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SUMMARY

In this thesis we study topology of symplectic fillings of contact manifolds
supported by planar open books. We obtain results regarding geography of the sym-
plectic fillings of these contact manifolds. Specifically, we prove that if a contact
manifold (M, &) is supported by a planar open book, then Euler characteristic and
signature of any Stein filling of (M, &) is bounded. We also prove a similar finite-
ness result for contact manifolds supported by spinal open books with planar pages.
Moving beyond the geography of Stein fillings, we classify fillings of some lens spaces.

In addition, we classify Stein fillings of an infinite family of contact 3-manifolds
up to diffeomorphism. Some contact 3-manifolds in this family can be obtained by
Legendrian surgeries on (5%, &,4) along certain Legendrian 2-bridge knots. We also
classify Stein fillings, up to symplectic deformation, of an infinite family of contact
3-manifolds which can be obtained by Legendrian surgeries on (53, £,4) along certain
Legendrian twist knots. As a corollary, we obtain a classification of Stein fillings of

an infinite family of contact hyperbolic 3-manifolds up to symplectic deformation.

viil



CHAPTER 1

INTRODUCTION AND STATEMENT OF RESULTS

The objects of study in this thesis are contact manifolds in dimension 3 and their
symplectic fillings. Given a smooth, closed, oriented 3 manifold M, a co-orientable
contact structure on M is a maximally non integrable plane field &. It is a classical
result due to Thom that any closed 3-manifold M is a boundary of a smooth 4-
manifold X. A natural question to ask then is: can any contact 3-manifold (M, ¢)
be obtained as boundary of some 4-manifold X7 This question as stated is not
meaningful. First we need to put some restrictions on X. The first natural condition
here is that X be symplectic. A closed 2-form w (i.e. dw = 0) on a 4-manifold is called
symplectic if w Aw > 0. We will denote the symplectic manifold by (X,w). Even
with this restriction one needs certain compatibility condition between the symplectic
structure on X and the contact structure on M. To see a compatibility condition
we recall a few more notions. A Liuville vector field on (X, w) is a vector field such
that £,w = w, where £ denotes the Lie derivative. A symplectic manifold (X,w) is
called a strong symplectic filling of a contact manifold (M, ¢) if 0X is diffeomorphic
to M, there exists a Liouville vector field v in the neighbourhood of 0.X such that v
is transverse pointing out of 9X and the contact structure £ is given by i*(i,(w)).
There is a “strictly ”stronger notion of fillability called Stein fillability which we
recall now. A Stein domain X is a complex manifold (X, J) such that there is a
biholomorphic embedding of (X, J) in CV for some N € N. Here J denotes the
almost complex structure associated to the complex structure on X. An almost
complex structure on a 4 manifold X is an endomorphism J : TX — T'X such that

J? = —Id. A Stein domain (X, J) is said to be a filling of (M, &) if 9X is diffeomorphic



to M and £ is given by complex tangencies i.e. £ = J(T'M)NTM. For other notions
of symplectic fillings and more on Stein fillings we refer the reader to Chapter 7.

Now we can ask the fillability question again. Given a contact manifold (M, ¢), is
it fillable (Stein or symplectic)? If (M, ¢) is fillable, how many “different ”fillings does
it have? Can we say anything about the algebraic topology of the fillings of (M, &)?
In this thesis we will study these and related questions.

For notions of open book decompositions and their relations to contact structures
we refer the reader to Chapter 5. For notion of Legendrian surgery we refer the reader
to Chapter 4.

In all the theorems stated below we talk about planar open book. Here planar
refers to a planar surface i.e. a sphere with a finite number of open disks removed
from the interior. We denote the sphere with n + 1 disks removed by D,,.

We start by trying to understand the algebraic topology of Stein fillings. If we
denote the Euler characteristic and signature of X by x(X) and o(X), respectively,

then the geography problem is to determine the following set
Coe) = {(0(X), x(X))|X is a Stein filling of (M, &)}

In particular, it is interesting to know whether this set is finite. It has been a
conjecture of Stipsicz [69], that C(as¢) is finite for any (A1, &). Although, the conjecture
in full generality has been recently proven to be false by Baykur and Van Horn-

Morris [5], we prove it is true for contact structures supported by planar open books.

Theorem 1.0.1. Let (M, &) be a tight contact manifold supported by planar open book.
Then the set C(arg) is finite. In particular, there exists a positive integer N such that
signature and Euler characteristic of X satisfy, |o(X)| < N and |x(X)| < N for any
Stein filling (X, J) of (M,¢).

Remark 1.0.2. After the paper was submitted, Jeremy Van Horn-Morris pointed out

to the author that Plamenevskaya had proved finiteness of Fuler characteristic in her



paper [65]. The author was unaware of this result.

A generalization of the notion of open books is spinal open book [53]. We have a
corresponding theorem as above in the case of contact manifolds supported by spinal

open books with planar pages.

Theorem 1.0.3. Let (M, &) be a contact structure supported by spinal open book with
connected planar pages. Then Crg) is finite. In particular, there exists a positive
integer N such that for any Stein filling (X, J) of (M, &), |x(X)| < N and |o(X)| <
N.

In addition, we use the methods developed in this thesis to get an explicit upper
bound on the Euler characteristic of a particular contact structure. Let C' = C7 U
Cy U ---UC, denote a configuration of symplectic spheres in a symplectic manifold
(X, w) intersecting w-orthogonally according to a connected plumbing graph I' with
negative definite intersection form @ = (g¢;;) = [Ci] - [C;]. We assume that there
are no edges connecting a vertex to itself. Suppose that for each row in ), we have
a non positive sum »_;¢;; < 0. It follows from a result of Gay and Mark [29],
that any neighbourhood of such a configuration of symplectic spheres C' contains a
neighbourhood (Z,n) of C with strong convex boundary. The boundary M of (Z,n)

has a natural contact structure which we denote by &,.

Theorem 1.0.4. Let (M,&y) be contactomorphic to the boundary of (Z,n) which
is a plumbing of spheres as defined above. If (X,J) is a strong symplectic filling of
(M, &), then x(X) < x(Z).

This theorem answers a special case of a question raised by Starkston. See Ques-
tion 6.2 in [67].
Moving beyond the geography of symplectic fillings, we study classification prob-

lem. More precisely, given a contact 3-manifold (M, £) we would like to know set of all



possible symplectic fillings (X, w) up to a diffeomorphism of X or symplectomorphism
of (X, w).

This in general is a very hard problem. Only partial progress has been made
in some very special cases. In this thesis we prove classification results some up
to diffeomorphism and some up to symplectomorphism. In this regard we have the

following:

Theorem 1.0.5. Let £ be a contact structure on lens space L(p(m+1)+1,(m+1)).
If & 1s:

1. Virtually overtwisted, then & has a unique Stein filling upto symplectomorphism.

2. Unwversally tight and p # 4,5,...,(m + 4), then £ has a unique Stein filling

upto symplectomorphism.

3. Universally tight and p = 4,5,...,(m+4), then £ has at least two Stein fillings

upto symplectomorphism.

In a joint work with Youlin Li [44], we have proved some more classification results.
We state these theorems below. All the theorems stated below are based on our joint
work.

In (5%, &qa), let L be a Legendrian twist knot, K_o,, with Thurston-Bennequin
invariant —1 and rotation number 0, where 2p denotes the number of left-handed
half twists. If p = 1, then it is a right handed trefoil. See Figure 1 for one of its
front projections. According to [18], such a Legendrian twist knot L is unique up to
Legendrian isotopy. Let n, k > 1 be two integers such that n > k. Let ST *S*'(L) be
the result of n—Fk positive stabilizations and k—1 negative stabilizations of L. Figure 1
depicts a Legendrian link in (5%, &) one of whose components is S *S*"(L). The
other components are all Legendrian unknots with Thurston-Bennequin invariant —1,

pushed off m; times, where m; is a non-negative integer fori = 1,... k—1,k+1,...,n



if k> 1ormn >k Let (M, &) denote a contact structure obtained by performing
Legendrian surgery along all the components of the link given in Figure 1. Then we

prove the following theorem.

Figure 1: A Legendrian link one of whose components is a Legendrian twist knot
K_,,, where the box consists of 2p — 2 Legendrian tangle. There are &k — 1 upward
cusps of the Legendrian K_,, each of which hooks m; — 1 Legendrian unknots for
t=1,...,k —1. There are n — k downward cusps of the Legendrian K_,, each of
which hooks m; — 1 Legendrian unknots fori =k +1,...,n.

Theorem 1.0.6. The contact 3-manifold (M',£') has a unique Stein filling up to

diffeomorphism.

This theorem follows from a more general theorem (see Theorem 9.0.3) we will
state and prove in Chapter 9. Another application of the Theorem 9.0.3 is classifying
Stein fillings of manifolds obtained by Legendrian surgeries along some Legendrian
2-bridge knots. Figure 2 depicts a 2-bridge knot B(p,q), where p,q are positive

intergers. If ¢ = 1, then it is the twist knot K_,,.

Theorem 1.0.7. There is a Legendrian 2-bridge knot B(p, q) with Thurston-Bennequin
invariant —1 and rotation number 0, such that the Legendrian surgery on (S®,&uq)
along any of its stabilization yields a contact 3-manifold with unique Stein filling up

to diffeomorphism.



Figure 2: A 2-bridge knot B(p, q) with p,q > 0. The boxes containing —2p and —2q
denote 2p and 2¢g negative half twists, respectively.

In addition to classifying Stein fillings up to diffeomorphism, we can classify Stein
fillings of Legendrian surgeries along some Legendrian twist knots up to symplectic
deformation. Even though these manifolds admit open books considered in Theo-
rem 9.0.3, we include a separate proof here because the notion of symplectic defor-

mation is stronger than that of diffeomorphism.

Theorem 1.0.8. If L is a Legendrian twist knot K_,, with Thurston-Bennequin in-
variant —1 and rotation number 0, then the Legendrian surgery on (S3, €xq) along any
stabilization of L yields a contact 3-manifold with unique Stein filling up to symplectic

deformation equivalence.

If p > 1, then the twist knot K_5, is hyperbolic. By the hyperbolic Dehn surgery
theorem in [71], Legendrian surgery on (S, £,4) along a Legendrian hyperbolic twist
knot with sufficiently many stabilizations yields a contact hyperbolic 3-manifold. So,

immediately, we have

Theorem 1.0.9. There are infinitely many contact hyperbolic 3-manifolds admitting

unique Stein filling up to symplectic deformation equivalence.

One important aspect of these classification is that the techniques developed for
classifying. In general, we can classify more symplectic fillings and the technique

developed here serve as tools that can be used in future for other classification.



CHAPTER 11

BACKGROUND

In this chapter we give background on basics of contact geometry. Contact geometry
has its origins in physics and geometric optics. In last few years the field has grown
with the advent of new techniques. In this background chapter we try to give a flavour

for various notions involved.

2.1 Contact Geometry

Let us fix a smooth odd dimensional manifold M?* ™!, Let £ denote a smooth codi-
mension 1 sub-bundle of the tangent bundle T'M. Sometimes this is called hyperplane

distribution.

Lemma 2.1.1. Let M be an orientable manifold. Then Locally & can be written as
the kernel of a differential 1-form a. Moreover, it is possible to write £ = ker(«)

globally if and only if £ is co-orientable.

Proof. Fix a metric g on M. The orthogonal complement ¢+ satisfies TM = & @ &+,
Around any point p, there is a neighbourhood U such that the line bundle &+ is
trivial. Let X be a non-zero section of (&4 in U and define o = g(X, —) in U. Then
clearly &|y = ker(a).

Now we prove the second part of the lemma. Saying that £ is co-orientable is
equivalent to £+ being trivial. In that case X as constructed above exists globally
and hence the 1-form « is also defined globally. Conversely, if & = ker(«) is defined
globally then one can find a globally defined section of £+ such that g(X, X) =1 and

a(X) > 0. This gives the required co-orientation for £*.



For rest of this thesis we will assume that our hyperplane fields are co-oriented.

We define contact structures which are objects of study in this thesis.

Definition 2.1.2. A co-orientable contact structure & = ker(a) on M?*" ! is a totally

non-integrable hyperplane distribution, in other words o A (do)™ # 0.

A positive contact structure on an oriented manifold M is a hyperplane distribu-
tion such that a A (da)™ defines a volume form defining the given orientation on M.
We will always talk about positive contact structures in this thesis. Before moving

forward we give a couple of illustrative examples of contact structures.

Example 2.1.3. Let M = R3 with coordinates (z,y, z) define a 1 form a = dz—ydz.
One can check that a Nda = dx ANdyNdz. So Eqq = ker(a) defines a contact structure

on R3. One can draw this contact structure as below.
'0
w“ "‘
N
N/

Figure 3: The contact structure &,y on R?. Picture by Patrick Massot.

v

Example 2.1.4. On M = R?® with cylindrical coordinates (r,0,z) define a contact
structure as £, = ker(cos(r)dz + rsin(r)df). As above it is easy to check that this

defines a contact structure. We draw this contact structure below.

Example 2.1.5. Let M = S3. Think of S® as a unit sphere in R* with coordinates
(1, Y1, %2, y2). Define a plane distribution by g = ker(x1dy; —y1dxy +xodys —yodxs).

Again it is easy to check that this defines a contact structure.



Figure 4: The contact structure &,; on R3. Picture by Patrick Massot.

Now it is not clear if the two contact structures given in the first two examples
above are “equivalent "or if they are different. To make this notion of equivalence

precise we define:

Definition 2.1.6. Let & and & be two contact structures on a manifold M. We

say & is contactomorphic to & if there exists a diffeomorphism ¢ of M such that

URSEESS

One can prove that (S® — {pt}, &salss_pe) considered in Example 2.1.5 is contacto-
morphic to (R?, &) considered in Example 2.1.3. Tt follows from work of Bennequin [6]
that on R? the contact structures £,4 and &, are not contactomorphic. A reason for
this is that in &,; one can see an embedded disk given by D = {r = 7,z = 0}. One can
easily check that the contact planes along the 9D do not twist at all. It is obvious as
the contact planes along 0D are given by span{d,,d,}. Such a disk can not exist in
&qq- Existence of such a disk is a fundamental phenomenon in 3 dimensional contact

geometry due to foundational work of Eliashberg [10].

Definition 2.1.7. A contact 3-manifold (M, &) is overtwisted if it contains an embed-
ded disk D, called the overtwisted disk, such that {|sp = T D|gp and the characteristic

foliation of D contains a unique singular point at the origin. If (M, &) does not contain



an overtwisted disk then it is called tight.

We will come back to this point later. But we first prove Gray’s stability theorem,

which is very widely used in contact topology.

Theorem 2.1.8 (Gray stability theorem). Let &, fort € [0, 1], be a smooth family
of contact structures on a closed manifold M. Then there is an isotopy (¢1)icjo)) of

M such that (¢¥;)«(&) = &o-

Proof. The idea is to assume that v, is a flow of some time dependent vector field
v;. Then the desired isotopy equation translates in an equation for v;. If this can be
solved, then we can find the isotopy by integrating v,. This is the idea of Moser’s
technique. Towards that end, let & = ker(qa;) for a smooth family of 1-forms ay.
Then we want to find a family of diffeomorphisms ¢, : M — M and a family of

functions \; : M — RT such that

?/J:Oét = My (1)

Differentiating the left hand side with respect to t yields,

d . Vi g — oy
—(*a) = 1 +
g Viow) = Jim h
— lim Vi Qurn — Vip0 + Vi 00 — Pfoy
h—0 h
. « Ohqn — O . W}.hat - @foat
=1 _— 1
oo Ve h T h
= * y o .
Vi (ay + Lo, )
Now differentiating Equation 1 we get,
» L
Yy (ay + Ly,a) = Mo = )\—twt Q.
t

By Cartan’s formula £ = d o i, 4+ 7, o d we get
Y (ar + d(ag(vr)) + iy, daw) = Py (viow).

10



where v 1= 4 (log);) o ;"
Let v, € &. Then d(a,(v;)) = 0. Now multiplying by (¢; ')* and then plugging the
Reeb vector field (i.e. the unique vector field R; satisfying ou(R:) = 1,ig,doy = 0)

in the equation gives,

dt(Rt) = UVt

This determines v, € & uniquely by non-degeneracy of doy]e,.

]

We now prove an important theorem which shows that locally all contact manifolds
look the same. The proof of this result is similar to the proof above using Moser’s

technique. We will skip it here.

Theorem 2.1.9 (Darboux). Every contact 2n + 1 manifold (M, £) locally looks like
(R*+1€,,), ice., for all p € M there exists an open neighbourhood U of p in M and
V' oof 0 in R*™ and a contactomorphism ¢ : (U,€) — (V,E&),such that ¢(p) = 0.
Here & = ker(dz — > ydx;) is the standard contact structure on R*"™1 where we

choose co-ordinates (1, Y1, T2, Y2, - - -, Ty Yn,y 2)-

This theorem implies that there are no local invariants of contact manifolds. In
our study of contact manifolds and their fillings we will not be particularly concerned
with this aspect.

We now return to the notion of overtwistedness. The tight vs. Overtwisted di-
chotomy has been influential in driving contact geometry research. This dichotomy
exists because the existence of overtwisted disk guarantees flexibility as is evident

from the following theorem of Eliashberg.

Theorem 2.1.10. Let Z°(M,0) denote the space of co-oriented, positive contact

structures on M that contain a standard overtwisted 6 and let Dist(M,d) denote the

11



space of co-oriented plane distributions on M that are tangent to & at the at the center

of 0. Then the inclusion map
is : 2°(M,8) — Dist(M,0)
18 a weak homotopy equivalence.

Recall that a weak homotopy equivalence between two topological spaces X, X' is a
continuous map from X to X', that induces a bijection between the path components
of the spaces X, X’ and isomorphism 7 (X) — m(X’), k € N on all homotopy groups.

This in effect says that the isotopy classification of overtwisted manifolds is same
as homotopy classification of the underlying plane fields. So overtwisted manifolds in
some sense are easy to understand and in particular any 3 manifold admits infinitely
many overtwisted contact structures.

Tight contact structures on the other hand are hard to understand, but they
interact nicely with the underlying topology of the 3 manifold. So a first natural
question is whether any closed 3 manifold admits a tight contact structure? The

answer is no as shown by following theorem of Etnyre and Honda [24].

Theorem 2.1.11 (Etnyre-Honda). The Poincare homology 3 sphere ¥(2,3,5) with

reversed orientation does not carry a tight contact structure.

More example were given by Lisca and Stipsicz [51]. These examples are obtained
as surgeries along torus knots in S%. So now a natural question is to ask which closed
3 manifolds admit tight contact structures. This question is still not answered. In
particular, it is not known whether every hyperbolic 3 manifold admits tight contact
structure. But the existence question was completely resolved for Seifert fibered 3

manifolds by Lisca and Stipsicz [52]

Theorem 2.1.12 (Lisca-Stipsicz). Let M, denote the closed 3 manifold obtained

by 2n — 1 surgery along torus knot Toony1 in S®. A closed oriented Seifert fibered

12



3 manifold Y either carries a tight contact structure or is orientation preserving

diffeomorphic to M, for some n > 1.

Another important question is of the classification of tight contact structures on
a fixed 3 manifold M up to contactomorphism or isotopy. Eliashberg proved that S*
carries a unique tight contact structure £4. Other classification results are known
on lens spaces L(p,q) due to Honda [42] and Giroux [35], on some Seifert fibered
spaces [80, 33, 34].

A couple of related notions we will need in this thesis are virtually overtwisted

and universally tight.

Definition 2.1.13. A contact structure & on M is called universally tight if the pull
back of & to the universal cover of M 1is tight. It is called virtually overtwisted if

pullback of & to some finite cover is overtwisted.

With this preliminary introduction to contact geometry we move onto basics of
convex surface theory which will be lurking in the background for a lot of results used

in this thesis.

13



CHAPTER II1

CONVEX SURFACES

Let (M, €) be a contact 3 manifold and let S be an oriented embedded surfaces. Since
a contact distribution is a 2 plane distribution, §, N7,S is a line field except for the
points at which £, and 7,5 are identical. So we get an induced foliation on the surface

S with some singularities i.e. points where &, = T,,S.

Definition 3.0.14 (Characteristic Foliations). The characteristic foliation S¢ of a
surface S in (M,§) is the singular 1-dimensional foliation of S defined by the dis-
tribution (T'S N &|s)t. Here L denotes the symplectic complement with respect to
the symplectic structure do on §. At points p € S where T,S N§, is 1 dimensional
(T,SNE)E=T,5NE,.

