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Physical applications of multiplicative stochastic
processes. Il. Derivation of the Bloch equations for

magnetic relaxation

Ronald Forrest Fox

School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332

(Received 29 August 1973)

The multiplicative stochastic process treatment of the time development of the density matrix for a
subsystem in contact with a heat reservoir is applied to the specific problem of the relaxation of a
nuclear magnetic moment which is interacting with a fluctuating magnetic environment. A model for
the fluctuating interaction Hamiltonian, appropriate for the magnetic moment case, is presented, and
the Bloch equations for nuclear magnetic relaxation are constructed as a consequence. Agreement

with empirical observations is noted.

I. INTRODUCTION

Consider a subsystem in contact with a heat reser-
voir. The Hamiltonians for the subsystem and for the
reservoir will be denoted by Hg and H, respectively.
It will be assumed that the state of the reservoir is
given, on the average, by its equilibrium state through-
out all time. Therefore, the interaction between the
subsystem and the reservoir will be represented by a
stationary, purely random, Gaussian interaction Hamil-
tonian, H(/).1—4

Latin indices will be used to denote eigenstates of
the subsystem Hamiltonian:

Hyl) = E,ld. _ (1)

Greek indices will be used to denote reservoir eigen-
states:

Hplo) = E |a). (2)

The identity matrices for the subsystem eigenstate
manifold and for the reservoir eigenstate manifold are
denoted by 15 and 1, respectively. The total Hamiltonian
which acts in the direct product manifold of the sub-
system manifold and the reservoir manifold is given by
H ., =Hg®1,+1,2H, +HQ. (3)
Clearly, H(t) acts in the direct product manifold since
it provides the interaction coupling. It has a matrix
representation in the direct product manifold given by

By, 55(0) = (e |G B (78). (4)

The Schrodinger wavefunction ¥(/) may be expanded in
terms of direct product basis states giving

(t) :Z) § C; 01 a). (5)

" The density matrix for the complete system is defined
by

Piqpld) = CE(DC, (). (6)

Two physically motivated assumptions are imposed in
order to arrive at a dynamical equation for the density
matrix for the subsystem only. The assumptions are:
(a) the interaction is energy conserving which means

Hmjﬂ(l) =0 unless £,

1

+E, =E, +E, (7

and (2) the averaged total density matrix factors for all
times into a product of a time-dependent averaged sub-
system density matrix and a time-independent averaged
reservoir density matrix3:
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wherein @

RGP (O e I (IS (8)
where

<pag> = (I/QR) eXp(—Ea/KBT)é -8 (9)
with

Qp =2 exp(— E /KT), (10)

where K; is Boltzmann's constant and 7 is the
temperature,

The resulting dynamical equation for the averaged
subsystem density matrix is3

E<pij(t)> =— Z(Ei - Ej)(pi](l‘» - Ti]i']'<pi']'(t)>, (11)
where T, is defined by3
Tipip = 7 Z; R airaryall/Q) exp(—E /Ky T) (12)
o o

in which B, 4,1,

Rigieiraye = Gitﬁaa'§§ Q,606%0%'s’

+ 5]‘]'586’20; GZ,:‘ Qoorici’ares’ — 2Q 5,8 ' ariar  (13)

g is defined by?3

iajpi'e’yrs 18 determined by the second mo-

ments of H(¢) through the definition3
Hi o g OH s (S) = 2Q, o sirgrypr 8L — 5). (14)

The assumption of energy conservation may be used to
show

T.o.ow =Tk,

iji'y 7'y

expl— (E, + E, — E,, — E,)2K;T]  (15)

which is a generalization of the detailed balancing con-
dition for a thermally buffered system.

These formal considerations provide a context in
which to present the stochastic description of the re-
laxation of a magnetic moment in an environment
which produces a fluctuating magnetic field. In the
next section a specific model for the interaction piece
of the Hamiltonian will be introduced, and the Bloch
equations will be constructed from the interaction.

If. DERIVATION OF BLOCH'S EQUATIONS

Denoting the x,y, and z components of the averaged
magnetic moment by M, , M ,and M, the Bloch equations
are given by

d -1 _

M0 == (1,0 = M (), (16)

d 1

d—th(l):———iMx(i)*(E¢—E¢)My(l‘), (1
Copyright © 1974 by the American Institute of Physics 217
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d

G0 == M0+ (E = E) ML, (18)
in which T, is the longitudinal relaxation time and 7, is
the transverse relaxation time. M, () is the asymptotic
equilibrium value of M ,(#), and is nonzero if the whole
system is at temperature 7, and in the presence of a
constant external magnetic field along the z axis. Under
these conditions, 3, (=) for a spin 3 magnetic moment

will be given by
exp(— E, /K T) — exp(—
exp(— E; /KzT) + exp(—

where £, and E are the energies for the magnetic moment
when it is parallel and antiparallel to the external field.

Redfield has reviewed the problem of deriving the
Bloch equations from a density matrix equation, which
equation is often referred to as Redfield's equation.5
The derivation of Redfield's equation utilizes 2nd-order
perturbation theory for short time intervals, and makes
minimal use of the stochastic properties of the inter-
action.> The derivation of the equation (11)3 used in this
paper makes no perturbation series approximations and
depends critically upon the stochastic nature of the
interaction. Kubo has emphasized the difficulty in ob-
taining the Boltzmann factors in M, () when a stochas-
tic approach to this problem is attempted.® In this pre-
sent paper it is seen how the Boltzmann factors appear
naturally through the factorization of the total density
matrix for a subsystem and a reservoir.3

The structure of the interaction Hamiltonian to be
used here depends upon the following considerations:

K,
M, () = :;K :TF

z

(19)

(1) The magnetic moment will correspond to a spin

3 object.

(2) The effect of the reservoir will be manifested by an
effective spin 3 reservoir magnetic moment.

(3) The interaction will have the same form as in the
Heisenberg ferromagnetic interaction, but with fluctu-
ating coupling constants.

(4) Energy will be conserved by the interaction.

Both the subsystem and the reservoir correspond with
two state manifolds, and consequently Pauli spin ma-
trices may be used to represent both the magnetic
moment and the effective reservoir magnetic moment.
The interaction Hamiltonian is, then

ﬁ-ajﬂ(l) = [ox oxﬂhx() +0%!joyasily( )15, .5 + 0%, 0%, hzat):

i iBYja
wherein the Pauli spin matrices are (20)
01 0 —i
x x ¥ ¥y
U”’U"‘ﬂﬁ(l 0)’ O”’U“‘ﬁ(i 0)’
(21)

: oz 1 0
Uijlocdi_> 0 _1‘

The factor 0,30, 1in (20) provides for energy conserva-
tion during the transmon and it appears with the x and
y components only because the z component terms
automatically conserve energy. Both 7*(¢) and %7 (f)
represent fluctuating coupling coefficients. They factor
completely in the x andy terms because the interaction
Hamiltonian is Hermitian, The z component, however,
contains different coupling coefficients for each possible
choice of indices and is, therefore, given with appropri-
ate indices. The Hermiticity of the 2 component terms
is guaranteed by its form. It is assumed that all six
coupling coefficients are purely random, stationary,
Gaussian stochastic processes with average values of
zero. Furthermore, no cross correlations are assumed

o t s 4 mr ma ~ -1 B ‘o A

to exist, and the x andy fluctuations have identical
second moments. These conditions are expressed by

Gx(e)) = Ry = e () =0 fori=1,2anda=1,2,
- - _ (22)
()R (S)) = h* (3 (S = (¥ (D3 S

= (i3 (Oh2,(9)) = 0, (23)

fori=1,2j=1,2a =1,2and B
{=jand a =8,

RxOh=(S)) = Gy (DR (S)) = 2Q*¥5(t — S)
and _ _ (24)
(2 (Ohz (S)) = 2@=5(t — S).

In a constant external magnetic field directed along the
z axis, the magnetic moment takes on two energy values
for its spin parallel or antiparallel with the external
field. These energies are given by

and E, = — gBH, (25)

=1, 2 but not both

ET = +gﬁH

where g is the nuclear g factor, 8 is the nuclear magne-
ton, and H is the external field strength, for the case of
a nuclear magnetic moment such as a proton. Equations
(25) and (20) lead to a special instance of (11) with the
requirement that 7, ., be determined from (20) using
(22), (23), and (24).

In order to get an expression for T,y Eas. (12), (13),
and (14) will be used, in reverse order. "An outline of
this computation follows.

Equations (14), (20), (23), and (24) lead to

- 3 oY
Qiujpitays = (0%, oaﬁo.ro ,B. +0? oaao A rt,)
xQ"yoiﬁomol,ﬂro, 0,000 @00 o (26)

In order to calculate RWJB2 «'j'e’ according to (13), some
special cases of (26) are needed.

z E E E ¥
e o Rjpooroerys = 93008065 Tgrar 9767 b O30 rs)
x,y
XQ ]6;69569516 gt +0j90ﬂ9’ 09]'09'5' Q 6]6 639’

- oF Y yx-Y
- 61‘]’666’( JBOﬂJ ﬂ] 18 + OJBOBJ BJOJB)Q

+ o;jozﬁﬁoﬂ,oBB,Q s (27
Ze)g; Qootiairame’
=040 (OazoLaolagaz + Oazofaozaoyac)Qx'y
+ Ull ix'a Oi'i'oa'a'Qz' (28)

Therefore, it follows that

R 8,10

— y .y oy .y
iajBitans’ = 00y 11"5&3'( ;e bJOBJO]B +0893:96,078

x x.y
+o* omomoalJro ola m ocl)Q

+ (8,100 410540 5

z z
39889, 0% 1 OO N

S 05 e +9; ,GBB,OH wraYi

~2(0 ,oﬂa,o o, +o 510

'Y ol o O

¥y ¥
BB'OH 1 cz)

2y r4 F
X Q" 0,050 ,8, — Zojj,oﬁa,oi,ioa,aQ 6]i'6ﬂo¢"

. . 29

To get T””, according to (12) requires (29)
y oy ¥

?Riajai‘a'fﬂ' - 6”'611'60¢'B {0 'Oa'J Oa Joja + OJOt'Oa'JO oi%5ar

X x
+ 0707007 10 + 07 wi07,107, 0% Q%Y

Sl OF ofo” ,o.,o,,+6.,o

z

'Y ala 'B'Oz'z'o )Q
%, N
lofx,iy)Q Jéi.].o

o, B,o”cra,a,Q B (30)

— 2(0* .0 ,B,o,.o ,,+o 107 ,B,o LYY

—20



219 Ronald Forrest Fox: Physical applications of multiplicative stochastic processes. i 219

Therefore,

1 E ,
”U'“ZZszw'a';'a' 2, exp <_ K:T)

1 E.
:61'1:'6]]' }2 |:1 ——Q—Rexp —'KBT'

" 2|:1 —i exp<_ Ei >:|’Qx’y
Qx KT/l
1
+ 0300, 2Q% — 20,,:0,,2(1 — 6, )Q¥Y =—
R
Ei
x exp <‘I{‘7 251]5”76” Q ’ (31)

wherein (21) was used as well as (1/Q ;) exp(— E,/KT)
+(1/Qp exp(— E, /K T) = 1. Several special cases of
(31) will be used and are given by

Ty, =2Q%% + 2Q%  for i # j, (32)

Ty = 4Q%¥[1 — (1/Qp) exp(— E /K T)), (33)
Ty =—4Q%3(1/Qp exp(— E,/K;T) fori= i, (34)
T, =0 (35)

All other choices of indices for T,
values as with (35).
Eq. (11).

;0 lead to zero
This s1tuat10n greatly simplifies

The x,v,and z components of the magnetic moment
are given, on the average, in terms of the averaged den-
sity matrix, (pij(t)) , by

M (8) = gB 2 0%, (p,, (1), (36)
Y

M () =g ZJ oy, (e, (), (37)

M, (6) = gB 25 0%, (p;, (1. (38)
i}

. Using (21) gives

M, (1) =gB((p ) +(py (D), (39)
M (1) = gBil{py () — (pya(tN), (40)
Mz([') :gﬁ«pll(/» _<922([)>)- (41)

From (11) and (32)-(35) it follows that

9o () = — B, — EN(pp) — Typyylpyp@),  (42)
B porlt) = — #E, — B Xpyy () = Tyyprlpyy (), (43)
4 (o 0D == Tyyy (P12 () = Trynlpp@), (49
4 (gl == To (P11 () = Typ55(Pao(®).  (45)

The combination of (32)—(35), (39)-(41), and (42)-(45)
gives

T O RA 2l ML . %70 A Rle M Fili viimues 107A

LML) = (B, — EOM, () — 2QY + Q)M (1),  (46)
LMy (0) == (B, — EJM (1) — 2Q*» + QOIM,(),  (47)
LM (1) = — 4Q (M (1) — M (), (48)
where .
1 E E
M () = n |:exp( K ;) exp( K;T)] (49)

Equations (46)~(49) are clearly equivalent with Egs. (16)
—(19) when the identifications
2(Q% + Q%) (50)

1/T, =4Q*» and 1/T,=

are made.

It should be noted that when there is no external, con-
stant magnetic field present, then £, = E , and it would
be expected in isotropic media that the second moments
of the fluctuating magnetic field produced by the reser-
voir would be isotropic, which means

Q7 = %7, (51)

Therefore, (50) shows that 7, = T, and the relaxation is
isotropic. In the presence of an external, constant field,
or in the case of anisotropic media @2 and @*-¥ will not
necessarily remain equal, and both @2 > @+ and @~
> Q% lead to the special cases T; > T, and T, = 3T,,
respectively. These special cases are observed
experimentally.?

Il. CONCLUSION

The theory of multiplicative stochastic processes
has been used to arrive at a density matrix description
of a subsystem in contact with a thermal reservoir. In
this paper an application to the problem of the relaxa-
tion of a magnetic moment interacting with the fluctuat-
ing magnetic environment of a reservoir has been made.
Kubo's dilemma concerning how to properly include the
Boltzmann factors has been resolved. Moreover, the
derivation of Bloch's equations did not require the
approximation of 2nd-order perturbation theory for
short time intervals because the stochastic properties
of the fluctuating quantities were fully utilized.

The quantitative determination of @2 and @*+ in
terms of the exact microscopic interactions involved
remains as a problem. This problem may be raised
in the more general setting of Sec. I with respect to
quantitatively computing @; 4,7+ In Eq.(14) from a
microscopic theory of the exact interactions. This
problem will be treated elsewhere.
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Multiplicative stochastic processes, Fokker-Planck equations,
and a possible dynamical mechanism for critical behavior

Ronald Forrest Fox

School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332
(Received 21 December 1973; revised manuscript received 24 January 1974)

A derivation of the Fokker-Planck equations for additive stochastic processes is given which involves
treating the continuity equation in the configuration space representation of the additive stochastic
process as a multiplicative stochastic process. The average of the continuity equation becomes the
Fokker—Planck equation. A presentation of the “multiplicative stochastic, Markov approximation”
follows. This approximation is applied to the analysis of the dynamics of a heavy particle in a
molecular fluid as described by Hamilton’s equations. The nonperturbative approximation technique
leads to the Fokker—Planck equation for simple Brownian motion. As part of the analysis, “‘intrinsic
diffusion” is discovered and used to show ergodicity for the autocorrelation formula which appears
during the Brownian motion calculation. An account of how these methods might be used to study

the dynamical origins of critical behavior is given.

INTRODUCTION

~ The purpose of this paper is to illustrate connections
between additive and multiplicative stochastic process-
es. The distinction between additive and multiplicative
stochastic processes was explained in an earlier paper,
In several subsequent papers, >~ application was made
of multiplicative stochastic processes to the description
of quantum mechanical phenomena. Such applications
may be thought of as the generalization for quantum
mechanical processes of Brownian motion, an additive
stochastic process, and Kubo® has referred to such ap-
plications as quantum mechanical Brownian motion, A
general theory for additive stochastic processes has
been presented™® within the framework of stationary,
Gaussian, Markov processes. The domain of applicabil-
ity for additive stochastic processes includes Brownian
motion, ™~ irreversible thermodynamics, 1? fluctuating
hydrodynamics, !* and light scattering from simple
fluids and fluid mixtures, 1*~!¢ as well as other topics.
It would appear that additive stochastic processes are
of relevance for classical physics rather than for
quantum physics. This separation of applicability of
additive or multiplicative stochastic processes to clas-
sical or quantal physics, respectively, is not of a
fundamental nature: For most purposes it is a natural
separation. However, Haken!’ has reviewed the use of
additive stochastic processes in quantum mechanical
contexts, and this paper will exhibit the utility of multi-
plicative stochastic processes in classical physics.

1

The primary connection to be described involves a
technique for the derivation of the Fokker—Planck equa-
tion for an additive stochastic process, The technique,
however, uses a multiplicative stochastic process
which is generated by the original additive stochastic
process. In this way, the relationship between the
Markov nature of the process and the properties of the
second moments of the fluctuating forces is highlighted.

The technique just referred to suggests a method for
the derivation of the Fokker—Planck equation for Brown-
ian motion which connects the dissipative, friction con-
stant of Brownian motion with interparticle potentials,
in a model of Brownian motion in which the fluid is
treated as N interacting fluid molecules obeying con-
servative classical mechanics. This problem is worked

1918 Journal of Mathematical Physics, Vol. 15, No. 11, November 1974.

out in detail and involves an unusual type of diffusive
behavior characterized by a Green’s function

KxT )-1/2 (q - g")?
Z2BC g e 7d ]
(2” m XD |~ YK, T/ m)P
in one dimension. This peculiar diffusion provides for a

proof that the autocorrelation formula, for the dissipa-
tive, friction constant which is derived, is ergodic.

The conclusion of this paper considers certain infinite
series which arise in the Brownian motion problem.,
The possibility of summing the series is raised. In
addition, it is suggested that the series provides the
possibility for understanding the origin of critical be-
havior in terms of a dynamical mechanism,

FOKKER-PLANCK EQUATIONS

The complete stochastic description of an additive
stochastic process is given by the solution to its asso-
ciated Fokker—Planck equation. For the case of Brown-
ian motion, in one dimension, the additive stochastic
process is given by Langevin’s equation

Md%u(t) =— au(t)+1?‘(t) (1)
where a >0, and f‘(t) is a purely random, stationary,
Gaussian force satisfying

(F(ty =0 and (F(t)F(s))=2x5(t-s) (2

where {-- ) denotes stochastic averaging. "1%11 The
delta function in (2) implies the Markov property for the
stochastic process «(t),!! as must be proved using the

. definition of a Markov process, which definition in-

volves specific behavior by the higher than second-
order correlation distributions for #(f).!! The Markov
property is then used to imply the validity of the
Smoluchowski equation, which for Eq. (1) is written ast!

P(u(0)|u, t+ Aty = [ P@(0)|u’, ) Pu’ |u, At) du’ (3)

where P (0)|u, )du is the conditional probability that
the value of #(f) and time ¢ will be between % and u +du
given that at time =0, () had the value «(0). The
Smoluchowski equation is used to derive the Fokker—
Planck equation which in this example becomes

Copyright © 1974 American Institute of Physics 1918
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2 PO, H=- = (‘ S uPE),1) X (@ = Dy (B2 (O] 3)
where IC(f)Il denotes the determinant of C(¢), and D, (¢)
is defined by
v '—zP(u ) |u,?) @
D(t) = exp[(A +8)¢] (14)
The solution to Eq. (4) is subject to the initial condition . .
at £=0 that P(x(0)i«, 0) = 6 — #(0)). The solution to the and Co(f) is defined by
Fokker—Planck equation provides the conditional prob- Cl(H)=E- DOE'D*(®) (15)

ability distribution which for a Markov process contains
all possible information about the time evolution of the
process. The solution to (4) is

172 M- p(tyu(0))?
2<t») exp -m)
(5)

and we have used the relation

P(u(0) |u, 1) = (271

where p{f) = exp[- (a/M)t],
A=KgTa (6

which is Einstein’s relation within the context of
Langevin’s equation. Relation (6) follows from the re-
quirement that the solution to (4) satisfy the asymptotic

limit
) KgT\"1/? Mu®
P = —

lim (@0 |u, 1) @ﬂ i ) exp —{og 7 M
where the right-hand side of (7) is the Maxwell distri-
bution. In Einstein’s treatment of Brownian motion, !*
the analog of (6) is derived

D:KET/a (8)

where D is the diffusion constant. Both relations (6) and
(8) are referred to as Einstein’s relation in the litera-
ture. Relation (8) is the original relation which follows
from the diffusion equation, whereas relation (6) is the
prototype for fluctuation—dissipation theorems. !

Multicomponent generalizations of Langevin’'s equa-
tion lead to the general theory of stationary, Gaussian,
Markov processes™!® which are described by the
equations

d

2 e (&) + F,(b) (©)

(t) =Aao¢’aa’ (t) + Saa'aa
where «=1,2,...,N, A,, is an antisymmetric matrix,
Saas 18 a symmetric matrix with nonpositive eigenval-
ues, and F,(!) is an n-component, purely random,
Gaussian fluctuating force satisfying

(F,@#)=0 for each a, (10)
(Fo(t)Fa(s)) =2Qugd(t = 5), (11)

where @,5 is a symmetric matrix with nonnegative
eigenvalues. The corresponding Fokker—Planck equa-
tion is given by

_aa_tp(a'(o) ‘ a, t) == % {(Aaa'aa"" Saa’aa')P(a(O) |a') t)]

a?
* 2a 30, [QasP@(0)|2,2)] (12)
with the initial condition P(a(0)la, 0)=5(a —a(0)). The
solution to (12) is given by™1?

P(@a(0)|a,?)

1/2
- [”(‘,j%] expl= 3(@a = Doar (g (0))C aglt)

J. Math, Phys., Vol. 15, No. 11, November 1974

in which the matrix E is determined by the entropy S(#),
given by

S5(f) = Sy~ 3K ga, (£)E o404(t), (16)
so that E is symmetric with positive eigenvalues. To

get (13) from (12) we have used the generalized fluctua-
tion—dissipation theorem™1?

2Q 5= ~(Au+ Sas)an +E (Aoa — Sgp) amn
which follows from the requirement that '
lim P(a(0) |at) = Wy exp(- 3a,E ,.a,) (18)

where Wy=[IEI/(27)"]'/%, and the right-hand side of (18)
is seen to be the Boltzmann—Planck formula because the
entropy is given by (16). The derivation of (12) requires
proving that (9) with (11) describes a Markov process.
Then a generalization to » components of Smoluchow-
ski’s equation leads to (12), !

A further generalization is possible in which one
deals with continuous, variable indices. Analogs to (9),
(11), and (17) result in :

9
T a(r, t)—-fA”(r, rfa;(r’, 8 dr’

- [ Sy(r, tha,(r’, tydr’ + Fy(r, 1), (19)
(Fy(r, DF,(r!, ) = 2Qy,(x, T)8(t = ), (20)
2Q,,(r, ') = [ [(Ay(r,T") + Sy (x, T")EFN(x", 1*)
+ES(r, o) (= A (x”, 1) + Sy (x”, 1)) dr”
(21)
where E,g(r, r’) is the entropy matrix analog of (16)
S(t)=Sy- 3Ky [ [ ai(r,)E; (r, e, t)dr dr’.  (22)

This form of the general theory of stationary, Gaussian,
Markov processes leads to hydrodynamical applica-
tions, "14-1¢ a5 well as to applications in other field de-
pendent problems, *2° There is also in this case a cor-
responding Fokker—Planck equation which will involve
utilization of the techniques of functional differentiation.
We shall not write down this equation.

At this point a partial review of the structure and
significance of the Fokker—Planck equation for additive
stochastic processes has been presented. It is neces-
sary, ‘before proceeding further with Fokker—Planck
equations, to review the basic theorem in the theory of
multiplicative stochastic processes.

Consider an equation of the form

d

75 %al) = Ager@ar(t) + Aqa (e (1) (23)

where a=1,2,...,N, Agp==Agry, Age () ==Ay (1),
and the matrlx A,m (%) is a purely random, Gaussian
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matrix with mean value zero, which implies that*
(Ager (1) =0 and (A, g (A g (S)) = 2@ 4 or gr 5(E = 5)
(24)

and that the higher-order averaged moments are given
by

<Acx1cx1 (tl) Aa?n-i a:’ln-l (th-i» = 0: (2 5)
< ) Aaznaén(t%z»
L i tysutyA t
" 2wl s, Q1<A“p<2f-1>°‘§>(21-1>( pastAayg; g, fren))

(26)

where 7,z 59, denotes the sum over all permutations of

the symmetric group of order (2r)!. Equations (25) and
(26) are consequences of the Gaussian property of A(f),
It has been proved that these properties of A(f) lead to

the averaged equation!

2 (@alt) = Aqar(@er ) + Quosur(@ar ) (27)

in which the matrix @ g, is determined by (24) which
implies that it is symmetric with nonpositive eigen-
values, Whereas (23) describes fluctuating oscillations,
(27) describes damped oscillations.

The proof of (27) from (23) using the properties of
(24), (25), and (26) goes through unchanged if the A, -
in (23) is augmented by the addition of a symmetric
matrix S, .. which has nonpositive eigenvalues, That is,

(t) Aaa’a (t) +S a’ (t) +‘Za¢u’ (t)au’ (t) (28)

da
dt
leads to

d

dt< (t» Aucx < af (t)) +Suu’<aa’ (t» +Qa99cx’<au’ (t»

(29)
upon performing the average of (28).

In addition, this result can be generalized to infinite
matrices and to continuous indices. Therefore, we shall
also use the theorem in the form

Z Fa,0 =L@}, 0 +Lla, (g, (30)
leads to
2 (la, ) = LiaX fla, ) + Dla)flg, 1) (31)

where L(g) is a linear differential or integral operator,
f(q, t) is a purely random, Gaussian, fluctuating linear
differential or integral operator with mean value zero,
and D(q) is a linear differential or integral operator
given by

(L,

In (30), it will be assumed that L(g,{) is an antisym-
metric operator, which means that if {@,(g)} is 2 com-
plete set of real orthonormal functions of the coordi-
nates g, then

[L®)i == L] (33)
where [L(D)]x=] ¢:(@)L (q,t)(PK(CI) dg. Consequently,

HLg, 1) =2D(@)6(t - t'). (32)
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D(q) is a symmetric operator, which means that
[D]i = [Py, (34)
where [D];x=[ ¢, q)D CI)<PK(4)dCI because
Dl = [, (L, [L ()]0 ds. (35)

From (35) it is also seen that the eigenspectrum of D(q)
is entirely nonpositive. The operator L(g) in (30) may be
either antisymmetric or of mixed symmetry in analogy
with (23) and (28), respectively. Specific examples of
these formal expressions will occur in the following
paragraphs.

The ¢ in (30) and (31) may represent a single variable,
or it may represent a set of variables. Suppose we ex-
plicitly have N ¢’s: q4,4,,...,4y. Consider the con-
figuration space corresponding with these ¢g,’s and let
faiqz- - - ayt) be the distribution function in configura-
tion space. If N=2m and m of the ¢,;’s are coordinates
and m of the g,’s are momenta, then the associated
configuration space becomes phase space and f becomes
the phase space distribution. However, in several con-
texts it is not phase space which will interest us and,
therefore, we use the notation g,’s for a generalized
configuration space of N variables,

It is always the case that the continuity equation is
true in configuration space. In our notation this becomes

L flay- ) == 22 (a, fla flay -+ ) (36)
q;
where g,=d/dtq,{). If we are actually dealing with
phase space and a conservative system for which
Hamilton’s equations are valid, then (36) leads to
Liouville’s equation, *! However, in general we will not
necessarily be in phase space or be dealing with a con-
servative system, so that Liouville’s theorem is not
generally valid although (36) is. In the general case,
some relationship between the g;’s and the ¢,’s must
hold if (36) is to lead to anything useful.

Returning to (9), we will take for the ¢,’s the a,’s.
Therefore, (36) is seen to be given by
d
Sif(‘%

ayt) == = (i flay -+ - ay)) 7).

For the a,’s we use (9) which converts (37) into

g

. 2 + Fo )y

[(Aaa’aa’ +Saa * 'aNt)]

(38)

which is clearly a multiplicative stochastic process in
the form of (30) if we identify

d
Lig)— - N Qg g +Spgrlo )X

aa
and (39)

o~ 0
L(q)t)—._ da
o

~ ~ 2
Fo)x=~ Fa(f)'a
The analog of (31) is then

at(f(ﬂh

¢
== 34, e

3%

oot +Saa Ay )<f(a1 e aNt»]
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aZ
* 3a, o, [Qap(flay - - - ayt)]. (40)
This is precisely the Fokker—Planck equation (12) if
we identify

P(a(0)|a, &) = (fla; " - - ayt). (41)

Consequently, given an additive stochastic process, we
can write out its associated continuity equation in its
configuration space and we arrive at a multiplicative

stochastic process, the average of which is the Fokker—
Planck equation of the original additive stochastic
process,

Because the connection between (38) and (40) requires
that f‘m(t) is purely random, we see the Markov prop-
erty and its connection with the Fokker—Planck equation
without having to proceed via the Smoluchowski equa-
tion. As a special case of (38) and (40), we momentarily
return to (1) from which the analogs of (37) and (38)
follow:

(w, ) = — ——(uf(u ), (42)

+ %f(u, t)] .
0

Bt ) = (S, 0) + ey @43)
FAYACER e (M”<f”’ NV A (
which is identical with the Fokker—Planck equation (4).

Bt

th (w, 8) = %[(’A%

The average of (42) is

THE MULTIPLICATIVE STOCHASTIC, MARKOV
APPROXIMATION

In this section we will discuss an approximation pro-
cedure which will be referred to as the multiplicative
stochastic, Markov approximation. Its connection with
the preceeding section will be illustrated, and it will
provide the background necessary for the analysis of
Brownian motion which follows in the next section. The
approximation procedure introduced here is
nonperturbative,

Suppose we have a particle in a fluid, It is, on the
.average, at rest, although it does execute a fluctuating
motion. We could describe this motion of the particle
phenomenologically by the equation

dx
My =pt ) (44)
in which the fluctuating momentum j~>(t) is assumed to be
a purely random, Gaussian stochastic process with
average value zero and a second moment given by

(p(BB(s)) =2M*DB(t ~ 5) (45)

in which M is the mass, as in (44), and D is a constant,
The continuity equation in the configuration space de-
scription of (44) is

2 fie, == 2 Girtr, 1)
3 bt
- a_x Vf(x’ t)
=- % ;jf(x, 1), (46)
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This is again a multiplicative stochastic process with a
purely random, Gaussian stochastic operator. The
average equation is, therefore,
2o, 0y = D25 (1t ) (@)
af ’ ox? i
which is recognized as the diffusion equation with diffu-
sion constant D, Equations (46) and (47) are special
cases of (37), (38), and (40).

It may be objected that from Brownian motion we
know that (45) is not so, but that instead

(P OB = MKBTexp(——(t— !) (48)

which follows from (5), and in which the rounded (- -+)
denote an average over the initial value distribution in
addition to the stochastic average denote by (-:-). The
second average makes (48) a stationary expression de-
pending upon ¢ -s|.1® Using (48) in (46) leads again to
2 re,t== 2O 2 pe (49)
which is still a multiplicative stochastic process, but
the stochastic operator is now no longer purely random,
so that we cannot use our theorem for averaged multi-
plicative stochastic processes. However, the p(f) in
(48) and (49) is still a Gaussian process because the
#(t) in (1) inherits the Gaussian property from the F{t)
in (1) since (1) is a linear equation. In the Appendix it is
shown that the Gaussianness of 3(f) leads to the exact
result

st =g (Bope

Using (48) in (50) permits performance of the integra-
tion giving

¢
2t ==

2
Wasag (760D (50)

P T oY | e L Y

which differs from (47) by the presence of a time de-
pendent diffusion constant: (K;7/a}{1 ~ exp[- (a/M)t]}
For times long conmpared with M/a we can neglect the
exponential term, and this constitutes the multiplica-
tive stochastic, Markov approximation. The integral in
(50) can be used to define a diffusion constant when we
neglect the exponential part in (51), We get

%1_.1:1 7‘/12-/‘ ((p
where D? will be used in an expression like (45). Be-
cause of the infinite decay tail in (48), we have taken the

limit £ = in (52), although the greatest part of the in-
tegral comes early, Using (48) in (52) gives

=KpT/a. (53)

Note that (52) also gives the strength of the second
moment for M5(f) as expressed by (45) since

(sMds (52)

E oo

t ~ ~
D:Iim%ﬂ fo GF@Bshds. (54)

Therefore, if D=D’ we have the multiplicative stochas-
tic, Markov approximation for (48) and (49) given by
(45) and (46). The average equation (47) or (51) is the
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diffusion equation, and the connection between diffusion
. and Brownian motion given by

D=KyT/a (55)

is Einstein’s original formula (8).'® The self-consisten-
cy of the multiplicative stochastic, Markov approxima-
tion requires that the D’ we get from (52) not be too
large so that diffusion is slow compared with the re-
laxation of (48) which is governed by the magnitude of
a, Indeed, (48) decays faster for larger « which via
(53) results in a smaller D’ which implies a slower dif-
fusion. Therefore, in this example, the multiplicative
stochastic, Markov approximation is seen to be intrinsi-
cally self-consistent, The reciprocal relation between
D’ and o generalizes to the more general case of multi-
component processes.

In the next section, analogs of (52) will arise in which
a stochastic quantity has a non-purely-random second
moment correlation formula from which we are cal-
culating its strength. A formula like (52) will be used
to calculate the strength to be used in the replacement
correlation formula which is purely random. This will
be analogous to the replacement of (48) by (45) where the
D in (45) satisfies (55). The presence of the infinite
time limit is formal, and it will be shown that the cor-
relation integrand actually decays significantly in a very
short time interval, as was the case with (52) with (48)
in the integrand.

Before proceeding further, it is worth remarking that
while we can actually solve (49), given (48), by writing
(50), because of the Gaussian property, it is not a
generally valid procedure for situations in which the
stochastic operator does not commute with itself at dif-
ferent times, % Here, commutivity is guaranteed by the
simple form of (49). When there is noncommutivity,
then the Gaussian property alone is not sufficient for
the reduction of the averaged equation to a workable
form, and the multiplicative stochastic, Markov ap-
proximation becomes essential. 2

MICROSCOPIC MODEL OF BROWNIAN MOTION

In this section we shall bring to bear the techniques
of the preceeding sections as we attempt a derivation of
the Fokker—Planck equation (4), for a Brownian parti-
cle, starting from a description involving a heavy parti-
cle interacting with N fluid molecules according to
Hamilton’s equations of motion, This is not a new pro-
gram as far as its objective is concerned. Others,
using other contexts and techniques, have also made this
objective their goal, 2*~27 Qur present context and tech-
niques were suggested by Kubo? in his remarkable
pioneering work on multiplicative stochastic processes,
The results in this paper differ somewhat with Kubo’s
results because he used some simplifying assumptions
which we have found unnecessary. It will be seen that
the analysis presented here goes beyond that of any of
the other references cited in terms of the detailed ac-
count of what is happening dynamically. Two main con-
sequences accrue: (1) A new kind of “intrinsic diffusion”
is discovered which enables us to show ergodicity for
the correlation formulae which appear, and (2) a con-
nection with the dynamical origins of critical phenomena
is seen, The first point will be emphasized as it comes
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up later in this section, while the second point will be
discussed in the section following the next section.

Our starting point is the Hamiltonian

PRRLIND N TN, DA S PS
T2M T 2m PRIy R
where the heavy particle has mass M, position R, and
momentum P, and the fluid molecules have mass m,
position r;, and momenta p; wherej=1,2,...,N.
®[®,r,) is the interaction potential between fluid mole-
cule j and the heavy particle, and U(rj ,T,) is the inter-
action potential for the fluid molecules. Because our
description is that of a conservative system we may use
Liouville’s theorem to express the continuity equation
corresponding with the phase space picture for the
system:

3 ,
Qf* ~-iLf
where f=f(RPrp; - - - rypyf) and —iL is defined by

. P é P; &
-iL=- :’LTI.VB_ “hom : vrj*' jE=1 VB(P(R’ rj) *(Vp— an)

+ JE“ Ve, U(r;, 1) - Vs, (58)

The Liouville operator defined by (58) will be separated
into two parts:

. P X
—ilp=-~ VAL 12=1 Ve@(R, )« Vp, (59)
N 21 N
—iLg=- ,E=1 Vet ,E,l V., ¢(R, 1)V,
N
+ % Vi, Ulr;, 1) - V,,. (60)
Now, define f by
f=exp(- itLg)f (61)
where fEf(RPr1p1 « oo rypyt). Using (57) through (61)
leads to
B 2 o s
51/ =—iLa (62)
where L,(t) is defined by
- iLp(f) = exp(itLg) (- iLy) exp(- ifLp). (63)

Our notation suggests that fB(t) is a stochastic opera-
tor. Of course, it is clearly not a stochastic operator
as is explicitly evident if (59) and (60) are inserted into
(63). However, it acts like a stochastic operator be-
cause the noncommutivity of Ly and L results in ex-
tremely rapid variations in ﬁB(t) if N is sufficiently
large. Moreover, (59) and (60) may be used to exhibit
L(t) as a sum of N similar terms. This suggests that
to treat fB(t) as Gaussian for large N is not unreason-
able. Therefore, we shall invoke the nonperturbative,
multiplicative stochastic, Markov approximation while
we treat Lg(?) as stochastic.

It shall be assumed that the average of f, (P, factors
for all time as follows:

() =gp(POWR(Rr,p; - - - TPy (64)

where W (Ryryp; -+ - rypy) is the canonical equilibrium



1923

distribution for the fluid molecules in the presence of
the heavy particle at R, and is given by

R . 7 1
R (REP; -+ ryby) ='Q_N exp |- 8 + “ ¢(R,r))

\i=1 2m
RSN ))] (65)
2 G PR
where @, the normalization constant which satisfies
S S WR(Rrip, - - - rypy)dRAY - drydpy - - dpy=1.
(66)

The heavy particle coordinates R appear in (65) because
the inertia of the heavy particle is so large that the
fluid molecules achieve thermal equilibrium relative to
the instantaneous position R of the heavy particle very
rapidly compared with the rate of change of the position
R. This situation is analogous to the technique used to
derive the Langevin equation starting with a heavy par-
ticle in a fluctuating fluid, in which case the fluid fluc-
tuations must be computed subject to boundary condi-
tions representing the presence of the heavy parti-

cle. *282% The response of the fluid to the presence of
the heavy particle must appear in the computation if
sensible results are desired.

Returning to (62) and using (64) we get, on the

average,
?
th (P1)
ff N- ff CN+1 fﬂﬂ(o)ﬁﬂ(s)
X W (Rr¥p™ d¥r dRd"p ds g5 (P1), (67)

where we have integrated over the fluid variables and
R, and the quantity

S N [ [N L (0)L(s)
W3 (Rr"p") d'rdRa"pds (68)

is almost the analog of the correlation strength given in
(62). The minus sign comes from (¢)? and r¥ denotes
ry---rywhereas d”r denotes dr, - . . dt, etc. The in-
tegration over the variables in W§ corresponds with
the round brackets average in (48) and provides the
analog of stationarity. Note that (68) is not exactly the
analog of (52) because it is still an operator. Equation
(67) is what would result if ﬂE(t) were really a stochas-
tic, Gaussian process for which the Markov property
holds. We have implicitly assumed that the average of
L;(#) is zero in writing (67). We shall digress for a
moment and explicitly demonstrate that fi,(f) has a zero
average, and that (68) is stationary. The average of
L, (f) is given by

(Can=/--- [ LatywgaraRa"p
=f oo f exp(itLg) Ly exp(~ itLR)W‘jngrdeNp_
(69)

The operator given by (69) acts upon functions of P,
Using (60) and (65) it follows that

exp(- itLig) (WE(P)) = W§ exp(- itLg) (p(P

where $(P) is an arbitrary function of P, because

) =Wge(®@) (70)
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L(WE) =0 and Le(WgH(P)) = Le(Wg)$(P) + WEL z($(P)),
and Lz(¥(P)) =0 since Ly does not involve P. Therefore,
we have

(LW =/ -+ | explitLg)Lwd"r dRdp. _(11)

Expanding exp(itLy) in a power series and integrating
each term by parts leads to

(Lg@W =/ --- [ LywgairaRad"p (72)

since all but the first term in the power series give
zero because WJ vanishes at the boundaries of integra-
tion. Using (59) and (65) gives

i(E (0 - f f (2 v
(73)

where the second equality follows from integration by
parts with respect to the coordinates R. The stationari-
ty relation follows from similar arguments beginning
with

(LT =/ -+ [ La)Lo(s) W2d"rdRd"p (74)
:f f exp(itLg) Ly exp(- itLig)
xexp(isLg) Ly exp(~ isL ) W d¥r dR d"p.

