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2_7 
Physical applications of multiplicative stochastic 
processes. II. Derivation of the Bloch equations for 
magnetic relaxation 

Ronald Forrest Fox 

School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332 
(Received 29 August 1973) 

The multiplicative stochastic process treatment of the time development of the density matrix for a 
subsystem in contact with a heat reservoir is applied to the specific problem of the relaxation of a 
nuclear magnetic moment which is interacting with a fluctuating magnetic environment. A model for 
the fluctuating interaction Hamiltonian, appropriate for the magnetic moment case, is presented, and 
the Bloch equations for nuclear magnetic relaxation are constructed as a consequence. Agreement 
with empirical observations is noted. 

I. INTRODUCTION 

Consider a subsystem in contact with a heat reser-
voir. The Hamiltonians for the subsystem and for the 
reservoir will be denoted by H 5  and H R , respectively. 
It will be assumed that the state of the reservoir is 
given, on the average, by its equilibrium state through-
out all time. Therefore, the interaction between the 
subsystem and the reservoir will be represented by a 
stationary, purely random, Gaussian interaction Hamil-
tonian, H(/). 1-4  

Latin indices will be used to denote eigenstates of 
the subsystem Hamiltonian: 

Hs li) 
	

(1) 

Greek indices will be used to denote reservoir eigen-
states: 

HRI a) = E cja). 	 (2) 

The identity matrices for the subsystem eigenstate 
manifold and for the reservoir eigenstate manifold are 
denoted by 1 s  and 1 R, respectively. The total Hamiltonian 
which acts in the direct product manifold of the sub-
system manifold and the reservoir manifold is given by 

H  total = H5 ® 1 R + 1 	H R 	(t )• 

Clearly, it(t) acts in the direct product manifold since 
it provides the interaction coupling. It has a matrix 
representation in the direct product manifold given by 

Hi a , 	( 0 I (i fl(t) 	. 

The Schrodinger wavefunction ‘1, (/) may be expanded in 
terms of direct product basis states giving 

4'(t) = 	C i  a(t) 	I ee). 
a 

The density matrix for the complete system is defined 
by 

p, a15 (t) 	Cl a (t)C25 (t). 	 (6) 

Two physically motivated assumptions are imposed in 
order to arrive at a dynamical equation for the density 
matrix for the subsystem only. The assumptions are: 
(a) the interaction is energy conserving which means 

=0 unless E, + Ea = 	+ 	 ( 7 ) 

and (2) the averaged total density matrix factors for all 
times into a product of a time-dependent averaged sub-
system density matrix and a time-independent averaged 
reservoir density matrix 3 : 

(P, 6 (t)) 

where 

= (1/Q R) exp( —  E IK R T)6 

with 

Q R  = Li exp(— E IK B T), 

where K B  is Boltzmann's constant and T is the 
temperature. 

The resulting dynamical equation for the averaged 
subsystem density matrix is 3  

cw, (p (0) 	— 	 — E j)( p (t)) — T 1 ,(p,,j ,(t)) 	(11) 

where T, ji ,j , is defined by 3  

Jti J 	
a' R

ico a„,,,j ,,,,(1/QR) exp(—E a ,/KR  T) (12) 

in which R iale, i , a ,j ,f,, is defined by 3  

R iajtji'aTe' = 6ii'5  act' E 	Qjaoe'oo'fii' 
6 0' 

[WEE ( 06'i 
	

(1 3) 
6' 

wherein Q zajoi ,,,j ,,,, is determined by the second mo-
ments of H(t) through the definition 3  

(Ili 0, i t3(1111,1 0,11 161 ( S)) = 2Q 	i1 a 5113, 45 (1 — s). 
	

(14) 

The assumption of energy conservation may be used to 
show 

= 	exp[— 	+ E,— E 3 ,— E ,,)/2K B T] 	(15) 

which is a generalization of the detailed balancing con-
dition for a thermally buffered system. 

These formal considerations provide a context in 
which to present the stochastic description of the re-
laxation of a magnetic moment in an environment 
which produces a fluctuating magnetic field. In the 
next section a specific model for the interaction piece 
of the Hamiltonian will be introduced, and the Bloch 
equations will be constructed from the interaction. 

II. DERIVATION OF BLOCH'S EQUATIONS 
Denoting the x ,y , and z components of the averaged 

magnetic moment by Itl x ,M s , and M z , the Bloch equations 
are given by 

Ctat 	
1 

M 2 (1) 	 z (t) 	M z (x)), 	 (16) 

(17 A I x(1) 	—
1 	

,,( t) — (E — E ,) m y (t) , 	(1 7) 

( 3 ) 

(4) 

(5) 
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0,19 0 Y 	Y 	(13 —i
ab i o)' 

(21) 
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a 

atM y(t) 	
1 — 	M Y  (t) + (E — E Mx  (t), 	(18)1 
2 

in which T is the longitudinal relaxation time and T2  is 
the transverse relaxation time. M 2 (m) is the asymptotic 
equilibrium value of M 2  (t), and is nonzero if the whole 
system is at temperature T, and in the presence of a 
constant external magnetic field along the z axis. Under 
these conditions,M (00 for a spin .L magnetic moment 
will be given by 

exp(— /KB  T) exp(— E 4/1<BT) 
m.(') = exp(— Et /KBT) + exp(— EVIC B T) ' 	(19) 

where Et  and E, are the energies for the magnetic moment 
when it is parallel and antiparallel to the external field. 

Redfield has reviewed the problem of deriving the 
Bloch equations from a density matrix equation, which 
equation is often referred to as Redfield's equation. 5 

 The derivation of Redfield's equation utilizes 2nd-order 
perturbation theory for short time intervals, and makes 
minimal use of the stochastic properties of the inter-
action. 5  The derivation of the equation (11) 3  used in this 
paper makes no perturbation series approximations and 
depends critically upon the stochastic nature of the 
interaction. Kubo has emphasized the difficulty in ob-
taining the Boltzmann factors in M Z  (co) when a stochas-
tic approach to this problem is attempted. 6  In this pre-
sent paper it is seen how the Boltzmann factors appear 
naturally through the factorization of the total density 
matrix for a subsystem and a reservoir. 3  

The structure of the interaction Hamiltonian to be 
used here depends upon the following considerations: 

(1) The magnetic moment will correspond to a spin 
22 object. 
(2) The effect of the reservoir will be manifested by an 
effective spin z  reservoir magnetic moment. 
(3) The interaction will have the same form as in the 
Heisenberg ferromagnetic interaction, but with fluctu-
ating coupling constants. 
(4) Energy will be conserved by the interaction. 

Both the subsystem and the reservoir correspond with 
two state manifolds, and consequently Pauli spin ma-
trices may be used to represent both the magnetic 
moment and the effective reservoir magnetic moment. 
The interaction Hamiltonian is, then 

ifiaji3 (t) = [af, axadix (t) + aii,a)L3170 (t)] oi6 oja  + o 	zaa ii c,(t), 

wherein the Pauli spin matrices are 	 (20)  

cr  , cos 	(0 1) ,  

1 0 

2 	Z 	1 
, 

(0 —1) .  

The factor o jo b ja  in (20) provides for energy conserva-
tion during the transition, and it appears with the x and 
y components only because the z component terms 
automatically conserve energy. Both hx(t) and hY (t) 

represent fluctuating coupling coefficients. They factor 
completely in the x and y terms because the interaction 
Hamiltonian is Hermitian. The z component, however, 
contains different coupling coefficients for each possible 
choice of indices and is, therefore, given with appropri-
ate indices. The Hermiticity of the 2 component terms 
is guaranteed by its form. It is assumed that all six 
coupling coefficients are purely random, stationary, 
Gaussian stochastic processes with average values of 
zero. Furthermore, no cross correlations are assumed 

to exist, and the x and y fluctuations have identical 
second moments. These conditions are expressed by 

(Tx (t)) = (hY(t)) 	f a(t)) = 0 	for i = 1, 2 and a= 1, 2, 
(22) 

(izx (t)hY (S)) 	(itx (t)h f a(S)) 	(To (Oh f a(S)) 

	

(11 f a(1)1z; a (S)) = 0, 	 (23) 

for i 1, 2 j 	1, 2 a = 1, 2 and 0 = 1,2 but not both 
i =j and a = 0, 

(Tx (t)hx (S)) 	(hY (t)TiY (S)) = 2Qx 	(t — S) 
and 

(h f a(t)h f a(S)) = 2Q 2 15 (t — S). 

In a constant external magnetic field directed along the 
z axis, the magnetic moment takes on two energy values 
for its spin parallel or antiparallel with the external 
field. These energies are given by 

Et  = + gi3H and E = — 	 (25) 

where g is the nuclear g factor, 0 is the nuclear magne-
ton, and H is the external field strength, for the case of 
a nuclear magnetic moment such as a proton. Equations 
(25) and (20) lead to a special instance of (11) with the 
requirement that T, j ,,j , be determined from (20) using 
(22), (23), and (24). 

In order to get an expression for T iji ,j , Eqs. (12), (13), 
and (14) will be used, in reverse order. An outline of 
this computation follows. 

Equations (14), (20), (23), and (24) lead to 

Q icxjai r o, ar — (CT7i  CY xao CrxiT 	 CYL3Cr jj'5, crya  '61) 

	

XQX j oi6(5 1 c,15 	+ 0. 71  alaUff ifalffir Q Z 6ii,o.,. (26) 

In order to calculate 	 according to (13), some 
special cases of (26) are needed. 

ZEQjbo  e ro o r) , o r = >3 >3 (0- ;2,40 ,0-2efeo,,, + 
0- 0' 	 6 	0 	• 

X Q x 4 15 10 ,6 08 15 6, 8 05fe , 	Cr jzo Gr ;ye , eel , U e , 6 , Q 2 5i0  O w, 

(,_r x 	 „„y „r y 
jj3v 	/3 f., 15 	5jv 

Z 2 	Z 	2 	2 

+ ija 	r 	biY (1  

EE 
0 0 ,  

— 6 ii 3O acAuxajuxiaa c,cr xai  

(28) 

Therefore, it follows that 

crY GY R 3 .6 „, cx rj tv 	(5, i ,6,to, I on  oaf,  (Cj i2642  0213)0125  + ) a 3,7 bjcr Y  a 

axaiax  a u7 aaxai a«i a°1 aoYai)Q"  

+ (6 	ac,,a ja zalaa 31 ,a2  j3 , + 	 xa, a fy 	cx ,)Q x  

2 (a:)Xj ,a; ax,iaa,a  + cr j'Y  i ,a3 	aT,i cr Y,,, 

X Q x ' Y o ."05 0/I i ,d5 	— 2a .if cr 66 ,a7,,a a ,,,Q 2 6 ) ,05 6 ,,,,. 

(29) To get T iji ,j , according to (12) requires 

= o ii rsii roc,,,I(Ceo,1(7X ax  0" 3.  + (7 Y  la Y  (7 Y  G Y  
3 	a.) a 'j 	Ja a'J a rj Ja' 

+ ' axa't gYez ct' a 	ect'i)Q"  a i as as 
Z 2 	2 	2 

	

u ilu 	 ot , i3 r 	jr a ,ria 	a r Cr ir ir a r a ri 

— 2(a x ax 	ax 	+ 0Y , a''. Y Cr Y  )0x.Y 8 	do' jj  - i1 .8. 1 	ire 	lir 	If 	_ if 	 - 	3131 

,z 	z 	zz 
— 4ail ,cr a , a ,a vicr a , a 0oe 2 u il • 	 (30) 

(24) 

(27) 

aY 	-", .(cr Yai)Q" 
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(46) 

(47)  

(48) 

Therefore, 

1 	E , 
T 	 R . „ — exp ji,), 	 coal aja QR  

a a' 

[1 Q1B  exp( KEB1T)1 

1( Ei  
+2 [1 - 	exp KBT  Q 

1 
+ 6,05 13 ,2Qz - 	2(1 - O ,)Qx , y 

QR 

x exp 	KEB iT) 
	

(31) 

wherein (21) was used as well as (1/Q R) exp(- E i /K B T) 
+ (1/Q B) exp(- E 2 /K B T) = 1. Several special cases of 
(31) will be used and are given by 

T 	= 2Qx Y 	 2Qz 	for i j, 	 (32) 

T ii .. = 4Qx ,311 - (1/Q B) exp(- E i/K B T)1, 	(33) 

--=- 4Qx•Y(1/Q B) exp(- E,/ICB T) for i x i 
	

(34) 

T 	= 0. 
 iii 
	 (35) 

All other choices of indices for Tiji,j,  lead to zero 
values as with (35). This situation greatly simplifies 
Eq. (11). 

The x, y , and z components of the magnetic moment 
are given, on the average, in terms of the averaged den-
sity matrix, (p ij (t)), by 

x (t) =g/3  E 	p ij (t)), 

11.1 y (t) =g(3 	, 3 (p 

M z (t) = 	E afj ( p il (1)). 
ij 

Using (21) gives 

M x (t) = gi3“p 12 (t)) 	(P 2 1(t))), 

M y (t) = gOiCP21.(0) 	(P12(1 ) ) ) ,  

M  z( t ) = gtiCP 	(P22(*)• 

From (11) and (32)-(35) it follows that 

dt (P 12 (1)) = — i(E 4  - E t)(pi2(0) 	T  1212( P 12 (1)) , 	(42) 

dt 
(p 21 (/)) = - i(E t  -E0(p 21 (/)) - T 2121(p 2i (t)), 	(43) 

dt (P 11(t)) = 	T1111(p11( 1 )) 	Tii.22(P22(1 )) ,  

d  
\ P22 ■ '

„\  
T2211( 3 11(t)) 	T2222 ( P22 0) . 

The combination of (32)-(35), (39)-(41), and (42)-(45) 
gives 

at Mx(t) = (E - E)M y (t) - 2(Qx .Y + Q z)M x (t), 

dt 
My(t) = (E 	E t)M x (t) - 2(Qx.Y + Qz)M y (1), 

,„ 
dt z kt =- 4Q x ( M z (t) - M z (co)), 

where 

1 r 	\-1 

M  z (x)  Q R  LexP \ BT 	exp KB T LI• 	(49)  

Equations (46)-(49) are clearly equivalent with Eqs. (16) 
-(19) when the identifications 

1/T 1  = 4Qx , Y 	and 	1/T 2  = 2(Qx•.Y + Qz) 	(50) 

are made. 

It should be noted that when there is no external, con-
stant magnetic field present, then E = E and it would 
be expected in isotropic media that the second moments 
of the fluctuating magnetic field produced by the reser-
voir would be isotropic, which means 

Qz = Qx,y . 	 (51) 

Therefore, (50) shows that T 1  = T 2  and the relaxation is 
isotropic. In the presence of an external, constant field, 
or in the case of anisotropic media Qz and Qx.y will not 
necessarily remain equal, and both Qz > Qx ) and Q x  

> Qz lead to the special cases T 1  > T 2  and T 1  '-'-' 
respectively. These special cases are observed 
experimentally. 7  

III.  CONCLUSION 

The theory of multiplicative stochastic processes 
has been used to arrive at a density matrix description 
of a subsystem in contact with a thermal reservoir. In 
this paper an application to the problem of the relaxa- 
tion of a magnetic moment interacting with the fluctuat-
ing magnetic environment of a reservoir has been made. 
Kubo's dilemma concerning how to properly include the 
Boltzmann factors has been resolved. Moreover, the 
derivation of Bloch's equations did not require the 
approximation of 2nd-order perturbation theory for 
short time intervals because the stochastic properties 
of the fluctuating quantities were fully utilized. 

The quantitative determination of Qz and Q x 'Y in 
terms of the exact microscopic interactions involved 
remains as a problem. This problem may be raised 
in the more general setting of Sec. I with respect to 
quantitatively computing 	 in Eq. (14) from a 
microscopic theory of the exact interactions. This 
problem will be treated elsewhere. 
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Multiplicative stochastic processes, Fokker-Planck equations, 
and a possible dynamical mechanism for critical behavior 

Ronald Forrest Fox 

School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332 
(Received 21 December 1973; revised manuscript received 24 January 1974) 

A derivation of the Fokker-Planck equations for additive stochastic processes is given which involves 
treating the continuity equation in the configuration space representation of the additive stochastic 
process as a multiplicative stochastic process. The average of the continuity equation becomes the 
Fokker—Planck equation. A presentation of the "multiplicative stochastic, Markov approximation" 
follows. This approximation is applied to the analysis of the dynamics of a heavy particle in a 
molecular fluid as described by Hamilton's equations. The nonperturbative approximation technique 
leads to the Fokker—Planck equation for simple Brownian motion. As part of the analysis, "intrinsic 
diffusion" is discovered and used to show ergodicity for the autocorrelation formula which appears 
during the Brownian motion calculation. An account of how these methods might be used to study 
the dynamical origins of critical behavior is given. 

INTRODUCTION 

The purpose of this paper is to illustrate connections 
between additive and multiplicative stochastic process-
es. The distinction between additive and multiplicative 
stochastic processes was explained in an earlier paper. 1 

 In several subsequent papers, 2-5  application was made 
of multiplicative stochastic processes to the description 
of quantum mechanical phenomena. Such applications 
may be thought of as the generalization for quantum 
mechanical processes of Brownian motion, an additive 
stochastic process, and Kubot  has referred to such ap-
plications as quantum mechanical Brownian motion. A 
general theory for additive stochastic processes has 
been presented ?' 8  within the framework of stationary, 
Gaussian, Markov processes. The domain of applicabil-
ity for additive stochastic processes includes Brownian 
motion, 9-11  irreversible thermodynamics, 12  fluctuating 
hydrodynamics, 13  and light scattering from simple 
fluids and fluid mixtures, 11-18  as well as other topics. 
It would appear that additive stochastic processes are 
of relevance for classical physics rather than for 
quantum physics. This separation of applicability of 
additive or multiplicative stochastic processes to clas-
sical or quantal physics, respectively, is not of a 
fundamental nature: For most purposes it is a natural 
separation. However, Haken 17  has reviewed the use of 
additive stochastic processes in quantum mechanical 
contexts, and this paper will exhibit the utility of multi-
plicative stochastic processes in classical physics. 

The primary connection to be described involves a 
technique for the derivation of the Fokker—Planck equa-
tion for an additive stochastic process. The technique, 
however, uses a multiplicative stochastic process 
which is generated by the original additive stochastic 
process. In this way, the relationship between the 
Markov nature of the process and the properties of the 
second moments of the fluctuating forces is highlighted. 

The technique just referred to suggests a method for 
the derivation of the Fokker—Planck equation for Brown- 
ian motion which connects the dissipative, friction con- 
stant of Brownian motion with interparticle potentials, 
in a model of Brownian motion in which the fluid is 
treated as N interacting fluid molecules obeying con-
servative classical mechanics. This problem is worked 

out in detail and involves an unusual type of diffusive 
behavior characterized by a Green's function 

(27 KB  T t) -1 /2 	,j,,)2 1 

m 	exp — 	 2 (If B T m)t 2  

in one dimension. This peculiar diffusion provides for a 
proof that the autocorrelation formula, for the dissipa-
tive, friction constant which is derived, is ergodic. 

The conclusion of this paper considers certain infinite 
series which arise in the Brownian motion problem. 
The possibility of summing the series is raised. In 
addition, it is suggested that the series provides the 
possibility for understanding the origin of critical be-
havior in terms of a dynamical mechanism. 

FOKKER - PLANCK EQUATIONS 

The complete stochastic description of an additive 
stochastic process is given by the solution to its asso-
ciated Fokker—Planck equation. For the case of Brown-
ian motion, in one dimension, the additive stochastic 
process is given by Langevin's equation 

Mdt u(t) = — au(t) + F(t) 
	

(1) 

where a > 0, and F(t) is a purely random, stationary, 
Gaussian force satisfying 

(F(t)) = 0 and CF"(t):P(s))= 2X6(t — s) 	 (2) 

where (.. -) denotes stochastic averaging. 2 ' 18 ' 11  The 
delta function in (2) implies the Markov property for the 
stochastic process u(t), 11  as must be proved using the 
definition of a Markov process, which definition in-
volves specific behavior by the higher than second-
order correlation distributions for u(t). 11  The Markov 
property is then used to imply the validity of the 
Smoluchowski equation, which for Eq. (1) is written as 11  

P(u(0)1u , t + D t)= 1 lu(0)1u' , t)P(u' u, At) du' 	(3 ) 

where P(u(0) I u, t) du is the conditional probability that 
the value of u(t) and time t will be between u and u + du 
given that at time t = 0, u(t) had the value u(0). The 
Smoluchowski equation is used to derive the Fokker—
Planck equation which in this example becomes 

1918 Journal of Mathematical Physics, Vol. 15, No. 11, November 1974 	Copyright © 1974 American Institute of Physics 	 1918 
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to P(u (0) I u,  t) 	au 	ttuP(u (0) I u, 
 t)) 

2 2 

+ M2  aze.  
(- - P u (0) lu , t) 

The solution to Eq. (4) is subject to the initial condition 
at t = 0 that P(u(0)1u, 0) = 6(u - u (0)). The solution to the 
Fokker-Planck equation provides the conditional prob-
ability distribution which for a Markov process contains 
all possible information about the time evolution of the 
process. The solution to (4) is 

P(u (0) I u, t) = (27r 
KB T 

(1- p2  (t) 	exp 
1/2 

- ‘2K B T (1 - p 2 (t)) 
(M(u - p(t)u(0)) 2) 

(5 ) 

where p(t) exp[- (a/ M)1], and we have used the relation 

X=KB Ta 	 (6) 

which is Einstein's relation within the context of 
Langevin's equation. Relation (6) follows from the re- 
quirement that the solution to (4) satisfy the asymptotic 
limit 

Mu 2  
lim P(u (0) lu , t) - 	

B1-112 
 exp -(2KB/1 	(7) 

where the right-hand side of (7) is the Maxwell distri-
bution. In Einstein's treatment of Brownian motion, 18  
the analog of (6) is derived 

D = KBT/ 	 (8) 

where D is the diffusion constant. Both relations (6) and 
(8) are referred to as Einstein's relation in the litera-
ture. Relation (8) is the original relation which follows 
from the diffusion equation, whereas relation (6) is the 
prototype for fluctuation-dissipation theorems. 7  

Multicomponent generalizations of Langevin's equa-
tion lead to the general theory of stationary, Gaussian, 
Markov processes 7' 19  which are described by the 
equations 

'11- a
a 
 (t) = A

aa  aa 
 (t) +Saw a (t) + .(t) 

dt 
	 (9 ) 

where a = 1,2, 	, N, A a,,• is an antisymmetric matrix, 
Sc„,„. is a symmetric matrix with nonpositive eigenval-
ues, and F a (t) is an n-component, purely random, 
Gaussian fluctuating force satisfying 

(Fa (t)) =0 for each a, 	 (1 0) 

(1'„(t)Pa(s))=2Q, 06(t- s), 	 (11) 

where (2" is a symmetric matrix with nonnegative 
eigenvalues. The corresponding Fokker-Planck equa-
tion is given by 

a 
- P(a(0) a, t) = - — [(A a:1 , + S , a P(a(0) I a, t)] at 	aa 	aa• a 	aa • a 

	

aaa  aa, [Q a 8P(a(0) a, t)] 
	

(12) 

with the initial condition P(a(0) I a, 0) = 6(a - a(0)). The 
solution to (12) is given by 7." 

P(a(0) I a, t) 

niC(
7).
t)iii 

L (2/ 

	1/z 
exp[- 	D•(t)a „, (0))C co (t) 
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x (a - D oo, (t)a• (0))] 	 (13) 

where liC(t)11 denotes the determinant of C(t), and D „„, (t) 
is defined by 

D(t) E exp[(A+S)t] 	 (14) 

and C oo(t) is defined by 

C -1 (t) E 	D(t)E1 D+(t) 	 (15) 

in which the matrix E is determined by the entropy S(t), 
given by 

S(t) = So  - zKaaa (t)E„fi ct a(t), 	 (16) 

so that E is symmetric with positive eigenvalues. To 
get (13) from (12) we have used the generalized fluctua-
tion-dissipation theorem 7' 19  

2Q co = - (A ao  + S ao)E-010 + E;9 (A 00 - S oo ) 
	

(17) 

which follows from the requirement that 

limP(a(0) I at) = W0  exp(- ZauE aaa0) 
	

(18) 

where Wo = Eii/(201 1 / 2 , and the right-hand side of (18) 
is seen to be the Boltzmann-Planck formula because the 
entropy is given by (16). The derivation of (12) requires 
proving that (9) with (11) describes a Markov process. 
Then a generalization to n components of Smoluchow-
ski's equation leads to (12)." 

A further generalization is possible in which one 
deals with continuous, variable indices. Analogs to (9), 
(11), and (17) result in 	 • 

2t a;  (r , t) = - f A ii (r, 	j (r' , t) dr' 

- f S ii (r , rlaj(r', t) dr' + Pt (r,t), 	(19) 

(F1 (r, 	 s)) = 2Q ii (r , r')6(t - s), 	 (20) 

2Q, i (r, r') = f [(A i/ (r, r") + S tr  (r, r")).E3i(r", r') 

r")(- A ii (r", r°) + Szi (r", r'))] dr" 

(21) 

where E uc(r, r') is the entropy matrix analog of (16) 

S(t)= So  - 1KB  f f ai (r,t)Eij (r,r1a;  (r't)dr dr'. 	(22) 

This form of the general theory of stationary, Gaussian, 
Markov processes leads to hydrodynamical applica-
tions, 414-16  as well as to applications in other field de-
pendent problems. 9°20  There is also in this case a cor-
responding Fokker-Planck equation which will.involve 
utilization of the techniques of functional differentiation. 
We shall not write down this equation. 

At this point a partial review of the structure and 
significance of the Fokker-Planck equation for additive 
stochastic processes has been presented. It is neces-
sary, before proceeding further with Fokker-Planck 
equations, to review the basic theorem in the theory of 
multiplicative stochastic processes. 

Consider an equation of the form 

-d
t  a

c (t) = A 	a 0,, (t) + 	(t)a•(t) 	 (23) 

where a = 1, 2, ... ,N, A a  = - A a, „, 	(t) = 
and the matrix A., (t) is a purely random, Gaussian 

(4) 
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matrix with mean value zero, which implies that l 
	

D(q) is a symmetric operator, which means that 

= 0 and (;c a ,„, (t):=1-,,, (s)) = 2Q a a. aa,15(t- s) 
	

[D]iK = [D ]K) 
	 (34) 

(24) 
	

where [D]SK = f i (q)D (q) co K (q) dq because 

and that the higher-order averaged moments are given 
	

[D]u(  ,-- fo t qL (1- )111[L(s)]ik) ds• 
	 (35) 

by 

(t1) 	A ce2n_ i 	(t2n-1)) = 0 , 

(A 0,1«1(t1) • ° ° A a2n 	(t ct&s- 2n) 

—
d

(a (t)) = A•(a (t)) + Q 	(a (t)) 

leads to 

 dt(a a (t)) = A a a, (a a, (t)) + S a a, (a a, (t)) + Q 99a, (a a. (t)) 

a 
at f (q,  t) = L (q)f(q , t) + (q , t)f(q , t) 

leads to 

1 	 rs 

- 24n1 , pEs2 n  j.1 
E Fl (A a

25(2i-1) cq,(2;_i)(tP(2J-0  p(2i) o io(2  j) (tp(2j))) 

From (35) it is also seen that the eigenspectrum of D(q) 

	

(25) 	is entirely nonpositive. The operator L(q) in (30) may be 
either antisymmetric or of mixed symmetry in analogy 
with (23) and (28), respectively. Specific examples of 
these formal expressions will occur in the following 
paragraphs. 

The q in (30) and (31) may represent a single variable, 
or it may represent a set of variables. Suppose we ex-
plicitly have N q's: q1, q2, 	,q. Consider the con- 
figuration space corresponding with these q i 's and let 
f(q iq2  • • • q Nt) be the distribution function in configura-
tion space. If N=2m and m of the qi 's are coordinates 
and m of the q i 's are momenta, then the associated 
configuration space becomes phase space and f becomes 
the phase space distribution. However, in several con-
texts it is not phase space which will interest us and, 
therefore, we use the notation qi 's for a generalized 
configuration space of N variables. 

It is always the case that the continuity equation is 
true in configuration space. In our notation this becomes 

a 	 a 
; 

f(qi • -.7A 	aq-- — (q.f.f(4 if(q1. • -.7NI)) 

where 9 .1 -=(//dtq.f (t). If we are actually dealing with 
phase space and a conservative system for which 
Hamilton's equations are valid, then (36) leads to 
Liouville's equation. 21  However, in general we will not 
necessarily be in phase space or be dealing with a con-
servative system, so that Liouville's theorem is not 
generally valid although (36) is. In the general case, 
some relationship between the kf 's and the qi 's  must 
hold if (36) is to lead to anything useful. 

Returning to (9), we will take for the qi 's the aa 's. 
Therefore, (36) is seen to be given by 

Lpal  • • • a N t) =- 	.(aa  f(al  - • • aN t)) 

	

(30) 	For the a c,'s we use (9) which converts (37) into 

a t 
f(a i  • • • a N t) = - —

a 
as 

10 c,„, a 0,, + S a. a a, + a (t)V(a i  • • • a NO] 

(26) 

where L,Es2 . denotes the sum over all permutations of 
the symmetric group of order (2n)!. Equations (25) and 
(26) are consequences of the Gaussian property of A(t) . 

It has been proved that these properties of A(t) lead to 
the averaged equation s  

(27) 

in which the matrix Q cooe  is determined by (24) which 
implies that it is symmetric with nonpositive eigen-
values. Whereas (23) describes fluctuating oscillations, 
(27) describes damped oscillations. 

The proof of (27) from (23) using the properties of 
(24), (25), and (26) goes through unchanged if the A a a. 
in (23) is augmented by the addition of a symmetric 
matrix S a a. which has nonpositive eigenvalues. That is, 

(36) 

—
d 

a (t) = A 	a (t) + S a (t) + i71 , (t) a (t) 	(28) 

(29) 

upon performing the average of (28). 

In addition, this result can be generalized to infinite 
matrices and to continuous indices. Therefore, we shall 
also use the theorem in the form (37). 

at ( f(q , t)) = L(q)(f(q , t)) + D(q)( f(q , t)) 
	

(31) 

where L(q) is a linear differential or integral operator, 
L(q, is a purely random, Gaussian, fluctuating linear 
differential or integral operator with mean value zero, 
and D(q) is a linear differential or integral operator 
given by 

(L(q, t)i (q , t')) =2D(q)15(t - t'). 	 (32) 

In (30), it will be assumed that 	, t) is an antisym- 
metric operator, which means that if {co 1 (q)} is a com-
plete set of real orthonormal functions of the coordi-
nates q, then 

[E(t)],„=- if(t)i„, 
	 (33) 

where rf, (06 E- f co l  (q) (q , t)(p K  (q) dq . Consequently, 
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(38) 

which is clearly a multiplicative stochastic process in 
the form of (30) if we identify 

L(q) - 	(A««, a « . + S a a, a a,)x 

and 
	

(39) 

f ,(q , t) -
as 

,,(ox = — c,(t)k,  . 

The analog of (31) is then 

( f(a • • • a t)) a t 	1 	N  

=— a 	a a, a a. + S a a, a a, )( f(a • • • ant))] 



1921 	Ronald Forrest Fox: Multiplicative stochastic processes, etc. 	 1921 

a 2 
[Qa Pal  • • • ant))]. 	 (40) 

aa„, aa, 

This is precisely the Fokker-Planck equation (12) if 
we identify 

P(a(0) I  a, t)-(f(a i  • • • a NO) • 	 (41) 

Consequently, given an additive stochastic process, we 
can write out its associated continuity equation in its 
configuration space and we arrive at a multiplicative 
stochastic process, the average of which is the Fokker-
Planck equation of the original additive stochastic 
process. 

Because the connection between (38) and (40) requires 
that Fa(t) is purely random, we see the Markov prop-
erty and its connection with the Fokker-Planck equation 
without having to proceed via the Smoluchowski equa-
tion. As a special case of (38) and (40), we momentarily 
return to (1) from which the analogs of (37) and (38) 
follow: 

This is again a multiplicative stochastic process with a 
purely random, Gaussian stochastic operator. The 
average equation is, therefore, 

a
x2 
2 

at 	a Kf(x, t)) = D— (f(x, t)) 

which is recognized as the diffusion equation with diffu-
sion constant D. Equations (46) and (47) are special 
cases of (37), (38), and (40). 

It may be objected that from Brownian motion we 
know that (45) is not so, but that instead 

((i)(t)3(s)))= MK B T exp(- 1 It- s !) 	 (48) 

which follows from (5), and in which the rounded ( • • • ) 
denote an average over the initial value distribution in 
addition to the stochastic average denote by ( • • •). The 
second average makes (48) a stationary expression de-
pending upon It- sl. 10  Using (48) in (46) leads again to 

(47) 

f(u 	- -a—Vif(u t)) at 	au 	' 	' 
No a 

(42) 	 (- f(x,t)-- - 	- f x,t) at 	ax (49) 

a  R a P-1f(u 01 

	

T f(u,t)= - 	Tip + 	, . 

The average of (42) is 

x o 2 

at ( _Au ' 	a- t)) = 2- (--- - u(f(u, t))) + 17.12 ,,,2 (f(u, t)) 	(43) 

which is identical with the Fokker-Planck equation (4). 

THE MULTIPLICATIVE STOCHASTIC, MARKOV 
APPROXIMATION 

In this section we will discuss an approximation pro-
cedure which will be referred to as the multiplicative 
stochastic, Markov approximation. Its connection with 
the preceeding section will be illustrated, and it will 
provide the background necessary for the analysis of 
Brownian motion which follows in the next section. The 
approximation procedure introduced here is 
nonperturbative. 

Suppose we have a particle in a fluid. It is, on the 
average, at rest, although it does execute a fluctuating 
motion. We could describe this motion of the particle 
phenomenologically by the equation 

dx - 
M-

dt 
=-p(t) 

in which the fluctuating momentum p(t) is assumed to be 
a purely random, Gaussian stochastic process with 
average value zero and a second moment given by 

	

(73(t)i)(s)) =2M2D6(t- s) 	 (45) 

in which M is the mass, as in (44), and D is a constant. 
The continuity equation in the configuration space de- 
scription of (44) is 

a 
f(x , t) = - a (xf(x,t)) 

	

- - 	f(x
' 
 t) 

ax M  

1; (t) a 
f(x ,t). 

M ax 

J. Math. Phys., Vol. 15, No. 11, November 1974 

which is still a multiplicative stochastic process, but 
the stochastic operator is now no longer purely random, 
so that we cannot use our theorem for averaged multi-
plicative stochastic processes. However, the 3(t) in 
(48) and (49) is still a Gaussian process because the 
u(t) in (1) inherits the Gaussian property from the F(t) 
in (1) since (1) is a linear equation. In the Appendix it is 
shown that the Gaussianness of p(t) leads to the exact 
result 

t 	 d-2 
at f(Axt)))=1 — 05 (015(0) ds 	((f(xt))). M2 	 ax 

Using (48) in (50) permits performance of the integra-
tion giving 

o 2 

t ((f(xt))) - —
K BT [ 11 - exp 	;cv-F1 )] 	((f(xt))) 	(51) 

which differs from (47) by the presence of a time de-
pendent diffusion constant: (KB T/a){1 - exp[- (a/ M)t]}, 
For times long compared with M/a we can neglect the 
exponential term, and this constitutes the multiplica-
tive stochastic, Markov approximation. The integral in 
(50) can be used to define a diffusion constant when we 
neglect the exponential part in (51). We get 

1 f t  — 
D' 	

M t 	
((p(op(s)))ds 	 (52) 0  

where D °  will be used in an expression like (45). Be-
cause of the infinite decay tail in (48), we have taken the 
limit t 00 in (52), although the greatest part of the in-
tegral comes early. Using (48) in (52) gives 

D' 	a. 	 (53) 

Note that (52) also gives the strength of the second 
moment for Nr13(t) as expressed by (45) since 

D= iirn 1f (I, (t)25(s)) d s • 	 (54) 

(44) 

(50) 

Therefore, if D'D' we have the multiplicative stochas-
tic, Markov approximation for (48) and (49) given by 

(46) 	(45) and (46). The average equation (47) or (51) is the 
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diffusion equation, and the connection between diffusion 	up later in this section, while the second point will be 
and Brownian motion given by 	 discussed in the section following the next section. 

D=KB T/a 	 (55) 	Our starting point is the Hamiltonian 

is Einstein's original formula (8). 18  The self-consisten-
cy of the multiplicative stochastic, Markov approxima-
tion requires that the D' we get from (52) not be too 
large so that diffusion is slow compared with the re-
laxation of (48) which is governed by the magnitude of 
a, Indeed, (48) decays faster for larger a which via 
(53) results in a smaller D' which implies a slower dif-
fusion. Therefore, in this example, the multiplicative 
stochastic, Markov approximation is seen to be intrinsi-
cally self-consistent. The reciprocal relation between 
D' and a generalizes to the more general case of multi-
component processes. 

In the next section, analogs of (52) will arise in which 
a stochastic quantity has a non-purely-random second 
moment correlation formula from which we are cal-
culating its strength. A formula like (52) will be used 
to calculate the strength to be used in the replacement 
correlation formula which is purely random. This will 
be analogous to the replacement of (48) by (45) where the 
D in (45) satisfies (55). The presence of the infinite 
time limit is formal, and it will be shown that the cor-
relation integrand actually decays significantly in a very 
short time interval, as was the case with (52) with (48) 
in the integrand. 

Before proceeding further, it is worth remarking that 
while we can actually solve (49), given (48), by writing 
(50), because of the Gaussian property, it is not a 
generally valid procedure for situations in which the 
stochastic operator does not commute with itself at dif-
ferent times. 22  Here, commutivity is guaranteed by the 
simple form of (49). When there is noncommutivity, 
then the Gaussian property alone is not sufficient for 
the reduction of the averaged equation to a workable 
form, and the multiplicative stochastic, Markov ap-
proximation becomes essential. 22  

MICROSCOPIC MODEL OF BROWNIAN MOTION 

In this section we shall bring to bear the techniques 
of the preceeding sections as we attempt a derivation of 
the Fokker—Planck equation (4), for a Brownian parti-
cle, starting from a description involving a heavy parti-
cle interacting with N fluid molecules according to 
Hamilton's equations of motion. This is not a new pro-
gram as far as its objective is concerned. Others, 
using other contexts and techniques, have also made this 
objective their goal. 23-27  Our present context and tech-
niques were suggested by Kubo 2t  in his remarkable 
pioneering work on multiplicative stochastic processes. 
The results in this paper differ somewhat with Kubo's 
results because he used some simplifying assumptions 
which we have found unnecessary. It will be seen that 
the analysis presented here goes beyond that of any of 
the other references cited in terms of the detailed ac-
count of what is happening dynamically. Two main con-
sequences accrue: (1) A new kind of "intrinsic diffusion" 
is discovered which enables us to show ergodicity for 
the correlation formulae which appear, and (2) a con-
nection with the dynamical origins of critical phenomena 
is seen. The first point will be emphasized as it comes 
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2  

N 	12 	N 	
1 

H 
2M 

 IP 	I  + E 	E co(R, ri) + 	U(ri, rk) 	(56) 
J.1 2m 	j=1 	 4 j#k 

where the heavy particle has mass M, position R, and 
momentum P, and the fluid molecules have mass m, 

	

position ri , and momenta p i  where 3=1,2, 	, N. 
yo(11,r i ) is the interaction potential between fluid mole-
cule j and the heavy particle, and U(r i ,rk ) is the inter-
action potential for the fluid molecules. Because our 
description is that of a conservative system we may use 
Liouville's theorem to express the continuity equation 
corresponding with the phase space picture for the 
system: 

 atf - iL f 
	

(57) 

where f f(RPr ipi  • • • rNpNt) and - iL is defined by 

iL 	—771. • VE— 	t • Vri 	Vitc0(R, ri) • (Os —  VD}) 

fot  Vri U(rj, rk) • VD}" 
	 (58) 

The Liouville operator defined by (58) will be separated 
into two parts: 

- iLB 	m R - 	V + E vRcom, rj) • Vp,  1.1  

N 

- iL R E - 	vr  + 	Vricp(R,r})• V Dj  J.1 m 
N 

Vrj U(r i , rk) • Vi,j . 

Now, define i by 

fF- exp(- itL R)/ 

where i'm."(RPripi  • • • rNpNt). Using (57) through (61) 
leads to 

a — _ 
 8t
f.—iLB(t)f 

where LB (t) is defined by 

— 	exp(itL (— iL E ) exp(— i tL R). 

Our notation suggests that L B (t) is a stochastic opera-
tor. Of course, it is clearly not a stochastic operator 
as is explicitly evident if (59) and (60) are inserted into 
(63). However, it acts like a stochastic operator be-
cause the noncommutivity of LB and LR results in ex-
tremely rapid variations in L B (t) if N is sufficiently 
large. Moreover, (59) and (60) may be used to exhibit 
LE (t) as a sum of N similar terms. This suggests that 
to treat L B (t) as Gaussian for large N is not unreason-
able. Therefore, we shall invoke the nonperturbative, 
multiplicative stochastic, Markov approximation while 
we treat L B (t) as stochastic. 

It shall be assumed that the average of I, (I), factors 
for all time as follows: 

(I) rgB (POWINRr ipi  • • rNpN ) 	 (64) 

where WV(Ri ript  • • • r NpN ) is the canonical equilibrium 

(59) 

(60) 

(61) 

(62) 

(63) 
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distribution for the fluid molecules 
the heavy particle at R, and 

1 
exp[- WeINFIT 1P 1 • • • r NP N\ 

	
Q N  

+ 
—1 

E U(r 
2 Ok 

where Q N the normalization 

f ." f (RriPi " • rNPN)dRdri 

Multiplicative stochastic processes, 

in the presence of 
is given by 

IPII 2  
13( u 

etc. 	 1923 

LR ( wV) = 0 and LR(w7 4P(P))=LR(W7)0(P)+ W7LR(z1)(P)), 
and LR(zP(P)) = 0 since LR does not involve P. Therefore, 
we have 

((L B (t)))=1 • • . f exp(itL R)L B WVd N rdRdNp. 	(71) 

Expanding exp( itL R ) in a power series and integrating 
each term by parts leads to 

((L B (*) = f a • • f LB W eR2  cer dR d N  p 	 (72) 

since all but the first term in the power series give 
zero because WeR°  vanishes at the boundaries of integra-
tion. Using (59) and (65) gives 

.1=1 

r ))1 

constant 

• • 	• 

— + J 	
k r 

2m 

(65)

 which satisfies 

dr N  dp i  • • • dp N  = 1. 

(66) 

The heavy particle coordinates R appear in (65) because 
the inertia of the heavy particle is so large that the 
fluid molecules achieve thermal equilibrium relative to 
the instantaneous position R of the heavy particle very 
rapidly compared with the rate of change of the position 
R. This situation is analogous to the technique used to 
derive the Langevin equation starting with a heavy par-
ticle in a fluctuating fluid, in which case the fluid fluc-
tuations must be computed subject to boundary condi-
tions representing the presence of the heavy part- 

7.28,29 cle. 	The response of the fluid to the presence of 
the heavy particle must appear in the computation if 
sensible results are desired. 

Returning to (62) and using (64) we get, on the 
average, 

at1,g-B(Pt) 

: •••N•••f f •

•• N + 1 • • f 1,13 (0)1:B (s) 

x weRq(RrN p N) d Nr dR d N  p ds g APO, 	 (67) 

where we have integrated over the fluid variables and 
R, and the quantity 

- f j•.. N... f f • ••N+1••• f B (0)1, B  (s) 

W eRq  (RrNp N ) dN r d11 dN  p ds 	 (68) 

is almost the analog of the correlation strength given in 
(52). The minus sign comes from (i) 2  and r N  denotes 
ri  • • • r N  whereas dNr denotes dr i  • • • dr N , etc. The in-
tegration over the variables in W corresponds with 
the round brackets average in (48) and provides the 
analog of stationarity. Note that (68) is not exactly the 
analog of (52) because it is still an operator. Equation 
(67) is what would result if L B (t) were really a stochas-
tic, Gaussian process for which the Markov property 
holds. We have implicitly assumed that the average of 
L B (t) is zero in writing (67). We shall digress for a 
moment and explicitly demonstrate that L B (t) has a zero 
average, and that (68) is stationary. The average of 
LB (t) is given by 

CI:B(*). f • • • f L B (ondNrdRdNp 

= f • f exp(itLR)LB exp(- itL R)W7d N rdRdNp. 

(69) 

The operator given by (69) acts upon functions of P. 
Using (60) and (65) it follows that 

exp(- itLR)(WV(P)) = vveR°  exp(- itLR) (0(P))= weRqzP(P) (70) 

where W(P) is an arbitrary function of P, because 
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i((f.;(t)))=1• • -f [— • V (W") +V (W") • -
1 

V dN  r dR dN  p m • TeR 	RR 	P 

=0 	 (73) 

where the second equality follows from integration by 
parts with respect to the coordinates R. The stationari-
ty relation follows from similar arguments beginning 
with 

0 12: HMI; B(0) = f • • f .1:11(0 B(S)W el dN  r dR d N  p 	(7 4) 

= f • • • f exp(itL R)LB  exp(- itL R) 

x exp(isLR)LB exp(— SL R)W eRci  dN  r dR dN  p 

Using an argument which is like that used in going from 
(70) to (71), we can go in the reverse direction and get 

((LB(t)LB(s))) = f • • • f exp(itL R)LB  exp(- itL R ) 

x exp(isL R)L, exp(- isL R ) exp(itL R) 

x WeRgdNrdRdNp 

= f • • • f LB exp[i(s - t)LAL B  

	

x exp[-- i (s - t)L R]WeRci cer dR d N  p 	(75) 

where the second equality follows from an argument 
identical with that used to get from (71) to (72). There-
fore, the quantity given by (68) is in general 

ft-  ((f, B(01, B(S))) ds = ft-0-..-B (0)fiB (s_ t))) ds 

= f 	B (0)L B (s'))) ds' 	(76) 

where the first equality follows from (75) and the sec-
ond equality follows from the change of variables s' 
= s - t. This ends our digression. The expression in 
(67) is an approximation to the exact behavior described 
by (62), and we shall analyze the detailed behavior of 
(68) regorously from here on, to the end of this section. 

