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a real matrix
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coef:f'iclents assoc:.ated with the in—pla.ne displacemen‘b u

- g column metrix

- one ‘half the width of plate

coefficients associated with the in~plane displacement v.

coefficients used in the nonlinear equat ions

- coefficients used in the nonlinear equations
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displacement w

flexural rigidity of the plate
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- Young's modulus - _

dohséé.nts -
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ﬁmction of x5 and X
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a.. crifical load parametér'

th:_i.ckness of the plate




an integer

an integer
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strain energy due to’ in-plane forces

' #train.energy due to bending and twisting moments
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out~of=plane displacement
out-of-plane displacement
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displacements in the z direction
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initial imperfection '
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coordinate axis
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- solution vector

‘elements of solution vector

total potential enez‘*gﬁr
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. SUMMARY

" The objective of the ,inve's{;igétién was to study the effect
of _imperfectiﬁn_ on the coupling be_haviof of a.compressed ele’u#_tic
plafe which deveiops mbdera.ﬁély lafge deflections. The procedure
used was to form the é.s.socia.ted fotal potential ehergy fuhcfiona.l for
this proBlem and. to then use the Ritz method to obtain a system ﬁf .
nonlinear algebraic eﬁﬁations. A perturbation solution procedure was
then used to solve the algebraic equations. |

Results for different initial impei'fection configurations
-and plate lengt.h to width ratios._ﬁe'rle';'ilsed. to eMine changes in

waveform of.plates :|.n the pbstbuékling range.




" —_
IWTRODUCTION

Th:.n plates have: 'Been ﬁ.sed as structural elements in the .hulls
of ships, the outer skins of airplane wings, and many other syétems.
because of their many un:l.que properties. They éan, serve their imtended
purpose well even after buckling has | océu.rréd. Unlike some other
structural members, the iﬁevitable_ initisl imperfections that are
inherent with man—ma.de products do not reduce the ability of the plate
to can'y coxrt:i.:mously increa.sing loads. This is a q_ua.lity which is
technicauy referred to a.s Jmperfectlon-lnsensit:wlty.

The ela.stlc stability of pla.tes ha.s been studied very thoroughly
since about 1890. FRarly work __w_rg.s ‘concerned with determinstions of the
buckling load of plates with various types of loads and boundery condi-
tions. The behavior of plates for loads exceeding the buckling losd —
the so called postbuckling raﬁge — has only been examined in detail
during the past forty ye’a:r#_._ Recently s muiber _d_f reséarchers_-hg.ve: made
detailed studles of the nonlinear postbuckling problem, Notable smong
these’ invgst'igato:s _aré Koiter. [1,2,3], stein [4,5], Hlavacek [6],
Avgusti [7], Chilver (8] gnd:Suﬁple.[9,lﬁ;ll_,l2].

K.oj.‘bei' '.I[l,2] was one 6:E‘. the eariiest _.investiga‘l;oré. who _fornru-
la.ted 8 ge_nera.l_ theozfy- of_the stability_.of npnlinear-s.tmctural sys:tems..
However, his work remesined dormant for some time because it was or:gl-_

nally written in Du'bch and was published durlng the Second World Wem.




Stein [h]:sought to explain'thé phenomenon of changes in the
“buckle pattern by'choosing as his model a symmetric, three-element
'eelumn_restrained by nenlinear'spriﬁgs. ‘The e?rings eimulate the
nonlinear charaeteristies of platesdin the postbuckling range. He then
studied_the stebiiity of this system for both ﬁhe controlled~loading
and controlledeend shortening ﬁyﬁes of 1oad application. He concluded
that for initially perfect specimens, intersections between curves for
various equiiibrium configurations lead to changes in buckle'pafterns;
and that the'load at which a change in buckle pattern occurs is _ E
independe:rb of _the type of losding, i.e., rigid or soft syetems. _ |

Augusti (7] and Hlavacek (6] made postbuckllng behavior studies
of various structural systems and thelr work was published only a
decade ago._ , _ _

Chilver (8] later studied & model with two degrees of freedom
. and concluded,that When e;genvalues correspondlng_to;two modes of
bucklng are equal, or nearlyﬁeo,_elastic_ppefﬁuekling_9f€the;é&§¢em _
can imvolve coupling, between tﬁe modes. --Supple’s studiee [11,12] were
based on the assumption that the behav1or of a plate can be approximated
as a twc—degree-of—freedom system. He categorized structural systems

aecording to the type of coupled and uncoupled postbuckling_modal

'.behavior which cedld'be.developed. He also included the'effect ef
imperfection in his work. | |

In one of his papers Supple [12] analyzed a rectangular plate
with constant 1n-plane compressive forcea_et_thewopposite ends. He used .
von Karman‘e lérge deflection equations involving the out-of-plane

deflection function of position w(x,y), and initial imperfection



wo(x,y) and & stress ﬁmc%ién-: Q(x,y). Using two-degrees-of-freedom
for w, he devéloped an apfroximai‘t'é- soiution of t.hese.eciuatiOns throﬁgh
a Ga.lerk:i.ﬁ soiﬁtion 'p:r!._'o_cédﬁr_er.." He -oﬁt.a:a.{ned two zi’ci;hliriea.z; ."a.lgébra.ic
equa:t:i.ons,.. and these, hé'_'ébliﬁed.'qﬁ'.a.n Ié_i-j.minat'ion teéhniqine-.' .

In the present work a rectanglﬂar pla.t_é is loaded with a
preécribed eﬁd displaéezﬁeﬁf, and the unknowns are taken as the three
displacement functions u(x,y), v(x,¥), w(x,y) (the imperfection .
function wo(x,y) being prescribed). An approximste solution is then
initiated by the selection of six displacement functions (two .ea.ch. for
u, vy W) which'gatisfy.gl;_the prescribed boundary Qonaitions. These
functions, which provide six degrees o.f freedom, .a._re _used'as' a bagis for
a._'dir_ect variational, solution; i.e., the total pdtential energy function-
. al is miniﬁized_, as in the Ritz procedure, and a sys'tem .c-)f. nonl_ineé.r

algebralc equations is obtained. A perturbation method is then developed

and used to obtain solutioné for various imperfections and aspect ratios;

ife., the ;ength tonwidth ratios_of_plate.

B A compa._rison of_ mtﬁods indica‘be_fs __t__ha.t :|.n .'Suppl_e 's‘pzj_bceduxg 2
the stress function, ¥(x,y), must be computed after the solution for
w(x,¥). In the present work the solution for wu, v and w are
obtained simzltaneously. _.F'm't.her, .the '.a.::f.ge”bra.ic procedu._;ce .of_ Supple
wo.uld 'become-'diff_icult to use if the number of degrees of freedom or
appr_oxima.'tion :fﬁnctions vere :i._nc;‘eased_.. The diffi_culty_ _O_f the,
pe_rtur‘ba.tioﬁ'proc_edur_e_ developed he.fg,_ ‘on -th_e _other'?land, .would not-
computationally __Iiﬁcrease appreciably. . | _ | _

Finally, in using von Karman equations in .Suppie’s a.pproéch to

obtain stressea,_ ¥ (x,y) must be differentiated twicél. . _Ihgy may -




introduce some problems'wfth acouracy. In the present formulation the

stress and strain quantities are computed by diffeventiating the dis-
placement f‘unc"tions once, ” .

The ob.ject:l.ve of th:Ls thes:i.s wa.s to d.evelop the solut:l.on
technique outlined a.bove_ and “to use:- it to investigate postbuckling
behavior in plates. Partictilar emphasis is placed on an investigation
' of the behav':l'.o_r-ﬂ.pa.ttér_ns developed foi various combinations of inltial

imperfection and plate aspect rafios.




' CHAPTER II
FORMUIATTON OF THE PROBIEM

The problem of buckling and postbuckling of a plate may be |
fomﬂé.ted'in terms of the ﬁiddle’ surface displacement functions. In
Cartesian coordinates these may be represented as. u, v and w for
displacements in the X, y and z divections, respectively. Each
displacement. function dapeﬁd;s on the mdepend.eut varisbles x and Y.
One method of determining u, v'. and w- is to develop a solution
procedure which makes usge of a functional whose extremum yields the
governing differentisl equations_ 6f the pfo'b-lem. The a.ppropfia.te
functional for the giv;eﬁ prbblém'ca.ﬁ be idéntif'ied as the total poten-~
tial ene.rgy vhich will be designated.as Il - in this thesis,

o H is _éompos_ed. of two parts. One part is the, internal potential
or the strain energy, U, of the plate, and it is developed by the
- in-plane membrane stresses, the internal b.endiné moments_, and the
twisting moments. | | o | |

- The s_et:onc_l_pa.rﬁ of the ﬁmctiﬁnal l'I ~is the external po‘be:atié.l,
Q , which is associated with the app'iied"e_dge-_traations-: or the so called
prescribed edge losdings. The two potenmtial functions are related to
o through the expression . m =1U + Q... Hcmever, “in the present work
edge displacemen'_b_s :a._ther than ._edge tz_*acf.ion_s___ are specified so. til_g
external potential _d_= 0. | o

The component of U due to the middle surface stretching may




be expressed in terms of the memb{ame stresses Hx s N; and ny »
and the middle surface strain .éomfé_nents E;‘: , E; and ’Tffw .

These in turn may be defined through the strain displacement relations

given in Vol'mir [13] as

- 29026 2 e

=
o - . o
R ) R R
BRI 3y A
TR C NI C ) ¢ ¢ 53
F ¥y ik ek oy | :
¥% 3w
-_—9._0©
3 dy

| 1where the Mct'ion ;;o is the initial out-of-plane imperfection and
w  1is the a.ddltional elastic deflection as seen in Figure II-1,
The membra.ne strain energy developed in the linearly elastic

isotropic, ho_mogeneous '_pla.‘be a.ccording to [lll-] mey be written as

+ . .
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where .
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I
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)
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X o(awv) W

(1I-5) |

(11-6)

(II-7)

‘The strain energy due to bending and twisting of the plate in Figure

II-2 is, according to [14]

+% *3 2
o2 I ED
B 2 2 | =2,
| b _a X oy

T2 T _ '

. 2-(1-\)-) [.2% -3_2_"" o fy—_)2]}d;ca§
X .

7 3%37
where
D= —"—5"
12(1=v") -

The total potential energy is then

1@
I=vu +UB

(11-8)

(11-9)

(1I-10)




The equation for II must, of course, be expressed in terms of

u, v and w. - This is accomplished by use of Hooke s law and the strain

displacement relations in Equation (II-4). (See Appendix A for the form

of II.)

The f:l.:cst variation of the total potentia.l energy functlonal Il

gives the static equllibriwn equa.tlons of an 1mperfect plate su'b,Ject

to the in-pla.ne.edge d.lspla.cements for moderately large transverse

deflections., The problem selected. for a.na.lysis here is shcrwn in the

Figure II-2, The 'bou.nda.ry conditions are as follows

simply supported on all edges 8o that

- =__o. ., Mx . (32_ _
W é_O s M‘.V =D(:;;
In wstion
2 =+ pa '
u=0
v = uy

on

-y .
vl_-g-)=0 at
5

“
n-
o

bl |
"o
]
3

on

on y=%a -

1
i

on .

.ib

Mt
n

on

£

T

LT

The plate i=
e
(1I-11a)
£a |
_(II'lJb)




Note that u =0 on 'fr =% g is not th._e '_onl;v possible condition.

I-TOW = 0 at ¥ = - % g is another poss:l.blllty. ‘As seen from the relation

ﬁom = Eﬁhm' Q?W evaluated at ¥y =

oo En [O% . 3% 3 (= .-\23 [~
N_.|. = [ +—=+ — (W +w W W
2y B 2R 60 2R
where

.al=__9.=al =0 é.‘b‘i'r==|=a.

dx dx. ¥x -
Note that

_Bj:l' o

(=]

would be a consequence of ﬁw = 0.

This alternative set of comditions could be expected to prcri_ride_
results different from those presented in this investigation.
For conveniénce the varisbles in the problem have been nom~ |

dimensionalized in accordance with the following definitions:

-
it
Lo gt [ 2]
e
[[]
o Fa
-
=
n
s
-y
-]

I
Sl
<
)
=iy

where T] was la.ter dec:n.ded. to equal gt for convenience.




If the plate has a'preecribed}iﬁftiai.iﬁperfection, which is
symmetric wit;h respect to the % and the ¥ axis, then at ‘the 'e'ariy
stages of the a.ppl:l.ca.tlon of a loading symmetr:.c with respect to the
X and the y a:xis the pla‘te would be expected to deflect in such a

‘way as to preserve the general sha.pe of the initial imperfection. Thﬁ_.s .
is illustrated in Figure II-3.