WY + Va(Wh) - vp] d¥r dRd"p

Using an argument which is like that used in going from
(70) to (71), we can go in the reverse direction and get

(Ls®LalsN = -+ [ explitL L
x exp(isLig)Ly exp(—isLyg) exp(tLg)
XxWRd¥rdRd"p

=+ [ Lpexp[i(s—t)LglLyg
—HLg|W8d¥r dR d"p (75)

5 €xp(= itLg)

X exp[—i(s

where the second equality follows from an argument
identical with that used to get from (71) to (72), There-
fore, the quantity given by (68) is in general

ST (0T ds = [, (Ep(0)Ey(s — ) ds
= J,7 KLa(0)Lg(s" M ds’ (76)

where the first equality follows from (75) and the sec~
ond equality follows from the change of variables s’

=s =%, This ends our digression. The expression in
(67) is an approximation to the exact behavior described
by (62), and we shall analyze the detailed behavior of
(68) regorously from here on, to the end of this section.

1t is very convenient to get the W term in (68) as far
to the leit as possible before attempting to perform in-
tegrations. This requires letting Lz(0)L4(s) act on W%
as is appropriate. Using (63) gives
— Lp(0)La(s) Wi = — Lip exp(isLig)Ly exp(- isLp) Wiig .
(77

As is indicated in (67) there will be an integration over
R. Using (59) for L and integrating over R by parts
shows that

[f (2

Xexp(—isLg)WhezdR

N
Vg + 21 Vre(R, 1) - VP) exp(isLg)Ly
Jj=
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r;) - Vplexp@EsLg)Ly,

:f...fjj:;lvaq,m

xexp(-isLg)Wigp)dR (78)

where the integrated term at the boundaries vanishes
because W vanishes there. Equation (78) shows that
the Ly on the left in (77) acts only through the potential
term

N
-iLg= El Veo(R, 1) Vp. (79)
J=
Therefore, in effect (77) reduces to

- ﬂB(O)ﬂB(s) - Liexp(isLg)Lyexp(— isLg) Wig s,

(80)
at least after the R integration is performed. Returning
to the justification of (70), we see that

q, —
RrREB

exp(~ isLp)WRgp = Wrgs. (81)
Using (59) and (65), it is seen that
-iLyWRgs= W?(— Tl/)l Va+ é Vao(R, 1)V
p N
*8y7 Vel o(R, r,-))gB (82)
Furthermore, we have
exp(isLip) Wih = WH exp(isLyp, (83)

where % is any function of the variables P, R, r;, and p;

forj=1,2,...,N. This relation follows from the rea-
sons given in justification of (70). Therefore, (80)—(83)
give
- ﬂs(o)ﬂs(s)wgs
P N
~ - LWy eplisLy) (- 17 Va+ 2 Vro®, 1) V5
J=
P N
+ BM * Vg %{ (R, rj))gB
N
=Wy IZJIV,,@(R, r;)-Vp exp(isLp)
P al P N
X (- 7 Vp+ ‘%‘1 Vao(R, 1)) Vp +Bj‘,_1 Vg jz=>1 o (R, I'J))gB
(84)

where the last equality follows from a result analogous
to (82) which depends upon (79):
—iLyWgh = WH(= {LE)h. (85)
The expression in (84) becomes an equality when the R
integration is performed. Note also that the P/M- Vg

operator in (84) acts on gy only, and because gy depends
upon P only the effect is zero. Therefore, (84) becomes

— Lo(0)La(s) Wiz 5

N
- W‘;,!‘(El vao(R,T,)- Vp) exp(isLpg)
J=

N P N |
X(E VE@(R: rk) * VP + 6&' VR E @(Ry rk)) F:4:0 (86)
k=1 k=1
Finally, since Ly does not contain P, we may combine
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terms as follows:
- ﬂs(o)ﬂB(S)W?gB
N
0 ,
- W?(E 3R (R, rj)) exp(isLyg)
= ©
S i 9
X(Z_jl 5—13:@(1?, rk)) ( ﬁ aP,,)gB" (87)
Returning to (68), we have found that
ff o f [oowete [ BoTy@wE
xd"rdRd"pgp
ff +N- ff <N+1. f Wy
x(E ¢ oR,r )) explisLy)
k=1 aRu i
N
0 g P, 2
x(kZ)l 3R, ¢ rk)) abp, ( t aP,,)
xd'rdRd¥pds g 5. (88)

If for a moment we specialize the above results to one
dimension, and use the fact that P=Mu, then we have

0 P 8 2 u 1 3
—_ ¥} L — =
2P, (B 7 aP,,) au (BM i au)

and

[7 T /W?(é a;u (R, I‘,)) exp(isLpg)

N
x(E % o(R, rk)> d'rdRd"pds

k—l

”,[ f f wr (1-1 aR“’(R’V’b explislp)

x(T PR, r,,)) d¥vdRdp ds,

(89)

(90)

where W% and Ly are one-dimensional expressions in
the last expression above. Comparing these results with
(4), we see that we have the Fokker—Planck equation for
a Brownian particle in (67), if we use the one-dimen-
sional analogs given by (89) and (80). Using (6), it is
seen that we have the identity

AT

(R,#v,) d*vdRd"pds.

aR @(R,v;) exp@sLy)

2t 3R ¢ (91)

This is all reasonable since we can readily associate

and (92)

. 3 =
exp(isLg) kEI g PR, 7) =~ Fls).

This second association is perhaps even clearer if we
reinsert exp(—isLy) on the right of the integrand of (91),
which changes nothing as was seen in going from (69) to
(71). The strength of the stationary correlation,
(F(0)F(s)), follows from (2) and a formula like (52)
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which reads

r=J,” (FO)F(s))ds. (93)
In Eq. (88), we actually have the three-dimensional
generalization of (4) which gives
Ay ff f We‘( 3R, ¢® r,)) exp(isL )
X(Z‘, °_ 4R, r,,)) d¥rdRd"pds (94)
7=1 BR,

where A, is the friction tensor, and it is useful in de-
scribing rotational Brownian motion if the potential ¢ is
not spherically symmetric, 2

It is to be especially noted that exp(isLy) appears in
(94) and not the full Liouville evolution operator
exp(isl). This point has been emphasized by Mori,
who also gets this type of result from a different ap-
proach. Other treatments involve exp(isL) in analogous
expressions, and lead to certain technical difficulties,
sometimes referred to as the “plateau value prob-
lem, 2% %% 2" The relationship of (94) to Kubo’s transport
coefficient formula may be found in the references just
cited.

30, 31

ERGODICITY

A phase space function f(g
be ergodic if

lim (f(Q1 .

1o gabr- - pyb) is said to

S P DOy gDy - PaS)) =0 (95)
where (- -.) denotes the canonical, initial value aver-
age, %2 we would like to show that the force on the
Brownian particle $5,8/3R, ¢(R,7;) in Eq. (94) is
ergodic in the sense of (95). Furthermore, if the vanish~
ing of the correlation function in (94) is fast enough,
then the integral over s will be finite. To show ergodici-
ty it is necessary to analyze the detailed structure of
exp(isLpg). In doing so, we will discover a phenomenon
which we shall call “intrinsic diffusion. ” This intrinsic
diffusion has interest in its own right, independently of

our particular context here. **

The time ordered exponential for a time dependent
operator which does not commute with itself at different
times is defined by

Texp(f,” O(s’
Y ATAR

Xds,ds,.

)ds’)

< [, [ 0(5,)0(85) « - - O(5,.)O(s,)

* ‘dszds1. (96)

_Given an operator of the form exp[is(A + B)] where A and
B are noncommuting differential operators, we have the
following disentanglement theorem:

exp(is(A + B)]= exp(isA)T expli /,°

o exp(-is'A)B

xexp(is’A)ds’]. (97)

Both sides of (97) are clearly equal for s=0, and dif-
ferentiation of both sides for s#0 gives identical re-
sults, proving the validity of (97).

When (97) is applied to exp(isLg), where we use (60),
we get
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exp(isLp)

V,)Texp[ [Sexp( sZ Py -V, )
4 0 k=1 ¥

N N
X(Z_; Vr,‘vo(R; ;). Vo, + IZ#;; vr,U(rh Ty VPI)
xexp(s E P, V,k,) ds’].

B=1 W

(98)

The expression in {98) will be studied in detail in this
paper with respect to the leading term only. This term
is

exp( > B V,)

=1 "

(99)

The detailed analysis of this term will indicate how the
analysis goes for higher-order terms, although in this
paper no explicit expressions for the higher-order
terms will be offered.

Returning to (94), we see that we need to calculate the
canonical average of expression (99). We shall perform
the momenta integrations first. The leading term in (99)
gives

(2117;'1KBT)“3”/2-[- . f exp( B kZ‘,i —-;;Tt)

N
X exp (s 12__1%1 Vr,-) d*p

:(27TmKBT)"3”/2£I fff expl-5 2m)

exp (s%al . V,I) dp;.

For a fixed j, we shall now consider the integral over
the x component of p; because the other components and
the other momenta integrals all work out similarly. We
have, therefore, as a typical integral

(211mKBT)'”2£ exp( BZ;ZIL) (Spax ax)dp’”

E sfm)(a/ax) (o)

(100)

(1o1)
where
. wo Pl
(b%) = (2amBK,T)Y/? | plexp =BG )i

These Gaussian integrals are well known and are given
by

(PG =0 for n=2m+1 where m=0,1,2,-.-
and ‘ (102)
2

(D) = (2:72: (p3e)™ for n=2m where m=0,1,2 ++-
Inserting these averages into (101) gives
(2mmK 5 T) “_/:uqexp( Bp”‘)exp( ZZW )dp”

e (7KL &

TP om o (103)

because { pj,) =mKzT. Returning to (100), we get
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(104)

If only the leading term in (99) is used in expression
(94), then the canonical momenta averages give

o [ of e

xﬂ exp( 2 £ V2 )(E R, o(R, rk)) d¥rdRds (105)

R=1

018, =)

where Wi (R, ry - - - ry) is the coordinate dependent factor
in W, and the superscript on A}, indicates the lowest
order truncation of the series implicit in (98) by virtue
of (96). A typical term in (105) has an integrand factor

such as
KgT ) 3 )
2 VZ .
exp(s o VE (aRyw(R,rz) .

We shall express (106) in a different form which is sug-
gested by an analogy with diffusion. It is worthwhile to

digress for a moment in order to make the analogy
clear.

(106)

The diffusion equation in three dimensions is

0

EZD(I" 1)

:szrD(r,t) (107
where D is the diffusion constant. A formal solution to

(107) may be written as

D(r, {) =exp(tDV3)D(r, 0) (108)

as is readily verified by differentiation. In addition, the
solution to (107) in an infinite volume, with the initial
condition D(r, 0) = 6(r — r%, is given by

lr-r%?

D! (109)

Do(r,t)= @rDt)3 2 exp -
where the subscript G indicates that this solution can be
used as a Green’s function, which enables us to con-
clude from (108) and (109) that

exp(tDV3)D(r, 0) = (47Dt)" /2 fff
lr— I'0 | 2 0 0
exXp = —pr D(r®, 0)dr

(110)
for arbitrary initial distrubutions D(r?, 0),

The analogy between these results for diffusion and
expression (106) should be clear. The important differ-
ences are KpT/2m in (106) where D is in (108), and s?
in (1068) where ¢ is in (108). However, remarkably
enough, there is a Green’s function which goes with
(108) given by

exp( KZn: Vz) (a—;r »(R, 1‘;))
:(471 2)'”[/[ o5 (- it
x (B—Ry o(R, r;)) dr!.
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The corresponding differential equation follows from
(106) and is

2 D(r,s)= gs KTl vi(r, s)

s 2#m (112)

which is analogous with (107). One may check all this by
showing that the Green’s function in (111) satisfies (112)
with initial condition D(r, 0)=8(r — r’), in an infinite
volume. We shall refer to the behavior exhibited by
(111) as “intrinsic diffusion” to distinguish it from true
diffusion as exhibited by (110) while suggesting the
marked similarities. Notice in particular, that “in-
trinsic diffusion” acts like true diffusion with a diffusion
coefficient which grows linearly with time: D~ (K T~/
2:n)s. Therefore, “intrinsic diffusion” smooths out
coordinate dependent functions increasingly rapidly con
pared with true diffusion, Moreover, it increases the
rate of smoothing proportionately with temperature and
inverse fluid molecule mass.

Returning to (105), and using (111), we get

e )-3/2
111:1.[,[ fw(aRer’))(‘mZm

Ir,—ril®
4(KxT/2m)s

d ’ Nt gN
2)(6RV99(R, rk))d r'd*rdRds.
(113)

It is convenient to use a Fourier transformation repre-
sentation of the potentials in evaluating further expres-
sion (113). Detine ${(p) by

OB, r)= = ff/ explin- (R-1,))3(p)dp

(113) with (114) gives

Xexp <—

(114)

using (111) in

N [T 1\¢ . .
o= 5 [ [ [ wo ) o) exolio: - 21601

X exp (_ 2 KsT

- rk)]ﬁa(P')

il 2)«axp[ip' -(R

xdp’dpd”rdRds, (115)
Equation (115) also follows directly from (105) using
(114). In getting (115) we have used exp[s®(KzT/2m) V2]
Xexp(ip’ - r) = exp[~ 2K zT/2m) i p’|?]. Either (113) or
{115) shows that to this lowest order of truncation we
have ergodic behavior, Note that in (115) the p’=0 term,
which does not decay; is multiplied by ¢p}, which is
zero. In (113) we see that qualitatively, “intrinsic dif-
fusion” smoothes out the force at time s, for large s,

so that we are left with the canonical coordinate average
of the initial force times essentially a constant:

lim (time integrand of AJ,)

s

~jzmtz-.[ f ( 8R, P(R, Tj))CdNrdR

where C is the constant corresponding with the smoothed
force at time s, and the second equality follows from a
result similar to (73). In addition, (115) may be inte-
grated over s explicitly giving

(116)
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m-f f W“( ) (ip,) explip - (R-r,)16(p)

1/ R
(’z#w) " (600) explio’ - R —7,)] §(a')

xdp'dpd"r dR. (117)

As long as ¢(0) is finite, the (Ip'1%)!/? denominator in
(117) does not create a divergence because of the factor
(iph). If ¢(R, r;,) is spherically symmetric, (114) may be
inverted to show that @(0) = 47 [§ ¥*¢(») d», which is
finite for a large class of physically reasonable poten-
tials, which do not possess too terribly singular hard
cores, and which tail off rapidly with increased separa-
tion of the interacting particles. The presence of W

in (117) makes it effectively impossible to perform the
coordinate integrals in general, We will end our present
discussion of 7\?“, by approximating the coordinate in-
tegrals for high temperatures.

At sufficiently high temperatures we shall approxi-
mate W by V-¥*1 where V is the volume of our sys-
tem, which volume we have been taking to be essentially
infinite during much of the preceeding analysis, Al-
though (113) is valid only for an infinite V, since the
Green’s function in its integrand obtains only for an
infinite ¥, {(117) is valid for finite V since it follows
from (105) and (114) without any restriction on V., The
approximation for W% by V~‘**!) requires that the poten-
tial have a hard core repulsion which, while very large,
is finite, The limit V— < is accompanied by N — ¢« while
N/V remains equal to a constant #. This is the thermo-
dynamic limit. With the thermodynamic limit the co-
ordinate integrals in (117) can be performed, and we

get
11m 74nGkeX )_, E ( ip,)
rmo ja1 A=l 27, ®

. " mm \V2 1,
xexplip - (R~ rf)]‘PO’)(ZKBT) T (i)
xexplip’ - (R-1,)]9(0") dp’ dpd"r dR

A fff 3 eeldol ) e
o0 fffﬁ(p 0.p)| 2(0) |2(2;Tfmr)mulal
—"fff ©.00)| (p)‘z(z;?:r)m 1|

The expression given by the second equality has a term
proportional to # which comes from the double sum
%;Ts when j =k, and a term proportional to #* which
comes when j+#%, The R integration produced a factor
6(p +p") which converted @(p)@(p") into H(p)P(-p)
=@(p)$*(p) = | $(p)|? as is seen using (114). The ip|
denominator in each term causes no trouble because of
compensating numerator factors in p,p,, which also ex-
plain how the # term vanishes. If |$(p)|? vanishes for
large |pl sufficiently rapidly, then the remaining in-
tegral is finite. In general, when W} is present and no
approximation is used the value of A%, does not have
such simple # or T dependence.

(118)

These techniques need to be extended for the analysis
of higher order terms in (94) using (98).
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CRITICAL BEHAVIOR

That something can be said about critical behavior
within the context of this paper follows from the ob-
servation that a Brownian particle can be used as a
probe which manifests the state of a fluid. If the fluid
passes through a phase transition, the Brownian parti-
cle should exhibit noticeably altered behavior. In partic-
ular, for high enough temperatures the fluid will be a
liquid or gas, and the Brownian motion should be nor-
mal with a finite value for A,,. However, if we freeze
the fluid, we should expect that A,, — =, Using (6) and
(8), we see that this implies a vanishing diffusion con-

‘gtant D, ¥

If a complete analysis of (94) using (98) were possible,
we would end up with the infinite series: A,,=2%, +2l,
+A%,+... in which the superscripts indicate the number
of times a potential appears in the corresponding term,
We suspect that intrinsic diffusion will result in each
term being finite, as was seen for A’,. When T =0, how-
ever, we have a special case in which each term is in
fact infinite. For Al,, this is seen in (115) because the
exponential can no longer damp out the integrand when
T=0. Consequently, A,, diverges for T=0; a fact con-
sistent with intuitive expectations. For T+#0 each term
in A, =20, + 2L, +2%, +... will be finite, or at least this
is plaus1b1e followmg our analysis of Au,, and if the
temperature is sufficiently large, we expect the series
to be summable, This expectation is based upon qualita-
tive analysis of (94) using (98) which suggests that the
A, series goes like a series in powers of the ratio of
potential energy and thermal energy. For large tem-
peratures this ratio gets small and the series converges.
The possibility exists that each term in A,,=2%,+Al,
+7ti,+- -+ is finite while the sum diverges, if the tem-
perature is small, but nonzero. This suggests that there
exists a temperature T, such that for T> T, the series
sums while for T < T, the series diverges, even though
it is comprised of finite terms. If T, exists, we identify
it as the critical temperature for the fluid. It is de-
sirable to try to achieve a rigorous basis for the analy-
sis of (94) using (98) so that these conjectures may be
tested.

CONCLUDING REMARKS

The theory of multiplicative stochastic processes has
provided a method for nonperturbative approximate
solution of complicated dynamical equations. It has been
shown how to interpret an exact dynamical quantity as
a stochastic quantity. By such an interpretation an

~ averaged equation is written which serves as a non-

perturbative approximation for the original dynamics. In
this manner we have derived the Fokker—Planck equa-
tion for Brownian motion, starting from the exact
dynamics for a heavy particle moving in a molecular
fluid.

The discovery of “intrinsic diffusion” has permitted
an analysis of the ergodicity of the force autocorrela-
tion function which was derived. Because Brownian
motion leads to ordinary diffusion, “intrinsic diffusion”
and ordinary diffusion are connected by our analysis.
“Intrinsic diffusion” will also arise in other contexts, ¥



1928

The analysis of Brownian motion in this paper leads
to a calculation of A, the dissipative constant, in terms
of the interparticle potentials, The calculation involves
the time integral of a force autocorrelation function
which connects A with the dynamics of the system. A
conjectured relationship between A and critical phenom-
ena is presented, which if eventually justified rigorous-
ly, would provide a dynamical basis for the understand-
ing of some aspects of critical behavior.

In our other work on the quantum mechanical density
matrix, *% the problem of calculating the matrices,
Qosuv, which are the analogs of A, has been raised. We
shall pursue this problem in another paper.
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APPENDIX: DERIVATION OF (50) FROM (48)
AND (49).

The correlation formula in (48) follows directly from
the solution to Egs. (1) and (2). In addition, the Gauss-
ian property of F(#) in (1) is inherited by 5(#) in (48). 1!
This implies

(By) -+ Bltym D) =0 for m=1,2,--- (A1)
and
(B(ty) + - - Bltyh) = zmml PCE H((§(t,(2,_1))1~>(t,,(2j))))
JWMET)™ s
2™ml  pESgy, it

a
X exp [— 5, Ity = o1y |]
for m=1,2, - © (A2)

The formal solution to (49) is
th ?
e, ) —exp- [ as )1, 0, (43)
0

as is verified by substitution and differentiation. Ex-
panding the exponential and averaging gives

en-[(Z ¢ ) () 50 Hlwo. @
Using (A1) and (A2) in (A4) gives
pc Som i=1 _[ f

Xexp( M|tp(zn—tp(z:-nl)dtp(znd (251

(MKgT
2™m! '

© 1 2m 1
(S =2 (— 1) @t

2m

o= f%,0)

5> tn_ (f' ' [a ])m
m=o(M) 9 | 0]; exP—E‘S—Sldsds

x(:;) flx,0)
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:mZ:;o 2"'1ml M (_[ f (B(s)B(s" ))dsds)

(AD)

Therefore,

t
5= [

which is (50), and which follows from (A5) by differen-
tiation, followed by rearrangement of terms,

(BB(sN dS (f(x ) (A6)

Equation (A6) can be integrated to give (51) of the
text. The solution to (51) is given by

(rtety) = {M%T - 2 Y ey 8 %)] /}

(x — xg)*

(M/ ) exp|~ (

a/M)t]})
(AT)

X exp ( aK,T [I- (/) +

if ((f(x,0))=6(x —x,). This expression can be checked
by substitution. It leads to the Orstein— Fiirth formula®®

0 -x) =2 (&) 1o (2] e

Note also that for the short times, ¢ <M/q, that (A7)
reduces to

(4”I§fwT tz) " exp(‘ 4(1({Ji;x23124)t2) (A9)

which is the Green’s function for intrinsic diffusion in
the text. However, for long time, t> M/a, (A7) be-
comes the one-dimensional analog of (109) in the text
which is valid for ordinary diffusion. The intrinsic dif-
fusion Green’s function has the form (A9) for all times!
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Application of cumulant techniques to multiplicative stochastic

processes
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The use of cumulant techniques for analyzing time dependent, stochastic matrix expressions of the
form < Texp[f {B(S)d §]5> is explained. Because cumulants are complicated expressions when B(t)
does not commute with itself at unequal times, we explicitly work out cumulant expressions up to
fourth order. The fourth order terms can be used to demonstrate that noncommutivity prevents the
generalization, to time-dependent, stochastic matrices which do not commute with themselves at
unequal times, of the result which applies to commuting stochastic processes that states: 1f the

stochastic process is Gaussian, then its cumulant expansion truncates after the second cumulant.
Furthermore, it is argued that if the stochastic matrix process is both Gaussian and purely random
then the cumulant expansion does truncate after the second cumulant, after all. The significance of
this result with respect to the application of approximation involving cumulants is mentioned.

INTRODUCTION

It is the purpose of this paper to apply cumulant tech-
niques to the analysis of multiplicative stochastic pro-
cesses.! When the stochastic matrices, which appear in
the differential equations defining a particular multipli-
cative stochastic process, have special properties, the
use of cumulants can lead to significant simplifications
in the analysis of solutions to the differential equations.
In general, when no special conditions are imposed on
the properties of the stochastic matrices, cumulant ex-
pressions contain all of the information of the original
problem, but without any particular advantages for
further analysis. Kubo® has introduced cumulant tech-
niques for the study of multiplicative stochastic process-
es, and he has attempted to approach the problem in as
general a setting as possible. Fox' has studied multipli-
cative stochastic processes without using cumulant
techniques, and has restricted his approach to the prob-
lem to the use of stochastic matrices which are purely
random and Gaussian. It will be demonstrated in this
paper that the restriction to purely random, Gaussian,
stochastic matrices corresponds with the special condi-
tions alluded to earlier for which cumulant techniques
are most useful.

In the course of this paper we will show how the
utility of cumulant techniques is related to the Gaussian
property of the stochastic matrices. When the stochastic
matrices are time independent, the Gaussian property
alone guarantees major simplifications in analysis if
cumulants are used. When the stochastic matrices are
time dependent and do not commute for unequal times,
then the Gaussian property alone is insufficient, and
must be augmented by the purely random property if
efficacy is to be achieved using cumulant methods. It is
this last point that requires emphasis when one is using
approximation methods which rely upon cumulants
expansions.

TIME ORDERING AND CUMULANTS

Consider a multiplicative stochastic process de-
scribed by!

d
at?

in which Agge==Ag.q, Agar(t) =

A () =Agqey () + Ayge(Dag (D) (1)
‘Xa'a(t)s Xaa’(t) isa
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stochastic matrix with averaged value zero, «
=1,2,...,N, and repeated indices are summed. If
Ao (f) had a nonzero averaged value, we could include
its averaged value in the term A,,. and start over again
with A, .(¢ (Am.( )y as the stochastic matrix, where
EED)) denotes stochastic averaging. We would then have
a process such as described by (1) with the average val-
ue of A,,.(#) equal to zero. A useful manner for obtain-
ing the solution to (1) is to use the transformation

(1) =[exp(tA) luq b)), (2)
Consequently, the b,’s satisfy
£ o) =[expl= tA) g (D[ exp(tA) g b (D)
EBaa'(t)ba'(t) (3)

where the second equality defines B(#). Note that the
averaged value of B(t) is zero since it is linear in the
matrix elements of A(#). In general, A and A(#) will not
commute, neither will A(#) and A(s) nor B(#) and B(s)
for t#s.

The formal solution to (3) must be written with a time
ordered exponential® defined by

ba()=[T expl [, B(s) d5))yasba (O)
Er%fu‘ fou futz futn-zfotrm[gwl(tl)guluz(tz)_.

By, penalnd By ailt))dlydtyy -+ dtydtbe.(0)

(4)
where the =0 term is defined to be 1. If E(t) and ﬁ(s)
commuted for ¢t# s, then (4) would reduce to an ordinary
exponential

1
’1@0"! f [Bau-l Sl)

u.ﬂ-la (S )] ) dsiba'(o)-

s ﬁ( ) is in fact time independent, then all time integra-

tions are easily performed giving the ordinary
exponential

1 n ~71
E m‘t [(B) ]aa'ba '(0) .

n=0

Cumulants arise when one wishes to perform the
stochastic average of an expression like (4) or its more
simple forms given above, at the end of the preceeding

1479
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paragraph. Historically speaking, cumulants arose in
statistics and were known as Thiele semi-invariants.*

Suppose that we have a time independent stochastic
variable X and we are interested in calculating {exp(X)),
where X may be either a scalar or a matrix stochastic
quantity determined by the distribution function for
its values. The cumulants for X are defined by

{exp(X)) = Z)n, X)}) Z})

—exp(i L)

el !
where (- --), denotes the cumulant average. Cumulant
averaging is by definition a homogeneous process with
respect to multiplication of X by a constant, just as is
the case with ordinary averaging. Therefore, ((3XX)",
=3((X)",, and

(expO) = exp(2) 7 ().

(Xyy

(5)

(6)

Differentiating (6) » times with respect to A, followed by
setting A=0, gives forn=1,2,3,4, ---

i

&) =«

<<~2>=<( B +(B2,

(BH = (B, + DD, + (D2, (7)
<u?>4>=<< 8, + 453,00, + H(XDHZ +6(X0)D (K2 + (D}

Starting with the first line, these equations may be suc~
cessively inverted to give expressions for cumulant
averages in terms of ordinary stochastic averages:

<)E> :QE}’

(X3, =(D?H - (B2, (8)
1

fot<§°‘ﬂ >dt1"f gaalty) dt1=ft<gaa Nedty,

[ Bt Bt dtedty = [ 5o aty+ 1580

1480 -

(0, = (0% - 3(X
(3%, = (2" - 4

X)3E) + 2%,

X%® - 3(X ~2>~z +12(X) (X% - 6(B)*

It is possible to define cumulants even when we are
dealing with time-dependent stochastic matrices which
do not commute at unequal times.? One gets time-
ordered cumulants defined by

(Zexp(fofﬁ(s) dS))EIexp(é fot fot,l fD’z. . .fo‘n-z fofnq

-B(t,)B),
-dtydt,).

X<§(t1)ﬁ(t2) .

Xdtydty. - - (9)

Because it is so easy to misinterpret the precise mean-
ing of (9), we introduce here the following notational
scheme which permits unambiguous rendering of (9).
Define g% (t,) by

g8t = [ [f2 [ [E, (1), ()

Eﬂnnzun-l(t"-l)B (tn»c dl,dt,. -~ digdts. (10)
Therefore,
<’£ exp( FB(S) d8)>= Zexp(zl TN dtl\) : (11)

As before, we can introduce a parameter A, and using
(10) leads to
1‘) . (12)

Differentiating (12) with respect to A, n times, followed
by setting A=0, gives forn=1,2,3,4,---

<Zexp(fot)\§(8)d8)> TeXp( f g™ (¢

t)g R (t,) dtydty

:f[) f[)t]'(Bau tl uB(tZ >cdt2dtl+f0 fotl <§au(t1)>c<§uﬂ(tz)>cdt2 dtlv

fot fotl f;)tz <§au1 tl ~u1uz(t2) ~uzﬂ(t3)> dtadtadtl
t ot
——f g8ty diy+ ) flgfxz‘f
13 t
+ LI e (gl )gi‘z’a

f ftlfm(Ba“]

tg R+ [ gl
(t) dts dty dt

t t
B, ta)B, p (t))edtydtzdty + [f [ [ B, (1)B, , (S2)e(B, p(ts)), dtdS, dty

(2)

tlguy (tp) dtydty

t
+ L L L Ba iy (1)l B (1) B g8, dtsdtzdty + [ 1 [ [ 1By, (800 (B (1) By 1) o dts dtp ity

b~ o ~ -
fot fotl fotzfg }(Bay (1) B, [t B, . (15) B, (ts)) dtydt;dtsdty

¢
= ftgya) 1) dt1+f ftlg&) VgB(ty) dty dty +f f Ll () g3 (8 dtydty

AP

AAIAEX
+f fhf‘zf‘sg&)l
= o LR B 1)
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to dtydty + [F L [

(2) 1)

(1) 1)

t
2 (2)
gaul

t ¢
Ve, el dtgdtydty + [F [ [ 120 (12, (t)g Bty dty diydty

V88, (L) gults) dt dty

gu 14 2( )guzu 3( )g,gls)a(t‘;) dt4 dta dtg dtl
B, ) (ta) By o (t) B, o(ta)), dtydtydiydiy
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o

o+ o+ o+ o+
S S ES S S
5 5SS S 5
S S
S
Iy
nc:n
)

Ty B (0B, (S B, (SOeB, b)), dta dS dSyaty
2 )7 By (VB ot By (8B, o0, dty dty dty ity
(Baw,(t)B, (S >(Buzu3 t) B, 4(Sa))c dSq dt, dSy dt,

e B (0B, (S, (Bum( t))e( B oplte)) dty dty S, dty

UL By (B, (1D B, 4 (S))el B (o)) dty dSy dty aty

2 (t)

(t)

s
o]}

-
-
oy
o

-

R S B0 B (1ol B e (1) By pl80), ity ity Aty ity
LR L By (00)eB o (1)e(Bl o (80) (B, 20), Aty ity dty ity (13)

Especially notice the limits of integration in several of the terms which contribute to the third and fourth order
expressions. By successively inverting these equations we get expressions for the cumulants in terms of the ordi-
nary stochastic averages:

f (Bas(t, dt1—f0 (Bug(ty) dty,
S L Bt Bugltd) dtpdty= [ [ (Bo (4)B,(to) dtpdty = [ [ By u(t))XBglty) dtyaty,
S5 T By (8) By (82) B ol80)), ity it aty
= L B (0B, (DB 1) dbdtydty = [ [ [ (B (8B, (S (B el 1) dty dS, ity
- J;)t foti fo‘z(Eaux(t)xguluz(tz)guze(ta» dtadtzdt1+f0t fotl fou(Ewl(tl))(éuluz(tz»(EuzB(ta)) dtydt, dt,,
SR [ B (00 B, (0D Bl (1) B 6(8)), dty dt dtydt,y

t t t t ~ ~ ~ ~
= L L LR L Ba () B, (1) By (8B, o(80) dtydty dtydty

_ftf“fszfo“a;““l t) ~u1u2(sz)§uzu3(s

D)B, s(to)) dt, dSy dS, dty

t rt ~ ~.
o & 1f“f"< wuy(B) B 4 (S )(B“ uy (S (B, 4(ta)) dly dSy dS, dty

+jt"t J;)tlj;‘szf;’tl< 1t1)><B

Hik g

= f S B,

“2“3

t))(B, . (tz)Buzu (t,) B uas(n)) dt, dt, dt,dt,

(S2)B, . () ><Bu35(tz)> dtydS, dS,dt,

S))(B, plt) dt,dS, dS, dty

R R By (0B, (SINB, (8B, (S9) dSadty dS, dty
+ f jl;tl Ltl j(t)tz <§°“"1 t1)>(Bﬂ-1ﬂ2 SZ)>(Bu2u. a(tz) uaa(s3)> dS3 dtzdSz dtl (14)

(
(
¢ ty £ty Y
~ o j;) j;) J;) (B aul(tleuluzsz)(B
(
(
(

Again, especially notice the limits of integration in
several of the terms which contribute to the third and
fourth order expressions. By studying the special cases
in which either B(#) commutes for unequal times, or B
is time independent, it may be shown that (14) reduces
to (8), and (13) reduces to (7). It should by now be clear
how to obtain the higher order cumulants for B(f) when
it does not commute with itself for unequal times, even
though the expressions become quite complicated.

THE GAUSSIAN PROPERTY

Throughout this discussion of the Gaussian property,
it is convenient to invoke the condition that the averaged
value of ﬁ(t) is zero. This simplifies considerations
without loss of generality, as was explained at the be-
ginning of the last section. The analogous condition for

X is that (X)=0.

Suppose that X is Gaussian with averaged value zero.
Then it is known that the moments of X satisfy®

(Xl =0 for m=0,1,2,---, (15)
(B)¥™y=1X3X5X -+ X (2m = ){(X)D™ for m=1,2, -

If we return to (8) we see that

&.=0, (DH.=(D?),
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(X)H,=0, (X)H,=0.

The last result follows from the cancellation of the two
nonvanishing terms: ((X)%) and — 3((X)??, as may be
seen using the second equation in (15). Tt may be proved
generally that all cumulants of order higher than four
also vanish. The proof may be performed by the method
of induction. We assume it is true that except for the
nonvanishing, second order cumulant, all cumulants up
to and including order 2m for m > 2 vanish. We shall
now show that cumulants of order 2m +1 and 2m + 2 also
vanish.

The cumulant of order 2m + 1 will be expressible as
an expansion in terms of the moments of X up to order
2m+1 as is indicated by (8). The leading term will be
{{X)2Y which is zero according to (15). All other terms
in the expansion will involve products of lower order
moments in which at least one factor is an odd order,
lower than 2 +1 order moment. By (15), such moments
vanish and we conclude that ((X)*>™1)_=0.

The consideration of the cumulant of order 2m + 2 is
best pursued using the relationships given by (7). These
relationships show that ((X)2™2%) may be expressed in
terms of cumulants of order less than or equal to 2m
+ 2. The Gaussian properties given by (15) show that
{(X)*™?% is nonvanishing. Its expansion, according to

L
LA
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(7, in terms of cumulants begins with (()?)2"‘*2):, which
we wish to compute, and involves other terms, each of
which is a product of lower order cumulants. By
hypothesis, all lower order cumulant, except the second
order and 2m + 1 order cumulants, vanish, and we have
already seen that the cumulant of order 2m + 1 also
vanishes. Therefore, all products vanish except the
single term which is the product of m + 1 second order
cumulants. Therefore, it follows that ((X)2™2) = ((X)2*3)_
+C{X)%™! where C is a coefficient which has to be de-
termined. Looking at (6), it may be seen that the
{X)%H™! term comes from the m + 1 term in the expan-
sion of the exponential on the right-hand side of (6).
Such a term has a factor of 1/(m +1)! associated with
it. Each factor of {((X)®, has associated with it a factor
1/2! as is directly evident in (6). Therefore, (X)%7*!
will have a factor, overall, of [1/(m + 1)1](1/21)™,
This must be multiplied by (2m +2)! to get C as a re-
sult of the 2m + 2 fold differentiation of A*™2, Conse-
quently, C=(2m +2)!/(m + 1)12'"*1. Using (15), it is

seen that ((X)2™28 = 1 X3X5X ++ - X (2m + {X)H™"1.
Therefore,

<()?)2m+2>c =1X3xX5X"" .x(zm + 1)(()?)2)»:4-1

(2m +2)!
T (m+1i2mt

=0 (17)

(X3

since ((X)3 =((¥)?,. This completes the proof.

The conclusion is that if X is Gaussian, with aver-
aged value zero, then

(exp[X]) = exp[£((X)®)] (18)

which is especially simple. The cumulant expansion re-
duces to a single term!

Before attempting to generalize this result for con-
sideration of stochastic matrices which do not commute
for unequal times, it is worthwhile to observe that if
Xis replaced by a scalar, time dependent stochastic
quantity, F(#), then the Gaussian property again leads to
great simplifications. We make this digression in order
to point out that time dependence, pev se, does not
lead to complications. The complications which will
arise in our discussion of stochastic matrices, which
depend upon time 'but which do not commute for unequal
times, come from the noncommutivity.

Suppose F(#) has averaged value zero, and is Gauss-
ian. It can then be shown that®
(expl [, F(8) ash = expls [ [ (F(S,) F(Sy) dSy aS,).
(19)

Equation (19) © “he time dependent generalization of (18)
for a time-dependent, scalar, stochastic process.
Again, the cumulant expansion reduces to a single term.

The generalization of this result to time-dependent
stochastic matrices which do not commute at unequal
times cannot be made. The Gaussian property for B(¢)
is expressed by1

(Bupy(t) =By v lam)) =0 for m=0,1,2, -+,
(20)
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1

Bupnltd - Tl

"Zm"Zm( th»

X C?: 11}1 (B pias1y?pias iy tpas-1) Bugcanyoian (facan))
form=1,2,---,
where EPCSZ is the sum over all permutations p in the
symmetric group of order (2m)!, S,,. Even though we
can think of a Gaussian B( ) in the sense of (20), the
Gaussian property alone will prove insufficient for the
reduction of (9) to a form analogous with (18) or (19). I
is necessary that B(f) be Gaussian and purely random
in order to write
(T expl [" B(S) ash = Texpl [ [ B(2)Blty) dt, dt,].
(21).