It is very convenient to get the W eRg-  term in (68) as far 
to the left as possible before attempting to perform in-
tegrations. This requires letting L B (0)L B (s) act on W7 
as is appropriate. Using (63) gives 

—Mg: B (S)W e  &B =- LB exp(isL R)LB  exp(- isL R)WeRcig-B•  

(77) 

As is indicated in (67) there will be an integration over 
R. Using (59) for LB and integrating over R by parts 
shows that 

• •• •• f 	
1T R 

V + 	V co (R r ;) • V P ) exp(isL R)LB  
f i=1 

X exp(- isL R) WUg 2  dll 
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=f . • .1" 	Vitcp(R, r1 ) • Vp(exp(isL R)L, 
.1=1 

X exp(- isL R)W eRggB )dR 	 (78) 

where the integrated term at the boundaries vanishes 
because WV vanishes there. Equation (78) shows that 
the LB on the left in (77) acts only through the potential 
term 

terms as follows: 

— LB(0)i: B(s)WVgB 

-- WV ( 11.1 	co(R, rj)) exp(isLR ) 

x( .1  a.ft v  q)(13 ' rk )) aaP, ( 1,134-v  aap„)gB° k=1.  

Returning to (68), we have found that 

— iLB = E 	ri) 
i=1 

(79) -fi•• •N• • • f f ...N+1•••P B (0)L B (s)WeRq 
0 

Therefore, in effect (77) reduces to 

- LB(0)LB(S)VVVg B —  - LB exp(isLR)LB  exp(- isL R )WVg B , 

(80) 
at least after the R integration is performed. Returning 
to the justification of (70), we see that 

exp(- isL R)WeRgg, = WeRqg R . 	 (81) 

Using (59) and (65), it is seen that 

- iL B UTgE -14/7(- —m  II • V + VggAR, r3) • Vp 

P 	P1  
+0 — • Va

N-, 
 co(R,r ;) g B . 

M 	1.1 	
(82) 

Furthermore, we have 

exp(isL R) WW1 = WeRc` exp(isLA, 	 (83) 

where h is any function of the variables P, R, ri , and pi 
 for j=1,2,..., N. This relation follows from the rea-

sons given in justification of (70). Therefore, (80)-(83) 
give 

- 1:11(0 )EB (s) ngB 

- 1 B WeRa  exp(isL R) 	V + E v cp(R r ) Vp m 
R 1=1 

R 	j  

x d Nr dRdNpgB  

=I" f N • • • f f... N +1 f 

x(i,",  2_ co(R, r j)) exp(isLR) 

	

x( ' 	(R r 	
Ca M +  aR„ 	' k  aP, m app 

x dN  r dRdNpds gB . 

If for a moment we specialize the above results to one 
dimension, and use the fact that P = Mu, then we have 

a la ,12, + 0 \ 	a 	1 8 
aP, m apd ~ au Ca  NI + m2 au 

and 

f . • • 

 

N 
- 

	

 we4 	ak, E 	49 (R, 	exp(isLR) 

Iv , 	, 
xu- 

a 
 4Triv cokR,rk)) d N r dRdNpds 

-ff•-•f w (11 -

a 
(i9(R,ri  exp(isL R ) 

aR 

(89) 

(87) 

(88) 

± 
11/1 

• VE 	• co(R, 	B  52, a x 	— (p(R,rk )) dNr dR cep ds , (k.1 8R (90) 

	

= WeRq 	v.(p(R, r;) • Vp exp(isL R) 
.1=1 

x 	• VB + E vitcom, r 5) • Vp 0-ill; • Vg '7=1  (19 (11, ri)gB  

(84) 

where the last equality follows from a result analogous 
to (82) which depends upon (79): 

(85) 

The expression in (84) becomes an equality when the R 
integration is performed. Note also that the 13/114. • VE 

operator in (84) acts on gB  only, and because gB  depends 
upon P only the effect is zero. Therefore, (84) becomes 

- EB( 0 )Ls(s)W eRgga 

x(

- 	

WeRq(

rr
N  

VEA9 (R, r;) • Vp) exp(isL R ) 

.1 V R co(R, rk ) • Vp [3 —Alp • Vg tit  co(R, rk))gB • 	(86) 
k.1 

Finally, since LR does not contain P, we may combine 

J. Math. Phys., Vol. 15, No. 11, November 1974  

where n and L R  are one-dimensional expressions in 
the last expression above. Comparing these results with 
(4), we see that we have the Fokker-Planck equation for 
a Brownian particle in (67), if we use the one-dimen-
sional analogs given by (89) and (90). Using (6), it is 
seen that we have the identity 

a  
x= rf • • • f HI?'" 	7-R  c9(R,r i) exp(isL R) 

N a  
x E 	(R , r k ) dNr dR dN p ds. 	 (91) 

k=1. Olt
„ 

 

This is all reasonable since we can readily associate 

a--,, co ,r j)- - P(0) 

and 	 (92) 

exp(isL R ) E a — cp(R,r,)- - "E(s). 
k.i aR 

This second association is perhaps even clearer if we 
reinsert exp(- isL R ) on the right of the integrand of (91), 
which changes nothing as was seen in going from (69) to 
(71). The strength of the stationary correlation, 
(KF(0)P(s)), follows from (2) and a formula like (52) 
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which reads 

X= 
fog 

 ((F(0)F(s))) ds. 

In Eq. (88), we actually have the three-dimensional 
generalization of (4) which gives 

— JO  J 	

a wIl(E — (R, r exp(isL R ) 

N 

 X(E

a  
(p(R r dNrdRdNpds 

	

kr.1 RJ, 	k 

where X„,„ is the friction tensor, 7  and it is useful in de- 
scribing rotational Brownian motion if the potential cp is 
not spherically symmetric." 

It is to be especially noted that exp(isL R) appears in 
(94) and not the full Liouville evolution operator 
exp(isL). This point has been emphasized by Mori, 30.31 
who also gets this type of result from a different ap-
proach. Other treatments involve exp(isL) in analogous 
expressions, and lead to certain technical difficulties, 
sometimes referred to as the "plateau value prob-
lem. "23, 24  The relationship of (94) to Kubo's transport , 27 

coefficient formula may be found in the references just 
cited. 

ERGODICITY 

A phase space function Al i - • • qNp i  • • NO is said to 
be ergodic if 

	

lira (f(qi • • qpiPi. • • • PNO)f(fii • • • qh,PI - • P.vs ) ) - 0 	(9 5) 
S 

where ( • • • ) denotes the canonical, initial value aver-
age. 32  We would like to show that the force on the 

	

Brownian particle 	1  a/aRv yo(li,n) in Eq. (94) is 
ergodic in the sense of (95). Furthermore, if the vanish-
ing of the correlation function in (94) is fast enough, 
then the integral over s will be finite. To show ergodici-
ty it is necessary to analyze the detailed structure of 
exp(isL R). In doing so, we will discover a phenomenon 
which we shall call "intrinsic diffusion." This intrinsic 
diffusion has interest in its own right, independently of 
our particular context here." 

The time ordered exponential for a time dependent 
operator which does not commute with itself at different 
times is defined by 

T exp(f os  0(si)ds') 

f o s  f ost  4" • • f05n-2  fosn-' o(s 1 )o(s 2 ) • • • o(s a_do(sn ) 

xdsndsn-i' ' • dszdsi• 
	 (96) 

Given an operator of the form exp[is(A+ B)] where A and 
B are noncommuting differential operators, we have the 
following disentanglement theorem: 

exp[is(A+ B)] = exp(isA)T exp{i fo s  exp(- is' A)B 

	

exp(is'A) ds']. 	 (97) 

Both sides of (97) are clearly equal for s= 0, and dif-
ferentiation of both sides for s # 0 gives identical re-
sults, proving the validity of (97). 

When (97) is applied to exp(isLR), where we use (60), 
we get  

exp(isL R) 
N 	 N 

	

[ 	s 
exp = exp (s E -11  i , .) T exp - f 	(-- s E It' ,  • N7r  ) 

.fr.i 01
• v 

I — 	 ii.  m 	k 
0 

r i tp (R, r i ) • V, + 	Vri U(r„ r i ) 

X exp (s' k=1  28-n; • Vrk) ds]. 	 (98) 

The expression in (98) will be studied in detail in this 
paper with respect to the leading term only. This term 
is 

exp 	--• Vr , . N-N 
M 
	 (99) 

The detailed analysis of this term will indicate how the 
analysis goes for higher-order terms, although in this 
paper no explicit expressions for the higher-order 
terms will be offered. 

Returning to (94), we see that we need to calculate the 
canonical average of expression (99). We shall perform 
the momenta integrations first. The leading term in (99) 
gives 

(27rniKR T) -3N/2f • • •f exp /3 
k=1 2m / 

exp E Ei • vr  dNp 
i=tm i 

= (27rmK B Tr3N  /2 iv
= 
 1ff exp(—/3l 

	

11 	 2m 

	

exp (
2/ • V, )dp, 	 (100) m 

For a fixed j, we shall now consider the integral over 
the x component of p i  because the other components and 
the other momenta integrals all work out similarly. We 
have, therefore, as a typical integral 

	

TanKB  T) -1  12f exp 	
2m 

exp 
 ax ax dp ix 

p2 P • a 

,7.0 	n1 

	

{(s/m)(afax)r  (pri,x) 	
(101) 

where 

(217mBic B T),12 f pLexp 42 )dpix. 

These Gaussian integrals are well known and are given 
by 

P7x ) = 0 	 for n = 2m +1 where m =0,1,2, • • • 

and 
	

(102) 

(P 7,1,) = 2 ,n ryn} (PL) m  for n= 2m where m =0,1,2, • • • . 
2m 1  

Inserting these averages into (101) gives 

(27rmK B T) -1  /2  f exp )3—P 
2m 
3exp 

m ax) 3  

P .x  a 

= exp (s2 	 — 
.KT a 2  
2m axe) 

	

(103) 

because (P2i„)=mKR T. Returning to (100), we get 

(93) 

(94) 
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(108) 	co(R, rk) = 27r 
fff exp[ip (R -  rk )g)(p)dp 	(114) 
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(27rmK B T) -3N 12 I7 f 	exp ( 	
2 

Pi -13 	)exp( Pi • V, dp3 J=1. 	 2m 	m 

The corresponding differential equation follows from 
(106) and is 

N 

exp (S2 
K BT 

 V
2 = 

3=1 	 2m 1.) .  

a 
(104) 	—

as 
D(r

' 
s) - 2s 

K
B

T 

2 	
s) 

17z 
(112) 

If only the leading term in (99) is used in expression 
(94), then the canonical momenta averages give 

N 

	

=f 	• • 	Wr(R, r i  • • rN)(21,;:t 	co(R, rj)) 

	

1 	

N 
T  E 

aR„ 	k 

	

x 
1 	

K 
exp (3' 	V' 	— (R 	dN  r dRds (105) 

	

= 	 2
B
m 	

X

12.1 
r  

where W* (R, r 1  • • • r N) is the coordinate dependent factor 
in WV, and the superscript on X °,,, indicates the lowest 
order truncation of the series implicit in (98) by virtue 
of (96). A typical term in (105) has an integrand factor 
such as 

(..s2K2BmT  '701( aRa  

	

exp  	
„

49 (R, 

We shall express (106) in a different form which is sug-
gested by an analogy with diffusion. It is worthwhile to 
digress for a moment in order to make the analogy 
clear. 

The diffusion equation in three dimensions is 

	

at D(r t) =DV D (r , t) 
	

(107) 

where D is the diffusion constant. A formal solution to 
(107) may be written as 

D(r, t) = exp(tDVDD(r, 0) 

as is readily verified by differentiation. In addition, the 
solution to (107) in an infinite volume, with the initial 
condition D(r, 0) = 6(r - r °), is given by 

°2  
G (r,  , t) = (47rDt)-312  exp - 

Ir-r 1 	
(109) 

where the subscript G indicates that this solution can be 
used as a Green's function, which enables us to con-
clude from (108) and (109) that 

exp(tDVi)D(r, 0) = (47rDt) -3/2 fff 

exp - I r 
- r° 1 2  

D(r° , 0) dr °  
4Dt 

(110) 

for arbitrary initial distrubutions D(r ° , 0). 

The analogy between these results for diffusion and 
expression (106) should be clear. The important differ-
ences are 'CE T/2m in (106) where D is in (108), and s2 

 in (106) where t is in (108). However, remarkably 
enough, there is a Green's function which goes with 
(106) given by 

2 1CB T  2  ) ( a 
exp (s 2m  V, :  — aRp c9(R,r0) 

(47r  K  T 	"3 /2  ill 
exp 	

I r i -rc1 2  
2m / 	 4(K B T72m)s 2 / 

a 
aR 
 , x 	 (pR ri)ari. 
V 
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which is analogous with (107). One may check all this by 
showing that the Green's function in (111) satisfies (112) 
with initial condition D(r, 0) = 6(r - r °), in an infinite 
volume. We shall refer to the behavior exhibited by 
(111) as "intrinsic diffusion" to distinguish it from true 
diffusion as exhibited by (110) while suggesting the 
marked similarities. Notice in particular, that "in-
trinsic diffusion" acts like true diffusion with a diffusion 
coefficient which grows linearly with time: D 	(K B T; 
2m)s . Therefore, "intrinsic diffusion" smooths out 
coordinate dependent functions increasingly rapidly cot, 
pared with true diffusion. Moreover, it increases the 
rate of smoothing proportionately with temperature and 
inverse fluid molecule mass. 

Returning to (105), and using (111), we get 
N N f a 	 K n T  )*-' 3 12  

• • • f 	a R 4 
cp(R, r j)) (47r 

xexp (- 
4 (K B712m)s2)(aliv

go (R, 4)) dN  r' dN  r dR ds . 

(113) 

It is convenient to use a Fourier transformation repre-
sentation of the potentials in evaluating further expres-
sion (113). Define 0(p) by 

using (111) in (113) with (114) gives 

N N of 
= E 	w (1) 6 

	

r, 	 (ip ) exp[ip • (R - rj)N(p) 
j=1 kmf f  27r 	4  

K T B 

	

x exp 	s2 
2 ,„„ 1P' )ex13[2:P' • (R -  rk)]50 (P') 

xdp' dp d N  r dRds. 

Equation (115) also follows directly from (105) using 
(114). In getting (115) we have used exp[s 2 (KB T/2m)Vfl 
xexp(ip' • r) = exp[- s 2 (K B T/2m)1 p' 1 2 ]. Either (113) or 
(115) shows that to this lowest order of truncation we 
have ergodic behavior. Note that in (115) the p' = 0 term, 
which does not decay, is multiplied by ip, , which is 
zero. In (113) we see that qualitatively, "intrinsic dif-
fusion" smoothes out the force at time s, for large s, 
so that we are left with the canonical coordinate average 
of the initial force times essentially a constant: 

Um (time integrand of X°,„) 
s- 

N N 
f • • • f 	

4 
 W71 (

aR  a 
 co(R r ))C d N  r dR 

= 0 	 (116) 

where C is the constant corresponding with the smoothed 
force at time s, and the second equality follows from a 
result similar to (73). In addition, (115) may be inte-
grated over s explicitly giving 

(106) 

4Dt 

(111) 

(115) 
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N N 	
1)6 

x°,„ = E E 	...f 	 exP[iP • (R ri)Y.P(P) 
j=i k=1 

X 

 (

7 	1 /2 17/2  2KBTIP , 	(ip,',) exp[ip 1  • (R — rk )] cP(p') 

xdp' dp dNr dR. 	 (117) 

As long as 'c . (0) is finite, the (I p' 1 2 ) 1  / 2  denominator in 
(117) does not create a divergence because of the factor 
(ip'). If co(R, r k) is spherically symmetric, (114) may be 
inverted to show that ip (0) = 4r f (1° r2 c9(r) dr,  , which is 
finite for a large class of physically reasonable poten-
tials, which do not possess too terribly singular hard 
cores, and which tail off rapidly with increased separa-
tion of the interacting particles. The presence of Wr 
in (117) makes it effectively impossible to perform the 
coordinate integrals in general. We will end our present 
discussion of X. °„ by approximating the coordinate in-
tegrals for high temperatures. 

At sufficiently high temperatures we shall approxi-
mate WV by V-(N.1) , where V is the volume of our sys-
tem, which volume we have been taking to be essentially 
infinite during much of the preceeding analysis. Al-
though (113) is valid only for an infinite V, since the 
Green's function in its integrand obtains only for an 
infinite 179  (117) is valid for finite V since it follows 
from (105) and (114) without any restriction on V. The 
approximation for Wr by V -(N+1)  requires that the poten-
tial have a hard core repulsion which, while very large, 
is finite. The limit V 00 is accompanied by N ap  while 
WV remains equal to a constant it. This is the thermo-
dynamic limit. With the thermodynamic limit the co-
ordinate integrals in (117) can be performed, and we 
get 

N Nf 	
1 6  . 

XL, 25  lim V " (N * 1) 	E 	• f ) 

27 (- OP. ) thermo 	J=1 k=1

1  
X exp[ip • (R— rillip(p)(2rBT ) 112 	(ip0 

X exp[ip' • (R — rO]lp(p')dp' dpdNrdR 

1 1 

2r 
3 
 (P'13")1(;9‘ (P)  12  (2KB T)

1/2 

 pl dp 

+;i2iff 6 ( 3 )(PA POI So(P)1 2  

=71 
 ff

1  	1  f 	3 
 (P.PP)11,90)12(2KBT)

1/2 

 p I dP * 

The expression given by the second equality has a term 
proportional to n which comes from the double sum 

when j= k, and a term proportional to )/ 2  which 
comes when j tk. The R integration produced a factor 
6(p + p') which converted 0(p) 0(p') into (ON— p) 
= c"p(p)0*(p)== I (..p.  (p)i 2  as is seen using (114). The 1 p I 
denominator in each term causes no trouble because of 
compensating numerator factors in p4p,„ which also ex- 
plain how the n2  term vanishes. If I 0(p)1 2  vanishes for 
large 1 p I sufficiently rapidly, then the remaining in- 
tegral is finite. In general, when WV is present and no 
approximation is used the value of 	does not have 
such simple n or T dependence. 

These techniques need to be extended for the analysis 
of higher order terms in (94) using (98). 
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CRITICAL BEHAVIOR 

That something can be said about critical behavior 
within the context of this paper follows from the ob-
servation that a Brownian particle can be used as a 
probe which manifests the state of a fluid. If the fluid 
passes through a phase transition, the Brownian parti-
cle should exhibit noticeably altered behavior. In partic-
ular, for high enough temperatures the fluid will be a 
liquid or gas, and the Brownian motion should be nor-
mal with a finite value for X„. However, if we freeze 
the fluid, we should expect that X„ =0. Using (6) and 
(8), we see that this implies a vanishing diffusion con-
stant D. 34  

If a complete analysis of (94) using (98) were possible, 
we would end up with the infinite series: X4 , r- 

4,1-  • • • in which the superscripts indicate the number 
of times a potential appears in the corresponding term. 
We suspect that intrinsic diffusion will result in each 
term being finite, as was seen for 	When T =0, how- 
ever, we have a special case in which each term is in 
fact infinite. For X ° , this is seen in (115) because the 
exponential can no longer damp out the integrand when 
T =O. Consequently, X„ diverges for T = 0; a fact con-
sistent with intuitive expectations. For T *0 each term 
in X„ = x.'„+ xl„ + x + • • • will be finite, or at least this 
is plausible following our analysis of X °„, and if the 
temperature is sufficiently large, we expect the series 
to be summable. This expectation is based upon qualita-
tive analysis of (94) using (98) which suggests that the 
X„ series goes like a series in powers of the ratio of 
potential energy and thermal energy. For large tem- 
peratures this ratio gets small and the series converges. 
The possibility exists that each term in X x,„= X°„+Xl„ 
+ X2„+ • • • is finite while the sum diverges, if the tem-
perature is small, but nonzero. This suggests that there 
exists a temperature T, such that for T> T c  the series 
sums while for T T c  the series diverges, even though 
it is comprised of finite terms. If Tc  exists, we identify 
it as the critical temperature for the fluid. It is de-
sirable to try to achieve a rigorous basis for the analy-
sis of (94) using (98) so that these conjectures may be 
tested. 

CONCLUDING REMARKS 

The theory of multiplicative stochastic processes has 
provided a method for nonperturbative approximate 
solution of complicated dynamical equations. It has been 
shown how to interpret an exact dynamical quantity as 
a stochastic quantity. By such an interpretation an 
averaged equation is written which serves as a non-
perturbative approximation for the original dynamics. In 
this manner we have derived the Fokker—Planck equa-
tion for Brownian motion, starting from the exact 
dynamics for a heavy particle moving in a molecular 
fluid. 

The discovery of "intrinsic diffusion" has permitted 
an analysis of the ergodicity of the force autocorrela-
tion function which was derived. Because Brownian 
motion leads to ordinary diffusion, "intrinsic diffusion" 
and ordinary diffusion are connected by our analysis. 
"Intrinsic diffusion" will also arise in other contexts. 33 

2K B  T 	I p I dP  
inn ) 1 / 2  1 

(118) 
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The analysis of Brownian motion in this paper leads 
to a calculation of X, the dissipative constant, in terms 
of the interparticle potentials. The calculation involves 
the time integral of a force autocorrelation function 
which connects X with the dynamics of the system. A 
conjectured relationship between X and critical phenom-
ena is presented, which if eventually justified rigorous-
ly, would provide a dynamical basis for the understand-
ing of some aspects of critical behavior. 

In our other work on the quantum mechanical density 
matrix, 3 ' 5  the problem of calculating the matrices, 
Q, 0„,„ which are the analogs of X, has been raised. We 
shall pursue this problem in another paper. 
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APPENDIX: DERIVATION OF (50) FROM (48) 
AND (49). 

The correlation formula in (48) follows directly from 
the solution to Eqs. (1) and (2). In addition, the Gauss-
ian property of F(t) in (1) is inherited by (t) in (48). 11 

 This implies 

(t 1) • • • 15 (t 2m _ 1 ))) = 0 for m = 1, 2, • - • 	 (A1) 

and 

	

(<3(4) • • •7) (t2.))) -  2 .m1 	pm, 6(tp(2J-i))1;(4(2J)))) 

(MK,T)in  E  
S2 m  3=1 

a  
x exP 	IT/ I '1,(2/) 	

.„ 
(23-1) 

for m =1,2, • • • 

The formal solution to (49) is 

a  
f(x, t) = exp( 	

t 6 
	ds ax)fix, 0), 

o 

as is verified by substitution and differentiation. Ex-
panding the exponential and averaging gives 

0  p(s)ds 	 0). 	(A4) Cf(x, t»)=R 	m  ni 	
) n 8n) OX 

Using (Al) and (A2) in (A4) gives 

((f(x, t))) = t..0  ( gm (2m)! (M2KmmBTI )m  ,,,, min f tft 

)

xexp(_ i I 4(2 ,) _ tp(2.11) dtp (2D dtP (2j " 1 ) 

a2m 
X Tx +2-7-n  f(x, 0) 

E° flf,„T\  2m  1 

m=0 \ M / 2 mml 

X (-8j‘2 2) mf(x, 0) 

_ 	1
,t 

..0 	Ni2 m 	j ta 03(s);(siD)ciscis 

a2 )m 
f(x, 0). 

Therefore, 

at «f(x, = j- t7„12 ri;V)T(s)))dsf2,2 «Axt») 
0 

which is (50), and which follows from (A5) by differen-
tiation, followed by rearrangement of terms. 

Equation (A6) can be integrated to give (51) of the 
text. The solution to (51) is given by 

((f(xt))).-,{
47KBT [ M M 

t- — — exp a 	a a 	

/ 2
} 

a 	(x - x o) 2  xexp( 	 
4KB T {t - (M/a)+(M/a)exp[- (a/M)t]}) 

(A7) 

if ((f(x, 0))) = 6(x - x 0). This expression can be checked 
by substitution. It leads to the Orstein—Fiirth formula 35  

((x(t) - x0) 2 ))= 2MaK2 ET  [fit 1+ exp( 	. 	(A8) 

Note also that for the short times, t <M/a, that (A7) 
reduces to 

ithr  KB T  2\ -1 /2 	 x0)2 \ 
	 t ) 	exp 	  4(KB  T/2/14)t2) (A9) 

which is the Green's function for intrinsic diffusion in 
the text. However, for long time, t> M/ a, (A7) be-
comes the one-dimensional analog of (109) in the text 
which is valid for ordinary diffusion. The intrinsic dif-
fusion Green's function has the form (A9) for all times! 
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Application of cumulant techniques to multiplicative stochastic 
processes 
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The use of cumulant techniques for analyzing time dependent, stochastic matrix expressions of the 
form < Texp[AB(S)d S]>. is explained. Because cumulants are complicated expressions when B(t) 
does not commute with itself at unequal times, we explicitly work out cumulant expressions up to 
fourth order. The fourth order terms can be used to demonstrate that noncommutivity prevents the 
generalization, to time-dependent, stochastic matrices which do not commute with themselves at 
unequal times, of the result which applies to commuting stochastic processes that states: If the 
stochastic process is Gaussian, then its cumulant expansion truncates after the second cumulant. 
Furthermore, it is argued that if the stochastic matrix process is both Gaussian and purely random 
then the cumulant expansion does truncate after the second cumulant, after all. The significance of 
this result with respect to the application of approximation involving cumulants is mentioned. 

INTRODUCTION 

It is the purpose of this paper to apply cumulant tech-
niques to the analysis of multiplicative stochastic pro-
cesses. When the stochastic matrices, which appear in 
the differential equations defining a particular multipli-
cative stochastic process, have special properties, the 
use of cumulants can lead to significant simplifications 
in the analysis of solutions to the differential equations. 
In general, when no special conditions are imposed on 
the properties of the stochastic matrices, cumulant ex-
pressions contain all of the information of the original 
problem, but without any particular advantages for 
further analysis. Kubo 2  has introduced cumulant tech-
niques for the study of multiplicative stochastic process-
es, and he has attempted to approach the problem in as 
general a setting as possible. Fox' has studied multipli-
cative stochastic processes without using cumulant 
techniques, and has restricted his approach to the prob-
lem to the use of stochastic matrices which are purely 
random and Gaussian. It will be demonstrated in this 
paper that the restriction to purely random, Gaussian, 
stochastic matrices corresponds with the special condi-
tions alluded to earlier for which cumulant techniques 
are most useful. 

In the course of this paper we will show how the 
utility of cumulant techniques is related to the Gaussian 
property of the stochastic matrices. When the stochastic 
matrices are time independent, the Gaussian property 
alone guarantees major simplifications in analysis if 
cumulants are used. When the stochastic matrices are 
time dependent and do not commute for unequal times, 
then the Gaussian property alone is insufficient, and 
must be augmented by the purely random property if 
efficacy is to be achieved using cumulant methods. It is 
this last point that requires emphasis when one is using 
approximation methods which rely upon cumulants 
expansions. 

TIME ORDERING AND CUMULANTS 

Consider a multiplicative stochastic process de-
scribed by' 

—
d

a (t)= A .ct•(t) +;1-  .(t)a .(t) 
	

(1) 

in which A„„, = - 	:4'„„,(t) - 	„ c,(t) , ,•=1-  aa ,(t) is a 

stochastic matrix with averaged value zero, a 
=1, 2, . . . , N, and repeated indices are summed. If 
A „,(t) had a nonzero averaged value, we could include 
its averaged value in the term A a ,„, and start over again 
with A„„,(t) - (A,,„,(t)) as the stochastic matrix, where 
( • • •) denotes stochastic averaging. We would then have 
a process such as described by (1) with the average val-
ue of A„„,(t) equal to zero. A useful manner for obtain-
ing the solution to (1) is to use the transformation 

as (t) = [exp(tA)] aa , a,(t). 	 (2) 

Consequently, the b s satisfy 

dt b 
a (t) = [exp(- tA)]aAa•(t)[exp(tA)]o ,„,b„,•(t) 

a  ,(t)b ,„.(t) 	 (3) 

where the second equality defines B(t). Note that the 
averaged value of B(t) is zero since it is linear in the 
matrix elements of A(t). In general, A and A(t) will not 
commute, neither will A(t) and A(s) nor B(t) and B(s) 
for t* s. 

The formal solution to (3) must be written with a time 
ordered exponential' defined by 

bc,(t)=[Texp(fo t 13- (s)ds)L a,b,•(0) 

r
O fa t'  rO

ti 
•,/

1
0
,2 	fo tn-2 l'o tn-l[i.p.i (t t )/3 01.w2(t2) 

J  n=0 

n)] dtndt„_i • • • dt2  dt c„,(0) 

(4) 

where the n=0 term is defined to be 1. If B(t) and B(s) 
commuted for t* s, then (4) would reduce to an ordinary 
exponential 

t I t  • • • n • • 	[Bagi(S0 • • • :61,._0 ,(SnndS n  • • • dS i b „.(0). 
no n! 0  

If B(t) is in fact time independent, then all time integra-
tions are easily performed giving the ordinary 
exponential 

- 	— E 	 tn[(B).]„,„.19„ 40). 
n=o n! 

Cumulants arise when one wishes to perform the 
stochastic average of an expression like (4) or its more 
simple forms given above, at the end of the preceeding 
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paragraph. Historically speaking, cumulants arose in 
statistics and were known as Thiele semi-invariants. 4  

Suppose that we have a time independent 
and 	

stochastic_ 
variable X d we are interested in calculating (exp(X)), 
where X may be either a scalar or a matrix stochastic 
quantity determined by the distribution function for 
its values. The cumulants for X are defined by 

(exp(/))=..( '  
n.0 ni 

exP(E
—1, ((i)n)) n.in (5) 

where ( • • •), denotes the cumulant average. Cumulant 
averaging is by definition a homogeneous process with 
respect to multiplication of X by a constant, just as is 
the case with ordinary averaging. Therefore, (Par) 
= Xn((g) n),, and 

(exp(XI))=-- exp(P: nXi  ((3C-)")) . 	 (6) 

Differentiating (6) n times with respect to X, followed by 
setting X= 0, gives for n --= 1, 2, 3, 4, • • • 

(1)— Ono, 
((A) = ((1) 2), + 
((i) 3) = (()Me 3((1) 2)c();)c 

	 (7) 

(On 4) = ((X)% + 4(On 3), Onc + 3((i) 2) + 6(0n 2),(X)! + 

Starting with the first lisle , these equations may be suc-
cessively inverted to give expressions for cumulant 
averages in terms of ordinary stochastic averages: 

ono= on, 
((g) 2), = (( je) 2)— 0-6 2 , 
	 (8) 

(06 3)c = ((i) 3) 3((i) 2)(i) + 2 (Y) 3 , 

((56 4)c = ((56) — 4((i) 3)(1) — 3 ((1) 2)2 12((1) 2)(51 )2 6(X) 4  

It is possible to define cumulants even when we are 
dealing with time-dependent stochastic matrices which 
do not commute at unequal times. 2  One gets time-
ordered cumulants defined by 

(7' exp(fo t  (S) dS)) T exp 	fo t foil  fo i2  • fotn-a fin -1 

n.1 

X 	(ti)13(t 2) • • r3(t n -0 13 ( 1-  n)) c 

X dt n dt,„4  • • • dt2 dt 3) . 	(9) 

Because it is so easy to misinterpret the precise mean-
ing of (9), we introduce here the following notational 
scheme which permits unambiguous rendering of (9). 
Define g-0,( "8) (t i ) by 

1  
f

O 	J
t]. r

O
t2... 

r to -2 r 
JO 

 tn-leficz al (t i )/3-;1,11,2(t2) 
JO 	 s  

n _2a n .4(tn.1) 11/1 n _ia(td)c dt dt n 	•• • dt 3  dtz• (10) 

Therefore, 

 CTexp(fo i  (S) dS))= T exp(L fot en) (ti ) dt . 	(11) 

As before, we can introduce a parameter X, and using 
(10) leads to 

exp(fo t  Xii(S) dS))= T exp(t,i  fo t Xng(n) (t i)dt i) . 	(12) 

Differentiating (12) with respect to X, n times, followed 
by setting X=0, gives for n= 1, 2, 3, 4, • • 

1 - 
-T (()0") 

fo t  (Bca(ti)) dt1 = fo t gLia)(4)dt,— fot(fitt,(to)cdtl, 

fot fr,ti 03-  a a  (4) s(t2)) dtzdti = f0 t  ge2 (t1) dt 	fo t fo tigli2(4)41,3)(tddt2dti 

fo t fO t 1  (gam  (tofi i, po), dt2 dti + fat fo ti 	m (ti))c(1310(t 2)), dt2 dtl,  

fo t  fo ti fo t2 	„ ti) ii„p. 2( ty) 13-  „o(t,)) at,  at,dti 

fotg-132,(todt,+ 
fo t fo tl gz1(tivp.„2(to+ fo t fot, 41,),(4)422(t2) dt2 dti  

+ 	fot2g/1211(t1)411)A2(t2)41:0 (t3) dt3 dt2 dtl 

= fot .foil  t2  (1710/ i (tdila 2(t2)fi„ (t3)), at,at,at, + fot Lti fo t l(ii,,,, i(tirt4,, i u 2(s2))c(11,i 0(t2)),dt2ds2dti 

fo t  10' 1  fo il  Bce ui(t 1)) c (B n y(t 2)B 23 (t 3)) at,at,ati+ f t f tl f 02  (B,„,,, 4 (4)) c(B ml ,,,,(4)),(B,,, 28 (t3)) dt3  dt 2  dt 
lo t j•O ti. j-o t2 ...f t 3(o 	 .7.-su  

kt ) 	a 2 ( (t ) B Ida 2 11 3 (t3) 15  „ 33(t )) dt dt dt 4432dti 

	

fot fo  ti dm) ( togii,t;  tz 	fo = rt ,(4,3) , , 1 . 	 t fo ti 412 (  t  0  g a(38) (t2) dtzdti kr ) dti + 	 "'( ) dt2 dti  + 
Jo 5' a  

+
fot 

 f0 
 ti g122 (I . 1 ) g 1 0) ' . 2 ,  kr ) at, at, + f0 	fo t2 g2), i (ti)411),22(t2)412)8(t3 ) at, dt2  dt 1 

+ j,ot 
foil 

fo , 2 R.112 1 ( ti)421),,  2 ( t2)412)0( to 	+ Jo t fot• J.,) t i 	2 g (,e1;,). 1 ( t 1)41.1):  2 ( t2  \ -(221 / dt3 dt2 dt i 	 )g „ ft kt 3) dt3 dt2 dt i  

+ fo t  foil 1O'2 fo t 3  g112 i(t1)4 1), , 2(tdgl,),, 3(t0413),(t4 ) dt4 dt3 dt2 dt i  
— fot foil  fo t2 fo t3 (i3-  c, a  i(t i):6 „,,,2(t)13,, v3 (011,, 38(t4)),dt4 dt3 dt,dt i  
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▪ fO t  fo t  1  L S  2  f o t  1  (11  µi (t 1)B u 142(S ff „ 3(S 3)) c(13-  30(t 2)) at2as3as2dti 

fo t fo ti  fo to  fo t3 (ii„,,l (ti»,(i31,„(toi3,,,,, o(tg,„(t,», dt4 dt3 dt2 dti  
+ fo e fo t, fo t, fo ty (fia i(ti)fig 2(S 2 )) c <fig 3(t2)/7„ 3 8(S3)) c  dS3 dt2 dS2 dtl 

▪ fo t fo ti  fo t2(j3-'cip i(ti)iigig 2(S2))c(i3-4243 (t2))c(11 43/3(1.3)),dt3dtzdszdti 
±jo t fo t 1  fot2 Ito 

i g 2( t2) 110 3 (S3))c(flo33(t3)), dt3 dS 3 dt2dti 

+ lot fo 01  fo t3  f0 03 	p. i(ti))c(fig im 2(t2))c(1-4 m 2g 3 (t3)B µ 38(4)), att at,at,ati  
fo t f .0 0, r t2 t 

fc, 3  (fIce„(t1))c(filLiu t2))c( 13-11 2A 3 ( 1-3))c( 34 3 3( t4))0 dt4dt3dt2dti. 

Especially notice the limits of integration in several of the terms which contribute to the third and fourth order 
expressions. By successively inverting these equations we get expressions for the cumulants in terms of the ordi-
nary stochastic averages: 

fo t  (iga gt I), dt i  = fo t  (:6,,e(t1)) dt1 , 

fo t 50 01 03-c, u cto 	dtz dt, 	ft fo ti (IL p(t0i3  8(t2)) dt 2 dtl — ft: 50 01 (ffc, u (t i ))(B-,,,(t2)) dt2 ati , 
fot fo i l  

cid 41 ( 	imz (tdioi„ 20(t3 ))c  dt 3  dt2dti 

= fo t f001 f0t2<k,e1(ti)fl„„(t)fim2,3(t3))at,atzati— 
fo t ft1 r t J 0  (B a 41(4) A, 1, 2 (S 2)) ( 1-3-  425(t2)) dt2dSzdt1 

_ Jo ' foti fo t2(17„,,,(0)(14 ,„2(t2)1§ 42,(4)) at, at,at,+ fot  fotl  f0 t1 (B c,„(ti))(1 	2(t2))(B„5(t3))at,dt2dt i , 

fo t 1t1 102  fo t 3  (IL A 1 ( 1-1)i3-4 2(t) 174 24 3 (  t3) 174 30(t4))c at, dt3  dt2  dti 

= fot f0 i 1  /0 02  fo t3 	1 (4)hA IA 2 ( t2) 144 21, 3 ( t3)K, 3104)) at,at,at,ati  
fo t fO t 1  Ls 2  (.01 	 " Yob i (t OD 4  ig 2(S2) -D 4 2 12 3(S3))(Eur  3102)) dt2 dS3 dS2 dtl 

fot1  fo q i0 010c-i(toiLv., ,(soxii.24,(s3))(13 ,, 30(t2))dt2ds3ds2dti 

+ lo t fpt
l  fo so fo ti (Fic, „(to)(i§,„ 2(soi3-u 3 (s3))(§,, o(t2)) at,as,asz ati  

fo t fo t 1  fo t 1 f0 
	aµ1„„ i (t 0)(fi 	2(s 2))(13” 2. 3(s3))031,0(t 2)) dt2  dS3  dS2dt 

— 
for fo c i fo tz f0 03 (11„,, i (to)(ff,,,, 2(t2)ilme3 (t 3)ilu38(t4 ))at4 at3 at2 ati  

— lo t 1;ti fo ti  fo t2  (ge, 1 (4)114 z(S2))(ffi, 2e 3 (1.2)fiA3,3(S3)) dS3 dt2 dS2 dt1 

+ lot fot fo tl  fo t2  (iicoL 	2(S2)04 2µ  3 (t2)13-4 30(S3)) dS3 dt2 dS2 

(13) 

(14) 

Again, especially notice the limits of integration in 
several of the terms which contribute to the third and 
fourth order expressions. By studying the special cases 
in which either B(t) commutes for unequal times, or B 
is time independent, it may be shown that (14) reduces 
to (8), and (13) reduces to (7). It should by now be clear 
how to obtain the higher order cumulants for B(t) when 
it does not commute with itself for unequal times, even 
though the expressions become quite complicated. 

THE GAUSSIAN PROPERTY 

Throughout this discussion of the Gaussian property, 
it is convenient to invoke the condition that the averaged 
value of B(t) is zero. This simplifies considerations 
without loss of generality, as was explained at the be-
ginning of the last section. The analogous condition for 
X is that (X)= O. 

Suppose that X is Gaussian with averaged value zero. 
Then it is known that the moments of X satisfy°  

((
i) 2m -.1)  = 0 for m= 0, 1, 2, • • • , 	 (15) 

((fC) 2m)= lx 3x5x • • •x (2m — 1)((1) 2)rn for 711= 1, 2, • • • . 

If we return to (8) we see that 

(k)c = 0, ((k-) 2),= ((X' 2), 
(16) 

J. Math. Phys., Vol. 15, No. 9, September 1974  

((ir) c  = 0, ((X)% = 0. 

The last result follows from the cancellation of the two 
nonvanishing terms: ((X) 4) and — 30-6 2) °, as may be 
seen using the second equation in (15). It may be proved 
generally that all cumulants of order higher than four 
also vanish. The proof may be performed by the method 
of induction. We assume it is true that except for the 
nonvanishing, second order cumulant, all cumulants up 
to and including order 2m for m > 2 vanish. We shall 
now show that cumulants of order 2m + 1 and 2m + 2 also 
vanish. 

The cumulant of order 2m +1 will be expressible as 
an expansion in terms of the moments of X up to order 
2m +1 as is indicated by (8). The leading term will be 
((X) 2' 1) which is zero according to (15). All other terms 
in the expansion will involve products of lower order 
moments in which at least one factor is an odd order, 
lower than 2m +1 order moment. By (15), such moments 
vanish and we conclude that ((X) 2'.1),== 0. 

The consideration of the cumulant of order 2m + 2 is 
best pursued using the relationships given by (7). These 
relationships show that ((X6 2'2) may be expressed in 
terms of cumulants of order less than or equal to 2m 
+ 2. The Gaussian properties given by (15) show that 
((1) 2'2) is nonvanishing. Its expansion, according to 
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(7), in terms of cumulants begins with ((i) 2'2)c , which 
we wish to compute, and involves other terms, each of 
which is a product of lower order cumulants. By 
hypothesis, all lower order cumulant, except the second 
order and 2m +1 order cumulants, vanish, and we have 
already seen that the cumulant of order 2m + 1 also 
vanishes. Therefore, all products vanish except the 
single term which is the product of m + 1 second order 
cumulants. Therefore, it follows that ((X) 2m42)=((2) 21"2)c 

C((.27) 2),""1  where C is a coefficient which has to be de-
termined. Looking at (6), it may be seen that the 
((5) 2),'" 1  term comes from the m+ 1 term in the expan-
sion of the exponential on the right-hand side of (6). 
Such a term has a factor of 1/(m +1)1 associated with 
it. Each factor of ((-k) 2)c  has associated with it a factor 
1/21 as is directly evident in (6). Therefore, (()0 2)7+1 

 will have a factor, overall, of [Om + 1) 1](1/21)" 1 . 
This must be multiplied by (2m + 2)! to get C as a re-
sult of the 2m + 2 fold differentiation of X 2'2 . Conse-
quently, C= (2m + 2)1/(m + 1)! 2' 1 . Using (15), it is 
seen that ((X) 2m+2) = 1 x 3x5 x • • •x(2m + 1)((k) 2)""1 . 
Therefore, 

(06 27"2), lx3x5x • • -x (2m + 1)((i) 2)m.1  

(2m + 2) 	- 2 u3e)  
- (m + 1) 1.2' 

=0 	 (17) 

since ((g) 2)=((i) 2),. This completes the proof. 

The conclusion is that if X is Gaussian, with aver-
aged value zero, then 

(exP[1])= exig(Y) 2)] 	 (18) 

which is especially simple. The cumulant expansion re-
duces to a single term! 

Before attempting to generalize this result for con-
sideration of stochastic matrices which do not commute 
for unequal times, it is worthwhile to observe that if 
X is replaced by a scalar, time dependent stochastic 
quantity, F(t), then the Gaussian property again leads to 
great simplifications. We make this digression in order 
to point out that time dependence, per se, does not 
lead to complications. The complications which will 
arise in our discussion of stochastic matrices, which 
depend upon time but which do not commute for unequal 
times, come from the noncommutivity. 

Suppose P(t) has averaged value zero, and is Gauss-
ian. It can then be shown that e  

(exp[fo t  P(S) dS]) = exp[z fo t  fot (p(s 1 )p(s2))ds,ds2l. 

(19) 

Equation (19 1  ' -he time dependent generalization of (18) 
for a time-dLgendent, scalar, stochastic process. 
Again, the cumulant expansion reduces to a single term. 

The generalization of this result to time-dependent 
stochastic matrices which do not commute at unequal 
times cannot be made. The Gaussian property for B(t) 
is expressed by 1  

(AL pl(t1) • • • -13.1.2..1112m+1 (t 27,34.1 )) = 0 for m = 0, 1, 2, " • , 

(20)  

(Bu lvl(t1) 	ill'2mv2m(t2m)) = 
2mni 

>< >"; 	(ffill,(2./-1)'',5(2J-1)(4(2i-1))fii,o2j)vp(2,0(tp(2i))) 
P7S 2. 1=1 

for m = 1, 2, • • • , 
where l s2m  is the sum over all permutations p in the 
symmetric group of order (2m)1, S2.. Even though we 
can think of a Gaussian B(t) in the sense of (20), the 
Gaussian property alone will prove insufficient for the 
reduction of (9) to a form analogous with (18) or (19). It 
is necessary that B(t) be Gaussian and purely random 
in order to write 

(T exp[ fo t  (S)dSb= T exp{ lot  fotict(to.,..5(t2))dt,dti l. 
(21)  

The purely random property is defined by 1  

(ii„,3(t)ii,„(S))= 2Q,0,,,„ (5(t — 	 (22) 
in which the time delta function characterizes the purely 
random property. Defining R,„,3  by R 	dfle a 8013, wherein 
summation over B is implicit, Eq. (21) becomes 

exp[fo t  11(S) dS]) 003 = [exp(Rt)] « , 	 (23) 

which is especially simple. We shall now proceed to 
demonstrate why Gaussianness alone is insufficient for 
the justification of (23) or (21). 

