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SUMMARY

This thesis presents several results on the design of model
reference .adaptive control systems. Such systems contain a plant,
which is to be controlled, and a reference model, which is.a computer.
representation of the desired dynamic response'of;the overall system.
The objective of thL design is toﬂsynthBSize a control signal for the=-
plant. The control| signal forces the output of the plaht to be
identical to the output of the reference model. Furthermcre, errors

in the overall system obey.a Liapunov stability theorem which guaran-'

| tees that all errors approach zero asymptotically.

uBy considering the internal states of the plant and the model

only as they affect| the .outputs, a control policy is derived which :

allows the plant and the model to be of different orders. Further-
mere, the plant and model need.not be linear, time-invariant, or
continuous. They need not even be of the same form, e.g. both time-.
varying, except that both must be either continuous.or discrete. The
plant may have incompletely specified parameters which 1lie within

known .bounds. The |obtained results apply both to single-input, singlé—
output systems and fto multiple-input, multiple-output systems., . In the
latter cage, it is prequired that the plant and the model have the same
number of outputs. | In the case of multiple-input, multiple-output

plant and models, it 1s possible to eliminate cross-coupling effects-

in the final.system by choosing a non-interacting model. Examples are




‘ viii

“‘ presented throughout the thesis to illustrate the application of the .

. wvarious results.




CHAPTER I
INTRODUCTION TO THE BASIC ADAPTIVE CONTROL PROBLEM

In recent years as control system environﬁents.have been
expanded by space age technology, it has become increasingly difficult
to satisfy the design requirements which have been imposed on practical
control systems. [In many fixed-parameter problems a satisfactory . com-
promise among the various design constraints can be reached. In those
cases where the system mission is well known beforehand, it is usually
advantageous to have programmed time variations of the controller
parameters. However, sometimes no compromise is possible which will .

result in an acceptable fixed-parameter system. In many of these

cases programmed_adjustments cannot be made because of insufficient
knowledge relating system performance to time., The existence of such
problems has motivated adaptive contrel system development.

One of the more.important types of adaptive control systems is
the model reference system. An integral part of this system is the

computer model of [the desired dynamic response of the plant. The.

design goal is to [develop a control strategy which causes the plant to

track the model as closely as possible. The problem differs from the
optimum tracking problem in three important ways:
1. In the |adaptive control system there are usually parameters

which vary in some unknown manner.




2. The input to the adaptive control system is not usually

considered to be knpwn a priori.

a. Instanta#eous.error, rather than a time integral of error, “is

| .
often the quantity to be minimized in the adaptive problem.

The objective of this research was to develop a design technique
for model reference; adaptive control systems. The techniques deﬁéloped
depended upon synth?sizing a feedback control signal for the. plant.

The controller was Eesigned so that the system errors satisfied the.

conditions ‘of a Liapuncv function. Because of this requirement, any

errors . in the system were guaranteed to approach zero asymptotically.
] .

I ' .
In addition, the Ithnique allows the use of much broader classes of

|
plants and models than any technique previously reported in the

literature. E
i

General Description of .the Adaptive Contrel -Literature
I .
The-term,"adéptive"'has been used to describe a wide variety of

!
control .systems [1,2,3,4,5]. In this thesis a control system is con~

sidered to be adaptive if .the controller monitors the performance
characteristics of the system and then .uses . this.information to modify

the control action to make the overall system perform acceptably. Mest

of the important adaptive control systems can be grouped into the fol-

lowing three categories:

1. High-gain schemes

2, Optimal-Tdaptive schemes

3. Model reference schemes.




The essence of the high-gain scheme [6,7] is that the gain in the

feedback loop around [the changing process is kept as high as possible.

Keeping the gain high holds the inpuf-output transference close to
unity. Because stability problems arise, the signal in the control

I .
loop is monitored foﬁ oscillations. The loop gain is then continuously

adjusted to keep theisystem on the verge of instability. A response

close to that of a p%rticular model is obtained by placing the model

in front of the feedﬁack loop. The main objection to the high-gain
approach is that smail oscillations are always present in the loop.

However, the techniqﬁe has been used in the autopilot of the F101~A and

- the X-15 aireraft wiﬁh very satisfactory results [6].

Optimal-adapt#ve methods [8,9,10] are also used to solve some
types of optimizatio% problems. A control signal is synthesized on
the assumption that éhe plant parameters and the states are known.
However these quantiéies are unknown to some extent in systems
requiring an adaptivé controller. For this reason state estimation
and plant identification are essential parts of the total optimal-
adaptive method. Fog optimization it is also necessary that the

input be known for the duration of the control operation. When the

input is not known 2 priori, a predictor must be provided. -Although

much work has been done in each of the separate areas involved in this
method, only a few practical optimal-adaptive techniques have been

reported [11,12].

The third important category of adaptive control systeme is the

|
model reference scheme. Figure 1 shows a basic block diagram which

| . i
encompasses most of the current model reference systems.
! i
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Figure-1l. A Genéralized Model Reference Adaptive Control System

The refererice model?is a computer representation of the desired dynmamic  ~
response -of the ovefall-system, The contreller compares the output

of the plant with tﬁe,output of the ,reference model. Using this
knowledge, thg.contéoller then adapts itself to force the .input-output.
transfevehﬁe.of theécontroller and'ﬁlant combination to closely matéh

that of the.referenée model: It is convenient to divide the model

reference -adaptive #echniques.into three .categories:
| .

1, Paramete# adjustment techniques

i 2.. Paramete# perturbation techniques

; 3. Control.%ignal synthesis techniques.

g In the param%ter:adjustment techniques.[3,l3,141 the .input to

| the reference modeliis the. same as the input,tc_the plant. The modgl
output is subtracteé from the plant output to form an erfor-signal.
This error-signal;sérves as .the input to a mechanism which adjusts
'the parameters of the various compensation eleﬁents in the plant to
reduce the error. In other words when changes occur in the.plant, the
control system adap?s;the values of the compensation elements - to keep.

the overall'controlisystem response unchanged. Donalson [15] and-

! L]




Margolis [3] adjust parameters using gradient techniques. Dressler
[13], Parks [14], and Rang [16] use Liapumov stability theory to aid
in the desipgn of an adjustment poliey. At the present staté of
development, the form selected for the reference model must be-coﬁ-
patible with the basic form of the physical plant and the available
compensation. Furthermore, for any values the parameters in the
plant may assume, proper adjustment of the compensation elements must
make_thé differential equation of the overall control system identical
to that of the reference model. In the absence of an input, sizable
errors between the actual values of the adjustable parameters and
their desired values can result. If the parameter adjustment is slow
after such errors build up, the control system output may deviate con-
siderébly from the desired outpﬁt. However, simulation of simple
systems [6] has shown that parameter adjustment can take_piace within
10 per cent of the basic time constant of the reference model.

To implement & parameter perturbation_techniﬁue [17,13,19], an
even function of error, such as e? or |e|, is generated. One parameter

in the system is defined by
b = bo + bc + bP sin wt (1.1)

where b0 is the basic system parameter, bc is the correction applied by
the adaptive portion of the system, and bP sin wt is a sinusoidal per-
turbation signal used to create z continuous error. Since the parameter

b is being perturbed in a sinusoidal manner, the error e will also

exhibit an oscillatory component of the same frequency. The amplitude




and sign of bé are then chosen to reduce.a short time average of the
error function.. McGrath [17] showed that it is possible to.adjust a
- number of -parameters . simultaneously by .applying pertqrbaticnrsignals‘
at'different-frequencies to the parameters to be.adjustedﬁJ If the

plant and the, model are of the same fopm, the perturbing signals may.

be applied to the model parameters -[181. A primary objection to the.

parametér perturbation technique is that, except when the plant -and the.

model are.of the same form, the perturbation signal must appear in the-

output of the system.. A problem shared by both.the parametér adjust-

ment method and the parameter perturbation method-is that .if ‘there are-

many ‘parameters to be controlled simultanecusly, the contreoller design-
becomes very cqmplex and stability is:difficuit, if not impossible, to
guarantee.
In the signal synthesis techmnique, the input .signal:is applied
to both the veference model and the controller. The controller also.
has access to the outputs of the -plant and the outputs.of the reference
model.. On the basis of this knowledge, the. controller produces-a con-
trol signal which is.applied to the plant. The purpose of this.control
signal is to cause ‘the cutput of the ,plant to be the same as the output
of the.reference model. While .the objective is easy - to.understand-in.
these general-terms; the design of the .controller and the .model are in

general quite difficult. .

Specific Background

There are in the literature;five_tedhniques which form the -

direct .background for this thesis: one each by Rang [16], Hiza and




Li [21], and Monopoli.[22], and two by Grayson [20]. All -used
Liapunov . theory to design model reference.adaptive control systems: of.
the signal synthésis type.

Each investigator assumes a linear plant of .the form
% = AX + Bu - (1.2)

-where x is an n-dimensional ‘vector of plant states, A iq an nbyn
constant matrix, B is an n by k constant matrix, and u is the k-
dimensicnél plant input vector. |

‘Rang's method.and Grayson's .second method-allow the .plant
input u to be a .vector, but results can be obtained only in special -
cases. The other.three techniques consider a.scalar u.. Rang's.
method,; which includes parameter identification as an integral part
of the method; requires that A and B be fixed but - unknown matrices..
The other techniques assume.time-varying matrices.which have known
bounds .on the;variations of each element. |

In each technique a linear time-invariant single-input model.of

the following form was chosen:
y = Fy + Gr (1.3) |

where y is.an m-dimensional vector of model states, F is an m by m.

constant matrix, G is a constant m-vector, and r .is the scalar model. ‘

input.




Hiza and Li.require that the model be of order one less than
the ‘order of the plant. In all the -other techniques the plant and the
model are required to be of the .same order.

The quadratic Liapunov function was defined as
V = e Pe. (1.4)
wﬁere
e=x-7 s

and P is a square matrix used to assign weights to each error product.
The  vector y 'is identical to y in all the techniques except that of

—

Hiza and Li, who require that i;be given by

(1.6)

n

By choosing the quadratic Liapunov function in.(1.4), each of.

these authors was attempting to control n independent states by using

one control variable u. They were, of course, unable to achieve this.

objective in general. Furthermore, the restrictions and simplifications.




necessary to.arrive at a presentable result caused their systems to be.
of ‘little practical value. The most. confining requirements were that
the .plant and the model be of the same order, that:the plant_énd thél
model be linear, and that the model be time-invariant.{ In addition,
each author has .other specific restrictions. on the use of his method.
Rang [16] considered the .plant input u to-be a. vector. However,
his technique cannot generally be used.unless either the individual

components of u are independent.or the product Bu is.nonzero only in.

‘the nth position. An analog computer simulation of-a second order:

éystém,showed-that the adaptive properties of the .overall system were

. relatively slow..

Grayson's first method .[20] requives.that.each of the time--
varying elements of the A and B matrices be sign definite. - Fupthér—
more , the_métrices A and F are required to be of the same form,.as are
the matrices, B and 6. In a second order.example which Grayson pre-
sented, it was-required-that-the input v and its derivative » both have
known bounds. However, the vector input in Grayson's second.technique
cannot be handled unless the matrix B{(t) is fixed; known, and non-

singular. Even the.case of a scalar plant input can be handled in

‘general only if there are no.zeros in the mumerator of the plant

transfer function.
Only ‘Hiza and Li [21] allow the plant and model to be. of dif-

ferent.orders. However, they permit only step inputs to the model,

'anq require ‘that the static gain of both the plant and-the_modelrbe-

unity. Monopoli-[22] made the restriction that.his plant must have no

numerator dynamics.. Even.so, his technique is still so complicated:
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that the calculations for systems higher than.seéond;order are
prohibitive.

