uses the edge zz;. Then G — x has
an x;-y Hamiltonian path. Hence, by induction, G — z contains an z;-y path of any length
between dg_, (¢, y) and n—2. So by adding the edge zx;, we see that G has an z-y path of
any length between dg_,(x;,y) + 1 and n — 1. We are done if dg_,. (74, y) < dg(z,y) — 1.
So assume dg_, (x4, y) > da(z,y).

Let P be a shortest z-y path in G, i.e., the length of P is dg(x,y), and let x5, € E(P),
where s € [k]. Then for all i € [k] \ {s}, x; ¢ V(P); otherwise, zx; U z; Py would
be an x-y path in G shorter than P. Let () denote the subpath of z1 Dz, between x4 and
x¢. Then Q U x4, Py is an x4~y path in G — z of length d¢(z,y) — 1 + |s — t|. Hence,
dg—o(zt,y) < dg(z,y) — 1+ |s — t|. Thus, G has an z-y path of any length between
de(z,y) + |s —t| and n — 1.

Therefore, it remains to show that G has z-y paths of any length between d¢(x,y) and
de(z,y) — 1+ |s —t|. Foreach x; € V(Q) we see that P; := zx; Ux;Qus U (P — ) is an
x-y path in G of length dg(x,y) + |i — s|. Thus, the paths P, for all z; € V(Q), are z-y

paths of all possible lengths between dg(z,y) and dg(x,y) + |s — t|.

Case 2. G — z is not 2-connected.

Then, since (G is a near triangulation, C' has chords from x to C' — x. Since GG has an
x-y Hamiltonian path, the chords of C' from x must all end on zCy — {z, y} or all end on
yCx — {x,y}. By symmetry, we may assume that all chords of C' from x end on 2C'y, and

let xz be the chord of C' with 2C'y minimal.
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Figure 2.3: The three exceptional cases for Lemma 2.3.2.

Let C := xCz U zzx and Cy := zCz U xz, which are two cycles in G. For i € [2], let
G; denote the interior of C;. Then each G; is a near triangulation and C; is its outer cycle.
Observe that any z-y Hamiltonian path in G gives rise to an x-z Hamiltonian path in G,
as well as a z-y Hamiltonian path in Gy — z (and hence a z-y Hamiltonian path in G5 by
adding the edge xz). Moreover, dg, (z,y) = dg(x,y). Let n; := |V(G;)| for i € [2].

By induction, GG; has an z-z path of length ¢; for every ¢; between dg, (z,2) = 1 and
ny — 1, and G5 has an z-y path of length ¢ for every /5 between dg, (x,y) = de(z,y) and
ny — 1. It remains to show that GG has x-y paths of any length between ns and n — 1.

Let P be a z-y Hamiltonian path in Gy — x. Thus, the length of P is ny, — 2. Now take
an z-z path P, in G; of length m for each m € [ny — 1]. Then form € [ny — 1], PU P,
is an x-y path of length (ny — 2) + m. Noting that n = n; + ny — 2, we see that G has an

x-y path of any length between ny, and n — 1. [

Next, we consider near triangulations with at most six vertices. Such a graph is certainly

Cr-free, and is therefore relevant for the proof of Theorem 2.1.1.

Lemma 2.3.2. Let G be a near triangulation with outer cycle C, and let z,y € V(C) be
distinct. Suppose |V (G)| < 6. Then G contains an x-y Hamiltonian path or one of the

following holds:
(1) zyis a chord of C.

(12) G has a path xzy such that both xz and zy are chords of C, and G—{x,y, z} consists

of 3 isolated vertices (so G = Bg , or G = Bg 4 with x,y as in Figure 1).
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(i1i) G = By, with x, y as in Figure 1.

Proof. Suppose for a contradiction that the assertion is false, and let G be a counterexample
with |V(G)| minimum. Then |V (G)| > 4, as otherwise G contains an z-y Hamiltonian
path. Moreover, xy is not a chord of C'; as otherwise we have (i).

Observe that if G contains a chord from x to xC'y — x and a chord from z to yC'x — =,
then since |V (G)| < 6 (and because of planarity), G has no chord from y to xC'y — y or
yCz — y. Hence, we may assume by symmetry (between x and y and between xC'y and
yC'z) that G has no chord from x to yC'z — .

Since xy is not a chord of C' and G is a near triangulation, y is not a cut vertex of the
connected graph G — x. So let Y denote the unique block (maximal 2-connected compo-
nent) of G —x containing y. Let x1, 22 € V(Y)NV(C —x) such that z, 1, y, 5 occur in C'
in clockwise order, and x;C'xzy = Y N C. Note that y might be the same as z; or x5. Since
G has no chord from z to yC'x — x, we see that xox € E(C'). Let X := G — (Y — ). Note
that if |V (X')| > 3 then X is a near triangulation with outer cycle C'y := xCzy Uz, and
that if |V (Y')| > 3 then Y is a near triangulation and its outer cycle, denoted C'y, satisfies
21Cxy = 2,Cy 5.

We may assume y # z;. For otherwise, V (X) = {z,y} as xy is not a chord of C. But
then x; and x5 are symmetric, and we can relabel z, x5 and flip the embedding of G.

Now suppose |V (G)| < 5. Then |V(X)| < 4and |V (Y)| < 4. Hence, X has an z-14
Hamiltonian path (since xx; is not a chord of C'y) and, thus, Y has no x;-y Hamiltonian
path. Hence, Y consists of a 4-cycle zyaybx; and chord 21y, and we have V(X)) = {z, z1 }.
Choose the labeling so that z1ay C z1Cxs. Since zox € F(C) and G is a near triangula-
tion, zb € E(G). But then xbz;ay is an x-y Hamiltonian path in G, a contradiction.

Thus, |V (G)| = 6. Then |V(X)| < 5. Hence, by the minimality of G, X has an z-1,
Hamiltonian path (since zx; is not a chord of C'y). Therefore, Y has no x,-y Hamiltonian
path. Thus |V(X)| = 3 and |V(Y)| = 4, or |[V(X)| = 2 and |[V(Y)| = 5. Moreover,

by the minimality of G, 1y is a chord of CYy, and is therefore a chord of C' as well since
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BQ B3 B47a B4,b

Figure 2.4: Possible triangular-blocks on at most four vertices (up to redrawing).

BS,a B5,b B5,C BB,d

Figure 2.5: Possible 5-vertex triangular-blocks (up to redrawing).

x,y € V(CO).

Suppose that |V (X)| = 3 and |V(Y)| = 4. Then zz; ¢ E(C), orelse |[V(Y)| > 5.
Since zzy € E(X) and x,z; € V(C), it follows that xx; is a chord of C'. So xx; and z1y
are both chords of C. In G — {x, z1,y} there are no edges between V(Y) — {z1,y} and
X — {z,z,} because z; is a cut-vertex of G — x. There is also no edge in G — {z, z1,y}
between the vertices in V' (Y') — {x1,y} because Y is a 4-vertex near triangulation with
chord z1y. So G — {x,z1,y} consists of 3 isolated vertices, and therefore (i7) holds with
z=x.

So |V(Y)| = 5 and |V(X)| = 2. Note that, for any w € N(z), there is no w-y
Hamiltonian path in Y, as extending such a path with the edge zw would give an x-y
Hamiltonian path in G. Thus, since z,y is a chord of Cy, we have |V (Cy)| = 5 and
yCyxy = yvrax, is a path of length 3. Now vxy ¢ E(G), as otherwise zxqvx; U 21Cyy
is an x-y Hamiltonian path in GG, a contradiction. Hence, 2oy € F(G), which shows that

(#ii) holds. O
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BG,a B67b BG,C

Bg.q Bg . Bg f
Bs 4 Bs 1, B ;

Figure 2.6: Possible 6-vertex triangular-blocks with a chord (up to redrawing).

B?,a B?,b

Figure 2.7: Possible 7-vertex C';-free triangular-blocks (up to redrawing).
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2.4 (%-Free Triangular-Blocks

In this section we characterize all possible triangular-blocks in a Cr-free plane graph, up to
redrawings that preserve all facial cycles. Certainly any near triangulation with at most six
vertices is a candidate. In fact, the following corollary of Lemma 2.2.4 shows that these are

the only possible triangular-blocks with at most six vertices.

Lemma 2.4.1. Let G be a 2-connected plane graph and let B be a triangular-block of G
with at most six vertices. Then B is a near triangulation, up to redrawings that preserve

all facial cycles.

Figures 2.4, 2.5, and 2.6 list all near triangulations with at most five vertices and all
six-vertex near triangulations with a chord. We next prove that there are only two possible

Cr-free triangular-blocks with more than six vertices; these are shown in 2.7.

Lemma 2.4.2. Every C;-free triangular-block of a 2-connected plane graph G has at most

six vertices, with the exceptions of By , and Bz, as in 2.7.

Proof. Let B be a C';-free triangular-block of G with at least seven vertices. Since B is a
triangular-block of G, there is a sequence By, By, . . ., By, of subgraphs of G so that B; is a
facial triangle of G and B,, = B, and for each i € {2,3,...,m} the graph B; is the union
of B;_1 and a facial triangle of G that shares an edge with B;_;. Let ¢t be minimum so that
|\V(B:)| =7.Let H= B;andlet B’ = B;_;.

We first show that H € {Br,, By, }. Note that B’ is a triangular-block of itself, so by
Lemma 2.4.1 applied with G = B = B’ we know that B’ is a near triangulation, up to
redrawings that preserve all facial cycles. Also, H is obtained from B’ by adding a vertex
z that is adjacent to both vertices of an edge =y of some facial cycle of B’ bounding a hole
of B’. Since B is Cr-free, B’ has no x-y Hamiltonian path. Then Lemma 2.3.2 implies
that B’ is not a triangulation. By redrawing G we may assume that the outer cycle F} of

B’ has length at least four. Lemma 2.3.2 implies that if xy is an edge on the outer cycle
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of B’, then B’ = Bs 4 and H = Bz ,. So we may assume that xy is incident to an interior
triangular hole of B’. This implies that H has another facial cycle, F3, of length at least
four. By Lemma 2.2.4, |F|| = |F3| = 4 and |V (F}) NV (F,)| = 1. Let F} = abcda and
F5 = auvwa.

Suppose that F; has no chord in its interior. Note that each interior face of H is tri-
angular except for F,. If ab and bc are incident with the same interior triangular face of
H, then ac is a chord of H, a contradiction. Since ab and bc are incident with different
interior faces, there is an interior edge of A with b as an end and with the other end in the
set {u, v, w}. However, neither bu nor bw is an edge of H; otherwise, H (and hence ()
would contain C7. So bv is an edge of H. By symmetry, dv is an edge of H and du and
dw are not edges of H. The 4-cycles abvua and advwa each bound two triangular faces
of H, which forces av to be an edge in the interior of both abvua and advwa. This is a
contradiction.

Thus, we may assume that F has a chord in its interior. 2.6 shows all possible 6-vertex
triangular-blocks whose outer cycle has length four and has a chord in its interior, and only
Bg , and Bgj, could have an interior hole. This hole is bounded by a facial cycle F' of B’
containing both interior vertices of B’. It is not hard to check that for any distinct s,¢ €
V(F'), B’ has an s-t Hamiltonian path, with one exception (when B’ = Bg ,, s € V(F}),
and ¢ is of degree 4 in B’) that results in H = By,

So we have shown that H € {B7,, By, }. Itis straightforward to check that every plane
graph obtained by adding an edge to B;, or B;; has a C7-subgraph. This implies that
B;, and By, are the only possible Cr-free triangular-blocks with exactly 7 vertices. Now
suppose that |V (B)| > 8, and let k£ be minimum so that |V (By)| = 8. Note that By_; is
a Cr-free triangular-block, so B,y € {B7,, Bry}. So By is obtained by adding a vertex
adjacent to both ends of an edge of a facial cycle F' of By, or B7; bounding a hole of
By, or B7y. Since Lemma 2.2.3 implies that the triangular faces of B;, and By are not

holes, |F| > 4. But by checking cases we see that every graph obtained from B;, or By,
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by adding a vertex adjacent to both ends of an edge of a non-triangular facial cycle has a

C7-subgraph, a contradiction. So |V (B)| = 7, and therefore B € {B7,, Brp}. O

We will also need the following characterization of bad cherries in facial cycles with

length at most six.

Lemma 2.4.3. Let GG be a 2-connected plane graph, let F' be a petal of some triangular-
block B of G with 4 < |F| < 6 and |B| > 3, and let F' be the refinement of F. Then
F = F', unless

(i) B € {Bsa, Bs g, Ben, Brp}
(ii) F = wxixexs where 1121213 is a bad cherry on the outer cycle of B, and

(141) wxq and wxs are trivial triangular-blocks incident with exactly one face of G with

length less than eight.

Proof. Assume that F' # F’. Then F has a bad cherry zx2x3. By the definition of bad
cherry, x1, x5, 3 are in a common triangular-block B of G. We may assume that G is
drawn so that x; 2523 is contained in the outer cycle C' of B and that F' is not in the interior
of C. Let B’ be the interior of the triangle zxox37, in B, so B’ is a subgraph of B.
Since G has no (18/7)-sparse sets of order at most two, there are at least two vertices in the
interior of x1x923x7 in B, and therefore B’ has at least five vertices. Thus, by Lemma 2.4.2,
B € {Bs 4, Bs 4, Bs.n, Brp} and (i) holds. Note that B’ € {B;5 4, Bs ,}, up to redrawing.

We claim that |F'| = 4. Since B’ € {Bs 4, Bs 4}, by checking cases, there is an z;-73
path P; of length 7 in B’ for each i € [4]. Then |F'| ¢ {5,6}, or else (F — z3) U P; with
i € {3,4}is a C; in G. Therefore |F'| = 4.

Let w be the vertex in V(F') \ {z1,xq, x3}. We see that (i7) holds. If wz, or wxs is
in a facial cycle of length less than eight other than £, then such a facial cycle contains a
w-x1 path or a w-x3 path of length ¢ € {3,4,5,6} that is internally disjoint from B’. The

concatenation of this path with a length-(7 — ¢) w-z; path or w-z3 path of B’ U F' forms a
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C7 in G, a contradiction. Therefore wx; and wx3 are trivial triangular-blocks of G that are

incident with exactly one face of G with length less than eight and (i¢i) holds. O
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CHAPTER 3
COMPUTE DISTRIBUTION FOR EVERY TRIANGULAR-BLOCK

3.1 Large Triangular-Blocks

Now that we have a complete characterization of possible triangular-blocks in a C%-free

plane graph, we proceed by estimating

g(B) = 24f(B) — 17e(B) + 6n(B)

for each possible triangular-block B. In this section we analyze the possible triangular-
blocks with at least six vertices for a graph G € P,,. We first consider chordless near
triangulations, and then divide the remaining cases into three groups based on the length of

the outer cycle.

Lemma 3.1.1. Let G € P, withn > 7, and let B be a triangular-block of G. If B is a
6-vertex near triangulation whose outer cycle has no chord and whose outer face is its only

hole, then g(B) < 0.

Proof. Let C be the outer cycle of B; this is the only possible non-triangle facial cycle of

B. Since C has no chord,

C| < 5. It follows from Lemmas 2.3.2 and 2.3.1 that for any
distinct x,y € V(C), there is an x-y path in B of length ¢ for each ¢ between dg(z,y) (at
most 2) and |B| — 1 = 5. Thus, to avoid C+, each petal F' of B has length at least 8 and,
hence, the refinement of each petal has length at least 8.

Note that at least two vertices on C' are junction vertices since GG is 2-connected, and

for each junction vertex v we have n(v) < 1/2. Moreover, from Euler’s formula, we have

|E(B)| = 15— |C| and |F(B)| = 11 — |C).
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If |C| = 4, then

g(B) < 24(6 +4/8) — 1711+ 6(4 + 2/2) = —1;

and if |C'| = 5, then

g(B) < 24(5 +5/8) — 1710 + 6(4 + 2/2) = —5.

Thus we may assume that B is a triangulation. If all vertices of C' are junction vertices of
B then
g(B) <24(7+3/8) —17-12+6(3+ 3/2) = 0.

So assume that only two vertices of C' are junction vertices of B. Then B has a bad cherry

x1x2x3 on a facial cycle F' of B such that zxo, xox3 € E(F). Thus,

g(B) < 24(7T+1/8+1/8) — 1712+ 6(4 +2/2) =0,

as desired. O]

We next consider 6-vertex and 7-vertex triangular-blocks whose outer cycle has length

4 and a chord.

Lemma 3.1.2. Let G € P, with n > 7, and let B be a triangular-block of G with no

triangular holes and at most one hole. If B € {Bs ;, Bg 1, Bs i, Brp}, then g(B) < 0.

Proof. We may assume that GG is drawn in the plane such that the outer face of B is its hole.
Let C' be the outer cycle of B. Let x and y be the ends of the unique chord of C, and let
a and b be the other two vertices on the outer cycle of B, where dg(a) = 2 if B # Bg.
If B = Bzy, let ¢ be the interior degree-2 vertex of B. Note that when |B| = 6 then

|E(B)| =11 and |F(B)| = 7, and when |B| = 7 then |E(B)| = 13 and |F(B)| = 8.
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Suppose for each petal F' of B, |F'| > 8. Since B has at least two junction vertices, if
| B| = 6 then
g(B) <24(6+44/8) —17-114+6(4+2/2) = —1,

and if | B| = 7 then

g(B) < 24(7+4/8) —17-13+6(5+2/2) = -5

as desired.

Thus, we may assume that there is some petal /' of B with |F'| < 8. We now show that
|F| = 4 and F' = zbytx for some ¢t ¢ V(B). To see this, let P be a subpath of F' that is
also a B-path, and let v and w be the ends of P in B. If {v,w} # {z,y}, then Lemmas
2.3.1 and 2.3.2 (applied to B —cif B = By ;) imply that B and B — c have v-w paths of any
length between dp (v, w) and 5. Since G is C;-free, this implies that P consists of a single
edge. So v and w are not adjacent in B, and therefore {v, w} = {a,b} and P = ab. But
neither abz nor aby is a facial cycle because B is a triangular-block, so F' has a different
B-path P’ as a subpath, and P’ must have ends = and y. But P = ab and P’ cannot both
be subpaths of F', so P is not a subpath of F', and therefore every B-path contained in £
has ends x and y. Since F' is a cycle that contains an edge of B, this implies that P’ is the
unique B-path contained in F, and that ' = P’ Uxby or F' = P’ Uzay. Then B # Bg; or
else GG has an (18/7)-sparse set consisting of adjacent degree-3 vertices, and F' # P’ U zay
or else a is a degree-2 vertex of G. So F' = P’ U zby. Since B # Bg; there are -y paths
of length 1, 2, 3, and 4 in B, and so P’ = xty where t € V(F') \ V(B). Hence, |F| = 4
and F' = zbytx.

Note that F' is the unique petal of B with length less than eight, b is not a junction
vertex, and xby is a bad cherry (thus fp(B) = 1/3). Therefore, if B € {Bg 4, Bs s}, we
have

g(B) < 24(6+2/8+1/3) — 1711+ 6(3 + 3/2) = —2,
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and if B = By we have

g(B) < 24(T+2/8+1/3) —17-13 + 6(4 + 3/2) = —6,

as desired. U
To deal with other 6-vertex and 7-vertex triangular-blocks, we need a technical lemma.

Lemma 3.1.3. Let G € P, with n > 7 and let B be a triangular-block of G with no
triangular holes and B € {Bg o, B, Bg ¢, Bs.d, Be.e, Be,f, Br.a}- Let C be the outer cycle
of B, x1xox3 be a subpath of C, and let F', F, be the petals of B containing r1xy, Tox3,
respectively. Suppose G has a B-path P between x, and x3 of length at most 2. Then

|F;| > 8 fori = 1,2, unless
(1) B = Bg, with x1,x3 corresponding to x,y as in 2.3 and F\ = F; is a 4-cycle, or
(2) B = Bgq4 with x1, x5 corresponding to x,y as in 2.3 and |Fy| > 8.

Proof. First, suppose F; # Fy. Then, because of P we see that each F; contains an z,-
xs,+1 B-path for some s; € [2|. If B ¢ {Bg 4, Br.}, then Lemmas 2.3.1 and 2.3.2 imply
that B has an z -z, path of length ¢ for all ¢ € [5]. Thus, since G is Cr-free, |F;| > 8
forv = 1,2. If B = By, then it is straightforward to check that B has an -z, path
of length ¢ for all ¢ € [5]. Again, this implies that |F;| > 8 fori = 1,2. If B = Bg 4, then
by checking cases we see that B has an x,,-,,1 path of length ¢ for all ¢ € [4]. Since
|F;| > 4 (as B is a triangular-block), if | F;| < 6 then by case analysis BU F; U P contains a
C7 unless B = Bg 4 with x1, x5 corresponding to x, y as in 2.3, | F5| = 4, and zox321 C F.
Hence, |F}| > 8.

So we may assume F; = F;. Again, because of the path P and planarity, F; N C' =
x1x9x3. This implies that x5 is not a junction vertex of B. Also, |Fi| > 4 as B is a

triangular-block.
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Suppose B has an ;-7 Hamiltonian path. Then by, Lemma 2.3.1, B has an z;-x3 path
of length ¢ for every ¢ between 2 and 5. Therefore, |F3| > 8 to avoid a C; in G.

Now assume B has no z;-x3 Hamiltonian path. Then by Lemma 2.3.2, either z;z3 is a
chord of C, or B = Bg, with x;, x5 corresponding to z, y in Figure 1. If 2,23 is a chord of
C, then G has an (18/7)-sparse set with order at most 2 because x5 is not a junction vertex.
So B = DBg,, and therefore B has an x;-x3 path of any length between 2 and 4. So if

|F1|<8then ’F1’:4 O
We next consider 6-vertex triangular-blocks with five vertices on the outer cycle.

Lemma 3.14. Let G € P, with n > 7, and let B be a triangular-block of G with no

triangular hole. If B € {Bg 4, Bs ¢, Bs 1}, then g(B) < 0.

Proof. By Lemma 2.4.3, each petal of B with length at most six is equal to its refinement.
We may assume that B is drawn as shown in 2.6. Let C' be the outer cycle of B, so |C| = 5.
Since no triangular face of B is a hole, all junction vertices of B are contained in C' and
there are at least two (as G is 2-connected) and must include all degree-2 vertices of B (to
avoid an (18/7)-sparse set of order 1).

In fact, C has at least three junction vertices of B. For, otherwise, let S be obtained
from V' (B) by removing the junction vertices of B (so |S| = 4). Then one can check that
S is an (18/7)-sparse set, a contradiction.

Suppose there is a petal ' of B with |F| < 8 that contains a B-path P of length 3. It is
straightforward to check that B = B . and the ends of P are the degree-4 vertices of B, or
else G has a C';-subgraph. Then B has at least 4 junction vertices, to avoid an (18/7)-sparse
set of order 1 or 2. Also, to avoid an (18/7)-sparse set of order 1 or 2, the petal F' contains
another B-path P’. Note that |P’| < 2 since |F'| < 8 and F contains P and at least one
edge of B and G is C;-free. Since |C'| = 5, the ends of P’ are at distance 2 on C'. Applying

Lemma 5.3 we see that outcomes (1) and (2) do not hold since B ¢ {Bg,, Bg 4 }. Therefore
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C has two edges in a petal with length at least 8, and so

g(B) < 24(5+2/8+3/4) —17-10 + 6(2 + 4/2) = —2.

So we may assume that no petal I of B with |F'| < 8 contains a length-3 B-path.

It is straightforward to check that for each pair {x, y} of vertices on C, there is an z-y
path in B of length ¢ for all ¢ € [2,3]. This implies that there are no B-paths with length
in {4, 5}. It follows, using the previous paragraph, that if there are no B-paths of length at

most 2, then each petal of B has length at least 8, and so

g(B) < 24(5+5/8) — 17- 10+ 6(3 + 3/2) < 0.

So we may assume that B has a petal with length less than 8. If there are two B-paths of
length at most 2 that have different sets of ends on C', then by Lemma 3.1.3, at least three

petals of B have length at least 8; so

g(B) < 24(5+3/8+2/4) —17-10 + 6(3 + 3/2) = —2.

So we may assume that all B-paths of length at most 2 in G have the same ends on B,
say = and y, and that there is a petal I’ of B with |F'| < 8. Since all B-paths of length
at most 2 have ends = and y, it follows that /' is the union of a B-path P, with ends x
and y and a subpath P, of C' with ends = and y. Note that xy is not a chord of C' in B,
or else it is straightforward to check that G has an (18/7)-sparse set consisting of 1 or 2
internal vertices of P,. Similarly, P, has length at most 3, or else GG has an (18/7)-sparse
set consisting of 1 or 2 internal vertices of P,. Suppose that P, = xy. Then P; has length
at least 3 because B is a triangular-block. But since there are no B-paths with length in
{3,4,5} (as previously observed) and G is C-free, it follows that | F'| > 8, a contradiction.