That Gaussianness alone does not result in the vanish-
ing of all but the second order cumulants of B(t) may be 
seen by studying (13) and (14). First of all, because 
(BM) = 0 is assumed, the expressions in (13) and (14) 
simplify greatly. We get immediately 

fo t  (& 8(t i )), dt i  = 0, 

fo t fo t i 	„,,,(4).13-,,. 2(t2))c  dt2 dt, 

= fa t fo ti (11„,, (to fi,,,(t 2)) at, dt„ 
	 (24) 

fot fo ti fo t2(i3au1ctok iu2(10/1, 28(t3)),dt3 dt2 cit 1 =0. 

Differentiation of these equations with respect to time 
leads to equations for the integrands. Difficulty arises 
with the fourth order term. From (14) we get 

J'ot 
 
lo tl lo t ' fo t3  (14„,,,,(ti)fiu,. 2(t2)-g. 2. 3 (t3) 1c 2s(t4)). 
x dt4  dt3  dt2 dt, 
▪ fot 

fOtlfot2 
 fo t 3 (13-.4  i (ti)figv,  2(4)fi t, 3 (t3 ). -13-  ,, 38 (t4)) 

x dt 4 dt3 dt2 dti  

- fot fot' fOtl fot 2 0-..i(toil.,.2(s2)) 

x (1-3-„ 2„ 3 (t2) 	36(50) dS3 dt2 dS2 dti . 	 (25) 

It can be seen that this is nonvanishing if 13 (t) is not 
purely random by considering the special case in which 

(:13 0, s(t)i3,,,(S))= 2Q,03 „yo(t 	 (26) 
wherein cp(t — S) is not a delta function, but instead is 
nonvanishing for nonzero values of It—SI. For example, 
49(t — S) may be proportional to exp(— alt—SI). Using the 
two symmetries C oco,,.„= Q„ and co(t — S)= cp(S — t), 
the Gaussian property, as expressed by (20), leads to 
the following expression for (25): 

JO 0 	0 	0 	a Al I glg2 2 	z" 3 3  438 4 c  f t  f f t2  f 	(t )11 	(t )/3.- 	(t )ff (t )) 

X dt4dt3dt2dti 
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— 
4 f fo t1 Lt2 J o t a) cp(t, — t 4) 

(20i µ l µ 2 µ 3 (24 1, 2u 3 13 (19 (4 — 1.3) (P(t2 	t4) 

+ Qc,„ 1A3,3 Q„ IA 	3 y9(t 1  — t 4) cp(t a  — t 3)} dt 4  dt3  dt a  dt 1  

— 4 Jot  fot 1  Lti fo t2 Q„ „,,,,„ 2Q, „ 3„8 c9(ti — S a)cp(t a — S 3) 

x dS 3  dt2  dS 2  dt 1 . 	 (27) 

The factors of 4 come from 2 2  as indicated by (26). The 
negative term is the negative term in (25) replaced by 
(26). The three preceeding positive terms are the m = 2 
case of the second equation in (20). There are 24 permu-
tations to sum over, but only three distinct terms occur 
as a result of the two symmetries mentioned above. On-
ly the first positive term in the right-hand side of (27) 
contains a matrix expression which matches the matrix 
expression of the negative term. The other two positive 
terms cannot be cancelled out at all! However, if 
cp(t — S) = 6(t — S) then study of these extra two terms will 
show that their integrals vanish as a result of the time-
ordered upper limits of integration, 7  and the remaining 
positive and negative two terms will exactly cancel! 
When co(t—S)* 6(t— S), the above vanishing of integrals 
and cancellation of nonvanishing integrals fails to occur. 

That the purely random property ultimately leads to 
(23) will not be proved here since it has been proved in 
another paper. 1  However, here it has been shown that 
without the purely random property, already the fourth 
order cumulant will not vanish for time dependent 
stochastic matrices which do not commute at unequal 
times. Consequently, the cumulant expansion will not 
truncate to a single term, but will involve all even 
order cumulants. Thus, no real simplification is 
achieved using cumulants. 

APPROXIMATION PROCEDURES 

Various physical problems involve computation of a 
quantity of the form 

KT exp[ fo t  0(S) dS]), 	 (28)  

wherein 0(S) is an operator parameterized by S, which 
may or may not be the time variable, and ( • • -) denotes 
some kind of averaging such as a canonical average 
over some or all of the variables 0(S) depends upon, or 
a ground state expectation value, or some other "aver-
aging." Many times one sees in the literature the in-
troduction of cumulant techniques in order to handle the 
computation of (28). Often it is argued that to good ap-
proximation 0(S) behaves as if it were Gaussian, and 
then the cumulant expansion is truncated after the sec-
ond cumulant. However, the validity of such approxima-
tions also requires that it be demonstrated that to good 
approximation 0(S) behaves as if it were also purely 
random. Then, and only then, the truncation of the 
cumulant expansion is a good approximation. 

One application of this kind of approximation proce-
dure in which both Gaussianness and pure randomness 
were considered has been presented by the author in 
another paper. 6  
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Physical applications of multiplicative stochastic processes. III. 
Nonequilibrium entropy 
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It is argued that the expression — K e Trace Kp(t)> In<p(t)>], which appears in a stochastic 
treatment of the dynamics of the density matrix is indeed the nonequilibrium entropy. The reasoning 
involves consideration of the time evolution of the free energy for a relaxing magnetic moment in a 
fluctuating magnetic environment. It is shown that the II theorem, and the monotonic decrease of 
the free energy, as described by Pauli's master equation can be generalized to the full density matrix, 
at least for the case of magnetic relaxation, which requires the presence of off-diagonal density 
matrix elements. 

INTRODUCTION 

In this paper, we shall argue that the expression 

Ka Trace[(p(t)) 1n(p(t))] 	 (1) 

is indeed the entropy for nonequilibrium behavior in 
quantum mechanical systems. Previously, it has been 
shown that H(t), which is defined by the above expres-
sion without the -Ks , is a monotonically decreasing 
function of time.' However, it was not argued that H(t) 
leads directly to the entropy. Such a connection re-
quires a consideration of the physical quantity heat and 
its relation with the above expression. In this paper, it 
will be shown, in the special case of magnetic relaxa-
tion, how experimental verification of such a connection 
could be achieved. 

The contention that thermodynamics quantities can 
have meaning in nonequilibrium situations requires 
support. Here, we will explicitly write out expressions 
for internal energy, entropy, and free energy which are 
assumed to be valid for nonequilibrium situations. We 
shall proceed by establishing the close relationship be-
tween these expressions and expressions found in the 
earlier literature on this subject. It will be seen that 
such expressions can be reasonably interpreted as non-
equilibrium thermodynamical quantities. 

The mathematical context for these ideas is given by 
the stochastic SchrOdinger equation 2  

i—
d 
dt C (t) =Maa  •Ca ,(t) +11/1 aa ,(1)Ca ,(t) 

in which Ma„,•and /17/a „,(t)=/14:, a (t) and /17/a„,,(t) 
is a purely random Gaussian stochastic Hamiltonian. 

The corresponding density matrix equation is 

d 
 dt p

as(t)=- — iL asa  , s ,p„,s ,(t) — 2fc, aa , 6 ,(t)N. 8 ,(1), 

in which pa,(t) 0(t)c3 (1), 	6,, a ,Maty — 6, 30 ,M:a  „ 

and Laaa ,,,(t)= 	,7141313 .(t) - OBB .M:c,.(t). The stochastic 
average of (3) is 

—dt (Pc, '3 (t)) = - iL. a. ,(Pa 9, (t)) - Rao. ,  tv(P. ,a , (t)), 
	(4) 

in which Ra8„,s , is given by 

Rana •a• = saa •Q sea. + oas•Q 	— 2Q 
	

(5)  

wherein Qco,,,,s, is determined by the second moments 
of Maa ,(t), 

(Sto(t)Aos ,  (s)) = 2Qa wo ( 1  - s). 
	

(6) 

The (pas (t)) in (4) has been used in 

H(1) E Trace[(1 (t)) ln(p(i))1 
	

(7) 

to prove that 

7-it  H(t) < 0, 	 (8) 

which is an H theorem for quantum mechanical sys-
tems.' This H theorem differs from previously publish-
ed H theorems for quantum mechanical systems which 
instead show that if, at I = 0, (p„0 (0)) has no off-diagonal 
matrix elements, then H(1) < H(0) for t 0. 3  However, 
for s > 0 as well, it can not be decided whether or not 
H(s)>H(t) when / >s. Therefore, the H theorem given 
by (8) is much stronger, and closely related in form to 
Boltzmann's original H theorem for classical gases. 4  

If we now shift attention to consideration of a subsys-
tem in contact with a heat reservoir, we can get an equa-
tion for the time evolution of the subsystem alone, which 
is 5  

cT (1) , j(t)) = - i(E, - EXP,;(0) - 	p(P AO), 
	

( 9) 

wherein T iii , j , satisfies a detailed balancing condition 
given by 

Tiji , j , = Tt, i ," exp[- (1/2KB  T)(E i +E;  - Ei • - E1 ,)]. 

(10) 

In (10), T is the temperature of the heat reservoir. The 
interaction between the sybsystem and the reservoir 
has been assumed to be an energy conserving, stochastic 
interaction which leaves the reservoir always in equili-
brium while the subsystem relaxes. The T o ,, j , comes 
from the average over the stochastic interaction followed 
by a trace over all reservoir states. Equation (9) has 
been used to show, for the case of magnetic relaxation 
by a spin z  magnetic moment in a fluctuating magnetic 
environment, how the Block equations are rigorously 
constructed, 6  In general, Eq. (9) with (10) leads to the 
canonical equilibrium density matrix asymptotically in 
time. 

(2) 

(3) 
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H(t)Z_).13a (t)lnP,„ (t) 
a, 

is montonically decreasing, as is readily seen from 
(11) by 

v--. d 
—
d 

H(t) = — P (t)lnPa (t) 
at 	at 

=EL [wcoPi3(t) — w,,,P„ (t)]1nP,,(t) 
a 13 

LL wc, o [P,(t) 
a 

=ILE woo [Pa(t) 
a 

- Pa (t)]ln
P„(t) 
 paw  

P„(t)] lnPa  (t) 

EARLIER THEORIES 

The Pauli master equation 

Pa (t)= 	[w„,P,(t) — WoaPa (t)], 	 (11) 
dt 	a 

in which Wco= W80, and 1,17,0  >0 for a 03 has been used 
as a model for nonequilibrium thermodynamics. The 
Pa (t)' s correspond with the diagonal density matrix 
elements: Pa (t)=Na (t)). Pauli's equation does not in-
clude off-diagonal density matrix elements. Its original 
appeal stems from the fact that 

condition, we get 

d 	d F(t) - —P
" 

(t) Ea + TKB  —P (t)lnPa (t) dt 	a  di 	 ,v  dl 

—22,2_;[T 	,(t) — T atx ,„(1)1k, 

TKB LEP'  a 131f)  a(t) — ToaPa (t) ] 1nPc,(t) 
a 

2,2j [T,v ,P,(t) — ToaPa (1)1(Ea  - E8) 
3 

(12) 

p  + Tic,1 2_,22, [T„,P 8 (t) — TaciPc, (0] in
a (t) 

a a 	
paw  

i 	T oa  , , 
n 

Pa(t)  TKB.E[T,--, 	p (t) — T pc,(t) i in -7, -- -r  i pa  (t) = 	La 	pea 13 	13ci 2 a  0 	 a$ 

-_,- 
TK

B 2_, --, 2_---, 	 13T  cePce(t) , Mop, (t) — T oaP a (1)] 1 
2 a  $ 	 nTaoPo (t) 

0. 	 (13) 

To prove (13), we used Was  = WIR, and 1,,P c,(t) =1 for all 
t. The identification of -KB H(t) in this case with the 
entropy is very natural because the microcanonical equi-
librium distribution for the probabilities, Pa", as deter-
mined by equilibrium statistical mechanics, is 

Pr =1/N when a -=- 1, 2, • 	N. 

Consequently, 

N  
- KB E pr inpr  = Kg

‘ 
 1nN 

a 	 a=1-" 

or 

S — S 0  = KB 1nN. 

This is the Boltzmann-Planck formula for the entropy, 
S - S o , when there are N states, each equally probable. 
Thus, Pauli's formula for -KBH(t) surely gives the 
correct nonequilibrium expression for the entropy. 

There is more appeal to Pauli's equation then this. If 
we again consider a subsystem interacting with a heat 
reservoir, Pauli's equation becomes 

P (t)=EM,P,(t) — T oaP a  (1)] 	 (17) 
dt 

in which Tao = T exp[- (1/KB  T)(Ea  - Es )] is the detailed 
balancing condition.' It is therefore natural to take for 
the free energy the expression 

F(t) = 2_,Pa (t)Ea  + TKB 2_,Pa (t)lnPo, (t) 
a, 

since the first sum is surely the internal energy, even 
in nonequilibrium situations, and the second sum is the 
negative of T, the temperature, times the nonequili-
brium entropy. Using (17) with the detailed balancing 

0. 	 (19) 

Thus, the free energy monotonically decreases to equi-
librium, as it should. 

The identification of - KB H(t), in this case, with the 
entropy is again very natural because the canonical 
equilibrium distribution for the probabilities, P a'', as 
determined by equilibrium statistical mechanics, is 

Pr= (1/Q) exp(- Ea  /KB T) 	 (20) 

where Q ,--- Za  exp(- Ea /KB T). Now, note that 1nPr 
- lnQ - (1/K B T)Ea . Consequently, 

- KB  2_,Pr 1nPr =KB  1_,Pr lnQ + (1/T) 2; =':°E,,, 
a 	 a 

=KB lnQ +(1/T)U, 	 (21) 

where U is the internal energy. In addition KB lnQ is 
- (1/T)F, where F is the Helmholtz free energy. So we 
have 

— KB Lpr hip,7  - (1/T)F + (1/T)U 	 (22) 
a 

Or 

S= — KBLprinPr, 
a 

where S is the entropy. Thus, Pauli's formula for 
-KB H(t) surely gives the correct nonequilibrium for the 
entropy. 

The shortcoming of this approach is that restriction 
to diagonal density matrix elements only is physically 
unrealistic. In the case of magnetic relaxation for the 
spin z  magnetic moment, we need the full density matrix 
because the off-diagonal density matrix elements give 
rise to the transverse relaxation of the magnetization.' 
The diagonal density matrix elements only contribute to 
the longitudinal relaxation. In general, even though the 
equilibrium density matrix will be diagonal only, the 
nonequilibrium density matrix will possess off-diagonal 
density matrix elements. Equations (9) and (10) are the 
generalization of Pauli's equation (17). 

(18) 
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FULL DENSITY MATRIX TREATMENT 

We argue that the natural analog of Pauli's H(t) is 

TraceRp(t))1n(p(t))], 	 (23) 

wherein the logarithm of a Hamiltonian matrix is de-
fined through its diagonal representation.' Equation (23) 
reduces to (22) when (p(t)) takes on its equilibrium value 

(p ii (t))— (1/Q)50  exp(- Ei /KB T) 
t 
	 (24) 

in the case of a subsystem in contact with a heat reser-
voir. It has already been proved that H(t) as given by 
(23) for an isolated system is monotone.' We shall now 
show, for the case of magnetic relaxation, that 

F(t) 721, (p ii (t))E + TK B  Trace[(P(t)) 1140 (t))1 	 (25) 

is also monotone when (p ii (t)) satisfies (9) with (10). 
This theorem appears to be difficult in general, so we 
shall give a proof for the magnetic relaxation case only. 
Equation (25) is clearly the natural generalization (18). 

MAGNETIC RELAXATION AND MONOTONICITY 

For a spin 2 magnetic moment, i and j in (p ii (t)) take 
on only two values. Therefore, (p ii(t)) is a 2 X 2 
Hermitian positive definite matrix. The values for 
Tiii , j , can be worked out and are 6  

Toli  = 2Q1` + 2Qz , 

T iiii = 0, i* .j, 	 (26) 

Tiiii  = 	(1/QR) exp(- E i /KB  T)], 

T iii; =- 4Qx ''(1/QR) exp(- Ei /K B T), i 

where QR = exp(- Ei /KB T) + exp(- E2/K B T) and 	and 
Qz  are the second moment correlation strengths for 
transverse and longitudinal magnetic fluctuations in the 
magnetic environment. To get the time derivative of 
F(t) in (25), we proceed in the following way. 

(p(t)) has two eigenvalues given by 

X., =1 ±11/1 - 4 det(p(t)). 	 (27) 

The positive definiteness of (p(t)) restricts the determi-
nant so that 1=.  det(p(t)). Equivalently, A, are both posi-
tive eigenvalues, and it is clear that A, + X_ =1 as should 
be the case for the eigenvalues of a density matrix. The 
entropy term in (25) can be written as 

TKB  Trace[(p(t)) ln(p(t))1= TKB (A, lna , + ink) 	(28) 

since the trace is invariant under a unitary similarity 
transformation. Moreover, A., + X_ =1 for all t implies 

that (d/dt)X,=- (d/dt)X_. Therefore, 

 dt F(t) = El —dt 
(P11(t))+ E2 

dt
(P22(0) 

	

+ TK B (c—itd  X) 111 21.x= . 	 (29) 

Similarly, (Pii(t)) ±(P 2(t)) — 1 for all t so that 
(d/ dt)(p ii  (0) = - (d/dt)(p 22 (0). Therefore, 

d 

	

eF F(t)= (E, - E2) (pii(t)) 	+ KB  T6 x ,(t) 	
XX) 

 1nx.  . 	(30)
dt  

To get (d/ dt)A.(t), we find 

—
d 

  A,(t) = .1[1 - 4 det (p(t))]-1 /2[ 4 dt det(p(t))] 

Using (9) and (26), one gets 

dt 
det(p(t)) 

(t)n)(1322) (Pii)(1322) - (P12)(P2i) - (Piz)(1 ) 21) 

=- 4Q'''(1/QR) exp(- E2/KBT)(Pii)(P22) 

+4Qx , Y(1/QR ) exp(- Ei/KRT)(P22) 2  

- 4Q'''(1/QR) exP(-Ei/KBT)(pii)(P22) 

+ 4Q r ' 9(1/QR) exp(- E2/KB  T)(Pii) 2  

+ (2Q"'9 2Qz)(0312,420 (P12)(P21)) 

=4(QX'5 QC )(1912)(P21) 4QX'''(P1.1)( 922,) 

4Q X ' 51(1/QR) exp(—  El/KR T)(P22) 2  

( 1 /QR) exp(— E2/KRT)(P11) 2 1 

=4(QX'Y QZ )(P12)(1321) --  8QX'9((p11)(1322) 4Q X.9(PIA)(1322) 

4 0(ce' Y [(1/QR) exp( —  Ei/KR T) (P22) 2  

(1/QR) exp(- E2/KB T)(19, 1 )2 1 

= 4 (Q x ''+O(P12)(P21)- 8Q''''(Pii)(/322) 

+ 4QX' Y (1 /QR) exp(- E i/KB  T)(/322) 

+4Qx,9 (1/QR ) exp E2/KBT)(Pil) 

since (1/ QR ) exp(- Li/KBT) + (1/QR) exp(- E2/KBT)= 1 

and (PIA) + (P22) =1. 
Again using (9) and (26), we get 

(E1 - E2) dt (Pn(t)) 

E 

	

= 	E2)4Qx 	[exp 	kit?) (P22) 

	

- exp K T J (P11)]. 
	 (33) 

Therefore, 

(31) 

(32) 

 dt F(t)= (El  - E2)4Q x  ' Y  Pcp - KiE3 17, (p 22)-'exp (- KBO(Pii)] 

K T 
{4(Q X ' Y Qz)(P12421) 84r.'9(P11)(P22,) 4Q'''(1/QR)[exp(- Ei/KBT)(P22) exp(- EB/KBT)(Pii)l}  Ax:  

B — 

1-4c -1—Ca-WI-TY 
To see monotonicity in (34) we must express various of the terms in different form, using 3 = 1/K B  T 

QR 
[exp(— E2)(pii)— exp(- 8E0022)] -= 

( 1/QB )[ exp(- E2)(Pii) - exp(- 13 E1)(P22,)1((Pii) - (P22))  

((ph) - (P22)) 

(34) 
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(1/QR )[exp(- 0E2)011) 2  exP(-  0E1)022)9 -  011)022)  
(P11) -  (P22) 

(1/Q R )[exp(- 0E2)(011) 2  +
1 
1)022)) + exp(- 0E1)(022) 2  + 022)010)1 - 2010022) 
011)- 022) 

(1/QR)[exp(- 0E2)010+ exp(- 0E1)022)1- 2011)022)  
011) - (P22.) 

Therefore, 

(E1  - E2)4Q x ' 9(1/QR)[exp(- 0E1)(P22) - exp(- Ez)(pa)] 

=KB T 
[4(er Y(1/QR)(exp(- RE2)(Pii) + exp(- 0E1)(022)) - 8QI'''(p11)(P22)] 

 In exp[- 0(E1 - E2)]• 

Consequently, 

dt 
F(/) =- Kg T (11(2''' (&LexP(— E 2 )(P11) exP(— Ei)(p2 2)) 

I 	1 	texp(- Ei)\ 

8V.9(19")(1)22) koii) - (p.) l'Aexp(- 0E2)) 

1  
ln 

X
- + 	

- 4 det(P(t)) X) 

011) - (P22) 

111-=-X+ 111 0°122i)) 

(35) 

(36) 

r _ (1922) (45)  
(Pii) 

(46) 

kdditionally, 

X 1-  r(1 + 012)0 210'91  /2  < 1  
± r( 1 +012)02t)/r2) 1 " 

since the numerators satisfy z  - r(1 (p12)(p21)/12)
1 /2 

- r while the denominators satisfy z  +r(1+(p 12,)(p21)/ 
+r. Consequently, we get ry /2 -2-  

1 	X 
+ K T4 (Qx° +(e)(1912)(P21)    ln - 

V 1- 4 det(P( 1 )) X + 

(37) 

From (27) it is seen that 

V 1 - 4 det(p(t)) = X. - x_. 	 (38) 

The second summand in (37) is, therefore, 

K, T4(Q' Y  Q2)(p12)020[1  /(X., - X_)] ln(XIX.) 0. 	( 9) 

If the first summand in (37) is also nonpositive, then 
we will have monotonicity. To see that this is so, we 
first note that 

1  
In 

X- < 	1 	022) 
X. - X_ X+ (P11) - (P22) (P11) 

The proof of (40) requires writing (p a) and (p22) as  

010-12 +r and (p22)=-1- r, 	 (41) 

where r is positive. This means, of course, that (p a ) 
(p22). This does not limit the generality of our proof 

because the situation 022)1'  (pa) can be treated in a sim-
ilar manner, using on the right-hand side of (40) the ex-
pression [1/((p 2a) - (p11))11n((p11)/(p22)), which is in fact 
equal to the right-hand side of (40). Therefore, we pro-
ceed with (41) with 1.  r 0. Now, from (27) we see that 

x±  -_-1±*1/ 1- 4(010(p22) - 012)(P2D 

- 4(+ - r2 	2)(p21))] l
/2 

 

=-1±r(1+ (1912)021)/r2 ) 1  /2 . 
	 (42) 

Consequently, 

- = 2r(1 012)021)/r2 ) 1  /2 2r= (NO - <1322) - (43) 

Equivalently, 

1/(X* - X..)- 1 /((11) -  (P22)) 
	

(44)  

since the logarithm is a monotone function. Together, 
(44) and (46) prove (40). 

In (37) the first factor of the first summand can be 
written as 

K B  T{4Q'' 9(1/QR)[exp(- 0 Ed 011) + exp(- P-E1)022)1 

- 8Q I '''(1911)022)} 

= KB T4Q r  ' 9(1 Q R)[exp(- PE2)(Pii) 

- exp(- Ei)022A(Pii) - 022)). 
	 (47) 

as is seen from (35). Therefore, for the first summand 
in (37) we get 

x [
1 	In  fexp(- 	+ 	1 	X_ -1 

011)- (P22) kexp(— E2)) 	X_ n  T. 

K,T4Q''' 	[exp(- E2) (p11) - exp(- ) 3 E1)(P22)] 

(exp(-0E1 )\  +1  022)1  [ln 
eXp(

- 3E2)) 	n  (P11) J 
x 

= K B T4Qx ' 9  Ti  [exp(- (3 E2) (p ii ) - exp(- )3E 1 )(p22)] 

E (P22)1\ < 0 x (Inr(-P 
	

(48) exp(- E2)(pii) - 

The first inequality in (48) follows from (40) while the 
second follows from its form, as was the case in (39). 
Together, (39) and (48) prove 

(49) 

With the full density matrix for this magnetic relaxa-
tion problem we have been able to parallel the Pauli 
master equation picture described by (19). One can then 
begin to believe that F(i) as given by (25) is indeed the 
nonequilibrium free energy. 

(40) 1  r 	 w 	 \,„ 
ri. /3 	 [ exp(- 	- exp(-  •-'1/ w22/ \Pi 1/ \I-TV 
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EXPERIMENTAL CONFIRMATION 

The principal question is whether or not 

-KB Trace[(p(t)) ln(p(t))] 
	

(50) 

is indeed the nonequilibrium entropy. In (25) the term 

ui Ei (p ii(t)) is surely the nonequilibriurn internal energy, 
so that only (50) remains to be considered. The advan-
tage in using this picture of a subsystem in contact with 
a heat reservoir is that the temperature of the reservoir 
is held constant. Consequently, one can use 

- TKB  Trace[(p(t 2)) ln(p(t2))] 

+ TKB  Trace[(p(1- 1 ))1n(p(4))]= AQ 	 (51) 

as the heat exchanged during the time interval from 1 1 
 to t2 , Equation (51) parallels the quasistatic relation- 

ship dQ = Tds of thermodynamics, and appears plausible 
here because the temperature is constant. Experimental-
ly, one must attempt to measure the heat exchanged 
with the reservoir by the subsystem magnetic moment 
and see if the time course of heat exchange follows the 
time course of 

-TK, Trace[(p(t)) ln(p(t))] 

as determined by (9). Agreement would confirm all of 
the physical assignments for the mathematical expres-
sions suggested in this paper. 

Such an experimental test is perhaps quite difficult in 
the case of magnetic relaxation as described here. Two 
considerations must be made to properly test this the-
ory. First of all, we have assumed that fluctuation cor-
relations are very short lived compared with the relaxa-
tion times. This is evidenced in Eq. (6). For longer-
lived correlations there are reasons for believing that 
the initial stages of relaxation do not show monotonic 
free energy changes until times of the order of the cor-
relation time have elapsed, after which times the relaxa-
tion would become monotonic. 9  Second of all, we have 
treated an isolated magnetic moment in a stochastic 
magnetic environment. In reality this separation of sub-
system and reservoir may not be so clean, or easily  

achieved experimentally. Instead, the magnetic moment 
may have nearby neighbors with which there is systema-
tic interaction as well as having a stochastic reservoir 
interaction. These nearby neighbors can introduce some 
oscillatory behavior in addition to the relaxation and can 
renormalize transverse frequencies. A more sophisti-
cated calculation along the lines given here for the case 
of neighboring magnetic moment interactions, and for 
correlation times of greater length for the reservoir 
magnetic fluctuations may be required before experi-
mental confirmation is possible. 

Within the context described by Eqs. (9) and (10), it 
is also desired to find general proof that the free energy 
as defined by (25) is monotonically decreasing, without 
specializing considerations to the magnetic relaxation 
case. 
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A generalized theory of multiplicative stochastic processes 
using cumulant techniques 
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The rules for the construction of the n th order cumulant for time-dependent, stochastic, matrices or 
operators which do not commute with themselves at unequal times are derived. The results are 
identical with van Kampen's rules. In the Gaussian case, Kubo's concept of a generalized Gaussian 
process is criticized. Under certain conditions Kubo's idea becomes asymptotically valid, while the 
same conditions justify use of the author's earlier delta function theory. A generalized density matrix 
equation is presented and its behavior during the approach to equilibrium is discussed. A finite 
correlation time, s,, does not necessarily invalidate a monotonic approach to equilibrium. 

1. INTRODUCTION 	 vestigate the averaged behavior of the equation: 

In this paper, the author's earlier theory of multipli-
cative stochastic processes,' with its application to the 
treatment of the time development of the quantum me-
chanical density matrix, 20  is generalized. The earlier 
theory was restricted to the consideration of purely 
random, Gaussian, stochastic matrices, whereas the 
theory presented here applies to any class of stochastic 
matrices. 

Following earlier work by Kubo4,5  and more recent 
work by van Kampen, 6,7  cumulant techniques are used to 
achieve the generalization. General rules for the 
construction of the nth order cumulant expressions have 
been published by van Kampen. In this paper a deriva-
tion of those rules is presented, and the derivation re-
quires the introduction of the concept of a time-ordered 
logarithm. The Gaussian property is introduced, but 
without the added restriction of "purely randomness," 
and it is shown that, for stochastic matrices which do 
not commute with themselves at unequal times, the 
cumulant expansion does not truncate to the first two 
cumulants only. While this point has been published 
before,' here it is pointed out that this circumstance 
invalidates Kubo's concept of a "generalized Gaussian" 
stochastic, matrix process. 4,5  By studying a special 
case in which the correlation matrices dampen out ex-
ponentially, it is demonstrated that the Gaussian prop-
erty does lead to the desired truncation, asymptotically 
in time, after all. 

The application of these mathematical results to the 
density matrix is made in the last section. A generalized 
density matrix equation for the approach to the micro-
canonical density matrix is presented. With the Gaussian 
property imposed, the generalized equation asymptoti-
cally approaches the Redfield equation presented ear-
lier.' Moreover, the H-theorem, proved within context 
of the earlier, Gaussian, purely random, theory,' can 
be generalized in some situations which are discussed. 

Because the asymptotic behavior of the generalized 
equations is identical with the earlier, more restricted 
theory, the general theory has as one of its virtues the 
property that it justifies the earlier theory, rather than 
replaces it, 

2. MATHEMATICAL FOUNDATIONS 

It is the purpose of the following calculations to in-  

—
d

a (t)=.4 c„,,, (t)a a, (t) 	 (1) 
dt 

when 

(A„„,(t)) --=M„ a„ 	 (2) 

(A a  (t);48,,(s))= 2Q „ 	 (t — s)+ M 	 (3) 

and there are nonvanishing higher order moments of 
A(t) which will not be explicitly indicated at this point. 
Both A(t) and M are antisymmetric matrices. Repeated 
indices imply summation, and the variance tetratic, 
Q,„,„, 03, (1 — s), is a function of the time interval t — s In 
the earlier, purely random, theory, the time dependence 
was always given by a delta function times a time-inde-
pendent, tetratic variance, Q aa, m, x 5 (t — s ) 1 . That re-
striction is now removed. 

The study of Eq. (1) is equivalent to the study of the 
averaged behavior of 

d
a 

 dt 
° (O,- m 	„, (t) + 	c,„,(t)a (t) 

	
(4) 

when 

(A' 	(t))= 0, 	 (5) 

(t — s), 	 (6) 

and again the higher order moments will not yet be ex-
plicity indicated. 

It is also equivalent, and convenient, to perform a 
linear transformation and work with the equation 

dt b (1)= a a, (t)b a, (t) 
	

(7) 

wherein b « (1) and .ifj„„. (t) are defined by 

a a (t).--- [exp(tM)] «e b a, (t), 	 (8) 

a a, (t) = [exp(— tM)],yaii,,,(t)[exp(tM)1 6. e . 
	

(9) 

It follows from (5) and (6) that 

(Bc„. (t))= 0, 	 (10) 

( t)13„, (0) 

2Q,,,,,, - S )[e XP tik4 )],p,[eXP 	)L ,  
X  [eXP( —  SM)]13v{eXP (SM)L.13' ° 

	 (11 ) 

Note also that the antisymmetry of A(t) and M imply 
through (9) that 
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13, „(t)— 
	 (12) 

The solution to (7) is expressible as a series of time 
ordered integrals: 

b n (t)= Lja 	• • fo 	 - 4 ,  t t, t 2 	t,7-2 

x 	 „n _i ,„,(4,)]dt„• • • dto „, 

= [7.L.  exp(f t t(s)ds)]„, b c,, (0) 
	

(13) 

wherein the n=0 term of the sum is defined to be 
b (0) b 	, and the last equivalence defines the 

time ordering symbol, T. 

The average of (13) may be expressed using time 
ordered cumulants': 

(.22 exp ( ft  B(s)ds)) 

xi§(t,1 14  )_(t,,)),dt„• • • dt,) 

lexpcnifot  G (" ) (s)d.$) 

where G (" )  (s) is defined by 
G(n)(s).fs ft 2.  • • ft n _2ftn .

1 
 di3(s)i§ (t2).  

X B (1-n 	(t„ ))c  dtn  • • • dt2 . 	 (15) 

So far, all that has been done is to define the cumulant 
averages through (14) and (15), and it is necessary to 
find expressions for G (" )  (s) solely in terms of ordinary 
averages of products of B(t)'s if (14) is to be useful. 
This task is the heart of the difficulty with the cumulant 
method, and the purpose of this section of this paper 
will be to demonstrate a general method of solution. 

The method of solution begins with the replacement of 
B(t) by XB(t) everywhere in (14) and (15), The parameter 
A. is an ordinary real number, with respect to which de-
rivatives may be performed, Using (13), (14), and (15) 
gives 

(T exp( fot  Xf3(s)ds)) 

= Eexp(&xn
t 
G'n)(s)ds), 

where A (" )  (s) is defined by 

A in  (s 	j: f3t 2  • • • fetn 	n  Kb (s)i§ (t 2 ) • • • (tn 	n )) 

X dtn  * 	 (17) 

Clearly, Al" )  (s) is the analog, in terms of ordinary 
averages, of Gio(s) which is given in (15) by cumulant 
averages. Now, notice that if (16) is differentiated with 
respect to 7t, n times, and then A. is set equal to 0, the 
first and third terms in (16) give 

dn 

 dXn 	
exp(f itt(s )d) 	= n 	A(n ) (s )ds• 	(18) 

The corresponding quantity which comes from the fourth 
term in (16) is 

d"
T expc 

" 	
Gth)(s)ds) 

dAn 	
Lo =?. 	(19)  

The right-hand side of (19) is sufficiently complicated 
that a special method is required to arrive at an ex-
plicit formula. 

The evaluation of (19) is a special case of the general 
problem of evaluating the nth derivative of a composite 
function which is time ordered. The method to be 
employed here is suggested by Riordan.' Let f be a time 
ordered composite function of the form 

f(X)=ZY(w(X)). 	 (20) 

In (19), y(u) is exp(u) and w(X) is 11. 1 Xnf t G(n ) (s)ds, De-
note (cr/dX")f (X) by f n  (dn dX" )w (X) by u):, and (dVdun)/ 
y(u) by y n . From (20) it follows that 

= (zvoi), 

A= nvoi+ .74Y2 
	 (21) 

f3 = T (way, + 2w2w1y 2  + w 1 zu2y 2  + tvb/ 3 ), 

f4= nv4.17 1+ 3w3w02+ 31.4.Y2+ w1tu3Y2+ 3 w2wiY9 

+ u/Tiv2y 3  + tely 4 ) 

(22) 

(23) 

where IT lim,—n defines a partition of n, and the sum-
mation in (23) is over all such partitions. The values of 
the multiplicities, m 1 , are 0, 1, 2, • • •, Therefore, p 
=- Z7 /m 1  is always finite because all but a finite number 
of the m i 's are zero. The formula given by (23) is the 
time ordered generalization of di Brunno's formula.' 
It may be proved by induction as follows, 

Clearly, (23) agrees with (22) for n= 1, 2, 3, and 4, 
Therefore, assume that (23) is true for n, and it shall 
be proved that it is true for n + 1, Then, by induction, 
(23) is true for all positive n. Using (23) 9  fn , can be 
directly obtained and is given by 

fn4= . E Tr' 	ni 	
1 

{ 
.n — 1.2 (l 1 )rnim, I m1! 

(w I )7n/ (74/ 1 )1^1"y254 } 	(24) 

1, expc .ft fotir  • • • ft„,_2fotn -i 	(t  
i )B(t 2 ). • • 

(14) 

_E ft  r t i  rt2... rt, 2 rtn x„ (tot 0.2 ) • • • 
n =pp jo Jo 	jo 	jo 
x /3(tn _1 )1§(4, ))dt, • • • dt1 

<N 
 

f t 
Li xn A(n ) 

71 .° 	0 

So far, careful preservation of the order of terms in 
these derivatives has been observed because noncom-
mutivity is in general possible, The presence of the 
time ordering operator, Et  however, makes this 
scrupulous observance of order unnecessary because 
Z permits treating the noncommutative quantities as if 
they commuted up until the time ordering is applied.' 
For example, 722w2wiy 2  + ntv2y 2  )= T(3w2wty 2 ), There- 
fore, Eqs• (21) may be rewritten as 

f2 = nvgi tolv2 ), 
is= I(wss'i+ 31v2iv1Y2+ W1Y 3 )) 

J4 = (W4Y1 414) 311) 1Y 2 + 3 WaY 2 + 69-72W1Y 3 + WIlY 4 )° 

These expressions are sufficient to suggest the conjec-
ture that the nth term is 

(16) 	 n!  
fn = 	111  (1!)mon i ! 	P}' where pE 

cum 	 1.1 
(w )rnly  

E . 1 771 
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n!  + E 
E 	 (11)inim,! 0 )rnim 

Jo. 	 1#.1 
4.14 

x
(0 + 1)! .1n21 

! (2U1)m, 
(Iva )nj (11)j +1 )mi +1.Vp 1} 

where pr-- Ern i . 
1 =3. 

The first summation comes from one more derivative 
of y which generates another factor of w„ whereas the 
second summation comes from the derivative of all 
other factors in (23) other than the y factor. It must be 
shown that (24) is of the form given by (23) for n+ 1, 
which is 

To show the equivalence of (24) and (25) the following 
replacements are needed: 

1 	m i + 1 
m 1 1 (m 1 + 1)! ' 

1 	1 

+ 1 )! 	 ((j + 1)1 )m.; +1 -4-(mi.o.  ± 

Using (26) in (24) gives 

(J!)-J 	ri -lj 

1 	
(i +1)1( 12;4+ 1) 

(26) 

(n+1)!  
in  +1= 	 (11 )R 1m- (ivi) 7' 1 Y1,}, 

where 
(25) 	fn.c.= 	E r { fi 	n! (m i +1) 	, 

El.,111 	7 .2  (11-)mirniI(m1+1)! kivtfnitivdmi+lYp+i} 

+ 	 n!0+1)(ma.d+i)  
(tvi)-i(w;  Yni -'(wj .3. )mj .,...3)0 	where pra- m i . 	(27) 

Era/mi.-n-1a 	 0!)"13 -4 (nz i  -1)1[(j +1)11rni *14 	+1)! 

In arriving at (27), m i/m i l has been replaced by 1/ 
(m i  -1)1, and this does not lead to difficulty when m a 

 =0 if it is simply recalled that 

1 	_121 	0 	0 

In the first summation in (2'7) let m 1  = m 1  for / > 2 and 
let 171.,--=ni,+ 1, Then it follows that 

t 	= (m1 + 1) +t 	
I el

lm 1 =1 + no  
Int 	 7=2  

Similarly, in the second summation in (27) let ni l = m i  
for 1=1, 2, • •, but / *j and / 	+ 1, and let r---ni =mi  - 1 
while letting 	 + 1 0  Then it follows that 

tliTi t = Elm !  + j(mi  -1)+ (j +1)(mi 4 + 1) oo. 
toi  

I#;+1 

=tlmi  - j + (j + 1)=n+l o  

In addition, in the first summation in (27) 

p+1.(
Em1) +1=Enii, 

 1.1 	 1=1 

whereas in the second summation in (27) p =f;'. 1 m, 
:=170inz =17. 

These considerations permit rewriting (27) as 

E 	Ekii 	- ( iviY"1.3)/,1 

	

1.1 	) , m,. 

ntriii 

7n 7. 1 

! 	! 
E  Ez{fpi  nt(j+l)r7/501  (w  ).Wilyi} 

Wzi*n+1 

where (28) 
1.1 

Notice that the summations over partitions of n+ 1 are 
not unrestricted, and that the numerators still require 
simplification. Reductions of (28) to (25) requires con-
sideration of two cases. ir/1 = 0 and IT I O 0. In the case 
in which m 1 =0 only the second summation can contribute 
and the summation over j gives 

(j + 1)(172, 4 )=-E jn7/,=n+1 when 	O. 	(29) 
j a2  

Therefore, the numerator becomes n! (n + 1)= (n + 1)1 
and the j summation is gone. In the case in which r71 1 0 0, 
both summations in (28) contribute, and the combination 
of the first summation with the j summation in the 
second summation yields 

n! (r-n- 	j + 	= 

= n! (t PT) = n! (n+1).= (n+1)1. 

n! 	+ j r-n) 
j =2 

(30) 

Consequently, (28) is i dentical with (25). This completes 
the proof of (23). 

The original objective was to find the right-hand side 
of (19) and equate it with the right-hand side of (18). 
Equation (19) may be treated as an example of 

	

(23) in which y (u) 7- exp(u) and w(a) 	fot  G") (s)ds as 
was previously indicated in the discussion of (20). In 
this case, it follows that 

Yn 11.0 — Yn „. 0 = 1 for all n 

and 	
(31) 

w,, 	n! 10  G( "> (s)ds 

Therefore, (23) becomes 

fn 	E T 	 G(i)(s)ds mr} 

n!( f
t 

G( i)(s)d.) „ii} .  
(32) 

4. 1 „ni.n 	1=1.m i lv o  

However, from (16) and (18) it is also true that 

fn x . o =n! lot  A ( " ) (s)ds 	 (33) 

Therefore, it follows that 

A (
n 

) (s)ds - E 	
1=1 m

1 
f 	(s)ds (34) 

0 	 Erizmi=n 	i• 	o 

By explicitly working out (34) through n= 4, agreement 
with previously published expressions, derived by a 
more laborious method, will be reached. 8  

The problem of inverting (34) in order to obtain ex-
pressions for jot  G (n) (s)ds in terms of appropriate pro- 
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w 

ducts of f t  .Ac i) (s)ds is not simple because (34) is 
in

e r t
non- 

 linear 
	
G(1  (s)ds. This problem is the original 

objective and it has so far lead to (34). Its solution is 
obtained by applying the method used to obtain (34) in a 
different manner, as was also suggested by Riordan. 9  
Use of (23) will again be required, although this time w 
and v will be different functions than those used to 
arrive at (34). It is necessary to find the appropriate 
new functions. 

To get (34), use of (16) has been made; particularly 

Exn f t  A (n) (S)dS 
n =.0 	' 0 

t 
-= exp(t 	Go) (s)ds.) 

n-0  t 
= {T exp f B(s)d)). (35) 

Define W(X, t) and R(x,t) by 

W(x, 	f t  G") (s)ds, 
°„ 	 (36) 

R(X, /9 7E f A () (s)ds. 
n_t . 0 

Using (36) in (35) gives 

1 +R(X, t) =1 + 	1 	I {(w(a, t))71. 
na n 

Finally, define R'(X, t) by 

R'(X, 
t) n Twx, 0)1. 

nr.1 TZ. "- 

Consequently, (37) is simply 

1 + R(X, t) = 1 +R'(X, t). 	 (39) 

For sufficiently small X, both R(X, 1) and R'(X, t) can be 
made to approach the zero matrix as closely as is de-
sired. Therefore, it is possible to define a time-ordered 
logarithm by the formula 

ln[1 +R(X, 1)]=_n(_1) i-1 rTuvx,on 

=1„[1+R,(x,1)]. A (_1),-1T.0(x, 

If the matrices in (40) are replaced by commuting 
quantities, then the time ordering operations become 
unnecessary and the series correspond with the series 
expansion for the ordinary logarithm, ln(1 + Xx), which 
is valid for sufficiently small X. Because the X deriva-
tives to be performed will be evaluated at X=0, (40) is 
entirely sufficient, even though it only makes sense for 
sufficiently small X. To use (23) in this case, identify 
f with ln[1 +R'(X, t)]= 	+R(X, t)]. For y(u) in this case 
take: y(u) 	1)1-111ju i , and for w(X) take: w(X) 

t). 

Observe that 

141[1 + R'(X, t)]=-W(X, 1) 
	

(41) 

This remarkable result can be written as 

ln{T exp[W(X, t)]1- =W(X, 1), 	 (42) 

where use of (35) and (36) has been made. The proof of 
(41) and (42) goes as follows: 

ln[1 + R'(X, t)] 

=L(- 1)1--
,   -guy (x; on  

_L(- 1)-11 - T{(t° —1  TIcw (x, f»n)} ! 
_L(- 1) ,-,  - T{CE 	(x, t» ,)} 1 - 	n! 	 ° 

\ 

The last equality follows from the definition of the time 
ordering operator.. 10  It may be expressed by the time-
ordered product of factors which are themselves time-
ordered is equal to the time-ordered product of those 
same factors without internal time ordering." The 
easiest way to see this point is to use the definition of 
T which involves 9 factions." The last line of (43) is 
most easily evaluated after taking the time-ordering 
operator T out in front of the sum over 1. The result is 

ln [1 + R'(X, t)] ---= .12{t (- 1)' 4  (n 1 (W(i f))) ,}. 	(44) 

Now, consider for x positive but less than 1n2. Then 
it is so that 

	

In [1 + R'(X, 19] = W(X, t). 	 (47) 

The time-ordering operator in front of the right-hand 
side of (44) is not present explicitly in (47) because 
W(A, 1) is already fully time-ordered according to (36) 
and (15). This completes the proof of (41) and (42), but 
it must be remembered that the attendant analysis is 
only valid for sufficiently small X, and (41) and (42) 
have not been proved for arbitrary X. 

