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Tensor which is.inverse of matrix of variances and

covariances

The negative of the average value of the i th com-
ponent of the spatially_dependent force
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An element of tensor A given in.equation A,88
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Component of instantaneous wind velocity
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Shear tensor

Component of turbulent velocity

Mean turbulent velocity

xi

Average value of i th component of the shear vector

Component of spatial coordinate
i th value of variate in a sample

Non-dimensionalizing constant
Flatness factor -

Intermittency factor

Skewness

Determinant of é;

Kronecker's delta

Dimensionless perturbation parameter
Temperature fluctuation

Cumularits defined by equation A.25
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ponents
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Kinematic viscosity
Scale parameter
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Mean density
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Standard deviation
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Standard deviation of the i1 th: component of the tur-
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i th order perturbation correction in the dimensionless
velocity-dependent probability density
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Hermite polynomials

i th order perturbation correction in the dimensional
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Spatially-dependent‘scalar potential
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SUMMARY

Observations of turbulent velocity components in the 90 to 110
km region of .the upper .atmosphere were made on twelve chemical release
clouds. The probability density function, p.d.f., was computed for
each of the velocity components in the geographic coordinate system
and observed to be non-Gaussian. Several moments and parameters such

as the skewness and B the flatness factor, were computéd for the

2’
observed p.d.f.'s. The non-Gaussian character of the'p.d.f. is con-
sistently exhibited through high values of Bz. The application of

t-tests Indicated that the values of B8, are significantly different at

2
the 17 level from the value for a Gaussian p.d.f. It is shown that the
high values of 82 cannot occur as a result of simultaneous sampling of.
Gaussian turbulent velocities and Gaussian errors. It is also demon-
strated that it is highly improbable (at the 1% level) that the non-
Gaussian character is due to an intermit:tent observation in the first
case of Gaussian turbulent velocities and Gaussian errors or in the
second case of Gaussian errors alone.

The observations were converted to the shear system wﬁich has
axes along the direection of the shear in the mean wind, perpendicular
to the shear direction but in the horizontal plane, and along the
vertical direction. The p.d.f.'s for each of the turbulent velocities
were computed for all of the data grouped together and then for portions

of the data belonging to categories such as particular altitude intervals

and shear magnitude intervals. The flatness factor was consistently

T




xiv

non-Gaussian at the 1% level throughout the various categories of the
data. The skewness 1s shown to be significantly non-Gaussian at
values of the shear magnitude > 17 m/sec/km.

Confirmation of .the non-Gaussian character of the p.d.f.'s
was obtained by the use of x? goodness-of-fit tests. The method of
analysis of variance indicates that the shear vector definitely
influences the turbulent velocities and thus contributes to the non-
Gaussian character of the p.d.f. Further analysis of variance shows
that over the short lifetime of the releases the p.d.f. was relatively
stationary.

Utilization of the experimental information, the equation of
motion for fluctuating quantities, and the continuity equation in a
development similar to that found in classical statistical mechanics
leads to a differential equation for the velocity-dependent probability
density function fv' The differential equafion for fv is solved
through a perturbation method of solution. The unperturbed solutioen
is a trivariate Gaussian p.d.f., and the .solution to fhe first-order
perturbation differential equation is a series of trivariate Heémite
polynomials. The differential equation places 'constraint' equations’
"

on the Aijk

equations provide, in actuality, relations between the moments of the

coefficients of the Hermite polynomials. These ''constraint

distribution.

The solution fv which includes the first-order perturbation
solution gives substantially better agreement with the observed data
than does a Gaussian p.d.f. This improved agreement is demonstrated

through truncation relations which provide relations between moments
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of different orders and through the computation of the one-~dimensional"

p.d.f.'s.




CHAPTER I
INTRODUCTION

Definition of Turbulence and Basic Concepts

Turbulent motion of a fluid is characterized by several
properties. The equations of motion are three dimensional, non-
linear equations. The motion must be rotational and dissipative,
diffusive, a continuum phenomenon, such that mechanical energy is
converted into internal energy through a cascade of eddies of
diminishing sizes, and such that the various quantities exhibit a
random variation with respect to time and space coordinates.

Thus the velocity components have a.random variation: but,
because of the continuum nature of turbulence, the random variation
versus time or space gives rise to an irregular yet continuous veloc-
ity field which has derivatives in both time and space. Statistically
distinct. averages can be discerned in the velocity field, and
significant correlations can be obtained over finite intervals of
space or time.

Regardless of how carefully the conditions of a laboratory
experiment are reproduced, the turbulent velocity field cannot be

reproduced in detail. Although a complete solution of the equations
of motion for turbulent flow has not been obtained, and although

uniqueness of the solution for a given set of conditions has not been

demonstrated, uniqueness of the physical problem seems intuitively

likely. However the solution appears to be so sensitive to minute




changes in the conditions that one, can never. know -these precisely
enough to predict the detailed structures of the flow. For this reason
and because for most purposes one dees not want or need information
on the details of the flow, one relies on statistical methods of
description. In fact, Batchelor [1953] has stated:
There is clearly a close correspondence between.

the subjects of turbulence and statistical mechanics.

Statistical mechanics is ccncerned with the properties

of a large number of particles whose motion conforms to

certain collision laws, whereas turbulence is coencerned

with a continuum whose motion conforms te '"the continuity

equation and the Navier-Stokes equation of motion',

The equation of continuity for turbulent flow in an incompressible

fluid is

—* = 9 (1.1)

where v, is the i th component of the turbulent velocity and where the»

Einstein summation convention is beinpg used. The Navier-Stokes equa-

tion of . fluctuating motion is

avi oV, Bvi avi avi
— + v, — + V, == + v, — - <y, —>
ot i 9x i 9x i 9x j 9x
h| h| h|
1 3p 32vi g
- e+ y— oy 86 (1.2)
G axi axjaxj TO 3i

where Vi is the i th component of the mean wind, t denotes time, X, is
distance along the i th coordinate axis, g is the mean demnsity, p is

the fluctuating pressure, v is the kinematic viscosity, g is the




magnitude gf the gravitational acceleration, 6 is the temperature
fluctuation, T0 is the mean temperature, Gij is Kronecker's delta,
and < > denotes averages. Explanations of the above equatipns may be
found. in Lumley [1964]. It should be noted that, when dealing with a
turbulent medium, the instantaneous values of a. quantity are composed
of a mean value upon which is superimposed a fluectuating value whose

average is zero. Thus the instantaneous values of velocity, tempera-

ture, and pressure are given by

Ui = Vi tv, (1.34)
T = Ty+06 (1.38B)
P = Py+p (1.30C)
where Vi,= <U,> , T0 = <T>, and PO = <P> and, 'by definition
<vy;> = <B>= <p> = 0. | (1.4)

One must be careful in following the analegy between turbulence

and statistical mechanics because the analogy is imperfect in two,

important points., First, at any instant the motion of a gas meolecule

affects appreciably the motion of at most,one othér molecule; whereas

in turbulent motion, the motion at any point influences the motion at

many other distant points. Secendly, the turbulent:metion requires a

continuous supply of energy to maintain it, which is obtained from the




interaction of the mean flew and the turbulent stresses.. More,
detailed discussions may be found in Batchelor [1953] and Townsend
[1956].

There are various methods of categorizing turbulent flows; a
discussion of -some of these is given by Hinze [1959]. One system of
classification is based upon the way in which the turbulence is
generated. Turbulence can be generated by frictional forces at fixed
boundaries or by the flow of layers of fluid with different velocities
past or over one another or by the existence of an unstable stratifi-
cation with respect to temperature or by the flow of a uniform stream
of fluid through a regular grid of bars, held at right angles to the
mean motion. For purposes of identification it will be convenient.to
designate the types of turbulence mentioned above as wall, shear
turbulence; free, shear turbulence; insFability turbulence, and grid
turbulence. respectively., It should be noted that, as regards the
mechanism of production, wall, shear turbulence and grid turbulence.
are '"'close cousins'" to free, shear turbulence when the three types . are
compared to instability turbulence,

Another system of classification is based upon the properties
of the flow field. If the turbulence has quantitatively the same
average structure in all portions of the flow field, the turbulence is
called homogeneous, If the statistical features of the turbulence have
no preference for any directien, the turbulence is isotropic. When
the mean velocity of the flow field has a gradient, and consequently:
an average shear stress occurs, the turbulence is nonisotropic. For

the case of a constant average shear, the turbulence is called




homologous turbulence. Psuedo turbulence refers to the hypothetical:
case of a flow field with a regular pattern that shows a distinet
constant periodicity in. time and space,

The turbulence occurring in the. region of the upper.atmosphere
- investigated here is extremely complicated and could be designated as

nonhomogeneous, nonisotropic; free, shear turbulence.

Methods and Difficdlties of;Pasf Research -

The principal difficulties encountered in attempting to solve
the problems of turbulence arise from the three—diﬁensional character
of the velocity field, the non-linearity of the equation of motion,
and the random nature of the velocity with the subsequent need for
statistical meth;ds. Because of these difficulties, research has
concentrated on the simpler forms of turbulence: Due to its relative
simplicity, homogeneous isotropic:turbulence has been studied more
than any other form., The geometrical and kinematic relations involved
in. this type of turbulence have been investigated through cerrelation
and energy spectrum functions, and the dynamicmb;havior of these

correlation: and energy spectrum functions. Up to now it has been

possible to obtain a nearly complete picture of the formal geometrical -

relations for homogeneous isotropic turbulence.in an incompressible

fluid. However, it has not been possible to obtain general, complete.
solutions of the differential eduations involved for even this simple.
type.of turbulence. Nor are complete solutions known for the various
correlation and energy spectrum functions, nor for their changes with

time.

L



Axisymmetrical turbulence, which is second in simplicity to
isotropic.turbulence, has been investigated by séveral researchers,
The kinematics of this type of turbulence has been treated almost as
thoroughly as was the kinematics of isotropic turbulence. The method
of investigation was the same, However, the axisymmetrical:turbulence
that -was treated.involved an assumed uniformity of the main flow and
the absence of mean turbulence shear stresses.

Recently, the beginnings of the same method of analysis have
been applied to free, shear turbulence by Justus [1968]. Townsend
[1956] presents a few types of psuedo-turbulent flows which simulate
real turbulent fields and thus are useful for investigating various
characteristics of real turbulent flows,

In the past, it was expected that a plot of the probability
density of amplitudes of turbulent velecities for isotropic turbulence
would be.a Gaussian distribution. Experimental measurements have
verified this. For free, shear turbulence the distribution was
expected to approximate a Gaussian distribution with the rather vague

generalization that the distribution would be more or less skew.

Purposes of Current Research

As. can be surmised, relatively little is known about, free, shear
turbulence. The purpose of this current.work is to provide a.theory
which leads ultimately to the form of the velocity probability density
distribution of homologous, free, shear turbulence in the height region
around 100 km. A knowledge of this distribution could eventually leaa,

to a somewhat different method of attack on the problems of turbulence.
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With regard to general research in upper atmospheric physics,
the purposes are indeed numerous and the need is great. If a survey
were taken of all physicists and meteorologists, the list of reasons
for upper atmospheric research would probably include hundreds of
different items. Obviously, only a very few can be mentioned here.
Perhaps the research most vital to the national defense is a program
in which artificial clouds of ions are released into.the atmosphere by
rockets. Researchers hope to _gain some.knowledge about the effects of
nuclear detonations. on communication and tracking abilities. Another
phase of this research deals with the feasibility of reflecting
signals from these ien clouds and thereby maintaining communications
between distant points during ionic storms.

Still another problem involves the determination of density pro-
files and fluctuations of the atmosphere. The atmosphere can be
divided into two reasonably distinct regions according to its compesi-
tion: the homoesphere, which extends up to about 100 km and in which
the composition and average molecular weight are essentially constant:
and the heterosphere, which continues upward from about 100 km and in
which the composition varies with altitude. In the homosphere local
turbulence and various winds induce a continuous mixing of the gaseous
components of the atmosphere thereby providing the constant composition.
In the heteresﬁhere, diffusive separation ocecurs so that the m;lecules
are distributed vertically in accordance with their masses. Changes
in the ceiling of the turbulence and wind-induced homosphere may
cause the heterosphere to react in a similar but amplified manner and

thus produce density variatiens at satellite altitudes. Another reason




for this type of research is that a kﬁowledge of the ambient density
would allow calculation of forces exerted on rockets and space

vehicles as they pass through the atmosphere.




CHAPTER II
EXPERIMENTAL OBSERVATIONS

Procedure

The height region under investigation by the present study
consists of a range of altitudes from 90 to 110 km. This region is
above the ceiling of balleoon observations; the upper half of the
region is above most meteor observations and below the perigee of .
satellites. Thus rocket probes which release chemi-luminescent
‘tlouds into the atmosphere are used in conjunction with an optical
tracking network on the ground.

The total winds in the atmosphere consist of a superposition
of prevailing winds, waves such as periodic.tidal waves, irregular
winds such as gravity waves and turbulent components.. The mean wind
profile V(z) which extends over a wide altitude range is provided by
photographic tracking of the chemical release clouds [Jus£US et al.,
1964a, 1964b]. These mean winds are averages of the motion over the
cloud lifetime, which is usually between five and ten minutes. Quite
often protuberances inmthe form of nearly spherical globules appear on
these clouds below about.106 km. Globules are defined here to be
small-scale structure superimposed on the gross cloud features.
Occasionally large-scale, near spherical blobs, which constitute the
entire cross-section of trail releases, are observed as high as 120 km.

However the large-scale blobs. are attributed to anomalies of the
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release and not associated with ambient turbulence. Figure 1 shows a
trail release that illustrates the globular small-scale structure
particularly well between 98 and 100 km. The numbers refer to.km of
altitude, and the arrows point to the approximate position on.the
cloud at which the altitude is attained. Identifiable features or
points on the cleud, such as globules, can be tracked individually
over the lifetime of the cloud., Position determinations of these
features at various times throughout the duration of the cloud can
then be uséd to obtain a set of time-varying winds for each globule or
feature observed. Figure 2 shows the observed position coordinates
versus time for the center point of a typical globule. Instantaneous
wind components are the slopes of the lines connecting consecutive
points, Turbulent winds for the wvarious times are computed by sub- .

tracting the mean wind determined by the motion of the trail center-

line from the instantaneous winds. The globule shown in Figure 2

exhibits substantial irregular motion in the north-south and vertical
directions with approximately constant east-west motion. TFigure 3
shows the morth-south component of a typical mean) wind Prof%}e and
near 105 km indicates the instantaneous N-S winds and the N-S compo-

nent of the tﬁ%ﬁulent winds at time T, + 213 sec, where T. is the

L L

launch time for the rocket.

Because of the relatively short lifetime of these clouds,
periodic tidal wave and large time scale gravity wave and/or large
time scale turbulent components would be consider®d asﬂﬁart of -the

mean winds. However, results (Justus [1965]) indicate that the

scales of turbulence observable by chemical release tracking




Figure

11

Globular Nature of Releases.
98 and 100 km.

arrows point to the approximate point on the cloud at which the
altitude is attained.)

(This is particularly clear between
The numbers refer to km of altitude and the
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constitute most, if not all, of the larger scales in the turbulent
spectrum,
At this point the reader should familiarize himself with the

contents of Appendix A, since portions of it will be used throughout

the remainder of the work.

Initial Data in .Geographic .Coordinates System"

The most convenient coordinate system for measuring the various
types of winds is a geographic coordinate system. In this system,
the axes are oriented as follows: the EW axis extends from the
origin to the East; the NS axis extends from the origin to the North:
and the z axis extends vertically upward from the origin. The origin
is at .the sea-level intersection of a reference latitude and lengitude.
Thus, northward, eastward, and vertical turbulent velocity components
were determined for twelve chemical release clouds. As is demonstrated
in Appendix B, the turbulent winds can be determined to within an
accuracy of about 3 m/sec. These clouds gave rise to a total of 2308
individual observations of the turbulent velocity components. In all
cases the experimental p.d.f.'s for the velocity components were
computed by counting the number of veloecity component cobservations
that have values within l-m/sec. intervals. This count was then
divided by the total number of observations of the sample to give a
frequency (in percent .of the total observatioﬁs) for that particular
velocity interval. Figures 4, 5, and 6 show the computed p.d.f,'s

for the northward, eastward, and vertiecal turbulent velocity components

in the 90-110 km region. All three figures were based on the 2308
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individual observations of each of the turbulent velocity components.
Superimpoéed on each figure is a smooth curve which represents a
Gaussian distribution with the same standard deviation and the same
mean as the observed distribution. It becomes immediately obvious that
the computed p.d.fl!s are not Gaussian; instead they have high central
peaks and broad tails (a certain indication of a high flatness factor
62). Table 1 shows the calculated values of the standard deviation o,
the mean turbulent velocity < v >, the skewness Yqo and the flatness
factor 62 for the three components. The results substantiate the
figures in that high 62's are obtained. Next, t tests were performed.
on each of the values for < v > , K and 82, where the statistics

were

(<v> - 0) N1/2 (<v>)

teys = = (2.1)
Yvar (<v>) o]

t z —— (2.2)
Y1 vYvar Yy

B2 v var 82

(2.3)

The results of the statistical tests are also shown in Table 1 where

an-asterisk (¥*) indicates a highly significant difference between the




i Table 1.

Parameters of the Observed Probability Density Functions

for the Three Turbulent Velocity Components in the Geographic
System. (Asterisks (*) indicate values that are very
significantly different from the expected value for a
Gaussian distribution. 'Highly significant difference' means
better than 17 significance level based on a t test.)

i Expected Gaussian Northward Velocity Eastward Velocity Vertical Velocity
~§ Parameter Value Component Component Component
o,m/sec. o 8.68 8.42 8.69
<y>,m/sec 0 0.33 0.31 2.40%
Y= Bl ' 0 0.04 0.22% 0.05
82 = y2+3 3 5.30% 5.24% 4, 49%

61
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observed and predicted values (highly significant implies a signifi-
cance. level of better than 1%). The p.d.f.'s of all three veélocity
components are characterized by highly significant values of 62. In
Appendix D, it is proven that these large values of“Bz, which exhibit
the non-Gaussian character of the p.d.f.'s, could not have arisen
through the simultaneous sampling of Gaussian velocities and Gaussian

errors. Also, in Aprendix E, the improbability is demonstrated that

R Lo

this non-Gaussian character of the p.d.f.'s could have been due to
intermittent observation in the first case of Gaussian turbulent
velocities plus Gaussian errors or in the alternative case of Gaussian
errors alone. Therefore the high values of 62 do indeed exhibit a
non-Gaussian characteristic of the turbulent velocities alone.

The mean vertical velocity is highly significantly different
from the expected zero value. This significant mean vertical velocity
is very likely due to the fact that chemical clouds usually exhibit
an initial upward motion, and although an attempt was made to
eliminate this anomalous initial vertical velocity from the data, it
appears that:a portion of.this motion is still giving the vertical
velocity data a bias toward positive vertical motion. The anomalous
initial upward motion is often large in magnitude (>25m/sec), but it
usually 'damps out' within one or fwo minutes after the release of the
chemical cloud. Therefore, to eliminate mest of the anomalous early
upward motion, all observations with vertical winds larger than
25 m/sec at times less than release plus two minutes were removed from
congideration. Regardless of the above discussion, high values or

non-zero values for the mean of the turbulent velocity components will
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not affect results based onfhigher order moments about the mean. Note
also that some results (to be found later in this work) are based on
the use of cumulants of order two or greater and these cumulants are
independent of the values of the mean.turbuleﬁt‘%elocity. The expected
Gaussian values for all moments or parameters of order two or greater
were also based on moments about the mean or cumulants. The only
significance of a non-zero value for the mean turbulent velocity in

the case of horizontal winds is that it gives some indication of .the
accuracy of the deterﬁination of the mean wind shown in the mean wind

profile; and in the case of vertical winds, it indicates the degree to

which the above mentioned method was successful in eliminating the
anomalous upward motion,

Table 1 also shows that the eastward velocity component p.d.f.
has a highly significant skewness. Yet there is nothing physically
unique about the eastward axis. It was.thought that perhaps the
grouping together of all of the data frém the different altitudes
had misleadingly suppressed the skewness of the nérthward component
through compensating positive and negative skewnesses at different
altitudes. To remedy this, the turbulent velocity data were divided
into four 5-km altitude intervals, and the p.d.f.'s for each component.
in each height range were computed.

Figures 7, 8, 9 and 10 show the p.d.f.'s for the eastward compo-
nent of the turbulent velocity for the altitude intervals 90-95 km,
95-100 km, 100-105 km, and 105-110 km respectively. The smooth curve
on each figure represents a Gaussian p.d.f. with the mean and ¢

appropriate to each figure's data. Since.the figures for the northward
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Figure 7. The p.d.f. for the Eastward Component of the Turbulent
Velocity in the 90-95 km Region. (The smooth curve is
a Gaussian distribution with the same standard devia-
tion and the same mean as the observed distribution.)




=20 0 +20

Eastward component of turbulent velocity, m/sec

Figure 8, The p.d.f. for the Eastward Component of the Turbulent
velocity in the 95-100 km Region. (The smooth curve is
a Gaussian distribution with the same standard devia-
tion and the same mean as the observed distribution.)
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Figure 9. The p.d.f. for the Eastward Component of the Turbulent
Velocity in the 100-105 km Region. (The smooth curve is
a Gaussian distribution with the same standard devia-
tion and the same mean as the observed distribution.)
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and vertical components of the turbulent veiocity in each of the four
altitude intervals were extremely similar, they were omitted. There
were 161 observations in the 90-95 km range, 627 in the 95-100 km
range, 808 in the 100-105 km range, and 641 in the 105-110 km range.
Table 2 gives the calculated values of 62 for each of the components
in the four altitude intervals., A t-test using the statistic given in
equation 2.3 was applied to each member of the table. As can be seen,
every member of the table was verylsignificantly different from the

i 8

Gaussian value 3.0, Thus the nen—GausSian characteristic of a high 82

is maintained throughout each altitude interval by all components.
Table 3 gives the values for <v> and ¢ for each of the components in
the four altitude intervails,

Table 4 shows the calculated values of Yy for each of the
turbulent velocity components in the four altitude intervals. A t-test
using the statistic given in equation 2.2 was performed on each v;iue
in the table. No velocity component p.d.f. is consistently skewed at
all altitudes. However, in three of the four altitude intervals, at
least one of ‘the velocity components had a highly significantlyA
skewed p.d.f: The data given above have also been discussed in a
paper by Moseley and Justus [1967].

Due to the inconsistent character of the skewness, it was felt
that a coordinate system which.was more relevant te¢ the -flow field
should be used. On the basis of theoretical work to be discussed in
Chapter 3 and because of research by Justus [i96é] on turbulence.
symmetric about a-plane, the new coordinate system which was chosen

was the shear system. Shear is defined to be the distance rate of




Table 2. Values of 82 in Geographic System. (An asterisk

indicates significance at 1% level.)

Altitude Northward Compohnent Eastward Component Vertical Component
Interval of Turbulent Velocity" of Turbulent Velocity of Turbulent Velocity
in km.
90- 95 6.952% 5.426% 4,488%
95-100 3.802% 5,289% 4,499%
100-105 4,525% 4.473% 4 ,457%
105-110 5.439% 5.099%

4,228%

Lz



Table 3, Values of <v> and ¢ in the Geographic System. (An asterisk
indicates significance at 1% level, and O indicates
significance at 57 level.)

Altitude Northward Component Eastward Component Ythical Component
I?Eeijal of Turbulent Velocity of Turbulent Velocity .of-Turbulent Velocity
o <v>,m/sec o,m/sec <v>,m/sec g,m/sec <y>,m/sec o,m/sec
90- 95 1.764% 7.693 ~0.009 ' 8,35i 0.621 8.662
95-100 0.698 7.791 1.365% 6}905 1.190% 7.131
100-105 ~0.286 7.850 0.417 9.786 3.726% 8.836
105-110 0.366 10.220 -0.7080 7.55? 2.142% 9.193

8¢



indicates significance.at 1% level, and O

significance at 5% level.)

Table 4, Values of Yq in the Geographic System. (An asterisk

-indicates

Altitude Northward Component Eastward Component Vertical Component
Interval. of Turbulent Velocity of Turbulent Velocity of Turbulent Velocity
in km.
90~ 95 0.742% 10.286 ~0.486°
95-100 0.080 0.280% 0.244°
100-105 0.014 0.278% 0.108
105-110 ~0.026 0.182 ~-0.108

6¢
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change of the wind velocity. In the most general situation, the shear

v,
would be a second order tensor with elements denoted by EEl
3

(i =1,2,3 and j§ = 1,2,3). 1In the atmospheric case, the vertical mean.

. veloecity is considered to be zero, thereby eliminating three.of the

nine elements. The horizontal shear.components (the derivatives of
the horizontal mean.winds with respect.to the horizental directions)
are small compared to the vertical shear -components (the derivatives
of the horizontal mean. winds with respect to the vertical directioen).
The horizontal shear components‘wgre.determined by Rosenberg and
Justus [1965] to be.about 0.05 m/sec/km, wﬁereas the vertical shear
components have an average mégnifude of ébput¢20.5 m/sec/km. Thus the

horizontal shear components are neglected leaving only the two

BVN : BVE
vertical shear components, '3;— and 3z

Data in the Shear System

The northward and eastward. cemponents of the mean wind velocity
profile, VN(z) and VE(z), have already been determined. From these

one can determine the northward and eastward components of the mean

V. v
shear profile, i.e. 'EEE and -5?—. This determination is made-in
' v
the following manner. 1In order to.find the value of 57 at.a particu-

lar altitude, say zy, @ fourth order polynomial is fitted to five

values of V_ at five altitudes whosé interval contains the altitude z

N 0’
Then by differentiating the resulting polynomial for VN with .respect
' vV
to z and evaluating at z;, one arrives at the value .of e at g
v
This procedure is continued until a profile of" Tz versus. altitude

is obtaimed. Then an identical procedure using VE(z) gives the profile
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V.

55 versus altitude.

At a given altitude, one can treat the two remaining compo-
nents of the shear tensor as components of a shear vector lying in a
. oV
horizental plane at that altitude. Thus the shear vector T would
8VN Vv
have the two components Y and v along the nerthward and east-
ward axes respectively. Viewed as a vector, the shear would have a

magnitude and a.direction. The square of the magnjtude of the ‘shear

vector is given.by

V. 2 3VN 2 BVE 2
—_ = —_ + .| — (2.8
3z 3z 3z
and the direction is given by the angle ¢“Wﬁere
- Vg sV
¢ = cos — —_ (2.5)
oz dz

It should be noted that both %% and ¢.are functions of altitude, also
¢ .is not the heading of the shear vector since .the heading is. the
number of degrees east of -north.

At each altitude, the shear system is defined so that the Xy
axis is along the direction of the shear.vector at that altitude, the
X, axis is perpendicular to the direction of the shear vector and
3 axis is 1in the vertical,

direction. Figure 11 illustrates the.alignment of the shear system.

still in the horizontal plane, and the x

Since the angle ¢ is a function of altitude, then the orientation of

the shear system is also a function of altitude, It:mhst also be
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Figure 11. The Shear System
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recognized that since the mean wind profiles vary from one rocket
probe to the next rocket probe (these rocket probes were launched
throughout several years), the erientation of the shear system at a
particular altitude will vary from rocket-to rocket,

Now if the particular rocket probe is given (which establishes

V. Vv
the proper profiles of Sz and —— to use) and if the altitude is
z 2 gy 3V '
known (from which the proper values of EEE and EEE can be

determined), then the turbulent velocity components aleng the axes
of the shear system will be given by the sum of the projections. of
the northward and eastward turbulent velocity components upen.the

shear system axes. Thus

vy = Vg COS ¢ + Yys sin ¢ (2.6)

|
vV, = Vyg ©0s ¢, - Ve sin ¢ (2.7)
Vi = Veore (2.8)

where vy is the turbulent velocity component aleng the 3] axis of the
shear system, v, is the turbulent velocity component.along the.vx2 axis
of the shear system, and Vq is the turbulent velocity component along

the Xq axis of the shear system.