It is a standard fact (see [31] Lemma 2.5.20) that S, can also be given by a vector
field X in T'S, such that ixQ = a|s where Q is volume form on S. It is also not very
hard to see that the equivalence class of X depends only on S and . Two vector
fields X and X’ on the surface S are called equivalent if there is a smooth function
f S~ R* such that X’ = fX. Note that at point p € S, a,(X,) = Q(X,, X,) = 0.
Hence, X, € &, and X, = 0 if and only if {, = 7,,S. The second statement follows
easily from the fact that 2 is a volume form on S and hence is non-degenerate. The
following lemma gives a characterization of the vector fields X defining a characteristic

foliation on the surface S.

Lemma 3.0.15. A vector field X on S defines a characteristic foliation Sg for some

contact structure & on S x (—e¢, €) if and only if X, = 0 implies divg(X) # 0 at p.

Now suppose that Sy and S; are two surfaces in a contact manifold (M, &) such

that there is a diffeomorphism ¢ : Sp — 57 taking characteristic foliation of Sy to
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the characteristic foliation of S;. Giroux proved that one can then extend ¢ to a
contactomorphism of a neighbourhood N(Sy) of Sy to a neighbourhood N(S;) of 5.
For the proof of this fact we refer the reader to Geiges’s book [31].

Given a generic singular foliation induced by a vector field X we now proceed to
study the singularities of the vector field and see how they are useful. A generic such
vector field X will have isolated singularities. So in a local neighbourhood around
the singular point p we can assume that p = (0,0) in R? with are form dz A dy. If
X=f 8% + g% then the foliation is given by the flow lines ¥ = X (). The linearisation

is given by

L

9z Gy

In this local co-ordinate chart divergence is given by f, + g,. We define a singular
point to be elliptic if det(A) > 0 and hyperbolic if det(A) < 0. In the case that
the foliation is induced by a contact structure we can additionally define sign of each
critical point. In this case we define sign of p to be the sign of divx(). It follows
from the discussion above that the sign of p is +1 if and only if 7,5 and £, have the
same orientation. If p is elliptic then the sign of p is +1 for a source and —1 for a
sink. If p is hyperbolic then the sign of the hyperbolic point is given by the sign of

the eigenvalue of A which has bigger magnitude.

Definition 3.0.16 (Morse-Smale foliation). A foliation is Morse-Smale if the singu-
larities and the closed orbits are nondegenerate, a— and w— limit set of each flow line
(i.e. the set of limit points ~, with t; — —o0 or — oo ) is either a singular point or

a closed orbit, and there are no flow lines connecting pairs of hyperbolic singularities.

We will see that the Morse-Smale foliations are important in the study of convex

surface theory.

Theorem 3.0.17. Given a closed, orientable surface S C (M, &), there is a C*-small

perturbation S" of S, so that S is Morse-Smale.
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We are ready for the definition of convex surface.

Definition 3.0.18. A contact vector field v is a vector field on M whose flow pre-
serves £. A surface S C (M,§) is called convex if there is a contact vector field

transverse to S.

Note that if we write £ = ker(«), then the fact that the flow ¢; of v preserves the
contact structure implies ¢;a = fia for some f;. Now it follows that v is contact if
and only if £,a = ga for some g. An example of a contact vector field is Reeb vector

field. We now tie this to the Morse-Smale foliations defined above.

Theorem 3.0.19. If a surface S C (M, &) has a Morse-Smale characteristic foliation

then S is convezx.

We still have not seen why convex surfaces are important. The point of convex
surface theory developed by Giroux is that to describe the contact structure in a
neighbourhood of a surface one needs very little information. Specifically one only
needs to now some curves on the surface and not the whole characteristic foliation.

First we try to characterize neighbourhoods of convex surfaces.

Theorem 3.0.20. A surface S C (M, &) is convez if and only if there is an embedding
¢: S xR M with S = ¢(S x{0}), such that ¢*(§) is invariant in the R direction.

Another important piece of information about convex surface is carried by dividing

set.

Definition 3.0.21 (Dividing Set). Let S be a surface with singular foliation F. A
multi-curve I' C S that is transverse to F is said to divide S if S admits a volume
form w and a vector field v directing F such that S\I' = S, U S_ with £L,w > 0 on

S+ and v points out of Sy along I'.

If S is convex, then in a vertically invariant neighbourhood (guaranteed by the

above theorem), the contact form can be written as o« = § + fdt for some smooth
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function f : S — R and 1-form 3 on S. The contact condition can be expressed now

as
fdB —df AB >0

on S. Now take as the volume form 2 = fdfS — df A f and X to be the vector field
such that ix{2 = 3. Such a vector field exists because of nondegeneracy of €2. This

vector field directs the characteristic foliation Sg. So

Sy ={pe S|+ f(p) > 0}.

Thus the curves given by
Ls = f1(0)

are easily checked to divide S¢ and are called the dividing curves.

9

So using the model neighbourhood S x R as above and the contact vector field 7,

we have that v, € §, if and only if f = 0. This gives another way of characterizing

the dividing set as
I's ={pe Sy, € &}.

As said before it is the dividing set that carries information about the contact
structure in a neighbourhood of convex surface. This is captured in the following

theorems.

Theorem 3.0.22. Let S C (M, &) be an orientable surface with Legendrian boundary.

Then S is convex if and only if the characteristic foliation S¢ admits dividing curves.

We already have proved the forward direction. We will skip the proof of the

reverse direction. The next theorem shows flexibility of dividing curves.

Theorem 3.0.23. Let S be a convexr surface with two dividing sets I'y and I'y. Then

Iy and I'y are isotopic through curves transverse to Sg.
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Theorem 3.0.24 (Giroux flexibility). Let i : S — M be an embedding of S into
(M, &) with convex image. Let F be a foliation on S divided by i~*(T's). Given any
neighbourhood U of i(S) in M, there is an isotopy ¢s : S — M supported in U so
that ¢o = i, each ¢5(S) is convexr with dividing set T's, ¢, fizes i1 (T's) for all s, and

¢1(F) is the characteristic foliation of ¢1(S).

So one can achieve any foliation as a characteristic foliation, once we know the
dividing curves dividing the foliation. In particular, the precise characteristic foliation
does not matter. Finally we state Legendrian realization principle which will be
implicitly used in open book decompositions later. This is originally due to Kanda [45]
and proved in full generality by Honda [42]. We say a knot is Legendrian if it is tangent

to the contact planes.

Theorem 3.0.25 (Legendrian Realization Principle). Let S C (M,&) be a convex
surface and let C C S be a multicurve which is transverse to I's. Suppose that every
component of S\C' intersects I's. Then there is an isotopy ¢ of S through convex
surfaces, supported in an arbitrarily small neighbourhood of S and fixing I's, so that

¢s(C) is always transverse to I's and ¢1(C) is Legendrian.

Using the Legendrian realization principle one can characterize tightness of neigh-

bourhoods of convex surfaces in terms of dividing curves.

Theorem 3.0.26 (Giroux’s criterion). Let S C (M,&) be a convex closed surface.
Then S has a tight neighbourhood if and only if S = S? and I'g is connected or S # S?

and I's has no contractible components.

To do any justice to the far reaching effect of convex surface theory in contact
topology would take us too far away from the main topic of this thesis. We just
remark that convex surface theory has been used extensively in the classification of

tight contact structures.
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CHAPTER IV

KNOTS IN CONTACT MANIFOLDS

As in the study of the topology of 3 manifolds, the study of knots plays an important
role in the topology of contact 3 manifolds. Recall that given a 3 manifold M, a knot
K in M is an embedding 7 : S' < M such that I'mage(y) = K. In the context of
contact 3 manifolds (M, &), one can talk about two different kinds of knots. If the
T,K C &, for any part p € K, then we call the knot Legendrian. We call a knot K
transverse if T, K is transverse to §, for all p € K.

We call two Legendrian knots K; and Ky Legendrian isotopic if they are isotopic
through Legendrian knots. Similarly we can define transverse isotopy for transverse
knots. For the purposes of this thesis we will be working mainly with knots in (S, £,4)
which is the one point compactification of (R?,&yy) as observed before. This gives
a way of visualising Legendrian knots by taking projections in R?. For this we fix
a parametrization v : S' — R3 which is given by 6 — (x(9),y(6),2()). Since
Esta = ker(dz — ydx) and +'(0) € &9 we have 2/(0) — y(0)2'(0) = 0. Now we talk

about the front projection.
II:R* = R?: (x,y,2) — (z,2)

The image I1(K) of K under this map is called front projection of K. Note that
IT o v parametrizes the projection II(K). We also have that 2/(8) = y(0)2'(#). Note
that ' must never vanish, as vanishing of 2’ implies y(f) — co. So we can conclude
that II(/) must not have any vertical tangencies. Note that we can always recover
y co-ordinate by setting y(0) = % as long as x’ is not zero. It is easy to convince
oneself that for any generic C'!' Legendrian embedding in R?, 2/(f) can only vanish

at isolated points. At these isolated points there is a well defined tangent line in the
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front projection. These points are called cusps.

The discussion above completely characterizes a Legendrian knot in terms of its
front projection, we observe another property of these projections. Note that in a
front projection y-axis points into the page. So we conclude that in a front projection
the slope of an overcrossing is less than the slope of an undercrossing. We draw a few

examples to illustrate front projections below.

OO0

Figure 5: The front projection of a Legendrian unknot on the left and the front
projection of a Legendrian right handed trefoil on the right.

Just like in case of smooth knots in S2, there is a version of Legendrian Reide-
meister moves. But their discussion will lead us far from the main topic of this thesis,
so we refer the reader to [21, 31]. We also leave the topic of transverse knots to these

references.

4.1 Classical invariants of Legendrian knots

The obvious classical invariant of a Legendrian knot K is its knot type. Since a Leg-
endrian isotopy is, in particular a smooth isotopy, this implies that any two isotopic
Legendrian knots should be smoothly isotopic.

The second classical invariant is an integer called the Thurston-Bennequin number
of a Legendrian knot. Intuitively this integer measures twisting of the contact planes
around the knot K. To make this more precise, a trivialization of the normal bundle

v to K is an identification of v with K x R? and is called the framing of the knot
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K. Since the contact planes &, and the normal bundle v, intersect transversely, we
get a line [, = &, Ny, for any € K. The line bundle [ gives a canonical choice of
normal in the contact planes or in other words a canonical framing. This framing
is called the Thurston-Bennequin framing of the knot K. We will denote this by
tbf(K). Let v be a non-vanishing vector field in v N¢. Let K’ be a copy of K pushed
in the direction given by v. Then the Thurston-Bennequin number of K is defined
by tb(K) = lk(K, K'). Here Ik denotes the linking number.

We finally describe the rotation number of an oriented null-homologous Legendrian
knot. Since the knot is assumed null-homologous it bounds an oriented surface, the
so called Seifert surface, 3. Since any orientable two plane bundle over a surface with
boundary is trivial, {|x is a trivial two plane bundle. This trivialization induces a
trivialization of | = K x R?. Now we can let v to be a non-vanishing vector field
in the direction of the orientation along the knot and let the rotation number of K
be winding number of this vector field.

We mention following important theorem which is fundamental in theory of Leg-

endrian knots.

Theorem 4.1.1 (Eliashberg 1991, [13]). Let (M,£) be a tight contact 3-manifold.

Let K be a Legendrian knot in M with Seifert surface X . Then,
to(K) + |rot(K)| < —x(Zk)

Our next goal is to figure out the classical invariants from the front projection
of a given Legendrian knot K in (R3,&yy). We start by describing the rot(K). Let
w = a%' We can use this vector field to trivialize {x as this is a non-vanishing section
of £&4q. To compute the rotation number we need to find how many times a non-
vanishing section v of ¢ pointing in the direction of K winds around origin in R2.
This is equivalent to how many times v and w point in the same direction. The sign

of intersection is defined to be +1 for when v passes w in a counter clockwise fashion
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and —1 for clockwise. In the front projection, v and w point in the same direction at
the cusps and the intersection is positive when going down and negative when going

up. Thus we get that in the front projection
1
rot(K) = Q(D - U).

Here D is the number of down cusps and U is the number of up cusps in the front
projection.

Now we try to find a formula for the Thurston-Bennequin number of a Legendrian

2]

5, a vector field which is

knot in the front projection. Towards that end, let w =
transverse to any Legendrian knot in (R?,£,;4) and in particular to the Legendrian
knot K. From the discussion above about the Thurston-Bennequin number, we know
that tb(K) = lk(K, K') where K’ is a copy of K slightly pushed in the direction given

by w. The linking number in this context is just half the signed count of intersection

between these copies. The sign convention used is demonstrated in Figure 6.

+

Figure 6: The sign convention used in computing linking numbers in R3. A positive
crossing is shown on the left and a negative crossing is shown on the right.

It is straightforward to see that at every positive crossing of the knot K, there will
be two positive crossings in the computation of linking number above and similarly for
the negative crossing. At the right or left cusps there will be a negative intersection.
So we can compute the Thurston-Bennequin number of the knot K from its front

projection IT(K) as:
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1
tb(K) = writhe(TI(K)) — §(number of cusps in II(K)).

We now describe an operation on Legendrian knots called stabilization. If a strand
of a Legendrian knot K, in a front projection of K is as shown in the middle of the
Figure 7, then a positive or negative stabilization of K is obtained by adding ”zig-
zags” to the strand as shown on the right or left the Figure 7. If down cusps are
added we call it the positive stabilization and if up cusps are added then we call
it the negative stabilization. We denote positive stabilization by S, (K) and the
negative stabilization by S_(K). It follows easily from the above definitions of tb and
rot that

th(S4(K)) = th(K) — 1

and

rot(Sy(K)) =rot(K) £ 1.

Even though we have described stabilization of a knot in terms of front projections,
this describes stabilizations of Legendrian knots in any contact 3 manifold. This
follows from Darboux’s theorem, since the stabilizations are done locally. One should
also note that stabilization is a well defined operation. This is not obvious at all. We

refer the reader to [23] for the proof. For (R3, &) it was proved in [28].

+

S_ St
Figure 7: Stabilizing a Legendrian knot in (R?, £,4). In the middle we show a strand
of a Legendrian knot, the right picture shows adding a down cusp and the left picture
shows adding up cusp.
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4.2 Surgeries along Legendrian knots

Before describing surgeries along Legendrian knots, we define surgery on smooth
knots. Let K be an oriented knot in S3. Let vK denote the normal neighbourhood
of the knot K in S3. Since any orientable D? bundle over S! is diffeomorphic to
S1 x D%, we know that vK is diffeomorphic to S' x D?. Let C' denote the closure of
the complement S*\v(K). It is a standard fact from algebraic topology that H;(T?) =
Z & Z. Here we are identifying 7% with the oriented boundary dv(K) = 9(C). On

T? there are two distinguished isotopy classes of curves up to isotopy.
e The meridian p is defined to be the curve that bounds a disk in v(K).

e The preferred longitude A is the unique (upto isotopy) curve which bounds a

surface in C.

An application of the Meyer-Vietoris sequence implies that Hy(7?%) = H,(v(K))®
H,(C). This in turn implies that H,(C) = Z. With the convention above we can
characterize this isomorphism by sending p +— (0,1) and A — (1,0).

A Dehn surgery along K means that we remove a neighbourhood v(K) of K and
glue back a solid torus S* x D? via a diffeomorphism of the boundary torus. If we
write jio for the meridian * x D? of S x D?, and ) for the longitude S! x *. Then

the gluing diffeomorphism can be described by o — pp + gA, Ao — mu + nA with

p
e GL(2;Z).
q n
It is a standard fact that the effect of Dehn surgery along a knot K is completely
described by the image pu + g\ of . It follows that we can talk about a surgery by
prescribing the slope § € Q.

The following result shows the importance of studying surgeries along knots and

links (embedded copies of the finite disjoint union J] S*).
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Theorem 4.2.1 (Lickorish [48], Wallace [73]). Any closed, connected orientable 3-

manifold can be obtained from S* by surgery along a link.

Now we introduce the contact structure into the picture. We start by describing
a model normal neighbourhood of Legendrian knots. We have the following contact

neighbourhood theorem. For the proof see Corollary 2.5.9 of [31].

Theorem 4.2.2 (Contact neighbourhood theorem). If K; C (M;,&), i = 0,1 are
diffeomorphic closed Legendrian submanifolds, then they have contactomorphic neigh-

bourhoods.

Now given any Legendrian knot K in a contact 3 manifold (M, &) to describe
a model of neighbourhood for K we consider S' x R? with the contact form o =
cos(0)dz—sin(0)dy, where 0 is the co-ordinate on S and (z, y) are standard Cartesian
co-ordinates on R?. It is easy to see that L = S* x {(0,0)} is a Legendrian knot in
this contact manifold. By the contact neighbourhood theorem we have a model
neighbourhood of any Legendrian knot K in (M, &) given by L in (S' x R? ¢ =
ker(a)).

One can observe that the radial vector field given by v = 20, + y0, is a contact
vector field. Recall that a contact vector field means a vector field whose flow preserves
the contact form i.e. £,a = o and £ denoting the Lie derivative.

One can also note that the vector field v above is transverse to a torus given by
2% +y? = § for any § > 0, in this standard model S' x R? and thus the torus is a
convex torus. So we get that a neighbourhood of a Legendrian knot is S x D? and
whose boundary torus is convex.

The dividing curves are.
') = {(0, £dsin(0),+dcos(0))}

It is easy to check that v is tangent to ¢ along I'.
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We are now in a position to define contact surgery. Let K be a null-homologous
Legendrian knot in (M, £). There are two natural framings for this knot: the Seifert
framing Ag and the Thurston-Bennequin framing Ay. These framings are related by

Ay = tb(K) i + As.

Definition 4.2.3 (Contact Surgery). Let K C (M,€) be a Legendrian knot. A
contact g-surgery on K s constructed by performing §-surger’y on K with respect to
the contact framing and extending the contact structure on M\N(K) across S* x D?

by a tight contact structure on S x D?,

If § = %, then we get a uniquely defined contact structure. To see this, using the
gluing diffeomorphism to send {*} x 9(D?) to u+nAy and ST x {x} to u+ (n— 1)y,
we can see that the curve on S' x D? sent to Ay is ({*} x 9D?) — (S* x {x}).
Thus the contact structure on S' x D? has two dividing curves of slope —1. By the
classification due to Kanda [45], there is exactly 1 tight contact structure with this
convex boundary. So a % contact surgery is uniquely defined. We will only need %
contact surgery in our discussions in this thesis, so we do not discuss the complications

involved in other § surgeries.

Definition 4.2.4 (Legendrian Surgery). A Legendrian surgery on a Legendrian knot

K C (M,¢) is a contact (—1)-surgery along K.

In this context we have the following contact version of the Lickorish-Wallace

Theorem. It was proved by Ding and Geiges [9)].

Theorem 4.2.5. Let (M, &) be a closed, connected contact 3 manifolds. Then (M, )

can be obtained by contact (£)1-surgery along a Legendrian link in (S, &qq).
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CHAPTER V

OPEN BOOK DECOMPOSITIONS

In our discussion of contact manifolds, we have never checked the classes of manifolds
that admit contact structures. We address this issue now and on the way introduce
the important concept of open book decompositions of contact manifolds, which is a
basis for much of work done in this thesis. We start by proving the following theorem
which states that any closed, oriented 3 manifold admits a contact structure. It
was originally proved by Martinet [57]. We give a proof here due to Thurston and
Wilkelnkemper [70]. Before giving the proof of the theorem we make an important

definition.

Definition 5.0.6 (Open Book Decomposition). An open book decomposition for a
closed, oriented 3 manifold M is a pair (L,7) where, L is an oriented link in M
called the binding and 7 is a fibration of the link complement © : M\L — S such
that the fiber Sy = WT(@ for any 6 € S is an oriented surface diffeomoerphic to
a fixed surface S, with 0Sy = L. The fibers Sy are called the pages of open book

decomposition.

Note that M\v(L) being a fibration over S!, can be written as a mapping torus

S % [0,1]
(z,1) ~ (¢(2),0)

for a diffeomorphism ¢ : S — S, such that ¢ is isotopic to identity on a neighbourhood

My =

of 0S. One way to see this is as follows. Note that any fibration over the interval
[0,1] is trivial as [0, 1] is contractible. We also know that M\v(L) is obtained from
a fibration S x [0, 1] over [0, 1] by identifying the ends S x {0} and S x {1}. The

identification is given by the diffeomorphism ¢ of the compact surface S. Now the
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fibers being pages of the open book decomposition puts a restriction that ¢ is isotopic
to identity on a neighbourhood of the boundary of S.
It is clear that all we need to know to describe the open book decomposition is

the surface S and the diffeomorphism ¢.