The purely random property is defined by*

(Boo(1)B,,,(S)) = 2Qup,, (= S) (22)
in which the time delta function characterizes the purely
random property. Defining R,; by R,5=Q, 495, Wherein
summation over # is implicit, Eq. (21) becomes

(T expl [ B(S) dSDap=[exp(R0) |5 (23)

which is especially simple. We shall now proceed to
demonstrate why Gaussianness alone is insufficient for
the justification of (23) or (21).

That Gaussianness alone does not result in the vanish-
ing of all but the second order cumulants of ﬁ(t) may be
seen by studying (13) and (14). First of all, because
(B(#) (£))=0 is assumed, the expressions in (13) and (14)
simplify greatly. We get immediately

f‘ (B, olty)), dty =0,
¢
ﬂ) S (B (1) B, o). dty dty
_f ftl <B0'u tl uB tz > dtzdtls (24)

t t ¢ ~ ~ ~
Jo S S ¥ Ban (0B, (B, alts)), diy dty dty =0.

Differentiation of these equations with respect to time
leads to equations for the integrands. Difficulty arises
with the fourth order term. From (14) we get

t ot t to , ~ ~ ~ ~
fo f() ! fo z fO 3<Bo=u1(t1)Buluz(tZ)Buzua(ts)Buaﬂ(ti»c
X dtydiy dt,dt,

t ~ ~ ~ ~
:f;]t j;]tl fotzfo 3(Bau (1) By 1, (8 By (29 B, 4(t0)
X db, dty dt, dt,
_fot fou fotl fotz(gaul(tl)guluz(sz»
X (B gyt By 4(Ss)) dSydtydS, ;. (25)

It can be seen that this is nonvanishing if B(#) is not
purely random by considering the special case in which

(Bag(t)B,u(S)) = 2Qqp,,0(t = S), (28)
wherein qo(t— S) is not a delta function, but instead is
nonvanishing for nonzero values of |- S|. For example,
¢(t = S) may be proportional to exp(~ alf—S|). Using the
two symmetries Qq4,,= Quuqes and @(f - S) = (S~ 1),
the Gaussian property, as expressed by (20), leads to
the following expression for (25):

t rt ¢ g~ ~
fo fg ! fg zfo 3§Bau1( uluz(tz) uzua(tii) uaﬁ(ti»c
X di, dty dt, dt,



1483 Ronald Forrest Fox: Cumulant techniques

=4 .fnt fnti ‘J;)tz .f()t3{Qau1u1u2Qu2u3u3B‘p(t1 - tz) (p(ts - t4)
+ Qauluzu sQu lugusﬁ(p(tl - t3)(p(t2 - t4)
+ Qaulu 35Qu 11l zus(p(tl - t4) ‘r”(tz - ts)} dt4 dta dtadlﬁ

t rt t t
- 4_J-0 -J-U l‘fn ! -J-O zQaululquuguau;,B(p(tl_Sz)(p(tz_ SS)
% dSydt,dS, dt,. (27

The factors of 4 come from 22 as indicated by (26). The
negative term is the negative term in (25) replaced by
(26). The three preceeding positive terms are the m=2
case of the second equation in (20). There are 24 permu-
tations to sum over, but only three distinct terms occur
as a result of the two symmetries mentioned above. On-
ly the first positive term in the right-hand side of (27)
contains a matrix expression which matches the matrix
expression of the negative term. The other two positive
terms cannot be cancelled out at all! However, if

ot — S)=8(¢ — S) then study of these extra two terms will
show that their integrals vanish as a result of the time-
ordered upper limits of integration, " and the remaining
positive and negative two terms will exactly cancel!
When (¢ - S)#58(¢— S), the above vanishing of integrals
and cancellation of nonvanishing integrals fails to occur.

That the purely random property ultimately leads to
(23) will not be proved here since it has been proved in
another paper.! However, here it has been shown that
without the purely random property, already the fourth
order cumulant will not vanish for time dependent
stochastic matrices which do not commute at unequal
times. Consequently, the cumulant expansion will not
truncate to a single term, but will involve all even
order cumulants. Thus, no real simplification is
achieved using cumulants. -

APPROXIMATION PROCEDURES

Various physical problems involve computation of a
quantity of the form

(T expl ;' O(S) dS], (28)
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wherein O(S) is an operator parameterized by S, which
may or may not be the time variable, and (- :-) denotes
some kind of averaging such as a canonical average
over some or all of the variables O(S) depends upon, or
a ground state expectation value, or some other “aver-
aging.” Many times one sees in the literature the in-
troduction of cumulant techniques in order to handle the
computation of {28). Often it is argued that to good ap-
proximation OS) behaves as if it were Gaussian, and
then the cumulant expansion is truncated after the sec-
ond cumulant. However, the validity of such approxima-
tions also requires that it be demonstrated that to good
approximation O(S) behaves as if it were also purely
random. Then, and only then, the truncation of the
cumulant expansion is a good approximation.

One application of this kind of approximation proce-
dure in which both Gaussianness and pure randomness
were considered has been presented by the author in
another paper. ®
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Physical applications of multiplicative stochastic processes. lll.

Nonequilibrium entropy
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It is argued that the expression — K, Trace [{p(t)}> In{p(t)>], which appears in a stochastic
treatment of the dymamics of the density matrix is indeed the nonequilibrium entropy. The reasoning
involves consideration of the time evolution of the free energy for a relaxing magnetic moment in a
fluctuating magnetic environment. It is shown that the H theorem, and the monotonic decrease of
the free energy, as described by Pauli’s master equation can be generalized to the full density matrix,
at least for the case of magnetic relaxation, which requires the presence of off-diagonal density

matrix elements.

INTRODUCTION
In this paper, we shall argue that the expression
~ K5 Tracel{o(1)) In{o(1)}] (n

is indeed the entropy for nonequilibrium behavior in
quantum mechanical systems. Previously, it has been
shown that H(f), which is defined by the above expres-
sion without the — K, is a monotonically decreasing
function of time.! However, it was not argued that H(!)
leads directly to the entropy. Such a connection re-
quires a consideration of the physical quantity heat and
its relation with the above expression. In this paper, it
will be shown, in the special case of magnetic relaxa-
tion, how experimental verification of such a connection
could be achieved.

The contention that thermodynamics quantities can
have meaning in nonequilibrium situations requires
support. Here, we will explicitly write out expressions
for internal energy, entropy, and free energy which are
assumed to be valid for nonequilibrium situations. We
shall proceed by establishing the close relationship be-
tween these expressions and expressions found in the
earlier literature on this subject. It will be seen that
such expressions can be reasonably interpreted as non-
equilibrium thermodynamical quantities.

The mathematical context for these ideas is given by
the stochastic Schridinger equation®

i%C“(t):Mﬂt“'ca'(t)+A71aa'(l)cu,(t) (2

in which My q.=M2*., and M, .(t) = M*., (1) and M,,.(1)
is a purely random Gaussian stochastic Hamiltonian.

The corresponding density matrix equation is

d

< Pas() == iLaga rgrParg () = Ly gy e (P oge (1), (3)

in which pag(t) = C3()Cs(t), Lagarss =OunMags — OggrM s,
and Laﬁa - (t) = 6aznc 'MBB'(t) - GBB'Mé‘a-(t). The stochastic
average of (3) is

d .
EZ(paB(t» - zLaBu 'B'<pl1 'B'(t» - RaBa’B'(pa 'B’(t»’ (4)
in which R,z s+ 15 given by

Rypaigr = OuarQasosr + Ossr Qone 46 — 2Qg+a vars (5)

1214 Journal of Mathematical Physics, Vol. 16, No. 6, June 1975

wherein @qgq 450 is determined by the second moments
of M, (1),

(Mo (1) P 044 (8)) = 2Quu g 10 — 9). (8)
The {p,s(?)) in (4) has been used in
H(t) = Trace[{(p(1) In{o(1))] ("

to prove that
d

which is an H theorem for quantum mechanical sys-
tems.,! This H theorem differs from previously publish-
ed H theorems for quantum mechanical systems which
instead show that if, at 1 =0, {p,s(0)) has no off-diagonal
matrix elements, then H(!) < H(Q) for { > 0.% However,
for s >0 as well, it can not be decided whether or not
H(s)> H(t) when / >>s, Therefore, the H theorem given
by (8) is much stronger, and closely related in form to
Boltzmann’s original H theorem for classical gases.*

If we now shift attention to consideration of a subsys-
tem in contact with a heat reservoir, we can get an equa-
tion for the time evolution of the subsystem alone, which
55
is

& oisl0) = = By = Epis(0) = Tugioplowr®, (9

wherein Ty;;.;» satisfies a detailed balancing condition
given by

Tisarje = Thojeu; exp[— (1/2Kg TY(E; + E; - E;u - Ej')]-
(10)

In (10), T is the temperature of the heat reservoir. The
interaction between the sybsystem and the reservoir

has been assumed to be an energy conserving, stochastic
interaction which leaves the reservoir always in equili-
brium while the subsystem relaxes. The Ty;;.;» comes
from the average over the stochastic interaction followed
by a trace over all reservoir states. Equation (9) has
been used to show, for the case of magnetic relaxation
by a spin 7 magnetic moment in a fluctuating magnetic
environment, how the Block equations are rigorously
constructed.® In general, Eq. (9) with (10) leads to the

~ canonical equilibrium density matrix asymptotically in

time.
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EARLIER THEORIES
The Pauli master equation

d

pr (11)

Pa(t) :% [Waﬁpﬂ(t) - WBaPa(t)]s
in which W,3=W,, and W,; >0 for @ #8 has been used
as a model for nonequilibrium thermodynamics.” The
P,(t)’'s correspond with the diagonal density matrix
elements: P, (f) = {04, (¢)). Pauli’s equation does not in-
clude off-diagonal density matrix elements. Its original
appeal stems from the fact that

H(t) =Py (t) InP, (1) (12)
is montonically decreasing, as is readily seen from
(11) by

d od
HO :% Z7Pa () InPq (¢)

=27 ; [WapPa(t) = Wao Py ()] InP, (1)

\

=Z).‘>'? Wl Pa(t) — Py (£) ] 1InP, (1)

Py (t)
Py(t)

1

%Z?;, Was[Pa(t) = Po (1) ] 1n

<0. (13)

To prove (13), we used W, =Wy, and J, P, (/) =1 for all
. The identification of - KzH(?) in this case with the
entropy is very natural because the microcanonical equi-
librium distribution for the probabilities, Pg, as deter-
mined by equilibrium statistical mechanics, is

P2*=1/N when a=1,2,...,N. (14)
Consequently,
N
- Kp S PF InP=Kp2, 571N (15)
o @=1
or
S - S,=KjpInN, (16)

This is the Boltzmann—Planck formula for the entropy,
§-8;, when there are N states, each equally probable.
Thus, Pauli’s formula for — KzH(t) surely gives the
correct nonequilibrium expression for the entropy.

There is more appeal to Pauli’s equation then this. If
we again consider a subsystem interacting with a heat
reservoir, Pauli’s equation becomes

& Pa()= [ TagPat) - T Po(0)]
8

(17
in which Tz = Tga expl— (1/K3T)(E, - E)] is the detailed
balancing condition.® It is therefore natural to take for
the free energy the expression

F() = 2,Py (1) Ey + TKp 24Py () InPy (1) (18)

o 3

since the first sum is surely the internal energy, even
in nonequilibrium situations, and the second sum is the
negative of T, the temperature, times the nonequili-
brium entropy. Using (17) with the detailed balancing

1215 J. Math. Phys., Vol. 16, No. 6, June 1975

condition, we get

d o d ¢ d
'{E{F(t) :%/ mPa (t)Ea + TKB %—1 mPa(t) lnPa (t)
:Z%) [Taﬁpﬁ(t) - TﬁaPa(t)]Ea
+TKy Z;)B_“, [T4sPal(t) = Tou Py (D] 1nP, (1)

:%L ) [TaBPB(t) - TﬁaPa (/)](Em - EE)

3.5 Py (1)
+ THs %/%I[T“BPE(” ~ Tge Py ®1 lnm)—
SSLN DD Tyq 1 Pal)
=22 %I%J[Taaés(t) - TgoPy®] In Tia g
_TEp 5~5 TypoPo (t)
=7 B%J%J[Taeps(l) - TﬂaPa(l)]lnT—:BPB(t)
<0. (19)

Thus, the free energy monotonically decreases to equi-
librium, as it should.

The identification of — KzH(#), in this case, with the
entropy is again very natural because the canonical
equilibrium distribution for the probabilities, PZ%, as
determined by equilibrium statistical mechanics, is

PP=(1/Q) exp(~ E, /K5T) (20)
where @ =7, exp(— E, /KzT). Now, note that 1nPZ2®
=—1n@ - (1/KzT)E,. Consequently,

Ky 2 PP IPE =Ky 2 P InQ+(1/T) 2, PIE,
[+3 o [+3
=KgIn@ +(1/7T)U, (21)

where U is the internal energy. In addition Kz In® is
- {1/T)F, where F is the Helmholtz free energy. So we
have

— Ky 2 PS8 InPs=_ (1/T)F+(1/T)U (22)

or

S:—KBZP;QIHP:?,
o
where § is the entropy. Thus, Pauli’s formula for
— KgH(t) surely gives the correct nonequilibrium for the
entropy.

The shortcoming of this approach is that restriction
to diagonal density matrix elements only is physically
unrealistic. In the case of magnetic relaxation for the
spin 3 magnetic moment, we need the full density matrix
because the off-diagonal density matrix elements give
rise to the transverse relaxation of the magnetization,®
The diagonal density matrix elements only contribute to
the longitudinal relaxation. In general, even though the
equilibrium density matrix will be diagonal only, the
nonequilibrium density matrix will possess off-diagonal
density matrix elements. Equations (9) and (10) are the
generalization of Pauli’s equation (17).
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FULL DENSITY MATRIX TREATMENT

We argue that the natural analog of Pauli’s H(f) is

Trace[{p{#)) In{p (1)) ], | (23)

wherein the logarithm of a Hamiltonian matrix is de-
fined through its diagonal representation.! Equation (23)
reduces to (22) when {p(f)) takes on its equilibrium value

<pij(t)>t_:;(1/Q)6ij exp(— E;/KgT) (24)

in the case of a subsystem in contact with a heat reser-
voir. It has already been proved that H{f) as given by
(23) for an isolated system is monotone.' We shall now
show, for the case of magnetic relaxation, that

F(t) ;L@ii(f)>Ei + TKg Tracel{p(f)) In{p(?)) ] (25)

is also monotone when {p;;({)) satisfies (9) with (10).
This theorem appears to be difficult in general, so we
shall give a proof for the magnetic relaxation case only.
Equation (25) is clearly the natural generalization (18).
MAGNETIC RELAXATION AND MONOTONICITY

For a spin 3 magnetic moment, ¢ and j in {p,;(¢)) take
on only two values. Therefore, {p;;(f)) isa 2X2
Hermitian positive definite matrix. The values for
T;;i+;+ can be worked out and are®

Tiy55=2Q% +2¢°,
i =0, 1#], (26)
Tiiu —4Qx'y[1 - (1/Qr) exp(- E;/Kp T)]’
T =—4Q%*(1/Qg) exp(— E; /KgT), i#j

i#],

where Qr=exp(- Ey/KgT) + exp(~ E,/KzT) and @+’ and
@° are the second moment correlation strengths for
transverse and longitudinal magnetic fluctuations in the
magnetic environment. To get the time derivative of
F(t) in (25), we proceed in the following way.

{p(#)) has two eigenvalues given by

=% x5 V1 - ddet{p(). 27

The positive definiteness of {(p(£)) restricts the determi-
nant so that § > det(p(¢)). Equivalently, A, are both posi-
tive eigenvalues, and it is clear that A,+2A_=1 as should
be the case for the eigenvalues of a density matrix. The
entropy term in (25) can be written as

Ty Trace[{o()) In{p(1))]= TK5 (A, InA, + A_lnA ) (28)

since the trace is invariant under a unitary similarity
transformation. Moreover, A, +A_=1 for all ¢ impliesJ

E,
F(t) - (‘E E2)4QI yQ Eaxp KET 22> exp( K T) <p11>]
{4(Q” + @) (P13){pa1) — 8R™(041) (P30 + 4@ *(1/Q) exp(— E1/K5T){ps;) + exp(—

that (d/dt)x, == {d/db) r_, Therefore,

£ () = By 3 0 0) + By g o0

+TKy (;t ) I (29)

Similarly, (py;(6)) +{p,(?)) =1 for all ¢ so that
(d/dtXp,, (1)) = = (d/dt)p,,(t)y . Therefore,

&R0 = (8- B) o) + Ky T(500)

0" (30)

To get (d/dt)A,(f), we find

% MO =101 - 4det{p() ] /2[_ 4%det(p(t)> ] } (31
Using (9) and (26), one gets '
2 det(p(t)

= (P11 )P22) + P10{P22) = P12){021) — (P12 Da1) (32)
=-4Q"*(1/Qp) exp(~ E;/KpT)(P11){022
+4Q%*(1/Qx) exp(— Ey/KpT){p;5)°
- 4Q%*(1/QR) exp(— Ey /Kp T){p11){py2)
+4Q"X(1/Qr) exp(~ Ey/Ky TXpyy)?
+(2Q% + 2Q°)({P12{Pa1) + (P122{P21))
=4{Q" + Q°)p1)(Pa) — 4Q7 (P11 {022
+4Q**[(1/Qz) exp(- Ey/KyT){ps2)*
+(1/Qz) exp(~ E,/KT){p1)?]
=4(Q"* + @) {(p12(Pz1) ~ 8Q™ *(p11)(Pa2) + 4@ *(D11){(P22)
+4Q*[(1/Qz) exp(— E1/KpT)pp)?
+(1/Qz) exp(— EZ/KE T)<P11>2]
=4(Q""” + Q")p12)(Pz) — 8Q™Xp11) (P22
+4Q7(1/Q,) exp(- E, /Ky TXp,y)
+4Q*¥(1/Qp) exp(- E,/K5 TXpyy)

since (1/Qz) exp(— £y /KpT) +(1/Qr) exp(— E,/KyT) =1
and {pyy) +{ps2 =1.

Again using (9) and (26), we get
(By = B 2 oy ()
E.
=(E, ~ E,)4Q" .»Q [exp( K;T) (P22)
- exp (——I%) <P11>] . . (33)

Therefore,

E,/KsT)py)l} lnﬁ

—KpT

Qr

. 34
T 2deRo0) o @
To see monotonicity in (34) we must express various of the terms in different form, using 8=1/KzT
1 1 exp(— B E)(pyy) — expl(= BE) (P20 [((p )
. [exp(_ BE3)<P11> _ exp(— BE1)(P22>] — ( /QR)[ p( 8 2 <p11> p 1 22) 11> <p22>
(o110 ~ (Pzz)
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_(1/Qg)lexp(= BE)(py1)* + exp(= BEy) (0350 ] - {P11)(0s5)

(p11) = (P22
- (1/QR)[9XP(— Ez)(<p11>2 + <P11><pzz>) + exp(~ BEl)(<Pzz>2 + <pzz><pli>)] - 2(911)(922)
P11) = (P22
_ (/@) lexp(= BE)(p1) + expl(= BE) (0390 ] ~ 2011)(00a) (35)
P11) = (Pz2)
Therefore,
(Ey = E,)4Q%*(1/Qg) [exp(= BE )0y — exp(= BE;){p1y)]
7 14Q°*(1/Qp)(exp(= BE;)(pyy) + exp(= BE;)pyp) — 8" X0y )] | expl- B(E, - By)). (36)
P11) = {Pz2)

Consequently, mditionally,
d xyl 7\- 12—1’1+<p2)<p >/72)1/2<%—T_<p >
EF(/) = (4Q on [exp( 3E2)<P11> + exp(— BE; X0z2)) N I +(piz><p;>/,’,z)l 72 = P (pis (45)

- BQx'y<P11><Pzz)> (<p11> i ) In(i}gg: ?32:;)

———1 lnL)
YT faekpd) M

+KBT4(Q"J+Qf)<pm><p21>ﬁle_m_7»m;—:.
(37)
From (27) it is seen that
Vi—ddetp{y =2, - 1. " (38)
The second summand in (37) is, therefore,
K THR™ + @) p) o)1/ = )]0 /A) <0, 7 (39)

If the first summand in (37) is also nonpositive, then
we will have monotonicity. To see that this is so, we
first note that o

1 x 1 o)

In2= < 12 | 40)
A=Al A, (Pu) - (pzz> (Pu) ;(
The proof of (40) requires writing {o;) and {(p,,) as
(=2 +7 and (P =3-7, (41)

where 7 is positive. This means, of course, that {py)

= {p,,0. This does not limit the generality of our proof
because the situation {p,,) > (041 can be treated in a sim-
ilar manner, using on the right-hand side of (40) the ex-
pression [1/({Pay) — (P10} In({011)/{055)), which is in fact
equal to the right-hand side of (40). Therefore, we pro-
ceed with (41) with =% > 0. Now, from (27) we see that

=343 V1— 4({py P — 12 P21

=3 i%[ - (L - <sz><Pz1>)]1 &
=3+ r(1+ @12)(921)/72)1 & (42)
Consequently,
No= A= 27(1 +{pyp)pg) /7PN 22 27 = (pyy) = (P (43)
Equivalently,
1/(x, = 2) < 1/({pyy) = (P2) (44)
1217 J. Math. Phys., Vol. 16, No. 8, June 1975

since the numerators satisfy z — 7(1 + (050D )/ 72! /2
<3 — 7 while the denominators satisfy 3 +#(1 + {0y, {051}/
¥1/22 1 + v, Consequently, we get

(P32)
[

since the logarithm is a monotone function. Together,
(44) and (46) prove (40).

ln— <€ In—==¢ (46)

In (37) the first factor of the tirst summand can be
written as

KpT{4Q"(1/Qr)exp(~ BE,){p11) + exp(= BE;)(py,)]
- 8Q**(py )Pzt
=KpT4Q"*(1/Qz)exp(~ BE,){py1)
— exp(~ BE;) (P25 J({p1y) — (P22)). (47)

as is seen from (35). Therefore, for the first summand
in (37) we get

vy 1
KpT4Q J@; [exp(— BE,){p11) ~ exp(~ BE; {0550 J({p11){022))

e (22 ]

N,
[exp(=~ BE,){py;) — exp(= BE K0z

< [m(ZEE5) + ]

(Pu)
=K T4Q*» Ql

<K, T4Q"'”Q1—R

[eXp( BE, <P11>—6Xp( BE, <pzz>]

x (1n[%tg%%]) <0, (48)

The first inequality in (48) follows from (40) while the
second follows from its form, as was the case in (39).
Together, (39) and (48) prove
d
R <0, (49)

With the full density matrix for this magnetic relaxa-

_ tion problem we have been able to parallel the Pauli

master equation picture described by (19). One can then
begin to believe that F(I) as given by (25) is indeed the
nonequilibrium free energy.

Ronald forrest Fox 1217



EXPERIMENTAL CONFIRMATION
The principal question is whether or not

- K Trace[{o(t)) In{p(t))]

is indeed the nonequilibrium entropy. In (25) the term

% E:{0;;(t)) is surely the nonequilibrium internal energy,
so that only (50} remains to be considered. The advan-
tage in using this picture of a subsystem in contact with
a heat reservoir is that the temperature of the reservoir
is held constant. Consequently, one can use

- TKp Trace[{p(t,)) In{o(t,)]
+ TK, Tracel[{o(t,)) In{o(#,)) | = AQ

as the heat exchanged during the time interval from {;

to t,. Equation (51) parallels the quasistatic relation-
ship d@ = Tds of thermodynamics, and appears plausible
here because the temperature is constant. Experimental-
ly, one must attempt to measure the heat exchanged

with the reservoir by the subsystem magnetic moment
and see if the time course of heat exchange follows the
time course of

- TKj Trace[{p()) In{p())]

as determined by (9). Agreement would confirm all of
the physical assignments for the mathematical expres-
sions suggested in this paper.

(50

(51)

Such an experimental test is perhaps quite difficult in
the case of magnetic relaxation as described here. Two
considerations must be made to properly test this the-
ory. First of all, we have assumed that fluctuation cor-
relations are very short lived compared with the relaxa-
tion times. This is evidenced in Eq. (6). For longer-
lived correlations there are reasons for believing that
the initial stages of relaxation do not show monotonic
free energy changes until times of the order of the cor-
relation time have elapsed, after which times the relaxa-
tion would become monotonic.® Second of all, we have
treated an isolated magnetic moment in a stochastic
magnetic environment. In reality this separation of sub-
system and reservoir may not be so clean, or easily

1218 J. Math. Phys., Vol. 16, No. 6, June 1975

achieved experimentally. Instead, the magnetic moment
may have nearby neighbors with which there is systema-
tic interaction as well as having a stochastic reservoir
interaction. These nearby neighbors can introduce some
oscillatory behavior in addition to the relaxation and can
renormalize transverse frequencies. A more sophisti-
cated calculation along the lines given here for the case
of neighboring magnetic moment interactions, and for
correlation times of greater length for the reservoir
magnetic fluctuations may be required before experi-
mental confirmation is possible.

Within the context described by Egs. (9) and (10), it
is also desired to find general proof that the free energy
as defined by (25) is monotonically decreasing, without
specializing considerations to the magnetic relaxation
case,
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A generalized theory of muitiplicative stochastic processes

using cumulant techniques

Ronaid Forrest Fox*

School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332

(Received 4 October 1974)

The rules for the construction of the nth order cumulant for time-dependent, stochastic, matrices or
operators which do not commute with themselves at unequal times are derived. The results are
identical with van Kampen’s rules. In the Gaussian case, Kubo’s concept of a peneralized Gaussian
process. is criticized. Under certain conditions Kubo's idea becomes asymptotically valid, while the
same conditions justify use of the author’s earlier delta function theory. A peneralized density matrix
equation is presented and its behavior during the approach to equilibrium is discussed. A finite
correlation time, 7., does not necessarily invalidate a monotonic approach to equilibrium.

1. INTRODUCTION

In this paper, the author’s earlier theory of multipli-
cative stochastic processes,’ with its application to the
treatment of the time development of the quantum me-
chanical density matrix,*? is generalized. The earlier
theory was restricted to the consideration of purely
random, Gaussian, stochastic matrices, whereas the
theory presented here applies to any class of stochastic
matrices.

Following earlier work by Kubo®® and more recent
work by van Kampen, %7 cumulant techniques are used to
achieve the generalization. General rules for the
construction of the »nth order cumulant expressions have
been published by van Kampen, In this paper a deriva-
tion of those rules is presented, and the derivation re-
quires the introduction of the concept of a time-ordered
logarithm. The Gaussian property is introduced, but
without the added restriction of “purely randomness, ”
and it is shown that, for stochastic matrices which do
not commute with themselves at unequal times, the
cumulant expansion does not truncate to the first two
cumulants only. While this point has been published
before, ® here it is pointed out that this circumstance
invalidates Kubo’s concept of a “‘generalized Gaussian”
stochastic, matrix process,*® By studying a special
case in which the correlation matrices dampen out ex~
ponentially, it is demonstrated that the Gaussian prop-
erty does lead to the desired truncation, asymptotically
in time, after all,

The application of these mathematical results to the
density matrix is made in the last section. A generalized
density matrix equation for the approach to the micro-
canonical density matrix is presented., With the Gaussian
property imposed, the generalized equation asymptoti-
cally approaches the Redfield equation presented ear-
lier,* Moreover, the H-theorem, proved within context
of the earlier, Gaussian, purely random, theory,”? can
be generalized in some situations which are discussed.

Because the asymptotic behavior of the generalized
equations is identical with the earlier, more restricted
theory, the general theory has as one of its virtues the
property that it justifies the earlier theory, rather than
replaces it.

2. MATHEMATICAL FOUNDATIONS

It is the purpose of the following calculations to in-
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vestigate the averaged behavior of the equation:

-d%-aa(t):jm,(t)am. t) ()
when

<A-aa' (t)):Maa‘! : (2)

<A-mxl (t)A-BB: (S)>= zQaa‘BB‘ (t - S) + ‘waa"MBB’; (3)

and there are nonvanishing higher order moments of

A(t) which will not be explicitly indicated at this point.
Both A(¢) and M are antisymmetric matrices, Repeated
indices imply summation, and the variance tetratic,

Qe wpp ({ = ), 15 a function of the time interval /-5, In
the earlier, purely random, theory, the time dependence
was always given by a delta function times a time-inde-
pendent, tetratic variance, @, 4 X5(f —s)*. That re-
striction is now removed,

The study of Eq, (1)is equivalent to the study of the
averaged behavior of

T 0a=M pa o O+ A o Dy () (4)
when

A 4o E)=0, (5)

<Aﬂ,mct' (t)A-’BB' (S))zzQaa‘BB' (t_S)’ (6)

and again the higher order moments will not yet be ex-
plicity indicated.

It is also equivalent; and convenient, to perform a
linear transformation and work with the equation

L (0)=B s 00, 0) 1)
wherein b (¢) and f?mm. () are defined by

a,t)=[exp(M)], b, @), (8)

By (1)= [exp (= M)] o450 (D exp (M), . (9)
It follows from (5) and () that

(B, t)=0, (10)
(B oo 1)B o (s )

=2Q, 0, (0 ~ s)exp(= M), [exp(M)],. .,

x[exp(~ sM)]s lexp (sM)], . (11)

Note also that the antisymmetry of A(¢) and M imply
through (9) that
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B, ()=-B_,.@) (12)

The solution to (7) is expressible as a series of time
ordered integrals:

b (lf) Ef ft1 ftz ftn-2ftn-1[ aul(tl)BL‘l”z(tz oo
x B 1(t,,_l)B @)ldt, -« - di,b . (0)

Bp-ohpa
=[gexp(fo*i=,(s)ds Moo b oe (0)
wherein the #=0 term of the sum is defined to be

B gqr Do (0)=0,(0), and the last equivalence defines the
time ordering symbol, 7.

Bpaof

(13)

The average of (13) may be expressed using time
ordered cumulants®*=2:

(Texp(f B(s)ds))
—Texp(z_)lf o 7 [ BBl
BB, Vet o+ dl,

=Tesp(Z [ 0 (s)as), (14)
where G™ (s) is defined by
G (s)= }" fotz. . fotw fo*nﬂ B)B(,) -
><°1'3 (t, B,V dt, "« -dt,. (15)

So far, all that has been done is to define the cumulant
averages through (14) and (15), and it is necessary to
find expressions for G* (s) solely in terms of ordinary
averages of products of B(t)’s if (14) is to be useful,
This task is the heart of the difficulty with the cumulant
method, and the purpose of this section of this paper
will be to demonstrate a general method of solution,

The method of solution begins with the replacement of
B() by AB(#) everywhere in (14) and (15), The parameter
A is an ordinary real number, with respect to which de-
rivatives may be performed, Using (13), (14), and (15)
gives

(Texp(f AB(s)ds))
BT [ BB ) -
xB(t,_ B Ndt, » + dt,
EZ%A" fot A™ (s)ds

:_’.l_‘exp(gx" fot G‘”’(s)ds), (16)
where A" (s) is defined by :
AW ()= [0 [Fee [ [ BB -+ BEBEY
thn."“dtzu a7

Clearly, A" (s) is the analog, in terms of ordinary
averages, of G" (s) which is given in (15) by cumulant
averages, Now, notice that if (16) is differentiated with
respect to A, » times, and then ) is set equal to 0, the
first and third terms in (16) give

+ t
ST T P

The corresponding quantity which comes from the fourth
term in (16) is

Texp(EA" j’t Gfﬂ’(s)ds) {H): ?.

(18)

19
ar + 9
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The right-hand side of (19) is sufficiently complicated
that a special method is required to arrive at an ex-
plicit formula,

The evaluation of (19) is a special case of the general
problem of evaluating the xnth derivative of a composite
function which is time ordered. The method to be
employed here is suggested by Riordan.® Let f be a time
ordered composite function of the form

=Tyl (20)

In (19), y() is expu) and w()) is 7, )J‘_f 'G™ (s)ds. De-
note (d"/dx" FO) by £,, (@ /A" w() by w,, and (@ /du)/
y@) by v,. From (20) it follows that

fi= Z(w1371)s
fo=Tlwy, +wiy, ),
Ja=Tlwgy, + 2w,00,9, + w59, + wiy,),

(@1)

fa=Tlwy, + 3uwsw1y, + 3wy, + w5y, + 3w,wiy,
+ 2w w500195 + wiw,y, + wiy )

So far, careful preservation of the order of terms in
these derivatives has been observed because noncom-
mutivity is in general possible., The presence of the
time ordering operator, 7, however, makes this
scrupulous observance of order unnecessary because
7 permits treating the noncommutative quantities as if
they commuted up until the time ordering is applied,°
For example, T(2w,w.y, + ww,y, )= T(3w,w;y,). There-
fore, Eqs. (21) may be rewritten as '

fI:I(wlyl):
fo=T(wyy, +uwly, ),

Js=Tlwsy, + Swaw vy, + wiys ), (22)

fa=Tlwy, + dwyw,y, + 73“7)73737’2 + 6wywly; + wiy,).
These expressions are sufficient to suggest the conjec-
ture that the nth term is

fi=_24 T{znlw(uh) ’y,}, where p = Eng

El My on
(@3)

where Y7 _,lm;=n defines a partition of », and the sum-
mation in (23) is over all such partitions. The values of
the multiplicities, m,;, are 0, 1, 2, +++, Therefore, p
=27 ..m; is always finite because all but a finite number
of the m,’s are zero, The formula given by (23) is the
time ordered generalization of di Brunno’s formula, !
It may be proved by induction as follows,

Clearly, (23) agrees with (22) for n=1, 2, 3, and 4.
Therefore, assume that (23) is true for n, and it shall
be proved that it is true for n+ 1. Then, by induction,
(23) is true for all positive n. Using (23), f,,, can be
directly obtained and is given by

> T{ﬁ n!

= —_— mq +1
fn+1—ET=1mz~m i (l[)mzm 1 m, ! (H)I) I(H)I) 1 yp+1} (24)
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< s n! my
+ 2 urin i
TP impmdsl ;:} 1Yy m, ! (]!)’”Jm.j!
12741
1

To show the equivalence of (24) and (25) the following
replacements are needed:

U RN T 1 +1
((]+1 ')m.Hlm ( ! ( ( 34 Vo s} F" (n:n:—l)' ,
1 1 :
where p= Zl)m,o 1 1
The first summation comes from one more derivative (71)ms - (jlym=tit 2 26)
of y which generates another factor of w,, whereas the 1 1 1
second summation comes from the derivative of all Ty 8] +1 ) (m; j+ ) m
other factors in (23) other than the v factor. It must be G+ 9y al «] + DIy (m a+t !
shown that (24) is of the form given by (23) for n+1,
which is Using (26) in (24) gives
n+1 ! .
fn-rl:Em Z_> 1T{1}1(l, 7 ( ‘I)mlyf}' § ‘( +1)
la1imp=n+ o E AR {01, ym my +1
whove 5= N z:{ B T Dy e ) y,,ﬂ}
1= y =1
S o n!(j+1)(m, L+ 1) =
+ + m . m, =1 m s, +1 =
:?,1§;=an=>1 I{ r=11 Vi, GO G, _1)1[(j+1)1*|m,+1+1(mm+1)! (o), Y57 o, )0 y,,} where p lz_zmh @27
l#jd

In arriving at (27), wm,/m,! has been replaced by 1/
{m; —1)!, and this does not lead to difficulty when m,
=0 if it is simply recalled that
1 om0 0
(mj -1)! my |
In the first summation in {27) let #,;=m, for [ = 2 and
let m,=m, + 1, Then it follows that

lEJﬁa,:(m1+1)+lZ_)zlm,=1+IZ)11m,=1+no
Similarly, in the second summation in (27) let m;,=m,
fori=1, 2,-¢+ but 7#j and I#j+1, and let m;=m, -1
while letting #m,,, =m,,, +1. Then it follows that
Elm,— Elm,+j(mj -1+ (j+1)(m2.+1+1)

12
£ j41
=IZ>1Zm, ~i+ (+)=n+1,

In addition, in the first summation in (27)

p+1 :(IZZm,) + 1=IZ)17Z,,
whereas in the second summation in (27) p =77 ,m,
Zzatodﬁllzﬁw

These considerations permit rewriting (27) as

n! 77y -
foa= L z{,ljl (e (w,r"zy,}

w
Eiyimpm#

my=1

' S\ pf g i+ m -

+ G+ mya o ya,

131117%:_1”112-}1 {11:1_1 {1yt (uz) Y5
mq#nel

0
where 551217%.

Notice that the summations over partitions of n+1 are
not unrestricted, and that the numerators still require
simplification. Reductions of (28) to (25) requires con-
sideration of two cases, #,=0 and s, #0. In the case

in which 1,
and the summation over j gives

?ﬂ(jﬂ)(ﬁm):?’zj@:nn when #, =0, (29)
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(28) ‘

=0 only the second summation can contribute

r .
Therefore, the numerator becomes ! (n+ 1)= (n+ 1)!
and the j summation is gone. In the case in which #,#0,
both summations in (28) contribute, and the combination
of the first summation with the j summat1on in the
second summation yields

nl (ml +E (i+ l)mjd) =n! (7”1 +jz>21ml)

(n+1)!, (30)

Consequently, (28) is identical with (25). This completes
the proof of (23).

=n! =1]mj> =nln+1)=

The original objective was to find the right-hand side
of (19) and equate it with the right-hand side of (18).
Equation (19) may be treated as an example of
(23) in which y{u) =exp(u) and w(X) =37, A" fot G (s)ds as
was previously indicated in the discussion of (20). In
this case, it follows that

Vo 20 =Vn u=0:1 for all n

and (31)

Wylro=n! fot G (s)ds

Therefore, (23) becomes

—_ had nl f o .
fn AJ’ﬁDZE;:rzT{l} (l')mlﬂl 1 G (S }
= 2 HL(f G(l) )d) mi\ -
Ty 1"‘[:111: am\J, (s)ds (32)
However, from (16) and (18) it is also true that
fn’l=0:n! fOtA(n)(s)ds -

Therefore, it follows that

t i
f AM(g)ds= 2, I{ﬁ 1 f Gth(s)ds 1}. (34)
0 0

Opy tmpen |12 my!
By explicitly working out (34) through =4, agreement
with previously published expressions, derived by a
more laborious method, will be reached.®

The problem of inverting (34) in order to obtain ex-
pressions for fot G™(s)ds in terms of appropriate pro-
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=(= 1" p-11, (51)
wherein #=0 corresponds with A=0.

Combining (48) and (49) provides the desired inversion
formula:

t
f G (s)ds
0

= 2

Bl men

t
(—1)"'1(1:—1)1T{1'ji‘fAU)(s)ds m‘},

(
(52)

where p =7 ym, in each summand of the partition sum-
mation. Formula (52) is identical with the results ob-

tained from van Kampen’s rules.®” Together, (19), (17),

and (52) provide a general expression for the nth order,
time-ordered cumulant averages in terms of ordinary,
time-ordered averages.