Since the instantaneous vertical component of the turbulent ‘

velocity can be non-zero, the altitude of a distinguishable cloud
feature can vary randomly. This variation is.not large., The alti-

tude to be used in determining the orientation of the shear system for
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a particular globule is taken tec be the average altitude of the
globule over the duration of the cloud.

After all of the turbulent velocity observations were properly
converted to the shear system, the p.d.f.'s for the three components
were computed. Figure 12 shows the p.d.f. of the perpendicular
component:(vz) of the velocity (designated perpendicular component
because the X, axis is perpendicular to the direction of the shear).
The smooth curve in Figure 12 is again a Gaussian p.d.f. with the
same mean:and standard deviation as the experimental distribution.
Figures fo}:the parallel component (vl) of the turbulent velocity and
the verticéi component (v3) of the turbulent velocity were omitted
because they-were very similar to Figure. 12. As is shown in the

figure, the p.d.f. for v, has a high central peak and broad tails.

2
Thus it will have a large 8, and will be non-Gaussian. The number. of
observations represented in Figure 12 aﬁd used in.the computations for
Table 5 15:5245. The reason for the difference in this number and

the numbeﬁ of observations in the geographic system (2308) is that
conversion of observations to the shear system was undefined when the
magnitude ofbthe shear vector was zero.

Following computation of the p.d.f.'s in the shear system,
various moments of the p.d.f.'s were computed. Table 5 gives the cal-
culated values for o, <v>, Yy and 82 for the three components. t-tests
were also performed on each of the values for Yq and 82 (where the
statistics fér the t-tests are given by equations.2.2 and 2.3 respec-

tively) andﬂtﬁeir results are shown in. Table 5. The standard

definitions for high significance and significance were applied. It
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p.d.f. (v2), percent
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Perpendicular Component of Turbulent Velocity, m/sec

Figure 12. The p.d.f. for the Perpendicular Component of the
Turbulent Velocity for all Data in the Shear System.
(The smooth curve is a Gaussian distribution with
the same standard deviation and the same mean as the
observed distribution.)




Table 5. Parameters of the Observed p.d.f.'s for the Three Turbulent
Velocity Components in the Shear System. (Asterisks (%)
indicate values that are very significantly different

‘ from the expected value for a Gaussian distribution. 'Highly

significant difference' means better than 1% significance

‘ level based on a t-test,)

‘ Parameter: Expected-Gausyian - * Parallel Velocity - Perpendicular Velocity Vertical Velocity
Value Component (v;) -~ °  Component (v,) Component (V,)
o, m/see - g 9,295 * - - _ 7.496 8.502
<y>,m/sec 0 -0.850 | 0.654 2.196
Y, o 0.068 -0.094 0.022
82\ 3 4,968% 5.624% 4,655%

9¢
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is immediately obvious from Table 5 fhat (in the shear system for the
combined observations from all altitudes and magnitudes of the shear)
none of the p.d.f.'s for the three components is significantly skewed
and that the non-Gaussian character of the p.d.f.'s is consistently
maintained for all of the three components by highly significant
values of Bz.

As in the geographic system, the observations in the shear
system were divided into four K altitude intervals of five km each and
the p.d.f.'s for each component of the velocity were computed. The
altitude intervals were 90-95 km, 95-100 km, 100-105 km, and 105-110 km.
Figure 13, 14, 15, and 16 show the p.d.f.'s for the parallel
component of the wvelocity. The smooth curve on each figure once again
represents a Gaussian p.d.f. with a mean and standard deviation
appropriate to each figure's data. Corresponding figures for the
p.d.f.'s of the perpendicular and vertical components of the velocity
were omitted since they were very similar. There were 159 observations
in the 90-95 km range, 618 in the 95-100 km range, 793 in the 100-105
km range, and 623 in the 105-110 km range. Several moments were
computed for each of the p.d.f.'s and t-tests &er%fapplied to the
values for g and 82. Table 6 gives the values of Bz for each compo-
nent.in each altitude interval for the shear system.. The values of 82
are significantly‘different from the Gaussian value for all cases.
Table 7 is a list of the values of <v> ana o for eéph of . the componegts
in each of the altitude intervals. Table 8 provideé the values 6f~fhe
skewness Yq for each of the components and gives the average vaiue of

the shear magnitude in each of the altitude intervals. All three
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Figure 13. The p.d.f. for the Parallel Component of the
Velocity in the 90-95 km Altitude Region. (The smooth
curve is a Gaussian distribution with the same standard
deviation and the same mean as the observed distribution.)
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Figure 14. The p.d.f. for the Parallel Component of the Turbulent
Velocity in the 95-100 km Altitude Region. (The smooth
curve is a Gaussian distribution with the same standard
deviation and the same mean as the observed distribution.)




Parallel Component of Turbulent Velocity, m/sec

Figure 15.

The p.d.f. for the Parallel Component of the Turbulent
Velocity in the 100-105 km Altitude Region. (The smooth
curve is a Gaussian distribution with the same standard
deviation and the same mean as the observed distribution.)
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Figure 16. The p.d.f. for the Parallel Component of the Turbulent
Velocity in the 105-110 km Altitude Region. (The smooth
curve is a Gaussian distribution with the same standard
deviation and the same mean as the observed distribution.)




Table 6. Values of 82 in the Shear System for Altitude Intervals,

(An Asterisk indicates significance,at 17 level.)

Altitude Average Shear Parallel Componént Perpendicular Component Velocity Component
Interval Magnitude. of Velocity (v,) of Velocity (v,) of Velocity (v.)
. 1 ) i3 i - 4 rd 3
in km. in m/sec/km. 8, B8 B,
. 2 2 2
90- 95 16.58 6.407% 7.091% 4.580%
95-100 20.47 3.896%* ' 5.407% 4,557%
100-105 23.26 4,210% 5.039%* 4,593%
105-110 24,18 6.089%* ‘5.667% 4,372%

(44




Table 7. Values of <v> and ¢ in the Shear System for Altitude Intervals.

Altitude Average Shear Parallel Component, Perpendicular Component Vertical Component .

Interval Magnitude of vglocity (vl) of welocity (v,) of velocity (v3)

- in km. in m/sec/km. <v>,m/seec o,m/sec <y>,m/sec o,m/sec <v>,m/sec o,m/3ec.
90- 95 16.58 -2.169 7.879 1.142 7.678 0.355 8.382
95-100 20.47 -0.806 8.215 1.627 6.214 1.148 7.067
100-105 23.26 -0.448 10.050 0.027 7.438 3.614 8.737
105~110 24,18 -1.148 9.444 0.529 8.362 1.860 8.936




Table 8. Values of Y, in the Shear System for Altitude Intervals.
(An asterisk indicates significance at 1% level, and 0O

indicates significance at 5% level.)

Altitude Average Shear Parallel Component Perpendicular Component Vertical Component
Interval Magnitude, of velocity (v.) of velecity (v,) of velocity (v,)
in km in m/sec/km. Y L Y ‘ Y 2
. in m/sec/id 1 1 ‘1

90- 95 - 16.58 ~1.057% 0.434 9 ~0.656%
95-100 - 2047 0.1349 -0.1079 0.2307%
100-105 - 23.26 ~0.1027 : 0.1158 0.0854
105-110 0.1248

24,18 0.3069% -0.2558%

vy
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components were significantly skewed in the 90-95 km interval, but only
the vertical component had a large.value of the skewness in the 95-100
km interval. No component is skewed in the 100-105 km range, but the
parallel and the perpendicular components are skewed in the 105-110 km
range. Thus some degree of inconsisténCy still remains in tﬁe alti-
tude breakup.

Next, the observations in the.shearAsystem were divided into 5
shear .magnitude intervals. The intervals were chosen such that each
contained approximately 425 observations, The’intervals used were the
following: 0-12 m/sec/km, 12-17 m/sec/km, 17-21 m/sec/km, 21-29
m/sec/km, 29-50 m/sec/km. The numbers of observations in-these inter-
vals were 393, 456, 442, 451 and 409 respectively. The average values
of the magnitude of the shear vector in the intervals were 8,63
m/sec/km, 14.36 m/sec/km, 19.11 m/sec/km, 24.36 m/sec/km, and 35.96
m/sec/km. Once the observations had:been placed in the proper shear
magnitude interval, the p.d.f.'s for each component in each shear
magnitude interval were computed; and several moments were calculated
for each p.d.f. Then t-tests were evaluated for each of the values
of Y1 and 82. Figures 17, 18, 19, 20 and 21 show the p.d.f.'s for
the perpendicular component of the turbulent,velocity. The smooth
curve -represents a Gaussian p.d.f. with the mean and standard deviation
appropriate to the observations in the particular shear magnitude
interval. Figures for the p.d.f.'s of the parallel and vertiecal
components were omitted because of their similarity to the perpendicu-
lar component.p.d.f.'s.

Table 9 gives the values of 82 for the three components in the
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Figure 17. The p.d.f. for the Perpendicular Component of the
Turbulent Velocity in the 0-12 m/sec/km Shear
Region. (The smooth curve is a Gaussian distribution
with the same standard deviation and the same mean
as the observed distribution.)
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p.d.f. (vz), percent

l

-30 ~20 -10 0 10 20 30
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Figure 18. The p.d.f. for the Perpendicular Component of the
Turbulent Velocity in the 12-17 m/sec/km Shear
Region. (The smooth curve is a Gaussian distribution
with the same standard deviation and the same mean

as the observed distribution.)




-30 -20 -10 0 10 20 30

Perpendicular Component of Turbulent Velocity, m/sec

Figure 19. The p.d.f. for the Perpendicular Component of the
Turbulent Velocity in the 17-21 m/sec/km Shear
Region. (The smooth curve is a Gaussian distribution
with the same standard deviation and the same mean
as the observed distribution.)
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| Figure 20. The p.d.f. for the Perpendicular Component of the

; Turbulent Velocity in the 21-29 m/sec/km Shear

: Region. (The smooth curve is a Gaussian distribution
; with the same standard deviation and the same mean

: as the observed distribution.)
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Figure 21. The p.d.f. for the Perpendicular Component of the
Turbulent Velocity in the 29-50 m/sec/km Shear
Region. (The smooth curve is a Gaussian distribution
with the same standard deviation and the same mean
as the observed distribution.)




Table 9. Values of 62 in the Shear System for Shear Magnitude Intervals.
(An asterisk indicates significance at 1% level, and O

indicates significance at 5% level.)

Shear Magnitude Average Shear

S ini

} Parallel Component Perpendicular Component Vertical Comﬁonent
Interval Magnitude of velocity {v,) of velocity (v.,) of velocity (v,)
. . 1 - 2 3
in m/sec/km in m/sec/km. 8 B B
2 2 2
0-12 . 8.63 4,849% 5.892% 4 .509%
12 - 17 14.36 4,993% 5.011% 4.560%
17 - 21 19.11 5.169% 5.449% 5.543%
21 - 29 24.36 5,058% 4.929% 3.297%
29 - 50 35.96 3.5708 7.431% 4.540%

16
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shear magnitude intervals. It indicates‘that in every case the value
of 82 was significantly higher than the Gaussian value. Thus the
non-Gaussian character of the p.d.f.'s is consistently maintained.

Table 10 provides a list of the mean véldcity <v> and ¢ for all
three components in each shear magnitude interval. Table 11 gives-the
values of Y1 for the three components in ‘all.of the shear magnitude
intervals. As is indicated, none of the p.d.f."'s for the components
is significantly skewed in the first two shear magnitude intervals
where the shear magnitude is below 17 m/sec/km. However, in each of
the three intervals where the shear magnitude was. larger than 17
m/sec/km, the p.d.f.'s for two of the components are significantly
skewed., The p.d.f. for the perpendicular component is significantly
skewed in all three of these latter intervals. The p.d.f. for the
vertical component is significantly skewed in two of. the three latter
intervals, namely the 17-21 m/sec/km interval and the 29-50 m/sec/km
interval. The 21-29 m/sec/km has a significantly skewed p.d.f. fer
the parallel component. Thus in the shear system with a division of
the observations into shear magnitude intervals, some consistency in
the skewness of the p.d.f.'s is obtained, and the non-Gaussian

character of the high flatness factor is completely maintained.

Statistical Tests

Another statistical test was performed to further substgntiate
the non-Gaussian character of the data. The chi-square goodness-of-fit
test was the test employed. As is noted in Appendix A, the y2-test is

a non-parametric test and thus the validity of the test would not be,

‘4
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Table 10. Values of <v> and o.in the Shear System for Shear
Magnitude Intervals.

Shear Magnitude- -

Average Shear

Parallel Component

Perpendicular Component

Vertical . Component

Interval Magniyude of velocity (ylz 9£ velocity (v2) of velocity (v3)
in m/sec/km ﬁin:m/sec/km4ﬂ>4.; <v>,m/sec o,m/5ee. - ‘§v>,m/5§cA o,m/sec <v>,m/sec o,m/Sec
0 - 12 8.63 -1.320 8.522  0.706 7.819 2.784 9.569

12 - 17 14.36 -1.348 8.295 0.359 7.919 3.318 9.276
17 21 19.11 -0.451 8.504 -0.:309 6.810 2.564 7.599
21 29 24.36 - -1.298 9,128 1.139 7.361 1.757 7.727
29 50 9.892. 7.435 7.743

35.96

-0.129

1.560. -

0.941

€S



Table 11.

Values of Y1 in the Shear System for Shear Magnitude Intervals. (An asterisk

indicates significance at 1Z level, and 0 indicates significance at 5% level.)

Shear Magnitude

Average Shear

Parallel Component

Perpendicular Component

Vertical Cemponent

Interval. Magnitude - - of ‘velocity (v,) of velocity (v,) of .velocity (v.,)
. 1 2 3
in m/sec/knm. in m/sec/km Y1 '8 Y1

0 - 12 8.63 0.1638 -0.252 -0.0378

iz 17 14.36 -0.1263 0.0786 0.1134
17 21 19,11 0.1189 -0.4579% 0.3968%

21 - 29 24.36 ~0.6047% 0.2719% ~0.1641
29 50 35.96 0.1129 ~0.3241% -0.3456%
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affected by the non-normality of the data. The y%-test, as used in
this work, tests whether or not the observations fiﬁﬁa normal popula-
tion in the sense that .they could have arisen from it with any
acceptable deéree~of probaBility, The statistic used is given by
equation A.135. 1In the first classification of xz—tests all of the
data in the shear system were considered simultaneously. The cate-
gories were 5 m/sec‘velocity intervals of the domain of the velocity
component being tested. For example, in the case of the parallel
component, category number 1 was the velocity interval -35 m/sec to
-30 m/sec while category number 9 was the velocity interval + 5

m/sec to 10 m/sec. For this particular component, there were a total
of 13 categories. The null hypothesis is that the observations arose
from a normal population with a mean and standard deviation estimated

from the observations. The probabilities m, of an observation falling

i
into each of these 13 categories were determined. When the probability
™, was multiplied by the number of observations in the sample (in the
all data classification the number was 2245), one obtained the expected
frequency of observatiens in the i th category based on the,nui%.
hypothesis. The expected frequency was subtracted from the actual
observed frequency in the i th category, and the difference after

being squared -was divided by the expected frequency. This was done

for each category and the sum over all k categories gave the x?

gstatistic with k-3 degrees of freadom. For the parallel component, all

data classification, k was 13 and the degrees of freedom were 10.
Large discrepancies between the expected frequencies and the observed

frequencies give rise to a large value for the x? statistic and indicate:

(
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the inadequacy of the null hypothesis. After a value for x2 has been
calculated, a table for x2. is consul;ed (with reference to the proper
number of degrees of freedom) to determine the probability that this
value could have arisen by chance where the population conformed to
the null hypothesis. If the probability is small, say at the 1l%Z level.
or the 5% level, the null hypothesis is rejected. This procedure was
performed for all three components in the all data classification..
Next the observations were divided into the five shear magnitude
classifications (the categories were five m/sec velocity intervals of
the domain of the component being tested) and the x? test was applied
to each of the three velocity components in each of the five shear
magnitude classifications., Then the observations were divided into the
four altitude classifications .(again the categories were five m/sec.
velocity intervals) and the x? test was applied to each of the
velocity components in each of the four altitude classifications.
Table 12 gives.the results of-all of tﬂé aforementioned applications
of the y?-test. An asterisk indicates that the probability of the null
hypothesis being true is less than or . equal to 1%, and a @ indicates
that the probability of .the null hypothesis being true is between only
1% and 5%. As is shown. in the table, ;he xzetest indicates in almost
) eve*y case that the null hypothesis should most definitely.be rejected,
thus giving firm confirmation to the non-Gaussian character of the
observations.

After establishing the non-Gaussian character of -the data, one
then attempts to determine the factors which affect the variate. Now

suppose, for the moment, that the population (from which the sample is




Table 12, Values of x2-test.
is abbreviated to.d.f.

(The number of degrees of freedom

An asterisk indicates a
probability at the 1% level and a O indicates a
probability at the 57 level.)

Parallel Perpendicular Vertical
Classification Component Component Component
x? d.f. xZ - d.f. x2 d.f,
All Data 187.45% 10 222,06% 8 237.29% 10
Shear Magnitude
0-12 44,97% 8 41.43% 7 41.20% 8
12-17 29,80% 8 44,61% 7 29,51% 8
17-21 25,89% 7 16.69% 5 26,19% 6
21-29 31.61% 8 10.49 6 10.16 7
29-50 16,939 ¢ 25,66% 6 39,32% 7
Altitude
90-95 19.58% 6 31.65% 6 14,679 7
95-100 24.42% 7 48.65% 5 35.86% 6
100-105 50.43% 10 48,53% 7 35.47% 8
105-110 55.64% 8 25.46% 7 39.40% 8
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drawn) is homogeneous with respect to the factor of claSsification;

that is, that the factor has no effect on the value of the variate. In
this case if.the population is divided into classes according to this
factor, the different classes will have the same statistical properties.
In particular the classes will have the same.meaﬁ,<v> and the same

variance o2

,» which are the mean and variance of the population. On the
other hand, if the population 1s non-homogeneous with respect . to the
factor of classification (that is the factor does affect the value of
the variate), then, when the population is divided into classes based
on this factor, the various classes will have different statistical,
prdperties. Recall that, in the case of turbulent velocity components,
the mean value is zero by definition and all significantly non-zero
values are attributed either to inaccuracy in the determination of the
mean winds or anomoleous upward motien. Thus, for ;urbulent.velocity

components, a variation of statistical properties will be indicated by

different variances. 1If the observations were divided into oenly* two

classes, then the F-test would be used. However if the obserations.

are divided into k classes (k>2), then the M-test, which is discussed
in Appendix A, 1is used.

The first factor of classification to be considered is the shear
magnitude. The observations were divided into five classes based on
the magnitude of the shear vector., The classes were.the same as those

used in the previous t and x2 ‘tests, so they extended over the

intervals 0-12 m/sec/km, 12-17 m/sec/km, 17-21 m/sec/km, 21-29 m/sec/km,

and 29-50 m/sec/km. An M-test was applied to each of the components

of the velocity and the results are tabulated in Table 13. Recall

R VR i e o — ——- e &
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Table 13, Values of the M-test., {(The number of degrees of
freedom is abbreviated to d.f. An asterisk indicates
a probability at the 1% level and a B8 indicates a
probability at the 5% level.)

~ Factor of Parallel Compo- Perpendicular Vertical
Claggification nent of Velocity Component of Component of
Velocity Velocity
M 4Lt M d.f. M d.f.

Shear Factor a
Only 17.85% 4 12.20 4 43.44% 4

Altitude Fac-
tor Only . 35,17% 3 54,27% 3 40.09% 3

2-Way Classification Shear Magnitude Factor

90-95 5.66 4 11,948 4 5.17 4
95-100 14.90% 4 23,56% A 5,52 4
100-105 19.27% 4 50.60% 4 38,20% 4
105-110 13,76% 4 2.82 4 16.02% 4
2-Way Classification Altitude Factor

0-12 39.47% 3 51,50% 3 21.23% 3
12-17 2.14 3 27.11% 3 24,15% 3
17-21 8.140 3 15.63% 3 10.75% 3
21-29 13.22% 3 6.30 3 4.79 3
29-50 6.04 3 40.,79% 3 12.64% 3
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that the quantity M is distributed like y2 with k-1 degrees of
freedom, where k is the number of classes. Table 13, under the
heading 'Shear Magnitude Factor Only', gives the results of the first
M-tests. It can be seen that the hypothesis of homogeneity with
respect to the magnitude of the shear vector is definitely rejected
for all components. Thus the tentative conclusion is reached that
the magnitude of the shear vector does affect the value of the turbu-
lent velocity components.

The second factor of classification is the altitude. The
observations were divided into the same four classes based on.altitude.
as were used in the previous t.and ¥2 tests. The classes were 90-95
km, 95-100 km, 100-105 km, and 105-110 km. The-application of an
M-test for each velocity component gave the results listed in Table 13
under the heading 'Altitude Factof.Only'. It is shown that the
hypothesis of homogenéity with respect to altitude is definitely®
rejected for all three components. Now ifoshould be understood. that.
the altitude itself does not.affect the velo?ity components, but rather
the quantities which vary with altitude would affect the velecity
components. Some of these quantities are the density, the temperature,
and the pressure. Since measurements of these quantities were not
made simultaneously with the measurements of the velocities, the obser-
vations cannot be classified according to.each of the quantities
individually. Instead, effects of these quantities appear in.the
altitude classification. -

. Table 6 indicates that there is a small increasevin the average

value of the magnitude of shear vector between each of the altitude
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classes. Thus, in order to separate and remove any interaction
between altitude and magnitude of the shear vector, a two-way classifi-
cation was devised. The first such two-way classification was designed

to check on the hemogeneity of the population with respect to the

magnitude of the shear vector after any possible altitude interaction

had been removed. The procedure in this two-way classification was to
restrict the observations to be considered to one.of the altitude
classes, say 90-95 km; and then these observations were.divided into
the five shear magnitude classes. The M-test was applied for each of
the velocity components. The next step in the procedure was to search
through all of the observations and then restrict consideration to
those observations falling in the next altitude class, 95-100 km.

This new set of observations was divided into the five shear magnitude
classes, and the M-test was applied for each velocity component.
Successive steps in the procedure considered next the observations in
the 100-105 km altitu@gwinterval and finally those in the 105-110 km
interval. Each of these sets of data was then divided inte the five
shear magnitude.classes, and the M-tests were applied. The results of
this first two-way classification are tabulated in Table 13 under the
heading '2-Way Classification, Shear Magnitude Factor'. It can be‘
seen that, in three of the four cases for both the perpendicular comﬁo—
nent . and the parallel component and in.two of the four cases for the
vertical component, the hypothesis of homogeneity with respect to the
magnitude of the shear vector is rejected. Thus the shear vector does
affect the turbulent velocity components even after the interaction

with altitude has been removed.
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The second two-way classification was designed to check on
the homogeneity of the population with respect to the altitude after
any possible shear magnitude interaction had been removed. The first
step was to search throﬁgh all of the observations and then restrict
consideration to those thch fell in the initial shear magnitude class,
0-12 m/sec/km., The resulting observations were divided into the four
altitude classes, and the M-test was applied for each velocity compo-
nent. Successive steps restricted observations to be, considered to
each of the remaining shear magnitude classes. The data falling into
each class were then divided into the four altitude classes, and
M-tests were applied for all three velocity components in each case,
The findings of the second two-way classification are tabulated in
Table 13 under the heading '2-Way Classification, Altitude Factoer’.

It is shown that, in four of the five cases for both the -perpendicular
and vertical components and in three of the five cases for the parallel
component, the hypothesis of homogeneity with respect to altitude is
rejected. Thus the quantities (i.,e. density) do affect the turbulent
velocity components even after the interaction with the shear magni-
tude has been removed.

Finally, a procedure to test the stationarity of the p.d.f.'s
was devised. The null hypothesisvwas taken to be that the population
was homogeneous with respect to the factor time. A two-way classifi-
cation, which would check on the homogeneity of the population with
respect to time after any shear magnitude interaction has been
removed, was developed. The three time classes (denoted early, middle,

and late) were as follows. For each rocket release, the early time
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Table 14. Values of the M-test for Check on Stationarity. (The
number of degrees of freedom is abbreviated to d.f. An
_asterisk indicates a probability at the 1% level and a O
indicates a probability at.the 57 level.)

Factor of Parallel Compo- Perpendicular . Vertieal
Classification nent of Velocity Cemponent of Component of
Velocity Velocity
M d.f. M d.f. M d.f.
2-Way Classification, Time Factor
' o a
0-12. 6.486 2 7.254 2 2.804 2
12-17 0.171 2 0.869 2 1,756 2
17-21 21.87% 2 0.684 2 6.518% 2
21-29. 2.844 2 0.577 2 3.714 2
29-50 . 2.037 2 0.085 2 7.668% 2

e
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class extended for 150 seconds from the time that the first globule
was observed. The middle time class extended from the 150 second mark
until 300 seconds after the first globule was observed. The late time
class extended from the 300 second mark throughout the duration of. the
rocket release. As before, the first step waé to search through all of
the observations and then restrict consideration to those falling in
the first shear magnitude interval. The resulting observations were
divided into the three time classes, and the M-test was applied to

each of the components, Again, successive steps restricted observa-
tions to be considered to each of the remaining shear magnitude
classes, and the data falling into each class were divided into the
three time classes, M-tests were applied for all three velocity compo-
nents in each class, and the results are listed in Table 14, It can

be seen that, in only two of the five cases for both the parallel and
vertical components and in only one case for the perpendicular component
the null hypothesis is rejected. It should be noted fhat, of the five
cases which indicated rejection of the null hypothesis, only one case
was significant at the 1% level and the other four were between the 1%
and the 5% levels. So although the conditions in the atmosphere are
certainly not stationary, over the relatively short time duration of

the releases the assumption of stationarity has some wvalidity.

Recent Laboratory Regearch

Frenkiel and Klebanoff [1967] have recently studied the turbu-
lent flow field downstream of a grid in a wind tunnel, The turbulent

field (previously assumed to be stationary in time and to exhibit a
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Gaussian p.d.f. for the turbulent velocities) was found to have non-
Gaussian p.d.f.'s. Only after the ad ho¢ modification of the Gaussian
p.d.f.'s with the bivariate Hermite polynemials, were they able to
achieve good agreement with the experimental measurements.

It is the author's speculation that the bars of the grid would
generate a shear which could produce the non-Gaussian character of the
p.d.f.'s. These turbulent velocities could then be convected downstream
so that, even though no shear existed at the point of measurement, a
non-Gaussian p.d.f. would be measured.

Welch and Tomme [1967] investigated the turbulent velocity
component parallel to the flow (perpendicular to the shear) for a
shear flow in a transparent pipe. This investigation concerned itself
with the use of a laser.velocimefer in determining the velocities in a
pipe, but they did publish the p.d.f. of the velocity component
parallel to the flow at several points not on the axis of the pipe so
that the measurements were at points of non-zero shear magnitude. Cal-
culations based on the published p.d.f. indicate a flatness factor
which is higher than that associated with a Gaussian distribution and
thereby confirm the non-Gaussian characteristics of the p.d.f. in shear
turbulence. Since certain facts (such as number of data observations)
were not published, exact statistical tests could not.be made on the
p.d.f. Also Welch and Tomme failed to simultaneously measure velocity
components other than the one parallel to the flow, so the investiga-
tion of some elements of the theory in Chapter 3 could not be

accomplished with their data.
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CHAPTER III

3

THEORY

Introduction

Two lines of reasoning initially generated the suspicion that
the shear vector would influence the p.d.f. for the turbulent
velocities. The first involved consideration of equation 1.2. TIf the
spatially dependent forces on the right hand side together with the

last term on the left are labelled as F then one has

i?
v v v
i i i
_— 4+ V, — + v, —
ot ox ox
1o 1oy
BVi
= - Vj 3;; + Fi (3.1)

where Vj is the j th component of the mean wind, Vj
oV
lent velocity component, and e is the shear of the mean wind. For
3

an incompressible fluid, the three terms on the left hand side of

is the j th turbu-

equation 3.1 represent the total derivative of v The interesting

i
term is the term which has been moved to the right hand side of
v
equation 3.1, that is —vj Pyl Thig term indicates that the deriva-
J

tive of the turbulent wvelocity v, is proportional to what appears to
be a velocity dependent force. The constant of proportionality is the
negative of a component of the shear vector., The reasoning continued

as follows: if the derivative of the velocity v, id related to the

i
shear vector, then it is possible for the p.d.f. to be related to the
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shear vector.