Definition 5.0.7 (Abstract open book decomposition). An abstract open book de-
composition of a closed, orientable, connected manifold M is a pair (S, ) such that
S s a surface with non-empty boundary and ¢ is a diffeomorphism of S restricting

to identity in a neighbourhood of 0S, and M is diffeomorphic to
M¢ Uq/) (85 X DQ)

Here My being the mapping torus and the map 1 is given as follows. For each bound-
ary component | of S, the map ¢ : (S* x D?) — I x S C M, is defined to be a unique

up to isotopy diffeomorphism that takes S* x {p} to | where p € 0D? and {q} x 0D?
to ({q'} x [0,1]/ ~) = S*.

The map ¢ in the definition above is called the monodromy of the open book

decomposition and the surface S is called the page of the open book decomposition.
Theorem 5.0.8. Fvery closed, oriented 3-manifold M admits a contact structure.

Proof. Alexander showed in the 1920s that any closed, oriented 3 manifold M admits
an open book decomposition as defined above. We will construct a contact form on
M\v(L) and the show how to extend it over the binding.

Now since S is an oriented compact surface, we let w be an area form on S with
total area given by 27|dS| and w = dt A df on a neighbourhood [0,1] x S! of each
boundary component of S. Here t denotes the parameter on [0, 1], # denotes the
variable on S' and |0S| denotes the number of boundary components (> 1) of S. Let
a be a 1-form on S which is equal to (1 + ¢)df near boundary 9S. Note that w — da

vanishes near 05. Also note that,
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/w—doz:27r|85|—/ a=0.
s as

Note that we have used the fact that ¢ = 0 on the boundary 0S5 in the above
computation. It follows from De Rham’s theorem that w — da = df for some 1-form
[ which vanishes on the neighbourhood of the boundary. Let A = o 4+ . This has
the property that A = a near the boundary and d\ = w. One can easily check that
the set of 1-forms \ satisfying these conditions is non-empty and convex. It is also
easy to check that if A is in this convex set then so is ¢p*\. Here ¢ is the monodromy
as defined above. Now define a 1-form on the mapping torus by Ay = sA+ (1 — s)p*A
and set oy = A\s + Kds. Then ay A dag = KdAs Ads. This is a volume form for large
enough K as d\, is an area form on Ss. Moreover, oy = (1 + t)df + Kds near 0My.
To finish the construction we need to find a contact structure on solid torus D? x S*
which is equal to —(1 + ¢)df + Kdi near the boundary. Here r = 1 + ¢. Here (r,v)
are co-ordinates on D? and @ is the co-ordinate on S!. Near center of D? we take
the contact form o = df + r?dy) and in between we take o = f(r)df + g(r)di. The
contact condition then becomes fg' — ¢'f > 0 with (f,g) = (1,7%) near r = 0 and
(f,g9) = (—r,K) near r = 1. One can easily find functions f and g satisfying these
properties. Hence, we have extended the contact form o from mapping torus My to
the closed manifold M.

O

It turns out that not only does any closed, oriented 3 manifold admits a contact

structure, it admits infinitely many contact structures.

Theorem 5.0.9. Every cooriented tangent 2-plane field on a closed, orientable 3-
manifold is homotopic to a contact structure. In particular, for any even element
e € H?*(M;Z) there is a contact structure & on M with the Euler class of the contact

structure e(§) = e.
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The contact structures arising out of the construction of Thurston and Wilkelnkem-

per are special.

Definition 5.0.10. A contact structure & on a closed, oriented 3-manifold is said to
be supported by the open book decomposition (L, ) of M, if there is a 1-form « such
that £ = ker(a) and

o The 2-form da induces an area form on each page defining the orientation on

S and inducing the given orientation on L.
o The 1-form « induces a positive volume form on L = 0S.

Example 5.0.11. Consider S* as the unit sphere in C* with the standard contact
form a = r2d¢y + rige where (11, 1,72, ¢2) are polar coordinates on C*. We set the

binding to be L = {(z1, 29) € C*|2y = 0} and consider the fibration

m:SN\L—S'ccC

This is equivalent to the map (r1e®) rye(®2)) s ¢ € S*. This shows that (L, 7) is
an open book decomposition with disk pages given by {|za| < 1: 21 = \/1 — |2]2e*1}
and monodromy map given by identity. It is easy to see that the contact 1-form «

restricts to dpo along L and do to rodre N dgs along the pages.

Example 5.0.12. Consider S® and o as above. Set L' = {(z1,29) € S® : 2129 = 0}.
This set L' is the union of two knots K; = {(21,22) € S® : 2z, = 0},i = 1,2. We
think of K; as boundary of the disk D; = {(21,2) € D* : z; = 0},i = 1,2. The link

L' = K1 U Ky is called the positive Hopf link. Consider the fibration given by

7 SN\L — St

2122

— .
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In polar co-ordinates this is given by 7' : (r1€,19¢"%2) + 0 + 05. One can easily
see that this open book supports the contact structure (S, = ker(a)) where a =
r2dg+13¢y. It takes a bit more effort to show that open book decomposition is given by
an annulus and the monodromy of this open book decomposition is the diffeomorphism

given by the right handed Dehn twist about the core of the annulus.

It is easy to see from the proof of Theorem 5.0.8, that the contact structure
constructed there is supported by the open book decomposition. Now we know that
given an open book decomposition, one can find a contact structure £ supporting it.
The next proposition proves that the this contact structure in essentially unique. We

follow the proof from [31].

Proposition 5.0.13. Let & and & be contact structures supported by the same open

book decomposition (L, 7). Then & is isotopic to &s.

Proof. Let ay, s be contact forms representing &, &, respectively. Let S x D? be a
neighbourhood of the binding. In terms of coordinates (0,7, ¢) on a neighbourhood
of any binding component we have o;(2) > 0. Now choose a function f(r) such that
f(0)=0,f">0,f(r) =r? near r = 0 and f = 1 outside 0S x D?,. For any R > 0,
let

air = a; + Rf(r)do.

Then it is easy to compute o; pAdey; g = a;Ada;+Rf(r)dpAdo;+Rf' (1) AdrAde.
By the orientation assumptions it is easy to check that this defines a contact form for
any R > 0. Now Gray’s theorem implies that for a fixed i, ker(q; g) are all isotopic
contact structures.

Observe that f(r)d¢ A da; g > 0 away from the binding and a; A f'(r)dr Ad¢ > 0
near binding. Now it is straightforward to compute that (1—%)a; g+tas g is a contact
form for any t € [0, 1] for large enough R. Then again Gray’s theorem implies that

& and & are isotopic as contact structures.
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]

Definition 5.0.14 (Contact cell decomposition). A contact cell decomposition of
(M, €) is a CW-decomposition of M such that the 1-skeleton is Legendrian and each

2-cell D satisfies tw(0D, D) = —1 and the restriction of & to any 3-cell is tight.

The natural question is, does any contact 3 manifold admit a contact cell decom-

position? The next proposition shows exactly this.

Proposition 5.0.15. Let (M, ) be a closed contact 3-manifold. Then (M, &) admits

a contact cell decomposition.

Proof. The manifold M being compact implies that we can cover M with finitely
many Darboux balls. We can take a triangulation 7' that is fine enough so that
every 3-cell is contained in a Darboux 3 ball. Then a C° perturbation of 1-skeleton
is Legendrian. We need to prove that tw(0D, D) = —1. The Thurston-Bennequin
inequality given in Theorem 4.1.1, tells us that tw(0D, D) < —1 for each 2-cell. It
is a theorem of Kanda [46], that if ¥ is any surface in a contact 3 manifold (M, ¢)
with Legendrian boundary satisfying tw(vy,%) < 0 for all boundary components ~,
then ¥ may be C° small perturbed near the boundary and then C* perturbed on the
interior so as to become convex. So we can perturb D to make it convex. Now if some
face satisfies tw(0D, D) < —1, then since D lives in a Darboux ball its dividing set
I'p consists of —tw(0D, D) > 2, properly embedded arcs. We can find non-isolating
multicurve C' C D such that each component of D\C' contains exactly 1 component
of I'p. By Legendrian realization principle we can make C' Legendrian. We add C' to

the 1-skeleton. This splits D into convex faces D; such that tw(9D;, D;) = —1. O

The 1-skeleton of a contact cell decomposition is a Legendrian graph G. Given a
graph like this one can find a surface S embedded in M such that G is a retract of

S. One can moreover arrange that 7,S = ¢, if and only if p € G. We let L = 0S and
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impose the condition that L is a transverse link. A surface satisfying these conditions
is called the ribbon of G.

Now the first step in proving the Grioux correspondence is to prove that L is the
binding of an open book decomposition of M with pages S. Then one proves that
this open book indeed supports with (M, ¢). Proving any of these propositions will
take us far from the topic of this thesis. Instead we refer the reader to [22] for their
proof. With this set up we can state one of the main results which we will use in this

thesis.

Theorem 5.0.16. Given any Legendrian knot K C (M,§), there is an open book
decomposition (L, ) such that L lies on one of the pages Sy such that the framing

giwen by the page and the contact structure & agree.

Proof. Since K is a Legendrian knot, we can form a contact cell decomposition of
(M, &) which contains K in its 1-skeleton G. Then the Giroux’s construction proves
that L sits on a page of an open book decomposition supporting &.

]

Definition 5.0.17. Let (S,¢) be an abstract open book decomposition supporting
(M,&). A positive stabilization of (S,®) is an open book decomposition of the form
(S, ¢7c), where S’ is obtained from S by attaching a 1-handle h along its boundary
and . is a right handed Dehn twist along a curve ¢ C S" which intersects co-core of

h exactly once.

Proposition 5.0.18. Let (5',¢') be a positive stabilization of (S,$). Then both

(S",¢") and (S, ¢) support the same contact structure.

Sketch of proof. We define the notion of plumbing of open books first. Let O; =
(S1,¢1) and Og = (53, ¢2) be two open books. The plumbing of these open books,

denoted Oy * Oy is defined as follows: Let a; C S;,7 = 1,2 be two properly embedded
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arcs with product neighbourhoods R; = a; x I. Then O; x Oy is an open book
decomposition with page S = S; Ug,—r, S2 glued together by a diffeomorphism so
that a; x {—1,1} = da;4+1 x [—1,1] and the monodromy is ¢1 o ¢o. It is possible to see
that the plumbing supports a contact structure on manifold obtained by the connect
sum of contact manifolds.

It can be proved that positive stabilization is the same as the plumbing of the
existing open book with the one given by (A, 7), where A is an annulus and 7 is the
Dehn twist about the core of the annulus. As seen in Example 5.0.12 above (A, 7)
supports the standard contact structure on S3. Connect summing with (S, £,4) does
not change the contact structure. So we see that positive stabilization preserves the
contact structure.

O

Theorem 5.0.19 (Giroux). Any two open books supporting (M,&) are related by

positive stabilizations.

We will need a way of stabilizing a knot on the page of the open book decompo-
sition. It is shown in the Figure 8.

The proof of this fact is easy to see, once we realise that the core curve of the
Hopf band gets a framing of —1 from the page.

One last piece we will need in our proofs of the classification of certain symplectic
fillings is the following thereom that relates the Legendrian surgery to open book

decompositions.

Theorem 5.0.20. Let (S, ¢) be an open book decomposition supporting (M,§). If L is
a Legendrian knot sitting on a page of this open book decomposition so that the contact
framing and the page framing agree, then the contact manifold (M’ &) obtained by

performing contact (£)1 surgery along L is supported by open book decomposition

(S,porf)
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Figure 8: Stabilizing a Legendrian knot on the page of an open book decomposition.
In the middle we show a Legendrian knot sitting on a page of open book decomposi-
tion, the right picture shows a positive stabilization of the knot and the left picture
shows a negative stabilization of the knot.

It is not too hard to see that topologically the manifold given by the new open
book decomposition (S, ¢ o 7;7), is obtained by %1 surgery along L. We just need to
check the contact structure is the one given by the Legendrian surgery. We refer the
reader to [22] for a detailed proof.

We finally mention that notion of open book has been extended to a more general
class by Lisi, Van Horn-Morris and Wendl. We briefly sketch the important ideas.

A spinal open book is a generalization of the standard open book decomposition
where the binding is allowed to be []{(S* x ;) where 3; can be any surface with
boundary. In a standard open book decomposition the binding is [[}"(S* x D?). An
abstract spinal open book is given by a 5-tuple (M,F,qg,f],G). Here is M is the
3-manifold, F' is the fiber (can be disconnected), ¢ is orientation preserving diffeo-
morphism of F' fixing boundary pointwise, 3 x S! is the binding and G is a bijection
taking OF to 8%. If the contact manifold is fixed we will just denote the support-
ing spinal open book decomposition by (F , (5, i), (). Roughly speaking, spinal open

books provide the right contact boundary for Lefschetz fibrations over non disk bases.
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One constructs the original manifold back from this data as follows. Form a surface
bundle over S! with fiber £ and monodromy ¢ and the trivial bundle S* x . We
glue the resulting boundaries together by the bijection GG to identify the components
in such a way that the oriented boundary of a fiber F is a collection of S! fibers in
S x 3. Tt is also known that spinal open books under additional restrictions support
a unique contact structure. For the purposes of this thesis, we will assume that the
F , 33 are both connected.

We refer the reader to articles [53, 5] for details on spinal open books.
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CHAPTER VI

MAPPING CLASS GROUPS

In this section we recall basic notions from mapping class groups. We refer the reader
to [26] for more comprehensive introduction and proofs of results stated here. Let
(S,0S) be a pair such that S is a compact, orientable surface with boundary 9S. The

mapping class group of the pair (S, 0S) is defined by
Map(S,0S) = mo(Dif feot (S, dS)).

Here Dif feo™(S,0S) denotes the set of orientation preserving diffeomorphisms
of S fixing the set dS pointwise. The set Map(S,0S) forms a group under com-
position. In other words Map(S,0S) is the group of isotopy classes of elements of
Dif feot(S,0S), where isotopies fix the set 9.S pointwise.

A few examples are in order. The first example is that of a closed disk D?. It is
not too hard to see that Map(D? D?) is trivial. The second example is that of an
annulus. Let A denote an annulus, then Map(A,0A) = Z. The mapping class group
of the annulus is generated by a particular diffeomorphism called the Dehn twist. We

proceed to define Dehn twist now.

Definition 6.0.21 (Dehn Twist). Let A denote the annulus S x [0,1] with co-
ordinates (0,t). Let T : A — A denote the twist map which can be written in terms
of the above co-ordinates as T'(0,t) = (0 + 2wt,t). It is easy to see that T' is an ori-
entation preserving diffeomorphism of A which restricts to identity on the boundary.
This defines a Dehn twist on an annulus. For an arbitrary surface S and o a closed,
embedded curve in S, choose N to be a reqular neighbourhood of a.. The neighbourhood

N s orientation preserving diffeomorphic to an annulus. Denote the diffeomorphism
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by ¢. We get the Dehn twist about o as:

poTop™t ifreN
To(T) =
x if v € S\N

From the definition it is clear that the Dehn twist is identity outside the neigh-
bourhood N of the curve a. The isotopy class of the Dehn twist does not change
by an isotopy of the curve. So we can talk about the Dehn twist of an isotopy class
of curves without ambiguity. We now collect a few basic facts about intersection
numbers and Dehn twists. We refer the reader to Chapter 3 of [26] for the proofs of

these facts.

Fact 6.0.22. Let a and b be arbitrary isotopy classes of essential simple closed curves

on a surface and let k be any integer. Then,

i(T5(b),b) = |k|i(a,b)?

a

Here i denotes the geometric intersection number. Given any two curves a and 3
we will assume that they are in minimal position i.e. a and 3 have been isotoped so
that they intersect minimally.

From this it is easy to see that Dehn twists have infinite order in the mapping
class group and in particular that Dehn twists are non-trivial elements of mapping

class groups.

Fact 6.0.23. Let {ay,aq,...,a,} be a collection of pairwise disjoint simple closed

curves on a surface and let M = []7, 7ol Suppose e; > 0 for all i or e; <0 for all

1. If b and c are arbitrary simple closed curves, then

li(M(b),c) — Z leili(as, b)i(ag, c)| < i(b,c)

After these facts about intersection numbers, we collect some basic facts about

Dehn twists.
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Fact 6.0.24. Given any two curves a and b, 7, = 7, if and only if a = b.

Fact 6.0.25. For any element f of a mapping class group of a surface and any simple

closes curve a in S

Tia) = fTaf ™

Fact 6.0.26. For any element f of a mapping class group of a surface and any simple

closed curve a in S, f commutes with T, if and only if f(a) = a.

It is not clear till now whether the mapping class group of a surface is finitely
generated or not. This is given to us by the following theorem. Let S;, denote
an orientable surface of genus g > 0,with n > 0 boundary components and r > 0

punctures.

Theorem 6.0.27. The mapping class group of Sy, is finitely generated by Dehn

twists.

This theorem for closed surfaces in due to Dehn and Lickorish. We refer the
reader to [26] for the proof of this theorem. In fact more is true, the mapping class
group is a finitely presented group. An explicit set of generators for mapping class
group is given in [72]. For the purposes of this thesis we will need to know explicit
presentation only for planar surface (i.e. surface of genus 0) with a finite number of
boundary components. For this we use an explicit presentation given by [56]. We
proceed to describe the presentation now. In the following discussion D,, will denote
a disk with n open disks removed from interior.

We assume the boundary components are arranged at vertices of a regular n-gon.
We call a curve convex, if it is isotopic to the boundary of a convex hull of a collection
of boundary components. A Dehn twist about a convex curve is called convex Dehn
twist. According to [56], the mapping class group of D, is generated by convex twists.

The relations are given by

39



1. Let A and B be convex curves and 74,75 denote convex Dehn twists about

them. Then 7475 = 7574 if and only if A is disjoint from B.

2. Lantern relations 74757¢Tausuc = TAusTBucTAuc, Where A, B,C are disjoint
collection of boundary components and Dehn twists are convex Dehn twist
about them. In addition, we require that the boundary components are ordered
such that the cyclic clockwise ordering of boundary components in A followed
by those in B followed by those in C induces the the cyclic clockwise ordering

of boundary components in AU B UC.
6.0.1 Nielsen-Thurston classification of surface diffeomorphisms

One of the major results in mapping class group theory is the Nielsen-Thurston
classification of surface diffeomorphisms. We state the result first and then define

the terms involved.

Theorem 6.0.28 (Nielsen-Thurston). Let g,n > 0 and Sy denote a genus g surface
with n punctures. Each f € Map(Sy) is either periodic, reducible or pseudo-Anosov.

Furthermore, pseudo-Anosov mapping classes are neither periodic nor reducible.
We now proceed to define the different kinds of mapping classes.

Definition 6.0.29 (Periodic mapping classes). A periodic element of the mapping

class group is an element that has finite order.

Definition 6.0.30 (Reducible mapping classes). An element f € Map(S) is called
reducible if there is a nonempty set {cy,ca,...,cp} of disjoint essential simple closed
curves such that {f(c;)} = {¢;}. The collection of the curves is called the reduction

system for f.

Examples of reducible mapping classes are given by Dehn twists. Note that any

Dehn twist about an essential simple closed curve « fixes at least «.
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Now we define the pseudo-Anosov mapping class element. Before defining we
introduce the notion of measured foliation.

Let F be a (singular)foliation on a surface S. Let a and 8 be smooth arcs in S
transverse to F. Here transverse arc means that the arc misses the singular points
and the arc is transverse to leaves of F at each interior point.

A leaf preserving isotopy from a to fis a map H : I x I — S such that
o H(I x{0})=«aand H(I x {1}) = 0.
e H(I x {t}) is transverse to F for all t € [0, 1].

e Each arc H({0} x I) and H({1} x I) is contained in a single leaf of F.

A transverse measure p on the foliation F is a function that assigns a positive real
number to each smooth arc transverse to F such that p is invariant under a leaf
preserving isotopy and p is regular with respect to the Lebesgue measure.

A measured foliation (F, ) on a surface S is a singular foliation F of S equipped
with a transverse measure p. We say two measured foliations (Fy, 1) and (Fo, u2)
are transverse if the leaves of the foliations are transverse away from the singularities.

Now we are finally ready to define pseudo-Anosov mapping class elements. Here we
restrict to either closed surfaces or surfaces with punctures. An element f € Map(S)
is called pseudo-Anosov if the surface admits two transverse measures foliations, the
stable foliation (Fj,us) and the unstable foliation (F,, ), on S, and there is a
number A > 1 called the stretch factor of f and a homeomorphism ¢ isotopic to a

representative of f, such that
¢ o (Fua,uu) = (Jru; )\,uu)a

po (f571u8> = (fm Ailﬂs)-
The map ¢ is called a pseudo-Anosov homeomorphism. This map is a diffeomor-

phism away form the singularities of stable and unstable foliations. The definition of

41



pseudo-Anosov homeomorphism is not natural for surfaces with boundary. So when
thinking about pseudo-Anosov homeomorphism for surfaces with boundary we think
of it as homeomorphism that restricts to a pseudo-Anosov homeomorphism of sur-
face with punctures obtained by filling the boundary components with disks with
punctures.