However, if the plate has a prescribed initial imperfection,
which is symmetric with respect to the ¥ axis and antisymmetric with
respect to the x axis as seen in Figure II-4, then upon the epplicetion
of symetric losding, it would begin to deflect in the sgme-shape'as the
initial :imperfect:_lon with increasing a.mplitude. B _ _

When the ﬁia.te deflects, two symes_et_rically equidisfa.nt pcirrbs'
from the ¥ axis will initially move in opposite d:_i.-_:_-_ectlions._pe.rallel |
to the ¥ axis. Therefore, u mst be an odd function of x -and an
‘even If‘lm.ction of y sc e.s to be compatible with the d.eformation of the
symmetric structure under the symmetric loading. However, u is also
allowed ‘l;c possess a second componeﬁt_which is odd in y to account for
the pcesible deforme.ticn of _the stmcﬁure. of Figure II-_'-_lL._. | _ |

_Likewise-, two equidistant points _lfrom the X _e.xis will move in’
opposite directions pa.ra.liei to the ¥ a.x:Ls upon the"_'a.pplicat'ion of
eymmetric loa.ding on the structure Thus, the v. displacement is
chosen such that :Lt is odd in 'y and even :Ln ‘X |

Fma.lly the functions represen‘b:.ng the- 'I:ra.nSVerse displacements
W are chosen to represexrt the deflection conflgura.tlons as: depicted in

Figures II-3 and_II-u.




Figure II-4. An Antisymmetric Mode .




For direct variational solution procedure functions, u, Vv and

W can now be chosen as follows.

u(x,y) = Z 8 xi-(x,_&) B o (11-12)

8 sin mx cos.ﬂg- + 8, sin mx sin my

v(x,y) = Z by ¥, (xy) - wy | | (11-13)
\ 18 ) i Trx -3 .
= blcos > 31n-rry-+'b2 cos—é-sln?ﬂy-uy
w(x,y) = z c,f; (%) (11-1k)
= nx my X .
= cl cos > cos 2 + 02 co8 3 sin Ty
w (x,y) = Zdi g, (x3) (11-15)
i

.dlcos 5 cos > +d.2 cos 3 8in Ty




1

* _ _
In Equation (II-13), p = v? 'is the constant compressive strain

in the ¥ direction, and & ‘bi and c, are nondimensionalized.

An approximate solution may now be developed by use of the
Ritz procedure. This is accomplished by 'rend.ez-'i.ng the funcfional 1
stationary with respect to the coefficients of the expressions for
u, v and w {see Appendix B). This operation produces a systefn of

nonlinear algebraic equations in the coefficients a,, a&., b., b

1 T2 1 T2

c, aod c,. It msy be moted here that the latter are redefined in

terms of the qua.ntities_xl, X5 :1:3, xh, xs and X respecti}rely,

for convenience in the computer programming (see results in Appendix C).
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CHAPTER III
NUMERICAIL METHODS OF SOLUTION

Introduction

There is s wide variety of problems in mechanies for which
elementary methods of solution are not applicable. Difficultles arise,

for example, for problems in which the governing equations are nonlinear

in nature, or the varlables are intertwined such that a coupled or an
implicit form of representation ié_. encountered. .

Recently, some numerical techniques that were suggested several
decades ago have been applied ﬁth a.. certaln measure of success due to
great advances made ix:.llthe. hlgh speed computers. An example involves
the use of iterative schemes of solution wherein an a.ttempt. is made to
develop & Is.cheme in which trial solutions are systemetically improved in
successive a.ppiication. Né.tura.liy,_ .some assurance that the end result is
converging to the correct solution. is required.

_ Iterative schemes have been used to develop so;_l.ut_ions_ to systemé
of n.onlinear,_ a.lge'iara.ic equatiohs,_ 80 it was logical to consider an -
application in the studigsl describe_d here. The results of an evaluation
of this method are presented in the section which follows.

An a.;l:t;:err;ative' method for developing s_olﬁﬁions- to__-nonl-inea.r. _
equations of the type encountered here can be based on the use of
perturbation techniques. An_appliéation of this method.._;yiei_l.ds & system

of _linéa.r similtaneous equatiohs whose solution may be ob'b_ained 'by_.




~ elememtary methods. The development of & perturbation method for the
proble:ﬁ of interest in this dissertation is described in this chapter.
Iet the system of nonlinear Equations (C-1) to (C-6) of

Appendix C he represente_d by -

fl(xl’ Xpy = = = "9-356) =0

£y, = = = ==y %) =0

~ involving six real functions of the six real variables X5 xé-, X35

X, xs, X5+ Using the notation

X = [xl, %55 - -,_xg]r | (III-2)

let us write

fi(x) = fi(xi, 32, - - -,_xg),' i= i, 2y 2es 6 (;11-3

fIII-l)
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Now let
== .[51’- gz’ - §6] u (I1I-4)
be & solution of (III-1); that is
@ =0 R
Now rearrange therdriéinalasysfémj(;Iiﬁl),guéh-tpat_
x =R K (III~6)

implies

£,0) =0, 3=1,2, .., 6 (131-7)

In particular, let
T Fi‘n)'

Starting with the vector

X = [’_‘10’ ¥a0? ¥3p0 T 7T x60] (111-8)

‘a8 a flrst approximation to E , and substituting it into F (X), _
we Tind anew x,, from (III-6) which leads to the new vector

: [ 110 Xopr X0 Fyge x60] Substituting this new wvector into F, (X)
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we get the vector

["11’ Fo1r %g02 oo X60:| ‘
This procedure may be continued until
- Xor T ["11’ 510 %310 *y10 s "‘61]
is obtained. That is, the most recen-tlv'computed elements of the
solution vector are always used in evaluating the F,. '
A sﬁffic_ienb condition for convergence [15] is that, if there
exists s region R described by |

P_xj --; gjl < . ,

and for X in 'R, there is é..posi"bive mwber { < 1, such that

S 2'3?1;'_‘ =¢g<1 , (111-9)
R j o

then, if the starting vector. X, liés in ﬁ', ' this method converges to

the solution of the system (III-1); that is

1m =5 ) | (I1I-10)
ke ! -
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The particular system of Equations (IIT-1) is such thst some
of the coefficients of the independent varisbles are functions of the
strain factor p and, as ' changes, the entire sﬁr_stem (III-1) chenges.
| To investigate the use of this solution procedure, it was
a;pp]_.ied 1;0 a._nonlinea.r plate pro'blem for which thé exact solution [16]

could be obtained. The piroblem consisted of a plate with

a = 2.92"_

b = 2.92"

R = 0.112"

4 = 0.0L

a, = 0.0

E = .4k x10° psi (Plexiglas)

Initially the program was started with by, = 0.0004 and
_ B . | .
X, = [0'.0, 0.0, 0.0, 0.0, 0,008, 0.0J . Tterations were run for k

varying from 1 to 4O wntil a final value of xdho was obtained such that
- d < -5 ig’ 1 . -
|X01}0 X039| lx lQ » This degree. of accuracy was very satisfactory

for a range of X values encountered. Next a new value of Wy = ug ok

0.000005. was assumed along with X)), @s the new starting point and
40 new iterations were run and the process comtinued. |

~ The method outlined was succéssf‘ul over the i‘é.ngé' c.:f. .u-' values
less than u'c.lr' However, as the noniinea.rities_due to la;ge d.éflection

theory hegan to he more pronounced, _'I:he computer results started to




deviate from the true path and continued to give values of X that
resenbled the solution one would obtain by using smell deflection theory
as seen in Figure ITI-1, At this stage the incremé'nts in were.
reduced from 0.000005 to 0.000001. This produced improved values of X
and results adhered to the e_xa.ct solution over a siightl_y larger interval.
It theln flattened out and diverg'ed again. I'S was 6b'd"ious that sonﬁa of
the pa.rtia.ls in Equation (III-9) were becoming so large that the
convergence criterion was not :me't'. and so the values of X diverged
rapidly.

Ano‘bher a.ttenmt to remedy this dsz':.cult,v was to rec‘l.ef::.ne the
nonc‘l.:.mensiom.l va.ria.bles 50 ‘sha.t the absolu’ce values of the first
partials .of | Fi(X) with respect__to X, were reduced to meet the

J
requirement that

'6| oF, (%) |
Al LR
i=1 & . _

This was not successful; i.e., the curve never rose sbove the oy

boundary., Because of these results, the iterative scheme was abandoned
and a perturbation technique which is described in the next section was

developed.

- A Perturbation Procedure

In the péf’burbation_ method the independent variables X, x3,

xh, x5 and Xg are eggpressed as power series of a quantity ¢ ,-ca..lled
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®
e
by = 0.001::,
b, = 0.0010 »7
Ve
12t yoal
_ _ _ £7
Exact Solution - _ s
: v
| -_\/"
_ g = 0.0009
_ _ T - K
lOXlO-l‘-- . _ . /..-""‘ o]
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!
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Al h = 0.112 inch
E.

= 0,44 x 106 psi

I - 1 - i, - 1 ’ . 1 ) 1“ x
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| Figure III-1. Strain Versus Transverse Deflection
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the perturbation parameter; that is,

or
R
xt’?ffEZ-ﬁg Xix
k=0

where the perturbation pa.ra.metér is_ ch'os.en tobe € =p - p‘o (The |
b, is s point around which a Taylor series expansion is made. Note
that the series is truncated after six terms.) .

It is important to observe that for the indicated expansions to

be valid, all derivatives of the functions x, with respect to -

. i
must be bounded. By way of analogy, the function f(x) =%x2 cannot,

_for example, be expanded in powers of x sbout X 0. For most of the
studies described herein on imperfect plates, this requirement was
satisfied. In cases where it was not satisfied, an alternative solution
procedure was uséd. This issue is discussed in_greater'detail in
Chapfer Iv. | |
.The system of nonlinear equations is then rewritten in terms

of the sum above. -Next the values of X5 are determ:’méd by collecting
the like powers of e's in the followiﬁg manner -

» _

-
A8 e e 33 S5

where the Otjk's are functions of xik‘s. Since e, 32_, 33 ete. are

linearly independent, it follows that

+ o 83 + ... Q‘ 35 =0, J= l,...,6. (IJ:I-J.E) )
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Oljo = ajl = a,j2 = Gj3 = hee = -a.j5 = 0. (I1T-13)

This re.quirem.en‘b yields a set of linear inhomogénequs equa.tions. in Xpe
which can be solved by known "linear algebra" techniqués;

' In the indicsted manner each of the six nonlinesr equations is
successfully reduced to a sysﬁ.em. of equations as silown in Appendix D.

Writing these in matrix form, we first start by using Bo = 0.0, and

5, = [x100 %0 %3 %100 %500 %0] = [0 0 04 0, 0, o]

and solve .

.. =5

i1 11 (ITT-14)

for X 47> vhere the real matrix L is given in Appendix D.

This provides the solution for '

X4y = ["11’ ¥21> ¥317 Xy» "512-“61] .

N

These values, in turn, can be used to express B 40 in terms of known

qua.n'bities in the equation.
Hiz =3B, R (I11-15)

and the values of j‘cig determined. This procedure is continued until

all )'tik are calculated.
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The procedure outlined provides a description of the variable
Xs in terms of the end-shortening vs.ria.b.le w, Although the resulting
_ expressions could, :m theory, be used to descrlbe the entire range of
the behs.v::.or of interest, s it early becanme clea.r that this would require
a very large number of terms in the sum of Equation (III~-11), To avoid
.this, the solut:i.oii_ about Bo = 0. was used to obtain .-a. contimed
solution abou.l:' a small value of R > 0, Ih'Equa.tion (III-11) the values
of Xi0 correspond to the va.-l'l._zes_' ob'i;e.ined from the solution. about
|J.§ = 0 evaluated at }.L > O. The .pi'ocess described above was then
' repea.ted to generate a soltrt:.on a.bout the new value of oo

By the me'bhod of solution 'u.sed, the functions x, were developed

i
in the seg;ment fa.shlon :Lnd:Lca.ted. The s_:Lze of 1_:he' segp:epi_:s will be
noted for each_ of the solutions obt_ained. Note thst within each segment,
a sum_ Of: sd.x terms wWas used. : |

i’o check the perb‘urbaﬁioﬁ procedui-e; E'tﬁe' problem clted earlier
(see Figure III-l) was analyzed by use of the perturba:blon method. |
Results for solutions. expanded about six values of ud (s:l.x segments)
are presented in Figure IIi-l. _

The functions Were first expanded about o = 0.0 and the
first p.ortion of t_he curve was observed to coincide v_zith the true curve
for all values of "5 |.|.0 < 0.0005, To provide an s_.cm1rs.te continuation
the function was expanded ablout o = 0.0001L for the second segment,
The eomplter ws.s then allowed to ca._lcuiate until Ll-o- -'-_on006 was
reached. A new e_xps.nsion of the f'u.net,ion was developed .and a. new
seg:c_nent of 'the“eu:_rve was obtained until po = 0,0008, Th:l.s expansion

pi'ocedure was then repeated three more times. In Figure III-1,
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therefofe, we see six segments vo'f'_"a. curve that coincide with the true
curve. ) | . .