So P, has length 2 or 3, which means that x and y are at distance 2 on C' since |C| = 5.
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Since xy is not a chord of C' in B, by checking cases we see that P, has length 1, or else
B U P, has a C7-subgraph. Since P, has length 1 and B is a triangular-block, it follows
that P has length 3, and so |F'| = 4.

Since = and y are at distance 2 on (), there is a vertex z so that xzy is a subpath of C.
Applying Lemma 3.1.3 with (x, 29, 23) = (, z,y) we see that outcomes (1) and (2) do
not hold, and so the edges xz and yz are each in a petal with length at least 8. Note that
is a junction vertex because B has at least 3 junction vertices, so the petals of B containing
xz and yz are distinct, and one of them contains a B-path with ends {z, z} or {y, z}. This
implies that  or y has an incident edge that is not in B U zy; assume without loss of
generality that x has an incident edge e not in B U xy. We will show that z is in at least 3
triangular-blocks. If 2y is in a non-trivial triangular-block, then there is a vertex w so that
xywz is a facial triangle of G. We cannot have w = z because B is a triangular-block, so
w ¢ V(B). But then zwy is a B-path of length 2 with ends x and y, which forms a C5
with B (as previously discussed), a contradiction. So zy is a trivial triangular-block, and
therefore x is in at least three triangular-blocks: B, zy, and the block containing e. Then

we have

g(B) <24(54+2/8+3/4) —17-10+6(3+2/2+1/3) =0,
as desired. U
Finally, we consider triangular-blocks with six vertices on the outer cycle.

Lemma 3.1.5. Let G € P, with n > 7, and let B be a triangular-block of G with no

triangular hole. If B € {Bg 4, Bs y, Bgc, Br.a}, then g(B) < 0.

Proof. By Lemma 2.4.3, each petal of B with length at most six is equal to its refinement.
We may assume that B is drawn as shown in 2.6 or 2.7. Let C' be the outer cycle of B,
so |C| = 6. Note that every degree-2 vertex in B must be a junction vertex, to avoid an

(18/7)-sparse set of order 1. Thus, if B has two junction vertices then B € {Bg ., B };
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but then {v € V(B) : dg(v) > 3} is an (18/7)-sparse set in G, a contradiction. So B has at
least three junction vertices.

Let P be the collection of B-paths of GG with at most two edges. We will show that if F'
is a petal of B with |F'| < 8, then F contains a B-path in P. Let P be a B-path contained
in a petal F" with |F'| < 8. It is straightforward to check that B U F’ contains C7 if |P| > 3,
so we may assume that | P| = 3. Then it is straightforward to check that B U F' contains C%
unless B € {Bg,, Bs,} and P has ends x and y where xy is a chord of C'in B and z and
y are at distance three on C. To avoid an (18/7)-sparse set of order 1, F' contains another
B-path P’. Note that P’ has different ends from P, or else £’ contains a cycle as a proper
subgraph. Using the previous argument, this implies that | P'| < 3, so P’ € P.

If B # By, (so|B| =6, |F(B)| =5, and |[E(B)| =9) and at least two edges of C are

in petals of B of length at least 8, then

g(B) < 24(4+2/8+4/4) —17-9+ 6(3+3/2) = 0. (a)

We now consider three cases.

First suppose that B = Bg,. Let v be a degree-2 vertex of B. Since v is a junction
vertex, it is in at least two petals of GG. If both petals have length at least 8, then g(B) < 0
by (a), so we may assume that v is in a petal ' with |F| < 8. Since G has no degree-2
vertices, F' contains a path P in P with v as an end. Since v is not the end of a chord
of C'in B and G contains no C7, it follows from Lemma 2.3.2 that P consists of a single
edge. Let w be the other end of P. Suppose that w is at distance two from v on C. Let
vzw be a subpath of C'. Applying Lemma 3.1.3 with (21, x2,x3) = (v, 2z, w) we see that
outcomes (1) and (2) do not hold, so both petals of B containing v have length at least 8§,
and g(B) < 0 by (a). So we may assume that w is at distance three from v on C. Let u
be the other degree-2 vertex of B, and let ¢ be the vertex at distance three from w on C.

By applying the same reasoning to u that we applied to v, either ut is an edge of G, or

34



g(B) < 0. Since vw is an edge, ut cannot be an edge by planarity, so we conclude that
g(B) <0.

Next suppose that B € {Bg, Bg . }. We may assume that B has a petal F' with [F'| < 8
or else (a) implies that g(B) < 0. Suppose that there is some P € P with ends at distance
two on C. Let u and v be the ends of P, and let uzv be a subpath of C'. Applying Lemma
3.1.3 with (z1,x9,23) = (u, z,v) we see that outcomes (1) and (2) do not hold because
B ¢ {Bg.a,Bsa}. Then B has two petals with length at least 8, and (a) implies that
g(B) < 0. So we may assume that the ends of each path in P are at distance three on C'. If
a petal F' with |F'| < 8 contains a B-path P’ with length greater than 2, then the argument
of the second paragraph shows that B = Bg;, and P’ has ends x and y where zy is a chord
of C'in B and x and y are at distance three on C'. Since all B-paths contained in /' have
ends at distance three on C, it follows that £ is not leaky, and is therefore the union of a
path P € P and a length-3 subpath of C'. Then it is straightforward to check that G has an
(18/7)-sparse set unless B = Bg;, and the ends of each path in P are the degree-2 vertices
of B. Since the degree-2 vertices of B are not the ends of a chord of C), it follows that
each P € P consists of a single edge to avoid a C7 in B U P, and so |P| = 1. Therefore
there is a unique petal F’ of B with |F| < 8. Since only three edges of C' are contained in
F, there are three edges of C' contained in petals of length at least 8. Then (a) implies that
9(B) < 0.

Finally, suppose that B = By ,. It is straightforward to check that if u and v have
degree 2 in B, then there is a u-v path in B of length ¢ for each ¢ € {5,6}. It follows that
there is no path P in P with both ends having degree 2 in B, or else B U P contains C, a
contradiction. Suppose there is a path in P with ends u and v, neither of which has degree
2in B. Let uzv be a subpath of C'. Applying Lemma 3.1.3 with (21, x2, 3) = (u, z,v) we

see that outcomes (1) and (2) do not hold, and so B has two petals with length at least 8.
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Since B also has at least 5 junction vertices (u, v, and each degree-2 vertex) we see that

g(B) < 24(6 +2/8 +4/4) —17-12+ 6(2+ 5/2) = —3.

So we may assume that every path in P has exactly one end with degree 2 in B. Then no
path P € P has length 2 or else B U P contains (7, a contradiction. So each path in P
consists of a single edge between vertices at distance 3 on C, and therefore |P| = 1 by
planarity. Suppose F is a petal of B with |F| < 8. It is straightforward to check that F
contains a path in P, or else B U F' has a C;-subgraph. Then F’ is the union of the unique
path in P and a subpath of C'. Since the unique path in P has ends at distance three on
C, this is a length-3 subpath of C' between a degree-2 vertex and a degree-3 vertex of B.
But then the other degree-2 vertex of B on F' is not a junction vertex and therefore forms
an (18/7)-sparse set in GG, a contradiction. So every petal of B has length at least 8, and

therefore

g(B) < 24(6 + 6/8) — 1712+ 6(4 + 3/2) = —9,

as desired. O]

3.2 Five-vertex triangular-blocks

In this section we analyze the possible 5-vertex triangular-blocks of a graph G € P,,.

Lemma 3.2.1. Let G € P, withn > 7, and let B be a triangular-block of G, and assume

that G is drawn in the plane such that B = Bs , is drawn as in 2.5. Then g(B) < 0.

Proof. By Lemma 2.4.3, each petal of B with length at most six is equal to its refinement.
Lemma 2.2.3 shows that no triangular face of B is a hole. Let C' = abcdea be the outer
cycle of B with dg(a) = 4. Note that B has at least three junction vertices, or else {b} or

{e} or {c,d} would be an (18/7)-sparse set in G.
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If at least two edges of C' are contained in petals of B of length at least 8, then

g(B) < 24(3+2/8+3/4) —17-7+6(2+3/2) = —2.

So we may assume that at most one edge of C is contained in a petal of B of length at
least 8. This implies, up to relabeling vertices, that the edges ab and bc are not in a petal of
length at least 8. Let F; and F3; be petals of B that contain ab and bc, respectively.
Suppose F and F; are both leaky. It is straightforward to check that there is a pair
(Py, P,) of length-2 B-paths where P; C F}, the ends of P, are not {a, ¢} or {a,d}, and P,
and P, have distinct sets of ends. But then B U P, U P, contains C';, unless P; has ends
{a,e} and P, has ends {c, e}. In this case the petal containing ae has length at least 8 to

avoid a C'; and B has at least 4 junction vertices because a is a junction vertex, and so

g(B) < 24(3+1/8+4/4) —17-7+6(1 +4/2) = —2,

as desired. So we may assume that either F or F3 is not leaky.

We claim that if F; is not leaky then F7 N C = eab and if F is not leaky then Frb N C' =
bed. Suppose Fi is not leaky. First, F1NC does not contain deab or abe, as otherwise {e} or
{b} would be an (18/7)-sparse set in G. Now suppose F; NC' = ab. Then since B has an a-b
path of every length between 1 and 4 and |F'| < 8, G has a C7, a contradiction. Therefore
Fy N C = eab, and similar argument shows that if F; is not leaky then 5, N C' = bed.

Suppose F} and Fy are both non-leaky. Then by the above claim, |F| = |Fy| = 4 (to
avoid C; in G). Let F; = veabv and Fy, = wbcdw. If v # w, we see that B U F; U F,
contains a C7, a contradiction. So v = w. But then {b, c} is an (18/7)-sparse set in G, a
contradiction.

We may thus assume that F} is not leaky and F5 is leaky, as the same argument applies
to the case when F] is leaky and F, is not leaky. Hence, I} N C' = eab and | F}| = 4.

Since F5 is leaky, it contains two B-paths. One of these B-paths has length at least 2
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since |Fy| > 4. It is straightforward to check that if F5 contains a B-path with length at
least 3 then B U F5 has a C7-subgraph, a contradiction. Also, to avoid a C; in BU Fy U Fy,
the only possible length-2 B-path contained in F5 has ends {b, e}, so F; contains such a
B-path. Then F3 also contains a length-1 B-path, and since F5 contains bc the only option
is the edge ce. So Fy = wbcew for some vertex w ¢ V(B). Let I} = veabv. If v = w then
dg(v) = 2 and {v} is an (18/7)-sparse set in GG, a contradiction. So v # w.

We now consider two cases depending on whether or not d is a junction vertex. First

suppose that d is not a junction vertex. If the petal containing d has length at least 8, then

g(B) < 24(3+2/8+3/4) —17-T+6(2+3/2) = -2,

so we may assume that it has length less than 8. Then it contains a (B U F})-path with
ends c and e and length between 2 and 5, which forms a C7; with a c-e path in B U F7, a
contradiction. Next suppose that d is a junction vertex. If the petal containing cd has length

at least 8, then

g(B) < 24(3+1/8+4/4) — 177+ 6(1 +4/2) = —2,

so we may assume that it has length less than 8. Then it contains a (B U F} )-path with both
ends in {c, d, e} and with length between 2 and 5, which forms a C'; with a path in B U F7,

a contradiction. O

Lemma 3.2.2. Let G € P, withn > 7 and let B be a triangular-block of G. Suppose that
G is drawn in the plane such that B = Bs 4 is drawn as in 2.5 and its only hole is its outer

face. Then g(B) < 0.

Proof. First, we observe that every B-path in G has length ¢ with ¢ = 2 or ¢ > 7. For,
otherwise, suppose P is a B-path in GG of length ¢ with 3 < ¢ < 6. Note that B contains a

path ) of length 7 — ¢ between the ends of P. Now P U @ is a (7 in G, a contradiction.
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Let uvwu be the outer cycle of B. (Note that we do not specify the vertices u, v, w.)
Thus, all junction vertices of B are contained in {u, v, w} and, since G is 2-connected, at
least two of {u, v, w} are junction vertices of B. Hence, if each edge of uvwu is in a petal

of B of length at least 8, then

g(B) < 24(5+3/8) —17-9+ 6(3+2/2) = 0,

so we may assume that there is a petal F' of B with |F| < 8.

We claim that |F'| = 4 and F' has a bad cherry (so fr(B) = 1/3). To see this, let P be
a longest B-path contained in F'. By the observation above, P has length 2 (as |F'| < 8).
Since B is a triangular-block, P and two edges of uvwu bounds the face F'. So |F| = 4,
and F'N B is a bad cherry. Without loss of generality, assume that F' N B = vwu.

We next consider the petal /3 of B containing uv. Note that F} — uv is a B-path,
because w is in the interior of F'. Hence, since |F;| > 4, we see that F; — uv has length at
least 7 (by the above observation). So |Fy| > 8 (and fr (B) < 1/8).

We now show that u and v are each contained in at least three triangular-blocks of G.
For, suppose, without loss of generality, that v is in exactly two triangular-blocks of GG. Let
x be the vertex in F'—{u,v,w}. If Ng(v) C V(BUF), then V(B)\ {u} is an (18/7)-sparse
set in (7, a contradiction. So v has a neighbor outside B U F', say y. Then vy and vx are
in some triangular-block B’ of G, and B’ is nontrivial because |V (B’)| > 3. Since B’ is
a nontrivial triangular-block, the edge zv is in a triangular face of G. The third vertex z
incident with this face cannot be u or w, because B is a triangular-block and « ¢ V(B). So
zisnotin BUF'. (Itis possible that z = y.) But then the concatenation of the B-path vzzu

with a u-v path of length 4 in B gives a C7-subgraph of GG, a contradiction. Therefore,

g(B) < 24(5+1/8+1/3) —17-9+6(3+2/3) = 0,

as desired. L]
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d d

Figure 3.1: The two exceptional flowers when B € {Bs;, Bs .}

Lemma 3.2.3. Let G € P, withn > 7 and let B be a triangular-block of GG. Suppose that
G is drawn in the plane such that B € {Bsy, Bs .} is drawn as in 2.5. Then g(B) < 0
unless the flower of B is one of the two graphs shown in 3.1, up to redrawings that preserve

facial cycles.

Proof. By Lemma 2.4.3, each petal of B with length at most six is equal to its refinement.
Lemma 2.2.3 shows that the only hole of B is its outer face. Let C' = abcda be the outer
cycle of B, with dg(d) = 2 if B = Bs .. Since G is 2-connected, B has at least 2 junction

vertices. Thus, if each edge of C' is in a petal of B of length at least 8, then
g(B) <24(444/8) —17-8+6(3 +2/2) = —4.

So we may assume that there is a petal F' of B with |F| < 8.

Thus, F' contains a B-path P of length between 2 and 5. To avoid forming C'; with a
path in B, P has length 2 if the ends of P do not induce a chord of C, and P has length 2
or 3 otherwise.

Suppose that we may choose P so that the ends of P are adjacent on C'. Then P has
length 2 to avoid forming a C'; with B, and, since B is a triangular-block, " is a leaky petal.
Therefore, F' contains a second B-path P’ which does not have the same two ends as P,
and hence B has at least three junction vertices. Note that BU P is a near triangulation on 6
vertices, and also note by the above paragraph that P’ has length at most 3. Since GG has no
C7-subgraph, it is straightforward to check that either P’ has length 1, or B = Bs . and P’

has length 2 and ends a and c. We consider these two cases separately. First suppose that
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P’ has length 1. If B = B; . then P’ # ac, so without loss of generality we may assume
that P’ = bd, and that the triangle abda separates B from some vertex of GG. Then the petal
of B containing ab either contains an a-b path of length at least 7 or a b-d path of length at
least 6 to avoid forming a C7 with B U F', and in either case the petal has length at least 8.

Similarly, the petal of B containing ad has length at least 8. Therefore

g(B) < 24(4+2/8+2/4) —17-8+6(2+3/2) = —1,

as desired. Next suppose that B = Bs . and P’ has length 2 and ends a and c. Let x € {b, d}
sothatz ¢ V(F') and lety € {b,d} so that y € V(F'). By symmetry we may assume that
P has ends a and y. To avoid an (18/7)-sparse set of order 1 or 2, the petal of B containing
ax contains an a-r B-path or a c-x B-path. In either case, this path has length at least 7 to
avoid forming a C7 with B U P, and so the petal has length at least 8. Similarly, the petal

of B containing cz has length at least 8. Therefore

g(B) < 24(4+2/8+2/4) — 17-8+6(2 + 3/2) = —1,

as desired.

So we may assume that F' contains no B-path with length between 2 and 5 whose ends
are adjacent on C'. Then F'is not a leaky petal. If B = B; . and P is an a-c path, then G has
a sparse set consisting of 1 or 2 vertices from V' (B) \ {a, ¢}, a contradiction. So we may
assume without loss of generality that P is a b-d path (so P has length 2 to avoid forming
a C; with B) and that F' is the cycle bedvb, where v is the internal vertex of P.

If B has three junction vertices, then the petal /| of B containing ab also contains a
B-path of length at least 2 with ends @ and b or a and d. Since such a path has length at

least 7 (to avoid forming a C; with B), |F}| > 8. Similarly, the petal of B containing ad
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has length at least 8. Then

g(B) < 24(4+2/8+2/4) —17-8+6(2+3/2) = —1.

So we may assume that B has exactly two junction vertices, namely b and d. Then the
petal F of B containing the path dab is the union of dab and a B-path () in GG between d
and b. Note that () # P because the petal F) contains the path dab. As with P and F', the
path @) has length 2 or at least 6 to avoid creating C; with B. If () has length 2, then since
Q@ # P, the flower of B is shown in 3.1.

So assume () has length at least 6. Then |F;| > 8. If b and d are each in at least three

triangular-blocks of G then

g(B) < 24(4 +2/8+2/4) —17-8+6(3+2/3) = 0.

So assume by symmetry that b is in exactly two triangular-blocks of G. If the triangular-
block B’ # B containing b is trivial, then V(B — d) is an (18/7)-sparse set in G, a contra-
diction. So B’ has at least three vertices, and Lemma 2.4.2 implies that B’ contains a b-v
path with length between 2 and 6, which is also a (B U P)-path. However, this path and a

b-v path in B U P form a C in G, a contradiction. O

Finally, for the triangular-blocks with flower shown in 3.1, we note that each edge of
its outer cycle is contained in a facial cycle of length at least 5, to avoid a C7 in GG. Thus,

we have the following.

Lemma 3.24. Let G € P, withn > 7. Let B be a triangular-block of G with flower shown
in Figure 3.1, and let e be an edge of the outer cycle of this flower. Then e is incident with

exactly one face of G of length less than five. In particular, e is a trivial triangular-block.
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3.3 Small Triangular-Blocks

In this section we analyze the triangular-blocks with at most four vertices in a graph G €

P... We first consider trivial triangular-blocks.

Lemma 3.3.1. Let G € P, withn > T and let B be trivial triangular-block of G. Then

9(B) <0.

Proof. Let z1 and x5 be the two vertices of 5, and let F; and F5 be the two petals of B.
Note that |F;| > 4 for each ¢ € [2] since B is a triangular-block. Each of x; and x5 is in at
least two triangular-blocks, so n(B) < 3 + 5 = 1.

We may assume that for each i € [2], |F;| = 4, F; equals its refinement, and z; is
contained in exactly two triangular-blocks of GG (including B). First, if the refinement of
F} is not F then Lemma 2.4.3 implies that | F;| > 8and |F3| > 4, or |F| = 4 and |Fy| > 8;
SO

g(B) < 24(1/8 + 1/4) — 17+ 6(1/2 + 1/2) = —2.

So we may assume that F; and F; are both equal to their refinements. Next, if |F7| > 5 or

|F5] > 5 then

g(B) < 24(1/4 + 1/5) — 17+ 6(1/2 + 1/2) = —1/5,

so we may assume that | F;| = |F3| = 4. Now assume x; or x5 is in at least three triangular-

blocks of G. Then n(B) < 5 + 3 and again

g(B) < 24(1/4+1/4) — 17+ 6(1/2+1/3) = 0.

So both z; and x5 are each contained in exactly 2 triangular-blocks. Let x3 and x4 be

the vertices of F other than x; and x9, such that F; = z1x2x32421.
Case 1. V(F1 N Fy) = {xy, 22}
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Let x5 and x¢ be the other two vertices of F5, such that 5 = xizox5T671. NOw
dg(x;) > 4 for some i € [2], as {x1, 22} is not an (18/7)-sparse set. By symmetry, assume
dg(z2) > 4. Consider the triangular-block B’ of GG such that B’ contains x3xsxs, and let F
and Fy be the facial triangles of B’ containing x,x3 and xox5, respectively. If F3 contains
a third vertex in {x1, xo, T3, x4, T35, T}, it must be x¢ to avoid an (18/7)-sparse set of order
1. But then F5 contains a vertex v with v & {1, s, T3, 24, T5, L6}, and ToVT5TeT1T4T3To

is a C7 in G, a contradiction.

Case2. V(FI N Fy) # {x1, 22}

Then |V (Fy N Fy)| = 3. Without loss of generality we may assume that x; € V (F3).
Let x5 be the fourth vertex of Fj; then Fy = z1x2x42521. Note that z4x12x524 bounds a
triangular-block B; of G since x4 is in exactly 2 triangular-blocks of GG. Since F3 is a facial
cycle and {z5} cannot be a sparse set in G, |B;| > 4. Since 124 is an edge on the outer
cycle of By, Lemmas 2.3.2 and 2.3.1 imply that B; contains an x;-z4 path P of length
3. Note that the path x3zox,4 is contained in a triangular-block B, of (7, and the facial
triangle of B containing xox3 contains a vertex v ¢ {1, xs, T3, x4, x5} as {z3} cannot be

an (18/7)-sparse set of G. But then P U zyxovx314 is a C7 in GG, a contradiction. OJ

Lemma 3.3.2. Let G € P, withn > 7 and let B be a triangular-block of G. If B = Bs as
in 2.4, then g(B) < 0.

Proof. Note that each vertex of B is a junction vertex, since G has no degree-2 vertex.

Hence,

g(B) <24(1+4+3/4) —17-3+46(3/2) =0,
as desired. O]

Lemma 3.3.3. Let G € P, withn > 7 and let B be a triangular-block of G. Suppose G
is drawn in the plane such that B = By, is drawn as in 2.4 with its outer face as its only

hole. Then g(B) < 0.
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Proof. Let a, b, c be the vertices of the outer cycle of B, which are all junction vertices (to
avoid an (18/7)-sparse set consisting of two adjacent vertices). If there is a petal of B with

length at least 8, then

g(B) < 24(3+1/8+2/4) —17-6 + 6(1 + 3/2) = 0.

So we may assume that each petal of B has length less than 8.

Suppose B has a leaky petal, say F7, and assume by symmetry that bc € E(F;). Then
F is the union of bc, a B-path P, between a and b, and a B-path P, between a and c. Note
that for each i € [2], P, has length 2 (or else BU P, U P, would contain C or F} would have
length at least 8), and let v; be the internal vertex of F;. Now, the petal F5 of B containing
ac contains a B-path () between a and c. Note that the length of () is between 3 and 5, and
hence () U P; U B contains a (';, a contradiction.

So we may assume that B has no leaky petal. Since a, b, ¢ are all junction vertices of G
and there is no B-path of length 4 or 5 in GG (to avoid forming a C'; with B), each petal of
B has length 4. Let F}, F5, F;5 be the petals containing ac, ab, be, respectively.

Let x and y be the vertices of F that are not in B so that ' = axyca. Then F, contains
a vertex z that is not in B U F} (to avoid an (18/7)-sparse set of order at most 2 in ) and
such z is unique to avoid a C7 in B U F; U F5. So z has two neighbors on B U F} that are
in Fy: band x, a and ¢, or a and y. If these neighbors of z are b and x then B U F} U F,
contains C7, a contradiction. If the neighbors are a and c then b is not a junction vertex, a
contradiction. So the neighbors of z are a and y, and the fourth edge of F5 is by.

By applying the same reasoning to the petals /' and F3, we deduce that bz € E(F3),

and this is a contradiction because b and z are separated by the cycle azyca. 0

Lemma 3.34. Let G € P, withn > 7 and let B be a triangular-block of G. Suppose G
is drawn in the plane such that B = B, , is drawn as in 2.4 with its outer face as its only

hole. Then g(B) < 0.
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Proof. Lemma 2.2.3 shows that B has no triangular hole. Let C' = abcda be the outer
cycle of B, with a, ¢ of degree 3 in B. Note that b, d must be junction vertices as {b} and

{d} cannot be an (18/7)-sparse set. If both a and ¢ are junction vertices, then

g(B) <24(2+4/4) —17-5+6(4/2) = —1.