While the.sigﬁai synthesis technique. offers a clever approach
to the model reference adaptive .control problem, the known results
have-been-obtaingd'at-the_expense-of.stringeﬁt requirements oﬁ thé-
form of the plant, the model, and the model input. The basic diffi-
culty with the ,above methods is that the authérs,consider:each of ‘the
internal states of the ;plant and the model as a separate output. A |
separate.error_was defined between each plant state and' the correspond-
ing model,state,'thgreby_forcing the plant and the model to be of the,
same order. The results presented in this thesis eliminatelmany-of;the
restrictions which .the previous authors found necessary to impose, and .

thervefore apply teo much broader classes of -systems.,

" Basic Design Philosophy

In this research the model refevence adaptive control~probiem
was considered from a mbre basic viewpoint than had;been-taken previ-
ously. .Thegprecise objective was that the output.of the plant muet -
follow the output of the model. The quantities which were of concerm,
therefbre,'wepe the outputs of the plant and the model and not their
internal states. Once it was realized that.the internal states are
irrelevant except.as they affect the outputs, it became possible to
use.Liapunov .stability theory for designing broad.classes of model-
reference adaptive control systems. A plant could follow any model

which;had the same number of outputs.as the plant, regardless of the

order of the plant or the medel.. It was no longer necessary to-require



| . .

w ‘ that the model be time-invariant, or that the plant and the model be
linear. Restrictions.on tﬁe,form of the system input were unnecessary,

w:‘ and no a pribri.knowledge of the ‘input was needed. Thus it was:shown’

| | that-the signal synthesis technique could'be.uéed as a practical.design

‘. procedure.

W!‘ Organization of the Thesis
: Following this.introductory material, Chapter II begins with :a
‘ derivation 6f the .theory for the simplest case: a single-input, single-
‘ output -system with a fixed linear plant and a fixed3lihear model; which .
‘ afe'not=necessarily of the same-order.. The technique.is then extended
“‘ | to permit time varying élants and models, as well as special .types of
plant and model nonlinearities. In Chapter III, a more elaborate !
“ Liapunov -function is ,used to expand the class of allowable plants. In |
‘ addition, it is shown that proper use of this more complex Liapunov.
‘ function will :lead to improvements in systems of the type considered in.
“‘ ~ .the second chapter.
The - extension of the theory to encompass multiple-input multiple-
w ‘ output -systems is presented in Chapter IV. It is shown that the tech;-
| niques .of thié chapter may. be :applied to yield the'éame-effect.as-
.‘ decoupling. The modifications necessary to.handle sampled data systems.
‘ are developed in Chapter V.
‘ Finally, Chapter VI concludes the thesis with a qualitafive-disr
“ cussion of -the usefulness and limitations of the techniﬁues which are |

i set forth in.the first .five .chapters. Recommendations.for future.

‘ research in this area are presented and discussed.
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CHAPTER II
THE BASIC SYNTHESIS SOLUTION

The purpose of this research was to develop a practical design
technique for model reference adaptive control systems. To achieve
this objective, the following goals were established. The resulting
system must handle a wide range of inputs, which need not be known a
priori. Broad classes of plants and models must be permitted, includ-
ing plants which have incompletely specified parameters. The plant

must be able to follow models of different orders. In addition, the

form of the model must be independent of the form of the plant. The

resulting system must be stable, even when the plant itself is unstable.
A signal synthesis technique was developed to meet the above
objectives. Liapunov theory was utilized in the design and the result-

ata

ing system was guaranteed to be asymptotically stable.

Mathematicarl Formulation of the General Problem

The general configuration of the system which was considered
is shown in Figure 2. The plant in Figure 2 is nth order and in general

is nonlinear and time-varying. Moreover, the inputs enter linearly and

&

In this dissertation, the term "asymptotically stable system"
indicates only that the difference in the plant and model outputs
approaches zerc asymptotically.




the outputs are linear combinations of the states; i.e.
f{x,t) + B(tiu
CT(t)i

In (2.1),.£(x,t) is an n-dimensional vector whose components are non-
linear functions of the state vector x and time t. The matrix B(t) is
an n by k time-varying matrix, where k is the number of plant inputs.
Thelmatrix C{t) is an n by & time-varying matrix where £ is the number

of plant outputs.

" .
= CONTROLLER

REFERENCE MODEL

Figure 2. A S8ignal Synthesis Type of Model
Reference Adaptive Control System

The following plant propgrties were assumed in this thesis:

1. All the states X as well as all the outputs 2z are accessible.
2. The number of plant outputs.is less than or equal to the

number of plant inmputs, i.e. 2 < k.




3. Upper and lower bounds are known for each incompletely
specified parameter in (2.1). |

4. An upper bound is known, when necessér'y, for the absolute
value of each of the derivatives of incompletely specified parameters

which are time-varying.

An mth order model was assumed, where m is not necessarily equal

to n. The model can in general be time-varying and nonlinear. The

outputs of the model are linear combinations of the states. It was

required that the model have the same number of outputs as the plant.
In vector-matrix notation the most general allowable model dif-

ferential equation may be written as

¥ = gly.r.t)
W= HT(t)l

In (2.2), g(y,r,t) is an m-dimensional vector with each cowponent a
nonlinear function of the state vector y, the input vector r, and time.
The matrix H(t) is an m by j time-vafying matrix, where 4 is the number
of model outputs. It was assumed that the model was completely known
and that the model input and all the states of the model were
“accessible,

The synthesis problem was to use all available knowledge to

determine a vector u which would cause z to follow w, i.e., to find

au,
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u 'g(i,i,B(t),C(f),g,x,g_,n(t)_,mr'_,t)_ o '_ S (2.3)

00

. such that lim(z-w)
o e

Liapunov's Stability Theorems

,”The-fhedrems.in this section [23] are fundamental ‘to Liapunov. .
' fheorYa ‘They provide a theoretical basis for the.désign proéedures
which are developed in.this thesis. These. theorems, are stated in terms.

- of_tﬁe dynamical.system _

é = h(e,t) (2.4)
.The:equilibrium state for the system of (2.4) comes,from_'
hie,t) =0 - (28)

»}hi_(:h is satigéi_ea by e = 0.
Theoren 1
If there exists a-real-valued éontinuous function V(g) with:tﬁe1
-fblloﬁiné.properties: |
| 1. V(e) ﬁas continuqus.first:pértial derivatives.
' 2€ V(g).is poéitiﬁe definite ' : L :_" |

"3, Lim V(e) = « for all e,
S le; |+ o
A i, There exists some region including the origin in the state

sbaée inlwhich ﬁ(&) £0, ' : ) L _




' Theorem 2 -

then the_eguilibpium_state e = 0 is stable in the sense;of'Liapunov:_

If there exists a real-valued.continuous ‘scalar function Vie)

'which satisfies conditions 1, 2, and. 3 of Theorem 1, and in some region’

including the.eQuilibbium-state the -condition ﬁ(g)-< 0 is satisfied,
then;the-equilibrium state-e = 0 is asymptotically stable in theWSense‘

oflLiapunov;

Theorem 3

‘_If there exists & real-valued continuous scalar.function1V(g) 

.which-Qatisfies Theorem 1 and; in addition, the curve ﬁ{g)':-o'is-not -
' aftréjectoby-ofithe system,'thqn the equilibrium state e=01is - -

asymptotlcally stable in the sense of, Liapunov.

Throughout the remalnder of this. theszs Theorem 2 is the one '’

used when it is not- specifically stated otherW1se.

The Simplest Case

BeéEd:ue examining a solution for the most ge.n.er'al case, i_‘t iS o
instructive-tulexamine certain special cases. This-approachipeumits »
the technique, as well .as the 1mp11cat10ns ‘of the assumptlons in the -
prev1ous sectlon to be more readlly understood. .

-Cons;der,a plant that is.nth order, linear, time-invariant, and-

haé;a singléﬁinput and a single oufput. The plant differential equa-

tion may be written inzthe‘fopm

k.=

AX + Bu | (2.6)
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The single-input, single-output model is chosen to be lineér,

timeeinﬁariant,1and'mth:drdér,,with'm not . necessarily equal .to n.. It- o

‘can be vepresented in.vector-matrix form as

2;“ Fy + Gr
o= 532

'(2.?)_'

'  ; Define;the error .e to be thé=difference-betWeen the plant output

and-'the model- output:

e =Z-w

Choose'for a Liapunov function the simplest quadratic form:

1.2
v =5e
The time derivative is
© AV . i s
v Tap T eé = (?.w)(z W)
Thézterms 2 and W are calculated as
2 =¢'% = cTaxi+ C'Bu

w=Hy=HFy+Her

(2,8)

2.9y

- (2.10)

(2.11)
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' Thus, in terms of the states, v is expressed as

- '. ",.:‘;-'..:‘;-‘(C_EE NC Ax + C'Bu - HFy - Her) | ".62«.-'12)"'_'[' |
The.Liaﬁunﬁv-function V. is a positive definite'function of'fﬁe‘-'
. efrof E.IJIts fime derivative-ﬁ can be made negative definité by con-
-trolllng the 31gn of e. BY’Theorem 2 the systeﬁ is guaraﬁteed tb be'-
f_asymptotlcally stable in any region including the orig1n in whlch é ‘can
| ;_.be so: controlled. If this. reglon is the whole space, ~then the system

_-18 globally asymptotlcally stable..

Slnce

(2.10).

-l
]

o

(De

to 'maintain V< Q when e.> 0, it is necessary to.have é < 0. In terms

i _ | . of the states. this requirement. becomes

CTAx +.g?§p;— E?Fx;- ﬁ?gp <0 - '](2.13)

When e < 0, the requirement.is for & to be positive, or.

c'ax + C'Bu - H'Fy - Her> 0 C(2:14)

If]thé;sysfemferror is to remain at zero once that condition has-beeﬁi

zaéhiévgd;‘é-ﬁusf?be held-at zZere, or
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_ CAx+CBu-HEy -H@r=0 (2.15) .

i ' Since u is the only quantity available to comtrol (2.13)-(2.15)
the matrix product g?g_must be nonzero. For linear systems the quantity

"1 i the numerator of the plant trans-

Q?E_equals the coefficient of =
' fer function. Thus the requirement that Q?g_be nonzero means that the
nth order plant must have a numerator of order n-l. This restriction
is removed in Chapter III, where plants with any numerator of order
less than n are admissible.

To obtain the plant input in a readily usable form, (2.13)-(2.15)

are combined to yield

u = _'Jf (H'Fy + ETEI' - Q.Tﬂi - p signe) (2.16)

2]

In (2.16), p is any positive constant or function, and sign e is

defined to be

+l when e > 0

I
o

sign e = 0 when e

-1 when e <0

The control defined by (2.16) is a feedback contrel which in
general involves the model input and every state of the plant and the

model. This fact made necessary the assumptions that the plant and

model states, and the model input be accessible.
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The convergence. factor p sign e is very iﬁportant: it controls:
the stability properties of the model reference system. If p were
zero, the system would be stable; but not asymptotically stab1e, in -the
sense -of -Liapunov. Any erpofs which were caused by the plant and model
iniéial conditions would remain cqnstant._.By-choosing p to be a-posi-
tive constant, a positive function of time; or a positive definite
function of the system error, the model reference system is forced to
be asymptotically stable. In the examples which are presented in fhis'
chapter, p was chosen to be.kle|, where k > 0. Such a, convergence
factor caused the error to approach zero asymptotically as.e(o)efkt,
where e(0) was the system error at time t = 0.

The following example illustrates how (2.16) was uéed te yield
a design for a simple mcdel reference adaptive control system.

Example 1. Suppose the model which represents the desired

response characteristics had the transfer functien

s + 0.5

52 + 28 + 2

GM(S) = (2.17)

The phase variable representation of this model is given by

¥, = 9, (2.18)

-2yl - 2y2 t+r

w
2]
]

3
H]

0.5y1 + Yo,
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In the vector-matrix notation of (2.7}, the model matrices are

0 1l 0
F = i G = (2.19)
-2 -2 1
0.5
H = -
1l
The plant to be controlled has the transfer function
2
G (s) = 100s(s+1) _ 100s™ + 100s (2.20)

(s+2)[(s+0.1)2 + 82] 83 + 2.252 + Bb.4s + 128

Using the phase variable form of state variables, the state equations

are

%, = %, (2.21)
g T ¥
Xq = -128xl - 6h.yx, - 2.2x, + 1

2 3

z = lOOx2 + lOOx3

Therefore, the defining plant matrices are
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0 1l 0 0 0
A=1]0 0 1 1 B=]0/(; C= |100§. (2.22)
-128 -64.4 =-2.2]° 1 | 100

Referring to.(2.16), the plant input is defined by

u=—3— (HFy + HGr - C'Ax ~p sign &) . (2.16)

(2.23)
so that the initial error would decay_as-e(o)e_st. When the mafrix 
operations indicated in (2.16) are performed, the resulting feedback
control is

u = 128x, + 61.8x%; - 2.8x

3 4 = 0.005y, + 0.015y, + 0.0lr (2.24)

1
Since the model input appears explicitly in the-edﬁation for the plant
input, r must.remain finite. However, no other a priori knowledge of
r is.required.