The second line of reasoning stems from résearch into the
structure of turbulence by Justus [1968]. In his paper, Justus shows,
that, although many researchers have observed non-zero cross correla-
tion coefficients of velocity components, theoretical considerations
force the cross correlation coefficient of velocity components to be
zero in both. isotropic and axisymmetric.turbulence. In fact, it is
only when one considers symmetry about a plane that the cross
correlation coefficient can be non-zero., The vectors chosen by
Justus to define the plane of symmetry were the vertical direction
and the direction parallel to the shear vector. Thus one reasons that
the shear vector may have a baéic?significance in determining thé

properties of.the turbulent velocity p.d.f., one moment of which igw”'

-
e

the correlatien coefficient, -~

Based on these suspicions the analysis of varjance statistical
tests was performed. As it was shown in. Chapter 2, the hypothesis of
shear influence was completely justified since. the population was
found to be non-homogeneous with respect to the shear vector, Indeed
the magnitude of the shear vector definitely affects the p.d.f. of the
turbulent velocities.

At this point it should be noted that the experimental data
which were presented represented, in effect, an ensemble average over
the spatially-dependent portion of ‘the p.d.f. The p.d.f. can be
represented by a function which depends on both the spatial coordi-
nates and the velocities. It is the velocity-dependent portion of

the p.d.f. which will be the concern of - this work; and except where
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indicated, it will be assumed that the spatially-dependent portion has

been removed by integration over the domain of the spatial variables.

General Development

Phase space is a six-dimensional hyperspace with axes:. X5 X,
Xqs Vis Vg and Vqe The position and turbulent velocities associated
with a fluid element can be specified by giving its location in phase
space.

Consider the probability density function f(xl’XZ’XB’Vl’VZ’VB’t)'

The quantity

f dxldxzdx3dvldv2dv3

gives the probability of observing a fluid element at time t in the,
volume of phase space dxldxzdx3dvld‘.v2dv3 around the point
X15%y3Xq,Vy Vs, Vg. Stated another way, if a large number of observa-
tions were made, the above quantity would give the fractional number
of observations for which a fluid element was found at time .t to be
in the volume of phase space dxldxzdedvldvzdv3 around the poeint
X1 5Ky sXqs V5V, Va0

All of the fluid elements in a small volume dvldvzdv3 of
velocity space (a subspace of phase space) located around the point
VsV,sV, are traveling with approximately the same velocity v (whose
components are vl,vz,v3). If one observed these fluid element throughout
normal space at time t, there would be the fractional number
£ dxldxzdx3dvldv2dv3 of them in the volume dx.dx,dx., around the point

1772773

X Xy Xqe Now assume that there does not occur any creation or
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destruction of physical fluid elements and assume that the fluid
motions conform to the continuity equation (equation 1,1) and the
slightly modified equation of fluctuating motion (equation 3.1).
Then, the probability density f(xlﬁxz,x3,vl,v2,v3,t) must equal the

probability density f(xi',xz',x3",vl',v2',v3',t'), where

' o= - v
Xy = X + uij\jdt (3.2)
: BVi
' = . - -
vy A + (Fi ij vj) dt (3.3)
t' = t+ dt (3.4)

where 1 = 1,2,3 and j = 1,2,3 and the Einstein summatien convention

1s being used, and where uij is a second order dimensionless tensor
which allows the velocity components to be statistically coupled. Note
that the only difference between equations 3.2, 3.3, and 3.4 and an
equivalent set which would eventually provide a Gaussian distribution
is the term in equation 3.3 which depends upon the shear components.

So

3V,
1
dt, Vi + (Fi - ',F Vj) dt, t + dt)

{

f(xi + uijvj

= f(xi, Vis t) (3.5)

If one makes a Taylor series expansion about the point Xi’vi’t of the
left hand side of 3.5 and retains only terms in the first power of dt,

one obtains the differential equation of the probability density
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function.
3f 5f 3V, 3f
T + “ijvj 3;3- + (F:!'._ -é;j— Vj) Ei = 0 (3.6)

Next one makes the assumption of stationarity for the p.d.f. This

assumption is justified by the statistical test in Chapter II. Let
f(xl,xz,x3,vl,v2,v3) = fX(xl,xz,x3) fv(vl,vz,v3) (3.7)

and recall that if Q is a function dependent upon spatial coordinates

alone then

o o

f J j Q(xi) fx dxldxzdx3 = < Q(xi) > (3.8)

=00 w00 == 00

and similarly if P is a function dependent upon velocity alone then

o o o

J J f P(vi) fvdvld'vzdv3 = < P(vi) > (3.9)

o OO e OO mm OO

where the < > indicates an expectation value. If one substitutes for

f in equation 3.6 and recalls the stationarity, one has

If, 2V, o
' uijijv 3;;‘ + (Fi - 3;; Vj) fx 3;; = 0 (3.10)
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represented as the derivative of a scalar potential

]
F, = - Ei— {Q(xl’XZ’x3)} (3.11)
1 ,
and that fx is of the form
f = Bl exp{—sﬂ(xl,xz,x3)} (3.12)

where B is a constant which serves the purpose of keeping the argument
of the exponential function dimensionless (B has dimensions [energy/
unit mass]-l) and where Bl is the normalizing factor for the spatially-
dependent part of the p.d.f. (Bl has dimensions [m3]hl), then upon

substitution into 3.10 one obtains,

af e BVi va
-Bu,,v,ff — - (— + —— v f — =0 (3.13)
ij jv= Bxi Bxi ij 3 X Bvi

As was pointed out . earlier, the atmospheric data represents an average
over the spatial coordinates. It should be noted that in a laboratory
situation where one can exercise control over the spatial parameters,

af av,

one could measure the spatially-dependent elements e and Sii at

i 3

the point in space where the velocity measurements were being made and
theﬁ divide out the function fx. In this way one would arrive at the
velocity~dependent differential eqﬁation for the laboratory case, How-
ever as in the atmospheric case, if one averages equation 3,13 over

the spatial coordinates, one has




72

- 3R
-8 “ij vjfv J J j ix axi dxldxzdx3
Sf >
v 30 ‘
av J J J fx Bx, dxldxzdx3
i OO e O e OO 1
3E NP BV,
= vj . J J J fX Fre dxldxzdx3 (3.14)
i 0 = OO0 == OO j
By equation 3.8, one obtains
of
af af v
- B u,,v.f = > - ———> —_—
ii v axi axi avi
avi afv
= < asz > 'vj W (3.15)

Let'Ai equal the negative of the average value of the i th component.

of the spatially-dependent force, that is

A, = —<F> = <& (3.16)
i i 9x
i
Vv ‘
Consider the tensor < = and recall the discussion in Chapter II.
h|

For the atmospheric case there are only two non-negligible and non-zero
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elements. So let

oV,
i
< ij > = w15115j3 + W25125j3 (3.17)
where
8V1
Wl = < ax3 > (3.18)
and
8V2
w2 = < 3x3 > (3.19)

If, in order to simplify the notation, one adds to equation 3.17 the

term w where it is understood that

3%13%43

w, = 0, (3.20)

i
ij > = Wi5j3 (3.21)

Substitution from 3.21 and 3.16 into 3,15 gives

of of

v A4
—B]Jijvjvai _Ai _3—\;_ = Ww,V. -—-' i (3.22)




74

Equation 3.22 is the differential equation for the wvelocity-dependent
portion of the turbulent velocity probability demsity function, fv'
From now on fv will be referred to as the veloecity p.d.f. ﬁnless
otherwise indicated. It should be noted that if the shear vector had

zero amplitude (that is w, = 0 for 1=1,2,3) then equation 3.22 would

i
give the Gaussian p.d.f. as the solution for fv' Thus it 1s obvious
that the introduction of a non-zero shear magnitude modifies the
standard Gaussian solution.

Next one converts equation 3.22 into a dimensionless equation.
This is done through the use of the following scale parameters: o

, , . . . -1
with dimensions m/sec, L with dimension m, v with dimensions sec 7,

and ) with dimensions (m3/sec3)_l. Let

~ Vi
v = = (3.234)
~ xi
X, = o (3.23B)
R LF, R LA
F, = —* - - A = - L (3.230)
o2 o2
) £,
fv = (3.23D)

>

B = Bo? (3.23E)
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~ Wi
W= (3.23F)

By substitution from equations 3.23 into equation 3.22, one obtains

|

- SRR ) - afv oA - afv ‘

- =) - S —) = | RIS & |
B uijvjvai (L ) Ai — (L ) (Av)wiv3 - (3.24)

Bvi Bvi 1

\
Division by C%l) gives

‘ -8 My VB AL -Ai _ = (=) WiVy T (3.25) EL‘I
| i ov, g v !.l\
‘ 1 i w[l‘;
4y

Jg)

Let i

i

Hl

\‘l‘

vL f
r = 5 (3.26) “

where 7 is a dimensionless perturbation parameter presumed to be

small compared to 1. Then one has - ‘

. 8f . . of

R i
-B “ijvj Vi Ai 3; = WiV3 8:’ (3.27) ‘\
i i

The unperturbed solution will be given when [ equals zero. If omne |

i
assumes that

~

= f 2, 4 3
fv va(l + c¢l + ¢2 bz ¢3 + .. .) (3.28)
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where fvo is the dimensionless unperturbed solution and where ¢n is
the n th order correction to the unperturbed solution . (Note. that the
¢n's are dimensionless), then if one substitutes from equation 3.28

into 3.27 and equates the terms of equal power of gn, one obtains

forn=20
. . A A N vao
- B uijvijOAi - Ai -—gr— = 0 (3.294)
v
i
forn=1
N ~ o~ " . afvo
— B M vyEee ity T A 4 T
v
1
~ 3¢ . of
1l vo
- Aifvo —= = WV, = (3.29B)
v v
i i
forn =2
. . . . afvo
- B yu,.v ¢ A ¢ =
i " j7vo 7271 i 2 v
.. 3% .. 3¢ Y
2 Vo 1
- Ai fvo —— = WV, (¢1 —_ + fvo —_) (3.290C)
v v, v
i i i
or for the general daée n=x%k -
- ~ o~ ~ ~ afvo
B i gViteotihs T At N
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Y . Y )
k Vo

-A f —_— = Wiv3 (¢k—l —_— 4+ f

Bvi oV

o¢
k-1 ;
vo —) (3.29D)

1 ovy

Rearrangement of equations 3.29 gives for n=0

of A A
VO .
= + Buijvjfvo =0 (3.304)

forn=1

+ Ai fvo —_— = - wi *V3 - (3 . 3OB)

forn =2

[+
th
>

ity ij " “vo

~

n" o~ ¢ ~ n of " 2¢

2 _ vo 1

+ AifVO —_ = - Wiv3‘»(¢l = + fVO - (3.300)
Bvi Bvi Bvi

or for the general case n = k

. af .
vOo
ehy N T
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~ o6 A of - 20
k ‘ k-1
+AE = = m Wy (b e =) (3.30D)
3V, 3V, av,

It can be seen that the terms in the parenthesis on the left hand side
of each equation for n > 0 are the same as those in the equation for

n = 0 and therefore can be set equal to zero. If one makes use of
of

this fact and also substitutes for ——— from equation 3.30A in each of
ov,

the equations for n.> 0, then after * some slight rearrangement, one

obtains

of ~ a A
vo
= + B u,.v =0 (3.314)
v, 13 3 ve
i
A a¢ A A A A
1
Ai — =B uijwi 33 (3.318)
Bvi
~ a¢ ~oo~ A ~ a¢
2 _ - _ %
Ai —_ = wiv3(8 “ijvj¢1 —) (3.31¢)
Bvi Bvi
~ of A A A ~ ¢
3 2 | _ 2
Ai — wiv3(8 “ijvj¢2 —) (3.31D)
Bviz Bvi
~ 90 N on o - o¢
k _ k-1
Ai-—r— = wiv3(8 Uijvj¢k—l_ —_—) (3.31E)
Bvi avi
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The series of equations given by 3.31 can be solved sequentially
to arrive at the full solution for fv' The solution of equation

3.31A requires

A
A

8 A
£, =B, exp {--5 uijvivj} (3.32)

where 32 is a dimensionless normalizing constant. Note that the
solution for fvo is a dimensionless trivariate Gaussian p.d.f.
At this point it is convenient to introduce the dimensions

back into the equations and solutions. Thus in dimensional form,

one would have

fv = fvo(l + wl + w3 + . .00) (3.33)

where

b= (3.34)

so wn is dimensionless, and where fvo 1s the trivariate Gaussian
p.d.f. which has dimensions; (m/sec)-3. Upon introduction of the

dimensions, equation 3.32 becomes

B
£, = By exp {- 5 uijvivj} (3.35)

where B3 is a normalizing constant with dimensions, (m/sec)’3. Since

the unperturbed solution is the trivariate Gaussian p.d.f., the nota-

tion is simplified and becomes identical with that of Appendices A and
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F if one. lets

By = [(20)° K 0,%,%,7] -1/2 (3.36)

(Note that B3 has the correct dimensions) and

B uij = aij (3.37)

where aij represents the elements of the tensor A given in equatien
A.88 which also has the correct dimensicns. So
_ 3 2 2 2.-1/2 1
f,o = [(20)7 K 0,%0,%,] exp{ 5 aijvivj} (3.38)
Consider the introduction of dimensions into equatien 3,31B, from

equations 3.23 one has

5
<

o9¢ v
1 _ 2. 43
¢ Bv; = ¢ BLl:i.j v @

L 3
(—;9 A 7

g

1

Substitution from equation 3.37 and rearrangement gives.

3¢l

ov

Lv
Ai(a—9 )

aijWiVjV3

From equations 3.26 and 3.34, the above is seen to be simply

Bwl
Ai 3;; = aijwivjv3 (3.394)
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In a similar manner, one finds

3y, . By
Bwé 8w2
ER T A T M Bl | (3.39C)
oy e
n n~1
Ay v, viva(agyvyvn gy - 3;;"> (3.39D)

Thus the complete solution for fv is given by equation 3,33 where

fvo is given in equation 3.38 and the y's can be found by the sequen-

tial solution of equations 3.39.
In the present work only the solution to the first-order

perturbation equation will be considered. In other words, the approxi-

mation will be made that

£,= £ (1 + ) | (3.40)

where wl is the solution of equation 3.39 A,

Solution of First-Order Perturbation Equation

Assume a series solution for wl of the form
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b= L A g YY) (3.41)
1,7,k=0

where the Ai,j,k are constants (which will be determined so that ¢l
satisfies the differential equation 3.39A and the integral conditiomns
that apply to fv) and where the Hi,j,k are the trivariate Hermite
polynomials defined in Appendix F.

If one substitutes from equation 3,41 into equation 3.39A and

recalls equations F.87, F.88, and F.89, then one has

4 € Ay g eterfion g T3 2oty e, TR 21ty g kD)
i,3,k=0

+4, (] Ay gkl 8

12%1, 9,k 3 2oty go1 TR Bafy g kD)
i,j,k=0

1,3,k 2131, 5,0 T3 2aafy gor e TR 23y 5 k]

W1811V4Vy + W181)VqVy + W18, 4V,

2
T W81y T WyB),VaVy + Wsd) Yy (3.42)
Now if one substitutes for ViV3s V,Vg, and v32 from equation F.105,

F.106, and F.l107 respectively and then equates the coefficients of

identical Hi i,k polynomials, one obtains the following relations:
’J




For HOOOP

A1(A100211 * 4010212 T 2001213 Tt A2(A100%12 *

+A(A

+ (w

For HlOO’
A1%110%12 * A101%13 * 2 A200210) * Ay 02y *
* A58 10853 * A101233 * 2 Ap0p213) = O

For HOlO,

A1(A011813 T 2 BgpgB1p F Ap10217) T A (A2 F

+ Ay(Ay a5 + Agpqa35 + 2 Agnpa04) =

For HOOl’

81(A101211 F Ag11212 t 2 Bgga213) t Ay(Ajpp2yp

+ Ag(A101313 F Agpq3p3 + 2 Agppagq) =0

010222
Y =
100213 * 2010223 T Ap01233) T (Wyapp + woa

1219 F Wa2)p) (9,940,9) + (wyay, + Wzaz3>°3

83

+ 8501223

23917 (0,940,3)

(3.43)

A101%23 T 2 Byp0212)

(3.44)

8911323 + 2 Bg0222)

(3.45)

8911822 t 2 App2223)

(3.46)
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For HllO’

Ay(Aygq819 + 2 Ajog8yy F 2 Aypay9) T A(A 2

111823 7 2 8190327 T 2 Ajpp8y))

+ A3(A 2

2
111233 + 2 Ajgg2a3 + 2 Bypg859) = Wy F wya,)(0) 70,0500,

2
T 019013]) F (Wpay, FW,ya,0) (010, 0gley g F0g,500531) + (a4

2

+Wy8,3)(2 010,047 P14053) (3.47)
For HlOl’

Aj(Aj819 7 2 Ajgpayg + 2 Aygpay7) F A (A 118)0 + 2 Ajgaay5 2 Aypqa,5)

2 2
T Ag(A118y5 2 RiopBy3 T 2 Aypp213) = (Nydyy T Wpay) (005 [

2 2
*egg D F Gwgagy +woa,,) (070,047 [0, + 014P051) + (W4

+ w2a23)(2 o

3
193 pl3) (3.48)

For HOll’

Aj(Ajq9317 T Ag1p 2 313 F 2 Agyqay5) FA(A 2 A

111812 T 2 8012223

T2 Aggqapy) + Ag(Aygq8y4 F 2 Agppags 2 Agyia55) =0 (Wyay,
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+ vyay) (03050 3 [ogg + Py3p93l) + (wiay, +w a22)(02 32 [1

0,00 + (v,8y 5 + Wya,4) (2 0,40, 923) (3.49)
For HZOO’

A1(Bg10212 * Ao01813 ¥ 3 Aypp211) T Ay(By1080p F BAp018p3 + 3 Aggq2yy)

+ A3(A a., + A a,, + 3 + w a

210223 201233 Asooals) = (wyayy 1)(01 93013)

+ (wya),) + w,y8y,) (0 °2°3°12°13) + (w313 + wya,3)(2 0y C’3 13 % (3.50)

For H020

T

3 A ) + A (A

Ay (A1g0217 *+ Agp1313 + 3 Ag303)) 3

120212 ¥ A021223 T 3 Ag30222)

. _ 4 2
tA3(Bio0%13 ¥ Aga133 3 Ag3pfps) = (Myayy * 8,10 (010,705p15053)

+ (vyay, + Wzazz)(°23°3°23) tQryayg + wyay,) (2 022 329232) (3.51)
For HOOZ

A1 (8150811 F Agpafyn 3 Aggaayg) F A (Agpa1, + Agp0a0, + 3 Ag053,4)
+ Ay(Ayg0215 + BAppp8p5 + 3 A063333) = (vja), + w2a21)(01q33d13)
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3 4
+ (wla12 + w2a22)(0203 p23) + (wla,l3 + w2a23)(2 Oy ) (3.52)

For H210’

A1 (2 Ajpga1g + Agq1313 T 3 Ag10819) T A2 Ajpgany + A8y

+3 A310815) + Ay(2 Aypgays + Aypjass + 3 Ayan) = 0 (3.53)
For H2Ol’

81(2 Bgggayq + Ay1131y + 3 Aggpapy) + A,(2 Azozaés + 4511892

3 Ayg819) + A2 Aygoagy + Aypyang + 3 Aggar,) = 0 (3.54)
For Hl20’

A1(2 Ago0ayy * A1g1313 F 3 Apggayg) + Ax(2 Apppary F Arp18y,

+ 3 A1308))) + Ay(2 Ajyoars + Ay a3 Ajyia, ) = 0 ‘ (3.55)
For H102’

Al(All2a12 + 2 3

Ajoz211 t 3 Apg3dyg) t AY(Ajqpasy T2 Aygaan,

* 3 Ajg3223) F A3(A1gp8p3 + 2 AxgpR13 + 3 Ayga3gy) = O (3.56)
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For H021’
Aj(Ajgg817 + 2 Aggoapg + 3 Aggpagy) + Ay(Ar0a1, + 2 Agyna94
+ 3 Aja1855) + Ag(Aj q814 + 2 Ajsoag, + 3 Aggia,g) <0 (3.57)

For H012’

Aj(Ajjpa10 + 2 Agppagy + 3 Agpq814) + A (A 081, + 2 A5, 08,

+

For Hlll’

Aj(2 Ajjparq + 2 Ajpiag0 F 2 Ajpqa19) + A2 Ajjgang + 2 A58,

+ 2 A211a12) + A3(2 A 2

112333 T 2 Ap1893 ¥ 2 Aygq8149) =0 (3.59)

For Hboo,

Aj(Ag1087) + Agp1319 + 4 A4p0817) F Ay(Agy08,, + Agg1894

+ 4 A400a12) + A3(A

310823 T 2301233 T % A400213) = O (3.60)

For HOBO’

3 85138393) * Ag(A198053 + 2 Aggiay5 + 3 Agpqa34) = 0 (3.58)




i
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A (A A 4

A040212-

108130311 F 4031213 * )+ Ay (A 5081, + Bg31854
T4 Aj0Bg0) F Ag(Ay 08,5 F Aggi8gy + 4 Agpa95) = 0 (3.61)
For HOO3’
Aj(Ajggary + Agpaayp + 4 Agguayg) + Ay(A 05815 F Ay g2y
* 4 Agpuap3) + Ag(Aygqay3 F AgiaByg + 4 Aggag,) = 0 (3.62)

For HZ s where £ + m + n >. 3, one has

s, 0

Al([£+l]allA2+l,m,n+ {m+1] alZAﬁ,m+l,n + [n+1] alBAZ,m,n+l)

A (6118 08011 yn * IHL] 8508y ya 0 ¥ [PH] 358y i)

+ A3([Z+l]a + [m+1l] a

13Aﬂ+l,m,n 23A2,m+l,n + [n+l] a33AZ,m,n+l)

= 0- (3.63)

Equations 3.42 through 3.63*providé the .restrictions placed on the
Ai,j,k coefficlents by the differential equation. In this sense,
they can be called "constraint" equations on the Ai,j,k coefficients.
Let the order of the "constraint" equation be denoted by the integer

equal to the sum of the subscripts on the Hermite polynomial whose:

coefficients were set equal in order to arrive at the "constraint"

o
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equation. For example, equation 3.53 would be of order 3 since the
coefficients of H2,l,0 were set. equal in order to arrive at equation
3.53.

We note that equations 3.44, 3.45 and 3:46 are all of the same
order and that certain Aﬂ,m,n coefficients appear in two of the three
equations (for example Allo and AlOl)’ Note also that-in general an
Aﬁ,m,n appears only in those equations of order £ + m + n =1. Since
equations of different order have no unknowns (Almn) in common, each
order may be treated separately. However, for a given order, all of .
the equations of that order must be treated as a set of simultaneous
equations for the Almn coefficients of that order.

In general, there will be

equations of order p, but there will be

(p+2) (p+3)
2

unknowns (A£ n) in the equations of order p. Since the number of

E Rank ]
equations is less than the number of unknowns for each order, the
simultaneous set of equations for each order will have infinitely
many solutions. There will be p + 2 arbitrary constants involved in

the solution for the Aﬂmn coefficients of order p. Thus the restric-

tions placed on the A coefficients by the differential equation
P £,m,n .
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can certainly be satisfied.
One may galn a better feeling for the AZ m,n coefficients by
3ty
determining these coefficients in terms of moments about the mean or

in terms of cumulants., If one substitutes for wl from equation 3.41

into equation 3.40, one obtains

£ (VyaVpavy) = £ [ o+ ) Ay 5l 5,61Y2,73)] (3.64)
1,3,k=0

Now multiplication of both sides of equation 3.64 by the complementary

Hermite polynomials Gp o n (see Appendix F) and integration over

all velocity space gives

2] o 00

J J J C2,m,nfvdV19v2dvy = f J J £90%2,m,nt0,0,0

-_—C0 =00 =00 =00 =00 =00

(o]

* ) Ai,j,kHi,j,k(vl’vz’vs)]dvldvzdv3 (3.65)

1,3,k=0

By the orthogonality relation F.73, one obtains for £=m=n=0

© oo o

J J J 1. fvdvldvzdv3 = 1+ AO,O,O (3.66)

-0 =00 w00

By equation 3.9, the left hand side of 3.66 is equal to 1. Therefore

one has
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AO,O,O = 0 (3.67)

For £ + m + n:> 0, by equation F.73, one obtains

J J J Gﬁ,m,nfvdvldVZdv3 = Al,m,n Limin! (3.68)

=00 =00 =--=Q0

But by equation 3.9, the left hand side of 3.68 is equal to <G£ o
sty

Thus one has for £ + m+ n > 0

Ay oan® (2tminl) "L Gp mn” (3.69)

Consider the case £=1, m=0, n=0. From F.1l00 one has

But recall that by definition, <v,> = 0. Thus one obtains

A

1,0,0 = 0 (3.70)

In a similar manner one finds

AO,l,O = AO,O,l = 0 (3.71)

Consider the case £=2, m=0, n=0, From F.1l00 one has
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20,0 = V1 ~ 9

Since the mean value is zero, <v

1
012. Thus one obtains

2'>‘ . -
> is equal to “2,0,0' But by defini

tion, ¥ 5,0 =
>

ST

2,0,0

2

A = ay)

2,0,0 =0 (3.72)

(oo ~

N

In a similar manner one finds the following results for the Aﬂ -
iy

for £ + m+n < b

Aﬂ = 0 for L4+ m+n.<2
y,0 -
|
| .
-1 =1 -1
k A300 =€ M300 8930 =% Mo30 403 =% Y003
1 -1 -
A910 =7 M210 A120 =7 M120 A1 =7 Y01
_1 - 1 -1
| 8102 7 H102 8021 =3 ¥o21 8012 =7 Ho12
|
‘ A, = : A, == - 305 3,73
111 = M1 400 = 2% M400 1 (3.73)
1 4 =1 _ 4
840 = 75 (Hoso = 392 Bo04 = 2% (Mogy — 3 93 )
A § _ 3
| Aygy =% (H3p1 = 3 P39 99)
|




A0 =F (g0 -
b30 =% Gz -
1
A31 =% (31 -
813 =5 (o3 -
Byso =% Gizgg -
4202 ='%' (h202 -
B2y =% (Mogz -
By11 =7 Oy -
Mgy =7 (g -
My =7 Giggy -

If one substitutes for the moments about the mean in terms of the

= L _
103 - 6 ‘M103

.3

3 03393957)
3

3 p159,795)
3

3 P1291%% )

3
3 0,39,703)

3
3 0749,937)

2 2 2 12

2.2 .2
91 9 P12 91 %2

)

022 -5, 25202
1 %2 P13 91 %3

2.2 _, 25,25 2

92 %3 P23 92 93

Dnal 20 Tn = 2[014010,1[p1,0,0,1)
2391 9293 1291921 1P1391%9;

2
P13919 93 = 2[p1,070,10py30,04D)

2
P12919,95 ~ 2[py3040931lp,40,05D)

93

(3.73
Cont)

cumulants from equation A.54, one obtains for Aﬂ m.n where 2<f+m+n< 4
ity

the following:
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AK I (Klm!n!)-l Kp mom for 2 <€+ m+n <4 (3.74)

ity | Rt ]

Now if one rewrites the 'constraint" equations of order 2 or less and

substitutes for the AL - coefficlents from equation 3.73 and substi-
E Randt ]

tutes for the a,, from A.88, one obtains:

ij
For order O,
w.O
- ¥1%3 2 2
0 = 3,k (P13 = P13P23 ~ P1oPa3 + Py3Pgg = Pyt P1oPog)
wWACO
2%3 2 2
+ o K (=p19P 13 + P13 Pp3 = P13 Py3 = Pag ¥ Py3 + 099Py5)
0 = 0 (3.75)
For order 1,
0 = 0 (3.76)
For order 2,
P137P12P23 P127P13°23 (1'9232)
91%3 91% 1
(3.77)
Py37P12P13 (1'9132) P127P13P23
Ay [P g T uggg /D
Ko .o Ko

293 2 Ro,0,
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2
RN e RO =Nt E NN WL E N
3\H111 .y H120 Ko o H210 Koo
3 293 193
WiPp3lpfy + Wy0140,04
- l 2
A (n. [~ 227013%23, (- f137P12P3, 23 4
1'H111 . M102 Ko H201 Kg 2
192 193 91
1-0..2 -
PNV il < R X P12013, (- 127P13%23,
2\M111 2 H102 M201
02 K02 3 K0102
(3.77
Cont)
Prn=Pq,P l-p 2 P14=Pq,0
_ 2371213 P12 _P137012P23. 0 2
+ A3 Gy, (- —_ Hi02! o 2 1+ w0l g 1) = wo,
2%3 3 1%3
l-o 2 P137P 74P P19™P14P
1371223 : 1271323
Kop 9193 192
P10=0q P Pna=Pq,P l-p 2
127°13°23 237P12°13 P13
+ A (Uyqq [ =] + yyqi,[- =1 + up,, [——=1)
2\ 111 Koo 012 _ 021" 2
919, 293 o)
P137P 1P 1,2 Po3=P 9P
37P12°23 12 37P12°1 2
* Ay - 2B 2y (- 2 2]) = w0
3\H113 012 2 021 2%3
Kclo3 Kc3 K0203
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2
ey - 22aes, P13l [l P23,
7~ (Moo - H201 o o 3000 2 )
1%2 193 1
A 1-p 2 Paya=P 4,0 Pan=P. 4P
2 13 4 £237P12°13, 127P13°23
o7 gyl 3 P+ pel- o 1+ uggel- . =D
192 92%3 °1%2
A Prna=PqnP 1-p 2 D1 a=0 40P
3 _ .23 "12"13 1 13712723
t g Gl T bo01 31 * agolm D
293 93 9193.
o] . ()'VZO' o
13 y \ -3 2
= v1P13°0%3(h = T [ey3PypPaal) F Wy == 157 (pP3705y)
2
(3.77
Cont)
A 1, 2 _ _
e i I € B i i P v L £ TN
2 ‘M120 o 2 Ho21t N H030 Yo
9 9193 192
A P1n=PqaP Poa—PqnP 1-p 2
2 127P13P23 237P12°13 13
9192 9,93 )
A Pqa=PrnP 1-p 2 Pra=PqnsP
“3 _ P13™P2P 23 “P12 237P12°13
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For order 3 or greater equation 3.63 will suffice,

Thus ;ﬁe can see that "constraint" equations of order 0 and 1
are satisfied identically and that those of order 2 or more will simply
provide some relationships between the higher order moments.