So we may assume by symmetry that c is not a junction vertex. Then a is a junction vertex
(as {a, c} is not an (18/7)-sparse set), and the path bcd is contained a petal of B, say Fj.

We may assume |F;| = 4, orelse, | F}| > 5 and

g(B) < 24(2+2/4+2/5) —17-5 + 6(1 + 3/2) = —2/5.

Then F} is not leaky. Let F} = bcdvb, where v ¢ V (B).
Let F5, I3 denote the petals of B containing ab, ad, respectively. Then Fy, # Fj, or
else {a, c} would be an (18/7)-sparse set in G. We may assume |F| = 4; for otherwise,

|F5| > 5 and |F5| > 5, and

g(B) < 24(242/4+2/5) — 17 -5+ 6(1 + 3/2) = —2/5.

Note that F; contains a unique vertex, say w, not contained in B U F}, to avoid a C5
in BU Fy U F5. Let eq, ey be the edges of F, — ab incident with a, b, respectively. Then
e1,ea ¢ E(B U Fy), orelse {a,c} or {b,c} would be an (18/7)-sparse set in G. Since e;
and e, cannot both be incident to w, either e; = aw and ey = bd, or ¢; = av and ey = bw.

If e = aw and e5 = bd then w is incident to @ and d. Then F3 consists of ad and a
(B U Fy)-path between a and d. This path has length at least 3 because B is a triangular-

block, and it therefore has length at least 7 to avoid forming a C'; with B U F3. But then
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|F5] > 8, and

g(B) < 24(2+3/4+1/8) — 175+ 6(1 + 3/2) = —1.

So e; = av and e; = bw, which implies that , = abwwva. Since {c,d} is not an
(18/7)-sparse set in GG, F3 contains a (B U F; U Fy)-path between a and d or between d and

v. But then |F3| > 8toavoida C7 in BU F; U F3 or BU F; U Fy U F3, and so

g(B) < 24(2+3/4+1/8) — 175+ 6(1 + 3/2) = —1,

as desired. O]

3.4 The 2-Connected Case

The lemmas in the previous sections combine to show the following.

Lemma 3.4.1. Let G € P, withn > 7, and let B be a triangular-block of G with only
one hole, and no triangular hole unless B is a triangulation. Then g(B) < 0, with the

exception of the cases shown in 3.1.
We next show that this is true even for triangular-blocks with more than one hole.

Lemma 3.4.2. Let G € P, withn > 7. If B is a triangular-block of G then g(B) < 0,

with the exception of the cases shown in 3.1.

Proof. We draw G so that B is drawn as shown in Figures 2.4-2.7 and the outer face of B
is a hole. If B has no other holes, then the statement follows from Lemma 3.4.1. So let F
be the set of facial cycles of B bounding a hole other than the outer face of B. Note that
each I € F satisfies |F/| < 4.

Let G’ be obtained from G by deleting all vertices and edges in the interior of F' for all

F e F.Lete(B),n'(B), f'(B), and ¢'(B) be the values of e(B), n(B), f(B), and g(B)
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calculated with respect to G’. By Lemma 3.4.1, we have ¢'(B) < 0, unless the flower of B
is an exceptional one shown in 3.1. Note that e(B) = ¢/(B), and n(B) < n/(B) because
for each vertex v of B, the number of triangular-blocks in GG containing v is at least the
number of triangular-blocks in G’ containing v. Also, each F' € F contributes 1 towards
f'(B) and at most 4/4 towards f(B), because |F'| < 4, and each petal of B has length at
least four since B is a triangular-block. So f(B) < f’(B). Therefore, g(B) < ¢'(B) < 0,

unless the flower of B is an exceptional one shown in 3.1. [

We can now combine Lemma 2.2.10 with Lemma 3.4.2 to show that Theorem 2.1.1

holds for graphs in P,, withn > 7.
Theorem 3.4.3. Let G € P, with n vertices, where n > 7. Then e(G) < 18 — 28,

Proof. Let B be the collection of triangular-blocks of GG, and let B; C B be the collection
of all exceptional triangular-blocks of G with flower shown in 3.1.

We now define a suitable partition P of B. Let B € B. If B € B, then (by Lemma
3.2.4) let ey, e5, 3, e4 be the four trivial blocks in G that are contained in the flower of B,
and let { B, ey, e9,e3,e4} € P. If B ¢ By and is not a trivial block in G contained in the
flower of a triangular-block in B, let {B} € P. To show that P is a partition of 5, it
suffices to show that there is no trivial triangular-block e that is in the flowers of two blocks
in B;. This follows from Lemma 3.2.4, because ¢ would be incident with two faces of
length at most four.

By Lemma 2.2.10, it suffices to show that each set B’ € P satisfies ) 5 g(B) < 0. If
B’ = { B} for some triangular-block B in G, then B is not exceptional and it follows from
Lemma 3.4.2 that ) ;. g(B) = g(B) < 0. Otherwise B’ = {B, e, e, e3, ¢4} for some
exceptional block B and the four trivial blocks ey, es, e3, e4 in the flower of B. For each
i € [4], the edge e; is incident with a face of length at least five by Lemma 3.2.4, and both

its ends are in at least three triangular-blocks (using the assumption that G has no degree-2
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vertices), and so

g(ei) <24(1/441/5) — 17+ 6(2/3) = —11/5.
Since

g(B) <24(44+4/4) —17-8+6(3+2/2) =8

using Lemma 2.4.3, we calculate that ), .. g(B) < 8 +4-(=11/5) = —4/5 < 0, as
desired. Therefore each B’ € P satisfies ) ;5 g(B) < 0, and Lemma 2.2.10 implies that

e(G) < B — B O

3.5 The proof of Theorem 2.1.1

We now obtain Theorem 2.1.1 from Theorem 2.1.2 by considering small separations and

sparse sets.

Proof of Theorem 2.1.1. Let G, be the class consisting of all planar graphs with at most six
vertices or with a planar drawing in P,, for some n > 7. For each positive integer ¢, let
G, be the union of G; ; and the class of C;-free planar graphs obtained from any of the

following operations:

(1) Add a set S of vertices, and edges with at least one vertex in S to a graph in G; ; such

that |S| < 4 and S is an (18/7)-sparse set in the new graph.
(2) Take the disjoint union of two graphs in G;_;.
(3) Glue two graphs in G;_; together at a vertex.

Let G = U;>00;, and note that G is precisely the class of C;-free planar graphs. We will

show that operations (1)—(3) can only decrease density.
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Claim 3.5.1. Let G be an n,-vertex Cr-free planar graph with e(G1) < 18% — ¢y for some
constant cy. Let G be an n-vertex Cy-free planar graph obtained from G, by operation (1)

by adding an (18/7)-sparse set S.

(i) If|S| =1, then e(G) < &% —¢; — 2.

(i1) If|S| =2, then e(G) < &% —¢; — 3.
(ii) If|S| =3, then e(G) < &% —¢; — 2,
() If|S| =4, then e(G) < 8% —¢; — 2.

Proof. When |S| = 1 there are at most 2 edges incident with the vertex in S, and n = n;+1,

so we have

18 18 4
nl—Cl—l—QZ—n—Cl——.

e(G) <e(Gr)+2< - -

We omit the calculations for |S| € {2, 3,4}, which are very similar. O

We perform a similar calculation for operations (2) and (3).
Claim 3.5.2. For each i € [2], let G; be an n;-vertex Cy-free planar graph with e(G;) <

18n,;

=4 — ¢; for a constant c¢;. Let G be an n-vertex Cy-free planar graph obtained from G,

and G4 via operation (2) or (3).
(i) If G is obtained via operation (2), then e(G) < £ — ¢, — c,.
(i) If G is obtained via operation (3), then ¢(G) < £ — ¢ — ¢y + 2.

Proof. If G is obtained via operation (3), then

€(G) = G(Gl) + G(Gg)

<]_8TL1 18712

— C — C
S = 1 - 2

18 1
SM—Q—CQ

7

18n +18
=— —¢C —Cy+ —.
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If G is obtained via operation (2), then n; + ny = n and the above calculation gives

e(G) <& — ¢ —c. O

Let H, be the class of planar graphs with at least 3 and at most 6 vertices, and for
each positive integer ¢, let H; be the union of H,;_; and the class of Cr-free planar graphs
obtained from applying any of operations (1)~(3) to graphs in H; . Let H = (J,o, Hi-
Since Claims 3.5.1-3.5.2 show that operations (1)—(3) only decrease density, it follows
from Theorem 2.1.2 that every n-vertex planar graph G with n > 7 in G \ H satisfies

e(G) < &% — 2. We now inductively bound the number of edges of graphs in H.

Claim 3.5.3. Let k be non-negative integer, and let G be a C7-free n-vertex planar graph

in H withn > 3 + 2k. Then either

(b) G is connected and has at most two blocks (maximal connected subgraph without a

cut vertex), each of which is a triangulation on five or six vertices.

Proof. Note that n > 3. We apply induction on n. First, suppose n < 6. Then k = 0 or
k=1,and G € Ho. If e(G) < 3n — 7 thenn < 6 implies e(G) < 3n—7 < &2 — 3
and (a) holds. So e(G) = 3n — 6 and, hence, G is a triangulation. If n < 4 then & = 0 and
e(G) < £ — 2 If n € {5,6} then (b) holds (with one block).

So we may assume that n > 7. Then G ¢ H,, and thus, either GG is obtained from a
graph (G; € H by applying a single operation (1), or (G is obtained by applying a single
operation (2) or (3) to graphs GG; and G5 in H.

First suppose that G is obtained from an n;-vertex graph G; € H by applying a single
operation (1), and that G cannot be obtained from applying operation (2) or (3) to graphs
in H. Since n > 7 it follows that n; > 3, so by induction hypothesis, either (a) or (b)
holds for G;. Suppose (a) holds for G;. Thus, since ny > 3 + 2(k — |S|/2), we have
e(Gy) < 18m 30 B2 pf S| € {1,2}, then Claim 3.5.1 implies that e(G) <

Bn 30 (B2 1 < A8 30 k- gimilarly, if |S| € {3,4}, then Claim 3.5.1
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implies that e(G) < £ — 20 — w — 2 < B30 _ L In either case, (a) holds
for G. So assume (b) holds for G;. Then n; < 11. It is a straightforward calculation
to check that e(G;) < 82+ — 21 (with equality when G is a 6-vertex triangulation). We
may assume that the (18/7)-sparse set .S induces a connected graph, or else we may replace
S with one of its subsets. We consider two cases. First suppose that |S| > 1. If G is
connected, then G is 2-connected because GG cannot be obtained from applying operation
(2) or (3) to graphs in H. By Menger’s theorem applied to S and V' (G), there are two
vertex-disjoint paths from S to (G;. Let x and y be the ends of these paths in G;. Since
G]S] is connected and 2 < |S| < 4, the graph induced by S U {x,y} has an z-y path of
length m for some m € {3,4,5}. Since dg, (z,y) < 2 and (b) holds for G; we know that
(1 has an z-y path of length 7 — m by applying Lemmas 2.3.2 and 2.3.1 to each block of
(1. But then G has a C7-subgraph, a contradiction. So G is disconnected. Since |S| > 1
and G cannot be obtained from applying operation (2) or (3) to graphs in H, it follows that
|S| = 2 and S has no neighbors in G;. Let G5 be the graph induced by S, which is just a
single edge. Then e(G3) = w — 2, and G is obtained by applying operation (3) to G,
and G5. Son < 13 and k < 5, and Claim 3.5.2(i) with ¢; = % and ¢; = 2 implies that
e(G) < 8% — 3 50 (a) holds for G.

So we may assume that |S| = 1, which implies that S has at most two neighbors in
(1. Suppose S has one neighbor in GG;. Then n < 12 so & < 4, and Claim 3.5.2 with G,
as a single edge implies that e(G) < 180 — 24429-18 < 180 30k g5 () holds for G.
So we may assume that .S has two neighbors in G;. Both neighbors of .S are in a block of
G that is a b-vertex triangulation, or else Lemmas 2.3.2 and 2.3.1 and the assumption that
(b) holds for G; imply that GG; has a length-5 path between the two neighbors of S, which
gives a C7-subgraph of G when concatenated with the two edges incident with S. Since
n > 7 and (G; has a 5-vertex block, it follows that G; has two blocks, one of which is a

5-vertex triangulation. Then either n = 10 and e(G) = 20 (if both blocks of G; have 5

vertices) or n = 11 and e(G) = 23 (if one block of GG; has 6 vertices). In the former case,
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k <3ande(G) < 187” - %, and in the latter case k£ < 4 and ¢(G) < 187” — 3—77 so in either
case (a) holds for G.

Next suppose that G is obtained by applying a single operation (2) or (3) to graphs GGy
and G in H. For each i € [2], let n; = |G| and let k; be a non-negative integer such that
n; > 3+ 2k;. Note that we may choose k1, k2 such that ky + ko € {k — 1, k}. In particular,

k < ky + ko + 1. Also note that
n>ny+ny—1>B8+2k)+B+2k)—1=3+2(k; +ka+1).

First suppose that outcome (a) holds for both Gy and G; so for i = 1,2, e(G;) <

18— 30— & Then Claim 3.5.2 with ¢; = 2% for i = 1, 2 shows that

187 30 ky+ko+12 181 30 k
< =20 < =2
(@)= — -~ 7 =T T T

where the second inequality holds because k < ki + ko + 1. So (a) holds for G.

Now suppose (a) holds for G; and (b) holds for G5. Then Claim 3.5.2 shows that (a)
holds for GG with k = k; + 2 if (G5 has one block and k£ = k; + 4 if (G5 has two blocks.

So we may assume that (b) holds for both G; and G5. Suppose (b) does not hold for G.
Then G consists of 2, 3 or 4 blocks, each of which is a triangulation with five or six vertices.
Note that a triangulation B with 5 or 6 vertices satisfies e(B) < IS”T(B) — %. If G has 2
blocks, then G is disconnected because (b) does not hold for G. Then k& < 4, and Claim
3.5.2(i) with ¢; = ¢, = % implies that e(G) < 8% — 28, 50 (a) holds for G. If G has 4
blocks, then n < 22 and so k& < 9. Then applying Claim 3.5.2 three times with c; = %! each

7

time implies that e(G) < 182 —21-3.204.3.18 = 1822 ‘and since k < 9 it follows that (a)

holds for GG. If GG is connected and has 3 blocks, thenn < 16 and so £ < 6. Applying Claim

3.5.2(ii) twice with ¢, = % each time implies that e(G) < 187"—2—74—2274—#2-g = 18%—%,

and (a) holds for G since k < 6. So G is disconnected and has 3 blocks, so n < 18 and

k < 7. Applying Claim 3.5.2(i) once with c; = 2—74 and Claim 3.5.2(ii) once with ¢y = %
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implies that e(G) < 82— 22 —2. 2 + 18 — 182 _ % ‘and (a) holds for G since k < 7. [

Let G be an n-vertex C;-free planar graph with n > 38. If G € G \ H then e(G) <

187” — 478. If G € H, then Claim 3.5.3 applies with £ = 18 and outcome (a) holds, so

e(G) < 8% — 2B, as desired. ]

3.6 Future Work
As discussed in Section 2.1, the conjecture of Ghosh et al. that exp(n, Cy) < @n —

@ for all £ > 7 and all sufficiently large n is false for all / > 11, but true for { = 7 by

Theorem 2.1.1. Is this conjecture true for ¢ € {8,9,10}? We believe that the answer is yes
for ¢ = 8, and that this can be proven using existing techniques and extensive case work.

A complete draft was made, but is still in revision. However, when ¢ = 9, exp(n, C;) >

3(6—1)

—n — G(EZU for infinitely many n. Instead, we plan to prove exp(n, Cy) < gn — % for

every sufficiently large n in a forthcoming paper. For ¢ = 10 the correct answer is unclear.

We mention one other direction that could be approached using techniques from this
dissertation. For each ¢ > 4, let ©, denote the family of graphs (called theta graphs)
obtained by adding an edge between two non-adjacent vertices of C'y. Sharp upper bounds
for exp(n, ©,) are known for £ € {4,5,6} by results of Lan, Shi and Song [28] and Ghosh,
Gy6ri, Paulos, Xiao, and Zamora [17], but no sharp upper bound is known for ¢ > 7.
Due to the importance of triangular-blocks with a chord in our proof, we believe that our

techniques could make progress towards a sharp upper bound on exp(n, O7).
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CHAPTER 4
PLANAR TURAN NUMBER OF LONG CYCLES

4.1 Introduction

In this chapter, we continue to analyze the planar Tur/’an number of C}, the cycle of length
k and k£ > 11. In [16], Ghosh, Gy®&ri, Martin, Paulos, and Xiao took the made the following

conjecture.

Conjecture 4.1.1 ([16]). exp(n, Cy) < 2Ep — S g0 411 |k > 7 and all sufficiently

large n.

It was recently shown independently by Gy®6ri, Li, and Zhou [19] and the present au-
thors [40] that Conjecture 4.1.1 holds for £ = 7. However, the conjecture was disproved
for all £ > 11 by Cranston, Lidicky, Liu, and Shantanam [6], and later also by Lan and
Song [30] and Gyori, Varga, and Zhu [20], using the fact that planar triangulations with at
least 11 vertices need not be Hamiltonian. Specifically, Moon and Moser [34] showed that
for each k > 11 there exists a Cy-free planar triangulation with (2k/7)!°823 vertices; this is
tight up to a constant factor by a result of Chen and Yu [5].

We next describe the construction that disproves Conjecture 4.1.1, following Cranston
et al. [6]. For a graph G, we use V(G) and E(G) to denote its vertex set and edge set,
respectively, and we write v(G) for |V (G)| and e(G) for |[E(G)|. Let k and n be integers
with £ > 5and n > k + 1. Let GG be an n-vertex planar graph with girth £ + 1, each vertex
having degree 2 or 3, and % (n — 2) edges; such a graph exists for infinitely many integers
n [6, Lemma 2]. Let G’ be obtained from G by sudividing each edge and then substituting
for each vertex of G a C-free planar triangulation B on as many vertices as possible, which
means that each vertex v of G is replaced by a copy of B and that deg,(v) vertices of B

on a facial triangle are identified with the neighbors of v in G. Then G’ is a C}.-free graph.
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(% (%
H, H,

Figure 4.1: For i = 1,2 let C; be the outer cycle of H;. Then (Hy, C}) is a circuit graph,
but (H,, C5) is not.

Cranston et al. conjecture that G’ has exp(v(G'), Cy) edges [6], but acknowledge that this
will be difficult to prove, in part because the number of vertices of B is only known up to

a constant factor. Because of this, they also made the following weaker conjecture.

Conjecture 4.1.2 ([6]). There is a constant D so that for all k and sufficiently large n we

D
have exp(n, Cy) < 3n — 15553

While this might not provide an exact upper bound, it is tight up to the constant D when
k > 11. This follows from Cranston et al.’s construction, and also a more recent simpler
construction of Gydri, Varga, and Zhu [20] which shows that D can be at most 12. We

prove this conjecture with D = 1/4.
Theorem 4.1.3. exp(n, Cy) < 3n —6 — ez Jorallk > 4 andn > klog23,

To prove this, we first show that it suffices to consider graphs that are close to being
3-connected. A circuit graph is a pair (G, C') where G is a 2-connected plane graph and
C' is a facial cycle of GG so that for any 2-cut S of (&, each component of G — S contains
a vertex of C'. For example, for i = 1,2, let C; be the outer cycle of the plane graph H;
shown in Figure 4.1. Then (H;, C) is a circuit graph (even though H; is not 3-connected),
while (Hj, Cs) is not a circuit graph because Hy — {u, v} has a component (the vertex w)
that does not contain a vertex of Cy. We show that if there is a counterexample to Theorem
4.1.3, then there is a circuit graph counterexample.

We then show that a dense circuit graph has a large near triangulation as a subgraph,

where a near triangulation is a plane graph in which every face is bounded by a triangle
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except possibly the outer face. For a 2-connected plane graph G with outer cycle C' we

write m(G) for the number of interior edges needed to make GG a near triangulation, so

m(G) = 30(G) — 6 — e(G) — (|C] — 3).

We will apply the following theorem with ¢ = [k!°823],

Theorem 4.1.4. For all t > 4, if (G,C) is a circuit graph with v(G) > t and with outer

v(G)—(t—1)

cycle C so that m(G) < =Z5—=

, then G has a near triangulation subgraph T with

o(T) > t.

This bound is sharp, as shown via an iterative construction. The starting graph Gy,
shown in Figure 4.2(a), consists of four copies of a (¢t — 1)-vertex triangulation arranged in
a cyclic order. Then m(G1) = % = 1, but (G; has no near triangulation subgraph
with at least ¢ vertices. For each ¢ > 2, let GG; be obtained from G;_; by adding three copies
of a (¢t — 1)-vertex triangulation arranged in a cyclic order; G5 is shown in Figure 4.2(b).
This operation adds 3¢ — 7 vertices and one new interior non-triangular face of size four, so
m(Gy) = % = k for all k£ > 1, but G has no near triangulation subgraph with at
least ¢ vertices.

Since every near triangulation is a circuit graph we can apply the following theorem of

Chen and Yu [5].

Theorem 4.1.5 ([5]). Forall k > 3, if (G, C) is a circuit graph with at least k'°®23 vertices,

then G has a cycle of length at least k.

Finally, it is straightforward to show (see Lemma 4.3.1) that every near triangulation
with a cycle of length at least £ also has a cycle of length exactly k, and therefore Theorem
4.1.3 follows from Theorems 4.1.4 and 4.1.5.

In fact, we will prove a result that is stronger than Theorem 4.1.3. For each integer

k > 4, we write ©, for the family of graphs (called theta graphs) obtained from C, by
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(a) (b)

Figure 4.2: Each shaded region is a triangulation with ¢ — 1 vertices.

adding a single edge, and we write 0, for the graph obtained from C} by adding an edge
that forms a triangle with two consecutive edges of Cj. The number exp(n, Oy) is known
only when k € {4,5,6}, by results of Lan, Shi, and Song [28] and Ghosh, Gy®ri, Paulos,
Xiao, and Zamora [17]. We prove the following, which again is tight up to the constant 1/4

by the construction of Cranston et al [6].
Theorem 4.1.6. exp(n,0;) < 3n —6 — ez forallk > 4 andn > Elog23,

This also holds with Oy, in place of 6, because 0, € O. Interestingly, this bound may
not hold if we replace 6; with another graph in ©j; we discuss this in more detail after
Lemma 4.3.1.

After describing all relevant notation, we will prove Theorem 4.1.4 in Section 4.2 and
then prove Theorem 4.1.6 in Section 4.3. In Section 4.4 we will discuss some consequences
of Theorems 4.1.3 and 4.1.4 and some related questions.

For any positive integer k, we let [k] = {1,...,k}. It is well known that if G is a 2-
connected plane graph then each face of G is bounded by a cycle of G called a facial cycle.
The interior of a cycle C' in a plane graph is defined to be the subgraph of GG consisting
of all edges and vertices of GG contained in the closed disc of the plane bounded by C. A
path or cycle will be represented as a sequence of vertices such that consecutive vertices in
the sequence are adjacent. For instance, xyx,x3 . .. x) represents a path of length £ — 1 in
which z;z,,4, 7 € [k — 1], are the edges of the path, and x;xsx3 . . . 1,2 represents a cycle
of length & with edges zz; and x;z,41, ¢ € [k — 1]. For any distinct vertices x, y in a graph

G, if x,y are on a path P then x Py denotes the subpath of P between = and y. For any
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cycle C' in a plane graph and any two distinct vertices x, y on C, we use xC'y to denote the

subpath of C' from z to y in clockwise order.

4.2 Finding a large near triangulation

In this section we will prove Theorem 4.1.4.

Proof of Theorem 4.1.4. Suppose that the theorem statement is false, and let G be a coun-

terexample with m(G) as small as possible. This means that v(G) > t and m(G) <

v(G)—(t—1)

= but G contains no near triangulation on at least ¢ vertices. So m(G) > 0, as oth-

erwise G is a near triangulation on at least ¢ vertices, a contradiction. Moreover, G is not a

w(G)=(t=1)

cycle as otherwise m(G) = v(G)—3, contradicting the assumption that m(G) < ==5—=

Note that if C” is a cycle in G and H is the interior of C’, then (H,C") is also a circuit
graph. Step-by-step, we will show that the behavior of the interior non-triangular faces of

G is quite restricted.

Claim 4.2.1. If F' is a non-triangular interior facial cycle of G, then F' N C' is either empty

or is a path.