In the proof of one of our theorems we will use an explicit construction of pseudo-
Anosov homeomorphism due to Thurston [71, 26]. We state the theorem here. In our

theorems we will use only the last part of this theorem.

Theorem 6.0.31 (Thurston). Suppose A and B are multicurves in S such that AUB
fill the surface S. There is a real number p and a representation p : (Ta,Tg) —
PSL(2;R) given by
1 pt/? 1 0
TA ,TB

0 1 pl/? 1

such that

o An element f € (1Ta,TB) is periodic, reducible, or pseudo-Anosov according to

whether p(f) is elliptic, parabolic, or hyperbolic.
o When p(f) is parabolic f is a multitwist.

o When p(f) is hyperbolic, the stretch factor of f is equal to the larger of the two

eigenvalues of p(f).

In the special case when A and B are single curves o and 3 respectively, the

number 11 is equal to i(c, B)%.

One would hope that the open book supporting a contact structure should carry
the information about tightness or overtwistedness explicitly in terms of the page
and the monodromy. In particular, information about the action of the monodromy

on the surface (which is a page of the open book decomposition), should have some
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information about the overtwistedness of the manifold. This is given by following
characterization due to Honda, Kazez and Matic [43].

First we define the notion of right veering open books. Let S be a surface with
boundary and ¢ € Map(S, 0S) a diffeomorphism which fixes the boundary. We call ¢
right veering if for every x € 05 and every properly embedded arc a on S with an end
point at x, after isotoping 8 = ¢(«), fixing the end points, to intersect « transversely

and minimally, the vectors 5'(0),/(0) form an oriented basis for 7,.S.

Theorem 6.0.32 (Honda-Kazez-Matic). A contact manifold (M,§) is tight if and

only if every supporting open book is right veering.

The notion of right veering is relevant to us because of the following important

theorem.

Theorem 6.0.33 (Honda-Kazez-Matic). The set Veer(S,0S) of right veering dif-
feomorphisms of the surface is a monoid under composition. Moreover, every right

handed Dehn twist in right veering.
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CHAPTER VII

SYMPLECTIC FILLINGS OF CONTACT MANIFOLDS

We finally begin our study of symplectic fillings of contact manifolds. The notion of
symplectic fillings require definition of symplectic manifolds. In our study of symplec-
tic fillings there is a nice interaction between symplectic manifolds with boundary and
Lefschetz fibrations with boundary. We start by describing generalities of symplectic

manifolds and Lefschetz fibration in the first subsection.

7.1 Symplectic manifolds and Lefschetz fibrations

Let M be a 2n dimensional manifold. A symplectic form w on M is a closed (i.e.
dw = 0), nondegenerate differential 2-form such that w™ # 0. In other words, w" is a
volume form on M. The 2-form w is called a symplectic structure on M. We give a

few examples of symplectic manifolds.

Example 7.1.1. On R*" with co-ordinates (x1,y1,To, Y2, - Tn,Yn), let

Wstd = zn: dx; A\ dy;.

=1

It is easy to check that dwgq = 0 for this 2-form. It is a simple linear algebra exercise

to check the nondegeneracy of w.
An analogous statement of Darboux theorem holds for symplectic manifolds.

Theorem 7.1.2 (Symplectic Darboux theorem). Let (M?",w) be a symplectic mani-
fold. Then any point p € M has a neighbourhood U such that there is a diffemorphism

¢:V — U, where V an open set in R*™, such that ¢*(w) = >, dx; A dy;.
=1

The content of the Darboux theorem is that, any symplectic manifold is locally

symplectomorphic to (R*", wyq).
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Any volume form on a surface is a symplectic form. So we know that all surfaces
admit a symplectic forms. One can ask whether every even dimensional manifolds

admit symplectic structures. The answer is no, as shown by following example.

Example 7.1.3. Let S* denote the 4-dimensional unit sphere. As is well known,
H?*(M) = 0. So if there was a 2 form w such that dw = 0, that would imply that w is
also exact i.e. there is a 1-form A\ such that d\ = w. So now the volume of sphere is
given by fs4 wAw= fS4 dA N dN\ = f54 d(ANdN) = faS4 ANdN=0. A contradiction.

So S* does not admit a symplectic structure.

In the light of this example, one would hope that there is a characterization of
manifolds that admit a symplectic structure. The characterization, is given in terms of
Lefschetz fibrations. We define Lefschetz fibrations for the special case of 4 manifolds

below. First we define a few notions which will be needed later on.

Definition 7.1.4. Given a 2n dimensional manifold M, an almost complex structure
J on M is an automorphism J : TM — TM such that J*> = —Id on the tangent
space T,M for every p € M. We denote the space of almost complex structures on a

manifold M by J(M).

Given a symplectic manifold (M,w), an almost complex structure J € J(M) is
called compatible with w if, w(Jv, Jw) = w(v,w) for all v,w € T,M and w(v, Jv) > 0
for all 0 # v € T,M. If only the second condition holds then the almost complex
structure J is called w-tame. If J is a compatible almost complex structure then
gs(v,w) = w(v, Jw) defines a metric on M. We denote the space of compatible
almost complex structures by J(M,w) and the tame almost complex structures are
denoted by J,(M,w). The following is an important theorem which we record for the

sake of completeness here.

Theorem 7.1.5 (See [61]). The spaces J.(M,w) and J(M,w) are both non empty

and contractible.
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As with any study of manifolds, we will see that study of submanifolds of sym-
plectic manifolds will play an important role in our discussion. We define the two

important notions:
Definition 7.1.6. A submanifold S of a symplectic manifold (X,w) is

1. Lagrangian: If dim(S) = tdim(X) and w|s = 0.

)
2. Symplectic: If w|s is non degenerate.

Definition 7.1.7. Let M* be a 4 dimensional manifold and S be a compact surface
(possibly with non-empty boundary). Then a Lefschetz fibration is a smooth locally
trivial fibration m : M — S, with finitely many isolated critical values py,pa, ..., pn C
int(S). FEach critical point of ™ has an orientation preserving chart on which 7 is
given by ww(z1, z2) = z129. Fort # py,...,pn, the fiber Fy = m=Y(t) is called a regular

fiber. Otherwise it is called singular fiber.

Note that in a local co-ordinate chart around each critical point, the unique crit-
ical value is 0 and 771(0) = {(21,22) : 21 = 0 or 2o = 0} is a pair of intersecting
planes. This is called the nodal singularity. Thus each singular fiber is an immersed
surface and each critical point corresponds to a positive transverse self intersection.
The nearby fibers which are all non-singular are obtained from the singular fiber by
resolving the intersection. Here by resolving the intersection we mean removing the
intersecting disks and replacing them with an annulus z;2o = t. Equivalently each
singular fiber is obtained by pinching a circle in a nearby regular fiber, called the
vanishing cycle.

A Lefschetz fibration can be described combinatorially by means of their mon-
odromy. For a Lefschetz fibration 7 : E — B with fibers diffeomorphic to a surface
S, define the monodromy representation V : 7(B — critical values) — Map(S) as

follows. Fix an identification ¢ of S with the fiber over a base point b in B. For
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each loop 7 : S — B the bundle 7, : v*(E) — S! is canonically given by an ele-
ment f € Map(S), since v*(E) is diffecomorphic to S x [0,1]/ ~. Here ~ is given
by (,0) ~ (f(z),1). Note that here we need a fixed identification ¢ of 7 *(0) and
7' (1) with S. Thus we obtain an element W(vy) € Map(S).

Now we restrict to the case of Lefschetz fibrations over D?, m : X — D?. To
describe the topology of the Lefschetz fibration we recall some notions from topology.

We refer the reader to [37] for details.

Definition 7.1.8 (k-handle). A n-dimensional k-handle, 0 < k < n, is topologically
homeomorphic to D* x D" % A k-handle is attached to the boundary of n-manifold
M™, by an embedding f : OD* x D"* — OM. The new manifold will be written as
M Uy h. The integer k is called the index of the handle h. We call D¥ x 0 the core
of the handle h, 0 x D"* the cocore of h, f the attaching map, OD* x D" * the

attaching region and 0 x OD™ % the belt sphere.

First note that for any Lefschetz fibration 7 : X — D?  the function |7|* : X —
0, 1] is a Morse function away from 0, with the same critical points as w. This gives us
a way of building X as a handlebody. First we start out by showing that a Lefschetz
critical point corresponds to a 4-dimensional 2 handle attached along a vanishing
cycle. Recall that near a critical point we can write 7w as 7(z1,22) = 2122. It can
be easily checked that 225, is equivalent by a conformal change of co-ordinates to
2?2 + 22. So we can assume that near critical point we have a local chart such that
7(z1,29) = 27 + 22. So a regular fiber is given by 2? + 22 = t. We can assume that
t > 0 after multiplying 7 by a unit complex number. The intersection of the real part
of C? with co-ordinates (1, xs,%1,%2), with the fiber gives 2% + x5 = ¢ in R%. This
circle bounds a disk D, in R2. This is called the Lefschetz thimble. As t — 0, D,
shrinks to a point in R?. Thus 0D, = F, N R? is the vanishing cycle of the critical
point. So we see the singular fiber Fj is created from F; by collapse of vanishing

cycle. Thus a regular neighbourhood v Fj is obtained from v F; by attaching a regular
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neighbourhood of D;. A regular neighbourhood of D; is a 2 handle h. It is easy
to see from this discussion that the attaching circle is the vanishing cycle. Now we
describe the framing of h. Suppose OvF; contains a disk D, for some s < t. The core
of the 2-handle h is D, and attaching circle is the vanishing cycle 0D, C OvF;. At a
point (y/scos(8),/ssin(f),0,0) € dD;, vector w = (—sin(f), cos(6),0,0) is tangent
to 0D;. Note that v(0) = (0,0, —sin(0), cos(f)) on dDy is also tangent to F since Fj
is a complex submanifold. Note that v and w are orthogonal. So v provides a normal
to 0Dy in F,. This framing has to be compared with the one we get by considering a
parallel copy of the attaching circle in the 2-handle. Note that in the tangent space
of 2-handle we can choose the corresponding vector field to be (0,0,0,4). This shows
that the two choices differ by 1. By taking orientation into account one can conclude
that the framing has to be —1.

We now describe the monodromy around each critical value for a general Lefschetz
fibration 7 : X — S. Let D be a disk contained in S. As observed before if D does
not contain any critical values, then |p is trivial. Now assume that D contains a
unique critical value. From the above description of attaching map it is easy to verify
that the monodromy around the critical value is a positive Dehn twist about the
vanishing cycle.

Now we piece together all this data. Let 7 : X — D be a Lefschetz fibration over a
disk with n critical points lying in distinct fibers F; = 7~ !(p;), i = 1,...,n. Choose a
regular fiber Fyy = W‘l(po) and embedded arcs aq, ..., a, C D, where a; connects py to
p;. The arcs a; are disjoint except at pg. The arcs are cyclically ordered by travelling
counterclockwise around pg. Note that 77!(a;) determines a map gluing vF; to vFy.
Now the union is all of X except for a collar. So we can describe X as D? x F, with
n 2-handles hq, ..., h, attached with the framing —1 to the vanishing cycle for F;. In
the same way the monodromy can be described by an ordered n-tuple (¢, ..., d,)

of right handed Dehn twists of F' such that ¢; is monodromy around p;. The total
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monodromy is given by ¢, o ¢,_1 o --- 0 ¢;. The Lefchetz fibration 7 : X — D? is
completely determined by the collection (¢1, ..., @) aside from cyclic permutation of
the indices and conjugation of the all the elements ¢; by a fixed element of Map(F)
and different choices of the arcs a;. Given two choices of {a;}, it is possible to go
between them by a sequence of moves, each of which changes the pair (¢;, ¢;41) to
(Dit1, <Z5;+11 o ¢; 0 ¢, ). This move is called the Hurewitz move.

Now if the base surface S is a sphere S?, then by assuming that all the critical
values are contained in upper hemisphere, we see that the total monodromy over
the upper hemisphere has to be trivial, as we can split up the original Lefschetz
fibration as fibration over the upper hemisphere and a Lefschetz fibration over lower
hemisphere. The fibration over lower hemisphere is trivial. So we see that the total
monodromy of the Lefschetz fibration over upper hemisphere has to be identity to get
a Lefschetz fibration over a sphere. We will not discuss Lefschetz fibrations over other
surfaces here. But the discussion above essentially describes Lefschetz fibrations over
arbitrary surfaces.

The theory of Lefschetz fibration ties up nicely with the symplectic geometry
due to following result, whose forward implication was proved by Donaldson and the

reverse implication is due to Gompf.

Theorem 7.1.9. A closed 4-manifold X admits a symplectic structure if and only if

it admits a Lefschetz fibration after finitely many blow-ups.

We have not formally defined blow-ups. For a smooth, oriented 4 manifold X, the
connect sum X' = X#CP? is called the blow-up of the manifold X. It is known that

if X admits a symplectic structure then so does X’.
7.2  Symplectic Fillings

Before we actually begin our study of symplectic fillings, let us give some motiva-

tion. Recall, that any 3-manifold can be the boundary of a 4-manifold. To consider
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analogous statements for contact 3 manifolds we have to restrict to the class of “ap-
propriate”symplectic 4 manifolds which we will define shortly. In this context we

have the following theorem due to Eliashberg and Gromov.
Theorem 7.2.1 (Eliashberg-Gromov). Any weakly fillable manifold (M, &) is tight.

This already shows that there are obstruction to having a 4-manifold bound a
given contact 3-manifold in a symplectic way. Even if a contact 3 manifold bounds a
symplectic 4-manifold, there is a sever restriction on which symplectic 4 manifolds it
can bound. This is shown by following theorem of Gromov [39] and its strengthening

due to Eliashberg [11].

Theorem 7.2.2. The only symplectic filling of (S, &a) is (B'wsiq) up to symplecto-

morphism and blow ups.

This is very different from smooth case and is unexpected. To begin our study of

symplectic fillings, we start by defining contact type hypersurfaces.

Definition 7.2.3. A vector field v on a symplectic manifold (X, w) is called Liouville
vector field if L,w = w. A hypersurface Y C X of codimension 1 is of contact type if
there is a Liouville vector field, defined on a neighbourhood of Y that is transverse to

Y.

The Liouville vector field is also called a symplectic dilation. Note that Y being a
hypersurface determines a line bundle Ly = TY ", here the orthogonal complement
is the symplectic complement of TY in T'M. This is a line bundle contained in TY".

We give a characterization of contact type hypersurfaces due to Weinstein [76].

Lemma 7.2.4. A submanifold Y C X is contact type if and only if there is a 1-form

a on'Y such that do = wly and oL, is never zero.

Proof. Suppose Y is a hypersurface of contact type and v is a symplectic dilation

transverse to Y. Then o' = i,w is a 1-form defined in a neighbourhood of Y. By
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definition, w = L,w = (di, + i,d)w = do/. Thus the 1-form a = i*a/ satisfies the
first condition. For the second condition, suppose H : M — R is a function that
defines Y i.e. Y = H~1(c) for some regular value ¢ of H. This allows us to define a
unique vector field vy such that dH = i,,w. One can check that the line bundle Ly
is spanned by vy. Then o/(vy) = (i,w)(vy) = w(v,vy) = —dH (v) # 0.

Suppose Y is a hypersurface and « is a 1-form on Y satisfying the given conditions.
One can extend the 1-form « to a 1-form o’ on a neighbourhood of Y so that da/ = w.

Since w is nondegenerate, we get a vector field v so that i,w = o'. O

It turns out that the symplectic structure is uniquely determined by, the Liouville
vector field v and the contact structure £ = ker(a), in the tubular neighbourhood
of the surface Y. It is relatively easy to check that this is symplectomorphic to the
manifold Y x R with the symplectic structure given by w = d(e’«). The manifold

Y x R is called symplectisation of the contact manifold Y.

Definition 7.2.5 (w-convexity). We say a codimension 0 submanifold U C X in

(X,w) is w-convex, if OU is contact type and the Liouville vector field point out of
ou.

Definition 7.2.6 (Strong symplectic fillings). A contact 3 manifold (M, &) is called
strongly symplectically fillable if it is the w-convex boundary of a symplectic 4-manifold
(X, w).

Examples of symplectic manifolds with w-convex boundaries can be found easily.

This is evident from following results. See [19] for proofs.

Theorem 7.2.7. Let S be a Lagrangian submanifold in a symplectic manifold (X, w).
Then S has a tubular neighbourhood with w-convexr boundary. Moreover, if S; is
Lagrangian submanifolds of (X,w), fori=1,...,n with each pair of S;’s intersecting

w-transversely, then Ul ,S; has a neighbourhood with w-convex boundary.
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Interestingly the case for symplectic submanifolds is very different compared to
the Lagrangian case in the theorem above. For example consider, two symplectic
2 spheres in a symplectic manifold such that each has self intersection number —1
and a single transverse point of intersection between them. A neighbourhood N of
these spheres has boundary S! x S2. After blowing down one of the —1 spheres we
get D? x S2. If this boundary is convex we would get a strong symplectic filling of
St x S? by D? x S2. By a theorem of Eliashberg [11], this is never the case.

There are stronger notions of fillability of a contact manifold (M, ¢).

Definition 7.2.8 (Exact fillings). A strong symplectic filling (X,w) of a contact man-
ifold (M, €) is called an exact filling if the Liouville vector field v is defined everywhere
on the manifold X. Another equivalent way of saying this is that w is an exact 2 form

on the whole of X.

In the following discussion we will only say convex boundary instead of w-convex
boundary. When the vector field v points into the manifold, we will call the boundary
concave. The importance of symplectic convexity is due to the fact that it can be

used in symplectic cut and paste operations.

Theorem 7.2.9 (Symplectic cut and paste). Let U; C (X;,w;) be codimension 0
manifolds with w;-convex boundaries (M;,&;) = OU;. If there is a contactomorphism

f(M,&) = (Ms, &) then the manifold (X \Uy)UfUs admits a symplectic structure.

Proof. Let o; = 1,,w; denote the contact forms on Y; and suppose f*a; = gas where
g : M; — R is a nonzero. By rescaling ay we can assume that 0 < g < 1. In the sym-
plectization My xR of (M, &;), we have Y, = My x {1} and M, = graph(In(g)). Each
of these is a contact type hypersurface and has a neighbourhood N; symplectomorphic
to a neighbourhood of QU;. We can arrange that the neighbourhoods N; cobound a
region 7" in the symplectization M; x R. Now we use the symplectomorphisms given

above, to get a new manifold:
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X = (X;\U1) UT U Us.

It is obvious that this manifold has a symplectic form and is diffeomorphic to

(X3\U1) U Us. m

One of the most interesting special cases of the symplectic cut and paste operation
is gluing a Weinstein 2-handle. We give a proof of the fact that a 2 handle can be
attached symplectically to a convex symplectic 4-manifold. This is originally due to
Weinstein [77]. Let wgq = dxy A dyy + dzgy A dys denote the standard symplectic form

on R*. Let H denote the region defined by the inequalities

1
f=x3+fﬂ§—§(yf+y§)2—1

and
€
6

The gradient of f is 2:1618%1 — ylaiyl + 2:1628%2 — yga%z. It is easy to check that

g=ai+x3— —(yi +43) <

N |

L.w = di,w = w. Sov = Vf is a Liouville vector field and is transverse to the

hyperplane f~!(—1) since (Vf,v) = |v|*> > 0, Vf points out of H. Similarly, it is a

£

5) and points into H.

straightforward calculation to check that v is transverse to g—*(
Hence v points out of H along ¢g~'(5) and points into H along f~'(—1). Note that

the attaching circle
Ky ={x, 00 =097 +y5 =2} C f[H(=1)NOH

is a Legendrian knot. Indeed, at a point(0,0,y;,y2) it has a tangent vector w =
—ygaiyl + 3/18%2' The contact form on the boundary is given by a = i,w = 2xady; +
y1dxy + 2x9dys + yodzs. So we see that a(w) = 0. So we see that K7 is a Legendrian
knot. Similarly

€ €
Ky = {2} + 2} = o =y, =0} Cg_l(i)ﬂﬁH

is a Legendrian knot.
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Theorem 7.2.10 (Weinstein handle attachment). Let (M, §) be a w-convex boundary
of (X,w) and let L C M s a Legendrian knot. Then we can attach 2-handle H to
X along L so that the resulting manifold X' = X U H is symplectic with a symplectic

/

structure w' and the boundary 0X' is w'-convez.

