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ABSTRACT 

T h i s   p a p e r   c o n s i d e r s ,   f r o m  a c o m p l e x   f u n c t i o n  
t h e o r e t i c   p o i n t   o f   v i e w ,   c e r t a i n   r o b u s t   s y n t h e s i s  
p rob lems.  We c o n s i d e r   b o t h   r e a l  and  complex  parameter 
v a r i a t i o n s .  It i s  shown t h a t   s e v e r a l   a p p a r e n t l y   d i f -  
f e r e n t   p r o b l e m s   c a n   b e   t r e a t e d   i n  a u n i f i e d   g e n e r a l  
f ramework.  A new r e s u l t  on t h e   g a i n   m a r g i n   p r o b l e m   f o r  
m u l t i v a r i a b l e   p l a n t s   i n   a l s o   g i v e n .  

NOTAT I ON 

C = {  compl  ex  numbers} . 
R = { r e a l   n u m b e r s } .  

H = open r i g h t   h a l f   p l a n e  = { s  E C :  Re s > O}. 

- = c l o s e d   r i g h t   h a l f   p l a n e  = { s  E C: Re s > O }  . 
H = H { m i .  

D = c l o s e d   u n i t   d i s c  = { s  E C: ( 5 1  < l}. 
T = u n i t   c i r c l e  = { s  E C: ( S I  = l}. 
H and D a r e  we1 1-known t o  be  conformal  l y  e q u i v a l e n t .  

- P I  = c {mi. 

- D = open u n i t   d i s c  = { s  E C: ( s  I < I}. 

0. INTRODUCTION 

T h i s   p a p e r   i s   d e v o t e d   t o   s o l v i n g   c e r t a i n   k i n d s   o f  
r o b u s t   s t a b i l i z a t i o n   p r o b l e m s   u s i n g   t e c h n i q u e s   f r o m  
complex  analys is ,   and,  i n   p a r t i c u l a r ,   i n t e r p o l a t i o n  
t h e o r y .   P a r t i c u l a r   c a s e s   o f   t h e s e   p r o b l e m s   h a v e   b e e n  
cons ide red   by  TANNENBAUM [1980,  1981,  19823. I n   t h i s  
paper ,  we c o n t i n u e   t h e   i n v e s t i g a t i o n   o f   t h e s e   r o b u s t  
des ign   p rob lems.  

I n   g e n e r a l   t e r m s ,   t h e   p r o b l e m s  may be f o r m u l a t e d  as 
f o l l o w s :   L e t   P k ( s )  be a p a r a m e t r i z e d   f a m i l y   o f  
( l i n e a r ,   c o n t i n u o u s - t i m e ,   f i n i t e - d i m e n s i o n a l ,   t i m e -  
i n v a r i a n t ,   s t r i c t l y   p r o p e r )   p l a n t s ,   w h e r e   t h e   p a r a m e t e r  
v e c t o r  k t a k e s   v a l u e s   i n  some compact  set  K. Then we 
want t o   d e s i g n  a c o n t r o l l e r  C( s )  s u c h   t h a t   f o r   e a c h  k 
i n  K, t h e   f o l l o w i n g   c l o s e d   l o o p   s y s t e m   i s   ( i n t e r n a l l y )  
a s y m p t o t i c a l l y   s t a b l e :  

F i g .  1 

The  p rob lem  s ta te   above,  i n   i t s   c o m p l e t e   g e n e r a -  
l i t y ,  i s   v e r y   h a r d  a n d   n o   g e n e r a l   s o l u t i o n   i s  known. 
However, f o r   c e r t a i n   s p e c i a l   c a s e s   o f   i m p o r t a n c e   i n  
p r a c t i c a l   d e s i g n ,  one  can  g ive a c o m p l e t e   a l g o r i t h m i c  
s o l u t i o n .   F o r   e x a m p l e ,   c o n s i d e r   t h e   f o l l o w i n g   f a m i l y  

and A l l e n  Tannenbaum 

DeDt. o f   M a t h e m a t i c s  
B e n - G u r i o n   U n i v e r s i t y   o f   t h e  Negev 
Beer  Sheva,  84105, ISRAEL 

o f  SISO p l a n t s :  

w h e r e   p o ( s )   i s   t h e   ( f i x e d )   n o m i n a l   p l a n t   a n d  k i s   t h e  
v a r i a b l e   p a r a m e t e r   t a k i n g   v a l u e s   i n  [a,  b],  b > 1 > a > 
0.  Then t h e  above  problem  becomes  one o f   f i n d i n g   ( i f  
p o s s i b l e )  a p r o p e r   c o m p e n s a t o r   C ( s )   w h i c h   s t a b i l i z e s  
t h e   c l o s e d   l o o p   s y s t e m   f o r   a l l  k i n  [a, b l .  It t u r n s  
o u t   t h a t   g i v e n   t h e   n o m i n a l  model  Po(s) , one  can  compute 
a number B s u c h   t h a t   t h i s   p r o b l e m   i s   s o l v a b l e  i f  and 
o n l y  i f  

