Separators, Brambles, Tree Decompositions
and Excluding Clique Minors

JOURNAL OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 3, Number 4, October 1950

A SEPARATOR THEOREM FOR NONPLANAR GRAPHS

NOGA ALON, PAUL SEYMOUR, AND ROBIN THOMAS

1. INTRODUCTION

A separation of a graph G is a pair (4, B) of subsets of ¥V (G) with AUB =
V(G), such that no edge of G joins a vertex in 4 — B toa vertexin B — A.
Its order is |[AN B|. A well-known theorem of Lipton and Tarjan [2] asserts the
following. (R™ denotes the set of gative real bers. If w: V(G) —= R*
is a function and X € V(G), we denote Y (w(v): v € X) by w(X).)

(1.1)  Let G be a planar graph with n vertices, and let w: V(G) — R" be a
function. Then there is a separation (A, B) of G of order < 2v2\/n, such that
w(d - B), w(B-A) < Jw(V(G).

Our object is to prove an extension of (1.1) for nonplanar graphs with a
fixed excluded “minor.” A graph H is a minor of a graph G if H can be
obtained from a subgraph of G by contracting edges. By an H-minor of G we
mean a minor of G isomorphic to H . Thus, the Kuratowski-Wagner theorem
asserts that planar graphs are those without K- or Kl ;-minors. We prove the
following:

(1.2) Let h>1 bean integer, let G be a graph with n vertices and with no
K,-minor, and let w: V(G) — R* be a function. Then there is a separation
(A, B) of G of order < h**n'"? such that w(A - B), w(B - 4) < Jw(V(G)).

Our thanks to N. Linial, who pointed out several years ago to the second
author that a result like (1.2) was probably true. We think that the expression
W' in (1.2) is not the best possible, and that O(Imm) is the correct answer,
but have not been able to decide this. If true, this would generalize a result of
Gilbert, Hutchinson, and Tarjan [1] that every graph with n vertices and genus
g has a “separator” of order < O(g”Zn”Z) , because K, has genus > Q(hz).
Every 3-regular expander with n vertices is a graph with no K,-minor for
h=cn'?, and with no separator of size dn, for appropriately chosen positive
constants ¢ and d ; and hence the estimate O(hn'/ 2) would be the best possible.
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Decomposing On A Separator




All Planar G have a cutset X s.t. | X|=0(|V]) and each
component U of G-X has at most log log | V| vertices




Approximation Algorithms

* Can efficiently find a cutset X of o(|V])
vertices s.t. each component of G-X has at
most log log |V| vertices in any graph G
provided we can find a small separator for
each subgraph of G in linear time.

* Can thereby approximately solve many
optimization problems in O(|V| log |V])
time on such graphs.
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The tree-width of a graph G is the minimum & such that G may be decomposed
into a “tree-structure” of pieces each with at most & + 1 vertices. We prove that this
cquals the maximum & such that there is a collection of connected subgraphs,
pairwise intersecting or adjacent, such that no set of <k vertices meets all of them.
A corollary is an analogue of LaPaugh's “monotone search™ theorem for cops
trapping a robber they can see {LaPaugh’s robber was invisible).  « 1993 Acudems
Press. loc

1. INTRODUCTION

Here is a cops-and-robber game, played on a finite, undirected graph G.
(All graphs in this paper are undirected, and finite unless we say
otherwise.) The robber stands on a vertex of the graph, and can at any
time run at great speed to any other vertex along a path of the graph. He
is not permitted to run through a cop, however. There are k cops, each of
whom at any time either stands on a vertex or is in a helicopter (that is,
is temporarily removed from the game). The objective of the player
controlling the movement of the cops is to land a cop via helicopter on the
vertex occupied by the robber, and the robber’s objective is to elude
capture. (The point of the helicopters is that cops are not constrained to
move along paths of the graph—-they move from vertex to vertex

* This research was performed under a c i g with Bell and while
visiting the DIMACS Center at Rutgers University.
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The Seminal Papers

* |nvestigate two strengthenings of the property:
Every subgraph has a small separator.

* Use these to provide an algorithm for finding a
small separator in certain nonplanar graphs

* Characterize which graphs have these properties
using a slightly different decomposition tree
built using separators
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S-Separators and Linkedness

 For asetS of vertices, an S-Separator is a
subset X of V such that every component U
of G-X satisfies:

JlUNS| £|S]|/2

e Link(G) is the maximum k such that there is some
S for which there is no S-Separator of size <k.
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Brambles and Their Orders

A Bramble is a set of connected subgraphs
every two of which intersect or are joined by
an edge.

A Hitting Set for a bramble is a set of vertices
intersecting all its elements.

The order of a bramble is the minimum size of
a hitting set for it

BN(G) is the maximum order of a bramble in G
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BN(G) AND Link(G)

Link(G) £ BN(G) £ 2Link(G)

The order of 3 is the size of a minimum
separator for S.

For any X with |X|<ord(B) there is a unique
component f(X) of G-X containing an element of

.



Separators in Planar Graphs

e Easy Proof that a planar graph has no
bramble of order exceeding 5V|V| vertices.

* Proof that every planar graph has a separator
with 2.12V|V| vertices

Alon, Seymour, Thomas 1994.