Proof. We know from above discussion that K is a Legendrian knot in 0H. Since
L C M is also Legendrian both of them have contactomorphic neighbourhoods. This
follows from Legendrian negihbourhood theorem. Now the theorem follows in a sim-

ilar way to the symplectic cut and paste theorem. O

This handle will be called Weinstein handle. Note that this handle attachment
replaces the neighbourhood N(L) of L in Y, with neighbourhood ¢~'(§) of K in

H. So Y’ is obtained from Y by a surgery along a Legendrian knot. The following

theorem tells us the exact surgery framing.

Theorem 7.2.11. Attaching a Weinstein 2-handle to (X,w) along a Legendrian knot
L in its w-convex boundary M gives a symplectic manifold (X', w'") whose boundary

M is w'-convex and is obtained by performing a Legendrian surgery along L.

Proof. The contact framing of L is a non zero section of £|;, which is transverse to
TL. The attaching circle K has tangent bundle T'K spanned by —ygaiyl +yla%2' Since
a = y1dxy + yodxy along K, the contact framing is easily seen to be —yga%l + ylaim'

The framing used to do surgery can be taken to be the constant vector field aixl'
It is easy to see that the the vector field —yQQ%I + 3110%2 makes full positive twist with
respect to 8%1, as we travel along K. So we see that the framing we get by pushing
K off of itself in H is one less than the contact framing. The result follows.

]

This shows that Legendrian surgery preserves strong symplectic fillability. Now
we discuss even stronger notion of fillability called Stein fillability. There are several

equivalent ways of defining the Stein fillings of a contact manifold.
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Definition 7.2.12 (Stein manifold). A Stein manifold X is a complex manifold which
admits proper holomorphic embedding into C* for some n. A (complex) two dimen-
sional Stein manifold is called a Stein surface. Another characterization of Stein
manifolds due to Grauert [38] is that, they are precisely the ones which admit an ex-
hausting strictly plurisubharmonic function f. A strictly pluri-subharmonic function
on (X,J) is a function f: X — R for which w = —d(df o J) is a symplectic form
that defines a metric gy(v,w) = w(v, Jw) and for which the level set f~'(—o0,c] are

compact.

So we know that a Stein manifold admits a symplectic structure given by w in the
above definition. We denote it by wy to explicitly show the dependence on the function
f. Let V; denote the gradient vector field for the function f. Then by definition
of gradient vector field, iy, g = df. So iv,ws(-,-) = wp(Vy,:) = —g5(Vy, J-) =
—J*g9¢(Vy,-) = —=J*df. So we can compute Ly, wy = div,ws + iv,dwy = diy,wy =
—dJ*df = wy. So we see that gradient vector field of a plurisubharmonic function
is a symplectic dilation. We also note here that the contact structure induced on
a hypersurface Y = f~1(c) for some regular value ¢ is contactomorphic to the one

induced by complex tangencies i.e. £ =TY |y NJ(TY)ly.

Definition 7.2.13 (Stein fillings). A complex two dimensional manifold (X, J) is
called a Stein filling of a contact 3 manifold, (M,§), if (X,J) is a Stein surface
such that (M,§) is contactomorphic to wg-conver boundary f~'((—oo,c]) for some
reqular value ¢ where f is the strictly plurisubharmonic function associated to the
Stein manifold (X, J). The manifold f~'((—oo,c|) is called a Stein domain with

boundary M.

Eliashberg [12], proved that Weinstein handle attachment can also be done in the

category of Stein domains.

Theorem 7.2.14 (Stein 2-handle attachment). If (X,J) is a Stein domain with
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boundary M, then the complex structure on X and the plurisubharmonic exhausting
function f : X — R can be extended across the handle h, so that X' = X U h is a

Stein manifold and M’ = O(X U h) is the level set of a regular value.

It follows that Legendrian surgery preserves Stein fillability. Using this Eliashberg

gave a characterization of Stein manifolds [12, 36].

Theorem 7.2.15 (Stein characterization). An oriented 4-manifold is a Stein man-
ifold if and only if it has a handle decomposition with all handles of index less than
or equal to 2 and each 2-handle is attached to a Legendrian knot L with the framing

on L being the (—1)-framing with respect to the contact planes.

The importance of Stein and strong symplectic fillings is given by the fact that
they can be used in symplectic cut and paste as described above. Symplectic cut
and paste is an important operation in constructing interesting symplectic manifolds.

Apart from these there is an important type of filling of a contact manifold.

Definition 7.2.16. A contact manifold (M, &) is called weakly symplectically fillable

if there is a symplectic manifold (X,w) such that 0X = M and wl¢ > 0.

The importance of definition of weak symplectic filling has origins in a theorem
due to Eliashberg and Thurston [15], which states that any taut foliation on a 3-
manifold M can be perturbed to be a contact structure that is weakly fillable and
Theorem 7.2.1.

With all these different notions of symplectic fillability of contact manifolds we
have following implications which are obvious from the definitions and above discus-

sion.

(Stein filling) = (Strong filling) = (Weak filling) = (Tight)

Let (Stein fillable), (Exactly fillable), (Strongly fillable), (Weakly fillable) and
(Tight Structures) denote the sets of contact manifolds that are Stein fillable, ex-

actly fillable, strongly fillable, weakly fillable and tight, respectively. In light of
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the above implications we would like to know if the inclusions (Stein fillable) C
(Ezactly fillable) C (Strongly fillable) C (Weakly fillable) C (Tight Structures)
are strict? Note that we have used the Eliashberg-Gromov theorem stated at the
start of this section to conclude that fillable implies tight. We now proceed to state
examples which show that each of these inclusions is strict.

Tight not Weakly fillable contact structure: Examples of tight but now
fillable contact structures were first given by Etnyre and Honda [25]. They prove that
the Seifert fibered spaces S (—%, %, }l) fibered over S? carries a tight but not fillable
contact structure. The proof relies on a result due to Lisca [49] that S(—3, 5, 1) does
not carry any symplectically fillable contact structure and that symplectic fillability
is preserved under Legendrian surgery. They prove that the Seifert fibered space
S(—%, %, i) is obtained from S(—%, }l, i) by a Legendrian surgery, thus proving the
existence of non fillable contact structure. We remark that there are plethora of
examples of tight, but not fillable contact structure now with the advent of new
techniques [58, 79, 62, 4].

Weak but not strongly fillable contact structures: First examples of weakly
but not strongly fillable tight contact structures were given by Eliashberg [16]. Re-
call that we have a family of contact structures on T2 given by &, = ker(a,) =
ker(cos(nf)dx + sin(nf)dy). Here we (z,y,0) are co-ordinates on T°. All these con-
tact structures are tight as they have universal covering (R? £.4). We can prove
easily that these are all weakly fillable. The form «of, = (1 — €)df + €, is a contact
form on T°. By Gray’s theorem all of them are isotopic to a, for each ¢ > 0. Let
X = T? x D? be a symplectic manifold with the symplectic structure given by the
product symplectic structure coming from 72 and D?. Note that the tori 7% x {p},
p € 0D? contained in the boundary 3-torus 72 x 9D? are symplectic and are given
by df = 0. These tori satisfy w|r2y( > 0. Now symplectic being an open condition,

w does not vanish on ker(a) for small enough € . So we get that every «,, is weakly
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symplectically fillable.

Eliashberg [16] proves that the contact structures &, are not strongly fillable for
n > 1. We present the argument here. Let T' = {|z1| = 1,|2y| = 1} C C2. This torus
is easily seen to be Lagrangian with the standard symplectic strucutre on C2. We
claim that a small neighbourhood N of T" has convex boundary N = T3. To see
this, one notes that 72 x D? is a unit cosphere bundle of T2. It is easy to check that
the radial vector field in the cotangent bundle is the Liouville vector field for this
symplectic manifold and so induces a contact structure & on ON. By the Lagrangian
neighbourhood theorem, we know that there is a neighbourhood of any Lagrangian
L that is symplectomorphic to a unit bundle of L in T*L. The contact structure
& = ker(ay), on ON is the standard contact structure given by complex tangencies
and the contact structure is contactomorphic to &. Let Y = C*\int(N). We endow
both Y and N with symplectic restrictions of the standard symplectic structure w.
The torus 7° is the symplectically concave boundary of Y and convex boundary of
N. For any n there is a n-sheeted cyclic cover ¢, : Y,, — Y, such that its restriction
to the boundary coincides with the covering p, : 7% — T® and the contact structure
on Y, is a,,. Here the covering map on the boundary is such that the S* factor given
by 6 is covered n times. The noncompact manifold (Y,,,w, = ¢}(w)) has n ends, and
each of them is symplectomorphic to (R*, wyy) at infinity. It has concave boundary
(T3,¢,). If (T3,¢,) is strongly symplectically fillably we obtain, by symplectic cut
and paste, a manifold which has n ends all of them symplectomorphic to (R, wgq).
This is not possible for n > 1, due to a theorem Mcduff [60], which states that if
(S3,&,q) is a convex boundary component of any symplectic manifold (S,Q) with
convex boundary, then the boundary is connected. Hence, we know that n = 1 and
for n > 1 the contact structures are not strongly fillable.

These examples were generalized by Ding and Geiges [8] to some torus bundles over

the circle. On a torus bundle T4 over a circle with monodromy A € SLy(Z),tr(A) #
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—2, they construct infinitely many fillable contact structures. They also prove that
only finitely many of them are strongly fillable. This is done by finding a Legendrian
surgery on a knot in T4 which gives T° with the one of the contact structures that
Eliashberg shows are not strongly fillable.

Strongly fillable but not Stein fillable contact structure: These examples
were first found by Ghiggini [32]. The manifolds are obtained by (n—_lH) surgery on
the trefoil. Ghiggini proves that a particular contact structure on these manifolds is
not Stein fillable for n > 2 and even, but is strongly fillable. The manifolds can be
understood as 0 surgery on the trefoil and a —(n + 1) surgery on its meridian. The
3-manifold obtained by O-surgery along the trefoil is a torus bundle over S*. The mon-
odromy of this torus bundle is well understood and is the ones used by Ding-Geiges
in their examples mentioned above. These contact structures are all weakly fillable
in a similar way as proved for 7% above. Now the manifold of interest is obtained as
a (n+1) surgery along meridian of this knot. Ghiggini proves that this meridian can
be realized as a Legendrian knot with twisting —n and hence the manifold is obtained
as a Legendrian surgery, in the 0 surgered manifold. The resulting manifold is an in-
tegral homology sphere as can be verified by simple intersection matrix computation.
It is weakly fillable as Legendrian surgery preserves weak fillability. On homology
spheres Eliashberg [14] proves that any weak symplectic filling can be perturbed to a
strong symplectic filling. Therefore, we have a strongly fillable contact manifold. To
prove that this is not Stein fillable Ghiggini uses Heegaard-Floer homology. See [32].

Exactly fillable but not strongly fillable: These examples were found by
Bowden [7] and build upon the examples of Ghiggini. Take a symplectic manifold
which has two convex boundary components, one of which is the example given by
Ghiggini. Such examples exist by a construction of McDuff [60] and Geiges [30].
Now one attaches a Weinstein 1 handle along the boundary components. This gives

a symplectic manifold with connected convex boundary and the boundary is the
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connect sum of the original boundary manifolds. If it were Stein fillable, a theorem of
Eliashberg [11] would imply each of the individual contact structure was Stein fillable.
A contradiction. Now one proves that the new manifold obtained is exactly fillable
by looking at long exact sequence in homology.

In the light of all these results it is important to ask when are any of these notions
equivalent? It follows from a result of Eliashberg [14], that one can perturb any
weak symplectic filling of a rational homology sphere to a strong symplectic filling.
Ghiggini’s examples mentioned above show that on rational homology spheres, one
cannot perturb any strong filling to a Stein filling. Wendl’s theorem [78], on which
a large portion of this thesis is based says that this is possible in the case of contact

manifolds supported by planar open books. We state the theorem now.

Theorem 7.2.17 (Wendl [78]). If (M,&) is a manifold supported by a planar open
book decomposition, then any strong symplectic filling of (M,&), is a blow up of a

Stien filling.
A generalization of this theorem to weak fillings was done by Wendl and Niederkruger [62]

Theorem 7.2.18 (Wendl-Niederkruger). If (M,&) is a contact manifold supported
by planar open book, then every weak filling of (M,&) can be deformed to a blow up
of a Stein filling.

The main goal of this thesis is to understand what can we say about the set of
Stein fillings of a given contact manifold? In particular, we would like to classify the

Stein fillings up to either symplectomorphism or diffeomorphism.
7.2.1 Lefschetz fibrations and Stein fillings

Let 7 : X — D? be a Lefschetz fibration with fiber a surface S. Recall from topolog-
ical construction of Lefschetz fibrations that we construct the Lefschetz fibration by

attaching 2-handles to S x D?, along knots given by the vanishing cycles with framing
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—1. Now it follows from theorem of Eliashberg and its extension by Gompf that this
manifold is Stein. Note that the boundary of a Lefschetz fibration is a contact mani-
fold with open book decomposition given by (S, ¢) where ¢ is the total monodromy of
the Lefschetz fibration w. One would like to know whether the converse hold, i.e, can
every Stein surface be given the structure of a Lefschetz fibration? This is a theorem

of Akbulut-Ozbagci [1] and independently due to Loi-Piergallini [54]

Theorem 7.2.19. If (X, J) is a Stein domain then X admits a Lefschetz fibration

such that the vanishing cycles are homologically essential.

We will not give a proof of this theorem. We refer the reader to the papers men-
tioned above for the proofs. Now if (X, J) is a Stein domain, then 0X has a natural
contact structure as a boundary of a Stein domain. Also since, this Stein domain
admits a Lefschetz fibration structure, the boundary gets an induced open book de-
composition. It is not clear whether this open book decomposition is compatible with
the contact structure induced on the boundary 0.X. It turns out this is the case, due
to a theorem of Plamenevskaya [64]

This gives a characterization of Stein fillings in terms of supporting open book

decomposition.

Theorem 7.2.20 (Giroux). A contact manifold (M, &) is Stein fillable if and only if
there is an open book decomposition for (M, &) whose monodromy is written a product

of right-handed Dehn twists.

Proof. Suppose that ¢ = 7,, ...7,, is a positive factorization about homologically non
trivial curves in a surface S, ,. Then the positive Lefschetz fibration with monodromy
¢ given by a positive factorization, gives a Stein filling of (M, &). Given (M, &), any
Stein filling of (M, &) can be constructed as a Lefschetz fibration 7/ : X' — D? and

thus induces an open book compatible with the contact structure (M, ¢). O
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Note that the proof says that any Stein fillings of (M, ) comes from a positive
factorization of the monodromy of some open book decomposition supporting &. So to
find all Stein fillings of a given contact structure we must find all positive factorizations
of the positive monodromies for every possible compatible open book. We remark
here that, there are examples of open book decompositions supporting a Stein fillable
contact structure whose monodromy cannot be factored as a product of positive Dehn
twists. These examples were first found by Baker, Etnyre, and Van Horn-Morris [3]
and independently by Wand [74].

In the case of planar open books, we have the following result of Wendl, which

states that any Stein filling of (M, &) extends to a Lefschetz fibration with the same

page.

Theorem 7.2.21 (Wendl). Suppose (X,w) is a strong symplectic filling of a planar
contact manifold (M,§) and (B, 7) is a planar open book decomposition supporting
&. Then there is an enlarged filling (X',w') obtained by attaching a trivial symplectic
cobordism to X, such that X' admits symplectic Lefschetz fibration 11 : X' — D for

which U|gxng = 7. Moreover, 11 : X' — D is allowable if X is minimal.

A Lefschetz fibration is called allowable if the vanishing cycles are homologically

essential curves in the fibers. As a corollary we get the following result.

Corollary 7.2.22. If (M,§) is a contact manifold supported by a planar open book
(3, ¢), then it is strongly fillable (thus Stein fillable) if and only if ¢ is isotopic to a

product of positive Dehn twists.

Proofs of these theorems require the machinary of pseudo-holomorphic curves and
will take us too far away from the main topic of this thesis. But the important
implication for us is that to classify Stein fillings of a contact manifold supported by
a planar open book, we need to find all positive factorization of a given monodromy

up to a global diffeomorphism of the page and Hurewtiz moves. This is our strategy to
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understand and classify Stein fillings of some planar contact manifolds. This strategy
was used by Plamenevskaya and Van Horn-Morris [66] to classify Stein fillings of some

contact structures on lens spaces.

7.3 Classtfication of Stein fillings:

In this section we describe all the known results about the classification of Stein

fillings for any contact manifold. We have a theorem of Gromov.
Theorem 7.3.1 (Gromov). Every Stein filling of (S, &4a) is diffeomorphic to 4-ball.

Eliashberg [11] extended this to show that the filling is symplectomorphic to the
symplectic ball in C2.

Following this McDuff [59] proved a classification of Stein fillings of the universally
tight contact structure on the lens spaces L(p,1). We remark here that by a result
of Honda [42] and Giroux [35] any lens space has exactly 1 universally tight contact

structure up to contactomorphism. We will denote this structure by 4.

Theorem 7.3.2 (McDuff). Any lens space (L(p,1),&sa) has a unique Stein filling
except when p # 4 up to diffeomorphism. When p = 4 it has exactly 2 Stein fillings

up to diffeomorphism.

This theorem of McDuff was improved to symplectic deformation equivalence by
Hinds [41]. Classification, up to diffeomorphism, of Stein fillings of any lens space
(L(p,q),&sta) was given by Lisca [50].

Ohta and Ono classified Stein fillings of certain links of isolated singularities. By
a link of isolated singularity we mean intersection of a hypersurface given by non
constant polynomial f(21, 22, 23) = 0 with a sphere S° of a small radius € centered
around a point which is an isolated critical point of f. We denote this by L.. If the
sphere is not centered around a critical point the intersection is diffeomorphic to 3
sphere. A link of isolated singularity L. carries a natural contact structure given by

complex tangencies.
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A simple singularity is an isolated singularity of one of the following polynomial:
minimal symplectic filling is a filling which is not a blow up of another filling. Ohta

and Ono prove the following theorem [63].

Theorem 7.3.3 (Ohta-Ono). Let X be any minimal symplectic filling of a link of
simple singularity. Then the diffeomorphism type of X s unique. Moreover, the

symplectic deformation type of X is unique.

Stipsicz [68] classified Stein fillings of 7% with the uniquely Stein fillable contact
structure. He proved that the Stein filling is homeomorphic to T? x D?. Later
Wendl [78] proved that up to symplectomorphism 72 x D? is a unique Stein filling of
T3.

After this using Wendl’s result on planar open books, Plamenevskaya and Jeremy

Van Horn-Morris [66] classified Stein fillings of virtually overtwisted lens spaces L(p, 1).

Theorem 7.3.4 (Plameneskaya-Van Horn-Morris). Let £ denote a virtually over-
twisted contact structure on the lens space L(p, 1), then (L(p,1),£) has a unique Stein

filling up to symplectic deformation.

We remark here that there are examples of manifolds with infinitely many Stein

fillings. See for example [2].

64



CHAPTER VIII

GEOGRAPHY OF STEIN MANIFOLDS AND
CLASSIFICATION FOR LENS SPACES

In this section we prove theorems about the geography problem for Stein fillings of
contact structures supported by planar open books. In addition, we also classify
Stein fillings of some lens spaces. We start out by characterizing lantern relation in

the mapping class group.

8.1 Characterization of lantern type relations.

The aim of this section is to give a characterization of the lantern relation. Along
with the combinatorial arguments in Section 8.2 this gives us the ingredients required
for the proofs of our theorems on the classification of symplectic fillings of lens spaces
and the geography.

We will denote the geometric intersection number of curves and arcs by ¢. For this
to be well-defined we assume all curves are isotoped to have minimal intersections.

Recall the classical lantern relation which states states that 7, 7, 7,7, = Ta757,.
Here «, 5,7 are curves as shown in Figure 9 and by, ..., by denote the curves isotopic

to the boundary component as shown.

Lemma 8.1.1. Let o, € D3 be curves that enclose the same set of boundary

components as o, 3 respectively and satisfy 1,7 = T 7. Then there is N € Z such

that o = 7V () and p' = 7(B).

Proof. Observe that 7,75 = TarTgr = Ty, To, To3 To, T, -
We will use the following characterization of multitwists due to Margalit [55] and

independently due to Hamidi-Tehrani [40]. By a multitwist we mean product of Dehn
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Figure 9: Classical Lantern relation.

twists about disjoint curves.