< B. b 

Indeed,  i t  i s  easy t o  s e e   t h a t  20 l og  B i s   t h e   m a x i m u a l  
a t t a i n a b l e   g a i n   m a r g i n   f o r   t h e   n o m i n a l   p l a n t  P,(s) by 
s u i t a b l e   d e s i g n   o f   C ( s ) .   T h u s ,   t h i s   s p e c i a l   p r o b l e m  
may be  v iewed as t h e   p r o b l e m   o f   m a x i m i z a t i o n   o f   g a i n  
marg in  by  feedback.  It will be  seeen t h a t   t h i s  new 
i n v a r i a n t  B depends  on ly  on t h e   z e r o s   a n d   p o l e s   o f  
P o ( s )   i n   t h e  open r i g h t   h a l f   p l a n e .   G i v e n  a,  b such 
t h a t  (0.2) h o l d s ,  we g i v e  an e x p l i c i t   p a r a m e t r i z a t i o n  
o f   a l l   c o n t r o l l e r s   t h a t   s o l v e   t h i s   d e s i g n   p r o b l e m .  The 
above   p rob lem  (wh ich  was c o n s i d e r e d   i n  HOROWITZ and 
GERA [1979]  and HOROWITZ and SIDI C19781,  and s o l v e d   b y  
TANNENBAUM C19801) i s  a v e r y   s p e c i a l   c a s e   o f   t h e   w h o l e  
c l a s s   o f   d e s i g n   p r o b l e m s   f o r   w h i c h   o u r   t e c h n i q u e s   w o r k .  
I n   p o i n t   o f   f a c t ,  we will a r g u e   t h a t   m o s t   o f   t h e   s t a n -  
d a r d   r o b u s t n e s s   a n d   H " - s e n s i t i v i t y   m i n i m i z a t i o n  
problems  can be  embedded i n  a u n i f i e d   f r a m e w o r k   a n d  
s o l v e d   u s i n g   e s s e n t i a l l y   t h e  same t e c h n i q u e s .  
E x p l i c i t l y , - . o u r   t e c h n i q u e s  will be  shown t o  b e   a p p l i -  
c a b l e   t o   c e r t a i n   p r o b l e m s   p o s e d   i n  ZAMES C19811, ZAMES 
and FRANCIS C19831, FRANCIS and ZAMES L19841, DOYLE, 
WALL, and  STEIN  C19821,  and KIMURA C19831. 

It i s   i m p o r t a n t   t o   n o t e   t h a t   w h i l e   t h e   t e c h n i q u e s  
o f   t h e   a b o v e   a u t h o r s   a r e   e s s e n t i a l l y   f u n c t i o n a l   a n a l y -  
t i c ,   o u r   t e c h n i q u e s   a r e   c o m p l e x   a n a l y t i c   g o i n g   b a c k   t o  
some o f   t h e   i d e a s   o f   N e v a n l i n n a   a n d   P i c k  (NEVANLINNA 
C19531  and AHLFORS t-19731). I n   p a r t i c u l a r ,  we make 
s t r o n g   u s e   o f   P i c k ' s   f o r m u l a t i o n   o f   t h e   S c h w a r z  lemma 
i n  te rms o f  a c e r t a i n   n o n e u c l i d e a n   ( h y p e r b o l i c )   m e t r i c .  
T h i s   a p p r o a c h   e n a b l e s   u s   t o   t r e a t   r e a l  as w e l l  as 
c o m p l e x   v a r i a t i o n s   i n   t h e  same framework.  We f e e l   t h a t  
t h i s   i s  an i m p o r t a n t   c o n t r i b u t i o n   o f   t h i s   p a p e r .   F u l l  
d e t a i l s   o f   t h e   r e s u l t s   o f   t h i s   p a p e r   i n c l u d i n g   t h e  

r o o f s   c a n  be found i n  KHARGONEKAR and  TANNENBAK fm. 
1. INTERPOLATION THEORY 

I n t e r p o l a t i o n   t h e o r y   p l a y s  a m a j o r   r o l e   i n   c e r t a i n  
f e e d b a c k   d e s i g n   p r o b l e m s .   I n   t h i s   s e c t i o n ,  we will 
d e s c r i b e   t h o s e   a s p e c t s   o f   t h e   c l a s s i c a l   N e v a n l  i nna-Pick 
i n t e r p o l a t i o n   t h e o r y   w h i c h   a r e   r e l e v a n t   t o   t h e   d e s i g n  
p r o b l e m s   t r e a t e d   i n   t h e   s u b s e q u e n t   s e c t i o n s .  See 
HELTON 119823  and t h e   r e f e r e n c e s   c i t e d   t h e r e   f o r  an 
i n d e p t h   d i s c u s s i o n   o f   i n t e r p o l   a t i o n   t h e o r y  and  re1   a ted  
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t o p i c s  . 
i f j. The c l a s s i c a l   N e v a n l i n n a - P i c k   i n t e r p o l a t i o n  
p r o b l e m   i s   t o   f i n d   ( i f  one e x i s t s )  an a n a l y t i c   f u n c t i o n  
f :  D + D s u c h   t h a t   f ( a . 1  = b i ,  i = 1, 2, ..., 4. As i s  
w e l l  known ( P I C K  [19163, NEVANLINNA [1919])  an i n t e r -  
p o l a t i n g   f u n c t i o n  f e x i s t s  i f  a n d   o n l y  i f  t h e   f o l l o w i n g  
Nevanl  i n n a - P i   c k   m a t r i x  