.The. f:.nal prog.rmﬂ'ir'é.'s wrltten such thl_a;t. p,o - iﬁéx‘ements were
reduced to 0__.000005 80 as to o‘etain-unquestionebly ﬁriacise- values of
X for our final piote; Note this is substantialiy smaller than the
increments used. for the resu.‘l.ts presented in F:Lgu.re III-l.

| In Figure ;II-Z a co;qperison is nm.de between a, six.'term

expansion and & four term expansion of xl (refer to Equation IIT-l11).

The increments in Bk were the same, Obviously, even using a relatively |

" small scele one can detect a diviation of the four term expansion from
the six term expansion., The six term spproximation with increments of

size 0,000005 was therefore used in all of the subsequent calculations.
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Figure III-2. Strain Versus Transverse Deflection
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DISCUSSION OF RESULTS

Introduct iori

Buckling Analysis |
The buckling load, or the critical end shortening strain u_,

of a hinged flat rectangular plate may be determined by performing a
linear stebility analysis. The results of this analysis may be
summé.rized by plots of k(r) wersus the a.spec_t._ra.tio r as used in

“the equation p.cI; = nzhak(r) /1;8-02', (For the defiva.tion’ 6:6 kfr) see
Appendix F.) | o | o

In Figure 'IV-Z.L, m= l'. cofrespdnds tol a deflection mode with

& one halfasine wave in the .y direction and one half-sine wave in the

- x direction of Figure II-'-2.. In the preéent work this mode is identified
as the varisble e Idkéwiée m=2 corresponds to & deflection mode

with a two ha.lf-s:.ne wave in the v direction and a one half-sine wave

| in the x direction. In the p_résent work this mode is identified as the

varisble X%.. A plate with an aspect ratioc r =r, will buckle in a

half-s_'ine wave con_figura.tion (m = 1) because the asgociated curve

provides the smallest value of k(r). The strain at which this buckling

will qccuz_'-wiil be u, = #2 k(rl)/h8b2.. | On the other han_d, if r =1,
1t would sppear that the plate mey buckle in the y direction in either

a half=sine wave, two half-sine wa.veé, or. some - coupled combination |

under the érit_ica.l 105(1‘._ -
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If the given plate has an aspect ratio r = r3 then it *wi].‘l. |
buckle in a two. half-sine wave -configuration, beca.use the curve corre-
sponding to r3 has m=_2._ |

Summsrizing, the li'nea.r.ize_d. pla.té' behavior may be deduced by
r_éferen_ce t_o the portion of curve which is_.. &PPrdpriate for the given
a.spect ratio _:::_I’.-‘. These results are valid only:_if the plate 18 perfectly
fla'f:. and only 't;l_lle_. va.lue. of By is 6bta.ined;_ i..s. ,. the value of strain
at which a bifurcation '_F'rom the flat fQ'rm becomes possible.

Postbuckling Ana_l.ysis

Supple'. (1l first considered perfect systems whose deformation

may be completely described by two generalized coordinates u, and u,

and whose fundamental equilibrium path is coincident with the load axis,

i.e., u, = Q0 a.nd u, = 0. m;s ‘means -th_sre will be no nonzero 0

and Uy - values uJ:rt1l d.épaz’tures from the fundamental state occur at

-pbints of biﬁlrca:ftion (See Pigures IV-2 and IV-3 for the perfecf- CaABE .

Note that h:Ls Juy corresponds to :rc5 and...u2 to Xe» -and the load

va.riable .A corresponds to TR in the: present work )

Supple sta.rted. his ana.larsis by expressing the tota.l potentn.al
energy V Qf the system as an even _function of u - and Use ‘He also
introduced 't:he effe.ct of initial mpe:fectiqns € and - £, associated.
with uy and. uy rsspestively, such that wheﬁ the loa.ding A is zero

u, = el and Uy =& o 3 and expressed the total poteutia,l energy of

* Note. 'l;hat his. el and e;_; correspond to dl and 4o respectlvely
of the present. work with the modification that in the la.t‘ber the

- elastic deflections X and Xg are measured from 4, and d,
respectively. - :
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Fig'ure Ive3, Equili‘b_rium Branches in fi--u2 Plane
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the imperfec‘b structural sysfcem.__i:;:a._ region sbout A= AO by defiﬁing
a new variable, A > such that : A'r—-'l'ﬁa + A, He then expressed V\ in I'
L 32' and A. By truncating
the serles and setting BV/bul and’ 3V/Bu2 'l:o zero, he obtained two

a power series in the va.ria:bi.és ul, u,

s:lmulta.neous eq_ua.t:l.ons wh:Lch déf:med 't‘.he sta.te of sta:tlc eq_uJ.lJ.br:Lum.

The resulting a.pprox:.ma.te equ:l.lzl.'br:.mn equa.tions were presented in the

forﬁl
B 1 | ‘ 3“ 2 ‘ ‘ _ ,
Vs 178 (Ya1m2 Ut -3vu22_“1“2) AV =0 (Tv-1)
Vo €y * 1 ( 3V n ) (h - M) =0 (Tve2)
2e,, 4 2222 “2 1122 u1 Voo Uy =
where v :
- M = - -% )

Note that a mumerical subscript on V denotes partial

‘differentiation with respect to the gemeralized coordinmste; a subscript

si(i = 1,2} on V denotes partial differentiation with respect to

€, and & prime on. V 'repreeents partial differentiation with reepect
to A, All derivatives were evalusted at A =A , and w = u, =

The Perfect Systems

The post‘buckling behavior of the perfec‘b systems can be studied
by setting ¢, =€, =0 in the Equations(IV-1l)and (IV=2). They then

reduce to the form
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32

ul[elui*'gl"g'*l"]]’o- _ (Tv-3)

2[ +32“2"1p2+93] (vs)

where ess 85 and, p; are result:mg qua.ntlt:r.es wh:.ch are functions
of the derivatives of V.

Equations (IV-3) and (IV-¥) have & geome?bric ':i.n‘t.erpreta.tions;
ile-., in a uy u2 and A A= A + A} space, these equa.tions represent
curved surfa.oes. If wicoupled behavior such that u2 =0 eand u, ¥0

occurs, then a nontrivial solution is generated from Equation (IV-3).

e =0 (Iv-5)

-
1M TR
geometrlcally th:l.s is the trace of the correspond:l.ng su.rface on the

- ul pla.ne of Flgu:ce IV-2. _

Sim:.la.rly, :|.f w = 0 a.nd u2 i‘ O, a. nontriv:.al solution :.s

genera.‘bed from Equa.tion (IV’-lL)

wg-inenee @9

This is the trace pictured in Figure IV-3. It should be observed that

this la.tter sta‘be may not be stable.
If both RN #0 and u, # 0, . the nontrivial state. will be
coupled; i.e., both Equatdions (Iv=-3) end (Iv-u) must be satisfied. In

gecmetric -tems, this coupled s_omt:.on would cqrrespond t0 the
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intei-s'e-éfion'of the two Isu'rfa.ceé(de-finegl by Equations (IV-3) and (IV-4).
It would, then, be a space curve. |
Clea.rly, gra.ph:.ca.l representa.tion of uncoup:led s‘ba‘bes is easily

depicted, -Couplg_d, on the other ha.nd, are not ea.si:l.y visualized in
graphic form, Some of tﬁé features can be examined, however, : by -
'c.ons.idéz.‘cing projections of the space curve on the coordinate planeﬁ.
Supple, for eka.mple nas considered pfojections on the u; u2 plane
a.nd he has developed a class:.fica.tion scheme for the various types
of behavior which may be encountered. Mathema.tica.lly, this procedure
may be developed by el:i.m:ina.‘t;mg A from Equa.tzl.ons (IV-3) and (IV-JJ-)
The resulting equa‘b:l.on in ul. a.n.d u2 ma.y then be identified as the
proaection of the space curve on the u u,2 plane.

. After the perfect struc'bure 'buckles and en‘ters the postbuckling
st_até, such_ t]:_ta.t. Y # 05 _th_en_ the_ bracketed __qugntlty of Equa.t:.on {Iv=3)

mist be zero; that is

Sim:.la.rly if the structure buckles such that u, 5‘ 0, then from

Equa.t:.on (IV-lL) obv:.ou.sly |

e, u‘32- + gzug - A p2._ + p3 =0 . .. (I‘._J'-S)

" Elimination of ) from Equations (IV-7) and (IV-8) results in




2 2 2. )

1 2
g B/

A =_§I(el"1

which after rearrenging will yield
(_;,e _1 2) g-Le)u-deo
u Y pl 175, 8/ % g 7Y

Defining

ss (et e)
P, 1 oD, 2 ?

(X, .1

€ (Pl g1_ _p2 gz)
b

5= 2
Py

' Equation (IV-10) can be expreSSed simply as
2

-2—-
ew fauy =P

If the structure analyzed is such that the constants

Elodrgden)

3

(v-9)

(1V=10)

(Tv-11)

fIv41é) |

(Iv-13)

(Tv-1k)

e, g and P are positive, then the postbuckling behavior of the )

 structure depicted on the w, -
type I 1in Figure IV-k.

If e #0,
the u, a.xis. '(ul'-= 0).

| Simila.rly if & =0,

U, plene will be an ellipse shown as :
§ =0 and 1-) =0 the resuiting equation repreésents

g #0 and p =0 the resulting equation
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represents thé _'.ul a.x-:i.s. ('u2. =0). These lé.;btgr two possibilities are

depicted as type II in Figure IV-4. " o |
Another possibility 15When e >0, | g < 0 and B> 03

then & hyperbola crossing the ul axis will appear on the ﬁl' - u,

plene. If the structure is such that ¢ < 0, g > 0 amd D » O

" the hyperbola. cfoSses the". u2 axis; the last two cases are show_n in

coT

types: IIT and IV in Flgure IV-h-

| Suma.rizing these o'bser\ra.tions, Supple categorized four ty}oes
of perfect gtruc‘t;ums‘ whose post’bgckllpg behavior can be traced on the
u, - .u2' pla.ﬁe as shown:.n Fiéuz_‘e IV-ll». ﬁote:.tha:t; the solid lines |
were found to represent S'i;a.'b_le branches, while the dashed lines represent
unstable ones. _ |

The: lqaded._ structure ma.y pass through I'_l:.h_fee 'possible st.a.ges as

follcrws. |
_ . a.) Upon the application of the load, the va:riable A starts
from zero a._nd increa.ses posit_ively until the value A = Ao s 8% which
poih'l: the first _'bif_u__rca.t:i_.on point is reaé_hed, 'mwéhcm ‘this i'ncre_a.se s

the structure exhibits a response for which = 1_12 = 0 "as seen In

Flgure IV-2. In Figure IV-lL this correspbm to the point on the

orlgin 1nd.ica:b1ng the 80 ca.lled f‘cmd.amen‘ba.l state.

" b) As the load increases the structure buckles. For example,
if uy 9‘ 0 and u,
buckling) the resulting behavior is depicted in Figure IV-4 by the solid

= 0 (a so called primary, uncoupled mode of

line slong the u, axis.

c). For loa.ds greater than A there can exist other stable

eqm.h‘br:l.um branches whlch corresponds to. a seconda.ry mode of buckling




37

a8 seen on the w, axis of types I and IV ef Figure IV-k. Not.e that
these are not d:l.rec'tly accessible from the primary mode. |

I_mperfect Systems :

1 and ¢, are present in the

system, then the behavior of the structure will be governed by the

When init:La.l imperfections €

Equations (IV-1) and (IV-2). |
As .for_perfect gystems both uncoupled and coupled behavior is
possible. For ez:amp'le s uncoupled responses can develop for. elther

=0, ¢, 0 and u, = 0. These

e'#o, e2=.0andu2=o or ¢ 1

1
are d.epic‘bed. in Figures V-2 and IV-S, respect:mely.

For coupled. behavior i‘t is a.ga.in comren:l.ent to represent the
behavior on a uy versus 1.12 plot. That is, the projection of the
interseetion 'of the surfaces described by .Equations ( Iv-l) and (IV-2).
Cases of ba.sic interest ‘and those for which €, 7‘ 0, 8-2. =0, ul E
= 0, ¢, 950, w #0 and ueaéo.