Returning to the discussion between Eqs. (40) and (41), 
it follows that 

1 	cr L n 
x  -° din1 _ = — ln [1 + R'(X, 1)] ). ,, 0  = —W (X, 1) x.0 

— 	 dXn 

= n1 f t  G( " ) (s)ds. 
0 

On the other hand, the equivalence of In [1. +13/(X, t)] and 
ln[1 +R(X, t)], along with the choices for y(u) and w(A) 
given in the discussion between Eqs. (40) and (41), im-
ply through (23) that 

LL.D .= E Tlii ,- ,,, 	1. ..1(/Irim,! 	i 	-i' 
n!  (ic )rni A, 

i 21 	, .47 

E n  
4- 	

! 	
f 	(s)cls) mi  (_ 1?-1(p _ 1)  

_ 	= 	• 	0 

(49) 

where p = on,. To get (49), the following two identi-
ties were used: 

t C,' 
Li Xnf Ao ) (s)ds) ,=, d 0  

= 1! f
0  t 

 A (n) (s)ds •  

(40) 

(43) 

1.1 	1 ',in! 

e' =1 + 	and
1 
 X" < 1. 

E°   
n=01: 	

(45) 
n- n • 

(37) Consequently, 

1141 + .t X) 	(-1) 1-1 4tI,x). / 

	

\n.tn: 	
(46) 

1.1 

(38) The form of (46) is precisely the same as the form of 
(44) provided X is small enough. Consequently, be-
cause ln[1 + IZi (l/nI)X"]=1n(ex)=X, it follows from 
(44) that 

(48) 

A.0 

X = 0 

(50) 
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and 

- o 	( 
(.-

1)1-1 M n.. 0  

	

=(- 1)"(p- 1)!, 	 (51) 

wherein it = 0 corresponds with X= O. 

Combining (48) and (49) provides the desired inversion 
formula: 

f G")  (s)ds 

= E (— 1)P 
=r, 
	4 (p — 1)!7:_{ 	 (f A( 1 ) (s)d) .}, 

z m i ! 
- 1 

(52) 

where 	 in each summand of the partition sum- 
mation. Formula (52) is identical with the results ob-
tained from van Kampen's rules. 6 ' 7  Together, (19), (17), 
and (52) provide a general expression for the nth order, 
time-ordered cumulant averages in terms of ordinary, 
time-ordered averages. 

The averaged solution to (7) can be written using (13) 
and (14) as 

(bc,(t)) -= [Texp(E f 
t 
 G") (s)d)] n„, e, (0). 

n.1 0 	
(53) 

The corresponding differential equation is 

-
d
-t (1) (t)) -=E [an) (01. •O a • (t)) n.1 

By using (8), this corresponds with 

dt (ac, (t)) llt „ .(a,„ ,(t)) + [exp(tM)]„ 	[G" )  (t)132 , 

x[exp(- tM)], „ ,(a c, • (t)) 

Because only the first two moments of B(t) have been 
explicitly indicated in (10) and (11), only for n = 1 and 
n = 2 in (55) will explicit expressions be given at this 
point. From (52) it follows that 

G( 1 ) 
( t ) 

= A ( ) (t)—(fs(t)) = 0. (56) 

The second and third equalities follow from (17) and (10) 
respectively. Again from (52), it follows that 

G(2) (0= A( 2 )(0= lt  (i3(t)13(s))ds, 	 (57) o   

where the second equality follows from (17). Therefore, 
the n=2 term in (55) becomes 

[exp(tM)]aoGgl(t)[exp(- tM) ]a .a . 

=- lo t  (2L,,(t)[exp((t- s)M1,,,,,A,',9(s)[exp((s - t)Mile,,. •)ds 

=- 2 fo  Qcz, ve (t - s)[exp((s - t)M1 4  v[exp((s - t)M)19,,ds, 

(58) 

where (9) and (6) have been used to get the last two lines. 
lines. Without explicit expressions for the higher order 
moments of A'(t), the higher order terms in (55) can be 
rewritten part way only, giving 

exp(t1M)G" ) (4) exp(- t 1 M) 

= f t l f t2 	f tn-2  f to-1  (A' (t1) fi expkt i  - / T HOM ) 
o 	o 	o 	o 

X exp[(t i  - 11)M] )cdtr, di n -3. • • • dt2 . 	 (59) 

This expression contains cumulant averaging in the in- 

tegrand, and (52) must be used to get an expression in 
terms of ordinary averaging. The explicit, very com-
plicated expression will not be written down here. 

3. THE GAUSSIAN PROPERTY 

When dealing with stochastic processes which do not 
involve the difficulties of noncommutivity, the stipula-
tion that the stochastic process is Gaussian leads to 
great simplifications in the cumulant expression. 8  All 
cumulants of order higher than two vanish for Gaussian, 
commutative, stochastic processes. 8  However, the 
presence of noncommutivity leads to nonvanishing higher 
than second order cumulants. 8  It is for this reason that 
Kubo's concept of a generalized Gaussian process in 
the noncommutative case is invalid. 4 ' 5  To further 
clarify this situation, the following brief review of the 
principal points of relevance are presented. 

For convenience assume that M= 0 in the preceding 
section. It then follows that A(t) -1--- AV)-=B(t), and 

(A(t))= 0, 	 (60) 

A a  ,(t)" A .8.(s))  -= 2Q c 	. 6 •(t - s) . 	 (61) 

The Gaussian property leads to explicit expressions for 
all higher order moments: 

(271 . 1 6 1 (ii) • -.A„ 2„.1 8 2 ,4 (t2n4))= 0, 
	 (62) 

(2.01 (4) • • 'Act 2n2n (t2d) 

= 1 	,2- 
2nn! pES2n 	(1ce P(25-1) 8A(2j-1) (tP(2j-1));11c, p(2,j) /3P(23) (tP(2j))) ' 

(63) 

where p is a permutation in the symmetric group of 
order (2n) I, S2 n . The easiest way to understand the 
origin of these formulas is to use the method of S. 0. 
Rice. A(t) is represented by a Fourier series: 11,14 7 

2 1/2N 
A(t) = 	 An  cos 27rlit 	 +13„ sin 

21Tnt
T 	 T 	' 
	(64) 

in which both N and T ultimately are allowed to go to 
infinity and the coefficients A n  and 13„ are time-indepen-
dent, statistically independent, stochastic matrices with 
Gaussian distributions. In particular, the distribution 
for A n  is of the form 

D(An) = 
(
I2  II)  (271, 

 1/2 exp(- 	0A,), 
	 (65) 

where Gn  is a positive definite tetratic correlation with 
determinant IIG,II. Using (64) in the left-hand side of 
(63) leads to all the different products of pairs on the 
right-hand side. In the special case in which all the cor-
relation tetratics for all the A„'s and B,'s are identical, 
the time dependence in (61) will be 6(t - s), and 2Q E 
This is seen by using (64) in (61) which gives 

(.4,0 (t)Aws .(s)) 

= 	((iinaaA 	
2r 2 4L, 	 27nt 	uzs 

	

ncea ,) cos T  cos 	T 	
(66) 

+ Tr 	
s sin 

2 nt 	ns) (1? „ 13 	isin-ce13 na.13, 
s 

2 ,-.Ar nt 	ns 
=T — (G 	) co s 	T  cos 	 

(54) 

(55) 
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27rnt 	27rn s  

	

+ Gr1 	,,) 	- sin 
T ) 

	

2„._,4 	 27rn(t — s) 
G (, $)(ce 	cos 	T  

G ("1„a)(„,,o , ) 6(t — s) as T rx. and N 

The first equality follows from the postulated statistical 
independence of all the stochastic, matrix coefficients 
in (64). The second equality follows from the assumption 
for this special case that all correlation tetratics are 
the same, and the fact that 

/din 	 Hai) /2 

	

„‘„ nvv•) 	 (210 „ 	exp[— 1.4,2.13 G (co)(„, 9 , 

	

xii nwA neo dA n  = 	)‘ 

The validity of (67) is perhaps best seen in a more 
familiar matrix notation in the case of a vector process, 
Xi , where i= 1, 2, •0-, N with a Gaussian distribution 
given by 

	

D(X)-= [11E11/(2701 /2  exp(— 	 (68) 

where IIEII is the determinant of E i;  which is positive 
definite and symmetric. Therefore, 

(XiXk) 	...f (
II
2
E I

)
I ,) 1/2  exp(— 	i )X,X kdX 

	

— E71. • 
	 (69) 

Equation (67) is the natural generalization of (69) when 
vectors become matrices, and matrices become 
tetratics. Other special cases will involve G n' s which 
are not all equal, and as a consequence the time depen-
dence in (61) will not be simply 6(t— s) as in (66). Of 

particular interest is the special case in which G„4  has 
the form 

Q71  — 2Q  1 + (27rn T)3 7-', [1  
Tc. 	exp (— T/To)]• 	(70) 

Following the procedure used in (66) leads to 

	

2 N 	2 VII 
(.41a  3(t)Ae3. (s)) 	2Q (c, i3)(ea , ) -7,- 	 — s) 

X 	  [1 — exp(— Tiro )] 
1 + (27rn/T) 2T z  

— 2Q ic 0,, exp(— 1 — s /To ) 

(71) as N oc and T oe 

This special case will be of interest when Kubo's con- 
cept of a generalized Gaussian process is considered. 

With the stipulation ME 0, introduced at the beginning 
of this section, the fourth-order cumulant, according to 
(52), (17), (15), and (9), is 
i t rt, ft2 	 7 	7 	7 

(A 	(t2)A(t3)A(14)) odt4dt3dt2dti 
jo 	-'0 	o 

ft fti ('t2f t3  (i(ti)A(t2)A(t3)A (14 ))dt4dt3d12dti 
0 	0 	0 	0 

- f t  f t” ft" f t3 (ii(toi(t2))(i(t0A(t4))dt4dt3dt2dti. 
0 

(72)

 Notice the upper limits on the second multiple integral 
of the right-hand side of (72). These upper limits fol-
low from the time ordering in (52). Using (63) yields 
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for the first multiple integral of the right-hand side of 
(72) the identity 

.1 t1  f t2 fo  t3  ( Ace (t1)2p 2  (td,71 4 243  (13)24 3 3 (t4))dt4dt 3 dt2dti 

rot fotl 
j0 
r t2 

0 
t3 {(;I ct (t1)AA 2  (t2))(24 24 3(t3 )Au 33 (4)) 

+ (Ace u (4) 714 21z 3  (t3) X;14 1 1, 2  (t2);1 4  3 9(t4)) 

+ (A ce µ i ((1)214 3 3 (t4)) CAA 1  tt 2(t2);14 3 11 3  (1.3))}dt4dt3dt2dti . 

0 	0 	0 

	

t

' 

fo t l t 	t  gt  t  (iitt32:4d  3:4)4ddt 41  3ddt 3t  2ddt ty t 

= f 
0 

t 

 „0 

t, f t2 f t, 

g  

+fp ft 3  f t'  g(ti t2t3 t4 )dt4dtzeit,dti  

	

o 0 	0 	• 0  

= f t f tl  f t' f t3 g(ti l2t 3 t4 )dt4dt,c/t2dt i  
f) ot. f oi  r03  

At i t2t,t 4)dt4dt2dt3dti  ▪r t r t, ft3 i t3  g(ti t2 t3t4)d t4dt2dt3 dti 

	

-0 	o 

fo t fti ft 2  
C 3  g(ti t2 t3t4)d/ 4dt3 dt2dti  

fo  t ftl ft 3  
fo  t2  g(li t2t 3 t4)dt4 d12dt3d11  

fo t, fo t, f t 4  
g(ti t2 1 3 t4)dt2dt4dt3dti  

ft fti rtn 
f 13 {At i t2t 3 t4) + g(t1 t3 t2t4 ) 

0 	'0 	0 

+ g(t1  t4t2t3)}dt 4dt3dt2dt 1  . 	 (74) 

The first and third equalities follow from: f:= f y  +137. 
The second and fourth equalities follow from interchange 
of the order of integration: f t   fs t  dl ds = ft foto  dsdt', The 
last equality follows from a renaming of time variable 
indices. The arbitrary function g(ti t2t3 t4 ) respects the 
order of the occurrence of the different indices on the 
time variables which are its arguments. Applying (74) 
to the case at hand gives 

	

r t r t i  ,t, r t 3,7 	‘,,, 

Jo Jo 	 VI' gi (t1)A ulu2V2D (Au2u 3 ( 1- 3) 1 430(t4)) 

x dt,dt 3dt2 d1 1  
t fo ti fo t2 fo  t3 {(2,,1 (t02 1, 142(t2))(A 24.3 (t 3 )21 4 36 (14 )) 

(2„„ (ti )24  3 4 2 (13))(Ag 2p,3 (t2);14 32(t4)) 

±(21a 4 1 (4)241ft 2 (t4 ))  CA P. 2A 3  (Wil k, 38 (t3))}dt4dt3dt2dt1 

(75) 
Putting (73) and (75) into (72) gives 

	

t i  f0  t2  r t, 	, 	 , 

" 1 ■ 4)-41. 1 4 2 kt0A,g 3 (t3);Ig 38(t4)) cdt,dt,dt2dti  
0 	0 

',ro t jo+ti fo t2 jo t., 	
gl (t1) -11  ge 3  (t3)) (24 i g ( t2 )11 4 38 (t4)) 

(A." 1 (11)A  14  2 (12)) (A P 2C 3 (1-2)2 A 3 0 (t4)) 
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(73) 

The second multiple integral of the right-hand side of 
(72) may be simplified also by noting the identity 
r
0 	0 	0 

t r t, rti 
0 
 t3 

J ,1 	g(tit2t3t4)dt.idt3dt2dti 

(67) 	= 
ft f t, f t, f t,  

gkt i t2t3 t4/dt4dt 3dt2dti  



exp 	
t2- t41

dt4dt3dt2dti 

t 

T
c  

[

3 • 	 4 
1-L + T3 ex p I )] + 2 -IQ 	9- 1] 
2 	c 	2 xp 

	
Tc 

u 
t f t 1  f 24(3 

exp 	
1_3) 

t tif  t2f  t 3  
12- t3) 

I, 	0 	0 exp ( 11- 	t4) exp (-- 

	

T
c 	

T
c  1 

CL 1 (t1);14 3 9  (t4))(714 1" 2 (t2)21A  2"3 (t3)  

— 	(t1 )A, 2  (t4))(A, 3 (ty)2 433 (t3))}dt4dt 3 dt2dti 

(76) 

Only the leading terms in each of (73) and (75) cancel 
out in general. Therefore, Kubo's specification that the 
fourth order cumulant vanish for a "generalized" 
Gaussian, stochastic, matrix process cannot, in general, 
occur. However, the situation is not too bad, after all, 
for the following reasons. 

If the time dependence for the second moments of A(t) 
is the delta function o(t - s), then (76) does indeed 
vanish, as do all higher order cumulants. 8 ' 15  This is 
seen for (76) because the time integrals become 

f  ft' f f 	t 3  (ti — t 3).5(t2— t4 )dt4 dt3 dt2dti = 0 
-0 	0 	'0 

and 

, f0 13  6(ti  - t4 )602  - t 3)dt4dt3 dt2dti  = 0. 	(77) 

If instead the time dependence is as in (71), the in-
tegrals become 

T4 	2t 
+-G- 

4 
 [exp 	- 

T
c  

x dt4c/f3dtzdti 	 (78) 

Indeed, (78) can be used to prove (77) if it is noticed 
that 

lim (1/Tc) exp(- 7 / 7) 	6(T). 
r o -0 

For t» T, , (78) becomes ItT 3c . By using all of (71) the 
entire fourth cumulant becomes in this case 

t 2 f3  t3  (51 c, u. (t1),71p, l µ 2  ( t2 )51. 12 24 3 00;14 3  e(t 4)) cdt4 dt3d t2dti 

777. 4  (Qa 	2 4 3 (4.111.e 	Qtlt ttittil.t2Qt, 2431,3(3 
C 

Qaµ l  43 13 Q 111 4 24 212 3 	QC(11 1 1-, 1 4 2Q 4  24 3 4 33) ITC3 •  

Clearly, for a nonmatrix process there would be no in- 
dices and there would be a cancellation. The second 
cumulant in the case of (71) is 

rt ft ,  (A„,., 	actd>cdt2dti 
t>,r 
— 2Q

"1415 
tr 

c 	
(81) 

-0 	o 	 , 

Both (80) and (81) are linear in t. However, suppose Q 
is proportional to a relaxation time TR, taken to the 
minus two power: 

QN 	 (82) 

This is dimensionally correct, and it suggests that (80) 
and (81) have the forms 

2Q„„ v„, i3tT, 2Ntrhl 

and 

4 (Qw,..0. 2 ,.. 3 (4 1 4 2 1. 33 Qcep.14 3.N4 1 1, 21, 24a 	 (83) 
- 2Q,,,, i„,,, 2Q„ 2„, 3„ 33)2tTc3 — 2N31Tsc/T4R ,  

where N is the approximate number of terms in the sum 
(4,,,, 3  which are large and of order Ti2 , This means 
that the ratio of the fourth order cumulant and the 
second order cumulant is N 2Te2/Ti. Now, suppose there 
are N" states labeled by the indices a, 0, /I, v, etc. If 
N is comparable to N' then the effective relaxation time 
is TR /N', which for large enough N' will surely be less 
than To . Moreover, N2T2c /T2R  will then be greater than 1, 
and the fourth cumulant becomes more important than 
the second. On the other hand, if N>> N' because not all 
pairs of states are coupled by equally strong stochastic 
matrix elements, then the effective relaxation time T R/N 
can still be longer than Tc . In this situation the fourth 
order cumulant becomes unimportant compared with 
the second cumulant when t > To . This situation would 
imply that the (ac,(t))' s relax more slowly than do the 
fluctuation correlations. In physical applications, it is 
this situation which is of most interest, and for it the 
second cumulant provides the dominant effects when 
t > To . Thus, two conditions are required: 

t > To  and NTe /TR  <1 	 (84) 

if the dynamics is to be dominated by the second 
cumulant only. This is, of course, essentially equiva-
lent to the delta function theory', as was indicated by 
(79). 

In summary, it may be claimed that Kubo's "general-
ized" Gaussian, stochastic, matrix process only ob-
tains for a delta function correlation, for otherwise a 
truly Gaussian process will involve fourth and higher 
order cumulants. If, however, condition (84) holds, 
then the asymptotic behavior is dominated by the second 
cumulant after all. The fully rigorous justification of 
these remarks requires analysis of the higher order 
cumulants in special cases such as the ones studied 
here. It is perhaps ironic that the general theory 
presented here using cumulants, actually justifies the 
earlier, more simple, delta function theory', rather 
than superseding it, if (84) is satisfied. It should also 
be noted that dominance by the second cumulant in this 
situation requires t > Tc  but t need not be very very much 
greater than To  since t 	100T, already reduces the 
higher order corrections to very small effects. 

The mathematical results developed in the preceding 
sections will be applied now to the treatment of the 
stochastic Schrbdinger equation2 ' 3  

d
t 

C (1)=M,„„c,,,,(t) + 1/1„„.(oc„,(0, 	 (85) 
d 

in which M,„„•=- ./14:,,„ and i/c:,,,(t)=-111: ,„(t) 1171,„,(t) cor-
responds to a stochastic Hamiltonian which is 
Hermitian. Suppose that a change of basis states is 
made so that M. becomes diagonal. Suppose further 
that there are N states corresponding with the degener-
ate eigenvalue X. If consideration is restricted to these 
N degenerate eigenstates of M, then (85) becomes 

i CL (t) = XC,',(t) + ), (86) 

where a and a' range over 1, 2, *. N. The stochastic 
Hamiltonian M,„„,(t) will not couple eigenstates of M 

(79) 

t 
 rf

ti 
 Jo 

(80) 4. THE DENSITY MATRIX 
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which belong to different degeneracy classes. This re-
quirement is imposed in order to insure that the de-
scription given by (86) leads to a microcanonical equi-
librium density matrix and not to the uniform density 
matrix. The reader is especially urged to see Ref. 3 
for more details concerning this point. For convenience, 
the primes in (86) will be dropped in the following, and 
confusion with (85) should be avoided. 

The moments for 2177,„„„(t) are given by 

(2174„,(t))= 0, 	 (87) 

(/14,,,,,(t)1;k3 ,(s))= 2Q„,„• 39•(t - s). 	 (88) 

In (88), the time dependence of Q 0,„,60 ,(t- s) can change 
as the values of the indices change, in general. The 
specific case in which the time dependence for all values 
of the indices is a delta function has been extensively 
treated in earlier publications. 1-3,16,17  

Although, in general it is unnecessary to do so, the 
imposition that /14„„,(t) be also Gaussian can be made 
and leads to 

(1/1givi (11)°  • .1142n-1'2n-1 2,4))= 0 , 
	 (89) 

(11411 	(11)  • • 111,-'2,:v2n (12 n))  

2"n! pes 	 wp(2,/ -1) (to (a, )) 
1  

2n 

X fr, 
'-- P (2i ) PP (2 .0(tP(2,0))  

=1 
	II Q 

n! pes 2n 	4 p(2,1) v p(25-1) 4 p(22o'p(2i)(tp(2j-1) 	tp(2j) ) • 

(90) 

The density matrix pas(t) will be defined by19  

p,„ 0 (1) C:(1)C6 (1), 	 (91) 

and it satisfies the equation 

d
p dt 	

z 
B(') — ,-1-"refice•13 , ( t) Pa , a• (1 ), 

	 (92) 

where L c, 3 „•0 .(t) is defined by 

-= 5a  c, 01 as ,(t) - 683 ,111L,(t). 	 (93) 

Equation (92) is a special case of (4) when the M in (4) 
is zero. Of course, one must think of pa ,3 (t) as a doubly 
indexed vector, and L c6c,,8 ,(/) as a quadruply indexed 
matrix to see the connection between (4) and (92). 
Therefore, the average of (92) is a special case of (55) 
in which the Min (55) is zero. This gives 

TIT(,pco (t))= L-s re

• 	

n9),„•,•(t)(r)„•,,(0) 	 (94) 
n.“ 

wherein R=.0 ,(t) is defined by 

Ft( n ) (s)ds = 	E (— 1)P .4 (p — 1) ! 	1  (ID(: )(s)d) I 	21%11 m1.^ 	
! 

(95) 

where p = n-11717, and 	2. For n -=- 1, 11 (1)  = 0. The 
D (1) (s) in (95) is defined by 

D ( " ) (s)F (i)" f' f t2 	• f
t 
 "2 j t n4  (L(s)L(t 2) • • • 

0 	0 
	- 	- 

x i.,(t,„ 1 )L(txdt„ • • • dt,. 	 (96) 

Equations (95) and (96) are special cases of (52) and (15) 

respectively, when M is zero in (52) and (15). The con-
dition, R ( ' )  = 0, follows from (87) and (67). 

The explicit expression for R a(20),,,3 ,(t) is 

R,23)„,9,(t)=- 
-0 
f (i.„,„(t)L,„a  ,,,(s))ds 

_ — f
t 
 1 6„„4 9 ,,,(t — s) + (5„•Qp 	(t S) 

	

- (238 •„,, a  (t - s) - 	 - s)}ds . 
	

(97) 

If it is further assumed that the stochastic Hamiltonian 
is stationary, then Qcsa•s,(t  - s)=Qa,a ,„"(s - t)=Q„,,a,„3 (t 
- s). This is equivalent with microscopic reversibility. 19 

 Using (89) and (90) in (96) and (95) provides explicit ex-
pressions for R (n) (t) for n ---- 2 in the Gaussian case. 

In general, the microcanonical density matrix 

prcenrrO canonical 	/N) 6a 6 	 (98) 

is a solution to Eq. (94) regardless of any special as-
sumptions about M(/), such as Gaussianness. This is 
seen from (95) and (96) as follows. It is necessary to 
show that 

Ra3("•3 ,(/)(1/N)Oa e 13 7 = 0 	 (99) 

for each n. By using (97), this is clearly true for n=2. 
The second equality in (97) leads to 

r  t 

- '
)

o 
1. 6 cy Apt's.° — s) 	, Q1., a (VP. (t s) — %Vas a  (t. s) 

- Q,/,60/ (t S)}dS (1, N)5 ce• 8 , 

= - f  {Q,3„c,(t - s) + q,„, 13,(t - s)- Qoa  (t — o t ) 

—Q9 ,00 — S )1(1/N)dS = 0. 	 (100) 

Alternatively, the first equality in (97) may be used to 
obtain the same result: 

- fo  (4, 0 ,,, ✓ (t)L ✓✓„••(t))ds(1,, N)6,e3 , 

=— f 
t 

(L cy 0"(I)L,,,,va.(t)(1/2\)5& 3 ,)ds =0 	(101) 

because I t, 9(t) = 0 as follows from (93) and the hermit-
icity of M(/). It is the proof of (99) for n= 2 given by 
(101) which readily generalizes to arbitrary n. Equation 
(95) shows that the computation of ke ".3) • 3 •(t)(1/N)5&3 , in-
volves a sum over partitions of n in which each sum-
mand involves a sum of time ordered products of 
f D (1) (s)ds's. Each such time ordered product, accord-
ing to (96), ends with some D (1) (s) which ends with 
L ✓ ,,,v (t i ,) in its integrand. Consequently, as in (101), 
Re: )&3, (t)(1/05, 3, ultimately reduces to an expression 
containing L 	(iv) (1 ti1r) %op E 0. This completes the 
proof of (99). 

It is also the case in general that the time dependent 
solution to (94) satisfies 

(Pc, a  (t)) =1 . 	 (102) 

To see this, it is sufficient to note that 

ii,t"c), 02 • 3 •(t) = 0 	 (103) 

for each n. The proof of (103) is very similar to the 
proof of (99) and depends upon L„„,,, 9 •(t)E0 as follows 
from (93) and the hermiticity of M(t). 

Whether or not the microcanonical density matrix is 
approached asymptotically in time starting from an 
arbitrary initial density matrix depends upon the struc- 
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ture of n% 1R (4)„. 8 ,(/). In the special case previously con-
sidered by the author in which the correlation in (88) is 
a delta function in time and M(t) is also Gaussian, it 
was shown that the approach to the microcanonical den-
sity matrix was in fact monotone because an H theorem 
was provable. 2  In the present, more general setting, 
a greater variety of behaviors is possible, including 
nonmonotonic approach to the microcanonical density 
matrix. 

In the special case in which 

— s)--- Qceeajr  exp(— jt— s /T0 ), 	(104) 

the presence of a finite correlation time T, does not 
necessarily destroy monotonicity. To see this, note 
that (104) implies 

(1174, a,(t)11-1,33 ,(s))--= (117,1„„,(t)/T1ajp(t)) exp(— 	
— s /Tc ). 	(1 0 5) 

Therefore, if X,„ t3  is an arbitrary hermitian matrix, 
then 

Xt3R 	8 •Xoe, ;3 I 

1= 

= f
t ,k  

(S)X,,,,90dS 
t 

K(L p,,,,,3(t)X,3) *  (Z„,,,•/3,(t)X cea,)) exp(—jt—s(jrc)ds 0   

=—((.4,,,, j3 (t)X,0)*(17 ,,,„,a ,(0X ce3 .))7 c[l — exp(— the)] 

0. 	 (106) 

The first equality in (106) follows from (97), the second 
follows from (105) and L cai.„(t)=L:„„8 (t) which follows 
from (93), and the inequality follows from the form of 
the third equality. Therefore, the tetratic R1 2,3),,. 8 ,(t), 
has nonpositive eigenvalues for its "eigenmatrices." As 
shown in (99), it also has a zero eigenvalue for the 
"eigenmatrix" (1/N)5,,,, j3 ,. If it has no other zero eigen-
values, and this depends upon the details of Q,„,„,38, in 
(104), then Kadev (t) already shows an approach to equi-
librium. It is also of interest to analyze the higher order 
terms in )70./ic,°;3),,,,,3 ,(t), but it has already been argued that 
that R1, a,(t) will dominate the asymptotic behavior of 
(94) provided that M(t) is Gaussian and that conditions 
analogous to (84) are satisfied. These results should be 
compared with the delta function theory. 1 ' 2  

5. CONCLUDING REMARKS 

The paper has addressed the following points: 

(1) The rules for the construction of the nth order 
cumulant in the case of time dependent, stochastic, 
matrices or operators, as given by van Kampen have 
been derived. The derivation generalizes di Bruno's 
formula to the noncommutative situation, and makes use 
of the time ordered logarithm. 

(2) Kubo's concept of a generalized Gaussian, 
stochastic, matrix or operator is criticized and shown 
to be valid only asymptotically, if certain conditions 
are met. 

(3) The conditions which lead to asymptotic validity 
of Kubo's concept of a generalized Gaussian process 
also justify the delta function theory presented earlier 
by the author. 

(4) A generalized density matrix equation is given. A 
discussion of the monotonicity of approach to the micro-
canonical density matrix follows the equation. 

Remaining is the problem of discussing the details of 
how to describe the approach to canonical equilibrium 
of a subsystem in contact with a thermal reservoir. 
This is a special case of the microcanonical problem 
discussed here, and its presentation will be deferred. 3  
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Multiplicative stochastic processes, Fokker-Planck equations, 
and a possible dynamical mechanism for critical behavior 
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A derivation of the Fokker-Planck equations for additive stochastic processes is given which involves 
treating the continuity equation in the configuration space representation of the additive stochastic 
process as a multiplicative stochastic process. The average of the continuity equation becomes the 
Fokker—Planck equation. A presentation of the "multiplicative stochastic, Markov approximation" 
follows. This approximation is applied to the analysis of the dynamics of a heavy particle in a 
molecular fluid as described by Hamilton's equations. The nonperturbative approximation technique 
leads to the Fokker—Planck equation for simple Brownian motion. As part of the analysis, "intrinsic 
diffusion" is discovered and used to show ergodicity for the autocorrelation formula which appears 
during the Brownian motion calculation. An account of how these methods might be used to study 
the dynamical origins of critical behavior is given. 

INTRODUCTION 

The purpose of this paper is to illustrate connections 
between additive and multiplicative stochastic process-
es. The distinction between additive and multiplicative 
stochastic processes was explained in an earlier paper. 1 

 In several subsequent papers, 2-5  application was made 
of multiplicative stochastic processes to the description 
of quantum mechanical phenomena. Such applications 
may be thought of as the generalization for quantum 
mechanical processes of Brownian motion, an additive 
stochastic process, and Kubo t  has referred to such ap-
plications as quantum mechanical Brownian motion. A 
general theory for additive stochastic processes has 
been presented ?' 8  within the framework of stationary, 
Gaussian, Markov processes. The domain of applicabil-
ity for additive stochastic processes includes Brownian 
motion, 9-11  irreversible thermodynamics, 12  fluctuating 
hydrodynamics, 13  and light scattering from simple 
fluids and fluid mixtures, 14-11  as well as other topics. 
It would appear that additive stochastic processes are 
of relevance for classical physics rather than for 
quantum physics. This separation of applicability of 
additive or multiplicative stochastic processes to clas-
sical or quantal physics, respectively, is not of a 
fundamental nature: For most purposes it is a natural 
separation. However, Haken 17  has reviewed the use of 
additive stochastic processes in quantum mechanical 
contexts, and this paper will exhibit the utility of multi-
plicative stochastic processes in classical physics. 

The primary connection to be described involves a 
technique for the derivation of the Fokker-Planck equa-
tion for an additive stochastic process. The technique, 
however, uses a multiplicative stochastic process 
which is generated by the original additive stochastic 
process. In this way, the relationship between the 
Markov nature of the process and the properties of the 
second moments of the fluctuating forces is highlighted. 

The technique just referred to suggests a method for 
the derivation of the Fokker-Planck equation for Brown- 
ian motion which connects the dissipative, friction con- 
stant of Brownian motion with interparticle potentials, 
in a model of Brownian motion in which the fluid is 
treated as N interacting fluid molecules obeying con-
servative classical mechanics. This problem is worked 

out in detail and involves an unusual type of diffusive 
behavior characterized by a Green's function 

(

KR, T 9) -112  air= t- 	exp 2 (K.87vot2 

in one dimension. This peculiar diffusion provides for a 
proof that the autocorrelation formula, for the dissipa-
tive, friction constant which is derived, is ergodic. 

The conclusion of this paper considers certain infinite 
series which arise in the Brownian motion problem. 
The possibility of summing the series is raised. In 
addition, it is suggested that the series provides the 
possibility for understanding the origin of critical be-
havior in terms of a dynamical mechanism. 

FOKKER - PLANCK EQUATIONS 

The complete stochastic description of an additive 
stochastic process is given by the solution to its asso-
ciated Fokker-Planck equation. For the case of Brown-
ian motion, in one dimension, the additive stochastic 
process is given by Langevin's equation 

M—
d

u(t) =- au(t) + (t) 
dt ( 1 ) 

where a > 0, and .P(t) is a purely random, stationary, 
Gaussian force satisfying 

(F(t)) = 0 and (P(t)1'(s)) = 2X6(t- s) 	 (2) 

where • • •) denotes stochastic averaging. 7,13,11  The 
delta function in (2) implies the Markov property for the 
stochastic process u(t), 11  as must be proved using the 
definition of a Markov process, which definition in-
volves specific behavior by the higher than second-
order correlation distributions for u(t). 11  The Markov 
property is then used to imply the validity of the 
Smoluchowski equation, which for Eq. (1) is written as ll  

P(u (0) u, t + t) = f P(u(0)1u', t)P(ui  I u, At) du' 	(3) 

where P(u(0) I u, t) du is the conditional probability that 
the value of u(t) and time t will be between u and u + du 
given that at time t= 0, u(t) had the value u(0). The 
Smoluchowski equation is used to derive the Fokker-
Planck equation which in this example becomes 
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—a 
P(u(0)1u, t)= - —

a 	
uP(u(0)1u, t)) at 	 au m 

x a 
1VI2 72

t P(u(0)Iu, t) 
 

2 
(4) 
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The solution to Eq. (4) is subject to the initial condition 
at t= 0 that P(u(0)1u, 0) = 6(u u(0)). The solution to the 
Fokker—Planck equation provides the conditional prob-
ability distribution which for a Markov process contains 
all possible information about the time evolution of the 
process. The solution to (4) is 

P(U(0)1U, = (27r Km  (1- p2 (t)) 	exp 
B T 	-1 / 2 	

-

(114(u - p(t)u( 0)) 2) 
k2KB T(1 - p2 (t))/ 

(5) 

where p(t) = exp[- (a/ M)t], and we have used the relation 

X=KB Tcy 	 (6) 

which is Einstein's relation within the context of 
Langevin's equation. Relation (6) follows from the re- 
quirement that the solution to (4) satisfy the asymptotic 
limit 

KBT /2 	Mug 
iiM MUM) 1U, t) = (7TH 	exp -

(2KB T I 	(7) 

where the right-hand side of (7) is the Maxwell distri-
bution. In Einstein's treatment of Brownian motion," 
the analog of (6) is derived 

D = ICB T/ 	 (8) 

where D is the diffusion constant. Both relations (6) and 
(8) are referred to as Einstein's relation in the litera-
ture. Relation (8) is the original relation which follows 
from the diffusion equation, whereas relation (6) is the 
prototype for fluctuation—dissipation theorems. 7  

Multicomponent generalizations of Langevin's equa-
tion lead to the general theory of stationary, Gaussian, 
Markov processes 7' 19  which are described by the 
equations 

t a (t) = A a a, a a, (t) + S a a, a ae (t) + a(t) 
d 

where a = 1, 2, 	, N, A a a, is an antisymmetric matrix, 
S a, is a symmetric matrix with nonpositive eigenval-
ues, and Fa(t) is an n-component, purely random, 
Gaussian fluctuating force satisfying 

a (t)) = 0 for each a, 	 (10) 

(.Pa(t).P8 (s)) = 2Q „, 815(t - s), 	 (11) 

where (2,,,B is a symmetric matrix with nonnegative 
eigenvalues. The corresponding Fokker—Planck equa-
tion is given by 

 — P(a(0)1 a, t) =-- - as 	„,aa. + Saa,a„, )P(a(0) I a, t)] 
at 	 a  

O 2 
[QacaP(a( 0 )1 	t)]a a a  a a, 
	 (12) 

with the initial condition P(a(0) I a, 0) = 6 (a - a(0)). The 
solution to (12) is given by 7' 19  

P(a(0) a, t) 

t (t)11 1 / 2 
 2(0 ,  exp[- D ace  (t)a ce  (0))C ao(t)  

x(a 9 - D 89. Ma o, (0))] 	 (13) 

where liC(t)ii denotes the determinant of C(t), and D a a, (t) 
is defined by 

D(t) = exp[(A+S)t] 	 (14) 

and C o, s(t) is defined by 

C -1 (t) E E -1  — D(t) E° 1 1)1t) 	 (15) 

in which the matrix E is determined by the entropy S(t), 
given by 

S(t) = So  - 	nac,(t)E alp 8(t), 	 (16) 

so that E is symmetric with positive eigenvalues. To 
get (13) from (12) we have used the generalized fluctua-
tion—dissipation theorem 7' 19  

2Q . 0 = - (A ao  + S ao)E-010  + E-alo (A eo  - S oo) 	 (17) 

which follows from the requirement that 

lira P(a(0) I at) = W exp(- 	„8a3) 	 (18) 

where Wo  = D1E11/(2701 112 , and the right-hand side of (18) 
is seen to be the Boltzmann—Planck formula because the 
entropy is given by (16). The derivation of (12) requires 
proving that (9) with (11) describes a Markov process. 
Then a generalization to n components of Smoluchow-
ski's equation leads to (12). 11  

A further generalization is possible in which one 
deals with continuous, variable indices. Analogs to (9), 
(11), and (17) result in 

at " — a . (r t) = - f A ii (r, Oaf  (r', t)dr' a  

	

- f Sii (r, r')a i (e, t) dr' + 	t), 	(19) 

	

t):Pi (e, s)) = 2Q 11 (r, r95(t - .$), 	 (20) 

2Q ii (r, r') = f [(A i  (r, r") + 5 10 (r, r"))Eil(r", r') 

+E71/ ( r, r")(- Au(r", r')+ S 1.1 (r " , r°))] dr " 

(21) 

where E i,(r , r') is the entropy matrix analog of (16) 

S(t)= So  - DCB  f f ai  (r, t)E ij (r, r')a i  (r't)dr dr'. 	(22) 

This form of the general theory of stationary, Gaussian, 
Markov processes leads to hydrodynamical applica-
tions, 7' 11-16  as well as to applications in other field de-
pendent problems. 8,20  There is also in this case a cor-
responding Fokker—Planck equation which will.involve 
utilization of the techniques of functional differentiation. 
We shall not write down this equation. 

At this point a partial review of the structure and 
significance of the Fokker—Planck equation for additive 
stochastic processes has been presented. It is neces-
sary, before proceeding further with Fokker—Planck 
equations, to review the basic theorem in the theory of 
multiplicative stochastic processes. 

Consider an equation of the form 

 dta a(t) = A a a, a a, (t) + aa, Ma ce  (t) 	 (23) 

where a = 1,2, . , N, A a  = - A a, a, A ae  (t) = - A „, „(t) , 
and the matrix :4„,„,.(t) is a purely random, Gaussian 

(9) 
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and (39) 

(q, t) - 	.fr a (t)x = - Fa(t)  —a— a a ' a   

The analog of (31) is then 
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matrix with mean value zero, which implies that' 

(t)) = 0 and (-A,,,„ (0A--„, (s)> =2Q „„,,,.6 (t- s) 

(24) 

and that the higher-order averaged moments are given 

D(q) is a symmetric operator, which means that 

[D] x = [13 ] I CI 

where [D] AK - f (q)D(q) o (q) dq because 

[D]" = f 0 1  K[L(t)]iA(s)lik) ds. 

(34)  

(35)  
by 

From (35) it is also seen that the eigenspectrum of D(q) 

	

(25) 	is entirely nonpositive. The operator L(q) in (30) may be 
either antisymmetric or of mixed symmetry in analogy 
with (23) and (28), respectively. Specific examples of 
these formal expressions will occur in the following 
paragraphs. 

The q in (30) and (31) may represent a single variable, 
or it may represent a set of variables. Suppose we ex-
plicitly have N q's: qi ,q 2 , 	,q. Consider the con- 
figuration space corresponding with these gis and let 
f(q 1 q2  • • • q nt) be the distribution function in configura-
tion space. If N = 2m and m of the q s are coordinates 
and m of the qj 's  are momenta, then the associated 
configuration space becomes phase space and f becomes 
the phase space distribution. However, in several con-
texts it is not phase space which will interest us and, 
therefore, we use the notation q s for a generalized 
configuration space of N variables. 

It is always the case that the continuity equation is 
true in configuration space. In our notation this becomes 

a 
Tt- f (q • • . q nt) = - q  Off (4 j  f(q • • • q NI)) 	 (36) 

where q.  d/ dt q j (t). If we are actually dealing with 
phase space and a conservative system for which 
Hamilton's equations are valid, then (36) leads to 
Liouville's equation. 21  However, in general we will not 
necessarily be in phase space or be dealing with a con-
servative system, so that Liouville's theorem is not 
generally valid although (36) is. In the general case, 
some relationship between the Vs and the qj 's  must 
hold if (36) is to lead to anything useful. 

Returning to (9), we will take for the qj 's the aa 's. 
Therefore, (36) is seen to be given by 

at f(a l  • • a 	= - a (iza  f(ai  • . ant)) z  

	

(30) 	For the a a' s we use (9) which converts (37) into 

leads to 
a 	 a 

f (al  • • • ant) = - — [(A a a, a a, + S aa, a a, + a(t))f(a • • • a Nt)1 
aa a  

where L(q) is a linear differential or integral operator, 
L(q, t) is a purely random, Gaussian, fluctuating linear 
differential or integral operator with mean value zero, 
and D(q) is a linear differential or integral operator 
given by 

(L(q, t)i(q,t')) -2D(q)8(t - t'). 	 (32) 

In (30), it will be assumed that .i(q , t) is an antisym-
metric operator, which means that if {(p i (q)} is a com-
plete set of real orthonormal functions of the coordi- 
nates q, then 	 a 

pal  • • • a NO) 
(33) 

 

where [i: (0] iK  -7- 5 p (q)1,(q , t)( p (q) dq . Consequently, 
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V2,0)= 0 , z 1 -Zn-1. 

(A al(ti) • ° • A ce2n ce n (t2n)) 

1 
- 	E 	(A„,0(2./.04(2i _0 (tpai _oA ccp(2.1) ,„,;(2i) (4 (2j) )) 

n1 	S2,., 

(26) 

where ZpE_ s 2n  denotes the sum over all permutations of 
the symmetric group of order (2n)!. Equations (25) and 
(26) are consequences of the Gaussian property of A(t). 
It has been proved that these properties of A(t) lead to 
the averaged equation' 

 dt(a a (t)) = A a a, (a a, (t)) + Q a„ a, (a a, (t)) 
	

(27) 

in which the matrix Q aeo a. is determined by (24) which 
implies that it is symmetric with nonpositive eigen-
values. Whereas (23) describes fluctuating oscillations, 
(27) describes damped oscillations. 

The proof of (27) from (23) using the properties of 
(24), (25), and (26) goes through unchanged if the A aa, 
in (23) is augmented by the addition of a symmetric 
matrix S a a, which has nonpositive eigenvalues. That is, 

Tt  a a(t) = A a a, a a, (t) + S a a, a a, (t) + ;face  (t)a a, (t) 	(28) 

leads to 

 dt(a a (t)) = A a a, (a (t)) + S a a, (a a, (t)) + Q a 0, a, (a a, (t)) 

(29) 

upon performing the average of (28). 

In addition, this result can be generalized to infinite 
matrices and to continuous indices. Therefore, we shall 
also use the theorem in the form (37)_ 

a 
at f (q,  t) = L (q)f(q , t) + f,(q , t)f(q , t) 

Tt ( f(q , t)) = L (q)( f(q , t)) + D(q)(f(q , t)) 	 (31) 	 (38) 

which is clearly a multiplicative stochastic process in 
the form of (30) if we identify 

L(q) - -w--la  (A aa, a a, +Saw a a,)x a   

= — 
a 

a — fA aa,aa, + Saa,aa,)(f(a i - • • ant))] 
a a  



—
a ((f(xt))) = at 
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az 

aa a  a aB [Q 
aB(f(a i  • • ant))]. 

This is precisely the Fokker-Planck equation (12) if 
we identify 

P(a(0) a, t) - (f(a i  • • • a N O) • 	 (41) 

Consequently, given an additive stochastic process, we 
can write out its associated continuity equation in its 
configuration space and we arrive at a multiplicative 
stochastic process, the average of which is the Fokker-
Planck equation of the original additive stochastic 
process. 

Because the connection between (38) and (40) requires 
that F a(t) is purely random, we see the Markov prop-
erty and its connection with the Fokker-Planck equation 
without having to proceed via the Smoluchowski equa-
tion. As a special case of (38) and (40), we momentarily 
return to (1) from which the analogs of (37) and (38) 
follow: 

a 	a • 
t) = - —

au
(uf(u,t)), 

at 	
a F 	FA a 	„ 

J(11, T) = — — 	U + — L\ M M j j  

The average of (42) is 

az 

au '=e at (f(u, t)) = 	( u(t))) + 	,L2 f(u, ( 	t)) m f(u, 	 (43) 

which is identical with the Fokker-Planck equation (4). 