L e t   a i  E D, bi E D, i = 1, 2, ..., q w i t h  ai f aj ,  

i s   p o s i t i v e   s e m i - d e f i n i t e .  

O u r   w o r k   d e p e n d s   o n   t h e   f o l l o w i n g   s l i g h t   v a r i a t i o n  
o f   t h e   a b o v e   p r o b l e m .   L e t   a i  E D, b i  E C ,  i = 1, 2, ..., q w i t h   t h e   a i   d i s t i n c t  as above .   Le t  a > 0 be i n  
R .  Then we a r e   i n t e r e s t e d   i n   f i n d i n g  an a n a l y t i c  fa: 
D + D s u c h   t h a t  f,(ai) = a b ? ,  i = 1, 2, ..., q. 
C l e a r l y ,   f o r  a = 0,  one  can f i n d  such a f u n c t i o n ,  
namely fa : 0. T h e r e f o r e ,   b y   c o n t i n u i t y ,   o n e   c a n   d o  
t h i s   f o r  a s u f f i c i e n t l y   s m a l l .   I n d e e d ,  it i s  an  easy 
e x e r c i s e   t o   c o m p u t e   t h e   m a x i m a l  a ,  timax, s u c h   t h a t   f o r  
each a < t imax, fa e x i s t s .   E x p l i c i t l y ,  amax can  be com- 
p u t e d  as f o l l o w s :   D e f i n e  

- 
1 1 7  

A :  = 1 ! 

[ b i b j  
B: = 1 

C l e a r l y ,   i n   o r d e r   t h a t   h e   a b o v e   p r o b l e m   b e   s o l v a b l e  we 
m u s t   r e q u i r e   t h a t  A - a 5 B > 0. I f  b i  = 0, i = 1, 
2, ..., q t h e n  A - a2B > 0 f o r   a l l  a i n  R. I n   t h i s  
case, we s e t  t imax:  = m .  On t h e   o t h e r   h a n d  if a t   l e a s t  
one o f   t h e   b i  f 0, t h e n  

t imax = 1/Jxmax , 

where i s   t h e   l a r g e s t   e i g e n v a l u e   o f   A - l B .   ( I t   i s  
n o t  difficult t o  s e e   t h a t  X ax > 0 if B f 0.) N o t e  
t h a t  amax: = t imax(a i ,b i )   onyy   depends on t h e   i n t e r -  
p o l a t i o n   d a t a   a i ,   b i ,  i = 1, 2, ..., q. We will see i n  
S e c t i o n  2 t h a t  8max p l a y s  a c e n t r a l   r o l e   i n   r o b u s t   s t a -  
b i l i z a t i o n   p r o b l e m s .  

It will b e   s e e n   t h a t  we need t o   c o n s i d e r   c e r t a i n  
k i n d s   o f   i n t e r p o l a t i o n   p r o b l e m s   w i t h  some o f   t h e   p o i n t s  
l y i n g  on t h e   b o u n d a r y  T o f   t h e   u n i t   d i s c  D. Here  we 
e x t e n d   o u r   n o t i o n   o f  alax t o   c o v e r   b o u n d a r y   i n t e r -  
p o l a t i o n .   L e t   a j  E D J = l , . . . ,  E ,  a E T ( r  = 1, . . . , q - i?) ,  and bi E C i = 1, .. . , q t t r G i v e n  a r e a l  
number a > 0, we a r e   r e q u i r e   t o   f i n d  an a n a l y t i c   f u n c -  
t i o n  fa: D + D s u c h   t h a t   f a ( a i )  = u b i   f o r  i = 1, ..., q. 
L e t  a1 b e   t h e  6rmax f o r   t h e   " i n t e r i o r   i n t e r p o l a t i o n  
d a t a   a j ,   b j ,  j = 1,2, . . . , L. D e f i n e  

f o r  
j = 1, ..., 1 and i = 1, ..., q. 