3 0,
. a._nd_. u, # 0, or alternatively, 61
The va.riety of possibilities for imperfect systems which
correspond to the perfect. types of: Figu:re Iv-h are shown in Figures
IV-5 and IV-6. An examination of these graphs reveals that stable
~ bifurcation from an uncoupled equilibriun branch to a coupled branch
ca.n-. occur in ea'.ci-a. "ef.'the four types depicted m Figure IV-6. - Such. :
b:l.f'urcations a.re not observed :Ln the ca.ses presented in F:Lgure V=5,
| The difference in the beha.viors noted above may be related to
the nature of the imperfection. Two possibilities may occur.
a.) The uncoupled behavior is developed (for example, w:Lth

el # Q, _6 = 0, u1 #0 and u, = 0) 111 cases for wh:l.ch deflecrt ion |
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occurs in the ]_.i:fwer mode., Tha.ﬁ is, the buckling load for the ..mode
associated with u, 1is smaller than that for w,. Figure IV-5 depicts
 this type of behavior. _the that the coupled branches are not acceé.sible
from the natural loading path. ' |
| 'b) The uncoupled. behavior is developed (for emnple w:.th
¢, =0, ¢, #o0, u, =0 and u, #0) in cases for which deflectlon
occurs in the upper mode. That is, the buckling load for the mode
sssoclated with w, 1is greater than that for u,. Flgure V-6 depicts
the ty-_pe of behavior for this case. Note 't.ha.t bifurcation from the
: na'bura.l loading path leads to éomtpled behavior.:

| The'v;a.rious cases. 'Brea._ted in the previous sectioné were for
ideal structures;’ either they were perfect, -i.,e._-,.. & = 0, €, = 0 or
sele_ctive_:_ly aJ_'I.oweld to posseés- a presci'ibed imi:ei‘fection such that e:i..'tllier.
61?5 0 and €, =0 or €, =0 and €, # 0. In real systems, h.dwefer,—
an ideal stmctpre with no_.impex__'fecﬂ;ion would be impossible.- ‘In fact,
it is réalistic..ﬁo e:xpegt that . components __of. 'both modes of" imperféction
would-be prese_rfb in the given str_u_c_'ture; simltaneously. .One -component
‘may be I'smaj_'l., but :|.t is uniikel,y t0 be completely .absent. Consequently,
the emphasis in the work d.e-s.cri'_bed heré wa.s de_votéd to the analysis of
“those types of structures for .j-rl.iich.both imperfections ¢, and €,

are present in varying degrees, .

Présenta.i’._ion of Re_sulfs

Ana._lybical Alj;_rnatives

The imperfec‘b pla.te pro'blems cons:.dered here (see F:Lgure II-2)

with d, i‘o and a2 # 0 were solved. entu-ely by the use of the
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perturbation technique described in Chapter III, where all six variables
Xys Koy ene s X tfere'expa.nded as powers of e =p - 'Ho s a.nd the six
nonlinear equations were reduced to & system of linear equations.

. For the special cases of iﬁpe:rfect'ion with 'dl #0 and ¢, =0

or with d, =0 and 4, £0, however_, ‘the perturbation technique was

found to be ina.pplice.ble. The reason Being; the transverse d_eflection

X > for example, was expresged in powers of €. COnseQuen'bly, the

derivatives of x; with respect t6 € had to be finite for the
e:cpansion to be va.lid This regquirement was not, of course, satisfied

for the perfect s‘ystem a.t a point of biﬁu-cation. It ‘was a.lso not

-sa.tisfied for a case. when bifurcation from an u.ncoupled, upper mode

to a coupled 'behavior occurred, In this latter ca.se, only an imper-
fection of the upper mode form was, of course, present.

To elzl.m:.na.te these difficulties, an a.lge'bralc procedure s s:.m:l.lar

to that used by Supple was adopted. . The solution of..t.he problem then

did not depend on the exlstence of the cited derivatives.,

An a.lterna.t:l.ve solutlon a.pproach would appear to be to express
the displacements u . and v .in terms of .w (see Appendix &), and
then to solve the resulting pa.rt:.a.l differential equa.tions. An
exa.m:.na:t;:l.on of this a.pproach Wa.s made but since solut:.on techniques
could not be developed work was discontinued.
| The.technique used eventually was, to express- 'the wknowns X 5
55 x3 and X, the coefficients of the. m—pla.ne dlsplacements, in
terms of xs and x6, the out-of-plane d:l.splacemen'ts. By .this
procedure the six nonlinear equa.tions in six unknowns were reduced to

two nonlinea.r equa.tions in .the two unknowns x

5. and x6- The procedure




used is d.esch.bed below,
The first four Equations (C-1) to (C-h) in Appendlx C are linesar
in Xy xa, x3 and xh. They can,. therefore, be ea.si:l.y solved in terms

of x5 and 36 through the use of Cra.mer s rule to yield the following

"
-
n

Xy = %y (xg5 Xg) |

(Iv-15)

]

.x.3 x3(x5’ .x6)'
xll- = Xh'(x s xs)

These, when substituted in Equations (C-5) and (C-6) of Appendix C,

yield
BCoo ¥ Wlggy Xg * kg Xg F Ky, Fg Hhyg Xy K (1v-16)
- s B
T Ryg X5ty Xg T Kyg Ky Xg T kg "3 =0
and

ko1 X5 + BCgam Xg T Hpp K5 Xg T ko3 X5 Xg Ty ’% =0 (TV-17)

respectively, where the 'k, are functions of Cijpt , some of which

contain the imperfection terms dl and d2.
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The strain quantlty |.L .in Equa.'t:.on (Iv-l6) was then expressed

in terms of the varisbles ki, :ic5"' and x6 " and when equated. to the u

of the Equa‘b:.on (IV-l"(), the resulting equa.t:.on becomes

klx5 + k2x5.+ E3x6 + kux;% ng = 0 . (Tv-18)
Coilect:‘mg like powers of x6', the latter becomes
thp=0 } | - (Tv-19)
where k6 and E ‘are fenceions of x5, dys d2 and .a.ll pert:.uezrb

propertles of the plate.

Equation (IV=19) was then ea.s:.ily ‘solved for X to yz.eld

(1v-20)

where various values of x5s _dls'.dag etc.,.were assumed and the corre=-
sponding X was evaluated., -

The Perfect Pla:l:e _

_ The plate sta‘bllity pro'blem analyzed here was descri'bed in
Chapter II.. The results of a linear buckling analysis of th.e prcblem
are suma.i-iﬁed in Figure. Tv-1. In the discussion which feilows, the
mode a.SSOciat.ed. with the lowest curve _:t’Or a glven aspect ratioc will be
de.seribed .a.s the lower mode., The next higher curve will be described |

as the upper mode.
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 For a perfect pla"bé'whos‘e.a:a;peé"b ra.‘bio r., < 2.3561 the lower

1
mode corresponds to m =1 on the graph of Fa.gure Iv-1, and it has a -
half-sine wa.ve d.eflected sha.pe in the’ di.rec‘b:.on of 1oa.d1ng.

_ The upper mode of the sa.me_ pla.te has a two haJ.'E'-sn.ne wave
.configuratioﬁ corresponding‘ ta -.1}1 = 2.h The corresponda.ng eritical load
depends on the k(r ) of the upper curve, |

If on 'bhe other hand the aspect rat:Lo hag a value 3.129 = r3 >

2.3561, (see Fi_gu:ce IV-1) then the lower mode of buckling of the plate
is given by m = 2, and hence the lover mode will be a two half-sine
wave configlra.tion. ‘The upper quse will be given 'By gither m = 1_'
or m=3. o |

The strain u-versus the tr&iéverse__deflg’ction curves of a
perfect .pl_t.»;te_a.re sh_éwn in F:Lgures V-7 and -IV58.

~ If the form of presentation used by Supple (see Figure IV-h) is

~utilized here, the resulis of the current studies can be presented as

shown in Figures Iv-9.ahd. IV-10,. The curves re_pre_ée_irbing coupled behavior

(i.e., both xs-.'# 0 and x6-i£ .oj have been obtained by the algebraic

elimination ‘c_echnique described previously in this chapter. | _
In_'Figure IV-9,.which is for .r < 2.3561, the trace of the

loading path is represented 'bjr the heavy line -coincid':ing with thg :,:5

T* : _ _
axis. This, of course, is an uncoupled behavior in the lower mode.

* An elastic modulus of E = 10.5 % 106 psi (Aluminum) and a Poisson's
ratio of v = 0,3 were used for 811 of the computa.t:l.ons desc:rl'bed in
th:l.s gection. : :
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 First Bif‘u:_r:-ca.tion Point —/

Imperfect. o
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. Figure IV-7. Equilibrium Branches in p = x5 Plane

. Pexrfect '
dl = d_2 .= 0

First Bifurcation Point _/ _
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F'igure -8, E__'quilibriim”Brandhes in b= x6' Plane _
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Figure V9. Xe Versus x5' D'ia.gr'a.m_ for Perfect Plate with r = 2
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Another equilibrium branch for this perfect structwre is a
.hyperboilic curv'e bif‘u.rca.ting from the x6 axis [ll] 'However, th_ie
branch is not sta.ble ‘and it :|.s not a.ccess:tble from the lower mode

(x' ax:.s) under natural loading condu.t:.ons. ‘In terms of the -clasz:ifi-

0
ca.t:.on scheme proposed by Supple [ll], the results presented here Tor
r <2, 3561 corresponds to the type v behev:u.or shown in F:Lgure Iv—h.

I the aspect ra.tio of the plate is 3.129 > r > 2,3561 then the
trace of the lo&dlng path is repres.ented. by the heaw line coinciding .'
with the. x6 a.xis - This, obv:.ously is an u.ncm.lpled behav:r.or in the
1ower mode a.s seen in Figure IV-lO. _ | '

The other equillbrlmn bra.nch for the pla.te whose 3 129 >r >
2. 3561 is the curve 'biﬁl.rcating from the x,). a.xis._ Th:l.s coupled branch
however, is not a sta:ble one, . end is not a.ccessible :E’rom the lower mode
(x6 ‘axis) under na.tural loa.dlng cond:.t:Lons. Rela.t:.ng to Supple's’ ¥
class1f1ca.t:|.on scheme it a.lso corresponds to the type v beha.v:.or shown
in Figure V6. |

In conclusion, the . sta.ble equilibrium bra.nch o:t‘ the perfect
plate studied wi.‘L'I. 'be u.ncoupled. . .'T.'he u.nsta.'ble equili'brium 'branch
: however, wi:Ll be coupled. . The 1etter will bi:t‘urca.te from the - x6 axis

if r < 2 3561, a.nd :f'rom the X, aXls 1f 3. 129 >r. > 2 3561

5 :

x Note tha.t Supple uses 'u2 exclus:.vely 'bo des:.gnate the upper mode.

- :He"therefore uses Wy for the lower mode, ‘Consequently, his’ Vp e

. corresponds to x., and his U‘l oorresponds to in the present work

- for plates whose”3.129 > r 2 3561. For r < 3561 the corresponda.nce
is reversed. o -
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_ Eoerfectlon In One Mode

If the Plate has an :.mperfection of the form 4, #0 and
d, = 0, then its compress:we 1oa.d-def1ect10n 'behavior w:Lll be di:f‘f‘ererrb_
from 'bha.t of 'I:he perfec'l: ca.se. -

For the type of mperfec‘tion cited a.'bove y & pla.te with an
r<2, 3561 will immediately d.eflect in a one ha.lf-sine configara.tion
under the gmallest compress:ure load:mg._ This beha.v:.or is exhibited in
a W versﬁs 'x's rela.tion in Figure W=7, -Using Supplé's form of
representa.t:u.on, the trace of the loa.d:mg path will be the hea.vy line
coincld.mg w:n.th the xs axls shown- in Figure Iv-11. Thizs is o'bv:l.ously
. an 'u.ncoupled behav:l.or :|.n the lower mode.

Another equil:.brilm branch for this type of imperfectlon is the
upper cm'\re shown :Ln Figure IV-ll. Note 'bha.t this curve represents 8-

coupled mode of deflection. The heavy port:u.on of the curve. represezrts

a sta.ble coni‘:l.gura;blon. This bra.nch however, _1s not accessible from

the 'meoupled one . (1:5 ‘axis) ‘under natural loa.ding conditions. In

terms of‘ Supple' [11] cla.ssifica.tion scheme, the results presented

here for T < 2 3561 correspond to type IV beha.vior shown in Figu:re IV-5.