Proof. Suppose that there is a non-triangular interior facial cycle F' so that F'NC has more
than one component. Note that m(G) > |F|—3. Let z1, xo, . . ., x5 be the vertices in FNC'
listed in clockwise order on C. Note that s > 2 since /' C' has more than one component.
For each i € [s], let C! = 2;Cx;4q U x;Fx;iq, where x4,1 = x1. If C/ is not a cycle then
let 7; = C!; in this case T; has just one edge. If C! is a cycle then let 7; be the interior
of C!. Let J C [s] so that C! is a cycle if and only if i € J. Then J is non-empty, as G
is not a cycle. Note that (7}, C!) is a circuit graph for all ¢ € J, and that m(7;) < m(G)
for all = € J because F'is not a facial cycle of 7;. We will argue that some 7; with 7 € J
contradicts the choice of G.

We first claim that there is some ¢ € J so that v(7;) > t. Suppose not. Then v(G) <
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s(t — 2). We will show that

(Bt—T7)-(IF|=3)+ (t—1) > s(t—2). @.1)

If s < 4, then

Bt=7)-(F|=3)+({—1) 24 —2) = s(t - 2),

and if s > 5, then

3t —7)-(|F| = 3)+(t—1)> (3t —7)(s —3) + (t — 1) > s(t — 2).

So (1) holds. Then

Bt—7) m(G)+(t—1)>Bt—7)- (|F] —3)+ (t — 1) > v(Q),

a contradiction. So v(7;) > t for some i € J.
Let J' C J sothat v(7;) > tif and only if i € J'. Note that m(7;) > 0 forall i € J' or

else 7T; is a near triangulation with at least ¢ vertices, a contradiction. Also note that

m(G) = (|F| =3)+ > m(T) > (|F| = 3)+ Y_m(T) 4.2)
i€[s] ieJ’

G) <> u(T) —s < s—|J’|)(t—1)+(Zv(7})> — s, (4.3)
i€[s] e’

where we subtract s in line (3) because z; is counted twice for each i € [s|. Choose j € J'

so that % is maximized; this is well-defined because m(7;) > 0 when j € J'.
J
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Then we have

o(T) ~ (1= 1)  Siey (o(T) — (1= 1)

m@)  C ST “h

(Ziesom) -1 -1 s

a > i MU(T3) .
o(@) (= 1) (s~ |/~ 1) + 5

. m(G) — (713 o

@) = (t-1)) —s(t—2) +t—1

- (@)~ (F| —9) 7
W(@) = (t—1)

> Gy (4.8)

where line (6) follows from (2) and (3), and line (8) follows from (1) and the assumption
that % > 3t — 7. Hence % > 3t — 7. But since m(7;) < m(G) and

v(Tj) > t, this contradicts that m(G) is as small as possible. H

Now every interior non-triangular face is either disjoint from C' or meets C' in a path.
We next show that such a path has no edges. Recall the assumption that v(G) > (3t — 7) -

m(G) + (t —1).
Claim 4.2.2. No interior non-triangular face is incident with an edge of C.

Proof. Suppose there is an interior non-triangular facial cycle F' so that F' N C has at least
one edge. Then F' N C'is a subpath P of C for which each internal vertex has degree 2 in
G. Let r be the number of internal vertices of P, and let H be the subgraph of G obtained
from deleting all internal vertices of P, or deleting the edge of P if » = (0. Note that the
outer face of H is bounded by a cycle C”’ since F' N C'is a path, and therefore (H, (") is a
circuit graph. Also, m(H) < m(G) because F is not a facial cycle of H.

We claim that v(H) > t. Suppose not. Since v(G) > t this implies that » > 1. If
r < 4thenv(G) <t+3 < 4(t—2) < (3t —7)-m(G) + (t — 1), which contradicts

the assumption that (3t — 7) - m(G) + (t — 1) < v(G). So r > 5. Using the estimate
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m(G) > |F| —3>r — 1, we have

v(G)<t—1+4r
<t—1+4r+(3rt—3t—8r+38)
—Bt—7)r—1)+(t—1)

<(Bt—7) - m(G) + (t 1),

a contradiction. Therefore v(H) > t.
Since v(H) > t, it follows that (3t — 7) - m(H) + (t — 1) > v(H) or else (H,(")

contradicts the choice of (G, C') with m(G) minimum. But if » < 4 then

(3t —7) - m(H)+ (t—1) < (3t —7) - (m(G) — 1) + (t — 1)

which is a contradiction. If » > 5 then m(H) < m(G) — (r — 1) because F' is not a facial

cycle of H, and so

Bt—=7)-mH)+({t-1)<Bt=7)- (m(G)—(r—1)) + (t—1)
<v(G) = (Bt =T)(r—1)

=v(G) —r— (3tr —8r —3t+7)

again, a contradiction. L]

Now every interior non-triangular face meets C' in at most one vertex. In fact, something
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Figure 4.3: This example illustrates the definitions of C'; and C5 in Claim 4.2.3.

stronger is true.

Claim 4.2.3. No interior non-triangular face of G meets C.

Proof. Suppose that an interior non-triangular facial cycle F’ of G meets C. Then |FNC| =
1 by the previous two claims; let z € V(F N C). Let y1, Y2, ..., Yss 21,22, - - - , 2 be the
neighbors of x listed in clockwise order around x where xy; and zz, are edges of C' and
xys and zz; are edges of . Let Y = {xy;: i € [s]} and let Z = {xz;: i € [r]}.

Since m(G —Y') < m(G) (because F is not a facial cycle of G — Y) and v(G —Y') =
v(@G) it follows from the minimality of m(G) that G — Y is not 2-connected. Similarly,
G — Z is not 2-connected. Both statements imply that G — x is not 2-connected. Since x
is on C, every cut vertex of G — x is also on C because (G, (') is a circuit graph. Since
every 2-cut of GG has both vertices on C' but /" has only one vertex on C, there is a unique
block B of G — x that contains ' — z and satisfies B N (C' — z) # @. Since G — Y is not
2-connected, there is a cut vertex v; of G — x in B. Similarly, there is a cut vertex vy of
G —x in B. Note that v, vy are on C' and that x, y,, vy, v2, 2, appear in this order clockwise
around C, by the definitions of Y and Z. Also, v; # vs or else the cut {x, v,} contradicts
that (G, C) is a circuit graph.

Let Cp be the outer cycle of B. Then C := y,Cgv; UxCvy U zys is a cycle of G; let



H; be the interior of C';. Similarly, C5 := v9Cp2z; Uv,Cx U 2 is a cycle of G let Hy be
the interior of C5. (See Figure 4.3 for an example illustrating C'; and C5. In this example,
s =1 =4, and v; = y3 and vy = 25.) Note that /; and H, intersect only at x and that each
of (Hy,C4), (Hs, Cs), (B, Cp) is a circuit graph. Also, V(G) = V(H;) UV (H,) UV(B)
and m(G) = m(Hy) + m(Hs) + m(B) + |F| — 3, because every interior face of G other
than the face bounded by F' is an interior face of H,, Hs, or B.

Note that max{v(H,),v(Hs),v(B)} > t,orelse v(G) < 3(t—2) < (3t —7)-m(G) +
(t — 1), a contradiction. Let H3 = B, and let S C {1, 2,3} so that v(H;) > ¢ if and only if
i € S. Then m(H;) > 0foralli € S, orelse H; is a near triangulation in G with at least ¢

(T;)—(t=1)

vertices. Choose j € S so that - L7y is maximized. Then
J

v(H) = (t=1) | Dlies (v(H;) = (t—1))
m(H;) > ies M(Hi)
o(G) = 3(t —2)
m(G) —1
o(G) = (t—1) — (2t — 5)
m(G) —1

Since (3t — 7) - m(G) < v(G) — (t — 1) by assumption, we have
Bt—=7)-(m(G)—=1)<v(G)—(t—-1)—Bt=7) <v(G) = (t—1) — (2t = 5),

and it follows that % > 3t — 7. But since v(H;) > t and m(H;) < m(G), this is

a contradiction. L]

We now finish the proof. For each interior non-triangular facial cycle F' of G, choose
vertices 1, x5 on C' and y;, Yo on F' and an x;-y; path P, for each i € [2] so that P, and P,
are vertex-disjoint and both internally disjoint from C' U F, and the graph Hr bounded by
the cycle Cr := PUy; Fy,UP,UxC'z5 is minimal (with respect to subgraph containment).
Let F" be an interior non-triangular facial cycle of G so that H is minimal over all choices

of F'. Note that H is 2-connected because every face of H is bounded by a cycle, and so
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€ X2 T X2

G G

Figure 4.4: This example illustrates the definitions of Cr, Hp, and G’ at the end of the
proof of Theorem 4.1.4.

(Hp,CF) is a circuit graph.

Suppose Hp has an interior non-triangular facial cycle . Since Hp is 2-connected,
there are vertex-disjoint paths ); and () in Hp from F’ to z1, 25 € V(CF), respectively,
that are internally disjoint from C'r U F’. Then )1, 2 can be extended along CF to dis-
joint paths from F” to x1C'xy giving rise to an Hy that is a proper subgraph of Hp, a
contradiction. Therefore Hp is a near triangulation.

Then v(Hp) < t, as G contains no near triangulation on at least ¢ vertices. Let G’ be
obtained from G by deleting all vertices and edges of Hr that are not on P, U P,; see Figure
4.4 for an illustration of the relationship between GG and GG'. The outer face of G’ is bounded
by the cycle C" = Py Uy F'y; U P,UxoCxq and so (G', C") is a circuit graph. If v(G’) < ¢,
then v(G) < 2t and m(G) > %, a contradiction. So v(G') > t. Also, m(G') <
m(G) because F' is not a face of G, and it follows from (3t — 7) - m(G) + (t — 1) < v(G)
and v(Hp) < tthat (3t —7)-m(G') + (t — 1) < v(G’). But then G’ contradicts the choice

of (3. ]

4.3 The proof of Theorem 4.1.6

In this section we will prove Theorem 4.1.6, which directly implies Theorem 4.1.3. We

need the following lemma.
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Figure 4.5: A near triangulation with a cycle of length 12 but not every graph in O, as a
subgraph.
Lemma 4.3.1. If G is a near triangulation with a cycle of length at least k, then G has a

Or-subgraph.

Proof. Let C' be a cycle of G with length at least & so that the interior of C' is as small as
possible. Then C' bounds a near triangulation /. It is straightforward to prove by induction

on v(H) that either

(i) there is an edge e = wwv of (' in a facial triangle that also contains an interior vertex x

of H, or

(ii) there are edge-disjoint subpaths of (', each of length 2 and in a facial triangle, which

gives two non-adjacent vertices of degree 2 in H.

If (i) holds, then the cycle obtained from C' — wv by adding the path uzv contradicts the
minimality of the interior of C'. So (ii) holds. If |C| > k, then the cycle obtained from
C by deleting a vertex of degree 2 and adding the edge between its neighbors contradicts
the minimality of the interior of C'. Therefore |C| = k, and (ii) implies that H has a

0r-subgraph. ]

We comment that Lemma 4.3.1 is not true for all graphs in ©y, as shown by the graph
in Figure 4.5. This is the reason why Theorem 4.1.6 may not hold for all graphs in ©. In
particular, the graph in Figure 4.5 has no subgraph consisting of a 12-cycle with a chord
joining two vertices of distance 6.

We are now ready to prove our main result of this chapter.

66



Proof of Theorem 4.1.6. Fix k > 4, and let t = [k'°%23]. We will show that exp(n, ;) <

forall n > t.

v(G)
4(t-2)”

3n—6— for all n > ¢, which implies that exp(n, ;) < 3n—6—

t 1(t—2) k1°g2 3

Suppose there is a 0;-free plane graph G with v(G) > t and e(G) > 3v(G) — 6 —
and assume that G has no proper subgraph with these properties. We will show that GG has

a 6;-subgraph. We first reduce to the 3-connected case.

Claim 4.3.2. (i is 3-connected.

Proof. Suppose G is not 3-connected. Then G has edge-disjoint subgraphs GG; and G5 such
that G = G1 U Gy and |V(G1) N V(Gs)| = j with j < 2. By the minimality of v(G), for

each i € [2] either v(G;) < t or e(G;) < 3v(G;) — 6 — (@2)). We consider the three

possibilities separately.
First, assume v(G;) < t for ¢ € [2]. Then v(G) < 2t. Therefore, since G is not a

triangulation, e(G) < 3v(G) — 6 — (( )) a contradiction.

Now assume e(G;) < 3v(G;) —6— :(t ’2) for i € [2]. Then v(G) +v(G2) < v(G)+2,

and so

e(G) < e(Gh) + e(Gy)
< <3v(G1) _g— UG ) + <3U(G2) _go @) )

4(t — 2) 4(t — 2)
(@)
<3(G)—-6— —
< 3u(@) A(t—2)
a contradiction.
So, up to relabeling, we may assume that ¢(G) < 3v(Gy) — 6 — ) and v(Gs) <
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If V(G1) N V(G2) is not an independent set in G, then v(G1) + v(G2) = v(G) + 2, and

e(G) =e(Gh) +e(Ge) — 1

< (30(01) 6 47(’5(3)) + (31;(02) - 6) 1
— 30(G) — 7 — 425(?1;)

< 30(Q) — 7~ U(i)(t_ _(tg)_ 2

B v(G) t—2

=3 -6- 3575~ (1 N 4(t—2)>’

a contradiction. If V(G1) NV (G2) is independent in G, then either G+ is not a triangulation
or v(G1) + v(G2) < v(G) + 1. In either case a very similar calculation applies. So in all

cases we arrive at a contradiction, and therefore GG is 3-connected. O

Let C be the outer cycle of (G, and note that (G, C') is a circuit graph. Since e(G) >

3v(G) — 6 — 41(’753) we have m(G) < 41(;(3) < ”(th__(é_l). By applying Theorem 4.1.4 to
(G, C) with t = [k'°823], G has a near triangulation subgraph T with v(7") > k'°%23, Since
every near triangulation is a circuit graph, Theorem 4.1.5 and Lemma 4.3.1 imply that T’

contains 6, as a subgraph. [

4.4 Related problems

Theorem 4.1.3 has interesting consequences related to circumference. The circumference

of a graph (with a cycle) is the length of a longest cycle in the graph. Erdds and Gallai

(n—1)(k—1)

proved that every n-vertex graph with circumference less than &k has at most 5

edges, and this is tight for infinitely many integers n [10]. Theorem 4.1.3 gives an analogue

for planar graphs, because graphs with circumference less than k are certainly Cj-free.

Theorem 4.4.1. Let k > 4 and n > k'°823, If G is an n-vertex planar graph with circum-

ference less than k, then e(G) < 3n — 6

. n
4klog2 3*
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Again, this is tight up to the constant 1/4 because the construction of Gydri, Varga, and

_ _12n
floga 3

Zhu [20] gives a lower bound of 3n — 6

We believe that analogues of the Erd6s-Gallai theorem are interesting for other classes
of graphs (such as graphs with bounded genus, or without a fixed subgraph /1), and also
more generally for classes of matroids. The circumference of a matroid (with a circuit) is
the number of elements in a largest circuit in the matroid. We mention one question in this
direction that is closely related to Theorem 4.1.3. A matroid is cographic if it is the dual of
the cycle matroid of a graph. It is well-known that a rank-n cographic matroid has at most

3n — 3 elements; this bound is tight for planar-graphic matroids.

Problem 4.4.2. Show that there is a constant D so that for all k > 4 and n > k'°%23, if M
is a rank-n cographic matroid with circumference less than k, then the number of elements

of M is at most 3n — 3 — 5.

This would follow from Theorem 4.1.3 with D = 1/4 if every rank-n cographic matroid

with circumference less than k and greater than 3n — 3 — -2, elements is in fact planar-

kloga 3
graphic.
Finally, we point out that Theorem 4.1.4 may be true for all 2-connected plane graphs,

not just circuit graphs.
Problem 4.4.3. Does Theorem 4.1.4 hold for all 2-connected plane graphs?

The structure of 2-cuts in plane graphs that are not circuit graphs can be quite com-
plicated, and it is unclear how to reduce from general 2-connected plane graphs to circuit
graphs. However, while we do make use of the connectivity properties of circuit graphs in

Claim 4.2.3, there may be other arguments that hold for all 2-connected plane graphs.
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CHAPTER §
COUNTING CLIQUES IN THE GRAPH WITH FORBIDDEN CLIQUE MINORS

5.1 Introduction

A clique is a set of vertices where there are edges between any two vertices. We use K; to
denote a clique on ¢ vertices, i.e., of order t. We also call it a ¢-clique.

A cornerstone result in extremal combinatorics is Turan’s theorem [46], which asks the
maximum number of edges in a graph on n vertices that do not have K as a subgraph. The
answer is obtained by the Turdn graph 7'(n, t — 1), which is the complete multipartite graph
where each part has order |n/(t —1)] or [n/(t —1)]. A natural question to ask is: for each
positive integer k£ < ¢, what is the maximum number of cliques of order £ in a graph on n
vertices without K; as a subgraph? This is answered by Zykov [48]; the same Turan graph
T(n,t — 1) also maximizes the number of k-cliques, i.e., cliques of order k.

Alon and Shikhelman [1] initiated the systematic study of a generalization of this ques-
tion. Let ex(n, T, H) be the maximum possible number of copies of 7" in an H-free graph
on n vertices. Thus Turan’s theorem gives an answer to ex(n, K», K;) and Zykov’s theo-
rem provides an answer to ex(n, Ky, K;) and furthermore ex(n, clique, K;). Some other
examples of results in this trend can be found in [12, 3, 4, 21, 1].

Analogous questions for forbidding minors have also been studied for a long time,
where minors can be considered as a generalization of subgraphs. A graph H is a minor
of a graph G if it can be obtained from G by contracting edges and deleting vertices and
edges. A natural generalization asks: what is the maximum possible number of cliques (of
possibly fixed sizes) a graph on n vertices could have?

The study of bounding the number of cliques in K;-minor free graphs, i.e., understand-

ing the extremal functions ex(n, clique, K;-minor) and ex(n, K}, K;-minor), also have ap-
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plications in theoretical computer science such as designing linear-time algorithms (e.g.,
see [37, 9] and the references therein). The bounds on the function ex(n, clique, K;-minor)
have been studied through works such as by Norine, Seymour, Thomas, and Wollan [35],
Reed and Wood [37], Fomin, Oum, and Thilikos [13], Lee and Oum [31], and Wood [47].

The paper [35] showed a classical result that the number of n-vertex graphs in a proper
minor-closed family Z,, is most ¢"n! for some constant c. The proof is through induction by
showing that by deleting a twin vertex or by contracting two adjacent vertices with small
degrees, there is a mapping from Z,, to Z,,_, where the size of pre-image is small. To show
this, one key step is to upper bound the number of cliques in /K;-minor free graphs. The
bound on the number of cliques in K;-minor free graphs is later improved to 2¢/VI°sty, by
Reed and Wood [37] by showing that the number of k-cliques in d-degenarate graph is at
most d*~n.

Fomin, Oum, and Thilikos [13] showed more applications of counting cliques in K-
minor free graphs. They bounded the tree-width and clique-width of G by the rank-width of
G and the number of cliques in GG, and showed that numbers of many important structures
are highly related to the number of cliques such as the number of hyperedges in a hyper-
graph and the number of distinct columns in a binary matrix. Notice that they improved
the bound of the number of cliques to 2¢/'°¢!°¢!y, by bounding the number of k-cliques for
each k <t —1.

Lee and Oum [31] considered the number of cliques in K;-subdivision free graphs,
and improved the bound to 25t+o(t) - Wood [47] counted the exact numbers of cliques in
the K ;-minor free graphs for every 3 < ¢ < 9. More precisely, he counted numbers of
k-cliques in the K;-minor free graphs for every 3 < k < t < 9 and gave an upper bound
for ex(n, K, K;). He also made several conjectures about this bound which inspired this
dissertation.

The question about the fofal number of cliques in /;-minor free graphs was answered

by Fox and Wei [14] where the asymptotically sharp bound is obtained.
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Theorem 5.1.1 (Theorem 1.1 [14] 2016). Every graph on n vertices with no Ky-minor has

at most 3%/3+°Wn, cliques. This bound is tight for n > 4t /3.

Note the bound above is adding up the number of cliques of all possible sizes. This
bound is asymptotically sharp for n > 4t/3 by considering a disjoint union of copies of the
graph which is the complement of a perfect matching on 2[2¢/3] — 2 vertices. Counting
the number of cliques was also studied in other graph families that can be found in [23, 15,
18].

When we fix the clique size £, counting the number of k-cliques instead of the total
number of cliques in graphs on n vertices with no K;-minor, i.e., to understand ex(n, K}, K;-minor),
has received much attention. Clearly, when n < ¢, the maximum number of cliques of or-
der k is at most (Z), this bound is exact and sharp by considering a clique on n vertices,
which has no K;-minor. When k > ¢, clearly the answer is 0. The question is less clear for
other values of k. This thread dates back to the works of Dirac [7], Mader [33], Jgrgensen
[22], and Song and Thomas [43] for the cases when £ = 2 and ¢t < 9.

For general ¢ and any k£ < t, Wood [47] asked the following question, which was asked

again by Fox and Wei [14].

Question 5.1.2 (Wood [47], Fox and Wei [14]). Let t, k be positive integers such that k < t.
What is the maximum possible number of cliques of order k in a Ky-minor free graph on n

vertices?

For small values of ¢, Wood [47] determined the exact value of ex(n, K}, K;-minor) for
t < 9andk < t. On the other hand, for larger values of ¢ but for £ = 2, the asymptotic sharp
(in t) answer is now known after a series of works by Mader, Kostochka, and Thomason
[32, 33, 26, 27, 44, 45]. In particular,

Kostochka [26, 27] and Thomason [44] independently proved that the maximum num-
ber of edges in graphs on n vertices and with no K;-minor is ©(t+/log, t)n. Thomason [45]

later determines the constant (a + 04(1))tvInt - n where a = 0.319... is an explicit con-
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stant. This asymptotic extremal configuration can be achieved by random graph G(n’, p’)
with appropriate values of n’ and p'.

For larger values of £, it seems pseudorandom graphs are no longer optimal. As ob-
served by Fox and Wei [14], the average order of the cliques in the complement of a perfect
matching of = edges is 2/3, and thus a typical random clique in this graph has about this
size. Now consider the graph which is a complement of a perfect matching of just less
than 2¢/3 edges and is thus K;-free. It has nearly the maximum number of k-cliques for
k = 4t/9, which gives the 4¢/9-clique count 3%*/3-°®p, The complement of a perfect
matching is an example of a Turdn graph that each part has size 2. In general, a candidate
for lower bound construction is based on Turan graphs.

Let 7'(n, w) be the Turdn graph, the complete balanced multipartite graph on n vertices
and with w parts, where each part has order |n/w| or [n/w]. Are disjoint unions of Turdn
graphs nearly optimal? When £ = ¢t — 1, Wood [47] shows that the maximum number of
K, in a K;-minor free graph is exactly n —t + 2. The construction is called an (¢ — 2)-tree
(Definition 5.1.1), which is essentially similar to a disjoint union of copies of /; | where
the different copies of K;_; are glued along the same /; .

The discussion above shows that depending on the range of k, the extremal construc-
tions for the exact maximum number of k-cliques may have quite different forms. We are
interested in the asymptotically sharp bounds for the number of k-cliques in graphs on n
vertices and without K;-minor, where the asymptotic is up to o(1) in the exponent, similar
to what asymptotic means as in Theorem 5.1.1 [14].

Some general upper bounds for this quantity are known. The following simple upper
bound is well-known, for example by Wood [47] Lemma 18, the proof of Norine et al. [35],
the proof of Lemma 3.1 in Reed and Wood [37]; the proof of Lemma 5 in Fomin et al. [13],

or a simplified proof of Theorem 1.1 in Fox and Wei [14].

Theorem 5.1.3 ([47, 35, 37, 13, 14]). When t is sufficiently large, for any k < t, every

BtV

graph on n vertices with no K;-minor has at most ( k_ilt) n cliques of order k. The constant
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B =0.64.

Notice that 5 > 2« where constant a = 0.319... is determined by Thomason [45]. This
bound is sharp for £ = 2 up to a multiplicative constant by the aforementioned result of
Thomason [45] and by considering a disjoint union of random graphs of appropriate sizes.

Besides this upper bound, Wood [47] made an explicit conjecture on the maximum

number of k-cliques in /;-minor free graphs on n vertices for large k.

Conjecture 5.1.4 (Wood [47] Conjecture 20). For some \ € [1/3,1), for all integerst > 3
and k > A\t and n > t — 1, the number of k-cliques in a Ky-minor free graph on n vertices

s at most

() emeen(i - () - 24)

Again, the upper bound is achieved by the (¢ — 2)-trees defined below. We will prove
an asymptotic version of this conjecture for A > 2/3 in Corollary 5.4.2, and show that the

claim of this conjecture does not hold for A < 0.553.