Figure 3 shows the plant and model outputs, the .system error,.

and the control u which resulted from a simulation of the system. The

model had the non-zero initial condition yl(o) = 1, while the plant

started from rest. The input to the model for t.2 0 was 10(1-t).
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Figure 3(a). Plant and Model Outputs for Example 1

100

0.5
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Figure 3(b). System Error for Example 1

E
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Tigure 3(c). Synthesized Plant Input for Example 1
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Because the input was continuous and smooth, the contrel was also con-
tinuous and smooth. The system errcr did indeed go to zero exponen-
tially.

The convergence factor p was chosen to be 3|é| in this example.
TBis choice was entirely arbitrary. If it had been desired that errors
be reduced much more quickly, bne'could have chosen, for example,
50|e|. If large errors had been important but small errors had not,
one might have chosen 10e2 or 25e” or some other even power law con-

vergence factor,

The Nonlinear Time-Varying Plant

The set of permissible plants is actually much larger than the
class of linear time-invariant plants. The plant may be time-varying
and may possess one or more.of a large number of permissible non-
linearities.

Consider first the linear time-varying plant:

A(t)x + B(t)u (2.25)

Joer
1

cTerx

3]
1

For this plant

5= i)k + G ()x = CTOOAMx + CT(OB + CL(tdx  (2.26)
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When.€2.25) and (2.26) are substituted into (2.10), the result is
C T T T, «T . '
v = [C{t)xwllC (t)A(t)x + C (£)B(thu + C:(tdx ~wls 0 (2.27)

In (2.27), w and % are the model output and its first.derivative for

some specific model. The control is

us e {ir - ¢ (AR - ET()x - p signlCT()x-wl} (2,28)

" cTeeBe)

]

As before, it must be required that g?(t)gﬂt) be non-zero for all
t 2 0.

Next consider the nonlinear plant

k= f£(x) + Bu (2.29)
2=¢'x
For this plant
3 =C'%=CE(x) + ¢ Bu (2.30)
The resulting control is then
u = -%%-{ﬁ - Q?fﬁ;) -p sign[g?gfw]} (2.31)

i

The most general plant-where u enters - linearly -is. the nonlinear

time-varying plant of the form .
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I%-
"

f£lx,t) + B(tih . (2.32)

C_T(t %

™
i}

The derivative of the plant output.is computed as
2=tk + ¢ etdx = € (@E(x, ) + C (OB + €T (E)x  (2.33)
The‘control-fdv this plant is then:

1
u =

= (i - NG, 1) - €T ()% - p sigale (E)x-w]} (2.34)
C(t)B(t) :

The Nonlinear Time-Varying Model

The single-input, single-output model may assume any of\tﬁe
forms .just discussed for the plant. In addition, the model can be
permitted to have nonlinearities which involve the model input .r.

Consider the general time-varying model, whose equation is-

¥ = F(tly + 6(t)r. (2.35)

w=H )y

For this model the output'dérivative is

& = H(£)F(t)y + H(e)e(t)r + B (t)y. (2.38)
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) In the model given by (2.35), there are no restrictions on the matrix
product E?(t)gﬁt) except that it must remain finite for all t 2z 0.

When w and w are substituted into any of the Equations (2.28), (2.31),

5 . or {2.34}, a model reference :adaptive controller is.completely designed.
Two forms of nonlinear models are permissible:

¥=gly) + Gr (2.37)

weHy

and .
¥ = gly,r) (2.38)
w=Hy

The model may also be nonlinear and- time-varying, and there are

i three permissible tTypes:

g(y) + G(t)r | (2.39)

g =
— W = f(t)y_-

¥ = gly,t) +6{t)r (2.40)

W H ()y

and
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¥ = gly,r,t) (2.481)

H (£)y

=,
1]

f

y Any of the models represented by (2.35) and (2.37)-(2.41), as
. weli as the linear time-invariant model of (2.7), may also have.an
input nonlinearity. The input nonlinearity mafvbe fixed, e:g. h(r),
or may be time~-varying, e.g. h(r,t). The particular form of the non-
y : linearity is almost unrestricted. For example, it may have hysteresis,
dead zone, or saturation. The only requirement is that the output of
the nonlinearity must remain finite for every finite » for all t 2 0.
‘ The input neonlinearity is handled by substituting h(r) or h{r,t) for »
in the model equations and the corresponding @ equations,
The .flexibility of the approach used in this thesis becomes
‘ evident when it.is noted that each of the aforementioned model. forms.
may be used with any of the permissible plants. Furthermore, the
plant and the model need,not'be-of the same order.
The  following three .examples illustrate some of the kinds . of
permissible plants and models.
‘ Example 2
Consider % second order, linear, ahd-time—varying plant. The

plant equations have the form given in (2.25) whéne

‘ 0 1 . 0
A(t) = . 5 3 B(t) = (2.42)
-0,707-sinkt -1-t+0.1t 1
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"‘ | 1-0.5t
_ c{t) =. .
1+0.5¢t
“ _ Let -the model be first order, linear, and time-varying.. The model.

‘ equations are of the form given in.(2.35) where y.is a scalar, and

[ F(t) = -—cos2t_ (2.u3)
\‘ |
- G(t) =1
I
ﬁ(t) =2+ sgin t

“ ‘ *  The input to the model was .chosen to be cos 3.-11416‘:_. Applying the,
design equations to this system, and requiring initial conditions to

‘ ‘ ' die. . out as e-_St, the control .equation corresponding to-.(2.16) is
| | w= —2 wlore)y + Begtor + B o)y (2.44)
C (t)B(t)

- el - ¢Teex - seT(tix - H(t)yD)

: ‘ Substituting from. (2.42) and (2.43), (2.44) becomes

”; u = (0.707sin 4t)x, + (ltt-O.th)XQ (2.45)
| + S {0.5%x, - (1.5-0.5t)x, - (2+sin t)y coszt
| T+ 0.5t 0% : 2
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+ yeos t + (2+sin t)cos 3.1416t - 5[(1-0.5t1x1 +.(l+0.5t)x2l

- (2+sin t)yl}

A simulation was made with .initial conditions

xi(o) =0 (2.48)
x2(o) =0
y(0) =2

The results of this simulation are given in Figuve 4,

Example 3
Consider a second order, nonlinear, time-invariant plant of .the

form given in (2,29) wvhere

£(x) =- ; B= : (2.47)

Let the model be first order, nonlinear, time?varying,'and_of:the form

given in.(2.41). For this particular model.y is a scalar and

£(y,r,t) = -yrt (2.48)

H=1
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Figure 4{a). Plant and Model Output for Example 2

Fipure u(b). System Error for Example 2
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Figupe 4(c). Synthesized Plant Input for Example 2 i
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The - equation for thé plant input is

u= —%—4{ Ty.+ HTf(y,r,t) - Q?fﬁ;) - SEQ?g;HTy]}_ (2.49)

5t

since.it is desired that the initial error decay as ¢ ~ . With sin 10t

as -the model input, the input to the plant is.

u=x + st + 2%, - ¥t sin 10t - 5(x2-y) (2.50)

1 1 2

Figure 5 shows the results of the simulation of this system with ini-

tial conditions

xl(o) = 0? (2.51)
” x,(0) = 0
y(0) =1 ¢

Example 4

Consider a second order, nonlinear, and time varying plant of

the form given in (2.32), where

X2 0

3
;xl-xl-o.oux

f(ﬁpt) 2 3 H Eﬁt) = {2.52)
lx2t _ 1
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Figure 5(a). Plant and Model Outputs for Example 3

100+
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-100)

Figure 5(b). System Error for Example 3

Figure 5(c). Synthesized Plant Input for Example 3
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Let the model be fourth order, linear, and time-invariant, and have as

its -transfer function

' s2 + s + 1
6,(8) = T575.5)(s70.6)(s+ 1) (s72) (2.53)
In vector-matrix notation the model is of the form of (2.5) where
1 1 0 0 o] g
P o - 1 o, g= |0 (2.54)
0 0 0 1 0
-0.48.--2,72 -5.24 -Y 1

o P R

However, the model has.a saturation type input nonlinearity. The equa-
tion for the plant input is
R —— {ETF& + fgh(r) - QT(t)g(i,t) - L}[C_T(t)i-ETz]} (2.55)

¢l (t)B(t)

because it is desired that.the initial error decay as e-ut; Substi-

tuting the plant and model equations, (2.55) becomes

u=sx +x3

| 2.3
1 1 T 0-0BX Xt - Ux, + by, + By, + Sy, + Yy (2.56)
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The initial conditions were chosen as

xl(O) = x2(0) =0 (2.57)

yl(o) = y2(0) = y3(0) = yu(o) =1

The input to the model nonlinearity was 2 sin 6t, and the output was

SAT(r), where

+1 for r > 1 (2.58)
S8AT(r) = «¢r for |r| €1

<1 for r < -1

The results of the simulation are shown in Pigure 6.

The.previous three exanmples were presented to emphasize the
flexibility of the signal synthesis technique. In Example 2 a linear,

p

time-varying plant was made to follow a linear, time-varying model.
In Example 3, a nenlinear, time-invariant plant followed a nonlinear,
time-varying model. The plant was nonlinear and time-varying while the
model was linear and time-invariant in Example 4. Each system was

started with an initial error, and the error decreased exponentially

toward zero.

Techniques for handling incompletely'specified plants are dis-

cussed in the remainder of this chapter. Some of the plants and models

that were used in Examples l-4 are utilized in the examples of the next

several sections to better illustrate the effects of having incompletely

specified plant parameters.
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Figure 6(a). Plant and Model Outputs for Example 4
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Figure 6(b), System Error for Example Y4
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Figure 6(c). Synthesized Plant Input for Example U4
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Plants with Unknown Parameters

‘ : In the presentation thus-far it has been assumed that both the
plant and the model are completely known. In this section the model
‘ ‘ is still considered to be completely known. However, the plant dif-
ferential equatidn, or for the linear case the A, B, and C matrices,
:‘ has parameters which lie in known ranges but either are umknown and
fixed or are time-varying in some unknown manner. The resulting feed-
‘ : back law is nonlinear and discontinucus. The magnitude of the discon-
‘ . tinuity is smaller for parameters which are known to lie in a small
rangé, 1arger for Parametefé vhich lie in a2 large range. The discon;
‘|‘ tinuity is smaller when the internal states of the plant ave smail,
and is larger when these sté;es are iarge.
Rather than beginning with a discussion of the general case with
‘ all its varied possibilities, the simplest single-input, single-output
case is considered first. Let the plant be nth order, linear, and
‘ time~invariant. To keep the mathematics as simple as possible, let the

‘ model be mth order, linear, and time-invariant. Then referring te

‘ ‘ (2.12), the requirement for asymptotic stability is
V= (Q?ETE?Z)(E?AE.+-9?§P - E?Fz_- E?Ep) 50 (2.12)

| with equality only when V is zero. Fulfilling the requirement pre- . ‘
‘ sented in (2.12) is somewhat more compiicated than before because now
‘_ : the quantities Q?A and Q?E_are not completely specified. To make V ‘

negative definite when the plant has incompletely specified parameters,

‘ it is necessary to consider separately each term of the matrix products
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represented in (2.12). Thg_resﬁlting'control_ﬁ becomes .a function not
only of the states of the plant and the states and the input of.the
model, but also of the bounds on each ﬁmknown parameter in the plant.
The procedure for handling unknown parameters in this linear, time-
invariant case is explained within the context of the following
example. |
Example 5

' Consider again the plant and the model used in E#ample 1. The

plant matrices are of the form

0 1 © 0
A=0 0 1|3 B=1o0 (2.59)
-4 -¢ -b 1
0
c=1|a
100

It is assumed that knowledge about the plant is imperfect in that the
exact values of a, b, ¢, and d are unknown. However, each of these

coefficients is known to lie in some specific range. The known ranges

ars

50 = a £ 100
1.6 £b 5 3.6
24 £ ¢ £ 102

36 £ d4d £ 300
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A sufficient condition for the model reference system to be asymp-

totically stable is that (2.12) be satisfied. Consider first the case

when e = ;Fgrg?xyo. For this case u must satisfy the equation

u< -1~ (H'Fy + Her - CTAx) (2.60)

19:2

In terms of the plant and model parameters, (2.60) is

u < -0.02y, - 0.015y, + 0.0lr + dx, + cx, + (1oo‘b-a)x3 -(2.61)

However, a, b, ¢, and d are to some extent unknown and (2.61) must h&ld,
for any permissible values of a, b, ¢, and 4. -

It would be possible to satisfy (2.61) by choosing the following
plant input:

u < -0.02y, - 0.015y, + 0.01r - ld] |x11 (2.62)

max

- el Il = 1100b-a] |,

Equation (2.62) would serve as a good control when the error is large'
because it would cause the error fo be reduced quickly. However, it
would be a very poor control when the error is near zero because there
would be a large jump discontiﬁuity in the plant input each time the
error changed sign. The reason that there would be a jump discontin-
uity is that the corresponding inequality to be met when the error is

negative is

1



u > -0.02y, - 0.018y, + 0.01r + |d| _.|x | + |e]| .. |x,| (2.63)
. 1 2 max'"1l ma' "2
+ |200b-a] __ |x|

The best policy when the ervor is positive is to be certain that
(2.61) is satisfied while keeping the jump discontinuity as small as
possible. The procedure is explained below for the given bounds on
the plant coefficients.