‘As explained prevzl.ously, if a given fla.t pls.te ha.s an

._.3 129 > r > 2 3561 'I;hen the 1ower mode of deflection will be the two .
ha.:l.'l:‘-s:l.ne wave coni‘igura.tion. chever, the pla.te mﬁer consideration
possesses an imperfection o:E' the fom d ?‘ 0 a.nd d.2 0, whlch is of
' 'the same genera.l shs.pe a.s the upper mocle of deflect:n.on. _ Consequently,
at the m:n.tla.i stages of loa.d:l.ng, 'l;he plate Wlll be bla.sed to deflect

: .:l.n the sha.pe a.ssoczl.a.ted W:Lth the upper mode. .
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Using Supple s scheme of representation, the loa.ding path of
this imperfect plate will mltlal_w coincide with the x5 axis as
demonstra.ted'by the heavy line in Figure IV-l2.' However, when a specific
value of i-s reached it bifurcates into the coupled mode of behavior
indicated.. _ A.nother equllibrim branch represent:l.ng a coupled mode, is
seen to blfurca.te from the x5 axis. It should be pointed out though,
tha.t this is an unstable branch. N _ _

' | The two points on the x5 axis where b:l.:E‘urca.t:Lon of the
equilibrium branches takes pla.ce nay 'be brought close to each other until
they co:mciclo.__ . This can he accomplish_.ed by holding =r . _c_o_nsta.nt at 3.0
and increas-iné dl to 0.0105 as seen in Figure IV-13. This, represents
a .triﬁzrca.t.ion. oondition .whei_-_e _'.t'he- behavior. is. not unique. The plate
oould have. three possible equilibrium branches. However, it ma.y be
expected. to follow a branch or bra.nches which are stable.

Foxr certa:.n va.lues of r and 4

S 1 |
branches of F:Lgv.re IV-]_.'_F_‘ may be j_oinecl into a single continuous curve

the coupled _equ_:l.librilml )

d.e-t_ached from‘bhe . x,j _axis._..___ Tfhis oan.be.rea]ized.by' holding the a..spect
catic constant and increasing the amplitude of imperfection. For
example, it vas _fbuﬂd__.that for r =3 amd d; =0.015 the coupled
equilibriuni.b'raﬁches_ jo:i-.n into the'-"single contimwous curve presented in

Figure IV-1h.  This behavior indicates that it is possible for the

plate to remain in the halftsine wave mode if the d, imperfection is

: suffioiently"-lﬁrgé;‘: «Glea.rly ?then-,-- ‘bhe':exisféﬁ:ce "of "a*bifur'cation response

depends not only on the a.spect rat:l.o, 'but a.lso upon 't;he va.lue of the

imperfection.
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. Figure -1k, : x6 Versus x5 Diagi'é.m for Imperfect P’laf’e with r'_ = 3
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A rev:.ew of the case for which dl 0 and . d2 # 0 reveals

-tha.t although the 'behav:l.or d.escribed above ma;f be observed, the details

are reversed.’ Tha.t 1s, b_if‘urca.tion. _from an uncoupled. path oceurs below

a critical value 'of a.sp'ect ra.tio '.es seen in .F'igures- IV-‘-'IB-' and IV-16.
_ Smumarizmg, a coupled mod.e of d.eflection of an imperfect plate
for which d, # 0, d, =0 and r< 2.3561 will not develop by

bifurcation from the natural loading path (see the uncoupled mode in

Figure IV-1l}. Howerer',. under sultable combinations of imperfection

and a.spe_ct ratio 3.129 > r > 2.-356_1, bifurcation from an uncoupled mode

is possi'ble.

- I_mperfect:l.on In. Two Modes

The systems d:l.scussed. prev:l..ousl\v ha.ve either been perfect or had

a prescribed imperfection in one mode. ‘The modad composition character-

' 'istics o_f _th_e_se id.e_a.lized. struotures_ sub,jeoted'to coﬁlpressive, loads ‘were

studied in d.eta.:l.l. _

In thJ.s sect:l.on systems possess:l.ng a more. genera.l form of imper-

'fect'ion will be a.na.lyzed and discu,ssed. To mvestiga.te the. beha.va.or of

| such systems > pla.tes W:Lth :l.mperfections of the :E‘orm d # 0 a.nd d ?5 0

s.re-.___oons:l_.dered.' By inoluding both imperfections simﬂtaneously, a. more

'reeiisti'c : mode'i :i.-s:- -a.tta.ined.‘ One componezrt ma.y be sma.ll but it is n.ot

' likely to be completely a.bsent._ The objective of this work then, is to:

study the various d.eflection responses of such structures under various

' conbina.tions of the a.spect ra.tio, and d.:l.ffering a.mpl:l.tudes of 1mperfec-._

tion . For a.ll o:E' the results presented. in this section on the ca.ses of

cil # 0 a.nd d2 .?E- o _the. -_pert_ur‘b-a.tion. met_hod de-scribed. previqusly was




F:Lgure IV-15'.' %g Versus xs Diagram for
' - Imperfect Plate with

1 < 2.3561, d, =0, &, 70 |

Figure IV-16. 'x6 Versus % Diagram for -

Tmperfect Plate with
3.129 > r > 2,3561
4 = 0, d2.7£ 0
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used '(see Chapf.er' I_II); Note l'bh.at for all of tlrese computations six
term approﬁcima‘tions ba.sed-..on a8 b incz'e'ment of 5' X 10-6 were used. -

_ If :'I.s.' clear that an imperfect plate of .the type considered.
would.ﬁndergo- ‘s transverse 'd.efi_leotion upon the initial a.fplica.tion of
corlpres_sive loading. 'i‘his_ is a corrb_ra.st to the perfeot_case_ for which
no defle_etion oceurs prior to the attaiement of the eritiea.l load.

The behavior_ of interest was investigated "by o.etermining .the
effeé-i_; ..o:f' .ehanges Iof the asﬁect rz_a.fio of a pla:te for a given set of
initial imperfections. To this end, initie.l :imperfeetions of d, =0.01
and 4, -'O.Ql___ were initia.fl_:l,v chosexi,'_e.nd the aspect. ra.fio was verled '
' be:twe.en 1.0 and 3 '0. The results of the calculations are presen‘ted in

the x5 versus X graph shown. :|.n Figure =17, |

| R . Note tha:b in all ca.ses exa.m:.ned the. behavior was coupled, i.e.y
as the loa.d was a.pplied., the plate deflected such that both % af 0

and X #.0. The variation in behavior as . r . increa.ses is interestn.ng.
For r = 1.0 the plate deflects primarily in a one _ha.lf_—s:.ne mode_.
Though the twoh&lf-s:me wa.ve c_:om_poi_;enﬁ i;s present, it ..:.'LS small and

| ultinately decreases as increases. This behavior is mot surprising
siace r=lO<2386L

., Similar conclusioes were. rea.ched. by Shigeru Naka.gir:. |:17] Who
_studied. squa.re pla.tes subjected to prescribed end loa.ding |

A plete with an a.spect ra:bio = 2 00 st:.:l_'l. exhib:n.ts a. domina.nt

x5 componen'b._ However, for r= 2 l there 13 2 drama.t:.c cha.nge in

o the composition of the d.efleetlon pat‘bern of the pla.te. In fa.ct Jt .

may be seen 'I;ha.t ult:lma.tely, loedlng 1nerea.ses are a.ccompa.med 'by
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deereeses in xé_-component'wnile 56 component continues to increase.
: The.suddenechange in the modal c¢omposition can be illustrated

by-plpts.ofcdeflection alongfa'longitudinal:line_in the plate

;[w (o,y) :l-.wlw(lo,.y)]'. ‘Data corre'sponding to four'.st_a.g-e's of loading are

. shovm in Figures IV-lB and IV-19. The first dr&wing in Figure IV-18

'demonstrates the unloaded (u'- 0.00) state of the plate with r = 2, o,

dy
plate under a loading of i = 0.00015 and p = 0.00023 respectively.

= 0,01, d2 = 0.0l. The second and the third cross-sections show the

It can be shown that the nlete".-nas almost equal amplitudee of éne half-
_sine ’ and two half-s’i_ne wave-' c..omponents.present. These_.fcorz.‘espox_ld to
pomts P a.nd q on the curves of‘ F:Lgure IV-l'?. As the 1oa.'ding 'IJ-_'
: mcreases, however, the 15 component becomes predomina,nt » and at

= 0. 00035, the pla.te gshows ver;r little trace of the %g component.

; S:I.m:.la.r data. for r= 2 .1 have been plot‘bed An F:Lgure IV-19.

A comparison of the results of F:Lgures IV-18 and IV-l9 revea.ls that -for
smaller 1 between 0.00 and 0 00023- the. general deflected shape of
.the pla.te with r = 2 1 resambles strongly to. the prev::.ous ca.se (r 2.0).
As the loadmg W :l.E increased from 0 00023 to 0. 00035, however, the

plate changes :|.ts shape qu:u.te suddenly The x5 component is. decreased

and the x6 component becomes dom:l.na.xrt; ‘I‘hus, for a. given imperfectlon,' '

& very sma.ll change in r. - can result in. dra.stic changes in the _
deflected sha.pe a.s loe.dlng proceeds.__' R _' L .' o | _

_A measure of the. -_suddenness__. of. the oﬁa‘nges in :l?he_ coup\led;' modes
of these Plates for varlous sspect Tatios my also be defined Vith the

he.lp_;of Figure IV-20. ,TO:. fe.cilitete_ the dj_.e_cne_sion, _._._thg____r_lew_.-par'ameter
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_ xg + xg is introduced. This 'pr'ovides' a meagure of the "overall”

def]ect:.on magnltude of the pla.te in terms of the components x5 oy

Ege Now, forma.tion of the ratio / ,f x + x6 gives an mdlcatlon

" of the conmtént of the mode _::5. Note that the ratio_ :r.5 / / + x
 when coupllng is presen'b. - :

In Fig‘ure IV-2O a jplot of x5 ,f x + x6 versus the a.spect
ra:l:io r is shown for d:l.fferent va.lues of . The curve w:l:bh a modera.‘be
slope throughout corresponds to B = '0.00015_. This indicates that as
the aspect ratio is ‘increased from r = 1.0 to r = 3, the X /| x? + x6
“quantity reduces at a small rate; .i;e,;_' .thée plate exhibits a cbubl-ed
mode of defiection- in which the half-sine -wa.'ve--mod.eb- is larger throughout.
(The ra.tio :|.s grea.ter than 0 6 in the given ra.nge )

_ The curve corresponding to. p. = 0. 00023 (u. = 0.000233655 is the
'crltica.l strain of‘ 8 flat ple.te with r 2) shows that the change in the -
x5 ,’ + x6 qua.rrt::.ty is in the. vicinity of r = 2, This indicates
that as T va.nes from 1.5 %0 2.5, the deflected ‘shape .of the .plate
cha.nges from a. predomma.ntly ha.l:f'-szl.ne wa.ve conflgura.tlon to a two ‘halfe
sine wave. conﬁgura.‘bion. e L : _ 3 _ B

- Tbe most dramatic cha.nge occurs u.nd.er the loeding o= 0 00035,_
note the precipi-bous drop of the cu:mre for. a sms.ll increase of the
'._._._a.spect ra.tio of 2 0.. _ . : . N N N
. | The exa.mple iilustrated in 'bhe prececung wa.s concerned with

plates whose imperfections d. and- cl2 were equal. -Genera.lly N :

l
' given pls'te mey well possess inmerfectlons of vamring orders of mag;ni‘tude.

-To s‘budy such cases > ca.lcula.t:l.ons were ma.de for. pla.‘bes whose
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1
imperfections constant and varying the -a.speot ratio the modal composi-

imperfections 4, and c:'I.2 were uneéqual. By holding a glven set of

tion was stud:l.ed and gra.phs were dra.wn on the x - % plane seen in
F:Lgu.res IV-21 and’ IV-22. Note that in a.ll of the cases studied, the-

behavior wa.s coupled.