Definition 5.1.1 ((¢ — 2)-tree). An (¢ — 2)-tree is a family of graphs defined recursively
as follows: We start with the complete graph K;_», which is also an (¢t — 2)-tree. For any
(t —2)-tree H, if C'is a clique of order t — 2 in H, then by adding another vertex to H that
is adjacent only to the vertices in C' is also an (¢t — 2)-tree. Then the number of cliques of

order k in every graph in the (¢ — 2)-tree family is (tf) +(n—t+2) (2121)

For general values of £ < ¢ such that t — k > log, t, we prove asymptotically sharp
bounds on the maximum possible number of k-cliques in K;-minor free graphs on n ver-
tices in Theorem 5.1.5. Again asymptotic here means up to o,(1) in the exponent, similar
to Theorem 5.1.1 [14].

The main results of this chapter are summarized in the next subsection.
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5.1.1 Ouwur Results

In the following theorem, we answer Question 5.1.2 (Wood [47], Fox and Wei [14]) up to
0(1) in the exponent, similar to what asymptotically sharp means as in Theorem 5.1.1 [14].
In other words, we prove a sharp upper bound for the maximum number of cliques of size

k in K;-minor free graphs up to o,(1) in the exponent.

Definition 5.1.2. For fixed k < ¢, let 7)*(k) be the Turdn graph 7'(2t —w—1, w) maximizing
the number of cliques of order £ among all w such that £ < w < ¢ — 1. Let C;(k) denoted

the number of cliques of order k in T} (k).

We will show that 7 (k) is K;-minor free for every ¢ and k < t in Lemma 5.3.4. Our

main result in this chapter is the following theorem.

Theorem 5.1.5. Assume t — k > log, t. The number of cliques of order k in a K;-minor

free graph on n vertices is at most

This bound is sharp up to 0,(1) in the exponent when n > 2t.

The matching lower bound construction is by considering |n/|V (7} (k))|] disjoint

copies of the Turan graph 77" (k).

Remark. We have discussed that when k = 2, pseudorandom graphs are asymptotically
optimal [45]. It turns out that when k < loglogt, the random graph construction also
matches the bound in Theorem 5.1.5, with a slightly better error bound o,(1) compared to

the Turdn graph construction.

Remark. When k > 2t/3, Lemma 5.3.1 will show that T} (k) = K, , the complete graph

K, delete a single edge, and thus C; (k) = (tzl) + (2:21)
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Remark. 7o see the quantitative behavior of % for general values of k, first notice

k
t < |Ty (k)| < 2t by the definition of T; (k). We will also show that (*,") max <1, <2 —4 2k/t)) <
Cr(k) < (".1)2" for k > 25 in Claim 5.3.2 and Lemma 5.3.6. In addition, T} (k) has w

parts where \/%/4 < w < 10v/tk as shown in Proposition 5.1.6.

We also prove the asymptotic version of Wood’s Conjecture 5.1.4 for every k£ < t such
that t — k > log, t. In Theorem A.0.1 we show that the conjecture is false for £ < 0.553t.

Notice that the known upper bound in Theorem 5.1.3 (Wood [47] and Fox-Wei [14]) is
already an asymptotically sharp bound in the sense above when k < ¢!~ for some absolute
constant 9. (For more computational detail see the proof of Theorem 5.1.5 in Chapter 5.4.)
However, not only have we improved this bound for £ in this range, but also showed that
the new bounds are asymptotically sharp up to o(1) in the exponent for all k£ such that
t — k> O(logt).

For general values of k£, ¢, it is challenging to write down a closed-formula description
of Ty (k). Later Lemma 5.3.5 tells us that in 7} (k), the order of each part is smaller than
\/@ +1; Thus when & > 4n/7, the complement of the optimal graph 7} (k) is a perfect
matching with possibly isolated vertices. It still remains open what the exact description of
Ty (k) is for general k. The order of each part changes as a function of k. We could prove

an asymptotic result on the size of each part.

Proposition 5.1.6. For every t > k > 1, the optimal T} (k) is given by the Turdn graph
T(n,r) with n + r = 2t — 1 where the number of part r satisfies \/%/4 < r < 10Vtk.
When k > 2t/3, the graph T} (k) is the Turdn graph T'(t,t — 1) = K .

Proof Idea The proof idea started with a peeling process to encode all cliques of order
K. This peeling process was used in [14], which was highly inspired by the classic paper of
Kleitman—Winston [25]. Roughly speaking, the peeling process maps each clique K into
a short encoding I(K) and a “dense” graph. The authors in [14] showed that the number

of encoding |[{I(K) : K C G}|is small, and it is relatively easier to bound the size of the
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maximum clique minor in a dense graph. However, as observed in [14], even though the
method could provide an almost sharp bound on the total number of cliques in G, it fails to
provide a satisfactory answer when we fix the clique size k. The challenges are two-fold:
first, the upper bound on the number of encodings proved in [14] could be too large for
some ranges of k, and also we need to characterize the optimal dense graphs optimizing
the number of K. In this dissertation, we made three improvements to overcome the
difficulties. The first is that, by a careful analysis of the peeling process, we show that, if
I(K) is large, either the number of such encoding is small, or we can find a much bigger
clique minor in G which would lead to a contradiction. This idea is particularly important
when £ is in extreme ranges. The second improvement is made by showing a better upper
bound for the number of possible representations /(/’) when fixing some parameters of
I(K). The third is a different method to bound the number of cliques of a given size in the

dense graph.

5.2 Analysis of the Peeling Process

The development of the hypergraph container’s method has been powerful in answering
many long-standing questions. It was developed by Balogh-Morris-Samotij [2] and Saxton-
Thomason [39]. The idea, which is transferring a general setting into a dense setting, can
be traced back to the classical paper of Kleitman—Winston [25] on graphs.

Our Key Lemmas in this section are Lemmas 5.2.2 and 5.2.3, by carefully analyzing
the peeling process (container’s method [25]) below. The container’s method works as
follows. Roughly speaking, for each clique K in G, we find a way to encode a small
number of (ordered) vertices vy, ..., v,(x) in K, call it I (K). In other words, we gradually
peel out vertices from G with vertices in / (K) be the landmarks. We want the total number
of encoding (v1, ..., v,(k)) to be small. Different cliques may have the same encoding and
we can group all the cliques K by the different encoding. The vertices in K \ I(K) are

contained in a “dense” subgraph of G. And we could bound the number of the cliques (of
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order k£ — r(K)) (Lemma 5.3.1 and Proposition 5.3.2).

We now describe the peeling process, which is almost the same procedure as in Fox and
the second author [14] which was heavily motivated by [25]. However, the analysis of the
peeling process in this dissertation is much more involved, since we would need to bound
the number of cliques for a fixed size k. We will elaborate on the difficulties and how we

overcome them in the next subsection after the description of the peeling process.

5.2.1 Description of the Peeling Process

Now we describe how to encode each clique K by some sequence vy, . .., v.(k). To deter-

mine the encoding for each clique K, we apply the following peeling process for K.

Peeling Process. Firstly, we preorder vertices of G. Let Gy = G. We delete vertices in
Gy one by one until some vertex vi € K has the smallest degree. (We break the tie by the
predefined ordering on all the vertices in G). In this way, we obtain an induced subgraph

G, that contains K in which vy has the minimum degree. We repeat this process as follows:

1. After picking v; and thus obtaining the associated G;, delete from G; vertex v; and

its non-neighborhood D;. We called this induced subgraph G',;

2. Delete vertices in G one by one until some vertex in K has the smallest degree.
(We break the tie by the predefined ordering). Let this vertex in K be v;, 1 and the
remaining graph be G, 1. We call the set of deleted vertices in this deleting process

as Y; = V(Gi) \ V(Giy1).

Let n; be the number of vertices in G;, and also let d; be the missing degree of v; in G,
i.e. d; = |D;|. We call the process of finding v; and G; from G,;_ the i-th step.
We call step r the stopping step and G, the terminal graph, and let r(K) = r if r is the

least positive integer such that

1. n,<t—r or
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2. dy < 3(np+ 1 —)Y2 or
3. r=|V(K)|

For any clique /K, the peeling process above gives a sequence v;, GG;, D; and Y;. Let the
layer at step 7 be denoted as L; := D; U Y;. Since no more vertices are deleted from the

terminal graph G,., for convenience, write Y, = ().

Figure 5.1: Illustration of the notations in the Peeling Process: w; is the vertex with minimum
degree in G;, and D; are the set of non-neighbors of v; in GG;. The set Y; are the extra vertices deleted until
v;41 1is the minimum degree vertex. For instance, the red box at the top indicates the layer L; which is the
union of D, and Y;. Notice that Y; can be an empty set.

One reason for applying this peeling process is that, after the first step, we will get
a graph G, whose size is independent from n. The result of Thomason [45] implies, as
G does not contain a K;-minor, every subgraph of it has a vertex of degree at most d :=
Btv/In t when ¢ is sufficiently large. In this chapter, without special notice, when we assume
t is sufficiently large, we assume ¢ is large enough so that the minimum degree of any K-
minor free graph is at most Stv/Int. Since vy is of minimum degree in Gy and Gy C
N¢(v1), we know

dy < ny = |Gy < d+1.
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The stopping condition 2 corresponds to the terminal graph G, being a “dense” graph,
as the maximum missing degree in G, is small. Recall that the Hadwiger number of a
graph G is the largest number ¢ such that K; is a minor of GG. The idea from [14] is that if a
graph is dense, then its Hadwiger number is a simple function in terms of its order and its

clique number.

Lemma 5.2.1 (Lemma 2.1, [14]). Let G be a graph on n vertices with minimum degree o
and clique number w (the order of the largest clique). Let A = n — § — 1, be the maximum
missing degree, which is also the maximum degree of the complement of G. We say G is

dense if n > w + 2A% 4+ 2 or A < 1. If G is dense, then the Hadwiger number of G is
L2

Definition 5.2.1. Given a graph G, let A(G) be its maximum missing degree, and w(G) is

the order of the largest clique in G. We define the following.

1. Let D be the family of all dense graphs, i.e., the set of G such that |V (G)| > w(G) +
2A(G)? +20r A(G) < 1.

2. Let G, be the family of graphs G such that ij <s-—1.

3. Let H;, be the family of graphs H with at most m vertices and the Hadwiger number

of H is at most s.

Lemma 5.2.1 guarantees that if G is dense and does not have a K -minor, then G is in
Gs. On the other hand, it also showed that if GG is dense and is in G;,; — G;, then G must

contain a K; minor. Note that there can be graphs that are not dense but also belong to G;.

5.2.2  Analysis of the Peeling Process

In Fox and Wei [14], the number of all cliques in K;-minor free graphs is bounded by the

product of the error term, which is the number of possible encoding with length at most
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rog = 4tY/ 210g21/ 4¢, and the main term, which is the maximum number of all cliques in
graphs in G;.

When the clique size k£ is fixed, the error term could be too large. Thus, we need to
understand how the parameters given by the peeling process are related to the Hadwiger
number of the terminal graph. In Lemma 5.2.2 and Lemma 5.2.8, we will show that, in
many cases, either the peeling process stops very quickly, and then we have r(K) small
and the number of possible encoding for this kind of cliques is small; or the Hadwiger
number of the terminal graph G, is much smaller than ¢ — r, resulting in fewer number of
such cliques of order k. We will also show an improved bound for the number of possible

encodings in Lemma 5.2.3.

Definition 5.2.2. For a given clique K and its peeling sequences, a vertex subset A C V (G)
such that AN K = 0 and AN V(G,)) = 0 is called an extra branch disk of K if the
induced subgraph G[A] is connected and every vertex in V' (K) U V(G,) has at least one

neighbor in A.

To construct a large clique minor, we would like to use the vertices in K, together with
contracting each branch disk into a single vertex. Thus, we want to find as many disjoint
branch disks as possible that are also pairwise adjacent. This motivates us to define the

following.

Definition 5.2.3. A collection A = {A;, A,, ..., As} of disjoint vertex subsets A; is called
branch vertex set of K, if each A; is an extra branch disk of K, and forany 1 <i < j < s,
the two disks A;, A; are adjacent, i.e., there exist € A;,y € A; such that zy € E(G). Let

s(K') be the maximum size of branch vertex set A of K.

Claim 5.2.4. Given K and its peeling process which ends inr = r(K) steps. If G, contains
K. as a minor, then for any branch vertex set A of K, the subgraph induced by V (G,) U

AU{v1,v9,...,0,._1} contains a clique minor of order r — 1 + c + | Al.
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Notice that we could choose ¢ > k — r + 1 as (G, contains £ — r + 1 vertices in the

clique K.

Proof. By the definition of the peeling process, each v; where j < r — 1 is adjacent to
every vertex in GG,.. Then the claim holds by the connectivity condition in the definitions of

extra branch disk and branch vertex set. L]

Definition 5.2.5. Suppose M is a function in terms of ¢ such that log M = o(logt). For
a fixed clique K, let Ry;(K) be the number of ¢ € [r(K) — 1] such that |Y;| > M. Let
sy (7, 77) be the minimum value of s(K') among all cliques K with indexes 7(K) = r and
Ry (K) = ry. If there is no clique K of order & with r(K) = r and Ry (K) = r;, we set

sy(r,r) = +oc.

The main goal of this section is to prove the following two key lemmas. Key Lemma 1
will help us control the number of cliques in the terminal graph G, by stating that s (r, 1)

is relatively large when r or r; is large.

Lemma 5.2.2 (Key Lemma 1). For large enough 1, for any fixed r, and for any M =

M(t) > 1, we have

min sy (r,r;) >
r<r

— Tlog,t = g — O(logt).

wl =

Recall d = [tv/Int. Moreover, for any fixed v and 1, and for any € € (0, %) and M =
M(t) > 1,

su(r,m1) > —1=T- (logy)q_¢ d + (871 - 10gy o0 M) /M) .

Key Lemma 2 gives an upper bound on the number of cliques of order £ by combining

a better error term and the count of Kj,_, in the terminal graph G,.
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Lemma 5.2.3 (Key Lemma 2). Let 7y = 4t'/2log,"/*t and recall d = Bt\/Int. When t
is sufficiently large, for any function M = M (t) > 0, the maximum number of cliques of

order k in a graph without K, as a minor is at most

min(rg,k))

. i d i —r—spr(r,r
Z Z (n : < T )M(T—Tl—l) (T(l)) (—) Nk—’f((gtfrfsjw(r’rl)+1 M D) U Hi_r M (m l))) |
r<r:

To
r=1
SM (T‘,Tl)gt—k

5.2.3 Proof of Key Lemma 1

In the following part of this chapter, when we say two disjoint vertex sets A and B are
adjacent, it means there exist vertices z € A and y € B such that 2y € F(G). If {v} and
B adjacent, we simply say v and B are adjacent. The next claim lists some simple facts

about the peeling process.

Claim 5.2.6. The sequence of graphs G;,Y; and vertices v; € K satisfy the following

propetrties.

1. v; € G; and v; is of minimum degree in G;, and every vertex in G; has a missing

degree at most d;;
2. G411 does not contain v; and its non-neighbors in G
3. Giyq contains K\ {v1,...,v;};

4. Giy1 is contained in the subgraph of G induced on the vertex set Ng(vi) N -+ N

Ne¢(v;), where N (u) denotes the neighborhood of w in G.

5. If ACV(G;) and |A| > d; + 1, then for every v € V(G);), either v € A, or v and A
are adjacent. Moreover, if A C V(G;) and |A| > 2d; + 1, then G[A], the subgraph

of G induced by A, is connected.

6. Suppose Y; # () and let y; € Y; be the last vertex removed in Y;. Then y; has no less

non-neighbors in G;,1 than v;,1, which means y; has at least d; | non-neighbors in
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Gist.

7. Lety €Y, be the last vertex removed in Y;. Then the missing degree of y in D, is at

most dl — d7;+1.

Proof. Facts 1-4 are clear from the description of the peeling process.

First, we will prove Fact 5. For every vertex v € V(G;), by Fact 1, its missing degree
in G; is at most d;, so v must have at least one neighborin A as |A| > d;+1. If A C V(G;)
with |A]| > 2d; + 1 and G[A] is disconnected, then one connected component of G[A] has
at most d; vertices. Thus any vertex u in this connected component has at least |A| — d; >
d; + 1 non-neighbors in G. As A C V(G;), the missing degree of u in G; is at least d; + 1,
which contradicts with Fact 1.

Suppose Fact 6 is not true. In the subgraph induced by {y; } UV (G41), vertex y; has less
missing degree than v; 1. Thus, v;;; should be deleted before y; which is a contradiction.
Suppose Fact 7 is not true. By Fact 1, the missing degree of y; in G; is at most d; and its

missing degree in (G;41 is less than d;; which contradicts Fact 6 in Claim 5.2.6. U

To prove Lemma 5.2.2 and Lemma 5.2.3, a main step is to show that the number of
encodings is small. The following simple claim states that the length of encoding 7(K) in

the peeling process cannot be too large.

Claim 5.2.7. The length of encoding for each clique K is small. In other words, when t is

sufficiently large, r(K) < 4t'/?log,"/*t.

Proof. This argument is almost the same as in the paper [14] and it is mainly due to the fact
that before stopping, the bound on n,. — n,.; deduced from the bound of d, in the second
stop condition guarantees that each time n, drops a lot. Recall that we set d = Stv/Int
where [ = 0.64. Recall that the result of Thomason [45] implies ny = |G2| < d + 1 when

t is sufficiently large. Let n, = n; + i — t.
Fact 5.2.4. For every i < r, we have n; —n; , > %(n;)%, and thus (n}); is strictly decreas-
ing.
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Proof. By the definition of r(K'), before stopping, d; > %(n;)% for every ¢ < r. Thus
for every i < r.
Because of the first stopping condition, we have n;, > ¢t — ¢ for every ¢ < r. Thus, we

have n; > 0 and d; > 1 for every ¢ < r. Thus, n/ is strictly decreasing before stopping. [

For each 0 < i < 2logy(d —t), let ¢; = (d — t + 3)/2". For any j < r with ¢; > n >

/ / 1/.7\1/2 1.1/2 /
Ciy1, we have n’ —n ;> 5(”j) /2 > 5¢iv1- Therefore, to drop the n; value from ¢; to

¢;i+1, the number of steps it takes is at most
1 .
1+ (¢ — cm)/(ic;ﬁ) — 14262 =142((d —t +3)/2H)/2.

Note that, when ¢ is sufficiently large, for each 2 < j < r, there is some ¢ < 2log,(d — )
with ¢; > n/; > ¢;41 because n; < nj < d —t 4 3. Thus, r < 1+ Zf:l%g2(d_t)(1 +2((d —
¢+ 3)/21t1)1/2))

< 1+2logy d+2(d+3)/2 300, 2-0+1/2 < 4t1/210g,/*t .= 1. The last inequality holds

when t is sufficiently large and plugging in d = StV In t. [

In the following, we will always let o = 4¢/2log,/*t. Next, we prove the fact that

sy (r,rp) is relatively large when r is large, which is the first statement in Lemma 5.2.2.

Lemma 5.2.5. For any r and for any every k-cliqgue K with exactly r peeling steps, we

have s(K) > % — Glog, dy where dy is determined by K. As a consequence, when t is

sufficiently large, for any r,

min sy (7, 77) >
r<r

— Tlogyt.

wl =

Proof. For any k-clique K with exactly r peeling steps, we have defined L; and D; for
every ¢ < r by its peeling process. We show that for every three consecutive layers

Ly, Loi1, Laio such that d, o > %da, we can construct an extra branch disk in these three
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layers. Notice that, by Fact 5 in Claim 5.2.6, every vertex set in GG, with at least 2d, + 1
vertices induces a connected subgraph.

Let A, = Dy U Dgy1 U Dysyo, 50 [Ag| > dy + 2 Ld, > 2d, + 1. By Fact 5 in Claim
5.2.6, G[A,] is connected and every vertex in G, is adjacent to a vertex in A,. Thus, we
have A, is adjacent to every vertex in V(G,.) and V(K) — {vy,va, -+ ,v,—1}. By Fact 2 in
Claim 5.2.6, every vertex in A, is adjacent to v, for every i € [a — 1]. Thus, A, is an extra
branch disk.

Set iy = 2, recursively define i;,, as the smallest integer such that d; , < %dij. Then
we can partition set of all layers except L, and L, into brackets of consecutive layers with

brackets P; = {Li;, Li,41,. .., L;

tj41—1

}. Thus, there are at most log s dy < 6log, dy brack-

ets. Assume there are [ brackets and let d;, , = r for convenience. For any three consecu-

+1
tive layers Lq, Lay1, Loy in the bracket P; = {L;,, Li;41,..., L;,., 1}, we can construct
a branch vertex A,, so we can construct | -2=—~ ’“ J branch vertices A;, A, 43, Ai; 16, ... in

this bracket P;. In total, we construct at least

r ! ; L )
B () () o
j=1

J=1

disjoint branch vertices. These extra branch disks are pairwise adjacent which means they
form a branch vertex set. When ¢ is sufficiently large, we have dy < d < Bt\/ﬂ and have
s(K) > ¢ — Tlog, t for every k-clique K.

O]

Remark. With more effort, we can show that, for every k-clique K with exactly r peeling

steps, s(K) > § — O(logt) when t is sufficiently large. However, Lemma 5.2.5 is good
enough to prove the main result of this chapter, Theorem 5.1.5, for very large k, which is

the Theorem 5.4.1.

When r; is large, i.e., there are many layers with large Y;, we can expect to find more

branch vertices. Now we will prove the second statement of Lemma 5.2.2 in Lemma 5.2.7,
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which is more technical than the proof of Lemma 5.2.5.

The rough idea is as follows. Suppose we have a sequence of layers whose D; do
not differ by much in sizes, then we will first try to construct the extra branch disk in the
topmost layer with non-empty Y;. Recall that y; is the last removed vertex in Y;. If the
subgraph induced by D; U {y;} is connected, by Fact 5 in Claim 5.2.6, it can be contracted
as an extra branch disk that is adjacent to every vertex in G; as |V(D; U {y;})| = d; + 1.
If not, we will try to use some vertices in lower layers to connect the different connected
components of D; U {y;}, and make all these vertices an extra branch disk (Claim 5.2.8).
We will try to construct the other extra branch disks greedily. Suppose in layer j, the set
U is the set of vertices that have not been used. Then Claim 5.2.8 will show either U itself
could be an extra branch disk, or we could add to U a small set of vertices from lower
layers so that this set together with U is a valid extra branch disk. We will show that by
first preprocessing the layers properly, this greedy construction process will work for most

of the layers (Claim 5.2.9).

Claim 5.2.8. Fixe € (0, %) Suppose L; is a layer with nonempty Y;. Let y = y; be the last
removed vertex in Y; in the peeling process. For every U C D; such that |U| > 2ed; and
div1 > (1 —€)d;, and for every X C G;y1 such that | X| > 3.5d,, there exists W C X that

the subgraph induced by U UW U {y} is connected, and d; < |{U UW| < d; 4+ 2 log 1 d;.

Proof. By Fact 7 in Claim 5.2.6, the missing degree of y in D, is at most d; — d; 11 < ed;,
so |[N(y)NU| > |U| —ed; > 2ed; — ed; = ed; which means N (y) N U is non-empty. Let L
be the connected component in L; containing y and N (y) NU (clearly y is adjacent to every
vertex in N(y) NU). Let R = U — L and Ry, Ry, ..., R; be the connected components in
the graph induced by R. Because R and y are not adjacent, | R| is upper bounded by the

missing degree of y in D;. In other words,

|R| <d; —diy1 < di — (1 — €)d; = ed,. (5.1)
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Let X’ = N(y) N X and O = D; — U. An illustration is shown in Figure 5.2.

~D
X W

X'=XNNg(y)

Figure 5.2: Construct an extra branch disk for layer L;

Our goal is to find a vertex set W in X’ to connect L and the [ connected components
of R. Since y has at most d; missing edges in G;, we have | X'| > | X| —d; > 2.5d,. To find
the proper W, we will first try to find a set W, C X’ such that {y} U U U W} is connected
and |[Wy| < |O] +log d;. If |[Wo| > |O|, then we let W = Wy; if |V, < O], we will add
|O| — |Wp| vertices from X'\ W, to I to construct W. The proof falls into the following

two cases:

Case 1: |O] > [. Recall [ is the number of connected components in the graph induced
by R.
We will construct W, by picking one vertex z; in X’ for each R; where i € [I]. Here the
z;’s do not need to be distinct. For any vertex v € R; C G, it has at most d; non-neighbors
in GG;. Thus, this vertex v has at least one neighbor in X’ as X’ C G; and | X'| > 2.5d;.
Then we select one of these neighbors arbitrarily as z;. Let Wy = {21, 22, ..., 21}
Because |Wy| <1 < |O|, we have |[U U Wy| < |U| + |O] = |D;| = d;. To construct a
proper W, we need to add |O| — |Wj| vertices from X'\ Wy to Wy = {z1, 22,..., 2} to
form the set . We can do this addition because | X' \ Wy| > |X'| — |O| > 2.5d; — d; >
d; > |O| — |[Wp|. Thus we have that the subgraph induced by U U W U {y} is connected as
every vertex in W C X' is adjacent to y, and z; € W is connected to y and the connected

component R;. The size satisfies |U U W | = (d; — |O]) + |[Wo| + (|O| — [Wh]) = d;.
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Case 2: |O| < I. Because [ is the number of connected components in the graph induced
by R, we have |R| > [. Thus, |O| < < |R| < 2ed; by (5.1). For every j € [l], for any
vertex v € R;, v has at least |L| nonneighbors in L; because R; is disconnected from L.
So v has at most d; — |L| = |R| 4+ |O| < 4ed; non-neighbors in X’ as we just showed
0] < |R| < 2ed;.