We can now s t a t e   t h e   g e n e r a l  

(1 .2 )  THEOREM. Let a i  finand b i  fi C, i = 1, 2 ,..., 
q b e   a s   a b o v e .   T h e n   t h e r e   e x i s t s  an-anal t i c . f u n c t i o n  
fa-; DTZK .-- t w m  T i f a h l f  a < 

2. ROBUST STABILIZATION AND OTHER  PROBLEMS 

I n   t h i s   s e c t i o n ,  we will c o n s i d e r   c e r t a i n   t y p e s   o f  
r o b u s t   s t a b i l i z a t i o n  and r e l a t e d   p r o b l e m s   w h i c h   w e r e  
a l l u d e d   t o   i n   t h e   I n t r o d u c t i o n .  To m o t i v a t e   o u r  
approach, l e t  u s   b e g i n   b y   r e v i e w i n g   p r e c i s e l y  how t h e  
p r o b l e m   o f   i n t e r n a l   s t a b i l i z a t i o n   f e e d b a c k   a m o u n t s   t o  
an i n t e r p o l a t i o n   p r o b l e m .   L e t   P 0 ( s )   b e  a f i x e d  S I S O  
n o m i n a l   p l a n t   w i t h   c l o s e d   r i g h t   h a l f   p l a n e   z e r o s  
zl, z2,, . . , a n d   c l o s e d   r i g h t   h a l f   p l a n e   p o l e s   p 1 ,  

s l n c e  we a r e   d e a l i n g   w i t h  a s t r i c t l y   p r o p e r   p l a n t . )  
F o r  a g i v e n   c o m p e n s a t o r   C ( s )   d e f i n e   t h e  
s e n s i t i v i t y   f u n c t i o n  

P?, . . .Y Pn. ' T i o t e   t h a t  some o f   t h e  zi ' s  will be m 

s ( s )  = (1 t p 0 ( s ) c ( s ) ) - 1 .   ( 2 . 1 )  

A s  i s   w e l l  known, i n   o r d e r   f o r   t h e   c l o s e d   l o o p   s y s t e m  
t o  be i n t e r n a l l y   a s y m p t o t i c a l l y   s t a b l e ,  i t  i s   n e c e s s a r y  
a n d   s u f f i c i e n t   t h a t  S ( s )  h a v e   t h e   f o l l o w i n g  
p r o p e r t i e s :  

( i )  S ( s )  i s   r e a l   r a t i o n a l  and a n a l y t i c   i n  H; 
( i i )   t h e   z e r o s   o f  S ( s )  c o n t a i n   I p 1 , p 2 ,  ..., pn} 

m u l t i p l i c i t i e s   i n c l u d e d ;  and 
( i i i )   t h e   z e r o s   o f  S ( s )  - 1 c o n t a i n   { z l , z 2 ,  ..,, zm} m u l t i p l i c i t i e s   i n c l u d e d .  

Given  any  such S ( s ) ,  one  can f i n d   t h e   c o r r e s p o n d i n g  
( p r o p e r )   c o m p e n s a t o r   C ( s )   u s i n g   ( 2 . 1 ) .  

L e t  us b e g i n   b y   c o n s i d e r i n g   t h e   p r o b l e m   o f   i n t e r n a l  
s t a b i l i z a t i o n   f o r   p l a n t s   w i t h   p a r a m e t e r   u n c e r t a i n t y  as 
d i s c u s s e d   i n   t h e   I n t r o d u c t i o n .   C o n s i d e r   t h e   f a m i l y   o f  
SISO p l a n t s   P k ( s )  = k P o ( s )  as g i v e n   b y  (0.1) where 
p o ( s )  i s   t h e   n o m i n a l  model  and k b e l o n g s   t o   t h e   i n t e r -  
va l   [ a ,b ] ,   b> l>a>O.   Le t  C ( s )  be a p roper   compensator .  
We can now s t a t e   t h e   f o l l o w i n g :  

- i f  

f o r   a l l  s in H.  

(2 .4)  G A I N  M A R G I N  PROBLEM.  Lemma (2.3)  shows t h a t   t h e  
g a i n   m a r g i n   p r o b l e m   o f   t h e   I n t r o d u c t i o n   i s   e q u i v a l e n t  
t o   t h e   f o l l o w i n g   i n t e r p o l a t i o n   p r o b l e m :   F o r   g i v e n  
p o ( s )  a n d   i n t e r v a l  [a,b], 0 < a < 1 < b, f i n d  a r e a l  
r a t i o n a l   f u n c t i o n  S ( s )  s u c h   t h a t  

( i i )  S ( s )  s a t i s f i e s   ( 2 . 2 - i , i i , i i i ) .  
N e x t   l e t   u s  c o n s i d e r   t h e   p r o b l e m   o f   s e n s i t i v i t y  

m i n i m i z a t i o n   o f  ZAMES C19811, ZAMES and FRANCIS [1983], 
and FRANCIS and ZAMES [1984]. F i r s t  we w i   11   cons ide r  
t h e   u n w e i g h t e d   s e n s i t i v i t y   f u n c t i o n  and  then, a b i t  
l a t e r ,   c o n s i d e r   t h e   w e i g h t e d   s e n s i t i v i t y   f u n c t i o n .   L e t  
p 0 ( s )  b e   t h e   f i x e d  SISO p l a n t  Then we a r e   r e q u i r e d   t o  
f i n d  

i n f   { s u p  J S ( s ) ) :  C ( s )   i n t e r n a l l y   s t a b i l i z e s   P 0 ( s ) } .  