In Figlm Iv=21 the imperfection dl >> d.2 As z'a.' 'c_on.sequence.,

 in the initial stages of loading, the plates develop a modal composi-

tion such that the % mode '(assOcia'Bed with the d, imperfection)

tends to domina.‘te for the'- ra.nge' 2 < r <3, The influence of the

i.mperfection d, dis especialhr a.pprecla‘bed. in the l::.ght of the modal

1

cOIIE)OSlthI‘l of the. plate whose r=2, 55, where the x5 component _

dominates throughout.l For at th:l.s aspect ra.'l;:r.o, the. loadlng path of a
corresponding flat plate would comcid.e with the. x6 axis, L

o In Figu:r:e IV-21 there is a separa:bion of 'beha.v:Lor reg:.ons
dépictod .by_.aa_.s_hea cu;n__ze, which_ Supple has called the locus of

imperfections [12]. ‘The curves that lie sbove the separation ul'bima.tely

exhibit 8 d.ominazrt. x6 ciomponeiit; It a.lso W8S, found tha.t ‘numerically

u.nsta.ble . resul'l;s were’ ob'ta.:r.ned in the v:i.cinlty of the locus impe:*-_

fections. Note tha.t th:i.s type of 'beha.vior is clea.rl;sr descri‘bed in

F:Lgure IV—QO.._ B

* The daghed curve shown:is. not a result of computation. _
** Within’ the ra.nge of va.lnes ‘of ‘aspect ‘ratio wheré transition from
dominance of ore uode to snother occurs, relat:.vely la.rge changes in
: ?ﬁ- or Xg can be expected to oeecur wrl:h a small inecrease in p.
_ follows tha.t the deriva.‘bives of .with respect to p would
- then be large. It is, not, then, surpr:l.s:i.ng ‘that numerical instabili-
. ties are observed when computations within th:l.s range are. a.ttempted
with the pertur'ba.t:l.on solut:r.on proced.ure used. '
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- n Figure I\Kf22', the ofdoi' oi'-tlie imlicrfcctiozis is .reve_rscd.,
i.e., 'd2 > d and the 1ocus of h@erfeotions is ‘oiascd tm' the
% axis. Tiis indicstes thst st the initial stages of load.:l.ng, the
_ pla.tes d.eflect a.nd a.tta.in a modal sha.pe with a more pron.ou.nced in
component.. I-Iere again the Jmporta.nce of the imperfeotlon should be
_empha.sized vis a wvis the modal. composition of the pla.te whose r = 1,95,
- This plate would have ha.d a load.:.ng path coinc:.dent with the x5 axis,
~ had it not been for the presence of a domina.n't d 1mperfect:|.on.

In conclusion it would be plausible to ex_pect that, at least
in the initial sta.ges of loading the mod.a.l composition of plates would
'be decid.ed. by the. prepondera.nce of a pa,r'tzl.cula.r '_F'om of J.mperfection.

_ _ The o'bsenred ser.ls:r.'l.',:l.vzl.'t;yr of moda.l compos:.tion to aspect ratio
-w._ro.lue_ is of :|.ntor_csfc in t_e_rms\ of_ :|.ts_ poss:.ble mplication_.in the.
.interpreta.tion of expeiifnénta’i iesults. In a plate:_c:_c_perimcn_t the
control of the boundary condl'tlons is difficult. In fact development
of uniform conditions of hinged edge. support on four edges is very
: d.iff:l.cult to a.chieve Further, as loa.ding proceeds . a.nd the plate
| _d.eflects it s probable 'the.‘b the bound.ary conditions w:.ll be a.ltered
from those present a.t the s‘ba.rt of- 'l:.he test. If...this-occurs R fthe
effective dimensions of the. pla.te may. be cha.nged. aad’ this in turn
means tha.t the effect:l.ve aspec'b ra,t:.o ma.y cha.nge.; Since a. cha.nge of.
-a.spect ra.tio of the order of_ severa.l peroent may oceur . :Lt follows '
"tha:b sudden. cha.nges in mod.al composition may occur if the initia.l |
| va.lue of a.spect ra.tio is close to a cr:l.tica.l va.lue(in Figure IV-20

the plate with 4 = dy = 0.01 has a critical valus of » -.2-05)-..- |




Although there may be & temptation to identify such an observed su.dden

_ cha.nge as a 'biﬁu'ca.tion behavior, this would not ) of‘ course, ‘be correct.

It would. in the ca.se cited be due %o changes in the bounda.ry condr.t:.ons.
~ In the. a.na.lysis of deflect:l.on of plates it Wa.s o'bserved that,

the imperfect:.ons d

1
of the moda.l compos:.tn.on. Hence, in the subsequent pages, attention is

and. d2 play a v:rta.l role :I.n the determ:l.natlon

focused.' upon the direct effect ofvaria.tions of impei‘_fectiohs on the
deflection shapes of the plate.
To _isole.te_.the problem from other considerations , the aspect
ratio was held "co_nst_am‘b at r = 2'.'0_._ Ve.ria.tions o_f..imperfectioh.were
| aeeigned_ consistently by letting al= 0.01 throughout and changing
a, from O, 001 te' 0.05. The results of these caloulations are presented
in the xs versus x6 gra.ph shown in F:Lgure IV-23.
Note a.ga.in 'l;hat :Ln a.ll of the cases studied, the behav:Lor wWas:
' ceup;ed. _ The ve.rle.t:.on in behavior as d2 . incz:ea.ees is _c_:lee:_c._.__ For
4; = 0.01 and 3y, = 0.001 the plate deflects in a very-pronoenced-
one ha]f-sine wave shape as u “increases, This 13 rea.sona.ble, since
imperfection (a. ha.lf-sine wave sha.pe) is nmch 1arger than the d
(two half-gine wave shepe) imperfection.
_ o The pla.te with a d = 0.01 and d. = 0 Ol st:.]_'l. exhlbits a.
d.om:.na.:rt x5 component. However, for al = 0,01 a.nd d2 = 0 02 there
is a.n a.brupt cha.nge in the composition of the d.eflec’c:.on pa.ttern of the
pla.te. Exa.mining the . c‘u:wes :E'or d. = 0.0l a.nd c'l.2 z 0, 02 it :Ls clesr
tha:b loa.ding :anrea.aes are eccompanied by ultimate decreases :LIl the g

component a.nd :anreases of the X :co;npqnent.._._. :_'I‘h:.s _:p_ehev:,qr mdlcates




Figure IV-23.

Effect of Imperfec'_blibn ‘on
Diagram for r = 2, :
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that it is possible for a plate with r = 2' o cievelop a d.eflectibn
configuratlon in whlch the two half-51ne wave . mode domlnates if d,2 is
'sufficiently large. The above numerical experlments emphasize agaln the
fact that-the phenomenon of dhanges ln-deflectlon pattern depends not
only on the'asﬁéct'ratio,'but 2156 upon the values of tﬁg imperfections.
N It ﬁould_also be in£efesting to exaﬁine the efféct‘bf_changes in
the imperfections of a plate whose aspect ratio > 2.3561. To that end
8 study’was cdnducted for a.plgte'fbr.which r:= 3.0, di.= 0.01 - and
‘4, =0.05, Holding r and d, fixed #he imperfection d, vas
reduced successively from O. 05 to zéfo. : ‘I'he -results.-a.re-_ presented in
the X5 = X graphs shown 1n Figure Iv-eh -
| It is not swprising that the plate with an a.spect ra.t:Lo

'.>.2.3561.and & d2 = 0,05 has a pronounced _36 componept._ the_also

- that as d2 iS'redubed to zero, the behavior of the plate-iS'still
coupled, and deflects with increa.sing x6 component as the load:mg
progresses. Furthermore, ;n the llmlt as 62 - 0 the graphs clearly
1ndicate that & plaxe with both d # o} and d #F 0 conforms WIth the'
.results obtained (see Figure Iv-lz) for a’ plate (wlth d, = o) through

the algebralc technique._
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CHAPTER V
. CONCIUSIONS

The objective of fhis regéoroe-was to examire the effect of

aspect ratio and prescr:.‘bed 1n1t1a.l imperfect:.ons on ‘l:.he moda.l compos:.-

-l::.on of an ela.stlc pla.t.e sub.jected to compress:.ve 1oa.d.1ng The analys:.s '

of the problem was d.eveloped by d:erlvmg the a.ssoc:.a.ted total potentlal
_energy f‘unct:.onal of the system. 'I'he R:Ltz a.pproxima.t:.on teelmique was
then used to obta.in a. set of nonl:i.nea.r equ.&'blons 'bhat dele.ned. eq_u:l.hb-
rium conf:.gu;'at:.ons. - A perburbat::.on solul:.:i.on procedure was then a.dopted
to solve fhese_ equa'.t_ions for va.rious aspect ratios and imperfections.
Tn some ‘instances singularities inherent to the problem precluded the
use of the pert‘urba.tion:method._ These'.obsta.cles were ciz_'_cm\re_lrbed by
seeking- reeou'cse to an a.lterﬁa.te selution technique. This consisted of
an algebra.ic a.pproach 1n which the equat:.ons were. reduced to a ma.na.ge-
able form by an elm:ma:l::.on proced.ure. o |

._ The data. genera.ted were presented b.v use of & represente.tlou
'used. by Supple [ZL'I.] . This cons_i_sts of deser;b;ng_:’bhe-mod,e._;l.l_.eox_nposi_s-;
tion in terms _o_:j.'__two ao_gre;__eo of freojdo:ﬁ'.. In'the prooent _.oorl_é the
' correspond.ingvaria‘bles were d.esignetec_l_ee_ | g and x6 . and. they'_ "
'd.eecri'beq.____"the 'p;egﬁited,es of. the mod.al compohen'l:s of the'tra.nsv'erse .
deflection of the plate. The resulting curves. indicated the va.ria.tion |
in modal composition during the loading h:.story. |

A perfec‘bly flat pla‘be subjected to compress:.ve 1oade was. f:l.rst
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examined. It was found thatw for an aspect -re.tio 'belc:ﬁr.lr a certain transi-

tion va.lue the- ns.tura.l 1oa.d:|.ng pa.th wa.s an uncoupled mode represented
by a line comclden'o with the x5 axis, A coupled ps.th was found to
_develop by h:l.furca.t:l.on from the X axis, It was not, however,
a.ccessible from the na.tura.l Joadlng pa.th. _ ' -

A simllar plate with an aspect ratio grea.ter +than the trans:l.-
tion value was ‘then examned, and it was found 'that its modal behavior
was the same as 't;he previous case with the roles of the x5 and the x6
va.rla.‘oles reversed. |

A different‘ pla.te_ pm'blem _wit}} s.n imperfectiori' de‘noted by dl.'-
resembling the x; mode was then analyzed. It was cbserved that for
an a.spect ratio below a tra.nsition value the natural loading path was an
| uncoupled mode coinc:n.d:.ng with the :n-:5 a.x:.s. A coupled mode was also
observed to be present. It d:l.d not form by 'b:l.f"urcatzl.on and it was not
' a.ccessi'ble from the na.tura.l loa.dlng pa.th |

o The pls.te with the dl _present had a dlﬁ'eren'b modal behav:.or
for a.n a.spect ra.‘blo grea.ter than the tra.nsition ve.lue.- A_’- coupled mod.e_
biﬁarca.ting from the na.tura.l loading path’ (x5 axis for this ca.se) was |

o'bserved 'bo de'\relop : ‘I'he curv'e corresponding ‘bo this pa.th beca.me

de‘ba.ched. from the na.tura.l ‘loading path for la.rge values of dl, however. '

_ The ma.:l.n pu:rpose of this research was to study pla.tes w:.'bh both
_imperfections d end d2 (the latter resembling the x6 ‘modal shape)
present in va.rying degrees. I'b was de‘bermined tha.t ander a conq:ressive
' Iloading, the modal compos:u:b:l.on behavior. of the plate depended on cha.nges'
'of the aspect -.ra.tio when dye=
_of the a.spect rs.t:.o, the compressed plate cha.nged 1'l:s moda.l composition

Ay For a. trans:.tions.l range of:values
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from a predomlnantly ::5 mode 5 ‘l:.o one- of - X
" Numerical exper:.mubs were a.lso conducted. to stud;y' plates whose

imperfection - _d >_> 4,4+  The results-‘show that for the range of aspect.

1 2
.ra.tios studhd,_'the plates initially tended to develop a.'mod.a.l conpos i~
+tion such 'bhat the x5 .mode (resemp_'ling the | 4, iniperfe.ction) irs.s
3 dominant. Computations were also perfornied on pla.te:s with 'imperfe:ction
62 > d,. ' During the initial stages of loading, the plates developed &
modal composi‘b:l.on W:Lth a pronounced X component (resembling the d2
imperfection}. As load.ing was increased, the a.spect_ ratio considera=-
‘bi_ons. co'ril't:_r_o_lle:d ~the modal comﬁosi‘tion beha.vior, i.e., for high aspect
ra.t.ios ! the X component 'became la.rger, wh:Lle for low a.spect ratios
the x5 componen‘b became dominant

Sim1lar experiments were. a.lso conducted by hold:mg the aspec‘t

- ratio f:.xed a.nd cha.nging the imperfections. ‘The results of these experi- _

_men_t_s_ ind:l.cat_e__ that plates w:.ll 1nitia.11y_-defle_c'§ with e pronounced. X
cOm;ionent 1f -__d2_>>. dl’ .@d_.___d.’eflect in a domina.nt % .coinpo_i;ent if
YR e | |

A genera.l conclus:l.on rea.ched therefore Was ._ the relatlve ma.gni—

-I:ude of :.mperfec‘bion.s present oontrols the modal compos:.t:l.on of plates

'_d:uring 'bhe ea.:r:lz,r sta,ges of loa.d.:mg Ultiana:bely, as’ the loading increases,

) the ple'bes w:.th a h:l.gh a.spect ra.t:r.o w:n.:l_‘l. tend to d.evelop a mda.l com=
position tha:t ha.s a .more pronou.nced x6 component. It was’ shown tha:b
plates wi’ch a dow a.s:pect ra.t:l.o 'W':Lll exhibit & modal composition tha.t

has a larger x5 component.




