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ABSTRACT

This paper considers, from a complex function
theoretic point of view, certain robust synthesis
problems, We consider both real and complex parameter
variations. It is shown that several apparently dif-
ferent problems can be treated in a unified general
framework. A new result on the gain margin problem for
multivariable plants in also given.
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0. INTRODUCTION

This paper is devoted to solving certain kinds of
robust stabilization problems using techniques from
complex analysis, and, in particular, interpolation
theory., Particular cases of these problems have been
considered by TANNENBAUM [1980, 1981, 1982], In this
paper, we continue the investigation of these robust
design problems,

In general terms, the problems may be formulated as
follows: Let P (s) be a parametrized family of
{1inear, continlous-time, finite-dimensional, time-
jnvariant, strictly proper) plants, where the parameter
vector k takes values in some compact set K. Then we
want to design a controller C(s) such that for each k
in K, the following closed loop system is (internally)
asymptotically stable:

i C(s

R<($)

Fig. 1

The problem state above, in its complete genera-
1ity, is very hard and no general solution is known.
However, for certain special cases of importance in
practical design, one can give a complete algorithmic
solution, For example, consider the following family
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of SISO plants:

Pe(s) = kPy(s), (0.1)
where Py(s) is the (fixed) nominal plant and k is the
variable parameter taking values in [a, b], b>1 > a >
0. Then the above problem becomes one of f1nd1ng (if
possible) a proper compensator C(s) which stabilizes
the closed loop system for all k in [a, bl. It turns
out that given the nominal model P,(s), one can compute
a number B such that this problem is solvable if and
only if

b

— < B,

3 (0.1)

Indeed, it is easy to see that 20 log B is the maximual
atta1nab1e gain margin for the nominal plant P ( ) by
suitable design of C{s). Thus, this special prob1em
may be viewed as the problem of maximization of gain
margin by feedback. It will be seeen that this new
invariant 8 depends only on the zeros and poles of
Po(s) in the open right half plane. Given a, b such
that (0.2) holds, we give an explicit parametrization
of all controlliers that solve this design problem. The
above problem (which was considered in HOROWITZ and
GERA [1979] and HOROWITZ and SIDI [1978], and solved by
TANNENBAUM [1980]) is a very special case of the whole
class of design problems for which our techniques work.
In point of fact, we will argue that most of the stan-
dard robustness and H- sens1t1v1ty minimization
problems can be embedded in a unified framework and
solved using essentially the same techniques.
Explicitly, .our techniques will be shown to be appli-
cable to certain problems posed in ZAMES [19817], ZAMES
and FRANCIS [1983], FRANCIS and ZAMES [1984], DOYLE,
WALL, and STEIN {19827, and KIMURA (19837,

It is important to note that while the techniques
of the above authors are essentially functional analy-
tic, our techniques are complex analytic going back to
some of the ideas of Nevaniinna and Pick (NEVANLINNA
[1953] and AHLFORS [1973]). 1In particular, we make
strong use of Pick's formulation of the Schwarz lemma
in terms of a certain noneuclidean (hyperbolic) metric.
This approach enables us to treat real as well as
complex variations in the same framework. We feel that
this is an important contribution of this paper. Full
details of the results of this paper including the
E{gng can be found in KHARGONEKAR and TANNENBAUM

1. INTERPOLATION THEORY

Interpolation theory plays a major role in certain
feedback design problems. In this section, we will
describe those aspects of the classical Nevanlinna-Pick
interpolation theory which are relevant to the design
problems treated in the subsequent sections. See
HELTON [1982] and the references cited there for an
indepth discussion of interpolation theory and related
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topics. .

Let a5 ¢ D, by e D, i=1,2, ..., g with a; * 33,
i # j. The classical Nevanlinna-Pick interpolation
problem is to find (if one exists) an analytic function
f: D » D such that f(aj) = by, i =1,2, ..., q. As is
well known (PICK [1916ﬁ, NEVANLINNA [1919]) an inter-
polating function f exists if and only if the follewing
Nevanlinna-Pick matrix

N:: L__bj_b.\]__
L-3i35 4, 551,2,....9

is positive semi-definite.