THE MULTIPLICATIVE STOCHASTIC, MARKOV 
APPROXIMATION 

In this section we will discuss an approximation pro-
cedure which will be referred to as the multiplicative 
stochastic, Markov approximation. Its connection with 
the preceeding section will be illustrated, and it will 
provide the background necessary for the analysis of 
Brownian motion which follows in the next section. The 
approximation procedure introduced here is 
nonperturbative. 

Suppose we have a particle in a fluid. It is, on the 
average, at rest, although it does execute a fluctuating 
motion. We could describe this motion of the particle 
phenomenologically by the equation 

dx 
Mat =P(t) 

in which the fluctuating momentum p(t) is assumed to be 
a purely random, Gaussian stochastic process with 
average value zero and a second moment given by 

(7,(03(s)) =2M2D6(t- s) 	 (45) 

in which M is the mass, as in (44), and D is a constant. 
The continuity equation in the configuration space de-
scription of (44) is 

a 	. 
at f(x , t) = - 

a (xf(x , t)) 

a 3(t) 

	

— 	 —NI  fix,  t) 

	

=— 	
) x 

f(x '  t). M  
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This is again a multiplicative stochastic process with a 
purely random, Gaussian stochastic operator. The 
average equation is, therefore, 

a 	a2 

at
( f(x, t)) = 	f(x ,t)) 	 (47)

axz 

which is recognized as the diffusion equation with diffu-
sion constant D. Equations (46) and (47) are special 
cases of (37), (38), and (40). 

It may be objected that from Brownian motion we 
know that (45) is not so, but that instead 

((i)(03(s)))= MK B T exp 	t - s 11 	(48) 

which follows from (5), and in which the rounded ( • - • ) 
denote an average over the initial value distribution in 
addition to the stochastic average denote by ( • • -). The 
second average makes (48) a stationary expression de-
pending upon I s I . 1°  Using (48) in (46) leads again to 

(49) 

which is still a multiplicative stochastic process, but 
the stochastic operator is now no longer purely random, 
so that we cannot use our theorem for averaged multi-
plicative stochastic processes. However, the p(t) in 
(48) and (49) is still a Gaussian process because the 
u(t) in (1) inherits the Gaussian property from the P(t) 
in (1) since (1) is a linear equation. In the Appendix it is 
shown that the Gaussianness of 3 (t) leads to the exact 
result 

a  2 

	

c3(t)3(s)))ds 7  ((f(xt)))• 	(50) 

Using (48) in (50) permits performance of the integra-
tion giving 

KceB T [1. - 
exp 

at 
 ((fOct)))- 	 a 2x2 ((.f .( ct))) 	(51)  

which differs from (47) by the presence of a time de-
pendent diffusion constant: (K B T/ a){1 - exp[- (cr/M)a-•  
For times long compared with Al/ a we can neglect the 
exponential term, and this constitutes the multiplica-
tive stochastic, Markov approximation. The integral in 
(50) can be used to define a diffusion constant when we 
neglect the exponential part in (51). We get 

f t 
D' = 	 ((p(t)p(s)))ds 	 (52) 

0  

where D' will be used in an expression like (45). Be-
cause of the infinite decay tail in (48), we have taken the 
limit t - .0 in (52), although the greatest part of the in-
tegral comes early. Using (48) in (52) gives 

D° = KB T/a. 	 (53) 

Note that (52) also gives the strength of the second 
moment for M-1/3(t) as expressed by (45) since 

D =lim7,172  f t  (13 (03 (s)) ds . 	 (54) 

(40) 

(44) 

a 	Ti(t) 
(42) 	 (- f(x,t)=- 	— f x, t) at 	ax 

Therefore, if D D' we have the multiplicative stochas-
tic, Markov approximation for (48) and (49) given by 

(46) 	(45) and (46). The average equation (47) or (51) is the 
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diffusion equation, and the connection between diffusion 	up later in this section, while the second point will be 
and Brownian motion given by 	 discussed in the section following the next section. 

D = KET / 	 (55) 	Our starting point is the Hamiltonian 

is Einstein's original formula (8). 18  The self-consisten-
cy of the multiplicative stochastic, Markov approxima-
tion requires that the D' we get from (52) not be too 
large so that diffusion is slow compared with the re-
laxation of (48) which is governed by the magnitude of 
a. Indeed, (48) decays faster for larger a which via 
(53) results in a smaller D' which implies a slower dif-
fusion. Therefore, in this example, the multiplicative 
stochastic, Markov approximation is seen to be intrinsi-
cally self-consistent. The reciprocal relation between 
D' and a generalizes to the more general case of multi-
component processes. 

In the next section, analogs of (52) will arise in which 
a stochastic quantity has a non-purely-random second 
moment correlation formula from which we are cal-
culating its strength. A formula like (52) will be used 
to calculate the strength to be used in the replacement 
correlation formula which is purely random. This will 
be analogous to the replaceinent of (48) by (45) where the 
D in (45) satisfies (55). The presence of the infinite 
time limit is formal, and it will be shown that the cor-
relation integrand actually decays significantly in a very 
short time interval, as was the case with (52) with (48) 
in the integrand. 

Before proceeding further, it is worth remarking that 
while we can actually solve (49), given (48), by writing 
(50), because of the Gaussian property, it is not a 
generally valid procedure for situations in which the 
stochastic operator does not commute with itself at dif-
ferent times. 22  Here, commutivity is guaranteed by the 
simple form of (49). When there is noncommutivity, 
then the Gaussian property alone is not sufficient for 
the reduction of the averaged equation to a workable 
form, and the multiplicative stochastic, Markov ap-
proximation becomes essential. 22  

MICROSCOPIC MODEL OF BROWNIAN MOTION 

In this section we shall bring to bear the techniques 
of the preceeding sections as we attempt a derivation of 
the Fokker-Planck equation (4), for a Brownian parti-
cle, starting from a description involving a heavy parti-
cle interacting with N fluid molecules according to 
Hamilton's equations of motion. This is not a new pro-
gram as far as its objective is concerned. Others, 
using other contexts and techniques, have also made this 
objective their goal. 23-27  Our present context and tech-
niques were suggested by Kubo 28  in his remarkable 
pioneering work on multiplicative stochastic processes. 
The results in this paper differ somewhat with Kubo's 
results because he used some simplifying assumptions 
which we have found unnecessary. It will be seen that 
the analysis presented here goes beyond that of any of 
the other references cited in terms of the detailed ac-
count of what is happening dynamically. Two main con-
sequences accrue: (1) A new kind of "intrinsic diffusion" 
is discovered which enables us to show ergodicity for 
the correlation formulae which appear, and (2) a con-
nection with the dynamical origins of critical phenomena 
is seen. The first point will be emphasized as it comes 
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H= 	  
p 12 

+ 
A in. 
' 	

12 

	

+ E 	r3) + - E U(r j , rk ) 	(56) 
21/ 	J.1 2m 	J.1 	" 

1 
 2 J#Ie 

where the heavy particle has mass M, position R, and 
momentum P, and the fluid molecules have mass m, 
position 1' 5 , and momenta pj  where j =1, 2, 	, N. 

(R,r i ) is the interaction potential between fluid mole-
cule j and the heavy particle, and U(r1  ,rk ) is the inter-
action potential for the fluid molecules. Because our 
description is that of a conservative system we may use 
Liouville's theorem to express the continuity equation 
corresponding with the phase space picture for the 
system: 

 atf - iLf 
	

(57) 

where f PRP r ipi  • • • r Np Nt) and - iL is defined by 

P  - IL - 	• vR 	 Vr + 	vityo(R, r j) • (V I,- j) .1 m  

	

j 	1=1 

	

E Vr  U(rj , rk ) • V9 ., 	 (58) 

The Liouville operator defined by (58) will be separated 
into two parts: 

— iLB E-- 
M

•v
R  J=1 
+Ev

R 
yo(R,rj) • V p, 	 (59) 

- iL R  a-  - E
m  • vr + 	vr co(R,rj) • V pi  

N 

± f#7,  Vrj U(r i , rk) • V 91 . 	 (60) 

Now, define; by 

f = exp(- ttLi)f 
	

(61) 

where ImARPripi  - • • r NpNt). Using (57) through (61) 
leads to 

2t 
.f = iL B (t)f 	 (62) 

where LB (t) is defined by 

- ifi R (t) -a exp(itL R)(- iL R ) exp(- itL R). 	 (63) 

Our notation suggests that L B (t) is a stochastic opera-
tor. Of course, it is clearly not a stochastic operator 
as is explicitly evident if (59) and (60) are inserted into 
(63). However, it acts like a stochastic operator be-
cause the noncommutivity of LB  and LB results in ex-
tremely rapid variations in t 1 (t) if N is sufficiently 
large. Moreover, (59) and (60) may be used to exhibit 
WO as a sum of N similar terms. This suggests that 
to treat L B (t) as Gaussian for large N is not unreason-
able. Therefore, we shall invoke the nonperturbative, 
multiplicative stochastic, Markov approximation while 
we treat L B (t) as stochastic. 

It shall be assumed that the average of f, (I), factors 
for all time as follows: 

(9) =g B (Pt)WeR°  (Rr • • • rNpN) 	 (64) 

where WV(Ri ripi 	rNpN)  is the canonical equilibrium 
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distribution for the fluid molecules in the presence of 
the heavy particle at R, and is given by 

1 	 N 	12 	N 

W eIRRr dal • • • r NPN)
Q N 

eXP[ ( 	2m 
	cp(R, rj) 

.1=1.  

1 N  
+ 7, z U(r j ,r,))] 

f*k 

where QN the normalization constant which satisfies 

f • • • f WeRg(Rripi  • • r Np N) dRdr i  • • dr N dpi  • • - dp N  = 1• 

(66) 

The heavy particle coordinates R appear in (65) because 
the inertia of the heavy particle is so large that the 
fluid molecules achieve thermal equilibrium relative to 
the instantaneous position R of the heavy particle very 
rapidly compared with the rate of change of the position 
R. This situation is analogous to the technique used to 
derive the Langevin equation starting with a heavy par-
ticle in a fluctuating fluid, in which case the fluid fluc-
tuations must be computed subject to boundary condi-
tions representing the presence of the heavy parti- 

2 7,809 cle. 	The response of the fluid to the presence of 
the heavy particle must appear in the computation if 
sensible results are desired. 

Returning to (62) and using (64) we get, on the 
average, 

at
g B(Pt) 

N f f o 	
N +1 	f 1.. 13 (0)1:,(s) 

x  weRa (Ft r iv_ p ) dN  r dR dNpdsgB  (Pt), 	 (67) 

where we have integrated over the fluid variables and 
R, and the quantity 

— f:f 	N... f f • • N+1... fLB(0)La(s) 

weivnevpndNrdRdIvpds 	 (68) 

is almost the analog of the correlation strength given in 
(52). The minus sign comes from (i) 2  and r N  denotes 
r i  • • • r N  whereas dN  r denotes dr i  • • • dr N , etc. The in-
tegration over the variables in W egq  corresponds with 
the round brackets average in (48) and provides the 
analog of stationarity. Note that (68) is not exactly the 
analog of (52) because it is still an operator. Equation 
(67) is what would result if L B (t) were really a stochas-
tic, Gaussian process for which the Markov property 
holds. We have implicitly assumed that the average of 
LB (t) is zero in writing (67). We shall digress for a 
moment and explicitly demonstrate that L B (t) has a zero 
average, and that (68) is stationary. The average of 
L B (t) is given by 

((LB(t))) f • • • f f,g (t)1411 dNr dR dNp 

= f • • • f exp(itL R)LB  exp(- itL R)W7d NrdRdNp. 

(69) 

The operator given by (69) acts upon functions of P. 
Using (60) and (65) it follows that 

exp(- itLR)(WeRQ 0(P))= Dvez exp(- ttLR)(tP(P))= WIMP) (70) 

where iP(P) is an arbitrary function of P, because 

LR(WeRg) = 0 and L R(14/70(P))=L E (WeRq)0(P)+ W7L R (zp(P)), 
and LR(P(P))= 0 since LB does not involve P. Therefore, 
we have 

CL B (t)))= f • • • f exp(itL R)LB W7divr dR dNp. 	(71) 

Expanding exp( itL R ) in a power series and integrating 
each term by parts leads to 

0,B (t)))= f .. • f LBWIlicer dRd Np 	(72) 

since all but the first term in the power series give 
zero because W egq  vanishes at the boundaries of integra-
tion. Using (59) and (65) gives 

iCf B (t)))= f • • •f [—V (Weq) + V (W eg) • -
1 

V dNr dR dNp R 	R 

=0 	 (73) 

where the second equality follows from integration by 
parts with respect to the coordinates R. The stationari-
ty relation follows from similar arguments beginning 
with 

«LB(t)EB(s))) = f • • f fiB (t)fiB (S)WeRqcer dR d'vp 
	

(74) 

= f • • • f exp(itL R)LB  exp(- itL R ) 

x exp(isLR)LB  exp(- isL R)WR dN  r dR dNp. 

Using an argument which is like that used in going from 
(70) to (71), we can go in the reverse direction and get 

MB (t)L B  (s))) =I • • • f exp(itL R)LB  exp(- itL R ) 

x exp(isL R)LB  exp(- isL R ) exp(itL R) 

x wER'q dN r dR ep 

= f • • • f LB exp[i(s- t)LAL B  

	

x exp[- i(s - t)L ALIT d N  r dR d N  p 	(75) 

where the second equality follows from an argument 
identical with that used to get from (71) to (72). There-
fore, the quantity given by (68) is in general 

ft-  (KL B (t)i:B (s)))ds = ft - (Kri B (0)1: g(S - t)))  ds 

= 	B (0)L B (s')))ds' 	(76) 

where the first equality follows from (75) and the sec-
ond equality follows from the change of variables s' 
= s - t. This ends our digression. The expression in 
(67) is an approximation to the exact behavior described 
by (62), and we shall analyze the detailed behavior of 
(68) regorously from here on, to the end of this section. 

It is very convenient to get the W7 term in (68) as far 
to the left as possible before attempting to perform in-
tegrations. This requires letting L B (0)LB (s) act on W7 
as is appropriate. Using (63) gives 

— fi B (o)f, B (S)WeA- B  =- LB exp(isL R)LB  exp(- isL R)WeRqgB•  

(77) 

As is indicated in (67) there will be an integration over 
R. Using (59) for LB and integrating over R by parts 
shows that 

gf—j—37 • V +t VEsp(R, rj) • Vp) exp( isLR)LB  
P  j=1 

x exp(- isLR)WeRggBdR 

• (65) 



where the last equality follows from a result analogous 
to (82) which depends upon (79): 

-iLBWRh = 	iL'B )h. 

vs 
x= f f • • •f wr 	a 

(P (R,r;) exp(isL R) 

N A  

x E 	(R,r k ) dNrdRdNp ds. (85) 	k=1 aR (91) 

1924 	Ronald Forrest Fox: Multiplicative stochastic processes, etc. 	 1924 

=f • • of 	Va cp(R, r j) • Vp (exp(isL R)LB  
J=1 

X exp(- isL R)W eRggB)dR 	 (78) 

where the integrated term at the boundaries vanishes 
because WV vanishes there. Equation (78) shows that 
the LB on the left in (77) acts only through the potential 
term 

terms as follows: 

- 2(0) 1: B(S)Wlg B 

N a  
W eR'l 	cp(R, rj)) exp(isLR) 

N \ 	\ x \ —app, co(R, rk)) -b75; V iTi+ apjgs. a  

Returning to (68), we have found that 

E Vaco(R, rj) Vp. 
5./ 

Therefore, in effect (77) reduces to 

(79) 
- f0 	

• ' N ' • • ff —N+1... f LE(o)LB(s)weRq 

- L2(0)LB(s)W2gB - LB exp(isL R)LB  exp(- isLR)W eiiga, 

(80) 
at least after the R integration is performed. Returning 
to the justification of (70), we see that 

exp(- isL R)WeRag, = TM-B• 	 (81) 

Using (59) and (65), it is seen that 

- iL B ng B  = 	71  • VR, +
1  V

R9(R, rj ) Vp 

P 
	N 

+J3 117 • VR 	<p( 13, r,f))gB• 

Furthermore, we have 

exp(isL R)Wn = WeRq exp(isL R)h, 	 (83) 

where h is any function of the variables P, R, r j , and pi 
 for j = 1,2, ... , N. This relation follows from the rea-

sons given in justification of (70). Therefore, (80)-(83) 
give 

- LB(0 )LB (s)nga 
N 

- LBW exp(isL R) — • V R E VRco(R, 1'1) • Vt. 
j=1 

+ R—  • V E cp(R ,  r M R 	 B 

= we1 E va(p(R, r i) • Vp exp(isLR) 
.1=1 

X —
m 

• VR + E Vgcp(R, rj) • Vp + P -12  • VR 	(R, rj ))g-B  
J.1 	 M 

(84) 

xdNr dRd NpgB  

=1 f..-N..-f f 	f WR 

co(R, r j)) exp(isL R) 
k=1 aRµ 

k.i  aRv (P(Rr)) x 	 ,k a   

xdN r dR dNp ds g B . 

If for a moment we specialize the above results to one 
dimension, and use the fact that P = Mu, then we have 

a 	Pa \ 	a /,u 	a 
aP„ m

+ 
 aP„) au kP m m2  au 

and 

10 .  • • • f Mit 
a 
R  cp(R, rj  exp(isL R) 

)01 co(R, rk)) dNrdRdNpds- k=i aR, 

f w 	R r PLi  —aR 9( , 	exp(isL R) 

x (i)l a  aTe  cpkR , rk)) d N  rdRd pds, 

where WV and LR are one-dimensional expressions in 
the last expression above. Comparing these results with 
(4), we see that we have the Fokker-Planck equation for 
a Brownian particle in (67), if we use the one-dimen-
sional analogs given by (89) and (90). Using (6), it is 
seen that we have the identity 

(82) 

a 	a 
Pu  m aP, 

(89) 

(90) 

(87) 

(88)  

The expression in (84) becomes an equality when the R 
integration is performed. Note also that the P/M VR 
operator in (84) acts on gB  only, and because gB  depends 
upon P only the effect is zero. Therefore, (84) becomes 

- LB(0)LB (s) WVgB  

WeR̀1 ( VR9(R, r j) • Vp) exp(isL R) 

X 	Vitcp(R, rk) • Vp + 
p

• VR E cp(R, rk ) g B . 	(86) 
k=1 	 lx=1 

Finally, since LR does not contain P, we may combine 
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This is all reasonable since we can readily associate 

41. 	w(R r )- - 
j=i aR • 	' 

and 	 (92) 
N a  

exp(isL R) E — co(R , 1'0 - P(s). 
k=1 aR 

This second association is perhaps even clearer if we 
reinsert exp(- isL R ) on the right of the integrand of (91), 
which changes nothing as was seen in going from (69) to 
(71). The strength of the stationary correlation, 
ri4(0)P(s))), follows from (2) and a formula like (52) 
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which reads 

X= fo'  ((F(0)F(s))) ds. 

In Eq. (88), we actually have the three-dimensional 
generalization of (4) which gives 

a 
XP ff • f W71? 	aRµ  co(R, rj)) exp(isL R) 

X( 
	a 
E 	(p(R rk)) dNrdRd Npds 	 (94) 
k.i aR z, 

where X„ is the friction tensor, 7  and it is useful in de-
scribing rotational Brownian motion if the potential q  is 
not spherically symmetric. 29 

It is to be especially noted that exp(isL R) appears in 
(94) and not the full Liouville evolution operator 
exp(isL). This point has been emphasized by Mori,' ,31 

 who also gets this type of result from a different ap-
proach. Other treatments involve exp(isL) in analogous 
expressions, and lead to certain technical difficulties, 
sometimes referred to as the "plateau value prob- 
lem.  9523, 24, 27 

coefficient formula may be found in the references just 
cited. 

ERGODIC ITY 

A phase space function Pqi  • • • q Np i  • • • No is said to 
be ergodic if 

lim (f(qi - • • q Npi  • • • p NO)f(q i - • q Npi  • • • Ns)) = 0 	(95) 
s— 

where ( • • • ) denotes the canonical, initial value aver-
age. 32  We would like to show that the force on the 
Brownian particle 17. i  2/aR, q3(R, r 1 ) in Eq. (94) is 
ergodic in the sense of (95). Furthermore, if the vanish-
ing of the correlation function in (94) is fast enough, 
then the integral over s will be finite. To show ergodici-
ty it is necessary to analyze the detailed structure of 
exp(isLR). In doing so, we will discover a phenomenon 
which we shall call "intrinsic diffusion." This intrinsic 
diffusion has interest in its own right, independently of 
our particular context here. 33  

The time ordered exponential for a time dependent 
operator which does not commute with itself at different 
times is defined by 

T exp(f o s  0(s') ds') 

E 
JO 

 rs rsi f JO s2... fosn-2 f0 8"1  0(S 00 (s2) • • • 0(S n_i)0(S n) m i 	JO 

	

XdS n dS n_i  • • • dS2ds 1. 	 (96) 

Given an operator of the form exp[is(A+B)] where A and 
B are noncommuting differential operators, we have the 
following disentanglement theorem: 

exp[is (A + B)] exp(isA)T exp[i jo s  exp(- is'A)B 

	

x exp(is'A) ds']. 	 (97) 

Both sides of (97) are clearly equal for s = 0, and dif-
ferentiation of both sides for s # 0 gives identical re-
sults, proving the validity of (97). 

When (97) is applied to exp(isL R), where we use (60), 
we get  

exp(isL R) 

= exp E h • v,. )T exp [f exp(- s E R4  • 
1=1 	i 	 m k 

0 

Orl y 	r1 ) • V + 	'Vrz U(r 1 , r ,) Doi} 

X exp (s' f Pi  • cri.k) dS] 	 (98) 

The expression in (98) will be studied in detail in this 
paper with respect to the leading term only. This term 
is 

P• exp 	-1  • Vr). 
M 

The detailed analysis of this term will indicate how the 
analysis goes for higher-order terms, although in this 
paper no explicit expressions for the higher-order 
terms will be offered. 

Returning to (94), we see that we need to calculate the 
canonical average of expression (99). We shall perform 
the momenta integrations first. The leading term in (99) 
gives 

N 	\ 
(271-MI .87) •3"2  f • 	exp 
	 k=1 2m 

x exp 	hm  • V r.) dNp 

(aumK,T) -3N 12  /if exp i340 

exp 
 (

13-1  • V, ) dp i •  m 

For a fixed j, we shall now consider the integral over 
the x component of pi  because the other components and 
the other momenta integrals all work out similarly. We 
have, therefore, as a typical integral 

P3 x) 	(ki ax 	dp ) (21-rmK,T)-1 / 2f exp 	exp s  

E(s/in)(a/ax)1 4  07.)  
,;0 	n! 

where 

(1,7 x) (21TMBIC B  Tr" j 13 7x exP OP2,41 )dPix• 

These Gaussian integrals are well known and are given 
by 

(P,7x) =0 	 for n = 2m +1 where m = 0,1,2, • • • 

and 	 (102) 

(2m)1  P.7x) = 2„,m1 (Pix) rn  for n= 2m where m =0,1,2, • • • . 

Inserting these averages into (101) gives 

(27rmKR T) -112  f exp 06 
2m  ) exp 	—a m  ax

)dp.„ 

= exp 
K BT a2 
2m ax2  

because (P3x) = nix", T. Returning to (100), we get 

(93) 

The relationship of (94) to Kubo's transport 

(99) 

(100) 

(101) 

(103) 
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	 ) 2m Vri ' 1=1 

N 

=11 exp s 2 
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The corresponding differential equation follows from 
(106) and is 

—a 
D(r, 	2s 

KBT 
'72 (r s) (104) 	as 	' 	2m r  ' 

(27rmK B T) -3N/2  IIi  f 	exp( 	
2m2/exp  m

)dpi 

(112) 

If only the leading term in (99) is used in expression 
(94), then the canonical momenta averages give 

a 	, = f f • 	• If W7, (R, r i  • - • rN)(E — cokrc, ri) 
0 

I se 	 2 )(1  x 	 '' 	a 
exp 	 — (R, r dN  r dR ds (105) 

1.1 	2m ri k=1 aRv 	k 

where W71,g (R, r i  • • • r N) is the coordinate dependent factor 
in WeRg , and the superscript on X °„,,, indicates the lowest 
order truncation of the series implicit in (98) by virtue 
of (96). A typical term in (105) has an integrand factor 
such as 

0 2 KBT  2 	a 
exp (s` 2m 	)( (p(R, r r)) . 

We shall express (106) in a different form which is sug-
gested by an analogy with diffusion. It is worthwhile to 
digress for a moment in order to make the analogy 
clear. 

The diffusion equation in three dimensions is 

a 
—D(r

' 
 t) DV.D(r, t) 2t  

where D is the diffusion constant. 
(107) may be written as 

which is analogous with (107). One may check all this by 
showing that the Green's function in (111) satisfies (112) 
with initial condition D(r, 0) = b(r - r ° ), in an infinite 
volume. We shall refer to the behavior exhibited by 
(111) as "intrinsic diffusion" to distinguish it from true 
diffusion as exhibited by (110) while suggesting the 
marked similarities. Notice in particular, that "in-
trinsic diffusion" acts like true diffusion with a diffusion 
coefficient which grows linearly with time: D 	(K B T„/ 

 2m)s. Therefore, "intrinsic diffusion" smooths out 
coordinate dependent functions increasingly rapidly com-
pared with true diffusion. Moreover, it increases the 
rate of smoothing proportionately with temperature and 
inverse fluid molecule mass. 

Returning to (105), and using (111), we get 
NN 

	

K B T 	-312  
itiv= E 

i f 	 a 
k.i 0 	4f 	R 4 (13(R91."-1)) (47 	2m s  

X exp 
4 (K B  7/2m)s2)( as  (p(R rD) dN  r' dN  r dRds. 

(113) 

It is convenient to use a Fourier transformation repre-
sentation of the potentials in evaluating further expres-
sion (113). Define ip(p) by 

(106) 

(107) 

A formal solution to 

fir 
D(r, t)= exp(tDVDD(r, 0) 	 (108) 	(P(R, rk) -27r  jj 	exP[iP • (R - r 0]S-0 (P) dP 	(114) 

as is readily verified by differentiation. In addition, the 
solution to (107) in an infinite volume, with the initial 
condition D(r, 0) = 6(r - r °), is given by 

r  D6(r, t) = (47rDtr °12  exp - 
r  
4Dt 

l 2 	
(109) 

 

where the subscript G indicates that this solution can be 
used as a Green's function, which enables us to con-
clude from (108) and (109) that 

exp(tD Ni.)D(r, 0) = (47rDt) -3 / 2  iff 

 exp - 
r - r ° I 2  D(r° , 0) dr °  4Dt 

(110) 

for arbitrary initial distrubutions D(r ° , 0). 

The analogy between these results for diffusion and 
expression (106) should be clear. The important differ-
ences are KBT/2m in (106) where D is in (108), and s 2 

 in (106) where t is in (108). However, remarkably 
enough, there is a Green's function which goes with 
(106) given by 

exp (s2-1C21'mT  V;) (—Tap  v  (rt r,)) 

= (47-27  s- 	fll exp 
KBT 2) -312 	 Irl -r;12  

4(KB T/2m)s 2  

X (—a-Tv8  cp(R, r'd)dr;. 	 (111) 
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using (111) in (113) with (114) gives 

	

2,1),„= E r, 	- - rwr(-- (ip ) exp[ip • (R- ri)K6(p) 
J.1. k=1 J o  i 

	

N N 	01 

2ir 	" 
1)6  . 

x exp ( s 2  2m 1p' I )exp[ip' • (R - rk)](,a(p') 

xdp' dp dN  r aids. 

Equation (115) also follows directly from (105) using 
(114). In getting (115) we have used exp[s 2 (KB T/2m)Vfl 
x exp(ip' • r) = exp[- s 2  (KB  T / 2m) I p' i 2 ]. Either (113) or 
(115) shows that to this lowest order of truncation we 
have ergodic behavior. Note that in (115) the p' = 0 term, 
which does not decay, is multiplied by ip,'„ which is 
zero. In (113) we see that qualitatively, "intrinsic dif-
fusion" smoothes out the force at time s, for large s, 
so that we are left with the canonical coordinate average 
of the initial force times essentially a constant: 

=0 	 (116) 

where C is the constant corresponding with the smoothed 
force at time s, and the second equality follows from a 
result similar to (73). In addition, (115) may be inte-
grated over s explicitly giving 

(115) 

lim (time integrand 
s-- 

N N 
f • 

k=1 

of X°„,,) 

/ a wzkv iz4  (p(R ,r j)) C d N  r dR 
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N N 

E t f • • •f" w:,.2(-
1)G

(ipp) exp[ip• (R- r;)]cr3(p) 
i=i k.1 	 21r 

\ 	

' 

1/2 
x 

(2K B T I ps 2) 
exp[ip' • (R - r k )] 115 (p' ) 

1  

xdp' dper dR. 	 (117) 

As long as ip (0) is finite, the (I p' 1 2 ) 1  / 2  denominator in 
(117) does not create a divergence because of the factor 
(ipv'). If cp(R, rk ) is spherically symmetric, (114) may be 
inverted to show that co(0)= 47r f o r2  9(r) dr , which is 
finite for a large class of physically reasonable poten-
tials, which do not possess too terribly singular hard 
cores, and which tail off rapidly with increased separa-
tion of the interacting particles. The presence of WV 
in (117) makes it effectively impossible to perform the 
coordinate integrals in general. We will end our present 
discussion of XL, by approximating the coordinate in-
tegrals for high temperatures. 

At sufficiently high temperatures we shall approxi-
mate WV by r (N'1) , where V is the volume of our sys-
tem, which volume we have been taking to be essentially 
infinite during much of the preceeding analysis. Al-
though (113) is valid only for an infinite V, since the 
Green's function in its integrand obtains only for an 
infinite V, (117) is valid for finite V since it follows 
from (105) and (114) without any restriction on V. The 
approximation for 13/!;" .  by V -(N'13  requires that the poten-
tial have a hard core repulsion which, while very large, 
is finite. The limit V-00 is accompanied by N 00 while 
N/V remains equal to a constant n. This is the thermo-
dynamic limit. With the thermodynamic limit the co-
ordinate integrals in (117) can be performed, and we 
get 

X°^'" lira V -(N+1)  

	

uv thermo 
	E E 	(-2) upo 

J=1 k=1 

N N " 	
I 8  

x exp[ip • (R - 
1.3)1" ) (2KB T) 	I p' I 

71"M 	1/2 1 

- rk)]9'(p')dp'dpdNrdR x exp[ip' • (R 

Rm 

 ) I /2 

=11.111 277 
3 

(P,Pv)1(P (P)1 2  (2K 	T 	1 p 	dp 

	

rr 	
\ 1/2 

+ ;2'2  ill 6 0)(P g Pv) I so (I) ) 1 2  (2.-jc ,) 	dP 

=n
f 1 3  

27r (PAP1) 1 (P 0)12 (2K B  T 
) 1/2 1  do  

- • 
	(118) 

The expression given by the second equality has a term 
proportional to n which comes from the double sum 
I' D, when j =k, and a term proportional to P.' which 
comes when j * k . The R integration produced a factor 
b(p + p') which converted ip(p)Cp(p') into Co (p)0 (- p) 
= ca(p)0*(p) ,---- I (kp)1 2  as is seen using (114). The I p I 
denominator in each term causes no trouble because of 
compensating numerator factors in p v p„, which also ex-
plain how the n term vanishes. If I (p) 1 2  vanishes for 
large I p I sufficiently rapidly, then the remaining in-
tegral is finite. In general, when WV is present and no 
approximation is used the value of XL, does not have 
such simple n or 7' dependence. 

These techniques need to be extended for the analysis 
of higher order terms in (94) using (98). 

CRITICAL BEHAVIOR 

That something can be said about critical behavior 
within the context of this paper follows from the ob-
servation that a Brownian particle can be used as a 
probe which manifests the state of a fluid. If the fluid 
passes through a phase transition, the Brownian parti-
cle should exhibit noticeably altered behavior. In partic-
ular, for high enough temperatures the fluid will be a 
liquid or gas, and the Brownian motion should be nor-
mal with a finite value for A„,„. However, if we freeze 
the fluid, we should expect that A.„,„— 0 0 . Using (6) and 
(8), we see that this implies a vanishing diffusion con-
stant D. 34  

If a complete analysis of (94) using (98) were possible, 
we would end up with the infinite series: 	XL + X 14 „ 
+X2,„+• • • in which the superscripts indicate the number 
of times a potential appears in the corresponding term. 
We suspect that intrinsic diffusion will result in each 
term being finite, as was seen for X. When T = 0, how-
ever, we have a special case in which each term is in 
fact infinite. For X ° , this is seen in (115) because the 
exponential can no longer damp out the integrand when 
T = O. Consequently, X 4 ,, diverges for T = 0; a fact con-
sistent with intuitive expectations. For T o 0 each term 
in 	AL+X2,,„+ • • • will be finite, or at least this 
is plausible following our analysis of X °,,„, and if the 
temperature is sufficiently large, we expect the series 
to be summable. This expectation is based upon qualita-
tive analysis of (94) using (98) which suggests that the 
X,,„ series goes like a series in powers of the ratio of 
potential energy and thermal energy. For large tem-
peratures this ratio gets small and the series converges. 
The possibility exists that each term in A.,,,„= 

• • is finite while the sum diverges, if the tem-
perature is small, but nonzero. This suggests that there 
exists a temperature T c  such that for T > T c  the series 
sums while for T T c  the series diverges, even though 
it is comprised of finite terms. If Tc  exists, we identify 
it as the critical temperature for the fluid. It is de-
sirable to try to achieve a rigorous basis for the analy-
sis of (94) using (98) so that these conjectures may be 
tested. 

CONCLUDING REMARKS 

The theory of multiplicative stochastic processes has 
provided a method for nonperturbative approximate 
solution of complicated dynamical equations. It has been 
shown how to interpret an exact dynamical quantity as 
a stochastic quantity. By such an interpretation an 
averaged equation is written which serves as a non-
perturbative approximation for the original dynamics. In 
this manner we have derived the Fokker—Planck equa-
tion for Brownian motion, starting from the exact 
dynamics for a heavy particle moving in a molecular 
fluid. 

The discovery of "intrinsic diffusion" has permitted 
an analysis of the ergodicity of the force autocorrela-
tion function which was derived. Because Brownian 
motion leads to ordinary diffusion, "intrinsic diffusion" 
and ordinary diffusion are connected by our analysis. 
"Intrinsic diffusion" will also arise in other contexts. 33 

(it4,) 
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The analysis of Brownian motion in this paper leads 
to a calculation of A, the dissipative constant, in terms 
of the interparticle potentials. The calculation involves 
the time integral of a force autocorrelation function 
which connects A with the dynamics of the system. A 
conjectured relationship between x and critical phenom-
ena is presented, which if eventually justified rigorous-
ly, would provide a dynamical basis for the understand-
ing of some aspects of critical behavior. 

In our other work on the quantuth mechanical density 
matrix, 3' 5  the problem of calculating the matrices, 
Qco,,.„, which are the analogs of A, has been raised. We 
shall pursue this problem in another paper. 
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APPENDIX: DERIVATION OF (50) FROM (48) 
AND (49). 

The correlation formula in (48) follows directly from 
the solution to Eqs. (1) and (2). In addition, the Gauss-
ian property of F(t) in (1) is inherited by p(t) in (48). 11 

 This implies 

	

((i)(t 1 ) • • • 3(t2 „,_1 ))) = 0 for m =1, 2, 0 • • 	 (Al) 

and 

cixti). • •T*2.»)- 2 mm !
„A. rl c3(tp(2f-i))3(4(2,)))) 

(MK B T)rn 

rm I pc- s2„, 1.1 

xexp[
- —

a 
 t m  p(2i) 4f(2a-i) 

	

for nt=1, 2, • • • 	 (A2) 

The formal solution to (49) is 

11(s\ 	

a

a
x f(x, t) = exp(-f 

t 	
ds---)f(x

" 0), 	 (A3) 

as is verified by substitution and differentiation. Ex-
panding the exponential and averaging gives 

f(x , t))) = 	(1).1_(ft ( s 	
ax 

ds) n  -21,)if(x , 0). 	(A4) 
M n1  

Using (Al) and (A2) in (A4) gives 

(MK BT)  E t 

! 	pc- 52 ,n  f=1 	✓ a  

ti,(2j). -  tp(2j.1) I ) dtp(21) dtp  (2j  -1) 

a2m 
X a.,-7277, fix, 0) 

(1( B T) 2 m  1 
 rn..0 M 	2 mm I 

x UT:2r f(x , 0) 
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r tf , 

((3(s)3(s')))dsds)m nn! 2m 	0 0 nz. 0 	M 

x6
a2  

f(x , 0). 

Therefore, 

at 
a 	 f a 2  

((f(x, t))) = J 1--72 CP(t)P(s9dsTa7,—, 2  ((f(xt))) 
0 

which is (50), and which follows from (A5) by differen-
tiation, followed by rearrangement of terms. 

Equation (A6) can be integrated to give (51) of the 
text. The solution to (51) is given by 

K T a 
	 m 

M VT 
0.A 	a 

 
((f(xt))) {47r -43—  t - — 	exp 	)] 

a 	 (x - x0) 2  X exp( 
4KB T -{t - (M/ a) + (M/ a) exp{- (a/M)tD) 

(A7) 

if ((f(x,0)))= 6(x - x 0 ). This expression can be checked 
by substitution. It leads to the Orstein—Fiirth formula 35  

B  
((x (t) - x 0)2 =

2MK T
[1”  t - 1 + exp 	(i)]. 	(A9) a M 

Note also that for the short times, t <M/a, that (A7) 
reduces to 

\ 

	

(47T
K

BT t
) -112 ex 	

x0)2 

2M 	
p 	  

4(KB  T/21V1)0 -  (A9) 

which is the Green's function for intrinsic diffusion in 
the text. However, for long time, t> M/a, (A7) be-
comes the one-dimensional analog of (109) in the text 
which is valid for ordinary diffusion. The intrinsic dif-
fusion Green's function has the form (A9) for all times! 
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Application of cumulant techniques to multiplicative stochastic 
processes 
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The use of cumulant techniques for analyzing time dependent, stochastic matrix expressions of the 
form < T exp[ffi(S)dS] is explained. Because cumulants are complicated expressions when B(t) 
does not commute with itself at unequal times, we explicitly work out cumulant expressions up to 
fourth order. The fourth order terms can be used to demonstrate that noncommutivity prevents the 
generalization, to time-dependent, stochastic matrices which do not commute with themselves at 
unequal times, of the result which applies to commuting stochastic processes that states: If the 
stochastic process is Gaussian, then its cumulant expansion truncates after the second cumulant. 
Furthermore, it is argued that if the stochastic matrix process is both Gaussian and purely random 
then the cumulant expansion does truncate after the second cumulant, after all. The significance of 
this result with respect to the application of approximation involving cumulants is mentioned. 

INTRODUCTION 

It is the purpose of this paper to apply cumulant tech-
niques to the analysis of multiplicative stochastic pro-
cesses. 1  When the stochastic matrices, which appear in 
the differential equations defining a particular multipli-
cative stochastic process, have special properties, the 
use of cumulants can lead to significant simplifications 
in the analysis of solutions to the differential equations. 
In general, when no special conditions are imposed on 
the properties of the stochastic matrices, cumulant ex-
pressions contain all of the information of the original 
problem, but without any particular advantages for 
further analysis. Kubo 2  has introduced cumulant tech-
niques for the study of multiplicative stochastic process-
es, and he has attempted to approach the problem in as 
general a setting as possible. Fox' has studied multipli-
cative stochastic processes without using cumulant 
techniques, and has restricted his approach to the prob-
lem to the use of stochastic matrices which are purely 
random and Gaussian. It will be demonstrated in this 
paper that the restriction to purely random, Gaussian, 
stochastic matrices corresponds with the special condi-
tions alluded to earlier for which cumulant techniques 
are most useful. 

In the course of this paper we will show how the 
utility of cumulant techniques is related to the Gaussian 
property of the stochastic matrices. When the stochastic 
matrices are time independent, the Gaussian property 
alone guarantees major simplifications in analysis if 
cumulants are used. When the stochastic matrices are 
time dependent and do not commute for unequal times, 
then the Gaussian property alone is insufficient, and 
must be augmented by the purely random property if 
efficacy is to be achieved using cumulant methods. It is 
this last point that requires emphasis when one is using 
approximation methods which rely upon cumulants 
expansions. 

TIME ORDERING AND CUMULANTS 

Consider a multiplicative stochastic process de-
scribed by' 

Tu aa(t)=-A„a .a„,,(t)+ ii„„,(t)cia ,(t) 
	

(1) 

in which A„ a , — A a , a  , 	 A,„„,(t) is a 

stochastic matrix with averaged value zero, a 
=.; 1, 2, ...,N, and repeated indices are summed. If 
Acw (t) had a nonzero averaged value, we could include 
its averaged value in the term A„,„, and start over again 
with A„,(t)—(A,,,,(t)) as the stochastic matrix, where 
( • • •) denotes stochastic averaging. We would then have 
a process such as described by (1) with the average val-
ue of A,„,,(t) equal to zero. A useful manner for obtain-
ing the solution to (1) is to use the transformation 

aa (t)= [exp(tA)] aa ,b a,(t). 	 (2) 

Consequently, the b a 's satisfy 

 dt b
c,(t)= [exp(— tA)] aA8,(t)[exp(tA)] 3 , c,.1)0 (t) 

/4, 0, f(t)b,,a(t) 	 (3) 

where the second equality defines r3(t). Note that the 
averaged value of B(t) is zero since it is linear in the 
matrix elements of A(t). In general, A and A(t) will not 
commute, neither will AM and A(s) nor 1§(t) and B(s) 
for t# s. 

The formal solution to (3) must be written with a time 
ordered exponential' defined by 

b a (t) = [ T exp(fo t  ia(s)ds)]„,„,b,(0) 

E  r t 

j°  

fion_21.,„_1(4-1):41., n.1.0,•(tn) dt„ dt,4  • • • dt2 dtik e  (0) 

(4) 

where the n=0 term is defined to be 1. If B(t) and B(s) 
commuted for t* s, then (4) would reduce to an ordinary 
exponential 

t 	 t 
•E — f 	-17 • • f [B at , (S 3) • • • .17„ n  ,(sn  ndS n  • • • dS i b,,,(0). 

n=on. 0  

If B(t) is in fact time independent, then all time integra-
tions are easily performed giving the ordinary 
exponential 

n.on1 
E—tn[(B)nk,.1)„,(0). 