As stated before, the "constraint" equations can be solved and
a solution for wl obtained., When the solution for wl is substituted

in equation 3.40, the solution for fV including the first order per-

turbation is

£ =f [1+ ) A
1,3,k=0

1,3, 1,00 G789

where the Ai'j K coefficients satisfy the "constraint' equatiomns.
)9
Reconsider for a moment the general development of the theory.

Since one has solved equation 3.39A for wl, the next step in the
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procedure would be to replace wl’ in equation 3.39B and in a similar
manner solve for wz. Then one would proceed to solve for each wi
sequentially and finally would arrive at the complete solution for fv'

However, in the present work, equation 3.78 will be considered to be.

the solution for fv'
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CHAPTER IV
RELATIONSHIPS BETWEEN THEORY AND EXPERIMENT

Introduction

At the time that measurements of the turbulent velocity compo-~
nents in the atmosphere were made, simultaneous measurements of the

spatially-dependent forces (Fi or %%—) were not made. Indeed the
1

force parameters could not be measured by the techniques that were
used, Therefore the Ai coefficients (appearing in the differential
equation for fv and later appearing in the differential equations for
wi and the "constraint'" equations) could not be obtained. Thus one
could not proceed (with the data already taken) to solve the necessary
equations and arrive at a solution for fv in the manner given in
Chapter -IITI. In future atmospheric researéh, if techniques are
developed for the measurement of the spatially-dependent parameters,
the problems could be corrected by simultaneously measuring the
spatially-dependent forces, the shear vector components, and the
turbulent velocity components. In future laboratory research,; the
difficult;es would not.arise if one first measured the shear vector
components and the forces Fi and then maintained similar flow charac-
teristics while one measured the turbulent velocity components.

Next an attempt was made to get around these problems with the

data already taken. The method involved measuring the third order

moments (Us54sHg302H003°4210°4120°201° #1022 021 Ho12° @04 Hqpp) and
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then using three of the second order "constraint'" equations (equations
3.77) in an.artificial sense as a set of simultaneous equations for
Al’AZ’ and A3.
Recall the discussion of variance formulas in Appendix A (équa-
tions A.55 through A.79), and recall that the standard error of a
statistic is equal to the square roet of the variance of the sampling
distribution for that statistic. It is apparent from the formulas that
variance of a statistic can become quite large both as the order of the
statistic increases and as the multivariate character of the statistic
appears. The above factors might have been tolerable, except for the

fact that, in applying the "constraint” equations as a set of equations

the errors involved in the "coefficients" of the A, are not

for the Ai’ 4

additive, Rather these errors must be obtained through the use of
equations A.73 and A.74 which give the variances of functions of
random variables (and indeed the "coefficients" of the A,

i
Thus the method of getting around

are complex
functions of the random variables).
the problems with the previously taken data was dealt a fatal blow.
Despite the shortcomings in the data mentioned above, several
illuminating relationships between the experimental data and the theory

can be developed,

Truncation Relations-

In the development of the solution for fv which included the.
first-order perturbation wl’ an infinite series of trivariate Hermite
polynomials was used. A practical representation of fv requires

truncation of this series at some acceptable level. In this work the
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series will be truncated at order 4, WNote-that this approximation is
the lowest level of truncation whieh would include perturbation terms
affecting both the even and odd order moments of fv’ and note that the
"constraint" equations of order 5 or greater are all homogeneous
equations so that the trivial solution for the Aijk coefficients could

be accepted. So truncation at order 4 requires
A =0 for 1+j+k>5 4,1
1,3,k R -

This truncation conditioen for the coefficients Ai i,k provides relations
*J?

between moments of different orders. The relations between moments
arise in the following manner. Recall equation 3.69 and consider the.

case where i=5, j=1, and k=0, Substitutlon from 4.1 into 3,69 then

gives

-1
0 = (51110! <G > 4.2
( ) 5,1,0 (4.2)

If one substitutes for‘G5 1.0 from equation F.100, one obtains
L Rt

4

0= <v ».~5 9120102 <vl >

5‘!
12

2 3 3 2.
10 01 <vl v2> + 30 plZUl 02 <vl >
+ 15 ¢ 4 <v,v,> -15 p.,0 50 (4.3)
1 172 1271 72 *

Recall equations A,.18, A.28, A,29, the fact that by definition the mean
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values of the turbulent velocity womponents are zero, and equation 3.9.

The use of the above conditions gives, upon rearrangement

51,0 T 2 Yapob110 t 10 M310¥a00

- 2
30 u300M110

In a similar manner one obtains the following relations between

moments of order 5 and 6 and moments of lower order.

Hs00 = 10 ¥3p0¥200

Moso = 19 Ho30M020
Moos = 10 Hgo3too2
a0 = 4 M3got110 t © Ma10M200
Mao1 = 4 M3go¥101 T O Hap1M200
Miso = 4 “030“1;0 * 6 11508020
104 = % Moo3¥101 t © M102%002

Mosl = 4 Mo3oMo11 T 0 Mo21%020

(4.4)

(4.5)
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= 4 1
Mogp = 4 MypoHygg + 4 HMigaMigr * 4 Ua11M011 T H220M002

+ Ho2a¥200 * H202"020 T 2 M200M020M002 (45
Cont.)

- 2 - 2 - 2
4 Woo2"110 T 4 Mo20101 T 4 M200M011
= 16 uy16k1014011

It should again be noted that the above relations between

moments of different orders arise from truncation conditions and not

from basic considerations in Chapter III. In a procedure analegous to

that performed by Frenkiel and Klebanoff (1967) (who used tﬁg-method
to compare their ad hoc, two-dimensional, non-Gaussian p.d.f. with
their experimental data), the truncation relation 4.5 can be uéé&‘fdr

comparison of the approximation with the experimental data.

The procedure is simple. Comsider the equation 4.4; in thé.

first case one would experimentally compute the moment Hs1g from the

observed p.d.f., whereas in the second case one would experimentally

measure the moments H400° M100°* H310° and H200 then one would compute

a value for 510 using the truncation relation 4.4. 1In order to

non-dimensionalize and scale for comparison with the Gaussian predicted
. 5. .
value, each value for Hsy0 should be divided by (cl czplz). The

procedure for other truncation relations would be similar.

The results of the application of the procedure to several of

the truncation relations are shown in Figures 22, 23, 24, and 25, 1In

all four figures the direct computatlon of the value for the moment
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from the experimental data is indicated by the symbolun » Whereas the
computation of the value for the meoment using the truncation relation
is indicated by the symbol O ., 1In order to opsgin more than one pair
of values for a given moment, the data were divided into the five
shear magnitude intervals.

Figure 22 shows the pairs of values of (u320/[013022]) plotted
versus the average value of the shear magnitude in each interval. It
can be seen that the truncation values compare rather well with the
experimental values, particularly since a Gaussian p.d.f. would give
the constant value of zero for the moment regardless of the shear value.

Figure 23 illustrates the pairs of values of (u600/016) plotted
versus shear magnitude. The truncation values provide a far better
estimate of the experimental values than the constant value of fifteen
which would be predicted by a Gaussian p.d.f. Figures 24 and 25
present the results of the computaticn of pairs of values for the
moments (usoo/cls) and (u401/[01403p13]) respectively. Here again, as
is shown in both figures, the truncation values follow the variations
in the experimental values from one shear interval to the next, and
the truncation values provide better estimates of the experimental
values than estimates based on a Gaussian p.d.f. which are constant at
the value zero for both moments.

Pairs of values for other moments were computed and the values
computed from the truncation relation provided better agreement with

the experimental values than values which would have been predicted by

[

a Gaussian p.d.f.
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Computation of One-Dimensional Probability.Density-Functions

The probability density functions that were plotted in Chapter
IT were the p.d.f. for the marginal distributions (one~dimensional
p.d.f.'s for the univariate distributions, see Appendix A). Recall

that the solution for fV which included the first order-perturbation is

B, (pavpevy) = £ (v vy, v (L 10 A G H L (v,v),v) ]

1,§,k=0

where Z‘ indicates that the summation has been truncated at order 4 in
the trivariate Hermite polynomials. Then from equations A.1ll, A.1l2,
and A.13, one can see that the one-dimensional p.d.f:.s fl(vl), fz(vz),

and fs(v3) are given by

oo

flgvl) = _i _i fv(vl’VZ’VB) dvzdv3 (4.6)
fZ(VZ) = J J fv(vl,vz,v3) dvldv3 (4.7)
f3(v3) = J J fv(vl“vz’VB) dvldv2 (4.8)

where fl(vl) is the p.d.f. for the parallel component of the turbulent
velocity, fz(vz) is the p.d.f. for the perpendicular component of the

turbulent velocity, and f3(v3) is the p.d.f. for the vertical component
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of the turbulent velocity.

Consider the integral

0

H, . ,[2m> K 020202171/2 exp{- L [——-————(1-033) o
y,k,00 027 oo 03 | expi-

7K Vi
12 2
o 9
200, 5=P 1 2P na) 2(p 4P 1 0P na) (1-p 2)
12771323 13 71223’ 13 2
- ViV, ViVq + ———-;——— v,
919 91%; 9
2
2(00q=P 1P 7) (1-p.,")
- 23 1213 V,Vg + 1z v32]} dvzdv3 (4.9)
0.0 0.2
2°3 3

where R+j+£ < 4, and note that-all of the integrals of f, to obtain

f.(v,) will be of this type. Let (1~-p 2)
1v'1 12
p = R (4.10)
2 K03
(Pya=P P 2)V (Pq2=P 1P )V
q = 23 7127137 "2 + 13 "12723° "1 (4.11)
2 K 0203 2 K 0103

From equation C.4, it can be seen that the result of the inte-

gration with respect to the variable Vg is

=]

2
v

f [(2n)2‘ 012022)]—1/2 L(v{,v,) exp{- L }[1-0%2]—1/2
—o 2 07 (1-p7,)
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»expi- [

5 dv2 (4.12)
2(l-pi2) o 0.0

where L(vl,vz) is‘a polynomial in vlyand v, of order n=j+k+{. By a

polynomial in vy and v, of order n, it is meant that the highest power

of a term in.vl or v, alone is n and that the sum of the exponents

of a term which contains a product of vy and v, must be less than or

equal to n. Now let

1
= rl—-——z' (4.13)
2(1-p3,)05
o] v
12 1 (4.14)

- '
2(1-p3,)9,9,

again from equation C.4 it can be seen that the result of integration

with respect to the variable v, is

2
-1/2 V1

[chi] exp{-
20

2} M(v)) = £;M(v,) (4.15)
1

where M(vl) is a poelynomial of order n, and where fIO is defined by

v

-1/2 1
/2 exp{- —L—
2 oi

f10 = [2703] 1 (4.16)

Since the series of trivariate Hermite polynomials was trun-

cated at order four, all of the integrals of fv to obtain fl(vl) will
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give results of the form 4.15 where the polynomials are of order four

or less. These polynomials could be combined into one polynomial, so

one has

fl(vl) = flO[N(vl)] (4.17)

where N(vl) 1s a polynoemial of order 4 in vye This polynomial N(vl)

can be represented by a sum of the first five univariate Hermite

polynomials

fl(vl) = flO[DOHO + DlHl(vl) + D2H2(vl) + D3H3(vl) + D4H4(vl)] (4.18)
In order to introduce the proper dimensionality into thé non-dimen-

sional Hermite polynomials given in equation F.13, one simply starts

with the derivative definition

n V12 4" Vlz.
Hn(vl? = (-1) exp+f7; } = exp{— ' ” } (4.19)
201 dvl 2 o1
Thus one. obtains
= 2 = , 2
Hl(vl) vl/ol4 Gl,O,O(vl’v2'v3)/°l (4.20)
vl2 1 ' X
Byv) = — - —3 = G3,0,0(V12VpoV3) /o]
o o

B ————— SN S
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3
vy 3v1 ‘ 6
H (vl) = - - = GB,O,O(vl’VZ’VB)/cl
o o
1 1
N (4.20
4 2 Cont,)
vy vy 3 8
H (vl) s --6c - + — = G4,0,0(v1’v2’v3)/°1
1 1 1
H‘.
or H (v ) = (v,,v,,v.,) /0 1, i(x) (4.21)
17 i ,0,0°71?7°2%73 1 o i *
1
where x = vl/cl. So one. has
f f f dv dv3 = f O(D H. + D H + D2H2 + D3H3 + D4H4) (4.22)

-0l -0

In order to determine the coefficient‘Di, multiply both sides by

Hi (1 < 4) and integrate with respect to vy

Hiflo(DOHO + D H1 + D2H2

(%)
[y
——
—
—
Hh
<
[=H
<
(%)
.
<
W
(M
.
<
w—38

+ DH, + D4H4) dv1 (4.23)

The integral on the right hand side, by application of F.1l3, becomes

o0

f 1 10(DOH0 + D H1 + D2H2 + DBHS + D H ) dv Di—EI for 1 < 4

1

(4.24)
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Since the order of integration may be interchanged, the left hand

integral, by equation F,73, becomes

G : .
100 | _, i
f- f f —31 f dvldvzdv3 -”Ai,O,O‘ 51 where 1 < 4 (4.25)
o o
-0 =00 =0 1 1
Therefore.
D; = A 0,0 (4.26)
and
4
fEv)=£ )L VA G . ot (4.27)
171 10°71 1,0,0°1,0,0' °1 ’
i=0
In an exactly anal&gous manner, one obtains
4
Ev) = £, v ) 5 A, Gu, o 0,20 (4.28)
2'V2 202 0,1,0°0,1,0 2 :
i=0
and
g 21
£30v3) = £50(v) L L Ay .9,465,0,4/ 93] (4.29)
i=20
where
v 2
, 2.-1/2 2
£50(vy) = [210,7] exp{ - 5 (4.30)
20
2
and
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2
2.-1/2 V3
£4,(vy) = (2102177 exp{- — } (4.31)
| 3

1 Equations 4,27, 4,28, and 4.29 give the one-dimensional p.d.f.'s

for the parallel, perpendicular, and vertical components respectively

of the turbulent velocity. If equation 4.27 is written out completely

with substitutions from equations 3.73 and F.100, one has

.2
172 exp{- 2

2

Z

B!
300

£,(v) = [2muyp

s -1 3
+ (6u350)  Hypo(VyT ~ 3 Mo V1)

-1 4 2
L - L2 , _ 2
+ (24 ugng) T Qi — 3 u5pp) (Vi = 8 uyapvy F 3 HYgp) ]
(4.32)

Now if one measures -the moments Hlo0* H200° “300° and Y400 from the !
experimental data, then by plotting equation 4.32 versus velocity one |
can obtain a comparison between the experimental data and the theoreti-

cal selution for fl(vl) including the first-order perturbation. Note

that the moment uiOO merely corrects for ‘thé7inaccuracies which give a

l non-zero mean for the observed data.

Figure 26 provides a plot of fl(vl) versus the parallel com-
ponent of the velocity for all data in the shear system. The solid
curveﬁislfl(vl). The dots give the experimentally observed p.d.f.,

and ‘for further comparison the dashed curve gives a Gaussian p.d.f.

with the appropriate mean and variance. It is immediately obvious from
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p.d.f. (vl), percent

-30 -20 -10 0
Parallel Component of Turbulent Velocity, m/sec

Figure 26. The p.d.f. for the Parallel Component of the Turbulent
Velocity for all Data in the Shear System. (The
dashed curve 1s a Gaussian distribution with the
appropriate'mean and standard deviation. The solid
curve is the p.d.f. f,(v,) where the necessary moments
are the same as the observed distribution.)
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Perpendicular Component of Turbulent Velocity, m/sec

Figure 27. The p.d.f. for the Perpendicular Component of the

Turbulent Velocity for all Data in the Shear System.
(The dashed curve is a Gaussian distribution with the
appropriate mean and standard deviation. The solid
curve is the p.d.f. f (v?) where the necessary moments
are the same as the ogsefved distribution.)
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Figure 28,

(v3), percent

p.d.f.

o

20 30

-20 -10 0 10

Vertical Component of Turbu]ent Ve]oc1ty, m/sec

The p.d.f. for the Vertieal Component of the Turbulent
Velocity for all Data in the: Shear System. (The
dashed curve is a Gaussian dlstrlbution with the

appropriate mean and standard deviation. The solid

curve is the p.d.f. fg(v ) where the necessary moments

are the same as the o served distribution.)
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the figure that fl(vl) fits the experimental data far better than

does. the Gaussian p.d.f., The computed fl(vl) has a high central peak

and broad tails similar to the experimental data.

Figures 27 and 28 show plots of f2(v2) and f3(v3) (the solid
curves) respectively for the perpendicular and vertical components of

the velocity for all data in the shear system. In both figures the

experimental data is represented by dots and the appropriate Gaussian

p.d.f. is represented by the dashed curve, Again in each figure the

computed f,(v,) (in the first) and f.(v,) (in the second) provide
2(V2 33

better agreement with the experimental data then does the Gaussian

p.d.f. Both f2(v2) and'f3(v3) exhibit the proper non-Gaussian

characteristics.
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CHAPTER V
CONCLUSIONS .

The probability density fﬁnctipns of the turbulent velocity
components were first computed in. the geographic coordinate system in
the 90 to 110 km region and were found to be non-Gaussian. The
predominant non-Gaussian characteristic of tﬁe p.d.f.'s was a high
flatness factor, 82. The vélues of BZ are significantly different at
the 17 level from the value for a Gaussian p.d.f. These high values
of 82 could not have arisen through the simultaneous sampling of
Gaussian errors and Gaussian turbulent velocities. It is highly
improbable (at the 1% level) that the non~Gaussian character is due to
an intermittent observation in the first case of Gaussian turbulent
velocities plus Gaussian errors or in the alternative case of Gaussian
errors alone. Thus the non-Gaussiah characteristics are
attributed to the turbulent velocities.

The observations were converted to the shear system, and 62 was
consistently non-Gaussian at the 17 level throughout the various break-
ups of the data. The skewness, Y1» becomes significantly different from
zero at values of the shear magnitude > 17 m/sec¢/km. Further confirma-
tion of the non-Gaussian character of the p.d.f.'s was obtained through
the use of x2 tests. An analysis of variance through M-tests indicates
that the shear vector definitely influences the turbulent velocity and

thus contributes to the non-Gaussian character of the p.d.f. M-tests




also show thaF an unspecified quantity which varied with altitude was
influencing the turbulent velocities, and that over the lifetime of
the releases the p.d.f. was relatively stationary.

Use of the above results in combination with a development
similar to that found in classical statistical mechanics leads to a
differential equation for the velocity-dependent probability density
function f_. The differential equation for fv can be solved through
a perturbation method of solution. The unperturbed solution is a
trivariate Gaussian p.d.f., and the solution to the first-order
perturbation differential equation is a series of trivariate Hermite
polynomials. The differential equation places '"constraint" equations

on the Ai coefficients of the Hermite polynomials. These "con-

ik
straint" equations provide, in actuality, relations between the
moments of the distribution.

The solution fv which includes the first-order perturbation
solution gives substantially better agreement with the observed data
than does a Gaussian p.d.f. This improved agreement is demonstrated
through the truncation relations which provide relations between
moments of different order and through the computation of the one-
dimensional p.d.f.'s.

Thus the truncated solution for fv (based upon the fact that
the shear vector affects the turbulent welocity p.d.f.) accounts

rather well for the non~Gaussian characteristics of the observed

turbulent velocity probability density functions.
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Suggestions for Future Research:

As is the case with most research, the completion of this
research endeavor. provides several new directions along which further
- research could be initiated. Perhaps the most interesting would be
the étudy of . turbulent shear flow in a pipe. Through the use of a
laser velocimeter, turbulent velocity components in all three direc-
tions could be measured simultaneously with no disturbance of the
flow within the pipe due to the presence of the measuring device.
Prior to the measurement of the turbulent velocities and under similar
flow conditions, the spatially—dependent forces could be measured.
This would allow one to solve directly the "constraint' equations for
the Aijk coefficients of the Hermite polynomials. The controllable
nature of the experiment would allow investigation of the influences
of the spatially~dependent parameters as well as a more detailed
analysis of the variations of the p.d.f. with respect to shear magni-
tude.

Another research endeavor cculd involve the solution of the
higher order perturbation equations. The solution of the first
perturbation equation (which directly affects the third-order moménts)
would be known and the second-order perturbation equation (which, it
is speculated, would affect the fourth and sixth-order moments) could
be selved. Thus sequential solution of the perturbation equations
would result in the complete solution for fv. This procedure would
be feasible if at each order of perturbation the homogeneous ''con-
straint" equations similar to 3.63 are assumed to have only the

trivial solutions.




APPENDIX A

STATISTICS

This appendix contains those definitions, formulas and statis-

tical tests which are fundamental to the development of -the present

work. The derivations of the formulas and more detailed’ discussions

of the definitions and tests can be found in the texts by the follow-

ing authors:

[1961].

variate:

Probability
distributions:

KEEPING [1962], KENDALL [1946, 1958], and WEATHERBURN

Definitions

If the entire space of all possible events U is
partitioned into a set of disjeint events Al, A2,
A3, .« oo An‘ +« + +, and 1f a function X is

defined on all points of U by the relation X(Ai)

=%, where X s¥ysKgy o o o Xy o . . 8TE real .
numbers, then X is called a simple random variaﬂle
or a variate, Thus, the varlate associates with
each possible event Ai a real number Xy which may
be the natural number connected with the event (for
example the weight 6f a child at birth) or a more
or less arbitrary number (for example when a male

birth is denoted by one and a female birth by zero).

If corresponding to the n exhaustive and mutually
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exclusive cases that may result from a sample (a set
of experimental observations), a variate X assumes

the n values X, with correspoending probabilities

f(xi), then the assemblage of values Xy with their

probabilities fi” constitutes the probability distri-

bution of the variate for that sample{

If U cannot be partitioned inte a finite (or even a
denumerable) set of,regionszi, in each of which X
takes a definite value_xi, then X varies continuously

over some.interval.and there is a probability f(x)dx

that it takes a value between x and x + dx. Here
f£(x) is called a probability demsity function. It
is a single-valued, non-negative function, integrable

over its whole domain of definition, and such that

J f(x)dx = 1., (A.1)

Domain

Now if the event A .corresponds to a value of x

between a and b, the probability of A is defined by

Pr (A) = f f(x) dx . (A.2)
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For a continuous variate the probability that X < x

is given by
X

F(x) = j £f(u) du (A.3)

-0

The function, F(x), is called the cumulative distri-

bution function or simply.the distribution function..

dF will often be called the distribution.
For a discrete variate X which takes the.distinct.
values Xy (i=1,2,3. . .) with probabilities

f(xi), the distribution function is defined as

2

Fx) = ] £(x,) (A.4)

X, <X
i -

For a discrete variate, if f(xj) is the probability

of Xj’ the expectation of the variate X is

EX) = ) xy £0xy) (A.5)

Now if Y(X) is a function of the variate X and if

the function has the value w(xi) when X takes the

value X, and since f(xi) is the probability of this

value of the function then the expected value of

the function is
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E[v(0)] = ] w(x) £(x,) (A.6)
i

For a,continuous variate, if f(x) is the probabiiity

density function, the expectation of the variate X

is

E(X)

f xf(x)dx (A.7)

bomain
of
Definition

Similarly, the generalization of A.6 to the contin-

uous variate case gives

E[Y(X)]= J p(x) £ (x) dx (A.8)
Domain

where § is a function of X and f is the probability
density functiom.

Strictly speaking, different symbols should be used
to denote the variate and the range of values which
the variate can take, but in the present work’ the
value will be the natural number associated with

the event,. Thus it will be convenient to denote’
both the variate and the range of values by the same
‘symbol. Where this could lead to confusion, the

stricter notation will be used.




trivariate

129

probability den-

sity function:

trivariate
cumulative
distribution
function:

marginal dis-
tributions:

If there exist three varilates (Xl,Xz, and X3) which
vary continuously over some volume and there 1s a
probability f(xlg x2,‘x3) dx1 dx2 dx3 that the three

variates simultaneously take values between X and

X4 + dxl, X, and x2+dx2,x3 and Xq + dx3 respectively,
then f(xl, Xy x3) is the trivariate probability
density function. The expression probability

density function will be abbreviated p.d.f., and the

term cumulative distribution function will be

abbreviated to c.d.f.

nhe trivariate distribution with variates X1 Xpy

X4 may be written as

dF = f(xl, Xy x3) dx1 dx2 dx3 (A.9)

where f 1s the trivariate p.d.f. Thus the trivar-
iate cumulative distribution function is

X1x22}(3

F(xl’x2’x3) = J J f f(ul,uz,u3) dulduzdu3 (A.10)

200 = OO v OO

For any value of Xy the total probability density

is obtained by summing over all values of X, and Xqe
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Then, if the c¢.d.f. is F(xl,xz,x3), the univariate
c.d.f., of*xl may be expressed as F(xlfw,w) with
similar expressions for the univariate cumulative
distribution functions of the other two variates,

Thus the univariate distributions are

dF; (x,) = { f J £(X{,%y,%,) dxydxg} dx) (A.11)
%@ o “y
dF,(x,) = { f f’ £(x,,%,,%,) dxldXB} dx, (A.12) F
—00—00 {‘
|
i
o W ‘ ‘J
dF4(x,) = { f f £(x;,%,,%,) dx,dx,} dx, (A.13) L

These univariate distributions are called marginal
distributions.

independent .
variates: If conditions exist such that

F(Xlsxztxs) = F(xlsw’m) F(w,xz,w) F(wsw3x3)

]

Fl(xl) FZ(XZ) F3(x3) (A.14)

then the variates X1y Xy and x4 are independent.