The averaged solution to (7) can be written using (13)
and (14) a

Guh= [Lop(Z [0 a0 (59
The corresponding differential equation is
00 =25 (G () (D 0. (54

By using (8), this corresponds with

(1) = My 0 () + [exp (M s 54 (G ()
X[ exp(— M) |geg ol - (1)) (55)

Because only the first two moments of -B(t) have been
explicitly indicated in (10) and (11), only for =1 and
n=2in (55) will explicit expressions be given at this

point. From (52) it follows that

G (1) =AM (1) = (B(t) =0. (56)

The second and third equalities follow from (17) and (10)
respectively. Again from (52) it follows that

GA () =AD() f (B()B(s))ds, (57)
where the second equality follows from (17). Therefore,
the =2 term in (55) becomes
(exp(tM ]asGéE )exp(~ tM)]W

= ["(AL, M, Al (s) exp((s = M) by s

—2f Qawe(f—s [exp(s—tM] JLexpl(s = M) Jpueds,
(58)

Hexp((t -

where (9) and (6) have been used to get the last two lines.

lines. Without explicit expressions for the higher order.
moments of A’(), the higher order terms in (55) can be
rewritten part way only, giving

exp(f M)G™ (¢,) exp(~ #; M)

_ [t oqta
="
X exp[(t; — 1) M] dedt, dlyoye o= dt. (59)

This expression contains cumulant averaging in the in-
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[ [ B ) expl (- 1)MIAYG)

tegrand, and (52) must be used to get an expression in
terms of ordinary averaging. The explicit, very com-
plicated expression will not be written down here.

3. THE GAUSSIAN PROPERTY

When dealing with stochastic processes which do not
involve the difficulties of noncommutivity, the stipula-
tion that the stochastic process is Gaussian leads to
great simplifications in the cumulant expression.® All
cumulants of order higher than two vanish for Gaussian,
commutative, stochastic processes.® However, the
presence of noncommutivity leads to nonvanishing higher
than second order cumulants.® It is for this reason that
Kubo's concept of a generalized Gaussian process in
the noncommutative case is invalid.*® To further
clarify this situation, the following brief review of the
principal points of relevance are presented.

For convenience assume that M=0 in_the preceding
section. It then follows that A(#)=A’(t) =B(#), and

(Al) >= 0, (60)
<Aas( 'B'( > zQaBm 'B'( k) (61)

The Gaussian property leads to explicit expressions for
all higher order moments:

<Aa161( )+ e A, e, (t20a)) =0, (62)
<Aa161( Ve Ay, Ban (t20))
1 no e -
=Zm ngz Pl <Aap(zj_1)ep(zj_1)(f'p(zj-u)Aap(zj)sp(zj)(fﬂ(zj)»,
(63)
where p is a permutation in the symmetric group of
order (21)1, S;,. The easiest way to understand the
origin of tllese formulas is to use the method of S. O.
Rice.'®" A(#) is represented by a Fourier series:
- P 2mnt o 2mt
== +
Ay (T) 2 (A,,co 7+ B,sin =), (64)

in which both N and T ultimately are allowed to go to
infinity and the coefficients A and B are time-indepen-
dent, statistically 1ndependent stochastw matrices with
Gaus_sian distributions. In particular, the distribution
for A, is of the form

1/2
:(IIG,,II) exp(- A, G, -A), (65)

D(A,) @
where G, is a positive definite teiratic correlation with
determinant [|G,|l. Using (64) in the left-hand side of
(63) leads to all the different products of pairs on the
right-hand side. In the special case in which all the cor-
relation tetratics for all the A,’s and B,’s are identical,
the time dependence in (61) will be 6(t—s and 2Q = G+,
This is seen by using (64) in (61) which gives

(Ay () Ay (s)
2¢nt 27ns
TE g Anasge) COS —— COS™ (66)
. 2mnt 2mns
+ .
( hs "u's'> sin—r—sin = )

28/ 4 2mnt  2mns
:-7—,"21 Giheyarar) COS — COS
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2mnt 2mns
-1 . .
+ G(OtB)(OG’B') SIHT Sln—T—)

2 X 2mn(t — s)
:Tcémws')”z:;l COs—

= Glpywign) 8t ~s) as T— o and N — o,

The first equality follows from the postulated statistical
independence of all the stochastic, matrix coefficients
in (64). The second equality follows from the assumption
for this special case that all correlation tetratics are
the same, and the fact that

)= HGII L/
MV "y,'u‘
X

(217)
AnuyAn,_t-,,ndAn = G;:w)(u' wye

The validity of (67) is perhaps best seen in a more
familiar matrix notation in the case of a vector process,
X,;, wherei=1, 2, -+, N with a Gaussian distribution
given by

DX) =[I'Ell/(2n)"T /* exp(~ 1X,EX,),

where IIEll is the determinant of E;; which is positive
definite and symmetric. Therefore,

HEII L7z L
X,X) = exp(~ 5X, E;,X )X, X,dX

= E}. (69)
Equation (67) is the natural generalization of (69) when
vectors become matrices, and matrices become
tetratics. Other special cases will involve G,.'s which
are not all equal, and as a consequence the time depen-
dence in (61) will not be simply &(¢ - s) as in (66). Of
particular interest is the special case in which G;! has
the form

exp[- %Ana,,c(asna'e')Ana,B,]

(67)

(68)

-1 TG.
G; _ZQITW[I_ exp(- T/7)]. (70)
Following the procedure used in (66) leads to
Zmz
<Aa<B(t oc'B'(g»‘“zQ(aB)(afﬂ')TZ;C S— (t—S)
T ,
Xe—e— 0 . |1- -T/7
1+ (2mn/T)?r2 [1- exp(- 7/ pl
= 2Q (way ) €XD(= [ =5 |/Tc)
asN—>2and T— o (71)

This special case will be of interest when Kubo’s con-
cept of a generalized Gaussian process is considered.

With the stipulation M=0, introduced at the beginning
of this section, the fourth-order cumulant, according to
(52), (17), (15), and (9), is

LTRSS BuAG A A didrdtdry
- fo' fo’l fo‘z fo‘a<A(t1)i.(tz)A(ta)A(i4)>dt4dt3dlzdtl
TR R Al A (A () dtydtydtydty
0 Yo To o
(72)

Notice the upper limits on the second multiple integral
of the right-hand side of (72). These upper limits fol-
low from the time ordering in (52), Using (63) yields
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for the first multiple integral of the right-hand side of
(72) the identity

Lt thl Lté. ~£t3 <Aau1(t1)Au1uz(t2)‘a”2”3(t3)A”3B(t4)>dt4dt3dtzdt1
= fug fot1 £tz fO t3{<Aau1(t1)A-ulu (fz))@u zua(t3)‘au35(t4)>
Ay (A4 pu () Ay, (DA, (1))

+ (Awl(tl)Au3B(f4))</~1u1uz(tz)Auzu3(t3))}dt4dt3dtzdt1.
(73)

The second multiple integral of the right-hand side of
(72) may be simplified also by noting the identity

i t [ [ [ stattattat,an
=" f E [ " gltytalytddtydtsdtydty
+f ' A E f‘ £t3 2trtalyty)dtydtdtydty
=[ e S gltytotol ) dt dtydtydty
[ f " [ 'S gltytotyty)dtydtydtydl

L}

= fu § { : i ° gltatatst tadtydlndty
0L [ sttt Jatdtydtan

[ [ s [ S g(tstotot ) d tydtodtydly
e
0L [ttt atdtdral,
+ [0 L0 R [Mattaat)dtatarar,
fo f ftzf Meltitatsty) +gltytytoty)

+ gty Lyt ots) bt gty dtoddly

+

o

&ttt ot )l ydt o dtydl,

(74)

The first and third equalities follow from: Jx f + f
The second and fourth equa11t1es follow from 1nterchange
of the order of integration: [ f’ dt'ds = [*[*" dsdt’, The
last equality follows from a renamlng of time variable
indices. The arbitrary function g(##,4,¢,) respects the
order of the occurrence of the different indices on the
time variables which are its arguments. Applying (74)
to the case at hand gives

£ 121 £y t3 ~ ~ - -
- £ fO vg L <A°=u1(tl)Au1u2(t2)><Auzu3(t3)Au38(t4)>

X dt,di,dt,dl,

- fot fotl fota 55 A (A, D) A (A, ol
+<Aau1(t1)‘au1u2(l3)><‘auzus(tZ)Auas(tal»

Ay ()40 0N Ay (o)A, Gyt ity

(75)
Putting (73) and (75) into (72) gives

L [ 00, ) A (A, 00) ittt
= {t ~£t1 fotz fta{<Aau1(tl)A“z”a(t3)><A“1”z(tz)Auaﬁ(t4)>

- <Aau 1 (ll)Au 1# z(ta» <Au ot 3(‘L2)Au a8 (t4)>
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+ (‘Z}'aul(tl)‘iu 36(t4)><‘5‘u1u Z(tZ)A (t3)>

SR, (A, () dtdtydtydty.
(76)

Only the leading terms in each of (73) and (75) cancel

out in general. Therefore, Kubo's specification that the
fourth order cumulant vanish for a “generalized”
Gaussian, stochastic, matrix process cannot, in general,
occur. However, the situation is not too bad, after all,
for the following reasons.

Haka

~(Auu (A, ,

If the time dependence for the second moments of A(t)
is the delta function 6(f — s), then (76) does indeed
vanish, as do all higher order cumulants. ®!% This is
seen for (76) because the time integrals become

L5 [T [ [P36(8y = £5)6(¢, — ty)dtydtydtydty = O
(U] 0 0
and
(7

‘gt M fz fS 5ty = £,)6(,

If instead the time dependence is as in (71), the in-
tegrals become

f f f [ exp t3) exp (-— fo— t4) dt ydtydt,diy
TC TC
¢ Tt t
:f[ +Taexp( )]+2—°[6Xp (——)—1]
2 T, 2 T,
2t
+—9—[exp( Tr—) jl
fo — fg
 exp ( ) xp (_ L) )
[
('78) can be used to prove (77) if it is noticed

— Ly)dtydtydtydly = 0.

X d14di3dt2dt1 .

Indeed,
that

11m a7

(78)

Jexp(- |T]/7)=18(7). (79

For t>>’r ('78) becomes 3£75. By using all of (71) the
entire fourth cumulant becomes in this case

t £ t t ~ ~ - -
fﬂ ~£ ! g 2 g 3<Aau1(t1)Au1uz(t2)Au zu3(13)‘41138(t4)>cdt4d[3d[2dtl

4(Qa u1u2u3Qu1u2u 3# - Quu 1u1u2Qu2u3u36

—_

T

+ Qau1u3BQu1ugu2u3 = QaululuzQuzu:,uaﬁ)%tT:' (80)
Clearly, for a nonmatrix process there would be no in-
dices and there would be a cancellation. The second

cumulant in the case of (71) is
£
£ f 1<Auu1(z1) ulﬁ(tz» dizdtl zQaulu B“—

Both (80) and (81) are linear in t. However, suppose @
is proportional to a relaxation time Tz, taken to the
minus two power:

QN =~ T}-{zg

(81)

(82)

This is dimensionally correct, and it suggests that (80)
and (81) have the forms

)
2Qq 1y 8T, — 2NIT /Th
and

4(Qau1ugu Quluzusﬁ'f'QauwgﬁQuwzuyx‘s
—zQw1u1uzQuzu3u3B) {7, S~ 2n¥Te /Tfe,
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where N is the approximate number of terms in the sum
Qu. s Which are large and of order TE, This means

that the ratio of the fourth order cumulant and the
second order cumulant is N®7%/7%. Now, suppose there
are N" states labeled by the indices a, 8, &, v, etc. If
N is comparable to N’ then the effective relaxation time
is Tr/N', which for large enough N’ will surely be less
than 7,. Moreover, N°72/7% will then be greater than 1,
and the fourth cumulant becomes more important than
the second. On the other hand, if N> N'because not all
pairs of states are coupled by equally strong stochastic
matrix elements, then the effective relaxation time 7,/N
can still be longer than 7,. In this situation the fourth
order cumulant becomes unimportant compared with

the second cumulant when /> T . This situation would
imply that the {(a,(#))’s relax more slowly than do the
fluctuation correlations. In physical applications, it is
this situation which is of most interest, and for it the
second cumulant provides the dominant effects when
t>7,. Thus, two conditions are required:

t>7, and NT /Tp<1 (84)

if the dynamics is to be dominated by the second
cumulant only. This is, of course, essentially equiva-
lent to the delta function theory', as was indicated by
(79).

In summary, it may be claimed that Kubo's “general-
ized” Gaussian, stochastic, matrix process only ob-
tains for a delta function correlation, for otherwise a
truly Gaussian process will involve fourth and higher
order cumulants. If, however, condition (84) holds,
then the asymptotic behavior is dominated by the second
cumulant after all. The fully rigorous justification of
these remarks requires analysis of the higher order
cumulants in special cases such as the ones studied
here. It is perhaps ironic that the general theory
presented here using cumulants, actually justifies the
earlier, more simple, delta function theory', rather
than superseding it, if (84) is satisfied. It should also
be noted that dominance by the second cumulant in this
situation requires ¢ > 7, but f need not be very very much
greater than T, since f=10- 1007, already reduces the
higher order corrections to very small effects.

4. THE DENSITY MATRIX

The mathematical results developed in the preceding
sections will be applied now to the treatment of the
stochastic Schrodinger equation®s?

. d

i (85)

Co)=My,.Cyi(t) +M,,.()C,.(1),
in which Myq.=M*., and My, .(6) =M%, (1), M,,
responds to a stochastic Hamiltonian which is
Hermitian. Suppose that a change of basis states is
made so that M,,. becomes diagonal. Suppose further
that there are N states corresponding with the degener-
ate eigenvalue M. If consideration is restricted to these
N degenerate eigenstates of M, then (85) becomes

d

Zd—fc ()

+(#) cor-

ACL{E) + ML, . (1)CL (D), (86)

where o and o’ range over 1, 2,+--, N. The stochastic
Hamiltonian M, .(f) will not couple eigenstates of M
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which belong to different degeneracy classes. This re-
quirement is imposed in order to insure that the de-
scription given by (86) leads to a miecrocancnical equi-
librium density matrix and not to the uniform density
matrix. The reader is especially urged to see Ref. 3

for more details concerning this point. For convenience,
the primes in (86) will be dropped in the following, and
confusion with (85) should be avoided.

The moments for M,,.(t) are given by

(M, ({t))=0, (87
<Mo¢a'(t)jc%ﬂ’(s)> = zQaa’BB'(l - S). (88)
In (88), the time dependence of @, 4 rge-(f — s) can change

as the values of the indices change, in general. The
specific case in which the time dependence for all values
of the indices is a delta function has been extensively
treated in earlier publications,!=+8:17

Although, in general it is unnecessary to do so, the
imposition that M, ,.(f) be also Gaussian can be made
and leads to

i, ,1(11 ot
<*Mu ul(ll

(th-l»:Os (89)

Hona1”2n4
qu "'2 (lzn )

1<‘A/Lp(2]_1]v1)(2] -lP(tP (21-1 P)

(tpc2i)))

T2 2
I pCs ia

i
B a2 pla)
1 b Ll

n1 pE8, il Palaj ) plag)* o sz (Epcas 1) = PR

(90)
The density matrix p,s(¢) will be defined by'®

Paslt) =CEBHC(D), (91)
and it satisfies the equation

d

77 Pasll) =—iLypqepe()parar (D), (92)
where Laﬂa.ﬂ.(l) is defined by

Logarar(t) = 80 e Mags () — Ggg % (1), (93)

Equation (92) is a special case of (4) when the M in (4)
is zero. Of course, one must think of p,4(#) as a doubly
indexed vector, and L,g,.5.({) as a quadruply indexed
matrix to see the connection between (4) and (92).
Therefore, the average of (92) is a special case of (55)
in which the M-in (55) is zero. This gives

I paali)y = (09)

otﬂoe ’ﬂ'( )<po¢ ’B'(t»

wherein Raﬁm.e.(t) is defined by

t
jR(”’(s)dsz 2 1P p-1) ’I{ —(JD‘” ds) }
0 Y jimy=n Re

(95)
where p=3,1m, and n> 2. For n=1, RY’=0. The
D”’( ) in (95) is defined by
D" (s) = ()" f f 2, futn-zfutn-l <L(S)L(lz)

x L¢ ,,_I)L( Nyt -« dt,. (96)

Equations (95) and (96) are special cases of (52) and (15)

2906 J. Math, Phys., Vol 16, No. 2, February 1975

respectively, when M is zero in (52) and (15). The con-

dition, RY’=0, follows from (87) and (67).
The explicit expression for R, () is
R () == f (Lagur @) Ly e (s)ds
== fu {04 Qs (t = ) + Oage @y oy (F = )
— Qagrares (= ) = Qurg a0 (( = s)ds. (97)

If it is further assumed that the stochastic Hamiltonian
is stationary, then Q@ gump:(f ~ 8) = Qurgrasls — ) = Qurpras(t
—s). This is equivalent with microscopic reversibility.
Using (89) and (90) in (96) and (95) provides explicit ex-
pressions for R'™(#) for » >2 in the Gaussian case.

19

In general, the microcanonical density matrix

pgéﬁromnnnical = (1/'1V) 5046 (98)

is a solution to Eq. (94) regardless of any special as-
sumptions about M(/), such as Gaussianness. This is
seen from (95) and (96) as follows. It is necessary to
show that

Rysmars )1/ N)8a’8'=0 (99)

for each . By using (97), this is clearly true for #=2.
The second equality in (97) leads to

B fot{éda’Qﬁwﬁ’(" = 5) + 05/ Qu qaru (= S) = Qggrara(t = 8)
- Quragar(t— $)ds(1/N)8yugs
=- fut{QBvua(t" 8) FQuosut-s) -
- Qoass(l = s)H1/Nds=0.

Alternatively, the first equality in (97) may be used to
obtain the same result:

_f (Lo Ly s (0)AS(1/N) B s
:_f (Logun(® L parar ()1 /N) B rgudds = 0

because _L“ 5 6{f) =0 as follows from (93) and the hermit-
icity of M(f). It is the proof of (99) for n=2 given by
(101) which readily generalizes to arbitrary ». Equation
(95) shows that the computation of R{¥yg:(#)(1/N)5,g in-
volves a sum over partitions of # in which each sum-
mand 1nv01ves a sum of time ordered products of
FDY)(s)ds”s. Each such time ordered product, accord-
ing to (96), ends with some D"’(s) which ends with

L, s (t;+) in its integrand. Consequently, as in (101),

R 30 ()(1/N )50, ultimately reduces to an expression
containing L, ez (#;)(1/N) 8,5, =0, This completes the
proof of (99).

Qas oot —5)
(100)

(101)

It is also the case in general that the time dependent
solution to (94) satisfies

Pyalthy=1. (102)
To see this, it is sufficient to note that
R a8 =0 (103)

for each n. The proof of (103) is very similar to the
proof of (99) and depends upon Lwa.s.( H =0 as follows
from (93) and the hermiticity of M(#).

Whether or not the microcanonical density matrix is
approached asymptotically in time starting from an
arbitrary initial density matrix depends upon the struc-
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ture of 3 R (1). In the special case previously con-
sidered by the author in which the correlation in (88) is
a delta function in time and M(#) is also Gaussian, it
was shown that the approach to the microcanonical den-
sity matrix was in fact monotone because an H theorem
was provable.? In the present, more general setting,

a greater variety of behaviors is possible, including
nonmonotonic approach to the microcanonical density
matrix.

In the special case in which

Quarspr(l = 5) = Qopgar €xD(= |t =5 |/T), (104)
the presence of a finite correlation time 7, does not
necessarily destroy monotonicity. To see this, note

that (104) implies
(Iffw. (t)ﬁi’ss.(s)) = (Maa.(t)zifﬁa.(t)) exp(— \/, -5

/7). (105)

Therefore, if X,5 is an arbitrary hermitian matrizx,
then

X¥aRBrg X g

= fo" taLasun (D Luparsr ()X )
— [ UL o OX o) (Lyopse (DX o)) €XD(= | L= 51/ 7 )ds
(s 0K )Ly (DX T 11 = (= £/7)]
(108)

i

N
(=]

The first equality in (106} follows from (97), the second
follows from (105) and L,g,,(#) = L¥,,.(f) which follows
from (93), and the inequality follows from the form of
the third equality. Therefore, the tetratic R{Z....(1),

has nonpositive eigenvalues for its “eigenmatrices.” As
shown in (99), it also has a zero eigenvalue for the
“eigenmatrix” (1/N)0yg.. I it has no other zero eigen-
values, and this depends upon the details of @y 4ps in
(104), then R¥E..z.(f) already shows an approach to equi-
librium. It is also of interest to analyze the higher order
terms in ¥, R{gwse (f), but it has already been argued that
that RZ).q»(#) will dominate the asymptotic behavior of
(94) provided that M(f) is Gaussian and that conditions
analogous to (84) are satisfied. These results should be

compared with the delta function theory. !+

5. CONCLUDING REMARKS
The paper has addressed the following points:

(1) The rules for the construction of the nth order
cumulant in the case of time dependent, stochastic,
matrices or operators, as given by van Kampen have
been derived. The derivation generalizes di Bruno's
formula to the noncommutative situation, and makes use
of the time ordered logarithm.

(2) Kubo’s concept of a generalized Gaussian,
stochastic, matrix or operator is criticized and shown
to be valid only asymptotically, if certain conditions
are met.
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(3) The conditions which lead to asymptotic validity
of Kubo's concept of a generalized Gaussian process
also justify the delta function theory presented earlier
by the author.

(4) A generalized density matrix equation is given, A
discussion of the monotonicity of approach to the micro-
canonical density matrix follows the equation.

Remaining is the problem of discussing the details of
how to describe the approach to canonical equilibrium
of a subsystem in contact with a thermal reservoir.
This is a special case of the microcanonical problem
discussed here, and its presentation will be deferred.?
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Multiplicative stochastic processes, Fokker-Planck equations,
and a possible dynamical mechanism for critical behavior
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A derivation of the Fokker-Planck equations for additive stochastic processes is given which involves
treating the continuity equation in the configuration space representation of the additive stochastic
process as a multiplicative stochastic process. The average of the continuity equation becomes the
Fokker-Planck equation. A presentation of the “multiplicative stochastic, Markov approximation™
follows. This approximation is applied to the analysis of the dynamics of a heavy particle in a
molecular fluid as described by Hamilton’s equations. The nonperturbative approximation technique
leads to the Fokker-Planck equation for simple Brownian motion. As part of the analysis, “intrinsic
diffusion™ is discovered and used to show ergodicity for the autocorrelation formula which appears
during the Brownian motion calculation. An account of how these methods might be used to study

the dynamical origins of critical behavior is given.

INTRODUCTION

~ The purpose of this paper is to illustrate connections
between additive and multiplicative stochastic process-
es. The distinction between additive and multiplicative

- stochastic processes was explained in an earlier paper.!
In several subsequent papers, =5 application was made
of multiplicative stochastic processes to the description
of quantum mechanical phenomena, Such applications
may be thought of as the generalization for quantum
mechanical processes of Brownian motion, an additive
stochastic process, and Kubo® has referred to such ap-
plications as quantum mechanical Brownian motion, A
general theory for additive stochastic processes has
been presented”® within the framework of stationary,
Gaussian, Markov processes. The domain of applicabil-
ity for additive stochastic processes includes Brownian
motion, *!! irreversible thermodynamics, 1 fluctuating
hydrodynamics, !* and light scattering from simple
fluids and fluid mixtures, !*~!® as well as other topics.,
It would appear that additive stochastic processes are
of relevance for classical physics rather than for
quantum physics. This separation of applicability of
additive or multiplicative stochastic processes to clas-
sical or quantal physics, respectively, is not of a
fundamental nature: For most purposes it is a natural
separation. However, Haken!’ has reviewed the use of
additive stochastic processes in quantum mechanical
contexts, and this paper will exhibit the utility of multi-
plicative stochastic processes in classical physics.

The primary connection to be described involves a
technique for the derivation of the Fokker—Planck equa-
tion for an additive stochastic process. The technique,
however, uses a multiplicative stochastic process
which is generated by the original additive stochastic
process. In this way, the relationship between the
Markov nature of the process and the properties of the
second moments of the fluctuating forces is highlighted.

The technique just referred to suggests a method for
the derivation of the Fokker—Planck equation for Brown-
ian motion which connects the dissipative, friction con-
stant of Brownian motion with interparticle potentials,
in a model of Brownian motion in which the fluid is
treated as N interacting fluid molecules obeying con-
servative classical mechanics, This problem is worked
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out in detail and involves an unusual type of diffusive
behavior characterized by a Green’s function
KxT 2)-1/2 (q_q’)z
I3 S\ S, 0 S
(2” m EXP |~ 2K, T/ m)EE

in one dimension, This peculiar diffusion provides for a
proof that the autocorrelation formula, for the dissipa-
tive, friction constant which is derived, is ergodic.

The conclusion of this paper considers certain infinite
series which arise in the Brownian motion problem.
The possibility of summing the series is raised. In
addition, it is suggested that the series provides the
possibility for understanding the origin of critical be-
havior in terms of a dynamical mechanism,

FOKKER-PLANCK EQUATIONS

The complete stochastic description of an additive
stochastic process is given by the solution to its asso-
ciated Fokker—Planck equation. For the case of Brown-
ian motion, in one dimension, the additive stochastic
process is given by Langevin’s equation

‘ M%u(t) =— oult) + F(t) (1)
where o >0, and f(t) is a purely random, stationary,
Gaussian force satisfying

(F(t) =0 and (F()F(s)) =2xr5(t - s) @

where {-- ) denotes stochastic averaging. ?1%1! The
delta function in (2) implies the Markov property for the
stochastic process u(f),!! as must be proved using the

. definition of a Markov process, which definition in-

volves specific behavior by the higher than second-
order correlation distributions for #(#). ! The Markov
property is then used to imply the validity of the

Smoluchowski equation, which for Eq. (1) is written as!!

Pu(0)|u, t+at)= [ P@(0)|w, )P |u, at) du’ (3)

where P(u(0)|u,f)du is the conditional probability that
the value of u(f) and time ¢ will be between u and #« +du
given that at time #=0, u(f) had the value #(0), The
Smoluchowski equation is used to derive the Fokker—
Planck equation which in this example becomes

Copyright © 1974 American Institute of Physics 1918
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a%P(u(O) |, £) = - % (_ L uP(0)|u, t))

W—EP(u )]z, @
The solution to Eq. (4) is subject to the initial condition
at £=0 that P@(0)lz, 0) = 8(x - «#(0)). The solution to the
Fokker—Planck equation provides the conditional prob-
ability distribution which for a Markov process contains
all possible information about the time evolution of the
process. The solution to (4) is

172
P(u(0) |u, ) = (Zﬂli,ffT (1- pz(f))) exp -

(M(u - p(t)u(o»z)
2K, T(1 - p2(8))
(5)
where p(#) = exp[— (¢/M)], and we have used the relation
A= KB To (6)
which is Einstein’s relation within the context of
Langevin’s equation. Relation (6) follows from the re-
quirement that the solution to (4) satisfy the asymptotic

limit
. _KsT\1/? Muz)
) Iu’ t) - (277 M ) eXP - ZKBT (7)

where the right-hand side of (7) is the Maxwell distri-
bution. In Einstein’s treatment of Brownian motion, !¢
the analog of (6) is derived

D=KyT/a : (8)

lim P(x(0

trce

where D is the diffusion constant. Both relations (6) and
(8) are referred to as Einstein’s relation in the litera-
ture. Relation (8) is the original relation which follows
from the diffusion equation, whereas relation (6) is the
prototype for fluctuation—dissipation theorems. §

Multicomponent generalizations of Langevin’s equa-
tion lead to the general theory of stationary, Gaussian,
Markov processes”!? which are described by the
equations

d

T0al) = Ao (1) + Saa o () + Fo(t) (©)

where @ =1,2,...,N, A,, is an antisymmetric matrix,
Sear is a §ymmetr1c matrix with nonpositive eigenval-
ues, and F,(f) is an n-component, purely random,
Gaussian fluctuating force satisfying

(F () =0 for each a, (10)

(Fo(t)Fa(s)) = 2Qugb(t = 8), (11)
where ,; is a symmetric matrix with nonnegative
eigenvalues. The corresponding Fokker—Planck equa-
tion is given by

2 (Aaartart Saw@a)P@(0) |2, B)]

3
5 P@(0) |a,#)=- aaa

aa Ta. 50, QP @(0)[2,0)] (12)

with the initial condition P(a(0)la, 0)=5(a - a(0)). The

solution to (12) is given by™?®
(0)[a, )

1/2
) I:H(CZJSTL‘))"H] exp[~ 2@y = Dagr ()0 (0
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X(ag~ Dy (t)ag(0))] (13)

where IIC(f)li denotes the determinant of C(£), and D,,.(¢)
is defined by

D(#) = exp[ (A +8)¢] (14)
and C.(f) is defined by
Cl{(H=E"1- DOED*(H) (15)

in which the matrix E is determined by the entropy S(f),
given by

S(f) = Sy = 2K pa(f)E g(t), (16)

so that E is symmetric with positive eigenvalues. To
get (13) from (12) we have used the generalized fluctua-
tion—dissipation theorem®1®

2Q 5= — (Aup+S40)Esh + E ma(Ags — Sep) (17
which follows from the requirement that '
lim P(a(0)|at) = W, exp(— 3a,E .5, (18)

where W, =[IEI/(27)"]'/?, and the right-hand side of (18)
is seen to be the Boltzmann—Planck formula because the
entropy is given by (16). The derivation of (12) requires
proving that (9) with (11) describes a Markov process.
Then a generalization to #» components of Smoluchow-
ski’s equation leads to (12), !

A further generalization is possible in which one
deals with continuous, variable indices. Analogs to (9),
(11), and (17) result in

2 e, = f Ay, T)ay (e, O lr?
—f S,-,(r,r’)a,(r’,t)dr’+17“i(r, 1), (19)
(Fy(r, F,(x’, s)) = 2Q,,(r, x)6(t = 8), (20)

2Q,,(r, ") = [ [(A,(r,r") + Sy (r, T EH(x”, 1)
+Efr, ") (= Ay (r”, r7) + S;y(r”, r'))]dr
(21)
where E,K(r r’) is the entropy matrix analog of (16)
v—3Kg [ [ a(r,HE; (x, t)a,(r')drdr’,  (22)

This form of the general theory of stationary, Gaussian,
Markov processes leads to hydrodynamical applica-
tions, "1~1% a5 well as to applications in other field de-
pendent problems, ?° There is also in this case a cor-
responding Fokker—Planck equation which will involve
utilization of the techniques of functional differentiation.
We shall not write down this equation.

At this point a partial review of the structure and
significance of the Fokker—Planck equation for additive
stochastic processes has been presented. It is neces-
sary, before proceeding further with Fokker—Planck
equations, to review the basic theorem in the theory of
multiplicative stochastic processes,

Consider an equation of the form

d ~
d_taa(t) =Ayarly (t) +Ag (t)aa' ) (23)
where =1, 2,. . s Ny Ay == Ay, ‘Zaa' (9 :-‘Za‘a(t)’
and the matrix A4,,.(f) is a purely random, Gaussian
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matrix with mean value zero, which implies that!
(Aaer @) =0 and (Ago (DA () =2Quqrpp 0t = 9)
(24)

and that the higher-order averaged moments are given
by

(Aagayt)) - “Aay, g ag Pt)) =0,
<A’a1ai(t1) " °Aa2"aén(t2n)>

L (A
T 2np! PSS9, d=1

(25)

ay <zj-1Mm-n“"‘“'“A“man“}(zn(t"@“»

(26)

where },c sy, denotes the sum over all permutations of
the symmetric group of order (2r)!. Equations (25) and
(26) are consequences of the Gaussian property of A(f).
1t has been proved that these properties of A(f) lead to
the averaged equation!

2 (@(8) = Aar @ (B) + Qusour(@ur () (21)

in which the matrix @44 is determined by (24) which
implies that it is symmetric with nonpositive eigen-
values. Whereas (23) describes fluctuating oscillations,
(27) describes damped oscillations.

The proof of (27) from (23) using the properties of
(24), (25), and (26) goes through unchanged if the A,
in (23) is augmented by the addition of a symmetric
matrix §,,. which has nonpositive eigenvalues. That is,

d ~
Eaa(t) ZAuarTa () +Saai@u () +A 0 Day () (28)
leads to

% <aa (t» =Aaa’<aa’ (t» + Saa’(“a' (t» + Qa&&a’(aa’ (t»

(29)
upon performing the average of (28).

In addition, this result can be generalized to infinite
matrices and to continuous indices. Therefore, we shall
also use the theorem in the form

2 fla,H=Layria,+ L, O, (30)
leads to
= (la, ) =L@} /la, ) +Dla) g, ) 1)

where L(g) is a linear differential or integral operator,
L(g,1) is a purely random, Gaussian, fluctuating linear
differential or integral operator with mean value zero,
and D(g) is a linear differential or integral operator
given by

(E(q,t)L(g, ")y =2D(g)8(t - 1").

In (30), it will be assumed that £(g, ?) is an antisym-
metric operator, which means that if {¢,(¢)} is a com-
plete set of real orthonormal functions of the coordi-
nates ¢, then

[T ==[L )]s
where [L()];x=J ¢:,(@)L(g, ¢k (g)dg. Consequently,

(32)

(33)
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D(q) is a symmetric operator, which means that

[Dlix = [D]is (34)
where [D];x = [ ¢,(a)D(q) @« (q) dg because
[D]IK=f0t<[L(t)]lj[L(S)]jk> ds. (35)

From (35) it is also seen that the eigenspectrum of D{(g)
is entirely nonpositive. The operator L{g) in (30) may be
either antisymmetric or of mixed symmetry in analogy
with (23) and (28), respectively. Specific examples of
these formal expressions will occur in the following
paragraphs.

The ¢ in (30) and (31) may represent a single variable,
or it may represent a set of variables. Suppose we ex-
plicitly have N g’s: ¢4,43,...,q,. Consider the con-
figuration space corresponding with these ¢;’s and let
f(g14s - - - gxt) be the distribution function in configura-
tion space. If N=2m and m of the g;’s are coordinates
and  of the g,’s are momenta, then the associated
configuration space becomes phase space and f becomes
the phase space distribution., However, in several con-
texts it is not phase space which will interest us and,
therefore, we use the notation g;’s for a generalized
configuration space of N variables,

It is always the case that the continuity equation is
true in configuration space. In our notation this becomes

3771 a5 == 5 WGy - a0 (36)

where g;=d/dtq,(t). If we are actually dealing with
phase space and a conservative system for which
Hamilton’s equations are valid, then (36) leads to
Liouville’s equation, % However, in general we will not
necessarily be in phase space or be dealing with a con-
servative system, so that Liouville’s theorem is not
generally valid although (36) is. In the general case,
some relationship between the g,’s and the g,’s must
hold if (36) is to lead to anything useful.

Returning to (9), we will take for the ¢,’s the a,’s.
Therefore, (36) is seen to be given by

%,f(a1 cerayt)=- 52_“ (4, flag = - ay?) (37)

For the a,’s we use (9) which converts (37) into

a—atf((h e (th) == ai [Maa’aa' + Sau'aa' + Fa(t))f(al e aNt)]

aa
(38)

which is clearly a multiplicative stochastic process in
the form of (30) if we identify

0

Lig)—-+—

5a, (Apar @y +Sage @y )x

and ) (39)
~ ? = ~ 3
L(q,t)—-——aa Fa(t)x=—Fa(t)—aa .
o o

The analog of (31) is then

@y -+ at)

0
oa,

[Aaa'aa' + Saa’aa’)<f(a1 T (th»]
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82
aa aa [QaB(f(al aNt»]' (40)
This is precisely the Fokker—Planck equation (12) if
we identify

P(a(0)|a, t) = (flay - ayth. (41)

Consequently, given an additive stochastic process, we
can write out its associated continuity equation in its
configuration space and we arrive at a multiplicative
stochastic process, the average of which is the Fokker—
Planck equation of the original additive stochastic
process,

Because the connection between (38) and (40) requires
that F’a(t) is purely random, we see the Markov prop-
erty and its connection with the Fokker—Planck equation
without having to proceed via the Smoluchowski equa-
tion. As a special case of (38) and (40), we momentarily
return to (1) from which the analogs of (37) and (38)
follow:

= Fl ) = = =Gty ), (42)
? . Fo
atf(“ = au[< 2" )f( ]

The average of (42) is

500 0 = 3 (30, 0) + 357 o, )

which is identical with the Fokker—Planck equation (4).

(43)

THE MULTIPLICATIVE STOCHASTIC, MARKOV
APPROXIMATION

In this section we will discuss an approximation pro-
cedure which will be referred to as the multiplicative
stochastic, Markov approximation. Its connection with
the preceeding section will be illustrated, and it will
provide the background necessary for the analysis of
Brownian motion which follows in the next section. The
approximation procedure introduced here is
nonperturbative,

Suppose we have a particle in a fluid. It is, on the
.average, at rest, although it does execute a fluctuating
motion, We could describe this motion of the particle
phenomenologically by the equation

dx
= =p(t
Mo =B (44)
in which the fluctuating momentum E(t) is assumed to be
a purely random, Gaussian stochastic process with
average value zero and a second moment given by

(PP (s)) = 2M*D5(t = 5) (45)

in which M is the mass, as in (44), and D is a constant.
The continuity equation in the configuration space de-
scription of (44) is

QJIQ,

S Gfx, 1)

)
M

d
Ef(x,t) =

~—

s gl

flx, 1)
J)

=z, ). (46)
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This is again a multiplicative stochastic process with a
purely random, Gaussian stochastic operator. The
average equation is, therefore,
2w,y = DL i, ) (a7)
ot ’ 0x? ’
which is recognized as the diffusion equation with diffu-

sion constant D. Equations (46) and (47) are special
cases of (37), (38), and (40).

It may be objected that from Brownian motion we
know that (45) is not so, but that instead

(BB - MK T exp~ 5 |t- s) (48)

which follows from (5), and in which the rounded (---)
denote an average over the initial value distribution in
addition to the stochastic average denote by (--:). The
second average makes (48) a stationary expression de-
pending upon |#— s|.!® Using (48) in (46) leads again to

_P®) @

i (49)

2 fl, b=
which is still a multiplicative stochastic process, but
the stochastic operator is now no longer purely random,
so that we cannot use our theorem for averaged multi-
plicative stochastic processes. However, the p(#) in
(48) and (49) is still a Gaussian process because the
u(t) in (1) inherits the Gaussian property from the F(z)
in (1) since (1) is a linear equation. In the Appendix it is
shown that the Gaussianness of p(¢) leads to the exact
result

t
5 e = [ (Bopen as

Using (48) in (50) permits performance of the integra-

tion giving
Bl ep (- )] fs0em 6y

which differs from (47) by the presence of a time de-
pendent diffusion constant: (K,T/a){1 - exp[- (a/M)¢]}.
For times long compared with M/a we can neglect the
exponential term, and this constitutes the multiplica-
tive stochastic, Markov approximation. The integral in
(50) can be used to define a diffusion constant when we
neglect the exponential part in (51). We get

82
(). (60)

d
Z (ot -

t
- lim [o (BB as (52)

where D’ will be used in an expression like (45). Be-
cause of the infinite decay tail in (48), we have taken the
limit £ —= e in (52), although the greatest part of the in-
tegral comes early. Using (48) in (52) gives

D'=K,T/a. v (53)

Note that (52) also gives the strength of the second
moment for M-5(t) as expressed by (45) since

D= %{TMQ'[ (P®B(s) ds. (54)
Therefore, if D=D’ we have the multiplicative stochas-
tic, Markov approximation for (48) and (49) given by

(45) and (46). The average equation (47) or (51) is the
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diffusion equation, and the connection between diffusion
and Brownian motion given by

D=K,T/a (55)

is Einstein’s original formula (8), % The self-consisten-
cy of the multiplicative stochastic, Markov approxima-
tion requires that the D’ we get from (52) not be too
large so that diffusion is slow compared with the re-
laxation of (48) which is governed by the magnitude of
a. Indeed, (48) decays faster for larger « which via
(53) results in a smaller D’ which implies a slower dif-
fusion. Therefore, in this example, the multiplicative
stochastic, Markov approximation is seen to be intrinsi-
cally self-consistent. The reciprocal relation between
D’ and « generalizes to the more general case of multi-
component processes.