Letl! = |2 log 1 d;|. We now find a set W C X’ with size I’ such that {y} UU U W,
is connected. To do this, we pick [’ vertices independently uniformly at random from X”,
and let them be the set 1V,. The event |W;| < [’ happens when some vertex was selected

l/ . IX/‘ (l/)2 (ll)2
2) X < o S ha

more than once. By a union bound, Pr(|W,| < I') < (

When |Wy| = I, for every j € [I], the probability that there is no edge between W, and

U U ’ ,
R; is at most (T‘;f') < (246562) = (%)l < (2¢)". By a union bound, the probability that

|Wo| < 1" or |Wy| = I’ but there exists a j € [I] such that IV, and R, is not adjacent is at
most

N2
(I')? (2 logi d;) 1

(2log 1 di)—1
5, F2edin(2e) e R

(?
5d;

()

2¢ed;- (26) <
5di+ ed;-(2¢)" <

+1-(2¢)" <

The second inequality holds because I’ = |2 log 1 d;| > 2 log 1 d; — 1. The last inequality
is true since 1/(2¢) > 3 as e € (0,#]. The union bound showed that there is a subset
Wy C X' with I’ = |2 logi d;] vertices such that every R; in R has at least one neighbor
in Wy. Thus, together with the fact that every vertex in X’ is adjacent to y, we have that
{y} U U U W, is connected.

We now construct a set W with the desired size. If |O| < I/, let W = W; if |O] > U/,
then add |O| — I’ vertices from X' to IV, and let this new set be 1W/. We can do this because
| X'\ Wo| > |X'| — O] > 2.5d; — d; > d; = |D;| > |O| > |O] — I'. The first inequality is
because |IWy| = I’ < |O], and the second inequality is because | X'| > 2.5d; and O C D;.
By the definition of X', every vertex in X' is adjacent to y. By the fact that W C X'

and that we have just shown {y} U U U W, is connected, we have that U U W U {y} is
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connected. For the size of U U W, we have [U UW| = d; — |O| + max{|O|,!'}. Therefore

di <|UUW| < d; +1' < d; 4 2og, o, d;. 0

In the next claim, we apply Claim 5.2.8 to consecutive layers to construct extra branch
disks. To apply Claim 5.2.8, we need to cut all layers into brackets such that d;/d, is close
to 1 for any two layers L;, L; in the same bracket. For a fixed €, we set p; = (1 — €)7d,
for every 7 > 0, and then let P; be the set of layers L; such that d; € (p;, p;j_1]. Because
d; is non-increasing as ¢ increases, we partition the set of all layers (except L; and L)
into brackets of consecutive layers P; = {L;,, L;,41,...,Li, ,—1}. For any j, for any

L., Ly € P;, we have
dy > (1 —eYdy > (1—e)(1—e€)tdy > (1 — €)dy.

Also, there are at most log% ds brackets. We will try to create branch vertices from ver-

tices in the same bracket.

Claim 5.2.9. For any fixed € € (0, %],for any T layers { Lo, Lo+, - - -, Layr—1} in the same
bracket where T < Mogdﬁ and Y,y # 0 for every l € [0,T — 8], we can create T — 7
disjoint extra branch disis {Au, Aat1, .-, Ausr_s} which are disjoint with V (K), such
that A; CV(G;) and 1+ d; < |A;] < 1+di+logidi, and D; C A, UA, 1 U---UA;

foreveryi € [a,a+T — 8.

Remark. The proof does not require these ' layers to be consecutive in the original peeling
process. For any T layers in the same bracket, if we relabel indices of them by {a,a +

1,--+,a+ T — 1} based on their original order, then the same result follows.

Proof. For T' < 7, this claim is trivially true. Assume 7' > 8. Let y; be the last removed
vertex in Y; for each 7 and Y be the set of all y;’s fora < i < a + T — 1. We will create

T — 7 branch vertices { Ay, Agi1, - - ., Aarr—s} recursively below:

1. Initial Step: Let U = D, and X = L, U---U Lyip—1 — Y. Thus, we have
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U] = dy > 2edy and |X| > (T = )|Dysr | > (T — 1)(1 = da > 3.5d,,
and d,y1 > (1 — €)d, because L, and L, are in the same bracket. Then, by
Claim 5.2.8, we can find W C X such that A, = UU W U {y,} € V(G,) and
d, < |UUW| Sda—i-logidaandDa:UgAa.

2. [-th Step: Suppose we have found the desired A,, A, 1, ..., Aqri—1 for some [ > 1.
Let U be the unused vertices in Dy, ie. U = Doy — (Ag U+ U Agy—q1). Let X
be the unused vertices in the lower layers in the same bracket excluding the vertices
inY,ie, X = (L1 U ULgrq)— (A, U---UA, 1) — Y. By definition,

X C Gt

In Fact 5.2.6 below, we will show the conditions of Claim 5.2.8 hold for the U and
X defined in the [-th step. Then Claim 5.2.8 will guarantee a subset W C X such
that A,y = UUW U{yari} CV(Gep) and dyyy < [UUW| < dpyy + log%& Aoy
and D,y CUU(A,U---UAu1) C AU (AU~ U A1), Wecall A,y

the branch vertex constructed in layer L.

Fact 5.2.6. For everyl € [0,T — 8|, in the I-th step defined in the proof of Claim 5.2.9, we

have dy 111 > (1 — €)dyyy, and |U| > 2€d,4 and | X | > 3.5d, .

Proof. The case [ = 0 is already proved in the Initial Step in Claim 5.2.9. Also, the
condition d,y ;41 > (1 — €)d,; is always true because L,; and L,y are in the same
bracket.

Suppose the Fact 5.2.6 works for the first [ — 1 steps for some [ > 2. We now show
the [-th step also works. Let A, = A; — {y;} and L, = L; — {y;}. By the inductive
hypothesis, |A}| < d; + 2log 1 d; < d; + 2log 1 d, forevery i € [a,a + | — 1]. Thus we
have |[A, U---UA | < (9 ) +1- 2log 1 d.

By the inductive hypothesis, D; C A,U- - -UA, forevery i € [a,a+[—1|. Because D; is

disjoint from any y; for any 4, j < r, we have D; C A/ U---UA’ forevery i € [a,a+[—1].
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Thus,

DyUDgi1 U+ -UDgy1 CTAU---UAL, . (5.2)

and we know |D, U Dy 1 U-+-U Dy 1| = Zf;i_l d;.
We now upper bound the number of used vertex in G, which is |V (G,4,) N (A, U
-~ UA,, )| Because D, U Dy y U -+ U Dyyyy is disjoint from Gy, together with

(5.2), we have that

|V(Ga+l) N (A; U Aa+l 1)‘ (5.3)

<|A,U---UA, 1| = |DaUDgi1U---UDgy1] (5.4)

at+l—1 a+l—1

=( Y di+l-2logid,)— > d; (5.5)

<T- 210g2i d, < . 2log2i d, = d, /2. (5.6)

4log1 d,

2e

We can now bound |U|. In the [-th step, the set of unused vertices in D, , i.e., the set
U= Da+l \ (Aa u---u Aa—l—l—l)a satisfies |U‘ = ’Da—&-l‘ — ’Da—&-l N (Aa U---u Aa—&-l—l)‘ =

|Dayi| = | Dot N (A, U---UA,,_ )]s at least
|Dayi] = |V (Gast)N(ALU- - -UAL 1) = doi—da/2 > (1—€)da—do/2 > 2ed, > 2€d,.

where the first inequality is by (5.6)and the third inequality is true because € < &.

o:l

We now bound | X|. Because Lg 11U+ U Lgyr—1 € V(Gayiy1) € V(Gayi), then

we have

|(L:1+l+1U'"UL;+T—1)H<AZIU"' a+l 1)|<‘V( a+l)m(A:1U"' a+l 1)‘<d/2
(5.7)
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We can now show | X| > 3.5d, as

[ X[ =[(La+t41 U U Lgyr1) = (Ag U+ U Agyy1) = Y|
:|<L;+l+1 U---u L:1+T—1) - (A; U---u A;+l—1)|
:|L;+l+1 U---u L:1+T—1| - |(L;+l+1 U---U L;—i-T—l) N (A:z Uu---u A:z—l—l—l)l

>(T —1)(1 — €)dq — do/2 > 4d, — da/2 > 3.5d, > 3.5d,.

where the first inequality is by (5.7) and the second inequality is by the fact that [ <

T —8. [l

Next, we show each A; constructed by this process is an extra branch vertex. The in-
duced subgraph of A; is connected which is guaranteed by Claim 5.2.8. For vy, vy, -+ ,v;_1 €
V(K), they are all adjacent to y; € V(G;) by Fact 2 in Claim 5.2.6. Also, y; and v; are
adjacent by definition of Y; in the peeling process. The rest of vertices of K and V (G,)
are contained in V'(G;). Because |A;| > d; + 1, by Fact 5 in Claim 5.2.6, we can show the
rest of the vertices in K and V' (G,.) are all adjacent to A;. Thus, A; is an extra branch disk.
We have completed the proof of Claim 5.2.9 and will show that A; and A; are adjacent

later. 0

Lemma 5.2.7. Let t be sufficiently large. For any fixed r and r;, and for any € € (0, %] and
M = M(t) > 1, we have

su(ryr) >rp—1 =T (logy q_¢ d+ 811 - 10gy 90y M /M).

Proof. For any k-clique K with indices r(K) = r and Ry;(K) = r;, we have defined v;,
L;, D;, d; and Y; for every ¢ < r by its peeling process. To prove this lemma, we will try
to construct a branch vertex for almost every layer L; with |Y;| > M by combining the last
removed vertex y; in Y; and its neighbors in D; with a small set of vertices in the lower

layers.
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We first consider the layers L; with |Y;| > max(M,2d; + 1). For each such layer
L;, we claim Y; could be a branch disk. This is because by Fact 5 in Claim 5.2.6, the
induced subgraph G[Y;] is connected and adjacent to every vertex in V' (G;). The vertices
vy, Vg, -+, 01 € V(K) are all adjacent to Y; C V(G;) by Fact 2 in Claim 5.2.6. Also, y;
and v; are adjacent by the definition of Y; in the peeling process. Suppose there are r; — 7}
layers L; with |Y;| > max(M, 2d; + 1) and thus we have already constructed r; — 7, branch
vertices only using vertices in the layers L; where |Y;| > max(M, 2d; + 1).

We now only consider the layers with M < |Y;| < 2d;+ 1. For convenience, we remove
the layers L; with |Y;| < M or |Y;| > max(M, 2d; + 1). Say there are r; > 0 layers left.
To prove the lemma, it suffices to prove that we can construct r; — 1 — 7 - (logﬁ dy +
(8r; - log LM )/ M) branch disks in the remaining 7} layers.

For our convenience, relabel the indices 7 of the remaining layers L;’s in order, and
thus rename the index ¢ in the corresponding v;, D;, d;, and Y;’s. We then have layers
Lq,..., LTE‘ Because every layers L; with |Y;| < M or |Y;| > 2d; was removed, we have
d; > %\Yl] > % for every i < ;.

d,

Let Ty = so Ty > 21— For each bracket Pj, we partition layers in this

1
4log 1 d, s’ 8log 1
2e l 2e

bracket into intervals of consecutive layers where each interval has 7" layers except possibly
the last interval which may have fewer than 7j layers. We call these intervals the processing
intervals in P;.
For any processing interval, suppose L, is the first layer in this interval. Then éllt)gdﬁ >
2e

W;dr; = T§. Thus, we can apply Claim 5.2.9 for this interval, and then we can construct
an extra branch disk A; for every layer L; in this interval except the last 7 layers. Now we
are ready to complete the proof of Lemma 5.2.7. Recall that there are at most logi dy
brackets P;, so there are at most log . do processing interval with fewer than 7j layers.

Furthermore, since there are r; layers in total, there are at most r;/7} processing intervals

with Tj layers. Because L; and L, are not in any brackets and Y, = (), the number of
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branch disks we could construct is at least
rp =17 (log s dy+1}/To) <r{—1-7- (log% dy + (87~; log 1 M) /M) .

Let A be the set of all these extra branch disks A, together with all extra branch disks Y
for the layer with |Y;| > max{M, 2d; + 1} (before removing the layers L; with |Y;| < M
or |Y;| > max{M,2d; + 1}). We now show that A4 is a branch vertex set of . The
condition we need to check is that any two extra branch disks A, B € A are adjacent.
Assume A is the extra branch disk for layer L; and B is the extra branch disk for layer
L; in the original peeling process (without removing layers). Without loss of generality,
assume i < j. Because |[A| > d; + 1 and B C V(G;) C V(G;). By Claim 5.2.6 Fact 5,
every vertex in B is adjacent to some vertices in A, so A and B are adjacent.

Thus, by definition of sy (r,7;), we have sy (r,r;) > |Al, and |A] > (r — 7)) +
(rp—1—-17- (logi dy + (87’; -log 1 M) /M)). When ¢ is sufficiently large, we have
dy < d. Thus, we proved the following lower bound sy (r,7;) > |Al > r —1—17-

(logl%oH— <8r§~10g2i M) /M) O

5.2.4 Proof of Key Lemma 2

To prove Lemma 5.2.3, a main step is to show that the number of encodings is small. In
[14], a crude bound (B t‘r/ohTt) was sufficient. However, this error bound could be too large if
we want to count the cliques of a fixed size k. In the next lemma, we provide an improved
bound on the number of encoding of k-cliques K with indices r(K) = r and Ry (K) = 1.

Recall that the length r(K) of encoding of any clique K is at most 7y = 4t/ 210g21/ 4t

Lemma 5.2.8. For fixed r, r; and function M = M (t), the number of possible encoding of
k-cliques K with r(K) = r and Ry (K) = 1) is at most n(TT_ll) Mr—r=t(To) (@)”

Tl 0

Proof. For a given clique K, we separate the steps 1 < i < r(K) = r depending on

whether |Y;| is large or not. To be more precise, let L(K) U S(K) = [r] be the partition
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of [r] such that L(K) = {i € [r]||Y;]| > M} and S(K) = {i € [r]||Yi] < M}. So
|S(K')| = r — r;. For any fixed subset L C [r], let C'(L) be the set of all possible encoding
of cliques K such that L(K) = L,S(K) = [r] \ L.

We first bound the size of C'(L) for any given L C [r]. The first vertex v; has n choices.

Once v, is fixed, all the rest of the vertices will be picked from N (v;), which has order at

most d.
Claim 5.2.10. After picking vy, the vertices v, . . ., v; are uniquely determined by no, . . . , n;.
Proof. We will prove by induction that both v; and G; are uniquely determined by ns, ..., n;

after picking v;. After picking vy, we have the unique G; where v; has the minimum de-
gree. This is because (5 is obtained from GG by removing vertices one at a time degrees
smaller than v;. Then from G, we remove v; and the non-neighbors of v, obtaining .
Thus G/ is also uniquely determined by v;. In G}, we sequentially remove vertices of de-
grees smaller than v, (breaking ties by some predetermined order) until in G, vertex v
has the minimum degree. So by knowing how many vertices we delete from G| to get Go,
we will know v,. The number of vertices we delete in this step is |G| — |G2|. However,
|G1| — |G| is also uniquely determined by v; as shown before. Thus we know vy, G5 are
uniquely determined by |G| — |G|. The base case holds.

Suppose we have found vy, . .., v; where v, G; for j < ¢ are uniquely determined by
ng,...,n;. We have determined a graph (G; where v; is of minimum degree. Similarly, the
graph ;41 is the induced subgraph of (; after removing v; and the non-neighbors of v;,
and then we delete from G, | other vertices till v, is the minimum degree (after breaking
the tie by some predetermined order). By a similar argument as before, G, and v;,, are
uniquely determined by knowing how many vertices are deleted from G; given G; and v;.

Thus the inductive hypothesis holds. [

Recall that we have shown the sequence n is strictly decreasing before stopping in Fact

5.2.4. The claim above has the following corollary.
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Corollary 5.2.9. After picking vy, the vertices vs, . . . , v; are uniquely determined by n, . . ., n,

where n; = n; + i — t and n), are strictly decreasing.

For any L and S, assume we have already selected vy, vo, - - - , v;_1, Which are the first
. . . . ;o ,
i — 1 vertices in some encoding in C'(L). Then Gy,Gs,--- ,G;—; and n},nf,--- ,n,_,
are also determined. To select v; such that vy, vy, --- ,v; are the first ¢ vertices in some

encoding in C'(L), it suffices to select the number n, by Corollary 5.2.9. If i — 1 € .S, then
n;_, — n; is not too large by the definition of S. Because n/ are strictly decreasing before
stopping, we will see that there are not too many choices for n} if i — 1 € S. Thus, we
define S’ = {i € [r]li—1 € S}and L' = {i € [r]|i — 1 € L}, and we will bound the
number of choices of n; in L' and S separately. Then we have L' U S" = [r] \ {1} is a

partition of [r] \ {1}. In addition, |L'| = |L| and |S’| = |S| — 1 because r € S by the

definition of S.

/

Next, we bound the number of possible subsequences of n’ , n! .

G Mays oo,y where i €
L'. Because of the first stopping condition, for every i # r, we have n; > t — r. Thus, for
everyi #r,n; € [1,d+1—t]. Also,n, =n,+r—t > (k—r+1)+r—t=k+1—-t> —t
because G, contains k — r + 1 vertices in V(K ) and k£ > 2.

We partition the interval (0,d + 1 — ¢] into intervals [; = (b;41,0;], @ > 1, where
by = d+ 1 — ¢, and for all i where b; > 1, b;,; = min([b; — ¢b’*],b; — 1). In this way,

no two values n;, n’, can be in the same interval I; by the fact that n ; < n/ — c(n;)l/ 2

and the monotonicity of the function min([z — ¢y/x], 2 — 1) for integers = > 1. Assume

[1,d + 1 — t] is partitioned into [ intervals, then let I;; = [—t + 3,0]. No two values
n’, n;-, can be in the interval [;; because n/ is positive for every ¢ # r. Thus the number
of choices for nj ,n;,, -, n;m is at most

J1<<Jpy|

This is because we first need to pick the |L’| different intervals /;’s‘. And once knowing n/
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is in some interval [;,, there are at most |1;,| ways to choose ;.
Note that union of the disjoint intervals I;, which is [—t + 3, d + 1 — ], has length d — 2,

and [—t + 3,d + 1 — t] is partitioned into [ + 1 intervals. By convexity, the quantity (5.8)

is upper bounded by (l‘z,l‘) ( 1/11 ) |L/|. Furthermore, from the proof of Claim 5.2.7, we know

[+1 <1y = 4t'/? logé/ *¢. We have (5.8), which is the number of possible subsequences

ofn; .n;  ---,n, wherei; € L, is at most

i1 Y190 ) i|L/‘
[Z]
To d
— . 59
() () o2

Next, we select n) fori € S = {i € [r][i — 1 € S} one at a time. Assume n,_, is
already selected. By Corollary 5.2.9, the vertex v;_; is already fixed and d;_; is known.
For every i € S’, we have i — 1 € S by the definition of S, we have |Y;_;| < M. Because
\Yio1| = |Li—1| — |Di—1| = n}_y —nl — d;—1, we have n, = n}_; —d;—1 — |Y;_1|. Thus, n}
can be selected in the range [n;, ; — d;_1 — (M — 1),n,_; — d;_1]. Thus, there are at most
M choices for each n) fori € 5'.

Combining the results above, and notice that v; has n choices, we have shown that, for

, 17
afixed LU S, |C(L)| < n- MIST(™) (i) .

[/ \ o

For fixed r, 7, we have |L'| = |L| = r;and |S’| = |S| —1 = r —r; — 1 by the discussion
earlier. There are at most (T;ll) ways to determine the partition L U S of [r| with r € S and
|L| = r;. Thus, the number of possible encoding of cliques K with indices r, r; is at most
ne (") - M) ()7 as desired. O
Proof of Lemma 5.2.3. We first group the cliques of order k by the encoding vy, . .., vy(k),
and then by the values 7(K') and Ry, (K). Similar to [14], we will bound the number of
k-cliques K in G with r(k) = r < k and Ry (K) = r; by the product of the number of
possible encoding of k-cliques with indices 7 and r; proved in Lemma 5.2.8 and the number
of k-cliques K given vy, ..., v, (k) With 7(K) = r and Ry (K) = 1.

Clearly r(K) < k. If r(K) = k, the k-clique K is completely determined by the
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encoding. Next, we will bound the number of k-cliques given a fixed encoding given
V1, ..., Uk With 7(K) = 7 < k and Ry/(K) = r;. Recall that the encoding uniquely
determines the terminal graph G, (k). We thus bound the number of cliques of order k — r
in G,. Recall that |V (G,)| = n,.

For the cliques with 7(K) = r and Ry (K) = r;, we split the cliques into three types:
(i) those with n,, <t — r, (ii) those with r = k and n,, > t — r, and (iii) those with r < k,
n, >t—r,and d, < %(n,« + 7 — t)!/2. By Claim 5.2.4, the Hadwiger number of G, is a
mostt —r — s(K) <t —r—spy(r,r).

For type (i) where n, < t — r, it is not hard to see G, € H._"*¥"™) where recall H?,
is the family of graphs A with at most m vertices and its clique minor has size at most s.
Thus, the number of cliques of order k£ — r in the terminal graph G, which are of type (i) is
at most Nj,_,.(H |~V (T’”)). For the cliques of type (ii), i.e., cliques of order k with r = k
and with the same encoding, the encoding of length » = k uniquely determines the clique
K of order k.

Finally, we bound the number of cliques of type (iii), i.e., cliques with n, > ¢t — 7,

r<k,andd, < i(n,+r—1t)"%
Claim 5.2.11. If we stop at step r with graph G, such that r < k and n, > t — r, then

Gr € gtfrfsM(r,rl)%»l ND.

Proof. In this case, recall in the graph G, the vertex v, has the minimum degree. Thus,
the complement of G, has maximum degree A = |D,| = d, < i(n, +r —t)"/? by the

definition of r(K'). This means in G,

A< —(n. +7r—t)/2 (5.10)

N | —

Let w be the clique number of G,.. Since GG has no K;-minor and G, is in the common
neighborhood of vy, ..., v,, weneedw < t—r,s0n,—w > n,—(t—r) > (2A)* > 2A%+2

where the second inequality holds by (5.10) and the last inequality holds when A > 1.
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Hence, we have G,. € D and the condition of Lemma 5.2.1 is satisfied. By Lemma 5.2.1,
the Hadwiger number of G, is 2| <t —r — sp(r,77), and 50 G, € Gy (rir) 1
where G, is the family of graphs G such that LWJ < s —1 where w(G) is the order

of the largest clique in G. [l

Therefore, the number of k-cliques K of type (iii) (with indices r and r;) after fixing
V1, ..., 0, is bounded above by N, (Gi—r—s,,(rr)+1 N D). The next claim will give a range

of (r,7;) where it is possible to have a k-clique K with r(K) = r and Ry (K) = r;.

Claim 5.2.12. Let A =t — k. Let K be a clique of order k with pair of indexes (r,r;) and

let G, be its terminal graph, it must holds that sy (r,r;) < A

Proof. We prove by contradiction. Suppose sy;(r,7;) > A. From the Claim 5.2.4, the
Hadwiger number of G, is amost t — r — s(K) < t —r — sp(r,7) < k — r, which
implies we cannot find any clique of order k£ — r in GG,. However, the subgraph induced by

K —{v1,v9,...,v,_1} in G, is a clique of order k — r, a contradiction. O

Thus, combining the results on the cliques of types (i), (ii), (iii), the number of k-cliques
with indices 7 and r; after fixing vy, ..., v, is bounded above by Nj_,((Gi—r—sy,(rr)+1 N
D) U M, M (”’)). Combining with the bound on the number of possible encoding
vy, ...,0, by Lemma 5.2.8, the desired quantity is proved, and here the summation over

r; where sp/(r,r;) < Ais by Claim 5.2.12. O

Remark. The reason we need to bound Ny_,.( i::ﬂ“ ! (T’”)) separately is because the op-
timizer candidate T'(t — r,t — r — s) is not in the family G;_, _s,, (r,r)+1 Unless s = 0 which

will be discussed in the proof of the next Corollary 5.2.10.