Consider the single term dxl,in (2.61). The quantity which

replaces dx, must be such that the inequality holds regardless of the.

1

value of d. To satisfy (2.61) use -300|x1| or 300x, when %) is nega-
five, and use 36x1 when % is positive. The reasoning is similar for

the other two terms:

for x2>0, use 24x2;

for x2<0, use 102x2;

for x3>0, use 0.6x3;

for x,<0, use 3.1x

3 3’

These quantities can be combined without using logic statements. The
resulting equation is the condition to be met by the plant input when
the error is positive:

w < -0.02y; - 0.015y, + 0.0lr + 168x;, - 132|x| (2.64)

- 1.25|x

+ 63x, - 391x2| + 1.85x%

3 3'
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If it is desired that the initial error decay at least as fast as ehat,

the inequality in (2.64) could be modified as

+

u’ = -0.02y, ~ 0.015y, + 0.0lr + 168x, - 132|x (2.65)

1l lI

+ 83x, - 39x,| + 1.85x, - 1.25(x,| - 3e

2
. + . . :
where u refers to the control when the error is positive. The case
for negative error must be considered separately, since (2.65) holds
only for positive errors.
When the error is negative it is necessary that u satisfy

u > ‘%*'(E?FX.* B?Qp - Q?A )

c'B

(2.66)
In terms of the plant and the model parameters, (2.66) was

> —0.02yl - 0.015y2 + 0.01r - dxl - CXy = (b-O.Ola)x3 (2.87)

Reasoning as before, the plant input vhen the error is negative is.

designated as u and obeys the eguation

u” ='—o.02yl - 0.015y, + 0.0lr + 168x, + 132|x,| + 63x, (2.68)

2

+39|x,| + 1.85x3 + 1.25[x,] - 3e

Equations (2.65) and (2.68) are combined by a simple procedure:
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u =

taf =

{(1+sign e)u+ + %—(l-sign elu’ (2.69)

where u is the complete plant input. When (2.65) and (2.68) are sub-

stituted into (2.69) and the terms are combined, the result is

u =,-0.02yl - 0.015y2 + 0.01lr + lSBxl + 53x2 + 1.85x3 (2.70)

-(sign e)(132[x, | + 39|x2|'+ 1.25|x,]) - 3e

5!
Comparison of (2.70) with (2.24), the corresponding'control equation
vwhen the plant parameters were known, gives an' indication of the
increase in complexity that can be expected ﬁhen there are incompletely
specified plant parameters. This system was simulated with the same
input and the same initial conditions as were used in Example 1. The
results of the simulation are shown in Figure 7.

Careful study of Figure 7 reveals an important characteristic of
the synthesized plant input u: the plant input behaved very nicely
vwhenever the system error was away froﬁ zero., Indeed, the error in
this example was quickly:drivenéﬁo zéro, vather than approaching Zero
exponentially as in Example 1, :ﬁdwever, because of the term
-¢sign e)(132|xl| + 39]x2| + 1.?5|x3|) in (2.70), the input made large
changes in magnitude each time ﬁhe error e changed sign.

The magnitude of the discontinuity which occurred when the ervor
changed sign was 2(132‘xl| + 39|x2| + l.25|x3|), whicﬁ is a funetien

both of the states and of the ranges of each incompletely specified

plant parameter. Since the controller has no means of controlling
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Figure 7(c). Synthesized Plant Input for Example 5
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individual states in the piani, the only way to reduce the magnitude
of the diécontinuity would have been to have more accurate a priori
knowledge about the plant parameters.

When the plant is nonlinear or time-varying, the method parallels
that for the linear time-invarian. plant of Example 5. The Liapunov
function V is defined. The derivative of V is calculated, and each
term of V is considered separately so that the control u will make v
negative definite for all permissible values of each unknown parameter.

The following example illustrates the versatitity of these
techniques when they are applied 1o nonlinear and time-varying systems

which have unknown plant parameters.

Example 8
The plant, model, and model input, and initial condirions are
those used in Example 3, Recall that the equation for iz was of the
form
. &
%, = -x, - 3|xl| - bx, + u | (2.71)

where in Example 3 the exponent a2 was 2 and the coefficient b was 2,
For this example it is assumed that a is known to lie in the range
1.8 £ a < 2,2, but the exact value of a2 iz nov known., The ceoefficient
b is known to be in the range 1 = b = 4.

The requirements on u were

u < x f 3|xl|a t bx, -ty sin 10t < (2.72)

1




us

when e > 0, and
1

u > x o+ 3|xl|a + bx, -ty sin 10t . (2.73)

when e < 0. The factor bx2 is handled as in Example 5.  The factor.

|xl|a is handled as follows:
For e>0 and [xl|<l, use |x1|2'2;
For e>0 and |x1|>l, use.|xl|l'8;
For e<0 and Ix1|<l, use [xlll'gs
For e<0 and'lxll>1, use ]xl|2'2.

The resulting control law with convergence factor 5le| is

1.8 2.2 1.8 '
usx o+ l.5(|x1[ +‘|xl] ) + 115(sign e){lxll sign(|xl|-l)
-|x |2'2sign(|x [-1)} + 2.5 %, - 1.5|x,|sign e
1l : 1 ) 2 ) 2
- ty sin 10t - 5Se ’ ' (2.74)

Comparison of (2.74) with (2.50), the corresponding control in Example
3, shows that the complexity of the control was greatly increased when
there were incompletely specified plant nonlinearities.

The results of the simulation of this system are shown in

Figure 8. Comparison with Figure 5 shows again that the error was

driven to zero more quickly when there were unknown parameters.
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This was caused by the extra terms which insured that V was negative

definite for all conditions of each unknown parameter,

Special Nonlinear Cases

There were two specific nonlinear cases which required speeial
attention. When a separable nonlinearity occurred at the input of the
plant, the: plant could be controlled by making appropriate modifica-
tions to the techniques of the preceding sections. The ability to
handle plants with separable input.nonlineapities greatly increases
the applicability of this thesis. The second type of nonlinearity which
was considered was the‘system output nonlinearity where, instead of an
output error, only 2 nonlinear function of the output error was acces-
sible.. In this case, an integral type Liapunov function was especially
appropriate. Furthermore, discussion of the system output nonlinearity
led naturally to the consideration of relaxed stability requirements to
improve the overall system design.

The Plant Input Nenlinearity

‘Figure 9 shows an input-oufput_plane for a separable nonlinearity
with input u and output f(u). The-technique which is presented in
Example 7 is applicable to any input nonlinearity which .can be con-
tained in the shaded region of Figure 9, provided the k's and R's are
known. The k's aﬁd 2's are slopes and intercepts, respectively, of
the boundary lines for the region., The form of the region. permits a

wide variety of nonlinearities, such as dead zone, hysteresis, and:

nonlinearities that do not necessarily satisfy the condition £(0) = 0.
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2150524
Figure 9. Bounds on the Plant Input Nonlinearity

Assuming an appropriate plant and model exist, the quadratic
Liapunov function V = %—eQ is defined and the derivative V is calculated
in terms of the plant and model states and inputs. Using the techniques
which have beeﬁ presented earlier, inequalities similar to (2.13) and
(2.14) are obtained: one inequality applying when the ervor is posi-
tive, and the other when the error is negative. However, the inequali-
ties are in terms of f(u), the output of the nonlinearity. Using these
inequalities together with the available knowledge about the nonline-
arity, an equation for the input u can be obtained. This equation for
u must be such that the nonlinear function f(u) satisfies the inequality
constraints. Such a control is possible if the nonlinearity éan bhe

obtained in the shaded region of Figure 9. The following example

demonstrates the technique for a hysteresis-type input nonlinearity,
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Example 7

Let the model be second brder, linear, and time-varying of the

- form given in (2.35), where

0 1 0
F(t) = | - 3 6(t) = - (2.75)
-1 -0.8-10-gin t]. 1

The plant is second order and time-invariant, with equations

% =%, (2.76)
%, = -lﬁx1 - 3.2x, f-f(u)

1 .

z = lel + 32

The plant input nonlinearity, which is of the hysteresis type, is shown

in Figure 10.

Figure 10. A Hysteresis Type Plant Input Nonlinearity
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In terms of f(u), the requirements for asymptotic stability are when

e >0,

flu) < 16x, - 6.8%x, -y, - (0.8-+ sin 101:)y2 +r (2.77)

and vhen e < 0,

flu) > 18%) - 6.8x2 -y - (0.8 + sin lOt)y2 +r (2.78)

With the choices of 2{e| for a convergence factor and 5 sin 6t for a .

model input, (2.77) and (2.78) are satisfied with u defined as

1

When f{u) £ -1.25, then u = 4[f(u) + 1]

M

When. £(u) < -0.75 and f(u)‘t- < 0, then u = 4[Ff(u) + 1]

v

When f(u) 2 1.25, then u = 4 f(u) - 1] _

When £(u) > 0.75 and f(u)lt- >0, thén u = 8lf(u) - i]
When |[£(u)| < 0.75, then u = -sign e

When 0.75 < |F(3)| < 1.25 and sign £(u) £ " -sign £(u) L2
sign f(u). ' (2.79)

then u
The results of the simulation of this system are shown in Figure 11,

The initial conditions in the simulation were

%,(0) = %,(0) = y;(1) = 0 (2.80)

-1
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Examination of Figure 11(b) shows that the control-of.(2.79) did.
indeed cause this system to be asymptotically stable. In fact, the
system error was forced to zero rather quickly. The peculiar shape
of the control u versus time curve in Figure 11(c) was”intentional.

Cne model parameter. and the model .input were chosen to be sinusoid,

thus providing a better test for the hysteresis plant input nonline-

arity.

The System Output Nonlinearity

| A systeﬁ of special interest is shown in Figurg 12. In this
system neither the plant output nor the. system error is known. Instead,
a function of the error is available as the output of an incompletely

specified time-varying nonlinearity satisfying for all t z 0 the condi-

tions-
1. 0 <k_. e2 £ ef{e,t) for e=0
min:
2. F(o,t) =
3. |3f(6sf)[ < mlel.

The system can be controlled by choosing for a Liapunov function

e
v=[ fle,t)de (2.81)
0

For this choice, the derivative is

1=
V = fle,t)é + |
0

Bf(e,t)
3t de £ 0 (2.82)

But
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e = 2
J' afg:st) < m; < m[f(gat)] (2.83)
0 2k .
min -
so asymptotic stzbility can be guaranteed by satisfying
Vs fle,t)le + “'f(z’t) <0 - (2.84)
2k,
min_|
4 )
() | comrrorner  IEEY b prawr [XCE) (e )
-
e .ﬂ %
¥y
w(t) -
—* REFERENCE MODEL
Figure 12. A Model Reference Adaptive Control System for

Which the. Error is Not Explicitly Available

-

The following example demonstrates how. (2:84) was applied to a par-

Exaggle 8

| ticular plant and model.