In the next section, analogs of (52) will arise in which
a stochastic quantity has a non-purely-random second
moment correlation formula from which we are cal-
culating its strength. A formula like (52) will be used
to calculate the strength to be used in the replacement
correlation formula which is purely random. This will
be analogous to the replacement of (48) by (45) where the
D in (45) satisfies (55). The presence of the infinite
time limit is formal, and it will be shown that the cor-
relation integrand actually decays significantly in a very
short time interval, as was the case with (52) with (48)
in the integrand.

Before proceeding further, it is worth remarking that
while we can actually solve (49), given (48), by writing
(50), because of the Gaussian property, it is not a
generally valid procedure for situations in which the
stochastic operator does not commute with itself at dif-
ferent times.?® Here, commutivity is guaranteed by the
simple form of (49). When there is noncommutivity,
then the Gaussian property alone is not sufficient for
the reduction of the averaged equation to a workable
form, and the multiplicative stochastic, Markov ap-
proximation becomes essential, 2

MICROSCOPIC MODEL OF BROWNIAN MOTION

In this section we shall bring to bear the techniques
of the preceeding sections as we attempt a derivation of
the Fokker—Planck equation (4), for a Brownian parti-
cle, starting from a description involving a heavy parti-
cle interacting with N fluid molecules according to
Hamilton’s equations of motion. This is not a new pro-
gram as far as its objective is concerned. Others,
using other contexts and techniques, have also made this
objective their goal.?~*" Our present context and tech-
niques were suggested by Kubo®® in his remarkable
pioneering work on multiplicative stochastic processes.
The results in this paper differ somewhat with Kubo’s
results because he used some simplifying assumptions
which we have found unnecessary. It will be seen that
the analysis presented here goes beyond that of any of
the other references cited in terms of the detailed ac-
count of what is happening dynamically. Two main con-
sequences accrue: (1) A new kind of “intrinsic diffusion”
is discovered which enables us to show ergodicity for
the correlation formulae which appear, and (2) a con-
nection with the dynamical origins of critical phenomena
is seen. The first point will be emphasized as it comes
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up later in this section, while the second point will be
discussed .in the section following the next section.

Our starting point is the Hamiltonian

PRI NI TR S L 56

- oM + 1 om + 1 (p( 7rj)+ 9 T (rj, rk) ( )
where the heavy particle has mass M, position R, and
momentum P, and the fluid molecules have mass m,
position r;, and momenta p; wherej=1,2,...,N.
»R,r,) is the interaction potential between fluid mole-
cule j and the heavy particle, and U(rj,rk) is the inter-
action potential for the fluid molecules. Because our
description is that of a conservative system we may use
Liouville’s theorem to express the continuity equation
corresponding with the phase space picture for the
system:

2 f=—iLlf (57)

where f=f(RPr;p; - - » T4Dyt) and —iL is defined by
) P il
—ZLE— M’ Vg— o

Y N
m Vet 2 Vao(R, ry) - (Vp- ij)

1 I

+27 Ve, U(r,, Tp)* Vs, (58)

JER

The Liouville operator defined by (58) will be separated
into two parts:

. P il :
~ily== ;- Va+2) Vao(R,1,)- Vp, (59)
N _p_l N
—iLg=-— ?_31 ot Vit 37_31 V,Jgo(R, r,)- v,
N
+ %i erU(rh rk) ° vpjo (60)

Now, define f by
f=exp(- itLp)f (61)

where f=f(RPrp, - - - ryp,t). Using (57) through (61)
leads to

2 F==ily0f (62)
where Ly(?) is defined by
—iL(t) = exp(EtL ) (- iLg) exp(~ itLy). (63)

Our notation suggests that L, (#) is a stochastic opera-
tor. Of course, it is clearly not a stochastic operator
as is explicitly evident if (59) and (60) are inserted into
(63). However, it acts like a stochastic operator be-
cause the noncommutivity of Ly and Ly results in ex-
tremely rapid variations in Lg(f) if N is sufficiently
large. Moreover, (59) and (60) may be used to exhibit
Lg(t) as a sum of N similar terms. This suggests that
to treat Lg(f) as Gaussian for large N is not unreason-
able. Therefore, we shall invoke the nonperturbative,
multiplicative stochastic, Markov approximation while
we treat Lg(f) as stochastic.

It shall be assumed that the average of f, ( f), factors
for all time as follows:

(f) =gs(PYWE(RryD, - - - TyDy) (64)

where W (R r;p;- - - ryDy) is the canonical equilibrium
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distribution for the fluid molecules in the presence of
the heavy particle at R, and is given by

_1 1pif
W?(Rr1p1"-erN)=m exp |- B ?;1 om 2;/ ¢(R, 1))
1 N
+3 JE#U(rJ,rk)):l © (65)

where @, the normalization constant which satisfies
f ...f W (Rr P~ -+ cedpy=1.

(66)

rypy)dRdr, - - - drdp; -

The heavy particle coordinates R appear in (65) because
the inertia of the heavy particle is so large that the
fluid molecules achieve thermal equilibrium relative to
the instantaneous position R of the heavy particle very
rapidly compared with the rate of change of the position
R. This situation is analogous to the technique used to
derive the Langevin equation starting with a heavy par-
ticle in a fluctuating fluid, in which case the fluid fluc-
tuations must be computed subject to boundary condi-
tions representing the presence of the heavy parti-

cle. *?%2% The response of the fluid to the presence of
‘the heavy particle must appear in the computation if
sensible results are desired.

Returning to (62) and using (64) we get, on the
average,

aatga (Pt)
__f[ N- ff N+1- fﬂa(o)ﬂa(s)
X WeH(Rr'p™) d¥r dRd¥pds g5 (P1), (67)

where we have integrated over the fluid variables and
R, and the quantity

S N [ N [ B 0)E()
W (Rr'p¥)d¥rdRd"pds (68)

is almost the analog of the correlation strength given in
(52). The minus sign comes from (z)? and r" denotes
ry---rywhereas d"r denotes dr, - . . dry, etc. The in-
tegration over the variables in W% corresponds with
the round brackets average in (48) and provides the
analog of stationarity. Note that (68) is not exactly the
analog of (52) because it is still an operator, Equation-
(67) is what would result if L ,() were really a stochas-
tie, Gaussian process for which the Markov property
holds. We have implicitly assumed that the average of
Lg(?) is zero in writing (67). We shall digress for a
moment and explicitly demonstrate that L;(#) has a zero
average, and that (68) is stationary. The average of
Ly(?) is given by

(LM =/ .- [ Lytywea'rdrd"p
=f -+ [ explitL )L, exp(- itL ) W d"rdRd"p.
(69)

The operator given by (69) acts upon functions of P,
Using (60) and (65) it follows that

exp(— itL) (WEY(P)) = WR exp(—itL ) ($(P)) = WFI(P)  (70)

where ¢(P) is an arbitrary function of P, because
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LR(WR) =0 and Le(WF$(P)) = Lo(WR)¥(P) + WEL z(4(P)),
and Lr(y(P))=0 since Ly does not involve P, Therefore,
we have

(LW =[ --. [ exp(itLg)Ly

Expanding exp( ¢{L) in a power series and integrating
each term by parts leads to

(LM =[ --- [ Lyw¥a¥rdRa"p (72)

since all but the first term in the power series give
zero because W% vanishes at the boundaries of integra-
tion. Using (59) and (65) gives

0= [+ [[Z var) +var)- 49,] areamary

=0 (73)

where the second equality follows from integration by
parts with respect to the coordinates R, The stationari-
ty relation follows from similar arguments beginning
with

(Lat)Las) =/ -+ [ Lat)La(s)Wea"r dRap (74)
:f .. f exp thR)LB exp(— 7tLg)
x exp(isL )L exp(- isLp) W2 d " rdRd"p.

WS d"rdRd"p. (71)

Using an argument which is like that used in going from
(70) to (71), we can go in the reverse direction and get

(LpLg(s) = --- [ expltL )Ly exp(~ itLy)
X exp(¢SLg)Lip exp(~ isLg) exp(ifL z)
xWd¥rdRd"p
=J =+ [ Lyexpli(s - )Lg]Ly
xexp[~i(s - t)Lg]W¥d" rdRd"p (75)

where the second equality follows from an argument

identical with that used to get from (71) to (72). There-
fore, the quantity given by (68) is in general
S (LaLs(s)ds = [[” (L) Ep(s - ) ds
= J;7 €La0)L5(s" M ds’ (76)

where the first equality follows from (75) and the sec-
ond equality follows from the change of variables s’
=5—1. This ends our digression. The expression in
(67) is an approximation to the exact behavior described
by (62), and we shall analyze the detailed behavior of
(68) regorously from here on, to the end of this section.

It is very convenient to get the W% term in (68) as far
to the left as possible before attempting to perform in-
tegrations. This requires letting Lz(0)Lg(s) act on W32
as is appropriate. Using (63) gives
- La(0)L5(s) Wign = — Lp exp(esL o)Ly exp(— isLp) Wilg,.

(17)
As is indicated in (67) there will be an integration over

R. Using (59) for Ly and integrating over R by parts
shows that

[~f a

Xexp(—isLg) WhggdR

*Vr+ E Vae(R,r)) - Vp) exp(isLg)Ly
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N
- [+ f 2 ao®, 1) VelerplisLaLs
X exp(~isLig) Wggs) dR (78)

where the integrated term at the boundaries vanishes
because W% vanishes there. Equation (78) shows that
the Ly on the left in (77) acts only through the potential
term

N
-iL5 =21 Va¢(R, 1) - V. (79)
J=
Therefore, in effect (77) reduces to
— L(0)Ls(s)Wgy ~ — L% exp(isLig)Liy exp(—isLg) Wie s,
(80)

at least after the R integration is performed. Returning
to the justification of (70), we see that

Wigs- (81)

it is seen that

exp(-isLp)WRgp=
Using (59) and (65),

. P J
—iLWhes= W?(— ‘A_/I‘Van QVMP(R, ;) v

P N
+837° Vo 2 @R, 1)) g5 (82)
M =1
Furthermore, we have
exp@EsLg)Wih = W% exp(isL pk, (83)

where % is any function of the variables P, R, r;, and p;

for j=1,2,...,N. This relation follows from the rea-
sons given in justification of (70). Therefore, (80)—(83)
give

- iB(O)LB (s)WRgs

— - LLWg exp(zsLR)( 2. - Vg+ Z} Vae(R, ;) V

P
+BM.VBQ¢(R’I‘1))§B
N
=W _EIVw(R, r;)- Vp exp(isLp)
J=
X( P -V +Z>V oR,r)-V +B£.v f)(p(R r-))g
M R R J P M nj=1 PR B

(84)

where the last equality follows from a result analogous
to (82) which depends upon (79):

— i LL WS = W (= iL)h. (85)

The expression in (84) becomes an equality when the R
integration is performed. Note also that the P/M- Vg
operator in (84) acts on g only, and because g depends
upon P only the effect is zero. Therefore, (84) becomes

La(0)Ls(s) Wies

N
- (Z} Vo (R, ) V,,) exp(isLpg)

N P N ’
(2, Va0 ®, 1) 9657 Va 2 oR ) g (80)

k=1

Finally, since Ly does not contain P, we may combine
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terms as follows:
_ﬁB(O)ﬂB(s) REn
N
- wgg(Z) 2o, r,)) explisLy)
j=1 OR,
N
0 0 Py, 0
(5 L o®,r )—— ( ) ., 87
(Z 55 o®m o (2455 ) (87)
Returning to (68), we have found that
f f f N+1. f .0 L
Xd"rdRd"pgp
ff «N- ff SN+1. '/‘Weq
=~ 0
X(ZJ o(R, rj)) exp(isLp)
k=1 aRu
N
2 o Pu 2
(% om0 ) 57 (5 25
xd¥rdRd"pds g 5. (88)

If for a moment we specialize the above results to one
dimension, and use the fact that P=Mu, then we have

3 (B, 3\ 2 fu Li)
P, (ﬁMJ’aP,) au(M+1V12 ou (89)

and
[7 v _/W?(é a_fi ?(R, r,)) exp(isLy)

A
"@lew

_.f f fWR (“ aR‘P(R 7’,—)) exp(isL )

X a8
5
x(k=1 RY

(R, rk)) d"r dRd"p ds

(R, rk)) d"v dRd"p ds, (90)

where Wg' and L are one-dimensional expressions in
the last expression above. Comparing these results with
(4), we see that we have the Fokker—Planck equation for
a Brownian particle in (67), if we use the one-dimen-
sional analogs given by (89) and (90). Using (6), it is
seen that we have the identity

AZ'/O‘:D/‘...[W;“ ii)aiR(p(R’Tj) exp(isL p)
X

N

2 o(R, vy d'rdrd"pds. (91)
#=1 OR
This is all reasonable since we can readily associate
N
2
2 g ¢B7) = FO)
and (92)

- F(s)_

This second association is perhaps even clearer if we
reinsert exp(-¢sLp) on the right of the integrand of (91),
which changes nothing as was seen in going from (69) to
(71). The strength of the stationary correlation,
(F©)F(s)), follows from (2) and a formula like (52)
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which reads

r=[,” (FO)F(s))ds. (93)
In Eq. (88), we actually have the three-dimensional
generalization of (4) which gives
ul! ff f Weﬂ( aR QD(R rj)) exp(ZSLR)
N N,
x(.kZ,‘1 R, ¢(R, r,,)) d¥r dRd"pds (94)

where X, is the friction tensor, 7 and it is useful in de-
scribing rotational Brownian motion if the potential ¢ is
not spherically symmetric.

It is to be especially noted that exp(isLy) appears in
(94) and not the full Liouville evolution operator
exp(isL). This point has been emphasized by Mori,3%3!
who also gets this type of result from a different ap-
proach, Other treatments involve exp(isL) in analogous
expressions, and lead to certain technical difficulties,
sometimes referred to as the “plateau value prob-
lem, 2% 2427 The relationship of (94) to Kubo’s transport
coefficient formula may be found in the references just
cited.

ERGODICITY

A phase space function flg, - -
be ergodic if

lim (flg, - -
S

~quDye - pyl) is said to

<qubye e DNOlg - qupy-- - PyS)) =0 (95)

where (.-.) denotes the canonical, initial value aver-
age. * We would like to show that the force on the
Brownian particle $}.; 3/8R, ¢(R,7,) in Eq. (94) is
ergodic in the sense of (95). Furthermore, if the vanish-
ing of the correlation function in (94) is fast enough,
then the integral over s will be finite. To show ergodici-
ty it is necessary to analyze the detailed structure of
exp{isLy). In doing so, we will discover a phenomenon
which we shall call “intrinsic diffusion.” This intrinsic
diffusion has interest in its own right, independently of
our particular context here.*

The time ordered exponential for a time dependent
operator which does not commute with itself at different
times is defined by

Texp(f,” O(s")ds")
= 2 fos f051 fosz e fusn-z fos"'io(sﬂo(sz) Ve O(S,,_i)O(S,,)
Xds,ds, 4 -+ - ds,ds,. (96)

Given an operator of the form exp[is(A + B)] where A and
B are noncommuting differential operators, we have the
following disentanglement theorem:

exp[is(A + B)] = exp(isA)T exp[i [,° exp(- is’A)B
xexplis’A)ds’], ©7)

Both sides of (97) are clearly equal for s=0, and dif~
ferentiation of both sides for s#0 gives identical re-
sults, proving the validity of (97).

When (97) is applied to exp(isLg), where we use (60),
we get
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exp(@sLg)
¥
_ B ) [ B.5,)
_exp(s;% ” Ve, T exp A expl-s 2 o Ve,
(E V., ¢(R, r;)- V,,+Z> V., Ulry, ) ¥ z)

N
By,
Xexp (9’ k‘2=1 ” W) ds] (98)
The expression in (98) will be studied in detail in this
paper with respect to the leading term only. This term
is '

(99)

The detailed analysis of this term will indicate how the
analysis goes for higher-order terms, although in this
paper no explicit expressions for the higher-order
terms will be offered,

Returning to (94), we see that we need to calculate the
canonical average of expression (99). We shall perform
the momenta integrations first. The leading term in (99)
gives

N /2 Ipsl? le)
(2mmK gT) f fexp( Bk=1 9

xexp( Zi%n.vri) d®p

; N p;i2
= (2rmK g T)™3¥/2 fffexp - i
11
exp (9% V,j) dp;.

For a fixed j, we shall now consider the integral over
the ¥ component of p; because the other components and
the other momenta integrals all work out similarly, We
have, therefore, as a typical integral

(100)

-0

(zﬁnzKBT)"’zf eXp(—Bp ) exp (32’— a)dﬁ,-,

w ox ox
- %__L{(s/mzz(!a 2"y (101)
where

(P%) = (2omBK, T)/? f Pheexp (— phi ”‘)dpu

These Gaussian integrals are well known and are given
by

($5:0=0 for n=2m+1 where m=0,1,2, .

and (102)
2m)!

(PG = (zmnz[ {pi)™ for n=2m where m=0,1,2, -

Inserting these averages into (101) gives

(anKBT)'“ZI exp( B&’i)exp(j:n )dp”

= exp (s2

because (p?,,) =mKyT, Returning to (100), we get

(103)

KT 9
2m  oxt
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2rmK T“”/ZH fff exp{~ 2m )exp(s%-vrj)dpj

N KT
288 g )
11;11 exp (s om VT
If only the leading term in (99) is used in expression
(94), then the canonical momenta averages give

ff fW"“Rn rN)(EIaR qa(Rr))

2KgT .
X1 exp( S )(#Z}1 oF, qn(R,rk))d rdRds (105)

1

(104)

where W3(R, r; - - - ry) is the coordinate dependent factor
in W%, and the superscript on A}, indicates the lowest
order truncation of the series implicit in (98) by virtue

f (96). A typical term in (105) has an integrand factor
such as

o KaT d
exp (S om )(B—RE qﬂ(R, I’;)) .

We shall express (106) in a different form which is sug-
gested by an analogy with diffusion. It is worthwhile to
digress for a moment in order to make the analogy
clear,

(106)

The diffusion equation in three dimensions is

2

5D, 5 =DViD(r, )

(107)
where D is the diffusion constant. A formal solution to
(107) may be written as

D(r, t) = exp(tDV3)D(r, 0) (108)

as is readily verified by differentiation, In addition, the
solution to (107) in an infinite volume, with the initial
condition D(r,0) = 8(r— r", is given by
lr—r%?

Dg(r,t) = (@nDt)" 2 exp — D

(109)

where the subscript G indicates that this solution can be
used as a Green’s function, which enables us to con~
clude from (108) and (109) that

exp(tDVHD(r, 0) = 41rDt)'3/2 f f f

lr—r??

eXp ~ —3p7 D(r° 0)dr®

(110)
for arbitrary initial distrubutions D(r°, 0),

The analogy between these results for diffusion and
expression (106) should be clear. The important differ-
ences are K,T/2m in (106) where D is in (108), and s
n (106) where £ is in (108). However, remarkably
enough, there is a Green’s function which goes with
(106) given by

eXp(S };75 Vf-,) (5% ¢(R, I‘;))
() [ e i
X(B_R,, ¢(R, ri)) drj.
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The corresponding differential equation follows from
(106) and is

3 o EsT
asD(r,s)—ZS 2 Vi(r, s)

(112)

which is analogous with {107). One may check all this by
showing that the Green’s function in (111) satisfies (112)
with initial condition D(r,0)=6(r — r'), in an infinite
volume., We shall refer to the behavior exhibited by
(111) as “intrinsic diffusion” to distinguish it from true
diffusion as exhibited by (110) while suggesting the
marked similarities, Notice in particular, that “in-
trinsic diffusion” acts like true diffusion with a diffusion
coefficient which grows linearly with time: D — (K T/
2m)s, Therefore, “intrinsic diffusion” smooths out
coordinate dependent functions increasingly rapidly com-
pared with true diffusion. Moreover, it increases the

rate of smoothing proportionately with temperature and
inverse fluid molecule mass.

. E E ) ( )-3 /2
Mav = 7=1 k=1 .[ f Weq(aR (R, r,)) \4m
?| 2

Irp—r N A
Xexp(—— ‘37-5—4(}{31, ) )sz)(aqup(R, rk))d r'd rdRds.
(113)

It is convenient to use a Fourier transformation repre-
sentation of the potentials in evaluating further expres-
sion (113). Define @(p) by

3
¢(R,ry) = % fff explip- (R— rk)]&(ﬂ)dp (114)

using (111) in (113) with (114) gives

“H[f f Weq( ) (ip,) explip - (R—1,)]@(0)

’ 2)exp[ip’ - (R-r)]o(p"

Returnmg to (105), and using (111), we get

Xexp (— s?

xdp’ dpd®rdRds, (115)
Equation (115) also follows directly from (105) using
(114). In getting (115) we have used exp{s®(K zT/2m) V%]
Xexp(ip’ - r) = exp[- s2(KpT/2m)\1p’|1%). Either (113) or
(115) shows that to this lowest order of truncation we
have ergodic behavior., Note that in (115) the p’=0 term,
which does not decay, is multiplied by ¢p;, which is
zero. In (113) we see that qualitatively, “intrinsic dif-
fusion” smoothes out the force at time s, for large s,

so that we are left with the canonical coordinate average
of the initial force times essentially a constant:

lim (time integrand of A},)
g

== f fW“(aR o(R, r,))Cd”rdR
=0 (116)

where C is the constant corresponding with the smoothed
force at time s, and the second equality follows from a
result similar to (73). In addition, (115) may be inte-
grated over s explicitly giving
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- 1,)]0()

BB S f () onscot

1 A~
. (ﬁﬁzpqz) (ip?) explip’ - R —r,)] P(p’)

xdp’dpd¥rdR. (117)

As long as ¢(0) is finite, the (Ip’12)!/2 denominator in
{117) does not create a divergence because of the factor
¢p}). If ¢(R, r;) is spherically symmetric, (114) may be
inverted to show that @(0) =47 [7 ¥’ @(¥)dr, which is
finite for a large class of physically reasonable poten-
tials, which do not possess too terribly singular hard
cores, and which tail off rapidly with increased separa-
tion of the interacting particles. The presence of W

in (117) makes it effectively impossible to perform the
coordinate integrals in general. We will end our present
discussion of Ag, by approximating the coordinate in-
tegrals for high temperatures.

1/2

At sufficiently high temperatures we shall approxi-
mate W§ by V-¥*1) where V is the volume of our sys-
tem, which volume we have been taking to be essentially
infinite during much of the preceeding analysis. Al-
though (113) is valid only for an infinite V, since the
Green’s function in its integrand obtains only for an
infinite ¥, (117) is valid for finite V" since it follows
from (105) and (114) without any restriction on V. The
approximation for W by V~**1) requires that the poten-
tial have a hard core repulsion which, while very large,
is finite, The limit V< is accompanied by N— « while
N/V remains equal to a constant #, This is the thermo-
dynamic limit. With the thermodynamic limit the co-
ordinate integrals in (117) can be performed, and we
get

N N 1 8
0~ 95 -1y 3 s —) (@
o= im v 2 2 f / @) oo

i/2 1
xexplip - (R - 1,)19(p) (2}?:‘ ) Tl

xexplip’- (R -rk Yo (p’) dp’ dpd”rdR

—nfff - “oun) |¢(P)|2(2K T) uln
o fffé(p (pup) |2 * (zK :r)”2 131
—nfff o (pupy )| &6)|? (gK :r)u2 pldp (118)

The expression given by the second equality has a term
proportional to # which comes from the double sum
Y;2x Whenj=k, and a term proportional to 22 which
comes when j #£, The R integration produced a factor
5(p+p") which converted @{p)@(p’) into (PG (-

(P)o*(P)= 1 o(p)I? as is seen using (114), The Ipl
denominator in each term causes no trouble because of
compensating numerator factors in p,p,, which also ex-
plain how the #* term vanishes, If | ${p)i? vanishes for
large |pl sufficiently rapidly, then the remaining in-
tegral is finite. In general, when W% is present and no
approx1matlon is used the value of A » does not have
such simple # or T dependence.

These techniques need to be extended for the analysis
of higher order terms in (94) using (98).
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CRITICAL BEHAVIOR

That something can be said about critical behavior
within the context of this paper follows from the ob-
servation that a Brownian particle can be used as a
probe which manifests the state of a fluid. If the fluid
passes through a phase transition, the Brownian parti-
cle should exhibit noticeably altered behavior. In partic-
ular, for high enough temperatures the fluid will be a
liquid or gas, and the Brownian motion should be nor-
mal with a finite value for A,,. However, if we freeze
the fluid, we should expect that A,,— . Using (6) and
(8), we see that this implies a vanishing diffusion con-

‘gtant D, %

If a complete analysis of (94) using (98) were possible,
we would end up with the infinite series: x,,=2%,+aL,
+A2,+-.. in which the superscripts indicate the number
of times a potential appears in the corresponding term.
We suspect that intrinsic diffusion will result in each
term being finite, as was seen for A},. When 7'=0, how-
ever, we have a special case in which each term is in
fact infinite. For A),, this is seen in (115) because the
exponential can no longer damp out the integrand when
T=0. Consequently, A,, diverges for T=0; a fact con-
sistent with 1ntu1t1ve expectations. For T#0 each term
in Ay, =AY, + AL, + 2%, +. .- will be finite, or at least this
is plausible following our analysis of Aw, and if the
temperature is sufficiently large, we expect the series
to be summable. This expectation is based upon qualita-
tive analysis of (94) using (98) which suggests that the
A,, series goes like a series in powers of the ratio of
potential energy and thermal energy. For large tem-
peratures this ratio gets small and the series converges.
The possibility exists that each term in x,, =%, +2l,
+A%,+--. is finite while the sum diverges, if the tem-
perature is small, but nonzero. This suggests that there
exists a temperature T, such that for T> T, the series
sums while for T < T, the series diverges, even though
it is comprised of finite terms. If T, exists, we identify
it as the critical temperature for the fluid. It is de-
sirable to try to achieve a rigorous basis for the analy-
sis of (94) using (98) so that these conjectures may be
tested,

CONCLUDING REMARKS

The theory of multiplicative stochastic processes has
provided a method for nonperturbative approximate
solution of complicated dynamical equations. It has been
shown how to interpret an exact dynamical quantity as
a stochastic quantity., By such an interpretation an
averaged equation is written which serves as a non-
perturbative approximation for the original dynamics., In
this manner we have derived the Fokker—Planck equa-
tion for Brownian motion, starting from the exact
dynamics for a heavy particle moving in 2 molecular
fluid.

The discovery of “intrinsic diffusion” has permitted
an analysis of the ergodicity of the force autocorrela-
tion function which was derived. Because Brownian
motion leads to ordinary diffusion, “intrinsic diffusion”
and ordinary diffusion are connected by our analysis.
“Intrinsic diffusion” will also arise in other contexts, 3
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The analysis of Brownian motion in this paper leads
to a calculation of A, the dissipative constant, in terms
of the interparticle potentials. The calculation involves
the time integral of a force autocorrelation function
which connects A with the dynamics of the system. A
conjectured relationship between A and critical phenom-
ena is presented, which if eventually justified rigorous-
ly, would provide a dynamical basis for the understand-
ing of some aspects of critical behavior,

In our other work on the quantum mechanical density
matrix, *® the problem of calculating the matrices,
Qup.v, Which are the analogs of A, has been raised. We
shall pursue this problem in another paper.
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APPENDIX: DERIVATION OF (50) FROM (48)
AND (49).

The correlation formula in (48) follows directly from
the solution to Egs. (1) and (2). In addition, the Gauss-
ian property of F{(#) in (1) is inherited by p(£) in (48). !
This implies

€B(t) Bty ) =0 for m=1,32,- (A1)
and
(Bt - Pty = meI o, H (P Epiase))B o))
(MERTY™ m
- 2'":'51 pCZs>2 1:[
a
X exp [— W |22 — E‘,(zj-n ]
for m=1,2,++ (A2)

The formal solution to (49) is
th ?
flx, t) = exp(—jo‘ Eﬂ%s—) ds;x—)f(x, 0), (A3)

as is verified by substitution and differentiation. Ex-
panding the exponential and averaging gives

e -[(Z (5 m( [ 50" Hlw0. )

Using (Al) and (A2) in (A4) gives

=1V 1 (MERT)™ mo ot
«f(x’t)»:z’o(_ ﬂ—/.f> (2m)1 2’";131! pezszz,,,};[xfo' j;

o
Xexp (' M | tizn — tacasety l)dtp(zn dtyzi-v

2m

Xaixﬁf(x,o)
_ 5o (EsT)*"
—m=0( M)
aZ m
X(a—z)f(x,O)
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g’ ) Mzm (f f KB(s)b(s”) )dsds)

(2] s, 0. (45)

Therefore,

? 5 TR 82

50 [ BeBenas e o)
which is (50), and which follows from (A5) by differen-
tiation, followed by rearrangement of terms.

Equation (A8) can be integrated to give (51) of the
text, The solution to (51) is given by

(fort) - {4n’%T -2 e (- 2)]” /2}

&= xoz

4K, T {t - (M/a)+(M/ @) exp[-

<em(- i =@/

(A7)

if {flx,00)=35(x -x,). This expression can be checked '
by substitution. It leads to the Orstein— Fiirth formula®

2MKgT
- [Mt 1+exp( \/I)]

Note also that for the short times, ¢ <M/a, that (A7)
reduces to

(o5ar )" em - sirim) s)

which is the Green’s function for intrinsic diffusion in
the text, However, for long time, ¢> M/, (A7) be-
comes the one-dimensional analog of (109) in the text
which is valid for ordinary diffusion, The intrinsic dif-
fusion Green’s function has the form (A9) for all timesl

(x (&) - %)) = (A8)

IR, F. Fox, J, Math. Phys. 13, 1196 (1972).
R.F. Fox, J. Math. Phys. 13, 1726 (1972).
SR.TF. Fox, J. Math. Phys, 14, 20 {1973).

‘R.F. Fox, J. Math., Phys, 14, 1187 (1973).

"R.F. Fox, J, Math. Phys. 15, 217 (1974).

°R. Kubo and N. Hashitsume, Supp. Prog. Theor. Phys. 48,
210 (1970).

'™R.F. Fox and G.E. Uhlenbeck, Phys. Fluids 13, 1893
1970).

8R.F. Fox and G.E. Uhlenbeck, Phys. Fluids 13, 2881 (1970j.
°P. Langevin, Comp. Rend. 146, 530 (1908),

og g, )Uhlenbeck and L.S. Ornstein, Phys. Rev. 36, 823
{1930

UM, C. Wang and G.E. Uhlenbeck, Rev. Mod. Phys. 17, 323
(1945).

2y, Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953).

131,,D. Landau, and E.M. Lifshitz, Fluid Mechanics
(Pergamon, New York, 1959), Chap. 17.

143, Foech, Phys. Fluids 14, 893 (1971).

153, Foch, Phys. Fluids 15, 224 (1972).

16C. Cohen, Ph.D. Thesis, Princeton University (1971).



1929 Ronald Forrest Fox: Multiplicative stochastic processes, etc. 1929

179, Haken, Handbuch Der Physik (Springer-Verlag, Berlin,
1970), Vol. 25, Pt. 2c. .

8A | Einstein, Theory of Brownian Movement (Dover, New
York, 19586).

%R F. Fox, Ph.D. Thesis, The Rockefeller University (1969).

201, D. Landau, and E.M. Lifshitz, Electrodynamics of Con-
linuous Media (Pergamon, New York, 1960), Chap. 13.

YK, Huang, Statistical Mechanics (Wiley, New York, 1963),
pp. 76—77.

2R, F. Fox, J. Math. Phys. 15, 000 (1974) (Sep).

23J1.G. Kirkwood, J. Chem. Phys. 14, 180 (1946).

24y, Ross, J. Chem. Phys. 24, 375 (1956).

25J. L. Lebowitz, and E. Rubin, Phys. Rev. 131, 2381 (1963),

J. Math. Phys., Vol. 15, No. 11, November 1974

¥R, Kubo, unpublished lecture notes (1963).

'R, Zwanzig, J. Chem. Phys. 40, 2527 (1964).

3T 8. Chow and J.J. Hermans, J. Chem. Phys. ‘56, 3150
1972).

2%% . H. Hauge and A, Martin-L3f, J, Stat. Phys. 7, 259 (1973).

4. Mori, Phys. Lett. 9, 138 (1964).

Y, Mori, Prog. Theor. Phys. 33, 423 (1965).

34,1, Khinchin, Mathematical Foundations of Statistical Me-
chanics (Dover, New York, 1949), Chap. 3.

BR.F. Fox {unpublished).

3411, E. Stanley, Phase Transitions and Critical Phenomena
(Clarendon, Oxford, 1971), Chap. 13 and 15,

%See Ref. 10, See. III, pp. 830—832,



Application of cumulant techniques to multiplicative stochastic

processes

Ronald Forrest Fox

School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332

(Received March 29 1974)

The use of cumulant techniques for analyzing time dependent, stochastic matrix expressions of the
form < T explf 4B(S)d 515 is explained. Because cumulants are complicated expressions when B(¢)
does not commute with itself at unequal times, we explicitly work out cumulant expressions up to
fourth order. The fourth order terms can be used to demonstrate that noncommutivity prevents the
generalization, to time-dependent, stochastic matrices which do not commute with themselves at
unequal times, of the result which applies to commuting stochastic processes that states: If the

stochastic process is Gaussian, then its cumulant expansion truncates after the second cumulant.
Furthermore, it is argued that if the stochastic matrix process is both Gaussian and purely random
then the cumulant expansion does truncate after the second cumulant, after all. The significance of
this result with respect to the application of approximation involving cumulants is mentioned.

INTRODUCTION

It is the purpose of this paper to apply cumulant tech-
niques to the analysis of multiplicative stochastic pro-
cesses.! When the stochastic matrices, which appear in
the differential equations defining a particular multipli-
cative stochastic process, have special properties, the
use of cumulants can lead to significant simplifications
in the analysis of solutions to the differential equations.
In general, when no special conditions are imposed on
the properties of the stochastic matrices, cumulant ex-
pressions contain all of the information of the original
problem, but without any particular advantages for
further analysis. Kubo? has introduced cumulant tech-
niques for the study of multiplicative stochastic process-
es, and he has attempted to approach the problem in as
general a setting as possible. Fox' has studied multipli-
cative stochastic processes without using cumulant
techniques, and has restricted his approach to the prob-
lem to the use of stochastic matrices which are purely
random and Gaussian. It will be demonstrated in this
paper that the restriction to purely random, Gaussian,
stochastic matrices corresponds with the special condi-
tions alluded to earlier for which cumulant techniques
are most useful.

In the course of this paper we will show how the
utility of cumulant techniques is related to the Gaussian
property of the stochastic matrices. When the stochastic
matrices are time independent, the Gaussian property
alone guarantees major simplifications in analysis if
cumulants are used. When the stochastic matrices are
time dependent and do not commute for unequal times,
then the Gaussian property alone is insufficient, and
must be augmented by the purely random property if
efficacy is to be achieved using cumulant methods. It is
this last point that requires emphasis when one is using
approximation methods which rely upon cumulants
expansions.

TIME ORDERING AND CUMULANTS

Consider a multiplicative stochastic process de-
scribed by!

4,
dt
in which Ayy:=~Ayig, Ayer(t)==Agelt), Ayy:(t) is a

() =Ayqry (D) + Ayq(Bay.(t) (1)
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stochastic matrix with averaged value zero, «
=1,2,...,N, and repeated indices are summed. If
A,,.(t) had a nonzero averaged value, we could include
its averaged value in the term A,,, and start over again
with A,,.(¢) = (4,4-(#)) as the stochastic matrix, where
{---) denotes stochastic averaging. We would then have
a process such as described by (1) with the average val-
ue of Ay4:(f) equal to zero. A useful manner for obtain-
ing the solution to (1) is to use the transformation

[27% (t) = [eXP(tA) ]aa ‘ ba’(t)-
Consequently, the b,’s satisfy

%bu(t) = [exp(= tA) uphgse ([ eXD(A) g sbae ()

= By o ()b, (t)

where the second equality defines B(#). Note that the
averaged value of ﬁ(j) is zero since it is linear in the
matrix elements of A(f). In general, A and A(#) will not
commute, neither will A(#) and A(s) nor B(#) and B(s)
for t#s.

(2)

(3)

The formal solution to (3) must be written with a time
ordered exponential® defined by

bo(t) = [T exp( [’ B(s) ds)]yarbq (0)

o t pt tn S e ~
E,,'?o fot fO ' fo e fo -zfot I[B"‘H(tl)BM”a(tZ) o
By ainilta) By ar(t) ] dtydty.y -+ + dtydtiby.(0)
(4)

where the n= 0 term is defined to be 1. If B(#) and B(s)
commuted for ## s, then (4) would reduce to an ordinary
exponential

=1

¢ t ~
o AR AR f [Bwl(sl) oo By a(S)]dS, r - dS ;b A0).
n=vitsJg 0

If B(#) is in fact time independent, then all time integra-
tions are easily performed giving the ordinary
exponential

,,:onl

Cumulants arise when one wishes to perform the
stochastic average of an expression like (4) or its more
simple forms given above, at the end of the preceeding

Copyright © 1974 American Institute of Physics 1479
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paragraph. Historically speaking, cumulants arose in
statistics and were known as Thiele semi-invariants.*

Suppose that we have a time independent stochastic_
variable X and we are interested in calculating {exp(X)),
where X may be either a scalar or a matrix stochastic
quantity determined by the distribution function for
its values. The cumulants for X are defined by

(et B = (D @)= 13 L (B

<y -
= EXP(Z_/ o n>‘>

where (- - -), denotes the cumulant average. Cumulant

averaging is by definition a homogeneous process with

respect to multiplication of X by a constant, just as is

the case with ordinary averaging. Therefore, ((A)?)")c
= 2{(X)",, and

(exp(A®) >—exp(°° 7 m)).

(5)

(6)

Differentiating (6) n times with respect to A, followed by

1480 -

(D, = (0% - (X
(B = (B - 4D

X)H(X) +2(%°,

%)X - 3(X) 2>2+1z< )2 (2 - 60

It is possible to define cumulants even when we are
dealing with time-dependent stochastic matrices which
do not commute at unequal times. 2 One gets time-
ordered cumulants defined by

o ([ B aspeTeon(Z 42 [0 [
x{B(t)B(ty) - -+ B(£,.)B(t,),

xdtn dtn-l st dtz dt1> . (9)

Because it is so easy to misinterpret the precise mean-
ing of (9), we introduce here the following notational
scheme which permits unambiguous rendering of (9).