S E i i  

We c a n   r e f o r m u l a t e   t h i s   p r o b l e m   i n   t h e   f o l l o w i n g  way: 

(2.5)  MINIMAL  SENSITIVITY PROBLEM. L e t  r > 0 be a 
r e a l  number  such t h a t   t h e r e   e x i s t s  

s ( s ) :  i + D, :=  I S  i n  C :  / S I  < r } ,  

s a t i s f y i n g   ( 2 . 2 - i , i i   , i i i ) .   C l e a r l y ,   t h e   F r a n c i s - Z a m e s  
p r o b l e m   s t a t e d   a b o v e  i s   t o   f i n d   t h e   i n f i m u m ,  ro ,  of a l l  
such   rea l   numbers  r. 
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Next  we w o u l d   l i k e   t o   c o n s i d e r  a k i n d   o f   p a r a m e t e r  
v a r i a t i o n   w h i c h   i s   m o t i v a t e d  by t h e   w o r k   o f  DOYLE, 
WALL, and  STEIN  C19821  and LEHTOMAKI C19811.  These 
a u t h o r s   c o n s i d e r   v a r i o u s   t y p e s   o f   u n c e r t a i n t i e s   i n  
m o d e l l i n g   d y n a m i c s .   T h e i r   w o r k  shows t h a t   i n   s e v e r a l  
c a s e s   t h e s e   u n c e r t a i n t i e s   a r e   e q u i v a l e n t   t o   c o m p l e x  
u n c e r t a i n t i e s   i n   t h e   m u l t i p l i c a t i v e   f a c t o r .  We will 
t h e r e f o r e   c o n s i d e r   t h e   f o l l o w i n g   f a m i l y   o f   p l a n t s .   L e t  
r > 0 be g i v e n .  

D e f i n e  

K r  := { k :  k = (1 + a)- ’   where s E C and 1s) < r } ,  (2 .6 )  

Now c o n s i d e r   t h e   f a m i l y  o f  p l a n t s  

P k ( s )  = kPo(s)  

where k b e l o n g s   t o  Kr ,  and  Po(s) i s   t h e   n o m i n a l   p l a n t .  
(DOYLE, WALL, and   STEIN   [1982 ]   cons ide r   o the r   t ypes   o f  
m o d e l l i n g   u n c e r t a i n t i e s  as w e l l .   E a c h   o f   t h e s e   c a s e s  
c a n   a l s o  be t r a n s l a t e d   i n t o   i n t e r p o l a t i o n   p r o b l e m s   w i t h  
d i f f e r e n t   d a t a  and i n t e r p o l a t i n g   f u n c t i o n s . )  For t h i s  
f a m i l y   o f   p l a n t s  we c o n s i d e r   t h e   c o r r e s p o n d i n g   r o b u s t  
s t a b i l i z a t i o n   p r o b l e m .   U s i n g   t h e  same method  as i n  
( 2 . 3 ) ,  i t  i s  easy t o  s e e   t h a t   t h i s   p r o b l e m   c a n  be f o r -  
m u l a t e d  as f o l l o w s :  

(2 .7 )  COMPLEX  PARAMETER VARIATIONS. 

F o r   g i v e n  Po(s)  and r > 0, f i n d  

( i )  S ( s ) :  ‘i 7 Di/,., and 
( i i )  s ( s )  s a t i s f i e s   ( 2 . 2 - i , i i , i i i ) .  
We will now solve  problems  (2 .41,   (2 .5) ,   (2 .7)   (and 

t h e i r   w e i g h t e d   a n a l o g s )   i n  a u n i f i e d  way. L e t  us f i r s t  
n o t e   t h a t   t h e   c o n d i t i o n s   ( 2 . 4 - i ) ,   ( 2 . 5 - i ) ,  and ( 2 . 7 - i )  
r e q u i r e   t h e   s e n s i t i v i t y   f u n c t i o n  S ( s )  t o  have  range i n  
a domain  which i s   s i m p l y   c o n n e c t e d   a n d   n o t   a l l   o f  C. 
But   by  the  Riemann  mapping  theorem (RUDIN [1966]) t h e s e  
domains   a re  a1 1 c o n f o r m a l l y   e q u i v a l e n t   t o   t h e   u n i t   d i s c  
D. I n   p o i n t   o f   f a c t ,   i n   a l l   t h e s e   c a s e s  i t  i s   t r i v i a l  
t o   w r i t e   e x p l i c i t   c o n f o r m a l   e q u i v a l e n c e s   b e t w e e n   t h e s e  
domains  and D w h i c h  we will do s h o r t l y .   B u t   f i r s t ,   l e t  
u s   a b s t r a c t   t h e   p r o b l e m .  

(2.8) GENERAL  PROBLEM. L e t  G C 2 i ven   s imp ly  
connec ted   doma in   con ta i  n i K O ,  1. f i ’ v p o s s i   b l   e )  
- a r a t i o n a l   a n a l y t i c   f u n c t i o n  

S ( s ) :  + G 

s a t i s f y i n g   ( 2 . 2 - i , i i , i i i ) .  