Cumulants arise when one wishes to perform the 
stochastic average of an expression like (4) or its more 
simple forms given above, at the end of the preceeding 
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paragraph. Historically speaking, cumulants arose in 
statistics and were known as Thiele semi-invariants. 4  

Suppose that we have a time independent stochastic 
variable X and we are interested in calculating (exp(X)), 
where X may be either a scalar or a matrix stochastic 
quantity determined by the distribution function for 
its values. The cumulants for X are defined by 

(exP(i))=( -nli  (i)= -nil  ((i) n) 

1 
e),:p(E/ -C((XT) 	 (5) 

where ( • • • ), denotes the cumulant average. Cumulant 
averaging is by definition a homogeneous process with 
respect to multiplication of X by a constant, just as is 
the case with ordinary averaging. Therefore, ((AX)"), 
= Xn((g)n),, and 

(exp( X5e)) = exp 	((i)")) • 	 (6) 

Differentiating (6) n times with respect to A, followed by 
setting X= 0, gives for n=1, 2, 3, 4, • • • 

(I) = ooc, 
((i) 2)=((),2)2+(")2, 

((56 3)=((l)S),+3((i)2)c (16c+(g), 
	 (7) 

((i) 4)= ((g) 4 )2  + 4((1) 3)2(i)c +3((i) 2)+8((56 2)c(rOg+ (2Yc' 

Starting with the first 	these equations may be suc- 
cessively inverted to give expressions for cumulant 
averages in terms of ordinary stochastic averages: 

(1)c = (1) 
«1) 2)2 = ((X) 2) (1) 21 
	 (8 ) 

((1) 3 )2 = ((i) 3) 3((1) Z)(1) 2(X) 3 , 

(06 4)c = ((R) 4) - 4((k) 3)(5e) - 3((X6 2) 2  ± 12((1)2)(1)2 6(X)4 

• 

It is possible to define cumulants even when we are 
dealing with time-dependent stochastic matrices which 
do not commute at unequal times. 2  One gets time-
ordered cumulants defined by 

eXp (f t  t(S) 	T exp(E/  fo t fo ti fot2 • • fo t.-2 fo t-i 

x(E-1( t1 iti( t 2) 	ii(t„,)5(0) c  

xdt,dt n _i 	dt2dti) . 	(9) 

Because it is so easy to misinterpret the precise mean-
ing of (9), we introduce here the following notational 
scheme which permits unambiguous rendering of (9). 
Define gc,( nd(t i ) by 

g ( ti ) fot1 fo '2 • • • fo t-2 fo t 	,,,,i (toB„, 1 „. 2 (1, 2) • • • 

Bµ n-2µ n-1 (tn-1)Bµ„ -1S(tn))c dt, dtn _i  • 	dt3  dt2 . 	(10) 

Therefore, 

CT exp(fD t 	dSD= T exp0:211  fot g( n ) (4) dt i) . 	(11) 

As before, we can introduce a parameter A, and using 
(10) leads to 

exp(fo t  AB(S) dS))= T exp (27, f vg(n)(to  dt) . (1 2) 
n.1 0 

Differentiating (12) with respect to A, n times, followed 
by setting X=0, gives for n= 1, 2, 3, 4, • • 

fot 	s(to) dt1= fo t All (to cu l = fo t (.13', 6(t1 )) c  

ft foti(h--„,,(toi3,,,(1,2))dt 2 dt, = fotds)(ti) dt,± 
fo t fo t ig„„ 	„, 

dt2 dt, 

= fo t fo  ti (fic„, (to tta(t2))c  dt2  at, + fo t  fo ti (1-3-„,,(to) co-„(t2))o  dt2 

 (13„i (tOri, i , 2(t2).13-  , o(t 3)) dt 3  dt2 dtl  

= fot g(3 )(ti ) at, + fot foti42:(,04 
0t2)+ fa

t fa t, 
g,,:(1- 1 )4;,' (t 2) dt2  dti  

= 
+ f0 t  foil Io ta 	 dt3  dt2  dt 1  

fot f
o il jor t2 (k m 	p2)17,, 2$  (t2)),dtadt2dti+ fo t  f0 t1  f0 t 1  (f 10.01  1 , 2(S2))c( 14  „o(t2)) cdt2dS2dti 

Lt  f.o ti  foti  (Bc, ,,,(4))c( 13ttitt2( t2) Bu 2,3(t3)), dt dt 2  cul + f t  f tl f t2 	1 ( 1.003  4 411 POMBA 25(4)) dt3 dt 2 cui , 

fo t Lti fo t2 g3 (1'3-  . 4 ,(4) 13  „,„ 2(1-2)131 2, 3 (1-3)ij „ 31041) dt,dt3dt2dtl 

= fo t 	(4) dti+ fo t  fo tl  gL3,?(t gri(t,) atz  at, + fa ' 	gr,2(ti)g,?,3)(t 2) dt 2 dti 

+ fo t  fo t i g(2,?(ti )g,(,26)(t2 ) dt2 dt, + fo t  fo ti  fo t2g2,), 1(ti)411)„ 2(t2)412)6 (t3 ) dt3  dt2dt, 

+ lo t  lo t ' fo tz  g 1,,), i (ti)di)g2(t2)412),Et(t3) dta dt2 dt1 + fo t foil fot2  gr,? i (t i)411),, 2(t2)422)13(0 dts dt2 dti 
 fot

JO tlf0 t2• 

	

j'o - 3 g 3 ( t i ) 	2 ( t2) g (41 2) 3( t g 1,1 dt4 dt 3 dt2 dt, 
Jot 

foil 
 fo t 2 F4, 	F.; 	;:.;• fo 3 t 	4iktoDgi" 21, n 2, 3 1, t3,W„,. 3/3( t4),/, dt4 dt3 dt2 dil 
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fotfos2 fc,ti 	,, l(tof3-„,„,(sdn.434  3(somi3--„,5(0), at,as,as2ati 

('o  + J Jor tl iro 	o  t2 Jr t3 (.4.„ 1 (to),( 1-3-„ 1„pdi3 ,, 2 „ 3(t3) 13-  ,„, 38(t4)) c  dt4  dt3 dt2C1t1 

fo t J•o ti 	fo t2  (13a a 1( 4) 114 2(S2))c 	2113(4)131,00)c as, at, as2 dt ▪ fO t„ fo t, fo ty • 
i(t i)li„,,,2(.92)),Ck 2,, 3 ( td) c (iff, 38(t3)) c  dt3 dt2 dS2 dti 

▪ fat fo ti fo t2  I t2  (Ka 1 ( ti)) c(fia ( t2)13-4 2 „.3(S3)),0",i3a(t3)>,dt3ds3dtzdt, 
▪ fO t fD tl fo t2 r t3 , 

clic, . 1 (4)),(13-,,,„(t2)),(ff, 2„. 3(t3) 	3,04)), dt 4  at, at,ati 
fo t fo il  412 t3 

(ija , 1 ( ti)),(E0  142(t2))c (17.11. 24 3( t3))c (AL 30(t4)),. at at, at,ati. 

Especially notice the limits of integration in several of the terms which contribute to the third and fourth order 
expressions. By successively inverting these equations we get expressions for the cumulants in terms of the ordi-
nary stochastic averages: 

fo t  (fic, o(t 1 ) c dt, fo t  (fa0(4)) dtl 

fa t fp <fic,,,,(toil,, B (t2)), dt2 dti  =-- l'o t 0-,,,,(toi-4,„02))dt,dt,_ fot fp (f,,,,,(4))(14 	dt3  at 

jc t. fa ll  fo t2  (ffo, 4 1(tOir p 1 4 2 ( t2) 1-?,, 2,9(t3)), dt3 dt2 dti 

= fot fp  fo t2 	 2(4) f3' 28(t3 )) at, at, 	— lo t  lot ' fot l (fic,, i (ti)k,„(s2)Xf3-,23(to)dt, as,at, 

—fo t  fo t l fo t2 (K, 1(0)(11 , 1 , 2(4) , 203)) at, 	+ fot foti 	 203)) dt3 dt2  dti , 
fa t fall t2  1: 3 	1 (ti)/3-4 1, 2( t2)11, 2, 3 ( tOil, 30( t4 ))e  dt4  dt 3  dt 2  dt, 

= f0t fall 1'0  t2  fo  t3  0.4a  taig 2420v  2, 3 ( t3)/3 1, 32 (4)) dt4 dt3 dt2 dt, 

- fat Jot ,- fos2 fot1(±3-a ,,,(ti)B, i ,„(s2).iii, 3(S3)) (3 4  38(t 3)) dt 2 dS3 dS2 dt1  

+ fO t  fat' fo ti fp(ff,„4,(toi-34 1 4 2(s2))oi-4 2 4 3 (s3))( -3-,, 30(t2))dt2ds3ds2dt1 

+ fO fO ti fos2 fo ti (E„,,,(to)(11,,,,, 2(s2)ii,, 2 ,i 3 (s3))(11,.. 302)) dt2 dS3 dS2 dt1 

- fo t fo ti fo ti 	(ff„,, 1(4))(ii,i i, 2(s2))(i3-„,, 3 (s3))(14,, 35(t2)) at, as, as, at 

—fat fa  t1  fa  t 2 fo t 3  (fic 1 (t1)) <II A im 3(t2) 17 	3 (t3) 	35(t4)) dt4  dt3  at, ati 

— fat fo t1 fo ti fo t2(fic,,, l(tofiu ,,,,(s2))0, 2, 3 (t2)ff, o(s3)) as, dt2  dS 2  dt i 

 + fat  fo il  foil fo t2  (I-  3 i(tl))( 11µlµ2(S2))(B µ2µ3(t2)k 35(S3)) dS 3 dt2 dS 2 dt1.  
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(13) 

(14) 

Again, especially notice the limits of integration in 
several of the terms which contribute to the third and 
fourth order expressions. By studying the special cases 
in which either B(t) commutes for unequal times, or B 
is time independent, it may be shown that (14) reduces 
to (8), and (13) reduces to (7). It should by now be clear 
how to obtain the higher order cumulants for B(t) when 
it does not commute with itself for unequal times, even 
though the expressions become quite complicated. 

THE GAUSSIAN PROPERTY 

Throughout this discussion of the Gaussian property, 
it is convenient to invoke the condition that the averaged 
value of B(t) is zero. This simplifies considerations 
without loss of generality, as was explained at the be-
ginning of the last section. The analogous condition for 
X is that (X)=---  O. 

Suppose that X is Gaussian with averaged value zero. 
Then it is known that the moments of X satisfy °  

((.2?)2'.1) =0 for m = 0, 1, 2, • • • , (15) 
((1) 2m)=1X3X5X• • • X (2rn - 1)((i)2)7" for m 1, 2, • • • 

If we return to (8) we see that 

Qbc 0, ((j) 2)c = ((50 2), 
(16) 
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((56 3), = 0, ((-76 4)c= O. 

The last result follows_  from the cancellation of the two 
nonvanishing terms: ((X) 4) and - 3((X) 2) 2, as may be 
seen using the second equation in (15). It may be proved 
generally that all cumulants of order higher than four 
also vanish. The proof may be performed by the method 
of induction. We assume it is true that except for the 
nonvanishing, second order cumulant, all cumulants up 
to and including order 2m for m > 2 vanish. We shall 
now show that cumulants of order 2m + 1 and 2m + 2 also 
vanish. 

The cumulant of order 2m + 1 will be expressible as 
an expansion in terms of the moments of X up to order 
2m + 1 as is indicated by (8). The leading term will be 
((X) 21"1) which is zero according to (15). All other terms 
in the expansion will involve products of lower order 
moments in which at least one factor is an odd order, 
lower than 2m +1 order moment. By (15), such moments 
vanish and we conclude that (002m.1) c= 0.  

The consideration of the cumulant of order 2m + 2 is 
best pursued using the relationships given by (7). These 
relationships show that ((i) 21"2) may be expressed in 
terms of cumulants of order less than or equal to 2m 
+ 2. The Gaussian properties given by (15) show that 
(( '6 2"142) is nonvanishing. Its expansion, according to 
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(7), in terms of cumulants begins with ((i) 2m+2),, which 
we wish to compute, and involves other terms, each of 
which is a product of lower order cumulants. By 
hypothesis, all lower order cumulant, except the second 
order and 2m + 1 order cumulants, vanish, and we have 
already seen that the cumulant of order 2m +1 also 
vanishes. Therefore, all products vanish except the 
single term which is the product of m +1 second order 
cumulants. Therefore, it follows that ((x)214.2)=((X)21.,2)., 

+ C(Ck5 2)," where C is a coefficient which has to be de-
termined. Looking at (6), it may be seen that the 
((X) 2)," term comes from the m + 1 term in the expan-
sion of the exponential on the right-hand side of (6). 
Such a term has a factor of 1/(m + 1)! associated with 
it. Each factor of ((/) 2), has associated with it a factor 
1/2! as is directly evident in (6). Therefore, ((.V)," 
will have a factor, overall, of [1/(m +1)1](1/21)'"'. 

This must be multiplied by (2n? + 2)! to get C as a re-
sult of the 2m + 2 fold differentiation of )‘ 21'2 . Conse-
quently, C=-(2n2+ 2)! /(m +1)12'. Using (15), it is 
seen that ((iC) 2 m+ 2)=.1x3x5x • • X (2m + 1)((X) 2) 1 `1 . 

Therefore, 

((1) 2""•2), 1 X3X5x • • •X ( 2m + 1) ((r() 2) m+1  

—  (2m + 2)
'1  ! 
	\ 2\  

(m + 1)!2 

=0 

since ((je) 2) ---=((1) 2),. This completes the proof. 

The conclusion is that if X is Gaussian, with aver-
aged value zero, then 

(exPERD= exPEE(1) 2)] 

which is especially simple. The cumulant expansion re-
duces to a single term! 

Before attempting to generalize this result for con-
sideration of stochastic matrices which do not commute 
for unequal times, it is worthwhile to observe that if 
X is replaced by a scalar, time dependent stochastic 
quantity, F(t), then the Gaussian property again leads to 
great simplifications. We make this digression in order 
to point out that time dependence, per se, does not 
lead to complications. The complications which will 
arise in our discussion of stochastic matrices, which 
depend upon time but which do not commute for unequal 
times, come from the noncommutivity. 

Suppose F(t) has averaged value zero, and is Gauss-
ian. It can then be shown that 6  

(exp[ fa t  P(s)thq= exp[ 1- fo t fo t (P(SOP(S2))dS, dS2 ]. 

(19) 

Equation (19 )  • he time dependent generalization of (18) 
for a time-dependent, scalar, stochastic process. 
Again, the cumulant expansion reduces to a single term. 

The generalization of this result to time-dependent 
stochastic matrices which do not commute at unequal 
times cannot be made. The Gaussian property for B(t) 
is expressed by i  

(ff,,,,, i (ti) • • •ff 2m+1P2m.1(t2m+1)) = 0 for m= 0, 1, 2, • 

(20) 

	

(171,  ivi (t1 ) 	.13 P2.qm ( t2m))  = 

	

Z2. 	p(21-1) vp(2.1-1)(4 	13(2j-1). 	p(2j) v  p(2j) (t p(21))) 

for m=1, 2, • •, 
where Ipss2m  is the sum over all permutations p in the 

	

symmetric group of order (2m)!, 	Even though we 
can think of a Gaussian B(t) in the sense of (20), the 
Gaussian property alone will prove insufficient for the 
reduction of (9) to a form analogous with (18) or (19). It 
is necessary that B(t) be Gaussian and purely random 
in order to write 

	

(T expffo t 	dSb= T exp[fot foil  (13(4) iti(t 2)) dt2 dti ]. 
(21) 

= fo t fo tl (fic,,,(4)17,,,(t2)>cit2 dt„ 
	 ( 24) 

fi3  fo  t 	t i  
1 (1).) 13 ,, ii, 2(t2)13,, 23 ( t3 )) c  dt3 dt2  dt i  = 0. 

Differentiation of these equations with respect to time 
leads to equations for the integrands. Difficulty arises 
with the fourth order term. From (14) we get 

fo t  fo il  fo t2  It ' (ILA i (ti)k / A 2 (tz)fig 2,1 3 (t3) 131 35(t4))c 

X dt4  dt3 dt2dti 

= fot fo tl Le2 fo t3(ff.. 1 (toff. 1 . 2(t2)fl 3 (t3)Bu 3a(t4)) 

x dt4 dt3 dt2 dt, 

rt 
foil  J

ti r
o
ti f

o 
 to 	lt 1E giv2 ' 	(S2)) A J  

X (IL 2„. 3 (t2)13.; 3,3(S3)) dS3  dt2 dS 2 dti . 	 (25) 

It can be seen that this is nonvanishing if B(t) is not 
purely random by considering the special case in which 

(Boa(t) 13,„(S))= 2(2.13).,50(t - S), 	 (26) 
wherein cp(t - S) is not a delta function, but instead is 
nonvanishing for nonzero values of It-SI. For example, 
cp(t - S) may be proportional to exp(- a I t- SI). Using the 
two symmetries Q 013,,, = Q,,,,„5  and cp(t- S)= (p(S - t), 
the Gaussian property, as expressed by (20), leads to 
the following expression for (25): 

f t  fo il 
r t, r  t3,43-  tt it Nil it \IT (t  )\ 

Jo Jo A Jo \ ,t41\ 11  avi2\ 2' 02as` 31 4 38 ' Vic 

 X dt4 dt3 dt2dt i  

The purely random property is defined by' .  

(iiaa(t)ii,„(S)).= 	S) 	 (22) 
in which the time delta function characterizes the purely 
random property. Defining R ae, by Rea, Q c, 9", wherein 
summation over B is implicit, Eq. (21) becomes 

(T exp[ fo t 	dS]), 3 = [exp(Rt)],, 5 	 (23) 

which is especially simple. We shall now proceed to 
demonstrate why Gaussianness alone is insufficient for 
the justification of (23) or (21). 

That Gaussianness alone does not result in the vanish-
ing of all but the second order cumulants of B(t) may be 

(17) seen by studying (13) and (14). First of all, because 
(B(t))= 0 is assumed, the expressions in (13) and (14) 
simplify greatly. We get immediately 

fo i  (17„,00),at,= 0, 

(18) fot foil (1-3„,i (ti):6„(t2), dt2 dt i  

•11-.. 	 xi„I la II,. 0 CantarnhAr 1974 
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= 4 lot foil Jo  t2  fp 63  Wag lu lu 2(4 25 30P(ti — Qr./Ms — 1 4 ) 

+ Qa  411, 21i 3 (2, 1, 2, 3a cp(t 1  — t3)co(t 2  — 1 4 ) 

+Qa g i„.3t3 Q,, i ,, 2 ,, 3 co( - t4)co(t3  - t3)}dt 4  dt 3  dt2  dt, 

- 4 
jos Jot, fo t i  fo tz  

'Yu 	ig 2Qg 	30c0( — S2) co(t 2  - S 3) 

x dS 3 dt2 dS 2 dt 1 . 	 (27) 

The factors of 4 come from 2 2  as indicated by (26). The 
negative term is the negative term in (25) replaced by 
(26). The three preceeding positive terms are the m= 2 
case of the second equation in (20). There are 24 permu-
tations to sum over, but only three distinct terms occur 
as a result of the two symmetries mentioned above. On-
ly the first positive term in the right-hand side of (27) 
contains a matrix expression which matches the matrix 
expression of the negative term. The other two positive 
terms cannot be cancelled out at all! However, if,  
cp(t - S)=- (5(t - S) then study of these extra two terms will 
show that their integrals vanish as a result of the time-
ordered upper limits of integration, 7  and the remaining 
positive and negative two terms will exactly cancel! 
When co(t- 	a(t- S), the above vanishing of integrals 
and cancellation of nonvanishing integrals fails to occur. 

That the purely random property ultimately leads to 
(23) will not be proved here since it has been proved in 
another paper. 1  However, here it has been shown that 
without the purely random property, already the fourth 
order cumulant will not vanish for time dependent 
stochastic matrices which do not commute at unequal 
times. Consequently, the cumulant expansion will not 
truncate to a single term, but will involve all even 
order cumulants. Thus, no real simplification is 
achieved using cumulants. 

APPROXIMATION PROCEDURES 

Various physical problems involve computation of a 
quantity of the form 

(T exp[ fot o(s) do, 	 (28)  

wherein 0(S) is an operator parameterized by S, which 
may or may not be the time variable, and (•-•) denotes 
some kind of averaging such as a canonical average 
over some or all of the variables 0(S) depends upon, or 
a ground state expectation value, or some other "aver-
aging." Many times one sees in the literature the in-
troduction of cumulant techniques in order to handle the 
computation of (28). Often it is argued that to good ap-
proximation 0(S) behaves as if it were Gaussian, and 
then the cumulant expansion is truncated after the sec-
ond cumulant. However, the validity of such approxima-
tions also requires that it be demonstrated that to good 
approximation 0(S) behaves as if it were also purely 
random. Then, and only then, the truncation of the 
cumulant expansion is a good approximation. 

One application of this kind of approximation proce-
dure in which both Gaussianness and pure randomness 
were considered has been presented by the author in 
another paper. 6  
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The method of ordered cumulants is presented for the solution of multiplicative stochastic processes. The 
relationship between this method and the irreducible cluster integral method of Mayer, which is used in the 
theory of the imperfect gas, is elucidated. The cluster property of ordered cumulants is proved. A critique 
of the literature in this area is presented which exposes some errors in the formulas. Several examples are 
indicated for the application of the ordered cumulant method. 

1. INTRODUCTION 

Many physical processes may be mathematically 
modelled by stochastic operator (differential, matrix, 
commutator, etc. ) equations. 'Linear stochastic opera-
tor equations usually are of two major types, the in-
homogeneous or "additive" stochastic processes with 
the canonical form 

dt
a(t)=Ga(t)+ F(t), 

and the homogeneous or "multiplicative" stochastic 
processes with the canonical form 

dt
a(t)=_Aa(t) +A(t)a(t). 

The vector a(t) is the quantity for which each equation is 
solved, G and A are t-independent operators, and F(t) 
is a stochastic vector whereas A(t) is a stochastic 
operator. Additive stochastic processes have a long 
history and are now well understood, but multiplicative 
stochastic processes have only been studied relatively 
recently and their solution will be the subject of this 
paper. 

Before commencing with the formulation of the solu-
tion of multiplicative stochastic processes, it is useful, 
for purposes of comparison, to briefly review the appli-
cations of additive stochastic processes. Their proto-
type is Langevin's equation for Brownian motion. 1 

 Uhlenbeck and Ornstein, 2  and Wang and Uhlenbeck 3 
 extended Lagevin's equation to the Brownian motion of 

a harmonic oscillator and other more complicated 
systems. Onsager and Machlup 4  used this extended 
version of Langevin's equation as the basis of their 
theory of irreversible thermodynamics. de Groot and 
Mazur 5  began the development of a completely general 
theory of Markovian stochastic processes which was 
completed by Fox and Uhlenbeck. 6  This theory extended 
applicability of additive stochastic processes to 
hydrodynamics in precisely the manner suggested by 
Landau and Lifshitz, 7  and it also provided a basis for 
the stochastic Boltzmann equation.. The non-Markovian 
extension of the theory was subsequently established by 
Hauge and Martin-L8f. 8  Recently achieved applications 
of additive stochastic processes include problems in 
binary mixtures, 9  light scattering," "long time tails" 
for autocorrelation functions, 8  and laser theory. 11 

 Quite recently, a nonlinear version of additive 
stochastic processes has also been presented by 
Keizer. 12  

Multiplicative stochastic processes, in the special 
case of differential equations with stochastic coeffi-
cients, have been studied for several decades by many 
people, especially by probability theorists. The 
emphasis in this paper, however, will be placed on the 
ordered cumulant method which was pioneered by 
Kubo. 13  A detailed account of spin relaxation theory 
based upon Kubo's work has been presented by Freed, 14  
and Fox15  has studied the stochastic SchrEidinger equa-
tion and its associated density matrix equation using 
Kubo's methods. An almost independent development, 
stemming from the work on stochastic differential equa-
tions with stochastic coefficients, has been published by 
van Kampen. 16  

In the remainder of this paper a review of the ordered 
cumulant method of solution of multiplicative stochastic 
processes will be presented. The relationship between 
this method and the irreducible cluster integral method 
of Mayer, used in the theory of the imperfect gas, will 
be elucidated. The cluster property for the nth order, 
ordered cumulant will be proved. A critique of the 
present literature on this subject will be given which 
exposes some correctable errors. Finally, the paper 
will conclude will a representative selection of 
examples. 

2. ORDERED CUMULANTS 

In Eq. (2) it is assumed that the various nth order 
moments of A(t) are computable from an appropriately 
specified characteristic functional. In addition, it is 
assumed that (A(t))= 0, where ( • • -) denotes averaging. 

Transformation to the "interaction picture" through 
the equation 

b(t) a exp(- tA)a(t) 

leads to the equation 

—
dt 

 b(t) = B(t)b(t) 
	

(3) 

in which B(t) is given by 

b(t). exp (- tA)A(t) exp (tA). 

It follows that (B(t)) = 0. 

The solution to (3) may be written in the form 

b(t)= T exp[ lo t b(s)ds]b(0) 
	

(4) 

in which the symbol T denotes t-ordering and is defined 
by 

(1) 

(2) 
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r

o 

 t 
B(s)dsr =n! J

r
o
t 
ds i  fo S1  ds 2  • • 	sn-ids" 

X ii(s / )B(s 2 ) • • B(s"). 	 (5) 

The average of (4) leads to the introduction of the 
ordered cumulants G 1°  through the equation 

(WO) -_-(T exp[ lo t  B(s) dsDb(0) 

= T exp 	fo t  G ( n ) (s)ds) b(0). 	 (6) 
n=1 

In (6) b(0) is specifically statistically independent of 
B(s) for all s?--. 0. The t- ordering symbol in the second 
equality is defined by 

t 
Till [i

°  G
(z-)  

0 	
(si)ds.j} 

— ,4  

r 	r = jo t  asi  Jo  ds2 • • f1 sk-1  ds k  EG (1,(1))(s 1 )Gup(2))(3 2 ) 

X • • • G (I poo ) (sk ), 	 (7) 

in which the sum over p is a sum over all k! permuta-
tions of the integers 1,2, ... , k, and 1 i  is some positive 
integer. If l i  = m for i =1,2, ... , k, then all k! in-
tegrands in (7) are identical and the sum over permuta-
tions produces an over-all factor of k!, which is identi-
cal with the behavior of T expressed in (5). If an inter-
mediate state of degeneracy exists such that m, of the 
/ i 's equal 1 and I/  m 1  k, then the sum over permuta-
tions will generate factors of Il i  m i l for each of the 
distinct integrands which will occur in (7). For example, 

G10)(s)ds[ Jo t G12)(s) ds]2} 

=2!{fo t  ds i  fosl  ds2  f o s2  ds 3IG (6) (s t )G (2) (s2 )G (2) (s 3 ) 

+ G(2)  (s i )G (6)  (s 2 )G (2)  (s + G(2)  (s i )G (2)  (s 2 )G (6)  (s3)}} 

The mth order moment operator A ( m )  is defined 
through the equation 

(Texp 
rt 

o 	

= 

 fi(s)dsD= 
m=o 

m=o 

m1 ( 1: 1(10  t  

f A (m) (s)ds, 

fi(s)ds) }) 

in which ft,A. ("(s)ds =-1 by convention. The moments 
and the ordered cummulants are related by the identity 

f t 	
t 

A ( m ) (s)ds =- 	E 	T{ ,11 	(f Gr(i) (s)ds 

	

partitions 	— 
.1411• 
	0 

of m 

(10) 
in which the sum over partitions of m is specified by 
);;°_,/m i =m, and which is proved by the sequence of 
identities 

>2, 	A'm)(s)ds= ..0  
f t 

0 
of m 

- =E 	 (f G(.)(s)dsr} 
m=0 	 1=1 m,4 	0 

of m 

m.o M. 4— 1=1 0  
Tp 	G(i)(s)ds) 

m )  

= T exp(E f G ( n ) (s)ds). 	 (11) 
0  
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The sum over compositions of m in the second equality 
is defined by 	m 1 = rn. The second equality is the 
crux of the proof, and follows from the fact that follow- 
ing 	a sum over partitions of m or a sum over com- 
positions of m lead to equivalent series which differ 
only in the sequence of occurrence of their summands. 
The third equality is just the multinomial expansion 
which still holds in the presence of T. 

Using (7) in (10) gives expressions for the mth order 
moments in terms of ordered cumulants of order less 
than or equal to no. It is possible to invert these ex-
pressions and express the mth order, ordered cumulant 
in terms of moments of order less than or equal to 
m. The first three terms of each type of expression 
are listed below: 

fo t A(1)(s)ds -=fo tG(1)(s)ds, 

LtA(2)(s)d, — fotG(2)(s)ds 	{[ f o t  G (1)  (s) ds]2l, 	(12) 

fo t A (3) (s)ds = lo t  G (3)  (s) ds + 	Ltds t fo tds,G(2)(s 1 ) 

x 	}(s 2)} + (1/3! )T {[ lo t  G (1) (s)ds} 3 }. 

fo t  G (1)  (s) ds f o t  A (1) (s)ds, 

lo t  G(2)  (s)ds -= fo t A(2) (s) ds _ T-t[fo tA.(i)(s)d,]2}, 	(13) 

fo  t  G (3)  (s) ds fo t A (3) (s) ds - 	lo t  ds i  f o t  ds2A (2) (s i )A (1) (s2 )} 

+ 	lo t  A. (1) (s)ds1TI[ f o t  A (1)  (s) ds1 2 }-} 

- (1/3! )T{[ lo t  A (1)  (s) ds] 3l. 

In order to arrive at a general expression for 
ft)  G ( " ) (s) ds, it is necessary to introduce a shorthand 
notation. This is most easily achieved if all expres-
sion are written out with all integrals explicit. For 
example, 

jo t  A (3) (s)ds = J o f  ds i  1031  ds 2  J 0 32  ds 3(t(s i )§(s 2 )13(s 3 )), 

Ttfo t  ds i fo t  ds2 A(2)(soki)(s 2 )f 

=Ltd, josi ds2  fos2ds 3t(icsofics 2 )xicso) 

± (iicsofj(s3))ojcs2» ±(f3(s,))(gcs2)gcs30, 	(14) 

TI(fo t A(1) (s)ds)0q( jo t  A (1) (s)ds) 2}} 

=lo t  ds i  lo ci  ds2  1'0 32  ds 3{2(t(s i ))(i(s 2 ))(a(s3 )) 

▪ (B(s i))(t(s3))(g(s2))}. 

A natural abbreviation for the right-hand sides of these 
equations is 

(123), 

(1)(23) +(12)(3) + (13)(2), 	 (15) 

2{(1)(2)(3)} + (1)(3)(2), 

respectively. Denoting J'IG(n) (s)ds by (12. • • n),, where 
c stands for cumulant, the equations in (13) may be 
given in shorthand by" 

( 1)c =(1), 

(12) c =(12)- (1)(2), 	 (16) 

(123) c =(123) -(1)(23) - (12)(3) - (13)(2) 

+(1)(2)(3) + (1)(3)(2). 

This shorthand notation permits the writing out of 
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(8) 

(9) 

E T{ 	
0

11 1 
— (1 G(1) (s)ds) 

m.0 part it ions  



ft,G (4) (s)ds, which would otherwise be much too 
unwieldy: 

(1234) x =(1234) - (1)(234) - (123)(4) - (124)(3) 

- (134)(2) - (12)(34) - (13)(24) - (14)(23) 

+ (1)(2)(34) + (1)(3)(24) + (1)(4)(23) 

+ (1)(23)(4) + (1)(24)(3) +(1)(34)(2) 

+ (1*(3)(4) + (13)(2)(4) + (14)(2)(3) 

+ (12)(4)(3) + (13)(4)(2) +(14)(3)(2) 

- (1)(2)(3)(4) - ( 1)( 2)(4)(3) - (1)(3)(2)(4) 

- (1)(3)(4)(2)- (1)(4)(2)(3) - (1)(4)(3)(2). 

(17) 

The pattern that is exhibited in (16) and (17) has the 
general form, 16,17  known as van Kampen's rules: 

fog. 
G(n)(s)ds =lo t  ds i  10 s1 ds, • • • fo s5-1  ds,(12- • • n), 

fotdsi f
O
stds2 • • • fo sn-lds„ 

X E 
ordered 

(— 1 	E 11 ({7,(i)}?, 
p i=1 
	 (18) 

partitions 
of n 

in which the sum over ordered partitions of n involves 
partitions of the first n positive integers into rn, groups 
of 1 integers each, such that 17_ 1 1m i =n and such that 
in each group the 1 integers increase from left to right. 
h is defined for each particular partition by k 
which is the total number of groups in the partition. 
(11 1 1) denotes the shorthand for the integrand of a 
moment with l i  factors. (1/ 11) always contains the in-
teger 1 in its group of integers. P is a permutation of 
the h- 1 integers 2,3, ... , k, so that P(1)=1 always 
holds. Equations (16) and (17) may be seen to be special 
cases of (18). 

3. THE CLUSTER PROPERTY 
In the Mayer theory of the imperfect gas, 18-23  the 

partition function for N gas molecules is given by 

QN == 	 TI 
partitions 1=1  

o f N 

in which the partitions of N are specified by I;1 1 1m 1 =.N, 
V is the volume and b 1  is determined by the linked, or 
irreducible, cluster integrals. The grand canonical 
partition function, Q, is defined by 

1 
Z

iv 
z_,  
N.0 

Using an argument patterned after(11) gives 

• 1 
E 	n 	, (vb i zTil 

N=0 partitions 1 = 1  n 
of N 

=  n 1 (vb,zi)'n ,  
Nr.0 comvosittons 

of N 

11!(71:1 b
V 

= exp (17 b z zi ) , 
1=1  

The sum over partitions of N was specified for (19), 
and the sum over compositions of N is defined by 

In, = N. The third equality follows from the mul-
tinomial expansion. The very strong similarity be-
tween (20) and (11) suggests that the ordered cumulants 
possess a cluster property on analogy with the b,' s 

which are their counterparts. In the remainder of this 
section, the cluster property for f tG ( n ) (s)ds will be 
proved, and the proof will use Eq. (18). 

In order for the cluster property for ordered cumu-
lants to hold, it is necessary that the moments possess 
the factorization property, which may be expressed by 

(1j(t 1 )g(t2 ). • • li(t .dit(t .f ., 1 )• • • $(t„)) 

(15(t 1 ) • • • iWj»(ii(tj.1) ' ii(t.)) 
	

(21) 

whenever It-1 _0 - tj  » T and the time variables are 
ordered by t i > t2 > • • • > tn . 7 is the correlation time for 
B, and the factorization property is strictly an identity 
only asymptotically. When 7 is sufficiently short, how-
ever, factorization for intervals, I t1 , 1 -t1 I , which are 
not asymptotically large, may be a very good 
approximation. 

Referring to (18), suppose that two time variables, 
s j  and 5,, satisfy 18 1 - s,I>> T and h>j. Because the 
time integrals are ordered as is specified by the limits 
of integration, the integrand involves time domains in-
cluding I s„- s 1, 1 1 » T, so that if k is not j +1, then 
18 1  — s k  I» T implies that I s i  - s J >> T obtains for the 
integrand. Therefore, consideration of the special 
case, I s„ - s 151 I » 7, is in fact general enough to cover 
all cases. For I s i  - s„, i  I >> 7, two cases arise in the 
analysis of (18): Either s ;  and .9 1 ,1  are in the same 
moment, or s ;  and s 1+1  are in distinct moments. In the 
first case, the moment in question has the abbreviated 
form (q • • •j j +1 • • • r) because the integers in any 
moment in (18) are arranged so that they increase from 
left to right. The factorization property implies 

(g•••_i j+1••• 1,-)..=(q • • j)(j +1- • • r). 	 (22) 

If (q • •j j +1 • • • r) was originally a factor in a product 
containing h factors, then the product contains k +1 
factors when the right-hand side of (22) is substituted 
for the left-hand side. These k +1 factors satisfy all 
the conditions required for them to be a term in 
(12 • • • n) c , but with the sign (- 1) k  rather than the sign 
(- 1) k-1  which attends the term containing the factor 
(q • • •j j +1- • -r). Therefore, these two terms cancel 
identically when (22) is used, and the first case is com-
pleted. In the second case, s, is in one moment, 
(q•••j1•••r), and s„. 1  is in another moment, 
(g • 	j + 1 • • • k. According to the rules attending (18), 
s i  > s1  > .51+1 > s1 . Therefore, I s j - s j,1 I >> T implies the 
two factorizations 

(23) 

1  
(Vb i )nz, 	 (19) 

(q • • • j 1 • • • r) =(q • • • j)(1 • • • r), 

(g• • •ij+l• - •h)=(g• • •i)(j+l• •-h). 

As in the first case, either of these factorization 
produces factors which are identical with factors in 
terms in (12 • • • n),. However, in this case, four terms 
rather than two, must be simultaneously considered. 

(20) 	Suppose that the original term containing both 
(q • • •j 1 • • • r) and (g • • • i j + 1 • • • 12) and k factors. It 
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also has the sign (— 1) k-1 . (12 • • • n) n  also contains a 
term with k + 1 factors, all of which are identical with 
the factors in the original term except that (q • • • j 1. r) 

is replaced by (q • • • j)(1 • • • r), and ( g • • • i j + 1 • • • h) is 
unchanged. This term has the sign (— 1) k . Similarly, 
there is another term with sign (— 1) k  and k + 1 factors, 
all of which are identical with the factors in the original 
term except that (g • • • i j + 1 • • h) is replaced (g • • • i) 
x(j + 1 • • h), and (q • • j 1. • -r) is unchanged. (12 • • • n) n  

also has a term with k + 2 factors and sign (— 1) k * 1  in 
which all the factors are identical with the factors in the 
original term except that both (q • • • j l • • • r) and 
(g. • i j + 1 • • h) are replaced by (q • • • j)(1 • • • r) and 
(g • • 1)(j + 1 • • • h) respectively. Now, if the right-hand 
side of (23) is used in place of the left-hand side of (23) 
in the original term and in these three related other 
terms, then four identical terms are obtained with two 
of one sign and two of the opposite sign. Therefore, the 
four terms cancel identically, and case two is 
completed. 

The consequence of this theorem is that (12 • • • n) n , as 
defined by (18), vanishes unless all n s i 's are 
"clustered" together relative to the scale T. Closer 
examination of the details suggests that there are terms 
in (12 • • • n) n  as expressed in (18) which are comprised 
of sufficiently many "short overlaps" that they permit 
s i  and s n  to be as far apart as roughly -b17-. However, 
T is usually defined to be a time long enough so that 
(12) falls to only a few percent of its value when s i  = s 2 . 
If T is the time for which (12) is only -h its equal time 
value, then terms permitting s 1  and s n  to be apart by 
as much as znT are also porportional to a factor of 
order (1/10)"/ 2 . 

The cluster property for (12. • • n) n  can be used to 
prove that, for t» T, ft)  G ( n ) (s)ds has the simple form 

lim j o
t 
 G ( " )  (s) ds = o exp(— t'A)M ( n ) exp(t'A) dt' 	(24) 

in which 	is is t'-independent. The exponential-of-A 
factors stem from the interaction picture which is being 
used throughout this paper. The proof of (24) goes as 
follows: Consider the t derivative of 11,G (n) (s)ds which 
is G (n) 	and consider the t derivative of the right- 
hand side of (18), which converts S 1  into t. The cluster 
property of (12 • n) n  with s i E t requires that all time 
variables be close to t relative to T. The leading factor 
in every term in the t derivative of the right-hand side 
of (18) has the form (f3(t)• • • ). Using the definition of 
B(t) shows that (g(t)• • •) =exp(— tA)(A(t)exp(tA) • • • ) 
Additionally, every term also ends with_  a factor which 
is farthest to the right of the form ( • • • 3(s i )), where 
j =2,3 • • • n but j # 1. This factor may be written as 
(• • • exp(— s iA)A.(s i )) exp(s iA) and exp(s iA) may be ap-
proximated by exp(tA) because of the cluster property 
if TA is sufficiently small. After removal of the leading 
exponential, exp(— t A) , and the tailing exponential, 
exp(tA), the residual terms integrate to a t-independent 
expression when t >> T. This expression will be called 
M(n) .  

4. THE SOLUTION 

It has now been demonstrated that the solution to (2), 
when averaged, is given by 

(b(t))= T exp(E jo t  G (n)  (S) d WO) 
n=1 

and that 

G ( " ) (t) 	exp(— tA)M (n)  exp(tA). 

(b(t)) is also equal to exp(— tA)(a(t)). Therefore, the 
above solution is equivalent to the solution to 

dt (a (t)) = A(a(t)+ exp(tA) E G ( n )  exp(— tA)(a(t)), 
n=1 

(25) 

which for t >> T is very well approximated by 

dt
(a(t)) = A(a(t)) + E M ( " ) (a(t)), 	 (26) 

n.1 

which has a simple exponential solution. Because 
(B(t)) = 0, it follows that M (1) =0, as well as G (1)  (t) = 0. 
M (2) , which is often a good approximation to I,;, 1  M ( " ) 

 by itself, is given explicitly by 

M (2)  = Jo t  (A(t) exp((t — s)A)A(s)) exp((s — t)A) ds, (27) 

where t» T. 

Two special cases are worth mentioning at this point. 
If A(t) is determined by a Gaussian characteristic func-
tional which is consequently an even functional, then 
only the even order, ordered cumulants are nonvanish-
ing. However, unlike the fully commutative situation in 
which the cumulants for a Gaussian process vanish 
after the second cumulant, the higher order, ordered 
cumulants do not vanish. 15  They do, of course, satisfy 
the cluster property as may be observed directly by 
writing out (18) for the Gaussian case explicitly. The 
second special case is the case in which the autocorre-
lation function for A(t) is porportional to a delta func-
tion in the time variables. In this case, the higher 
order, ordered cumulants all vanish after n = 2, be-
cause of the cluster property. 

5. COMMENTARY 

It may be asked why van Kampen's rules 16  for the 
construction of the ordered cumulants were necessary 
when it is the case that Kubo's basic paper 13  on the 
subject appeared nearly twelve years earlier. Indeed, 
Eq. (6. 9) of Kubo's paper 13  purports to be a closed 
form formula for ordered cumulants. The formula is an 
extention to ordered operators of a formula for com-
muting quantities which was worked out by Meeron. 24  
In the commutative case Meeron's formula is unques-
tionably correct. In Kubo's formula there is an index j 
which may be restricted to just one value for the context 
of this paper, and the ordering operation, Q, in his 
formula corresponds with T here. Rewriting Kubo's 
general formula for just one value of j and with T re-
placing Q, and with a few changes of variables, gives 
the formula 

G ( ^)(s)ds= 	E 	(— 1)n -1 (p— 1)! 
0 	

partitions 
of n 

 x T 	
1 	

A (I) (s) ds) mi} 	, 	(28) 
i=i rn i l 

t>> T 

ft 
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in which the sum over partitions is specified by 
=n and p —zin z , and which more recently ap-

peared in a paper by Fox. 25  A combinational procedure 
for the derivation of (28) was presented, and Fox did 
not then know that the formula, in a somewhat more 
general form, had already appeared in the literature. 13  
In fact the equivalent of (28) had also been used by 
Freed 14  for n=1,2,3,4 in his Eqs. (2. 14a)— (2. 14d). Are 
Eqs. (28) and (18) equivalent? The answer is no. 

The nature of the error is somewhat subtle because 
only a slight, but very significant, difference exists 
between formulas (18) and (28). It is easiest to see the 
difference by example. If the n=3 case in equation (13) 
is compared with the n=3 case in (28), then two ex-
pressions are obtained for G (3)  (s) ds which contain 
some identical terms, and some nonidentical terms. 
Ignoring the identical terms, from (13) one gets 

TI(fo t A (1) (s)dsW'l(f o t A (1) (s)ds) 2 }} 

— (1/3!)T{(10 1 A (1) (s)ds) 31 	 (29) 

whereas from (28) one gets instead 

2T{(1/31)( fo t A (1) (s)ds) 31. 	 (30) 

By using the shorthand notation of Sec. 2 of this paper 
and working out all the integrals, (29) and (30) become 
(31) and (32) respectively 

(1)(2)(3) +(1)(3)(2), 	 (31) 

2{(1)(2)(3)}. 	 (32) 

Generally, the factor (p— 1)! in (28) corresponds with 
(p— 1)! permuted terms in (18). van Kampen" even 
suggests using an expression like (28) as a mnemonic 
device for remembering (18), provided one replaces the 
(p — 1)! by (p— 1)! permutations of the p — 1 moments 
following the moment which contains 1. In Fox's 
paper 25  the error arises from the incorrect identity 

TI(10 1 A (1) (s)dsg- T{( Jo  t  A U>  (s) dS) 2 }} 

= (3/3 ! )71( fo  t  A (1  ) (S) dS) 3}, 	 (33) 

which would render (29) and (30) equal. An identity such 
as (33) is discussed by Fox, 25  and is in fact valid in the 
appropriate context, but that context requires a very 
different meaning for A" )  than its meaning here. While 
the discrepancy is exhibited here for n=3, it does not 
show up until n = 6 if (A(t)) = 0. Since both Freed 14  and 
Fox25  assumed (A(t)) =0 in their subsequent calculations, 
and both only looked explicitly at n= 2 and n=4 results, 
they got the correct results. 

The cluster property of the ordered cumulants, which 
is of such fundamental importance as far as the utility 
of the ordered cumulant method is concerned, also has 
a somewhat confused literature. van Kampen" barely 
mentions it. Freed 14  makes very interesting use of it, 
but bases its validity upon general results in the Kubo" 
paper. In the Kubo paper, the important equation in 
this regard is (6. 7). It is not difficult to show that for 
T ordering, counter examples to Eq. (6. 7) can be con-- 
structed, and that even though the cluster property is 
nevertheless true, Kubo's argument does not justify it. 
The argument in the present paper is offered to 
remedy this situation. In a very clear and concise 

paper, Terwei1 28  demonstrates the connection between 
the ordered cumulant method and the Zwanzig projec-
tion operator technique. In that paper, he proves a 
cluster property for the "partial kernels" which arise in 
the projection operator approach. His proof should be 
compared with the proof here. His proof does not, 
however, establish directly the cluster property for the 
ordered cumulants. 

Yoon, Deutch, and Freed 27  have also compared the 
ordered cumulant method with the projection operator 
method, and their considerations are deducible from 
Terweil's paper, although their context is very differ-
ent, and very interesting. 

6. EXAMPLES 

In addition to the examples discussed by Kubo, 13  van 
Kampen," and Freed," a few other representative 
examples will be sketched here. The examples will be 
treated to the extent that they are made to have the 
form of (2). 

Example 1: The stochastic, standing wave equation 28 : 

d2  
v(x) + k 2 [1 + q5(x)]v(x)= O. 

Replace v(x) by 

v(x) = A (x) exp (ikx) + B(x)exp(— ikx), 

in which A(x) and B(x) are subject to the auxiliary 
condition 

dA 	dB 
— exp(ikx) + —dx exp(— ikx) =O. 
dx 

It then follows that 

d(x)\ • k 	1 ( 	1 	exp (— 2ikx)(A(x)\ 
dx 13. (x) 2 exp(2ikx) — 1 (x)/ • 

This is the form of (2) if x is changed to t, A = 0, and 
a(t) and A(t) are complex valued. 

Example 2: The stochastic Schr6dinger equation 29 : 

a 
ih —a t 

=(H°+ ii(0)0 

Expand ap in terms of the eigenstates of H°, H° I a) 
= E a l a): 

= E Ca(t) a). 
a 

The Schr6dinger equation becomes 

ih—
d 
dt 

 C (t)-= E aC a (t)+ I a,(t)C a,(t), 

in which fi c, c,.(t)= (a lil(t) I a') . This is also a complex 
realization of (2) with a diagonal A. 

Example 3: The stochastic density matrix equation 29 : 

By using the previous example and defining the den-
sity matrix by 

p co (t)-=cgmc c,(t) 

the density matrix equation is 

ih—dt 
p

a0
= (E 	Edp aa + raoa,a,(t)p a,a, , 
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where L as , (t) a 6,3,3// ow(t) — 15,,,,tria.,3 (/). This can also 
be written equivalently 

a 
ih —at  -= [H° 	[ 171 (t), P]. 

Example 4: Equation of motion for a magnetic moment 
in a stochastic magnetic field: 

2mc [B+ El(t)]xm. 

Example 5: Reduced density matrix equation: 

ih p = [Hs + H R  + HI  , pi, 

where H°  is a system Hamiltonian, HR  is a reservoir 
Hamiltonian, and H I  is the interaction Hamiltonian. No 
explicit stochasticity appears. However, reduction of 
the full density matrix by tracing over the reservoir 
states can be treated as averaging, and associated 
ordered cumulants can then be defined in a natural way. 
Another paper doing this in detail will be forthcoming. 