Proposition 8.1.2. Let S be any surface and let oy and oy be curves in S that
intersect minimally and non trivially. If 7o,Ta, = M, where M is a multitwist be a
non-trivial relation in Map(S), then the given relation is a lantern relation, that is,
a reqular neighbourhood R of a; U s is a sphere with 4 open disks removed from the
interior, and M = TblTbQTbSTbJ;Sl. Here by, ..., by are curves isotopic to the boundary

components of R and «g is a (non-unique) curve on R with geometric intersection

number 2 with both oy and as.

Hence we know that i(a/, §) = 2. Similarly we get the following relations between
intersection numbers i(a/,v) = i(y, 8') = 2.

Since curves a and o' are homologous, there exists a diffeomorphism ¢; which
takes the curve a to o/. Similarly, there exists a diffeomorphism ¢o which takes
the curve 8 to /. We claim that after isotopy the support of each of ¢; and ¢y is
contained in the subsurface bounded by the curve . If ¢; is not a diffeomorphism
supported in the subsurface bounded by v, then we will show that each of the curves

/

o' = ¢1(a) and B’ = ¢o(5) must intersect curve v at least six times contradicting the

computation of intersection numbers above. One way to see this is by thinking of the
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curves enclosing two different boundary components as represented by an arc joining
the two boundary components. We can impose the condition that these arcs minimize
the intersections with the boundary parallel curves corresponding to the boundary
components they connect. We have shown the arcs representing the curves «, 5, and
v in the Figure 9 and are denoted by a, b, and ¢, respectively. In this case, arcs a
and b do not intersect the arc ¢. Now if ¢; were a diffeomorphism not supported in
the subsurface bounded by the curve «y, then ¢;(a) will intersect the arc x shown in
Figure 9 non-trivially. Otherwise we could find a diffeomorphism ¢} whose support
is contained in the subsurface bounded by the curve 7 such that ¢)(a) is isotopic to
¢1(a). Since ¢1(a) intersects x nontrivially, it also intersects the arc ¢ non-trivially.
If not then, one can isotope the arc ¢;(a) to have no intersection with arc x. Since
¢1(a) represented the curve o this implies that the i(a/,vy) > 6.

Since any diffeomorphism which is supported in subsurface bounded by the curve
7 is written as a product of Dehn twists given by 7, 7,, 7,, we get that ¢; = 7'7N 1
and ¢g = TWNQ. Here we have neglected the boundary Dehn twists 7, and 73, as they
act trivially on curves a and f.

Now to prove the lemma we need to show that N; = N,. Towards that end we

recall following criterion on intersection numbers (see [26]).

Proposition 8.1.3. Let A, B,C be any simple closed curves in a surface S and let

n € Z. Then following holds,
Inli(A, B)i(A,C) —i(4(C), B) < i(B,C)

We apply this proposition with curves A =, B = 3,C' = «. Let us assume that
Ny > Ns.
Note that 2 = i(a/, ') = i(7)"(a), 72(8)) = i(7"™2(a), ). Applying the

proposition we get,
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[Ny = Nofi(y, B)i(y, @) —i(r) (), B) < i(B, @) =

So we see that,
ANy = No| =2 = [Ny = Noli(v, B)i(v, @) —i(B, @) < i(13" " (), B).

This gives a contradiction unless |[N; — No| = 0 or 1. Now we are only left to
prove that the case Ny — Ny = 1 cannot happen. First we prove this when N; = 1
and Ny = 0. This implies that §' = g and o’ = 7,(«). In particular, o/ 2 a. From
the hypothesis we have, 7,73 = 7473 and hence 7, = 7. This in turn implies that
o = o, which is a contradiction.

Now let us assume that Ny = Ny + 1 and Ny # 0. From the hypothesis 7,73 =
T Wot1) (T N2 (5) = TblTb2Tb3Tb4T,Y_1. Conjugating by T;NQ on both the sides we see that
Try(e)TB = Tby TbyThyTos T 1 = ToT3. Hence we have reduced the problem to the case
when Ny = 1 and Ny = 0, in which case we already have proved the contradiction.
So we get that Ny = N.

O

Now we prove the uniqueness of curves giving a lantern relation in the following

lemma.

Lemma 8.1.4. Let «, 3, be curves as shown in Figure 9 and o, 5, be curves which
enclose the same set of boundary components as «, 3,7, respectively. In addition,

suppose that 7,737y = Ty Te Ty . Then there exists a diffeomorphism v of Dy such that

7 EP(), o Zy(a), and §1=p(f).

Proof. Since +' and ~ enclose the same set of boundary components, there exists
a diffeomorphism A taking 4’ to 7. Conjugating by \ still gives a factorization of
To/ T Ty = ToTBTy @S T, Thy ThyTh, coOmmutes with every diffeomorphism. Here, o =

M) and " = A(B). Now we can apply Lemma 8.1.1 above to conclude that o =
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TWN(CV), B’ = Tév(ﬂ) Hence, if we let ¢ = T,iv)\, we get that o/ = (), 5 = ¥(6),y =

(7). This proves the lemma.

8.2 Combinatorial arguments

In this section we give the combinatorial arguments needed in proofs of our re-
sults. Given a diffeomorphism ¢ = 7,,7,,...7,, of a surface D,, written as a
product of Dehn twists about curves aq,as,...,a,,. ands another factorization of
® =171,7,,...7, We try to pin down the number of Dehn twists 7, and the boundary
components, the curves v1, 7, ..., can enclose.

Before proceeding further we define homomorphisms from Map(D,, dD,,) to Z,
which define multiplicities associated to Dehn twists. Let ® € Map(D,,dD,) be a

diffeomorphism. Let b; and b; be any boundary components of I,,.

Definition 8.2.1 (Joint Multiplicity). Capping off all the boundary components
of Dy, except b; and b; and the outer boundary with disks and capping off boundary
components b; and b; with disks we obtain a map to Z C Map(Dq, 0Dy) = Z3, which
just counts the number of Dehn twists about the curve parallel to the outer boundary.

We call this the joint multiplicity of boundary components b; and b; and denote it by
Definition 8.2.2 (Mutiplicity). Cap off all the boundary components except b; and
the outer boundary. This induces a map from Map(D,,dD,) to Map(D;,0D;) = Z

and the map counts the Dehn twists about the boundary parallel curve. We call this

the multiplicity of boundary component b;. Denote it by M;(P).

Remark 8.2.3. These homomorphisms were also defined and used in the paper by
the author in [44]. Our definition of multiplicity differs slightly from the one defined
in [66]. The multiplicity (denoted m;(®)) defined there is M;(®) — > M;;(®). It is

also clear that these are invariants of any factorization of ®.
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Lemma 8.2.4. Let ® =71, 7, ... T where the curve b; is parallel to the i'" bound-

n+17
ary component, be an element of Map(D,,.0D,,). Let ® = 7,4, Ta, ... Ta,, be any other

positive factorization of ®. Then:

1. If n <2 orn >4, then m = n+ 1 and each of the curves a; is a boundary

parallel curve b; for some j.

2. If n = 3, then either ®' is Hurewitz equivalent to Ty, Ty, ... Tp or Hurewitz

n+1
equivalent t0 Ty, TayTas, Where aq encloses boundary components by and by, ao

encloses boundary components by and by and as encloses boundary components

bQ and bg.

Proof. Observe that M;;(®) =1 for all 4,5 and M;(®) =2 forall 1 <i <n.

Let I; be the number of curves that enclose boundary component b; and at least
one more boundary component in the factorization ® of ®. Also let n;,1 < j </,
denote the total number of boundary components enclosed by each of these I; curves.

It follows from the definition of M; and the fact that M;(®) = 2 that for each 1,
1 < [; <2, in any positive factorization of ®. We will prove that if [; = 1 for some
1, then [; = 1 for all 7. To prove this, without loss of generality we can assume that
[y = 1. This means that there exactly one curve enclosing the boundary component b,
and at least one more boundary component. Let us call the curve . Since My;(®) = 1
for all 7, we conclude that « encloses all the boundary components by, by, ..., b,. Now
by the fact that M;;(®) = M;;(®') = 1 for all 7, j, we see that « is the unique curve
enclosing all the boundary components. In this case all joint multiplicities of all the
boundary components are satisfied. Hence, in the factorization of ® all other Dehn
twists are about boundary parallel curves. Hence we get that, [; = 1 for all 7. Since
all the curves involved are boundary parallel, this factorization is the same as the
original.

Now let us assume that [; = 2 for all 2. This means there are exactly two curves, a;
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and «s, enclosing the boundary component b;. If i # 1 and the boundary component
b; is enclosed by «y, then the boundary component b; cannot be enclosed by the
curve . This is because My;(®’') = 1. Hence we see that curves a; and ay have
only the boundary component b; in common. Let us assume that curve «; encloses
k boundary components (k < n). Without loss of generality, we can assume that o
encloses boundary components by, bo, ..., b, and as encloses boundary components
b1,bks1,...,b,. Now we make an assumption that n > 3. In this case, as I, = 2 and
Ms; =1 for all j < n, we can conclude that there is a curve a3 enclosing boundary
components by, byy1, ..., b,. This contradicts the fact that M1, = 1 as in this case
as and ag are curves containing both the boundary components. If k + 1 = n, then
instead of the boundary components by we apply the same argument to boundary
component b,. In this case, ag will enclose boundary components b,, ..., b, which is
a contradiction to the fact that Mp,,—1) = 1, unless n = 3. In the case that, n = 2
there is nothing to prove as M5 = 1 would imply that there is a unique curve. This
proves part 1 of the lemma.

When n = 3 and [; = 2, we see that there is a configuration of curves, a; enclosing
boundary components b; and by, as enclosing boundary components b, and b3 and
curve ag enclosing boundary components by and b3, satisfying the given multiplicities
conditions. In this case all the multiplicities, M;; and M; are satisfied for all 7 and j.

Observe that a priori we do not know the order in which 7,,,7,, and 7,, appear
in the factorization of ®’. We can always rearrange the terms such that ¢’ is given
DY ToyTasTas- For example, if & = 7,,7,,7a,, then we can rearrange this as ¢ =
Toq T, 117a27a17a3 = Ton Ty} (o) Ters Noting that conjugating by 7‘0711 does not change the
boundary components enclosed by the curve as, we still call this new curve as. This

proves part 2 of the lemma.

]

Remark 8.2.5. As seen in the proof above, we can always reorder the elements in
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factorization upto conjugation since we are only concerned with factorizations up to
Hureqitz equvalence. Henceforth, we will assume that the Dehn twists are arranged in

the order as in the statement of theorems.

Now we give a generalization of this lemma. Here we assume that n > 3. It is very
easy to see, from the proof of the lemma above, that when n < 2 there is a unique
positive factorization of any given element of the mapping class group as every Dehn

twist is boundary parallel.

Lemma 8.2.6. Assume that n > 3. Let ® = 7 7,7y, ... Ty,,,, where r > 1, be an
element of Map(D,,.0Dy,). If " is any other positive factorization of ®, then following
holds:

1. If r > n — 2, then the factorization ®', up to Hurewitz equivalence, is given by
Ty Toy Ty - - - ooy OT by the product of following Dehn twists Ta,, Tag, - - - Tap_1» Ty Tb(:*nﬂ)
where «; are curves enclosing boundary components by and b1 only and 7y is a

curve which encloses boundary components by, b3, ..., b,.

2. If r < n—2, then the factorization ®', up to Hurewitz equivalence, is given by

product of following Dehn twists Ty, Toys Togy - - - Ty -

Proof. We proceed as in the proof of previous lemma. Let & = 7,7,...7,, be
any other positive factorization of ®. Let [; be the number of curves enclosing the
boundary component b; and at least one other boundary component, for every 1.
We know from the given factorization that M;;(®) = M;;(®') = 1 for all 7,5 and

M;(®) = M;(®') =2 for all i > 1. We get the following set of relations as before
1<;<2foralli>2
1<l <(r+2)

If [; = 1 for some 7, then we will prove [; = 1 for all 7 > 2. Let 3; be the unique

curve enclosing the boundary component b;. By counting multiplicities (joint and
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individual) we see that this curve must include all the n boundary components in the
disk. Again all the joint multiplicities are satisfied and so only other curves enclosing
boundary components b; for j # i are the boundary parallel curves. Hence [; = 1 for
all j. So we get the unique factorization in this case, by adding the needed boundary
Dehn twists.

Now assume that [; = 2. Let (51, 82 be the curves which enclose boundary compo-
nent b,. As argued in the proof of previous lemma, 5, and 3, have only the boundary
component b, in common. Without loss of generality, we can assume that (3; en-
closes boundary components b, by, by, ..., by and (5 encloses boundary components
bks1s .-y bp1,b,. Here k < (n —1). Let us assume first that £ > 1. So at least the
boundary component by is enclosed by ;. From the fact that I, = 2 we get that there
has to be a curve, say (3 enclosing boundary components by and by, ..., b,—1. This
contradicts the fact that Mg 1ym-1) = 1 except when (k+1) = (n —1). In this case,
as M(,—21 = 1, we conclude that either curve 3 encloses boundary component b,
also or there is another curve 4 enclosing boundary components b,,_; and b;. Note
that (4 can enclose more boundary components than only these two boundary com-
ponents. In first case we get a contradiction to the fact that M5 = 1. In the second
case, we get a contradiction to the fact that (1) = 2.

Now assume that 3; encloses boundary components b, and b;. In this case, from
conditions on multiplicities of boundary components and [;, it is easy to see that there
has to be curves 71,79, ...,v,—2 such that v; encloses boundary components b; and

bi+1 only. This is possible only if r + 2 > n. This proves the lemma.

Refer to Figure 10 for the notations used in following lemma.

Lemma 8.2.7. Let a and 3 be curves as shown in Figure 10. Assume that k < n.

Let

_ T1,.T2 T(k=1) _T(k+1) Tn
O = ToTpTy ' Ty - Togesy Ty Ton
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be an element of Map(D,,,0D,,). Here r; > 0 for alli # k. If ®' is any other positive

factorization of ®, then ®' is given by product of following Dehn twists

T(k=1) _T(k+1) Tn

T1 T2
TOé’7Tﬁ’77—b1 ,Tb2 yoees 77—b(k—1) s b(k+1) yes Tp,

such that o, 3" enclose the same set of boundary components as v, 3 respectively.

Figure 10: Figure shows the configuration of curves used in Lemma 8.2.7. The arcs
a; and b; can be cut along to get a disk with 3 boundary components in the proof of
Theorem 8.2.9.

Proof. Let [; be the number of curves enclosing at least 2 boundary components, each
containing boundary component b;. Following the argument given in Lemma 8.2.6,
we get 1 < ; < (r; +1) for all i # k and 1 < [, < 2. We have the multiplicities
M;; =1 for all 4, j satisfying 4,5 < kor i,j > k, M;; = 0 for all ¢ < k, j > k and
M; = r;+1 for all i, and Mj; = 2 for all i. Now we focus on the boundary component

by,. There are two cases:

1. Il = 1: Let us call the curve 7. Since, M;, = 1 for all i, we deduce that ~
encloses all the boundary components in the disk. This is a contradiction as

My, = 0.
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2. I, = 2: Let us call the curves v, and ~,. Let us assume that v, encloses boundary
components by, b;, b; such that i« < k and j > k. This is a contradiction to the
fact that M;; = 0 as observed before. So we can assume that ; encloses
boundary components by, b;,,...,b; , such that i; < k forall j € 1,...,r. If 14
does not enclose all the boundary components by, . . ., by, we can assume without
loss of generality that +; does not enclose boundary component b, at least. In
this case, 79 will have to enclose boundary components by, by, bri1,...,b,. A
contradiction as Mj(4+1) = 0. So we get that v, encloses boundary components

by, ..., b, and similarly 7, encloses boundary components by, . .., b,.

So we get that any factorization of ¢’ has positive Dehn twists about curves o’
and 3’ as in the statement. We are left to prove that [; = 1 for all i # k. If not, then
without loss of generality we can assume that [; > 2. So the boundary components
by is enclosed by curves o/ and at least one more curve, 7. By assumption v has to
enclose at least one more boundary component, say b,, other than b;. It is clear that
r > k. But this is a contradiction as My, = 0. So we get that [; = 1 for all ¢ # k.
Now the statement follows by simple count of multiplicities.

]

Remark 8.2.8. This is a generalization of Lemma 2.1 of [66]. It is also straight-
forward to see that the lemma holds in general for finitely many curves rather than
Just 2 i.e. if ai,..., 0 are curves such that any, o;,«; have exactly one bound-
ary component in common (call it by) for every i and j, then any factorization of

S(k—1) _S(k+1)

— 51 S :
D =TaiTas -+ TawThy - Topy Tosy -+ Tow 18 of the form

! S1 S(k—1) _S(k+1) Sn
Q =T Tay - Tal Ty Ty, Togrr - Thy

such that o) encloses the same set of boundary components as «;.

Now we are ready to prove the main theorem, which will be used to classify the

Stein fillings of lens spaces in Theorem 1.0.5.
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Theorem 8.2.9. Let o and (B be the curves as shown in Figure 10. Let

_ 71,72 T(k—1) _T(k+1) rn
o = TaTBTh Toy - Top 1 Toesr - Ton

be a monodromy such that r; > 1 for all i. Let ®" be any other positive factorization

of ®. Then there exists a diffeomorphism 1 such that ® = @)=L,

Proof. By Lemma 8.2.7 above we have that &' = 7,77!7,7 .. ‘Tbr,:il)ﬁ:,:il) Ty
such that o/, 8’ enclose the same set of boundary components as «, 8 respectively.
Since the boundary Dehn twists do not change in any factorization, we need to find
all possible choices for o/ and 8’ to get all factorizations of ®. Note that 7,75 = 7,74
Since curves a and 3 do not intersect any of the arcs a;,1 < ¢ <k —2 and ¢;,1 <
J <n —k — 2 which are shown in Figure 10, we know that 7,73 does not move arcs
a; and ¢;. Hence it follows that 7,75 does not move them.

We claim that curves o and /' do not intersect arcs a; and c¢;. To see this, we
proceed by contradiction. Without loss of generality we can assume that 3’ intersects
arc say a;. In this case the arc a; will be moved strictly to the right by 75. This
follows from the fact that any positive factorization is right veering, see [43] for details.
Since 7,7 does not move the arc a, it will have to be moved left by the other factor
T in 7 7g. This is not possible as every factor is positive and hence right veering.
So we get a contradiction. Similarly we can prove that o/ and 8’ do not interest any
of the arcs a; and ¢;. Hence, o and ' live in the complement of arcs a; and ¢;. So

we can cut the surface along a; and c; to specify o’ and f’. Now the result follows

from lantern characterization in Lemma 8.1.1.

]

Using this theorem, we can prove the classification of the Stein fillings of virtually
overtwisted contact structures on L(p, 1) due to Plamenevskaya and Van Horn-Morris.

In addition we can also reprove the classification of the Stein fillings on universally

tight L(p, 1) due to McDuff [59].
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Corollary 8.2.10. Let £ be any tight contact structure on L(p,1). Then

1. The contact structure & has a unique Stein filling if p # 4 upto symplectomor-

phism.

2. The universally tight contact structure on L(4,1) has exactly two Stein fillings

upto symplectomorphism.

3. The virtually overtwisted contact structure on L(4,1) has a unique Stein filling

upto symplectomorphism.

Proof. First consider the case when the contact structure is virtually overtwisted. For
this we draw the open book decomposition as shown in Figure 12. We describe the
open book first. The left picture shows annulus open book supporting (53, £y4) where
the dotted curve « is the Dehn twist curve. The solid curve is the Legendrian unknot
tb = —1, sitting on the page of this open books. Now one can stabilize this unknot
p times as shown in the right by curve . Dotted curves are the stabilization curves
which intersect the co-cores on the 1-handles attached exactly once. By isotoping the
whole surface we see that this is exactly the surface described by Figure 10. Now it
is easy to see that, monodromy for the contact structures on the lens spaces is given
by

D = 7,T8TH, T, - - Top1 oy - - - Tb

n

where « and [ are curves as shown in Figure 10 with n = (p — 1). Hence the last
statement of the theorem follows from Theorem 8.2.9.
Now consider the case when the contact structure is universally tight on L(p,1).