The plant, the model, the model input, and the initial conditions

are the same as those used in Example 2. Now, however, the ervor is

available only as the output .of an incompletely specified time-varying
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nonlinearity. The actual nonlinearity used in the simulation was

£e,t) = (2-¢ Dle. (2.85)
Only m and kmin were assumed known. Equation (2.84) can be satisfied
by using the term -pf(e,t) instead of the convergence term -pe of
Example 2. Here p is a positive constant or function greater than 0.5.
Figure 13 shows.the results of a simulation of this system with p

chosen as 5. Comparison with Figure 4 shows that in this instance the

output nonlinearily affected the system performance very little.

Relaxed Stability Requirements Near the Origin

The techniques.in this chapter have dealt with designing systems
that are asymptotieally stablé to the origin. It was mentioned previ-
ously that when there were unknown parameters, the control which one
could derive was a good one only until the error reached zero. There-
after, as long as the error pemained near zero, the control was a poor
one because the term f(x) sigﬁ.e caused large jump discontinuities in
u each time the error changed sign.

One way to improve the control near the érigin is to relax the
stability requirements ﬁhen the error is small. Instead of requiring
the error to remain at zerc once it‘gets_thefe, one may require-instead
that the error remain near zero, e.g., in the range -0.05 £ e £ 0.65;

The procedure is to first use the complete control equation to’

reduce the error to zero. The control equation is then modified by

removing all terms which are multiplied by sign e. This modified -
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contrfol is then used until the error becomes greater than 0.05 in
absolute value. Once the error exceeds 0.05, the cornple'l:_e control
equation is again used to drive the érror to zero. This operation -
is easily implementeﬁ by adding. the system output nonlinearity shown.
in Figure 14. " The following example .illustrates how this can be.

done, -and what effects might be expected.

gle)
+1 I < L
|
W 1

|

: 1 0.05 e

Y 1

! — > -1

Figure 14, A System Output Nonlinearity for
Relaxed Stability Requirements

Example 9
The system of Example 5 was altered by substituting g(e) for

sign e in the equation for u. The results of a simulation of the
system are shown in-Figure 15. The improvement in u can be noted
by comparing Figure 15 with Pigure 7. Figure 15 was plotted on an-

expanded scale so that u could be better presented. Because the

unknown parameters. were within fairly large ranges, the modified
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control policy quickly lost its advantage in this particular example.
However, the .modified control policy could be used to better advantage

if the plant parameters were more precisely known.

-The System Bandwidth

The original assumptions about the piant and model imply
perfeét measurements of the state variﬁbles. Considering systems
whose measurements are corrupted by noise is beyond the 5c§pe=cf'this
thesis. However, some indication of how the system might behave in
the presence of noise can be obtained by defermining the closed loop
poles of the plant as it responds to the model input. In the simpler
cases, this information is equi%alent to determining the system band-
width.,

For the linear time-invariant plant of (2.6) and the linear

time;invariant model of (2.7), the control is
. L , ,
u—T(EPy_-f-E- r - ¢ Ax - ke) (2.86)

when the convergence factor is chosen as k|e|.: Substituting (2.86)

into (2.6) yields
[HFy + Hr - cTAx - kCTx + ki'y] (2.87)

T

Multiplying (2.87) by € and combining terms yields

T

%= HFy + Hor - kC'x + kH'y (2.88)

[
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By substituting from (2.7} and combining terms, one obtains
cTx+ keTx = H'y + ki'y  (2.89)
:Takipg the Laplace transform of (2.89), one has-
T

cTsxX(s) - CTx(0) + kC'X(e) = (2.90)

H's¥(s) - Hy(0) + H¥(s)

or

c"x(0)  H'y(0)

T T )
CX(s) = BY(s) + 55—~ 7% (2.81)
Substituting from (2.6) and (2.7), (2.91) becomes
_ e{0)
Z(s) = W(s) + =% (2.92)

Thus the closed loop poles of the .plant are located at the poles of the
model, with one additional pole defined by the convergence factor.
Therefore, the .system bandwidth remains finite and may be selected by
choosing the model and the convergence factor. Analogous results, i.e.,
the dependence of bandwidth on the model and on the convergence factor,

are valid when the plant and model are time-varying and nonlinear, but

the corresponding analysis is considerably more complicated.
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Summar i

In this chapter the basic theory and techniques for the simplest
single-input,.single-output system were derived. The techniques were
then extended to include both plants and models with nonlinearities and
with time-varying parameters. Plants with incompletely specified param-
eters were then considered and control techniques for this case were
presented., Two importanf-special types of nonlinearities were handled,
Sne type requiring the use of an integral .type Liapunov function.
Because the control can be abrupt when there are unknown plant param-
eters, a technique was-presaﬁted which results -in a smoother control.

The next chapter deals with using an expanded quadratic

Liapunov funetion in the design of model reference adaptive control

systems.. One advantage is that a broad new_class of plants can thereby
be handled. Another advantage is that-usiﬁg additional termé in the
Liapunov function can lead to the synthesié of a plant‘éutpﬁt u which-
has no discohtinuities, even though the plant may.have_unkﬁowﬂ param-

eters. Subsequent chapters deal with the extensions to multiple-

input, multiple-output systems and to sampled-data systems.



‘ ‘ ~ CHAPTER III

RESULTS USING EXPANDED FORME CF

. QUADRATIC LIAPUNOV FUNCTIONS

In Chapter”iIfonly the simplest quadratic Liapunov function,
.V.= %—gz,-was used., Proper applicatioﬁ of the conditions for
asymptotic stability of fhe-system.error resulted in useful.synthesis
tecﬂniques. :Tﬁese-synthesis téphniques were applied to a wide variety
ﬁf-plantsland models to yield asjmptotically stable model reference
adaptive.control-SYQtémé.

The ciﬁsé‘df-pénmiésible-plants has thus far been restricted
_to those.plénts!whose matrix_producf E?E_is nonzerc. For linear nth
order plantg, this requirement means that.the numerator of the transfef
function muéf5béyofsordef n-1. A technique for handling a plant
numérator 6f any-order m less-than n is presented in this-chapter..
The-techniqué pequireé-fhe use of a more elaborate quadratic Liapunov_
function.

It Haslbeen pointed out previously that the plant input has
:closely spaced jump discontinuities when there are unknown. plant
parametefs and the system efror is near zero. One way of circumventing
this unAesirable pfoperty was presented in Chapter II. A second method.
is presented-in'this chapter. The method-is based'dn'using a ﬁuadratic

‘ Liapunov-function which involves successive derivatives of the system

error.
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A More General Quadratic Liapunov Function

The results presented in this chapter depend on choosing an
expanded Liapunbv function. The Liapunov function chosen is the
more'genefal quadratic form:

el 2,102 1.2, _
Vege +7Pé" + 3P+ | (3.1)
The number of terms that are used depends upon the order and form of .
the plant, the;ofder and form of the model, and the desired behavior
of the plant input.
The synthesis procedure is based on insuring the negative

definiteness of the time derivative of the Liapunov function. For

the system to be asymptotically stable, the plant input u must be

such that

Vzed+Pe&+P s+ 220 - (3.2)

1 2

with thg.gggg;ity ho;@iug only when V has been‘reduced to zero, Equa-
tion (3,2) is very unwiele in general because of the number of matrix
producfs.which;occuf'in tﬁezgfééem_error and-its derivatives. A solu-
tion for the most geﬁerai»qasé'is presehteélinltﬁéiiéfféﬁ part~ofzthis;

chapter. However, to facilitate the presentation, some.simpler special

cases are first copsidered and discussed.
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2

e + 2

Pé

r -

R

The Liapunov Function V =

Several of the effects of choosing an expanded quadratic

Liapunov function can be cobserved when using the simple function
(3.3)

where P is a positive constant used as a weighting factor. The time

derivative of the Liapunov function is

<3 .
L]

eé + Pég (3.4)

From Theorem 3, a sufficient condition for asymptotic stébility is
that (3.4) be negative semi-definite and that V not be zéro along a

: system trajectory.‘ Some care must be exercised when choosing a

i control u, or else it will be possible to drive é to zero and keep it
E there even though e is nonzero.

11

: The control which forces V to zero asymptotically must satisfy
the following four conditions:

When é>0, make #<- = 3 (3.5}

Qe e

When é<0, make &> - = ;

When é=0 and e>0, make &<0;

- When €=z0 and e<0, make #>0.

Thus é must be accessible for contrelling this system. If the Liapunov
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function V is to remain at zero, the following condition must be

satisfied:

When ¢ = 0 and e = 0, make & = 0. | _ (3.6)

It is not possible to satisfy (3.6) when there are unknown parameters,

just as it was not possible to make é = 0 when e = 0 in Chapter II when

there were uﬁknown parameters.

There are a variety of ways which one might use to cause V to
appfoach zero. -Each depends upon the arbitrary function which is chosen
to .insure that the inéqualities of (3.5) are satisfied. One effective
way is_to try to approach the point e =0, é ; 0 along a straight iine

in the é versus e plane. For example, consider the line defined by

(3.7)

1]
o

& + e

along which

o
n
|

(D+

(3.8)

To make the system apprﬁach and then follow the line defined by (3.7);
one proceeds in the following mamner. Referring to Pigure 16,
If the system trajectory is in Region I, make & < 03 (3.9)
If the system trajectory is in Region II, make & > 03

If the system trajectory is on the boundary, make & = -é,

—
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Region I

.

Region II ' & te=0

Figure 16. Regions in thé é versus e Plane

In the exact case, (3.5)-(8.7) are satisfied with the control defined

by

g=-5-= (3.10)

When. there are unknown.parameters, (3.5) and (3.7) can be satisfied
only by considering the inequalities directly, since & is not -known
when the plant is incompletely specified.

Consider the linear time-invariant plant given by

% = Ax + Bu _ (3.11)

and the linear time-invariant model
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Fy + Gr (3.12)

|1¢:-
1]

W= Ky

The system error e and its first two derivatives are calculated as

e=C% - Hy | O (8.19)

é = QTf’*i + QT;U - .H.TF}L '. .H.T_r‘ (3.14)

& =c'a% + cTaBu + CTBA - HFZy - (3.15)
- HTFGr - HTGr

There are four cases which occur. These cases are distinguished
by whether the matrix products Q?E.and E?Ag_in (3.15) are mnonzero.
Case 1, when bothlmatrix products are zerc, occurs if an nth order
plant has a numerator of order n-3 or less. An n-2 order numerator
gives rise to Case 2, ir which dnly Q?Ag.is nonzero. One special

type of n-1 order numerator results in Case 3, in which only et

C'Bis
nonzere, Case 4, when both matrix products are nonzero, is the
general case of an nth order plant whose numerator is of order n-l.
These four cases are discussed more thoroughly in the remainder of
this section.

Case 1

When the numerator of an nth order plant is of order n-3 or

less, the matrix products Q?E_and Q?Ag_are both zerc. Equation
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-

(3.15) then reduces to
8 =CA°x - HF° - HFGr - H G (3.16)

Since there are no terms involving u or U appearing in (3.16), the.
Liapunov function was nct-adeqﬁate for the. plant choseﬁ. The remedy is
to add more . texms to the.Liapunov‘function. Terms must be added until
u or its derivative.appears explicitly when the highest deﬁivative of e
is calculatéd. This remedy is considered in more detail in a later .
section -of this chapter.
Case 2

For nth order plants-whose'numerator_is'of-order n-2, the‘matrfx

T

product C'B is zero, but the matrix product Q?Ag_is nonzero. When this

occurs, Equation (3.15) becomes
Fy - HFGr - H GP (3.17)

The following example illustrates how (3.10) was applied to
yield a control when the plant is known. In the example the slightly
more complicated -condition of a time-varying plant was considered.

Example 1. Let the plant be linear, time-varying, and of the.
form given in (2.25) with

0 1 0
A(r) = 3 B(t) = (3.18)
-2+sin 8t  -2-sin 4t 1




c(t) = .