Expressed in terms of the p.d.f., the above equa-

tion becomes
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XX, X,
j j j f(xl,xz,x3) dxidxzdx3
X )
j fl(xlz dxl. j f2(x2)dx2
X3 ,
j f3(x3)dx3 (A.15)
and thus
f(xl,xz,x3) =uf1(x1)f2(x2)f3(x3) (A.16)

Therefore, when thezc;d.f. and the p.d.f. factor
into three parts, each sqlely dependent upon a
different variate, the variates are statistically
independent.

The singular form "statistic" is defined as a
function of the observations in a sample from a
population,

Trivariate moments of the parent population about:
the arbitrary points a; for vl, a, for Vs and

a; for v, are defined by

o o0 00

M oqrs T f j j (Vl--al)q (vz—az)r (v3-a3)de (A.17)

=00 =00 = 00
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where Vis Vo and Vg are the three variates and

dF is the trivariate distribution function,

If two of the subscripts (q,r,s) are zero, the
moment becomes the ordinary univariate moment of the
marginal distribution; if one of the subscripts is

zero, the moment becomes.the bivariate moment. Now

if we take a1 a,» and ag to be the ceoordinates of

the origin, then U’IOO is the mean value for
Vs ¥Wigpg 18 the mean value for Vys and 001 is
the mean value for Vg Therefore the moments

about the mean are defined by

o o o0

= 1y’ q -1y r
Hqrs J J J (v1=471007 " (V2740100 (V3

- ]

Trivariate moments of the sample are defined so

that

N
I vy -a)? (v, -a))" (v4-2,)° (4.19)
=1 17 i i

==

qrs

is the sample moment about the arbitrary points

ay,a,,84. Here N is the number of observations

for the sample and v, , v, , and v, are the.
1i 2i 3i
numerical values that the variates assumed for the
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i th observation. In this work the sample moment
about the origin and fhé~3ample moment about.the

mean shall be used. Then

1 N “
m qrs = X Z v, v, v, (A.20)

is the sample moment about the origin. Here the

mean value,of~vl is m7 403 the mean value of v, is

n° 5103 and the mean value of va is m 001" Therefore

il
Z| =
o~

Myrs (vy = 71900 " (V5 = m7510)
. i 1

i

- s

(v3j— m 001) (A.21)
is the sample moment about the means.
The moments uniquely determine the distribution

provided that a finite upper limit exists for

1/2n
(uin )/2n. According to.Kendall [1958], this-

condition is satisfied by all the distributioens
arising in statistical practice. Thus a knowledge
of the moments is equivalent to a knowledge of the

distributien function.

The distribution of the variable in the parent
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population has a mean, variance, and moments of
higher order which are called the parameters of the.
population, Each sample from the population pro-
vides a distribution of the variable; and the mean,
variance, and moments of higher order of the sample.
may be calculated. These sample moments can be
looked upon as estimates of the parameters of the
population, As defined before, any estimate from
the sample is a statistic. Now the statistic
computed from one sample will not necessarily have
the same value as the identical statistic computed
from another sample., Thus 1f a number of samples
are taken, a distribution of values for a statistic
is obtained. The distributien of values of the.
statistic obtained from a number of samples is
called the sampling distribution of that statistie,

The moments of the sampling distributien are called
sampling moments.

characteristic

function: For the univariate case, the characteristiec func-

tion is defined by

c(t) = J It gr (A.22)

where t is a real variable, x is the variate, 1 is

the pure imaginary number, and dF is the univariate

distribution function. Fer the trivariate case,
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the characteristic function is defined to be

C(t,,t,,t.) = e1¥1%1 4 %98y 4 X3t g5
1°%20%3 |
(00 o (0 = OO

(A.23)

If C(tl’tZ’tB) is expanded in powers of t1s tys

and t3, then u‘qrs ig the coefficient of

q r PN
(itl) (itz)- (1t3)

in the expansion. Thus the
q! r! s!- "~

characterigtiec function is a moment.generating

function and

- q r 8
Clty,ty,ty) = ) u” e LA L ¥
127273 qrs ' ' '
. q! r! s!
q,r,5=0
(A.24)

The cumulants are defined in:terms of the population

moments by the equation

- e e’ (1ey®
= | Z qus q! r. s!
q,r,s=0
- wepd @e® aept
= ) B yxe (A.25)
5,220 3! k! 2!

The cumulant qus is the coefficient of
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q T ]
(1t;)" (dty))"  (ity)

in the expansion of log
q! r! s!
[C(tl’tZ’tS)]° By definition, 600 is zero. With
the exception of K100° 001’ “o10° the cumulants

are invariant under a change of origin and in this
respect they differ sharply from the moments about

an arbitrary point,

If the o?servations”of a sample. are Xys Xpp ¢ 0 o
X, and if the statistic computed depends expli-
citly on every x and its value is unchanged if we
interchange any two x's, then the statistic is
called a symmetric funétioniof‘the observation.
The.kfstatistics*aye s&@metric functions of the
observations and.afe such that the first sampling
‘moment (the mean) of kq

is the cumulant x -
rs "qrs

E(qus) = qus (A.26)
Here it should be noted that whereas the sample
moment mqrs is the same function of the observa~
tion in a sample as uqrv is of parent population,
the same relation does not hold between k and

qrs

qus’ Conversely, E(mqrs) is not equal to uqrs’

[
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variance: The variance of a distribution is the second moment

about the mean, The positive square root of the
variance is called the standard deviation and de-~
noted by 0. For a statistic t, it will be con-
venient to write the variance of its sampling
distribution as var (t). The covariance of a

joint distribution is the first product moment about
the mean, that is ullO OT U197 O Hg11® The
covariance of a, joint distribution of two statistics
t and u is written cov(t,u). The correlation

coefficients in a sample are defined by

- "110
12 © 177 °
| (™, 00™020? '
|
| f
m, .
” = . 101 ) -
| 137 7 177 (A.27)
\\ ®500™002
|
|
- "o11
23 — .1/2
(mg 20002

and in the population by
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- 110
12 1/2
(Moo 0207
u
_ 101 ,
P13 © ( )1/2 (4.28)
H200%002
- %011
23 1/2
(Mo20%002

So by definition, one obtains

Ma00 = 91°

o2o = 022, (A.294)
Mooz = %3

and

M110 T p1?"1"2 ’

H101 = £13%1%3 ° (A-29B)
Mo11 T P23%2%3
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Asymmetrical distributions are sometimes called
skewed distributions. A measure of the departure

from symmetry or skewness of the distribution is

given by
Bl = —3 (A.30)

If the distribution is symmetrical it vanishes,
since Mg vansihes. The size of My relative to
p23/2 indicates the extent of the skewness.

The word kurtosis means 'peakedness'. It -atose

because it was thought that a large value of the

term,

M4
B, = =3 (A.31)
Ho

was assoclated with a high central peak in the
distribution. It is now known that; in addition
to the high central peak, the broadness of the
tails of the distributiqn influences the large
value of 62. Thus a high value of the kurtosis,
82, indicates a high central peak and broad tails
for the distribution.

In general, the quantities
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Uy M
3 "2n+3
BZZn‘+ 1 n+3 (a.32)
M2
u
_ T2n42
an = -;—;:I (A.33)
2

are defined to indicate the skewness or kurtosis of

a distribution.

More convenient quantities than Bl and 62 for some

purposes are

M ©®
_ 3 _ 3
W5 TR T TR (4.34)
) 2
H K
and Y, = -—-‘*—2 -3 = —% (A.35)
My )

Curves for which Yy = 0 are called mesokurtiec.
Those for which Yo > 0 are called leptokurtic;
those for which Yy < 0 are called platykurtic.

If a statistic T, computed from a sample of

observations X5 Xgs o 0 0 Xy, is used to estimate
a parameter 8 which odccurs in the distribution
function of the parent population; then T is an
estimator. The estimator T is said to be consis-

tent 1f, as N increases without limit, T tends.to
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the value 6, The estimator T is said to be

unbiased if (even for finite N)
E(T) = o. (A.36)

The efficiency of the estimator T is given by
comparing the variance of T with that of the

estimator T, which, of all possible consistent

0
estimators of 6, is the one with the miminum

variance. Thus,
the efficiency of T = var (TO)/var (m. (A.37)

An estimator with an efficiency of 1 is said to be
the most efficient estimator of ©.

If the continuous variate x has a p.d.f. f(x,e,ea)
which depends on a parameter 6 and possibly on

other parameters represented jointly by ea, the
likelihood of a set of sample values Xy Ky Xg oo v o

Xy is defined by
L= f(xl,e,ea) 'f(xz,e,ea) cose -f(xN,e,ea). (A.38)

The likelihood is thérefore a joint probability

density for the whole sample.
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The principle of maximum likelihood states that one
should choose as an estimator of the parameter 6
that statistic T which maximizes the likelihood L
for variations in 6, regardless of the values of the
other parameters ea. In practice, the logarithm of
L is usually more convenient to use than L, and a
value of 6 which maximizes L also maximizes log L.
The maximum likelihood estimator is therefore given

by solving for 6 the relations

N2
2 (log L) =0, < (logL) <oO. (A.39)
38 362

It will be convenient to abbreviate maximum likeli-

hood to m.£..

A statistic T is a sufficient estimator of 6 if T
uses all the relevant information in the sample. If

the likelihood function is expressed in the form

L= g(t,e)-h(xl, Koy one xN,t,e) (A.40)

or

log L=1logg+ logh (A.41)

where g is the probability density function for T

and h is the p.d.f. for Xys Xy eeoXy, given that
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T=+t, If h does not depend on 6, then T is a
sufficient estimator of 6.

properties of

maximum likeli-

hood estimators: The m.£, estimator tends to normality as N increases.
The m.£. estimater is most-efficient. If a suffi-
cient estimator exists for 6, the m.f. estimator is
sufficient. The m.£. estimator is invariant under
functional transformations, This means that if T is

the m.£. estimator of 6, and if u(®) is a function

of 8, then u(T) is the m.£. estimator for u(8).

Formulas and Theorems-

Relations Between Moments about an Arbitrary Point .and .Gumulants:. .-

If one expands the.left side of equation A.25 in powers of (itl),
(itz), and (1t3) and then equates the coefficients of (itl)a (itz)b
(it3)c, the relations between moments about an arbitrary point and
cumulants are obtained. The relations for the moments whose subscripts
sum to four or less are given in the following set of equations. All
of these relations will be of value in future research but were not

necessarily used in the present work.

Wooo = 1
M 100 T 100 (A.42)
* 010 T “o10

P
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H 001 T o001
n” = K + k2
200 ~ 200 * %100
' = K + k2
020 = X020 * %010
u” = K + k2
002 ~ 002 * 001
- = 3
7300 T ®300 * 3 ®200%100 * *igo
- = 3
1030 T %030 * 3 020010 * %310
. 3 A.42
1003 T 003 * 3 %002001 * %501 {4 )
- _ Z 2 u
M 400 T K400 * 4 K300k100 + 3 KEpp + 6 200100 * *100
- - 2 2 Y
"040 T 040 * 4 K030%010 * 3 KFgp *+ 6 020010 * %p10
e = 2 2 4
004 T 004 * # Kop3€g01 * 3 K5y, *+ 6 002001 * “po1
H'110 T 110 * *100%010
M 101 T %101 * *100%001

H011 = %011 * ¥010%001




H120 T

H102 T

" 130

Y 310

Ho12 T

Mo T

o011 T

Ho21 =

M103

Ho13 T

120

102

012

210

201

021

130

.3
3 ®100%010%020 * ¥100%010 *

103

3 k2

013

3

X310

+ 3

001101 *
+3
2

001011 *

+ 3

K100%020 *

K100%002 *

Ko10%002 *

K200%010 *

2005001 *

0205001 *

3 ®p20%110

K002"101

3

002011

3

K200%110

.2 r
*010%001

+ 100003 T

+ K010%003

+ K010%300 *

2
¥1004010 K010°110

001101

2
100001

001011

+
[N

2
010100 100110

+
[N

2
®001°100 ¥100°101

+
[t

2
001010 Ko10%011

3

* %100%030 T 3 ®010%120

3

2
010110

3 %001€102

3
100%001%002 * ¥100%001

3 ¥p01%012

3
010%001%002 T X010%001

3 100210
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(A.42
Cont,)
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2 . a3
+ 3 %700%110 ¥ 3 *100%200%010 T ¥010¥100

301 T %301 * 3 ¥200%101 t ¥001%300 T 3 ¥100%201

2 3
+ 3 ¥700101 * 3 *100200%001 * ¥001¥100

Mo31 = %o3r T 3 020011 T ¥001%030 T 3 *010%021

2 3
+ 3 K510%011 * 3 ¥010%020%001 ¥ ¥001¥010

M990 = %220 T ¥200020 T 2 100120 T 2 ¥910%210

2 2 2
+ 4 k10050105110 * 2 “T110 * ¥200 %010 T ¥100%020 (A.42

Cont.)

2 2
+ X100%010

202 = ®202 T ®200%002 T 2 ¥100102 t 2 ¥p01¢201

2 2 2
* 4 %100%0015201 * 2 ¥To1 * 200001 * *100%002

2 2
+ X700%001

MT022 = %022 * %020%002 T % %p10%012 T 2 ¥001%021

2 r 2 2 2 2
+ 4 ®g10001%011 * 2 X011 Tt 0205001 T X010%002 * *010¥001
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MT111 = %111t ¥100%011 t X010101 * ©001%110 * ¥100%010%001

W12 T %112 * %010102 T ¥100%022 * “002110 * 2 0015111

+ 2 %991%11 * ¥100%010%002 T 2 ¥100%0015011

2 2
+ 2 %510%001°101 T “100010%601 T <001%110

W21 = %121 * ¥100%021 - ®0015120 * ¥020101 * 2 010111

(Av 42

| + 2 %110%011 T ¥100%020%001 t 2 ¥100%010%011 Cont.)

\ 2 . 2
| + 2 ¥91050015110 T ©100010%001 * “010101

Mi211 = ¥211 * “200%011 T 0014210 T X010%201 * % ¥100%111

Q + 2 ©110101 * ¥200%010%001 * 2 ¥100%010%101

! ' 2 .2
k * 2 ©100%001°110 T ¥100010%001 * *100%011

‘ Relations Between Moments‘about the Means-and.Cumulants- -

| In the case of moments about the mean, the first order.

\ cumulants become zero. Thus

‘ K‘loo = O’ Kolo b 0, Kool = 0 (A.43)
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One may obtain the relations between the moments about the mean and the
cumulants from equation A.42 by subatituting the values for K100* X010°
K001 and by simply removing the primes from the moments. When this is

done one has the following relations:

Mogo = *

M100 =0 Mo10 =0 Mooy = ©

H200 T 200 M020 T 020 Y002 T X002
M300 T %300 o030 T 030 003 T “o003
b400 = 400 * 3 %300

Mo4o = os0 * 3 ¥B20 (A.44)
Moos = <004 * 3 %502

M110 T 110 M101 T 101 Voi1 < Fo11-
M120 T 120 M102 T f102  Ho12 T “o12
“219 = %210 201 T 201 Po21 T Fo21
130 = 130 t 3 ¥020°110




i 103 = 103 T 3 ¥002€101

} Mo13 = ¥o13 * 3 ¥002%011
H310 = %320 * 3 ¥200°110

|

| M301 = ¥301 * 3 ¥200¥101

1 Y31 = ¥o31 ¥ 2 020011

M220 = K220 * “200%020 * 2

K2

110

= 2
! M202 = K202 * ¥200%002 * 2 ¥101

111 T K

121 = ®121 * Ko20%101 T 2 ¥

Ma11 = %211 t K2p0%011 T 2 ¢

= ] 2
| Mo22 = ¥p22 * K020002 * 2 X011

 M112 T <112 * %002¢110 t 2 ¥101%011

110011

110101
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Trivariate k—atatistics in Terms of Power Sqms

Consider the case of the trivariate distribution whére the

variates are Vis Voo and vy If Wi,j,K,ﬂ refers to the products

ViVjVKVK summed over the sample of size N (here 1,j,K,£

= 1 or 2 or 3), one has for the k-statistics

ki = Wi/N (A.45)
- (2]

kij = (N Wy - wiwj)/ N (A.46)
2 3 . 3]

kin = (N win -~ NZ wiij + 2 winwK)/N (A.47)

2 :

kyke = N (1) Wygge = NN+ 1) I W W,

—N(N—l)gWW +2Ngwﬁw —6WWWW}/N[4] (A.48)
13°RE 1"3'rL 173°K4L .
where NP wvely ... epe), (A.49)

where here the indices of the k's refer to the indices of the products
of the variates, and where the summations occur over all distinguish-
able ways of grouping the indices; the number of ways is shown above
the summation sign. Thus the summation g in the equation for kin

gives the terms: WinK’ ijiK’ WKwij' Simdlarly in the equation for

kinZ’ one has
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W, W
L wj W:I.KK
Wy wijﬁ ’

Wo Wik

and

Wi3%xe
z WiKsz
Wizij

and

wiijK£
WiWKsz
6 wiwzij
W WM
ijzwik
wszwij
Note the difference in meaning of .the symbol g when used in equations

A.47 and A.48; 1If the example in which the ith and jth variates are

both equal to Vi one obtains

2
kygg = N Sygq = Sgg) / {N(N-D}-

where Sin is called a power sum and refers to the summation over the

e T
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sample of the i th power of vy times the j th power of v, times the

K th power of Vqs and where here the subscripts of the k's are the
powers of the variates and these are the natural suﬂscripts of the
k's, Thus by amalgamation of the psuedo indices in equations A.45,
A.46, A.47, and A.48, one obtains formulas for the trivariate k-~
statistics in terms of power sums. All of these relations will be of

value in future research but were not necessarily used in the present

work. The first few of these up to order four are given in the

following relations:

. . 100 . - S010 e e Seo1
100 n 010 n 001, n
k19 = [0Sy - Sloosgloll[n(“"l)] kg1y = (88411 = Sp105gpp!/ (n(n-1)]

kjo1 = [08101 = S100Spo1l/ [n(n-1)]
koo = [0S, - 82,01/ [n(n-1)]
200 200 ~ °100

2
kozo = [mSgq = Spygl/[n(n-1)]

(A.50) -

ko2 = [n5002 - SSOI]/[n(n—l)]

2
kygp = 078555 — 0081005011 * Sp105101 * Sei015110’

+ 2 510050105001]/[n(n—1)(n12)]

—
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k210 = [n23210 - n(2 Slo_osllo + 80103200) + 2 Sioosolo]/n[3]
kg0 = (878150 = 851008520 * 2 So105110 * 2 S1005a301/20
kagr = (07550, = (251005101 * SggS500) + 2 SiogSgop}/al
k02 = [8°810 = B8 1008002 *+ 2 Sg0; S100) * 2 S100%0011/ 2l
kgpy = [n23021’; (2 S4145011 * S0015020) * 2 33103001]/n[3]
Koz = 87015 = mCS0108002 * 2 Soo1%011) * 2 So1050011/8"

a2 [3]
kygp = [n7S390 = (3 S1405500) + 2 Stoo]/"
(A.50
- 2 {3] Cont.)
kg3p = [078p30 = n(3 Sp305020) + 2 Solo]/n
L2 3 [3]
koo3 = (0783 = B(3 8p418002) + 2 Sgpgp1/m
k = {nz(n+l) S -n(n+1)[{4 S...S ] —n(n-1)[3 S2 ]
400 400 10053001 ~0¢ 200

+ 2 nf6 S100 200] GSiOO}Y[m(n—l)(n—Z)(n—3)]

kouo = [0°(a+1) Sy, -n(etl)[4 s ~a(n-1) [3 S

010%030! ozo]

4 }/ [4]

+ 2 nl6 S010 020) = 8 Sg10
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' 2
%004 = {n®(n+1) Sgo4 ~m(ntl) [4 50015003] ~n(n-1) [3 Sg,]

2 4 [4]
+ 2 nl6 80,509,]1 =6 Sgpy}/m

k310 = {nz(n+l) S - n(nt+l) [3 8§

310 1005210 T S0105300]

= n(a-1) 3 83,48900] + 2 nl3 Sioosno *+ 3 510080105200/

-6 33003010}“[4]
ky3g = {nz(n+l) S139 ~R(OFL) 55008045 + 3 S5105720]

- n(n-1) [3 811480901 + 2003 514083105020 * 3 Sglosllo]

-6 SlOOSglo}/n[4] (A.50

Cont.)

kyoy = {n°(04D) 84 'ﬁ(“+1) [3 81005201 * S0018300!

n(n=1) [3 8,34814;] + 20l3 SiOOSIOI * 3 810050015200

-6 Si005001}/“[4]
kjgs = {a7(EFD) §y0q -nmHl) (81008005 + 3 Sy01510,]

2

= n(n-1)[3 8y;:800,] + 2803 55084015002 * 3 Spp15101!
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-6 31003801}/“[4]
kosy = {R7(RHD) Sog) ~n(m+1) 13 S5108001 + Sg01505]
-n(-1) [3 Sgp080117 + 203 55305011 * 3 S01050015020]
-6 33103001}/“[4]
kous = {n°(rHD) Sgpq - m(m+D) (80108005 + 3 Sp0;501,]
- n(a-1) {3 847380021 *+ 2013 S51050015002 *+ 3 S3015011],

-65s. 8 }/n[4]

0105001
(A.50
kyyg = {n7(n¥1) 8,0 - n(n¥l) [2 8,44S,00 + 2 S3145510]
- n(n=1) [Sy445050 * 1101 +2n [SIOO 020
2 2 2 E41]
+ 4 810050105110 * S0105200] ~ 6 51005010} /™
2
kygp = [n"(n+D) Sy5) -n(ntl) [2 8,8, 0, + 2 §34,5,9;]
= n(n=1) [Sy405002 * 1] + 2n [5100 002
2 2 2 [4]
*+ 4 810050015101 * S0015200] ~6 S1005001}/7
T Tt T - Tttt o i;j:;/“};”_
.
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2,
kypp = {n“(ntl) Sy,, -n(ntl) [2'S +28

0105012 00150211

-n(n-1) [8;,480gy + 2 011] + 2n [5010 002

2 2 (2 [4]
+ 4 5410501511 * 500150207 6 Sp10%0011/m

2
kppp = {n7(n+1) Sy0p ~nlntl) [2 8100811 + 85108501 + Sp015010]

-n(n-1) [S,405011 * 2 511051021+ 20 [8100 011

+ 2 810050105101 t 2 S10050015110 * 010500152007
2 [4]
6 51005010%001!/ (A. 50
Cont.)

2 5 ”
kypy = {n®(n+1) S197 ~(a*L) [8;,080,1 + 2 S010%111

800151201 ~n(n=1) [2 81148577 .+ S1415020]

+ 2n [5010 101 * 2 5100%010%11 * 2 501050015110
g2 [4]
51005001%020] ~6 $1005010%001}/2

— 2 1 —"
kygp = {n7(ntl) 81, —n(mtl) 8140801, + Sp105102

* 2 84015111) (0D 08136800, * 2 S1015013]
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+ 2n[S 2 (A.50

S:nnSnn1Saqq + 2 S~ S S
100°001°011 010°001°101 Cont.)

10050105002 *

2

2 (4]
+ 500151107 6 S10050105001}/®

In the above equation A.SO, n.is equal to N.

Relations Between the k-statistics and the Sample Moments About Zero.

By considering the written definition of Sqrs and the defini-~

tion of m’qrs in equation A.20, it is obvious that

= X
m == 8 (A.51)

where n is the number of observatigns in the sample.

Using this equation, one can determine the .relations between
the k-statistics and the sample moments: about zero. One then has the
following relations. (All of these relations will be of value in

future research but were not necessarily used in the present work).

k100 = ™00 k510 = ®o10 kno1 = Moo1

_n *  emm” [l
k130 = [3=11 10 = ®100™010]

_n 1_‘1’ .
k101 = Ia=1d [m3p1 ~ ®Igo™g01! (4.52)
ko= 2] [0y, - mlpaml,]

o11 - 'm=1! 'Mpo11 T Mo1io0™o01

= =2 (@l - moaq]
200 n-1 200 100




158

n . .2
020 = 51} gy ~ mg1q0 )

o
|

= 2] 2, - mi 2]
002 n-1 002 001

2
n

11 = D en? P~ ®le0®0r1-* ®o10™i01 * Mo01™110?

+ 2 mi00m910%001]

2
- . n - - - ”~
k300 = D a=ny! ™300 = 3 ®100™200 2 100 ]

= ____E__._ - - - s - 3
030 = [a=D =257 ™o30 ~ 2 Mo10™020 T 2 Mg10 !

2
n

003 = e a=y) [mgo3 ~ 3 g

+ 2 m’

001™ 002 001 ]

2

n -~ " -~ - -~ ”
210 = Fa D aosy? [m210 2 ®Ipo™110 T Mo10™206

(A.52
2 Cont)

+ 2 myy Mo10)

2
e n rd - - ”~ - ”~ -~
120 [(n—l)(n—Z)] [mI20 = ™100™020 Mo10™110

N

2

+ 2 migomy10

2
n

201 ~ e D) 201 = 2 ®100™101 ~ 0017200

2

+ 2 mig mygq]




k040 = [(n-l)(n—Z)( )] [ (n+l) m040 4(n+l) m”
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2
_ ! n- - _ - -
k102 = FamDm=y! 102 ~ 100002 ~ 2 Mo01™101

2

+ 2 my00m001 ]

2
- n -” » »~
021 = D! [Mo21 — 2 Mo1o®o11 ~ ™001™020

- 2 -

+ 2 mgp4 Mg ]

2
n » ”~ P
ko2 = [(n—l)(n—Z)] [mo12 = ®o10%002 ~ 2 m001 011

+ 2 myy 901 %)
n2’
k00 = Mo tacsy! [(eFD) mygq - 4(nkl) myigamyg,
_ 2 2 (A.52
3(a-1) mige” + 12 n migg"mgoq = 6 n nigy"] Cont.)