Sometimes we do not need this elaborated upper bound in the Lemma 5.2.3. If we
group cliques only by r(K), the length of their encoding, then we can get the following

cruder upper bound.
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Corollary 5.2.10. Let o = 4t/ 210g21/ t. When t is sufficiently large, the maximum number

of cliques of order k in a Ky-minor free graph on n vertices is at most

min(rg,k)) —\ 1
n:- Z ( "o ) (ﬂt 1nt> Nkfr(gtqu»lﬂlp)

r—1 T
r=1 0

Proof. We could assume ¢ > ry + 1. For any fixed r < ry, by the definition of §; and H.,
we have Gy, (rr)+1 © Gi—ry1 and HE::_SM(T’”) C H!7. Because K;_, € H!~! and
every H € Hi~! is a subgraph of K,_,, we have N}_,.(H!"") = N, ({K;_,}). Itis not
hard to check that K;_, isin G, ., ND by the definitions of G, and dense graph. Thus, we
have Nk_r(Hiiz_sM(T’”)) < Niep(HEZT) < Ni—r(Gy—ry1 N D) for any fixed r < 7.

Now we bound the number of all possible encoding of cliques with index r for any
fixed r < rg. Set M = 0 in the expression in Lemma 5.2.3 and then, among all r, <
r — 1, the only possibly non-zero summand is when r;, = r» — 1. Thus the second sum
only has one term where r, = r — 1. Plugging in , = r — 1, the second sum equals

r—1
ton(,") (%ﬁ;) Ni—r((Gt—r—sps(rr—1)41 N D) U oy oarlrr 1)). By the argument

L]

r—1
above, we have this quantity is at most n - (T,Tfl) <i) Ni—+ (G 1 N'D). We can finish

the proof by adding up the quantities among all possible values of 7. [

5.3 Structure of the optimal graph 7} (k)

For fixed ¢ and k, recall that T;*(k) is the Turdn graph T'(2t — w — 1, w) maximizing the
number of cliques of order & among all w such that £ < w < ¢ — 1, and C; (k) denoted
the number of cliques of order & in 73" (k). In this chapter, we will illustrate the asymptotic

structure of graph 7(k) for any pairs of ¢ and & when ¢ is sufficiently large.

5.3.1 Structure of the optimal graph T)*(k) for k > 2(t +1)/3

It is a simple computation to show that for any k£ > 2(t +1)/3, T;*(k) is the graph K, the

complete graph /; minus an edge. We will show this result in the following lemma.
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Lemma 5.3.1. Fixt and k > 2(t+1)/3. The maximum possible number of cliques of order
kin G among all G € G, is at most (,tc) + (2:11) This bound is sharp as the graph K,

has () + (;_}) cliques of order k. Moreover, we have T}, (k) = K, ;.

Proof. Let f(t, k) be the quantity we want. We want to show f(t, k) < (Z) + (,2:11) for
k>2(t+1)/3.

For any graph G, for simplicity let n(G) be the number of vertices in GG, and w(G) be
the order of the largest clique in G. We also define 2(G) = | (n(G) +w(G))/2]. Therefore
a graph G € G, is equivalent to x(G) < t. We prove the desired result by induction on
z(G) =t.

The base case is when ¢ < 3. When ¢ = 1, then |(n + w)/2] < 1and k£ > 1. We have
n = 2,w = 1. This is a graph of two isolated vertices. The result also holds.

When t = 2, then |(n+w)/2] < 2and k > 3. Then n + w = 4 or 5. Then the graph is
either an edge or a path of two edges. The result clearly holds.

When ¢ = 3, then |(n+w)/2] < 3and k > 3. Then n + w = 6 or 7. Similarly, we can
assume w > 3. So we have two options: n = w = 3, orn = 4,w = 3. The result clearly

holds in the first case. For the latter case, the graph is a subgraph of K, . In this case, the

number of cliques of order 3 is at most 2. The result clearly holds.

Now we assume ¢ > 4. Assuming the result holds for z(G) = 1,2,...,t — 1, we want
to show it holds for z(G) = t.

We first show if we are in the next two cases then we are done. In the graph G, let d,
be the missing degree of v in G for any v € V(G).

Case 1: Suppose there are two non-adjacent vertices u, v € V(G) with d,,, d, > 2.

There are three types of cliques of order k in G:

Type 1: cliques not containing u, v. Then we count cliques of order k in G \ {u,v}.
Since (G \{u,v}) < x(G)—1, there are at most f(t—1, k) of them. Since k > 2(t+1)/3,

then k > 2(t — 1+ 1)/3. Thus by inductive hypothesis, f(t — 1,k) < (".") + (23).
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Type 2: cliques containing v. Thus it does not contain the vertices not adjacent to
v. Thus we count cliques of order £ — 1 in G removing v and the non-neighbors of v.
Call this graph G’. Then n(G’) = n(G) — d, — 1, and w(G') < w(G) — 1. Because
|(a —b)/2| < |a] — |b] for any integers a > b. Therefore z(G") < z(G) — [ (d, +2)/2].
Thus the number of cliques of type 2 is at most f(t— | (d,+2)/2] |, k—1). In order to apply
the inductive hypothesis, we need to check the condition k—1 > 2(t— | (d,+2)/2] +1)/3.
It is true because k > 2(t + 1)/3 and 2[(d, + 2)/2]/3 > 1 when d,, > 2. Thus we can
apply the inductive hypothesis for f(t — |(d, + 2)/2|]|,k — 1).

Type 3 are the cliques containing u. Similarly, when d, > 2, the number of cliques
of type 3 is at most f(t — [(d, + 2)/2],k — 1) and this can be bounded by the inductive
hypothesis.

Combining the three types we just need to check

t t—1
Fe= L)+ 0= Lo+ 2)/20 k= 1+ fle- 220k -1 < () + (1 01):
Since d,, d, > 2, by the inductive hypothesis, it suffices to show

()20 (G20 622) = )+ 65)

By using () — (agl) = (Zj), it is equivalent to show

((20) - (22) = (L 20)+(L23)

It suffices to show the following two inequalities hold simultaneously:

t—2 t—1
< —1>2(t—k);
2<k—1)_<k—1>(:)t 1>2(t—k);
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and

t—3 t—2
2 < — 222t —Fk);
<k—2>—<k—2><:>t > 2(t — k);

This holds when ¢ > 2 since we have assumed & > 2(¢ + 1) /3.

Case 2

Now we suppose we have two adjacent vertices u, v and there are d,, vertices not ad-
jacent to u; and d,, vertices not adjacent to v in G. Let d be the number of vertices not
adjacent to either u or v. Suppose d,,, d, > 1,d > 2.

Similar to before, we have four types of cliques to consider.

Type 1: cliques not containing u, v. Then we count cliques of order k in G \ {u,v}.
There are at most f(t — 1, k) of them. Since k > 2(t+1)/3, then k > 2(t — 1+ 1)/3. Thus
by the inductive hypothesis, f(t — 1,k) < (")) + (123).

Type 2: cliques containing u but not v. Thus it does not contain the vertices not adjacent
to u. Thus we count cliques of order £ — 1 in G removing the non-neighbors of v and
vertices u, v. Call this graph G’. Then n(G’) = n(G) — d, — 2, and w(G’') < W(G) — 1.
Thus the number of cliques of this type is at most f(t — |(d, + 3)/2],k — 1). In order to
apply the inductive hypothesis, we need to check k — 1 > 2(t — |(d, + 3)/2| +1)/3. Itis
true because k > 2(¢t + 1)/3 and 2((d, + 3)/2|/3 > 1 when d, > 1. Thus we can apply
the inductive hypothesis for f(¢t — |(d, + 3)/2],k — 1).

Type 3: Similarly, when d,, > 1, the number of cliques containing « but not v is at most
f(t—|(dy+3)/2],k — 1) and to which we can apply the inductive hypothesis.

Type 4: Cliques containing both u,v. We only need to count the number of cliques
of order £ — 2 in G’ which is G removing {u, v} and the d vertices not adjacent to either
worv. n(G) = n(G) —d— 2, and w(G') < w(G) — 2. The number of cliques of
this type is bounded above by f(t — [(4 4+ d)/2],k — 2). Again, it is not hard to check
4k —2>2(t—[(4+d)/2] +1)/3whend > 2and k > 2(t +1)/3.
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‘We want to check

FU=L R Lt 3)/2) b D =Lt 3)/20 k-1 a2 k-2 < (1) + (1T

Since we assumed d,,, d, > 1,d > max(d,, d,) and d > 2, it suffices to prove

ft=1,k)+2f(t—2k—1)+ f(t —3,k—2) < (l’;) + (2:11)

By plugging in the inductive hypothesis and the fact (§) — (*,') = (}7}). it suffices to

prove

() (G23) (o)~ (8) = () (L73)

By subtracting ((2:21) + (li:g)) from both sides and utilizing (§) — (agl) = (Zj) it is

equivalent to check ((2:21) + (,i:g)) + (,i:z) + (,i:é) < (2:22) + (,i:i) By a similar rea-

soning, it is equivalent to check (;_2) + (/=3) < (;73) + (/Z})- It is easy to check both

holds when k > 2(t + 1) /3 and t > 4.

Therefore if in G, there are two non-adjacent vertices both having missing degrees at
least 2 then we are done by Case 1. Hence if there are at least two vertices with missing
degrees at least 2, they are adjacent. But then we are done by Case 2. As a consequence at
most one vertex in G has a missing degree of at least 2, call it v if it exists.

Notice that all the vertices adjacent to v should have zero missing degrees since oth-
erwise we are done again by Case 2. Thus if v with missing degree at least 2 exists, the
complement of G is a star with center v with some isolated vertices. Suppose this star has
z edges. Then in G with n vertices, w(G) = n — 1. By assumption [(n + (n — 1))/2] <t
which means n < ¢ + 1. The number of cliques of order k is (";1) + (";;1) where the
first term is when the center vertex v of the missing star is not picked for the clique; the

second term is when the center vertex v of the missing star is picked for the clique, and
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thus all the 2z non-neighbors of the vertex cannot be part of the clique. This is maximized
when n =t + 1 and z = 2, and this is strictly smaller than the bound desired.

Therefore there is no vertex of missing degree at least 2. Thus the complement of G is
a matching. However, if the matching has at least two edges, then we are in Case 2 again.
Therefore the matching has exactly one edge. Thus again G has n < t 4 1 vertices. The
number of cliques of order k in GG is at most (";1) + (Zj) < (Z) + (;:11) Thus the desired
upper bound is proved; and it can be achieved if and only if in this case where n(G) = t+1
and G has only one missing edge, i.e., G = K, ;.

Moreover, by the definition of G;, every Turdn graph T'(2t — w + 1,w) with w < tis
a graph in G, ;. The optimal graph K, in G, also maxized the number of cliques of

order k among Turan graphs 7'(2t — w + 1,w) for every w < t. Thus, by definition of
Ty (k), we have Ty (k) = K. O

5.3.2  Asymptotic structure of 7} (k) for sufficiently large ¢

To prove Theorem 5.1.5 for k < 2t¢/3, we need to get a better understanding of the bound
Ni(G, N D), we will prove the following proposition which shows the graph in G, that
achieved the maximum number of k-cliques is a K;-minor free Turdn graph 7; (k). This

directly implies Proposition 5.1.6.

Proposition 5.3.2. Among all the graphs G € G, the one that maximizes the number of
cliques of order k is the Turdn graph T; (k). Thus, Ny(G, N D) < C}(k). In addition,

T} (k) is Ki-minor free. Quantitatively, we have the following bound of C; (k):

(t . 1) max (1, (2 4 2k/t>>k < Cr(k) < (t P 1)2’“.

Moreover, the number of parts w in T;* (k) is bounded by \/tk/4 < w < 10V/tk.

Recall that “dense” in our application means the condition as in Lemma 5.2.1 is satis-
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fied, i.e., when the maximum missing degree A in a graph G is such that
V(G| > w(G) +2A* +20r A < 1. (5.11)

Recall that G, is the family of graphs GG such that LWJ < t — 1. Note that there
can be graphs that are not dense but also belong to G;. We will call G an optimizer in G,
if it maximizes the number of k-cliques among all graphs in G,. Let a balanced complete
multipartite graph be a complete multipartite graph where the orders of each part differ by
at most 1. Clearly all Turdn graphs are balanced complete multipartite graphs.

The proof goes as follows. In the whole subsection, we always assume ¢ is large.

1. We first show that the optimizer GG in G; is given by Turan graphs, which are complete
multipartite graphs where the orders of different parts differ by at most 1. (Lemma
5.3.3). Furthermore, we show |V (G)| + w(G) = 2t — 1 and G = Ty (k). (Claim
5.3.1).

2. Next, we will show that every balanced complete multipartite graph satisfying |V (G)|+

w(G) = 2t — 1 is Ky-minor free. (Lemma 5.3.4).

3. To illustrate the structure of the optimizer Turdn graph (G, we prove an upper bound

of the maximum missing degree of G. (Lemma 5.3.5).

4. If T} (k) is the optimizer, we obtain asymptotically the value for C; (k) by proving a

simple upper bound (Claim 5.3.2) and constructing a lower bound (Lemma 5.3.6).

5. By further comparing the number of k-cliques in 7'(n,w) to the upper and lower
bounds for C; (k) as mentioned above, we are able to determine asymptotically the

number of parts in 7;*(k) (Lemma 5.3.7).

Fix n,w such that [ (n + w)/2| < t — 1. Zykov’s theorem [48] states that the graph

on n vertices without K, 1-subgraph and with the most number of k-cliques is achieved
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by the Turan graph 7'(n,w), which is a balanced complete multipartite graph on n vertices

and with w parts. Therefore we have the following simple lemma.

Lemma 5.3.3. For all graphs G € G,, the ones with the maximum number of cliques of

order k are balanced complete multipartite graphs.

By Lemma 5.3.3, to determine the optimizer in G;, we only need to consider balanced
complete multipartite graphs. Suppose the optimizer G is a graph with [ parts and the parts
Ay, ..., A; have orders aq, . .., a; respectively. Thus w(G) = [. Also, because K, € G;
contains some k-clique, we need | = w(G) > k. Otherwise, G does not contain any

k-cliques which contradicts the definition of the optimizer.

Claim 5.3.1. The graph G € G; which maximizes the number of k-cliques satisfies 22:1 a;+
l=2t—1

Proof. For G € G, weneed |(n + w)/2| <t — 1. Inthiscase,n = > a; and w(G) = I.
Thus the condition is equivalent to [ (3=_, a;41)/2] < t—1. Therefore Y>'_, a;,+1 < 2(t—
1) 4 1. Suppose the claim does not hold, i.e., 22:1 a; +1 < 2(t—1)+ 1. We will produce
a new graph G’ in G; but with more k-cliques. Let G’ be given by a| = a; + 1,a, = «;
for 1 < i < [. In this case, (Zizl a, +1)/2 < (2(t — 1)+ 1+ 1)/2 = t. Since ¢ is
an integer, | (Y2'_, a} 4 1)/2] < t — 1. This means G’ € G;. While on the other hand,
because [ > k, the number of cliques of order k in G’ is strictly larger than the value for G,

a contradiction. ]

This claim shows that the optimizer G in G, is a Turan graph 7'(2t — [ — 1, 1) for some
[ <t—1. Thus, we have G = T;*(K). Next, we show G is K;-minor free by the following

lemma.

Lemma 5.3.4. Foranyt > 2 and | < t — 1, the Turdn graph T (2t — | — 1,1) does not

contains a K;-minor.
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Proof. We will prove this statement by contradiction. Suppose the statement is not true,
then there exists t > 2 and [ < ¢ —1 such that G = T'(2t—1—1, () contains a /;-minor. Let
the vertex set of this K;-minor be {vy, va, - ,v,}UBUByU---UB;_s where v; € V(G)
and |B;| > 2 and B; is contracted to be a vertex in this K;-minor. For every i,j € [s]
with ¢ # j, we have v;u; € E(G). Thus, v; and v; can not belong to the same part of
G = T(2t — 1 — 1,1) as each part of a Turan graph is an independent set. Thus, we have
s < [ and the K;-minor has at least s +2(t —s) = 2t —s > 2t —[ vertices which contradicts

with [V(G)| < 2t — 1 — 1. 0

To find the optimizer in G;, we are doing the following integer optimization problem to

find solutions {a;}i<, I

max Z @i, - - - Q- (5.12)
1<iy << <l
l
sta>11>1) a+1=2—1 (5.13)

=1

The objective function (5.12) is the number of k-cliques in the (balanced) complete mul-
tipartite graph with part ¢ has order a; and in total [ parts. The constraint (5.13) is from
Claim 5.3.1.

Next, we prove the following lemma which gives an upper bound of the maximum

missing degree maxa; — 1 of G.

Lemma 5.3.5. In the optimal complete multipartite G satisfying the constraint (5.13) and

An—3k+7—4a;

] or a; < 3,

optimizing (5.12), the order of each part a; satisfies (a; — 1)* <

where n is the number of vertices in G.

Remark. When k > 25, by this lemma, we can show G is a dense graph. This means

Ni(G:ND) = CF (k) = Ni(Gy) when k > 25.

Proof. Suppose a; > 3. Let G’ be a graph with parts By, By, Ay, ..., A; where As, ..., A

are the same as in (7, and the part A; in G splits into By, By, where | By |+ |Bs| = |A1|—1 =
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a; — 1, and | By|, | B2| > 1. This is possible since a; > 3. Clearly G’ also satisfies (5.13).
Let ’Bl‘ = bl, |BQ’ = bz.
Then the objective function for G, i.e., number of cliques of order k in G’ can be written

as

Z Qi - - - Ay, + Z (bl + b2)ai2 < Qg + Z (blbg)ai3 < Qg

2<41 << <l 2<i9< <1 <l 2<ig << <l

where the first term counts the number of cliques of order £ not containing a vertex in
B, U B,, while the second term counts the ones containing exactly one vertex from B, U B,
and the third term counts the ones containing one vertex in B; and one vertex in Bs.

Recall the number of cliques of order £ in G is exactly

g iy - - - A3y, + g a1Qi, - - - Ay,

2<i) << <l 2<io< < <l

where the first term is the number of cliques of order k£ in G with no vertex in A, and the
second term is the ones with a vertex in A;.

As G has more K, than G, the number of K, in GG minus the one in G’ satisfies

Z A1y - .. A4y, — Z (b1 -+ bg)ah e Qg — Z (blbg)aiS cee Qg

2<ig << <I 2<ig << <1 2<iz<---<ip <l

= E (a1 — bl — bg)aiQ e Qg — E (blbg)a,l's < Qg
2<i9< < <l 2<i3< <<l

= E Qi+ v Qg — (blbz) E Qi - o . Ay, Z O, (514)
2<in << < 2<i3 << <l

L 18

the last equality holds because a; = b; + b, + 1. Notice that 22§i2<-~<ik§l iy - - - O
the number of cliques of order k — 1in G[Ay U ... Aj],and 3 oy oy < iy - - - @y 18 the
number of cliques of order £ — 2 in the same graph.

Next, we will bound the ratio between these two numbers by a double-counting argu-

ment. We will count the number of pairs (H;, Hs) such that Hy C Hy C G[As U ... A)]
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and H, is a (k — 2)-clique and H is a (k — 1)-clique. In the graph G[Ay U ... A}], each
clique of order £ — 1 has & — 1 cliques of order £ — 2; and each clique of order £ — 2 is in

atmost [Ay U---U A — (k—2) =n —a; — (k— 2) cliques of order k£ — 1. Thus

(n—a; —(k—2)—a) Z Qg - - - @iy, > (K —1) Z Qiy - - - Qi -
2<ig << <l 2<ip < <1 <1
Thus inequality in (5.14) implies
>ty a, > (i) (k=1 > a,...a/(n—(k—2)—a).

2<in <L <1 2<in << <l

This is equivalent to say n — (k — 2) — a; > (k — 1)(b1by), for any by + by = a; —

1 and by,bo > 0. By choosing b; and b, with difference at most 1, we have b by >

min{(“54)?, (§)(%52)} = a%_f(“~ Thus, we have n — (k — 2) —ay; > (k — 1)%.

4An—3k+7—4aq

Rearranging, we have (a; — 1)? < o

. Proof of this bound for other a; is same as

the proof above for a. [

Proofs of the last two parts of Proposition 5.3.2 are simple computations. We first give
an upper bound on C} (k) which is the number of cliques of order % in 7} (k), and also the

optimal objective function value for (5.12).

Cr k) < (t;)zk.

Proof. Suppose the optimal graph, which is a balanced complete multipartite graph by

Claim 5.3.2.

Lemma 5.3.3, has z parts of order ¢ > 1 and y parts of order a + 1. Thus Claim 5.3.1

implies |V (G)| + w(G) = (a + 1)x + (a + 2)y = 2t — 1.This implies

4y < [(2t—1)/(a+1)]. (5.15)
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The number of cliques of order k in this graph is
L Y
> Ha+ 1) 5.16
<)<k—>(+ ) 10

We can upper bound the above quantity by

S () Jer vy (e e

i

By (5.15), the number of cliques of order k£ is at most
21
<$2y> (a+1)F < (La-l;l )(a+ DE = fla+1).

It can be checked that the function f(a + 1) is monotone decreasing in a. Thus the largest

value is chosen when a = 1, which is (t?) ok, ]

In fact, when £ < ¢, the above upper bound is essentially correct. We construct a lower

bound for ¢, (7} (k)) which almost matches the upper bound in Claim 5.3.2.

Lemma 5.3.6.
itz (1 max (1, (2 127 )

This bound can be achieved by considering T (n,w) where w = \/kt/2 andn = 2t—1—w.

Proof. Notice by considering a clique on ¢ — 1 vertices, we have C; (k) > (t;). Given
n,w, each part of T'(n,w) has size between n/w — 1 and n/w + 1. Thus the number of

cliques of size k in T'(n, w) is at least

Nowju— 19 = (V) (22 =2) = 029 e 1 — gt
/
(5.18)
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Plugging in n = 2t — w — 1, the right hand side of (5.18) is

[Tz ](;'U = (2t—w—1) ) (1 — w/n)* = (2eye Ll 2 =0 /(;'U al) (— v —) (1—w/n)"

Weknow i <k —1land k <w <t <n,thus

w 2t 2t w 2t 2tw
w 1 k k k w o w? w kw k 2wk
=1-——-—=- —t—t———t—t—F—-————>1—— — —
26 2t w 2t 2tw n  2nt  2tn 2tn  2in t w

To maximize this lower bound, we choose w = /tk/2. Then we have 1 — 27w — % =

k
1 — 24/2:. Therefore the right hand side of (5.18) is at least @ 1—2+/2k/t) >
¢ & k!

(1) (1-2 2k/t)k. O

We can now prove asymptotically the number of parts in the optimal graph 7} (k) by
comparing the number of k-cliques in 7'(n,w) to the upper and lower bounds above. It
turns out that the construction in Lemma 5.3.6 is of the correct order. To be more specific,

the Turén graph T'(n, w) which is T}*(k) is such that w = ©(v/tk).

Lemma 5.3.7 (Restatement of the first part in Proposition 5.1.6). For any k < t, the optimal

graph T} (k) has w parts where Vitk/4 < w < 10Vtk.

Proof. Again assume the optimal graph has x parts of order a > 1 and y parts of order
a—+ 1.

Given n, w, each part of T'(n, w) has size between n/w — 1 and n/w + 1. Thus by the

n

AM-GM inequality, the number of cliques of size k in T'(n,w), which is ( L

) , satisfies
w
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Plugging in n = 2t — w — 1, the right hand side of equation (5.19) is

Hi;O (w—1i) (2t —w— 1)/w)k _ (Qt)kw (l —_ l _ Lw) (5.20)

§(2t)k(w — (k—1)/2)" (l 1 L)k (5.21)

k! w2t 2w

The last inequality is by the fact that (w —i)(w — (kK — 1 —14)) < (w — (k — 1)/2)? for all

w1 (k=1)/2 (k-1)/2 (k—1)/2

:1_§_§_ w * 2t * 2tw

w 1 (k—1)/2 (k—=1)/2 (k—1)/2 ) (k—1)/2 (k—1)/2
<1 2 (% O 2tw ) * (_ w N 2w ) (Slnce 2t < 2w )
v _k-1)/2 (qu),
- 2t 2w w -

It can be seen that the maximum of the right-hand side is achieved when w = /(k — 1)t/2.
On the other hand, if w > 10vkt > 104/ (k — 1)t and k > 2, the right-hand side is at most

10— Dt (k-1)/2
2t 20/(k — 1)

1

- <1-5 (k— 1)/t <1—2y/2k/t.