Our work depends on the following slight variation
of the above problem. Let a; € D, bj e C, =1, 2,
..., q with the a; distinct as above. Let a > 0 be in
R. Then we are interested in finding an analytic fy:
D » D such that fy(a;) = aby, 1 =1,72, ..., qu
Clearly, for a = 0, one can find such a function,
namely fy, = 0. Therefore, by continuity, one can do
this for a sufficiently small., Indeed, it is an easy
exercise to compute the maximal a, &mays such that for
each a € dmays o exists. Explicitly, ap,, can be com-

puted as follows: Define
A: = ?_ ! |
Ll - 243 1, 3=1,2,.00009
B: = -—-—Eﬁgj-——-_
L33 04, 51,2,

Clearly, in order that Ehe above problem be solvable we
must require that A_- a“B > 0., If bj =0, 1 =1,
2,..., q then A - a%8 > 0 for all a in R. In this
case, we set &poyt ==, On the other hand if at least
one of the by * 0, then

Bmax = 1/ Tmax
where Apay 18 the largest eigenvalue of A‘lg, (1t is
not difficult to see that Apay > 0 if B # 0.) Note
that amax: = &max(aj.bi) onTy depends on the inter-
polation data aj, Dy, 1 =1, 2,..., q. We will see in
Section 2 that &pax Plays a central role in robust sta-
bilization problems.

It will be seen that we need to consider certain
kinds of interpolation problems with some of the points
lying on the boundary T of the unit disc D. Here we
extend our notion of Tmax to cover boundary inter-
polation. let ajeDJ=1,...,2,a T (r=1,
eees @ -2), and’b; e Ci =1, ..., g, TGiven a real
number a > 0, we are require to find an analytic func-
tion fy: D > D such that f,(ay) = abi for i =1,..., q.
Let a] be the 8p,, for the "interior” interpolation
data aj» bj, J=1,2, «e.y L. Define

1 1

min(a  eees
log]

)o(1.)

“max(aj’ by):=

1. s
Ibg+1 1 [bgap
for

j=1, ..., 2 and i =1, ..., q.

We can now state the general

(1.2) THEOREM. Let a; in D and by incC, i =1, 2,...,

g be as above. Then there exists an analytic function
fo: D > U such that f {aj) = ab; if and only if & <

amax(aj, b15.

2. ROBUST STABILIZATION AND OTHER PROBLEMS

In this section, we will consider certain types of
robust stabilization and related problems which were
alluded to in the Introduction. To motivate our
approach, let us begin by reviewing precisely how the
problem of internal stabilization feedback amounts to
an interpolation problem. Let P,(s) be a fixed SISO
nominal plant with closed right half plane zeros
Z1> Zpseses Iy, and closed right half plane poles pp,
PPseses Ppe TNote that some of the zi’s will be =
since we are dealing with a strictly proper plant.)
For a given compensator C{s) define the
sensitivity function

S(s) = (1 + Pyls)c(s))™L, (2.1)
As is well known, in order for the closed Toop system
to be internally asymptotically stable, it is necessary
and sufficient that S(s) have the following
properties:
(1) S(s) is real rational and analytic in H;
(1) the zeros of S(s) contain {p1,Pps«..sPp!
multiplicities included; and
the zeros of S(s) - 1 contain {z7,25,
vevszpt multiplicities included.
Given any such S(s), one can find the corresponding
{proper) compensator C(s) using (2.1),

(i11)

Let us begin by considering the problem of internal
stabilization for plants with parameter uncertainty as
discussed in the Introduction. Consider the family of
SISO plants Py(s) = kP, (s) as given by (0.1) where
Po(s) is the nominal model and k belongs to the inter-
val [a,b], b>1>a>0, Let C(s) be a proper compensator,
We can now state the following:

{(2.3) LEMMA, The feedback system (of Fig. 1) is
internally asymptotically stable for all k in [a,b] if
and only if the sensititivy function S(s) satisfies
12.2-7,1i,1i1) and ““
21U L)

b-1

for all s in H.

(2.4) GAIN MARGIN PROBLEM. Lemma (2.3) shows that the
gain margin problem of the Introduction is equivalent
to the following interpolation problem: For given
Pols) and interval [a,b], 0 < a <1 <b, find a real
rational function S(s) such that

(1) s(s): o onfl=, 21U [ X, =)

a-1 b-1

(71)  S(s) satisfies (2.2-i,ii,i1i).

Next let us consider the problem of sensitivity
minimization of ZAMES [1981], ZAMES and FRANCIS [1983],
and FRANCIS and ZAMES [1984]. First we will consider
the unweighted sensitivity function and then, a bit
later, consider the weighted sensitivity function. Let
Po(s) be the fixed SISO plant Then we are required to
find

inf {sup |S(s)|: C(s) internally stabilizes P,(s)}.
seH

We can reformulate this problem in the following way:

(2.5) MINIMAL SENSITIVITY PROBLEM.
real number such that there exists

Let r > 0 be a

S(s): H»Dp :={s in C: |s| <r},

satisfying (2.2-1,i1,i11). Clearly, the Francis-Zames
problem stated above is to find the infimum, Fo? of all
such real numbers r.
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Next we would like to consider a kind of parameter
variation which is motivated by the work of DOYLE,
WALL, and STEIN [1982] and LEHTOMAKI [1981]. These
authors consider various types of uncertainties in
modelling dynamics. Their work shows that in several
cases these uncertainties are equivalent to complex
uncertainties in the multiplicative factor. We will
therefore consider the following family of plants. Let
r > 0 be given,

Define

Kp = (ks k= (1 + a)"1 where s € C and |s} < r}. {2.6)

Now consider the family of plants
Pk(S) = kPO(S)

where k belongs to Kn, and P (s) is the nominal plant.
(DOYLE, WALL, and STEIN [1982] consider other types of
mode111ng uncertainties as well, Each of these cases
can also be translated into interpolation problems with
different data and interpolating functions.) For this
family of plants we consider the corresponding robust
stabilization problem. Using the same method as in
{2.3), it is easy to see that this problem can be for-
mulated as follows:

(2,7) COMPLEX PARAMETER VARIATIONS,

For given Py(s) and r > 0, find

(i) S(s): H=+ Dy/p, and

(ii) S(s) satisfies (2.2-1,ii,iii).

We will now solve problems (2.4), (2.5), (2.7) (and
their weighted analogs) in a unified way. Let us first
note that the conditions {2.4-i), (2.5-1), and (2.7-1)
require the sensitivity function S(s) to have range in
a domain which is simply connected and not all of C.
But by the Riemann mapping theorem (RUDIN [1966]) these
domains are all conformally equivalent to the unit disc
D. In point of fact, in all these cases it is trivial
to write explicit conformal equivalences between these
domains and D which we will do shortly. But first, let
us abstract the problem,

(2.8) GENERAL PROBLEM,
connected domain containing 0, 1.
a rational analytic function

Let G C be a
“Find

iven simply
if possible)

S(s): H+ G

satisfying (2.2-1,11,ii1).

We will now give a simple procedure to solve this
general problem which will lead to explicit solutions
of problems (2.4), (2.5), and (2.7) (and their weighted
analogs). In order to do this, we will have to
describe, briefly, a certain notion from complex func-
tion theory, namely the hyperbolic or Poincare”
metric. For complete details, see the classical work
‘of NEVANLINNA [1953]. We should note that in HELTON
[1982] noneuclidean metrics and their relations to
problems in system theory have also been discussed,

Let D denote the open unit disc. Then the hyper-
bolic distance between two points z;, zp in D is given

by

1+ 21-22
T-27, (2.9)
dplzy, zp) = log ——88
zy - 23
1 -
1 - zlz2

In particular, for r > 0O,

dp(0, r) = log % L ;

Next let GECU{=} be a simply connected domain
with at least two boundary points. Then by the Riemann
mapping theorem there exists A: G » D a conformal
equivalance., We define the hyperbolic distance on G
by

dglz1s 22) = dplr(zy), r(zp)). (2.10)
It is a fact that this definition is independent of the
choice of conformal equivalence X,

The key fact which we need is the following version
of the Schwarz lemma. See AHLFORS [1973] for a proof,

(2.11) THEOREM. Let Gy, Gp€CU{=} be simply con-
nected domains with at least two boundary po1nts. Let
f: Gy > Gy be an analytic map. Ihen for all Z1, 2z 1n N
Gls

dGl(Zl)’ z9) Z_dez[f(zl), f(z5)).

Moreover, one has equality if and only if f is a con-
formal equivalence.

This result will be the key in our treatment of
robust stabilization. Before stating our solutions to
the general problem (2.8), we need to set up some nota-
tion. Let Py(s) be the nominal plant as

above with z; in H the zeros and Pj in H the poles.

Let ¢: H > D be a fixed conformal equivalence. Let £4:
=¢(zy) and vj :=p(pj).

In the notation of Section 1,
data:

define the interpolation

ai = Ei, i= 1, 2, seey M

aj+m = ¢j, j = 1529 saey N

by =1, 1 =12, «eoym

bj+m =0, j=1,2, ..., n.

As in (1,1) consider now the apay defined relative to
this interpolation data. We can now state the
following key result:

(2,12) THEOREM, e general problem (2.8) is
solvable if and o x Ty if
1+aq
dg(0, 1) < dp(0, ap,y) = log ———maX |
dg dp max 1 - Omax
REMARK. Theorem (2.12) essentially solves problems
(2.4), (2.5), and (2.7). Indeed, we see that solving

these problems can be divided into two parts. the
first part requires computation of apay which depends
only on the zeros and poles of the nominal plant in the
open right half plane when the plant has at least one
open right half plane zero, and is 1 otherwise.