Generally, the effect of M (2) , which appears in (26), 
is to create dissipative behavior for the averaged equa-
tions in these examples. Each example is in fact time 
reversal invariant before averaging is performed, so 
that averaging is the sole source of dissipation. 
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Fluctuating hydrodynamics explanation of the Alder-Wainwright 
velocity autocorrelation computer experiments 
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Shortly after Alder and Wainwright' published a sum-
mary of their work on computer simulated dynamics, in 
which long time tails were observed for the velocity 
autocorrelation function, a variety of theoretical papers 
appeared which claimed to explain the phenomenon. 
Dorfman and Cohen2  presented a kinetic theory justifica-
tion of the results of Alder and Wainwright. Zwanzig 
and Bixon3  presented a hydrodynamical theory which 
also explained the long time tail behavior of the auto-
correlation function. A semikinetic, semihydrodynami-
cal theory was also presented by Ernst, Hauge, and 
van Leeuwen, 4  which also explained the long time tails. 
Another semihydrodynamical approach, the mode cou-
pling theory, was used to explain these same results by 
Kawasaki5  and also by Pomeau. 6  

A closely related problem is the problem of the ve-
locity autocorrelation function for a Brownian particle 
immersed in a fluctuating fluid. The Landau-Liftshitz 
theory 7  of fluctuating hydrodynamics, as formulated by 
Fox and Uhlenbeck, 8  has been applied successfully to 
this problem by Chow and Hermans, 9  and by Hauge and 
Martin-Liif. 1°  Both groups showed long time tail be-
havior of the type observed by Alder and Wainwright. 

It is the purpose of this note to make an observation 
which appears to have been overlooked so far. The 
fluctuating hydrodynamic theory directly yields the 
Alder and Wainwright result through the autocorrelation 
function of the fluid velocity field, without the introduc-
tion of a Brownian particle. The advantage of this ap-
proach is its simplicity, because the computation of the 
free fluid velocity field autocorrelation is rather easy 
compared with the calculation of the corresponding ve- 

locity autocorrelation function for the Brownian parti-
cle. 

The velocity field satisfies the following linearized, 
Navier-Stokes equation 7' 8: 

3v ; 	ap a  
+ 71v v ; — s 	 (1) Po 	= — ax. + 71 	i+ ax; 

in which :§ i, is the fluctuating stress tensor which has 
the correlation formula 

(30(x, t) it (x' t ')) = 2K B T77(6 	+ 6 i  ,6 0 ) 6(t - t') 

x 6(x - x') , 	 (2) 

in which K B  is Boltzmann's constant, T is the tem-
perature, and rl is the shear viscosity. In the above, 
restriction to the incompressible case is implicit, al-
though not necessary. Szu, Szu, and Hermans 11  have 
treated the autocorrelation functions for fluctuating 
hydrodynamics in some detail; so we quote their re-
sult for the velocity autocorrelation function of the free 
fluid, although the derivation, using Fourier trans-
formations, from (1) and (2) is quick and easy. The 
result is according to Eq. (24) of Szu et al., 

(1) i (x, t)v i (x, t ')) 	K B  T (1/p,) (47rvl t - t '1) -312 	(3) 

in which v =71/pc,. This is precisely the formula which 
provides an explanation of the Alder-Wainwright ob-
servations, according to the earlier theories. 2-6  
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Abstract  

The theory of fluctuations for systems near equilibrium 

has given rise to two developments which concern generalizing 

the theory in two distinct ways. One of these developments 

is focused on the theory of fluctuations far from equilibrium 

where the dynamics may be non-linear. The other development 

has dealt with extending the class of fluctuating forces to 

include forces with non-delta function autocorrelations. It 

is shown here that both of these developments lead to the 

same class of Fokker-Planck equations and that class corre-

sponds with the theory of non-stationary, Markov processes. 



I. Introduction 

Over an extended period of time, Langevin
,
s
1 

theory of Brownian motion 

has developed into a remarkably general theory for non-equilibrium processes. 

The early work of Uhlenbeck and Ornstein,
2 
 which applied Langevin's theory 

to the harmonic oscillator, provided the basis upon which Onsager and Machlup
3 

were able to establish a stochastic foundation for irreversible thermodynamics. 

Subsequently, Landau and Lifshitz suggested how to extend this theory even 

further when they presented equations for hydrodynamic
4 

fluctuations and for 

electro magnetic
5 
 fluctuations. These suggestions gave rise to a general 

formulation which Fox and Uhlenbeck
6 

showed was equivalent to the theory of 

Stationary, Markov processes. 

General though this theory is, it.is certainly not universal, and is 

limited in two distinct, physical ways. First of all, the applications 

mentioned above, as well as all others, are confined to systems which are 

dynamically close to full equilibrium. This implies that the equations are 

linear equations. Secondly, on the time scale determined by the relaxation 

time for the system, the correlation time for the fluctuating forces is 

negligibly short, as is manifested mathematically by a fluctuating force 

autocorrelation formula involving a delta function of the time variables. 

The general situation is exhibited by the equations
6 

ciE a(t) = A a(t) + S a(t) + 
	

(1) 

<F(t)>= o and 	<F(t) ‘P1- (s)> = 2 Q 6(t-s) 
	

(2) 

in which a(t) is a vector valued, N-component process, A is an N x N 

ti 
symmetric matrix, S is an N x N symmetric matrix, F(t) is a vector valued 

fluctuating force, and <•••> denotes stochastic averaging. Q is an N x N 

1 



symmetric correlation matrix. Near equilibrium, the entropy of the system 

is given by the quadratic form 

S(t) = So 
	2  - 
	at (t)  E a(t) 
	

(3) 

in which E is the N x N, symmetric, entropy matrix. A fluctuation dissipation 

relation exists and takes the form 

-2Q = (A+S)E
-1 

+ E
-1

(A
t
+S

t
) 

eoN 	Irw 	 My 
(4) 

. in which t denotes the matrix adjoint. 

The limitations of the theory have prompted two developments which are 

aimed at extending the domain of applicability. The first development, which 

began slightly earlier, concerns establishment of a theory of fluctuations 

for systems far from equilibrium in which case the dynamics are generally 

' 	• non-linear. van Kampen 7  initiated this development using a master equation 

basis which has more recently been clarified by Kubo
8 

et.al.. In addition, 

an equivalent, Langevin-like, fluctuating force theory has been proposed by 

Keizer, 9 
 
 Nitzan

10 
et.al., and Portnow and Kitahara.

11 
The second develop- 

ment concerns the linear, near equilibrium theory in the case for which the 

fluctuating force autocorrelation formula involves an extended time depen-

dence which is not properly represented by a sharp delta function. Zwanzigs
12 

projection operator method is the key to this development, although it was 

. 
Mor

13
i who achieved a general formulation. These two developments proceeded 

quite independently, motivated by distinct physical causes, so it is rather 

surprising that when they are viewed as formal mathematical structrn - es, that 

they are found to correspond to the same structure. Namely, both - - .'respond 

to slightly different forms from the theory of non-stationary, Markov processes. 

2 



It is the purpose cf this paper to exhibit this developmental convergence 

of mathematical structures. In doing so, the opportunity arises, on the one 

hand, to show that the master equation approach and the fluctuating force 

approach to non-linear processes are connected in a direct way, previously 

not exhibited in the literature; and, on the other hand, to clarify serious, 

long established confusion in the literature regarding putatively non-Markovian 

processes which turn out to be really non-stationary, Markov processes. 

II. Stochastic Probability Flows 

An exceedingly useful lemma exists which provides the basis for the 

unification of the two developments described above. It was used earliest by 

Kubo,
14 

and its utility in constructing Fokker-Planck equations has been 

stressed by Fox,
15

'
16 

but it was van Kampen
17,18 

who first explicity pro-

vided a proof of its validity. 

It will subsequently be shown that both developments lead to equations 

with the form 

dt 
a(t) = 11(t) a(t) + 
	

(5) 

in which a(t) is a vector valued, N-component process, M(t) is an NxN, time 

dependent matrix, and g(t) is a vector valued fluctuating force satisfying 
ti 

<g'(t)> = 0 and <g(t) g (s)> = r(t - s) 	 (6) 

in which r(t-s) is an NxN time dependent matrix of correlations. The simi-

larities and difference between (1) and (2), and (5) and (6) should be evident. 

The lemma stated below provides a procedure for the construction of the 

Fokker-Planck equation which corresponds with (5) and (6), and it does so by 

considering a stochastic probability flow in a "phase space" determined by 

the N-component vector process, a(t). 

3 



Lemma:  Given the sharp initial condition at t = o, a(o) = a
o'  the associated 

conditional probability distribution, P(a,t), conditioned by the initial 

condition, P(a,o) = 8(a - a ), is equal to the stochastic average of the 
-o 

"phase space" distribution, p(a,t), which satisfies the continuity equation 

a • 
at p(a„t) = - a 
	

p(,t)) (7) 

in which a denotes the time derivative of a(t) as given by (5), and -z denotes 

the N-dimensional gradient operator. The stochastic probability flow resulting 

from insertion of (5) into (7), the average of which yields the desired Fokker-

Planck equation, is 

3 	 a 	 3 
p(a,t) = - -7,-.(M(t)ap(a,t)) - --(g(t) p(a,t)) 

da 	 3a 

The proof of this lemma is to be found in reference 17 where the stochastic 

setting has a more rigorous, modern mathematical flavor. 

It is proved in appendix A that the average of (8) can be worked out 

ti 
exactly when g(t) is Gaussian as it usually is in both developments. The 

result is the non-stationary Fokker-Planck equation 

a 	 a 
<p(a,t)> = - -5v (g(t) a<p(,4,,t)>) 

+ ;•Ids F(t - s) 	exp 	M(C)
t I 
dt 	<p(a,t)> 

- 3 

Notice especially that the second term on the right-hand side of (9) involves 

a time integration over s which appears only in the matrix coefficients and 

not in <p(a,t)> to its right. It is for this reason that (9) is a non-station-

ary Fokker-Planck equation and does not involve a memory kernel which would 

convert it into an integro-differential equation. The derivation of (9) given 

in the appendix exhibits several useful operator calculus identities and 

explains the origin of the reverse time ordered exponential, denoted by 

(8) 

(9)  
■■■••■ 	 ••••••, 

4 



T exp[...1, found in (9). 

It should also be noted that equations of the type given by (9) are 

identical with Kolmogorov's forward equation for non-stationary Markov processes.
19 

	

The solution to (9) 	is not difficult and 

P(a,t) 	E <p(a,t)>. 	Define y(t) 	by 

r. 

	

y(t) = 	r(t - s) T exp 

and E(t), 	the covariance matrix, by 
PrYn 

yields an 

t 

M (C)dt - 

explicit formula for 

(10) 

E(t) 	= <a(t) 	at  (t)> 	 (11) 

Together, 	(10), 	(11), 	and 	(12) 	yield 

d —t 	 t - 
t  
	E(t) 	= 	E(t) 	+ 

the solution to which is 

E(t) M 	+ y(t) + y(t) (12) 

E(t) 	=fds T exp C i71(C)dt -  (y(s) + yt (s)) I exp f'it  (t - )dt -  (13) 

0 

The solution to (9) can now be written 
1 

1 	
1 	 t-1 

P(a,t) 	= 	(271- ) N  det(E(t)) 	exp[---i(a - M(t)a o )E(t)(a - M(t)a 	).] 

( 	

(14) 

in which det(E(0) denotes the determinant of the covariance matrix. P(a,t) 

will satisfy the non-stationary, Chapman-Kolmogorov equation
19 

for non-stationary, 

Markov processes. 

III. Fluctuations Far From Equilibrium 

The description of fluctuations far from equilibrium is based upon taking 

the "thermodynamic limit" of a master equation description of the underlying 

process. In both van Kampen' s 7  pioneering work and Kubo's
8 
more recent 

extention, this limit is referred to as the limit of a large "system-size" 

5 



parameter. Regardless of how one expresses it, the result is that in the 

limit of a very large system, the master equation description goes over into 

a Fokker-Planck equation description. For the special case of a system of 

chemical reactions obeying the McQuarrie
20 

master equation, Kurtz
21 

has 

proved, with all the rigor one would like, that the limit of a very large 

volume yields a Fokker-Planck equation. In the general case, the situation 

is not so well established, and Fox and Kac
22 

have recently explored another 

special case in which delicate questions regarding initial distributions and 

scaling have been broached, although not with the same degree of rigor as 

in Kurtz' work. Nevertheless, the resulting Fokker-Planck equations, 

whether rigorously justified or not, has the form 

at  	P(n,t))  P(n,t) = 	 -.(H(t) n P(n,t)) + ---y(t)- 	
Dn 
 P(n,t) 
	

(15) 
Inn 

in which n is an N-component vector valued process, H(t) is an NxN matrix, 

and y(t) is an NxN matrix, not to be confused, yet, with the y(t) in (10). 

This Fokker-Planck equation describes the time evolution of the distri- 

bution function for the deviations around the deterministic solution, n(t), 

which is also deduced from the large "system-size" limit of the underlying 

master equation. In general, n(t) satisfies a non-linear rate equation of 

the form 

dt  n(t) = K[n(t)] 
	

(16) 

in which K is a vector valued functional of n(t). The matrix H(t) which appears 

in (15) is the first derivative of K with respect to n(t) at time t. Since 

this differentiation is carried out component by component, on a vector by a 

vector, H(t) is a matrix functional of n(t). The derivation of (15) from the 

underlying master equation also shows that y(t) is a functional of n(t). Thus 

both H(t) and y(t) acquire their time dependence from that of n(t), the deter- 
Wft 

ministic solution to (16). 

6 



Although van Kampen
23 

has repeatedly expressed the view that there does 

not exist an equivalent fluctuating force formulation of this theory, Nitzan
10 

et.al., and Portnow and Kitahara
11 

have both shown that a Langevin-like 

formulation for fluctuations near steady states which are far from equilibrium 

is possible, and Keizer
9 
has presented a phenomenologically grounded theory 

of Langevin-like structure for the entire non-equilibrium domain. Each of 

these cases utilizes an equation of the type given by (5) above with the 

added specialization that in place of (6) one has 

<g(t) g (s)> = 2y(t) (5(t - s) 
	

(17) 
/TM 

in which 1(t) is the y(t) in (15). Consequently, in (9), which ironically 
Mot 

enough was achieved using the lemma van Kampen proved, r(t - s) must be 

replaced by 2y(t) (5(t - s) which greatly simplifies the integration. Indeed, 

(10) now yields 1(t) = y(t). Therefore, after completing the derivation of 

the Fokker-Planck equation from the master equation using the thermodynamic 

limit, it is always possible to insert the y(t) acquired in the derivation into 

the right-hand side of (17) which coupled with (5) provides an equivalent 

fluctuating force formulation of the problem, and which yields the same 

Fokker-Planck equation through (9), simplified by (17) in place of (6). 

At arbitrary times, there is no direct connection between the covariance 

of fluctuations, y(t), and the dissipation matrix, H(t), as there is near 

equilibrium as is exhibited by the fluctuation dissipation relation (4). 

Each is determined directly from the underlying master equation. However, 

equation (12) shows that at equilibrium or at a steady state, where - d 
 E(t) = 0, 

dt 

-2y = HE + EHt 
	

(18) 

in which H has replaced M and 2y has replaced y + y t 
because (17) implies 

y = y . This is very close to (4), which becomes even more apparent when 

the argument of the exponential in (14) is compared with (3). In (18), the 

7 



value of E depends upon whether the system is at equilibrium or at one of 

possibly several steady states. Similarly, the values of y and H, through 

their dependence on the deterministic solution, n, depend upon where the 

system is when 
dt 
 E(t) = 0. Thus, the fluctuation-dissipation relation is 

extended to steady states, and a Fokker-Planck description appears to be 

valid for all non-equilibrium states. 

IV. Generalized Langevin Equations 

An apparently different situation arises when the near equilibrium, 

linear theory is modified by replacing the delta function autocorrelation 

formula for the fluctuating force, (2), with a non-delta function auto- 

correlation such as in 

t 

a4M = ic2 a(t) - 	¢(t - s) a(s)ds + f(t) 

0 

where 

<?(0> = 0 and <?(t) r(s)> = ¢(t - s)•<a ,a t> 

Averaging is accomplished here by integrating with a canonically weighted 

phase space distribution, and a(t) is an N-component vector valued process 

 
comprised of phase space coordinates and momenta. <a ,a > is, consequently, 

0,0 f.,,o 

a matrix and the subscript o denotes the initial values of the components 

of a(t) . When a is the three dimensional momentum of a particle, then 
Won 

<a a
t
> yields mKT times the 3x3 identity matrix, for example. ifl is a 

frequency matrix and ¢(t - s) is the dissipative "memory kernel" which is 

generated by the fluctuation-dissipation relation (20). Such a description 

was originally characterized in a general way by Mori 13 
 using Zwanzig ' s 12 

(19)  

(20) 

8 



projection operation method. The presence of the "memory kernel" and the 

non-delta correlated fluctuating forces has lead to the belief that a non-

Markovian process  is being described. 

Only recently, Tokuyama and Mori,
24 

and independently Fox,
16

'
25 

have 

shown that equation (19) can always be transformed into the single time form 

dt 
a(t) = ig a(t) - 'Y(t) a(t) + g(t) 

in which 
t 

T(t) E 	<g(s) g (o)> <a 
on)  a

t
>
-1 

M
1
(s)ds 

- 
0 

t 

g(t) E M(t) -
d
- 	M

1
(t) M(t - s) ?(s)ds 

dt 
0 

and M(t) is defined through its Laplace transform and the Laplace transform of 

4)(0 by 

	

M(z) = [z1 - iQ + $(z)] -1 	 (24) 

Using this single time representation, Fox
16 

has also shown that the lemma 

concerning stochastic probability flows described in part II of this paper 

permits the construction of the Fokker-Planck equation corresponding with (21), 

or its equivalent (18). The result, which is proved in appendix B, using (9), 

is 

	

a 	= - 2---(A(t 

	

Dt P( ,..' 	 ) M
1
(t) a P(a,t)) 

D• 
- 	M

1
(0<a a>• — P(at) 

Da — 	-o-o Da v-%' 
(25) 

The combination M(t) M
1
(t) is identical with ig - T(t) as has been proved by 

Fox.
25 

Therefore, the fluctuation-dissipation relation is again exhibited in 

the proportionality of the matrix coefficients for the streaming and diffusive 

(21) 

(22) 

(23) 

9 



• 
portions of the right-hand side of (25). If the identifications, M(t) M

1
(t) + 

M(t) and M(t) M 1 (t) <a a t> + -y(t) are made then 
"-O) 

, 	r 
(Y(t) + Y (t)) = m(t)<a 

o
a> + <a at  >M

t  
^- "-

t
o 

(26) 

parallels both (4) and (18) with <a a
t
> serving the role of E

-1 
or E respectively. 

MOnnO 	 (+"1 

By now, it should not be necessary to emphasize that (25) describes a non- 

stationary, Markov process, rather than a non-Markovian process. This is very 

largely a result of linearity of (19) which permits the transformations 

leading to (21). 

10 



Appendix A 

Derivation of (9) from (6) and (8): 

Define R(a,t) by 

[ t 

p(a,t) = T exp -1 ),4 •11(s)a ds R(a,t) 

in which T exp[...] denotes the time ordered exponential with later times to the 

left. R(a,t) must satisfy 

at 	 ti D  
R(2,t) = - 	exp f -3—

@ 
 a7(s) a ds ;a •g(t) T exp 4-1(s)a ds R(a,t) 	(A2) 

which follows from (8) and in which T exp[...] denotes the reverse time ordered 

exponential with later times to the right. The reverse time ordered exponential 
t 

appears because, in general, the inverse of the operator .1 exp [S B(s)ds is 

[ t 

	 o 
1 exp -SB(s)ds . (A2) can be rewritten 

o 

at R(a,t) = - 	exp 1[7.7 .-:-•M(s)a,•Ids
D 	

R(a,t) 

0 

(A3) 

in which there appears the reverse time ordered exponential of the commutator 

3 
operator [ --

Da
-M(s)a, ,  which acts as indicated below 

[--•1.1(s)a 
Da 

• 
ti 

---g(t) 
Da 

= 
Da 

-1-g(t] 
- 	Da 	j  

PDa 	 Da
•R(s)a,!] H-T1•

Da' g(t)  = 	 Da •g(t)  
a  D — a 

Higher order iterations of the commutator which appear in the ordered exponential 

in (A3) are interpreted in the natural way suggested by (A4) and (A5). 

Now, (A4) and (A5) lead to 

(Al) 

0 

(A4) 

1 
(A5) 

11 



= g (s) T exp - ,r M-t  (s-)ds 1 a 
•ya.  

..,- 	 1  0 

(All) 

L3a 
.M(s)a' 

 Da 
 -- 	

3a
-g(t)] = - --() .M s g(t) 

- - 
D - 	

- 

and 

a —— 	D 	 2 3 	- 
	-g(t)1= (-1)z 	M(s - ) g(t) 

Da - 	3a 	- Da 	 Da - 

Therefore, we arrive at the identity 

[  

t 	 t 

T exp Ip--R(s)a 1 ds :9-:\g'(t) = -2--T exp - .,c R(s)ds g(t) 
9a 	 ' 

lan 	
Da Da 4-  

Consequently, (A3) becomes 

t 

at R(A,t) = - 	exp - 	M(s)ds g(t) R(a,t) 
MIN 

0 

ti 
If g(t) is Gaussian, and because the differential operator on the right-hand 

side of (A8) commutes with itself at different times, the 2nd order cumulant
26 

gives an exact result for the average of (A9) which is 

t 	 t 	 s 

--L 	
Da 

R(a,t)> = 9 	)ds<T exp -SR(s - )ds' g 	
Da 4

(t) --T exp - 	R(s - )ds' lg'(s)><R(a,t)> 
Dt 	.,"  ,- 	- 	- r.n 	 ..- 

0 	 0 	 o 
(A10) 

Especially notice that the right-hand side of (A10) does not involve a "memory 

kernel" structure because <R(a,t)> is evaluated at time t and not at time s. 

The use of cumulants is responsible for this form for the result. Using (6) and 

the identities 

Da 
exp - 	R(s")ds' g( s ) = -9-.T exp - 	R(s - )ds' 

4- 	 ■-•■■ aa 	 IY• 

o 	J 	 L o 

	

S 	 t 

= g (s)( exp - .S.  FI(s - )ds -  ) --.-, 
q.,-I. 	 a 

(A6)  

(A7)  

(A8) 

(A9) 

0 

converts (A10) into 

12 



t 

51-<R(A,t)> = 	T exp --R(s')ds' r(t - s) T exp - 	M
—t 	a 

3a (s')ds' • 	R(a,t)> 
a_ 
3 

(Al2) 

Together, (Al) and (Al2) yield 

a 	,—„ 	. 
—<p (a, t) > = - a  - kMkt)a<p (a,t)>) 
3t 	,-- 	aa 

	

(t' 	— 	a —  

	

+ ' exp [ - f 	

t 

ya-M(s)ads yzr(t)•--5
a 

 --a- I exp f aaa  •M(s)ads <p(a,t)> 

	

O 	 o 

, 
= - .-5-. .“4(t)ap(a,t)>) 

[ t 

+ 1: exp -1 Pla-M(s)a,dds 

0 

3 - 	a 
(A13)  

   

in which T(t) is representing the entire integral in (Al2). The last line 

of (A13) has again introduced the ordered exponential of a commutator operator. 

Now notice that 

a 	,  	[
@a

., 

	

[.m(s)a 	lt) • 	= aa 	-' Da - 	a-- 	aa - 	Da 

3 7. 	74 	 a - 	t 

	

= — 	 — Tzr(om 

(A14)  

= 	aa  
a  •R(s),•} T(t).1-1  

in the last line of which {R -} t  has been introduced and is seen to be defined 

by 

B(t) = R(s) B(t) + B(t) M (s) (A15)  

Following along the lines leading to (A8), leads to the additional identity 

13 



a - 	 - 

	

( 	t 

	

T exp 	P.M(s)a,ods 	 = 	exp Oi(s)j ds f(t)- 3 	(A16) l , 	 - 
as as ,..., 	3a 	as 4- 

o 	 ol-  

It is not difficult to prove still another useful identity: 

T exp[ t 

 

M( s),. ds]T(t) = T exp[ R(s)d -s_11(t) T exp[ M t (s)ds 
	

(A17) 

which together with (Al2) and (A13) which defined f(t) leads to 

	

[ t 

	 t 	 t 

I exp .c. 	R(s),* ds T(t) = .cds r(t - s) 1: exp 	Rt(s')ds' 

	

0 	 o 	 s 

Using this in (A16) and then in (A13) gives (A9) and completes the proof. 

(A18) 

Appendix B 

Derivation of (25) from (9): 

As is indicated in the paragraph following equation (25) 

M(t) = M(t) M 1 (t) = iS2 - I(t) 

It is, therefore, sufficient to show that 

t 	 t 
a 
T;:f ds r(t - s) T exp 	M-t 	' D 	3 (s')ds

@a 
akt) M 1(t)<a a t 

 >--- 
-o-o 3a 

o 	 Is 

in which r(t - s) is determined from (6) with g'(t) defined by (23). Using (23) 

implies 

t 

r(t - s) = < m(t )a
i*, 

 dt M.
1 
 (t) M(t- t') ?(C) x 

, d .  

0 

( 	

s 

11(s).-Ads' M 1 (s) M(s — s') ?(s') 

(B1)  

(B2) 

0 
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= M(t)dtds 
	

M 1 (t) M(t - t')< `(t') ?(s')
t>M

t
(s - s')(M

1
(s))

tt
(s) (B3) 

0 	0 

Now, with R(t) 	M(t) M
1 (t) it follows from (Al2), (A17), and (A18) that 

	

t 	 t 

T exp 

	

	
Mt]  (s')ds = T ex, - 

	

[ 	

(m-1 (e ,. )) t ...t
(s
., 

m 	)ds' 

	

s 	 s 

s 	 t 

[ 

= T exp - kl(s-))t  17.1t(s-)ds- 
T exp  ' 14-1 (s , )) t ...t. s . m ( )ds' 

Fox
16 

has proved that 

t 

T exp - IM(s') M 1 (s')ds' = M 1 (t) 

[ o 

which implies that (B4) may be written 

[t 

T exp ,It (s")ds -  = (M 1 (s)) t  Mt (t) 

s 

Therefore 

S ds r(t - 	T exp[r(s')ds`l 

	

= S ds M(t) dt 	ds 	,m 1 (t) m(t_c. )<(c)  ?t (s . )› mt (s _ s . )(m 1
(s)) M

t (t)  

0 

t 	t 

= M(t)ds' 1dt' M 1 (t) M(t-t")<T(C) ? (s')> M t (t-s')(M-1 (t)) t  Mt (t) 

	

dt 	
(B7) 

0 	o 

in which the last line follows because the preceding line is the s-integral of 

an exact s-differential. 

The expression in the botton line of (B7) contains a quantity which may 

be rewritten in an equivalent but much more useful form 

0 

(B4) 

(B5) 

(B6) 

15 



-dt' M
1
(0 M(t - t')<f(t")f (s')> M

t 
 (t - s') (M 

1
(0)

t 
t 

Sds ^ 

( 

dt 

 t 
)  

= <(tdt' M
1 	

M(t - t') ?(C) (ds' M
1 	

M(t - s') ?(s') > 

t 	 t 

2 
= 1  jl< Sd 	kt.) t' M-1 "' M(t - t') ?(t') 	rls' M1 1 (t)M(t - s') T(s ) > 

dt  
o 	 o 

= 

t 
d 
dt ds' 
	M

1
(t) M(t - t')<?(C) f (s')> M

t 
 (t - s')(M

-1
(t))) 

2  

It 	t 

= 1124- 	s' 	M 1(t) M(t - t') ch(t' - s')‹a a> M t (t - s')(M-1 (0) t  
2 dt id 
	

oot 	
(B8) 

Define A(t) by 

t t 

	

A(t) E 	 M(t - ') (1)(t' - s')<a. a t> M t(t - s') 
-o-o 

o o 

t t 

	

= 	M(s) 	- s)‹a 
o
a> M

t
(r) 

--o
t 

 
O 0 

It follows that 

t 

 Ak 
,  
t) = 	M(s) 	- s)‹a oa ot > Mt (t)  

dt- 	 -- 	- 

 

0 

t 

+ S dr M(t) 	- 0<a at
> M

t
(r) (B10) 

Mori
13 

has shown that 

0 

 

1 - t2 - 
)<a 

 omo
t  a> = <f(t 1

) ?t (t
2 
 )> 

--  

= <?(-t
2 
 ) Tt (-t

1 
 )> = <f(-t 1 ) r(-t 2 )>

t 

, 
= <a a

t 
 > 

t
kt - t 1 ) w-o-o 	2 	1 (B11) 

0 

0 	 0 

0 	0 

(B9) 

16 



Fox
25 
 has also shown that 

t 

11(t) = i M(t) S2 - Sds M(s) (1)(t - s) 
0 

and 
t 

t 
M (t) = - iQ

t 
 M'(t) - Sds cl)

t
(t - s) M

t
(s) 

0 

Using (B11) in the second line of (B10), and then using (B12) leads to 

• 
cITA(t) = (iM(t) - M(t))<a. at>Mt(t) 

+ M(t)<a a
t
>(- iQ

t 
M
t
(t) - M (0) 

1.(m(0<a0a0 , 1,s1: ( 0)  

because, as has been proved by Mori,
13 

t 
Q<a a > = <a a

t 
 >Q 

"o'o 	--o-o 

Integrating (B13) with the initial condition M(o) = 1 gives 

A(t) = <a at„  > - M(t)<a a >M
t 
 (t) 

-o"o 

(B12) 

(B13) 

(B14) 

(B15)  

Using this expression for (B9) and putting it back into the bottom line of (B8) 

implies that (B7) can be written 

t 	 It 
-t 

cis r(t — s) i exp S M (8')ds -  

o 	 s 

	

1 d (-1 	t 	 t t 	-1 	) Mt 
(t  a > - M(t)<a a >M (t) (M (t)) M (t) 

 

M(t) -i a ,t1, 

	

= .11 	i dt 
(t) _

1 d (
_M:1(t)<a a

t
>(M

1
(t))

i))
M

1.-
(t) 

( 
--o -o 	v.., 

17 



(t) M (t) M(t) M
-1

(0<a a
t
> + <a a >(M (t)) M (t)(M

-1 	t t 
(t)) 	M(t) 

1 	- 	 t 	-1 	t 

•• 
= - ,i(n(t) 1 1 (t)<aoat > + <a oat 
	1 
>(M (t))

tt 
(t)) 	 (B16) 

- -o 

in which the identity16 
	1 

 M (t) = - M
1 
 (t) 	N 

1 
 (t) and its adjoint have been 

used to get the penultimate line. 

Because the desired quantity on the left-hand side of (B2) is a scalar, 

differential operator, and because the two terms in the last line of (B16) 

are adjoints of each other, it follows that the final step of premultipli- 

cation with 	and postmultiplication by -
"-k 

converts (B16) into (B2), thereby 

completing the proof. 
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Abstract  

Using the methods of multiplicative stochastic processes
4 '

9
, a thorough 

analysis of "non-Markovian", generalized Langevin equations is presented. For 

the Gaussian case, these methods are used to show that the non-stationary Fokker-

Planck equation already found by Adelman
1 

and others
16 

is also obtainable from 

an Kampen's lemma
9 
for stochastic probability flows. Here, results applicable 

to an arbitrary n-component process are obtained and the specific 2 component 

case of the Brownian harmonic oscillator is presented in detail in order to 

explicitly exhibit the matrix algebraic methods. The non-Gaussian case is 

presented at the end of the paper and shows that the methods already used in 

the Gaussian case lead directly to results for the non-Gaussian case. In order 

to use the methods of multiplicative stochastic processes' analysis, it is 

necessary to transform the "non-Markovian", generalized Langevin equation using a sto-

chastic extension of a transformation discussed by Adelman. 1 This transformation 

removes the "memory kernel" term in the usual generalized Langevin equation and 

in the Gaussian case leads to the result that the original process was in fact 

not "non-Markovian" but actually non-stationary, Markovian. 



I. Introduction  

In this paper, the relationship between the generalized Langevin equation 

and the Fokker-Planck equation for the time evolution of the conditional prob- 

ability distribution is elucidated. A method is exhibited which provides the results 

already obtained by Adelman ' for the special case in which the stochastic 

driving force is Gaussian. This method has the virtue that it directly leads 

to the corresponding results for the non-Gaussian case, and thereby provides 

the general and definitive treatment Adelman discussed in the summary of his 

paper. 

The method to be applied in this paper utilizes ordered cumulants
2

'
3 

which were developed for the theory of multiplicative stochastic processes.
4 

The generalized Langevin equation is an additive stochastic process and has 

been treated and derived with projection operator techniques. 5'6 Consequently, 

this paper will serve to illustrate the relationship between additive and 

multiplicative stochastic processes as well as to illustrate the alternative 

advantages of projection operator and cumulant techniques. While this last 

point has been discussed in the recent literature,
7

'
8 

this paper provides a 

detailed account of the relative merits of the methods in the explicit solution 

to the problem of finding the conditional probability distribution for generalized 

Langevin equations. 

Two lemmas will be presented which are necessary in order to implement 

the program presented in this paper. The first lemma follows from the dis-

cussion in section V of Adelman's paper,
1 

and shows that the "memory kernel" 

of the generalized Langevin equation can always be transformed into a term 

without "memory". The second lemma was proved by van Kampen
9 
and involves 



stochastic probability flows which were discussed somewhat earlier by Fox,
10 

but without the proof provided by van Kampen. 

In section II of this paper, the generalized Langevin equation will be 

presented and briefly reviewed. A stochastic generalization of the Adelman 

transformation will be introduced in order to eliminated the "memory kernel". 

In section III, a related stochastic probability flow will be introduced, and 

van Kampen's lemma will be used to show that the stochastic average of the 

probability flow leads directly to the conditional probability distribution 

equation which will be referred to as the Fokker-Planck equation. In section 

IV a second example, the Brownian oscillator, will be presented in order to 

exhibit the fact that the methods used apply equally well to multi-component 

equations. In section V, a discussion of the non-Gaussian generalization is 

given, and provides the solution Adelman
1 

desired. 

II. Generalized Langevin Equation 

The generalized Langevin equation provides a''non-Markovian ° extension 

of Langevin's equation for Brownian motion. The equation is in one dimension 

a- u(t) = - 	6(t - s)u(s)ds + m ?(t) 	 (1) 

in which u(t) is the velocity of the Brownian particle at time t, m is its 

ti 
mass, 6(t - s) is the dissipative "memory kernel" and f(t) is the stochastic 

ti 
driving force. 	(t) is assumed to have zero mean which is denoted by (f(t)) = 0 

and has a variance given by
6,11 

(11 (t)?(s)) = KBTm i3(t - s) 	 (2) 

in which KB  is Boltzmann's constant, and T is the temperature. In order to 
specify the higher order moments of ?(t) it is necessary to be more specific 

2 



about what kind of process '(t) actually is. Usually, it is assumed to be 

Gaussian, although this is never proved on the basis of a truly microscopic 

theory. If B(t - s) = 2(5(t - s) in which 6(0 denotes the Dirac delta function, 

then (1) and (2) correspond to the Markovian Langevin equation.
12 

The restriction 

to one dimension is not necessary and is made here in order to most clearly 

exhibit the nature of the mathematics, and in section IV a two component equation 

will be treated to illustrate the extension to multi-component cases. Equation 

(2) is called the fluctuation-dissipation relation because it couples the 

variance of the stochastic force to the strength of the dissipative memory 

kernel. 

The solution to (1) is obtained by introducing the Laplace transform of 

B(T) which is denoted by 	z) and defined 

13(z) 	= f 

by 

e-ZT 
13(T)dT (3)  

0 

Using x(t), which is defined through its Laplace transform which is 

X(z) = (z + gz))
-1 

gives the solution for u(t) as 

(4)  

u(t) = x(t)u(0) + m I 	x(t - s)?(s)ds 	and 	x(0) = 1 (5)  

0 

All of this is well known and has appeared in the literature many times. 

By stochastically extending a transformation introduced by Adelman,
1 

it 

is possible to convert (1) into an equilivalent equation without a memory 

kernel. From (5) it follows that 

3 



t 
1 

u(0) = x(t) 	
1 

(u (t) - — 	x ( t - s ) ? ( s ) ds)
J
0  

and that 

t 

1 d 
dt 	d 

u(t) = 
d
t x(t)u(0) + —m —dt 

j X(t - s)?(s)ds 

0 

Using (6) in (7) gives 

d 

	

dT X(t) 	
t 

	

ci 
u(t) = 	 

X(t) u(t)  + 1 m X(t) 
d  f X(t - s) 

 1, 

dt 	x(t) 	
(s)ds 

0 

	

= 	+ 

in which the second equality defines bothT(t) and g'(t). Note that (g'(t)) = 0. 

This transformation will be called Adelman's lemma. 

Two points are worth emphasizing at this stage. Because equation (8) is 

a single time equation, without a memory kernel, it may be suspected that the 

original "non-Markovian" process is actually Markovian after all. This point 

will be expanded upon later, and at the end of the paper. Secondly, the objec- 

tion may be raised that x(t) can become zero and then negative,
13 

so that division 

by x(t) when it is zero is not defined. Note, however, that if the average of 

equation (8) is considered 

dt (11(t)) 	(dt 	
x(t)) (u(0) 
	

(9) 

(6) 

(7) 

(8)  

then its solution is 

4 



(11(0) = exp 	(as Stn X(s)) ds (u(0) ) 

[ t 	

(10) 

= x(t ) (u(0) ) 

which agrees with (5) and demonstrates that the division by zero does not in 

fact introduce extraneous behavior. Later, it will be seen that that the 

variance of u(t) also behaves correctly even if x(t) is allowed to become 

negative. 

In Adelman's
1 
use of the transformation of (1) into (8) no discussion of 

the stochastic driving force, g(t), appeared. Here, it will be seen to be of 

great importance in the subsequent sections. 

III. Stochastic Probability Flows  

Associated with equation (8) and the initial condition u(t = 0) = u(0) 

is the conditional probability distribution, P(u,t), which is conditioned by 

the initial condition: P(u,0) = (S(u - u(0)). Also associated with (8) is a 

"phase space" description in which p(u,t) denotes a density of phase space 

points at time t determined from the initial density p(u,0) by the equation 

of motion (8). Because this phase space density is conserved it satisfies 

a continuity equation which is 

a • 

at 
p(u,t) = - TIT (u p(u,t)) 	 (11) 

in which u denotes 
dt 

u and which becomes 

- 	p(u,t) 
	

Du  ((-73(t)u + g (t))p(u,t)) 
	

(12) 

ti 
when (8) is used. The presence of g(t) in (12) makes (12) a multiplicative 

stochastic process 4 '
9 
and ordered cumulant methods may be used to determine 

5 



(p(u,t)). van Kampen
9 
has proved that under the conditions stipulated above, 

(p(u,t)) E P(u,t). This will be called van Kampen's lemma. 

The utility of van Kampen's lemma is that it provides a method for obtaining 

the conditional probability distribution for an equation such as (8), or equi-

valently, it enables one to obtain the corresponding Fokker-Planck equation. 

In order to use this lemma, however, it was essential that the Adelman trans-

formation be performed in order that the"non-Markovian: generalized. Langevin 

equation be in a form suitable for application of multiplicative stochastic 

process methods. 

The following, somewhat lengthy, computations will provide the Fokker-

Planck equation for (p(u,t)) E P(u,t). In order to make the presentation as 

intelligible as possible, it will initially be assumed that T(t) in (1) is 

Gaussian. As a consequence the result obtained for P(u,t) will be identical 

with the result already presented by Adelman and others.
1 

However, in section V 

the non-Gaussian extension will be elucidated. 

Define q(u,t) by the "interaction picture" 

[ 	

-,( 

p(u,t) E exp - yt% u I -1).'as)  s)  ds 	cb(u,t) 

3 
= exp [- -37; u Zn x(t)] 

gu,t) satisfies 

at (P(u,t) = -exp[Tu- u Zn x(t)] 	g(t) exp [- 	u Zn x(t)] gu,t) (14) 

t 

0 (13) 

6 



Identity 1: exp 
a

u in x(t)] Du g(t) exp [- 	u kn x(t)] = 
 au 

t 

1 d 	X(t - 	?(s)ds 
dt 	X(t) 	 au 

0 

Proof: 	exp [—au u Rn x(t)] —au g(t) 
exp [ - 

au 

 u 2n x(tX(t)]= 

-9--  	= 

	

exp [in X(t) ry,T, u •1 j  1 	g(t) au - 

	

(t) n=0 1 —i-  (in x(t
))n [ 	u, 	n 

au 	all 
11.  

03 

k 	
1 	 a 

t) >2 'ITIT (in X(t)) n  (- 1)
n 
 - 571  = 

O 

g(t) exp [ - in x(t)] 
a

= 

1 	a 
g(t) 

X(t) Du 

t 

1 dXit=_- s)_ '11  (s)ds -L — — 
m dt I 	x(t) 	au 

0 

[ 	

n a 
In line two of the proof, Tu- u, • 	denotes the n

th 
power or iteration of 

a 
the commutator operator, [ 

WI 
u, •], which is to act on the operator, 

----1 
, 

a 	n a 
to the right. It is easily verified that [Ti  u, .] Tu- 	(-1)

n 
 Tu- which has 

been used to get from line three to line four. The last line follows from (8). 

Therefore, (14) becomes 

t 

5T gu,t) 	_ m dt 
fX(t

x(t) 
- s)

(s)ds —
a 	

gu,t) 

0 

Du 

(15)  

(16)  

(17)  

7 



Because ( W) = 0 for all t, and because ?(t) is assumed to be Gaussian at 

this stage, ordered cumulant methods
4 
provide an exact result involving only 

the 2nd cumulant, which gives for the average of gu,t) 

( u , t ) ) = 

t 	t 

f 	
d 

dt 	ds' X(t - t") x(s - s')  KBT  a( 	

au2 

a2 
d 

j s  dt 	 X(t) x ( s ) 	m  p\t' - s") — (c1)(u,t)) 	(18) 

0 	 0 	 0 

In fact, for this simple case, the differential operator in (17) commutes with 

itself at different times so that ordinary cumulants are adequate. If the 

differential operator in (17) had been non-commuting at different times, then 

even its Gaussianness would not have permitted an exact expression involving 

only the 2nd  cumulant.
4 

Higher order, ordered cumulants would have been 

required, and, in fact, are going to be discussed in section V when the non-

Gaussian case is discussed because non-Gaussianness also requires higher order 

cumulants. 

In (18) the s-integration involves an integrand which is an exact dif-

ferential so that 

d 	dt d 	d - X(t - t -)  x( s  -  s -) KBT 
as dt 	

ds j s 	 X(s)   (i(t' - s ') 
)ll X(t )  

0 	 0 	 0 

	

K
B
T 	

x(t - s') d
t
(X(t - t')  

ds' 	 dt' 	 t' - s') = 
X(t) 	dt 	X(t) 

0 	 0 
	

( 19) 

t 	t 

1 
K
B
T 

d 
-2 m dt 
	ds 	dt -  X (t 	s') X(t - t')  13 (t' - s') 

X(t) 	X(t) 
0 	0 

K
B
T 
 d 	-2 

IX (0 A(t)} 2 m dt 

8 



where the last line defines A(t) which can be rewritten as 

t 	t 

A(t) = I dT f 	do x(TWa - T)x(o) 

o 	o 

Adelman
1 
has shown that 

dt- A(t) = 2x(t) f do t3(o - OX(o) 
0  

= - 2x(t)x(t) 

because the Laplace transforms of x(t) and 	du x(a)8(0 - t) are respectively: 

0 

zx(z) - 1 and x(z)f3(z) = 1 - zx(z) because (4) implies: 13(z) = X
-1 
 (z) - z. 

The solution to (21) is 

A(t) = 1 - x
2
(0 

which is compatible with x(0) = 1 and (20). Therefore, 

d 
 dt {X

-2
(t)A(t)} = -2 X(t)  

3
(t) 

Putting (23) into (19) and then into (18) gives 

at (gu,t)) = —
T 
 • 
x(t) 

 a22 (gu,t)) m 
x
3
(0 Du 

 

(20) 

(21) 

(22) 

(23) 

(24) 

Returning to (13) gives 

9 



X(t) a (u, t) ) = - 	u (u, t) 	+ exp [- 	u inx(t) 	((lb (u , t) ) x(t) 	 au 	 J  at 

_ x(t) 3 , 
x(t) 	

ku(P(u,t))) (25) 

K
BT  x(t)  
m 

X
3
(0 

D 
2 

2 
exp 	3u u in x(t)] 	exp [+ au  u in x(t)] (p(u,t)) au 

 

2 
Identity 2: exp 

[- 
u in x(t) 

a  
exp Lau  u 	x(t) au 	 au2 

(26) 

Proof: exp u in x(t)  au 	 1 

J 

2 
X 	(t) 

3 2 

3
2 

a 
u in x(t) 

9  

au -  

exp 
au

2 

exp [ in x(t) ra
au 

a
2 

4t
2 

(27) 

E (-1) n 

 n=0 	n. 
(in x(t)) n  Pa u u ' 

a 2 

au
2 

2 	9
2 E  (--1)n  

2 
, (in x(t)) n  ( - 2)

n 	
2  = X (0 	2  

n=0 	n ' 	 Du 	au 

i a 
2 

n 
a 

	

To get line 4 of (27), [ 	
2 	 2 

u
' 
 •j 	= (-2) n  u 	

2 was used and is easily verified. 
au au 

 

Consequently, equation (25) becomes 

a KET k (t) a 2 
X(t) 3t-  (p (u, 	) = 	x(t) au  (u(p(u,t))) 	 (p(u,t) ) 	(28) m x(t) 
	2 3u 

or equilivalently, using (8) and van Kampen's lemma 

1 0 



— 	
K
B
T 
 — 	D

2 

at 
P(u,t) = 13(t) 	(uP(u,t)) + 	 (“t) 2 

 P(u , t)  au 
(29) 

which is a Fokker-Planck equation for P(u,t). 