The model is of the form given in (3.12), where

o
—
o
o

F=120 0 lls G = 0
-6 -11 -8B 1

6

H = 0

0

The error and its first two derivatives are

e =72 -w-= 2xl - Eyl

e = 2x2 - 5y2

€ = (-442 sin Bt)xi - (42 sin 4t)z, + 2u - 6y

Choosing P = 1 and substituting (3.20)-(3.22) into (3.10), the

defining equatiocn for u becomes

(-4+2 sin Bt)xl - (4+2 sin Ht)XQ +2u - 6y, =

- 2%+ Syl - bx

1 2

+ 12y2

68

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)




69

Thus -the plant input is

u= (1l - sin Bt)xl + x%,.s5in Ut + le + 6y2 + 3y3. (3.2&)

2
The results of a simulation of this system are shown in Figure 17. The
input to the model was 1 + 0.1t2. The plant and model had zero initial
conditions except for yl(o), which was,éu The system behaved.quite
well, with the error approaching zero asymptotically.

Case 3 |

When the numerator of an nth order plant is of .the form

alsn_l + assn-s + ausnﬂu + e a,#0
the matrix preoduct Q?E_is nonzere, but Q?Ag_is Zero. The_equatioﬁ.forl
g becomgé |
8 = ¢'a% + ¢"Ba - H'F%y - H'Ter - g (3.25)
Since Q?Q;O, this case could have been handled by the -techniques of

Chapter II, by using the Liapunov function V = %—ez. The choice of a

quadratiec Liapunov function with two terms leads to a synthesis equa-
tion for i, the first derivative of the plant input. The plant input u

is then taken from the output of an integrator which is fed by the

synthesized 1.
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Case U
For an nth order plant with a numerator of the form.

a.s — + a,.s + o ' a #2{)

1 2 170» 2

2

the matrix products-E?E_and Q?Ag_are both nonzero. In this case the

equation for & is the same as.(3.15), i.e.

&=C A% + C ABu + C'B4 -~ HF°y - HFGr ~ H Gf (3.26)

. Using (3.26) leads to an equation for i, The implementation involves

an ihtegrator with feedback, since the equation also involwves u.
Bxampie.z illustrates how (3.26) is applied to such a problem.

| ExamEle-Z. The plant and model used are- the same as the plant
and model used in Example .5 of Chapter II.  Because the Liapunov func-
tion involves two terms and the plant numerator is of order n-1, the
resulting u.is the output of an integrator whose input is u.. For the

plant

0 1. 0 0 0 |
A=|l0o. o 1|; B={ol; ¢=1a|. {3.27)
-d ~¢ -b 1 100

with known bounds -
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50 £ a £°100
1.6 £b < 3.6
24 £ ¢ = 102
3B < d < 300
For the model,
o 1 0 0.5
F = 3 G = ; H= . (3.28)
=2 =2 1 1

Because the matrix product ﬁ?g_is non-zero, 1 is required to either be
available or have known finite bounds. In this example, it is assumed
to be available. Performing the indicated matrix operations and sub-

stituting r = 10(1-t) and © = -10 in (3.26) yields

8 = -d(b—o.o:La)xl ~ [ce{b-0.01la) - d]x2 - [b(b-0.01a) - (3.29)

c]x3 - (b-0.0la)u + 0.03yl + 0.01y2 - 0.25 + 0,15¢

Choosing P = 1 and applying (3.5) and (3.7), 0 becomes

4 = -475.8x; + 57x, + 1.85u + 0.03y, + 0.0ly, - 0.25 + 0.15t  (3.30)

-0.0le - 0.02¢ - {454.2|x,| + 285.6(x,| + un|x,| + 1.25)u[}



74
‘{sign & # (1 - |sign é)sign e}

The results of a simulation of this system are shown in Figure 18.
"‘ ‘ When.the quadratic .Liapunov.function V =-%-e2 + %‘-—Pé2 is used,
the term E?g? appears-in the equation for &. By choosing an mth order

model with a numerator of order m-2, the matrix product B?g_is zZero,

w If it .is impractical to choose such a model, then r» must be available.

‘ An Alternate Liapunov Function

l Figure-;e(d) shoﬁs-the_results of a characteristic of the con-
trol -when there are unknown parameters: the convergence terms which
insured that V was negative semi-definite acted to force é to zero.
This negated the effects of the convergence-terms which3were.trying to
w force é to equal ~e, The effect was that although the;systeﬁ error
] still approached zerc asymptotically, it tried to do so along the

‘ - line é = 0. Thus the error decreased very slowly.
‘ An effective means of circumventing this problem is to choose as

‘ ‘ a Liapunov function
v = -;L(e + e')2 . (3.31)

|
i‘ which is positive except along the line e + é = 0, The derivative of ‘

‘ : _ V= e+ &)e + 8) | (3.32)
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Figure 18(c). Synthesized Plant Input for Example 2
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Equation (3.32) is made negative definite by controlling & so that

! When et+é>0, &<-é; (3.33)

When e+é<0, &>-8,

However, if V is to remain at zero, the control must-alsq make E=-¢
when.e+é=0. A control which satisfies these reduiréments:will yield
the desiredlsystem performance., It will 5ring fhe é versus e trajectory
toward the line-efé=0, and then. toward the origin along the line. The
following example illustrates this method on the familiar éystem of
Example 2.
Example 3

The plant, model, model input, and initial conditions are thé
same as those of Example 2. Choosing as a Liapunov function

y =-%-(e+é)2g the control equation becomes:

§ = -475.8x, + 57x

L + 1.85u + 0.03y, +.0.0ly, ‘(3,3u)

3

~0.25 + 0.15t - 0.01& + {u54.2(x, |

+285.5|x2[ + 4t |+ 1.25[uf}sign(eté)

é ‘The results of the .simulation are shown in Figure 19. OF bartfcular '
significance is the é versus e trajectory in Figure 19(d). This figure

shows that the control defined by (3.34%) did indeed force the .error and

its first .derivative to the origin.
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Figure 19(c). Synthesized Plant Input for Example 3
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The Time-Varying Plant or Model

The derivations in the previous sections were for a linear time-
invariant plant and a linear time-invariant model. The techniqﬁes
which have been presented are aléo applicable to the case where either
the plant or the model or both are time-varying. One difference which
results from this extension is that there are many more terms in the
equations for é and €. Another is that when the plant has unknown
parameters, knowledge about the behavior of the first and second
derivatives of some of these parameters are required. Consider the

general time-varying plant

[ %
u

A(t)x + B(t)u | (3.35)

cTee)x

]
1]

and the general time-varying model

F(t)y + G(t)r (3.36)

r~<-
n

-]
]

1 (t)y _ ' |

The system error and its first two derivatives are

e =z -ws= g?(t)g_— E?(t)z_ (3.37)




81

& = ET(t)x + CT(DIA(D)x + CT(B)B(t)u - A (+)y (3.38)

- ET(t)F(t)z_ - y_T(t),G_(t')r

g = ETc0x + 26T (AR + 26T(OIB(E + CT(DAMR  (3.39)
C+ cloafiedx + ¢ DAMBN + cToB + ¢T(H)B(E)a

Tty - 2B (EF(t)y - 2H (£)6(t)r - H (£)E(t)y

1 (£)F2(t)y - H(HF()6(tr - H (£)8(t)r - H (£)8(+)P

When (3.37)-(3.39) are substituted into (3.10}, the vesult is a lengthy
equation for u. If there are unknown parameters, the procedure becomes

a test of the endurance of the designer.

The Nonlinear Plant and Model

The most general nonlinear plant is . i

[Xe
1

£(x) + Bu (3.40)

3]
fn
Q
Ed

The most general nonlinear model is

¥ = gly,.r) ' (3.41)
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The system error and its first two derivatives are
e=(i_:§_-ﬁi (3.42)
éd = C f(x)+CBu- Q_Tgcz,r) (3.43)
g(y,r)) (3.44)

Equatibns (3.41)-(3.43) are substituted into (3.10) to yield an
equation involving u and 0. In general the situation is quite hopeless
because of the nonlinear term CTf(f(x) * Bu) in (3.44). There are,
however, special cases in which the procedure will be usable.

The nonlinéar, time—varyihg plant and model are treated
similarly to the nonlinear planf and model. There are, of course,
additional terms occurring in the equations for é and & because of the
time dependence. Thus increased complexity is the price one must pay

to control more general plants.
A quadratic Liapunov function with two terms has been considered

in this section. The requirement that.V be negative definite gave rise
to four cases. These four cases were distinguished by whether the

» T T -
matrix products C B and C AB are zero or nonzero. Two improvements
over the techniques of Chapter II should be noted:

1. Plants which could not be handled by the techniques of

Chapter II can be handled when QTA_Q_ is nonzero.
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2. The technique gave rise to a synthesis equation for 0 when

g?g;o, thus .causing the plant input -to be.continuous:

However, these improvements are obtained only-with‘these additional
system requirements:.

1. If the matrix product.g?é_is nonzero, the first derivative
of the model input is required in the synthesis equation.

2. The. extra terms in thg.Liapunov.function_increase_the COm=
plexity of the design, especially when.there are nonlinearities or
unknown parameters. |

3. The technique requires that é be .accessible.

Using a More General Quadratic Form

In the preceding sections the implications of using the quadratic.

Liapunov .function V ==%-e2 + %-Pé2 were discussed in detail. The pro-.

cedure for using a quadratic form with more than two terms.is straight-
forward, The iiapunov-function V is defined and its first derivative

V is calculated. The error e and its derivatives ave calculated using
plant and model matrices. These terms are substituted intoithe equation
for 65 and the highest derivative of u is isolated. An equation is then
written for this term such-that‘¢ is negative definite. The highest
derivative of u.which appears is then integrated é suffici;nt number of

times.to get u, the synthesized plant input.

Conclusion

Using the techniques presented in this chapter, an nth order

plant with any numerator of order less than n may be controlled by a
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model reference adaptive confrol scheme. This greatly extends the class
of plants which can be handled. Adding more terms to the Liapunov.
funetion chosen can cause the plant input u to be,continuous and have o |
n continuous derivatives. This feature:can improve the performance  of the -
| system, but.at the cost. of increased complexity and slower convergence
j of the error to zero. It.is-important to.give careful consideration to
the model chosen. If the order of the model numerator and the model
.denominator differ by less than the number of terms in the .Liapunov
X function, derivatives.of the model input will be required in the syn-
thesis procedure. |
In the following chapter, the techniques.of this chapter and
the preceding one are applied to multiple-input, multiple-cutput

systems.
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CHAPTER IV
MULTIPLE~INPUT MULTIPLE-OUTPUT SYSTEMS

The material in Chapters II and III dealt with-designing con-
trollers for model reference adaptive control systems which have
single-input, single-output plants and models. The techniques.are:
applicable to very broad.classes of such.plants and medels, but-thefe
are also many . important plants which have more than one input-.and:
more than one output. In this chapter the techniques of the,prévious,
two chapters'are-extendéd-to handle multiple~input, multiple—output;

plants and models,

Use of the Liapunov Function V =‘%1§?P§;

The mathematics for treating multiple-imput, multiple-output
systems is similar in several ways to the mathematics for treating
single-input, single-output control .systems. K The chiéf‘difference=ié
the inprease in the .dimensionality of the various matrices. The inputs.
u and .r and. the outputs z and w become vectors, where formerly they
were scalars. The vector quantities B, C, G, and-H become matrices.

Consider the linear time-invariant plant-

I

= Ax + Bu (4.1)
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and the linear, time-invariant model:

y=Fy + G0 o (4.2)
weHy

Define the system error vector as
€ =2 -~W | - ('4.3)_-

For (4.3) to be meaningful, the .vectors 'z and w must have thé,same_
dimensions. Thus the model which is chosen must:-have the same number
of outputs.as the plant: To control -each plant cutput, it:is,generélly
necessary that: there be at least,as many plant inputs as there are
plant outputs. It .is assumed throughout the.remainder of this thesis
that the number of plant inputs and outputs are equal. There a£e<n0;
restrictions. on the number of model inputs..