The second part of the solution of these problems
is the computation of dg(0,1). Certainly, this depends
on the choice of G which in turn depends on the kind of
uncertainty in the given problem. Given the domain G,
dg(0, 1) can be computed as explained in (2.9).

We shall now give explicit solutions to the above
three problems.
We need to find

(2.4)" SOLUTION TO (2.4).
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o: (- =, 27 U g27. =)l -0,

a conformal equivalence, such that @(0) = 0. Following
standard procedures in conformal mapping theory, (see,
e.g., TANNENBAUM [1980]), we find

b'ljsJ/L 1 -
b a
b -1

1/2

1-{1-(

8(s) =

1+ (1 -

It is easy to compute that

1 -Ya/b
8(1) = .
1 +vYa/b

Theorem (2.12) implies that the gain margin problem is
solvable if an only if

dg(0, 1) = dpl0, 8(1)) < dp(0, apay)

or equivalently,

b 1+ apax

a 1 - Inax

2 (2.13)

H

From this expression, certain interesting control
theoretic implications can be drawn. For example, as
amax aPproaches 1, the maximal attainable gain margin
goes to =, If the nominal plant P,(s) has no zeros in
the open right half plane, i.e., we have a minimum
phase plant, then it is immediate that apax = 1. Thus,
for such plants given b > 1 > a > 0, one can always
solve (2.4). In Section 3, we shall prove a similar
result for multivariable plants. On the other hand as
omax 2Pproaches zero, the maximal b/a approaches 1.

(2.5)" SOLUTION TO (2.5).
§: Dp + D such that 6 (0

and

In this case we need to find
=0, Trivially 8(s) = s/r,

dp (0, 1) = dp(0, 1/r) = Tog 144 .

Applying Theorem (2.12), (2.5) is solvable if and only
if

1+ opay

Tog = log T~ omax

1+1/r
T 177 = 9,00, 1) < dp(0, apgy)

That is,
r > 1/apaxe
Therefore by definition, the minimal sensitivity

inf sup {S(s)] = 1/apays (2.14)

C el

where the infimum is taken over all internallly stabi-
1izing compensators,

This result reveals a basic connection between the
sensitivity minimization problem and the gain margin
problem. From this new general viewpoint, it is clear
that TANNENBAUM [1980] and ZAMES and FRANCIS [1983]

(2.7)' SOLUTION TO (2.7). 1In this case

G =Dy/p={seC: s} <1/r}.

Thus this is precisely the ZAMES-FRANCIS [1983] problem
and for each r < apax. the problem is solvable.

Finally it is not difficult to incorporate the
question of weighted sensitivity minimization into our
general framework. This is the general problem con-
sidered by ZAMES and FRANCIS [1983]. For details see

KHARGONEKAR-TANNENBAUM [19847,
3. REMARKS ON THE MULTIVARIABLE CASE

In this section, we present a simple result on the
multivariable version of the gain margin problem, Let
us consider the family of p x m real rational proper
transfer matrices

P(s) = kPyls), ke [a, b], b>1>a>0,

We want to find a real rational compensator transfer
matrix C(s) such that the feedback system shown in Fig.
1 is internally asymptotically stable for all k in [a,
bl. Let R denote the ring of stable proper rational
functions. It is well know that R is a Euclidean
domain (see Hung aTd Anderson [1979] and Morse [1976]).
Let Pols) = N(s)D=*(s) be a comprime factorization of
Pols), where N(s), D(s) have their entries in R, (See
VIDYASAGAR [1978]). Let a(s) be the g.c.d. (over R) of

all entries of N(s). Then the zeros of a(s) in H are
the blocking zeros of Py(s) in the closed right half

plane. We now can state the following
(3.1) THEOREM. Suppose P,(s) has no blocking zeros

in the open right half plane, Suppose that the roots
of det DEs5 in the open right half plane have multipli-
city no greater than one. Then given any b > 1> a>
0, there exists a compensator C(s) such that the closed
loop system is internally asymptotically stable for
each k in Ta, bJ.

lant
P,{s) has no blocking zercs and distinct right half
p?ane poles, then the maximal achievable gain margin is
o, This result is similar to the known results on
systems with no right half plane transmission zeros.
ZAMES [19817], ZAMES and BENSOUSSAN [1982], FRANCIS and
ZAMES [1984], and Helton [1983] show that for systems
with no right half plane zeros, perfect tracking is
possible. Our result is in a similar spirit and shows
that the achievable gain margin is unbounded, when
there are no blocking zeros

The above result shows that if the nominal
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