We will now g i v e  a s i m p l e   p r o c e d u r e   t o   s o l v e   t h i s  
g e n e r a l   p r o b l e m   w h i c h  will l e a d   t o   e x p l i c i t   s o l u t i o n s  
o f   p r o b l e m s   ( 2 . 4 ) ,   ( 2 . 5 ) ,  and  (2.7)  (and t h e i r   w e i g h t e d  
a n a l o g s )  . I n   o r d e r   t o  do t h i s  , we will have t o  
d e s c r i b e ,   b r i e f l y ,  a c e r t a i n   n o t i o n   f r o m   c o m p l e x   f u n c -  
t i  on t h e o r y ,   n a m i i y   t h e   h y p e r b o l i c  or Poincare ’  
m e t r i c .   F o r   c o m p l e t e   d e t a i l s ,   s e e   t h e   c l a s s i c a l   w o r k  
o f  NEVANLINNA [19531. We s h o u l d   n o t e   t h a t   i n  HELTON 
r 1 9 8 2 1   n o n e u c l i d e a n   m e t r i a   a n d   t h e i r   r e l a t i o n s   t o  
p rob lems i n  sys tem  theory   have a1 so been  d iscussed.  

L e t  D d e n o t e   t h e   o p e n   u n i t   d i s c .   T h e n   t h e   h y p e r -  
b o l i c   d i s t a n c e   b e t w e e n   t w o   p o i n t s  21, 22 i n  D i s   g i v e n  
by  

N e x t   l e t  GC C Ul-1 be a s imp ly   connec ted   doma in  
w i t h   a t   l e a s t   t w o   b o u n d a r y   p o i n t s .   T h e n   b y   t h e   R i e m a n n  
m a p p i   n g   t h e o r e m   t h e r e   e x i s t s  X: G + D a c o n f o r m a l  
e q u i v a l a n c e .  We d e f i n e   t h e   h y p e r b o l i c   d i s t a n c e  on G 
by  

It i s  a f a c t   t h a t   t h i s   d e f i n i t i o n   i s   i n d e p e n d e n t   o f   t h e  
c h o i c e   o f   c o n f o r m a l   e q u i v a l e n c e  X. 

T h e   k e y   f a c t   w h i c h  we need i s   t h e   f o l l o w i n g   v e r s i o n  
o f   t h e   S c h w a r z  lemma.  See AHLFORS [ 1 9 7 3 ]   f o r  a p r o o f .  

(2.11) THEOREM. 61, G 2 C C U { m l   b e   s i m p l y   c o n -  
nected  domains with a t   l e a s t   t w o   b o u n d a r   o i n t s   L e t  
- 7 a  n a  n a 5 t - p W a - z  2 - 3  
G 1 3  

dG1(Z1),  22) 2 d G 2 ( f ( z l ) ,   f ( z 2 ) ) .  

Moreover ,   one   has   equa l i t y  i f  a n d   o n l y  i f  f -& a con- 
f o r m a l   e q u i v a l e n c e .  

T h i s   r e s u l t  will b e   t h e   k e y   i n   o u r   t r e a t m e n t   o f  
r o b u s t   s t a b i l i z a t i o n .   B e f o r e   s t a t i n g   o u r   s o l u t i o n s   t o  
t h e   g e n e r a l   p r o b l e m   ( 2 . 8 ) ,  we need t o   s e t  up some n o t a -  
t i o n .   L e t   P o (  s )  be t h e   n o m i n a l   p l a n t  as 

a b o v e   w i t h  z i  i n   t h e   z e r o s  and p j   i n  fi t h e   p o l e s .  

L e t  $ :  + be a f i x e d   c o n f o r m a l   e q u i v a l e n c e .   L e t  Si: 
= + ( z i )  and $ j   : = + ( P j ) .  

I n   t h e   n o t a t i o n   o f   S e c t i o n  1, d e f i n e   t h e   i n t e r p o l a t i o n  
d a t a :  

a i   = S i ,  i = 1, 2, ..., m 

a j + m  = $ j ,  j = 1,2, ..., n 

b i  = 1, i = 1,2, ..., m 

bj+, = 0, j = 1,2, ..., n.  

As i n  (1.1) c o n s i d e r  now t h e  amax d e f i n e d   r e l a t i v e   t o  
t h i s   i n t e r p o l a t i o n   d a t a .  We can now s t a t e   t h e  
f o l l o w i n g   k e y   r e s u l t :  

(2.12) THEOREM. The   genera l   p rob lem  (2 .8 )  i s  
s o l v a b l e  i f  and o n r i f  

REMARK. T h e o r e m   ( 2 . 1 2 )   e s s e n t i a l l y   s o l v e s   p r o b l e m s  
(2.4) ,   (2 .5) ,   and  (2 .7) .   Indeed,  we s e e   t h a t   s o l v i n g  
t h e s e   p r o b l e m s   c a n   b e   d i v i d e d   i n t o   t w o   p a r t s .   t h e  
f i r s t   p a r t   r e q u i r e s   c o m p u t a t i o n   o f  amax which  depends 
o n l y  on t h e   z e r o s   a n d   p o l e s   o f   t h e   n o m i n a l   p l a n t   i n   t h e  
open r i g h t  ha1 f p l a n e  when t h e   p l a n t   h a s   a t   l e a s t  one 
open r i g h t   h a l f   p l a n e   z e r o ,  and i s  1 o t h e r w i s e .  