The synthesis procedure uses the Liapunov function
v =";‘EP2 (u.4) .

where e is defined.in (4.3) and P is a diagonal positive definite.

matrix. The derivative of.(4.4) is

V =ePg | , (4.5)
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and the design procedure-is to synthesize u so that V is made negative
definite. Upon substituting the plant and model equations, the require=

ment on {(&.5) beﬁomes-
v = (c’x - Hy) PcTax + ¢"Bu - HFy - H'Gp) £ 0 (4.6)

As in the single-input, single-output systems of Chapter_II;'thé;
feasibility of the system design depgnds-oﬁ the matrix product'CTB.
The easiest system to handle is the -one in which CTB_is diagonal'with
all n;nzero_élementsudn the, diagonal. In that case, there is.one and-
only one component of .u associated with each component of e. anhjui:
is then-synthesized to control its associated e via the methods- of.
Chapter II,-as!if it were,a single-input, sinéleeoutput system. - When
the matrix product has nonzero off-diagonal elements, it is often not,
possible.to use the .techniques of this chapter to design a model
reference :adaptive confrol system for that particular plant.

It is possible to use a time-varying plant,

A(t)x + B(t)u. (4.7}

(el
il

= ¢(e)x

[ma
1

a nonlinear plant, .

%= £(x) + Bu - (#.8)




or a nonlinear, time-varying plant -

%

z= CT_(‘t-)}i
Similarly, the model méy-be'time varying,

§ = F(t)y + 6(t)r

W =--HT.(1:)&

nonlinear,

¥ = g(yr)

or nonlinear and time-varying

= gly,r,t)

r<,‘,
1

HT(t)L

W=

= £(x,t) + B(tiu.
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(4.9)

(4.10)

(4.11)

{(4.12)
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In addition, the model may have separable.input nonlinearities, in:
which case r is replaced by h(r), or by h(r,t) if the nonlinearity
is time-varying. As in the-single-input, single-output case, any

model form may be used with any plant, subject to the .restrictions

on the numbers of inputs.and outputs.

Treating Cross-Coupling Bffectg,

One.of the difficulties of controlling multiple-input, multiple-
output plants is caused by .cross-coupling: one input affects more - -than.
one output. When using classical design techniques, one would sometimes .
like to have each output.affected by only one input. In such. a case,
the design of multiple-input, multiple-output .systems is accomplished
by treating the system as:if it were composed of many independent
single-input, single-outbut systems, .

An interesting application of .the techniques of this chapter
is in the design of non-interacting multiple-input, multiple-outputtl
control systems. One-simply selects a non-interacting model which
has .the desired dynamic characteristics: This model is then used,
along with the given .plant, in the model reference adaptive control
system, Each plant cutput follows the corresponding model.output.as.
the model .responds.to the external inputs.. The overall system, to the
external observer, is a ﬁon—ihteraéting multivariable system, with each.
subsystem having the desired dynamic.characteristics. An important
advantage of applying the techniques of this thesis to the problem of.

designing non-interacting control systems is that the design is pos-

sible, although difficult; even when the plant is nonlinear, time-.
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: varying, and has:incompletely specified parameters.
‘ The example which follows illustrates how the -techniques are
:‘ uséd to. design a controller which effgctively decoupled a multiple-
input, multiple-output.plant. . |
Example 1
The plant in (4.13) represents a particular turbo-prop engine
.w with the following inputs.and outputs [28]:
1 | u, propeller blade angle.
; ' ' u, fuel rate
:w 2z _engine speed
turbine inlet temperature.

‘ The plant differential equations are.

‘ X) = Xy +,ul (u,ls)_
.i
? R, = -xy b uy
: Ry = =X, + 4,
| by = 5 Y,
2z, = -2X1‘+ 3x3

| | z2_=-4x2;- Bxu_+ 8u2

The non-interacting model is
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¥, =y, + r (u.14)

Yp.® Wy Ty

=
n

15T

w, = -6y, + 8r,

With P chosen as.the 2:by 2 identity matrix, (4.5) becomes-

-

v =.(zl - wl)(él - ﬁl) + (zzv- wz)(é2 - ﬁz).s 0 (4.15)

which, upon-substituting from (4.13) and (4.14) results in

<.
n

(—2x:L + 3x3_+ 2yl)(2xl - 3x3 - 2ul ¥ 3u2 - 2yl +_2rl) (4.16)

+ (ule- Gxu + Bu2 + 6y2 - Br2)(-ux2 + Gxu +_uul --6u2

+ .84, - 6y, + 6r

2 - 8r2) £0

2.

From the first part of (4.16) a synthesis equation for u, is obtained,

-

and from the .second part-of .(4.16), a synthesis equation for ﬁ2 is

obtained. These equations are

u, = x. - 1.5%, + 1.5.1.12 -y, tor t ke, (4.17)

1 1 3
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and-

RN - 4, = 0.5%, - 0.75x, - 0.5u

i

1t 0.75u, + 0.752, + rz_--'kze2 (4.18)

The-results of a simulation of this system are shown in.Figure 20.  The .
plant followed the non-interacting model.with;exponentially.decreésipg

errars.

The General .Quadratic Liapunov Function

It is quite possible that when (4.6) is calculated, the matrix
product,CTB_willzbe a diagonal matrix with one or more zeros on the
main diagonal. When this occurs it is necessary to judiciously add
more terms to the-Liapunov-fﬁnction so that these channels may-be con-
trolled by means of ‘the méthods;of Chapter 111, ThegLiapunov,function‘_ '

to - be. selected has the form:
V=2Pe+é_Pg;+§P§+_'”' (_l-!._EI;S)

where P2

along.the main diagonal where CTE has zero elements. P3 is diagonal and
has nonzero elements .where CTB:and C?AB both have zeros. For instance,

is a diagonal .matrix having nonzero elements in those positions

fpr

choose

- _ 5 0 _ .
_ ¢’ = (%.20)
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---~- Plant Output
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Figure 20(a). Plant and Model Output for Channel 1, Example 1 -
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Figure 20{b). Channel 1 Error for Example 1

Figure 20(c). Channel 1 Plant Input for Example 1
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Figure 20(d). Plant and Model Output for Channel 2, Example 1

Figure 20(e). Channel 2 Error for Example 1

J

Figure 20(f). Channel 2 Plant Input for Example 1
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| ‘ k, © |
| P,= | 3 k>0 _ (4.21)
w 0 0 |

‘ : and,if

i o D 0 |
w C'AB = , (4522)
; 0 0 _

‘ choose

k, 0
; Py = ; k7> 0 (4.23)
‘ ‘ 0 0 - :

; The above.procedure permits each channel to be controlled using the | ' _ '

‘ fewest number of Liapuno§ ferms; waever, one may wish to add more;

‘ terms, when there are unknown parameters, to synthesize a smoother : ‘
i ‘ control.

!‘ Example 2
| The plant-is linear, time-varying, and has two inputs and two

|‘| outputs. The plant matrices are |

‘ 2 -a 0 0 0 1 0

w A)=|o o o 1 of; B=]o o] (4, 21)

' “ 6 0 b -1 0 10 |

\ o oo o b \




| o=

5\ o 7]
ii 0 o
w cC=1|=1 0
0 0

ol

| | E

‘ The - known bounds .are’

1.5 £a=s 2,5

‘ ' ' 2.5s5b s 3.5
0.2'519 £1

and the parameters used in the simulation were

a=2 (4,25)

= 0,5 + 0.2.cos 3t

Q
I

:‘ The model has-twe inputs and two outputs, and is a non-interacting
model, Both channels are second order, linear, time-invariant, and.

:‘ have input nonlinearities:

\ hy(r,) = SAT(r)) hylry) :sm(f?) . (4.26)
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The model matrices. are

0 1 o0 D 0 0
-5 -6 0 0 1 0 ,
F = ; @ = (4.27)
0 0 0 1 0. 0

L0 o -3 -2 0 1l |
[0 5] ‘
0 0

H= .

1l 0
E

0 0
e’ = | (4.28) ‘
o s _

the matrixﬁPz_is-chosen to be

1 0 '
P = (4.29)
0 0

Since the matrix CTAB-is-nonzero in the .(1,1) position, no other

Liapunov terms are needed. -

. M
There are two control equations, one for each channel:
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u, = 2x

l .
i = 2% + 2x, - 12.5y, - 15y, + 2.5h,(r,) -5e - €y (%.30)

1 X

0.5|x2|sign é - 0.5(1 ~ |sign é|)|x2|sign_e

=L - - . . -
u, = 7 {x, - 3y, -y, + h,(r,) + 1.8x; l.2|x5|sign e} - 2e (4.31)

"~ A gimulation was made using the . inputs

-3 sin 3.1416t (4.32)

-]
L}

r, = 0.5 + 2 cos 65,2832t

and nonzero initizl conditions

yl(o) = 0.2 (4.33)
y2(0) = 0.4
y3(0) =1

The results of the simulation are shown in Figure 21.

Conclusion
The techniques of the .previocus chapters.have been extended in
this chapter to handle multiple-input, multipie-output.plants,with:the

signal synthesis type of model reference-adaptive control system.. The

key to.the procedure.was the proﬁer choice of a Liapunov function upon
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Figure 21(a). Plant and Model Outputs for Channel 1, Example 2
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Figure 21(b). Channel 1 Error for Example 2
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Figure 21(c). Channel 1 Plant Input for Example 2
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é

Figure 21(d). Phase Plane Trajectory for the
Channel 1 Error for Example 2
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Figure 21(e). Plant and Model Output for Channel 2,Example 2

Figure 21(f). Channel 2 Error for Example 2
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Figure 21(g). Channel 2 Plant Input for Example 2
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which to build the design. An added feature cbtained by using the

i techniques of this chapter ;ﬁas the ‘design of noninteracting systems. .
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CHAPTER V
SAMPLED-DATA SYSTEMS -

The sﬁstems:considered-so.far in this thesis have been continu-
ous 'systems, which means that.all the state variables are continuously
monitored for feedback. Another important category of control systems
is one in which the signals are sampled and are thus available 6niy at
discrete instants of time. Whether such sampling is an.inherent
characteristic of the system or is intentionally added is not:important
to. this thesis. The fact that sampled data systems are_widély used is
sufficient justification for developing techniques to handle-them; In
this chapter methods are presented for using discrete Liapunov theory
to design sampled data model reference adaptive control systems of the
signal synthesis type. Both single-input, single-output systems and

multiple-input, multiple-output systems were investigated.

The Discrete Liapunov Function

The application of Liapunov theoxy to sampied.data systems 1is
considered in this chapter. As with continuous systems, the Liapunov.
function must -be posit;ve definite. However, the discrete Liapunov:
function is.defined only at the .sampling instants. To guavrantee.that.
the discrete system is asymptotically stable, a control must-be synthe-
sized which causes the‘Liapuncv.function at each sampling instant t¢ be

less than at the previous sampling instants.

The simplest quadratic form is
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_ 2
Ffor which
_ 2
Varl T Spel (5.2)

L

The difference function is defined as
AN =V -V =e - e (5.3)

By making ﬁVn negative definite for all n, asymptotic stability at the

sampling instants is guaranteed.

The: Simplest Case

Consider the single-input, single-output plant

Eopp - Az, + Bug (5.4)
z_ = CTx
n ==n

Yoe1 = an + EPn (5.5)
_ T
wn-ﬂxn

Define- the discrete system error as
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L T T
e, T %, - W, = Q—En - ﬂ_zn (5.8)

For this plant and model, (5.1), (5.2), and {(5.3) become

Vo= (Cx - Hy) (5.7)
- (T T T To 2
w1 - (€A% +CBu -HFy -HGr) (5.8)
= (aT T T To (2 T T, |2
AV = (CAx +CBu -HFy -HGr ) -(Cx -Hy) (5.9)

It is (5.9) which is to be made negative definite. As in the
equivalent continuous case, this conditioﬁ can be. satisfied only if the
matrix product Q?E_is nonzero. However in the sampled data system it |
is possible to reduce the system error to zero in one sampling instant
when g?g_is nonzero. This can be done by synthesizing u so that €1

is zevo:

_ 1 ,.T. T |
u = T (HFy + Hor - CAx ) (5.10)

With this control the error is reduced to zero in one sampling instant
and is held at zero thereafter. It might be mentioned that (5.10) is
the same as the control equation one would obtain in the digital track-
ing problem.