Define g(t,) by

. gaglty) = f fofz . fot"'z fntml <§du1(t1)§u1uz(t2) ce
X) =X, B t B

setting A= 0, gives forn=1,2,3,4, -

4 g . PR upg8En))e gty - ~-dbydty.  (10)
(DB = (DD, +(B,
(2% =2, + 3B, &), + (B2, (W Therefore,
(B = (B + €D D), + 302+ 6(X)D (2 + (K <T exp(f tB(s) ds)>= Texp(i) IR dti) (11)
. . -~ 0 -— nel V0 '

As before, we can introduce a parameter A, and using

Starting with the first liue, these equations may be suc- (10) leads to

cessively inverted to give expressions for cumulant
averages in terms of ordinary stochastic averages:

<g_‘exp(f()txﬁ(8) dS)> Texp( f At ("’(t)dt) (12)
X, = %),
(X)), =((X

Differentiating (12) with respect to A, x times, followed

%)% - (%)%, by setting A=0, gives for n=1,2,3,4, --

f (Byalty )dt1—f g8ty dty = ft<§as t))edty,
S [T B (Bt dtydty = [ Bt aty+ [ [ &G )efB(t) dtpdty
= L1 Bault) Bugltye dtydty + [ [ (B () (Bt o), dty dty,
Rt LB, (1B, () B olte)) dty dty dty
: _f g8ty) dt1+f ftigm(ti g (ty) +f ftl 2Nt B(ty) db, dty
+ LN [ ()t gL (t) dty dty dty
= L1 L 2B (1B, (1D B (b)), dtdtyaty + [ [ [ (B, (0B, (S)e(B, lt2)) 1y dS, dty
L LBy (00)e( By, (1) B b)Y, Aty dtpdty + [F [ [2(Boy (80),(B oy (0)e(By polts))  diy bz dty,
TS [ B (1) By (8D By (1B, olt)) dtydtydtydty
= [Py an+ [ [ eSNt)glt) dtzdn + [ [ glt)2 S ) dtydty
L L et eB ) dtgdty + [ [ ) tzg&zﬁi(ti)gﬁﬁ’uz( 28ugplts) dis dizdhy
LR L) (00, (g ts) dtydtydty+ [T [ (120l (gt (t)g Bt dty dtaty
+ LT LR L (40g, (gL, (t)g Sty dty dty dtydty :
=fu foflfutzfow(Bwl(ti) LLluz(tz) uzus(t3) u33(t4))cdt4dt3dtzdt1
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S t ~ ~
o [ B (80 B, 1 (S By (D)o B, (1), ity dS, dS, ity
¢ ¢ ~ ~
,f; 2,[;) 3< aul(t1)> <Bu.1u.2( Z)Buau3(t3) usﬂ(td» df4df3 dtzdtl
t t
j;) ! j(; 2( au. l(tl)Buluz SZ)>c<Bu ak3 tZ)Bu.aﬂ Sa» dsadtzdszdt1
L B (1D By (SDelB (1) (B olte)) ity Aty dSy dity
ﬁ)tz ﬁ)ta(Bau.l(tl» <B 1uz(ta)Bu.2u3(83)>c<§u33(t3)>c dt3 dSSdtzdtl
S 2 B 00V B 00V By (1) B b)), ity ity dt
+ f B T2 L2 B 80V B (8ol B (1) (B olt0), Ay ity it dty. (13)

Especially notice the limits of integration in several of the terms which contribute to the third and fourth order
expressions. By successively inverting these equations we get expressions for the cumulants in terms of the ordi-
nary stochastic averages:

i Buaslt ), aty = [ Buglt) dty,
f ftl<Bau B,s tz)>cdfzdt1—f ftl(Bau(h)B alta)) dty dty ~ f ftl(Bau(tﬂ)(Bus(fa» diy aty,
S I S Byt B (1) By (1), dty dty ity
SIAAEA ‘2(Ewl(tl)ﬁuluz(ta)ﬁuzﬂ(ta» dtydtydty - [, i S L By (1) B, (SDY(B, (L) dty dS, dty
= R B (0XB, L (1) B, (1)) dtydtgaty + [ [ [ (Bou (tDX B, ()(B, ots)) dtg dty dty,
S SR S By (10 B, (8D B (1) B, (1)), it dty ity dty
SN Bou(t)B, (1B, (t)B, o(t) dtydtydtydty
A A fotl(Ewl(tl)ﬁulua(Sa)guaus(Ss))(gusﬂ(ta)} dt, dS, dS, dt
+ L fo‘l<1§Mlul)ﬁuluz(sa)><1§uaua(ss)><1§u'as(tz»dtzdssdszdt1
LR R B (00XB, (S, (S9)(B, (1)) dty dS, dS, dty
= IR R S B (0B (SINB, ,u (S9)(B, o(t)) dty dSy dS, dty

= S L L5 B, (00) (B (B (8B, alt0)) dty ity dty ity
- Lt j;)tl ,f;)tl ,f;)tz <'§O¢ul(t1)'§u 1u2(82)><§u2u (ta)gu 5(Sa)> dsa dta dSa dtl
R S B (10)(B, L (SIXB, (1) B, 4(S9) dSy iy dSydty. (14)

Again, especially notice the limits of integration in
several of the terms which contribute to the third and
fourth order expressions. By studying the special cases
in which either B(f) commutes for unequal times, or B
is time independent, it may be shown that (14) reduces
to (8), and (13) reduces to (7). It should by now be clear
how to obtain the higher order cumulants for B({) when
it does not commute with itself for unequal times, even
though the expressions become quite complicated.

THE GAUSSIAN PROPERTY

Throughout this discussion of the Gaussian property,
it is convenient to invoke the condition that the averaged
value of B(¢) is zero. This simplifies considerations
without loss of generality, as was explained at the be-~
ginning of the last section. The analogous condition for
X is that (X)=0.

Suppose that X is Gaussian with averaged value zero.
Then it is known that the moments of X satisfy®

<(X~)2m+l>:0 for m=0,1,2,---, (15)
(B = 1% 3x 5%+« X (2m = D(X)A™ for m=1,2, -

If we return to (8) we see that

&.=0, (DY, =(D?,

J. Math. Phys., Vol. 15, No. 9, September 1974

(BM.=0, (HH.=0.

The last result follows from the cancellation of the two
nonvanishing terms: {(X)% and - 3{(X)%?, as may be
seen using the second equation in (15). It may be proved
generally that all cumulants of order higher than four
also vanish. The proof may be performed by the method
of induction. We assume it is true that except for the
nonvanishing, second order cumulant, all cumulants up
to and including order 2 for m > 2 vanish. We shall
now show that cumulants of order 2m + 1 and 2m + 2 also
vanish.

The cumulant of order 2m +1 will be expressible as
an expansion in terms of the moments of X up to order
2m +1 as is indicated by (8). The leading term will be
{(X)*"1y which is zero according to (15). All other terms
in the expansion will involve products of lower order
moments in which at least one factor is an odd order,
lower than 2m +1 order moment. By (1 5), such moments
vanish and we conclude that {(X)>™*"),=0.

The consideration of the cumulant of order 2m +2 is
best pursued using the relationships given by (7). These
relationships show that {(X)*™*%) may be expressed in
terms of cumulants of order less than or equal to 2m
+2. The Gaussian properties given by (15) show that
{(X)¥™2) is nonvanishing. Its expansion, according to
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(M, in terms of cumulants begins with (()Z—)zmz>c, which
we wish to compute, and involves other terms, each of
which is a product of lower order cumulants. By
hypothesis, all lower order cumulant, except the second
order and 2m + 1 order cumulants, vanish, and we have
already seen that the cumulant of order 2m +1 also
vanishes. Therefore, all products vanish except the
single term which is the product of m +1 second order
cumulants. Therefore, it follows that (X)) = (K)2m2),
+C{(X)?)™! where C is a coefficient which has to be de-
termined. Looking at (6), it may be seen that the
{(X)®»™! term comes from the m + 1 term in the expan-
sion of the exponential on the right-hand side of (6).
Such a term has a factor of 1/(m+1)! associated with
it. Each factor of ((X)%, has associated with it a factor
1/2! as is directly evident in (8). Therefore, {((X)%m
will have a factor, overall, of [1/(m +1)1}(1/21)™,

This must be multiplied by (2m + 2)! to get C as a re-
sult of the 2m + 2 fold differentiation of 2*™%, Conse-

quently, C=(2m+2!/(m+1) '2”'+1 Using (15), it is
seen that (X)2™2) = 1X3X5X - - - X (2m + 1){(X)3™1,
Therefore,
(X)2m3) = 1X 35X+ - X (2m + (X H™
(2m +2)! F\2\mel
~ e (B |
=0 (17)
since (D3 =(X %,. This completes the proof.

The conclusion is that if X is Gaussian, with aver-
aged value zero, then

(exp[X] = exp[:(D)?)] (18)

which is especially simple. The cumulant expansion re-
duces to a single term!

Before attempting to generalize this result for con-
sideration of stochastic matrices which do not commute
for unequal times, it is worthwhile to observe that if
X is replaced by a scalar, time dependent stochastic
quantity, F(#), then the Gaussian property again leads to
great simplifications. We make this digression in order
to point out that time dependence, per se, does not
lead to complications. The complications which will
arise in our discussion of stochastic matrices, which
depend upon time but which do not commute for unequal
times, come from the noncommutivity.

Suppose F(#) has averaged value zero, and is Gauss-
ian. It can then be shown that®

(expl [ " F(S) ash = expl3 [)* [ (F(S)F(S,) dS, dS,).
0

(19)
Equation (19 ° ‘he time dependent generalization of (18)

for a time-dependent, scalar, stochastic process.
Again, the cumulant expansion reduces to a single term.

The generalization of this result to time-dependent
stochastic matrices which do not commute at unequal
times cannot be made. The Gaussian property for B(#)

is expressed by1
(B, () -+ (tame1)y =0 for m=0,1,2, -,

(20)

u2m+1V2m+1

P A-slh Dkus VAl 1E N Q Qantomber 1074
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1

<Bu1v1(t1) o .Buzmvz,"(th»: 2”'—m'

X CE }}1 (Buyizsy P(Zj-l)(tp(al'l))BuP(zj) REMCAPIYY,

for m=1, 2,

where 7,cs, 1s the sum over all permutatlons p in the
symmetric group of order (2m)!, S,,. Even though we
can think of a Gaussian B( ) in the sense of (20), the
Gaussian property alone will prove insufficient for the
reduction of (9) to a form analogous with (18) or (19). It
is necessary that B(¢) be Gaussian and purely random
in order to write

(Texpl f,' B(S) B(1,) at, .

(21)

dsh = _T_‘exp[fo! fotl B4

The purely random property is defined by*

(Bos) B, (9)) = 2Qupy Bt~ S) (22)
in which the time delta function characterizes the purely
random property. Defining R,, by R,3= Qugs5, wWherein
summation over @ is implicit, Eq. (21) becomes

(T expl [," B(S) dS]) o5 = [exp(R1) ] o5 (23)

which is especially simple. We shall now proceed to
demonstrate why Gaussianness alone is insufficient for
the justification of (23) or (21).

That Gaussianness alone does not result in the vanish-
ing of all but the second order cumulants of B(¢) may be
seen by studying (13) and (14). First of all, because
(B()) =0 is assumed, the expressions in (13) and (14)
simplify greatly. We get immediately

ft<‘§ms(t1)>c dllz 0,
f ftl <Bau ) uﬁ(tz Y dizdty
_f fh (Bau(#)B

t ty,
L B ()

Differentiation of these equations with respect to time
leads to equations for the integrands. Difficulty arises
with the fourth order term. From (14) we get

t ot i tg , =~ ~ ~ ~ -
Jo S0t Jo 2 f ¥ (Baw (B, (8 By (1) B, 5(t)e
X dtydtydt, dty

topty rlo g, ~ ~ ~
:f;) f;] ! f;) 2 f;) 3<Bau1(tl)Buluz(tZ)Buzu3(t3)Buaﬁ(t4)>
X ditydtsdt,dt,
b o~ ~
- ﬂ)t f;)!l fotl fo 2<Bau1(t1)B“1”z(Sz)>

X (Euzus(tz)gu 33(53» dSa dtz dSz dtl. (25)

Loty dt, di, (29)

B, 4 (8B, s(t))c dtsdty dt,=0.

It can be seen that this is nonvanishing if ﬁ(t) is not
purely random by considering the special case in which

<Ba5( ( )> zQaBuv(p(t S) (26)
wherein c,o(t- S) is not a delta function, but instead is
nonvanishing for nonzero values of [£{-S!. For example,
@(f - 8) may be proportional to exp(— a!f - S}). Using the
two symmetries @op.,=@uyas and @(f— )= @(S-1),
the Gaussian property, as expressed by (20), leads to
the following expression for (25):

t t t ~
SR LR L Bau (0B, (8B, (), s(ta)),
X dty dty dt, dt,
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t rt t t
=4 fo ﬁ) ! ﬁ) 2 ﬁ) 3{Qdu1u1u2Quzu3u38¢(t1 - tz)(p(t3— t4)
+ Qa Mk gk 3Qu luauaﬁ(p(tl = ts)‘P(tz - t4)
+ Qa1 8@y g gu  PlE1 — L) PlE2 — ta)}y dty dtydty dty

t ot t t
—4‘[0 fo lfg lfo zQaululuzQuzu3u35¢(tl-SZ)(p(tz"SS)
X dS,dt,dS,dt,. (27

The factors of 4 come from 2% as indicated by (26). The
negative term is the negative term in (25) replaced by
(26). The three preceeding positive terms are the m =2
case of the second equation in (20). There are 24 permu-
tations to sum over, but only three distinct terms occur
as a result of the two symmetries mentioned above. On-
ly the first positive term in the right-hand side of (27)
contains a matrix expression which matches the matrix
expression of the negative term. The other two positive
terms cannot be cancelled out at all! However, if
@(t-S)=6(f-S) then study of these extra two terms will
show that their integrals vanish as a result of the time-
ordered upper limits of integration,’ and the remaining
positive and negative two terms will exactly cancel!
When ¢(f — S) # 8(f— S), the above vanishing of integrals
and cancellation of nonvanishing integrals fails to occur.

That the purely random property ultimately leads to
(23) will not be proved here since it has been proved in
another paper.! However, here it has been shown that
without the purely random property, already the fourth
order cumulant will not vanish for time dependent
stochastic matrices which do not commute at unequal
times. Consequently, the cumulant expansion will not
truncate to a single term, but will involve all even
order cumulants. Thus, no real simplification is
achieved using cumulants.

APPROXIMATION PROCEDURES

Various physical problems involve computation of a
quantity of the form

(T expl [, O(S) dS)), (28)
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wherein O(S) is an operator parameterized by S, which
may or may not be the time variable, and {---) denotes
some kind of averaging such as a canonical average
over some or all of the variables O(S) depends upon, or
a ground state expectation value, or some other “aver-
aging.” Many times one sees in the literature the in-
troduction of cumulant techniques in order to handle the
computation of (28). Often it is argued that to good ap-
proximation O(S) behaves as if it were Gaussian, and
then the cumulant expansion is truncated after the sec-
ond cumulant. However, the validity of such approxima-
tions also requires that it be demonstrated that to good
approximation O(S) behaves as if it were also purely
random. Then, and only then, the truncation of the
cumulant expansion is a good approximation.

One application of this kind of approximation proce-
dure in which both Gaussianness and pure randomness
were considered has been presented by the author in
another paper. ®
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The method of ordered cumulants is presented for the solution of multiplicative stochastic processes. The
relationship between this method and the irreducible cluster integral method of Mayer, which is used in the
theory of the imperfect gas, is elucidated. The cluster property of ordered cumulants is proved. A critique
of the literature in this area is presented which exposes some errors in the formulas. Several examples are

indicated for the application of the ordered cumulant method.

1. INTRODUCTION

Many physical processes may be mathematically
modelled by stochastic operator (differential, matrix,
comrmutator, etc.) equations. Linear stochastic opera-
tor equations usually are of two major types, the in-
homogeneous or “additive” stochastic processes with
the canonical form

d ~
Za(t)=Ca(r) + F, W

and the homogeneous or “multiplicative” stochastic
processes with the canonical form

d—ta(t) =Aa(t)+A(t)a(l). 2)
The vector a{f) is the quantity for which each equation is
solved, G and A are #-independent operators, and ()
is a stochastic vector whereas A(f) is a stochastic
operator. Additive stochastic processes have a long
history and are now well understood, but multiplicative
stochastic processes have only been studied relatively
recently and their solution will be the subject of this
paper.

Before commencing with the formulation of the solu-
tion of multiplicative stochastic processes, it is useful,
for purposes of comparison, to briefly review the appli-
cations of additive stochastic processes. Their proto-
type is Langevin’s equation for Brownian motion, !
Uhlenbeck and Ornstein, ? and Wang and Uhlenbeck®
extended Lagevin’s equation to the Brownian motion of
a harmonic oscillator and other more complicated
systems. Onsager and Machlup? used this extended
version of Langevin’s equation as the basis of their
theory of irreversible thermodynamics. de Groot and
Mazur® began the development of a completely general
theory of Markovian stochastic processes which was
completed by Fox and Uhlenbeck.® This theory extended
applicability of additive stochastic processes to
hydrodynamics in precisely the manner suggested by
Landau and Lifshitz, " and it also provided a basis for
the stochastic Boltzmann equation. . The non-Markovian
extension of the theory was subsequently established by
Hauge and Martin- L&f. ® Recently achieved applications
of additive stochastic processes include problems in
binary mixtures, ° light scattering, ! “long time tails”
for autocorrelation functions, ® and laser theory, !
Quite recently, a nonlinear version of additive
stochastic processes has also been presented by
Keizer. ©?
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Multiplicative stochastic processes, in the special
case of differential equations with stochastic coeffi-
cients, have been studied for several decades by many
people, especially by probability theorists. The
emphasis in this paper, however, will be placed on the
ordered cumulant method which was pioneered by
Kubo. ¥ A detailed account of spin relaxation theory
based upon Kubo’s work has been presented by Freed, 4
and Fox! has studied the stochastic Schrddinger equa-
tion and its associated density matrix equation using
Kubo’s methods. An almost independent development,
stemming from the work on stochastic differential equa-
tions with stochastic coefficients, has been published by
van Kampen, '

In the remainder of this paper a review of the ordered
cumulant method of solution of multiplicative stochastic
processes will be presented. The relationship between
this method and the irreducible cluster integral method
of Mayer, used in the theory of the imperfect gas, will
be elucidated. The cluster property for the nth order,
ordered cumulant will be proved. A critique of the
present literature on this subject will be given which
exposes some correctable errors. Finally, the paper
will conclude will a representative selection of
examples.

2. ORDERED CUMULANTS

In Eq. (2) it is assumed that the various nth order
moments of A(f) are computable from an appropriately
specified characteristic functional, In addition, it is
assumed that (A(f)) =0, where (- --) denotes averaging.

Transformation to the “interaction picture” through
the equation

b(¢) = exp(— tA)a(f)

leads to the equation
2 bty = Bieyb ) (3)
a’=

in which ﬁ(z‘) is given by
B(t) = exp(- tA)A(f) exp(fA).
1t follows that (B(»)) =0,
The solution to (3) may be written in the form
b(t)=Texp[ J," B(s)ds]b(0) )

in which the symbol 7 denotes {-ordering and is defined
by
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z[.fot ﬁ(s)ds]":n[ fotdsl fosidsz - J;)S"-I ds,

xB(sy)B(sy) - - - B(s,). (5)

The average of (4) leads to the introduction of the
ordered cumulants G through the eguation

(b(t) =(Texp[ f," B(s)ds])b(0)
= Texp @1 fo‘G‘"’(s)ds) b(0). (6)

In (6) b(0) is specifically statistically independent of
B(s) for all s= 0, The {-ordering symbol in the second
equality is defined by

z{ﬁ Uo’G"f’(sndsi]}

s -
:fotdslfo Ydsy - fosk Las, %} GhH ) ()G ) (sy)

X e G“P(k)’(sk), (7)
in which the sum over p is a sum over all k2! permuta-
tions of the integers 1,2,...,%, and /; is some positive
integer. I, =m for i=1,2,...,%, then all 2! in-
tegrands in (7) are identical and the sum over permuta-
tions produces an over-all factor of 2!, which is identi-
cal with the behavior of T expressed in (5). If an inter-
mediate state of degeneracy exists such that 2, of the
l;’s equal ! and 3, m; =k, then the sum over permuta-
tions will generate factors of I, #,;! for each of the
distinct integrands which will occur in (7). For example,

Z{fot G(G)(S)ds[fotG(Z)(s)dS]z}
:Zl{fotds1 f()81 ds; foszdsﬂ{G(S)(sl)G(Z)(Sz)Gm(sa)
+G(Z)(SI)G(S)(SZ)G(Z)(SS)+G(z)(31)G(2)(32)G(6)(S3)}}_

(8)
The mth order moment operator A'"™ is defined
through the equation
t = 1 ¢ m
<Texp (f B(s)ds)>: 2 —'<T {(f B(s)ds) }>
it 0 m=0 M. \ 0
Py t
=2, AmN(s)ds, (9)
m=0 J§

in which [{A®(s)ds=1 by convention. The moments
and the ordered cummulants are related by the identity

t w £ m
f A™(s)gs= 2, TI I L( G‘”(s)ds) ! \
0 vartitions | 2=t ! 0 !

(10)
-in which the sum over partitions of m is specified by
Yot Im,; =m, and which is proved by the sequence of
identities

w pt . . . , .
E f A(M)(s)dS: Z) Z) T! 11 _1[- (f G(Z)(s)ds) !
m=0 Jy m=0 partitions = | =1 ;. o

aof m
o = 1 ¢ n
:Z Z) T T1 ——’ ( G(l)(s)ds)
m=0 compofsitions" 1=1 Mgl 0
of m

= 1 - t m
:QW Z{(IZ:)I j(; G“)(s)ds) }

=Texp (Z:)l j(;t G‘”’(s)ds).
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The sum over compositions of m in the second equality
is defined by 3;.; m; =m. The second equality is the

rcrux of the proof, and follows from the fact that follow-

ing »7.;, a sum over partitions of # or a Ssum over com-
positions of w lead to equivalent series which differ
only in the sequence of occurrence of their summands.
The third equality is just the multinomial expansion
which still holds in the presence of T,

Using (7) in (10) gives expressions for the #th order
moments in terms of ordered cumulants of order less
than or equal to »:2, It is possible to invert these ex-
pressions and express the mth order, ordered cumulant
in terms of moments of order less than or equal to
m. The first three terms of each type of expression
are listed below:

fotA‘“(s)ds:fotGm(s)ds,

fOtA(Z)(s)ds:fotG(Z)(s)ds + %Z{[fotG(“(s)dS]z}’ (12)
S A s)ds=[,' 6P (eras + T { [t ds, f, ds,GP(sy)

XG® s} + (0/3NTHL J, G (s)asT
fotG(“(s)ds:fntAm(S)dSa
Jy 6P )ds = [ AP ds - 3T [, AV s)asT,  (9)

116D (syas = f,' AP (syds - 1{ J,  dsy f," ds, AP (s)AD (s,)}
+ 140 f, A (s)as BT [ AP (s) ds T}
- /30T f, AV (s)as]}.

In order to arrive at a general expression for

JE G™(s)ds, it is necessary to introduce a shorthand
notation. This is most easily achieved if all expres-
sion are written out with all integrals explicit. For
example,

S A s ds = [ Fds, [ ds, [ dsy(B(s)B(s)B(sy),
_Il{fotdsl fot dsy AP (s )A D (s,)}
= [, as, [ ds, [, ds{(B(s))B(sp))(Blsy))
+(B(s,)B(ss))(B(s)) +(B(s )(B(sp)B(s)},
T{(J, AV (s)as)3T{( [, AV (s) ds)}
= [ asy [ ds, [, dsi{&(Bls H{(Blsy))(Blsy)
+(Bls ) (B(sp){ B(sy) .

A natural abbreviation for the right-hand sides of these
equations is

(123,
(1)(23) +(12)(3) +13)(2),
2D DX,

respectively. Denoting [{G'™(s)ds by (12 -~ ny,, where
¢ stands for cumulant, the equations in (13) may be
given in shorthand by'’

(De=(D),

(15)

(12),=(12) = (1)(2), (18)
(128), = (123) - (1)(23) - (12)(8) - (13){2)
+H{AX2)(3) +(1(3)¢2).
This shorthand notation permits the writing out of
Ronald Forrest Fox 1148



[§G*¥(s)ds, which would otherwise be much too
unwieldy:

(1234) , =(1234) - (1)(234) — {123)(4) — (124)(3)
- (134)(2) - (12)(34) - (13)(24) - (14)(23)
+(1(2)(34) +(1)(3)(24) +(1)(4)(23)
+(1)(23)(4) +(1)(24)(3) +(1){34)(2)
+(12)(3)(4) +(13)(2)(4) +(14)(2)(3)
+(12)(4)(3) +(13)(4)(2) +(14)(3)(2)
= (I(2)(3){4 = (W23 = (12D
= (H{EX4(2) = (DD (2)(3) - (H{A(3)(2).

1m)
The pattern that is exhibited in (16) and (17) has the
general form, !%!” known as van Kampen’s rules:
11 ¢ s Spa
fo G'™(s)ds= [, dsy [ dsy- - [ ds, {12+ ),
S
:.fotdslsﬁ) 1d32‘ .- _fosn-ldsn
&k
x5 D T ab, (18)
ordered p t=1
rartitions
of »

in which the sum over ovdeved paviitions of n involves
partitions of the first » positive integers into m, groups
of I integers each, such that ¥;.,lm,=n and such that
in each group the ! integers increase from left to right.
k is defined for each particular partition by k=73, m,,
which is the total number of groups in the partition,
({Z,—}) denotes the shorthand for the integrand of a
moment with ; factors. ({{;}) always contains the in-
teger 1 in its group of integers. P is a permutation of
the # -1 integers 2,3,...,k, so that P(1)=1 always
holds. Equations (16) and (17) may be seen to be special
cases of (18).

3. THE CLUSTER PROPERTY
In the Mayer theory of the imperfect gas, 1*=%3 the
partition function for N gas molecules is given by

> I —I—(Vb,)”‘z, (19)

=N
Qy=N! ,
partitions =1 }nl!

of N

in which the pavtitions of N are specified by 371 Im,=N,
V is the volume and b, is determined by the linked, or
irreducible, cluster integrals. The grand canonical
partition function, €, is defined by

=1
Q=21 772"

Using an argument patterned after(11) gives
Q=2 T T (vp,ziym

W20 partitions P=1 M1zl
of N

ST - vz

=1 !
N=0 compositions #=17717:
of N

Il

< N
— (22 vb Z’)
70 NI (,:’1 !

o

= exp (VE b,Z’). (20)

=1
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The sum over partitions of N was specified for (19),
and the sum over compositions of N is defined by

Y11 #; =N. The third equality follows from the mul-
tinomial expansion, The very strong similarity be-
tween (20) and (11) suggests that the ordered cumulants
possess a cluster property on analogy with the b,’s
which are their counterparts. In the remainder of this
section, the cluster property for [} G™ (s)ds will be

proved, and the proof will use Eq. (18).

In order for the cluster property for ordered cumu-
lants to hold, it is necessary that the moments possess
the factorization property, which may be expressed by

(B(t))B(t) - - - B(t;)B(t;u) - - - B,
=(B(ty) - - B, N(Bt;1)" - - Blt,) 1)

whenever |{;,;=¢;| > 7 and the time variables are
ordered by £, >#,>--->1, 7is the correlation time for
B, and the factorization property is strictly an identity
only asymptotically. When 7 is sufficiently short, how-
ever, factorization for intervals, |#;,;-#;1, which are
not asymptotically large, may be a very good
approximation,

Referring to (18), suppose that two time variables,
s; and s,, satisfy |s;-s,}> 7and k>j. Because the
time integrals are ordered as is specified by the limits
of integration, the integrand involves time domains in-
cluding |s; - s;,q| > 7, so that if 2 is not j +1, then
I's; = s,l > 7 implies that |s; - s;,;| > 7 obtains for the
integrand. Therefore, consideration of the special
case, |s;—-s;, 1> 7, is in fact general enough to cover
all cases, For |s;-s;, | > 7, two cases arise in the
analysis of (18): Either s; and s;,; are in the same
moment, or S; and s;,; are in distinct moments. In the
first case, the moment in question has the abbreviated
form{g---jj+1---7) because the integers in any
moment in (18) are arranged so that they increase from
left to right. The factorization property implies

(qee-jitle-emy=(qg---G+1 7). (22)

I{g--+jj+1---+) was originally a factor in a product
containing % factors, then the product contains 2 +1
factors when the right-hand side of (22) is substituted
for the left-hand side. These k& +1 factors satisfy all
the conditions required for them to be a term in
(12---m),, but with the sign (— 1)* rather than the sign
(= 1)*-! which attends the term containing the factor
{q---jj+1-.-7). Therefore, these two terms cancel
identically when (22) is used, and the first case is com-
pleted. In the second case, s; is in one moment,
{g-+-jle.-7), and 8;. 18 in another moment,
{gr-+ij+1--+hy. According to the rules attending (18),
8;>8;>S,,1>s;. Therefore, |s;— ;1> 7implies the
two factorizations

(q...jl...f)’):(q...]’)(l...fy)’
(grij+1-- By=(g---D(F+1---h.

As in the first case, either of these factorization
produces factors which are identical with factors in
terms in (12- - -%)_. However, in this case, four terms
rather than two, must be simultaneously considered.
Suppose that the original term containing both
(q--jl--7vyand{(g---¢j+1-- -k and & factors. It

(23)
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also has the sign (- 1)*!, (12---»)_also contains a
term with 2 +1 factors, all of which are identical with
the factors in the original term except that (g---j71...%)
is replaced by (g -7, and(g---¢j+1-- k) is
unchanged. This term has the sign (- 1)*. Similarly,
there is another term with sign (- 1)* and B +1 factors,
all of which are identical with the factors in the original
term except that (g---7j+1---h) is replaced(g:--?
X(j+1---h), and{g---j I---7) is unchanged. (12---n),
also has a term with %2 +2 factors and sign (- 1**! in
which all the factors are identical with the factors in the
original term except that both (g---j1---%) and
(g---ij+1---I) are replaced by (g --i){---%) and
(g-+-9{j+1---h respectively. Now, if the right-hand
side of (23) is used in place of the left-hand side of (23)
in the original term and in these three related other
terms, then four identical terms are obtained with two
of one sign and two of the opposite sign. Therefore, the
four terms cancel identically, and case two is
completed,

The consequence of this theorem is that (12---n),, as
defined by (18), vanishes unless all z s,’s are
“clustered” together relative to the scale 7. Closer
examination of the details suggests that there are terms
in (12---m), as expressed in (18) which are comprised
of sufficiently many “short overlaps” that they permit
s; and s, to be as far apart as roughly 3n7. However,

T is usually defined to be a time long enough so that
(12) falls to only a few percent of its value when s;=s,.
If 7 is the time for which (12) is only %5 its equal time
value, then terms permitting s; and s, to be apart by
as much as $nT are also porportional to a factor of
order (1/10)"/2,

The cluster property for (12 --#), can be used to

prove that, for > 7, [§G'”(s)ds has the simple form
lim f,'G™(s)ds = [, exp(~ /A)M™ exp(t’A)dt’  (24)
t»T

in which M™ is ¢’-independent. The exponential-of-A
factors stem from the interaction picture which is being
used throughout this paper. The proof of (24) goes as
follows: Consider the ¢ derivative of [{G'(s)ds which
is G™ (), and consider the f derivative of the right-
hand side of (18), which converts s; into . The cluster
property of (12---n), with s;=¢ requires that all time
variables be close to f relative to 7. The leading factor
in every term in the / derivative of the right-hand side
of (18) has the form (B *+). Using the definition of
B(#) shows that (B(?) >—exp tAYA(t) exp(tA)- - +).
Additionally, every term also ends with a factor which
is farthest to the right of the form (- - - B(s,)), where
j=2,3:--nbutj#1. This factor may be written as
(++-exp(- (s;) exp(s;A) and exp(s,;A) may be ap-
proximated by exp(tA) because of the cluster property
if 7A is sufficiently small., After removal of the leading
exponential, exp(- fA), and the tailing exponential,
exp(fA), the residual terms integrate to a f-independent
ex(pression when £>> 7, This expression will be called
M n).

4. THE SOLUTION

It has now been demonstrated that the solution to (2),
when averaged, is given by
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b0y = Texp(Z J;' 651 s)b00)

and that

G () . exp(- tAYM'™ exp(tA).
(b(f)) is also equal to exp(—fA)a(t)). Therefore, the
above solution is equivalent to the solution to

£ @) = A + exp(tA) T G (t) exp(~ tAXa (),

(25)
which for ¢> 7 is very well approximated by
d w
7(a(0) = A@O) + 2 M™ @), (26)

which has a simple exponential solution. Because
(B(#) =0, it follows that MV =0, as well as GV (1) =0.
M, which is often a good approximation to 3 M™
by itself, is given explicitly by

M® = f'(A0) exp((t - $)A)A(s) exp((s - H)A)ds,  (27)

where > 7,

Two special cases are worth mentioning at this point.
I A(f) is determined by a Gaussian characteristic func-
tional which is consequently an even functional, then
only the even order, ordered cumulants are nonvanish-
ing. However, unlike the fully commutative situation in
which the cumulants for a Gaussian process vanish
after the second cumulant, the higher order, ordered
cumulants do not vanish. !* They do, of course, satisfy
the cluster property as may be observed directly by
writing out (18) for the Gaussian case explicitly, The
second special case is the case in which the autocorre-
lation function for A(f) is porportional to a delta func-
tion in the time variables. In this case, the higher
order, ordered cumulants all vanish after n=2, be-
cause of the cluster property.

5. COMMENTARY

It may be asked why van Kampen’s rules!® for the
construction of the ordered cumulants were necessary
when it is the case that Kubo’s basic paper!? on the
subject appeared nearly twelve years earlier. Indeed,
Eq. (6.9) of Kubo’s pa.per13 purports to be a closed
form formula for ordered cumulants. The formula is an
extention to ordered operators of a formula for com-
muting quantities which was worked out by Meeron. 2
In the commutative case Meeron’s formula is unques-
tionably correct. In Kubo’s formula there is an index j
which may be restricted to just one value for the context
of this paper, and the ordering operation, @, in his
formula corresponds with T here. Rewriting Kubo’s
general formula for just one value of j and with T re-

" placing €, and with a few changes of variables, gives

the formula

t
fG‘"’(s)ds: T (-
0 partitions
of n

alit (f wowa)™, e
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in which the sum over partitions is specified by
Yietlm,=n and p=3m,, and which more recently ap-
peared in a paper by Fox.2® A combinational procedure
for the derivation of (28) was presented, and Fox did

not then know that the formula, in a somewhat more
general form, had already appeared in the literature, 1
In fact the equivalent of (28) had also been used by
Freed! for n=1, 2, 3,4 in his Eqs. (2.14a)— (2. 14d). Are
Egs. (28) and (18) equivalent? The answer is no.

The nature of the error is somewhat subtle because
only a slight, but very significant, difference exists
between formulas (18) and (28). It is easiest to see the
difference by example, If the n=3 case in equation (13)
is compared with the » =3 case in (28), then two ex-
pressions are obtained for [{G‘®(s)ds which contain
some identical terms, and some nonidentical terms.
Ignoring the identical terms, from (13) one gets

T{(f, A (s)as)sT{( [, ' AV (s) as)?H}

—@/30T{( [, AV (s)as)’} (29)
whereas from (28) one gets instead
2T7{/31)(f," AV (s)ds). (30)

By using the shorthand notation of Sec. 2 of this paper
and working out all the integrals, (29) and (30) become
(31) and (32) respectively

(1(2)(3) +(1%(3)(2), (31)
2{(1)¢2)(3)}. (32)

Generally, the factor (p—1)! in (28) corresponds with
(p—1)! permuted terms in (18). van Kampen!® even
suggests using an expression like (28) as a mnemonic
device for remembering (18), provided one replaces the
(p-1)! by (p-1)! permutations of the p — 1 moments
following the moment which contains 1. In Fox’s
paper?’ the error arises from the incorrect identity

T{( S, AV (s) as)3T{( f," AV () ds) P}
=3/30T{(J,' AV (s)as)},

which would render (29) and (30) equal. An identity such
as (33) is discussed by Fox,?® and is in fact valid in the
appropriate context, but that context requires a very
different meaning for A’ than its meaning here. While
the discrepancy is exhibited here for n=3, it does not
show up until #=6 if (A(#)) =0. Since both Freed! and
Fox®® assumed (A(£)) =0 in their subsequent calculations,
and both only looked explicitly at »=2 and n=4 results,
they got the correct results.

(33)

The cluster property of the ordered cumulants, which
is of such fundamental importance as far as the utility
of the ordered cumulant method is concerned, also has
a somewhat confused literature, van Kampen!® barely
mentions it. Freed!* makes very interesting use of it,
but bases its validity upon general results in the Kubo!?
paper. In the Kubo paper, the important equation in
this regard is (6.7). It is not difficult to show that for
T ordering, counter examples to Eq. (6.7) can be con-
structed, and that even though the cluster property is
nevertheless true, Kubo’s argument does not justify it.
The argument in the present paper is offered to
remedy this situation. In a very clear and concise
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paper, Terweil’® demonstrates the connection between

the ordered cumulant method and the Zwanzig projec-
tion operator technique. In that paper, he proves a
cluster property for the “partial kernels” which arise in
the projection operator approach. His proof should be
compared with the proof here. His proof does not,
however, establish directly the cluster property for the
ordered cumulants.

Yoon, Deutch, and Freed?” have also compared the
ordered cumulant method with the projection operator
method, and their considerations are deducible from
Terweil’s paper, although their context is very differ-
ent, and very interesting,

6. EXAMPLES

In addition to the examples discussed by Kubo, 13 van
Kampen, !® and Freed, !* a few other representative
examples will be sketched here. The examples will be
treated to the extent that they are made to have the
form of (2).

Exawmple 1: The stochastic, standing wave equation?®:

d ~
@v(x) +E1+ o) (x)=0.
Replace v(x) by
vix)=A(x) exp(ikx) + B(x) exp(— tkx),
in which A(x) and B(x) are subject to the auxillary
condition

dA , dB .
paakl + = — —
exp(ikx) exp(- tkx) =0.

It then follows that

d (A(x))_i k 5 (x)( 1 exp(- 2ikx)> (A(x)>

dx\Bx)] "2 — exp(2ikx) -1 B(x)/ .
This is the form of (2) if x is changed to ¢, A=0, and
a(t) and A(f) are complex valued,

Example 2: The stochastic Schrodinger equation”:
ma% b= (H + T
Expand 3 in terms of the eigenstates of H°, H°| o)
=E,la):
£)=21 Colt)| @).

The Schrédinger equation becomes

md%ca(t) =EoColt) + HyorO)Carld),

in which H,.(t) =(a|H()|a’). This is also a complex
realization of (2) with a diagonal A,

Example 3: The stochastic density matrix equation®:

By using the previous example and defining the den-
sity matrix by

Past) =CEBICL()

the density matrix equation is !

- d ~
ZEE paB= (Ea - Es)pas + LaBa’B'(t)pa’B' ’ |

Ronald Forrest Fox



where L ygqu (1) = 04pH aar(t) = 800 Haglf). This can also
be written equivalently

i p=[H°, p| + [A(), pl.

Example 4: Equation of motion for a magnetic moment
in a stochastic magnetic field:
d e

Zi-t-m:— ch‘ [B+B(t)]><m.

Example 5: Reduced density matrix equation:
i p=[H* +H +H, p],

where H® is a system Hamiltonian, H? is a reservoir
Hamiltonian, and H’ is the interaction Hamiltonian, No
explicit stochasticity appears. However, reduction of
the full density matrix by tracing over the reservoir
states can be treated as averaging, and associated
ordered cumulants can then be defined in a natural way.
Another paper doing this in detail will be forthcoming.

Generally, the effect of M'®’, which appears in (26),
is to create dissipative behavior for the averaged equa-
tions in these examples, Each example is in fact time
reversal invariant before averaging is performed, so
that averaging is the sole source of dissipation,
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Fluctuating hydrodynamics explanation of the AIder-Wamwnght
velocity autocorrelation computer experiments
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Shortly after Alder and Wainwright! published a sum-
mary of their work on computer simulated dynamics, in
which long time tails were observed for the velocity
autocorrelation function, a variety of theoretical papers
appeared which claimed to explain the phenomenon.
Dorfman and Cohen’ presented a kinetic theory justifica-
tion of the results of Alder and Wainwright, Zwanzig
and Bixon® presented a hydrodynamical theory which
also explained the long time tail behavior of the auto-
correlation function. A semikinetic, semihydrodynami-
cal theory was also presented by Ernst, Hauge, and
van Leeuwen, * which also explained the long time tails.
Another semihydrodynamical approach, the mode cou-
pling theory, was used to explain these same results by
Kawasaki® and also by Pomeau.