Especially notice that (29) contains t-dependent coefficients in 13(t) 

This means that (29) describes a non-stationary, Gaussian, Markov process 

because (29) is a non-stationary diffusion equation,
15 

and its explicit solution 

which is given below can be shown to satisfy the non-stationary Chapman-Kolmogorov 

equation. 15 
Another way to express this is to note that (29) is Kolmogorov's 

forward equation
15 

for a non-stationary Markov process in which the diffusion 

coefficient is t-dependent but not u-dependent. 

By direct substitution into (29) it can be seen that the solution to (29) 

with P(u,0) = S(u 	u(0))is given by the non-stationary Gaussian conditional 

probability distribution 

	

2 	 (u - x(t)u(0)) 2  I P(u,t) = (27a (0) 2 exp 
20

2
(0 

in which 0 2 (t) satisfies the equation 

1  2 
d  a- a

2 	
- X(t) 

X(t) 
( a 2  (t) a (t) 

m 

with initial condition a
2
(0) = 0. The solution to (31) is 

T 	 KBT 
a 2 (t)   (1 - x 2 (0) - 	m  A(t)

m  

(30)  

(31)  

(32)  

11 



Equations (30) and (32) provide the complete stochastic description of the 

solution to (1) in the Gaussian case. Notice also that if x(t) becomes 

negative, as discussed earlier, no difficulty arises. 

Before proceeding to the non-Gaussian case which is given in section V, 

a two component case will be presented to illustrate the fact that none of the 

preceding considerations are limited to one component equations. These consid-

erations will occupy section IV. 

IV. "Non-Markovian"Brownian Oscillator  

The traditional example for a multicomponent Langevin equation is the 

Brownian motion of a harmonic oscillator.
12

'
14 

If w denotes the unperturbed 

frequency of the oscillator, m its mass, p its momentum, and y = mwx where 

x is its position, then the equations of motion can be written in terms of a 

two component vector: 

d  ty\ = CO 	w)(y) 	(0 	0 ) 
Y(s)  

dt 	
) ds + 	 (33) 

	

0 ,/kp / 	J 0 	t - S) p(S)/ 	f(t) 

0 

in which E(t - s) is the memory kernel and T(t) is the stochastic driving 

r‘, 
force. As in the example of sections II and III, (f(t)) = 0 and 

a(t)?(s)) = KBTmfXt - s). It will also be assumed in this section that ?(t) 

is Gaussian. The non-Gaussian case will be discussed in section V. Using 

Laplace transforms gives 

	

(37(z))[ (1 0 	(0 w 	(0 	0 \ -1 -1 Ily(0) = z 	_ 	+ 	 )] 
(34) 

p (Z)/ 	\ 0 1 	-W 0 	k 0 R(Z) 	p ( 0) 	 f(z) 

It is easily verified using the matrix adjoint method of construction that the 

inverse of the matrix in (34) is given by 

12 



z 	-w

1 

	3(z) z) co)   1  

z + 6(z)) 	 -w 	z 	z(z + 	z)) + w
2 

Let x (0 be defined through its Laplace transform by 

^ 
X (z) = (z

2 
 + z(3(z) + w 2 )

-1 
 

Because in this case x (0) = 0, zx 
P
(z) is the Laplace transform of x (t). 

Therefore, (34) can be inverse Laplace transformed into 

(y(t);) X 	+ I  gt-s)X (s) ds 	wx (0 	y(0) 

t 

I(:

w J )10(t-s)?(s)ds 

o 

t 

;( (t-s)?(s)ds 
P 

0 

It also follows that x (0) = 1, which guarantees the initial value require-

ments. Equations (33) and (37) also imply 
XP 
 (0)= 0. 

To perform the Adelman transformation on equation (33) it is convenient 

to rewrite (37) as 

	

((t) 	 y(0) (7
Y 
 (0) 

E M(t) 	 + 

	

P(t) 	 p(0) 	P (t) 

(35)  

(36)  

(37)  

P(t) 	 -wx 	 X (0 	P (0) 

(38)  

13 



d (y (t) 	 -1 ) 
= M(t)M (t) 

(t) 

• 
dt 

 
(y(t)) (t)) 

- M(t)M-1 (t) 
p(t) 	 F P 

(41) 

% 
which defines M(t) and F (0 and F (t). Therefore p  

	

(y(0) 	 y(t) 	( rPy (t) -1 ) 
= M (t) 

	

P (0) 	 p (t) F (t)) 

and 

d  (Y(t)) 	. 	y(0)) 	d 	Fly  (t) 
= M(t) 

dt 	 dt  
p(t) 	 p (0) 	 F (t) 

Substitution of (39) into (40) gives 

(39)  

(40)  

+ 	

% 
F (t)) 

(t) 

y(t)) 	G (t) 
MWM-1 (t) 

p(t) 	G 

in which the last line defines G (0 and G (t). An explicit calcualtion shows 

that 

( 	 0 
d f 	1 - 

= M(t) 	m (t)M(t-s) 	ds 
(t) 	 dt 

((s) 
(42) 

14 



(3') 
, and —

3x 
• denotes the two in which x denotes the two component vector 

p 

1 	 • 	 d 
because 

d
— (M(t)M (0 	 :11

t  
) = 0 and 2 — (M(t)M

1
(0 	

1
) = M(t)M (t) 	

dt 	
1 

M(t) — M (t), 
d  

which together imply the identity for t-dependent matrices 

d 	 - 1 	•M

dt 	= 	M-1 (t)M( 	 (43) 

Therefore, (41) and (42) provide the two-component analogue to (8). 

To get the conditional probability distribution determined by (33) and 

denoted by P(y,p,t) with the initial condition P(y,p,O) = (5(y-y(0))6(p-p(0)), 

van Kampen's lemma is used again. Beginning with a phase space density, p(y,p,t), 

the continuity equation in this case may be written as 

• 
 at 	 ax 	
1 

p(y,p,t) = - 
3
x 

— • (M(t)M (t)xp(x,t)) 	ax • (G(t)p(x 	 (44) 

dimensional divergence operator. Equation (44) is a multiplicative stochastic 

process, and van Kampen's lemma asserts that (p(x,t)) E P(x,t). To get (p(x,t)), 

a sequence of identities which parallel the development in section III will be 

used. 

Define gx,t) by 

t 

a 	. 	1 
p(x,t) = 	exp 	- 	7 :7 • M(s)M (s)xds (P(x,t) 

0 

in which T exp [---] denotes the time ordered exponential
4 
which is required here 

• 
because the operator ax • M(s)M 1

(s)x does not commute with itself at different 
d 

times. This is the primary complication a multicomponent process creates. If 

B(t) is an arbitrary time dependent operator which does not commute with itself 

t  at different times, then the inverse of T exp [  
f 
 B(s)ds 	is given by 

(45) 

0 

15 



T exp [- f B(s)ds] 

0 

FAN 	

in which it must be noticed that the time ordering is in 

the reversed sense. Therefore, 

- g,t)x 	= 
at 	— 

- T exp f 	• 1:71(s)M 1 
 (s)xds 	• p(t) T exp - 

	
ax  • 1■1(s)M -1  (s)xds 4)(x t)ax 

M^,  

Identity 3: 

t t 
3 • 
	

-1 
I exp 	---)- • 1:1(s)M (s) .xds 	1-T • c  • G(t) .T. 	 - • exp - 	Tx  • M(s)11-1 (s)xds 	= 

[ o
- 	 - 

- o - 
t 	 0 

d a 	I  M-1
(t)M(t-s) 

dt 3x ' j
ds 

,- (i(s) 
o 

Proof:  

t t 

[

T exp 	—
a 

• 1:1(s)m
-1

(s)xds 	 • NO T exp - J 	• A(s)M-1 (s)xds = 
 ax 3x - -  

o o 
t 

[ 

I exp f k-c-  • 1:1(s)M 1 (s)x, •1 ds 	ii • ,Nt) ,.- 

where the right-hand side of this equation contains the time ordered exponential 

• 
of a commutator operator denoted by 

[d 
 --,--
X 
 • M(s)M

1
(s)x, • . The first order 

.-- 

term in this exponential contains 

1 
3 	11(s)m (s)x  
?5 	- [ 	

_, 	-c- • G(t) 	= 

(4 9 ) 

- a  • M(s)M 1 (s)(t) ax  

(46) 

(47) 

(48) 

nr. 

0 
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This makes it clear that each higher order commutator will contain only the 

first order 
ax 
x • factor, although the time dependent matrix product will become 

increasingly complicated. However, the result, to all orders, may be expressed 

by the identity 

T exp f [2-- • M(s)M 1 (s)x, -1 ds 	3  - • '&0 = 

[t 

o 

	 ---X- 	-, 	

(50) 

ax •T exp 	M(s)M 1 (s)ds 

0 

Note that even though (48) begins with both time ordering senses represented, 

only one sense of time ordering is required for the commutator exponentials. 

t 	 1 

• 
The expression T exp - J M(s)M

-1
(s)ds 	can be simplified considerably L 	- 

o 

by noting that: at t = o it gives the 2x2 identity matrix which is identical 

with both M(0) and M
1
(0); and it satisfies the first order differential 

non 

equation 

d 
t 
 , 

exp 
d 	-4-' 

- 

o 

t 

f M(s)M-1 (s)ds = -I exp 

t 
-1 

- 	[ M(s)M 	(s)ds 
) 	' 
o 

M(t)M
-1 
 (0 	(51) 

wherein the derivative of the exponent appears on the right because the exponential 

is ordered to the right as indicated. This is identical with equation (43) for 

the derivative of M
1
(0, and it was already noted that the ordered exponential 

agrees with M
1
(0) at t = 0. Therefore, 

T exp 	171(s)M 1 (s)ds] = M 1 (t)
J 
	 (52) 

Using (52) in (50) and using (42) gives the right-hand side of (47). 

17 



Therefore, (46) becomes 

at ^ ( ' t) - " dt 9x • J 
0 

G(s))(t)M(t-s) 	ds (1)(x,t) (53) 

Because ((t)) = 0, 71 (0 is Gaussian, and the differential operator 

--- • J M (t)M(t-s) 
( 0 

x 	
1 
	

) ds commutes with itself at different times, it follows 
?(s) 

that the 2nd cumulant is exact in this case, as in the case of free Brownian 

motion which was discussed earlier; and implies 

a 
= 

t 	 t - 	s 

ds 
 
s  \ 
/ d 1 

- 	 • f 
f dt'M (t)M(t-t ) 	

0 
d  9 

ds"M
-1

(s)M(s-s') dt 9x   
(?(C)

) ds 9x • f 
(s') 

0 	 0 	 0 

D 
0 	 ( 0 

1 	 1 = < 	• 	ds -M (t)M(t-s-) 	
d 

—
a 

• 	dt"M (t)M(t-t') 
 ax 	

o 	 ? 	
dt 9x 

(s),) -  

The second equality follows from the fact that the integrand in the first 

line is an exact differential with respect to s-integration. The last line 

of (54) can be treated in parallel with (19) to give 

tt 
0 	 0 

\ 2 dt 

	

1 d (ax 	
ds'M-1- 	

9 
 - (t)M(t-s') G) 	• f dt"M

-1
(t)M(t-t - ) ( 	))0(,t)) 

o 	

(s,) 9x 
	

o 
• 	 ,- 

	

e„, 	 ?(C) 

(55) 

t t 

2 
=1K1  
	J 

 
B m  dt 9x 	

ds' f dt'M-1 (t)M(t-s - )D(s --t - )M t(t-t - )(M 1 (t))t • 2-- 	(4)(x,t)) 
x 

0 

1 8 



in which t denotes the transpose of a matrix and D(s - -t - ) is defined by 

° (0 f'(t)))= ° 	
0 

KBTMD(S-t) E ( 
?(S) 	 0 K

B
Tm8(s-t)) 

Define A(t) by 

A ( t) 	ds J drM(s)D(r-s)Mt (r) 

o 	o 

'Equation (54) can now be written in the form 

d ) D 
 m  dt ax 	
1 	 1 	t 	D 
(t)A(t)(M (0) • 	(gx,t)) 	(58) 

• 

which parallels the bottom line of (19). 

To continue the parallels, the following equation for M(t) is required 
(0 w) 

-w 0 
t 

dt 	
= M(t)Q - 	M(s)D(t-s)ds 
	

(59) 

0 

This equation can be derived algebraically by looking at the Laplace transforms 

of each term which gives 

-w 	

2wz" 

2 

M(t) --> 	- M(0) = 	 (z(z+8(z))+w
2 ) -1 

-wz 	til -7,13(Z) 

M(00 ± M(z)Q = 	 (z(z-1-8 	
2

(z))+ w) 
(-w

2 
w(z-1-8(z))) 

-wz 	-co
2 
	 -1 

(56) 

(57) 

in which 0 

(60) 

(61)  
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- 	M(s)D(t-s)ds 	- M(z)D(z) = (0 
-Los(z) 

0 -z3(z)(z(z+13(z))4-(1) )-1 
2  

0 

(62) 

	

0 	0 
in which the right-hand side of (35) is used for M(z) and in which D(z) = 

	

0 	13(z) 

has been used in (62). 

With (57) and (59), it is possible to get a much more revealing expression 

for A(t). 

 
dt A(t) = M(t) 	drD(r-t)M

t
(r) 	M(s)D(t-s)dsMf (t) 

wft, 

0 	 0 

From (59) it follows that 

 dt m
t 	_ t

(t) _ j  D(t-s)Mt (s)ds 

because Q is antisywifietric and D is symmetric as matrices. D(t-s) is also 

symmetric as a function of s and t. Therefore, (59) and (64) provide 

D(t-r)M
t
(r)dr = - QMt (t)  - M

-fi 
 (t) 

• 	
(65) 

and 

t 

J M(s)D(t-s)ds = M(t)Q - M(t) 	 (66) 

0 

(63) 

(64) 

When (65) and (66) are placed in (63) the result is 

20 



A(t) = 
()- 1(t)14.s (t)  0 1  

1 0 
(68) 

A(t) = M(t)(- QMt (t)  - M
t 
 (0) 

04(02 - M(t))Mt (t) 
	

(67) 

dt (M(t)M
t (t)) 

This equation is trivially integrated with the initial condition A(0) = 0 

and gives 

in striking parallel with (22). This means that (58) can be written as 

1 	d 	a  
at <11)(,t)) = -2- KBTm at ( - 	

'ax • ax 
• M

-1
(t)(M 

1
(t))

t 
• 1-) (49(x,t)) 	(69) 

Therefore, (45) implies 

at 
 (p 	t ) ) = - 

a
• ( ( t )M-1  ( t ) *(p(x, t ) )) 

t 

T exp - 
	ax 	 at 	,-

- • M(s)M (s)xds   (¢(x,t)) 

0 

• 	- = _ 
ax 

• (mto 1m (t)x((x,t))) (70) 

t 
1 	 d / 

ax 
a 	m 1 (t) 	(t)) - 	) • t a + -2- KBTin T exp - 	• 17,1(s)M-1 (s)xds 	— ax dt 	, ax 

[ t 
I exp I 1- • M(s)M 1 (s)xds 	(p(x,t)) 

o 
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Identity 4: 

T exp - 
J 
 -3--T-  • Mi.(s)M 

1 
 (s)ds 	(-1-- (

—a 
• M- (t)(M

-1 
 (t))

t 
 • - ,i' 

[ o 
	 dt (ax • 

t 
D   

, 1 

exp [ 	 • 1■1(s)M-1 (s)xds 	= 	 (71) 

• - -2 -- • WON 1 
 (t) • 

ax • 	 ax 

Proof: Closely related to (48) is the relation 

t 

] 
T exp - f , • M(s)M

1 	
dt 

(s)xds 	-(-1.--
( 

3x 
 • M

-
,
1
(t)(M

1
(0)

t 
• 	-) • 

,- 

• - 

' 	 - ,- 	9x 
[ 

0 

t 

[ 

T exp - f [ 2-- • 17 	
dt 

4(s)m-1 (s)x, .] ds 	
(3x • -- 	iax 	

9  • M-1(0(M-1(0)t • 	) ax f 

which involves the ordered exponential of a commutator operator. The first 

order term in this exponential contains 

D•  
- [ ax 

	( 	 -1 
• M(s)M

1 
 (s)x, — — • M

1
(t)(M (0)

t 
 • -7---)] = dt 9x. aX 

dD 	• 	-1 	-1 	 -1 	-1 	t -1 	t M(s)M (s)M (t)(M-1 (0) t  • 	+ -b • 	(t) (M (0) (M (s)) M (s) • -9--) 
( 

dt Dx 	
(73) 

d ( D . 1 	 (m 1 (tp t i 	• .___. _ 	 (s), m 
+ ax 

{where the second equality defines the operator B(s), • + to be given by 

Wen+ 

0 
t 

[

1,.' exp f ax  • A(s)M 1 (s)xds 	= 	 (72) 
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{B(s), 	E E B(s)E + EB (s) 	 (74) 

in which B(s) and E are arbitrary matrices. Note that the result in (73) contains 

exactly two orders of ---. Therefore, the entire exponential on the right-hand 

side of (72) can be written as 

exp 	[— • M(s)M (s)x, •] ds] d 	 Dx 
1 

ny's 

	a t 
D • M

1
(t)(M 1 (0)

t 
• 1--  = 

ax 
0 

a 	•  

(75) 

ax • 
	

dcit  g,,,c1(t)(m-1(0)t) 	.
ax exp 	{M(s)M 1 (s), • 1+  ds — 

 • J 
0 

This relation is closely related to (50), and the exponential in the right-hand 

side may be simplified considerably in parallel with (52). 

t 
• 	1 

[ 

I exp f {M(s)M (s), •} ds = M(t) • Mt (t) 

o 

because both sides agree at t = 0. and they both satisfy the first order 

differential equation 

dt U(t) = 61(t)M 1 ( t),U(t)} 

as is readily verified. Using (43) and (76) in (75) gives 

[ t 

d T exp f -(M., (s)M
1
(s), •11_ ds -d-1-  (M 

1 
(t)(M

1
(M t) = 

o 

	

- M(t) (

M -1(okom-1(0(m-1(0)t 14-1(txm
-1(0)± At (t)(14-1 (tOmt (t) 	(78) 

= A(014-1 (t) 	04 1 (m t At (t)  

(76)  

(77)  
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It is also so that 

• -1 
ax • (M(t)M (t) + (M (t))

t 
 M (t) ) • 3 	 = 

ax 

2 	• M(t)M-1 (t) • 
 ax 	 3x 

Using (79) and (78) in (75) and (72) justifies Identity 4. 

Consequently, (70) becomes 

f• 	1 
-5-• (p(x,t) ) = - a

x
• kM(t)M (t)x(p(x,t))) 

• a 
x 

— KBTm a
x • M(t)M-1 (t) • 3 • — (P(x, t) 3   

Using van Kampen's lemma provides the Fokker-Planck equation for this Brownian 

oscillator which is 

at P(x,t) = - 	61 • 	t ) M-1(  t)xP xax 
(81) 

3 .  
- KBTm 

ax  • /,1(t)M
1
(0 • -- 

3x 
 P(x 

.-' 

• 
Notice that the matrix coefficients, Mmm 1 (t), are t-dependent, so that (81) 

describes a non-stationary Gaussian process,which is consequently also a non-

stationary Markovian process. 

It may be verified by substitution in (81) that the solution satisfying 

the initial condition P(y,p,0) = 6(y-y(0))(5(p-p(0)) is 

P(y,p,t) = (2TrKBTm)
-1

(det(A(0) z exp 	 (x-m(t)x(0)) tA
-1

(t)(xm(t)x(0))] (82) 
2K1 
	

- 
BTm 	- 	 -  

(y(0)) 
in which A(t) is given by (68), x(0) = 	. The 

p(0) 

notation det(A(t)) denotes the determinant of the matrix A(t). Equation (82) 

(79)  

(80)  
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provides the complete stochastic description of the "non-Markovian" Brownian 

oscillator. Note that the result is in fact a non-stationary, Gaussian, Markov 

process. 

V. Non-Gaussian Processes  

In order for the setting for the non-Gaussian case to be as general as 

possible, it should be noted that most of the details involved in the analysis 

of the "non-Markovian" Brownian oscillator did not really depend upon the 

explicit 2x2 matrices used but instead depended upon only quite general matrix 

algebraic properties which apply equally well to systems with more than two 

components. Specifically, equation (33) is a special case of 

x(t) = Qx(t) - j J D(t-s)x(s)ds + f(t) 
	

(83) 

0 

in which x(t) denotes an n-component vector, 2 denotes an nxn antisymmetric 

matrix, and D(t-s) denotes a symmetric, nxn matrix "memory kernel". The process 

is driven by a stochastic vector force, f(t), which will generally have n 

components. The fluctuation-dissipation relation is now 

f(s)t )  = y  D(t-s) 	 (84) 

The Adelman transformation converts (83) into 

at 
	 d 

x(t) = M(t)M 1 (t)x(t) + M(t) a- f - 1 
(t)M(t-s)?(s)ds 
	 (85) 

0 

eN 

in which M(t) is defined through its Laplace transform, M(z), which is given by 

 
M(z) = 	1 - St + D(z)]

-1 	 (86) 
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where 1 is the nxn identity matrix and D(z) is the Laplace transform of D(t-s). 

It is now possible to proceed in the Gaussian case from (44) to (58) without 

alteration because those steps in the 2x2 case did not use the explicit 2x2 

nature of the matrices involved. All that must be shown is that equation (59) 

can be justified for the nxn case because equations (60)-(62) explicitly involve 

the 2x2 case matrices. The analogues of (60)-(62) are 

• 
14 (t) 	zM(z) - 1 = z[z 1 - Q+D(z)]

-1 
- 1 

= [z 1 - 2 + D(z)] -1  (2 - D(z)) 

M(t)2 + M(z)2 = [z 1 - 2 + D(z)]
-1 
 2 

∎•• 

- J M(s)D(t-s)ds + - M(z)D(z) = - [z 1 - 2 + D(z)]
-1 
 D(z) 

0 

Therefore, it clearly follows that 

M(t) = M(02 - 	M(s)D(t-s)ds 
dt — 

0 

Now one may proceed from (63) all the way to (82) without alteration in the 

argument, provided that the left-hand side of (82) is written as P(x,t) in 

which x denotes an n-component vector, and the right-hand side contains 

(27[1(T) -n/2 . 

For the non-Gaussian case, the critical step is the step from equation 

(53) to equation -(54), or their analogues in the n-component case. The second 

cumulant will no longer be exact and higher order cumulants will be required. 

Explicit combinatorial formulae exist
4 

for all of the higher order cumulants 

so that it is possible to write out explicit formulae that generalize equation 

(87)  

(88)  

(89)  

(90)  
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t— 
3T «(x, t)) = 2 	

(2n 
 (t ) «(X, t) ) 	 (91) 

n=1 

(54). Because ('(t)) = 0, only even order cumulants will be non-vanishing. 

Because the differential operator 

 
dt ax • 
	141(0m(t_s)?(s)ds 

0 

commutes with itself at different times, only ordinary cumulants are required 

and ordered cumulants simply reduce to ordinary cumulants. Whereas the second 

cumulant which occurs in (54) is second order in — the n
th 
 cumulant will be 

' 
Mr 

nth order in 
9
- as was suggested by Adelman.

1 
The analogue of (54) will have 

the form 

CO 

in which G
(2n)

(0 denotes the 2n
th 

cumulant and G
(2)

(0 is identically given 
Mt. 	 AM 

by (54). In order to subsequently get the equation for (o(x? 0) it will be 

necessary to compute the analogue of Identity 4 for the higher cumulants 

[ 	
1  t 
	 t 

(9,„, 
Tex 	- I fx-  • A(s)M-1 (s)xdsj G 1/4--/ (t) T exp i L  • A(s)M-1 (s)xs 

Because G(2n) (0 is of order 2n in 
a

, the expression above will also turn out 

to be of order 2n in — 9x because the exponentials contain the combination 

 
9x 

• M(s)M 
1
(s)x 

erg, 

The final result will always involve infinitely many higher cumulants, so that 

approximations through truncation of the cumulant series will be required. Closed 

form solutions to these generalized Fokker-Planck equations which possess higher 

than 2
nd 

order derivatives in x are not known for either the entire cumulant series 

1*s 
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or for its truncations. However, the generalized Fokker-Planck equations readily 

generate equations for the moments of the original stochastic process x, and 

these moment equations usually permit elementary solutions. 

It must be emphasized that for the Gaussian case, equation (29) for the 

free Brownian motion has been obtained by several others 16 as well as by Adelman
1

, 

and that equation (81), in a somewhat different but equivalent form, has been 

obtained by Adelman.
1 

However, the methods used here also readily develop into 

a description of non-Gaussian processes. Although that description is perhaps 

combinatorially complicated, it is nevertheless known explicitly.
4 

The virtues 

of the multiplicative stochastic process approach, with its use of ordered and 

ordinary cumulants, may be exhibited in many other contexts as well. Moreover, 

the use of time ordering and related operator calculus techniques, which usually 

appear only in quantum mechanical contexts, should also be noted. These methods 

enjoy a broad applicability in classical contexts as has been exhibited here. 

It is to be especially noted that for the Gaussian cases the Adelman trans-

formation, in its extended, stochastic form, results in a non-stationary Fokker-

Planck equation which describes a non-stationary, Gaussian, Markovian process. 

This is inspite of the fact that projection operator techniques which give rise 

to the "memory kernel" equations have led many authors
1 
and other workers to 

refer to those processes as non-Markovian. However, all the memory kernel 

really does is produce a non-stationary, Markovian process. 15 The methods of 

multiplicative stochastic process analysis make this fact especially transparent 

and suggest that these methods are more fundamental. The point will be reinforced 

in other contexts in subsequent papers. 
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Abstract  

The connection between the memory kernel form of Mori's generalized 

Langevin equation and the memoryless form derived by Tokuyama and Mori and 

by Fox is exhibited in an especially transparent and short form. 



Removal of the Memory Kernel in Generalized Langevin Equations  

Recently, Tokuyama and Mori
1 
 showed that the generalized Langevin equa- 

tion which was earlier derived by Mori
2 
 with a memory kernel 

t 

 dt A(t) = iLA(t) - 	cp(s)A(t-s)ds + f(t) 
	

(1) 

0 

can also be written in the "frequency modulated" form 

dt A(t)= iLA(t) - T(t)A(t) + g(t) 
	

(2) 

in which all terms are evaluated at the same time t. A(t) represents a vector 

of dynamical variables and satisfies the Liouville equation 

	

at A(t) = iLA(t) 	 (3) 

where L is the Liouville operator. 

The quantities which appear in equations (1) and (2) are determined by 

the Liouville operator, L, and the inner product 

	

(F,G
t
) E <F,G

t
) 
	

(4) 

where (---) denotes averaging with respect to the classical mechanical canonical 

distribution, and F and G are arbitrary column vectors of dynamical variables 

with t denoting the adjoint operation. Quantum mechanical analogues of this 

inner product and the corresponding formulae for the quantities in equations 

(1) and (2) exist
1

' 2  but will not be explicitly given here. In both (1) and 

(2), Q is defined by 



	

iS/ E (iLA,At)•(A,AY1 
	

(5) 

where A denotes the column vector dynamical variables, A, at t = o. In (1), 

cp(t-s) is defined by the generalized fluctuation-dissipation relation 

(f(t),ft (s)) = (I)(t-s) (A,At ) 	 (6) 

In (2), T(t) is defined by 

t 
T(t) E f ii(s)ds 	 (7) 

0 

where i(t) is given by an alternative fluctuation-dissipation relation 

tp(t) = (g(t),g(o) 1. )-(A(t),A1. ) -1 	 (8) 

Also recently, Fox
3 
has shown that the generalized Langevin equation with 

a memory kernel can always be transformed into a memoryless form. The purpose 

of Fox's work was to provide a general methodology for obtaining the generalized 

Fokker-Planck equations which attend a generalized Langevin equation description, 

and removal of the memory kernel in favor of the memoryless form greatly facil- 

	

itated this objective. However, it also provides 	more direct and transparent 

rendering of the results of Tokuyama and Mori wh. , were derived by a special 

projection operator method. It is the purpose of this paper to exhibit the 

shorter method of Fox in the hope of bringing the result to the attention of a 

wider readership and with the aim of providing a unifying approach to non-

equilibrium statistical mechanics. The earlier theory of Mori
1 
has already 

provided useful methods for computation of time correlation formulae and trans-

port coefficients, and the added perspective of the memoryless form of the 

generalized Langevin equation can be illuminating
2,3 

2 



The transformation used by Fox
3 
begins with equation (1) and the fluctuation-

dissipation relation in equation (6). The Q in (1), which is defined by (5), is 

t-independent because L is t-independent and A denotes A(o). The solution to 

(1) may be written 

t 

A(t) = M(t)A(o) + S M(t-s)f(s)ds 	 (9) 

0 

where M(t) is defined
4 

through its Laplace transform, M(z), which is given by 

 
M(z) = [21 - i2 + cb(2)]

-1  
(10) 

in which 1 is the identity matrix, and cl)(2) is the Laplace transform of q(t). 

By writing 

S M(t-s)f(s)ds = M(t) SM 1
(t)M(t-s)f(s)ds 

and using the seemingly pointless identity 

M(t) = M(t)M 1 (t)M(t) 

the time derivative of (9) becomes 

t 

dt 
•  A(t) = M(t)M 1 (t)A(t) +1 	

at 
(t) 	SM 1 (t)M(t-s)f(s)ds 

0 

= M(t)M 1 (t)A(t) + g(t) 

in which the last equality defines g(t). This is clearly the memoryless form 

of (1), although it is not yet quite in the form of (2) given by Tokuyama and 

Mori. 

(12) 

(13) 
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Note that g(o) = f(o), so that 

t 

(g(t),g
t
(o))= M(t) 

d 
—
t 
 r m-1 com(t-s)(f (s),f t (o))ds 

• d 
0 

t 

= M(t) —d S. M 1
(t)M(t-s)¢(s)-(A,A

t
)ds • dt 

0 

in which (6) has been used. From (10), it is straight-forward to show 3 
that 

t 

1=1--  dt M(t) = M(t)2 - f M(s)(1)(t-s)ds 
0 

t 

= MO - SM(t-s)(1)(s)ds 

0 

which implies 

t 

f M(t-s)¢(s)ds = M(t)Q - —d M(t) 
dt 

0 

Putting (16) into (14) yields 

(g(t),gt (o)) = M(t) d /M 1 (t) (M(t),Q - 1.4(t)))•(A,A t) 

= 
	M(t) (dit  (14: 1 (t)L1(t) %) - 1  (A,At) 

Define Ip(t) by 

ll)(t) E (a(t),g(o)
)(

A,A
1-1

M
-1

(t) 

- M(t) [ 	I m- l it\ A (t1 
dt %.•••• 	k I 	j i 

(14) 

(15) 

(16) 

(17) 

(18) 

4 



Therefore, 

t 	 t 

T(t) E S (s)ds = - f M(s)[—d d s \ (M-1(s)M(s)\]M-1(s)ds — 
0 	 0 

1 	• 	1 	 1 	• 	1 = M(o)M (o)M(o)M (o) - M(t)M (t)M(t)M (t) 

rk(S)M 1 (S)k(S)M 1 (S)dS 
w•-• 

0 

t 

- 	• 
+ y 	1 	d 	1 m(s)m 1 (s)M(s) 	M (s)ds 

0 

1 
= M(o)M (o ) - M(t)M

1
(t) 

.,-- 

because the last two integrals on the right-hand side of the third equality 

cancel each other when we use the identity
3 

	

cTs_ m 1 (s)  = 	m1(s)A(s)m1(s) 	
(20) 

From (1) and (13) it follows that 

M(o)M 1
(0) E jSZ 

Therefore, (19) implies 

1 
M(t)M (t) = w- T(t) 

(19) 

(21) 

(22) 

and this identity converts (13) into (2). 

5 



It is often remarked that equations with memory kernels such as the gener-

alized Langevin equation, describe non-Markovian processes
5
. The Fokker-Planck 

analysis of Fox
3 
which uses the memoryless form of the generalized Langevin 

equation (13) has shown that these processes are in fact non-stationary, Markovian 

processes. 
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Introduction  

Lars Onsager provided the foundation for a universal theory of non-equilibrium 

processes which are close to equilibrium in 1931 when he published the paper
1 

which contained the celebrated reciprocal relations
2
. Twenty-two years later, 

Onsager and Machlup
3 
provided a stochastic basis for the reciprocal relations 

when they generalized the stochastic treatment of Brownian motion which was 

established by Langevin
4 
and greatly clarified by Uhlenbeck and Ornstein

5
. This 

development culminated in the application of these ideas to the linearized 

Boltzmann equation
6 
which leads to an infinitely dimensional stationary Markov 

process. 

The universal character of Onsager's theory is exhibited by the so-

called fluctuation-dissipation theorem which connects the variance of the 

stochastic force with the strength of the dissipative parameter which governs 

the approach to equilibrium. For Brownian motion, the Langevin equation is 

117--u(t) = -au(t) 	F(t) 
dt 

(1 ) 

Where M is the mass, u(t) is the velocity at time t, and a is the dissi-

)ative drag coefficient. f(t) is the stochastic force acting on the Brownian 

'article and has the properties 

Tto> = 0 
	

(2) 

nd 

(t)f(s)) = 2mt-s) 	 (3) 



-2- 

where 	 denotes averaging. The fluctuation-dissipation theorem in this 

case is 

X = KTa 	 (4) 

This became a paradigm for the many applications of Onsager's theory, 

notably to hydrodynamical fluctuations
7
, fluctuations in the Boltzmann equation

6
, 

and fluctuations in electromagnetic fields
8

. 

In each case the fluctuation-dissipation relations are independent of the 

underlying microscopic theory, i.e. are of thermodynamical character. 

In 1961, van Kampen
9 

attempted the establishment of a fluctuation theory 

which would apply far from equilibrium where the dynamics is usually non-linear. 

It was not clear that a universal theory for far from equilibrium processes could 

be established and difficulties remained even after 1973 when Kubo et al.
10 

reviewed van Kampen's theory and provided an alternative treatment. 

In order to clarify the situation, we have considered the case of a plane 

mirror in a Knudsen gas in the range of velocities of the order of gas molecule 

velocities, i.e. far from the regime where the ordinary theory of Brownian motion 

is applicable. 

This example was suggested to us by George Uhlenbeck and is particularly 

appropriate since ordinary Brownian motion, as mentioned above, is at the root 

of the Onsager, near-equilibrium theory. 

Fluctuations of the Velocity of a Plane Mirror Moving Rapidly in a Knudsen Gas  

Consider a plane mirror of cross-sectional area A immersed in a Knudsen 

gas, i.e. a gas which is so dilute that after its molecules strike the mirror, 

from which they are perfectly reflected, they almost never hit the mirror again. 
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and make so few collisions with other gas molecules that the distribution of 

velocities remains unaffected. It is also assumed that the Knudsen gas is ini-

tially in thermal equilibrium at temperature T so that the velocity distribu-

tion is Maxwellian, and remains Maxwellian. The mirror will, consequently, ex-

perience a Brownian motion. The time evolution of the velocity distribution 

of the mirror is thus described by the linear Boltzmann equation 11 
which can 

be written in the form 

= 

00 

IR(v 
x 
 ,v')P(v',0 	

x 
-R(v t ,v 

x
)P(v 

x 	x  
Oldv' (5) (vx ,t) 

 
-a, 

in which R(v',v x
) is defined by 

M+m,, 	M-m 

	

KT -1/2 N 		
2 

R(v',v 
x 
 ) = 	 -- 	

2m 
 A ' 	exp{ 	

2mKT 	
}Iv 

x 
 -vxli (6)m 

M is the mass of the mirror, m is the mass of a gas molecule, K is Boltzmann's 

constant, N is the total number of gas molecules in volume V, and conservation 

of linear momentum and kinetic energy have been used to obtain this explicit 

formula for R(11',v 
x
). Equations (5) and (6) have the form of a linear master 

equation of the type which underlies van Kampen's general treatment. 

Near equilibrium, when the velocity of the mirror is small compared to the 

molecular velocities and in the case of small mass ratio 

(7) 

it is known
11 

that to lowest order in 1J the linear Boltzmann equation can be 

approximated by a Fokker-Planck equation which is consistent with the Langevin 

equation (1) with appropriately defined constants, a and X , 

2 
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Thus, near equilibrium we have two equivalent ways of treating Browian motion: 

(a) by the Langevin equation, and (b) by the Fokker-Planck equation. 

Away from equilibrium, it is easier to pursue the Fokker-Planck approach, 

bupassing the Langevin description, and starting with the master equation. ar 

On the other hand, Keizer
17 
 has proposed a modified Langevin treatment 

which leads to equivalent results and is closer in spirit to Onsager's 

work. The problem is to solve the initial value problem for the Boltzmann 

equation, i.e. to find P(v x ;t) given P(v x ;0). 

Near equilibrium and for small mass ratio 1.1 an approximate solution to 

lowest order inP is obtained by solving a Fokker-Planck equation already 

mentioned above. What remains to be done is to see whether a similar sim-

plification can be given far from equilibrium. 

First of all, from (5) by direct averaging, i.e. with respect to 

P(v
x
;0, we obtain 

cx
(0)'=„ ,  

N 	2  (
- 	 m N 1/2 Kvx  (t) T) 	 exp - 	 ,A1 C1 “dt 	 A  V (1-Fu)( 	 - ■ 	 2mKT 

and hence neglecting fluctuations 
	2 

(E-1-m67 (0,2) , 
1 (8) 1 

N 	'? 	
_ 

1■1 1 -.<v(t)>=-A.--.----- 1/2  f c° 	xp-..; 
	x 	

i C C ot 	x 	V (1-1-0PTM C.1-Y 	 2mKT 

	

- 	
dE e 

co 	..._ 

It is not difficult to show that this transcedental dependence upon 4v
x
(t)leads 

to the Rayleigh form: 
<. N _L1 

M —cit<v
x
(t 	- 	

1/2
A (mKT) 	V -7,

.1 
-T 	V 

X
1,0> 	(9) 

v 	-1  

when <v (0) .>is small compared with 11I)
1_/2

, and to the Newtonian form: 

 
M 	

/ 	 N m 
- 2A 	1<vx (t) <vx (0> 
	

(10) 

when.4(v
x
(0)} is of the order of (1511/2 )

pc 
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To insure that at t=0 the fluctuations are negligible it is convenient and 

natural to take 

P(vx ,0)=6(vx-vx (0)) 	 (11) 

i.e. the initial velocity is sharply prescribed so that4(y x (0-v 
x
(0) 

However, this initial distribution will spread in time (for t±.. it must 

approach the Maxwellian distribution) and the validity of (8) depends on fluc-

tuations about the average remaining small. 

As long as one is far away from equilibrium, i.e. v
x
(0) is of the 

KT\1/2 
order of (---

m I 	"small" means that deviations from the average are small 

compared to it. 

Near equilibrium (i.e. v
x
(0) of the order (

KT I/ 

• 	rt 
2) the above state- 

ment has to be modified. 



-6- 

Before proceeding with the discussion it will be convenient to introduce 

dimensionless variables.  

--11101.111 

KT 
v t  v, 	v

x 
(12) 

00 
and in these variables the Boltzmann equation

A
becomes 

2 1+11 
aT 

- 

P(u;T) 	
cl+ij 

2P 

p(u;7)(P 	1 4-u 0  v_ 1- 

-
P (17;  "r) 	(Po 

11 

26 
u- 

( 2,11-7 
u-vidv 

u) 

21/t7 	--1  

where 

(13) 

p(u;T) (14) 

and 	
¢0 (u) -  v77.12 	exp (-u

2
/2). 

Away from equilbrium where u/ is of order 1 we set 

w(  p(u;T) = ( 	T) + 	;T)=-T-)(;T) 
tiu 

where w(T) is to be determined a little later. 

The motivation behind this substitutioni3the following; one expects 

the average (mean) to be of the order 1/) ,47, so that the distribution of u 

would be centered about w(T)/17 , and one hopes that the deviation from 

the mean will be of order 1. 

Such a hope can only be justified if at T=0 the (initial) distribution 

about u(0) = w(0)/4-  has width of order 1 and to simplify matters we shall 

first assume that 

(15) 

(16) 
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P( u; 0)= 15 (u- w(09 	 (17) 

or, equivalently, 

P (;0) = 6(). 
	 (1 8) 

This is merely a translation of (11) into dimensionless terms. 

Strictly speaking one must now prove that the width of p (;T) 

will be of order 1 for all T>0 (in an analogous problem concerning the 

birth-death model of chemical reactions such a proof has in fact, been 

given by Kurtz )'  butwe shall be content here by showing that the 

assumption that the widthofT3(:T) remains of order 1 leads to a _c_an-

sistent  theory. 

In terms of 	15- (F,;t) the Boltzmann equation assumes, upon setting, 

v= C + w(T) 
	

(1 9) 

the form 

P(E,

- -

;T) 	 w

- 	

' (T)
- 	

2p 

2 

(1-11)0 1+u  
747 

- 1-p  
i: 4-w(T) -P(;7)(P 0 ( 1-2--- r"1 

2),/p 	 1.1F 	2_1 

We introduce now an "arbitrary" smooth function g(t",) which vanishes 

sufficiently fast at + 00 and after multiplying both sides of (20) by g 

we integrate on E from to +0.. 

Introducing on the right hand side the new varriable n by the linear 

substitution 

(20) 
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2V17 
= C+ n - 

1+11 
(21)  

we recast (20) in the form 

g(C) DT 
dC w  ( T )  g() d T_ 

11.1 

(22)  
-1 

g(C +n 	 ) - g(C) 
1+p 

717-  (L(n+w(T)+ 

Expanding in powers of 47, up to and including (V1_7) 2 , we obtain after 

a few 	 transformations. 

OD 

, T)L0 ,-.(r1 	dr=  

-  

2 p(;T) g (C)dC 	(w(7)) + 2  
_m  

   

'o 0-14-w('6')Yrdrddrl + 2 f c°  p( 2) 	K
2 
 (w(T)) + 

terms of order (VITT) 3
and higher 

where 

K (0= J 	4) 0 (1+w)41111d9 
	 (23) 

It is clear that in order for the two terms of order 1/1.-/ -  to cancel we 

must have 

w (T) = 2K (w(T)) 
	

(24) 
1 

and this is the dimensionless version of (8). Thus w(T)/4 with w(T) obey-

ing (24) is the deterministic  law of decay of velocity in dimensionless 

terms. 

1 = - 
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Finally, 

	

f c° 	(n+w(t))nirildn = K1 (w(t)) 	 (25) 

and we are led (upon integration by parts) using the arbitrariness of g 

to the Fokker-Planck equation 

at 
= -21(1 (w(T)) 	(e5)+2K

2 (w(T))
2 213,- 

(26) 

with w(T) being a solution of (24). 

The initial condition for p is (18) i.e. 

p (C; 0)=6 (c) 
	 (27) 

and we must also prescribe the initial value of w(T) 

	

w(0)=w0 	 (28) 

The solution of (26) with the initial conditions (27) and (28) 

is easily seen to be 

1  
P 	 exp 

	

a(T)12 r ' 	 20 2 (T) 

where 0 2 (T)satisfies the ordinary differential equation 

	

2 	1 do 
-dr = 4K1  (w(T))0 2+4' 1\ 2 (w(T)) 

and the initial condition 

(29) 

(30) 

2 a (0)=0. 



- 1 0- 

The expression for o
2 
(T)will depend (functionally) on w(T) and hence 

on w. 	The dependence on 	wo  is 

If the initial distribution 

	

p(u;0) 	= 	1  
)111-  

which easily leads to the solution 

p(11:T) 

 	I 	
m 
 P 

displayed 

p(u;0) 

--. c° 

by 

is 

w 
; 

- 0D 

writing 0
2
('t;w0 ). 

arbitrary one can write 

w
o 

— 

	

0) 6 (u- 	) 

o 	 1 ; 	0)  

(31) 

ip g(T;w idifiT 

(33) 

(32) 
, 2 

(u-WW-P-) 

2a
2 

(T:w ) o  

This form is deceptively simple °AI& the highly complex form 

of a
2
(T;w

o
) is 4e,i-erwtivie-& b) 	130). 

Commentary 

The universality of Onsager's 	theory near equilibrium manifests it- 
cl-kkradtv o_p +k 

self in the fluctuation-dissipation theorem. 

In the simplest case of Brownian motion of a free particle which can 

be described by the Fokker-Planck equation. 

X
2
P P(u;T)  = 	

(uP)+17.119u2 M 

it amounts to the universal proportionality of A and vc eeh h1  e 	03-- (0 , 



Away from equilibrium the situation is quite different. There the 

analogue of X is 2K
2
(w(t)) and that oft() I  2.1((w(t)), and although they are 

related (since they both arise from the underlying microscpic mechanism) 

neither determines  the ocher in the sense that X determines e< (or vice 

versa) Q.,S 	 Oil -1l41 	lqc,LI-m 	 (30). 

Our example thus shows that away from equilibrium it is futile to 

expect the kind of "theLmodynamic" universality as one finds near equil-

ibrium. And yet a description of fluctuations far from equilibrium in 

terms of Fokker-Planck equations with time dependent coefficients blom-S 

imtL be general. 
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