Trees, Single Vertex Separators,
And Choosing Sides
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And Choosing Sides



G Has A Single Vertex S-Separator For
Every S Precisely If It Is A Forest

X



Tree Decompositions
And Their Widths

A Tree Decomposition of G Consists of A Tree
T and A Subtree S, of T for each v in V(G) s.t.
if uv is an edge then S, and S, intersect.
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Tree Decompositions
And Their Widths

A Tree Decomposition of G Consists of A Tree
T and A Subtree S, of T for each v in V(G) s.t.
if uv is an edge then S, and S, intersect.

* |ts width is the maximum of |W,|-1 over the
nodes of T where W, ={v | t isin S}

 The treewidth of G is the minimum of the
widths of its tree decompositions.



Tree Width and Link(G)

* A Graph of Tree Width k has an S-Separator of

size at most k+1 forallSCV



Tree Width and Link(G)

* A Graph of Tree Width k has an S-Separator of

size at most k+1 forallSCV

* A graph G which has an S-Separator of size at
most k for every SC V has treewidth at most 3k



Build Tree Decomposition Where Edges
Are In The Leaves




Brambles And Tree Decompositions
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Brambles And Tree Decompositions

* If BisaBramblein Gand [T, {S,| vinV}]is a
tree decomposition of G then there is some

node t of T s.t. W, is a hitting set for 3.

 The Tree Width of G is BN(G)-1.
Seymour and Thomas, 1993.



Minors, Models, and Brambles

e Hisaminor of Gifitcan be obtained from a
subgraph of G via a sequence of edge
contractions.



Minors, Models, and Brambles

e Hisaminor of Gifitcan be obtained from a
subgraph of G via a sequence of edge
contractions.

 An H-model in G is a set of disjoint trees
indexed by the vertices of H such that if uv is
and edge then T, and T, intersect.



Minors, Models, and Brambles

e Hisaminor of Gifitcan be obtained from a
subgraph of G via a sequence of edge
contractions.

 An H-model in G is a set of disjoint trees
indexed by the vertices of H such that if uv is
and edge then T, and T, intersect.

* G contains an H-model ifand only if His a
minor of G.



Minors, Models, and Brambles

H is a minor of G if it can be obtained from a
subgraph of G via a sequence of edge
contractions.

An H-model in G is a set of disjoint trees
indexed by the vertices of H such that if uv is
and edge then T, and T, intersect.

G contains an H-model if and only if His a
minor of G.

A K, model is a bramble of order | whose
elements do not intersect.



Nice Tree Decompositions of Graphs
Without Large Clique Minors

* If G has no K¢ minor then it has a tree
decomposition where for each node t of the tree,

the graph F, corresponding to t is planar or a
specific 8 vertex graph

Wagner, 1943




Nice Tree Decompositions of Graphs
Without Large Clique Minors

If G has no K minor then it has a tree

decomposition where for each node t of the tree,
the graph F, corresponding to t is planar or a
specific 8 vertex graph

Wagner, 1943
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Excluding Large Clique Minors

* For any |, can find a separator of size O(V|V|)
in any graph without a K, minor in linear time

Kawarabayashi,Li, and Reed 2011



Excluding Large Clique Minors

* For any |, can find a separator of size O(V|V|)
in any graph without a K, minor in linear time

Kawarabayashi,Li, and Reed 2011

* For any |, can find a Robertson-Seymour tree
decomposition of a graph without a K, minor
in O(|V|log |V]) time.

Kawarabayashi, Li, and Reed 2011



Indistinguishable Brambles

* Two brambles 3, and B, are indistinguishable
if for every set X such that | X]| is less than the
minimum of the orders of the two brambles,
the two brambles choose the same
component of G-X.



Quickly Excluding A Planar Graph

* If G contains a bramble B of order f(k) then it
contains a bramble corresponding to a k by k
grid which is indistinguishable from it

Robertson, Seymour, Thomas, 1995.



Quickly Excluding A Planar Graph

* If G contains a bramble B of order f(k) then it
contains a bramble corresponding to a k by k
grid which is indistinguishable from it

Robertson, Seymour, Thomas, 1995.

* The grid model can be found in linear time if B is
B, for some set S which has bouded size oris V.
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Finding Small Separator in Graphs
Without K, Models

For three huge constants K<< c<C, if B, has
order at most c then can find a separator of

size C in linear time.

Otherwise, find a k by k grid model
indistinguishable from B,,

Find a nice quasi-embedding of the graph with
respect to this model.

Find an O(V|V]) separator in the part of the
graph embedded in a simple surface.
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Finding Tree Decompositions of
Graphs Without K, Models

* Proceed as in bounded tree width case until the
root set S has size 2c and no c separator.

* Find (i) a k by k grid model indistinguishable from
3. and (ii) the associated quasi-embedding.

* Put the embedded part into the tree node, and
nave children corresponding to the cutsets
cutting off the non-embedded pieces.




One Extra Piece

 Forallland tthereis an €>0 such that if G has
no K, model then it either contains a matching
with €|V| edges or a stable set S with €| V|
vertices such that each vertex of S has the
same neighbourhood as t other vertices.

Reed and Wood.



Back To The Basics

 Brambles define a choice of component for
each small cutset.

* Can walk towards a bramble to build a simpler
bramble which is indistinguishable from it.

* Repeated separation yields a tree
decomposition.



Happy Birthday Robin!