A closely related problem is the problem of the ve-
locity autocorrelation function for a Brownian particle
immersed in a fluctuating fluid. The Landau-Liftshitz
theory” of fluctuating hydrodynamics, as formulated by
Fox and Uhlenbeck, ® has been applied successfully to
this problem by Chow and Hermans, ? and by Hauge and
Martin-Lof. *® Both groups showed long time tail be-
havior of the type observed by Alder and Wainwright,

It is the purpose of this note to make an observation
which appears to have been overlooked so far. The
fluctuating hydrodynamic theory directly yields the
Alder and Wainwright result through the autocorrelation
function of the fluid velocity field, without the introduc-
tion of a Brownian particle. The advantage of this ap-
proach is its simplicity, because the computation of the
free fluid velocity field autocorrelation is rather easy
compared with the calculation of the corresponding ve-

locity autocorrelation function for the Brownian parti-
cle.

The velocity field satisfies the following linearized,
Navier—Stokes equation™®
% __ 20

— +77V2

9 -
Po5F = ax +a‘ Sii (1)

]
in which Eﬁ is the fluctuating stress tensor which has
the correlation formula

(Bin(x, )5, 1)) = 2K g T8 1,0, +8:;8,;) 6(t = ')
X 0(x -x'), (2)

in which K is Boltzmann’s constant, T is the tem-
perature, and 77 is the shear viscosity. In the above,
restriction to the incompressible case is implicit, al-
though not necessary. Szu, Szu, and Hermans!! have
treated the autocorrelation functions for fluctuating
hydrodynamics in some detail; so we quote their re-
sult for the velocity autocorrelation function of the free
fluid, although the derivation, using Fourier trans-
formations, from (1) and (2) is quick and easy. The
result is according to Eq. (24) of Szuef al,,

(wilx, D;x, 8"V =3 KT (1/po) (4mv| t- 17| )272 (3)

in which v =77/p0. This is precisely the formula which
provides an explanation of the Alder-Wainwright ob-
servations, according to the earlier theories.?™®
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Abstract

The theory of fluctuations for systems near equilibrium
has given rise to two developments which concern generalizing
the theory in two distinct ways. One of these developments
is focused on the theory of fluctuations far from equilibrium
where the dynamics may be non-linear. The other development
has dealt with extending the class of fluctuating forces to
include forces with non-delta function autocorrelations. It
is shown here that both of these developments lead to the
same class of Fokker-Planck equations and that class corre-

sponds with the theory of non-stationary, Markov processes.



I. Introduction

Over an extended period of time, Langevin'sl theory of Brownian motion
has developed into a remarkably general theory for non-equilibrium processes.
The early work of Uhlenbeck and Ornstein,2 which applied Langevin's theory
to the harmonic oscillator, provided the basis upon which Onsager and Machlup3
were able to establish a stochastic foundation for irreversible thermodynamics.
Subsequently, Landau and Lifshitz suggested how to extend this theory even
further when they presented equations for hydrodynamic4 fluctuations and for
eiectro magnetic5 fluctuations. These suggestions gave rise to a general
formulation which Fox and Uhlenbeck6 showed was equivalent to the theory of

Stationary, Markov processes,

General though this theory is, it is certainly not universal, and is
limited in two distinet, physical ways. First of all, the applications
mentioned above, as well as all others, are confined to systems which are
dynamically close to full equilibrium. This implies that the equations are
linear equations. Secondly, on the time scale determined by the relaxation
time for the system, the correlation time for the fluctuating forces is
negligibly short, as is manifested mathematically by a fluctuating force
autocorrelation formula involving a delta function of the time variables.

The general situation is exhibited by the equations

© Law =aam +5am + Fo (1)
F(t)>=oand  <F(t) F(s)> = 2 q 6(t-s) 2)

in which gjt) is a vector valued, N-component process, A is an N x N anti-
. . 3 ’\J .
symmetric matrix, 5 1s an N x N symmetric matrix, Eﬂt) is a vector valued

fluctuating force, and <+++> denotes stochastiec averaging. Q is an N x N



symmetric correlation matrix. Near equilibrium, the entropy of the system

is given by the quadratic form
1.
S(8) = S_ -2 a (t) Ealt) 3

in which E is the N x N, symmetric, entropy matrix. A fluctuation dissipation

relation exists and takes the form

-2q = @E " + B haTsh )

*in which + denotes the matrix adjoint.

The limitations of the theory have prompted two developments which are
aimed at extending the domain of applicability. The first development, which
began slightly earlier, concerns establishment of a theory of fluctuations
for systems far from equilibrium in which case the dynamics are generally

. 7 . L. . . \
non—linear. van Kampen initiated this development using a master equation
basis which has more recently been clarified by Kubo8 et.al.. In addition,
an equivalent, Langevin-like, fluctuating force theory has been proposed by

\ 9 . 10 . 11
Keizer,  Nitzan et.al., and Portnow and Kitahara. The second develop-
ment concerns the linear, near equilibrium theory in the case for which the
fluctuating force autocorrelation formula involves an extended time depen-
dence which is not properly represented by a sharp delta function. Zwanzig'sl
projection operator method is the key to this development, although it was
Mori13 who achieved a general formulation. These two developments proceeded

quite independently, motivated by distinct physical causes, so it is rather

they are found to correspond to the same structure. Namely, both - . respond

to slightly different forms from the theory of non-stationary, Markov processes.




It is the purpose cf this paper to exhibit this developmental convergence
of mathematical structures. In doing so, the opportunity arises, on the one
hand, to show that the master equation approach and the fluctuating force
approach to non-linear processes are connected in a direct way, previously
not exhibited in the literature; and, on the other hand, to clarify serious,
long established confusion in the literature regarding putatively non-Markovian

processes which turn out to be really non-stationary, Markov processes.,

II. Stochastic Probability Flows

An exceedingly useful lemma exists which provides the basis for the
unification of the two developments described above. It was used earliest by

Kubo,14 and its utility in constructing Fokker-Planck equations has been

15,16

18 who first explicity pro-

stressed by Fox, but it was van-Kampenl
vided a proof of its validity.

It will subsequently be shown that both developments lead to equations
with the form

£ a0 = H(H) alo) + 5O (5)

in which a(t) is a vector valued, N-component process, M(t) is an NxN, time

’\J
dependent matrix, and g(t) is a vector valued fluctuating force satisfying

<g(t)> = 0 and <g(t) g (s)> = I(t - ) (6)

in which Eﬂt—s) is an NxN time dependent matrix of correlations. The simi-
larities and difference betwecen (1) and (2), and (5) and (6) should be evident.
The lemma stated below provides a procedure for the construction of the
Fokker-Planck equation which corresponds with (5) and (6), and it does so by
considering a stochastic probability flow in a "phase space' determined by

the N-component vector process, a(t).



Lemma: Given the sharp initial condition at t = o, a(o) = a , the associated
—_— - <0
conditional probability distribution, P(a,t), conditioned by the initial
condition, P(a,0) = &(a - ao), is equal to the stochastic average of the

o~

"phase space" distribution, p(a,t), which satisfies the continuity equation

3 s
53¢ P(a.t) = ba

“(a p(a,t)) (7)

~

o

da

e

in which a denotes the time derivative of éﬁt) as given by (5), and *» denotes
the N-dimensional gradient operator. The stochastic probability flow resulting

from insertion of (5) into (7), the average of which yields the desired Fokker-

Planck equation, is

2 0(a,0) = - oo (D20 (a,0) - o2 (B(0) (a,0)) (8)

The proof of this lemma 1is to be found in reference 17 where the stochastic
setting has a more rigorous, modern mathematical flavor.

It is proved in appendix A that the average of (8) can be worked out
exactly when %(t) is Gaussian as it usually is in both developments. The

result is the non-stationary Fokker-Planck equation

3 - - 2.
3¢ pla,t)> = 22 M(t)a<p(a,t)>)
t t
+ 3, ds T'(t - s8) T exp ﬁ(t’)+dt’ 2 <p(a,t)> (%)
aka-\ - -—_ —~ a’%‘ M’
o s

Notice especially that the second term on the right-hand side of (9) involves

a time integration over s which appears only in the matrix coefficients and

eot in <p(2,t)> to its right. It is for this reason that (9) is a non-station-
ary Fokker-Planck equation and does not involve a memory kernel which would
convert it into an integro-differential equation. The derivation of (9) given
in the appendix exhibits several useful operator calculus identities and

explains the origin of the reverse time ordered exponential, denoted by



3 expl...], found in (9).
It should also be noted that equations of the type given by (9) are

identical with Kolmogorov's forward equation for non-stationary Markov processes.

The solution to (9) is not difficult and yields an explicit formula for

m

P(a,t) <p(a,t)>. Define y(t) by

t t
y(t) = Sds £(t - s) T exp S ET(t’)dt’ (10)
o s

and P(t), the covariance matrix, by

L) = <a(t) a'(6)> (11)

Together, (10), (11), and (12) yield
L pe) = M) 50 + 20 K (o) + y(®) + 1" () (12)

the solution to which is

t t t
I(t) = jds T exp S H(e)de”| (v(s) + ¥ (s)) T exp Sf(t')dt' (13)
o] s S

The solution to (9) can now be written
1

P(a,t) = (2N det(g(t))) 2 exp[—%(g - H(0a) T e (a - E(t),go):] (14)

in which det(Z(t)) denotes the determinant of the covariance matrix. P(Qet)

. X ] . 19 X
will satisfy the non-stationary, Chapman-Kolmogorov equation for non-statiomary,

Markov processes.

III. Fluctuations Far From Equilibrium

The description of fluctuations far from equilibrium is based upon taking
the "thermodynamic limit" of a master equation description of the underlying
' A . , 8

process. In both van Kampen's pioneering work and Kubo's more recent

extention, this limit is referred to as the limit of a large "system-size"

5



parameter. Regardless of how one expresses it, the result is that in the
limit of a very large system, the master equation description goes over 1into
a Fokker-Planck equation description. For the special case of a system of

. . . . 20 . 21
chemical reactions obeying the McQuarrie master equation, Kurt:z has
proved, with all the rigor one would like, that the limit of a very large
volume yields a Fokker-Planck equation. In the general case, the situation
. . 22
is not so well established, and Fox and Kac have recently explored another
special case in which delicate questions regarding initial distributions and
scaling have been broached, although not with the same degree of rigor as
in Kurtz' work. Nevertheless, the resulting Fokker-Planck equations,
whether rigorously justified or not, has the form

3 3 3
an (H(t) n P(n,t)) + 5y (t) 5

~ [ e

)
at P(E",t) - -

P(Egt) (15)
in which E\is an N-component vector valued process, Eﬂt) is an NxN matrix,
and zft) is an NxN matrix, not to be confused, yet, with the y(t) in (10).
A

This Fokker~Planck equation describes the time evolution of the distri-
bution function for the deviations around the deterministic solution, Eft),
which is also deduced from the large 'system-size' limit of the underlying
master equation. 1In general, i(t) satisfies a non-linear rate equation of

the form

£ 5 = KR (16)

in which glis a vector valued functional of iﬂt). The matrix Eﬂt) which appears
in (15) is the first derivative of E\with respect to éjt) at time t. Since

this differentiation is carried out component by component, on a vector by a
vector, H(t) is a matrix functional of ﬁ‘t). The derivation of (15) from the
underlying master equation also shows that Ift) is a functional of iﬂt). Thus
both g(t) and lft) acquire their time dependence from that of é(t), the deter-

ministic solution to (16).



Although wvan Kampen23 has repeatedly expressed the view that there does
not exist an equivalent fluctuating force formulation of this theory, Nitzan
et.al., and Portnow and Kitahara11 have both shown that a Langevin-like
formulation for fluctuations near steady states which are far from equilibrium
is possible, and Keizer9 has presented a phenomcnologically grounded theory
of Langevin-like structure for the entire non-equilibrium domain. Each of
these cases utilizes an equation of the type given by (5) above with the

added specialization that in place of (6) one has

<§(t) 5T e)> = 2v(t) 8(t - ) (17)

in which lﬁt) is the Ift) in (15). Consequently, in (9), which ironically
enough * was achieved using the lemma van Kampen proved,’aﬁt - §) must be
replaced by ZI(t) §(t - s) which greatly simplifies the integration. Indeed,
(10) now yields xﬁt) = Ift). Therefore, after completing the derivation of

the Fokker-Planck equation from the master equation using the thermodynamic
limit, it is always possible to insert the lft) acquired in the derivation into
the right-hand side of (17) which coupled with (5) provides an equivalent
fluctuating force formulation of the problem, and which yields the same
Fokker-Planck equation through (9), simplified by (17) in place of (6).

At arbitrary times, there is no direct connection between the covariance
of fluctuations, y(t), and the dissipation matrizx, Eﬁt), as there is near
equilibrium as is exhibited by the fluctuation dissipation relation (4).

Each is determined directly from the underlying master equation. However,
Qquation (12) shows. that at equilibrium or at a steady state, where‘£L|§(t) = 0,

dt

-2y = I + I (18)

in which H has replaced M and 2v has replaced y + Y+ because (17) implies
Y = Yf. This is very close to (4), which becomes even more apparent when
A e

the argument of the exponential in (14) is compared with (3). In (18), the



value of E‘depends upon whether the system is at equilibrium or at one of
possibly several steady states. Similarly, the values of I»and E, through
their dependence on the deterministic solution,'é, depend upon where the

system is when é%-zﬁt) = 0. Thus, the fluctuation-dissipation relation is

extended to steady states, and a Fokker-Planck description appears to be

valid for all non-equilibrium states.

IV. Generalized Langevin Equations

An apparently different situation arises when the near equilibrium,
linear theory is modified by replacing the delta function autocorrelation
formula for the fluctuating force, (2), with a non-delta function auto-

correlation such as in

t
e =g am - [ 40 - 9 ads + F© (19)
) |
where
F(e)> = 0 and <F(0) ¥ (s)> = §(t - 8)e<a ,al> (20)

Averaging is accomplished here by integrating with a canonically weighted
phase space distribution, and g}t) is an N-component vector valued process
comprised of phase space coordinates and momenta. <§O,32> is, consequently,
a matrix and the subscript o denotes the initial values of the components
ofgjt). When'i is the three dimensional momentum of a particle, then

ﬁaogz> yields mKT times the 3x3 identity matrix, for example. if) is a
frequency matrix and'éft ~ 8) is the dissipative "memory kernel" which is
generated by the fluctuation-dissipation relation (20). Such a description

was originally characterized in a general way by Mori13 using Zwanzig's12



projection operation method. The presence of the "memory kernel” and the
non-delta correlated fluctuating forces has lead to the belief that a non-

Markovian process is being described.

16,25

Only recently, Tokuyama and Mori,24 and independently Fox, have

shown that equation (19) can always be transformed into the single time form

£ a(e) =19 a(t) - ¥(©) a(o) + 50 (21)
‘in which
t
2 = | G § 0 apd™ i @as 22)
o]
t
g = o £ S ) uee - o) ¥ods (23)
(6]

2

and zgt) is defined through its Laplace transform and the Laplace transform cf

$(t) by
M(z) = [z - g+ ()] (24)

Using this single time representation, Fox16 has also shown that the lemma
concerning stochastic probability flows described in part II of this paper
permits the construction of the Fokker-Planck equation corresponding with (21),
or its equivalent (18). The result, which is proved in appendix B, using (9),
is

5o P(a,0) = - o (H() M(0) 2 P(a,0)

- 2oy whe)<a alse

2020” "3g P(a,t) (25)

The combination ﬁjt) g:l(t) is identical with i@ - X&t) as has been proved by

25 . — ) . . . 1 .
Fox. Therefore, the fluctuation-dissipation relation is again exhibited in

the proportionality of the matrix coefficients for the streaming and diffusive



portions of the right-hand side of (25). If the identifications, M(t) M—l(t) >

M(t) and'ﬁ(t) ﬂ?l(t) §§O§Z> + —y(t) are made then

SO (26)

+ _ +
— = +
(lﬂt) + Ih(t)) Eft)<go§0> <§0§03M

parallels both (4) and (18) with <§ng> serving the role of Eil or E.respectively.
By now, it should not be necessary to emphasize that (25) describes a non-

stationary, Markov process, rather than a non-Markovian process. This is very

largely a result of linearity of (19) which permits the transformations

leading to (21).

10



Appendix A

Derivation of (9) from (6) and (8):

Define R(a,t) by

An

t
p(a,t) = T exp —Saaa'f{(S),g ds| R(a,t) (Al)
(8]

in which ;J.‘_ expl[...] denotes the time ordered exponential with later times to the

left. R(g_,t) must satisfy

t t
2 R(a,t) = - T exp i'ﬁ(s) a ds 0 -g(t) T exp |- 8 ‘M(s)a ds|R(a,t) (A2)
ot k4 3 a% e~ Yo agﬂ 2 “ a?w P . Pty
o 0
which follows from (8) and in which '_J.; exp[...] denotes the reverse time ordered

exponential with later times to the right. The reverse time ordered exponential

t
appears because, in general, the inverse of the operator ;l: exp[f }%\(s)ds} is
t aQ

1 exp [—SE(S)dS] . (A2) can be rewritten
°

t

3 _ 5 - 3~

e R(a,t) = = T exp J-[ag gi(s)g,'] ds 53 g(t) R(a, t) (A3)
(8]

in which there appears the reverse time ordered exponential of the commutator

operator [8 'ﬁ.(s).?i"] which acts as indicated below

%
) - 5 v [a o PR
[83 M(S)g,{l 52 g(t) = [afi (s)a, - g(t/] (Ab)
3 3 3 N ) ) 3 N _I
R e (CPR I SO o (OFREFS (CRRREeS 15 J (A5)

Higher order iterations of the commutator which appear in the ordered exponential
in (A3) are interpreted in the natural way suggested by (A4) and (AS5).

Now, (A4) and (AS5) lead to

11



[E’a-p‘ys)g, g -E(t)} =~ 2efils) g(0) (46)

aw 33~m Bé
and
9 = 3 = a v, . 293 - = .V
. - . - . ! = -— . A
[83 m(s)a,[ég M(s )3’83 %(t}] (-1) BEAQKS) M(s7) §(t) (A7)
Therefore, we arrive at the identity
t
9 = 3 N _ 9. = n
l exp 5[?érm(b)g,% ds 33 %(t) = a§~£ exp|-— S ﬂ(s)ds(é(t) (A8)
o
Consequently, (A3) becomes
t
2 Ra,t) = - 2T exp| - \ M(s)ds|3(t) R(a,t) (A9)
at A 3a > P -~ ERRE -
)

If g(t) is Gaussian, and because the differential operator on the right-hand

P

side of (A8) commutes with itself at different times, the 2nd order cumulant2

gives an exact result for the average of (A9) which is

t t s
jL<R(a t)> = I ds<T exp]|- M(s”)ds” g(t) 3 -T expl- M(s”)ds” g(s)><R(a t)>
L o? 3"“3‘ > Fom = da -+ o = -2

N} 0 0

(A10)

Especially notice that the right-hand side of (Al0) does not involve a ''memory
kernel” structure because <R(a,t)> is evaluated at time t and not at time s.
The use of cumulants is responsible for this form for the result. Using (6) and

the identities

Ba.z exp) =

e

e

S
Tieyds |y _ {3 Ml Yda’ 1Y '
M(s")ds"|g(s) = |57 exp|- | M(s")ds"|g(s)
(o]

[ S )]

- . .

v} - . . P

E (s)(% exp |- s %ﬂs )ds ) 3a
| o

[ s

%(s) T exp >-S

)

I

=t . .l 3
M (s7)ds " (A11)

converts (Al0) into

12



o~

t t S
—a—<R( )> = ._a_. Mla” - =t, - - ._@_<R( t)>
ot M@, t)> = 3a ds T exp|~ | M(s")ds”|T(t - s) T exp |- M (s7)ds7| sy <R(a,

(o) o o]

(A12)
Together, (Al) and (A12) yield
—a<p(a t)>=-~ 9 - (M(t)a<p(a,t)>)
at © Ba o JRTPRE
t t
+ T - | 2desyads| Ty T exp| [ 2F(s)ads| <o (a,t)>
+exP aﬁ,“msgs %9a =~ a'e.‘+ P aim t‘wcps\’
(o] ]
= - L. (W) a<p(a,t)>)
af}\ - -~ o
t
+ T exp |- 9 ‘M(s)a,¢|ds 2 -f(t)-—3—<p(a t)> (A13)
(o]

5

in which.z(t) is representing the entire integral in (Al2). The last line

of (A13) has again introduced the ordered exponential of a commutator operator.

Now notice that

s
-
Q2

9 - 3 = a3 9 = 9 = d
[a}? 'Iif.(s),%,‘:l 3a L(€55 = [aa‘%(s)é’ai'ﬁ(t)'gg] (A14)

in the last line of which {ﬁ’.}f has been introduced and is seen to be defined

by

M(s),er B(Y) = fi(s) B(t) + B(O) H (s (ALS)
-i-

Following along the lines leading to (A8), leads to the additional identity

13



It is not difficult to prove still another useful identity:

t t t
g - : - = -
T exp S {M(s),'% ds|I'(t) = T exp S M(s)ds] T(t) T exp S M (s)ds (A17)
- RN 'l' By - A [ -> A
o 0

n

which together with (Al12) and (Al3) which defined zﬂt) leads to

t t t
T exp S {ﬁ(s),'} ds|{T(t) = Sds It - s) T exp S ﬂ+(s’)ds’ (A18)
Eiial + T e -> o
0 o 5

Using this in (A16) and then in (A13) gives (A9) and completes the proof.

Appendix B
Derivation of (25) from (9):

As is indicated in the paragraph following equation (25)
— . -1 .
M(t) = M(t) M " (t) = iQ - ¥(t) (B1)
oS e Foen Liaend iy

It is, therefore, sufficient to show that

t t

. _ =t, . .9 _ 3. -1 + 0
S dsrg(t s) E exp S M (s )ds Yo a gﬁt) && (t)<30§0>
o 8

da (82)

e~ ~~— Visn,

3
da

in whichig(t - s5) is determined from (6) with g(t) defined by (23). Using (23)

implies

t
T(t - 8) = < El(t);%sdt' M) uee- e Fen)
o

S
af, . .-1 P
I;g(S)d—S-Sds M~ (s) M(s - s ) f(s7) )>
(8}

14



as” W) Me - e)<Ee) EeH B s - shatenT e 3

[ S Y]

t

d . d

= Ei(”zizf“t ds
(o)

Now, with M(t) = M(t) M *(t) it follows from (AL2), (A7), and (AL8) that
t t
T exp S @j(s’)ds‘ = T exp s(y:_l(s’))+ ﬁj(s')ds’
S S
s . t
—~ v PN -1, .\t -
= I exp|- K(H 1(5,))’r %T(s )ds :I; exp g(g (s7)) "}v{jr(s Yds (B4)
) )
Fox16 has proved that
t
VRIDA -1, . . -1
I exp |~ SM(S Y M T (s7)ds”|=M “(t) (83)
o
which implies that (B4) may be written
t
T exp Sﬁ*cs'ms' RO (86)
s
Therefore
t t
Sds T(t - s) I exp SﬁT(s’)ds’
o 5
t t g
- Sds M(e) §~Sdt'§; Sds'yjlm u(e-e)<2(er) Fes> ml(s-s7) ot (o)
o o )
t t
- M(t)Sds’ fggdt' M) Mee-e)<Ee) ¥ M sy or Hen T ut e (87)
) o

in which the last line follows because the preceding line is the s-integral of
an exact s-differential.
The expression in the botton line of (B7) contains a quantity which may

be rewritten in an equivalent but much more useful form

15



t
sf<§£8dt' M (e) M(e - t’)<§(t')§+(s/)>) M(e - s Qe
0 ‘
t t
<(d£tSdt/ 'It‘/[‘_l(t) gﬂ(t - t7) g(t’;) (Sds’ M:l(t) k{(t - s7) i(s’)>>
o [e]
t C
%?dd—f(gdt M (t) M(t - t7) f(t ))(S H—l(t) M(t - s7) E(s ))>
' o
%—c%:( e M) Mee - e <Een) Fsys we - s ten”
%Edi( ROFCEEDEICEE RS ORI SN B

Define 7éﬂ(t) by

It £

Mori13

A(t) = al> i e = 9
e "0

t
ds” Sdt’ M(E - t7) ¢(t7 - s7)<a_
o]

[oR W o N o SRR OL - aun W J

dr Sds ?i(s) d(r - s)<§0§2> I'\f(r) (B9)
o

cllows that

ds E’Iﬂ(s) o(t - s)<§0§2> “Mj(t)

dr M(t) $(r - )<a_a’> u' () (810)

has shown that
oo +
8ty - tpaay = ke Feep»
U At 3 oy vt _ +
= <f-ty) L (=t )> = <f(-ty) £ (-t,)>
oot
= 827 4 (5 7 ) (1)



Fox25 has also shown that

t
M(e) = i M(0) @ - Sds M(s) ¢(t - s) (B12)
(o]
and
t
e = - " v - Sds of (e - o) Mo
(o]

Using (B11l) in the second line of (B10), and then using (B12) leads to

d.,, . Y A
gAlt) = (IM(6)Q - M(t))<a a >M (1)
t R . vl
+ M(t)<g a >(- ig M (t) - M (t))
= - S 0(t)<a a oM (0) (B13)
dt = 070 e
. 13
because, as has been proved by Mori,
Q<a a+> = <a a+>Q+ (B14)
nm MOMO MO"O en

Integrating (B13) with the initial conditionlﬁ(o) = &\gives

<a g+> ~ M(t)<a a >M+(t) (B15)
[oAine] ~n ~o™0 ™

o

Alt) =

Using this expression for (B9) and putting it back into the bottom line of (B8)

implies that (B7) can be written

t t
Sds Eﬂt ~ s) T exp S ﬁT(s')ds’
o s

[N

/ I -
= M(D) —zl—d%(i O <aal - g@(t)gog}m‘“(t)} o 1(t))");f(t)
L d

= "bg‘(t) 7 4t rl\j:-l(t)<§o~a_2>(£4:1(t))1))Ij’f(t)

1
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= - ‘zl‘éim S ORIOFROE R

oot i oaerteo vl
=070 e e e - ’
1, -1 T toaml et
= - (M) M "(t)<a a >+ <a a >0 () M () (B16)
. , . ., 16 ==1 _ -1 . -1 . -
in which the identity” M “(t) = - M “(t) M(t) M (t) and its adjoint have been

used to get the penultimate line.
Because the desired quantity on the left-hand side of (B2) is a scalar,
differential operator, and because the two terms in the last line of (B16)

are adjoints of each other, it follows that the final step of premultipli-

cation with 2. and postmultiplication by - 9 converts (Bl6)} into (B2), thereby

83‘ 83‘
completing the proof.
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Abstract

*7, a thorough

Using the methods of multiplicative stochastic processes
analysis of '"non-Markovian', generalized Langevin equations is presented. For
the Gaussian case, these methods are used to show that the non-stationary Fokker-
Planck equation already found by Adelmanl and others16 is also obtainable from
van Kampen's lemma9 for stochastic probability flows. Here, results applicable
to an arbitrary n-component process are obtained and the specific 2 component
case of the Brownian harmonic oscillator is presented in detail in order to
explicitly exhibit the matrix algebraic methods. The non-Gaussian case is
presented at the end of the paper and.shows that the methods already used in
the Gaussian case lead directly to results for the non-Gaussian case. In order
to use the methods of multiplicative stochastic processes' analysis, it is
necessary to transform the "non-Markovian'", generalized Langevin equation using a sto-
chastic extension of a transformation discussed by Adelman.l This transformation
removes the "memory kernel" term in the usual generalized Langevin equation and

in the Gaussian case leads to the result that the original process was in fact

not ''mon-Markovian' but actually non-stationary, Markovian.



I. Introduction

In this paper, the relationship between the generalized Langevin equation

and the Fokker-Planck equation for the time evolution of the conditional prob-
ability distribution is elucidated. A method is exhibited which provides the results

already obtained by Adelmanl for the special case in which the stochastic
driving force is Gaussian. This method has the virtue that it directly leads
to the corresponding results for the non-Gaussian case, and thereby provides
the general and definitive treatment Adelman discussed in the summary of his
paper.

The method to be applied in this paper utilizes ordered cumulants™’
which were developed for the theory of multiplicative stochastic processes.
The generalized Langevin equation is an additive stochastic process and has
been treated and derived with projection operator techniques.5’6 Consequently,
this paper will serve teo illustrate the relationship between additive and
multiplicative stochastic processes as well as to illustrate the alternative
advantages of projection operator and cumulant techniques. While this last
point has been discussed in the recent literature,7’8 this paper provides a
detailed account of the relative merits of the methods in the explicit solution
to the problem of finding the conditional probability distribution for generalized
Langevin equations.

Two lemmas will be presented which are necessary in order to implement
the program presented in this paper. The first lemma follows from the dis-
cussion in section V of Adelman's paper,l and shows that the "memory kernel"
of the generalized Langevin equation can always be transformed into a term

. : 9 .
without "memory'". The second lemma was proved by van Kampen  and involves



1
stochastic probability flows which were discussed somewhat earlier by Fox, 0

but without the proof provided by van Kampen.

In section II of this paper, the generalized Langevin equation will be
presented and briefly reviewed. A stochastic generalization of the Adelman
transformation will be introduced in order to eliminated the '"memory kernel'.
In section III, a related stochastic probability flow will be introduced, and
van Kampen's lemma will be used to show that the stochastic average of the
probability flow leads directly to the conditional probability distribution
equation which will be referred to as the Fokker-Planck equation. 1In section
IV a second example, the Brownian oscillator, will be presented in order to
exhibit the fact that the methods used apply equally well to multi-component
equations. In section V, a discussion of the non-Gaussian generalization is

given, and provides the solution Adelmanl desired.

I1. Generalized Langevin Equation
The generalized Langevin equation provides a"non-Markovian” extension

of Langevin's equation for Brownian motion. The equation is, in one dimension

t
d 17
it u(t) = - f B(t - s)u(s)ds + - ?(t) (1)
o
in which u(t) is the velocity of the Brownian particle at time t, m is its
mass, B(t - s) is the dissipative "memory kernel" and %(t) is the stochastic
s

driving force. %(t) is assumed to have zero mean which is denoted by (£(t)) = 0

and has a variance given by6’ll

F©F()) = &I gl - 8) (2)

in which KB is Boltzmann's constant, and T is the temperature. 1In order to

specify the higher order moments of ?(t) it 1s necessary to be more specific



about what kind of process %(t) actually is. Usually, it is assumed to be
Gaussian, although this is never proved on the basis of a truly microscopic
theory. 1If B(t - s) = 28(t - s) in which §(t) denotes the Dirac delta function,
then (1) and (2) correspond to the Markovian Langevin equation.12 The restriction
to one dimension is not necessary and is made here in order to most clearly
exhibit the nature of the mathematics, and in section IV a two component equation
will be treated to illustrate the extension to multi-component cases. Equation
(2) is called the fluctuation-dissipation relation because it couples the
variance of the stochastic force to the strength of the dissipative memory
kernel.

The solution to (1) is obtained by introducing the Laplace transform of

B(t) which is denoted by é(z) and defined by
8(z) = J e %" g(1)dr (3)
o

Using x(t), which is defined through its Laplace transform which is

x(z) = (z + B(z)"* (4)
gives the solution for u(t) as
t
u(t) = x(t)u(o) +% J x(t - s)f(s)ds and x(0) = 1 (5)
o

All of this is well known and has appeared in the literature many times.
. , . . 1.
By stochastically extending a transformation introduced by Adelman,” it
is possible to convert (1) into an equilivalent equation without a memory

kernel. From (5) it follows that



t
u(0) = ;%J (u(t) - }% [ x(t - S)}’(s)dS) (6)
o)
and that
t
e =& x@u© + 5 f x(t - s)F(s)ds Q)
(e}
Using (6) in (7) gives
4 x(t) F
d_ _dt 1 d | x(t - s)
it u(t) = ETON u(t) + = x(t) dtJ (0 ¥(s)ds
(e}

(8)

“B(tyult) + g(t)

- n Y]
in which the second equality defines both B(t) and g(t). Note that {(g(t)) = 0.

This transformation will be called Adelman's lemma.

Two points are worth emphasizing at this stage. Begause equation (8) is-
a single time equation, without a memory kernel, it may be suspected that the
original "non-Markovian" process is actually Markovian after all. This point
will be expanded upon later, and at the end of the paper. Secondly, the objec-
tion may be raised that x(t) can become zero and then negative,13 so that division
by ¥x(t) when it is zero is not defined. WNote, however, that if the average of

equation (8) is considered

-g; () ) = (%E n x(t)) () ) (9

then its solution is



t
() ) = exp J (gg oo x(s))ds @(0)) (10)
0

x(t) (0))

which agrees with (5) and demonstrates that the division by zero does not in
fact introduce extraneous behavior. Later, it will be secen that that the
variance of u(t) also behaves correctly even if x(t) is allowed to become
negative.

In Adelman's1 use of the transformation of (1) into (8) no discussion of
the stochastic driving force, g(t), appeared. Here, it will be seen to be of

great importance in the subsequent sections.

IIT. Stochastic Probability Flows

Associated with equation (8) and the initial condition u(t = 0) = u(0)
is the conditional probability distribution, P{u,t), which is conditioned by
the initial condition: P(u,0) = §(u - u(0)). Also associated with (8) is a
"phase space" description in which o (u,t) denotes a density of phase space
points at time t determined from the initial density p(u,0) by the equation
of motion (8). Because this phase space density is conserved it satisfies

a continuity equation which is

p(u,t) = - = (e, D) (11)

in which u denotes-%z u and which becomes

T () = - 2= (B(Du + E(6))p(u,t)) (12)

when (8) is used. The presence of g(t) in (12) makes (12) a multiplicative

b

stochastic process and ordered cumulant methods may be used to determine



o(u,t) ). van Kampen9 has proved that under the conditions stipulated above,
(u,t)) = P(u,t). This will be called van Kampen's lemma.

The utility of van Kampen's lemma is that it provides a method for obtaining
the conditional probability distribution for an equation such as (8), or equi-
valently, it enables one to obtain the corresponding Fokker-Planck equation.

In order to use this lemma, however, it was essential that the Adelman trans-
formation be performed in order that the''non-Markovian) generalized Langevin
equation be in a form suitable for application of multiplicative stochastic
process methods.

The following, somewhat lengthy, computations will provide the Fokker-
Planck equation for {p(u,t)) = P(u,t). In order to make the presentation as
intelligible as possible, it will initially be assumed that %(t) in (1) is
Gaussian. As a consequecnce the result obtained for P(u,t) will be identical
with the result already presented by Adelman and others.1 However, in section V
the non-Gaussian extension will be elucidated.

Define ¢(u,t) by the "interaction picture"”

t
p(u,t) = exp | - é—-u J x(s) ds d(u, t)
o

- (13)

—

= exp | - %;‘u 2n x(t)} ¢ (u,t).

$p(u,t) satisfies

2 40,0 = e[ 2w an k(0] L E© ex [- 55 = @] een ao



Identity 1l: exp [%; u Rn'x(t)] %E g(t) exp [— %E u &n X(t)}
(15)

o

t

14 [ xe-s

o dt f (5 ?(s)ds
o

Proof: exp [%E-u n X(t)] %;-g(t) exp [— %E-u n X(t)} =

exp [Qﬂ x(t) [‘%E u ‘] ]'55 gty =
g(t) 2: %ﬁ'(zn x(eN" [%E u, '] — =

g i L (en x (N (D 3 _
n=0 ™ du (16)

E(6) exp [-2n x(D)] 7= =

9
x(t) du

1d | x(t-s) Kl
m dt J x () JOLE du
(o]

d n th .
In line two of the proof, [55~u, ’} denotes the n power or iteration of

9
ou °’
-n" %; which has

3 . .
the commutator operator, [5— u, -], which is to act on the operator,
g

to the right. It is easily verified that [g—-u, '] — =
du du

been used to get from line three to line four. The last line follows from (8).

Therefore, (14) becomes

t

3 __1ld [xe-9) 3 8

o du,e) = - = dtj oy Fedas 52 40,0 an
O



Because <¥(t)) = 0 for all t, and because %(t) is assumed to be Gaussian at
this stage, ordered cumulant methods4 provide an exact result involving only

the 2Bé cumulant, which gives for the average of ¢(u,t)

g—t (¢(U,t)) =

t t S

- — - T 2
J ds g? J de” g_s_ J( ds” X(t - t ) X(S S ) I(B B(t’ - S/) -—a—i ((b(u,t)) (18)
[e] O o

x(t) x(s) m u

In fact, for this simple case, the differential operator in (17) commutes with
itself at different times so that ordinary cumulants are adequate. If the
differential operator in (17) had been non-commuting at different times, then
even its Gaussianness would not have permitted an exact expression involving
only the 22é cumulant.4 Higher order, ordered cumulants would have been
required, and, in fact, are going to be discussed in section V when the non-
Gaussian case is discussed because non—Gaussiénness also requires higher order
cumulants.

In (18) the s—integration involves an integrand which is an exact dif-

ferential so that

t t s
T
d [, .d [ .. xt-t) x(s-s 5B L
fdsdtjdt dsfds XD X w BT -
O O o]

t t
KgT L x(t -s7) d x(t = t7)
TJ&S < (0) “d'?Jdt—";(—(—t—)———'B(t -87) =
o o (19)
T t t
1 B d . Lxle =) x(t - t7) . _
2 m dt J ds J dt x (0) (0 B(t s”7)
o o
K.T
1 d , -2,
2 Tm dc () AR}



where the last line defines A(t) which can be rewritten as

t t
A(t) = J dr J do x(1)B(o - t)x(0) (20)
Q Q

Adelmanl has shown that

W

t
o A0 = 2x(0) J do 8(s - ©X() (21)
(o}

~2x () x (t)

t
because the Laplace transforms of i(t) and J do x(o)B8(oc - t) are respectively:
o

1 - zx(z) because (4) implies: B8(z) = X_I(Z) -z,

(M|

z;(z) - 1 and ;(z)é(z)

The solution to (21) is
2
ACt) =1 - x (B) (22)

which is compatible with x(0) = 1 and (20). Therefore,

& GC Ay = -2 X8 (23)
x (t)

Putting (23) into (19) and then into (18) gives

T - 2
— G0 = - —K'r—;—-%@La—; @ u,t)) (24)
- X~ (t) 3du

Returning to (13) gives



%:- @u,t) ) = - %%(u@(u,t) )) + exp [— g; u Loy (t) ] %E @ (u,t) )

- - X8 wewn ) (25)

’_[‘ .
SO o |

3 ug 8—2—— +2 4y (
X~ (£) " 5g U A x(®) 2 &P | gy v i x()) 0

Ju

2
Identity 2: exp [— %L_l u £n x(t)] 2 exp [_8_ u fn x(t)] =

Buz au
(26)
2
2 9
x () —
Ju
2
Proof: exp |- 3 u %n x(t)—ln LA exp 3 u &n x(t) =
IIO0° du ] 2 du
Ju
2
3 -
exp [— 2n x(t) [Bu u, }] 5 =
du
(27)
o n n 2
-1 d d
> A G x(e)” [5; u, ] =
n=0 n- du”
oo n 2 2
-1 d 2 d
> D G k@™ " 25 = e
n=0 ’ Ju du
3 T ,2 %
To get line 4 of (27), [—B—J u, ] 5 = (-2 — was used and is easily verified.
Ju Ju
Consequently, equation (25) becomes
’ . T = 2
3 IO B ARTON
-z P u,0)) (L) ou (udp u,t) ) n X 2 (u,t)) (28)

or equilivalently, using (8) and van Kampen's lemma

10



5 s KgT _ 32
rvs P(u,t) = B(t) v (uP(u,t)) + o B(t) 5 P(u,t) (29)

ou

which is a Fokker-Planck equation for P(u,t).