In this case monodromy is given by ® = m,7,...7%,7,,, and n = (p — 1). By

n+1
Lemma 8.2.4, if ' is any positive factorization of ®, then ®’ is ® except when p = 4.
When ¢ is a universally tight contact structure on L(4,1). Then we know that

either ® = 7, 7, 7,7, Which by lantern relation is same as 7,737, with «, 3,7 as
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shown in Figure 9. By Lemma 8.2.4 we know that any other factorization of ® is of
the form 7,737, where o is a curve that encloses boundary components b, and by, 5’
is a curve that encloses boundary components b; and b3 and +' is a curve that encloses
boundary components by and bs. In the second case the lantern charazterization given
in Lemma 8.1.4, implies that there exists a diffcomorphism ¢ € Map(D3, 9D3) such
that o = (), = ¥(6),y = ¥(y). Hence, we get that there are exactly two
factorizations of ® upto diffeomorphism and exactly two Stein fillings upto symplec-

tomorphism.

]

After proving the known results using our techniques, we classify the Stein fillings

of any contact structure on L(p(m + 1) + 1, (m + 1)).

Figure 11: Surgery diagram for lens spaces L(p(m+1)+1,m+1). In the diagram K
is the maximal ¢tb unknot stabilized positively r times and negatively p —r — 1 times.
As we vary r from 0 to p — 1 we get all the contact structures on these lens spaces.

Proof of Theorem 1.0.5. From the classification given in [42], we can draw the Leg-
endrian surgery diagram for various contact structures on L(p(m + 1) + 1, (m + 1))

as shown in Figure 11. Now we draw the open book decomposition corresponding
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to this contact manifold. This is exactly the same as described in Corollary 8.2.10.
Figure 12 shows the open book. The boundary parallel curves which are not dotted
are m Legendrian unknots with tb = —1. We see that this is exactly the surface
described by Figure 10.

When r = 1, the contact structure is universally tight. For the universally tight
contact structure the monodromy is & = Tgln“sz ... T, and the page of the open
book decomposition is D,, with n = p — 1. By Lemma 8.2.6 above, we have that
any other factorization @’ is TZZH_lTbQ ...Tp, when p > m + 4. Hence, we get the
uniqueness of the Stein filling as the factorization is unique. When p < m+4, we have
by Lemma 8.2.6, that there is another factorization ® = Toy Tal - - Tal_,Ty' Ty, ,
where o) are curves enclosing boundary components b; and b; for every ¢ and +' is
a curve enclosing boundary components bs, b3, ...,b,—;. So we have at least 2 Stein
fillings. This finishes the proof.

The open book decomposition for virtually overtwisted contact structures is given

1 wheren =p—1

by Figure 12 with monodromy ® = 7,737y, Tt, - - - To, _ Top,y - - .Tg:
and a and § are curves as shown in Figure 12. In this case, the uniqueness of the

Stein filling follows exactly in the same way as above.

8.3 Finiteness of Fuler Characteristics and Signature

In this section we prove Theorem 1.0.1 and Theorem 1.0.3.

Proof of Theorem 1.0.1. Let (X,J) be a Stein filling of a contact manifold (M, ¢)
supported by planar open book (D,,®). The number of 2-handles is given by the
number of vanishing cycles. Hence it follows from Wendl’s theorem that, if we bound
the number of vanishing cycles we will have a bound on the Euler characteristic of
the given Stein filling. In other words, if we can bound the number of Dehn twists in

any positive factorization of ® we get an upper bound on the Euler characteristic of
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Figure 12: Open book for (53, &,4) on left and open book supporting the lens space
L(p(m+1)+1,(m+ 1)) is shown.

(X, J).

Let M; denote the multiplicity of each boundary component, as defined in Sec-
tion 8.2, in this factorization. By the definition of multiplicity of a boundary compo-
nent, in any factorization ®" of ® there cannot be more than M; positive Dehn twists
about curves enclosing the boundary component b;. Hence, M; + M+ - - - + M, gives
an upper bound on the number of two handles attached. This gives an upper bound
on x(X).

Now we are left to bound the signature of the Stein filling. Recall that Euler
characteristic of a Stein manifold X can be written as x(X) =1 — b1(X) + b5 (X) +
by (X)+b3(X). Using Theorem 4.1 of [20], which states that for a manifold supported
by planar open book any Stein filling has vanishing b5 and b9, we get that x(X) =
1—b1(X)+b; (X). Hence, o(X)+x(X) =1—b;(X)+b] (X). Now for the 4-manifold
X, a simple homology computation shows that |H;(X)| < n and so 1 — b;(X) is

bounded. It follows that |o(X) + x(X)| < M for some M. Now by finiteness of
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X(X) we get that |o(X)| < M + |x(X)|. Hence, there exists a constant N such that

o(X)| < N and |x(X)| < N. It follows that C(,;¢) is finite. O]
(M€)

Remark 8.3.1. After proving the above theorem, the author found another proof of
this result. Stipsicz [69] proved that Ciarey is finite for any manifold (M, ) for which
every Stein filling has by = 0. Now the above mentioned theorem of Etnyre [20]
implies that for any manifold supported by planar open book by = 0. Hence, the

theorem follows by combining these two results.

For proving Theorem 1.0.3 we need a version of Wendl’s theorem for spinal open
books. If the fibers F' of a spinal open book has a planar component, then Wendl’s

theorem can be generalised.

Theorem 8.3.2 (Lisi-Van Horn-Morris-Wendl, [53]). If the spinal open book (F, hato, 3, G)
has a planar component to F, then any symplectic filling of the contact manifold

(M, &) supported by (F, b, 3, G) admits a Lefschetz fibration whose boundary is (F, b, 3, G).

Before we prove the finiteness results for spinal open books, we recall a theorem
of Wand [75] and state it in a more general form suitable for applications to our
purposes. The proof essentially is the same as given by Wand in [75] but we give a

sketch here for completeness.

Proposition 8.3.3. Let (M, &) be a contact manifold supported by a spinal open book
with connected binding ¥4, and connected fibers Xop. If (X1, J1) and (Xo, Jo) are any
two Stein fillings of (M, &), then x(X1) + o(X;1) = x(X2) + 0(Xa).

Proof. Let us denote by X ; » a Lefschetz fibration over a closed surface X, with fibers
¥, and A is factorization of identity in Map(3,,0%;). If X' is obtained from A by
r-substitution (r is a relator in the mapping class group of the surface ¥,), then a

result of Endo and Nagami [17] gives:

o(Xgx) = o(Xgn) = 1(r)
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where I(r) is the signature of the relator r defined in [17].
With this set-up we can prove following statement which is essentially Theorem

4.4 of [75).

Lemma 8.3.4. Let ¥ = ¥, be a surface with boundary. Let Xs  and Xs x be

Lefschetz fibrations over X, ,, such that X' is an r-substitution of \. Then

O’(XE)\) — O’(XZ,)\/) = [(T)

Proof of lemma. Starting with a Lefschetz fibration over non-closed surface ¥, ,, we
can construct the closed Lefschetz fibrations Xg , and Xg X, with genus of fibers
g > g, such that \| is obtained by an r-substitution from \; in mapping class group
of ¥5. To see this, let ¥ ;,1 be a sphere with 1 more boundary component than the
fibers £,;. Let X" = X, U ¥y 11 where we glue the boundary components and let
3> denote the surface obtained by capping off the boundary component of ¥’ with
a disk. As X, is a subsurface of ¥£” extending by identity on ¥"\X,;, both A and
A extend to mapping classes on ¥”. We still call the extensions A and )\ in the
new surface. These extensions are also related by r-substitution in the new mapping
class group. It is a well known fact that, any positive mapping class ¢ in a genus p
surface with 1 boundary component can be written as ® = 7§ (i>, where 75 is Dehn
twist about the boundary component and N > 0 and dis a negative mapping class,
that is, given as factorization in terms of negative Dehn twists only. Applying this
fact gives us A = 7N\ and so Ao A™! = 7V, Hence, A\; = A o A~! gives a positive
factorization of identity in Map(%) and hence a Lefschetz fibration X - Similarly,
ANy =MNo A1 gives a Lefschetz fibration Xg X We note that, in getting the closed
Lefschetz fibrations X g’ A, and X g A We have added the same compact 4 manifold Y.

We have,
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U(Xg,\l) - U(Xg,,\'l) =I(r).

So by Novikov additivity we have, I(r) = o(X}, ) — O'(Xg)\/) =o0(Xgn) +0o(Y) —

"1

0(Xs ) —o(Y) and the result follows. O

To get the result for spinal open books with planar fibers, we apply Theorem 8.3.2,
and note that any relator in a planar surface is a concatenation of lantern relator.
See [17] for calculations of signatures of various relators in mapping class groups.
From these computation we know that for a lantern relator the signature I(r) = 1
or —1, depending on the particular substitution performed. If the lantern relator has
signature 1, the Euler characteristic of the new manifold changes by —1. In the other
case, the FEuler characteristic changes by 1. In either case one sees that the following

equality holds for each lantern substitution.
0(Xzn) —o(Xsa) = x(Xsn) — x(Xsn).

Since any relator in a planar surface is a concatenation of lantern relators, we see

that the above equality holds at each stage. O]

Now we are ready to prove the finiteness of the Euler characteristic and the signa-
ture of the Stein filling of spinal open books. Just as in the proof of Theorem 1.0.1, we
will bound the number of 2-handles to get an upper bound on the Euler characteristic

of Stein filling (X, J).

Proof of Theorem 1.0.3. The monodromy of a Lefschetz fibration over a genus g sur-

face with fiber ¥, is given by

m g
w =[] [Jlos 5]
=1 j=1
where aq, ..., ay, f1, . .., By are images of generators of fundamental group in Map(3;,, 03;)
and 7,,,...,T,, are Dehn twists about vanishing cycles. To construct this manifold,
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we start with a surface bundle over the g surface. This is described by the mon-
odromy [9_,[a;, B;]. This manifold has a finite Euler characteristic independent of
a; and ;. To get the Lefschetz fibration we attach 2-handles along the vanishing
cycles prescribed by curves v;. Hence to bound the Euler characteristic again we need
to bound the number of vanishing cycles. In the abelianization of the mapping class
group of a planar surface w has an image 7,,, ..., 7, , where 7,, is image of the Dehn
twist in the abelianization. So to bound the Euler characteristic of the Stein filling, it
suffices to bound the number of terms in the factorization 7, ..., 7, . This is done
in exactly the same way as in the proof of Theorem 1.0.1. So we get the finiteness of

X(X). Now from Proposition 8.3.3 we see that ¢(X) is also bounded.

8.4 FEuler characteristic of sphere plumbings

In this section we prove Theorem 1.0.4. Gay and Mark [29] explicitly write down the
open book decomposition for the boundary of a plumbing of spheres. The open book
decomposition for (M, &) which is contactomorphic to boundary of (Z,n) which is a
neighbourhood of spheres C'= Cy U Cy U - - - U C,,, intersecting w-orthogonally, along
the negative definite graph I' is given as follows. Recall from Chapter 1, that we
assume that the row sum satisfies s; = >, ¢;; < 0, where Q = (g;; = [C] - [C}] is
the intersection matrix. Let S be the result of connect summing |s;| copies of D? to
each C; and then connect summing these surfaces according to I'. It is clear from
this construction that S is a disk with a finitely many open disks removed from the
interior when C; are all spheres. Let {cy, ¢, ..., ¢} be the collection of simple closed
curves on S consisting of one curve around each connect sum neck. It is clear from
the construction that ¢; are all disjoint. Let 7 denote the product of Dehn twists

along these curves. The following theorem is proved in [29].

Theorem 8.4.1. Any neighbourhood of C' contains a neighbourhood (Z,n) of C with
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strongly convex boundary, that admits a symplectic Lefschetz fibration © : Z — D?
having reqular fiber S and ezactly one singular fiber Sy = 7~1(0). The vanishing

cycles for  are ¢y, ..., ¢, and the induced contact structure &, on 0Z is supported by

the induced (S, T).

To prove the Theorem 1.0.4, we first prove following fact about positive factoriza-

tions in planar mapping class group.

Theorem 8.4.2. Assume that ¢ € Map(D,,0D,,) can be written as a product of
positive Dehn twists about disjoint curves, i.e. ¢ = T Te, ... T, Such that ¢; are all

disjoint. If 74,74, ... T4, 1S any other positive factorization of ¢, then m < k.

m

Proof. The proof is by induction on the number of holes, n, of the disk and the
number of curves k.

We start by proving the base cases. There are two base cases to be checked.

e Disk with 1 hole: Let us denote the hole by b;. Now ® = 7 for some p € Zx.
Any other positive factorization has to be Dehn twists about the hole b;. So

the argument is trivial in this case.

e Disk with n > 1 holes and k£ = 1: In this case ¢ = 7, for some curve a.
We can assume that the curve a encloses the boundary components by, bo, . .., b
for some [ < n. If [ = n then the curve « is boundary parallel to the outer
boundary component b, and so a positive factorization of ¢ is unique. So we
can assume [ < n. In this case the joint multiplicity of M;; = 0 for 7 < [ and
j > 1. So a positive factorization of ¢ cannot include Dehn twists about curves
enclosing any of the holes 0,1, ..., b,. Also since the multiplcity M; = 1 of each
holes by, ...,b;, we know that there can be no more than one curve enclosing
holes any of the holes by,...,b in any positive factorization of ¢. In addition,
since the joint multiplicity of all these holes is 1, so there must be exactly 1

curve enclosing the holes by, ..., in any positive factorization of ¢.
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Now by induction we assume that the theorem is true for:
1. All planar surfaces with n — 1 holes.

2. Any ¢ in Map(D,,,dD,,), with a positive factorization such that the Dehn twists

are about k — 1 disjoint curves in the surface D,,.

In the surface D, let ¢ = 7,7, ... 7, be an element of the mapping class group
such that ¢;’s are all disjoint. Let us assume that there is a positive factorization of ¢
given by 74,74, - .. Ta,, With m > k. If there is any hole b; with multiplicity 0, then we
can cap off the hole b; and this gives a contradiction to the induction hypothesis 1.
So we can assume that multiplicity of each of the holes by, ...,b, is at least 1. Let
us start by looking at the hole b;. If there is a boundary parallel Dehn twist 7,
in both the factorizations of ¢ given above, then we can cancel the boundary Dehn
twist and get a contradiction to the induction hypothesis 2. So 7;,, can never appear
in both the factorizations of ¢. Let us assume that 7, appears in the factorization

TeyTes - - - Tep- I this case we can cap off the hole b; and get a contradiction to the

-
induction hypothesis 1, as capping off the hole b; reduces the number of factors in
TeyTes - - - Ty, Dy 1, but does not reduce the number of factors in 74,74, . . . 74,,. Now we
argue that there is at least one factor of 7, in the positive factorization 74,74, . . . 74, -
If not then by capping off the hole b; we will not reduce the number of factors in both
the factorizations of ¢. Again a contradiction to the induction hypothesis 1. The
same exact argument holds for each of the holes b, ...,b,.1. So we know that there
is at least 1 factor of 7, for each i € {1,...,n + 1} in the factorization 74,74, . .. T4, -
This implies that M;; > 1 for every 1 < 4,7 < n since there is a Dehn twist about
the outer boundary component b, 1 in 74,74, - - - T4,,-
Now since there are no Dehn twists about boundary parallel curves in 7., 7, . . . 7, ,

we know that there is a curve o in ¢y, ..., ¢, which encloses a proper subset of holes.

Without loss of generality we can assume that o enclosed holes by, ..., b for some
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[ < n. Since the curves cy,...,c; are disjoint there is no curve enclosing any of the
holes by,...,b; and at least one of the holes b;,1,...,b,. If there is such a curve g,
then [ will intersect o non trivially, which is not possible. So we can find at least
two holes, amongst by, ..., b,, which are never enclosed together by any of the curves
C1,...,Ck. So there is a pair of holes, call them b;, and b, such that M;;, = 0. A

contradiction to the fact that M;; > 1 for every 1 <14, j < n observed above. O

Proof of Theorem 1.0.4. If (X, J) is any other strong symplectic filling of (M, &y),
then it has an open book decomposition with page S constructed above and the
monodromy which is a positive factorization 74,7, ... 74, of 7. So we conclude that,
X(X) =1+ (n— 1)+ m. By the construction of Z as described in the beginning of
this section, we know that x(Z) = 1+ (n—1)+ k. We know from the theorem above

that m < k. The proof follows easily.
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CHAPTER IX

STEIN FILLINGS OF MANIFOLDS OBTAINED BY
LEGENDRIAN SURGERIES ALONG KNOT'S

In this chapter we prove our results about surgeries along knot families that are
mentioned in Chapter 1. All these results are based on joint work with Youlin Li.
The contact manifolds we are going to consider are supported by particular open
books, which we describe now. Let ¥ be a compact planar surface with n+p—+¢g+1
boundary components cy, ¢y, ..., Cpiptq @s shown in Figure 13, where n,k,p,q > 1
and n > k. Let ® be a diffeomorphism which is a composition of right handed Dehn

twists written as

_ m1,.m2 Mn+q—1_Mn+q+1 Mp+p+q
@—7—1 7—2 ...Tn_,’_q_l n+q+1 ---Tn+p+q TBlTB27

where 7; is the positive Dehn twist about a simple closed curve parallel to the bound-
ary component ¢;, m; > 0, and 75,, 7, are positive Dehn twists along the simple

closed curves B; and By shown in Figure 13.

Theorem 9.0.3. Let (M,§) be the contact 3-manifold supported by the open book
(3, ®). Then the contact 3-manifold (M, &) admits a unique Stein filling up to diffeo-

morphism.

9.1 Classification of Stein fillings

We begin by observing a purely combinatorial lemma. The purpose of this lemma is
to get restrictions on the curves which can appear in any positive factorization of the
given monodromy in terms of Dehn twists. Refer to Figure 13 for the notation used

below.
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Figure 13: A compact planar surface ¥ with n + ¢ + p + 1 boundary components.

Lemma 9.1.1. Any positive factorization of ® must be given by the product of Dehn
Mn4q—1 Mn4q+1 Mn+ptq

. mi_mo .
twists 71, Ty 2y ooy Togaot s Tadgil » -+ Tniptq s and the Dehn twists Tp; and Tp,

where B encloses the same holes as By, and BY the same holes as Bs.

Proof. Recall from Section 8.2 that, M; ; denotes the joint multiplicity of the mapping
class ® about the i and j* boundary components, and M; denotes the multiplicity
of the mapping class ® about the i boundary component.

Since M+, = 2 and M;,+q = 2 for i € {k,k+1,...,k + g — 1}, there are
exactly two monodromy curves, say B} and B}, enclosing ¢, and ¢; for i € {k,k +
1,...,k+¢q—1}. Since My,y; =0for j e {n+q¢+1,n+q¢+2,...,n+q+p},
M, pig=1forre{l,...;k—1,k+q,....,n+q—1},and My, =0forse {1,...,k—
1} and t € {k+gq,...,n+ q — 1}, the two monodromy curves B] and B) enclose
{c1,- 0, Chy Chrge1, Cntq) and {Ck, ..., Crig1, Cntq} Tespectively.

For je {n+q+1n+q+2,...,n+q+p}, Mj =m; and M;; = 0 for any

i€{1,2,...,n+q+p}and i # j. So ¢; is enclosed solely by m; boundary parallel
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monodromy curves.

Fori € {1,...,n+q—1}, there are no non-boundary-parallel monodromy curves,
other than Bj and B}, enclosing ¢;. Suppose otherwise, then for some j,h € {1,... ,n+
q — 1}, there is a monodromy curve, other than B} and B}, enclosing ¢; and ¢,. If
either j or h do not belong to {k,k+1,...,k 4+ ¢ — 1}, then j and h cannot belong
to {1,...,k —1} and {k+¢,...,n + ¢ — 1}, respectively. So M;; > 2. However,
from the original positive decomposition of ®, we have M;; = 1. So we arrive at a
contradiction. If both j and h belong to {k,k+1,....k+ ¢ — 1}, then M;;, > 3.
However, also from the original positive decomposition of ®, we have M;; = 2. So
we arrive at a contradiction as well.

Hence fori € {1,...,n+q—1}, there are m; boundary parallel monodromy curves

enclosing ¢;. O

Remark 9.1.2. With the notation as in the lemma above, any other factorization of
® can be written as " 73" Tt T Ty up to Hurwilz equiv-
alence. To see this, recall that since boundary Dehn twists commute with every dif-
feomorphism we can move them all to the left in the factorization as written above.
Now the product of Dehn twists Tp; and Tp, is on the right side of this positive fac-
torization. Hurwitz move on the product of Dehn twists can potentially change the
homotopy class of both the curves By and B, to say BY and BY. But still B enclose
the same set of holes as B, fori = 1,2. With abuse of notation we still call these new
set of curves as B} and Bj, as Lemma 9.1.1 only specifies the curves By and B} up to
the set of holes enclosed by each of these holes. So using commutativity of boundary
parallel Dehn twists and Hurwitz moves one can arrange the factorization as above.