- CHAPTER VI
" RECOMMENDATIONS POR FUTURE RESEARCH

The mda.l coupling be.ha..vlior'éf e‘ia.sti:c recté.béﬁiaf ﬁ.]_.a,teé
possessing a pfescribéd impelrfect'ion a.rid various é.sp’ect\ra.tios. were
studied. A more thorough understanding of this behavior would be
a.t'ta.ined_ through extensions of the p-resgnﬁ work.. Recommendations for-
future research in this f'ield. a.re 'sﬁgig_;este_d in the itemized discussion
as follows: | .' o | |

1. :. The boundary condifidns.f'of. the :pr'oblém‘ studied were simply
_suppoftéd,_- Th:].s is not a p_m’v_a.l&;it condition for such 'stﬁ;_c:fl;urgs. A
: more réal;.stig- model could be env:.s:.oned 1f one "'is. ti‘ia a.llow scime_;_fo.rm
of cdnstré,int at .the.bouin;larie._s_..'_ 'Thes.e._chaﬁgés _vpuld_aﬁpreciably alter
the modal beha.v_ig':t", -and may eluéida_u.te the beha.vio_r:'f_urbher._ -

2. Changing the bounda.ry condltlonswould also necessitate
changes 1n the displacement functions selected. While it is true that
: a.n‘afpipréximafce__solufbip_n’ can be -Obtaip;e_d._ by the use of six d.:.spla.cement
'ﬁm__c'g_ions_,_ it is st’rong]& recomnended that more functions be included to

allow, more d.eg:__-ees:_"o':ﬁ_‘:._freedom-.__'-;.A-_ perturbation methOd.s:Lm:Lla.r to -‘L_'.hé__ one

used in this .#'esegrc}}-wouldg_-be_re_comended,:__- especlally if a great nmumber

~of .degreés_-'oii freedom are.allowed for f.t'hé'__ssrst?m,.-. ' The unknowns, are -
calculated simltaneously by this method, and, -S'en.e_r_.amg At is easily

 adaptable for the computer. .

- |
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3, The probleﬁ' o.flse'iection--of the de'flection.'ﬁmc'tions is
furt_her compounded by the nature of the preseribed imperfectibns. When
displacenén“ts of mre degrées of ﬁeedorn, as noted in item 2 .abcrve_,. are
consid.er_e'c_i,'_..then'_é.dditionalt.l corres.pénding impérfec’&ipn modes should also
be included. ) R |

h. It would be irrberesting to set up an experimental program
to test various specimens to verify 'bhe results. of th:l.s resea_rch.
special attention should be directed towards developing controlled con-
ditions which mskes it possible to observe the effect of cha.ngeslih
bOundai'y conditions during tés‘bs} L | |

5. In the research that was coﬁdu'c_:_ted__ it was discovered that

there sometimes_w_a.s no access from the natural _ioa.ding: path to other

" stable bra.nches_.._'_ It would be of inmterest to investigate the possibility

of a dynam:n.c trahsverse disturbance causing the structure to jump from

the eq_u;l.ll'br:.um 'bra.nch a.ssocla.ted w:.th the natural load:l.ng path to a

bra.nch which is under static conditions, ina.ccessible. _
- 6. Pla:tes having a va.r:l.able thlckness, hav:mg an s.nisotropy, |

or even sub,jected to 'temperature gra.dien‘bs could also be imrestiga.ted.

.The ex'l;ent to wh:Lch ‘bhese cha.nges would effect 'l:.he modal coupllng |

beha:v:l.or would be -of: prac‘tlca.l :.nterest. -
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- APPENDIX A
TOTAL POTENTIAL ENERGY

From Cha.pter oI the tota.l potentla.l energy I can be expressed
in the form

axe a -2

TG e S @2')]} =3

x=%‘,'y=§, Z=%,W=§, u=%'s V=% (A-2}
1 -
2 2 . 2 .

_ - l=0 =0 =0=0 _ : _ . _ 2)

n_.J:l.[l{_ex +E -.:-e.vexey+D2?;’v dxdy (A-3)
| _D 32.2_____112.___32.32
=y {(b A --‘5-).-%[.2- x5
Dy a _By' T Ta ox~ oy

* Qus;nt'it_ies with a bar on top are dimensional.

LT

i |



‘where

Expressing the strains &, &

oy
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D_ Epn® . . _ - (acl
2 _ (a-4)

& and '*'rfw $hrough the displacement

functions as defined in Chepter IT -

' (A-s)
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i“i,x
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2m 2 . | 2 ECUE
| {:-2 2% )2} =th§_x_2~:% E_g:_(.l}_ .?_E.)} (A-1bk).
% %" a By ab 2dy :
. '
= &abg °1¢1,xx-°j¢,j SYY ( 2b2) ,JW JsXy

Substitution of (A-h) to (A-lh) into (A-3) gives the total potentlal

- in terms of the generallzed displacements.
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APPENDIX B
- THE RITZ .PROCEDURE

To f£ind the equ:l.llbr:mm sta.te, we exl:rem:.ze o through 'I:.he R:Ltz

'procedure by ta.king pa.rt.:l.a.ls w:.th respect to By b 5 a.nd Cy a.s follows.

S0 S (B

II
'——;
'—:
:—'H

Fo ey G

o _1_1_.__3' .2'3_'2 o
L @ e

where Ef:, €, ... are derived in Appendix A.
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. iy o
3 -02 | | ;o | aé’;f : . E . '

g, :
(b e:c 5ar x:l.,x 'b) ex E’:i.r xi,x b) x -xr,x

(21‘-)[(11) %h—e(eca +cc)¢1x¢3, ]x”-

(%_) ixixxrx h (ch +cij)¢i,x¢,j :v?(rx

o

ge=0 (B-4)

. Since E; islzibt a function of 8.
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(B=5)

( )bi :|.,yxr,x (IEE

ab ) Xy x

2a2b (2 E d * ci J) ¢1,Y¢J,yxr,

3 (-o- S = xy -O(E')i _‘(gﬂ-o . .
c ) = 2T e Olny =) Ny 69
2 . | 2‘ ‘.
_ 2 7Y
2 %x%yrﬁ+(%) X

(2 0yt # opey) b1, 957

s (2% P % a2 ..2- |
a:'r (:Eg + :gg -2 [;;‘% '2";'2" (a )}- 0

(-7)

Since w and its'r.’llez"ifa.t'i?es ‘are not functions of a_.




23

- @)ee,

) (131) Tr,y

dj .+..cic:)) ¢..-;'.,I:,rﬁj,y‘fr,;y'
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(B-8)

(B-9)

L (s-10)




. 3Y '
) -0 - xy
Y, = 2Y__ ¢

. Y + (grl—) ¥
(a.b) éixl,y_ r,X b2 b:I. i,er,

+ '(%%)(2 €38y * ey °:l) ER RN

2 ¥ 322)2 | ¥n 3%
%, {(aie + =] < 2(1-v) [

2% 2
oy P o -"(§§§§) J} o
o 28°

( )(d * ei) in x¢1,x¢r,

. *(1;1;')(2 cidj_f. c:l.cj)(d’p + °p) ﬁp,#j;éi;ér,fx.-
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(-11)

(B-_lﬂ_)

(B-13)




(B-1)
>¢ ysa,y
(a rey) bfa,ya,ﬂr,; ‘”“ | (d-*"i) s

—;) 20 dJ + cic )(d’P + cp)@'P’yﬁr yﬁl,yﬁfj,y

8 (=0 =0 50 BEQ =0 '3&'9._
E_—c_ (sx ey_) = ex c * ey a—c_x 03-15)
r Tr T
=-I|11_2 o 3 _
% (d_-i *e) ",01,0e,
-....+'-J.'.--h-i.(gcd -|-c. )(d_ 'I-clj a ..
: -2_&’1 . i i.j ygr,y :L,x¢j,x o

(d * °1) bt 1 y¢i xgr,x

_' —a%'(di."’ cz) .¢1,x ‘3:'-.,:':. |

o *;;%;5(2"1% ¥ °i°:1)(dp"+' _ép)%’.x%,,ﬁi,.yﬁj,-y o
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) =0 _ =0 ....EL o | ; . (B-16)

‘= ;—2;— _(26‘1 + cj) i 3y 1,x¢r,y clajxj,ysji’yfﬂr’x} )
M _II_ {(2d * cj) b:l Jsxgl xgrsy . 1 JY:I ,.xgj‘_,y(jr,x}
{(edlc.j. T ey (2dtp * cP) ¢P:X¢rﬁ'¢r:y 1”‘¢J’y

(Ed c,] +cc)pp,y¢r,x¢ix¢j,y} :

= (& gj‘> [ 5 (%‘z) I ew
(b )c ¢1,xx¢rmc ( ) ¢1,w¢r,3’y_
2b2 (2 -Dh) (:L,:cx T,y gi,w sé’r-,:cx)

* Dll- (:2_2') Cigi,@gr,xy

3
——
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APPENDIX C
A.‘E’PL_IGATION OF T}IE RITZ PROCEDURE
Eva.lua.t:.ng the parbia.ls of Appendix B for :., J, P, r =1, 2

and setting them equal to zero, i.e.;

'an o om an an _ 3 an -0
= Say "%, T8, T8, "7 ¢

results in expressioﬁs of 'hhe .fb_m ‘below,

=1 -1

a%“ J.JN{_(_T_'_')_alxl, xlx -
( )(2°d +°1])¢1x¢lxxlx

R -f'(%lf)-'azr?‘a’,x K } ey -

~ where the functions xi, *y; §, sve defined in Chepter II.

Af‘ter inctegrating, a.nd eva.lua.ting the resulting quan'bit:.es,

-a.2, b are

six mnl:.nea.r equ.a.t:l.ons in the wknowns 8 s

1’ [ N | . , c2
" obtained. -




| Theée_ unknowns arée then replace& by Xy :r.é, cees Xgo

réspectively- (for each of identification 4n the computer) to yield the

- following system of equations.

i

'55‘-I='°" ’i‘““"‘*clu"u*""*“lss . (e

T I T S

B, T 0 e T o e e 0 o (6B

L 6 o b x4 e 2o n3)
T T O Ca’ T o33%3 T 035 T oa55™s = O - (o)

O ST O T O T a6 (D)

¥ °515“1" * °526 "6 °535"3"5 * 556™56 55575 .

* Cs666 T "-"5566’_‘5"6 ¥ °'5555’g' Thego =0




e e mmm e — T T ——

a9l

=01 cgXy Fog®, egm F ek Fuegg X Fogx,  {C-6)

* %16%1% a5 * CoueT s * 6s6Ts%e

T %5565 T %655™5 T %6666 ees6%s * oo = O

where the cij’ c:l.,]k and ci;ik{ are thel:nown quantities, which

depend upon the physical properties of the plate,




| APPENDIX D'
DERIVATION OF THE PERTURBATIOH'TECHNiQUE:
The unknowns xi., the coefficients of the displacement functions,

are expressed in powers of the perturbafion parametey €, i.e.,

wh.eré' e = p.__-.pac; « This form of .'ici' is then substituted into the s:n_x
nonlinear Equations (C-1)to(C-6)of Appendix C; and rearranged to yield

equa.tioris of the fom,

Sétting ¥y = 0 will then give six linear equations, one for
each of the relations gg— = 0., As an example, the coefficient of &3

: X
in equation g-.g; is (3 =2, k=3).

%23 = Cpo¥pg * Cag¥sy * “26%63 3 (p-2)

+ Ceg (’%3"6'0 T XgXey * X5 %o * "‘50"63)_ =0




Assembling all such equations in a matrix of the form A X

results ZlIJ. elements of the ma.trix A listed. below

>
&
1

=
1

T
g -

C1y

= (ey5 * 26, 55%50)

= (egg + 2eyge¥y)

(ces * °256“60

(°26 + °256"5o)

ik

=B

e ?