T h e   s e c o n d   p a r t   o f   t h e   s o l u t i o n   o f   t h e s e   p r o b l e m s  
i s   t h e   c o m p u t a t i o n   o f   d G ( 0 , l ) .   C e r t a i n l y ,   t h i s   d e p e n d s  
on t h e   c h o i c e   o f  G w h i c h   i n   t u r n  depends  on t h e   k i n d   o f  
u n c e r t a i n t y   i n   t h e   g i v e n   p r o b l e m .   G i v e n   t h e   d o m a i n  G, 
dG(0, 1) can  be  computed as e x p l a i n e d   i n   ( 2 . 9 ) .  

We s h a l l  now g i v e   e x p l i c i t   s o l u t i o n s   t o   t h e   a b o v e  
t h r e e   p r o b l e m s .  

( 2 . 4 ) ’  SOLUTION TO (2.4).  We need t o   f i n d  

I n   p a r t i c u l a r ,   f o r  r > 0, 
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KHARGONEKAR-TANNENBAUM [1984]. 

a c o n f o r m a l   e q u i v a l e n c e ,   s u c h   t h a t  O ( 0 )  = 0. F o l l o w i n g  
s t a n d a r d   p r o c e d u r e s   i n   c o n f o r m a l   m a p p i n g   t h e o r y ,   ( s e e ,  
e.g., TANNENBAUM [19801) ,  we f i n d  

1 10 

b  a 

b  a 

It i s  easy t o  c o m p u t e   t h a t  

1 - Ja/b 
8 ( l )  = 

1 -t J a / b  
T h e o r e m   ( 2 . 1 2 )   i m p l i e s   t h a t   t h e   g a i n   m a r g i n   p r o b l e m   i s  
s o l v a b l e  i f  a n   o n l y  i f  

o r   e q u i v a l e n t l y ,  
(2.13) 

From t h i s   e x p r e s s i o n ,   c e r t a i n   i n t e r e s t i n g   c o n t r o l  
t h e o r e t i c   i m p l i c a t i o n s   c a n   b e   d r a w n .   F o r   e x a m p l e ,  as 
amaX approaches 1, t h e   m a x i m a l   a t t a i n a b l e   g a i n   m a r g i n  
goes t o  -. I f  t h e   n o m i n a l   p l a n t  P 0 ( s )  has   no   zeros  i n  
t h e  open r i g h t   h a l f   p l a n e ,  i.e., we have a minimum 
p h a s e   p l a n t ,   t h e n  i t  i s  i m m e d i a t e   t h a t  amax = 1. Thus, 
f o r   s u c h   p l a n t s   g i v e n  b > 1 > a > 0, one  can  a lways 
s o l v e   ( 2 . 4 ) .   I n   S e c t i o n  3, we s h a l l   p r o v e  a s i m i l a r  
r e s u l t   f o r   m u l t i v a r i a b l e   p l a n t s .  On t h e   o t h e r   h a n d  as 
amax approaches  zero ,   the   max imal   b /a   approaches 1. 

( 2 . 5 ) '  SOLUTION TO (2.5 . I n   t h i s  case we need t o   f i n d  
8 :  Dr + D s u c h   t h a t  8(0) = 0. T r i v i a l l y  e ( s )  = s / r ,  
and 

dgr(O, 1) = dD(O, l / r )   l o g  - l,r . 1 + l / r  

App ly ing   Theorem  (2 .12 ) ,   (2 .5 )  i s   s o l v a b l e  i f  a n d   o n l y  
i f  

T h a t   i s ,  

r > l /amax.  

T h e r e f o r e   b y   d e f i n i t i o n ,   t h e   m i n i m a l   s e n s i t i v i t y  

(2.14) 

w h e r e   t h e   i n f i m u m   i s   t a k e n   o v e r   a l l   i n t e r n a l l l y   s t a b i -  
l i z i n g  compensators.  

T h i s   r e s u l t   r e v e a l s  a b a s i c   c o n n e c t i o n   b e t w e e n   t h e  
s e n s i t i v i t y   m i n i m i z a t i o n   p r o b l e m   a n d   t h e   g a i n   m a r g i n  
p r o b l e m .   F r o m   t h i s  new g e n e r a l   v i e w p o i n t ,  i t  i s   c l e a r  
t h a t  TANNENBAUM C19801  and ZAMES and FRANCIS 119833 

( 2 . 7 ) '  SOLUTION TO ( 2 . 7 ) .   I n   t h i s   c a s e  

G = D l / r  = {S E C :  J s I  < l / r } ,  

Thus t h i s   i s   p r e c i s e l y   t h e  ZAMES-FRANCIS [1983]   p rob lem 
and f o r  each r < amax, t h e   p r o b l e m   i s   s o l v a b l e .  