Especially notice that (29) contains t-dependent coefficients in E(t).
This means that (29) describes a non-stationary, Gaussian, Markov process
because (29) is a non-stationary diffusion equation,15 and its explicit solution
which is given below can be shown to satisfy the non-stationary Chapman-Kolmogorov
equation.15 Another way to express this is to note that (29) is Kolmogorov's
forward equation15 for a non-stationary Markov process in which the diffusion
coefficient is t-dependent but not u-dependent.

By direct substitution into (29) it can be seen that the solution to (29)
with P(u,0) = 8§(u - u(0)) is given by the non-stationary Gaussian conditional

probability distribution

1 N 2
Pu,t) = (2n0° (t))‘“zexp[— e } (30)
2067 (t)

. 2
in which o (t) satisfies the equation

— 31
t x(t) (31)
with initial condition 02(0) = 0. The scolution to (31) is
T T
2 Kp 2
o (t) = — 1 -x"(t)) = 0 A(t) (32)

11



Equations (30) and (32) provide the complete stochastic description of the
solution to (1) in the Gaussian case. Notice also that if x(t) becomes
negative, as discussed earlier, no difficulty arises.

Before proceeding to the non-Gaussian case which is given in section V,
a two component case will be presented to illustrate the fact that none of the
preceding considerations are limited to one component equations. These consid-~

erations will occupy section IV.

IV. " Non-Markovian''Brownian Oscillator

The traditional example for a multicomponent Langevin equation is the

12,14 If w denotes the unperturbed

Brownian motion of a harmonic oscillator.
frequency of the oscillator, m its mass, p its momentum, and y = mwx where

X is its position, then the equations of motion can be written in terms of a

two component vector:

t

a [V 0 w\/y 0 0 \fy(s) 0 .
'CTE = ) - [ ) dS + ~ (33)
p w 0 p 0 B(t-s) \p(s)/ £(t)
(o]

in which B(t - s) is the memory kernel and %(t) is the stochastic driving
force. As in the example of sections II and III, <¥(t)) = 0 and

<¥(t)¥(s)) = KBTmEXt - s). It will also be assumed in this section that %(t)
is Gaussian. The non-Gaussian case will be discussed in section V. Using

Laplace transforms gives

= |z + + (34)

y(2) 10 (0 W 0 o0 -1 /v (0) 0
p(2) 0 1 6 0 0 8(2) »(0) £(2)

It is easily verified using the matrix adjoint method of construction that the

inverse of the matrix in (34) is given by

12



z -w -1 z + é(z) w

) - L ; (35)
+w z + B(z) —-w z z(z + B(z)) + w
Let xp(t) be defined through its Laplace transform by
® 2 . 2.-1
Xp(Z) = (27 + 28(z2) + ) (36)

Because in this case XP(O) = 0, zxp(z) is the Laplace transform of ib(t).

Therefore, (34) can be inverse Laplace transformed into

t
y (t) x () +[ B(t-s)x (s) ds  wx (t) y (0)
P P P
= © (37)
t ~wy_(t X (t 0)
p(t) WX, ) xp( ) P (
t
w [ X (t—s)%(s)ds
P
e}
+
t
J i (t—s)%(s)ds
P
e}
It also follows that iP(O) = 1, which guarantees the initial value require-

ments. Equations (33) and (37) also imply xp(O) = 0.
To perform the Adelman transformation on equation (33) it is convenient

to rewrite (37) as

y(t) v (0) ¥ (v)
= M(t) +{ 7 (38)
p(t) p(0) F oo

13



which defines M(t) and %y(t) and % (t). Therefore
i p

v (0) v (t) ¥ o(0)
o) GE) e
p(0) " p(t) Fp(t)

and

y(t) . y(0) F (t)
r = M(t) R (40)
p(t) p (0) Fp(t)

Substitution of (39) into (40) gives

y(t) L v (t) , F ()
i = B —&umﬂu>(3 (n
p(t) o p(t) Fp(t)
+i_%¢w
dt % (t)
p
y(t) )
= f:{n(t)Mﬂ—l(t) + %y
" p(t) G, ()

a,
in which the last line defines Gy(t) and Ep(t). An explicit calcualtion shows

that

¢ (t)
y

t
d -1 0
= M(t) 3= J M T(e)M(t-s) ds (42)
"~ , ¥(s)

Ep(t)

14



because S (1(en(6)) = 0 and $5 QIR T(6)) = (M TR + M(e) 7 M),

wvhich together imply the identity for t-dependent matrices

d 1

Frle = -l

M (t) (43)

Therefore, (41) and (42) provide the two-component analogue to (8).

To get the conditional probability distribution determined by (33) and
denoted by P(y,p,t) with the initial condition P(y,p,0) = &(y-y(0))&(p-p(0)),
van Kampen's lemma is used again. Beginning with a phase space density, p(y,p,t),

the continuity equation in this case may be written as

3 _ 3 . -1 3 Y
5 Pspst) = - o MM “(e)xp(x,t)) - o (G()p(x €)) (44)
7 9
in which X denotes the two component vector , and v denotes the two
p L

dimensional divergence operator. Equation (44) is a multiplicative stochastic
process, and van Kampen's lemma asserts that {p(x,t)) = P(x,t). To get ((x,t)),
a sequence of identities which parallel the development in section III will be
used.

Define ¢(x,t) by

t
a > -
p(x,t) =T exp | - J " M(s)M l(s)ggds ¢ (x,t) (45)
o
in which z exp [---] denotes the time ordered exponential4 which is required here

because the operator gx . ﬁ(s)%fl(s)g does not commute with itself at different

e

times. This is the primary complication a multicomponent process creates. If

B(t) is an arbitrary time dependent operator which does not commute with itself

t
at different times, then the inverse of z exp J g(s)ds is given by

Q

15



T exp |- [ Eﬂs)ds

t
in which it must be noticed that the time ordering is in

o}

the reversed sense. Therefore,

3 -
a_t- ¢(X,t) =

T
_)

e

t
J . gg<s>g‘l<s>§ds} G0 (46)
o}

t
3 y -1 d y
exp J o gﬂs)g (s)§ds 35 gﬂt) z exp |- a%
o
Identity 3:
t t
d . -1 N 3 . -1
E exp J vl g(slﬁ (s)ﬁds . Eﬁt) E exp [— J vl H(S)E (s)ﬁgs =
o -0
t 0 47)
d 3 -1
dt ax JM (OM(t-s) Yo ds
o

Proof:

o .

+ ()M (s)xds | =

t
°_, E(t) T exp |- I
X o~ <

o

-

L

X
e

t

T ex a_ . ﬁ( )M_l(s)xds

> p 83’(“ o s oy 2
o

(48)

Y
© 60

t
T e & s N(e)x, ] d
T exp - MM T (s)x, s

where the right-hand side of this equation contains the time ordered exponential

of a commutator operator denoted by [g;-' &(s)%fl(s)ﬁ, -}. The first order

P

term in this exponential contains

[25‘. gﬁs)gil(s)ﬁ’ %;" éxt)] =
(49)

e

— - RN ()0

W

16



This makes it clear that each higher order commutator will contain only the

first order *» factor, although the time dependent matrix product will become

ox

o

increasingly complicated. However, the result, to all orders, may be expressed

by the identity

t
po | | [3 et ] es| - o -
o X
t (50)
9 . -1 n
o g_exp - J E(s)y_ (s)ds th)
0

Note that even though (48) begins with both time ordering senses represented,

only one sense of time ordering is required for the commutator exponentials.

\\\\\

t
The expression T exp |- J g(S)M—l(S)dS can be simplified considerably
o

by noting that: at t = o it gives the 2x2 identity matrix which is identical

with both E(O) and @jl(O); and it satisfies the first order differential

equation
t t
d -1 - -1 -1
— T exp |- J M(s)M “(s)ds | = -T exp| - ( M(s)M “(s)ds | M(t)M “(t) (51)
dt > o o 5> j o pewy o o
o 0

wherein the derivative of the exponent appears on the right because the exponential
is ordered to the right as indicated. This is identical with equation (43) for

. . -1 . .
the derivative of M “(t), and it was already noted that the ordered exponential

agrees with M_l(O) at t = 0. Therefore,
t
T exp |- J ﬁﬁslg—l(S)ds =M “(t) (52)
o

Using (52) in (50) and using (42) gives the right-hand side of (47).

17



I

Therefore, (46) becomes

t

0

2 o(x,t) = - 4.2 JM—l(t)M(t—s) ( ) ds ¢(x,t) (53)

ot o~ -~ o Yy o
f(s)

Because <¥(t)) = 0, ?(t) is Gaussian, and the differential operator

0
)ds commutes with itself at different times, it follows

(s)

v

t

] ~1

R ERC (%,
o]

nd . . . . .
that the 2=— cumulant is exact in this case, as in the case of free Brownian

motion which was discussed earlier; and implies

2 o) - o
d 3 i a1 O Va o T -1 °
ds a_tag . J de™™ T(e)M(t-t ) ¥ e @ % . J dsM “(s)M(s-s”) ¥ e 2o (x,t) )
o ¢ | o °
3 r -1 0 d 3 f -1 0
- e et one ()5 [ et oo (L, ) e
~ £(s7) = £(t7)

The second equality follows from the fact that the integrand in the first
line is an exact differential with respect to s-integration. The last line

of (54) can be treated in parallel with (19) to give

t t
0 0
14 (2. J ds" M (0 (e-s") ( )gx - J de "M T (eM(e-t7) ( )><¢<;_<.,t>>
5 HESVA O t(en)
(55)

t t
= % Kylm % gx . J ds” J dt'gﬁ_l(t)}:{(t—s’)R(s’~t’)&+(t—t’)('I‘:[:l(t))+' ?)x (fb(?gw,t))

o] o]
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in which * denotes the transpose of a matrix and Q(s’—t’) is defined by

0 " 0 0
( (0 £(t)) )= (56)
}(s) 0 KBTmB(s—t)

KBTmQ(s—t)

Define é(f) by

f:.(t) =

Q d———rt

t
ds Jdr M(s)D (x-) (x) (57)
(o)

‘Equation (54) can now be written in the form

I )

Ao e e - b Gen)  68)

Ry

PO

8 - d J
3t (¢’(?§“,t)> - KBTm dt l

L Q2

X

which parallels the bottom line of (19).

To continue the parallels, the following equation for ﬁ(t) is required

0 w
in which % E
-w 0

t
£ M@D) = m(0)2 - J M(s)D(t-s)ds (59)
(o}

This equation can be derived algebraically by lcooking at the Laplace transforms

of each term which gives

. ~ -0’ wz ~ 2.-1
M(t) > 2M(z) - M(0) = ~ (z(z+B8(z))+w™) ~ (60)
" -wz -w -zB(z)
2 ~
N " w(zt8(z)) ~ 2 -1
M(E)Q > M(2)Q = 9 (z(z+B(2))+ ) (61)
~WZ -w

19



0 —wé(Z)

. .
- [§_<s)9<t-s)ds > - M(2)D(2) = ( ) (2(z48(2))0D) ™ (62)
o

0 —zé(z)

0 0
- - v
in which the right-hand side of (35) is used for M(z) and in which D(z) =( . )
-~ 0 B2

has been used in (62).
With (57) and (59), it is possible to get a much more revealing expression

for A(t).

>

~~

t

S

li
-,'g

~~

T

S

QO Y——rt

t
dr R(r—t)}v\f(r) + [ 'I:_IK(S)R(t—s)ds MT(t) (63)
o

(t—-s);lf-(s)ds (64)

3

—
rr
~
h
]
D
iz
—
T
-~
!
O ~—
e}

because §2 is antisymmetric and D is symmetric as matrices. D(t-s) is also
(aa Farind o

syummetric as a function of s and t. Therefore, (59) and (64) provide

t
Jg(t—r)}f(r)dr - - o (0 - i () (65)
o
and
t
J‘I::I“(s).p“(t—s)ds = M(8)Q - ’lilﬂ(t) (66)
(]

When (65) and (66) are placed in (63) the result is

20



AlD) = M) - o' (0) - F(0)
+ ()2 - MM (6) (67)
d +
= - 3F MM ()

This equation is trivially integrated with the initial condition A(0) = 0

and gives

1 0 + .
ACt) = )— M(OM (£) (68)
. , ) HER

in striking parallel with (22). This means that (58) can be written as

- Gy - 3 R o (gx vt et @’ - %;) @G0 (69)

rpo, avn

Therefore, (45) implies

= G0 = - 35 (o (©xe & 0))
t
+ T exp l:- Jg— . P:{(S)}fl(S)gds:l *:—t @x,t))
3 SR
= -5 0 MM T(D)x (1)) (70)
t
+-% KBTm T exp [— J-%g . &ﬁs)m;l(s)ﬁﬁs] %E (-gg:. gjl(t)(gfl(t))+..%g ) .
(o)

oa{c;

t
T exp [J . ,lfim(s)y:l(s)ggds ] ¢ x,t))
)
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Identity 4:

t
T exp [_ { 3, .&(S)M_l(s)ic‘dsil %f(gze he e ten’ gz)
0]

9X
t
3 e -1 B
T exp[:{ o °‘§(s)§‘ (s)ﬁds] = (71)
0 vy
3 . -1
-2 e ﬂxt)ﬁ\ () x

Ly

Proof: Closely related to (48) is the relatiom

IX
fasiad e

. ]
T exp [_ [ I g(s)g‘l(s>,§dsJ %5(275 o atent - )
o

IxX
b

¢ ,
E exp[:j 3, g(s)§i1(5)§ﬁs} = (72)
o

o

t
pos[- | [ soton Ja] 505 Coctor - 5)
e}

which invelves the ordered exponential of a commutator operator. The first

order term in this exponential contains

X e
rom B

-5 e o (65 - et e & -

(L o e oo tent - Ra Al SO SONKT SONE SO 27;

& (5 [feore, Moo ], - 5)

v

where the second equality defines the operator [gﬂs), -] + to be given by
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(8(s), *1, E £ B()E + EB' () 74

in which B(s) and E are arbitrary matrices. Note that the result in (73) contains

exactly two orders of %;u Therefore, the entire exponential on the right-hand

oy

side of (72) can be written as

_ t
oo [ [l sorton Jo & (5 owtor )

o on "~ Fres
(75)
t |
ggﬁ A exp[ )( Ui (s), 3, ds] Eortwaetan |- g}i
o]

This relation is closely related to (50), and the exponential in the right-hand

side may be simplified considerably in parallel with (52).
t
. _l +
T exp M(s)M “(s), +} ds|=M(t) = M (t) (76)

because both sides agree at t = 0. and they both satisfy the first order

differential equation

d o -1
e () = (MM “(e), ()}, (77)

as is readily verified. Using (43) and (76) in (75) gives

t
T epr IO ORI ds] Sortwetan® -
[0}
- ue) (oo oo o) s oot o Fo ot o

= - Bo¥ e - erten i o
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It is also so that

%2" (ﬁxt)ﬁfl(t) + (gjl(t))T &T(t) ). gx -

e hanad

(79)

1 3
© 5

3
2 9X

o

e M(t)M

Using (79) and (78) in (75) and (72) justifies Identity 4.

Consequently, (70) becomes

gx‘(&&n[ng@wa>)

o (80)
) . -1 3
o M(EM T(E) - % f(x,t)

%—t_ <p(}r(w9t)>= -

- KBTm
Using van Kampen's lemma provides the Fokker-Planck equation for this Brownian

oscillator which is

PG = - = G (xR G, 0)
. (81)
- K,Tn 2){ <o) - 235 P(x,t)

Notice that the matrix coefficients, gﬁt)gfl(t), are t-dependent, so that (81)
describes a non-stationary Gaussian process,which is consequently also a non-
stationary Markovian process.

It may be verified by substitution in (81) that the solution satisfying

the initial condition P(y,p,0) = 6(y-y(0))&(p-p(0)) is

P(y,p,t) = (27K Tm) " (det(A()) 77 exp [— méTm (§—§(t)§(0))+§—l(t)(35\-;4(11)3;\(0))} (82)

y(0)
in which éﬂt) is given by (68), ﬁ(O) = . The
p(0)

notation det(ﬁ(t)) denotes the determinant of the matrix éﬂt). Equation (82)
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provides the complete stochastic description of the '"mon-Markovian" Brownian
oscillator. Note that the result is in fact a non-stationary, Gaussian, Markov

process.

V. Non-Gaussian Processes

In order for the setting for the non-Gaussian case to be as general as
possible, it should be noted that most of the details involved in the analysis
of the '"mon-Markovian'" Brownian oscillator did not really depend upon the
explicit 2x2 matrices used but instead depended upon only quite general matrix
algebraic properties which apply equally well to systems with more than two

components. Specifically, equation (33) is a special case of

D(t-s)x(s)ds + L(t) (83)

{Q
»
—~
[md
~

i
o]
b
—~
[md
~

|

Q Yt

in which x(t) denotes an n-component vector, { denotes an nxn antisymmetric
ven Lo
matrix, and D(t-s) denotes a symmetric, nxn matrix ''memory kernel''. The process
”n
» . ru - . ’
is driven by a stochastic vector force, f(t), which will generally have n

components. The fluctuation-dissipation relation is now
N +
) ¥()') = KT D(t-s) (84)

The Adelman transformation converts {(83) into
t

£ x(o) = fon Hox® + 1w 4 I W (M (e-s)P(s) ds (85)
o

in which M(t) is defined through its Laplace transform, M(z), which is given by

M(z) = [z 1 -2+ D))" (86)
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~

where &ﬁis the nxn identity matrix and'g(z) is the Laplace transform ofvE(t—s).
It is now possible to proceed in the Gaussian case from (44) to (58) without
alteration because those steps in the 2x2 case did not use the explicit 2x2
nature of the matrices involved. All that must be shown is that equation (59)
can be justified for the nxn case because equations (60)-(62) explicitly involve

the 2x2 case matrices. The analogues of (60)-(62) are
M(t) > 2M(2) - 1=z[z 1 - Q+D(2)] " - 1 (87)

= (2 1-2+D@)7" @-De)

M‘(t)ﬁ . .,I:/[v,(z)ﬂ«: [z }—‘ - 0 + P(z)]_l E? (88)
t
- fms)gxt—s)ds > = M(2)D(2) = - [z 1 - 2 + D)1 D) (89)
o
Therefore, it clearly follows that
t
=MD = 1(0Q - Ig@.(s)g(t—s)ds (90)
o

Now one may proceed from (63) all the way to (82) without alteration in the
argument, provided that the left-hand side of (82) is written as P(ﬁ,t) in
which i‘denotes an n-component vector, and the right-hand side contains
(ZNKBT)—H/Z_

For the non-Gaussian case, the critical step is the step from equation
{(53) to equation'(Sé), or their analogues in the n-component case. The second
cumulant will no longer be exact and higher order cumulants will be required.
Explicit combinatorial formulae existl+ for all of the higher order cumulants

so that it is possible to write out explicit formulae that generalize equation
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(54). Because <¥(t)) = O,'only even order cumulants will be non-vanishing.

Because the differential operator

t
_d 38 Jigil(t)gﬂt—s)g(s)ds
o

commutes with itself at different times, only ordinary cumulants are required

and ordered cumulants simply reduce to ordinary cumulants. Whereas the second

cumulant which occurs in (54) is second order in %; s the nth cumulant will be
nth order in_g;-as was suggested by Adelman.l The analogue of (54) will have
the form
[e¢]
3 2
2wy =X ¢ e n) (91)
n=1

in which E(zn)(t) denotes the 2nth cumulant and ﬁﬁz)(t) is identically given
by (54). 1In order to subsequently get the equation for (o(x,t)) it will be

necessary to compute the analogue of Identity 4 for the higher cumulants

t t
3 . -1 (2n) 3 . -1
T exp |~ J o M(s)M “(s)xds | G (t) T exp J 5% M(s)M “(s)xds
o] o)
Because %(ZH)(t) is of order 2n in g;, the expression above will also turn out

e

.o . . . .
to be of order 2n in = because the exponentials contain the combination

v

R (),

The final result will always involve infinitely many higher cumulants, so that
approximations through truncation of the cumulant series will be required. Closed
form solutions to these generalized Fokker-Planck equations which possess higher

nd . . . . . .
than 2 order derivatives in X are pot known for either the entire cumulant series
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or for its truncations. However, the generalized Fokker-Planck equations readily
generate equations for the moments of the original stochastic process X, and
these moment equations usually permit elementary solutions.

It must be emphasized that for the Gaussian case, equation (29) for the
free Brownian motion has been obtained by several other516 as well as by Adelmanl,
and that equation (81), in a somewhat different but equivalent form, has been
obtained by Adelman.l However, the methods used here also readily develop inte
a description of non-Gaussian processes. Although that description is perhaps
gombinatorially complicated, it is nevertheless known explicitly.4 The virtues
of the multiplicative stochastic process approach, with its use of ordered and
ordinary cumulants, may be exhibited in many other contexts as well. Moreover,
the use of time ordering and related operator calculus techniques, which usually
appear only in quantum mechanical contexts, should also be noted. These methods
enjoy a broad applicability in classical contexts as has been exhibited here.

It is to be especially noted that for the Gaussian cases the Adelman trans-
formation, in its extended, stochastic form, results in a non-stationary Fokker-
Planck equation which describes a non-stationary, Gaussian, Markovian process.
This is inspite of the fact that projection operator techniques which give rise
to the "memory kernel" equations have led many authorsl and other workers to
refer to those processes as non-Markovian. However, all the memory kernel

really does is produce a non-stationary, Markovian process.15 The methods of

multiplicative stochastic process analysis make this fact especially transparent
and suggest that these methods are more fundamental. The point will be reinforced

in other contexts in subsequent papers.
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Abstract

The connection between the memory kernel form of Mori's generalized
Langevin equation and the memoryless form derived by Tokuyama and Mori and

by Fox is exhibited in an especially transparent and short form.



Removal of the Memory Kernel in Generalized Langevin Equations

Recently, Tokuyama and Mori1 showed that the generalized Langevin equa-

. 2.
tion which was earlier derived by Mori with a memory kernel

t
oA = 19a() = [ 4()A(t-s)ds + £() (1)
[0}

can also be written in the "frequency modulated" form

S AGE) = igA(E) - ¥(DA) + g(b) )

in which all terms are evaluated at the same time t. g&(t) represents a vector

of dynamical variables and satisfies the Liouville equation

S A = LA (3)

where L is the Liouville operator.
The quantities which appear in equations (1) and (2) are determined by

the Liouville operator, l? and the inner product

F6H = @6l (4)

(s

where {(-——-) denotes averaging with respect to the classical mechanical canonical
distribution, and F and G are arbitrary column vectors of dynamical variables
with + denoting the adjoint operation. Quantum mechanical analogues of this
‘inner product and the corresponding formulae for the quantities in equations

(1) and (2) existl’2 but will not be explicitly given here. In both (1) and

), fi is defined by



19 = (114,40 (4,407 (5)

where A denotes the column vector dynamical variables, A, at t = o. 1In (1),

$(t-s) is defined by the generalized fluctuation-dissipation relation
+ _ +
(£(t),£ (s)) = 6 (t-s) (4,41 (6)

In (2), ¥(t) is defined by

t
J w(s)ds 7

O

I

¥(t)

where P(t) is given by an alternative fluctuation~dissipation relation
+ -1
¥(t) = (g(t),g(o) )-(A(t),AD) (8)

Also recently, Fox3 has shown fhat the generalized Langevin equation with
a memory kermel can always be transformed into a memoryless form. The purpose
of Fox's work was to provide a general methodology for obtaining the gemeralized
Fokker-Planck equations which attend a generalized Langevin equation description,
and removal of the memory kermel in favor of the memoryless form greatly facil-
itated this objective. However, it also provides z: more direct and transparent
rendering of the results of Tokuyama and Mori whi;u were derived by a special
projection operator method. It is the purpose of this paper to exhibit the
shorter method of Fox in the hope of bringing the result to the attention of a
wider readership. and with the aim of providing a unifying approach to non-
equilibrium statistical mechanics. The earlier theory of Moril has already
provided useful methods for computation of time correlation formulae and trans—
port coefficients, and the added perspective of the memoryless form of the

. X . . . . 2,3
generalized Langevin equation can be illuminating™’~,



The transformation used by Fox3 begins with equation (1) and the fluctuation-
dissipation relation in equation (6). The 2 in (1), which is defined by (5), is
t—independent because L is t-independent and‘éydenoteslé(o). The solution to
(1) may be written

t
ACE) = M(£)A(0) + [ M(t-8)f(s)ds @

o]

~

where M(t) is defined4 through its Laplace transform, M(z), which is given by

MG) = (21 - 10+ 9(2)] 7} (10)

~

in which 1 is the identity matrix, and ¢(z) is the Laplace transform of ¢(t).
hdad - [ aad

By writing
t t
J M(e=s)£(s)ds = M(t) [M T (0)M(e-s)£(s)ds (11)
o o

and using the seemingly pointless identity
H(e) = M(OM (M) (12)

the time derivative of (9) becomes

t
LA = BN T (OAW® + M) S M OM(-s) £ (s)ds (13)
o

HOM T (0A®) + g(b)

in which the last equality defines g(t). This is clearly the memoryless form
of (1), although it is not yet quite in the form of (2) given by Tokuyama and

Mori.



Note that g(o) = Efo), so that
t

(8(6),g" ()= M(&) So [ M T (©M(t=8) (£(5), £ (0))ds
(¢}

t
= M(o) S [ NN o)+ (4,4 as

(¢}

in which (6) has been used. From (10), it is straight-forward to show3

t
d - — —
a0 M(E) = M(E)Q - [ M(s)¢(t-s)ds
o
t
= Mo - [ M(t-s)¢(s)ds
8]
which implies
t

J M(t=9)8()ds = M) - S M(t) -

o

Putting (16) into (14) yields

((0),8" @) = no §¢ (T aog - 1) (4,87

- 1) S (@) (a,47)

Define ¢(t). by

m

y(e) = (g(0),g @) (a,a") o)

- 1w [ & @ @io) ] 1o

4

(14)

that

(15)

(16)

(17)

(18)



Therefore,

t t
¥ = Jyeras = - ue [ (5 @) Jirteas
(o] (o]

M(o)N T ()0 (o) — M(EM (DI T ()

t
+ [ R @R s)ds

o
t

RO SOV IR~ B OLE
o

= fio) (o) = AN (©)

(19)

because the last two integrals on the right-hand side of the third equality

cancel each other when we use the identity

S = - M ()

From (1) and (13) it follows that

Therefore,

M(o)M 1(o) = iq
aaa [ [
(19) implies

BN T (6) = 12 - ¥(6)

and this identity converts (13) into (2).

(20)

(21)

(22)



It is often remarked that equations with memory kernels such as the gener-
alized Langevin equation, describe non-Markovian processess. The Fokker-Planck
analysis of Fox3 which uses the memoryless form of the generalized Langevin
equation (13) has shown that these processes are in fact non-statiomary, Markovian

processes.
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Introduction

lLars Onsager provided the foundation for a universal theory of non-equilibrium

processes which are close to equilibrium in 1531 when he published the paperl
whiech contained the celebrated reciprocal relationsz. Twenty-two years later,
Cnsager and Machlup3 provided a stochastic basis for the reciprocal relations
when they generalized the stochastic treatment of Brownian motion which was
established by Langevin4 and greatly clarified by Uhlenbeck and Ornsteins. This
development culmrinated in the application of these ideas to the linearized
Boltzmann equation6 which leads to an infinitely dimensional stationavry Markov
process.

The universal character of Onsager's theory is exhibited by the so-
called fluctuation-dissipation theorem which connects the variance of the
stochastic force with the strength of the dissipative parametér which governs

the approach to equilibrium. For Brownian motion, the Langevin equation is

Mou(t) = -cu(t) + F(t) (1)

shere M 1is the mass, u(t) is the velocity at time t, and o« 1is the dissi-~
>ative drag coefficient. F(t) is the stochastic force acting on the Brownian

varticle and has the properties
o7 f‘(t)> = 0 - i (2)

nd

TE(L)F(s)y = 226 (t—s) (3)



where < ... denotes averaging. The fluctuation-dissipation theorem in this

case 1is

A = KTo (4)

This became a paradigm for the many applications of Onsager's theory,

. . . 7 . . ., 6

notably tc hydrodynamical fluctuations , fluctuations in the Boltzmann equation ,
3 . . . 8
and fluctuations in electromagnetic fields .

"In each case the fluctuation-dissipation relations are independent of the
underlying microscopic theory, i.e. are of thermodynamical character.

9 5 .

In 1961, van Kampen attempted the establishment of a fluctuation theory
which would apply far from equilibrium where the dynamics is usually non-linear.
It was not clear that a universal theory for far from equilibrium processes could

. s . . 10
be established and difficulties remezined even after 1973 when Kubo et al.
reviewed van Kampen's theory and provided an alternative treatment.

In order to clarify the situation, we have considered the case of a plane
mirror in a Knudsen gas in the range of velocities c¢f the order of gas molecule:
velocities, i.e. far from the regime where the ordinary thecry of Brownian motion
is applicable.

This example was suggested to us by George Uhlenbeck and is particularly

appropriate since ordinary Brownian motion, as mentioned above, is at the root

of the Unsager, near-equilibrium theory.

Fluctuations of the Velocity of a Plane Mirror Moving Rapidly in a Knudsen Gas

Consider a plane mirror of cross-sectional area A immersed in a Knudsen
gas, i.e. a gas which is so dilute that after its molecules strike the mirror,

from which they are perfectly reflected, they almost never hit the mirror again



and make so few collisions with other gas molecules that the distribution of
velocities remains unaffected. It is also assumed that the Knudsen gas is ini-
tially in thermal equilibrium at temperature T so that the velocity distribu-
tion is Maxwellian, and remains Maxwellian. The mirror will, consequently, ex-
perience a Brownian motion. The time evolution of the velocity distribution

. . . . . . . 11 .
of the mirror is thus described by the linear Boltzmann equation™~ which can

be written in the form

—P(v ,t) = J {R(v_,v)P(v',t)-R(v',v )P(v ,t)}dv' (5)
X e x’ x X x’ x x X

in which R(v;,vx) is defined by

A 2 (———w =
: - (- KTy-1/2 N [ Mim o2 x 2 !
R(vx,vx) = (Zﬂu1) = \ bn) exp{ T }[Vx Vxl (6)

M—i‘mv. M- \2
X

M is the mass of the mirror, m is the‘mass of a gas molecvle, K is Boltzmann's
constant, N 1is the total number of gas molecules in volume V, and conservation
of linear momentum and kinetic energy have been used to obtain this explicit
formula for R(V;,Vx). Equations (5) and (6) have the form of 2 linear master
equation of the type which underlies van Kampen's general treatment.

Near equilibrium, when the velocity of the wmirror is small compared to the

molecular velocities and in the case of small mass ratio

=8

A 11 . , .
it is known that to lowest order in ¥ the linear Boltzmann equation can be

approximated by a Fokker—-Planck equation which is consistent with the Langevin

equatim (1) with appropriately defined constants, @ and A



Thus, near equilibrium we have two equivalent ways of treating Browian motion:

(a) by the Langevin equation, and (b) by the Fokker-Planck equation.
Away from equilibrium, it is easier to pursue the Fokker-Planck approach,

bup

ypassing the Langevin description, and starting with the master equation.

On the other hand, Keizer12 has proposed a modified Langevin treatment
which leads to equivalent results and is closer in spirit to Onsager's
work. The problem is to solve the initial value problem for the Boltzmann
equation, i.e. to find P(vx;t) given P(vX;O).

Near equilibrium and for small mass ratio ¥ an approximate solution to
lowest order in¥ is obtained by solving a Fokker-Planck equation already
mentioned above. What remains to be done is to see whether a similar sim-
plification can be given far from equilibrium.

First of all, from (5) by direct averaging, i.e. with respect to
P(ngt), we obtain

'T”UV (t))-\.‘

N 2/ Ly [T, ¢
4 _ . N 2 7
t <Vx(t)> Ay (1+u)'mk _anWJ Lm d{’\e}‘pi TInKT

and hence neglecting flggt_uations

N ——<v (L)> =& < L1+)m( ZmkT) 1/2 J d

It is not difficult to show that this transcedental dependence upon-<&x(t2>leads

(e+m(v (t) )2
e:»:p’:‘, - Tk T

felel

s

to the Ravleigh form: 1/2 N

v o 2o @Vl - @y o

when<\7}_(0)> is small compared with(%)l/z, and to the Newtonian form:
4 | g N < : >
My <V};(L)> = - 2A v 1+ <V (t)> Vi () (10)

/XT\1/2 A
when<v (Oi} is of the order of | Hl) / )Or lmrﬁa\.



To insure that at t=0 the fluctuations are megligible it is convenient and

natural to take

P(vx,0)=6(vx—vx(0)) (11)
i.e. the initial velocity is sharply prescribed so that<:vX(O»FvX(O)

However, this initial distribution will spread in time (for t-+= it must
approach the Maxwellian distribution) and the validity of (8) depends on fluc-
tuations about the average remaining small.

As long as one is far away from equilibrium, i.e. vX(O) is of the

‘order of RT)1/2
nx) , ""small" means that deviations from the average are small

compared to it.

Near equilibrium (i.e. vX(O) of the order (§E>l/2) the above state-

M.

ment has to be modified.



Before proceeding with the discussion it will be convenient to introduce

KT
\I-—-v v, = , u, AN\lhT (12)

(5)

and in these variables the Boltzmann equationAbecomes

dimensionless variables.

9 (.)_/Fﬁ)? (v: ) 1+u. 1= )
P () o s, 2 2

— (13)
- P(U;T)Cbo(}:tE v— ;) Iu vldv
ZJE ZJU

where
oy =KL P vy ,
plusT) =5 P YRR AN\RT ) (14)
and 1 9
6 (W= L= exp (¥2). (15)
vorr

Away from equilbrium where uvy is of order 1 we set

o260

Vil
where w(t) is to be determined a little later.

p(u;1) = + L= () (16)
The motivation behind this substitution is the following; one expects
the average (mean) to be of the order 1/¥y so that the distribution of u
would be centered about w(t)/Yy, and one hopes that the deviation from
the>mean will be of order 1.
Such a hope can only be justified if at T=0 the (initial) distribution
about u(0) = w(O)//E has width of order 1 and to simplify matters we shall

first assume that



p(u;0)=6 (u- Y}@«) an
U

or, equivalently,

p (E;0) = 6(&). (18)

This is merely a translation of (11) into dimensionless terms.

Strictly speaking one must now prove that the width of p (L31)
will be of order 1 for all >0 (in an analogous problem concerning the
birth-death model of chemical reactions such a proof has,in fact, been
given by Kurtzgsbut we shall be content here by showing that the
assumption that the widthof p(&:1) remains of ordef 1 leads to a con-—-

sistent theory.

In terms of p(&:t) the Boltzmann equation assumes, upon setting,
veg + 2T (19)
%
the form
3 p(g31) 8p  w' (1) Clhy
5 - — = p(Z;D)
ot % A \ 21 “m _”,////)

(20)

C, (”“ | z— 1—"/% ;410(19 (809 (““ r- ke +wLT>] £ -t|d%

2/ 2vu

We introduce now an "arbitrary" smooth function g(f) which vanishes
sufficiently fast at + « and after multiplying both sides of (20) by g
we integrate on & from —w®to +« .

Intreducing on the right hand 'side the new varriable n by the linear

substitution



£ =+ n~gﬁi (21)
1+p
we recast (20) in the form
ﬁi: _ W'(T) QE
L IO X J_m 8(6) 2 4
* ® - (22)
-1 j p (g:1) J . g{(T 4n g—E-)~g(C) H n l“\
H —00 —c 1+u __-l

e~

C ¢o (nrrw (T)+ V) dn dg

2 .
Expanding in powers of /E, up to and including ) , we obtain after

a few transformations.

e w7 8 g,

Lm g(g) -2 d¢t 7 LD g (&) ar 4
‘/% J p(L;T) g'(c)dc Ki(w(%)) + 2 J P(5T) g (D)TdL —~
J ¢ (rrw () n|nldn + 2 J D" (2)dT KZ(W(T))+

terms of order (Vﬂ)3and higher
where -
(23)

, - A0
K = | o Grorlylan

It is clear that in order for the two terms of order l//; to cancel we

ﬁust have -
w (1) = 2K (w(1)) (24)
1

and this is the dimensionless version of (8). Thus w(T)/Yu with w(T) obey-

(24) is the deterministic law of decay of velocity in dimensionless

ing

terms,



Finally,
J ¢; (n+w(t))nln|dn = Ki(W(t)) (25)

and we are led (upon integration by parts) using the arbitrariness of g

to the Fokker-Planck equation

v _ . 2 —
BB - ok (u(T)) a«é— (£p)+2K, (w()) 22 (26)

aT 1 3E
with w({)_being a solution of (24).
The initial condition for 3 is (18) i.e.
P(£:0)=5(5) N
and we must also prescribe the initial value of w(1)
w(0)=wg (28)

The solution of (26) with the initial conditions (27) and (28)

is easily seen to be

(29)

£2
— 1
D (E31)s ———— expq- -2———~3
_ o(t)Z « 20" (1)
where 02(1) satisfies the ordinary differential equation
doz ! 2
HT = 4-Kl (W(T))Q +4I\2(W(T)) (30)

and the initial condition
o2 (0)=0.



..10_

The expression for 02(T) will depend (functicnally) on w(T) and hence
s I 2
on w_. The dependence on W 18 displayed by writing ¢ (’T,’;wo).

1f the initial distribution p(u;0) dis arbitrary one can write

o W w
p(us0) = = J p{——o; 0)6 (u«ﬁ)dwo (31)
poodee Yy Yo
which easily leads to the solution
1 A 1
plust) = — J P(—ES 0) ————
Yu T e Yu G(T;wo)/§;
Cont -
P 2
~\
eXp{_ _(.QT(;@ d‘qo
20 (T:wo)

This form is deceptively simple awnd the highly complex form

of cz(T;wo) is determined b«j eqMHW\ L30Y,

Commentary
The universality of Onsager's theory near equilibrium manifests it~
ﬂemanm\c clovactey op the
self in the,\fluctuation—dissipation theorem.
In the simplest case of Brownian motion of a free particle which can
be described by the Fokker-Planck equation.

P(u;t)  _
o1

aul (33)

it amounts to the universal proportionality of A and « givgn L)j QT"‘"JFO’L\ (‘/),



_11_

Away from equilibrium the situation is quite different. There the
analogue of A is 2K2(w(t)) and that c)f.:;()z_l<ll(xf.v(t))J and although they are
related (since they both arise from the underlying microscpic mechanism)
neither determines the other in the sense that ) determines & (or vice
versa)as i eqivtion (1) | ot s feend {'Lbj e pelated oy G7w~ﬁ‘~;“l30)-
Our example thus shows that away from equilibrium it is futile to
expect the kind of "thermodynamic' universality as one finds near equil-
ibrium. And yet a description of fluctuations far from equilibrium in
terms of Fokker—-Planck equations with time dependent coefficients (hon‘s{‘mﬁma\vj)

W{u,_ be general.
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