2
n

o10™ 030

2 2
= 3(n-1) myoq" + 12 mmgyg Mysg ~ 6 D mgyg “
2
%04 = m Dy amy) L) myg, ~ 4(0+D) mypmags
2 2 . .4
- 3(n-1) m002 + 12 n mOOl Ooq -6 n B0l ]
2

n
0 = D @mgy! [(tD) myy4 - 3(ntl) my

100™ 210




2_
=(otl) my1g®age = 3(0=1) mipgmogg + 6m migy My,
+ 6 nm - 6 n.m 3 s ]
100™010™200 M00 Mo10
2

n - - -
130 = D - oy [(+D) migq —(o+l) myqamiq,

=3(otl) mG gmige ~ 3(a-1) m{3gRga0 * € B MiggTH10m020

+ 6 nm. 2 - 6nm’

010 110 100™ 010 ]

n . -
301 T D @ @am). [t m3gp - 3w+ miggmng

2
-(n+1) mygiMygq ~3(n-1) mypamigy + 6 B migy Mgy
+ 6 nm’ - 6 nm’ 3 ]
100™001™200 100 001
2
Ky, = n

103 = oD e aosy? (0D miyy -(a+l) migamGa,

=3(n+l) m; 3

001™102 ~3(n-1) mig mGg, -6 B migmagy

g d d 2
+ 6 n migMog1Mggy 6 B Mggy Wig,]
2
ky31 = DG ey [(w+D) mgay = 3(+l) mg gmasy
—(a+l) m7 2,

001™030 ~3(r-1) maogugyq *+ 6 n oMy Wy

160

(A.52
Cont.)
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| 3
+ 6 nmgy gmamG,0 - 6 1 omgymGo, ]

2

n
k13 = D@ @) (D) mg,5 - (@4D) mg, mig,

- 3(ntl) mgy mgy, - 3(0-1) mgyymis, + 60 mGamig Mo,

2

- - 3
+ 6 nmgy)myyq - 60 mgyamag ]

2

n .
k920 = Mo D -y (a3 [(F1) mysq - 2(m+l) m)

100™ 120

- 2(ntl) mg)amiig —(0-1) mygamiog —2(n-1) m110

2 2
20 m,Myyg T 8 mGamaiani10 T 2R B9 P00
(A.52
Cont.,)
- 6 nm’ 2 ]
100 ™010
2

n
k302 = ey (s 3)] [(+]) myy, - 2(n+l) miggmig,

- 2(n+l) m? 2

001™201 ~ (0-1) mynama4, -2(n-1) miy,

2 2 .
+ 2 nma, Mogp * 8 0 migama01P101 * 2 P Wyp1 Mogg

2 2

-6 nmig,msy ]

2
n -
k22 = ey @-n @3y (D) mgyp - 2(atl) mg

010™ 012

T
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' |
) |
a 2 |
| = 2(ntl) mgyymgyq ~(n-1) mg,omigy = 2(n-1) mg,,
|

+2n 2 + 8n + 2n 2

m310 M002 m010M001%011 - Moo1 U020
2
| = 6 nmyy0 Mgy g
|
| 2
. n -
k11 = lED gy, L@t myyy - 2(@+]) migemiy,
|

= (o+l) mgygmigy ~(w+D) mgimag ~(Rm1) migMaay |
‘ %
| ’
| 2
i ~2(n-1) my1gmigy ¥ 2 B Migg Mg11 * 4 B RipgTG10™101
]
\
| 4 nminamini®110 2 P ®010%001™200
|
i
“ ) (A.52

_ - . - Cont.)
! 6 n myg, Mg amGgq]
| 2
|
u = n _ - P
M D@ @) 1D mip; ~(a+l) miggmgy,
h
ﬂ ‘ |
“ = 2(n+l) mgyomiqg —(tl) mgg ming ~2(a-1) my,amag,.
|
“
H _ . 2.
i (n=1) migmgop + 2 0 Wgyp Wigy + 4 B WigaMe10T011
u -
| |
| 4 omgaminiMige T 2B Mgam001%020
|
|
“ 2
ﬂ = 6 n.migeMo1g Bopq !
|
|
|
|
|
|
|
| . S .
H‘ ' ' g " ‘ !
| e ';; ST T
J/J—_‘k/
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2

n.

2= GGG (D) myp - ()

100" 012

~(n+1) mggmig, -2(atl) mggm7 ) ~(a-1) m{iomso,

=2(n-1) myg mg,y + 2 0 migamo, oMog, (A.52

Cont.)
+ 4 + 4 +2 Za
D BI00%001%011 * 4P P010™001™101 * 2™ Tgo1 ®110

2

- 60 mi00™010™001 ]

Relations between the Moments . about.the .Mean..and:the.Moments:absut: "

Zerxo.

By expanding equation A.21 and recognizing the terms in the.
form of the right hand side of A.20, one can determine the relatiens

between the moments about the mean and the moments about zero. For

example, consider the following

m = ? ( - -, )3 ( - ma )0 (V - m, )0
300 - .40 V17 o0’ W27 Mo10 3, Mo11
i=1 - i i i

3 2 2 3
{v -3v my.. + 3 v., mJ -m7 }
1 1i 1i 100 1i 100 100

3 2 N
=[] v, 1 =3[} vy 1 mig * 3L v

1 m? 2-m‘ 3
i=1x i i=1 i 1;1‘11 100 100




But the terms in brackets are forms of the right hand side of

A.20, so

300 = M300 " 3

where on combining terms one has,

- 3 m;

300 = ™300 200™M00 * % Myg0

B00™100 t

3

2

™ 00™o00 T ™00

3

In a similar manner, one arrives at the following relations:

™00 = ®200
Mo20 = Mo20 ~
Mo02 = Mgo2 T
M300 = ™300 ~
my30 = T30 "
003 = 003 ~
M1 T ™

Bo02%001 T

Po10 = O
™10
™01
To11 T

3

3

3

111 ~ ™100™011 ~ ™o10™101 T ™o01™110

Myoy = 0
= ™10 T ™100%010
= ™01 T ™o0™001

911 ~ ™p10™001
* 2 ™300™010™001
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210

120

201

102

021

012

400

040

004

310

130

™10 = 2 ™i00™110
™20 T 2 Mo10™110
moo1 = 2 ™100™101
102 = 2 To01™101
o1 = 2 ®o10%011
m012 = 2 To01"011
400 = 4 ™100™300
To40 T * o10™030
Moo4 T 4 M001™003
m310 ~ 3 ®100™210

*+ 3 m06"010™200

mige = 3 My10M20
*+ 3 m100m010%020 ~

+ 6

= ®200™010

~ ™100™020

= M00™001

~ M100™002

+
N

~ ®o01™020

+
%)

T ™910™002
+ 6 m’ 2

100 ™200

2

rd 2 e
+ 6 myh1 Moo

+ 3

~ M910™300

3

- 3 ™50 Mo10

- ®300%30 T 3

3 m;  m: A3
100010

910 Mo20 ~

e 2 e
™00 Mo10

- . 2
M100™010

] 2 -
100 Poo1

rd ” 2
®100™001

. 2 .
910 ™01

. . 2
®310™001

NN
- 3 mg0

... b
3 mi10

- 3m: 4

001

” 2 ”~
™00 ™110

-~ 2 -~
o010 M110

(A.53
Cont.)




m = my 3 - + 3 Zn
301 = ™301 ~ 3 ™100™201 ~ ™001™300 mI00 ™01
+3 -3 *n
mIoo™ 001 200 ™00 ™001
m ms - 3 m? m; . ~m- + 3 m? 2
103 -~ ™03 001™102 ~ ™100™003 001 ™01
+ 3ml . mi . mi.. - 3m’ 3
100™001™002 1007001
= m” 3 4 mi. 4 3wl ‘m
Mo31 = Mo31 " 3 Mo10™021 T ®001™030 m510 Mo11
+ 3 -~ 3 m; 3m‘
m510™001™020 010 "ool
Mo13 = Mo13 T 3 Moor®o12 ~ Mo10™003 T 3 m001 011
4+ 3 mZ - 3 m; 3
010™001™002 010™001
= m’ . -2 mrm . = 2 M. omie + me me
M20 = M220 m100™120 Po10™210 T ™100 M020
. 2 . . 2. 02
4 mpggmo10™10 T ®010 200 ~ 3 100 010
=l = 2memie = 2 @il + W lm?
02 = ™02 m100™102 M001™201 ~ ™100 M002
2 2 . 2
+ 4 mI6gMo01™101 T o1 ™200 T 3 ™100 Mool
=W, - 2 M my ., - 2 n’, - 2m?
Ro22 = Mp22 Mo10™012 Moo1™021 T ™010 ™002
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.. 2 2. 2
+ 4 mg;am01m011 T ®o01 Po20 T 3 Mg10 Mool

211 = ™211 ~ 2 ®100™111 T Mo10™201 T Mo01™210

2
M0 Mo11 + 2 ™IooM010™101 T 2 ™100™001™110

L 2
m510%001™200 ~ 3 ™100 ®010™001

My,y = Mipy ~ 2 My39M31 T MI00%021 T Po01™120

, . | (A.53
. 2. i Cont.)
m10 ™01 T 2 ®00™010%011. T 2 M010™001™110

-3 m; 2

MI00M001™020 ~ 3 ™100™010 “Go1

My1o = W33 7 2 Mp1™31 T P100%012 T Paio™102

2 - -~ -~
moo1 ™110 + 2 ™I00%001011 T 2 Po10™001™101

o 2
m100%010"002 ~ 3 ™100™010™001

Relations between the k-statisties .and.the:Mecmeats-about:the-Mean -

By factoring equations A.52 and-then substituting from
equations A.53, one can determine the following relations between the

k-statistics and the moments about the mean:

= B = (B
k130 = B! ™30 k200 = o1 Map0 (4.54)




1ol

011

300

030

210

201

040

004

310

= [_ELq m

003 =

021

400 =

n~1" 7101

[_E_] -

n-1° 7011

168

k =[--——--—1:1—--——----:I m
111  *(n-1) (n-2) 111

n
D sy ™300
n
{(n—l)(n—Z)] 030
[z“:r—ll——-—] m
n-1) (n=2). ™003
n
[(n—l)(n—Z)] M0
2

n
[(n-l)(n—Z)i_mZOlr

[+—v—5<] m
(n-1) (n-2) 021

2

n
(0-1) (a-2) (a=3y L (+1)

2

n
(-1 (a-2) (a=3) | (7+1)

2

n
(1) (a-2) (a=3) L (+1)

2
n

(@-1) (a-2) (a=3y | (@*+1)

=]

400

=]

040

=]

004

310

SRR SE.
120 (n-1) (n=2)" ™120 (A.54

Cont,)
n‘2
102 = eyaes) ™y,

= I. n
%012 = ety ea=ay! mo1s

. 2
3(n-1) mZOO]

~3(a-1) mgzo]

2
=-3(n-1) m302!

3(0=1) myg4my16]

L]



2
n .
k)30 = (n-l)(n-z)(n-s)”[(n+l) my39 ~3(@=1) my;amy0]
n2 $
k301 = oDy o) a3y L (D) myg; —3(n-1) mypgmy 4]
nz .
K103 = oD (e (am3y (D) mygq ~3(n-1) mygymg00]
2
\ k031 = oD ey a3y L) mggy -3(n=1) mgyamy, 4]
|
\ 2 L
| k013 = oD oy (o) L (@FD) myy 5 =3(0=1) mgyymg,,]
nz ! N
%220 = oD (a3 (a=dy LD myyq ~(@=1) ‘myqamy g
)
-2(1’!-1)_ mllO] .
P 2
k n

022

211

202 = D (=D @3y L@+ mygy ~(o=1) myqamy,,

~2(a-1) mig,]

2
n

oD =2y (a=3) L (P myy, =(n=1) my)amyg,

2
-2(n-1) m011]

2
n
oD (=) a3y L (@F1) myyy —(n=1) myqamyqq

=2(n=1) my my4]
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2
n
k121 = G D oy [t myyy =(n-1) mg, om0

-2(n-1) m110m011]

(A.54
9 Cont,)

n
k112 " oD =D a3y LD myyy ~(a-1) mypomy g0

=2(n-1) myqymyq,)

Variance Formulas

The following formulas will be useful in determining standard

errors:
var(m”. ) = = (uz -2y (A.55)
Q0 N 2r,0,0 r,0,0 *
cov(im” ,m” ) = 1 (n? - plaaul ) (A.56)
q00°"x00 N ‘*“q+r,00 q00"x00 '
= 1 -2 2 2
var(m o) = § (or0,0 = *£,0,0 T T ¥2,0,0"£-1,0,0
= 2T 9 .0,0%r+1,0,0° (4.57)

=

cov(m o0omr00) = §F (Mraq,0,0 ~ Hro0Mqo0

* T, 0,0r-1,0,0%¢-1,0,0

T THy-1,0,0%q+1,0,0




=4 ¥4.0,0 g-1,0,0’

E

P = . ) - ‘2
var(mr’s,o) N (u2r,23,0 ‘ur,s,O)
cov(m” i

r,s,0’ mu,v,O) ° XN (ur+u, stv, 0 “r,s,Ouu,v,O)

1 2

var(m ) = 2 (uy -q + 2y p2
r,s,0 N *"2r,2s,0 r,s,0 2,0,0"r-1,s,0

2 2
ts %0,2,0 ur,s—l,O

+ 2 w8l 1,0Mr-1,8,0%,8-1,0
=2 TU4ys,0 Mro1,s,0728 Yr,e41,0 Mr,s-1,0

cov(m_ ,m ) =% (u

s87 U,V r+yu, s+v, O - ur,s,O uu,v,O

* U, 0,0 Pr-1,8,0 Mu-1,v,0
t 8VHg 2.0 Pr,s-1,0 Mu, v-1,0
TV Uy 1,0%-1,s,0 Pu,v-1,0

+ Uy 1,0 Pr,se-1,0 Pu-1,v,0

T Y Het1,s,0 Mu-1,v,0

T8 Mrs-1,0 Mu,v 41,0
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(A.58)

(A.59)

(A.60)

(A.61)
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v ur, s+1l, O uu,"v-l, 0

-r ur-l,s,O uu+ljv»0) (A.62)
var(8.,)
. 6 N(N-1) _ var(gy
var (v;) = (N=2) (N+1) (N+3) 4y 2 (4.63)
Y1
var (y,) = 24'N(N_l)2 = -ar(B ) (A.64)
Yo (N-3) (N-2) (N+3) (N+5) varie,y .
1. 2, 2
var k,n0 = ¥ 400 * ®oT %200 (A.65)
1 ’ 2 2
var kgoo = N %040 t o1 X020 (A.66)
1 2 2 ‘
var kogo = ¥ €004 T F=T X002 (A.67)
1 1 1 2
var k119 = § %220 ¥ -1 ¥200%020 ¥ ¥-T X110 (A.68)
1 1 1 2
var k147 = ¥ X302 ¥ R ¥200%002 ¥ RoT 101 (A.69)
1 1 1 2
var koig = ¥ K022 t W1 ¥020%002 ¥ N-T “o11 (A.70)
1 9 9 2
var kang = ¥ X600 T N1 “400%200 ¥ N-T X300
6N " 3
* mD @ <200 (A.71)
ar k =-l‘K + 16 KoK + wﬁéim K
var K,00 = N 800 T No1 X600200 T -1 500300
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+ —éi K2 + ____ZZE___ K k2
N-1 7400 (N~1) (N-2) 400 ~200

_ 144 N_ 24N (N-1)
*D®2) F3008200 T D (D (3 K200 (A:7D)

Now since E(kp) = Kp, to a first approximation the «'s in the above

formulas can be replaced with the corresponding K's., Now

2 2 = 2
E(kZOO) # 500 rather E(£22) = K

200
here £, = N-1 (k2 - Eﬁgg) This invol a correction factor of
where £,, = oo (K500 5 volves a correction factor o

‘order-%'to the method of replacing the k's with the k's. For the
present work this is an unnecessarily fine correction, However if
desired the univariate formulas for the £-statistics called '"poly-
kays'" can be found in Wishart [1932}.

Now consider the formulas for the wariances of functions of
random variables., If 5152,53 . o 0 gn are random variables with
: corresponding variates X sX,5Xy + + « X, ONe may define a function

g(§;5€y, - « . &) as that function which takes the value g(x %y, .

. X_) when
n

Suppose that x, has mean 6, and %3—- - %8 ]

i i 1 axi

Then




. 38
30, 06 °°V(xi’xj)}

also for two functions of random variables

cov(g,h) {%%-%%u;cov(xi,xj)}
i3

n
=]
1,3=1

Three cases are of interest:

(I) g is a function of one variable

var g(x) = (%%)Z'var X

(II) g is a linear function g = z ax,

2
var g = 2 a,” var x, + Z a,a, cov(x,,x,)
1 178 4% 1%
(I1I) g is a ratio xllx2 %, >0
2
var x; 61 var x, 2 61 cpv(xl,gz)
var(xllxz) = " + == :
92 e?{fl 62

E(xl) 2 var x; varx, 2 cov (xl,xz)

or var(xllxz) = { b + -

E(x,) Ez(xl) ]FEZ(xz) E(x,) E(xé)

1/2 o 1/2
Now r=m,,/(m,,my,) and o= g,/ (uygigy)
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(A.73)

(A.74)

(A.75)

(A.76)

(A.77)

(A.78)
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P " 1 u 2y
var (r) = — {—%g + — ¢ 20 + 24 + 22 )
Ny 4wy Moz V20Y02
¢ i S )1
H11¥20 H11M02
The Gaussian Distribution
The general form.
1 1 ’
dF = ——7 exp {- — (x-u7)“}dx,
0(217)1/2 202 !

where -» < x <® and ¢ >0

is known as the univariate Gaussian or normal distribution.

characteristic function is given by

C(t) = exp(ity] - 3t o?)

So

2r) )

" - (20! or
r T
27 r!
and Hopgr = 0 forr > 1
or in terms of cumulants Ky = 02
k_ =0 for r > 2.

I
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(A.79)

(A.80)

(A.81)

(A.82)

(A.83)

(A.84)

(A.85)
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For this distribution

Thus the Gaussian distribution is a mesokurtic distribution.

The form of the trivariate Gaussian distribution is

aF = (2732 |A|Y? o

~—r

1 +

p{-5 (-w A (v-p)ldv,dv,dv (A.86)
2 " 2 ey~ ~ 1772773

where v denotes a column vector, a t denctes transposition into a row

vector, and <> denotes a matrix. 1In this case A is a symmetric (3x3)
“—r

matrix which is the inverse of the matrix of variances and covariances.’

The variates are VisVgs and Vg and

]

v, *100 1
= | v « Now p is defined as u610 « The inverse of A is A
\

. < <
3 Yool
(the matrix of variances and covariances) and is expreééed by
¢ B
2
1 : P1291% P13%1%3
At = 0 0.0 02 000 (A.87)
127172 . 2 237273 *
—— g .
2
L°13°1°3 239293 %3
/ J
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r 2
-p2 - -
(1-p33) _ (P1p7P13P53) _ (py37P1Py3)
2
Koy K0102 K0103
i, - - 02y - |
_ (P1p7P13P)3) A - e73) - (py3PygPyy)  (4.88)
. 2 .
K0102 - K02 : K0203
- - - 52
_ (py37P19P53) ) (Py3=Py2P13) - (1 - e7y)
‘ 2
K0103 K0203 K o3 J
=1 - p2 —p2 -p?
where K=1 P127P137P33 + 2 P19P13° 23 (A.89)

The determinate of A is

—

|A| = ————2—1——;—-; . (A.90)
> K cl 02 03
1A% = K 0,206,202

= 01°0,%04 (A.91)

<>

Now by definition the turbulent velocities have zero for the mean value,

0 U150

= Ho10 = uaol = 0, Thus with this assumption, when equation

A.86 is written out in long form it becomes

(1-p3.)
- -3/2 24 24.2y~1/2 WL 23 2
dF = (2m) (Ka,20,20,2) exp{- ¢ I !
1
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- - -2
2(p19=P13P3) 2(py47P 1P 53) (1-p74)
- VvV, = v,v, + v
p 1V2 o 1V3 2 2
192 193 2
2(p ya=P 1P 1) (1-p2%,)
237P12P13 127 2
- - Vyvy t " vs]}dvldvzdv3 (A.93)
273 03

The characteristic function is

- _ 1 522 4+ 3
C(t,ty,tq) = exp { 5 (cltl + 2 01,000,t1t) + 2 p;40,04t,t,

242 242
+ 03t5 + 2 poyg0,0atyty + O t3)}

3tyts 3 (A.94)

The Chi-Square Distribution

If X19Xy o o . X are N independent normal variates with

means Hys Hy « ¢ o Wy and variances Gy Ty o o e ON, then the chi-

square variate is given by

N X u 2

2 . = H.

X" = ¥ (1“'0 —%) (A.95)
. i
i=1

The chi-square distribution is

N . )
2 (F)-1 -x4/2
r6h = Y sy 46O (A.96)

where 0 < x%2 < =, and N is called the rumber of degrees of freedom, and

I is the gamma function. The r th cumulant for x2 becomes

s ————
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=27 N (A.97)

The following are some properties of the chi-square distribution: If

Yi’ where i=1,2,..:n, is one of a set of orthogonal linear functions

of the independent variates xj(j=l,2,...n), and if the xj are standard-

ized variates (they have mean zero and variance one), then the

distribution of Z Yi is a chi-square distribution with n degrees of
i

freedom; the sum of two independent chi-square variates with n, and

n, degrees of freedom is a chi-square variate with ny + n, degrees of

freedom; if

n h
A=) x? and B = . Y2, where the Y are orthogonal linear
j=1 3 11 1 1

functions of the independent standard normal variates x,, then A-B ié

a chi-square variate with n-h degrees of freedom, and is independent of

B.

"Stuﬁent's" t-distribution. .

The distribution function of t is given by

' 2 (nt+l)/2 -1
ar = {ol/? LA/ o L £ } o oat (4.98)
P(E§—9 n

where n > 0 and -~ < t < «,

The variate is t, and it is

¢ = nt/2 iffigi—ﬁl (A.99)

9




180

where N is the number of observations im  the sample, u is the

population mean, <x> is the sample mean, and s is the square root

of the sample variance. In this formula, n=N-1l and is called the

number of degrees of freedom for the distribution. An important

characteristic of this distribution is that it is. independent of the

population variance.

The moments u; of the distribution exist only for r < n;

odd-order moments are equal to zero by symmetry and even moments c¢an

be shown to be

. r I'(r + 1/2) T(n/2 - r)
Moy < B TC1/2) T(a/2) » 2T < m.

(A.100)

"Fisher's" ¥ and z distributions

Let le and Q22 be the observed variances for two samples, of

‘sizes Nl and N2 respectively, drawn from normal populations with

‘equal variances. The sample variance ratio is

Nl )
Ql2 izl (xli - <xl>) /(Nl-l)
F = 2= N : (A.101)
Q 2 S
2L &y - <xy)00,mD)
j=1 i

The sampling distribution of the sample variance ratio is
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n, - 2
1 2
C;;) I'—— ) F-=
dG = . - dF (A,102)
n n n,F (n, + n,)/2
L 2 MF) Bty
rGY I 1+ “2)
/
where n, = N1 -1 and n, = N2 -1, ngsn, > 0, and 0 < F < =,
Hence n, and n, are the degrees of freedom for the samples, Fisher
originally used the related statistic
1 .
z= 3 log F (A.103)
whose distribution is
(nl)/2 (nz)/Z o, + o, e n,z
2 ny n, P(———E——O “a
di = . s dz (A.1204)
n n (ny+n,)/2
1 2 2z 172

where n,, n, > 0and ~» < 2 <+ ®

Modern practice 1s almost entirely in favor of using the simpler sta-
tistic F.

Tables for the distribution function for the univariate Gaus-
sian distribution, the t distribution, the F distribution, and the NG

distribution have been developed; a bibliegraphy of tables may be
found in Kendall [1958].
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Theorem 1

If the joint distribution of thefthree variates (vl, v, and v3)
is a trivariate normal or Gaussian distribution, then the marginal
distribution of each one of the three varilates is a univariate normal

or Gaussian distribution with the variances unchanged.

Now the contra-positive statement of the above theorem holds

true in its own right, and this statement is theorem II,

Theorem IT

If at least one of the three marignal distributions concerned
with the variates (vl,vz, and v3) is not a univariate normal or
Gaussian distribution, then the joint distribution of the three
variates is not a trivariate normal or Gaussian distribution,

Theorem I1I, the Central Limit:Theorem: .

Let X sXys e eXy be independent random variates all having the
same distribution with mean u and wvariance 02, but not necessarily a

normal distribution., Let the standardized variate corresponding to

x, be
]
x_,i -u _
z, = ~= (A.105)
J o}
and let YN be defined by
N
1=
g = A w2 s (A.106)
N1/2 '

where < z > .18 the mean of the zj. Then the theorem states that as




183

N- 5, YN tends to a standard normal variate. In other words, if a(t)

represents the p.d.f. for the normal. distribution then

I

F(YN)V; J a(t)dt (A.107)

-0

The point of the theorem is. that, no matter what the original.

distribution of zj may be, the mean of a lérge énough sample will

have a nearly normal distribution.

Statistical Tests:-

General Catagories- -

There are many catagories which one can use to classify the

many different statistical tests. However, there are three cata-

gories which are particularly relevant to the statistical tests used

in this work., ' The three are the following:

(1) Tests of the significance of a specified parameter value..
The typical hypothesis here is that & parameter in a population of

known, form has a specified value. The question to be answered is.

whether or not the evidence provided by the sample supports the

hypothesis.

(2) Tests of goodness of fit. The hypothesis is that the

population is of a certain kind which is either fully specified before-

hand or can be "estimated" with the help of the data, One wishes to

know if the sample values fit this population in the sense that they

could have arisen from it (with any acceptable degree of probability)

by random sampling. This hypothesis is more general than that of
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(1) because it concerns the whole distribution fupction and not merely

one of its parameters.

(3) Tests of homogeneity. The hypothesis here concerns two

or more populations, each providing a contribution to the sample. One

wishes to test whether the populations have certain parameters in
common, or in the extreme case, whether they are identical. In the
case of dissimilar populations, by proper partitioning of the sample

one can sometimes determine the factors which produce the dissimilarity

of the parameters and ‘thereby necessitate the separation into different

populations,

Discussion about Testing -

The usual procedure is to set up a hypothesis and then test it

by experiment. The hypothesis is called a null hypothesis. In the

present work the experimentation was completed before the hypothesis

was tested. On the basis of the sample one can take various possible

actions. One can (1) reject the hypothesis, (2) accept the hypo-

thesis, or (3) declare that further experimentation is necessary before

one can make a decision.

In taking an action on the basis of a sample one runs a risk

of doing the wrong thing. Obviously one of two kinds of errors may be

-

committed; the rejection of a hypothesis which is really true (this
will be called a rejection error or an error of the first kind), or
the acceptance of a hypothesis which is really false (this will be
called an acceptance error or an error of the second kind).

Tests are usually made by computing some statistic (e.g., a

mean or a variance) from the observations and finding whether or not
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this computed value lies within some particular interval, or set of

intervals, previously chosen of the axis of real numbers. The part

of the real axis so chosen is called the region of rejection, and the

null hypothesis HO is rejected 1f the computed value lies in this

region. For example, if the population 1s known to be normally distri-

buted about a mean value p with unit variance, and if HO is the

hypothesis that u is zero, one would be inclined to reject the

hypothesis HO if'a sample of N observations gives a mean too distant

from zero. 1If HO were true, the sample mean would depart from zero by

as much as 1,96 N_l/2 in only five percent of random samples of size

N. By taking as the region of rejection that part of the real axis

outside the bounds * 1.96 N 1/2, one runs a risk of wrongly reject-

ing HO’ but the chance of doing so is only 0.05. By suitably choosing
the region of rejection one can make this chance as small as is

.necessary, depending upon the circumstances of the problem and the

consequences of making a wrong decision.

Let the theoretical value be 6 and the estimate from a samp;e
be t. Statisticians 1n general accept the following convention: if
the probability of obtaining by chance a sample with a difference
numerically as great as 8-t is less than 0.05, the observed difference

is significant; if the probability is less than 0.01, the difference

is highly significant; if the probability is greater than 0.05, the

. difference is non-~significant.

An hypothesis which is equivalent to a complete specification

of the distribution is said to be a simple hypothesis, otherwise it is

a composite hypothesis. Thus, 1f a population is known to be normal
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and to have variance 02

» the hypothesis that the mean is o is a
simple hypothesis, since the mean and the variance together specify
a normal distribution completely. The alternative hypothesis could
be simple, but ﬁéually it is composite. An example of a two-sided
alternative hypothesis, which is composite, 1s that p is either less

than or greater than Mo

The Size and Power of a Test:

Consider the testing of the simple null hypothesis (HO)’ that
g = 60, against the simple alternative hypothesis (Hl), that © = 61,
by meams of a test statistic T. 1In order to fix the region of rejec-

tion, the probability density function of T when & =.6. must be known.

0
This p.d.f. is denoted by f(t,eo). In general, f will depend on the
sample size N, and the region of rejection (R) will be an interval on
the t axis (for example, the interval t > t, in Figure 29).