F i n a l l y  i t  i s   n o t   d i f f i c u l t   t o   i n c o r p o r a t e   t h e  
q u e s t i o n   o f   w e i g h t e d   s e n s i t i v i t y   m i n i m i z a t i o n   i n t o   o u r  
genera l   f r amework .   Th i s  i s   t h e   g e n e r a l   p r o b l e m   c o n -  
s i d e r e d   b y  ZAMES and FRANCIS 1 1 9 8 3 1 .   F o r   d e t a i l s   s e e  

3. REMARKS ON THE MULTIVARIABLE CASE 

I n   t h i s   s e c t i o n ,  we p r e s e n t  a s i m p l e   r e s u l t  on t h e  
m u l t i v a r i a b l e   v e r s i o n   o f   t h e   g a i n   m a r g i n   p r o b l e m .   L e t  
us c o n s i d e r   t h e   f a m i l y   o f  p  x m r e a l   r a t i o n a l   p r o p e r  
t r a n s f e r   m a t r i c e s  

P ( s )  = kPo(S),  k E [ a ,   b l ,  b > 1 > a > 0. 

We want t o   f i n d  a r e a l   r a t i o n a l   c o m p e n s a t o r   t r a n s f e r  
m a t r i x   C ( s )   s u c h   t h a t   t h e   f e e d b a c k   s y s t e m  shown i n   F i g .  
1 i s   i n t e r n a l l y   a s y m p t o t i c a l l y   s t a b l e   f o r   a l l  k i n  [a, 
b l .   L e t  R d e n o t e   t h e   r i n g   o f   s t a b l e   p r o p e r   r a t i o n a l  
f u n c t i o n s .  It i s   w e l l  know t h a t  R i s  a E u c l i d e a n  
domain   (see  Hun a  d Anderson  C19791  and  Morse  C19761). 
L e t   P o ( s )  = N(SYD-'(s)  be a c o m p r i m e   f a c t o r i z a t i o n   o f  
Po (s ) ,   where   N (s ) ,  D ( s )  h a v e   t h e i r   e n t r i e s   i n  R .  (See 
VIDYASAGAR C19781) .   Let  a ( s )  b e   t h e  g.c.d. ( o v e r   R )   o f  

a l l   e n t r i e s   o f   N ( s ) .   T h e n   t h e   z e r o s   o f  a ( s )  i n   a r e  
t h e   b l o c k i n g   z e r o s   o f   P o ( s )   i n   t h e   c l o s e d   r i g h t   h a l f  
p l a n e .  We now c a n   s t a t e   t h e   f o l l o w i n g  

(3.1) THEOREM. Suppose   Po (s )   has   no   b lock ing   ze ros  
i n   t h e  o e n   r i g h t   h a l f   p l a n e .   S u p p o s e   t h a t   t h e   r o o t s  
o f   d e t  D s i n   t h e  o p e n   r i g h t   h a l f   p l a n e   h a v e   m u l t i p l i -  
c i t y   n o   g r e a t e r   t h a n   o n e .   T h e n   i v e n  x b > 1 > a > 
0, t h e r e   e x i s t s  a c o m p e n s a t n ( h c h   t h a t   t h e   c l o s e d  
loop s s tem fi i n t e r n a l 1   a s y m p t o t i c a l l y   s t a b l e   f o r  
each *a, b+ 

The  above r e s u l t  shows t h a t  i f  t h e   n o m i n a l   l a n t  
P ( s )  h a s   n o   b l o c k i n g   z e r o s   a n d   d i s t i n c t   r i g h t   l a l f  
p y a n e   p o l e s ,   t h e n   t h e   m a x i m a l   a c h i e v a b l e   g a i n   m a r g i n   i s  
m. T h i s   r e s u l t   i s   s i m i l a r   t o   t h e  known r e s u l t s  on 

ZAMES [1981], ZAMES and BENSOUSSAN [1982], FRANCIS and 
s y s t e m s   w i t h   n o   r i g h t   h a l f   p l a n e   t r a n s m i s s i o n   z e r o s .  

ZAMES C19841,  and  Helton  C19831 show t h a t   f o r   s y s t e m s  
w i t h   n o   r i g h t   h a l f   p l a n e   z e r o s ,   p e r f e c t   t r a c k i n g   i s  
p o s s i b l e .   O u r   r e s u l t   i s   i n  a s i m i l a r   s p i r i t  and  shows 
t h a t   t h e   a c h i e v a b l e   g a i n   m a r g i n   i s  unbounded,  when 
t h e r e   a r e   n o   b l o c k i n g   z e r o s  

--% - 
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