93




N A

M = (o * 2056%,)

At lntenmy)

Ao = (o5 + eopgrs).

sz = logy * “s3%50)

A =0 |

‘“55 = -("%5._ * Oy * Cgysty, * ‘5535"30 * 55670
| | . |

o 2. :
60 * 3555%50)

- Pos5¥s0 ¥ Cses




%5

856 = (o6 * Copging + eppginsy + e gan + 25 566%50750)

Agy = (cgq * cgpZes)

| Agp = ey -+"°6257’_‘50)

A63 =0

gy, = (ceu ¥ °6l+6"60) |
Ags = (°65 °625x20 * °656X60 2c6556"‘50 50 2"655"50)

A66'-_= (cgg * “o‘-‘sem * °6l6 * 6% * ‘-‘656”‘50

6556"50 * 2"666"60 * 3"6666”60 )

Some of the oolmnn ma.trices Bik are as listed belcrw

P51 'f 55M"50
Bey = 66Mx60




- 2
Bip =7 C155%53 = °166"§1_ -

o
I
]

22 = °256_"51"‘61_
S
P77

By, = = 2
b2 =~ u6¥61

)
n
1

52 = 7 Sses1 T C515F11%61 ~ Cses¥21%el T %535731%51
| o 2 2 2 |
- TTOs66™51%61 T 555751 T 0566761 T S5566761°50
-; %% % . = 3c, ;ch
T %5566760761751 ~ 2%5555750"51
- Be2 T Cearf T %616™11%61 T S6esTe1Ts1 T Seue™ui6l
= %56™51%61 ~ %6556™51%60 ~ 2%556™50" 51761
SO PO 3 - w2
et e T Veseskok
1= 1: 2.', ves 3 6




. where'tii_e __G

APPENDIX E .

‘A DIRECT ALGEBRATC METHOD OF SOIUTION

* Equations(C-1)to (C-k) in Appendix C can be written as

u¥ st ek TG

%% TG

It
o]

e31%1 * 0g3%y
am s -8,

;. are ft__mctipns_qf % and .:%__defingd by

Gy = = {ogg¥s + eg¥g * eqp5%s *.c366%6) |

[>T
N

R R

T
{

3= 7 (oge%s *reges®s)

Solving Equstions (E-1) to (E-4) in terms of G, yields

(E-1) |

(E-2)

(E~3)

(k)

(@)

(B6)

(E=~T)

(E-8)




_ 94%33% - SC33% - F3%13%,
i ' .kl : '

(E-9)
where k is the resulting determinant.

Also dbserving that Gys Gy and -G3 are functions of %5
and g Equation (E-9) could be exbrgssed as

meEm kw0

whe're the 'k ’ k3 and k’+ are the resulting q_ua.ntitles which are

functlons of cijk{-" Simila.rly

'x;;-gé',%.,,k&gé- - e
xy = Ex fksug + kgt ¢ T
2

N o 2 '
"h_ " * s * .klzks-_ | (8-13)

Substituting these values of :xl, cous x,+ into Equation (c-s) and
- (0-6) of Appendix ¢ results in, '

| Hosg ¥ Reggs ik TRySg Tk tiygxs  (B-I)

o +k17xg +k1835x2 +'kl91% =o




and -

_ .;_ e ?:,':: L2 ;~; o -;i
o Eg% _""c66 o6 " k2-2x5x6- + k23x5x6 + Xy ’% =0

réspeétimely,” _ _
EqpatiOns(E—lh) and (E-15) are then rearranged %o solve for

% ‘in terms of x5 as explained in Chapter IIL.

(E-15)
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APPENDIX F
THE EIGENVAIUE ANAIYSIS

‘The governing equation of the plate in Figure F-1 is

X,

'Fig'ure F—i Pla.te Under Bla.xla.l Loa.ding

vlvl- _% N _a_w. + N Bw ] (F"l)

alyay

(Note that the plate é.bove has the .'sa'.ine bouhda.fy condition as the one in

Figure II-2), where N and N are. uniformly distriblrbed forces, and

' NW = 0. For the problem a.na:lyzed N 'Nx could be written as

(F-2)
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which are '.'bhe_. consequences of the prebuckl:.ng p_lane' stresé solution for
_ the geometric boundary condition problem, Hence Equation (F=1) reduces
to ' |

V'y + N._.(v 2—% +'a—y-) =0 (F-3)

The deflection function of the form

P -

et B g asi23.. ()

sa.t:.sf;-.es the simple-supported bounda.ry cond:.t:l.ons. Substituting

mto Equa.t:.on (F-3) and simplifying, results in
Yy _, o
S 2> 02y

which is a necessa.ry condition for a nontrivla.l aolution. "

Rearra.nging gives e

 (76)
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N_ will attain its smallest value when n = 1. To prove this,
revrite EQﬁatio:i (F'-'G)_ as .

Hn”m(ﬁ%‘,( —I= @9
vr

for n=1

for n=q>1 .q'-=_2,3,'1+,-...

22

X (= + &)

s o2
: ._r_(\)rqe'l'%_-

(#-10)

e ————————



|

_ Similarly the r fbr which N

e - ) o ) )

e ) + rz(q 1) . (q 1)(2-\,) )
- Hy > 0 since fq is an integer.>:l and v E..5

This implies that the smallest’ W~ is associated with a deflected

shepe that has the form of a half-sine wave in a direction perpendicular

S e the applied 1oading

To £ind the r &t which’ mll = 1%112 , use of Equation (F-8)

" leads to the condltion -

T T S

e e

scimfthe"awe- yields 'r-';"'é-"gssi'-"(seé.mgm-'e rv.'i")' 'E‘qasfioa“(mr |

can also be used to. flnd that the r for whlch X is = 3,129,

o 13

Ni3' is. v 3 9#. (See Flgure IV-lJ

" To find the critical strain Bop » WE proceed as follows:

1

- The stress-strain relations are




10k

€ =
¥

et -

(- v2) e

Be_fore and at buckling _ex-='_'0. This implies Cl'x = vcy .

Substituting in Equation (F-15)

. o N
—u = 2y _ o 2y - _
sy.—un%(lfv)-—ll%(l-v) (F=16)
From Equ#fiozi (F-8)
r+ 2o o
7D S - oD K(r)

Therefore,

i = k(r) (#-17)
.For the d:unens:l.ons of F:l.gu.‘r.‘e _'I._I-_-Q.,' the strain :p'cr. wi:l_'l. be

2. . ' :
i =:§:2 k(r) - o | - (F-18)

cr .
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" APPENDIX G -
o FUBTHER '-Amxxﬁc_m-- ALTERNATIVES |

A.n a.lterna.te a.pproach to 'I:.he proced.ure used in this thesis would
be to e:qpress the i:n-pla.ne displa.cements u and v in terms of 'bhe
transverse displa.eemenb w, This would, of course, result in a
partial differential equa:bion in w. -

The goveming equations of the plate a.re

- I GOl

(@3
where

N =...§.1.l..(ex+ \,_ey)._ o | (G-u)
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Ny.;-Eh_z(ey+?éy) : ..(.(}-_-5)_

. ._-_ Eh ' . : -
Y TR R

" Using the values of the strains e, € and Yy from

Equations (II-1){II-2)and(II-3), in Equations (G-1) and (G-2) results in

k, =5 +k, —5 tk, —— = £{w) ' (G-7)

_k_ggr'g’*.k "-"-_+k3f~5;_=g(u') | - (6-8)

respectively, where f(w): and g(w) "ére_ﬁulictions of w .and its

derivatives, and

k=B e B ek
1 5.2 2.__._2(1-5\;) 3 l 3 ._'2_

Letting

Cop oo o
R R N

P2_=g§_ 'Qz":%- S o)




. ap o - |
(note that =L am =S )
Equatibns (G=7) and (G-8) can be written as

) aql_ P

E R G - )

A

Since k) #0. k, #0 we have o

+ == + =
?x_ -5? k oy k

W
&
=

A07

(G-11)

(G=12)

(G=13)

(G-14)

| 10}-15)

(G-16)




Revriting Equations (G-13) to (G-16) in matrix form results is

1 K
oo 2
| i

R R

3
-

ll\)
)

'10_8

(Ge17)

The system of Equa.tn.ons (G-l?) w:r.l'l. be uncoupled 1f the squa.re

ma.tr:L‘x can’ be dia.gonallzed..

R
O.
L=l
A

-1 © 0 0
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The e;genvalhes_ ti 'ofwmatrix M <can be dbtained‘b& setting

M- tI| =0, which results in

k, X k o
& + (;3 - 4%-—_-3Q 2+1=0 | (g-18)
1 kK |
whose roots are
(G-19)
2
‘m -kh-l- _kh-h
3 e .

" where .




The co_;f.-__responding eigeqvecfbrs_ ij s,re'determixied'by soclving
(u - £ W =0

As an example, the "'vei:‘i_:b_r W.u: _ :'.ca.'ni"’bé*‘f_'oﬁhd_ .ﬁy'_édlving the following

system of equat ions

(G=20)

(SR I B S £}

K k.
“w || E N\ TR




Similarly Wy Wsk and th can be solved to y:le_ld_the. matrix R

FrrT

" If the four eigenvectors Wiﬁ are linearly independent then |
Det. R 7*'-'0;. _cpﬁséqi;entlj, -the ma.trix M can be dia_v.éonaliz_ed- by the
operation KM R ‘resulting in a maﬁiu 3[18] ., This s a matrix
whose disgonal elements are the eigem]ralues of M, i;é. »

R MR =D= | : (G-22) -




Premultiplying Equation (G-17) by R results in

%R - _,_'%-.'R'_']M - -= . 1 | (G.g'_:,)

_Postm:ltiplying M above by - R'Rﬁl will make R--;L 'M'RR-]' = DR-l

Le.t .R_l :

eeal)




then Equation (G~23) becomes

5| | |
2 - I e p
ox Q;_ + E D Qi =R 1 o
Qé e, °

r
1’ P2 H

method. of: cha.ra.cteristlcs [19] Where the :mclepend.ent varlablses

Equation (G—25) can be solved for P!

b4 a.nd y are first tra.nsformed through the relation

5=ax'ey

where a 1is a function of k’i .
" urknowns Pl :'_Pel, __ Q’l. snd Q, are then cnbta.ined in terms of
) f(W(r,S)) a-nd 3(W(r S))

eva.lua.ted so as: to sa.t:l.sfy the 'bounda.ry cond.ltlons.

Using the Equa’tion (G=2k) the

Th1s_ leads to

(G-25)

Q‘ and Q’ by the

The resulting express:.ons a.re mtegra.ted and

expressions.in u .and v - as f‘tmct:r.ons of W .a.nd; :Lt_'s d.eriva,tivﬁs.’
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The displecements u and v may also be eliminated from
Equations (G-1) and (G-2) through an operational procedure, This
d ' '

con'sists of defining Ea; = Dx and E = D&- and rewriting - Equation
(5—7) and (6-8) . _ o : o

(lex + ksz)u +. 1;3D-ny_v = f(w) o _ (G=26)

1:3]:: Dyu + (k2D2 +k 1D ) g(w) | O (6=27)

' respectively The unknown functa.on u can be elmmated by opera.b:mg

on Equation (G-26) with the opera:l;or k3D D a.n.d opera.ting on Eq_uaa.tion

xy’

(G-27) with the opera:l;or (k D + k2D§ , and subtra.cting, we obta:.n

| [ng (k o2+ k, D )(k D2 + leg)} : | | (G-_28$

_ SN A 2 -
= k3D"DY_f(_?) - (k D +_ k?Dy) glw)

' vhich can be reduced to o
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.Likewise v could be eliminated to obtain

oy o

'a"u 2 K

klge “E + (k + K ) + klke 3Rk -28 (c-30)

ay’ O eyt

B s (O NP s (O 1)
% o 3 aay

‘A close scrutiny of Equations (G-29) and (G-30) reveals that

“they are of the biharmonic form, i.e., they can be expressed as

klgévhv1= olw) | - ; '__' (G-31)
klkgvhu.: g(w) . a (G-32)

- where  o(w) and B(w) arve functions of the deri;va;tives" of w. The.
.Equa.tions (G-31) and (G-32) caanot however “be used to e'limiﬁa._'be the
u and the v quantities fram Equation (G-3), becsuse, the Iatter

- is not bihermonic in u and .v.. An attempt to -elimi:nafe u .a.nd v
from Equa.'bion (G-3) by expressing .u. and v in series form such as

Equ.a.t:.ons (II 12) and (II- 13) will be unsuccessfu.l because Equation

(G-3) is nonllnea.r in - a.nd Qr_ .
BX

It may be noted tha.t a perburba.tion me-bhod ma.y be applied
' directly to the partial differerrt:.al Equations (G-1), (G-2) and (G-%)

This would lea.d to a system of hnear ord:n.na.ry d:.fferen‘bia.l equa.t:.ons
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which could, at least in theory, be solved sﬁccessively.' That is, the
solution from the first set of 1inear eq_uations. could be. used to solve -

| the seconﬁ sé.t-, _'etc'.-_ In_practiéé this a.p'p:pa;ch' canmot be used as the

| ba.siﬁ for the development of & sound s_b'lution pi‘oce&ﬁré b’ecé.uée the

solutions to the individua.l"_sei.:s of equations are _'dif_ficul_l.t to_pbtain. |

If apprcixﬁnation techniques are ised 'bb develop sélubions, “the advantage

of the linearization process will be largely lost.
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