If the probability that T falls in R (when HO is true) is a,

then o is the probability of committing a rejection error. This

probability is called the size of the test, It is given by

o = f f(t,eo)dt (A.108)
(R)
and is represented by the heavily-shaded area in Figure 29. 1In prac-
tice, R is chosen so that o is 0.05 or 0.01.
If the alternative hypothesis Hl is true, there will be a
different distribution of T, with the new p.d.f. f(t,el). The proba-

bility of committing an acceptance error (that-is of accepting HO when

Hl is true) is given by
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f(t,0)

-

H
~
(aJ
(o]
=
~

f(t,eo)

~ t

[+

Figure 29. The Rejection Error and the Acceptance Error.
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™
]

‘f(t,el)dt ' (A.109)
(4)

L

where A is the region of acceptance (gll'possible values of t outside
of R). This probability is represented by the lightly-shaded area in

Figure 29, The powér of the test is defined by

Power = 1 - 8 = f f(t,el)dt (A.110)
(R)

The power of the test is the probability of rejecting Ho if Hl is true,

Obviously, the test should be as powerful as possible for the same

size,

The Likelihood Ratio .Test.

Let the possible values of 8 form a set Q2 (which may, for
example, be the interval 0 to 1, or the interval -« to «), The null

hypothesis H0 specifies that 6 belongs to some subset w of  (for

example, the single value 0.5, or the interval 0.4 to 0,6) and H. is

1
then the hypothesis that 6 belongs to 2 - w. The likelihood ratio is

defined as the ratio of the maximum likelihood under,H0 to the maximum

likelihood under Hl:

max f(x,8)

bew

max f£(x,8) (4.111)
QEQ —w

L(x) =

The likelihood ratio is denoted by L(x). Here f(x,8) is the p.d.f: for
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x given that 9 1is in some interval. If L(x) 1is small, the observed x
will be more likely H1 than under HO’ so that it would be unreason-

able to maintain HO’ The test consists in rejecting Ho when L(x)<c,
¢ being such that the probability that L(x)<c¢ (under the hypothesis
Ho) is equal to o. Many useful tests in statistics are likelihood

ratio tests. The statistic x may consist of a set of N independent
observations, forming a random sample; in this case recall that the

likelihood will be a jolnt probability density for the N observationms.

The One-Sided Normal Test

Let the population be normal with known variance o2, Let the

test attempt to distinguish between two simple hypothesges: 1:1.O where

the mean p = uo, and Hl where the mean p = My The test statistic

is the sample mean m compﬁted from N observations. Since the sampling

distribution of m is a normal distribution with mean p and variance

02/N, the p.d.f. of m for a mean value u is given by

1/2 2
tmu) = (N exp{-NEw (4.112)
2m o 20
The likelihood ratio is
f(m,uy) N
L) = —= = exp{—(@-up” - @up?l}
f(m,l-ll) 20’2
= exp{ —5 (u; + uy - 2m) (uy - uy} (A.113)

20
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- 2m < ¢

This will be less than some positive constant c¢ if Hy + Hg 12

where

, ¢, = log (&) /== (uy - gyl (A.114)
11‘ 202

| The relation Hy + Mg ~ 2m < cl implies that

H, * U, — ¢
| m > ¢, where ¢, = 1 0 1
| 2 2 2
|

| Thus the test reduces to rejecting HO 1f the sample mean 1s greater

\ than a certain value Cye This value can be determined by deciding on

| the size of the test.

If o is the probability that m > Cys given that u = Mg then

w

o = J f(m,uo) dm (A.115)
©2
|
|
" (m = ugNt/2

By the transformation x =

» this becomes
o

©

2
-x“/2
o= (21r)-l/2 j e

*o

dx

o =1~ ¢(x0) (A.116)
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| (c

1/2
—u)N/
2 0

ﬂ where Xy =

= and ¢(x) is the c.d.f. for the normal

“ distribution. If ome chooses o = 0.05, one finds from the tables of

{ the normal law that Xy = 1.645 so that
i

(o]
n

‘ ) = g + 1.645 o N2 (A.117)
]

The test therefore consists in rejecting HO in favor of H. 1if

1

m > py + 1645 0 N-l/2

This test can also be used as a test of the simple hypothesis
H

0 (that py = uo) against the composite alternative Hl (that u > uo).
The set § of possible values of u is the set of real numbers 2 Ug»

and the set w consists of the single number Hge The likelihood ratio

is

| “ £(m, ug)
L(m) = -n;a—x-—m | (A.118)
! Mg

! where f£(m,u) is given by equation A.112, This p.d.f. £(m,u) is a

| maximum for variations in p when the exponential factor is equal to.

| 1, that is when y = m. Thus

(A.119)

[

(

| N 2

| L(m) = exp {- — (@ - uy)“}
f 22

!

|

‘this is less than ¢ if m - uy > ¢; where
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¢, = - log (e)/[—=] (A.120)
20

this implies m > ¢, where ¢, = ¢ + Mo Again the number ¢, is deter-

mined by
o = f f(m,uo)dm = 1 - ¢(x0) (A.121)
€2
N1/2
where X, = — (c2 - uo) and where ¢ is the c.d.f. of the normal

distribution. The test consists in rejecting HO ifm> Cye
The t-Test

Let there exist a sample from a distribution which is known:to
be normal, but whose mean and variance are unknown. One wishes to
test the significance of a given wvalue Mo of the mean, that is to say,
one wishes to comsider whether the observations could, to any
acceétable probability, have been derived from a distribution with
mean Y, whatever the variance may be. |

The procedure is to calculate the statistic, which is the ratio
of the difference between the sample mean and the population mean to

.the positive square root of the variance

(<x> = u,) (<x> - u,)
£ — 0 _ yl/2 0

— (Ai122)
vvar (<x>) S :

where N is the number of observations in the sample, <x> is the sample

mean, and S is the standard deviation of the sample., The distribution




193

of t is given by equation A.98, and thus one can find the probability
. that the calculated value of t is attained or. exceeded. If the proba-
bility is small omne rejects"uo; if not, one accepts it. 1In practice,
one does not have to calculate this probability because tables of the
probability for given values of t and for the degrees of freedom
(equal to N-1) have been developed.

The F-test

Suppose that Si and Sg are the observed variances for two

samples, of sizes Nl and NZ’ which were drawn from normal populations
with variances oi and 0% respectively., One can test the null
hypothesis HO that oi = 0% by determining the distribution of the

variance ratio

Sl2
P4 F = —2- (Av 123)
. SZ'

"The distribution of F is given in equation A,102., Thus, knowing the

distribution, one can calculate the probability of observing the

“particular F which was computed from the samples. As usual, if this

probability is small, one rejects the null hypothesis in favor of the
2 2

" alternative Hl (that oy # o, ). Rather than computing the proba-

bility, in practice one resorts to a table which gives, for various

vaiues of n, = Nl -1 and n, = N2 -1, the upper 5% probability and the

& uppér 1% probability points of the distribution of F. In order to

use some of the tables it is necessary to place the larger mean

square over the smaller mean square in the variance ratio. If
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interpolation for n, or n, is necessary, it should be harmonic inter-
polation instead of linear interpolation.

The M-Test

Suppose that one has K samples (K > 2) and that for the i th

sample, of size Ni’ the observed values are Xy i=1,2, . . . N,,

i
3 S
i=1,2, ... K. One assumes that all the samples are independent and

come from normal populations with meansul, Mo oo Bpo The null

hypothesis HO is that ¢ 2 .52 =g 2 (= 2

1 =9 e =0 (=0 say). The
alternative hypothesis Hl is that these wvariances are not equal.

Under,H0 the likelihood function is

-\
i i
L, = exp [- 3 § (———? (A.124)
(2n GZ)N/Z i,3 o
where N = Z Ni
under Hl the likelihood function is
X, — MU, :
1 1 i, 1 2
L, = ' exp [- 5] (———)1 (a,125)
1 N N 2.5 ‘
(ZN)N/ZG 1o, K 1,3 o
l 88 K i
The joint maximum likelihood estimators of Wy and o, under HO are
; - } x = <x,> (A.126)
i N, i i ‘
i3] ]




2 o 1 . 2y 2
o N ) (x; - <x )
i,3 J
where
Si = z (x. - <xi>)
J J
54
The sample variance is Qi =
i
where
n, = Ni -1

The joint maximum likelihood estimators of ﬁi and o

By T OSEy
o B |
i Ni
The likelihood ratio is
Nl/2 NK/Z
(LO) max ] (Sl/Nl) ...(bK/NK)

(Ll) max (S/N)N/2
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(A.127)

(A.128)

under H., are

(A.129)

(A.130)

(A.131)
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where S = Z S; then H, will be rejected if L < ¢, The constant c is
so chosen that the probability that L < ¢, given the hypothesis HO,
is less than or equal to a. Now the distribution of -2 log L for

large N is approximately x2 with K-1 degrees of freedom. This number
is the number of parameters under Hl, namely, 2K, less the number
under HO, namely, K + 1,

So

S
S i
-2 Log L =N log'E - E Ni log ﬁ; (A.132)

The approximation to x2 may be improved by replacing each N,

by n, = Ni - 1 and N by n = N-k., In effect this replaces the maximum

likelihood estimators by unbiased estimators.

S
- Q
Thus the quantity M = ¢ 1 [n log ﬁ-- Z ny log~E£ ] (A.133)
i i

is distributed like x2 with K-1 degrees of freedom where

(A,134)

A small value of L will mean a large value of M, and this will lead
to rejection of the null hypothesis. The procedure is to compute the
value for M and then consult the table of x2 which gives for various,
degrees of freedom several values of M and the corresponding proba-
bilities that these values could have arisen by chance. If the

probability is small, HO will be rejected.

:‘;r
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The xz test

Suppose that the members of a population candall be placed in
one or another of a set of k catagories, These catagories may be
intervals of the domain of some measured variable. Also suppose that,
according to a certain hypothesis HO, the probabilities of falling in
these classes should be Tis Mo eee Mo This hypothesis may be
tested by observing the actual frequencies fl, f2, ‘o fk’ in a
sample of N items, cérresponding to the respective classes., The

distribution of N sample items among the k classes is multinomial, and

the number of degrees of freedom is k - 1, The quantity

k (f, - Nni)
2= ) —— (A.135)

N7,
i
has in the limit the x2 distribution with k-1 degrees of freedom, It

is assumed in the above that the quantities n, are given by the

i

“hypothesis HO and are not estimated from the sample. Usually, however,

the parameters of the population will not be known from prior
considerations but will have to be estimated from the sample. 1In éhié
case, if s parameters are estimated by the method of maximum likeli-
hood, the limiting distribution of xé is x2 with k-s-1 degrees of ’
freedom. 4Each additional parameter estimated from the sample reduces
the degrees of freedom by one. The procedureé is to compute the value
xi and then by consulting the table for x? determine the probability 7
that this value could have arisen by chance. If the probability is

small, HO will be rejected,
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Effect of Non-normality .on Tests.

Since orie does not usually know whether a sample comes from a
normal population or not, it 1s natural to ask what difference it
would make in the test if the population were not normal. Empirical
data on sampling from artificial non-normal populations have shown
that the t-test and the F-test (consequently the related M-test)
give quite good results even for considerable departures from nor-
mality. The effect of non-normality is to slightly increase the
apparent significance of results, which suggests caution when inter-
preting results very near the borderline of significance. The chi-
square test is a non-parametric test and thus the validity of the

test does not depend upon the assumption of normality for the popula-

tion. In other words the chi-square test would not be affected by

the non-normality.
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APPENDIX B
ERROR IN TURBULENT VELOCITIES

A random sample of the globules used to determine the turbulent
winds was selected. The method of sampling was as follows:

For each rocket the total number of observable globules was
counted. The sample size for this rocket was then 1/10 of the total
number.. Each globule had previously been assigned an identification
number. In order to decide which globules would enter the sample, the
table of random numbers in Hodgeman [1959]} was coensulted. There were
nine rocket releases involved and each release was assigned a column
in the table. Progressing line by line in a column, the second and
third digits from the right in the random number were examined. If
these two digits corresponded to the identification number of a
globule, then that globule was chosen for the sample and removed from
further consideration; if the digits did not correspond to a globule
then the number in the next line was considered. The process con-
tinued until the required number of globules for the sample of thgt
rocket was obtained., Then the same procedure was initiated for the
next rocket using its corresponding new column in the table.

Once a globule was selected, its already determined position
errors (probable errors) were sampled throughout its lifetime. Hence
several position errors were obtained for each globule. THis was

done due to the fact that the globule becomes larger, more diffuse,

Lo
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and more indistinct as it nears the end of its lifétime and its center-
point is more difficult to determine and is subject to a larger error,
Thus by sampling throughout its lifetime the error data is not biased

either toward smaller errors near its beginning or toward larger

errors at its end.

Next a frequency chart of the number of errors versus the size
of the probable error was constructed, and from this chart an average

value for the probable error in position was determined. This was

done for errors in the N-S, the E-W, and the vertical directions.

Since the position of the globules was determined at 30 second

intervals, the average value of the probable error divided by the time

duration gave the average value of the probable error in the winds.

The standard error in the winds was assigned the value of

0.6745 divided into the average value of the probable error in the

winds. The results are shown in Table 15




Table 15, Errors in Turbulent Velocity Determinations

Error in Northward Error in Eastward Error in Vertical Average Error of
Type of Error Velocity Component Velocity Component Velocity Component  the Three Compo-
" rnents
Probable Error in 1.94 1.62 2,16 ' 1,91
Winds, m/sec '
Standard Error in 2,87 2,40 3.20 2.83

Winds, m/sec

T0¢

""" = T m— RN s e
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APPENDIX C

SOME USEFUL INTEGRALS

2,2 172 ~
f e 4 dx = (c.1)

oy o2 (zn - 1)11 [r\}/2
fm X n e P¥ dx
-0

= —_— [ (C.2)
ep®  |p
where (5)!! = 5°3+1 = 15
0 _ 2 2 1/2 2 2
f TP X% ogx dx = EE—_ exp{q /4p } (c.3)
&
0 2 1/2 n-1
f Xt e PRt 2ax n}l & d —7 (ae Py (C.4)
. ool %p dq
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APPENDIX D

PROOF THAT THE NON-GAUSSIAN CHARACTERISTIC OF A HIGH 82 COULD NOT HAVE

ARISEN FROM THE SIMULTANEOUS SAMPLING OF GAUSSIAN ERRORS AND GAUSSTIAN

TURBULENT VELOCITIES

With the assumptions that the turbulent velocity p.d.f. is a

. , . 2 ,
Gaussian p.d.f. with mean zero and variance Gl and that the error (in

the observed velocities) p.d.f. is Gaussian with mean zero and

variance 022, then the turbulent velocity p.d.f. fl(v) is given by

2
-V __
2
201
e
fl(V) = (D.1)
2T Gl :
and theyerror p.d.f. fz(v) is
2
- __
2072
£,(v) = < — ‘ (D.2)
2m 02

Since .the two variates, the turbulent velocity and the error in
the turbulent velocity, are statistically independent, the p.d.f. for

the observed velocity v which simultaneously consists of a turbulent

velocity v~ and an error v°” (where v*~ = v - v”*) is




[+2]

f(v) = f fl(v’) fz(v - v7) dv”

which becomes

204

(D.3)

1 3 &’2 : (v—v")2
= — f {exp [- —= 1} {exp [- —=—1} &v* .
2v0102 - 20l 2
After factoring one has
v2
exp[- 5 ]
20 co , 2
2 (0] + Ty ) —
= f exp[— —_— v + —2- ]l dv”
2 fof © 20, 2 o 2 %2
™ 040, 204 2
By equation C.3 one obtains
V2 — ) ]
sl 2 2] 2mo 20 2 L a 2 2
92 172 1 \
- 2 2 exp{— 2. |
27 019, oy + o, 202 (01 + o, )
L -
which becomes
V2 o 2 2
= [27m(o 2 + o 2)]_1/2 exp([- -~ + 1 ]
1 2 2 2 2 (o + 2)
92 92 V%1 T 9

and upon rearranging one has
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£w = (21(q” +0,017? expl- —5"—p] (D.4)

which is a Gaussian p.d.f. with mean zero, variance 012 + 022, and
82 = 3,0, Thus the observed velocity p.d.f. f(v) would be Gaussian,
under the assumption of simultaneous sampling from Gaussian turbulent

velocities and Gaussian errors. Since the actual observed velocity

p.d.f. was not of Gaussian form, the above assumption 1s proven false.
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APPENDIX E

DEMONSTRATION OF IMPROBABILITY THAT NON-GAUSSIAN CHARACTER IS DUE TO
INTERMITTANT OBSERVATION OF GAUSSIAN TRUBULENT VELOCITIES PLUS GAUSSIAN

ERROR OR ALTERNATIVELY OF GAUSSIAN ERROR ALONE

-

Assume that the experimenter 1s unaware of the fact that his set
of sample observations is comprised of two distinct groups. The first
group of observations of the velocity v is such that v consists of the

turbulent velocity v” and an error v°“(v = v~ + v””). The second group

of observations is such that v consists of only an error v “(v = v*7).

With the further assumptions that the turbulent velocity p.d.f.

, . . . 2
is Gaussian with mean zero and variance 9y and that the error p.d.f.

. . . . 2 .
is Gaussian with mean zero and variance Ty s then the error p.d.f. is

given by equation D.2 and, as was shown in Appendix D, the p.d.f. for

the first group of observations is given by

2
B R (E.1)

203

f3(v) = [27 ¢
where 03 =g + 0

Now, being unaware of the distinction between the two groups of
observations, the experimenter would combine all observations into a
single sample and attempt to draw conclusions about the non-Gaussian
character of the turbulent velocity p.d.f. from the single sample. If,

on the other hand, the intermittancy factor y(which is the ratio of




207
the number of observations in the second group to the total number of

| observations in both groups) were known, he should use the p.d.f. f(v)

| to represent the sample; where f(v) is given by

‘3 f(V) = Yfz(v) + (l - Y) fB(V) (EoZ)

| rewriting gives

, 2 2
| £(v) = v(210,) % expl- Tl + (1 - y) @210, 2 expl- 2

| 5 2] (E.3)
H‘ 202 203
H
m Now
l
!
2 v
My = f v™ f{v)dv (E.4) |
oo \
B |
|
by equation C.2 one obtains ‘
\
-
2 2 |
Hy = ¥0," + (1 = y)o,™ (E.5) |
|
. |
and ”*
| - ?‘
] M, = f v f(v)dv (E.6) ”
— |
again by equation C.2 one obtains 5ﬂ

4 |
My = 3[Y02 + (1 -v) 034] (E.7) ﬂ
|
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So

b, 3yt -y o
4 2 3 (E.8)
2 2 2 ‘

Now let H be defined as the ratio of the variance of group number two

to the variance of group number cme. Thus

3 (E.9)

. 4 ,
then upon dividing the numerator and denominator by 0y s OmE obtains

8 = 3 -y + vy H2)
, 2
(1 -y +y H)

(E.10)

Several limiting cases are immediately obvious, for example

if y=0o0ry-=1 then Bz =3

if H=1 then 62 = 3

. 3
if H->0 ; then 82 -+ Ty

Figure 30 shows curves of constant Bz; the abscissa is the

factor y; the ordinate is the ratio H; the curve for

82 = 3.5 is denoted by the symbol 0 , the curve for 82 = 4 is denoted
by the symbol X , the curve for 82 = 5 is denoted by the symbol o,

the curve for 82 = 6 is denoted by the symbol & , the curve for

5 = 7 is denoted by the symbol e .,
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Figure 30 . Curves of“Constant 82. The abscilssa 1s thg intermit-
tancy factor y; the ordinate is the ratio H; the curve
‘ for 82 = 3.5 is denoted by the symbol O, the curve for
82 = 4 is denoted by the symbol X, the curve for 82 =5
is denoted by the symbol O , the curve for B, = 6 is
denoted by the symbol & , the curve for 82 =7 is

denoted by the symbol @ .
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As can be seen from the figure, if the magnitude of the error
is very small in comparison to the magnitude to the turbulent veloci-
ties and if simultaneously the number of observations of error alone
is approximately equal to or greater than the number of observations
of turbulent velocities plus error, then the experimenter could be
incorrect in attributing the non-Gaussian character in the form of a
seemingly high 62 to the turbulent velocities alone.

Since the value of the intermittancy factor for the data of
the present work is unknown (indeed it is not known if any intermit-
tancy occurs), the observations were not separated into the two types
of groups. It has been shown, see Appendix B, that the value of ¢
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approximately 3 m/sec. From Table 1, one finds that the value of Oy
is approximately 8.5 m/sec for any of the velocity components, Now
consider the worst possible case that could arise in the present work;
the case being that every observation of a turbulent cdmponent whose
magnitude is less than or equal to 3 m/sec be considered as an observa-
tion of error alone. For each of the components of the turbulent
velocities, this would give rise to a y of about 0.33. Substitution

of the values for 9, and 4 into equation E.9 gives an H = 0,125,

Substitution of these values for y and H into equation E.10 gives

82 = 4.004,

Now the values of 62 given in Table 1 for each of the components
was significantly larger (at the 1% level of significance by a t~test)
than the 62 which would arise in the worst case. Therefore, it is very
definitely improbable that the non-Gaussian character of the turbulent

velocity podof;s is due to intermittancy in the set of experimental

observations,
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APPENDIX F
HERMITE POLYNOMIALS

Univariate Hermite Polynomials= .t

The univariate Hermite polynomials are a well known set of
functions which are orthogonal over the interval (-®,%) with respect

to the weight function Z(x) where

x2/2

z(x) = e (F.1)

A listing of these functions can be found in almost any book dealing
with orthogonal polynomials, for example Jackson [194l]. The

derivative definition of the Hermite polynomials is given by

2 n
B () = (<D e* /2 e (F.2)

where n is &4 non-negative integer.

The relation of recurrence connecting three successive Hermite poly-

nomials is

Hn+l(x) - an(x) + an_l(x) =0 (F.3)

These polynomials satisfy the following orthogonality condition,
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0 for n#m
—x2/2 ‘
e H (x) H (x) dx = (F.4)
ot m (s} 1/2
ni (27) forn = m
where n and m are non-negative integers,
The formal expansion of an arbitrary function £(x) in a series of
Hermite polynomials is
£(x) = ) CH () (F.5)
k=0
where
)oo 2
1 { ~-x"/2
C, = —_— e f(x) (x) dx (F.6)
S VA o

-0

An arbitrary function can also be expanded in a series made of terms

2
of the form Bke_x /2 Hk(x)@ Let F(x) be an arbitrary function, then
® —x*/2 ‘
F(x) = ) B, & H, (x) (F.7)
k=0

where

B = — f F(x) H (x)dx (F.8)

k k§(2w‘1/2 k

—_0

P
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A series of this form is called a Gram-Charlier series. The Hermite

polynomials satisfy the following equations

dHn(x)
dx =R Hn_l(x) (F.9)

vdan(x)

—x = n(n-1) ... (n—k+l)Hn_k (F.10)
dx
d2Hn a_
-xXx ~—— 4+ nH =20 (F.11)
dx2 dx n

The Hermite polynomials are related to the generating function M{x,t)

by the identity

xt - (£2/2) _ 7 By

M(x,t) = e t (F.12)
k=0 k!
Finally the first six Hermite polynomials are
Ho(x) =1
Hl(x) =X
(F.13)
2
HZ(X) =x -1
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H4(x) x4 - 6x2 + 3

]

(F.13
XS - 10 x3 + 15 x Cont.)

H5(X)

Bivariate Hermite Polynomials

The bivariate Hermite polynomials are not as widely publicized
as the univariate ones but several sources of information are avail-
able [Kampe~ deFériet [1966] and Appell [1926]].

Consider a positive definite quadratic form

o
p(x,y) = ax“ + 2 bxy + ¢ y2 (F.14)

where a > 0, and A = ac - b2 > 0

and the form

C

: & 2 _o,b a 2
y(E,n) = L & 25 &+ (F.15)
where £ = ax + by and n = bx + cy (F.16)
Then Y(E,m) = ¢(x,y) (F.17)

The bivariate Hermite polynomials Hmn(x,y) and Gmn(x,y) are defined by

© n
exp{h(ax + by) + k(bx + cy) —-% $(h,k)} = Z %2%7 Hm n(x,y) (F.18)
m,n=0 T ’
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o n
\ exp{hx + k —-% v(h,k)} = Z_O E;ET Gm,n(x,y) (F.19)
| m,n=

“ where h and k are constants. The derivative definitions of the poly-

ﬂ nomials are

n

| Hm’n(X,Y) = (—l)m+n exp{'% ¢(x,y)} - e [eXp{— % (p‘(x,y')}] (F.20)
| Xy

\

| mn
My R T
\ m,n 52y (-1) exply Y(&yn) | N [exp 1- 5 PY(E,n) .21)

\ The polynomials Hm

£
\

n and Gm n satisfy the following equations:

| B - |

| ?x Hm,n amHm-l,n + anm,n—l (F'ZZ?
\

|

| 2w = pm + coH (F.23)
\ 3y ' myn m-1,n m,n-1 *4

\

“

| 26 =nc (F.24)
i 9 x m,n m~1,n ‘

|

|

| ]

“ ' 3 y G’m’n = nGm’n,.l (F{-ZS)

1 The recursion relations connecting the polynomials are

; Hm’n(x,y) - & Hm_l’n(x,y) + a(m-l)Hm_z’n(x,y)

+ anm—l,n—l(x’y) =0 (F.26)
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Hm,n(x’y) - nHm,n—l(x’y) + bm Hm—l,n—ltx?y)

+ ¢c(n-1) Hm,n-Z(x’y) =0 (F.27)
c
Gm’n(x,y) - X Gm_l’n(x,y) + K—(m—l) Gm-Z,n(x’y)
-bae6 (x,y) = 0 (F.28)
A m-l,n-1"""* *
G () -y 6 __(xy) -2mg (x,¥)
m,n Xy) 7y m,n-1 Xy A" m-1,n-1 Xy

+3 @D e ) =0 (F.29)

The two sequences of polynomials Hm n and Gm n have the orthogonality i+

1 1
condition
1
j [ exp{- 5 ¢Gx, )} By, n )6, (x,y)dxdy

= 21 (a)"1/2 LIS (F.30)

where § is the Kronecker delta. Thus the Hm or the Gm n are not

»
orthogonal to themselves but rather they are biorthogonal, that is

they are orthogonal to each other over the (xjy) region (-, ®; -o, ®)

with respect to the weight function exp{"-% ¢}.

An arbitrary function Q(x,y) can be expanded in a series of

terms of the form C exp{--l ¢ } H
m,n

2 m,n’ The expansion is




Q(XIY) =

~1 8
(@]
1]
B
iw]
—~—
1
(N
-
ot
s

where

o o0

Con = (21 ) nrany™ ” QGx,y) Gy (x5 ) dxdy

00 e OO

The first few polynomials Hm n are
9

HOO(X’Y) =1 Hl,o(x,}') £ = ax + by

Ho’l(X,‘Y) =N HZ,o(X’y) = 52 - 4a
Hl,l(x:}’) = En - b

Ho’z(xsy) =n - C

g3 -3a ¢

H3’0(x,y)
Hy 1) = £2n - 2bg - an
By ,(x,3) = gn? -2bn - cg
H0’3(x,y) =nd -3 en
H4’0(x,y) = Eh - 6a £ + 3a2

H,..(x,y) = £€3n - 3bg2 - 3afn + 3ab
3,1
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(F.31)

(F.32)

(F.33)
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Hz z(st) = €2n2 "CEZ -ZbEn -an2 4+ ac + 2b2
’

(F.3§
Hl 3(x,y) = gn3 -3bn2 -3c&n + 3cb Cont d)
>

, 2 2
HO,4(x,y) = n* -6en” + 3¢

where it is assumed that one will gubstitute for £ and n in terms of

x and y according to equation (F.16). The first few polynomials

G are
m,n
GO,O(x,y-) =1 Gl'o(x,y) = X
2 c
GO,l(x’Y) =y Gz’o(xs}') =X = Z'
b 2 a
Gl’l(_x,y) =xy + 7 Go,z(x'Y) =y -3
c
G3’O(x,y) =x -3Fx
(P.34)
= b o _k
Gz,Iﬁx,y) =xy+ 2 AX-FY
b a
Gy,0(*sy) =xy" + 27y -7 x
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| : _ 3. _ 3¢ 3 2 _ 3be
' G3’l(x,y) =Xy - Xy X Z——
i
| 22 a2 ¢ 2. 4b ac , . b
G, (X,y) =Xy =% ==y +—xy+—=+ 2 — _
, 2,2 A A A A2 A2 (F.34
| Contd)
| _ .3 _3a 3b .2 _ 3ac
‘ Gl,3(XsY) = Xy A Xy + A y AZ
| 2
; ’ _ A a 2 a_
: G0’4(x,y) =y -63y +3 2

Trivariate Hermite-Polynomials

A literature search failed to produce any writing which listed
] the particular properties of the trivariate Hermite polynomials. How-
| ever, Appell [1926] has a section which deals with the n-variate case
of the Hermite polynomials. BY a straightforward but tedious

.application of the formulas, the particular properties of the tri-

variate Hermite polynemials were developed.