This means that if w > 10v/kt > 101/(k — 1)t, then the objective function (5.19) is at

most

%)k (1 _5\/m>k < <2]€L')k (1 —2 2k/t>k

where the right-hand side is a lower bound for the optimal objective function as has been

proved in the Lemma 5.3.6. This means in the optimal graph,
w < 10Vkt. (5.22)

On the other hand, by Lemma 5.3.5, we know the size of each part a; in ;" (k) satisfies
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An—3k+7—4a;
k—1

(a; —1)?

<
a; = [2] > 2. This means the number of parts w in 7} (k) satisfies n/w < a; < 3 or
w

v

or a; < 3. Let a; be the size of largest part of 7} (k), then we have

g3

<4n—3k—|—7—4a1 4n — 3k

(n/w—1)* < (a; —1)? ] <

Thus w > n/3 or - < ,/@—i—l. Since t < n < 2t and k < n, we have w > t/3 or

<2 4” 3k 'When the second case happens, we have

%\/ngkz\/nT>\/_>¢_

Thus, we have w > min{t/3,Vtk/4} = V/tk/4. Therefore combining with (5.22), we

proved that in the optimal graph T} (k), the number of parts is of the order ©(v/tk). O

5.4 Asyptotic number of k-cliques in /;-minor-free graphs

In this chapter, we will apply Lemma 5.2.3, Corollary 5.2.10, Lemma 5.3.1 and Proposition

5.3.2 to prove Theorem 5.1.5 for all k£ such that ¢t — k£ < log, t.

5.4.1 Asympototic number of k-cliques for large k

In this subsection, we prove will Theorem 5.4.1 which shows that when k& > 2t/ 3—|—O(t1/ 2),
the asymptotically maximum number of cliques in a graph on n vertices with no K; minor

is given by a graph which is a disjoint union of 7'(¢,¢ — 1).

Theorem 5.4.1. Suppose k > 2t/3 + Qﬂlogzl/ t. When t is sufficiently large, the number

of cliques of order k in graphs on n vertices and with no K;y-minor is at most

t—1 t—2
n - (( k ) + (kl)) . thloth X 2min{4'r0 log, ¢,160(t—k) Inln ¢}
t

For any £ in the range above, we proved in Lemma 5.3.1 that 7}* (k) is the graph K,

the complete graph K; minus an edge. The number of k-cliques in K, is (:1) + (2:21)
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Clearly K, is K;-minor free. By considering n/t disjoint copies of K, , we thus have the
following corollary which implies the Theorem 5.1.5 when k& > (t/3+ 1o+ 2)/3 and when

t—k>logt.

Corollary 5.4.2 (Corollary of Theorem 5.4.1). Let t be sufficiently large. Suppose k >
2t/3 + 2\/¥log21/4t and t — k > logy t. Then the number of cliques of order k in graphs

on n vertices and with no K;-minor is at most

(L) (it
t [V(Ty (k)] .

Proof of Corolloary 5.4.2 form Theorem 5.4.1 and Lemma 5.3.1. Let A\ = t — k. Because
k > 2t/3 + 2v/tlog,"*t > 2t/3, by Lemma 5.3.1, we have T;*(k) = K; and C;(k) =

(\2)) + (122). In addition, |7} (k)| = t.
By assumption, we have A < ¢/3. Thus when A >> log, t, we have t1018:2¢ = (1) "

Similarly, when A > ¢'/2log,?t, we have 2470log2 1 < 3ro(1) < (1) M 25 A < t/3. When

A < tY200g,*%t, we have A < t2/3 and then 2160 Inlnt — (Lyree®) < (f\)ot(l). Thus, for

ki
A

every A > log, t, we have 2min{4rolog; £160AIn Ity — (1) o)

Because t/3 > X > log, t, we have (f\:ll) > (f\) Jt > (loth t) Jt > ﬂlog?t. Then we

t—1 t—1

have (;) <t. (;:11) — 2. (;;;11) < (M)Ot(l) ety < <(t;1)+(i_?)>1+0t(1). Combine

— t t — t

this result with two results above, we have

_ _ _ _ 140¢(1)
n - ((tkl) + (lthl)) . thloth . 2min{4ro logy t,160AInInt} __ n - ((tkl) + (Zi)) t ]

t t

The corollary holds. 0

The rest of this subsection dedicates to the proof of Theorem 5.4.1. To prove this theo-
rem, we will apply Lemma 5.2.3. To apply Lemma 5.2.3, we want to bound Ny, (Gy—— sy 11U
#!77==("")) " which is the maximum possible number of cliques of order k — r in a dense

t—r—s(r,r;)

graph G, € G, _srrpy1 UH,_, . Because k > 2t/3 + 2\/flog21/4t, we will see that
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Ni—r(Gi—r—s(rr+1) can be bounded tightly by Lemma 5.3.1. To prove Theorem 5.4.1, we

also need to bound Ny, (H;Z]~*) by the following Lemma 5.4.3.

t—r

Lemma 5.4.3. Whent > 6ry (ort > 2000) and A =t — k < t/3, for every r < ro, we

have Ni_ (M= %) < (5.77°) - 28

t—r—s
t—r

Proof. When s > ), there is no clique of order £k — r in H , so this statement is
trivially true. Now assume s < A\ = o(t). Zykov’s theorem [48] states that the graph on n
vertices without K, 1-subgraph and with the most number of (k — r)-cliques is achieved
by the Turdn graph 7'(n,w). Thus, we only need to bound the number of k-cliques in
T(t—r,t—r—s). Becauset —r — s >t — 1y — A > t/2, then each part of the Turdn
graph T'(t — r,t — r — s) has size 1 or 2. Also, there are s parts that have sizes of 2, and
t — r — 2s parts have sizes of 1.

Any two vertices in a clique Kj_, in T'(t — r,t — r — s) can not belong to the same
part of T'(t — r,t — r — s) as each part of a Turdn graph is an independent set. For any
given k — r distinct parts of T'(t — r,t — r — s), there are at most 2° distinct copies of Kj_,
using these parts since each part has at most 2 vertices and there are s parts of size 2 in the

Turdn graph. Thus, the number of cliques of order k — r in T'(t — r,t — r — s) is at most

(37 -2 =

Claim 5.4.1. For any fixed t and k such that X =t — k < t/3, let f,1(s) = (*.°) - 2°. Then
fex(s) is strictly decreasing for s € [0, \].
() —k+l A-s

furls +1) _, 2. <
frr(s) t—s t—s
< 1. O

Proof. Forany s € [0, \—1], we have

2\
t

Now we will proceed to prove Theorem 5.4.1:

Proof of Theorem 5.4.1. When t is sufficiently large, we will use the bound in Lemma 5.2.3

to bound the maximum number of cliques of order % in a graph without a K;-minor. It is
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easy to see that

( o ) (»Bt_\/m)r_l < (ﬁ“/m). (5.23)

r—1 To r—1
Applying (5.23) to Lemma 5.2.3, our goal is to bound the quantity

tvint —r—s(r,r
n-rg- <( max ( " )MT” <ﬁ " )Nk—r(gt—r—S(r,m)—H UH, ) (’l))) :

ryr):sar(rr)) <A \T — 717 T

Let sp(ry) = [ —1—7- <log1% d+ (8r; - log 1 M)/M)j When ¢ is sufficiently
large, by Lemma 5.2.7, we have sy (r,7;) > spy(r;). When A > logt, if r > 4\, we

have sy (r,7;) > A by Lemma 5.2.5 which contradicts with Claim 5.2.12. Thus, we only

consider the term with r; < r < min{rg, 4}, and in this range, we have
r— sar(r) < 8 <log1% d+ (32\log s M) /M) .

Because k > (2t+ry+2)/3, we have k > (2t+r+2)/3 and then (k—7) > 2(t—r+1)/3
for all » < ry — 1. By Lemma 5.3.1, we have:

t—r—sy(r,m) t—r—sy(r,r) —1 t—r—spy(r)
Nkfr(gt—r—s(r,rl)—l-l) < ( E—or )+< E—r—1 ) < 2( E—or )

Because (k—1) > 2(t—r+1)/3 and ry < t/6 when ¢ is sufficiently large, and s/ (r,r;) >

(7)), by Lemma 5.4.3 and Claim 5.4.1, we have

—r— t—r—su(r,m) t—r—su(r)
N—r Ht r=s(rm) < ’ . 23M(T77”l) < . 281\/[(7‘1)‘
k ( t—r )) — k r L ’

For our convenience, let 7, = min{ro, 4A}. With the fact that (') < ¢*(}) for any
integers n > k > 0 and ¢ > 1, we have the maximum number of cliques of order & in a

graph without K} as a minor is at most
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nerd. max ((7”) arn (t> (Vi) (t o SMW) . 2<1+8M<n>>)
r<r<ry T T k—r

<t () 3 Gt o0 uten) P (o oy -

s a (b)) )

(A)

t t
<n-r2-(4M)™ - (Int)™ max L pri=sam(m)) | ( )) B
o 0 ( ) ( ) r<ro:spr(ry) <A ((SM<T'Z)) A — SM(T'Z) ( )

t t 8(lo d+(32\1log 1 M)/M
Sn-r%-(4M)’“~(lnt)“- max (( )( ))t( g 1 d+( g1 M)/ )
ri<ro:sar(ry) <A SM(T1> A — SM(TI)

d+(32X1og 1 M)/M)
2e

<n-rg - (AM)™ - (Int)™ - 2mintrolosz tar} <t> 4 (1°g11e ©)

A

Inequality (A) holds because § < 1 and (}) < 2" for every n > k > 0, and (¢ —
r—sy(r) —(k—r) =t—k—sy(r) = X— sy(r). Inequality (B) holds because

(t;:ij‘/ér(;’)l)) = 0 if sp/(r;) > \. Therefore the maximum happens at a value of r; where

sar(r;) < A It also used the inequality ( m) < (D) -nh.

a

For inequality (C), we use the following inequality: forany 1 < a < X, (,,)(}) <

(L) Ao (e < (A )A-a)(d)a(L)d < ere?(]). Here the last inequality holds because

A—a a — \)A—a

f(z) = (2)" is increasing in the range = € [1,7] and is decreasing when z > n, and we

have f(z) < e™. Thus, we have (th(rl)) . (/\75;[(”)) < 62’\( ) Because sy (1) < 1 < 1o

and because (}) < t(,",), wecanalso show that (| ' )-(, .0 ) <l gsalm) (1) <

k+1 sy (r))  \A=sar(m)

¢ (}). Thus, we have (| © )« (,_. 0 ) < omintZrologztaA} (1),

s (ry) A—sp (1)
In the rest of this proof, we assume ¢ is sufficiently large. As € < %, we have r? -

8log 1 d 256(()\10g% M)/M)
€

t 1= < 99, Set M = (Int)?, and then we have ¢ = 2°(V, After
setting M = (Int)2, we have (4M)™ - (Int)™ < (Int)0rr = 220ra(logz Int),
When A > 1rglog, ¢, we have A > ry/4 and 207, (logyInt) = 20ry(log,Int) <

rolog,t. Thus, the bound above is n - (f\) . 94rologat - When \ < %ro log, t, we have
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min{2rylog, t,4\} = 4\ < Alnln¢. We also have 207, log, Int < 80log,e - AMnlnt.

Thus, the bound above is n - (}) - 2160AInInt . 4912t Because (1) = () < t- ('), the

bound above is

n- <(tk1) + (12:21) > . t2 . t9 logyt | 2min{4r0 log, t,160\ lnlnt}'
t

Then the Theorem 5.4.1 follows as t2 < t'°%2¢ when ¢ is sufficiently large. [

5.4.2 Asympototic number of k-cliques for k£ in the middle range

In this subsection, we will give a bound in the following theorem which can prove Theorem
5.1.5 for k such that min (k,t — k) > O(t'/?log,”*t). For fixed ¢ and k, recall that T} (k)
is the Turan graph T'(2t —w — 1, w) maximizing the number of cliques of order £ among all

wsuch that k < w <t — 1, and C} (k) denoted the number of cliques of order £ in 7} (k).
Theorem 5.4.4. When t is sufficiently large and min (k,t — k) > O(t'/?log,”*t), the

number of cliques of order k in a K;-minor free graph on n vertices is at most

n - O{ (k) . 28t1/210g25/4t.
|77 (Rl

Remark. We will check in the next corollary that this bound is asymptotically sharp up to

(t1/210g25/4t

multiplicative error 2° ) for every k in this range when considering disjoint copies

of the graph T} (k) which was proved to be K-minor free in the next the Proposition 5.3.2.

Remark. This bound is true for k in any range. However, when k is too large or too small,

the error term in this bound will be much larger than the main term.
The following corollary will imply Theorem 5.1.5 when min(k, t—k) > O(t'/?log,”t).

Corollary 5.4.5 (Corollary of Theorem 5.4.4). Suppose min (k,t — k) > O(t'/?log,**1).

The number of cliques of order k in a Ky-minor free graph on n vertices is at most n -

< Cr (k) ) (1+o0:(1))
|73 (k)] ’
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Proof of Corollary assuming Theorem 5.4.4 and Proposition 5.3.2. By the definition of T} (k),
we have |} (k)| < 2t. Furthermore, C; (k) > (*,') by Proposition 5.3.2. Thus, C; (k)/|T} (k)| >

(*.')/2t. Because min(t,t — k) > log, ¢, we have (") > (;)/t > (logt2t)/t > 1!

Then we have (;) < 2¢2 - (%) < (%)Hot(l). Let m = min(k,t — k). Asm < t/2,

we have 28t1/210g25/4t — 2m0f,(1) < 2m(log2t—log2m)ot(1) — (t)of(l) — (;‘\)Ot(l). Thus, we

; -1y %) comy \ o)
have 28t"/%10g,™/4t _ (%) < (\% E’&) ™. We can finish the proof by applying this

inequality to the Theorem 5.4.4. [

The rest of this subsection dedicates to prove Theorem 5.4.4 from Corollary 5.2.10, and

we need following lemmas:

Lemma 5.4.6. Let h(a,b) = Ny(G,ND) where a > b. Then, for every non-negative integer
i, we have h(a — i,b — 1) < h(a,b).

Proof. By definition, h(a — i,b — i) is the maximum number of cliques of order b — i
in a dense graph G with |V(G)| + w(G) < 2(a — i) — 1. Suppose G* is the optimizer.
Consider G’ to be G* with 7 extra vertices which form a clique and these 7 vertices are
complete to all the vertices in G*. Then clearly in G’, we have w(G’) = w(G) + 1, and thus
V(G |4+w(G) = |V(G)|+it+w(G)+i < 2(a—1i)—1+2i = 2a— 1. Moreover, G’ is also
dense because |V (G')|—w(G') = |V(G)|—w(G) and A(G') = A(G). Each clique of order
b—1iin G* can be extended to a unique clique of order b in G’ by extending this clique to the
i added vertices. This means the number of cliques of order b in G’ is at least the number
of cliques of order b — ¢ in G*, which is h(a — i,b — 7). On the other hand, the number of

cliques of order b in G’ is at most h(t, k). Thus we know h(t, k) > h(t — i,k — i). O

Lemma 5.4.7. Foranyt > k > 1, we have C; (k — 1) < 4t* - C7 (k). In fact, we will prove

C(k —1) < max{[3=£12, (2t — 2k)} - C; (k).

Proof. By definition, suppose Ty (k—1) = T'(2t —w* —1,w*) forsome k — 1 < w* < t—1.
Suppose w* = k — 1. We may assume that in 7'(2t — k, k — 1), there are a parts of

size [2=E7 and b parts of size [2=F| with a + b = k — 1. Thus the number of (k — 1)-
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cliques in T'(2t — k,k — 1) is at most [2=£7]e[ 2=E 1 To bound Cj (k)/C;(k — 1), we
construct a k-partite graph H with a — 2 parts of size [2=%], b parts of size | 2=F], and
three parts of size 1. Then we have w(H) = (a — 2) + b+ 3 = k. Because [2=£] > 2,
we have |V (H)| < |[V(T(2t — k,k —1))] —4+ 3 = 2t — k — 1. By Zykov’s theorem
[48], Turan graph T'(2t — k — 1, k) maximized the number of the number of k-cliques
among all the K -free graph with at most 2¢ — k — 1 vertices. Thus, the number of K} in
T(2t — k — 1,k) is at least the number of K, in H, which is [2=£]972| 2.=E |6 This means
Ci(k — 1) < [2=£12. i (k).

Suppose k < w* < t—1, because of the structure of Turan graphs, every (k — 1)-clique
K'inT(2t — w* — 1,w") is contained in a k-clique K; and every k-clique in 7'(2¢t — w* —
1,w*) contains at most 2t — w* — k < 2t — 2k cliques of order k£ — 1. This means there are
at most (2t —2k)C; (k) cliques of order k — 1 in T'(2t —w* — 1,w*) forany k < w* < t—1.

The two cases above imply Cf (k — 1) < max{[2=F]2, (2t — 2k)} - C; (k) < 4¢* -
Cy (k). O

Proof of Theorem 5.4.4. Recall ry = 4t'/?log,"/*t < k < t. Assume t is sufficiently large.
By Corollary 5.2.10 and inequality (5.23), the maximum number of k-cliques in a graph on

n vertices without a K;-minor is at most

nmin(rg, k) - < max (6;\111?) N (Gi_ria ﬂD)) )

r<min(rg,k)

ro—1
§n~r0-<6tm)~max h(t—r+1,k—r)<n-rg- <M> ~h(t,k—1)

7”0—]_ 1<r<rg To—]_

<n-ro 07N btk — 1) < - 200080 Gr(k = 1) <n- 200080 42 CE (k).

The third inequality is true because ry > v/t > eBvInt when ¢ is large. Because

Ty (k)| < 2t, the bound above is at most r-2(7010821).8¢3. CLI) <y 92(rology 1), T k).

TrE)] = O

Remark. When rq < k < t, we can improve the bound in Theorem 5.4.4 by approximating

r—1
the maximum point of (")) <M> Ct . i1(k —r) among v < min(rg, k). More

T0
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precisely, for any ro < k < t*/3, the number of cliques of order k in every graph on n

vertices with no K;-minor is at most

0
g - (515\/ hlt) (t - 7“0) ok—r090(/IogE)ro

To ]{J—TO

It is not hard to show this bound is better than the bounds in Theorem 5.4.4.

5.4.3 The proof of Theorem 5.1.5

In this subsection, we will complete the proof of the main theorem of this chapter.

Proof of Theorem 5.1.5. We may assume ¢ is sufficiently large. When £ = 2, we recall

that Thomason [45] proved that the number of edges in graphs on n vertices and with no

K;-minor is at most 0.32¢v/In¢)n. By Proposition 5.3.2 Gilk) _ > (=D/2)-1 t/5 as

> V(T (R)] = 2t
t > 40. Thus tvVInt < (%)H"f(l) < (WCA which proves the case when k = 2.

(77 (K))

When k > 5t/6, we have k > 2t/3 + 2y/tlog,'/*t. Then we can apply Corollary 5.4.2

) 1+Ot(1)

to prove this theorem for & in this range. When 5t /6 > k > t*/3, we have k > t'/?log,”/ !t
andt — k > 1/6 > tV/ 2log;’/ 4t. Then we can apply Corollary 5.4.5 to prove this theorem
for k in this range.

We will finish the proof by showing this theorem is true when 3 < k < ¢2/3.

By Theorem 5.1.3, the number of k-cliques in a /K;-minor free graph with n vertices

52\{1{17) ye=1tol) - Because k < t?/3, by Proposi-

is at most ( n, which is at most n(

2
k

tion 5.3.2, C; (k) > ({)25(1 — 4t7/%)F > (})1.82" when ¢ > 45°. Then CH{s >

%}8% > (£)F! because 1.82% > 2k for every k > 3. Therefore, when 3 < k < 12/3

the number of k-cliques in a K;-minor free graph with n vertices is at most n(ﬁ tkfft) <

n(%)(k—l)(l-ﬁ-Ot(l)) <n- ( Ci (k)

1+Ot(1)
IV(Tt*(/f))\> )
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5.5 Concluding Remarks

In this chapter, we studied the problem ex(n, K}, K;-minor) and proved an essentially sharp
bound, up to 0;(1) in the exponent, for all £ < ¢ such that ¢t — k > log, t. In other words,
we showed ex(n, K}, K;-minor) = C(k, t)'*°n where we have a matching lower bound
construction which contain C'(k,t)n cliques of size k& but with no K;-minor. The exact
bound in the conjecture of Wood 5.1.4 remains open.

An analog question is to study the number of i in a graph forbidding /;-subdivision
instead of KA;-minor is also mentioned in this chapter. In the case of forbidding K-

subdivision, we even do not know ex(n, Ky, K;-subdivision).

Question 5.5.1. What are the exact values of ex(n, Ky, K;-subdivision)?
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APPENDIX A
DISPROOF OF CONJECTURE 5.1.4

We now give a construction and show Wood’s Conjecture 5.1.4 does not hold for A < 0.553.

Theorem A.0.1. Let k = Mt where A < 0.553. Then when t is large, there exists a graph
on n vertices without K; as a minor, and the number of cliques of order k in this graph is

strictly larger than (2121) n.

Proof. Consider a graph GG on n vertices which is a union of the complement of a perfect
matching on 2(t—1)/3 edges. We can assume t = 1 mod 3 and n is divisible by 4(¢—1) /3.
Thus by Lemma 5.2.1, the Hadwiger number of GG is ¢ — 1. On the other hand, the number

of cliques of order k in G is

<2(t —kl)/3>2k . 4(,5_—711)/3'

The last term is the number of copies of the graph which is the complement of a

—4(tIL1) 73

perfect matching. Each copy has exactly (Q(t_kl)/ 3) 2% cliques of order k; this is because
each edge in the matching can contribute to at most one vertex in the clique.

We want to show that when ¢ is large,

<2(t—kl)/3)2k.m_”—l)/3 > (2:21)71 (A.1)

Assume k£ = At where 1/3 < A < 0.553. Then by Stirling’s formula applied to the

binomial coefficient, letting h(z) = x log, x, the left-hand side of (A.1) is at least

nery | — 23 on(a-1)/m)-nw-n(ae-1)/5-k) 4
2t/3 — k)
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where c; is some absolute constant. Similarly, the right hand side of (A.1) is at most

b oh—2)-h(k—1)-h(t—k-1)
) ’

where again ¢, is some absolute constant. It suffices to show that for each )\, there is some

constant € such that
h(2(t—1)/3)—h(k)—h(2(t—1)/3—k)+k > et+h(t—2)—h(k—1)—h(t—k—1). (A.2)
If this is the case, then to prove (A.1), it suffices to show

ne Lft > nc t
" k©2t/3 k) Akt —k)

This clearly holds when k£ = At where A is fixed and ¢ sufficiently large. Thus it suffices to

prove (A.2) for some € > 0.

As h/(z) =logz+1/In(2),fora > b > 1,0 < h(a)—h(b) < (b—a)(loga+1/1n(2)).
If b—a < a, we will have when a sufficiently large, h(b) = h(a)+O(log a). Thus to prove
(A.2) for some € > 0, it suffices to prove there exists a constant ¢ > 0 such that when ¢ is

sufficiently large,

h(2t/3) — h(k) — h(2t)3 — k) + k > €'t + h(t) — h(k) — h(t — k).

Removing h(k) from both sides, it suffices to prove h(2t/3) — h(2t/3 — k) + k > €'t +
h(t) — h(t — k). Using k = At, notice

h(t) — h(t — k) =tlogt — (t — k) log(t — k) = tlogt — (t — k) log(t(1 — k/t))

=tlogt — (t — k)logt — (t — k)log(1 — \) = Atlogt — (1 — N)tlog(1l — \).
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Similarly, for the left hand side,

h(2t/3) — h(2t/3 — k) = Mlog(2t/3) — (2/3 — N)tlog(1 — 3\/2)
=Xtlog(t) + Atlog(2/3) — (2/3 — Mtlog(3/2) — (2/3 — Ntlog(2/3 — \)

—\tlog(t) + 2¢/3log(2/3) — (2/3 — \tlog(2/3 — \)

Therefore we want to prove

—(1=MN)tlog(1—=X)+Atlogt+et < k+Atlogt+2t/3log(2/3)—(2/3—N)tlog(2/3—N).

Removing At logt from both ends, and dividing both sides by ¢, it is equivalent to show
€ —h(1—=X) < A+h(2/3)—h(2/3—A). The function f(A) = A+ h(2/3) —h(2/3—X\) +

h(1 — X) is strictly positive for A < 0.553, which means the existence of positive ¢'. O
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