In our case, since we only have two non boundary parallel monodromy curves, a

Hurwitz move is also a global conjugation.
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9.1.1 The positive factorizations.

In this subsection, we prove that 75,75, has at most 2 different positive factorizations,
up to a global conjugation, in Map(X,0Y) for some simple cases of the surface X.
We will reduce the above factorization to problem to these simple cases later.

In proving these results, first step will be to get restrictions on intersection number
of curves B} and B). To make sense of intersection numbers of curves, we assume for

the rest of the thesis that any two curves are isotoped to intersect minimally.

Lemma 9.1.3. Let X be the surface in Figure 13 with k = 1 and n = 1. Suppose
p=q=1. Then 75,75, € Map(D3,dD3) has at most two positive factorizastions up

to a global conjugation.

Proof. Since k = n = 1, there is no hole which is enclosed by By but not by B, and
there is no hole which is enclosed by B; but not by Bs.

By Lemma 9.1.1, any positive factorization of 7p,7p, is 7p;7p, up to a global
conjugation, where Bf and B) enclose the same set of holes as By and Bs, respectively.

We assume that each of the boundary components is filled by a disk with one
puncture. To avoid confusion, we will still call this surface D3. Note that the curves
B; and B, fill the surface D3. As explained in [27, Exposé 13], one can construct a sin-
gular flat Euclidean structure and a representation of the subgroup of Map(IDs, 0D3)

generated by 7p, and 7p,. Now Thurston’s theorem 6.0.31, implies 75, has affine

1 4 1
representative given by , and 7p, has an affine representative . Thus,
0 1 —4 1
. . . _15 . .
we obtain an affine representative for 75, 75,. It is . This matrix has trace
—4 1

—14, so 75,7, has a pseudo-Anosov representative with stretch factor the larger of
the absolute values of the two eigenvalues, that is 7 + 4+/3. Note that the stretch

factor of a pseudo-Anosov representative of a pseudo-Anosov diffeomorphism is in
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fact an invariant of the pseudo-Anosov diffeomorphism. This is because two homo-
topic pseudo-Anosov representatives are conjugate by a diffeomorphism isotopic to the
identity ([27, Théoreme 12.5]), and any two conjugate pseudo-Anosov representatives
have the same stretch factors (|26, Page 406]).

Since T T, = TB,TB,, is also pseudo-Anosov, Bj and B; have to intersect and fill
the surface D3. Otherwise there is a non-boundary-parallel simple closed curve which
is invariant by 7p;7p;. This is impossible for a pseudo-Anosov diffeomorphism.

Assume that I(Bj, B}) = z, where z is a non-negative integer. As above we
1 2z |1 0 1-22 2
obtain the affine representative for 7B, Tp,. It is =
0 1| |—2 1 -z 1
Since TB,TB, = TB,TB,, they have the same stretch factors. So %(22 -2+ z\/m) =
7+ 4v/3, and z = 4.
Now we conjugate 757, by a diffeomorphism which takes Bj to By, and By to
a curve Bj. We know that BJ and B; intersect in exactly 4 points. Since Bj and
By represent the same homological classes in Hy(ID3), we know that the algebraic
intersection number of B and B, with each nontrivial arc in the surface is the same.
In particular, for the arc v shown in the left of Figure 14, the algebraic intersection
number of BY and 7 is 0, and the geometric intersection number of B and + is even.

If I(BY,~) = 0, then it is easy to see that BY is isotopic to B;. This is impossible

by the above argument.

O/O\@ (© ©

Figure 14: Arc v along which the surface is cut open is shown in the left picture.
The right picture shows the cut open surface.
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Suppose I(BY,~v) > 2. We cut the surface D3 open along the arc «, and think of
the resulting surface as a pair of pants with the outer boundary drawn as a rectangle.
See the right of Figure 14. Under this operation, B is cut into a collection of properly
embedded arcs which are pairwise disjoint. Each of these arcs is one of the following

three types.
e Type I: Both end points of the arc are on the left edge of the rectangle.
e Type II: Both end points of the arc are on the right edge of the rectangle.

e Type III: The arcs have one end point on the left edge and the other on the

right edge of the rectangle.

Since Bj is parallel to the outer boundary of the rectangle, each of Type I, IT and
I arcs intersects the curve By in 2 points or is disjoint with B;. It is easy to see
that each of Type I, II, and III arcs intersects the curve B; in exactly 2 points.

For BY to be a simple closed curve enclosing holes ¢; and cg, there is at least one
arc of Type I and at least one arc of Type II. Since I(BY, By) = 4, BY is cut open
into a Type I arc and a Type II arc.

If the Type I arc encloses the hole ¢; with the left edge of the rectangle, and the
Type II arc encloses the hole ¢, with the right edge of the rectangle, then some power
of 75, will send B! to be the one which is formed by the two arcs shown in the right
of Figure 14. Hence 7p,7py is conjugate to 75,75,

If the Type I arc encloses the hole ¢, with the left edge of the rectangle, and
the Type II arc encloses the hole ¢; with the right edge of the rectangle, then some
power of 75, will send Bj to be the one which is formed by the two arcs shown
in the left of Figure 15. So there are at most two choices for the curve B up to
conjugation. Hence, there are at most two different factorizations of 75,75, up to a

global conjugation. O
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N0 0 ©

3 3

Figure 15: Another choice of the arc for the curve B} shown in the left. The right
one is obtained from the left one by a diffeomorphism moving the hole ¢; to the right
and the hole ¢y to the left.

Lemma 9.1.4. Let 3 be the surface in Figure 13 with k =1 or 2, andn = 2. Suppose
p=gq=1. Then 7,78, € Map(Dy4,dDy) has at most two positive factorizations up

to a global conjugation.

Proof. If k =1 and n = 2, then there is no hole which is enclosed by Bs but not by
By, and there is one hole which is enclosed by B; but not by Bs. If k =n = 2, then
there is no hole which is enclosed by B; but not by By, and there is one hole which
is enclosed by B, but not by B;. By symmetry, we can only prove for the first case.

By Lemma 9.1.1, any positive factorization of 7p,7p, is 7p;7p, up to a global
conjugation, where Bf and B, enclose the same set of holes as By and Bs, respectively.

The curves B; and Bs fill the surface D4. Following exactly the same argument
we get that B} and By intersect in exactly 4 points. Now we conjugate 7p;7p;, by a
diffeomorphism which takes curve Bj to B;. This will change 7B, Tp, tO Tp, Tpy, Where
Bl is a curve which encloses the same set of holes as Bs.

Let v be an arc connecting holes ¢4 and cg, see the left of Figure 16. Then, by
the proof of Lemma 9.1.3, BY intersects v in 2 points minimally. We cut the surface
D4 open along the arc v, and think of the resulted surface with the outer boundary
drawn as a rectangle. See the right of Figure 16. So BJ becomes two arcs one of
which has two endpoints belong to the left edge and encloses one hole of ¢; and cs,
and the other of which has two endpoints belong to the right edge and encloses the

other hole of ¢; and cs.
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Exactly as in the proof of Lemma 9.1.3, we get that up to a diffeomorphism
preserving orientation and commuting with 75,, there are at most two choices for the
curve Bj. Hence, there are at most two different positive factorizations of 75,75, up

to a global conjugation. O]

Figure 16: Arc v along which the surface is cut open is shown in the left picture.
The right picture shows the cut open surface.

Lemma 9.1.5. Let X be the surface in Figure 13 with k = 2 and n = 3. Suppose
p=q=1. Then 15,75, € Map(Ds,0D5) has at most two positive factorizations up

to a global conjugation.

Proof. Since k = 2 and n = 3, there is one hole which is enclosed by B, but not by

By, and one hole which is enclosed by B; but not by B,.

@ 7% L 7%
/N

) ) (@ d

2 0 M 5 o

Figure 17: Arcs 7, and 7, along which the surface is cut open is shown in the left
picture. The right picture shows the cut open surface, where v} and 77 are two copies

of ~;, for i =1, 2.

By Lemma 9.1.1, any positive factorization of 7p,7p, is 7p;7p, up to a global

conjugation, where Bf and B) enclose the same set of holes as By and By, respectively.
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The curves B; and Bs fill the surface D5. Following exactly the same argument
as in the proof of Lemma 9.1.3, we get that B} and B intersect in exactly 4 points.
Now we conjugate 7p;7p, by a diffeomorphism which takes curve Bj to B;. This will
change 75,7, to 7p,Tgy, where Bl is a curve which encloses the same set of holes as
Bs.

If we fill each hole of D5, including the outer boundary, by a disk with a marked
point, then we get a 2-sphere with 6 marked points. The two curves By and B} give
a cell decomposition of the 2-sphere. It has four vertices, eight edges and six 2-cells.
Each 2-cell contains a boundary component of D5. There are four 2-cells which are
bigons containing cy, cs, ¢4, and c;, respectively. There are two 2-cells which are
squares containing c¢; and cs, respectively. Each square has exactly one common edge
with each of the four bigons. So there is a properly embedded arc 7{ in S which
connects holes ¢; and c¢5, has exactly one intersection point with the common edge of
the square containing ¢; and the bigon containing c5, and is disjoint with B;. There
is a properly embedded arc «} in .S which connects holes ¢; and ¢, has exactly one
intersection point with the common edge of the square containing ¢; and the bigon
containing ¢y, and is disjoint with B;. Note that 7] and v} correspond to two coedges
of the cell decomposition. It is easy to make sure that we can choose the arcs 7} and
74 to be disjoint.

There is a diffeomorphism of D5 which takes v; and 5 to v, and 7, respectively,
where v; and 7, are as shown in the left of Figure 17 and keeps B, invariant. Such a
diffeomorphism exists because the arcs 74 and 74 chosen are disjoint from the curve B;.
We denote the image of BJ under this diffeomorphism by BY still. Then I(BY,v;) =1
fori=1,2.

We cut the surface D5 open along v, U 7,2, and think of the resulted surface with
the outer boundary drawn as a rectangle. To avoid confusion with other terminology

used, we will denote this cut open surface by R. See the right of Figure 17. The
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curve BY is cut open into two arcs. One of them has both endpoints in the left edge
of R, and the other of them has both endpoints in the right edge of R. Since B is
parallel to the outer boundary of R, each of the two arcs are either disjoint with B;
or has exactly two intersection points with B;. Since (B, BY) = 4, both of the two
arcs have exactly two intersection points with By. One of them encloses one hole of
co and ¢4 with a subarc of the left edge of R. The other of them encloses the other
hole of ¢y and ¢4 with a subarc of the right edge of R.

Just as in the proofs of Lemma 9.1.3 and Lemma 9.1.4, we get that there are at
most two choices for B;. Hence, 75,75, has at most two positive factorizations up to

a global conjugation. O
9.1.2 Stein fillings of certain planar open books

Now we go back to the proof of Theorem 9.0.3.

Proof. If p=q =1, then by Lemma 9.1.1, any other positive factorization of ® must
be the product of 7™, 73", ..., 7", T, 7p, and 7p;, where curves Bj and B,
enclose the same set of holes as curves B; and B,, respectively. In particular, either
TB,TB, = TB,TB, O Tp,TB, = TpyTp;. Without loss of generality, we assume that
TB,TB, = TB,TBY-

Suppose aq, ..., ar_1 are k—1 properly embedded pairwise disjoint arcs in ¥ which
satisfy that: 1) a; connects the boundary components ¢; and ¢;41, 2) a; is disjoint
with By and By. Suppose by, ..., byiq—2 are n — k — 1 properly embedded pairwise
disjoint arcs in 3 which satisfy that: 1) b; connects the boundary components ¢; and
Civ1, 2) b; is disjoint with By and Bs.

Since the curves By and B, do not intersect any of the arcs a;, the diffeomorphism
7B, 7B, does not move them. It follows that the diffeomorphism 7p;7p; does not move

any of the arcs a; as well. We claim that the curves B] and B} do not intersect

any of the arcs a;. Suppose one of the curves Bj, B} did intersect arcs a; for some
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Figure 18: The left two figures indicate the two choices of the curve Bj. The upper
left figure is (3, 7172737573, 75y ). The lower left figure is (3, 717737575, Tpy) which is
conjugate to (3, T TaT3757py 7B, ). The right two figures are their corresponding Kirby
diagrams for the Stein filling, where each dotted circle is a 4-dimensional 1-handle,
and all other circles have surgery coefficients —1. These two Kirby diagrams denote
two diffeomorphic 4-manifolds.

i. Without loss of generality we can assume that curve to be Bj. In this case, since
any positive Dehn twist is right veering(see [43]), the diffeomorphism 75, will move
the arc a; strictly to the right. Hence, 75, should move the arc a; strictly to the left,
which is impossible. Similarly, the curves B} and B)} do not intersect any of the arcs
b;.

Since the arcs a; and b; are not moved by the diffeomorphism 75/ 75;, we can
cut along arcs a; and b;. If we do that we are left with the surface D3, D, or Ds,
depending on k and n. We still denote the curves by By, Bs, By, B} in this new surface.
As before, there is a diffeomorphism which sends B] to B;, and Bj to Bj. Now from

Lemmas 9.1.3, 9.1.4 and 9.1.5 it follows that there are at most two factorizations,
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up to a global conjugation, of the monodromy given by two different choices for the
curve BY.

From the Kirby diagrams, see Figure 18 for an example, we know that for both
of these two choices of the curve BY, the manifold supported by the open book
decomposition

mi,__ma My, Mn42
(X, "y TBlTBé/>

is diffeomorphic to the original oriented 3-manifold, and their corresponding Stein
fillings are diffeomorphic. According to Theorem 7.2.17, Theorem 9.0.3 holds in this
special case.

Now we are left to prove the general case. Any other factorization of ® is

mi, M2 Mntq—1__Mn+q+1 Mn+p+q
T T2 " o Thnvg—1 Tntg+l - Tntpt+q TB;TB)

up to a global conjugation, where B| and B, enclose the same boundary components
as By and By, respectively. In particular, either 75,75, = T/ Tp; Or Tp, T, = TR, 7B,
Without loss of generality, we assume that 7p,7p, = 7B, 7B,

SUPPOSE Uptq41, - - - » Untq+p—1 are p — 1 properly embedded pairwise disjoint arcs
in ¥ which satisfy that: 1) u; connects the boundary components ¢; and ¢; 11, 2) u; is
disjoint with By and By. Suppose vg, . .., Uryq—2 are ¢ — 1 properly embedded pairwise
disjoint arcs in 3 which satisfy that: 1) v; connects the boundary components ¢; and
Cit1, 2) v; is disjoint with B; and Bs.

Note that the diffeomorphism 75,75, does not move any of the arcs upqq41, ...,
Untgtp—1sUVks -+ Vktq—2 and so TB,TB, does not move these arcs either. By the
same argument as in previous paragraph, the curves B] and Bj do not intersect
ArCS Ungqi1s- - - Untgip—1s Vks - - - > Vkpq2-

Hence, to factorize ® we need to specify curves B and B in the complement of
ALCS Uptgi1s - - - » Untqip—1s Uks - - - s Ukrq—2- D0, We cut the surface along arcs w4441, - - -,

Untqtp—1sVks - - - Ukrq—2. LThus we are left with a planar surface with n + 3 boundary
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components. Also, there is a diffeomorphism which sends Bj to By, and B} to BY.
By Lemma 9.1.3, Lemma 9.1.4, Lemma 9.1.5, there are at most two factorizations,

up to a global conjugation, of the monodromy given by two different choices for the

curve BY. Considering the Kirby diagrams, we know that the two Stein fillings are

diffeomorphic. This finishes the proof by Theorem 7.2.17. n

9.1.3 Proofs of the theorems

Figure 19: An embedded open book decomposition supporting (53, £y4) with a twist
knot K _9, and some unknots on a page.

Proof of Theorem 1.0.6. Let L be a Legendrian twist knot K_,, with Thurston-
Bennequin invariant —n and rotation number n — 2k + 1. According to [47], we
can embed the Legendrian link in Figure 1 into an page of an embedded open book
supporting (53, &,q). See Figure 19.

The embedded open book supporting (52, £4) can be transformed into an abstract

version (3, ¢) with ¢ = 1 and
O =TiT2 ThAThkTht1 - TnTn42 - - - Tntp+1TB; -
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So the contact structure (M’,¢’) is supported by the open book (X, ®) with ¢ = 1
and

. _mi,._m2 me_—1 Mme41 m
Q=70 T ThTe) o Th Tna2 - Tndpt1TB TBy)

where m; > 1fori=1,... . k—1,k+1,...,n.

By Theorem 9.0.3, (M’,¢’) admits a unique Stein filling up to diffeomorphism. [

Proof of Theorem 1.0.7. The open book

(Z, T1T2 -« - Tn+q—1Tn+q+1 - - -Tn+p+qTBl)

corresponds to (S3,&yy). If we transform it to the embedded version which is sim-
ilar to Figure 19, then B, can be realized as a Legendrian 2-bridge knot B(p,q)
topologically shown in Figure 2. It is the result of n — k positive stabilizations and
k — 1 negative stabilizations of a Legendrian 2-bridge knot B(p,q) with Thurston-
Bennequin invariant —1 and rotation number 0. So by Theorem 9.0.3, the contact
3-manifold which is obtained by Legendrian surgery on (53, £,4) along the Legendrian

B admits a unique Stein filling up to diffeomorphism. O]

9.1.4 Uniqueness of certain Stein fillings up to symplectic deformation
equivalence

Proof of Theorem 1.0.8. Since L is a Legendrian twist knot K_,, with Thurston-
Bennequin invariant —1 and rotation number 0, according to [47], we can embed
Sﬁ_ka_l(L) into a page of an embedded open book decomposition supporting (5%, £4)
as in Figure 19, where the page is a compact planar surface with n + p + 2 boundary
components. We transform this embedded open book decomposition into an abstract

version (3, ¢) with ¢ = 1 and

O =TIT2 .. . TuTnt2 - Tntp+1TB; -

The Legendrian surgery on (5%, &,4) along the stabilization S?"S*~(L) yields a

contact structure &, on the 3-manifold S*, | (K_5,), which is supported by the open
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book decomposition (3, ®) with ¢ = 1 and

O =TTy . . TnTnt2- - Tnip+1TB TBs-

By Lemma 9.1.1, any positive factorization of ® has to be the product of 7, 7,
<> Ty Tnt2s -+ Tntptl, TB,, TB,, Where B] and By enclose the same set of holes as
By and B, respectively.

The open book decomposition

(E,T1T2 - TnTog2 - - TnipriTB,)

also supports (S3,&q). We think of B as a knot in (S?, £q).

We claim that Bj is isotopic to the twist knot K_5,. There is an element f €
Map(¥,0%) which sends Bj to B;. We denote f(B)) by Bj. According to the
proof of Theorem 9.0.3, the given monodromy ® has at most two different positive
factorizations, up to a global conjugation, depending on the two choices for BY. Both
of the two choices of B are isotopic to the twist knot K_5,. So B} is isotopic to the
twist knot K _g).

We compute the page framing of B in the open book decomposition

(5, T1T2 - TnTog2 - - TnipriTB,)-

To this end, we compute the linking number of B! and its push-off in the page of

open book decomposition

(X, T1T2 e o TaTot2 - - Tnipt1TBy)

shown in Figure 19. For both of the two choices of B, it is routine to check that the
linking numbers of BJ and its push-off in the page are —n. So B has page framing
—n with respect to the Seifert framing.

Since B is not null-homologous in ¥, we can Legendrian realize it. According

to the definition of open book decomposition, we know that the Thurston-Bennequin
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invariant of BY is the difference between the page framing and the Seifert framing,
that is, —n. .

Therefore, the Lefschetz fibration X over D?, with fiber ¥, corresponding to the
positive factorization 77y ... T, Thio - . . Totpt1TB, TB) of ® is diffeomorphic to D*, with
its standard complex structure, and a 2-handle attached along a (—1 — n)-framed
twist knot K_5,. Also, X has a Stein structure that arises from the Legendrian
surgery along the Legendrian realized Bj. By a theorem of Eliashberg [12], we can
extend the Stein structure uniquely to this new manifold. Since there is a unique
Legendrian twist knot K_j, with Thurston-Bennequin invariant —n and rotation
number n — 2k + 1, [18], we know that the only Legendrian twist knot K_,, that can
produce (S%, , (K_g,),&) is ST"S*71(L). This implies that all Stein structures on
X are symplectic deformation equivalent. So X has a unique Stein structure up to
symplectic deformation.

According to Theorem 7.2.17, every Stein filling of (5%, _, (K _2,), &) is symplectic
deformation equivalent to a Lefschetz fibration compatible with the given planar open
book decompsition (3, ®). So there is a unique Stein filling on (S?;_,(K_2,), &), up

to symplectic deformation. O]
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