Definitions

Consider the quadratic form of three variables

3
d(v.,,v,,V,) = Z a,, V.V (F.35)
1°°2°°3 1,k=1 ik ik
where
a,, = a (F.36)

and. let the quadratic form be positive definite, that is
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>0, (F.37)

and 2,0 (F.378)

and

> 0 (F.38)

Now the matrix A of equation A.88, which is the inverse of the matrix -
<
-of variances and covariances, satisfies the positive definite |

criteria. So let S

[
a 3 3
(1-02,) - ' -
P23 _P127P13P23  P137P19Pa3
0,2 91%2 9193
1
P1a=PqqP (1-p 2) O nn=0q AP . ;
1 127P13°23 1 237°12°13 :
0'10'2 0'2 0'20'3 {
- - (1-02,)
_P137P12P23  P237P12f13 P12 |
0,04 0,04 032
- -4

where 012, 022, and 032 are the variances of Vis Vo, and Vs and }
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P1gs Pp3s Py3 are the correlation coefficients; and

S a2 a2 _ a2
1 -p7y ~ P13 = P53 1 2019014094 (F.40)

2.2 2 -1
10203) = A (F.41)

Now |A] = (o

The trivariate Hermite polynomials are defined by
1
exp{—vE ¢(v1—h1, v2—h2, v3—h3)} =

1 0 hl h2
exp{"‘—2-¢‘(V1,V2 ’VB) } z mll mzl m3! Hml’mz,m3

(vl,vz,v3) (F.42)
ml,mz,m3=0

(where hl,h2 and h3 are arbitrary constants), or by the equivalent

formula
% (Vy5V,Va) 3 ¢ (v, ,v,,V,) 8 ¢(v,,v,,v,)
exp{%[hl 12’ 3 + h2 1723 + h3 1273
avl av2 av3
m m m
1 v by ' ) ’ by >
- §'¢(h1’h2’h3)} = z ml! mé! m3! Hml,mz,m3(vl’v2’v3) (F.43)

ml,mz,m3=0

Now one introduces the new parameters kl” k2, and k3 which are defined

as functions of hl’ h2, h3 such that

Lo e -
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=1

1
= — F.45
ky =3 5 h (F.45)
2
K = -]-_- 9 ¢(hl’h2’h3) (F.46)
3°73 -
3
Consider the cofactor matrix of the matrix A,
s -
1 P12 P13
2 2 2 2
95 93 919293 919, 93
1 12 1 23 -
Gy =% 7 73 ) (F.47)
010203 Cl 03 Cl 0203
P13 P23 1
2 5 2 o 5 22
9192 93 1 %92%; 1%
- J

where all of the terms have previously been defined, and denote (bik)

by>h. Since A is symmetric, B is also the adjoint of A. Next one

introduces the function w(gl’52’€3) which is defined by (¢ is the
) i

quadratic adjoint of ¢)
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3 b,
V(B Eys8g) = ] — E4E (F.48)
i,k=0 ’

2 2
07 £1° F 20750105618,

2 2
+ 2 013070481847 05 &y

. 2 2
2 p230203£2£3+ o] 3£ 3 (F.é9)

+

where El, £2, and £3 are defined to be functions of vl, v2, and v

3
such that
3 olv,,v,,v,)
g =3 —t 23 (F. 50)
1°72 .
1
3 o (Vy,v,,V,)
£, == 23 (F.51)
2°72 ;
v
3 ¢ (vy,v,,V,)
g =+ 1273 (F.52)
372 A ,,
V3
or
(1-p2.) (0~ )
e o1 P23 _ P127P13Pa3
1°K 7 V1 v

Gl 0102




(Py37P19P23)

_ v.]
0103 3
(o4 ,=p ) (l-p2 ) (Poa=P 4P 14q)
_1.*127P13P23 . 1, PPy
é:2 K 919, V1 o 2 Va 5o Vs
2 2°3
(012=P 1P 0a) (P na=P 140 14) (l-p2 )
_1 (- 137"12°237  *P237P12713 . 12 ]
535 % vy iy vy 7 V3
9193 293 93

Thus in the sense that the £'s are functions of v's, the
function |y can be considered as w(vl,vz,v ). It should be noted

that the constants hl’h2’h3 can be expressed as

EIORIS
h=3
5k,
L Wl ky k)
by =3 ~
5k,
1 Wlkyskyks)
hy =3
kg

‘and the variables v s5VysVq Can be expressed as

1 (EEp,Ey)
Vi°72

3 &1
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(F.53)

(F.54)

(F.55)

(F.56)

(F.57)

(F.58)

(F.59)




B (51289085

d €2

0 w(gl’EZ’EB)

v, =X
372
N

or

2

V1 T 01 By T P1p919,58, T P1391938,
= + 0.%E, + p..0,04E

Vo = 01201981 19, &5 + Py30,0385
- 2

V3 = P13070381 + 030,048, + 03 &5

Also since ¢ and y are adjoints

¢(hl;h2;h3) = w(kls»k23k3)

and ¢(vl,v2,v3) = w(vl,vz,v3)

where it is understood that one is to replace the &'s in equation

F.49 with their functions of v's given by F.50, F.51, and F.52.

complementary set of polynomials Gml,mz,1113

1
exp{~ 5 ¥ (£;-k,E,7ky 185K, }
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(F.60)

(F.61)

(F.62)

(F.63)

(F.64)

(F.65)

(F.66)

The

(vl’VZ’V3)'are defined by |
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1 2 kT k) Ky
= exp{- 5 ¥ (§1,6056)} ] ~ T T Oy ymym, (V1 VoY9) (F6D)

1
ml,mz,m3=0

where it is understood that ome is to replace the Ei's with the proper

function of the Vi's. An equivalent form for F.67 is

3 WE,3E,5E,) 9 W(E14E,,E,) 3 W(g 3€956 )
exp{%-[kl 1222?73 + kz 1272°>3 + k3 1 3 ]
P El ¢ Ez ] 53
m m m
1 @ ko Ry
-9 w(kl’kZ’kB)} = 2 ml! m2! m3! Gml,mz,mB(vl’vz’VB) (F.68)
ml,mz,m3=0

It should be noted that only in the case that

2 2 2 ‘
¢(vl,v2,v3) =V +v,” + vyo= w(vl,vz,VB) (F.69)

&

does one have the factorization into univariate Hermite polynomials,

that is

H V.5V =G (viyv,,vo) =H (vi) B (v,)) H (v,)
ml,mz,mB( 1° 2’V3) My My sMg 1*7°2*7°3 my 1 m, 2 m, 3

(F.70)
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The above case amounts to the correlation coefficients being zero, and
the variables Vi5Vys and vy being statistically independent.

Now the derivative definitions of Hm i (vl,vz,v3) and
1’72273
(v,,v,,v,) are
My 5T, My 1272273

m,+ m,4+ m
1 3
(Vl’VZ !V3) = [ (_l)

1
My 5T, 5Ty exp{5-¢(vl,v2,v3)}]

m, + m, + m,
2 :

1 3
9 1
'l m m m (eXp{— l ¢(V1,V2,v3)})] (F.71)
3. Tov. P, o
1 2 3
and
m,+ m, +m
1 2 3 1
Gml,mz,m3(vl’v2’v3) = [(-l) exp{'z_ W(El’§2,§3)}]

(exp{- 3 W(E,E,,E) DT (£.72)
2., ™3

It is obvious that HO,O,O(vl’VZ’v3) = GO,O,O(vl’vz’v3) =1

It can be shown that (see Appell [1926] pages 367-369)

(Vl,vz,v3) and G

My sMy Ty M, 5,5y (vl,vz,v3) obey the orthogonality

relation




o0 00 o

J J J [exp{— %—¢(vl,v2,v3)} Hml,mz,mB(vl’VZ’VB)]

=00 e OO = OO

-[qu’qz’q3tvl,v2,v3)] dvldvzdv3

3/2 -1/2 5

= (2m) (2)

8 m,! m,! m,!
ml’ql m2’q2 m3aq3 1 3

that is Hm o.m and G are biorthogonal over the
l’ 2’ 3 ql’q2’q3

region (+®,o3—o;-w o) with regspect to the weight function

exp{— %-¢(vl,v2,v3)}.

Integral Expressions, for Hm o .m and G m
1°722M3 My %yt

Conslider the case where ml = m2 =m

equation F.73 becomes

J f J exp{—-% ¢(vl,v2,v3)}dvldv2dv3 = (21r)3/2 (A)_l/2

OO = OO = OO

making the change of variables to

u—ihl, v~ih2, w-ih

228

(F.73)

(vy3v,373)

3=9, =49, =43 = 0, then

(F.74)

(F.75)

where i is the pure imaginary quantity and the hl,hz,h have

3




229

previously been defined, then

dvl = du, dv, = dv , and dv3 = dw

Now - —-¢ (u - l’ v - 1h2 w - ih3)

1 N . . N
-3 {all(u—lhl) + 2a12(u-1h1)(v-1h2) + azz(v-lhz)

+ 2al3(u—ihl)(Wnih3) + 2a23(v—ih2)(w—ih3)

. 2
a5 (w-ih,) }

which after some rearrangement becomes

=1 1 +
=-3 ¢ (u,v,w) + 5 ¢(hl,h2,h3) 4 :{.[u(allhl + alzh + 2y 3)

+ v(a + a,,h, + a h3) + w(a

1201t 2gh,y o2y +aygh, +a

13 1 2 33h3)]

. but from equations F.44, F.45, F.46, and F.65 one has

= - —-¢(u v,w) + = 2 w(k k Jk ) + 1(k u+ k.v+k w)

2

substitution of the above into equation F.74 after the change of

variable F.75 gives
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o o

f f f expl~ 3 6u,v,0) + 3 Pl k) k)

o OO e OO e GO

+ i(klu + kzv + k3w)}dudvdw = (2ﬂ)3/2(A)—l/2 (F.76)

Now multiply both sides of F.76 by

-3/2 1/2

1
(2m) (4) exp{klvl + kv, + kgvy - 3 w(kl,kz,k3)}

to obtain (and recall F.59, F.60, and F.61)

D W(E, €, 4E2) 5 U(E 1E.,E2) 9 W(Eqy 6, 2Eq)
exp{ [k 1*52°%3) 10203 1052073,
2t1 T 2 - 3 -
%1 9 &y . 3

o« o

- Ttk k) = 2m 72 (2 f f f exp{-~ 5 $(u,v,w)

+ ko (vy + 1u) + ky(v, + 1v) + k(v + iw) } dudvdw (F.77)

Now the left hand side of equation F.77 is the left hand side of

equation F.68 and recall that

m m
© kl l(vl + iu) 1
exp{kl(vl + iu)} = Z (r.78)
ml—O 1
m m
o k2 2(v2 + iv) 2
exp kz(v2 + iv) = Z (F.79)
m,!
m,=0 2
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exp{ky(vy + 1w} = ) (F.80)

So substitution from equations F.68, F.78, F.79, and F.80 into equation

F.77 gives
m m m
co k 1 k 2 k. 3
) i i i v i T o im,m, (V10V20 V)
" ! 5! 3! My 5T, 5My
ml,mz,m3—
m m M o0 o
= K ' ky kg 3/2 . 1/2
C o w [[]
] ! !
ml,mz,m3=0 ml m?_ m3 —00=00=00
™ M M3 1
(vl + iu) (v2 + iv) (v3 + iw) exp{--i ¢(u,v,w)}dudvdw (F.81)

and by equating terms of like powers in kl’kz’ and k, one obtains the

3
integral expression for Gml’mz’m3(vl,v2,v3), that is
N =372 1/2
= )
ml,mz,m3(vl’V2’V3) (2m) (2) fff(vl

m m m

+ iu) l(v2+ iv) 2(v3+ iw) 3 exp{--% ¢ (u,v,w)} dudvdw (F.82)
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By an exactly analogous argument one finds

L .=3/2 ,.\1/2
ml,mz,m3(vl’v2’v3) - (2'”,) (A) J J J (El
M ) M3 1 g
+ iu) (£2+ iv) (£3+ iw) exp{- E-w(u,v,w)}dudvdw (F.83)

Now if one differentiates equation F.82 with respect to Vi using

Leibnitz's rule, one has

G (V4 3VasV,)
Ty My 5Ty 1°7°2°73

= m,G F.84
v M1 ml—l,mz,m3 ( )

1

and similarly

3G 7., 3V
ml,mz,m3(vl’ 2’V3)

m,G _ (F.85)
2 m, 5, l,m3

oV

2

3G
ml,mz,m3(vl’v2’v3)

ov

m3Gm R (F.86)
3 1*72*73

Likewise differentiating equation F.83 and recalling equation F.53,

F.54, and F.55, one has
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3 H (VqsV,sV,y)
My ,M, My 1°7°2°°3

Vv

= mlallel--l,mz,m
1

3

+ m,a. H H
2712 ml,mz-l,m3 - m3a13_ml,m2,m3-l (F.87)

where aij represents elements of matrix A given by equation A.88.

Similarly, from differentiatien with respect to v, and vy one has

aHm,m ,m (vl’VZ’v3)
17 2°3 = m.a,, H
5 v, 1712 ml-l,mz,m3
+ m2a22Hml,m2-l,m3 + m3a23Hml,m2,m3-l (F.88)
g Hm ,M, (Vl’VZ’V3)
1272°73 - ma H
5 vy 1 l3’ml—l,m2,m3
+ m.a,,H _ + m,a,H _ (F.89)
2723 my,m, l,m3 3733 M) s, 5Ny 1 .

Recursion Relations

Substitution into equation F,43 from equations F.50, F.51, and

F.52 gives

1
exp{h €, + hy€,) + hafy = 5 ¢(hy,hyuh0) )




m m m
1 2 3
-3 i S T W
- { 1 ] ;
ml. m2 m3. ml,mz,m3

ml,mz,m3=0
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(vl,vz,v3) (F.90)

Taking derivatives of both sides with respect to hl gives

m m
hl h2 h3
(g,-a, h.-a. . h-a . h.) Z = 2. 3 H (v, ,v,5,v,)
1 7111 71272 71373 m,f m, ! m,! m, ,m,,m,  1>°2*"3
m.=0 2 3 1°72°73
MysMpetiy
(ml—l) m, my
o0 hl h2 h3
= Z Y ' ' my ymysm (vl,vz,v3) (F.91)
o =1 (ml )! m, ! my! 3
1
m2,m3=0
m-1 M,y m,
Equating coefficients of hl hz h3 one obtains
g.H a,,H a H _
1 m, l,mz,m3 _ 11 my 2,m2,m3 _ 12 my l,m2 l,m3
~1)im tm.§ - tm. o ! -1y - 'm.!
(ml l).m2.m3. (ml 2).m2.m3. (ml l).(m2 l).m3.
a13Hml-—l,m2,m3—l My My 5Ty

(ml—l)!mzi(m3—l)! (ml—l)!mzm !

3

Multiplying both sides by (mljl)!mzlm3! and

(F.92)

rearranging gives
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H - H + a m,-1)H
my sM,,Mg El ml—l,m3,m3 ll( 1 ) m

172sMysmy

+ alz“‘szl R

_ . =0 (F.93)
3 1 l,mz,m3 1

~l,m_~-1,m

2

In an analogous manner one cobtains

My 5M, Mg - EZHm ,m

+ a..m.H
1 12

2—l,m3 1 ml—l,mz—l,m3

+ a22(m2_l)H =0 (F.94)

ml,mz—Z,m;'a23m3Hml,m2—l,m3—l

m,,m,,m, — §.H 4 ta;mi _
1*72°73 3 my5My Mg 1 1371 my l,mz,m3 1

+ a H + a -1) u =0 F.95
23™2 ml,mz—l,mS—l 33(m3 ) ml,mz,m3—2 ( )

By a similar argument, using F.68 and taking derivatives with respect

to kl, k2, and k3 one obtains

b

Gm m.,m, Vle -l,m.,m + ~ (ml_l) Gm«—Z m, ,m
1°72°73 1 727273 A 1 77273

L P12 b3
MG 1, m-1,m, T
A 1~ Llamy=Llomg A

]
o

(F.96)
mSGm -1,m,,m,-1
1 273
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b
G - V2 G m.—-1l,m + 2 mlG ~-1,m.~-1,m
MysMysMg MysMy=LsMg A My=LsMy=2smg
b b
22 23
D G o, Y T "t Lyl =0 (F9D
b
G m —V3G m,~1 + 1% ml Gm -1,m. ,m.~-1
My sMysMg My sMy,Mg A 1 Mgt
b b
23 33 -
+ =2 ne + —= (m.-1) G =0 (r.98)
A 2 m;sm, l,m3 1 A 3 my »M, 5y 2

Formulas for the First Few Polynomials

Using the defimitions or the recursion relations, one arrives

at the following formulas:

B5,0,0= 1
v v v
1 2 V1 2 3.
Hy 9,0 © Ko, [(1'923)'EI - (912'913923)'55 = (Py37P15P3) E;J =&
(F.99)
v v v
1 2 2 3.
Hy 1,0 © Kcz[(l'°13) o, " (Py9=P13P93) o~ (Py37P19P13) E;] =&
v v v
Hy0,1° Ko, [(1=py,) 7, (Py37P12P53) 5, (Py37P19P13) 02] t3




(Py57P13P23) 1
Hy 1,07 =
] s
KOlOZ K 0102
v
3 2
- -P — -
(023712013) 5 117029
(P19=P72P0a)
- - 12771323 £k
1,1,0 Ko.o 172
12
, (04470150 54)
- _ 13 712723" £ &
1,0,1 Koo 1°3
1°3
(0 q=P190q47)
- _ _-23"12°13° o
0,1,1 Ko ..o 273
273
2
- _ E2 _ (1—023)
2,0,0 1 K g2
g
1
2
- _ E2 _ (1_013)
0,2,0 2 Ko 2
2
2
. _ 2 (1-p7,)
0,0,2 3 K o 2
3
3,0,0 1 2 1
K ol

237

2. V2 vy
[(-e33) 5= (P127P1323) 5
2 1
Loy, 12 = (o) 501092
g P127P13P23’% P137P12P23/5
1 2 3
(F.99
Cont.)




1138

Hy,3,0 = 827 2 &2
Ko
2
2
H S ___3(1_p12)
0,0,3 3 2 !
Kag
3
200y~ ) (1-p2)
- _ 2, , 2F127P13P23 T TP23
2,1,0 - &% < &1 o 2 )
919 91
2y - ) (1-62.)
u _ 2 “7P127P13Pa3’ . DTTTI3Y
1,2,0 1% N ) o 1
919 2
200, 1= 0200, 2) (1-02.)-
137 P12P23 E
Hyo,1° &5 7 8- T2 &
> Kolo3 Ko 1 (F.99.
Cont.)
2(P, 4= P, Ps2) (1—02‘)
. =€l€2Jr 137 P12P23 :, - 12 3
1,0,2 3
Kolo3 Kdg
L2
. o2, Heagtenaeg) o (epg)
0,2,1 = 253 . & 23
0203 0'2
L2
u _ 2, 2(py3=py9P13) ; (-ey,)
0,1,2 ~ %% . 3 w2 )
993 93
(pya=Pq15P72) (p127P19Py)
~ 237P12P13 137 P12°23
H1,1° 858" . 9t <
9293 %1%
) . . .




4,0,0

0,4,0

0,0,4

3,1,0

3,0,1

1,3,0

€183

239

(p157P13P23)

£
K 0102 3
2 2 7] 2
(1—023) 9 (1—023)
6 S+ 3 ]-
Ko 2 1 o 2
91 | 91 ]
2 . 2 2
6 2+ 3=
Kg 2 2 Ko 2
2 " 9
-2
2 2
6 ——— &5 + 3 |—=
Ko3 K ok ]
(P14=014Pna) (l—o2 )
Vi
4 3 —0127°13%23 2 -3 22 £, i
K o.,0 ’ Ko .
172 1 Cont.)
102 - .
P23 |{P127P13P23
- 3 2
Kol K Ol 2
(04 - ) (1-02.)
43 0137012237 2, 27023 E
1 2 153
K 0103 Kcl
1-02 - »
_ 5| P23 |f137P12%23
2
Kol K 0103
(0100120 (1-02.)
L g 0127°13%23° 2 g 13°
2 2 1°2
K o.o Ko

172 2




2
1=p14 | [P127P13P23

-3
Kczz K o409,
(0 - ) (1-02.)
. S FE 137127237 2 P -
1,0,3  °371 X 3T 2 1°3
0'10'3 0'3
1-p2 -
5 P12 P137P12P23
Ko2 K
0'3 “ 0-10-3
(P a=PqnPqa) (l—p2 )
3 237P12P13 2 12
Ho,1,3= B35 %3 — — G 373 2 fafs
293 3
-0 -
_ 3 P12 [523 P12°13
2 ‘
Koy L K 0,04
‘ (Phq=P1oP13) (1-p2.)
.3 237°12°13) 2 13
Hy 3,1 828313 oo &, - 3 o 2 £283
293 2
1-p2 -
_ 3 °13] | P23712°13
3 .
Kcz K 0203
2 L2
. 22 Uy £ (1-053) 2
2,2,0 = 5152 2 &1 2 2
Ko Ko
2 1
2
(Pqn=P{2Pna) P1n=P 4P
4+ 4 P127°13023 £, 42 127P13P23
Ko.o : K o.o

172 172

240

(F.99
Cont.)
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2 2
I=p13 | | 17P33
+ 2 7
K02 Kol
(1-p2.) (1-p2.) (0 - )
u Jg22 P12 2 TP 2y 4 13701228
2,0,2 ~ 51°3 o2 178 3 o 1°3
3 i 1%3
- 1- 1-p2
P137P12P23 P12 P23
+ o L=—2s 42 +
K o.0 F02 K02
1°3 _ 93 1
(1-02.) (1-02.) (0, m )
2.2 P12 2 P13’ 2 P237°12°13
H =gEl - —— £ - ——, + £,8
0,2,2 = °2°3 o2 2 o 2 73 . 2°3
3 9 293
. - ) ) (F.99
P237P12P 13 I-p1o |{1P13 Cont.)
4 |2 thel2 + >
K 0203 K03 K02
(Pqa=P19014) (P14=P14Pna)
) 237P12°137 2 137°12°23
Hy 1,17 516285 % X oo 81 *2 N £1%9
23 1%3
(- ) (1-p2.)
P127P13P 23 P23
+2 £ £, - —=— L
K oo 153 K o2 273
192 %1
- -0 1-p2 -
4+ o |2127°13%23] | 13701203 | P23|[°237°12°13

2
B K 0102 K 0103 Kol K 0203




. -t % 4 (P137P19P23) 2 4o (P19=P13°23) E e
1,2,1  ~1°2°3 % 5.0 2 X 6.0 23
1°3 1%2
(0 am ) (1-p2.)
‘9 Pa3™P15P13 : P13
oo 15 2 £183
2%3 2
- N - 1262 o -
‘o P127P13P23| |P237P12P13 P13{]P137P12P23
)
K 0102 K 0203 K02 . K 0103
o (P197P14P53) ) (py37P19P13)
H = £ E £, + 2 E.&
1,1,2 © %152%3 oo 3 oo 153
1%2 293
© ) (1-p2.)
13712°23 _ P12
+ 2 E6Q = — €. &
K o.o 2"3 K 02 172
1%3 3
- - - 1- 2 -
4+ o P237P12P13| 1P137P12P 23 P12(1P127P13P23
2
K 0203 K,0103 K03 K 0102
Co,0,0 = 1 G10,0= "1 Co,1,0 = V2
€1,1,0 = V1¥2 T 12919
G1,0,1 = V1V3 T P13°1%3
Co,1,1 = V2V3 T 239293

242

(F.99
Cont.)

(F.100)




%,0,0 ~ Vlz -
0,2,0 = sz -
%,0,2 = V32 -
3,0,0 = V13 -
€0,3,0 = v23
€,0,3 ° V33 -
,1,0 = V1 V2
1,2,0 = V1%
¢,0,1 ° Vlzv
1,0,2 = V1V3
€0,2,1 = V22"3 B

2
%0,1,2 = V23 ~

Gl,l,l = Vv,V

3 "

= 2019919,V

= 20749193 V5

2 pyq0,03Vy =

P12919V3 ~

~

_2 _ 4.
P129197V1 ~ 91 ¥y

-0, v

21

3 7 2 P1399193V) T 93 Vg

2

~ 93V

2

2 Ppyq0yT3Vy = Ty Vg

(o] 2"
3 V2

P1391%3V2 ~

P239,93Y)

243

(F.100
Cont.)




4,0,0

0,4,0

0,0,4

3,1,0

1,3,0

3,0,1

1,0,3

0,3,1

0,1,3

2,2,0

2,0,2
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4 2 2 4
Vl - 6 01 Vl + 3 01
4 2 2 4
v2 -6 02 v2 + 3 02
4 2 , 4
vy —603vy + 30,
v 3v - 3p,,0.0,v 30, v.,v, + 3 p,,0 30
1 V2 1291%2V1 1 V1Y 1291 92
-3 2 342 + 3
Viv2 P12919V2 9, V1Y P12%19
3 2 2 3
vyTVy - 3 p130103vl -3 ol ML) + 3 P39 93
3 2 2 3
vivgyT - 3 P1391%5V5 - 3 Oy ViVq + 3 P1391%3 (F.100
Cont.)
3 2 3
Vo Vg = 3 Py30,04Vy" = 3.0y Vyva t+ 30,450,704
3 2 2 3
VoVaT - 3 p230203v3 3 04 Vyvg + 3 P930,03
z -a 2, 2 -0 2 - 4 T,0.V + 2,2
1% 2 V1 1V2 P129192Y1V2 T 91 9y
+ 2¢( 0.0 )2
P1291%
v 2v 2 -0 -0 2v z -4 g.0.,v,v, + 2,2
13 3179 VY3 P139193V1V3 T 91 %3
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c _o2,2_ 22 2.2 _, f g2 2
0,2,2 - V2 V3 T 9379y T Ty V3 T % Py39,93VyVy T Ty Ty

2
+ 2(py49,93)
= 2 - 2 _ 2 0.0 -2
2,1,1 - V1 V2¥3 T P23%2%V1 P129192V1Y3 P13%1%93V1V2

+ 017030503 + 2(p159705) (p140,03)
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Expansion of a Function in terms of the Polynomials-
A function F(vl,vz,v3) can be expanded in terms of the

trivariate Hermite polynomials as follows:

F(vysvpsv3) = ) By,9,x8, 1,V 10Y20s)
1,j,k=0

or
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By a straightforward application of equations F.10l1 and F,103, one

‘obtdins the following useful equations:
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(¥.106)

(F.107)

One can also expand a function F(vl,vz,v3) in a series of terms

of the form exp {--% ¢(vlv2v3) }Hi,j,k(vl’VZ’v3) as follows

F(vl,vz,v3) = Z
1,9,k=0

where

oo oo

Dy g ™32 e kTt [ [ [

e 00 e O3 = O3

F(vl,vz,v3) Gi,j,k(vl’VZ’v3) dvldvzdv3

1
Dy 4k oxP 1= 9Cv vy, vad HHy o (v1,v),v5)

(F.108)

[- -

(F,109)

and this type of expansion would be a trivariate Gram-Charlier series

expansion.

i
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