As in the continuous case, it is permissible for the plant to be

nonlinear, and time-varying:
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Xog1 = fﬁzn,n) + Eﬁn)un _ (5.11)

. T
z = Q_(n)zn
Similarly, the model may be nonlinear and time-varying:

Yoy = 8o 0m) (5.12)

It might be desirable in some cases to reduce the error
gradually, rather than in one step. In those instances the discrefe
input u, is synthesized sc that e 41 is not zero, but is less in
absolute value thaﬁ e, While such a control might offer more
flexibility than the control in {(5.10), it is more difficult to
implement. |

When there are incompletely specified plant parameters, the

T T it

matrix products C'B and C' A in (5.10) are unknown to some extent.

is therefore not possible to synthesize u, so that €41 is exactly

-zero, What one should de in this instance is to choose some "best

value” or ™most likely value" for each unknown parameter, and.synthesize
w aCCOrdiﬁgly. If the chosen values are close to. the actual values of

the known parameters, the system error is held near zero. The following

example illustrates this point.
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‘ ) Example 1

‘ The plant to be controlled is second order, linear, and continu-
f ' ous,.but is preceded by a sampler with sampling period 0.0l seconds,

W ' and a zero order hold. The continuous plant matrices are

w A = B = (5.13)

‘ ‘ with known bounds

A
i1}
1A

1.2 . S ‘

1A
o
IA

W 1.6 2.4

i.‘ Using the state transition matrix, one may arrive at the sampled-data

_‘ plant: .

% =cx, + 0.03u_  (5.18)
o+l n ‘
‘ X = % +dx, + 0.01lu ‘
‘ 21 1 2n , a
| |
n

with known bounds
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0.988 s ¢ £ 0.992

0.976 = 4 £ 0.98%
Choosing for a model the first order plant

Vor1 = 0.96y  + 0.01rn (5.;5)

and letting the input be

L 1+ 0.01ln (5.16)

the control for one step convergence is

N S
U = 503 ( 0.990xln

+ 0.95yn + 0.01 + 0.0001n) (5.17)

The results of the simulation are shown in Figure 22. Though the
figure appears to be continuous it must be remembered that the pictured
quantities are defined only at the sampling instants.. In the simula-

tion, the initial conditioms were

x,(0) = %,(0) = 0 (5.18)

y(0) =1
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Figufe 22(a)., Plant and Model Output for Example 1
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Figure 22(b). System Error for Example 1
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Figure 22{(c). Synthesized Plant Input for Example 1
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An Expanded Quadratic Form

When the matrix product g?g_is zero, one step convergence is not
possible. However, a control which causes multi-step convergence can
be derived by using an expénded quadratic Liapunov funection of the

form

- 2 2 2 * * 0 -
Vn e Plen+l + P2en+2 + (5.19)
The procedure is to use only the first term in (5.19) and then calcu-

late Vn+ When Vn+1 contains u explicitly, then the Liapunov function

1
is adequate and the design may proceed. If_Vn+l has no term containing
un,'one begins again by trying the first two terms of (5.19). This
procedure is repeated until an equation involving u_ appears when
Vn+1 is calculated, The discrete control u is then synthesized to
make &V as negative as possible.

The preceding technique converges in the same number of steps as
there are terms in the Liapunov function. Howeveyr, unlike the proce-
dure for ;ontinuous systems, there is nothing to be gained by using

more terms than required in the Liapunov function. Furthermore, there

is the disadvantage of increased complexity.

Multiple~-Input Multiple-Output Systems

The extension to multiple-input, multiple-output sampled data

systems is comparable to the corresponding extension for continuous

systems. One begins by defining the quadratic Liapunov function
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= of T T
Vo ® 8558 ¥ SanaFotni t SneoPatnen * (5.20)

vhere the Pi are carefully chosen diagonal matrices and

(5.21)

& = 2 " 4
The. elements of the P matrices are chosen as they were for éontinuous
syétems. P1 is the idgntity matrix, and P2 has positive entries in
those positions where CTB has zeros on the main diagonal. These"
entries may be chosen to be unity without losé of generality. The.
matrix P3 has positéve entries on the main diagonal only where CTB

and CTAB'both have zeros, and similarly for other added terms.

Example 2
The inputs to the plant and medel .of Example 2 in Chapter IV are
preceded by a zero order sample-and~hold. Using a sampling interval

of 0.0l seconds, the plant matrices become

| 70.9999 0.0098 0 0. 0]
-0.0198  a - 0 o o0
a=| o 0 0.9998 0.0100 0|; (5.22)
0 o b  o0.9899 o
o o 0 0 o



[~ o 0o
0.0016 0
B=]| o 0
0.0017 ©
0 0.0017]

with bounds

0.9752 £ a £ 0.9850

0.0249 £ b = 0,0348

0.9901 = ¢ = 0.9980

The model matrices are

[0.9998 0.0097

-0.0485 0.9416

Since the matrix product C?B was

0

0

0.9999 . 0.00992

-0.0297 0.9801]

0 0
| o 0 .
- 4 o -
0.0016 0
5
0 0
. 0 0.0016 |

0

0

0
0

11

1

|

IO

5_ -

0

0l

0
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(5.23)
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T 0 o
C'B =. (5.24)
0 0.005

P2 is chosen as

1 0
P, = ' (5.25)
0 0

No other P matrices are used since CTAB is nonzero in the (1,1) posi-
tion. The resulting control gives two-step convergence for chanmel -
1 and one-step convergence for channel 2. The actual controls .are

1

u o o= 375333§i§§-(-1.9992x1 - 0.0392x, + u.997uyln (5.26)

n n n

+0.0942y, + 0.0001f(r,) )
n

_ 1
u, = ataagij(o.gggﬁxs + Ci.(:'.‘:l.ﬂ'l(:h-:]+ - 2.9820x5 (5.27)
n n n  “n

+ 0.9702y3n + 0._9190<qun + 0.0016£(x,) )

The simulation results are shown in Figure 238. Because there were

incompletely specified parameters in {5.22), the errors were forced

very close to, but were not exactly, zero.
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Figure 23(a). Plant and Model Output for Channel 1, Example 2
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Figure 23(b). Channel 1 Error for Example 2
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Figure 23(¢). Chamnel 1 Input for Example 2
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‘ 1.0

0.5

‘ | 1 7 3 y 5
time in seconds
-005- .

Figure 23(d). Plant and Model Output for Channel 2, Example 2

| 1.0
0.5
5| 0 | i L L]
1 2 3 n 5
| -0.5: 5
-1.0
| Figure 23(e). Channel 2 Error for Example 2
i
i|

Figure 23(f). Channel 2 Input for Example 2
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‘ ' | Summary
w In this chapter a discrete Liapunov function was utilized in the
design of sampled data model reference adaptive control systems. The
‘ ‘ procedure for controlling the error using this discrete function
paralleled the procedure for controlling continuous systems. In the
i‘ ' singleQinput, single-output case, one step convergence was -possible if ‘
w the matrix product g?g_was nonzero and the plant was completely known, ‘
i ‘ When there were unknown plant parameters, it was not possible to force
EJ the error to zero, and a small fluetuating error remained. Tor those
plants whose matrix product g?g_was zero, additional terms were added.
‘.‘ to the Liapunov function as was done with continuous.systems. In those
cases, convergence was possible in as many steﬁs as there were terms
‘ in the Liapunov function, Multiple-input, multiple-output systems were ‘
‘ handled by increasing the dimensions of the wvarious quantities in thé

i ‘ ‘ defining equations for single-input, single-output systems.
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS

Conclusions

This thesis has pfesented a number of techniques for designing
of model reference adaptive control system$s of the sighal synthesis
type. . Perhaps the most significant characteristic of" these techniques
is that they are unencumbered by many of thé,restrictions_which previous
investigators found necessary to impose, particularly ﬁith regard to
the form and the order-. of the plant and model.

The general approach is to synthesize a feedback type control
signal .for the plant. The control signal is in general nonlinear, and
involves the model_input, each state and each output of the plant and
the model, and the bounds on each incompletely specified plant param-
eter. In addition; the control signal,is such that the overall system
satisfies the conditions of one of Liapunov's stability théorems. This
latter_requirément,guarantees the global asymptotic stability of the
resulting system desigﬁ.

The signal synthesis techniques which were developed during the
course of the research are applicable to plants .and models which are
of different orders and of different forms. The plant is permitted to
be, time-varying and_nonlineér, provided the input enters either linearly

or through a separable nonlinear block. The plant may have incompletely

‘specified parameters which lie in known ranges. The model is permitted
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to be time-varying and nonlinear, and the model nonlinearities may

~involve the inﬁut. Any permissible_model'form may be used with any

pe;missible plant, subject only to the reqﬁirement that the plant
and the_model have the same number of outputs. Several examples were
presented to illustrate the broad range of permissible forms for. the
Plant and the model.

| Single-input, single-outﬁut continuous systems were considered
first. It was by studying these simpler systems that the basic tech-
niques were developed and presented. Exaﬁples were presented as each
new development occurred, so that the implications of the development
might be more fully understood. Of partibular importance in developing
a successful system design is the choice of the Liapunov function. A
quadratic Liapunov function involving the system error and its higher’
derivatives was used throughout .the thesis, with one.exception.- The
exceptionlﬁas the case of the system output nonlinearity, for which an
integral type function was chosen. The number of terms needed:in.the.

quedratic Liapunov function
1 1. . 1. _..-
Ve=ge +--2Pe.+—2Pé+ (6.1)

depends upon .two considerations: (1) the sign definiteness of the plant

matrix products inb CTA§3 Q?A2§; etc., and (2) the desired degree of

continuity of the plant input. The sequence of matrix products is cal-

culated until a nonzero product is obtained. The number of matrix

products which were calculated equals the nunber of terms of (6.1)

which are needed. If these are unknown plant parameters and it is
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desired that the plant input be continuous, one additional term-mﬁst
be used in the Liapunov function.

Thé‘techniques which were developedufor single~input, single-
output systems were then extended to multiple-input, multiple-output
continuous systems. . It was shéwn that an important advantage of.
using the procedures of .this thesis to design confrollers for multi-
variable systems is the possibility of designing a controllgr which -
will eliminate cross-coupling effects. This is accomplished by using
a non-interacting model in the design.

Using a discrete Liapuno§ function makes it possible to.handlé
sampled- data plants with sampled data models. As with continuous
systems, the_design does not depend .on the plant:and the model being
of the same order or of the same form. It is also permissible for the
plant and model to be time—varying and nonlinear. However, for sémpled
data systems .it is not possible to force the error cbmpletély.to.zero
if .the blant_has incompletely specified parameters.

The results obtained have a broad scopg'of.applicabiiity. The -
method ié relatively simple to use, and no significant restrictions
are placed on the form of the;plant, the model, or the model input. .
This accants for the relative ease in obtaining results for systems

which are too difficult to handle by other existing techniques.

Recommendations for Furthen Study

'The approach taken in this research may be used to obtain addi-

tional results similar to those presented in this thesis.
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An area which warrants further study is that of finding
Liapunov .functions which will yield improved time vresponses. This is
especially important-for those plants which require terms involving
sécond.or higher derivatives of the error when the quadratic form is
used. One possibility for solving the problgm when u-appears in the

equation for ¥ is to choose a Liapunov function which is zereo along

the line defined by
e+ é=68+ & (6-1)

The design may prove to be difficult because of the higher dimensions

involved.
Another design procedure which could yield some important

results is to combine a parameter identification scheme with this

Ly
. signal synthesis technique. For such a system it would be possible ‘to

synthesize a more nearly continuous input when the plant has incom-
pletely specified parameters. This would offer an alternative to
adding terms to the Liapunov funection. Such a technique would be
especially useful when the order of the plant numeratﬁr differs from
the. order of .the plant denominator by two or more.

In this thesis all measurements were assumed to be noise free,
By using a stochastié Liapunov function such as those presented by
Kushner. [34], a synthesis technique which guarantees stability may.

be possible when the measurements of the state variables are corrupted

by noise.
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This thesis has presented some new ideas on designing model
reference adaptive control systems. The approach taken has vesulted in

design techniques to handle broad classes of plants .and models, but

some further work.is indicated in the areas outlined above.
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